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Abstract

Monte Carlo simulation is used in Hammond and Sun (Econ Theory 36:303-325,
2008. https://doi.org/10.1007/s00199-007-0279-7) to characterize a standard stochas-
tic framework involving a continuum of random variables that are conditionally
independent given macro shocks. This paper presents some general properties of such
Monte Carlo sampling processes, including their one-way Fubini extension and reg-
ular conditional independence. In addition to the almost sure convergence of Monte
Carlo simulation considered in Hammond and Sun (2008), here we also consider norm
convergence when the random variables are square integrable. This leads to a neces-
sary and sufficient condition for the classical law of large numbers to hold in a general
Hilbert space. Applying this analysis to large economies with asymmetric informa-
tion shows that the conflict between incentive compatibility and Pareto efficiency is
resolved asymptotically for almost all sampling economies, following some similar
results in McLean and Postlewaite (Econometrica 70:2421-2453, 2002) and Sun and
Yannelis (J Econ Theory 134:175-194, 2007. https://doi.org/10.1016/].jet.2006.03.
001).
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1 Introduction

Following the early writings by Lucas and Prescott (1974) and Bewley (1986), macroe-
conomists have made widespread use of a model of an economy with many agents
who face individual random shocks. These shocks are typically modelled as a con-
tinuum of random variables that are conditionally independent given common macro
level shocks. Proposition 4 in Hammond and Sun (2008), however, shows that in this
framework, the joint measurability condition that is usually imposed on a stochastic
process can be satisfied only if there is essentially no idiosyncratic risk at all. The
approach of Monte Carlo simulation, initiated in Hammond and Sun (2003) for the
symmetric case and extended in Hammond and Sun (2008) for the general case, can
be used to characterize when, even in the absence of the usual joint measurability
assumption, the standard stochastic framework for many heterogeneous agents facing
individual uncertainty may still be valid. This paper provides a systematic study of the
underlying Monte Carlo sampling processes. We also present an application involving
allocations in large exchange economies with many asymmetrically informed con-
sumers. In particular, we show how Monte Carlo sampling helps resolve the conflict
between incentive compatibility and Pareto efficiency, which vanishes in the limit as
the number of agents tends to infinity.
Let

I X230, w0 gweX

be a process with a continuum of random variables, indexed by members i of an
atomless probability space (I, Z, A), all defined on the same sample probability space
(£2, F, P),and taking values in a Polish space X . Let /> and X°° denote the Cartesian
product of infinitely many copies of the sets I and X respectively, with typical members
i% = (ix)72, and x> = (x;)72 ;. Then the Monte Carlo sampling process G based

on g is a mapping
I x 25 (0%, )~ GiI™, 0) = (gix,w)re, € X (1)

When the process g has a stochastic macro structure, as defined in Sect. 2.3, Theorem 1
shows that so does the Monte Carlo sampling process G. In this case, the process G
also has the property of admitting a “one-way Fubini extension” that makes G jointly
measurable with respect to an extension of the usual product o -algebra.

The Monte Carlo simulation approach in Hammond and Sun (2008) uses the almost
sure convergence of the sample averages. For a square-integrable process, we also
consider here the case of norm convergence. Based on the iterative extension of an
infinite product measure introduced in Hammond and Sun (2006b), we formulate a
“sharp” law of large numbers, requiring norm convergence of sample averages only for
all sequences outside an iteratively null set, rather than a smaller classical null set. We
prove that a process with square-integrable random variables satisfies this sharp law if
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and only if it is both Gel’fand-integrable and norm integrably bounded in the Hilbert
space of square integrable random variables. In other words, this result characterizes
those processes with square-integrable random variables whose average conditional
expectation, given the macro states, can be estimated using Monte Carlo simulation.

For allocations in a finite-agent asymmetric information economy, it is well known
that there is a conflict between incentive compatibility and Pareto efficiency (see,
for example, Example 0.1 on p. vi of Glycopantis and Yannelis (2005)). The papers
McLean and Postlewaite (2002) and Sun and Yannelis (2007) show the (approximate)
consistency of incentive compatibility and efficiency by working with, respectively:
(i) a large but finite set of agents; (ii) a continuum of agents.! In this paper, given a
sequence of economies that result from Monte Carlo sampling, we show that the con-
flict between incentive compatibility and Pareto efficiency is resolved asymptotically
for almost all infinite sequences of economies. This corresponds to the asymptotic
result for replica economies in McLean and Postlewaite (2002), and the exact result
in Sun and Yannelis (2007) when, as in Sun (20006), private signals are generated by
a process that is jointly measurable in a two-way Fubini extension.

The rest of the paper is organized as follows. Section 2 includes some basic defini-
tions. Some general properties of the Monte Carlo sampling processes are presented
in Sect. 3. Then Sect. 4 provides a necessary and sufficient condition for the classical
law of large numbers to hold in a general Hilbert space. As an illustrative application,
Sect. 5 shows that in a Monte Carlo sampled sequence of economies with asymmetric
information, incentive compatibility and Pareto efficiency are asymptotically consis-
tent. Additional definitions and all proofs appear in the Appendix, which is Sect. 6.

2 Basic formulation
2.1 Monte Carlo sampling processes

We model a continuum (g;);e; of random variables indexed by i € I as a process
g: I x 2 — X where:

1. (I,Z, A) is an atomless probability space, often the Lebesgue unit interval, whose
typical member is an index i that identifies one particular economic agent;

2. (£2, F, P) is a probability space that represents the overall risk in the process;

. (X, B) is a Polish space with its Borel o -algebra;

4. each indexed function g; : 2 — X is measurable, so a random variable;

2

[O8]

A (Monte Carlo) sample of the indices i € I is a countable collection i® = (ix)72
drawn from the iteratively completed infinite product probability space (1°°, 7>, 1°°)
defined in Sect. 6.1. This space was introduced in Hammond and Sun (2006b) as the

1 The compatibility of strategyproofness and Pareto efficiency had been investigated in Hammond (1979),
though only in a framework like that in Aumann (1964, 1966) and Hildenbrand (1974) where, given the
continuum of agents, the distribution of their characteristics can be described by a deterministic probabilistic
measure.

2 We follow the convention that a probability space is assumed to be countably additive, as well as complete
in the sense that the o-algebra F includes all subsets of every P-null set.
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1164 P.J.Hammond et al.

usual infinite product probability space (1°°, Z°°, A°°) extended so that the o -algebra
7 includes iteratively null sets.

Corresponding to each (Monte Carlo) sample i® = (ix)2 | of indices is a countable
sequence (g;, );2, of random variables. This constitutes a (Monte Carlo) sample from
the continuum of random variables 2 > w — g;(w) € X as i varies over /. This
sample, with i* € I* fixed, can be regarded as part of one meta (or Monte Carlo)
sampling process G defined by (1).

2.2 One-way Fubini property

The following definition was introduced in Hammond and Sun (2006a).

Definition 1 A probability space (I x £2, W, Q) extends the usual product probability
space (I x 2,7 ® F, . ® P) provided that W 2 7 ® F, with Q(E) = (A ® P)(E)
foral E e Z® F.

The extended space (I x £2, W, Q) is a one-way Fubini extension of the product
probability space (I x £2, Z® F, LQ P) provided that, given any Q-integrable function
Ix2>30 w0+ fow) el

(i) for A-almostalli € I, the random variable w — f;(w) is integrable on (§2, F, P);
(ii) the function i + [, fidP is integrable on (I,Z,), with [, o fdQ =

[i (o fidP) dx.

A process g : I x £2 — X is said to satisfy the one-way Fubini property if there
is a one-way Fubini extension (I x £2, VW, Q) such that g is VV-measurable.

