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Abstract

* As a very special case of a more general procedure a formula is derived
for the Hessian of the solutions P; f of the heat equation for functions on the
sphere S™. The formula demonstrates that for higher order derivatives there
can be a spectrum of decay/growth rates, unlike the generic situation for first
derivatives which is fundamental for Bakry-Emery theory. The method used
is then applied for higher derivatives for spheres, and could be used for com-
pact Riemannian symmetric spaces.

Key words stochastic analysis, stochastic flows, symmetric spaces, heat
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1 Introduction

A well known and fundamental result concerning the heat-semigroup
{P;}+>0 of a complete Riemannian manifold M is that of Bakry-Emery the-
ory, [1]

IVP,(f)| < e P(|Vf])  iff ¢[v]|? < Ric(v,v)allve TM (1)

where Ric : TM @ TM — R is the Ricci curvature of M. Bakry-Emery
theory, [2], [3], shows how to extend it to much more general classes of



heat semi-groups, and it can then be used to define the notion of gener-
alised Ricci curvature bounded below in much more general situations than
Riemannian geometry. An obvious question is whether similar expressions
hold for higher derivatives of P, f with exponential rates given in terms of
the geometry of the Riemannian manifold. With this in mind we obtain ex-
pressions for the second and third derivatives of P;f when M is a sphere
with its standard Riemannian structure, Theorems 4.1 and 5.5 respectively,
and also give expressions for all symmetrised derivatives in Theorem 5.1.
These suggest that the situation is more complicated, and possibly more in-
teresting, than expected. The approach we give, based on earlier work with
Yves LeJan & Xue-Mei Li, [13], can be extended to arbitrary compact Rie-
mannian symmetric spaces, and should give similar formulae. However we
have not done this.

The second derivative, or Hessian, is symmetric. This is not true in
general for higher derivatives; see Subsection 5.1 below. It is simpler to
compute the symmetrised versions. For the symmetrised versions the ex-
ponential rate is controlled by a Weitzenbock term, in the sense of [13],
[8], which for spheres turns out to be essentially the Weitzenbock term for
the Lichnerowicz Laplacian, eg see [5]. For general M, the latter has been
shown by Bettiol & Mendes, [6], to characterise sectional curvature bounds.
However our exponential rate can be expected to involve derivatives of cur-
vature for general M ; for spheres these vanish.

A relevant result by James Thompson, [27], is that if M is compact then
for each p € N and € > 0 there is a constant Cy(e) > 0 such that for all C"*
functions f : M — R

|VPP, floo < Cp(€)e M|V floo forall t > e

where A > 0 is the spectral gap of M. This involves the smoothing be-
haviour of the semigroup when p > 1, which is why ¢ needs be kept away
from 0. It demonstrates that there is uniform rate of decay for all derivatives
as t — oo, but our formulae suggests that a more detailed analysis involving
the directions of the derivatives could be rewarding. Indeed for spheres our
estimate (68) shows that for derivatives taken in orthonormal directions the
rate of decay increases with 1 < p < n. For p = 2 it is bounded above by
e~™, (51). For ™ with %A the spectral gap, is 5.

An excellent survey of work on higher order derivative formulae can be
found in the introduction to Xue-Mei Li’s article, [19]. Much of this con-
cerns the technically harder problem of considering derivatives of the heat
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kernels. Usually just the first and second derivatives are discussed, though a
notable early example giving path integral formulae is Norris’s work, [25].
See Section 55 for the result of applying [19] to our situation on S™.

Our treatment here of S™is as a very special illustrative example of the
more general situation described in [14]. We give the necessary geometric
background, and give the proof of a simple case concerning the expectation
of representations of diffusing Lie group elements. As pointed out in section
4.1, below, there are alternative methods for S™, and a purely algebraic one
could be the most economical.

1.1 Acknowledgement

This was written for the 80th Birthday of Sergio Albeverio, and I am very
happy to be able to record my appreciation of Sergio as a mathematical col-
league, and my enjoyment at having known him personally for close to half
of those 80 years. Thanks also to the organisers of the joyous and stimulating
workshop in the beautiful city of Verona in honour of that birthday.

2 Brownian motion on spheres as symmet-
ric spaces

2.1 The sphere as a symmetric space

Consider the sphere S™ as the set of unit vectors of R™ with its induced
topology, differential structure, and Riemannian metric. It is acted on tran-
sitively and smoothly by the special orthogonal group SO(n+ 1). Let 2y be
a given point in S™; we can take it to be the North Pole, (0, 0,0...,1). This
identifies the subgroup SO(n + 1),, of those § € SO(n + 1) which fix o,
with SO(n). We have the projection

p:SO(n+1)— S" p(k) =k(xg) ke€SOn+1) (2)

which identifies S™ with the quotient space SO(n + 1)/SO(n). It is a
principal bundle with group SO(n). For us the main import of that will be
that there is the right action of SO(n)

SO(n+1) x SO(n) — SO(n+1) (k,g) — k.g

with p(k.g) = p(k).
We want p to be a Riemannian submersion. This means that we have an



inner product (—, —) on each tangent space 7, SO(n + 1) such that Tjp :
TpSO(n+1) — Tpy)S™, the derivative of p at k is an orthogonal projection.
We also want this Riemannian structure to be bi-invariant and so it suffices
to take

1
(A,B)1q = —3 trace AB* A,Beso(n+1) =T, 50(n+1).

