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Abstract

The classification of singular Fano 3-folds remains an open problem in
algebraic geometry. The purpose of this thesis is to prove the existence of new
families of singular Fano 3-folds, specifically those whose anticanonical embedding
is in codimension 4. This is achieved using unprojections. The projection of a
scheme Y with coordinate ring k[Y] := C[zy,...,x,]/Iy is a scheme X defined by
the coordinate ring k[X]| := Clxo,...,zn]/(Iy N Clxg,...,zn]) where m < n.
Unprojection is a method of adjoining variables and equations to the ring of X to
recover Y.

In Chapter 2, we define a new unprojection format allowing us to construct
Gorenstein rings of codimension n 4+ 2 from Gorenstein rings of codimension n.
Following the naming conventions in the literature, these unprojections are type II
and should be considered as type II; unprojections. We focus on the case where
n = 2. This constructs codimension 4 Gorenstein rings which we define explicitly in
Chapter 3.

In Chapter 4, we use codimension 4 Gorenstein rings to construct and prove
the existence of 16 new families of codimension 4 Fano 3-folds. Demonstrably, each
family corresponds to a distinct Hilbert series. By using type II; unprojections as
in [33], we construct a second topologically distinct family of codimension 4 Fano
3-folds for these Hilbert series. The Hilbert scheme of these Fano 3-folds, therefore,
contains at least 2 components that parametrize distinct Fano 3-folds.

In Chapter 5, we consider pre-existing families of codimension 4 Fano 3-folds

which are described by [10] but also constructible using our methods.

vi



Chapter 1

Introduction

Broadly speaking, a Fano 3-fold is a projective 3-dimensional variety defined over C
with an ample anticanonical divisor. Fano 3-folds have classically been considered
as smooth varieties, although we will not limit ourselves to this case in this thesis.
Smooth Fano 3-folds are well understood and they are known to exist in exactly
105 families (see Chapter 12, [42]); Iskovskikh classified the cases where the second
Betti number is 1 (see [22] and [23]) and Mori and Mukai, the second Betti number
is greater than 1 (see [27]).

Fano 3-folds with singularities are significantly less well understood by
comparison. In this thesis, we study Fano 3-folds with singularities. Our definition

throughout will be:

Definition 1.0.1. A Fano 3-fold X is a complex normal projective 3-fold whose
anticanonical divisor —Kx is Q-Cartier and ample; and whose singularities are
Q-factorial and terminal. If additionally the Picard rank of X is 1, we call X a
Mori-Fano 3-fold.

In particular, we study index 1 Fano 3-folds: a Fano 3-fold X has (Fano)
index r if r is the greatest integer such that —Kx = rA for some ample Weil divisor
A. Our choice of index is for narrative rather than mathematical purposes.

The classification of these Fano 3-folds remains an open problem and
estimates suggest the existence of tens of thousands of families (see [8]). At
present only a few hundred families are known explicitly. Many of the known
families are of Fano 3-folds with codimension at most 3, where by codimension we
refer to the standard anticanonical embedding (see Section 1.1). We are interested

in codimension 4 Fano 3-folds.



1.1 The Graded Ring Database Project

Following the analysis of [2], we are able to predict Fano 3-folds. More accurately, we
are able to predict their Hilbert series. There are several important ingredients: the
relationships between Fano 3-folds, graded rings and Hilbert series; the sufficiency
of weighted projective spaces; and the finiteness of singularities and genus.

The anticanonical ring of a Fano 3-fold X is the graded ring

R:= P H(X,-mKx)
meN
and it is equal to the homogeneous coordinate ring defining X. Immediately, we
notice that it is sufficient to study only Fano 3-folds in weighted projective space:
the generators of the anticanonical ring, say zg,...,z,, describe an embedding of
X as a projectively normal subvariety in P(ag,...,a,) where a; := wt(x;) for
i=0,...,n and n € NT. Therefore, in this thesis we consider only Fano 3-folds

X C P(ao, ..., a,) which we denote by X C wP™ when the weights a; are unknown.

Remark 1.1.1. In cases where the anticanonical divisor of a Fano 3-fold X is of the
form —Kx = rA for some ample Weil divisor A and some integer 7, it can be useful
to study rings such as @,,.n H(X,mA). We do not consider such rings because
the Fano 3-folds in this thesis are index 1.

The Hilbert series of a Fano 3-fold X is the series

Px(t) := Y hO(X,—mKx)t™
meN

By Riemann-Roch, the Hilbert series of X is known to be a rational function
determined by the genus of X, g := h%X,-Kx) — 2, and a collection of

singularities called a basket (see Section 4.1.3 or [37] for a more detailed discussion

on baskets). The following theorem is commonly known as the plurigenus formula:

Theorem 1.1.1. (Theorem-Definition 4.6, [4]) Let X be a Fano 3-fold with genus
g and denote A := —Kx. Then, the Hilbert series of X is such that

1+t t(1+1)A3 ’”‘IEr—bz
P = —
X(t) (1—t)2 + 2(1—t)4 ) Z (l—t 1_tr Z
~(La,r—a)eB 1=1

where

1. the sum takes place over a basket B of finitely many terminal quotient
singularities of the form %(1, a,r —a) with r,a € Nt r > 1 and hcf(r,a) = 1;



2. b is an integer such that ab = 1 modulo r; and
3. bi denotes the minimal non-negative residue of bi modulo 7.

