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M. Herdegen et al.

1 Introduction

How does the introduction of a transaction tax affect the volatility of a financial mar-
ket? Such questions about the interplay of liquidity and asset prices need to be tackled
with equilibrium models, where prices are not exogenous inputs, but determined en-
dogenously by matching supply and demand. However, equilibrium analyses lead to
notoriously intractable feedback loops. Indeed, if the optimal strategies for a given
candidate price do not clear the market, then the price needs to adjust until this it-
eration converges. Trading costs compound these difficulties, because they severely
complicate the corresponding optimisation problems. Accordingly, the literature on
equilibrium asset prices with transaction costs has focused either on numerical meth-
ods (Heaton and Lucas [32], Buss et al. [14], Buss and Dumas [13]) or on models
where the market volatility is either zero (Vayanos and Vila [59], Lo et al. [43], We-
ston [60]) or given exogenously (Vayanos [58], Garleanu and Pedersen [26], San-
nikov and Skrzypacz [54], Bouchard et al. [10]).

In the present study, we analyse a risk-sharing equilibrium where price levels, ex-
pected returns and volatilities are determined endogenously, by both balancing sup-
ply and demand and matching an exogenous terminal condition for the risky asset.
We consider two agents with mean—variance preferences who trade a safe and a risky
asset to hedge the fluctuations of their random endowment streams. We show that a
unique equilibrium with transaction costs generally exists if the agents’ risk aversions
are sufficiently similar. To explore the impact of transaction costs on equilibrium as-
set prices and trading volume, we then consider a benchmark example with linear
state dynamics. Without transaction costs, the corresponding equilibrium price has
Bachelier dynamics, i.e., constant expected returns and volatilities. With transaction
costs, equilibrium prices show a much richer behaviour already in this simple setting.

First, due to the sluggishness of the trading process, expected returns endoge-
nously become mean-reverting as is assumed in many reduced-form models for ac-
tive portfolio management (cf. e.g. Kim and Omberg [37], De Lataillade et al. [19],
Martin [48], Garleanu and Pedersen [25]). These random and time-varying “liquidity
premia” are zero on average if the asset volatility is specified endogenously (cf. San-
nikov and Skrzypacz [54], Bouchard et al. [10]). In contrast, the present model with
endogenous volatility can produce the systematically positive liquidity premia that
have been documented empirically (Amihud and Mendelson [3], Brennan and Sub-
rahmanyam [11], Pastor and Stambaugh [53]). Our general equilibrium results in
turn complement a large partial-equilibrium literature on liquidity premia going back
to Constantinides [17]; see Lynch and Tan [46] and the references therein for an
overview.

Second, trading volume is finite in the frictional equilibrium and approximately
follows Ornstein—Uhlenbeck dynamics as in the partial-equilibrium model of Gua-
soni and Weber [29]. Thus our model combines rather realistic price dynamics with
the main stylised features of trading volume observed empirically, such as mean-
reversion and autocorrelation. In contrast, Lo et al. [43] obtain a similar dynamic
model for trading volume, but the corresponding asset prices are constant; conversely,
the equilibrium prices in Yayanos [58] are diffusive but accompanied by deterministic
trading patterns.

@ Springer



Equilibrium asset pricing with transaction costs

Third, our model with endogenous price volatility allows studying how the latter is
affected by the trading costs. For agents with similar risk aversions, we obtain explicit
asymptotic formulas that reveal close connections between the effects of transaction
costs on expected returns and volatilities. More precisely, the liquidity premia that
distinguish frictional expected returns from their frictionless counterparts, and the
adjustment of the corresponding volatilities, always have the same sign in our model,
determined by the difference of the agents’ risk aversion parameters. In the empiri-
cally relevant case of positive liquidity premia, our model predicts a positive relation
between transaction costs and volatility, corroborating empirical evidence of Umlauf
[571, Jones and Seguin [34] and Hau [31], numerical results of Adam et al. [1] as well
as Buss et al. [14], and findings in a risk-neutral model with asymmetric information
by Danilova and Julliard [18]. In our model, this empirically relevant regime appears
when agents whose frictionless trading targets increase with positive price shocks
(“trend followers”) have a larger risk aversion (and, in turn, stronger motive to trade)
than the “contrarians” whose trading targets decrease with price shocks.

On a technical level, our general existence and uniqueness results are based on
new well-posedness results for fully coupled systems of nonlinear forward—backward
stochastic differential equations (FBSDEs). Without transaction costs, the equilib-
rium dynamics of the risky asset are determined by a scalar purely quadratic BSDE
in our model, which leads to explicit formulas in concrete examples. With quadratic
transaction costs on the agents’ trading rates, we show that the corresponding equi-
libria are characterised by fully coupled systems of FBSDEs. More precisely, the
optimal risky positions evolve forward from the given initial allocations. In contrast,
the corresponding trading rates controlling these positions need to be determined
from their zero terminal values—near the terminal time, trading stops since addi-
tional trades can no longer earn back the costs that would need to be paid to imple-
ment them. If a constant volatility is given exogenously as in Bouchard et al. [10],
then these forward—backward dynamics suffice to pin down the equilibrium returns.
In that case, the FBSDEs are linear and therefore can be solved explicitly in terms of
Riccati equations and conditional expectations of the endowment processes (cf. Gar-
leanu and Pedersen [26], Bank et al. [7]). In the present context where the volatility
is determined endogenously from the terminal condition for the risky asset, the cor-
responding FBSDEs are coupled to an additional backward equation arising from
this extra constraint. Due to the quadratic preferences and trading costs, the resulting
forward—backward system is still linear in the trading rates and positions. However, it
also depends quadratically on the volatility of the risky asset, which is now no longer
an exogenous constant but needs to be determined as part of the solution.

Accordingly, explicit solutions are no longer possible, and existence and unique-
ness are beyond the scope of the existing literature. Indeed, there is no general well-
posedness theory for fully coupled systems of FBSDE:s. In fact, even for linear equa-
tions, one can obtain either well-posedness, or infinitely many solutions, or no so-
lutions at all; see the example in the introduction of Ma et al. [47]. Under a variety
of additional monotonicity, non-degeneracy, Lipschitz assumptions, or for scalar for-
ward and backward components, well-posedness results have been obtained; cf. e.g.
Ma et al. [47] and the references therein for an overview. However, none of these
results are applicable to our fully coupled system which is not Lipschitz and has a
bivariate backward component.

@ Springer



M. Herdegen et al.

To overcome these difficulties, we focus on the case where both agents’ risk aver-
sions are sufficiently similar. If these parameters coincide, then the BSDE for the
equilibrium price decouples from the FBSDEs for the optimal position and trading
rate, and in fact reduces to its frictionless counterpart. For distinct but similar risk
aversions, we in turn establish the existence of a unique solution. Our proof is based
on a Picard iteration under smallness conditions inspired by Tevzadze [55]. However,
due to the coupling between forward and backward components, this standard argu-
ment only yields existence here if the time horizon is sufficiently short—a degenerate
result in the present context since the cost on the trading rate then essentially imposes
a no-trade equilibrium. Proving existence on arbitrary time horizons requires more
subtle arguments tailored to the structure of the equations. Here, the key insight is
that for a given volatility process, the FBSDE for the corresponding optimal posi-
tions and trading rates can be solved in terms of stochastic Riccati equations as in
Kohlmann and Tang [38], Ankirchner and Kruse [5], Bank and Vo8 [8]. We develop
a number of novel stability estimates for such equations. These in turn allow us to
devise a one-dimensional Picard iteration for the equilibrium price process only; the
corresponding positions and trading rates are constructed using the stochastic Ric-
cati equations of Kohlmann and Tang [38] in each step. If the agents’ risk aversions
are sufficiently similar, we can in turn establish the existence of a solution, which is
unique in a neighbourhood of its frictionless counterpart.

This well-posedness result applies in general settings without requiring a Markov-
ian structure. However, it crucially exploits that all primitives of the model belong
to suitable BMO spaces. This assumption ensures that the optimal positions remain
uniformly bounded and our BSDEs are of quadratic growth, but rules out concrete
specifications based on Brownian motions for example. However, our approach can
be adapted to such settings, e.g. to the concrete model with linear state dynamics.
More precisely, the FBSDEs characterising the equilibrium can then be reduced to a
system of four coupled scalar Riccati ODEs. For sufficiently similar risk aversions,
existence for this system can in turn be established by adapting our Picard iteration
scheme. Again, the key idea is not to work with the full multidimensional system,
but instead focus on only one component (the others are in turn constructed from this
source term in each step of the iteration).

The remainder of this article is organised as follows. Section 2 introduces our
model, both in the frictionless baseline version and with quadratic transaction costs
on the trading rate. The agents’ individual optimisation problems for given price dy-
namics are discussed in Sect. 3. Our main results on equilibrium asset prices without
and with transaction costs are subsequently presented in Sect. 4. This is followed by
the discussion of the benchmark model with linear state dynamics in Sect. 5. For bet-
ter readability, all proofs are relegated to Sects. 68 as well as Appendices A and B.

1.1 Notations

Throughout, we fix a filtered probability space (2, F, F := (F;)tefo,17, P) with fi-
nite time horizon T > 0; the filtration is generated by a standard Brownian motion
(Wt)iero,1)- For 0 <s <t < T, the set of [s, t]-valued stopping times is denoted by

Ts.i; for T € To,r, we write [E;[-] for the F7-conditional expectation. We denote by

@ Springer



Equilibrium asset pricing with transaction costs

H? for p € [1,00) the space of all R-valued, progressively measurable processes
(X1)tero,1 satisfying ||X||ﬁp = E[(fOT thdt)l’/2] < 00. We also write HZBMO for the
space of R-valued, progressively measurable processes (X;)c[0,7] satisfying

T
sup IE,[/ Xlzdt]
teTo,r T

Finally, for any p € [1, co], §” denotes the space of R-valued, F-progressively mea-
surable processes X with continuous paths for which supy., .7 | X;| belongs to L?.
The associated norm is denoted by | - ||s». For any other probability measure Q on
(R, F), we define similarly L” (Q), HP (Q), H3,,,(Q), and SP(Q).

< Q.

2 .
X2, =
BMO Loe

2 Model
2.1 Financial market

We consider a financial market with two assets. The first one is safe, with exogenous
price normalised to one. The second one is risky, with price dynamics

dSt = Ut dt + Oy th (21)

Here, the initial asset price Sp € R as well as the (progressively measurable) instan-
taneous returns process (is):c[0,7] and volatility process (o7):c[0,7] are to be de-
termined in equilibrium by matching demand to the (exogenous) supply s € R of the
risky asset. To pin down the equilibrium volatility — unlike in Vayanos [58], Bouchard
et al. [10], where this process is an exogenous constant, or in Sannikov and Skrzy-
pacz [54], where a particular value is singled out by focusing on linear equilibria —,
the terminal value of the risky asset is as in Grossman and Stiglitz [28] also required
to match an exogenous Fr-measurable random variable via

St =6.

This can be interpreted as a fundamental liquidation value as in Kyle [42], a terminal
dividend as in Kramkov [39], or the payoff of a derivative depending on an exogenous
underlying as in Cheridito et al. [15].

2.2 Agents

The assets are traded by two agents n = 1,2 with mean—variance preferences over
wealth changes as in Kallsen [35], Martin and Schoneborn [49], De Lataillade
et al. [19], Garleanu and Pedersen [25, 26]. The agents have risk aversions y" > 0,
n=1,2, and trade to hedge the fluctuations of their (cumulative) random endow-
ments!

dy = grdw,, " eH?

IThe impact of trading costs on equilibria where agents trade due to heterogenous beliefs is for example
studied in Muhle-Karbe et al. [51].
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Agent n’s initial position in the risky asset is fixed throughout and denoted by x”. To
clear the market initially, we naturally assume that x!' + x2 =s.