With this choice, if {k;};>¢ is a Brownian motion on SO(n + 1) starting
at the identity Id, then {z;};>0 with x; = p(kt) = k.o is a Brownian
motion on S™ from xy. Moreover if we define & : S™ — S™ by &(y) = k.y
we have a stochastic flow of Brownian motions on the sphere. For example
see [7] or [13]. In particular if P; denotes the heat semi-group acting on
continuous functions on S™ then

Pif(y) = Ef(&(y)) f:8" =R yes" (3)

Recall that f; = P.f : S™ — R, t > 0 is the classical solution to the

heat equation % = %A ft, fo= fon R"™ Here A is the Laplace Beltrami
operator, A = div grad, on S™.

2.2 Derivatives of the heat semigroup.

Assume now that f is C'°, then we can differentiate equation (3) in the
direction of some v € T,,S™ to give

d(Ptf)(v) - E{dfxz (Txtgt(v))}' (4)

Recall that the derivative of f gives a differential one-form df, : T,S" — R,
and the derivative of the flow gives, random, linear isomorphisms,
Tygt : TySn — Tgt(y)Sn, fOI'y e s,

2.2.1 Aside on calculus on spheres

In order to differentiate again we need a connection on S™. This gives a
covariant derivative operator V with which tensor fields such as df can be
differentiated in tangent directions. Equivalently it gives a differentiation
operator % of tensor fields along C'! curves o, and a parallel translation
operator /f; : T,)S™ — T,)S™ of tangent vectors, or of other tensors.

These are related, for example by

D d ,_ n
@W - //t%//t 1‘/t ‘/t S To’(t)S ) (5)



and if v = 5(0)

D d
vv(df) = %(dfo(t)”tzo = %(dfo(t)//t)‘tzo (6)

Stratonovich calculus allows these operations to be extended, almost surely,
to the situation where ¢ is a continuous semi-martingale, such as our Brown-
ian motion {z; };. Also we can differentiate our stochastic flow successively,
for example to get V,,, T¢; : T, S™ — T, S™ for ug € T, S™, given by

D
Ve TE(v0) = = (To(5)&t(//sv0)ls=0 w0, v0 € Ty 8™ 6(0) = uo. (7)

All this holds for any Riemannian manifold, and there is a unique connec-
tion, the Levi-Civita connection, for which parallel translations consist of
orthogonal transformations and also
D o D o
- = ) = ——
gsar! 1) = 55

for a two parameter o(s,t) and f : M — R, both smooth.

(o(s,1)) (®)

We will use this. For S™ it has the natural definition that %V} is obtained
by considering the vector field V; along o as having values in R"*!, differ-
entiating this in ¢ as usual and projecting the result back to 75, S™.

Note: for {e;}"_; an orthonormal base for 7;,S", y € S™
Af(y) = trace(V(df))y = 351 Ve, (df )e;. ®)

The Hessian, Hess(f), of f is just the second derivative considered as a
bilinear form

Hess(f)y = V_(df)(—) : T,S" x T,S" — R. (10)

By equation (8), the Hessian is symmetric and so determines a linear map
on the symmetric tensor product 7,S™ (-) T,,S™ by

Hess(f)(u ® v) = V,(df)(v) u,v € T,S". (11)

2.3 Higher derivatives of P, f

Using the Levi-Civita connection we can differentiate equation (4) again to
obtain, for ug, vy € T, 5™:



Hess (P f) (uo©vo) =E{Hess(f) (T &tuoOTro&ev0) +dfe, Vo (TE) (v0) }-

(12)
An important simplification arises since our flow is a flow of isometries. In
this situation covariant second order derivatives of the flow vanish, see [5].
Thus for ug, vg € T, S™:

HeSS(Ptf)xo (uo © UO) = E{Hess(f)xt (Twoftuo © TxogtUO)}' (13)

and repeating the differentiaton, for k = 1,2, ... and u(l), s ulg, v € Tp, S™:

VO (P (g, o ug, v0) = B{V(AF) (Tag&rug, .. Tro&ruig, Tug€rvo)
(14)
But the derivatives are not symmetric when & > 2 and n > 2; the curvature
intervenes. See Subsection 5.1 below.