Furthermore,
b(r —b)
A3 =29—2 E —_—
Y + g ,

It is clear that defining the Hilbert series of a Fano 3-fold X is equivalent
to defining the genus g of X and a basket B. We call (g, B) the numerical data of
X. A famous result is that the baskets and genera of Fano 3-folds are bounded (see
Theorem 1.2 (3), [25]). For instance:

Theorem 1.1.2. (Theorem 5.1, [25]) Let X be a Mori-Fano 3-fold with genus g.
Then,
29 —2 < (—Kx)? < 63(24!)°.

Theorem 1.1.3. (Proposition 1, [24]) Let X be a Mori-Fano 3-fold and B the

associated basket of terminal cyclic quotient singularities. Then,

0< > (T_:'><24'

%(1,a,7‘—a)8

The bounds imposed by these theorems result in a a finite set of data
(g,B). By substituting every possible pair (g,B) into the formula for Px(t), we
construct a finite list of rational functions inside which lies the Hilbert series of
every existing Mori-Fano 3-fold. The rational functions obtained by this process
are called numerical candidates. At this stage we do not know whether these
numerical candidates are indeed the Hilbert series of a Fano 3-fold. Our task is to
realise them in real life by constructing the appropriate Fano 3-fold. We would
also like to make comments about the Hilbert scheme of a numerical candidate
such as the number of Fano components.

The Graded Ring Database (shortened to GRDB) is an online resource which
provides systematic predictions about polarised algebraic varieties, in particular
Fano 3-folds, via their graded rings (see [8]). The GRDB is essentially a list of
52646 numerical candidates; however, each candidate is presented as a Fano 3-fold
X C P(ap,...,a,) with a Hilbert series equal to a particular numerical candidate.
The process of obtaining a predicted Fano 3-fold from a numerical candidate r(t) is

subtle, but loosely speaking it involves presenting r(¢) in the form

p(t)

[Tio(1 — )

3

r(t) =



where the right hand side is the Hilbert series of some X C P(ao,...,a,) with
Hilbert numerator p(t) € Z[t]. This process is completed systematically:

Example 1.1.1. Suppose X is some Fano 3-fold with numerical data

1 1 1
=1 =4 -(1,1,1), (1 —(1 .
g=—tand 5= {3(0,1,1), §(1,3.5). 1 (15,0}
Then, by Theorem 1.1.1,
Px(t) =14t + 2+ 3+t 4265 + 365 + 367+ 48 + 4t 4 .. ..

To write Px in a suitable format, we consecutively multiply Px by (1 — ") where

n is the lowest non-zero power of ¢ visible, i.e.
Px(t) (1 —t) =1+t +5 +5 4+ ...

followed by
Px(t)(1—t)(1 =) =145 454 ...

Continuing in this manner, we eventually obtain
Px(t)(1 —t)(1 =91 =51 -1 — ) =1 -3

or equivalently

1—¢%
(1—t)(1 —5)(1 —t5)(1 —¢8)(1 — ¢11)"

Px(t) =

Our guess for X would be a hypersurface in P(1,5,6,8,11) defined by a degree 30

polynomial.

It is possible for a numerical candidate to be realised as several Fano 3-folds

X C wP" in different codimensions, codim(X) :=n — 3. For example:

Example 1.1.2. Let X C P(1,1,1,1,3) be a hypersurface defined by a degree 6
equation. Let Y C P(1,1,1,1,2,3) be a complete intersection defined by a degree 2
and a degree 6 equation. Then, the Hilbert series of X and Y are equal:

110 I e

O =a—min—m - Gona-ma-pm ¥

When Y C P(1,1,1,1,2,3)(zy 2 uvw 15 defined by fo € Clz,y,2,u] and



g6 € Clz,y, z,u,v,w] of degree 2 and 6 respectively, ¥ has small deformations
Yy={fo—v=ygs=0}

which allow us to eliminate v when A € C — {0}. Thus Y), is isomorphic to a degree
6 hypersurface in P(1,1,1,1,3) when A\ # 0 and Y = Y} lies on the boundary of the
codimension 1 family X < P(1,1,1,1,3).

Another such example can be found in Section 4.1 of [9] where the Hilbert

series
1—4t3 +4t5 — 8

(1—=1)5(1 —2)?

has a natural interpretation as a codimension 3 and a codimension 4 Fano 3-fold.

If a numerical candidate could be realised as several Fano 3-folds in different
codimensions, the GRDB will report a predicted Fano 3-fold X C wP™ where n is
the least positive integer possible. We follow this convention.

Without confusion, the term numerical candidate will refer to rational

functions and the predicted Fano 3-folds.