2.3 Regular conditional independence

A o-algebra C on £2 is said to be countably generated if there exists a countable
family { C,,};2 | of subsets of £2 that generates C. Given a complete probability space

(£2, F, P), asub-o-algebra C of F is said to be countably generated if it is the strong
completion of a countably generated o -algebra C’, in the sense that

C={AeF|3A eC :P(AAA)=0)

Definition2 Let g be a process from I x £2 to the Polish space X with its Borel
o-algebra B. Let C be a countably generated sub-o-algebra of F in the complete
probability space (£2, F, P). Let M(X) denote the space of probability measures on
the space (X, ).

1. Two random variables ¢ and ¢ that map (§2, F, P) to X are said to be conditionally
independent given C if, for any Borel sets By, B, € B3, the conditional probabilities
satisfy

P~ (B) Ny~ (B)IC) = P(¢~ " (BNIC) P(y " (B2)[C) )

2. The process g is said to be essentially pairwise conditionally independent given C
if, for A-a.e. i} € I, the random variables g;, and g;, are conditionally independent
given C for A-a.e. ip € 1.
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3. AnZ ® C-measurable mapping u from I x £2 to M(X) is said to be an essentially
regular conditional distribution process of g given C if, for A-a.e. i € I, the C-
measurable mapping @ — , is a regular conditional distribution P(g; ! |C) of
the random variable g;.

4. The process g is said to be regularly conditionally independent given C if g is essen-
tially pairwise conditionally independent given C, and also g admits an essentially
regular conditional distribution process p given C. In this case, we also say that g
admits a stochastic macro structure (C, ).

3 Properties of Monte Carlo sampling processes

Let g be a process from I x §2 to X and C a countably generated sub-o -algebra of F in
(82, F, P). Suppose that g admits a stochastic macro structure (C, ). By Theorem 1
in Hammond and Sun (2016) (stated as Lemma 1 in Sect. 6.1 below), there exists a
one-way Fubini extension (I x £2, W, Q) such that the process g is VV-measurable.

The following theorem shows that the Monte Carlo sampling process G defined by
(1) has the one-way Fubini property. It also shows that G satisfies regular conditional
independence given C, and identifies its regular conditional distribution process.

Let M (X®°) denote the set of probability measures on the infinite product measur-
able space (X°, B®).

Theorem 1 Let G : I*° x £2 — X be a Monte Carlo sampling process based on g.
Then there exists a one-way Fubini extension (I*° x 2, W Q) of (I® x £2, I° ®
F, 2% ® P) such that G is W-measurable. In addition, G is essentially pairwise
conditionally independent given C. It also admits the essentially regular conditional
distribution process [i defined by

I % 23 (®w) > fLicy = O Miyw € M(X™) 3)

4 Characterizing a sharp law of large numbers

Let g be a process from / x §2 to X as in Sect. 3,and let 2 : I x X — R be an
7 ® B-measurable function with [, [ [, h?(gi(®)) d P] dA < oc. Then Lemma 11 in
Hammond and Sun (2008) says that for A*-a.e. i® € I, one has

- Zh(zk g(iy, w)) — / [/ h(i, x) du,wi| d) for P-almost all w € £2
"=

Under the framework of one-way Fubini extension, we have the following corollary.

Corollary 1 Let G : I*® x §2 — X be the Monte Carlo sampling process based on

g. Suppose that (1% x £2, Vji, Q) is a one-way Fubini extension of (1™ x £2, I°®
F, A ® P) such that G is VW-measurable. Then for Q-almost all (i*°, w) € [*° x £2,
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one has

12h<ik,g(ik,w>)—>f[/ h(i,x)dum} d
= 1 LJx

Let L2(P) be the space of real-valued square integrable functions on (£2, F, P),
made into a Hilbert space by defining, for any pair ¢, € L*(P), the standard inner
product (¢, ¥) : f o 9(w)¥(w)dP.Foreachfixedi € I, define the random variable
f(@@)() so that

30 fi)(w)=h(,gl,w) R “4)
The assumption that [} [ [, h7(gi(w))dP] d. < oo implies that for A-almost all
i € I, the random variable f(i) is an element in the Hilbert space L?(P). Corol-
lary 1 indicates that the sample average Z t=1 J (ix) (w) converges Q-almost surely
to [, [fx h(i.x)duie| di. Since the functlon I i — f(i) takes values in the
Hilbert space L?(P), a natural question is whether one can obtain a similar result for
convergence in the norm of L2(P). This is answered in the following proposition.

Proposition 1 For A>®-almost all i® € 1°°, one has

lejf(in—/[/ h(tx)duiw} .
n 1LJ/x

where the random variable w +> f[ [fX h(i,x) d,u,'w] dxisin L2(P), and |-|| denotes
the standard norm on the Hilbert space L*(P).

-0

This result can be viewed as the classical law of large numbers for a sequence of
random variables taking values in the Hilbert space L?(P). One may wonder whether
such a result can be extended to other Hilbert spaces, or to Banach spaces more
generally.

Let B be a Banach space, with norm || - || and norm dual B'. Given any b € B and
b’ € B, let (b, b’) denote the real value of the continuous linear mapping b’ evaluated
at b. In the case when B is a Hilbert space, we shall denote it by H. Then, of course,
(b, ") can be regarded as the inner product.

Henceforth we use the respective abbreviations LLN and SLLN for the law of large
numbers, and the sharp law of large numbers.

Definition 3 Let f be a function from (7, Z, 1) to a Banach space B.

1. The function f 1is said to satisfy LLN (resp., SLLN) if there exists @ € B such that
la — = Z 1 fGl — 0 A%C-as. (resp., 1%-a.s.). Let LLN(B) (resp., SLLN(B)
denote the (hnear) space of all functions from 7 to B that satisfy LLN (resp., SLLN).
2. The function f is said to be Gel’fand integrable if there exists a vector b € B
called the Gel’fand integral of f such that, for all b’ € B, the real-valued function

i = (f(-),b') on I is A-integrable, with [, (f (i), b')dr = (b, b3

3" This follows the terminology of Dobric (1987) and Hoffmann-Jgrgensen (1985). When the Gel fand
integral of 1g f is defined for every S € Z, this is often called the Pettis integral — see, for example,
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3. A function f* : I — Ry, norm dominates f : I — B if | f()| < f*@@) for
A-a.e.i € I.The function f is said to be norm integrably bounded if there exists
a A-integrable function f* : I — R, that norm dominates f.

From now on, let £(X, B) denote the (linear) space of all functions f from (7, Z, 1)
to B that are both Gel’fand integrable and norm integrably bounded. The following
Proposition is well known in the literature on random variables with values in a Banach
space. For Part (1), see for example Hoffmann-Jgrgensen (1985, Theorem 2.4). Part
(2) is taken from Dobric (1987, Theorem 3.1).

Proposition2 1. LLN(B) € L(A, B) for any Banach space B.

2. Suppose that I is a Polish space, that 1L is its Borel o-algebra, and that A is an
atomless probability measure. There is a Hilbert space H such that L(X, H) is not
equal to LLN(H).

Part (1) of Proposition 2 says that a necessary condition for f to satisfy the usual
LLN is that f must be both Gel’fand integrable and norm integrably bounded. On the
other hand, Part (2) of Proposition 2 shows that these two conditions are not sufficient
for the LLN to hold, even for the special case of a Hilbert space. It means that LLN (1B)
is in general a proper subset of L(X, B).

Since a A%°-null set is automatically A°°-null, any function in LLN(B) must be in
SLLN(B). Given that the set SLLN(B) is bigger than the set LLN(B), two natural
questions arise. The first is whether the inclusion relationship in Part (1) of Propo-
sition 2 still holds. The second is when such an inclusion can be strengthened to an
equality.