We can get a more precise formula from formula (12) by computing the
conditional expectation of

Txoft © Twogt : TJJOSn ®© TxOSn — TxtSn O] TxtSn

with respect to the o-algebra F; generated by the Brownian motion {xg :
0 < s < t}. This technique, of filtering out the redundant noise, has been
a basic tool for looking at first derivatives since [12]. It is described in
detail in [10]. In essence the conditional expectation is obtained by parallel
translation back to the initial point:

Write u; = Ty &i(uo) and vy = Ty &i(v,) and set uy © vy = E{u; © v Fi };
then, essentially by definition,

u O v = (h © JOE{) e © J7 vl Fi) (15)

Since J; tuy © //t_lvt lies in a fixed vector space its conditional expecta-
tion makes classical sense. There is no problem about integrability, and any
choice of parallel translation in 7°'S™ @ T'S™ will do, [10].

We proceed to calculate this conditional expectation using techniques from
[13], see also [8].



3 Decomposition and conditioning of 7°¢; ©
T

3.1 Decomposition of the flow

Remember &; is just the action of the Brownian motion { % }+, on SO(n+1),
on our sphere. Also the Brownian motion {x;}, from z( on the sphere, is
given by x; = p(ki) = k¢.xo. From [9] we have a skew product decomposi-
tion:

ki = 4.9 (16)

where {g;}; is a Brownian motion on SO(n) from the identity, indepen-
dent of {F;}+>0, and {Z;}; is a diffusion process adapted to {F;}:+>0 with
p(Z+) = @ for t > 0. In fact {Z;}; is the “horizontal lift” of Brownian mo-
tion on S™ from the identity, and is the conditioned process of {x;}; given
{Fi}+>0. Moreover if we write & : S™ — S™ for y — .y then parallel
translation {//; }+>0 along {x:}; is given by

N = Tuos : Ty S™ — T, S™ (17)

See [11] or [13] for more.

Identifying g € SO(n) with its action on S™ let p® denote the repre-
sentation of SO(n) on T,,,S™ ® T,,S™ given by

2
P (9)(up ® vo) = Ty Lguo @ Ty Lgvo. (18)
From above, using the independence of g; from F;, we have:

Lemma 3.1 For a C? function f : S” — R and ug, v € Ty, S™
Hess( P, f)(ug,v9) = E {Hess( ), ((//t © hE { ) (up @ vo })} )
(19)

We go on to compute the second expectation appearing above.

3.2 Expectations of representations of random ma-
trices: an elementary lemma

The following is a very special case of a similar result for finite dimensional
representations of certain, possibly time inhomogenous, diffusions on pos-
sibly infinite dimensional groups. It is essentially Theorem 3.4.1 of [13],
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but see [8], or below, for a corrected sign in equation (3.19) of [13]. For
completeness the simple proof is given here for Brownian motions on finite
dimensional Lie groups. The more general cases will be discussed in [14].
The integrability of p(g;)v was proved by Baxendale, [4], for Wiener pro-
cesses on Polish groups acting on Banach spaces.

Let GG be a finite dimensional Lie group with right invariant metric, deter-
mined by an inner product (—, —). on its Lie algebra g identified with the
tangent space 7T.G at the identity e € G. We will use the Maurer-Cartan
form determined by right translations R, rather than the more usual left
translations L. It is the g-valued one-form = given by:

wy i =T,(Ry) " :T,6-9:=T.G ge@q.

The co-differential, the adjoint d* of d, maps one-forms to functions. It
acts on to component wise: let {a?}; be an orthonormal base for g and de-
fine the scalar one forms @’ by w’(v) = (w(v),al)y. Then d*w(g) =
> d*wi(g)a’ € gforg € G.

Note that
@ (v) = (A¥ (g), v), geGveT,G

for A (g) =T R,(a7), the right invariant vector field corresponding to o/.
Therefore

d*w(g) = — Zdiv A (9)o € g geG. (20)
J

The divergence of a vector field measures the infinitesimal rate of change of
Riemannian volume p, say, under its flow. For us the Riemannian volume
is a right Haar measure. However the flow of a right invariant vector field
is left translation by its 1-parameter subgroup ie L ,,; for A Tt follows
that if the right Haar measure is also left invariant, in other words if G is
unimodular then d*zw = 0. This holds in particular for G a compact Lie
group; the situation of our main present interest. In general (L), is again
right invariant and so a multiple m(g) say of p. This version m : G —
R (> 0) of the modular function of G is a group homomorphism. Since p
corresponds to a right invariant top dimensional form it is given by

m(g) = | det Ad,|



for the adjoint action Ad, = (TRy)™'TL,: g — g.

Thus,
" . . a' d d (L —toz‘)*(/’l’)
d'w!(g) = —div4 J(g) = ( £ d/j )]t:() 21
d
= —%| det Ade,mj |t:0 (22)
= tracead,; = — Z(adzkak,aj> (23)

k

for ad : g — L(g; g) the adjoint representation, ad, (3) = [«, 5].

Lemma 3.2 Let p : G — GL(V) be a smooth representation of G' on a
real finite dimensional vector space V' and denote by p, : g — L(V; V) the
derivative of p at the identity element.

Let {g; }+ be Brownian motion on G from the identity.