1.2 Realising Codimension 4 Candidates

The classification of Fano 3-folds X C wP" in codimension codim(X) :=n — 3 at
most 3 is well known. We have 95 families of weighted hypersurfaces, 85 families of
codimension 2 complete intersections, 1 family of codimension 3 complete
intersections and 69 families defined by the maximal Pfaffians of a 5 x 5
antisymmetric matrix (see [35], [2] and in particular Section 16 of [21]). In other
words, we have realised the numerical candidates X C wP™ with n < 6.

In this thesis we are concerned with codimension 4 Fano 3-folds. There are
145 numerical candidates in codimension 4; that is, there are 145 pairs (g, ) which
produce rational functions that cannot be presented as the Hilbert series of a Fano
3-fold X C wP™3 with n < 4.

Remark 1.2.1. There may be other codimension 4 Fano 3-folds which are not
realised by these 145 numerical candidates; for example, the GRDB ignores
degenerations (see Example 1.1.2). However, unlike the 145 numerical candidates
we are concerned with, their Hilbert series have already been realised as lower

codimension Fano 3-folds.

We do not expect the 145 codimension 4 numerical candidates to be realised

as 145 topologically distinct codimension 4 Fano 3-folds. That is, we do not expect



a fixed numerical candidate to build a unique family of Fano 3-folds. We expect
more. A Hilbert series has finitely many families of associated Fano 3-folds and
there may be multiple families for the same numerical candidate. In fact, many
of the numerical candidates already realised have multiple families. For 116 of the
codimension 4 candidates, Brown, Kerber and Reid successfully construct and prove
the existence of at least 2 families of Fano 3-folds (see [10]). The candidates they

work with are those which possess a particular cyclic quotient singularity:

Theorem 1.2.1. (Theorem 3.2, [10]) Let X C P(ap,...,a7) be a numerical
candidate for a codimension 4 Fano 3-fold. Up to reordering of a;, there exist 116
numerical candidates such that the basket of X contains the cyclic quotient
singularity p = ;*7(0,0,@1,&2). In these cases, the Hilbert scheme has at least 2
components containing quasismooth Fano 3-folds.

The techniques of Brown, Kerber and Reid cannot be extended to the
remaining numerical candidates since a cyclic quotient singularity of the
appropriate form does not exist. In this thesis we study a number of the remaining
codimension 4 numerical candidates. We will construct and prove the existence of
at least 2 families of Fano 3-folds for 16 numerical candidates containing a cyclic

quotient singularity of a different shape. We prove the following result:

Theorem 1.2.2. Let X C P(2ap,a1,...,a7) be a numerical candidate for a
codimension 4 Fano 3-fold and suppose that X is not covered by Theorem 1.2.1.
Up to relabelling of aq,..., a7, there exist 16 numerical candidates such that the
basket of X contains the cyclic quotient singularity p = a—i(ao, ay,az). It is possible
to realise these 16 numerical candidates as Fano 3-folds and for each candidate

there exist 2 distinct families.

In other words, the Hilbert scheme for these 16 numerical candidates has at
least 2 components containing Fano 3-folds.

Together Theorems 1.2.1 and 1.2.2 realise 132 of the 145 numerical
candidates, i.e. 132 of the predicted Hilbert series occur as the Hilbert series of
actual Fano 3-folds. For each of these 132 Hilbert series there exists at least 2
distinct families of Fano 3-folds. By counting distinct topological families of Fano
3-folds rather than distinct Hilbert series, we count over 500 families of
codimension 4 Fano 3-folds X C P(ay,...,ar).

Unprojections are used to prove Theorems 1.2.1 and 1.2.2 (see Section 1.3).
For the 16 numerical candidates of Theorem 1.2.2, the first family will be constructed

using a new unprojection method developed in Chapter 2, and the second family will



be constructed using the unprojection method of [33]. Of the Fano 3-folds families in
Theorem 1.2.2, 30 are newly realised as unprojections: Papadakis provides sketches
for the constructions which realise 2 families of codimension 4 Fano 3-folds (see
Sections 5.1 and 5.2 of [33]). Similarly, at least 10 families are new to the literature:
using cluster algebras, [16] finds 1 family of Fano 3-folds for 10 candidates and 2 for
the remaining 6. It is unknown whether the families of this thesis correspond to the
families of [16].

1.3 Unprojections

Unprojections act as a substitute for the Gorenstein ring structure theory in high
codimension. = They provide a method of constructing and analysing high
codimension Gorenstein rings in terms of lower codimension Gorenstein rings.
Using unprojections to construct Fano 3-folds makes sense since their anticanonical
rings are Gorenstein (see 5.1.9, [18]). There is a well established history of using
unprojections to prove the existence of codimension 4 numerical candidates: the
methods of [10] and [33] are in fact two distinct types of unprojection.

As previously mentioned, unprojections are intuitively the inverse of
projection: the projection of the coordinate ring k[Y] = Clxg,...,z,]/Iy is a
subring of the form k[X] = Clxo,...,xm]/(Iy N Clxg,...,2y]) where n,m € Nt
are such that n < m, so the unprojection is a method of recreating k[Y] by adding
variables and equations to k[X].