Remark 2.1 For notational simplicity, we only model in our paper the diffusion part
of the (spanned) random endowments. This is without loss of generality since the
optimisers of the linear—quadratic goal functionals (2.2), (2.3) below would not de-
pend on an additional finite-variation part (or unspanned endowment shocks) as in
Bouchard et al. [10].

2.3 Frictionless trading

Suppose that 1 = ok, where the market price of risk k belongs to H?. Without trans-
action costs, agents’ trading strategies are described by the number ¢; of risky shares
held at each time ¢ € [0, T']. Taking into account each agent’s random endowment,
their frictionless wealth dynamics are ¢; d.S; +dY;*. For admissible strategies ¢ which
satisfy g = x” and” go € H?, the corresponding mean—variance goal functional is

T n .
T (@) = IE[/ <<p,d5, Ay — %d</ 0sdSs + Y"> )}
0 0 t

T n
= E[ /O (Wp, - %(G,got + ,3;’)2>dt} — max! (2.2)

Accordingly, for o > 0, the process —8" /o can also be interpreted as agent n’s target
position in the risky asset. Related models where deviations from an exogenous target
are directly penalised by an exogenous deterministic weight rather than the infinitesi-
mal variance of the corresponding asset are studied by Choi et al. [16], Sannikov and
Skrzypacz [54].

2.4 Trading with transaction costs

Now suppose as in Almgren and Chriss [2] that an exogenous quadratic transaction
cost 1/2 > 0 is levied on the turnover rate ¢, := d¢,/dt of each agent’s portfolio.
Then the corresponding position ¢ becomes a state variable that can only be influ-
enced gradually by adjusting the control ¢. We therefore focus on admissible trad-
ing rates ¢ € H? for which the corresponding position ¢ = x" + fo ¢ydr satisfies
@o € H?, in analogy to the frictionless case. The frictional version of the mean—
variance goal functional (2.2) is

neey . ! _ V_n m2_ Ao !
Ji (@) =E Hir — = (o1 + B;) 5% dt | — max! (2.3)
0
The quadratic transaction costs on the turnover rate in (2.3) correspond to execution
prices that are shifted linearly both by trade size and speed. Note, however, that each
agent’s payoff is only affected by their own trading rate. Accordingly, the trading cost

sz the Cauchy—Schwarz inequality, we then also have ¢ € H! since « € HZ.
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should be interpreted here as a tax or the fees charged by an exchange rather than as
a temporary price impact cost.

Remark 2.2 The linear—quadratic goal functional (2.3) is chosen for tractability. In-
deed, the local mean—variance trade-off in (2.2), (2.3) is a more tractable proxy for
preferences described by concave utility functions. The corresponding equilibrium
with frictions already leads to a novel coupled FBSDE system that is beyond the
solution methods in the existing literature. For more general preferences, the corre-
sponding FBSDE system would involve additional coupled backward and forward
components describing the agents’ value and wealth processes, respectively.

The assumption of quadratic rather than proportional costs also simplifies the anal-
ysis by ensuring that the FBSDE system describing the equilibrium remains linear in
the agents’ positions. Subquadratic trading costs lead to FBSDEs that are nonlinear
in the agents’ positions, see Gonon et al. [27]; the limiting case of proportional costs
corresponds to an FBSDE system with reflection, as is typical for such singular con-
trol problems (compare e.g. Elie et al. [23]).

While these assumptions are made for tractability, numerical results reported in
[27] suggest that the qualitative and quantitative properties of the equilibrium asset
prices are surprisingly robust across different specifications of the trading costs (given
that their absolute magnitudes are matched appropriately). This is in line with partial-
equilibrium results for models with small trading costs, see Moreau et al. [50], where
the fluctuations of frictional positions around their frictionless counterparts and the
welfare effects of small trading costs are governed by the same drivers for different
specifications of both preferences and trading costs. An extension of these robustness
results to a general-equilibrium context is an important but challenging direction for
future research.

3 Individual optimisation

The first step towards solving for the equilibrium is to determine each agent’s in-
dividually optimal trading strategy for given asset prices. To this end, fix an initial
risky asset price So € R, an expected return process (u:)e[0,7], and a volatility pro-
cess (01)req0,77 for which u = o« with a market price of risk « € H?. For better
readability, all proofs are relegated to Sect. 6.

3.1 Frictionless optimisation

Agent n’s optimiser for the frictionless model (2.2) can be computed directly by
pointwise optimisation to be

223 B
gp =4 vl o’ o 70, te(0,T]. (3.1
x", o =0,
Remark 3.1 Note that the optimal strategy (3.1) is not determined uniquely on the
set {o = 0}, since its values there do not contribute to the payoff (2.2). We there-
fore choose arbitrary values that ensure market clearing. All subsequent results are
independent of this choice.
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3.2 Optimisation with transaction costs

Unlike its frictionless counterpart, the frictional optimisation problem (2.3) is no
longer myopic and therefore cannot be solved directly using pointwise optimisation.
However, (2.3) can be rewritten as

T n. 2 )\‘
R@) = —E[ | (V (o= o+ 5¢3)dr]
0
T yn
vE| [ (@i - @],
0

Note that the second expectation on the right-hand side of this decomposition is finite
for k, B € H?, where k enters ¢” via (3.1) because u = ko . Therefore, maximis-
ing the frictional mean—variance functional J;' is equivalent to solving a quadratic
tracking problem, where the target is the frictionless optimiser (3.1), i.e.,

T n 2 )\‘
]E[/ (V 20’ (0 — M2 + Egb?)dt] > min! (3.2)
0

Problems of this type have been studied by Kohlmann and Tang [38], Ankirchner and
Kruse [5], Bank and Vo8 [8], for example. By strict convexity, each agent’s optimal
trading rate is characterised by the first-order condition that its Gateaux derivative
vanishes in all directions; see Ekeland and Temam [22, Proposition I1.2.1]. A calculus
of variations argument (compare [7, 10]) in turn shows that the optimal trading rate
¢} of agent n and the corresponding position ¢} are characterised by a forward—
backward stochastic differential equation (FBSDE),> namely

dey = ¢;'dt, @y =x", 3.3)
-n_)/no't2 n An 7N n
dg, = Iy (¢; —@)H)dt + Z;dW;, o7 =0. (3.4)

Observe that the process 7" needs to be determined as part of the solution here. Un-
like for the constant volatilities o considered in Bank et al. [7], Bouchard et al. [10],
this equation cannot be solved by reducing to standard Riccati equations. Instead, a
backward stochastic Riccati equation (BSRDE) plays a crucial role in the analysis
of [38, 5, 8]. It is shown in [38] that for bounded o, this equation has a unique solu-
tion. A localisation argument shows that this remains true for o € HZBMO, which will
be the natural space for our equilibrium analysis in Sect. 4.

Lemma 3.2 Fory, ) > 0 and o € Hy,, the BSRDE

T y T
o= / <xas2—cf)ds— / zZeaw,,  1el0, T, (3.5)
t t

3Here, the terminal condition for the trading rate is zero because trades close to the terminal time 7" can no
longer earn back the trading costs that would need to be paid to implement them. More general terminal
conditions are for example studied in [5, 8].
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has a unique solution (c, Z) € §®° x H123MO' It satisfies
4 2
Osc==lollyp 1€[0,T]. (3.6)
A Hiwmo

With the auxiliary process c¢ at hand, the solution to the FBSDE (3.3), (3.4) char-
acterising the optimal trading rate for the tracking problem (3.2), or equivalently the
original mean—variance optimisation (2.3), can in turn be constructed as follows.

Lemma 3.3 For y,A.>0and o € H}%Mo’ let ¢ be the solution to the corresponding
BSRDE (3.5). For a progressively measurable process & satisfying o& € H?, define

T ‘
£ = %E,[/ e J: "“d”aszésds:|, tel0,T],
t
and consider the linear (random) ODE

O = ét — Ct¢s, tef0,T], po=x, 3.7

which has the explicit solution

t ! t -

@ = e Jocuduy +/ e~ hadigqs reo0, T (3.8)
0

Then for y = y", x = x" and & = ¢" from (3.1), the corresponding solution (¢", ¢")

is optimal for (3.2) or equivalently for (2.3). Moreover, if o |& |% € HZBMO, then ¢ and

@ are uniformly bounded.

For uniformly bounded o, this result is proved in Kohlmann and Tang [38]. For
o€ HIZBMO’ we provide a short self-contained proof in Sect. 6. As a side product, we
obtain that the solution coincides with its counterpart for the time-truncated “auxil-
iary problem” considered by Bank and Vo0 [8].

Lemma 3.3 shows that for ¢ € [0, T'), the optimal strategy with transaction costs
trades towards the “signal process” (ét/c,) at a (time-dependent and random) speed
¢; determined by the BSRDE (3.5).* For each agent’s individual optimisation prob-
lem (3.2), the signal is obtained from the corresponding frictionless optimiser (3.1),
by appropriate discounting of its expected future values at a rate also derived from
the BSRDE. For our equilibrium analysis in Sect. 4, the same construction will be
applied to a different target strategy; see (4.7).

4 Equilibrium

With the characterisation of each agent’s individually optimal strategy at hand, we
now turn to the determination of the equilibrium asset prices for which the agents’
aggregate demand for the risky asset equals its supply s. For better readability, all
proofs are deferred to Sect. 8.

4n particular, since é only depends on 025, the optimiser for (2.3) is independent of the (arbitrary) values
chosen for the frictionless optimiser on {o = 0}.
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4.1 Frictionless equilibrium
We first consider the frictionless case.

Definition 4.1 A price process S = (S;);e[0,77 With initial value Sp € R, instanta-
neous returns (i;):efo,7] and volatility (o;);c[0,7] 18 called a (Radner) equilibrium if

(i) u = ok for some « € H?;

(ii) the terminal condition ST = & is satisfied;

(iii) the agents’ individual optimisation problems (2.2) for the price process S
have solutions ¢! and ¢? that clear the market for the risky asset at all times, i.e.,
@l +¢? =sforall t € [0, T1.

For any equilibrium § specified by (So, «, o), market clearing and the representa-
tion (3.1) for the agents’ individually optimal strategies give

1,,2
- - vy
e = )/(sat2 + a;(ﬁ,l + ﬂtz)), tel0,T], where y := —1——.
vy +vy
Accordingly, (S, o) solves the quadratic BSDE
dS, =y (sof + (B! + BP)dt + o:dW,, Sy =6. (4.1)

Conversely, the individually optimal strategies (3.1) corresponding to the dynam-
ics (4.1) are admissible if o € H?, and they evidently clear the market. Therefore
existence and uniqueness of Radner equilibria are equivalent to existence and unique-
ness of solutions to the quadratic BSDE (4.1). Provided that the measure

PP ~ P with density process Z# := 5( — / )7(,3,1 + ,3,2)th> 4.2)
0

is well defined, the BSDE (4.1) can be rewritten in terms of the P?-Brownian motion
WP =W — [, 7(B! + Bt as a purely quadratic BSDE, namely

dS; = psoldt + o dWP,  Sp=6. (4.3)

If in addition the terminal condition & is sufficiently integrable, it is well known that
(4.3) has an explicit solution in terms of the Laplace transform of G; indeed,

1 _
S, =———1log Efj [e_ZV‘YG], tel0,T]. (4.4)
2ys

To make sure the measure P? is well defined and to verify that (4.4) is indeed the
unique solution to (4.3) in a suitable class, we make the following integrability as-
sumption on the aggregate trading target 8! + 82 and the terminal condition &.
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Assumption 4.2 8! + 8% ¢ HZBMO, and |G| has finite exponential moments of all
orders.

With this integrability assumption (which is for instance satisfied if 8! + 82 and
G are uniformly bounded), we obtain the following existence and uniqueness result
for the BSDE (4.1).

Proposition 4.3 Suppose that Assumption 4.2 is satisfied. Then (4.4) is the unique
solution to (4.1) among continuous, progressively measurable processes S for which
the family (e—2;7sS,)r€76j is uniformly PP-integrable. In particular, the price pro-
cess (4.4) is the unique Radner equilibrium in this class.