Then p(g;)v is integrable for each v € V and ¢ > 0 and its expectation is
differentiable in ¢ with

SB{pla0)0} = N(B{o(a)0)) @9

where \? € L(V; V) is given by

1 . ; 1 * k
A\ — 5 CompZ(p*(oﬂ) ® pi(ad)) + 5 zk:adaka (25)
J

with
Comp : L(V; V)@ L(V;V) = L(V; V)

the composition map A ® B — AB. For unimodular groups, and in partic-
ular for compact Lie groups, the term ), ad” o vanishes.

Proof. By It6’s formula, as in equation (4.1) of [13],
d ‘1
plo0) = v+ M+ [ SAGp)og)ds 26
0
where {M"}, is the continuous local martingale in V/

t
M = / dpg, (TR, o dBy) (27)
0

where { B, } ;>0 is the Brownian motion on g given by dB; := wg, o dgs.
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Now since p : G — GL(V') is a group homomorphism we see,
(dp)r = pxowi(—)p(k) : TG — L(V;V) foranyk € G. (28)
Thus

27 = [ (. aB)p(g.)0). 29)
0
Also, using the right invariance of the Laplacian,
A(p)(gs) = Alpo Ry, )(e) = Alp)(e)plgs) € L(V; V).
From (28) and (23) we see
Alp)e) = —d*(dp)(e) = —d"(p(=)pe 0 w_)(e)
= > puldd)puad) — d*(p. 0 w)(e)
J

= Y pulad)pu(e?) + p. > (ad)iia"
i k
Y

Thus equation (26) reduces to the linear equation with constant coefficients

dp(ge)(v) = p«( dBy)p(ge)v + Ap(ge)v di (30)

For compact Lie groups the result is immediate since the local martingale
{Mtd ?"1; will be bounded and so a martingale. In general we can use a
stopping time argument or the basic existence theorems for equations with
Lipschitz coefficients to see that {p(g:)(v) }o<t<r is bounded in L? for each
T > 0, so the local martingale has integrable quadratic variation and so is a
martingale [26]. O

3.3 Calculation for S™

We must calculate E { p®% (g¢)(uo © UQ)} to make use of our Hessian for-
mula (19) for S™. By Lemma 3.2 we have

E{PGZ(gt)(UOQUo)} = Wi (uo © vo) (3D

2
where W; = er 2 Ty S™ © Ty S™ — Ty S™ © T, S™ satisfies
WD(UO ® ’UQ) = ug ® vg and

d 2
2 Wi (o © vo) = AN (Wy(ug @ v9)) ¢ > 0.

10



2 . .
Here 227" = Y, 02 (a7)p2” (o).

2
We will use a more algebraic formulation of our representation P
defined in (18):

3.3.1 Identification of m with 7, S™

As for any smooth left action of a Lie group we have a linear map o — X
from so(n + 1) to smooth vector fields on S™. It is given by

X*(5) = & ((exp s0)9) oo

In particular the derivative Tep : so(n + 1) — T,,S™ at the identity of our
projection p : SO(n + 1) — S™ has Tep(a) = X *(xp). It is important, [5]
page 182, or [18] page 469, to note the minus sign in the identity

(X, X8 = —xF] o, €so(n+1). (32)

Let m be the orthogonal complement of s0(n) in so(n+1). A fundamen-
tal symmetric space property is that m is invariant under the adjoint action,
Ad, of SO(n) onso(n+ 1), and so under ad : so(n) — GL(so(n+1)), its
derivative at the identity e. There is the following important standard lemma
with versions for more general symmetric spaces:

Lemma 3.3 There are the commutative diagrams:
1. Forg € SO(n)

T
m b Ty S™
Ad, TL,
m Ty S™
Tep
2. For a € so(n)
T,
m P Ty S™
ada V(,)Xa
m Ty S™
Tep

11



Proof. For 1. :
o d
TLyTep(a) = TLyX*(xo) = 759 exp(sa).xols=o

d
= £g exp(sa)g.zols=0 = XAng‘(:Bo)

= Tep(Adya).

For2.:ifvem

Tep(ada(v)) = Tep([a,v]) = =[X7, X"]
= —VXa(O)Xv + VXU(O)Xa
= VxooX°
= V)X oTep(v).