Geometrically speaking, we wish to construct a birational map 7 : X --» Y
from a pair of schemes D C X with D codimension 1 in X such that m contracts
D and 7 is an isomorphism off D. There are many cases where this construction is
possible. For example:

4

<x7yﬁz7u7’u>

defined by two degree 2 equations. Suppose that Y9 contains the point
pv = (0,0,0,0,1). Without loss of generality, Y52 is defined by

Example 1.3.1. Consider a codimension 2 complete intersection Yo C PP

vu+ Ay =vz+ By =0

for some polynomials Ay, By € Clz,y, z,u] of degree 2. Define the hypersurface
X3 CP3 by Asz — Bou = 0. The birational map

<xﬂy7z?u>

7: X3 - Yoz



W(xvyazau): T, Y, 2y Uy ——— = ———
U z

is intuitively the inverse of a projection from p, on Y33. We have that 7 is a

contraction of D := {z = u = 0} C X3 and an isomorphism off D. In particular, 7

is the Kawamata blow up of p, and a contraction of finitely many lines

The crux is this: the homogeneous coordinate ring of Y is related to the
ideals of X and D by some systematic calculation.

As far as this thesis is concerned, unprojections may be assumed to be a
systematic method of constructing a Gorenstein ring Oy from two smaller rings Op

and Ox. We describe Example 1.3.1 in terms of rings as follows:

Example 1.3.2. Define D, X = X3 and Y = Y55 as in Example 1.3.1, and let Ox
be the coordinate ring of X and Ip the ideal of D. Consider the Ox-morphism
s:Ip — Ox where s(z) = —By and s(u) = —As. The coordinate ring of Y is

Ox|[v]
(vu+ Ag,vz+ Ba)’

Ox[s] =

That is, Y is the graph of s.

Unprojections were first used by Kustin and Miller in [26] as a method of
describing codimension 4 Gorenstein ideals. Their systematic calculation was as

follows:

Kustin-Miller Unprojection: Let Ix C Ip, be Gorenstein ideals of codimension

g — 1 and g inside the Gorenstein local ring R. Using the complex

0«— R/Ix My « My_1 «——0
J J/ J(al’“.’ag)’r

0+— R/I Ny < 4 Ny ¢ Ny <
/D 0 g—1 (51,~~-,59)T g

obtained by the minimal resolutions of Ix and Ip, the ideal
Ix+ Biv+a;:i=1,...,9)

is a codimension g Gorenstein ideal in R[v] for some indeterminate v. This ideal is
the result of our unprojection. Note that N, = M, 1 = R.
Since Kustin and Miller, the notion of unprojections has been expanded

upon by Reid and Papadakis. @ There now exist many different types of



unprojections where the Gorenstein assumptions are softened and multiple
“unprojection indeterminates” are introduced (see [30], [40] and in particular
Section 9 of [39],).

In Section 2.2, we describe a new unprojection method which we will later

use to realise many codimension 4 numerical candidates.

1.4 Main Results and Structure of Thesis

We have two main results in this thesis. The first is the definition of a new
unprojection; this result is more precisely stated as Theorem 2.2.1 and the proof is

spread out across Chapters 2 and 3. We write a rough version of this result here:

Theorem 1.4.1. Define ideals Ix C Ip in some positively graded ring O.mmp
where Ip is as in Section 2.2, and [x is codimension 1 inside Ip and such that

Ox := Oamp/Ix is a normal Gorenstein integral domain. Then:

1. The Ox-module Homp, (Ip, Ox) is generated by 1, so and s; where 1 is the
inclusion map and sg and s; are injective maps. We view sg and s; as rational
functions having Ip as the ideal of denominators; that is, so(f) = g <> so = %

(See Remark 2.2.3).

2. For some indeterminates Ty and 77, and ideal I C Ox|[Ty,T1], we have that
Ox|s0, s1] is isomorphic to Ox[Tp, T1]/1, a Gorenstein ring with the same field

of fractions as Ox (see Section 2.3).

3. The codimension of Spec(Ox[Tv,T1]/1) C Spec(Oampb|To, T1]) is codim(Ix)+2
(see Section 2.5).

4. The ring Ox|[so,s1] admits a presentation described in general terms.
Moreover, we can describe this presentation precisely in the case where

codim(/x) = 2 and codimension 4 rings are constructed (see Section 3.1.2).

Our new unprojection uses the rings Ox := Oamp/Ix and Op := Oamp/Ip
to create a new ring Ox|[Tp,T1]/I. The associated projection is the elimination of
Ty and T from Ox [Ty, Th]/1.