Remark 4.4 As already observed in Delbaen et al. [20], the class of price processes
for which (e727557) . . is uniformly P#-integrable is the largest possible class for
uniqueness. Indeed, if this family is not uniformly PP-integrable, then e =27*5 is a
strict local P#-martingale by Ito’s formula and the dynamics (4.3), and hence a strict
IPA -supermartingale since it is also positive. As a result, the corresponding price pro-

cess S is strictly larger than (4.4).

The non-uniqueness described in Remark 4.4 can only arise for price processes
that are unbounded from below. In fact, uniqueness always holds among price pro-
cesses S which admit an equivalent martingale measure with a square-integrable den-
sity process Z with respect to P?. Indeed, in view of the dynamics (4.3), we neces-

sarily have Z = E(—ys fo a,dW,ﬁ) and in turn, for any v € 7o,

7252 [§ opdi=27s [§ o dW] _ 2

—275Se _ o277 [§ oPdi=27s [§ o dw?
c.

0<e <e~
Thus uniform P# -integrability of (e=2rs ST)TG% ; follows from Doob’s maximal in-
equality in this case. If the terminal condition is bounded, uniqueness even holds
among all price processes S admitting an equivalent martingale measure,’ since S is
then automatically bounded.

Corollary 4.5 Suppose Assumption 4.2 is satisfied and moreover & € IL°°. Then
(4.4) is the unique solution to (4.3) in S x HIZBMO’ and therefore the unique Radner
equilibrium among bounded price processes.

4.2 Equilibrium with transaction costs

‘We now turn to the main subject of the present study, equilibria with transaction costs.
The notion of equilibrium is the same as in Definition 4.1, with the exception that the
individual optimisation problems are given by (2.3) rather than (2.2).

To clear the market, purchases must equal sales at all times, i.e., all individual
trading rates must sum to zero. After summing the backward equations (3.4) for both

5Such a notion of uniqueness is used for example in Kramkov and Pulido [40].
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agents’ optimal trading rates and using the market clearing condition go? =5 — gp},
this leads to

2
1o o 2u . .
0= (Tt(ylﬁtl V2B + (s + 0 = v D) - T’)dt + (2 + ZDdw,.
Since any local martingale of finite variation is constant, it follows that
vis o ri=v?

+at(7+ 5 %))’ tel0,T]. (4.5)

B (Vlﬂ,l +v?B;
Mt =0\ —7
2
Plugging this back into agent 1’s individual optimality condition (3.4) and recall-

ing the terminal condition gb} = 0 as well as the forward equation (3.3) gives the
FBSDE

do! = ¢, oo=x',  (4.6)
g YD (Bl - 282 y2s
dg! = — 0 — — zcrtz +lo? )dt
2A vy +y vy +y
+ Z}aw,, ¢or=0. (47)

The corresponding optimal strategy for agent 2 is determined by market clearing. As
in the frictionless case discussed in Sect. 4.1, the corresponding equilibrium volatility
is pinned down by the terminal condition ST = &. More specifically, inserting (4.5)
into (2.1), we obtain the following BSDE, which is coupled to the forward-backward
system (4.6), (4.7):

1 2 2 151 242
— s +
ds, = (V —plot+ 20 + Mm)dr +odW,,  Sr=6.
(4.8)
By reversing these arguments, it is straightforward to verify that sufficiently inte-
grable solutions to the FBSDE (4.6)—(4.8) indeed identify Radner equilibria with
transaction costs (sufficient conditions for the existence of a solution to the FBSDE

(4.6)—(4.8) are provided in Theorem 4.8 below):

Proposition 4.6 Suppose that there exists a solution to the FBSDE (4.6)—(4.8) with
(@', 0) e H? x HZBMO. Then (So, i, o) with u as in (4.5) is a Radner equilibrium
with transaction costs.

Due to the coupling between the forward—backward equations (4.6)—(4.8), a di-
rect existence proof by fixed-point iteration is elusive, unless the time horizon is
sufficiently short so that very little trading is possible with costs on the trading rate.
Establishing existence for sufficiently small transaction costs is also delicate since
the corresponding trading rates explode, which needs to be handled by a suitable
renormalisation. Inspired by Sannikov and Skrzypacz [54], we therefore focus on a
different smallness condition, namely the case where both agents risk aversions are
similar, y! &~ y2.

@ Springer



Equilibrium asset pricing with transaction costs

For y! = 2, the BSDE (4.8) for the frictional equilibrium price decouples from
(4.6), (4.7) and reduces to its frictionless counterpart (4.3). Accordingly, for ylay2,
we expect the frictional equilibrium price S and its volatility o to be close to their
frictionless versions S and &, respectively. To make this precise, the frictionless equi-
librium volatility & and the volatilities ', 82 of the agents’ random endowments
need to be sufficiently integrable.

Assumption 4.7 (i) The frictionless equilibrium volatility 6 from Proposition 4.3
2
belongs to Hg) -
(ii) B!, B% are in ]HIZBMO, so that we can define the measure Qf ~ PP with density

d@ﬁ_ s V1ﬁ11+7/2:312
@ me(- [ (roa PE  aw)

1gly,282\2
(iii) EY’ |:exp (p fOT (yzsé, + M) dt)i| < oo for some p > 2.

We can now formulate our main result. It shows that an equilibrium with trans-
action costs exists, provided that the agents’ risk aversions y!, 2 are sufficiently
similar. This equilibrium is also unique in a neighbourhood of the frictionless equi-
librium price S and volatility &. To make these statements precise, we define for any
R > 0 the set of progressively measurable processes

Bo(R)i={(8.0) 15 = Slide + o =312, o < B}.
Bmo (QF)

Our main result can then be formulated as follows.

Theorem 4.8 Suppose that Assumptions 4.2 and 4.7 are satisfied. Then there exists
Rmax > 0 such that for any R < Rpax, the system of coupled FBSDEs (4.6)—(4.8) has
a unique solution (S, o) € Boo(R), provided that |y' — y?| is small enough to satisfy
the conditions of Theorem 8.3.°

Theorem 4.8 is a special case of our more general well-posedness result in Theo-
rem 8.3 and applies for example if the endowment volatilities 8!, 82 and the terminal
condition & are uniformly bounded. More generally, the BMO assumptions from
Assumption 4.7 guarantee that the equilibrium positions ¢! and trading rates ¢! are
uniformly bounded, which is crucial for the Picard iteration we use to prove Theo-
rem 4.8. However, Assumption 4.7 does not cover specifications where the primitives
B!, pB? follow certain unbounded diffusion processes such as Brownian motion. As a
complement to Theorem 4.8, we therefore discuss such a concrete example in Sect. 5
and show that the FBSDE system (4.6)—(4.8) can be reduced to a system of determin-
istic but coupled Riccati equations in this case. For sufficiently similar risk aversions
y ! and y2, existence of solutions to these Riccati ODEs can in turn be established by
adapting the Picard iteration used to prove Theorem 4.8.

6In Theorem 8.3, we provide an exact upper bound for y 1_ yz, depending on R, and an explicit expression
for Rmax.

@ Springer



M. Herdegen et al.

5 An example with linear state dynamics
5.1 Primitives and frictionless benchmark

To study the impact of transaction costs on equilibrium asset prices and trading vol-
ume, we now consider a concrete example with linear state dynamics. Similarly as
in Lo et al. [43], we assume that the aggregate endowment is zero and both agents’
endowment volatilities follow Brownian motions, i.e.,

Bl=-p>=pW,,  B>0.

The terminal condition for the risky asset also is an affine function of the underlying
Brownian motion, i.e.,

S =bT +aWr, a>0,belR.

Then the frictionless equilibrium price from Proposition 4.3 is a Bachelier model with
constant expected returns and volatility, i.e.,

S, =(b—ysa®)T + ysa’t +aW,,  t€[0,T].
5.2 Reduction to a Riccati system

In this Markovian setting, the FBSDE system (4.6)—(4.8) can be reformulated as a
PDE. Indeed, make the standard Markovian ansatz that the backward components
are smooth functions of time ¢ and the forward components W; and ¢! and set
S, =S8+ f(t, Wy, (ptl) and (,b,l =g(t, Wy, (p,l). Applying It6’s formula to f and g and
comparing the drift terms in turn leads to the following semilinear PDE for (f, g),
where the arguments (¢, x, y) are omitted to ease notation:
1 2 2 1 2

@+ oty + 52+ 1 (yza + =T ﬂx)

2
yi=vr o v B
— a - =x,
2 yi+y2 a
1

yl+y?
2

1
ft+§fxx+fyg:

1
8+ Z8xx T 88 =

2 l+ 2
: (@+ fo)bx — Vz—;(a + L2+ %(a +foly

on[0,T) x R2, with terminal conditions f(T,x,y)=¢(T,x,y)=0.

For the linear state dynamics and terminal conditions considered here, these PDEs
can be reduced to a system of Riccati ODEs. To this end, we make the linear ansatz
ft,x,y)=A@t)+B)x+C(t)yand g(¢t,x,y) = D)+ E(t)x + F(t)y. Plugging
this into the PDEs and comparing coefficients for terms proportional to 1, x and y
then leads to a system of coupled Riccati equations. (An analogous ansatz is also used
to link equilibria to systems of nonlinear equations in Sannikov and Skrzypacz [54]
and Isaenko [33], for example.) If these have a solution (e.g. under the conditions of
Theorem 5.2 below), then it identifies an equilibrium with transaction costs.

@ Springer



Equilibrium asset pricing with transaction costs

Proposition 5.1 Suppose there exists a solution on [0, T] to the system of coupled
Riccati equations

BKQ:Z:jfﬂ@+BUD—CMEOL B(T) =0,
cw>=ziilqa+30»2—cuﬂ«n, C(T) =0,
Eﬂﬁﬁﬂgﬁﬂw+MM—EmFm, E(T) =0,
Fm=V§Tﬂ@+Bmf—Fm% F(T) =0,

and define, for t € [0, T,
T ]/2S )
A(t) :=/ <C(u)D(u) + ]7Sg2 — T(a + B(u)) )du,
t

T 2
D= [ (eF O 5)au
t 2\

Then an equilibrium price with transaction costs and the corresponding optimal trad-
ing rates are given by

S, =8+ A@t) + BOW, +C(t)g!,
ol =—@2=DW)+EOW, + F()g!,  t€[0,T],

where

1 1 1
¢g=dwwmuh+/eLFWmamn+Emunmm tel0,T].
0

5.3 Existence and approximations for similar risk aversions

Similarly as in Theorem 4.8, a solution to the ODE system from Proposition 5.1 is
guaranteed to exist if the agents’ risk aversions are sufficiently similar.

Theorem 5.2 Suppose that

3222
81a*T5(y ! + y2)2 +72a2T3B8(y! + y2)A +32TBA2’

162
) 5.1
27a273(y14—y2)4—48Tﬁk> -1

|w—y%<mm(

Then the system of Riccati equations from Proposition 5.1 has a (unique) solution on
[0, T].
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The Riccati equations from Proposition 5.1 can readily be solved numerically with
standard ODE solvers. To shed some light on their comparative statics, it is neverthe-
less instructive to consider the asymptotics as the difference

g=pl —p2

of the agents’ risk aversions tends to zero. For ¢ = 0, we evidently have C(¢; 0) =0,
which in turn gives B(¢; 0) = 0 and A(¢; 0) = 0. Next, we use the following simple
facts:

1) For & > 0, the Riccati ODE H'(t) = o® — H%(t), H(T) = 0, has the solution
H(t) = —atanh(a(T —1)).

2) For H as above and « € R, the Riccati ODE J'(t) = ka?— J (t)H (t), J(T) =0,
has the solution J(¢) = k H (¢).