The following theorem shows that when the product measure A% is extended to its
iterated completion A°°, not only does the strengthened inclusion SLLN(B) € L(A, B)
hold for a general Banach space B, but it becomes an equality in the Hilbert space case.
This equality provides a very general characterization of the functions from (7, Z, 1)
to a general Hilbert space H that satisfy our sharp law of large numbers in the iterated
completion of the product probability space. Moreover, an obvious corollary of our
results is that LLN(B) is in general a proper subset of SLLN(B), even when B is a
Hilbert space.

Theorem 2 (Sharp law of large numbers) If f is any function mapping (I,Z, \) to a
Banach space B for which SLLN is satisfied, then f € L(A,B); that is, SLLN(B) C
L\, B). More importantly, if B is a Hilbert space H, then f satisfies SLLN if and only if
f is Gel’fand integrable and norm integrably bounded. That is, SLLN(H) = L(X, H).

Consider the function f from (7, Z, ) to the Hilbert space L2(P ) which is defined

by (4). The function f is obviously norm integrably bounded because | f(i)| =
1

(fo h3(gi(w))dP)? and [, [ [, h?(gi(w)) dP] dr < oo. The following claim, which
says that such a function f is also Gel’fand integrable, indicates why Proposition 1 is
a special case of Theorem 2.
Claim 1 Let f be the function from (I, T, 1) to L>(P) defined as in equation (4) by
f)(w)=h(,g(,w)). Then f is Gel’fand integrable.

Aliprantis and Border (1999) and Diestel and Uhl (1977, p. 53). Note that 1g is the indicator function of
the set S.
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5 Allocations in large economies with asymmetric information
5.1 The information structure

We use the same information structure as that set out in Sun and Yannelis (2007,
2008). Suppose that the fixed atomless probability space (I, Z, A) represents the space

of economic agents. Let S = {sy, 52, ..., sx} denote the finite set of true states of
nature (with power set denoted by ). We assume that these are not known by any
agent. Let 7O = {g1, 2, ..., qr} denote the space of all possible signals (or types)

for each individual agent. We consider the measurable space (7', 7") of private signal
or type profiles for all the agents i € I. Thus, T is a subset of (T°)/, the space of all
functions from 7 to 7°.% For each agent i € I, the function value ¢(i) (also denoted
by #;) is agent i’s private signal, whereas 7_; is the restriction of the signal profile ¢
to the set /\{i} of agents different from i; let 7_; denote the set of all such ¢_;. For
simplicity, we assume that (7', 7") has a rich enough product structure so that 7' is a
product of 7_; and T, whereas 7 is the product o-algebra of the power set 79 on 7°
with a o-algebra 7_; on T_;. Givenany t € T and t/ € 7Y, we shall adopt the usual
notation (r_;, t/) to denote the signal profile whose value is #/ for agent i, but the same
as t; for all other agents j € I\{i}.

To represent all the uncertainty about the true states as well as the agents’ signals,
we consider the probability space (§2, F, P) where (§2, F) is the product measurable
space (S x T,S8 ® 7). Let PS and PT be the marginal probability measures of P
on (S, S) and (T, T) respectively. For each i € I, let § and 7; denote the projection
mappings from £2 to S and to T respectively, with 7; (s, 1) = 1.0 After excluding
any PS-null state, we assume without loss of generality that each true state s € S is
non-null in the sense that gy = PS({s}) > 0; let PST be the conditional probability
measure on (7, 7) given that the random variable 5 takes value s. Thus, for each
B € T, one has PST(B) = P({s} x B)/ms. It is obvious that PT = ZSGS nSPsT.
Note that in the literature the conditional probability measure P/ is often denoted as
P(|s).

For each fixed ¢t € T, define also the conditional probability measure PS(- [t) on S
so that for each fixed s € S, the mapping T > t — PS({s}|r) is 7-measurable, with
P({s} x B) = [, P5({s}lt)d P foreach B € T.Let T 5 t > p,(t) € R, be the
density function of PT with respect to PT; it is easy to see that PS({s}|t) = 7y ps(t)
for PT-almost all 7 € T.

Foreachi € I, let t; denote the marginal signal distribution of agent i on the space
TY; it is defined so that for all ¢ € T, the probability P(7; = ¢) equals 7;({¢}). Let
PS5*T-i(.|t;) denote the conditional probability measure on the product measurable
space (S x T_;, S ® T_;) given that agent i’s signal is t; € T°. For any t; € T°
with marginal probability 7;({z;}) > 0, it is clear that for any £ € S ® 7_;, one
has PS*T-i (E|t;) = P(E x {t;})/7;({t;}). Denote by C the completed sub-c-algebra

4 The standard literature usually assumes that different agents have different sets of possible signals, all of
which occur with positive probability. For notational simplicity, we choose to work instead with a common
set TO of possible signals, but allow some of these to have zero probability for some agents. There is no
loss of generality in this latter approach.

5 Because 2 = S x T, the mapping 7; can also be viewed as a projection from 7' to 70,
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of F=8Q®7 on 2 = § x T that is generated by the union of the finite family
{{s} x T : s € S} with the set of all P-null subsets of S x T.

Let f denote the private signal process from I/ x £2 to the finite type space
TY defined so that f(i, w) = f;(w). Typically, for each w € £2 the mapping i >
f (i, ) will not be Z-measurable. Assume that f is essentially pairwise conditionally
independent given C, and also admits an essentially regular conditional distribution
process u given C. By definition of the latter, we know that for A-almost all i € I, the
marginal process 2 € w — ui(w) € A(T) is a regular conditional distribution of
R cwr> fi(w) e TOgiven C.

Leti:= [ ; Mid) be the mean conditional signal distribution over all agents. Then
the Fubini property implies that /i is a C-measurable mapping from £2 to A(T?). We
assume that the process f is non-trivial in the sense that C is the same as the completed
sub-o -algebra of F generated by (1 together with the P-null subsets of §2. This means
that the mean conditional signal distribution carries the same information as the true
state.

Let {Ay}ses be the C-measurable partition of §2 such that §(w) = s for any w € Aj.
Then C is generated by the finite family {Ag}scs. Since i is C-measurable, there exists
a corresponding finite collection of measures {{is}ses in A(T?) such that ww) =
ZSE s la, (@)ug for P-almost all w € §2. It is clear that 1 is the agents’ average
signal distribution conditional on the true state being s. The non-triviality assumption
above implies that

Vs,s' €8, s#&5 = uy # uy. 3)

5.2 A state contingent large economy

First, we define a complete information economy £¢. The common consumption set
of each agent i € I is the positive orthant R’}. Suppose that for any given i € I and
true state s € S, the mapping R’} > x > u;(x; s) is agent i’s utility function when
the state is s. For any giveni € [ and s € S, assume that Rﬁ >Sx > uij(x;s) e Ris
continuous and strictly monotonic in x € R} in the sense that

XZxand X #x = u;(X;5) > u;(x;5)

Assume too that for any fixed x € R’} and s € S, the mapping I > i +> u;(x;s) is
Z-measurable ini € 1.

In this section, let ||x|| denote the Euclidean norm of any vector x € R™. Assume
also that, in addition to continuity of each individual’s utility function R’} > x >
u;(x; s), the entire family of utility functions R > x > u;(x; s) as (i, s) varies over
I x S is uniformly equicontinuous in the sense that, for any € > 0, there exists § > 0
such that ||x —¥|| < 8 implies |u(i, x, s) —u(i, X, s)| < eforalli € I,all x, X € RY,
and all s € S.