The second main result of this thesis is Theorem 1.2.2 which is more
accurately stated as Theorem 4.2.1. That is, we prove the existence of 16 new
codimension 4 Fano 3-folds in weighted projective space. For each Fano 3-fold, we
build one family by applying Theorem 2.2.1 and a second distinct family using the

type II; unprojection of [33]. Loosely speaking, we define two varieties



D C X CP(ao,---,05)(zy,2uvw Py the ideals Ix C Ip given in Theorem 1.4.1 (or
Section 2.2). The ring created via the unprojection, Ox [Ty, T1]/I, will define a
Fano 3-fold Y C P(ao,...,as5 wt(T0), Wt(711)) (z,y,2,u,0,w,75,71)- Lhe projection in
this case is the projection from the line t =y =z =u =v = w = 0. We have a
weighted blow up followed by a flopping contraction (see Chapters 3 and 4).

In Chapter 2 we define our new unprojection. We argue that it is a type II
unprojection and, moreover, is strongly related to type II; unprojections. To this
end, we will expand the concept of type II; unprojections from the literature to
include our format.

In Chapter 3, we explicitly calculate the rings defined by type Iy
unprojections. We also study various birational properties which will be helpful in
proving Theorem 4.2.1.

In Chapter 4, we provide an extended example proving Theorem 4.2.1 for a
single numerical candidate. In particular, we prove that there exist two distinct
families of codimension 4 Fano 3-folds ¥ < P(2,3,4,5,6,7,8,9) with genus
gy = —2. The remaining numerical candidates are realised analogously;
nevertheless, we sketch the proof.

The final chapter, Chapter 5, concerns several of the missing codimension
4 numerical candidates, the expansion of the type II unprojection definition and
previously excluded codimension 4 numerical candidates. Recall that Theorem 4.2.1
considers numerical candidates of codimension 4 Fano 3-folds X C P(2ag, a1, ...,a7)
with a singularity of the form a—17 (ao, a1, az) but excludes those already constructed by
[10]. In this chapter we construct these excluded cases using type II; unprojections
and predict a correspondence between the families of this thesis and the families
of [10]. Although not the focus of this thesis, we also prove the existence of 7
codimension 4 Fano 3-fold families which cannot be constructed using the previously
established methods of [10] or Chapter 4.

10



Chapter 2
A New Unprojection

Our first task is to construct Gorenstein rings.

2.1 Preliminaries

In the literature, there is some variation in the nomenclature used. We therefore

provide the standard definitions used throughout this thesis.

Definition 2.1.1. (Definition 1.2.7 and Theorem 1.2.8, [12]) Let R be a Noetherian
local ring with residue field k := R/m. The depth of a finite non-zero R-module M

1S

depth(M) := min{i > 0 : Extiz(k, M) # 0}.
Definition 2.1.2. (Definition 1.2.11, [12]) Let R be a Noetherian ring. The grade
of a finite non-zero R-module M is

grade(M) := min{i > 0 : Ext,(M, R) # 0}.

For systematic reasons, the grade of M = 0 is infinity.
Definition 2.1.3. (Definition 1.4.15, [12]) Let R be a Noetherian ring and M a
finite non-zero R-module. We say that M is perfect if

proj dim(M) = grade(M).

An ideal I of R is perfect if the R-module R/I is perfect.

Definition 2.1.4. (Definition 2.1.1, [12]) Let R be a Noetherian local ring. A finite
non-zero R-module M is Cohen-Macaulay if depth(M) = dim(M). The ring R is a
Cohen-Macaulay ring if it is a Cohen-Macaulay R-module.
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Definition 2.1.5. (Definition 2.1.1, [12]) Let R be an arbitrary Noetherian ring.
A finite non-zero R-module M is said to be Cohen-Macaulay if My, is a
Cohen-Macaulay Rp-module for all maximal ideals m C R in the sense of
Definition 2.1.4. Similarly, R is said to be a Cohen-Macaulay ring if Ry is a

Cohen-Macaulay Ry-module for all maximal ideals m C R.

Definition 2.1.6. (Chapter 9, [17]) Let R be a commutative ring with unity and
let P C R be a prime ideal. The codimension of P, codim(P), is the maximal n € N
such that

PcPC---CP,CP

is a chain of strictly increasing prime ideals. That is, codim(P) = dim(Rp). For I,

a proper ideal of R, we define
codim(J) := min{codim(P) : I C P and P is a prime ideal of R}.

Definition 2.1.7. (Theorem 3.3.7, [12]) A local Noetherian ring R is Gorenstein if
R is Cohen-Macaulay and the dualizing module of R, wg, exists and is such that
wr = R. If R is an arbitrary Noetherian ring, we say that R is Gorenstein if Ry, is

Gorenstein for every maximal ideal m C R.

2.2 Format and Main Result

Unprojections provide a method of defining a large Gorenstein ring in terms of two
smaller rings. Our first step towards constructing new Gorenstein rings will be to
define the initial data of a new unprojection.

Fix n,m,p € NT such that n > 2. Define

Oamb = L[z}, Y5, w;i, %, V]

with 1 <j<n,1<i<mand1l<I[<p. Let Oy be a positively graded ring

such that the weight of z is even and

wt(y;) = wt(z;) + %Wt(z)

for all 1 < 5 < n. Note that we have defined some number of extra indeterminates
v, to provide extra flexibility during the later sections (see Section 3.1.2); however,
these indeterminates can be ignored for now.