O

We will identify m with 7;,,S™ by T.p. By the lemma the representa-
tion p©* : SO(n) — GL(T,,S™ ® Ty,S™) gets identified with Ad ® Ad :
SO(n) — GL(m ® m) using the restriction of the adjoint action. Then we
have p2° () = ady ®Id + 1d ® ad,, and so

02 1

A= 2
2

> {ad,soad,; ®1d+Id®@ad,; oad,; +2ad,; @ady}. (33)

J

3.3.2 Curvature identities

Let R : TM & TM — L(TM;TM) denote the curvature tensor, with
Kobayashi & Nomizu’s convention, so for tangent vectors u, v, w at a point
z we have a tangent vector R(u,v)w at z, and for S™ :

R(u,v)w = (v, w)u — (u, whv. (34)

The Ricci curvature, Ric : TM & T'M — R is given as the trace,
Ric(u, v) = trace R(—, u)v, with Rict : TM — TM given by

Rick(u) = ZR(u, ej)e;
J
for a suitable o.n. base.
For S™:
Ric(u,v) = (n — 1)(u,v). (35)

12



In our situation, from [18] page 231, and [5] page 193 taking account of
Besse’s different sign convention for R:
for u, v, w € m with m identified with 7,,5"

R(u,v)w = —[[u, v], w]. (36)

Noting that ad,, : £ — ¢ is skew-symmetric for « € so(n + 1) we see from
this that if also a € m,

(R(u,v)w,a) = (ady([u,v]),a) (37)
= —(adyv,adya). (38)

From this, for u,v € m,
Ric(u, v) = —traceyad,ad, 39)

Here we have written trace, to emphasise that the trace is taken for
ad,ad, : m — m. Indeed there are the fundamental relations:

0.9l Cg. [gm]Cm, [mm]Cg (40)
where for us g = so(n). See for example [5] page 193, or [18] page 226.
Therefore ad,, interchanges g and m so

1
Ric(u,v) = —tracegad,ad, = ~5 trace ad,ad, 41

as in [5] page 194.

3.3.3 Decomposition of V & V'
To go further we shall decompose m © m into irreducible components for

@2
P

For a real, n-dimensional, inner product space V, (, ), the inner product,
being symmetric and bilinear, determines a linear map (—) : V@V — R
given by
(@) = (u,v).

It is invariant under the action
uOv—=UuoUv: UeO(V)

of the orthogonal group O(V') of V. Its kernel in V' ® V, denoted by H, is
therefore also invariant. It has codimension one and its elements are some-
times called “traceless” or “harmonic”; the latter because of the representa-
tion of symmetric tensors as homogeneous polynomials, [16], [6]. The space

13



V ® V has a distinguished element = := } . e; © e; for {e; }; an orthonor-
mal basis of V' . It corresponds to the identity when V' ® V is identified
with L(V; V') using the inner product. Using the inner product of V © V
inherited from that of V ® V' we see

(Euov) =Y (ue)(ve)) = (wO).
J
Thus Z is the Riesz representative of (—) and so orthogonal to the kernel
‘H and invariant under our orthogonal action. We write

VoV = REGH with (42)
1 1

UuOv = (u,v}E@(u@v—(u,v)E). (43)
n n

Let Py : VOV — V ©V be the orthogonal projection onto H, so

1
Pr(u®v) =u®v— —{u,0)E. (44)

3.3.4 Computations

2
From (36), starting to compute M from formula (33), with our orthonor-
mal base {a’}; for s0(n), and u,v,a,b € m,

Z(adaju ® adyiv,a ®b) = Z(aduozj ®adya?,a © b)

_ ;Z{@dua, o) (adyb, o) +
4 o adab o)}
_ —%{(R(u, a)u,b) + (R(v, a)u, b)}
_ —%{(R(u, a)v,b) + (R(u, byv, a)}
= —(R(u, vy (a ), (45)

where R (u, —)v € m@miis the dual to a®b — 2 (R(u, a)v+ R(v, a)u, b).
For S™ using (34)

(R(u,a)v + R(v,a)u, by = (a,v){u,b) + (b,v){u,a) — 2(u,v){a, b)
= 2(u®uv,a®b) —2(u,v)(a,b)

14



whence
Z adyiu ®adyiv=—u®uv+ (u,v)=.
J
Furthermore, using (41), for any w € m

Z(adaj oadyju,w)y = — Z(aduaj, ady,a)
J J
= Z(adw o adyal, o’)
J
= —Ric(u, w).

We now see from (33), (47), (45)

@2 ]- . ﬁ . ﬂ ﬂ
AP (U@U):—§{R1CUQU+U®R1C (v)} — R*(u, —)v.
Using the explicit expressions, (35) and (46), for S™ this yields:

2

AP° (uev) = —(n—1DWOV)—udv+ (u,v)E
= —nPy(uov).

4 Main result for S”

(46)

47

(48)

(49)

Theorem 4.1 For zq € S™ and g, vy in the tangent space T, S™ and a C*?
map f : S — R the second derivative Hess P, f of the solution to the heat

equation

d 1
—Pf = -AP
GRS = JORS

Rf = f

is given by

Hess P; f (ug,vg) =

SI—=3+

In particular if ug and vy are orthogonal,

|| Hess Py f (uo, vol| < e™™ Py(||Hess f|[)(wo)|luol| [voll ¢ > 0.