3) For H as above, ftT el HOdrgg — —Q%H(t), f,T H(s)’ds =a®(T —1)+ H(t)

as well as ftT H (s)ds =log(cosh(a(T — 1))). Setting
5o | e
o 2 ’

F(1;0) = —stanh (5(T — 1)),

E(t;0)=§F(t:0),

this first yields

2

Y2 F;0).
y

D(t;0)=———
(0=~

With these limiting functions for ¢ — 0 at hand, it is straightforward to also derive
the corresponding first-order asymptotics of C(¢; €), B(t; ), and A(¢; €); they are
given by

8612

8612 r s .
C(t:e) = _7/ el Fr:0drge 1 o(e) = 262F(t; 0) + o(e),
t

r eBa
B(t;8)=/ (—T+C(s;8)E(s;0)>ds+o(e)
t

T
— Py P [ P00+ oge)

eBa _
= WF(I,O)—FO(S), 5.2)
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T 2,2
Alt; e) =/ (C(S;E)D(s;O) + % - yzsaB(s,e))ds +o(e)
' 20yt +v?)
2.2 T 29
gy~sa 2 gy“sa
=1 oo Fo(s;00ds + ———— (T —t¢
2yt +y2)82 [ (5:0) 201 + 7,2)( )
Sﬁyzsaz /‘T
——a | FG:0)ds+o(e)
262 ),
20,2 2
_ ey’sa o eyspa B
ST LR log (cosh (58(T = 1)) +0(e). (5.3)

5.4 Trading volume

The above expansions show that as ¢ — 0, the equilibrium trading rate ¢! from
Proposition 5.1 converges to

¢l =D(t;0) + E(t; OW; + F(t; 0)p, = F(t;0) (9! — &), (5.4)

y2s
yi+y?
sition of agent 1 tracks its frictionless counterpart gZ),l with the relative trading speed
—F(t;0). Accordingly, for small ¢, the corresponding deviation process ((pt1 — (ﬁ,‘)
approximately has Ornstein—Uhlenbeck dynamics, i.e.,

where ‘Z’;l = — gW,. So at the leading order for small ¢, the equilibrium po-

d(e! — @)~ (F(1;0)(¢! — @1))dr + gth- (5.5)

In view of (5.4), the corresponding trading volume has Ornstein—Uhlenbeck dynam-
ics as well, until trading slows down and eventually stops near the terminal time 7.
As in the partial equilibrium model of Guasoni and Weber [29], trading volume in
the model therefore reproduces the main stylised features observed empirically such
as mean-reversion and autocorrelation; see Lo and Wang [44].

5.5 Illiquidity discounts, liquidity premia, and increased volatility

Let us now turn to the corresponding equilibrium price of the risky asset. Its initial
level Sy is adjusted by A(0; &) + C(0; £)x!' compared to the frictionless case. Here,
C(0; &)x' quickly converges to a stationary value as the time horizon 7' grows. In
contrast, A(0; ¢) approximately grows linearly (via the second term in (5.3)) and
thus dominates for long time horizons. Hence, the “illiquidity discount” is given by

1 2y.,2

v —7r)y ;Tﬁaﬁ+ o), (5.6)

V2t +v?

which converges to y2saT B(0; &) + O(1) as T — oo.

Therefore, as in the overlapping generations model of Vayanos [58], the stock
price in our model can be either increased or decreased due to transaction costs. The
sign of this correction term is determined by the difference y ' — y? of the agents’ risk

—(A(0; &) + C(0; )x") = —
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aversions. If we choose y2 > y! to match the positive illiquidity discounts observed
empirically, see Amihud and Mendelson [3], then the discount (5.6) is concave in the
transaction cost, which is consistent with the empirical findings of [3]. Note also that
up to a scaling factor y2saT, the latter coincides with the volatility correction B(r)
for small |y! — 2|

Next, let us turn to the drift rate of the risky asset. Using integration by parts, the
ODE:s satisfied by A, B and C and the asymptotics (5.2) for the function B(¢), we
obtain that the difference to its frictionless counterpart is given by

A'(t) + B (OW; + C' (¢! + C(0)¢}
=(A' )+ C(OD®) + (B'®) + COEMD)W, + (C'(t) + CO)F (1)),

2 1_.,2
:(—fsa2+%(a+3(t))2>+<y 2” ,3(a+B(t))>W,

1_.,2
n (%(a n B(t))2><p,1

Gl =y , yl—y?
== T 2 %saB(t) + W
2()/1+)/2) a y sa () 2 aﬂ t
1 2
yl—v
+ Ta%} +o(y' =2
_rt=y?

a9 — @) +y7saB@ +oly' —y?).
We see that the “liquidity premium” compared to the frictionless case consists of two
parts. The first is a rescaling of the Ornstein—Uhlenbeck process (5.5): like in San-
nikov and Skrzypacz [54] and Bouchard et al. [10], transaction costs endogenously
lead to a mean-reverting “momentum factor” as in the reduced form models of Kim
and Omberg [37], De Lataillade et al. [19], Martin [48] and Géarleanu and Pedersen
[25]. However, unlike in [54, 10] where the difference between frictional and friction-
less expected returns fluctuates around zero, an additional deterministic component
appears here. Up to rescaling with the factor y2sa, it coincides with the volatility
correction B(t) for small [y — y2|.

As a consequence, the illiquidity discount of the initial price Sp, the average lig-
uidity premium in the expected returns and the volatility correction all have the same
sign in our model; it is determined by the difference y! — y? of the agents’ risk
aversion coefficients. The empirical literature consistently finds positive illiquidity
discounts, see Amihud and Mendelson [3] and liquidity premia, see [3], Brennan and
Subrahmanyam [11] and Pastor and Stambaugh [53]. If we choose y2 > yl to repro-
duce this in our model, then it follows that the corresponding volatility correction due
to transaction costs is also positive. This theoretical result that illiquidity should lead
to higher volatilities corroborates empirical results of Umlauf [57], Jones and Seguin
[34], Hau [31], numerical findings of Adam et al. [1] and Buss et al. [14], and the
predictions of a risk-neutral model with asymmetric information studied in Danilova
and Julliard [18].
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To understand the intuition behind this result in our model, recall that § > 0 so
that for a positive price shock, the cash value of the frictionless trading target from
(3.1) decreases for agent 1 and increases for agent 2. Accordingly, agent 2 can be in-
terpreted as a “trend follower”, whereas agent 1 follows a “contrarian” strategy. With
transaction costs, if y2 > y!, the trend follower’s buying motive after a positive price
shock is stronger than the contrarian’s motive to sell. To clear the market, the ex-
pected return of the risky asset therefore has to decrease compared to the frictionless
benchmark to make selling more attractive for agent 1. Accordingly, positive price
shocks are dampened and an analogous argument shows that the same effect persists
for negative price shocks. Since price shocks are dampened, the equilibrium volatility
therefore has to increase in order to match the fixed terminal condition.

6 Proofs for Sect. 3

This section contains the proofs of the results on Riccati BSRDEs and FBSDEs from
Sect. 3. First, we prove Lemma 3.2, which ensures existence and uniqueness of suit-
ably integrable solutions to the BSRDE (3.5) for volatility processes o € HZBMO'

Proof of Lemma 3.2 For each n € N, consider the truncated process ¢” := o A n.
Since this process is uniformly bounded, the truncated BSRDE

T % T
4=L'<ﬂ¢f_@@§m—l’ﬁmm, rel0.T]  (6.1)

has a unique solution (c”*, Z") € S® x H? for each n by Kohlmann and Tang [38,
Theorem 2.1]. Indeed, in their notation, our case corresponds to

A=C=D=0, N=B=1, Q(t):%(at”)z, M =0.

Since N is positive and uniformly bounded away from 0, M is bounded and nonneg-
ative and Q is bounded and nonnegative, [38, Theorem 2.1] indeed does apply.

Then, by taking conditional expectations, we see that all these solutions are uni-
formly bounded from above, since

T
o =T, Yomy? = m?)ds | < Ljo)?
! o\ S s = A" Hiyo

By the comparison theorem for Lipschitz BSDEs, see Touzi [56, Theorem 9.4], we
have ¢/ > 0 forany ¢ € [0, T] since (0, 0) is the unique solution to the BSDE with ter-
minal condition 0 and generator —y?. Therefore the solutions to the truncated equa-
tions satisfy

Y
0=<c¢'= K”U”]%Izamo’ tel0,T]. (6.2)

Note also for future reference that the corresponding martingale parts are given by
t t y
Mm? :/ ZMAW, = —c} + ¢! +/ <K(as")2 - (c;‘)2>ds.
0 0
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The family (sup,¢[o, 77 |M{' )nen is bounded in L2, Indeed, as each ¢" satisfies (3.6),
we obtain

2
sup |M"|<2—||U|| +%/ 2ds+T—||o|| . neN.
0

t€l0,T]

Now use the inequality (a + b + ¢)? < 3(a® + b* + ¢?) and the energy inequality for
BMO martingales, see Kazamaki [36, p. 26], to obtain for all » € N the bound

2 ]/2 2 )/
B[ sup 1m71) | <3500l 65500l 4377500l o 63)
1€[0,T] A

Next, note that since the solutions to (6.1) are uniformly bounded by (6.2) for all #,
the pair (c", Z") also solves the BRSDE

T 2 T
n ny\2 ny+ 4 2 n
= A= ds — Z7dW;.
Cy /t < (0y)" — ((Cs) )\.||6||H2BMO> ) s /t s AWy

Since the generator of this BRSDE is uniformly Lipschitz-continuous and its value
at 0 is bounded, the standard comparison theorem for Lipschitz BSDEs (see e.g. [56,
Theorem 9.4]) shows that the solutions ¢ are nondecreasing in .

In consequence, the monotone limit ¢ = lim,,—, o, ¢” is well defined and satisfies
cr = 0 and (3.6) by construction. Now set

M,;z_co+c,+/ (Kaz—c)ds tel[0,T].

Recalling that both " and ¢" are nonnegative and nondecreasing in 7, the monotone
convergence theorem gives

ty ty ' t

lim Z(oMtds = / o2 ds, lim [ (¢")%ds = / c2ds.
n—oo Jq A 0 A n—0o0 Jo 0

Therefore, M is the pointwise limit of M". Since the family (sup, (o ,j |M] Dnen is

bounded in L2, M} therefore converges to M, in L! for each ¢ € [0, T']. Hence it
follows that M is a square-integrable martingale, and the martingale representation
theorem shows that M = fo Z:dW; for a process Z € H2.

In summary, recalling that c7 = 0, we have

T
/ ZSdWS=MT—M,=—ct+/ (Koz—c>ds
t t

that is, (¢, Z) € S® x H? solves the original BSDE. Moreover, the Itd isometry and
the conditional version of the argument used in (6.3) yield for any t € 7o r that

T T 2 t 2
Et[/ Zfds] =]E,[</ stWS) }5]&[ sup / Z,dW, }
T T te[r,T] T

v? 2 i 27/4 8
3FIIUIIH +6—||0|| +3T FIIUIIHZWO

. . 2
Thus Z is also in HBMO.
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Finally, uniqueness follows using the following standard estimates. Suppose that
(c/,Z") e 8® x HIZBMO is another solution. Then

T T
c—c) :/ (ci 4 ¢5)(cy — cg)ds — / (Zs — Z3)dW;.
t t
The product rule then gives

T

t,o S

efo (C'V+CS)dS(Ct _ C;) — _/ efo (Cu+Cu)du(ZS _ Zé)de
t

Since both ¢ and ¢’ are bounded and both Z and Z’ are in H]23MO’ the right-hand side
is a P-martingale. We conclude that ¢ = ¢’ by taking conditional expectations, which
in turn implies that Z = Z’ by the uniqueness in the Itd representation theorem. [

Next, we prove Lemma 3.3, which solves the FBSDE (3.3), (3.4) describing the
optimiser of the quadratic tracking problem (3.2).