Let Ip C Oump be the ideal generated by w; = - -+ = w,,, = 0 together with

12



the 2 x 2 minors of the 2 x 2n matrix

. ( . > |
T1 o Tnm YL o Yn
The ideal defined by only the 2 x 2 minors of M is prime and of codimension n in
Oamp (see the comment after Remark 2.1 in [31]); hence, the ideal Ip is prime and
of codimension n + m.
Let Ix C Ip be a homogeneous prime ideal of Oy, such that

Ox := Oamp/Ix is a normal Gorenstein integral domain and Ix is codimension

n+m—1in Oyyp.

Remark 2.2.1. Without loss of generality, we assume that w; ¢ Ix fori =1,...,m.
If Ix = (wp)+I% for some ideal Ix/, we work with Oumb /(W) , the ideal I}, defined
by the 2 x 2 minors of M together with wy = --- = wy,—1 = 0, and the ideal I%.

Our initial data for the unprojection consists of the rings Ox and
Op := Oump/Ip, where the latter is viewed as a quotient of Ox. The initial data
is equivalently the triple (Ix, Ip, Oamp)-

The systematic method to construct a new Gorenstein ring is as follows:

Definition 2.2.1. Define K(X) as the field of fractions of Ox. The unprojection
ring of (Ix,Ip,Oamp) is the Ox-subalgebra

Ox[Ip'] € K(X)
where I5' € K(X) is the Ox-module
IV = {f e K(X): fIp C Ox}.

Remark 2.2.2. Note that ;' ¢ K(X) is an Ox-submodule and Ox[I"] is a ring;
if s € I;' — Ox, then s2 ¢ I, but s2 € Ox[I5']. In other words, I,' and Ox[I},']
are distinct as sets. This remark will be useful in Section 2.3 where we define a

valuation on Ox[I5'].

Remark 2.2.3. The modules IBl and Homp, (Ip,Ox) are isomorphic. For each
rze€lpand f € 151, we may define fe Homop, (Ip,Ox) by ]7(33) := fz. Conversely,
for x € Ip and fe Homoe, (Ip,Ox), we may define f := @ € IBl which is well

defined since yf(z) = xf(y) for x,y € Ip. Without confusion, we may use the
notation of IBl and Homop (Ip, Ox) interchangeably.

13



It is not yet clear that the unprojection ring of (Ix, Ip, Oamp) is Gorenstein.

In the next few Sections we will prove the following theorem:

Theorem 2.2.1. There exists an isomorphism

Ox [Ty, T1]
<l17 cee al2(n+m)7 q)

Ox[Ip'] =
where for 1 < j <n and some c¢;,d; € Ox we have
lj = ijl + Z:I?jTo — ¢4,

lnymyj = y;To + ;11 — dj;

for 1 <4 < m and some cp4,dpy; € Ox we have
Lyyi = wiTh — cpyis

lontmei == wily — dpi;

and for some oy, a1, a9 € Ox
q:= T12 — ,z:TO2 + agTy + a1 + ao.

Furthermore, Ox [.751] is a Gorenstein ring, perfect as an O,y |10, 71]-module and
such that

COdimOamb[TO,Tﬂ(IX +(l,. .. 7l2(n+m)7 q)=n+m+1.

Remark 2.2.4. We call T and 77 the unprojection indeterminates. We also refer
to [; as the linear equations of the unprojection ring and ¢ the quadratic: this is a

reference to their total degree with respect to Ty and T7.

Remark 2.2.5. In cases where Ix and Ip are not defined as specified, it is still
possible for Ox [Il;l} to construct Gorenstein rings. We refer to the special way in

which the data (Ix, Ip, Oamp) is defined as an unprojection format.

2.3 Isomorphism

In this section, we prove the first statement of Theorem 2.2.1. We will prove that

Ox [Ty, T1]
<l17 ) l2(n+m)7 Q>

Ox[I' =
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where [; has total degree 1 and ¢ has total degree 2 with respect to Ty and 7T7. The
approach taken follows [31].
We start by noting some of the key properties of Op and wp.

Remark 2.3.1. We use the standard notation of D C X where
D :=V(Ip) C Spec(Oamp),

and
X := Spec(Ox) C Spec(Oamp)-

Lemma 2.3.1. The ring Op and the variety D are non-normal. As varieties, the

normalisation is defined by the morphism
7: D :=Spec(Zlay, ... an, t,v1,. . L)) — D
where the corresponding morphism of rings
T : Op — Op 1= Zla1, ..., an,t,v1,...,0p
is defined by
yj = ajt, T — aj, w; — 0, v = Uy, Z > 12

Remark 2.3.2. The ring Op is Gorenstein.

Remark 2.3.3. As 7 is an isomorphism in codimension 1, wp & mwp = m.0p.

We note that wp is Cohen-Macaulay.

Remark 2.3.4. As Ip is codimension 1 in Ox and Ox is a Gorenstein ring, we
have that wp = Extéx (Op,Ox) by the adjunction formula (see [38] Theorem 2.12
or [12] Theorem 3.3.7).