Let I 3i + e(i) € R} be the A-integrable endowment function specifying each
agent i’s initial endowment. Assume that the mean endowment vector e := f pe(@)da

6 In the sequel, we shall often use subscripts to denote some argument of a function that is viewed as a
parameter in a particular context.
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1170 P.J.Hammond et al.

satisfies e > 0, meaning that the mean endowment of each good is positive. Let A,
denote the unit simplex in R}

For each s € S, the collection £ = {({,Z, A), ug, el}, consisting of an atomless
probability space of agents with their respective utility functions x +— u;(x; s) and
endowment vectors ¢;, together constitutes a large deterministic exchange economy.
A complete information economy is a collection £¢ = {£ : s € S} specifying the
deterministic economy £ for each s € S. The following provides the definition of the
basic concept of a Walrasian allocation.

Definition4 1. An allocation for £¢ is a function
I xS5(3,s)—xi(i)eR} (6)

such that for any fixed s € S, the mapping i — x{ (i) is A-integrable.

2. An allocation (i,s) +— x{(i) is feasible in £¢ if, for each s € S, one has
[;x8@) dh = [ ei)dA (ie., x{ is feasible in £).

3. A feasible allocation (i, s) — x (i) is a Walrasian (or competitive equilibrium)
allocation in £¢ if for each s € S, there is a price system p; € A, which,
together with the feasible allocation x{, makes (x{, ps) a competitive or Walrasian
equilibrium in the large deterministic economy £, in the sense that for A-a.e.i € I,
given i’s Walrasian budget set

Bi(ps) :={x e RY : py - x < py-e(i)} @)

one has
xg(i) € argmgx{ui(X: §) 1 x € Bi(ps)} (8)

5.3 Monte Carlo sampling economies

We shall now apply Monte Carlo sampling to economies with a continuum of agents
who have asymmetric information. Each agent i € [ is informed about her private
signal ; € T, but not the true state s € S. Fix any i® € 1> drawn from the itera-
tively completed infinite product probability space (1°°, Z°°, 1>°). In the asymmetric
information Monto Carlo sampling economy &' *, there is a countable set of sampled
agents i® € [*°.

Forany x € R} and ¢ € T, let U; (x[t) := ZseS u; (x; s)PS({s}|t) denote agent
i’s conditional expected utility of consumption bundle x given the type ¢.

A function z from (T, T) to R is said to be a consumption plan in E™ if for any
pair #,¢" € T of type profiles that coincide on i, one has z(r) = z(t'). That is, a
consumption plan only depends on reported types of agents in the set /(i°°) defined
by

1G%) = U2, {ix) ©)
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Let C P(i*) be the space of consumption plans in £ . For any agent i € I(i®) and
a consumption plan z € C P(i®), let

Ui(2) _1/ ui(z(t); 5)dP = z:n@/qu(za)s)dPT (10)

seS

be the overall expected utility of agent i for the consumption plan # — z(z).
An allocation in £ is a function I® 3 i® > xI~ € CP(i®). For any allocation

X', any agent i € I(i®), and any pair of private signals #;, t/ € 79, let

UlT o ) = f wli, x (1, 1)), )d PS*T= (-|1)
SxT_;

denote agent i’s conditional expected utility when she receives the private signal #; but
mis-reports it as f;.

5.4 Asymptotically feasible and constrained Pareto efficient allocations

To discuss incentive compatibility, we invoke the revelation principle due to Dasgupta
et al. (1979) and Myerson (1982), but extended in an obvious way to a continuum of
consumers. That is, we consider a direct revelation mechanism in which reporting
one’s type truthfully is a Bayesian equilibrium for every agent in the corresponding
game of incomplete information. Specifically, let g denote the agents’ joint reporting
process I X T > (i, t) — g(i,t) € 70 with gli,t)=1@) forall (i,1) € I x T.Let
G :I® x T — (T%™ be the corresponding Monte Carlo sampling process based
on g. The following claim, which will be proved in Sect. 6.4, shows that g also has a
stochastic macro structure.

Claim 2 There is a countably generated sub-sigma-algebra C' of T such that g is
regularly conditionally independent given C'.

By Theorem 1, this implies that the space (/> x T, I®°Q7T,2° ® PT) has a
one-way Fubini extension (/*° x T, W, Q) such that G is WW-measurable.

Definition5 1. An allocation mechanism is a mapping
I®°xIxT3 @i x" (,1)eR"

2. The allocation mechanism (i%,i,t) > xI" (i, 1) is asymptotically feasible if, for
Q-almost all (i®,t) € I x T, one has

— 0asn — o©

H Zx (zk,t)——Ze(ik)

k=1
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3. The allocation mechanism (i*°,i, 1) > x’m(i, t) is incentive compatible if, for
Q-almost all i®,1) € I® x T, the incentive constraint Ui"oo (xl?oo, t|t) >
Ul.’.Oo (xfoo, t/|t> holds for any i € 1(i®) and any t' € T°.

4. The allocation mechanism (i, i, 7) > x! oo(i , 1) is ex post individually rational
if, for Q-almost all (i%°, 1) € I1°° x T, one has Ul.’m (xl?oolt> > Ul."OC (eilt).

5. The allocation mechanism (i*°,i,1) > x™(i, 1) is asymptotically Pareto effi-
cient if, for Q-almost all (i®,7r) € I°° x T, the following holds: for any
€ > 0, there is no sequence y : N — R’/ such that: (i) as n — o0, so

[ %OOZZ?K} Vi — % > i1 elr)| — 0; (i) for any i € (i), one has Uiioo(yilt) >
U () + e

Now we are ready to state the following result for economies generated by Monto
Carlo sampling.

Theorem 3 There exists an allocation mechanism (i*°,i,t) +—> X% (i, t) which
is asymptotically feasible, incentive compatible, ex post individually rational, and
asymptotically Pareto efficient.

Theorems 1 and 2 in Sun and Yannelis (2007) demonstrate the consistency of exact
incentive compatibility and exact efficiency for a continuum of agents, where private
signals are generated by a process that is jointly measurable in a two-way Fubini
extension, as in Sun (2006).” This paper only works in the framework of a one-way
Fubini extension. Approximate versions of such a consistency result are considered
in McLean and Postlewaite (2002), in Theorem 3 of Sun and Yannelis (2007), and
in Theorem 3 above. Exact incentive compatibility and approximate efficiency for a
special sequence of replica economies constructed from a fixed finite-agent economy
with concave utilities are considered in Theorem 2 of McLean and Postlewaite (2002).
Theorem 3 of Sun and Yannelis (2007) considers approximate incentive compatibility
and approximate efficiency for a general sequence of large, but finite economies with
possibly non-concave utilities. In the setting of a sequence of economies that result
from Monte Carlo sampling, this paper shows the consistency of exact incentive com-
patibility and approximate efficiency for almost all infinite sequences of economies,
with utilities that are allowed to be non-concave.®
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6 Appendix
6.1 Some technical background

In this subsection, we first define iteratively complete products as in Hammond and
Sun (2006b). Then, for the convenience of the reader, we state as lemmas two results
from Hammond and Sun (2016) that are used in this paper.

Let (Ix,Zk, 2x)(k € N) be a sequence of probability spaces. We use the same
notation whether or not the spaces Pr = (Ix, Zy, 1) are identical copies of a fixed
space (1,7, A). Let

n n
P = l_[Pk =", 1" A" = (1_[ Ik, ®Z:1 i ®Z:l Ak)
k=1 k=1

denote the respective n-fold product, and let

o0 o
P =[] Pe=U®.1%,3%) = (]_[ I, ®;°:1 7., ®::1 xk>
k=1 k=1

denote the infinite product counterpart.
The following definition is taken from Hammond and Sun (2006b).

Definition 6 A subset E of the n-fold Cartesian product set " is said to be iteratively
null in P" if for every permutation 7 on {1, ..., n}, the n-fold iterated integral

/ [ 1@, 02, ..., 0n) d)\ﬂ(n)(l'n(n))...d)»”(l)(iﬂ(l)) (11D
i (1) €ln(1) in(n)€Lx(n)

of the indicator function 1" 5 i" — 1g(i") € {0, 1} for the set E is well-defined and
has value zero; in other words, for Az (1)-a.e. ix(1) € Iz(1), Az2)-2.€. iz2) € Iz(2), ...,
Axm)-a.€. iz(n) € Ix(n), one has (i1, iz, ..., i) ¢ E.