15

(5D

(1= e™"){uo, vo) P(Af) (o) + e E{Hess(f)a, (fruo, frvo)}

(uo, v0) Pe(Af) (o) + e~ E{Hess(f )z, Pa(//iuo, [fivo)-

(50)



Proof. From (19) and from (31),

Hess(P; f)(uo, vo) = E {Hess(f)z, (/& @ [))Wi(uo © v0))}

where, using (31),

%Wt(uo ) = M (Wiup®wo)) >0 (52)
= —nPu(Wi(ug ® vp)). (53)
Thus
Wi(uo ©®vg) = %(uo, vg)E + e ™ <u0 ® vy — %(uo, vO>E>
1

= n(l — efnt)(u(), ’l)())E + e*"t(uo © U[)).

Write Z; := (/; ® //})=. We now see

Hess(P.f)(ug,vo) = %<u07v0>E{HeSS(f>$t(Et)}

+ e ™E{Hess(f)Pu(/ruo © Jvo))}
equivalently
Hess(P; f)(up,v9) = %(1 — e ™) (ug, vo)E{Hess(f),Z¢}

+ e " E{Hess(f)z, (Jiuo ® o)}

Since Hess(f)z, =t = A f(x¢) the results follow.

4.1 Two alternative approaches
4.1.1 Algebraic

The form of formula (50) is not surprising given the symmetries of the
sphere, and the decomposition of our representation of s0(n) into irreducible
components. Indeed for g € so(n + 1) and y € S™, we have P, f(gy) =
P,(fog)(y) . Using the fact that for g € so(n) left translation by g preserves

the law of Brownian motion from z(, we see that A" must be invariant
. 2 .

under the action of p® (so(n)). It follows that it must be constant on the

irreducible components H and R= of m © m for that action. Since we must
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have Hess(P, f)(2) = A(P.f)(zo0) = P(Af)(xo) we see the second con-
stant must be zero. To compute the first constant we could proceed as in [13]
Corollary 3.4.4, page 50 and relate > ; p2” () 0 p2° (cv;) with the Casimir
element of our representation, [17] 6.2. That way there need be no men-
tion of curvature. However we have preferred to introduce curvature since
it gives a geometric interpretation of the constants, and also our approach
applies in greater generality.

4.1.2 Doubly damped parallel translation

In [20] and [19] Xue-Mei Li obtains second derivative formulae on rather
general Riemannian manifolds M by differentiating the standard first deriva-
tive formula d P (f)(vo) = E{df¢,(zo)Wt(vo)} with {W;} damped,

or Dohrn -Guerra, parallel translation, and {; },, a gradient stochastic flow.
This gives a term under the expectation of the form df&(xO)VuOWt(vo).
If we filter out the redundant noise, i.e. condition, V,,W;(vg), this term
becomes df&(xo)Wt(Q) (up, vp) for a certain process Wt@) (ug,vo) € Ty, M
which she calls the doubly damped parallel translation. For our sphere

1

t
Wt(Z) (u07U0) = e_Q(n_l)t//t/ e—(n—l)s (<U0, UO>dBS - <U0, dBS>U0)
0

(54)
for { B;}; the stochastic anti-development of our Brownian motion on S™.
and her formula gives:

Hess(P.f)(up,vo) = e*("fl)tE{Hess(f)(//tuo, Jtvo) }
+ E{df (W (ug, o))} (55)

5 Extensions

5.1 Higher order derivatives

To consider 3rd order, or higher derivatives V*)d(P, f)(uk, ..., u}, vo), we
have formula (14) but have to recall that the higher derivatives are not sym-
metric. To deal with this we could look at the representation theory of so(n)
on the full tensor algebra ®k m but this will involve sub-representations
such as on A*m which are not relevant to us. It seems easier to keep to
the symmetric tensor products and then adjust with curvature terms as done
for third derivatives below. For S™ or other symmetric spaces this is much

17



helped by the vanishing of the covariant derivatives of the curvature.

5.1.1 Symmetrised derivatives
For the symmetrised version, for each p = 2, 3, ... we use the map
P p—2

C:®R”—>@R”

given by

Cul®..0uP)=Cu'e..ouP) = Z(ui,uj> @ uk.

1<j

Let (P (R™) denote the kernel of C in ()P R™. These are the raceless or
harmonic elements. It is invariant under the representation p© of SO(n):

PP(9)(u' ©...0uP) = (p(g)u' @ ... © p(g)u)

for any given orthogonal representation p of SO(n) on R".
If p is irreducible we have the decomposition of ()P R" into irreducible
factors under p®;

p P p—2 p—2k k
OR"=ORYu+GORYH O+ + O R (OO D)+
(56)
For example see [6] or [16].
For p = 3 the decomposition is
1 -
uOUVOW = <u®v®w— C(u@v@w)@;)
n+ 2
1
O—Cuvow)OE (57)

n-+ 2

We can give a precise formula for arbitrarily high symmetric derivatives:

Theorem 5.1 For p = 1,2,... and smooth f : S™ — R the symmetrised
p-th covariant derivative of the solution P, f to the heat equation