Proof of Lemma 3.3 First note that since o € HZBMO, Lemma 3.2 shows that there is a
unique solution ¢ to the BSRDE (3.5) which is nonnegative and bounded. Next, as c is
nonnegative, the (conditional version of the) Cauchy—Schwarz inequality, o € ]HIZBMO
and Fubini’s theorem give

T 2 T T 5
£2 )4
ol [ gu]< L] [8[ [ awiene] ]
2 T T
)4 2 242
ng[/o ||o||H%MOIE,[/t osésds]dt:|
)/2 ) T T 9o
<Llol, /0 E[ / osésds}dt

v? 2 r 242
< ﬁHoHHzBMOTE[/O o€, ds].

Together with o& € H?, this shows that £ also belongs to H>. Notice now that £ can
also be directly characterised as the unique solution to the linear BSDE

_ T )4 - r
&= / (;o&&—a&)ds— / ZidWs,  1€[0,T]. 64
t

t
Similarly, for y = ", x = x" and & = ¢", (¢, ) solves the FBSDE (3.3), (3.4),
characterising the optimisers for (3.2). Indeed, the forward equation (3.3) is evidently
satisfied by definition. The terminal condition ¢7 = 0 follows from c7 = 0, the fact

that £ € H? and o2& € H!. It therefore remains to show that ¢ also has the backward
dynamics (3.4). The ODE (3.7) for ¢, integration by parts and the dynamics (6.4) and
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(3.5) of & and ¢ show that
dg; = dét — ¢ @rdt — @pdey

= <— %o‘tzé_—t —+ C[.‘Et)dl’ + ZtgdWl — Ct(p[dt — ¢ (Ct2 — %O—tz)dl‘ — ¢1Zde[

Again using the ODE (3.7) to replace & with ¢; + c;¢,, it follows that the trading
rate (3.7) indeed has the required dynamics

|4

012 & c
(or —&)dt +(Z; — @ Z,)dW;.

d¢t= Y

Since ¢ is nonnegative and § € H2, we have (XS S%. Aso € HZBMO’ Lemma A.3 (with
A = SUPsci0.4] @? and B; = (Z€)?) in turn shows that the local martingale in this
decomposition is in fact a square-integrable martingale. The same argument shows
that po € H?, and ¢ also belongs to H? by (3.7) because (£, ¢) € H?> x H? and ¢
is bounded. As a consequence, the admissible trading rate ¢ and the correspond-
ing position ¢ are optimal for (3.2). In particular, the solution is unique. Finally, if
oé 2 € ]HIZBMO, £ is bounded since ¢ is nonnegative. In view of (3.8), ¢ therefore is
uniformly bounded as well as £ is bounded and ¢ is nonnegative. The boundedness
of ¢ in turn follows from (3.7) since &, ¢ and ¢ are bounded. O

7 Stability results

We now derive a number of stability results, some of which might be interesting
in their own right. These are the key ingredients for the convergence of the Picard
iteration that allows us to prove existence for the FBSDE (8.2)—(8.4) in Theorem 8.3.

We first consider the process ¢ from Lemma 3.2. Since it is positive, is also solves
the counterpart of the BSDE (3.5), where the quadratic generator f;(y) = %012 —y?
is replaced by the monotone generator g;(y) = %0,2 — (y*)2. The same argument
can be applied to the y-derivative of the generator. Stability of the solution in turn
follows from results for monotone BSDEs. To apply these estimates in the body of
the paper, we develop them under an equivalent probability measure P* ~ P with
density process

A :=5</0 a,dW,) for o € Hyo- (7.1)

Under P*, the BSDE for ¢ can be rewritten as

Ty T
¢ :/ (xasz - c? - asZs)ds - / ZgdWwy
t t

for a P¥-Brownian motion W¢. Writing E*[-] for the expectation under P* to ease
notation, we in turn have the following stability estimate. Notice that the techniques
we use go somewhat beyond the usual ones for monotone BSDEs as for instance in
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Pardoux [52], and rely on a trick for quadratic, one-dimensional, uncoupled BSDEs
introduced for the first time in Barrieu et al. [9].

Lemma 7.1 Fix (y, 1, p,a) € (0,00)% x (1,2) x HZBMO(]P’) with corresponding

2p (T 2
measure P* given by (7.1), and suppose that we have E*[e2-» Jo a”d”] < o0. For

(0,0) € ]HIZBMO (P) x H%MO (P), denote by ¢, % the solutions to the BRSDE 3.5).
Then
B[ sup Ief = ] < g froct, 0, )0 =512
1€[0,T] smo P
where

2 2, T 2 P
g /h,a,0,6) = <Ll> gl(V/A,a,G,&)Z(E”[eﬁ Jo “ud“]) P
p—

with

ST

~ 4
§1(v/ha.0.5):= 2 (o

~ 112
o
BMO(PQ) + ” ”HZB

MO(PO‘)) '

Proof For t € [0, T], apply Itd’s formula to eJooids (cf — c?)2 and use the fact that
efOT o7ds (cF — c‘;)2 = 0. Together with the BRSDE dynamics (3.5), this gives

e/()[ a&du(cf _ C;})Z
T 2 ~ 5 - -
:/ oo addu (2@;’ — cg)(%(of —52) = () + (D) — ay (20 — Z;’)))ds
t

T . T . -
—/ efocidug2(co _ )24 — 2/ eoeidn (o _ 3y (79 — 78)dw®

t t

T s -
- / eloeidu(zo _ 76)24;, (7.2)

t

Note that fo eJo crudu (c? —cC )~(Z§’ — Z%)dW¢ is an H! (P¥)-martingale. Indeed, using

that ¢®, ¢ € S® and Z°, Z° € H?(P%) as well as the inequality ab < a®/2 + b*/2
T

and the fact that EQ[efo 2"‘thdu] <00 (as p > 1 implies 2p/(2 — p) > 2), we obtain

T } ) i
E“[(/ efo 2eidu o _ (5)2(z0 —Z;’)st> }
0
1
o c o fTazdu r o 0\2 2
< c? =% lgee ¥ | &0 Y 0 (Zs _Zs) ds

. T T -
< —|Ic? = || g=E* |:ef0 2a7du +/0 (z? — Zf)zds:| < 0.

1
2
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Now take conditional P*-expectations on both sides of (7.2), use that ¢° and % are
nonnegative to apply the inequality (x — y)(—x2 + y?) = —(x — y)*(x +y) <0 for
x, y > 0 and take into account the inequality —2ab < a”+ b>. This yields the estimate

- T s -
efé o (c] — c;’)2 <E? |:/ eJo “Lzld“Z%(cf — cf)(ax2 — &f)dsil. (7.3)
t

Define the nondecreasing process

G

A, = eJo iidu sup |c¢f —cl, 0<r<T.
uel0,r]
Then by Lemma A.3, we obtain
T oy 3
E?‘[/ elo “ud”2i(c§’ — cg)(as2 — 53)ds:|
t
Y a T 2 ~2
< 2IE’ Agloy — o6 |ds (7.4)
t

y T T T
SZKIE‘,"[A,/ |a§—&3|ds+/ E;‘[/ |au2—6uz|du]dAs}.
t 13 N

Next, for any t € 7o 7, the conditional version of the Cauchy—Schwarz inequality
and the inequality (a + b)* < 2(a® + b?) show that

T
E‘;‘[ / |o§—63|ds]
T
T i T i
§<Ei‘[ / 2(|os|2+|&s|2>dsD (E[ / |os—&s|2dsD
T T

<V2(|o |)? + 1613 2o =& |l .
=V2llollgn gy ¥ 151Ign gay) >Nl =Gl ooy

Plugging this into (7.4), we obtain

T ooy 5
Eﬁ‘[/ elo auduzx(c;’ — c§’)((7s2 — &Sz)ds]
t
<81 /h 0,80 =l g ELIAT] (1.5)
Inserting (7.5) back into (7.3) gives
~ _ 14 2 - -
|C;7 — C;T |2 <e Jo Oéudugl (y/M a,0,0)|lc —0 ”HzBMO(IP’”)E?[AT]

<81/ @.0,8) 0 =Gl o) EFLATI.
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Now take the supremum over ¢ € [0, T'] on both sides, then P*-expectations and fi-
nally use Lemma B.2 for a fixed p € (1, 2). It follows that for any ¢ > 0,

E"‘[ sup |cf —cf’lz]
1€[0,T]
<giy/r a,0,6)|oc— &”HZBMO(P“)
1 = £ 2 2p (T2 e
X <—E°‘[ sup |co —cZ|2] + —(—p ) (Eo‘[ezfp Jo ““d”]) ! )
€ 0<s<T 4\p—1
This implies that for any ¢ > g1(y /A, o, 0,0)|o — 6||H123M0(P“)’

B[ sup Ief ]
te[0,T]

2 o) — 0 2 2—
A —sily/r o, 0,.0)llo = Ol @) \P— 1

The asserted estimate in turn corresponds to the optimal choice
e=2 Mo,0,0)||lc —0 . O
1(r/ Mo =&l e

We now move on to the process

- y T N
£ = XE[/ e i C“d"fsafds} (7.6)
t

from Lemma 3.3. The linear (and in particular monotone, since ¢ is nonnegative)
BSDE (6.4) for this process rewrites under the measure P as

T T
3 :/ (%052& — ¢ E° —asZ§>ds —/ Z5dwe,  tel0,T].
t t
We first record some uniform estimates which are a direct consequence of the non-
negativity of ¢ established in Lemma 3.2.

Corollary 7.2 Suppose the process & = (& )e(0,1)] Satisfies o |& |% € HZBMO (P). Then
for (v, 1) € (0, 00)?, the process & from (7.6) satisfies

ptes Z )
Next, we show that the stability result for ¢ established in Lemma 7.1 and another
application of the stability theorem for monotone BSDEs yield the following stability

result for &.

Corollary 7.3 Fix (y, X1, p,a) € (0, oo)2 x (1,2) x H%MO(P) with corresponding

2p (T2
measure P* given by (7.1), and suppose that we have E*[e2-r Jo a”du] < 00. For any
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(v, 0,0") € Hyyio X 8% x Hyio (B) x Hyyio (P), set €7 := 2 v/, 6% 1= £ 40/
and denote by £° and £° the corresponding processes from (7.6). Then

Ea[oiltJETIE, —5, |2] <8gW/ra,0,6,v, Wllo — 0|| ey
where
g (y/r a,0,6,0,0) = (ﬁ)z(gz(y/k,a, o, 5))2(E°‘ [eff”,, foragdu]>2_7p
with

~ AN Z / ~
82y /00,500 =2 vy gy + 1V 581 (/2. 0.0, 6)
+2 e ls~ 1612, o Tee(y/h . 0.6).
)\‘ HIZBMO(P) c , ULy, Uy

Proof The argument is similar to the proof of Lemma 7.1. For ¢ € [0, T], apply 1t0’s
— - T - -~
formula to e/o %4 (& — 5,")2 and use that eJo %95 (&7 — Eg)z = 0. This gives

elooidu(go _ £0)2
=f elociduyEo _ g5 )( vy (o5 — 5) + — v,(o— —02))
t
T ~
_/ efoot du 2(5 é;’)zds
t
T ) _ _~ - ~ —~ o o
+ / elocudun g _E9)(— (cTET — TET) —a (28 — ZE))ds
t

r s o & T ) o &
+ / efoedn(Z&E7 _ 7&%\qwe — f efo i (Z&7 _ 757 )24
t

t

It follows as in the proof of Lemma 7.1 that fo eho “5‘1”(256 — Zfo)dWS‘" is an
H' (P%)-martingale. Now also use the inequality —2ab < a® 4 b?, the identity
ab—cd =a(b—d)+d(a— c) and that ¢? is nonnegative. As a consequence,

e/(; o2du (éto _ ét&)Z

T
SE(IXI:/ efga%duz(gd ";:U( vy (o5 — 05) + — V(G - 2)>dsi|

t

T . 5
—Ef‘[ / el iU (Eo _E0)ET (0 — (O )dS]

t

Next, the conditional versions of the Cauchy—Schwarz and Jensen inequalities, the
inequality (a + b)? < 2(a® + b?), Lemma 7.1 and Corollary 7.2 yield that for any
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stopping time 7,

T )4 y e -
2E?[/ XVS(O'S_5s)+XV;(USZ_5SZ)—%'SU(C;7—C?)
T
v r 2 T,
52;E$[ [ (os—&sﬂds} E‘:[ / vgds}
T T

y T i T
+2KE(:|:/I (o5 —5s)2ds} ||V/||S°°E(9|:/; 2(Gs2+652)ds]

.