The following two propositions from Hammond and Sun (2006b) show that one can
extend both the finite product probability space P” and the infinite product probability
space P> by including all iteratively null sets, then forming the iterated completion.

Proposition 3 Given any n € N, let &, denote the family of all iteratively null sets in
the n-fold product (I, I", A"). Then there exists a complete and countably additive
probability space

—n —n
pDn . n ogqn yny .__ n
Pr= "IN = (1 , ®k:11’“ ®k:1xk)
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that satisfies the Fubini property, with:

1. I" as the o-algebra o (I" U E,), which is equal to the collection
I"NE, :={DAE : D e€TI", E €&,};

2. A" as the unique measure that satisfies \*(DAE) := A*(D) whenever D € I"
and E € &,.

Proposition 4 There exists a countably additive probability space

——00 ——00
DO .__ 00 00 700y .__ o0
PP = (I®,I%°,1%°) = <1 ,®k=lzk, @kzl,\k)

in which

1. Z% is the o-algebra generated by the union G := U2 |G, of the families G, of
cylinder sets taking the form G, = A x ]_[,fi,H_l Iy for some A € T";

2. A% is the unique countably additive extension to I of the set function u : G —
[0, 1] defined so that (A x ]_[,finﬂ Iy) := A"(A) forall A € T".

Moreover, for any D € I, there exist D € T and E € T such that D = DAE
and \*°(E) = 0.

Unlike the finite product P, the infinite product measure space P> in Proposition 4
may not be complete in the usual sense. One can always complete it by the usual
procedure [see, for example, Dudley (1989, pp. 78-79)]. We still use the same notation
to denote this completion, which also retains the property stated in the last sentence
of Proposition 4.

The completed probability space P> will be called the iterated completion of P>,
as well as the iteratively complete product of the spaces Py (k € N). Let i* =
(i1, 12, ..., Iy, ...) denote a general element of /°°.

Next, let C be a countably generated sub-c-algebra of F in (£2, F, P), and g
a process from I x £2 to X that is regular conditionally independent given C. The
following two lemmas state (part of) the results in Theorem 1 and Proposition 2 in
Hammond and Sun (2016) respectively.

Lemma 1 The process g satisfies the one-way Fubini property.

Lemma 2 Let h be any measurable function mapping the product space (I X 2,7 ®
F,AQ® P) to a Polish space Y. Then, for h-almost alli € I, the two random variables
gi and h; are conditionally independent given C.

6.2 Proof of Theorem 1

First, let

D :={i® = ()2, € ™ :

(gi)r2; is mutually conditionally independent given C} (12)
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denote the set of all infinite sequences i> € 1°° such that the associated sequence of
random variables g;, (k € N) are mutually conditionally independent given C.
Next, for any n € N, let

D" ={i" ={i}j_, €I":

{gi, };—; is mutually conditionally independent given C} (13)

denote the projection of the set D C I°° onto the finite subproduct set I" of all
sequences of length n. Since g is essentially pairwise conditionally independent given
C, and also admits an essentially regular conditional distribution process p given C,
Theorem 1 in Hammond and Sun (2006b) implies that D" € 7" and A" (D") = 1 for
any n € N.

For eachn € N, let

E" = {(i®,j®) e I® x I®: (i1,...,in, j1, ..., jn) € D*"}

It is easy to see that A° ® AX(E") = A2(D*") = 1. Let E = N> E". It is clear
that _
AR QAX(E) =1 (14)

Also, forany i® € I*°,1et G(i*) := {g;, : k € N} denote the associated countable set
of random variables. Then for any (i°°, j*°) € E, we know that the random variables
in the set G(i°°) U G(j°°) are mutually conditionally independent given C. It follows
from (14) that, for A*-a.e. i® € I, the random variables in G (i) U G(j*°) are
mutually conditionally independent given C for A>-a.e. j*® € I,

Note that the infinite product o -algebra 3° is generated by the family of all infinite
cylinder sets which, for some n € N and some collection By, ... B, € B of n Borel
sets, take the form [ [7_; B; x X°°. To prove that /i is an essentially regular conditional
distribution process given C, it is enough to consider the 7 -system consisting of these
cylinder sets.

Fix any i®® = (ix){2, € D>, where D> was defined in (12). Forany By, ... B, €
B, mutual conditional independence given C of all the random variables in the sequence
(8iy )z~ implies that for P-a.e. w € £ one has

P ((G(i‘x’))*l (By X -++ x By, x X*®) |C) ()
=P ((g,-l,...,gin)_l (By X -+ X By) |C> ()

=P (glfll(Bl) |C) (w)--- P (g,-;l(Bn) IC) ()
= Wij0(B1) -+ Wiy (Bn)

But definition (3) implies that
:u'iw)(Bl) o 'Mi,,w(Bn) = [j®g (B] X - X By x Xoo)
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So this proves that I x £ 3 (i®, w) > [ijx is an essentially regular conditional
distribution process of G given C. Therefore, Lemma 1 implies that there exists a
one-way Fubini extension (I%° x 22, W, Q) of (I® x £2,71°%° ® F, A\*° ® P) such
that G is YW-measurable.

6.3 Proofs of the results in Sect. 4

Proof of Proposition 1 Take as given the real-valued functions % and f specified at the
start of Sect. 4, as well as the regular conditional process I x £2 5 (i, w) > Wiy €
M(X) defined in Sect. 3. Forany i € [ and w € £2, let

P, w) = /Xhi(X)dMiw and Y (i, w) = f(i,w) — ¢, o) 15)

We first prove that the random variable

2 9wr—>f<p(i,w)dk:/|:/ hi(x)d,u,'w] di (16)
I 1 LJx

belongs to L>(P). The property of essentially regular conditional distribution pro-
cesses implies that

for A-almost all i € I, one has ¢(i, w) = E[ f(i)|C](w) P-a.s. a7

Thus, by the Fubini property and Jensen’s inequality, one has

[0S, o, @) dr]’ dpP = [o [/, ELf()ICl(w)dr]* dP
< [o[f; BLFDICI@)?dr]dP = [, [[q ELf@)ICI(@)*dP]dr
< [, o ELf?DICHw)dP]dr = [,|[q f*i, ®)dP]dx

Because of our assumption that [, [ [ hl.z(gi (@)dPldr= [,[/[g fiz(a)) dP]dis
finite, the last integral is finite. This proves that  +— |’ ; ¢(i, w)dA is also a function
that belongs to L2(P). Also ¢ can be viewed as essentially a function from (7, Z, A)
to L?(C, P), the space of real-valued, C-measurable and square integrable functions
on ($2, F, P).