It is clear from Remark 2.3.3 and Lemma 2.3.1 that wp needs 2 generators

as an Op-module. However:

Lemma 2.3.2. The dualizing module wp needs two generators as an Ox-module,

eg and e1, which may be chosen so that
(60, 61)M =0

and eqgw; = eqw; =0 foralli=1,...,m.
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Lemma 2.3.2 follows from Section 2.1 of [31] and Section 9.5 of [39]:

Proof. Let I, be defined by the 2 x 2 minors of M and let
r b = Oamp/ (w1, ..., wy). It is clear that Op and O, /I}, are isomorphic as
O.ampb-modules and as Ox-modules. Consequently, wp and the dualizing module of
O! /I are isomorphic. By [31] and [39], the dualizing module of O/ _, /I}, has
exactly two generators as an Op-module and the generators, say e{, and e}, may be
chosen to ensure that (ef,e})M = 0. We may therefore choose generators ey and
e1 for wp such that (eg,e1)M = 0 by virtue of our isomorphism. Furthermore, e

and ej are generators of wp as an Ox-module since Op is a quotient ring of Ox.
All that remains to show is that eqw; = eqw; = 0 for all ¢ = 1,...,m.

However, this is clear from Remark 2.3.3 and Lemma 2.3.1. [

We are interested in wp since we wish to calculate the generators of IBl.
This can be done using the following short exact sequence and recalling that IBI is

isomorphic to Home, (Ip, Ox) (see Remark 2.2.3):
Lemma 2.3.3. There exists a short exact sequence

0 — Ox — Homp, (Ip,O0x) — wp — 0. (2.1)
Proof. This is standard. From the initial set up, we have the short exact sequence

0—Ip—>0x —>0p—0
and the long exact sequence
0 — Homop, (Op,wx) = Homp, (Ox,wx) — Homp, (Ip,wx)
— Exty, (Op,wx) = Exty, (Ox,wx) — -+

By Remark 2.3.4 we know that wp = Extp,(Op,Ox). As Ox is Gorenstein,
wx = Ox and we may replace all instances of wx with Ox in the long exact
sequence. As Ix C Ip is a strict inclusion, we have that Homep, (Op,Ox) = 0.
Since Ox is projective as a module over itself, Ext}QX(OX, Ox) = 0. Simplifying

the long exact sequence accordingly provides our desired result. O

Remark 2.3.5. The map Homp, (Ip,Ox) — wp in sequence (2.1) is known as the

Poincaré residue map and denoted by resp.
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Fix generators of wp, eg and e, as in Lemma 2.3.2 and let sg and s; be
any lifting under resp of eg and e; respectively. We may assume that sg and s; are

injective (see Lemma 1.1 of [34]). Then:

Proposition 2.3.1. The Ox-module Homp, (Ip,Ox), equivalently Igl, is

generated by 1, sg and sj.

Proof. Let x € Homp, (Ip,Ox). The Ox-module wp is generated by ep and e; and
therefore resp(z) = aeg + fe; for some a, f € Ox. Hence, resp(z — asg — Bs1) = 0.
By the exact sequence (2.1), we have that ker(resp) = Ox and = = asg + 51 +
with v € Ox. O

In particular:

Lemma 2.3.4. There exist ¢;,d; € Ox where [ =1,...,n + m such that
YjSi1 + Z2TjS0 — Cj = 0,

W;iS] — Cpys = 0

and

ij()—i-ijl—dj =0,
w;sy — dpyi =0
forl1<j<nand1<i<m.

Proof. The Ox-module wp is such that its module of linear relations is generated
by

Y1 eer Yo 2x1 ... 2xp 0 .0 0 wr ... wny
(60761) -
{1 ... Ty Y1 - Yp W1 ... Wy 0 .00

We have, for example, that
resp(y150 + x151) = y1eo + x1e1 =0

and y1s9 + z151 € ker(resp). Since ker(resp) = Ox by sequence (2.1), we have
Y150 + x151 = dy for some d; € Ox. The other relations are analogous. ]

Recall that X is normal and D is irreducible; hence, there exists a natural

valuation

valp : K(X)* — Z U {o0}
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(see [20], Chapter II, Section 6, Subsection Weil Divisors). The valuation is the
order of vanishing along D and we have valp(f) > —1 for f € IE)I.

Remark 2.3.6. As in Remark 2.4 of [31], any f € Ox[I;'] such that valp(f) >0

is in fact an element of Ox.

Remark 2.3.7. If f € K(X) is such that valp(f) = —1, then f € I for any
g € Ip we have valp(fg) > 0 and hence fg € Ox.

Let Ox [Ty, T1] be the polynomial ring over Ox with indeterminates T and
T. Define
¢ : OX[To,Tl] — O)([Igl]

as the natural Ox-algebra homomorphism extending ¢(7p) := so and ¢(T}) := s1.
Define
lj = ijl + Z.TjTO — Gy,

ln+i = wiTl — Cn+i,
Inpmy = yiTo + 211 — dj

and

lontmei == wily — dpi,
for 1 <j<mnand1l<i<m. It is useful to restate Lemma 2.3.4 as follows:

Lemma 2.3.5. The homomorphism ¢ is surjective and such that

<l1, Ce l2(n+m)> C ker(qb).