L
2

+ 2087 s~ TES| sup (¢ —e))?]’
1€[0,T]

~ 14 ’ -
<llo - O—”H%MO(PQ) <2x”‘)”HZBMO([p>a) +vis~g1(y/r, a,0, U)>

-5 4 5112 5
+llo GIIHzBMO<Pa)(2/\ 1Els= 1015z @)T8y/1 0. 0))-
As in the proof of Lemma 7.1, we deduce that
- -~ 2 y -
(Stg _stg) < X”U _UllHZBMO(Pa)]E?[CT]
/ ~
X (2l oy + 1V 5281 (v /2 @, 0,6)

+2 |52 T Aa,0,0)),
€15~ 1512 o Tectr/ )

where
Jo a2du Fo _ G
Cr=eo%™ sup |§] =&/, tel0,T].
uel0,t]
Then we can argue exactly as in the proof of Lemma 7.1 to conclude. 0

We finally turn to the optimal tracking strategies ¢ from Lemma 3.3. Recall that
these solve the (random) linear ODE

(bt:é;z—cz(ﬂr, Yo =X,

which has the explicit solution

rt ! t -
g = e ooy f e~ i ds. (7.7)
0

Together with Corollary 7.2, we obtain the following estimate.

Corollary 7.4 Let (y, ) € (0, 00)? and define & := -+ V' for a triple of processes
(v,o,v) € H%MO X H%MO x 8%, Then the process ¢ from (7.7) satisfies

lollse < lgol + TIIEll s

v ' 2
<|x|+ KT(”v”H]ZsMo(]P)“GlllezMo(]P’) + s ”GHHzBMO(P)).
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This uniform bound together with the stability results for ¢ and £ now allows
us to establish a stability result for the optimal tracking strategies in terms of the
BMO-norm of the underlying volatility processes.

Theorem 7.5 Fix (y, 1, p,a) € (0,00)% x (1,2) x H%MO(IP’) with corresponding
2p T 2
measure P given by (7.1), and suppose that E* [erll’ Jo a“d”] < 00. For

WV, 90,0,5) € Hipo X S® x R x Higpo () x Hpo (P,

set& 1=+ Vv, ET = >+ V' and denote by ¢° and ¢ the corresponding strategies
from (7.6). Then

E"’[ sup wa—fﬂflz]Sgw(x,y/k,a,o,c?,v,V’)llo—5||H2ﬂz pey’
1€[0,T] Bmo (P*)

where

)/2

2 4
ﬁ”gngm llo I

go(x, ¥ /M o, 0,6,v,V) = 372 (x2 + 12
BMO(]P>

))gc(y/)"vavav&)z
+3T%gz(y /A 5,v,1)?
g:(y/r a,0,0,v,v)".

Proof Observe that the map x — e~ is Lipschitz-continuous on R with Lipschitz
constant 1. For ¢ € [0, T], we thus obtain

. t 5 t t _ _
lof —@f | < |x|f lcd —c;’|du+/ (/ ey —chdu)SS"ds
0 0 s

t e ~
+/O e~ i ciduigo _ g6 45

<|x|T sup |c —c§|+T?E® sup |c —cf

uel0,7T] uel0,T]

+T sup [E7 —EC).
uel0,T]

Now take the supremum over ¢ € [0, 7] and square the result. In view of the inequality
(a+b+ c)2 < 3(a2 +b%+ c2) for a, b, c € R, the assertion then follows by taking
P%-expectations. d

8 Proofs for Sect. 4

We first prove Proposition 4.3 on the existence and uniqueness of frictionless Radner
equilibria under the following weaker (but more involved) version of Assumption 4.2.

Assumption 8.1 (i) 8! + % € H? and the local martingale Z# from (4.2) is a mar-
tingale.
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(ii) EP[e=275%] < 0.
£ _ 4psy(1+e¢
(i) EA[(Z8)~ 15 | + BP [ 404078 L B[ oD ©
p>1.

] < oo for some £ > 0 and

Remark 8.2 Notice that if Assumption 4.2 holds, then it is immediate that Assump-
tion 8.1 (i) is satisfied, since H%MO C H? and stochastic exponentials of stochastic
integrals (with respect to a Brownian motion) of processes in HZBMO are uniformly
integrable martingales. Moreover, 8.1 (ii) and (iii) also hold as & has exponential
moments of any order and since Z# satisfies the so-called Muckenhoupt condition by
Kazamaki [36, Theorem 2.4] because ,31, /32 € H123MO'

Proof of Proposition 4.3 The existence of a solution to (4.3) with the appropriate
properties is immediate from direct calculations or from Delbaen et al. [20, Theo-
rem 2.1].7 For uniqueness, notice that for any such solution, Itd’s formula gives that

t
e—ZysS, :e—ZysSO +/ e—ZVsSuGudWIf}
0

is a local IF’ﬁ-martingale. It is even a true ]P’ﬂ-martingale because (e—zyssf)reﬁ) ;18
uniformly PP-integrable. We can thus take conditional expectations to deduce that

1 _ 1
Sy =——1logE[e¥C] = ——logM,, €0, T].
2ys 2ys

Uniqueness of ¢ in turn follows from the martingale representation theorem.
Let us now verify that this price process S indeed defines a Radner equilibrium.
Its drift under P is immediately given by Girsanov’s theorem as

pe=7sol + 7B +pHor, 1[0, T]

Since B I ,32 c H?, we just need to verify that o € HZ2. To this end, notice that since
the martingale M satisfies by Doob’s inequality

2(14¢)
]Eﬂ[ sup MZ(HE)] < 2 +9) EA[e41+0)7567 _
0<t<T T\ 1+2¢

the martingale representation theorem implies the existence of some Z € H>*+¢ (IP#)
such that

dM, = Z,dw?,
from which we deduce that
1
Ot = ———
2ysM;

"Note that the assumption &+ € L! is not needed here.
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‘We then estimate

T 1 T ZZ
E[/ afdz] =T2Eﬁ[(z§)—‘/ —t2dt:|
0 4y 0o M;

1

1 . _204e) 15 T +e s

< ?Eﬁ[(zﬁ)—'% sup M, ° ]H Eﬂ[(/ Z?dt) ]
4y 1€[0,T] 0

p(l+e)

1 2(1 +8) 3 B _ pU+e) L)
e G I

4psy(1+e) e(p—1) 24e

X (BP[e7 070 ) M Z g o, < 00

Since the market also clears, this completes the proof. O

Proof of Corollary 4.5 Uniqueness is clear by Proposition 4.3, and the existence of a
solution in S x H%MO is classical; see e.g. Briand and Elie [12, Corollary 2.1]. O

In a next step, we show that sufficiently integrable solutions to the FBSDE system
(4.6)—(4.8) indeed identify equilibria with transaction costs.

Proof of Proposition 4.6 Property (ii) and market clearing in property (iii) from Def-
inition 4.1 hold by assumption. Next, ¢! € H? gives ¢' € S2. Using o € H%MO, it
thus follows from Lemma A.3 that ¢! € H? and in turn also o ¢* € H?. Now using
that 8!, B2, 090! e H? and o € HZBMO C H? gives property (i).

It remains to show that ¢!, ¢? are indeed optimal for agents 1 and 2. By
Lemma 3.3, we need to check that (¢", ¢") solves the FBSDE characterisation
of agent n’s individually optimal trading in (3.3), (3.4). This follows immediately
from the forward-backward dynamics (4.6), (4.7) by inserting the definition (4.5)
of 1. O

Finally, we provide a well-posedness result for the FBSDE system characterising
the frictional equilibrium price, positions and trading rates. In order to work with
small processes for y! s y2, we pass from the frictional equilibrium price S to its
deviation Y = § — S from its frictional counterpart S. Subtracting (4.1) from (4.8) and
denoting the frictionless equilibrium volatility by ¢, we obtain for Y the following
BSDE which is coupled to (4.6), (4.7):

1 2 2
_ S
v, = (” Y G+ 2z + _7/2 (Z,Y)2>dt

2
141 212 1 2
_ + -y 5
+ <Z,Y(y2so, + v P > v7hi ) _r 5 4 alzfp,l)dt
+zrdw,,  vr=o0, (8.1)
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where

¢] . )/23 y2ﬁ2_ylﬁl
yi+yr (' 426

denotes the frictionless equilibrium position of agent 1. Well-posedness of the system
(4.6), (4.7), (8.1) will be a special case of Theorem 8.3 below.

Theorem 8.3 Let (y!,y2, 7, k,6,v,,1) € (0, 00)* x (H3;)* x S®. Define the
measure P* ~ P by % = E(IO' asdW) T and assume that for some p € (1,2), we

2p (T 2
have EX* [eZ=r Jo ] ~ oo, Let

. _ 1
R < min <”U”HZBM0(P°‘)’ @) =: Rmax
and assume that
' =y

— 1
<lall
Hvo P*)

, ( 1—8kR
X min - - - - | — ,
811G Iz, by (89 (¥, 7. 0. V25, V26, 0,02 + hy (x, 7, 00,5, v, V)
R(1/¥2 —2«R) )
= —— ; - =
4||U||H2BMO([[»a)h<p(xa v,a,0,v,0')+ ”V”HZBMO(]}W) + [V [l ge ”UHHZBMO([EM)
= €max,
where

- - N ~ 2
he(x,y,0,0,v,V) :=|x|+ 32yT(”a”HI23MO(IP) + 1)
= ’ =112
X (Il o) 16 g oy + I 151G Wy )
and g, is defined in Theorem 1.5. Then the system of coupled FBSDEs

de = ¢dt, %o = X, (8.2)
Vt
&+ Z;

dg, = 7(6, + Z,)Z(go, - - v;)dt + Z,dw,, ¢r =0, (8.3)

1 2 1 2
— _ — _ V,
dYt=<y 2” @+ Z0 %0 + k22—, Z, — L 2” U,2<_—t+vt’>>dt

Ot

+ Z,dW;, Yr=0 (8.4)
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has a solution (Y, Z) that lies inside a ball of radius R for the norm S*° x HZBMO
and is unique inside that ball. Moreover, ¢ and ¢ are both uniformly bounded. With

20 T Ty T T
. VZS . 5 )/lﬂl-l-)/Zﬂz
K=o, a=—yise - T,

the solution to (8.2)—(8.4) provides the unique solution to the FBSDEs (4.6)—(4.8) for
which (S — S, 0 — &) lies inside a ball of radius R in S x HzBMO (QP) by defining
S:=8S+Y,0:=6+Z.

O e A et 2 R
y = v v

Before proving the theorem, let us briefly relate our system (8.2)—(8.4) to the ex-
isting literature. It belongs to two main strands:

(i) degenerate fully coupled FBSDEs, since the forward process ¢ has bounded
variation and appears in the generators of the backward equations, and the component
¢ of the backward part appears in the drift of the forward equation;

(i1) multidimensional BSDEs with quadratic growth, since both generators of the
backward equations have quadratic growth in the Z-component.