Since C is countably generated, we know that L(C, P) is separable, which implies
that ¢ is A-essentially separably valued.® It is easy to see that ¢ is also weakly A-
measurable.'® Then Theorem 2 in p. 42 of Diestel and Uhl (1977) implies that the
function i — ¢(i) is A-measurable. Hence, there exists a sequence of simple func-
tions i > k(i) with limy_. [l¢* — ¢|| = O for A-a.e. i € I. From (17) note that
[ lle@N?dr = [;[[q ELf@)IC)(@))*dP]dx. Thus, Jensen’s inequality implies

9 See p- 42 in Diestel and Uhl (1977) for formal definitions.
10 gee p- 41 in Diestel and Uhl (1977) for formal definitions.
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that

/ lloG)I12dx < / f E[f2()|C]d Pd) = f f F)dPdL < o
1 1J2 1J2

But then the Cauchy—Schwarz inequality implies that

172
/, lo()ldA < ( /1 ||g0(i)||2dA> -0

By Theorem 2 on p. 45 of Diestel and Uhl (1977), we know that ¢ viewed as
a function from (I, Z, A) to L2(P) is Bochner integrable. Next, the classical law of
large numbers for Bochner integrable functions, as shown in Beck (1963) and Mourier
(1953) (see also Dobric 1987 and Hoffmann-Jgrgensen 1985), says that for A*°-a.e.
1% € I, one has

lim
n—>0oo

=0 (18)

1 n
=Y olix) — / / hi(x) dpiodh
n= 1JX

The proof of Lemma 11 in Hammond and Sun (2008) shows that there exists
D* € I with A°°(D*) = 1 such that for any i* € D¥, the random variables
(wik),fil defined by (15) are mutually orthogonal. This implies that for any i* € D*,
we have

2 n
1
== > lvaol? (19)
k=1

e .
H;vaok)
k=1

Since f 0 I>dxr < oo, the usual strong law of large numbers implies that for
A®-a.e. i® € I one has

1 n
ngn;052||w<ik)||2=/I||1/f<i>||2dx (20)
k=1

It clearly follows that for A®-ae.i® e I°, one has

2

lim =0 1)
n—0oo

I
=Y i)
nk:l

Combining Eqs. (18) and (21), while using definition (15) of the functioni — ¥ (i) €
R, it follows that for A*°-a.e. i®® € I°°, one has
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N B
tim |5 £ = [ o) duoto d
1 n 1 n
= Jim |23 w0+ Yt = [ [ hi dusodn] =0
k=1 k=1
This completes the proof. O

The following lemma is a special case of a result in Hammond and Sun (2008),
which generalizes part of Lemma 2.1 in Hoffmann-Jgrgensen (1985, p. 304) to the
setting of iteratively complete product spaces.

Lemma3 Foreachn € N, let S, be a subset of I whose L-outer measure is one. Then
the A*°-outer measure of [ [, | Su is also one.

The next lemma is also taken from Hammond and Sun (2008). It generalizes to
iteratively complete products one part of Theorem 2.4 in (Hoffmann-Jgrgensen 1985,
p- 310), which is due to Talagrand.

Lemma4 Let g be areal-valued function on (I,Z, )). Suppose there is a real constant
¢ such that

T gliy) + -+ glin)
1m

n— 00 n

=c for \® -a.e. i® e I® (22)
Then g is A-integrable, with f[ gi)dir =c.

The proof of the following lemma adapts some of the ideas used in the proofs of
Lemma 2.1 and Theorem 2.4 in Hoffmann-Jgrgensen (1985), and of Lemma 1.4 in
Hoffmann-Jgrgensen (1977).

Lemma5 Ifa function f from I to a Banach space B satisfies SLLN, then it is norm
integrably bounded.

Proof Let f € SLLN(B), with |la — %ZZ=1 F(|l — 0for A®-ae.i® e I, Let
D be the set of all i*® € I°° such that ||rllf(i,,)|| — 0 as n — 00. Because of the
decomposition

1 1< n—1 = 1
~fin) == [a - ;f(ua} +— [a -— ,; f(ua} + -a
it follows that

=

1 n—1 1
H—f(ln) + + —llall  (23)
n n n

1 n
a==3
k=1

1 n—1 .
a—n_lgf(lk)

Now each term on the right-hand side of (23) converges A*-a.s. to 0, so A*°(D) = 1.
Leti +— g(i) be an upper A-envelope of i — || f(i)|], in the sense that g : [ —
R4 U {00} is an Z-measurable function satisfying: (i) g(i) > || f(@)|| for all i € I; (ii)
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for any Z-measurable function & from 7 to Ry U {oo}, the A-inner measure of the set
{iel:|lf@| <h@) < g(@i)}is zero (see Hoffmann-Jgrgensen 1985, p. 302). For
each n € N, define

Sp={iel:g@) =2 fDllor | fOI = n}

Define the function 4, := min{n, % g} on I, which is evidently Z-measurable. Also,
it is clear that || f(i)|| < h,(i) < g(@) for all i € I\S, (even when g(i) = 00). By
definition of the upper A-envelope, therefore, the set 7\ S,, must have A-inner measure
zero, implying that its A-outer measure of S, is one. Lemma 3 says that then the set
]_[Zozl S,, also has A*°-outer measure one, and so therefore does D N ]_[zi 150

Fix any i*® € DN ]_[;';1 S,. Since ||%f(in)|| — 0 as n — 00, one must have
Il f(@n)|l < n for sufficiently large n, and then i, € S, implies that 0 < g(i,) <
2\l f Gn)|l. Hence, %g(in) — 0. But g is Z-measurable by definition, so %g(in) -0
for all i® in some Z°°-measurable superset E of D N []2, S,. Since the A%°-outer
measure of D N []°2, S, is one, it follows that A°(E) = A®(E) = 1.

Given any i* € I, let ¢(i®) := sup,ey %g(in). Then ¢ (i°°) is finite for all
i® e E. Because g is Z-measurable, the function ¢ : I — Ry U {oo} must be
Z°°-measurable. So there exists a positive integer K such that

AP ({i®el®: ¢ (i) <K}) >3 (24)
Foreachn € N, leta,, := A ({i € I : g(i) > nK}). Because A* is a product measure,
it is evident that
o
A (i el®: ¢ (i) <K}) = ]_[(1 —ay) (25)
n=1

Obviously (24) and (25) imply that 1_[?10:1 1 —ap) > % Butln(l — o) < —ay, sO

o= =) In(l—a,) < —In(1/2) =In2 < o0 (26)
n=1 n=1

This implies that lim, @, = 0,andso A ({i € I : g(i) = o0}) = 0.

Given any fixed i € I with g(i) < oo, let m be the smallest integer such that g(i) <
mK. Then g(i) € [nK,o00) forn € {1,...,m — 1}, and so Zzozl lnk,00)(g(0)) =
m — 1. It follows that

o0
gi) < K+ K Y Ik 00)(8(0)) 27)

n=1
foralli € I with g(i) < oco.Because A ({i € I : g(i) = oo}) = 0, the definition of ¢,
implies that f 1 1k ,00)(g(0)) dX = . It follows from (26) and (27), therefore, that

o0
/gdk§K+KZan<K(l+ln2)<oo
I

n=1
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Finally, let f* be the function from 7 to R such that f*(i) = g(i) when g(i) < oo
and f*(i) = 0 when g(i) = oo. Clearly f* is a norm dominant A-integrable function
for || f1|, so f is norm integrably bounded. O

Two functions f and f from (I, Z, 1) to a Banach space B are said to be scalarly
equivalent if, for any b" € B, the corresponding real-valued functions i > (f (i), b’)
and i — (f(i), b’ are equal for A-a.e.i € I.

Lemma 6 Let H be a Hilbert space and f a function in L\, H) that is scalarly
equivalent to the zero function. Then

lim =0 for\®-a.e i® e I® (28)
n—oo

1 .
= fGn)
nk:l

Proof Given f € L(A,H),letg : I — R, be a A-integrable function that norm dom-
inates f. For each k € N, let X} be the random variable defined on (1%, Z°°, A*°)
by X (i®) = [g(ik)]z. Since ]EXII/2 < o0 and the variables X are i.i.d., the
Marcinkiewicz—Zygmund Theorem for the case p = 1/2 and ¢ = 0 (Chow and
Teicher 1997, p. 125) implies that n > Y iy Xk (i) — 0 for A%-ae. i® € .
Because the definition of g implies that || f(i)|| < g(i) for all i € I, we have
IfG)l* < [gGix)]* = Xi (i) forallk € N.Itfollows thatn =2 Y 7 _; | £ (i) [> — 0
for A%°-a.e. i® € I*°.