0 1
P = SOP Pof = f
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is given by
VP(Pf)(uh © ... 0u) = E{VP (/)W (uh o .. oub)} (58
where the damped parallel translation Wt[p I OP TpoM — OP T, M is
given in terms of the decomposition ( 56) of () T;,, M by
Wl =Wl + WA e e+ W hlzo flz .. (59

where //;|z refers to parallel translation restricted to =, and

q q
Wg}t : @(TxoM)H - @(Tth)H

[

is the restriction of W, 9 o the harmonic tensors and is given by

g

q
W%tUo = ¢ 2(mHa=21 1, Uo € @(TxOS”)H. (60)

Proof. The same argument that gave formula (19) yields

VP(P.f)(Uo) = E{V?(/)(JrE{p®(9:)Uo})} Uo € ()T S™).
Now .
PVEOE) =" (V)oE  Ve()(Tws")

so formulae (58) and (59) hold with ngt the restriction of E{p®(g:)} to
OY(T%,S™)3- To calculate this we have, by Lemma 3.2

d
B (a)U0} = N E{6° (91)Uo}
for A** = % Comp 3,(p2(a") @ p2(a”)).
Since p@ (") (u! © ... ® u?) = 3, pu(a”)ul @7 1wl we have
P2(0")2 (") (! © . © ul) = AT+ BT

where . '
AT = Zp*(a'r)2u€ ®j7éf u
/l
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and
B"=2 Zp*(o/")uj @ pu(a")uF OF T 4L,
i<k
From formula (47) and the fact that Ric*(u) = (n — 1)u for u € T'S™
we have

ZAT(UO) = —q(n —1)(Uy) Uo € @(Txosn)7

while by (46), for Uy € O(Ty S™)1»

N B (Uy) = —alg — 1)Uy +2C(Up) © E = —q(q — 1)U,

giving (60), to complete the proof. O
In particular for p = 3, using the decomposition (57) we obtain:

Corollary 5.2 . For Uy = u} ©u2 ©ud € O Ty, M, with parallel translate
U; € @3 T, M along the Brownian paths, we have

V3PS (U) = e 2BV (U}
efé(nfl)t

Z T (1 e (nF2)e 3 =
+ =y (e YE{V3F(C(U) © )} .(61)

5.1.2 The full derivative, p=3

Recall that with our use of Kobayashi & Nomizu’s sign conventions the
curvature RV” : TM x TM — L(E; E) of a connection VZ on a vector
bundle E over a manifold M is given by definition by

E
RV (w,0)S(z) = ViV{S—VIVES —ViiymsS (62
= (VE)2S(u,v) — (VE)2S(v,u) (63)
foru = U(z), v = V(x) some x € M, with U,V vector fields and S a
section of E. To define (V¥)? a torsion free connection on M is used.
For E = T'M with M Riemannian and V¥ = V the Levi-Civita connection,

we write R = RV as before. It is important to note that with the induced
Levi-Civita connection on the cotangent bundle

RV (u,v) = =L o R(u,v) forleT,M.
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This can be seen by computing the Hessian of the function ¢(W (—)) for ¢
a one-form and W a vector field, and using its symmetry. More generally, if
S is a section of (Q¥ T'M)* then

V2S(u,v)(w! @ ... @ wP) — V2S(v,u)(w' @ ... @ wP) =
—S(z) (R(u, V@@ ..+ ..+ uw®..® R(u,v)wP)  (64)

for u, v, w',...wP € T, M.

Lemma 5.3 Foru,v,w € T,Mand f: M - R
1
V2df (u,v,w) = VAdf (u© v © w) + 2df (R(v, w)w + R(w, u)v). (65)

Proof. By the symmetry of Hessians, V2df (u, v, w) is symmetric in v, w.
Therefore

1
V3df(u®v o w) = §V2df(2u®v®w+2v®u®w+2w®u®v).
Taking S = df in (64)
V3df (v @ u@w) = Vidf (u @ v @ w) — df (R(v, u)w)

and
V2df (w ® u®v) = V2df (u @ w ® v) — df (R(w, u)v),

giving the result by the symmetry of V2df in the last two variables. O
As an example

Example 5.4
AAf (20) (1) = V2df (u® =) = V2df (u© =) — gdf (Ric*(w))  (66)

which enables us to rewrite (61) as

V3(P.f)(Up) = e 2" DB{V3 f(U})} +

efé(nfl)t

(1= e PNE{ (dAF(C(U) + 252df(C(Uy))) }-
Theorem 5.5 For ug, vg, wg € Ty, S™ write Uy = Jfruo ® [frvo ® /frwo for

parallel translation along a Brownian motion from zg. Then for a C® func-
tion f : S™ - R
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V3P, f(Up) = E{e 2D (1)
b hge e (1—e (HDOIA F(C(U)
+e 2D (] — e (n42) )df(n+2 (Ur) = {vo, wo) o) }-

In particular if ug, vg, wo are mutually perpendicular,
VEPJ(Uo) = e 2 HVE{VAF(U) ). (67)

Proof. By formula (65)

1
V2dP,; f (uo, vo, wo) = V2P, f(ug ® vy ® wo) + gdPtf(Zo)
for

20 = R(vo,uo)wo + R(wo,uo)vo
= (uo, wo)vo + (uo, vo)wo — 2(vo, wo)ug
= C(UOQ) — 3<vo,w0>uo

for our sphere.