Both types of equations are already very challenging by themselves. Despite having
been studied for almost 30 years, there still does not exist a general theory even for
simpler fully coupled FBSDEs with Lipschitz generators and with a one-dimensional
backward component, the closest being Ma et al. [47] which unifies several exist-
ing approaches (also compare Ankirchner et al. [4] for some very recent progress
in this direction). This approach is, however, limited to the one-dimensional setting,
which automatically excludes our system. Other results applicable to Lipschitz or lo-
cally Lipschitz multidimensional FBSDEs have been proposed, notably in Antonelli
and Hamadeéne [6] and Fromm and Imkeller [24], but under monotonicity conditions
which do not hold in our context, or for proving existence of a solution over a maxi-
mal interval which in general will be strictly smaller than [0, T].

Similarly, the analysis of multidimensional (uncoupled) quadratic BSDEs is in-
volved in its own right and also relies on assumptions about the structure of the prob-
lem at hand; we refer to the most general results to date in Xing and Zitkovi¢ [61]
and Harter and Richou [30] for more details.

Evidently, settings that combine aspects (i) and (ii) above are even more challeng-
ing to deal with. As far as we know, the only works addressing multidimensional fully
coupled quadratic FBSDEs are the references [6, 24] already mentioned above, Luo
and Tangpi [45] which considers diagonally quadratic generators (an assumption not
satisfied in our context), as well as Kupper et al. [41] which considers the Markovian
case and obtains global existence under a uniform non-degeneracy assumption for
the volatility of the forward process (that does not hold for our system).

Our approach borrows ideas from the existing literature, notably the fixed-point
argument of Tevzadze [55]. But more importantly, our approach exploits the spe-
cific structure of our problem to obtain an existence result that is global in time. The
main difficulty lies in the fact that a naive Picard iteration for all three components
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of the FBSDE (8.2)—(8.4) does not work. Indeed, because of the quadratic nature of
the problem, we want to use BMO-type arguments. To this end, we have to ensure
that each step of the iteration remains in a sufficiently small ball (for the appropriate
norms). This is feasible for (8.4) since we assume that y! — 2 is small. However,
there is no reason to expect that successive Picard iterations of (8.2) and (8.3) remain
small—unless the time horizon is also sufficiently small, which we do not want to
assume because costs on the turnover rate than essentially lead to a no-trade equi-
librium. The key idea to overcome this issue is to use the specific structure of our
problem and to realise that one should only perform the iteration on (8.4) and use our
well-posedness result for (4.6), (4.7), using the Z given in each step of the iteration.
Finally, the very precise estimates and stability results developed in Sect. 7 then allow
us to obtain a desired contraction property.

Proof of Theorem 8.3 We first establish two a priori estimates that will be used
2 o . -
throughout the proof. Let Z € Hg) o (P%) with ”Z”H%;MO(P“) < ”U”H%;MO(P“)' Then

by the inequality (a + b)* < 2(a® + b?) for (a, b) € R?, we have
= 2 -2 2 - 112
lo + ZIIH%MO(W) <2(lle IIH]%MO(W) + IIZIIH]%MO(W)) <4llo IIHZBMO(W). (8.5)

Moreover, Corollary 7.4, Lemma A.1 and (8.5) show that the FBSDE (8.2), (8.3)
(with this fixed Z) has a bounded solution such that ¢ satisfies the estimate

~ i 4 o] 2
Il <l + 7T (Wl @10 + Zlg o0 + 1V Is< 10+ Zlg )
B 2
<|x|+ SVT(”“”HZBMO(P) +1)
_ / — 2
X (||”“H%M0<P“) 16+ Zllg2, ey + 1V llsx 10 + leHZBM()(Pw))
" 2
< Ix1+327T (lellgz, @) +1)
_ ’ -2
X (I3, 0 00 16 i o ey + IV s 15 W )
:;h(p(x,);,oz,o_',l),\;/), (8.6)

Next, let Z° := 0 and define (¢!, ¢!) as the solution to the FBSDEs (8.2), (8.3) cor-
responding to the volatility ¢ + VAR H%MO(]P""), and (Y1, Z1) as the solution to

1 2 1 2
_ — — _ V,
dy! = ((at + 2l 4z - e (S + v,’))dt

t

+zlaw!,  vl=o.

By the a priori estimate (8.6), we know that ¢! is bounded. This implies that (Y, Z1)
is well defined and belongs to S*° x H%MO(IP"").

For n > 2, we use induction. Given (Y"*~!, Z"~1) e S® x HZBMO(IP""), let @™, @"
be defined as the solution to the FBSDEs (8.2), (8.3) corresponding to the volatility
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&+ 2" e 3,0 (P%), and (Y", Z") € S® x H3,,,(P*) as the solution to

1 2 1 2
_ _ - _ - _ Vv
dYt"=<(a,+Zf Dy 27/ ol ez LY 2” af(—(_; +u;))dt
t

+ 7MWl yr=o.
We proceed to show that for sufficiently small |y ! — 2|, this iteration is a contraction
on 8% x ]HIZBMO (P%). By the Banach fixed point theorem, it therefore has a unique
fixed point (Y, Z). Together with the pair (¢, ¢) that solves the tracking problem
corresponding to the volatility o + Z, we have in turn constructed the desired solution
to (8.2)—(8.4).
To establish that our mapping is indeed a contraction, we first show as in Tevzadze

[55] that it maps sufficiently small balls in S x HZBMO (P%) into themselves. To this
end, suppose that

n—12 n—1p2 2
<
1Y W 412" gy < B2,

where we recall that R < min(||0 ||gyo Pe) Mﬁ). Apply Itd’s formula to (Y m)2

and use Y7 = 0. Then take conditional P*-expectations and use that Y" is bounded
and Z" € ]HIZBMO (P*). For any stopping time t with values in [0, T'], this gives

T
0=’ +E; [ f (Z?)st}

N T )/1 _ 7/2
+EY U 2YS"(6S+Z§‘1)ZT¢;1+2YS”K(Z§Zl)zds:|

T

T 1 2
pe Y =y _afV
—EF [/ 20— () (Z + v;)ds].
Now use that Y € S and || Z"~! ||H}23MO(PQ) < R. Together with the a priori estimates
(8.5) and (8.6), this yields

(Y;’)2+EIE’“[/T(Z§)2ds}

:

<l =V s 08 + 2 sy 9"
+ 261V lsx 12" Mg gy
1" = VI s (1Y gz, o oo 19 Do ey + 1V 515 )

< Iy = v2 1415 15 e I9" s + IVl oo 19 522, o)
+ 1 s 1y = 21V s 1G5 gy + 26 R7)

= 1"l s Iy — y2hr(x, 7, @, 6, v,) + 2 R?), (8.7)
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where

hr(x,7,0,6,v,0) :=4||6||12HI2 hy(x, 7, a,6,v,0)

BMO(Pa)
Iz, oo 13 2 o ey + 1V D5 161 -
Taking the supremum over all T (for Y”*) and rearranging yields
1Y s < Iy =2 lhg(x, 7, 0.6, v,0) + 2R, (8.8)
Now taking the supremum over all t in (8.7) (for Z") and using (8.8), we obtain

~ _ 2
1Z"5n ey = (17! =¥ lhR(x, 7,0,6,0,0) + 2 R?)".

L
42’

ly' =2 hr(x, 7, 2,5, v,0) +2/<R2)2 <R%

Using our bounds on |y! — y2| and the fact that R < we deduce that

ny2 ny2
1" 412"y =2

We next show that our iteration is a contraction on the ball Bg in S x le;‘sMo P*).
To this end, consider (y, z), (y',z) € B3, and write (Y, Z), (Y’, Z') for their images
produced by our iteration. Also denote by (¢, @), (¢’, ¢’) the corresponding optimal
tracking strategies (corresponding to volatilities 6 + z and & + 7/, respectively). To
verify the contraction property, we have to show that for some n € (0, 1),

m2 m2 2 12
1Y =YW 12 = 2125 gy <01y = ¥ I+ 12 =20 ).

To ease notation, set
Sy=y—y, dz:=z-7, 8Y:=Y-Y, 82:=72-7.
Applying 1t6’s formula on [z, T'] for any [0, T']-valued stopping time 7, inserting

the dynamics of ¥ and Y’, taking P*-conditional expectations and using the identity
ab—cd=a —d)+ (a — c)d for (a, b, c,d) € R*, we obtain

T
5Y3+EI§’“[ / 5Zt2dt}
T

T
—EP [(y2_y1)/ 5Y,((6,+z;)2got—(5t+Z§)2¢§)df]

T
— B [2;</ 8 ((z)* — (Z§)2)df]

T

T
< 18Y ||y —y%EE”[/ &1 + 20 —<p;|dr}
T
T
1 2 wP¥ — / /
+118Y ||yt — | EE [/ |2at+z,+z,||8z,||¢,|dr}
T

T
+2K||5Y|IsooE]fa[/ |2 +z§||5ztldt]- (8.9)
T
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To estimate the conditional expectation in the first term on the right-hand side of
(8.9), define the process

A= sup |p, — g, te[0,T].
uel0,1]

Lemma A.3, (8.5), Jensen’s inequality and Theorem 7.5 in turn yield
o T o T
]E]f [/ &1 + 20 1pr — fﬂt/|df] = EIE |:/ (o1 +Zt)2Atdti|
T T

A11& 2 E]P"X ’
< o
= “ || HZBM (P) T [ ; ES[UOP’ : |(ﬂu ‘ﬂu |]

_ ~ — — 1
< 4||0||§H]23M0(Pa)g(p(x, 7,2, v26,325,v,v)? HSZ”HZBMO(P”)' (8.10)

To estimate the conditional expectation in the second term on the right-hand side of
(8.9), we use that ¢’ € S, the conditional version of the Cauchy—Schwarz inequality
and the inequality (a + b + ¢)? < 2a® + 4b> 4 4¢?. Together with the fact that both

2 ) =12 et
||z||]HIZB o) and ||z ||IHIZB are smaller than ||& || P ) and the a priori estimate

(8.6), this yields

mo ) mo (P

T
EP [/ |26,+zf+z;||6z,||¢;|dt}

T

" T 3 . T 2
< 19/l s EF [ / (251+Zz+Z;)2dt] EP [ / azzdt]
T T

< % 5 Yo
<4hy(x,y,a,0,v,v )”G||HZBM0(]P’°‘)”8Z”H§M0(P“)' (8.11)

To estimate the conditional expectation in the third term on the right-hand side of
(8.9), we argue in a similar fashion and obtain

T
IP)C!
ol [/ |2 —i—z;IISz,Idt} < 2RIzl - (8.12)

T

Now, plugging (8.10)—(8.12) into (8.9), taking the supremum over all T (both for
Y and Z), then taking conditional P*-expectations, applying Lemma B.1 and The-
orem 7.5 (together with (8.5)) and using the inequality 2ab < éaz + &b fore > 0
yields
18Y 1300 +18ZII5 ~ pa,
BMO

1 2 -2 ~ - = N
<8ly' —y?I8Y s~ 5113 (. 7,0 V25,326, 0,02 1820552 e

wo®) 8¢
1 2 ~ 112 ~ = 1
+81y" = V2OV 521513 puko(r 7,005 v 0V 102l e

+ 8 8Y 5% RISz g2 o)

1 2 2 2
< —
< 1Yl + 18213 s
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where

=4k R +41y' — 2|5 |2

X (gp(x, 7,0, V25,325, v, v/)% + hy(x, 7, ,6,v,1)).
We deduce that for any € > 1,

18 %00 + 18 Z |12 < 1873 + —— 1822
S Hy )= P Hj

MO (@ BMO (<)

£ 5 2
< ——n7|8z .
= 177 ” ”HZBMO(PDI)

We choose ¢ = 2 and deduce the desired result, since by our assumptions

2
€
n? =4n? < 1.

e—1

For the last part of the result, observe that these specific parameter choices satisfy
all the requirements in Theorem 8.3 in view of Assumptions 4.2 and 4.7. This gives
us a unique solution to the associated FBSDE system (4.6), (4.7), (8.1). Any solution
to (4.6), (4.7), (8.1) in turn provides a solution to (4.6)—(4.8) by defining S := S+vY
and o := ¢ + Z. The converse is obviously true for solutions as in Theorem 4.8.