Next, we follow the idea behind some of the computations in the proof of Theorem

1.3 in Dobric (1987, p. 277). For any i* € I*°, we have

|

Because f is scalarly equivalent to zero, for any & € H one has (f(i),h) = 0
for A-a.e. i € I.In particular, for any i’ € I, one has (f(i), f(i")) = 0 for r-a.e.
i € I. Hence there exists a Z2-measurable set D € I x I such that 22(D) = 1 and
(f(@), f@") =0forall (i, i") € D.Foreachpair j, k € N,let D j; denote the set of all
sequences i € 1°° suchthat (i}, iy) € D, and define D* := ﬂ?ozl ﬂ,fijﬂ Dji. Then
for all i® € D* one has (f(i;), f(ix)) = O forall j, k € N with j < k. Obviously
Dji € I°° and A*°(D i) = 1 foreach j, k € N, so D* € Z% and A*°(D*) = 1 also.

Combining the results in the last two paragraphs shows that (29) implies (28). O

2
1

¢ 2
=Y If@IP+ 5 Y (6. f@) 29
k=1

1<j<k<n

1 n
- E S (i)
n

k=1

Proof of Theorem 2 Let h be a function from 7 to the Banach space B such that, for
some a € B, one has lim, . ||la — % Y iy h(i)ll = 0 for A®-ae.i® € I, Take
any fixed o’ € B, and let I > i — g(i) € R be defined so that g(i) := (h(i), b’) for
alli € I. A routine calculation shows that, for A>®-a.e. i®® € I°°, one has

1
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Then Lemma 4 implies that g is A-integrable, with f ;18 dr = (a, b'). Hence, h is
Gel’fand integrable and has a as its Gel’fand integral. Lemma 5 implies that 4 is also
norm integrably bounded.

Now suppose that B is a Hilbert space H. Let f be any function in £(A, H). Since f
is Gel’fand integrable, it follows from Aliprantis and Border (1999, Theorem 11.51)
or Diestel and Uhl (1977, p. 52) that for each S € Z, the functioni +— (lg f)(@) =
15() f (@) is Gel’fand integrable, where i +— 15(i) € {0, 1} is the indicator function
of the measurable set S. Let v(S) denote its Gel’fand integral over I, which is an
element of H. It follows that ||v(S)||2 = (v(S),v(S)) = f,((lsf)(i), v(S))dA. By
the hypothesis of norm integrable boundedness, there exists a A-integrable function
f*: I — Ry suchthat || f()] < f*@) for r-a.e. i € I, and so ((15f)(@), v(S)) <
(Is f* @ v (S)[l. Hence [[v()[1* < [;(1s f*)@)[[v(S)[|dA. So even when v(S) = 0,
one has

V(S S/Sf*(i)dk (30)

Let S1, 52, ... € 7 be any countable collection of pairwise disjoint measurable
subsets of 7. Obviously v (UZ:1 Sk) = 22:1 v(Sy) forn = 1,2, .... Furthermore,
(30) implies that

Z Sl < Zf fr@yda < / fr@)dr < 400 (3D
k=1 k=15 T

It follows that the sequence defined by s, := v (UzzlSk) = ZZ:] v(Sk) is a Cauchy
sequence, and so convergent in the complete normed space H. Hence v (U,fil Sk) =
Z,fi 1 V(Sk). It follows from (31) that v is an H-valued o -additive measure of bounded
variation. Moreover, (30) also implies that the vector measure v is absolutely contin-
uous w.r.t. A.

Next, we shall show that f is scalarly equivalent to a Bochner integrable function
¢ from (I,Z, 1) to H. Because the Hilbert space H is a particular kind of reflexive
Banach space, it has the Radon—Nikodym property (Diestel and Uhl 1977, p. 82). So
there exists a Bochner integrable function ¢ from (7, Z, 1) to H such that v(S) equals
the Bochner integral |, g @ (i) dA for each S € Z. Now the Bochner integral, when it
exists, must equal the Gel’fand integral (Aliprantis and Border 1999, p. 423). So given
any h € H, it follows that

(v(8), h) = /S(qb(i),h)d)» = [S(f(i),h)d?»

Because the choice of S € 7 was arbitrary, one has (f (i), h) = (¢ (i), h) for r-a.e.
i € 1. Thatis, f is scalarly equivalent to ¢.!!

Define ¢ := f—¢.Because ¢ is Bochner integrable, it follows from Diestel and Uhl
(1977, p. 45), for example, that ||@|| is integrable. Clearly, then, ¥ is norm integrably

11 The argument used in this paragraph is essentially the same as the simple argument on (Diestel and Uhl
1977, p. 89), where the case of norm bounded functions is considered. See also Khan and Sun (1999) for
discussion and for many additional references concerning this scalar equivalence result.
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bounded, Gel’fand integrable, and scalarly equivalent to zero. So Lemma 6 implies
that v € LLN(H). Then the classical law of large numbers for Bochner integrable
functions, as shown in Beck (1963) and Mourier (1953) (see also Dobric (1987) and
Hoffmann-Jgrgensen (1985)), says that ¢ is in LLN(H), and so in SLLN(H) as well.
Therefore f = ¢ + v € SLLN(H). O

Proofof Claim 1 Let ¢ be any square integrable random variable on (§2, F, P). By
the property of regular conditional distribution process w and the Fubini property, one

has
/ [ / / h(i,x)duiwd)»} (@) dP = / f ELf (i, »)|Clo(w) d Pd2
2 1JX 1J82

Lemma 2 implies that for A-almost all i € I, the random variables w +— f;(w) and
o > ¢(w) are conditionally independent given C. Therefore, we have

/ [//h(i,x)duiwdk]¢(w)dP=/f E[f(i, w)o(w)|C]dPdA
2 1JX 1J82

:// fl, w)p(w)dPdxr
1J82

This implies that f is Gel’fand integrable. O

6.4 Proof of Theorem 3

By the usual existence result on Walrasian allocations in Aumann (1966) and Hilden-
brand (1974), we know that there exists a Walrasian equilibrium (x¢, p) for the
economy £¢. Because we assumed that the utility function R} > x > u;(x;s)
of each agent i € [ is strictly monotonic, we know that for any s € §, the Walrasian
equilibrium price vector py is strictly positive.

Note that, by assumption, the private signal process I x 2 5 (i, w) — f(i,w) € T°
that was introduced in Sect. 5.1 is essentially pairwise conditionally independent given
C and admits an essentially regular conditional distribution process u given C. Then
Proposition 5 in Hammond and Sun (2008) implies that for A*-a.e. i® € I, there
exists F' € F with P(F) = 1 such that for any w € F and any g € Tp, one has

1 n
Jim =7 1, (f G @) = [A@)])(g) (32)
k=1

The usual strong law of large numbers implies that for A*°-a.e. i°® € I°° one has

n

1
lim — %" e(i) = / e(i)dx (33)
n—oon =1 I

1 n
and  lim = " x{(i) = /x;‘(i)dx foralls € § (34)
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Let D be the set of i® € I°° such that the three Eqs. (32)—(34) all hold. It is clear
that A°°(D) = 1. ‘

First, for any i® ¢ D and i € I(i°°), construct (@, 1) ;= e(i) forallt € T.
Also, for any i® ¢ D and i € I(i®), the definition of Walrasian equilibrium implies
that the inequality Ul."OO (xlfm, t |t,~> > UiiOC (xiioc, tl./|t,~) holds for any ¢;, tl.’ e 710.