Now d(P, f)(z0) = E{e~2"Vldf (f},20)}
and
Lo + 35231 — e AN C(UP)

n n— 6—(n+2)t
—(vg,w0>//tuo + (m — %) C(Ute).

The result follows by using the formula in Example 5.4 with Uy = ug ©
v O wy, together with (65) to go back again to our non-symmetrised U;.

O

Remark 5.6 Note that for all p = 2, 3, ..n, for a sphere S™, formula (64)
can be applied inductively to show that if u!, ..., u” are mutually orthogonal
then for any C? function f

VP f(ut,u?, ... uP) = VPdf(u! © u?... © uP)
For y € S™ set
IV? fllom.(y) = sup {\fo(vl, ...,vP)|, orthonormal v*, ..., vP € T,5"}.
Applying (60) we obtain the pointwise semi-group domination,

VPP fllom. < € 2FP=2LP, (VP £|| o) (68)
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5.2 More general diffusion semi-groups

5.2.1 Heat semigroups on functions and forms on compact Rie-
mannian symmetric spaces

The method described here for spheres should go over directly for the heat
semi-group of a compact Riemannian symmetric space. The representation
theory involved may be more complicated. It should extend similarly to for-
mulae for derivatives of heat semigroups for forms. See also the alternative
approach suggested in Section 4.1.

An additional first order term can be included by combining this method
with the more standard method of filtering out redundant noise, but the for-
mulae will be more complicated unless the term comes from a Killing vector
field.

5.2.2 General diffusions on manifolds;
derivatives of induced semigroups on functions, forms, jets etc

For a heat equations on a general compact Riemannian manifold M a simi-
lar approach can be followed but replacing our bundle p : SO(n+1) — S™
by a bundle p : Diff (M) — M where Diff (M) is a suitable group of diffeo-
morphisms of M and p the evaluation map at a base point g € M. This can
be considered as a principal bundle with group those elements Diff,, (M)
of Diff (M) which fix xg. Our stochastic flow can be considered as a pro-
cess on Diff (M) and has a skew product decomposition generalising that
described in Section 3.1. See [11], [13]. This gives rise to formulae like
(19) and its higher order analogues, but with lower order derivative terms
because the second derivative of the flow will not generally vanish: for sym-
metric spaces it vanished because we had a flow of isometries.

In this case we should look at k-jets of P, f rather than k-th order covari-
ant derivatives. However the parallel translation in our formula may now not
be metric preserving for any metric on the bundle of k-th order tangent vec-
tors (essentially k-th order differential operators), or its dual, the k-jets. This
makes uniform estimates difficult to obtain. For tensor bundles, associated
to the frame bundle of M, such as ®k T M, an SDE can be chosen for our
diffusion so that its conditioned flow determines Levi-Civita parallel trans-
lation, and so is metric preserving, see [10]. For k-th order tangent vectors
the question is crucial but open.
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A result by Mendes & Redeschi, [24], shows that we cannot have the
Levi-Civita connection on tensor bundles induced by an SDE for Brownian
motion which has a solution flow of isometries except in the case we have
been discussing for symmetric spaces. They call an SDE for Brownian mo-
tion which induces the Levi-Civita connection a virtual immersion. Ming
Liao [22] has somewhat related negative results; in particular there are no
isometric stochastic flows of Brownian motions on a Riemannian symmet-
ric space of non-compact type. However Liao shows in [23] that for n > 3
there are a continuum of them on S™.

In [14], in preparation, this set up is extended to a wide class of semi-
groups induced on sections of natural bundles, such as jet bundles, by a
sum of squares representation of a diffusion operator on M. The operator
need not be elliptic or hypo-elliptic but for the method to work smoothly
it should be cohesive in the sense of [13]. However, the crucial question
of finding stochastic flows inducing metric connections on natural bundles
remains open, to my knowledge.

5.3 Questions

e [Berger’s spheres.] It would be interesting to see how the derivatives
of the heat semigroup change as the sphere gets smoothly deformed,
for example for Berger’s spheres which still retain a lot of symmetry;
see [15] and for a stochastic analytical discussion and more references
[21].

e [Different symmetric space structures.] The same Riemannian mani-
fold can have different symmetric space structures. For example the
3-sphere is also a Lie group and so has the symmetric space structure
with group S® x S3 acting by (g%, g%).a = g'a(¢g?)~! for a € S3.
Can such different structures give different derivative formulae?

e [Non-compact type] Are there corresponding formulae for symmetric
spaces of non-compact type? In particular for hyperbolic space. As

remarked above, [22] and [24] imply that the use of isometric flows as
here does not go over immediately to the non-compact case.
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