We now prove Proposition 5.1, which characterises equilibria with transaction
costs via coupled systems of Riccati ODEs in a particular model with linear state

dynamics and terminal condition.

Proof of Proposition 5.1 First notice that the functions A(¢), D(t) satisfy the Riccati

equations

2
A1) = —ysd® + %(a +B(n) —CH)D@),  A(T)=0,

2
D'(1) = —%( +B(1): = F()D(), D(T) =0.

Together with the Riccati ODEs for the functions B(t), C(t), E(t), F(t), it follows

that the functions

[, x,y)=A@)+B@)x+C()y, gt,x,y)=DW)+EM®x+ F(t)y
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solve the semilinear PDEs (here the arguments (¢, x, y) are omitted to ease notation)

Y1 —

. 2 8(a + B)x

1 _ 2
fit 5 Fe+ frg=—7sa + S@+ B +

i—»
2
1

) 2 1 2
=%(a+fx)2y+%f3+fx<y2a+ — ﬁx)

2
vi=v? o v B
— a - =X,
2 yl+9y2
1 2 2 1 2
+vy ) y t+v
> (a+fx)ﬁx—j(a+fx)2+T(a+fx)2y

+ (a+ B)?y

1
&+ ngx +gyg =

on[0,T) x R? with terminal conditions f(T,x,y)=g(T,x,y) =0. By the defini-
tion of ¢!,
¢tl = g(t7 WI7 90;1)-
Now set
Ye=f(t. Wi 9)),  Zi=f(t, Wy, 0)) = B().

Then Itd’s formula, the PDEs for f(z, x, y), g(¢, x, y) and the definition of Z show
that ¢!, Y, Z satisfy the BSDEs

1 2 2
. + s
o=t (ﬂwtm +2Z)— —yly+ @t )+ Z»%E)dr
+ E(HdW,,

1 2 2 1 2
_ S _
ay, = (%(a +20%! + -2 + 2, (yPsa+ LT ﬁWZ))dt

1_.,2 2
(=Y az( v —EW,) dt + Z,dw,
2 yi+y2 a

with the terminal conditions (,b} = Yr = 0. Together with the forward equation
d(p,l = gbtl dt as well as the BSDE for the frictionless equilibrium price S from Propo-
sition 4.3, it follows that S=S+ Y, 0 =a+ Z=6 + Z, ¢!, E and ¢! indeed
solve the forward-backward equations (4.6)—(4.8). Since the frictionless equilibrium
volatility is constant here, 6 = a and Z; = B(¢) is deterministic, we evidently have
o€ H%MO. Since the Brownian motion W has finite moments and zero autocorre-
lation function, one also readily verifies that gbl € H2. The assertion in turn follows
from Proposition 4.6. O

We now turn to the proof of Theorem 5.2 which guarantees existence of a solution

to the Riccati system from Proposition 4.8 for sufficiently similar risk aversion pa-
rameters. The argument is very close in spirit to that of Theorem 8.3. Indeed, we also
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obtain well-posedness of the system by a Picard iteration scheme which is devised so
that the successive iterations remain in a sufficiently small ball. In order to achieve
this, a naive direct iteration of the four equations does not work unless the time hori-
zon is sufficiently short. Instead, we have to start by studying separately the system
satisfied by C, E, F for fixed B, exactly as we did for (8.2), (8.3) when Z is fixed, in
the proof of Theorem 8.3. After developing the necessary stability estimates, we can
then proceed to the iteration for B and obtain the desired result. This shows that the
approach underlying Theorem 8.3 is not crucially tied to the stringent integrability
assumptions imposed there to deal with a general setting, but can also be adapted to
other specific settings on a case-by-case basis.

Proof of Theorem 5.2 To ease notation, set

L vy
=

1 2
, g=y —
B Y 14

as well as
B(t) := B(t) +a, 1[0, T).

_ Step 1: Dealing with (C, E, F). We start by giving ourselves some bounded map
B : [0, T] — R and analyse the coupled system of ODEs on [0, T'] given by

- T - -
B = _/ GB(S)Z _ FB(s)CB(s)>ds,
t
- T A . -
EB() = _/ (ﬁ%é(s) - FB(s)EB(s)>ds, (8.13)
t
- T A -
FBy = _/ <%l§(s)2 — (FB)Z(s))ds.
t

Because B is bounded, the equation for F B hasa unique solution. Using that we have
0< %1.73’(5)2 < Z(||Bllso)?, the comparison theorem for ODEs gives the estimate

—\/%néuoo < —\/%nénootanh<\/gnénoﬂ - r)) <Ff0=0

for t € [0, T]. The ODEs for E B and CP are linear and have the unique solutions

- A T s 7
EB(t)z—%/ B(s)eli FPndrgg tel0,T],
t

B e (T2 o [ Fiea
Co(t)= _Ef B(s)2el FP(drgg rel0,T].
t
In particular, nonpositivity of F' implies for all ¢ € [0, T] that

vE
A

le]

EB) < X2 1Ble(T =0,  1CB0) < >

IBI2(T —1). (8.14)
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We also need some stability results for these solutions with respect to variations of B.
Fix thus two bounded functions B and B’. Using that F& — F B qatisfies the ODE

(FE—FB)1) = _/ %(B(s) + B'(s))(B(s) — B'(s))ds
t

T - - - -
+ / (FP(9) + F¥ () (F? — F¥)(s)ds,
t
we obtain

N

) N T . - , . . . .
FB(y— FB (1) = _%/ S FR)F O (F(5)+ B')) (Bls) — B'(5)ds
t
Nonpositivity of F B and F¥' gives for all ¢ € [0, T'] that
~ =, ]; - - - -
|FB(@t) — FB (1)] < T UBllos + 1B o) | B = B'lloo(T = 1),

Using that x — e* is 1-Lipschitz-continuous on (—o0, 0], this implies

|eff FBrydr A FB/(r)dr|

Y)

< Z(IBlloo + 1B'lloc) |1 B = B'lloo(T —1)*  for0<t<s<T. (8.15)

>

Taking into account the explicit expressions for E B and CB , we also deduce that
Eé(t) _ Eél(t) yﬁ / F (r)dr B(S) B/(s))ds
_ J;_/g/ B/(S)(effs FB(r)dr —eflSFB,(r)dr)dS,
t

- - T o ; ~ _ ~ _
CB(ty—CB @)= —2/ e F "4 (B(s) + B'(s))(B(s) — B'(s))ds

t

T D /
=L [ B e el oy

t

Together with (8.15), this yields

53 ’ ﬁ ~ ~
IE® — EB ||oo_y 1+—||B||oo<||B||oo+||B||oo> IB— Bl (8.16)
as well as
B _omy o lelT 2 \ 13 W B
ICF = CF oo = =~ 1+—||B 12 ) UIBlloo + 1B o) I B — Bl (8.17)
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Step 2: A priori estimate for ||1§||oo. Now fix some R > a, define B® = a and for
a fixed integer n > 1, consider a continuous function B! with |B" || < R. Let
(C™, E", F™) be the unique solution to the system (8.13) with B := B"!. We then
define B" as the unique solution to the (linear) ODE (well-posedness is clear since
E‘"_l, C", E" and F" are all uniformly bounded)

T
B'(t)=a— / (E,BBn_l(S) - E"(s)C”(s))ds, tel0,T].
t
Using the estimates on E” and C" from (8.14), we obtain

- - ely -
1B oo <a+1elBTIB" oo + %T%B"“ 112
Now, for R = %a and || satisfying (5.1), it follows that

yR3T3

Then we have

[B"]|oo < R.

Step 3: Picard iteration for B. Finally, using the fact that

T
B"(t)— BV (t) = — / eB(B"(s) — B"V(s))ds

t

T
- / C"(5)(E"(s) = E"(5)) + E" (5)(C"(s) — C"(s))ds,
13

it follows from (8.14), (8.16) and (8.17) that

B B "R2T2 AR2T2 5 B
13" = Bl < T(Ielﬂ + 20l —— (1+ = ))HB"‘ — B e,

A

For R = %a and |e| satisfying (5.1), the constant is less than 1 and we have a con-
traction. O
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Appendix A: BMO results

This appendix collects some auxiliary results on BMO martingales that are used in
the proofs of Theorem 8.3, Lemma 3.3 and Proposition 4.6.

Lemma A.1 Let (2, F,F = (Fp)iepo.1]. P) be a filtered probability space support-
ing a Brownian motion (W;):c[o0,1] and such that all F-martingales are continuous.
Let oo = (ot )re[0,1] be in H%MO(IP’) and define P* ~ P on Fr by

dpe )
=& / a[dW[ .
dP 0 T
Then o is in HZBMO(IP’“). If in addition o = (01)ie(0,1] IS In HzBMO(IP’), then o is in
HZ 0 P%) and

2 20|12

o gy By = S(HanleaMo(Pa) + 1) HGHH%zMo(P)’
2 2o |2

lo o) < 8(lellzg, o) + 1) Moz ey

Proof This follows from the proof of Kazamaki [36, Theorem 3.6] and Lemma A.2
applied under P* and P. g

Lemma A.2 Suppose (2, F,F = (F;)ief0,11, P) is a probability space supporting a
Brownian motion (W;):c[o,11. Let (at)ief0,1] be in HZBMO (P) and define the P-martin-
gale (M;)ie0,11 by M, = fot asdWs. Forany p > 1 with p > (”a”HéMO(P) +1)% and
any stopping time t, we then have

el (cany) =2
EM)r .

Proof The condition on p implies that [la/(v/2(/P — 1)) ||%12 ® = 1. Thus it fol-
BMO

lows from the John—Nirenberg inequality, see Kazamaki [36, Theorem 2.2], that for
any stopping t,

1
Er[m((ﬂlﬁ - (M>r)] <2

The claim now follows from the proof of (a) = (b) in [36, Theorem 2.4] with C), = 2.
O

Lemma A3 Let (2, F,F = (Fi)ieo,71. P) be a probability space, (B;)ie(0,T] a hon-
negative process and (A;)ie[o0,7] a nondecreasing process. For any [0, T]-valued
stopping time T, we then have

]E,[/TTAS,BSds} SAT]E,[-/TTﬂSds] +ET|:/TT]EM[/MTﬂSds]dAu] (A1)
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. 2
Moreover, if \/B € Hgyq, then

T
E[ / Asﬁsds} < IVBI, Eeldrl (A2

Proof Write Ay = A; + [ dA, for s > 7. Fubini’s theorem in turn gives

T T T s
f Axﬂsds=A,/ ,BSds+f f BydA,ds
T T T T
T T T
=A,/ ,Bsds—l—/ f BydsdA,.
T T u

Now (A.1) follows from taking conditional expectations, using the conditional re-
sult corresponding to (the optional version of) Dellacherie and Meyer [21, Theorem
VI.57] and the fact that the optional projection of the process ( fuT Bsds)uepo,1] 18

(E,[ fL lT Bsdsueio,71- Moreover, (A.2) follows from (A.1) by the definition of the
BMO-norm. 0

Appendix B: Variations on Doob’s inequality

The following versions of Doob’s inequality are used in the proofs of Theorem 8.3
and Lemma 7.1, respectively. They easily follow by using the inequalities of Holder
and Doob.

Lemma B.1 Let (2, F,F = (F/)iel0,7]. P) be a filtered probability space, and X an
Fr-measurable nonnegative random variable with K[ X 2] < 00. Then

B[ sup B/[X]] =2(EX*)}.
tel0,7T]

LemmaB.2 Let p € (1,2), (2, F,F = (Fi)iefo,71. P) be a filtered probability space
and X, Y be Fr-measurable nonnegative random variables with E[X 2 < 00 and
E[Y2r/C=P)] < 00. Then for ¢ > 0,

1 e p \’p 2w 20
E EJ[XY]| < —E[x2]+—(—) E[yz=r]) 7 .
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