_Alternatively, consider any fixed i®® € D. Foranyn € N, ¢ € T and ¢ € Tj, let
YT (t.q) = L322 1(4)(t;,). This defines a mapping T > ¢ — y, (1) € A(TO).
For any ¢ € T, given the counting measure 7 on the finite set 77, let

P {1_im,,_,oo vi®@)  ifthe limit exists as)
otherwise

Next, define the sets

LT ={teT:y"(t)=ps}foralls € S, and L =T\ | J L™ (36)

seS

Because (32) holds P-a.s., it follows that PT (LI™) = 1.

Also, the non-triviality assumption implies that for any s, s’ € S with s # s/, one
has Lioo N Ll;o = . Thus, the collection {Lf)oo} U {LiOo : s € S} forms a measurable
partition of T'.

The definition (35) of yioo obviously implies that for any i € I(i°°) one has
yiZ (i ti) = v (t_, 1)) for all t—; € T_; and all 1,1/ € T°. Hence, for any
iel(i®),teT,t e 79 and s € S, one has

teLll” =m0 = py =y (i 1) = py &= (i 1) e LT (37)

Since Lf)oo equals T\ Uges Li,oo, we also know that ¢ € Lf)oo = (1, 1) € Lf)oo.
Hence, for any i € (i) we have x'" (i,1) = x'" (i, (t_;, t))) forall t € T and
1 € T9. This trivially implies that for any i € 1(i°°) and any #;, t e 79, the allocation
I xT>(,t)— xioo(i, t) € R} satisfies the corresponding incentive constraint

Ul (5% i) = U (07 ) (38)

For each s € §, let §; denote the Dirac measure on S that gives probability one to
the point s and zero to all the other points of S. Define a function H from T to the
space A(S) of all probability measures on the finite set S by letting

8;  for the unique s € S such that7 € LI~
8, forte Ll

H(t) .= {

Then the same proof as in Lemma 3 of Sun and Yannelis (2007) shows that for each
t € T, the measure H(t) is a version of P*(-|t).
Now we are ready to prove Claim 2.
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Proofof Claim 2 Fix any i* € D. Let C’ be the o-algebra generated by the finite
family {ng : s € S}. Note that for any s € S, one has

PFeL) =) nyPl (L) =m Pl (L) = (39)
s'eS
and

PG=siell’) mPielL =5

PG=slfel’)= — = =1 (40)
’ PT(LI™) ms P (LE™)

Fixany s € S,any ¢,q’ € T°, and any i, j € I such that the random variables f; and
fj from £2 to 79 are conditionally independent given s. We know that

P(fi=q.fj=q.T€L)
PT(LE™)
mP(fi=q.fj=q i€l [§=s)
g PT(LI™)

Pl(gi=q,8i=¢'IL') =

Because P! (Li™) = 1, whereas f; and f; are conditionally independent given s, we
have

Plgi=q.8i=qIL)=P(fi=q. fi=q.TeL 5=5)
—P(fi=q.fj =415 =5)
=P(fi=qls=s)-P(fi=4'Is=y)
=Pl (g =qILi™)- PT(g; =q'IL})

By Egs. (39) and (40), we know that

P(fi=ql5s=5) P(fj=4q'15=5)

1 - -
=—2P(ﬁ=q,s=s)~P(fj=q’,s=s)
]TS
1 ~ Heo) ~ Heo) ~ Heo)
= PGl P(hi=gqi=slic L) P(f;=¢ 5 =sli L)
N

= P(fi=qli e L") - P(fj =q'|T € L)
=Pl(gi=qIL") - PT(gj =q'|LT")

This implies that P7(g; = ¢, g; = ¢'|ILi") = PT (g = q|Li") - PT(g; = ¢'|LI).
Hence, g is essentially pairwise conditionally independent given C'.

Foranyi € I,s € Sandr € Léoo, let v;; denote t;(s,r), Where i is the essentially
regular conditional distribution process of f given C. It is clear that v is an essen-
tially regular conditional distribution process of g given C’. Therefore, g is regularly
conditionally independent given C’. This completes the proof of Claim 2.
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We now continue the proof of Theorem 3. _
Let Ej,oc bc; the set qf allt € L;oo'such that PT(-|t) = §. Clearly PST(E§,°°) =1
forany r € E;OO. Let EI™ = UseSng. Then

PTE™) =) Pl (UsesEy ) = ) my PI(Ey ) = ) iy =1

s'eS s'eS s'eS

Given the Walrasian equilibrium gllocation (i, s) = x£(i) for the economy £¢, as
specified by (6), define a mapping X% from I x T to RY by letting

x{(i) if thereis auniques € S such thatt e Léoo

e(i) iftelLl “h

X% (i,1):= {

It is clear that x* only depends on reports from agents i € I(i*°). Hence x' * is an
allocation in the economy &' .

Note that for any s € S the feasibility condition in Part 2 of Definition 4 implies
that [, x{ (i) dx = [, e(i) dX, and also

n

B 1 . . . o0
nlggor—l;x (ix, 1) = nlggor—l];e(zk) _/Ie(z)d,\, ifr € L

I e N o oo
nli)ngoz’,;x (lk,t):nll)II;OE];xs(lk):/Ixs(l)dk, ift e L

These last equalities imply that, for any t € T, as n — oo, the allocation defined by
(41) satisfies the asymptotic feasibility condition

[
H - Z[x’ (ix, 1) — e(ik)]H N /I[xg(i) —e(i))dr =0 (42)
k=1

Now fixany s € Sandr € E 200 Evidently definition (7) implies that for any i €
one has e(i) € B;(p;). Since PT (-|t) = &y, it follows from (8) that for any i € 1(i®),
one has
US G010 = wi (xEG): 8) = ui(e(@); ) = U (e(@)]). (43)

1

This proves ex post individual rationality.

Finally, fix any € > 0. By uniform equicontinuity of the family of utility functions
RY 5 x + u;(x;s) (fori € I and s € ), there exists § > 0 such that whenever
x,x" € RY satisfy [|x — x'|| < &, then |u;(x;s) — u;(x";5)| < e foralli € I and
s € S.

Let py := minje 2, m) psj and § = %ﬁs& Foranyi € I and s € S, let
M;: := ps - e(i) denote the value of agent i’s endowment at the equilibrium price
vector p; that applies in the economy &
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. Mi
Fix any i € (i) and x € B(ps, M} +§'). Letx’ = Mi—-ls—&x' It is clear that
N

x" € B(ps, M!). By the definition of j; and §’, we have

/ /
Ix —x'll = — x| £ ———IIx|
M: ps - x' (i)
6/ 8/ m 1
<< W S e DX =58 <8
Ds - 2?21 x5 (i) Ds - ZT:1 X (@) =1 ! 2

This implies that u; (x; s) < u; (x"; s)+€.Foranyi € I(i®) and any x € B(py, M;' +
8"), it follows that
U™ x|ty < U (710 + ¢ (44)

Let1(i®) 3 i + y; — R’ beany sequence such that Ul.ioo(yi|t) > Ul?'oo(xfoclt)+e
for all i € I(i®°). From (44) it follows that pg - y; > M;' + & foralli € 1(i®), which
implies that % Y ke1 Ps - [vi, — e(ix)] does not converge to 0. It is clear then that no
sequence /(i®) 3 i — y; — R’ with the property that Ufoo(y,-|t) > Ul.ioc(xl.ioo|t)+e
for all i € 1(i°°) can satisfy the asymptotic feasibility condition (42).

Finally, note that G : I® x T — (T%)™ is the Monte Carlo sampling pro-
cess based on g, and that (I x T, W Q) is a one-way Fubini extension of
(I®° x T.I7°Q T, A° ® PT) such that G is W-measurable. Within the frame-
work of this one-way Fubini extension, the arguments in this section establish that the
allocation mechanism (i, i, 1) — x'" (i, ) is incentive compatible, asymptotically
feasible, ex post individually rational, and asymptotically Pareto efficient. O
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