In addition to (l1,...,la(n+m)), the kernel of ¢ contains an equation of total

degree 2 in Ty and T7:

Lemma 2.3.6. There exists
q:= T12 - ,z:TO2 + aoTp + a1 Th + ag € ker(¢)

where ag, a1, a0 € Ox.

The general form of the quadratic and the proof of its existence follows as in

Lemma 2.5, [31]. Namely, we calculate that

Tilpimi1 — Tolh + diTy — 1Ty = o1 (TE — 2T3),
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and that

valp (z1(s? — zs2)) > min {valp(s1¢(ly1m41)), valp(sod(l1)), valp(disy — c150)}

> —1.

As valp(z1) = 0, we have that valp(s? — 2s3) > —1. Hence, by definition of I,,'
and valp, we have s% — zs% € Il;l and s% — zs% = —apSy — 181 — a2 for some
ag, a1, as € Ox.

In fact l1,...,ly(n4m) and g completely generate ker(¢). We have that:
Proposition 2.3.2. ker(¢) = (I1,. .., la(ntm); Q)

The proof follows that of Proposition 2.6, [31]. It is sufficient to consider
h € ker(¢) which are linear in 7} since ¢ allows us to eliminate all even powers of
T from any element of ker(¢). The result is then proven for h using induction on
k, the total degree of h with respect to Ty and T7.

Suppose h = aTy + BT + v for some «, 5,7 € Ox and h € ker(¢). The

module of linear relations for wp is generated by
yie1 + 2xie9 = Yieo + Ti€1 = Wjeg = wjiey = 0

fori=1,...,nand j =1,...,m. For simplicity of notation, we write these relations
as

yie1 + zx;eg = yieg + e =0

for i = 1,...,n 4+ m where we define y;;, := w; and z;4, := 0 for j = 1,...,m.
Since
aeg + e = resp(asg + Bs1 + ) =resp(op(h)) =0

is a linear relation in wp, we have that

n+m

aeo + Ber = Y mi(yier + zxieo) + Gi(Yieo + wie1)
i=1

for some 7;, (; € Ox. Consequently,

n—+m

(aso + Bs1) — Z ni(zizso + yis1) + Gi(yiso + wis1) € ker(resp) = Ox
i1

and
n+m

h — Z mli + giln—&-m—i-i € Ox N ker(qﬁ) = {0}
=1
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For k > 1, we may write
h=BTe ™ + BTy + L

for some [y, f1 € Ox and L € Ox[Tp,T1] of total degree at most k with respect to
Ty and T7. It must be the case that Sysg + 151 € Ox, otherwise

valp(¢(h)) = VE’LID(/BOSIS+1 + 5181515 +o(L))
= valD(,BOSISJrl + 518135)

<—-k—-1
and valp(¢(h)) = valp(0) = co. That is, Byso + 151 = v € Ox and
h = (BoTo + B1 Ty — 7)T§ +~T5 + L.

Clearly, BoTo + f1T1 — v € ker(¢) and hence vI¥ + L € ker(¢); therefore by our
induction assumption, 8Ty + 111 — v and YTF + L lie in (Iy, ..., la(ntmy> @)- Our
desired result follows immediately.

We can now prove the long awaited result of this section: by applying the

isomorphism theorem to ¢, we obtain

Ox [Ty, T]
<l17 ) l2(n+m)7 q>

Ox[Ip'] =

2.4 Gorenstein

In this section, we prove that the unprojection ring is Gorenstein. For ease of

notation, we define

Iy = <l1a SR l2(m+n)7 Q> - OX[TO’ Tl]

and write

OY = OX [T(), Tl]/fy

where l1, ..., ly(n4m) and g are defined as in Section 2.3.

We follow [31] (compare Lemmas 2.4.1, 2.4.2, 2.4.4 and 2.4.3 to Corollary
2.9, Proposition 2.10 and Theorem 2.15 of [31]). To show that Oy is Gorenstein,
we will instead show that Oy /(Tp) is Gorenstein. This is sufficient since a local ring
R is Gorenstein if and only if R/(z1,...,x,) is a Gorenstein ring for an R-regular

sequence (x1,...,T,) (see Proposition 3.1.19, [12]). Note that Tj is not a zero divisor
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since Ox[I5'] = Oy is an integral domain.

Remark 2.4.1. Recall that for a positively graded ring R := @, R; over Z, an
ideal m C R is maximal if and only if m = (p) @ R} @ Re @ ... for some prime
p € N. Throughout this section we work locally at a specific prime p but suppress

the localisation notation.

Let Iy :=im(sp) C Ox and define the ring Oy := Ox/Iy. By Proposition
2.8 of [31]:

Lemma 2.4.1. The codimension of Iy in Ox is 1.

Lemma 2.4.2. We have the following isomorphisms of O x-modules:
Oy /(To) = Homo, (Ip, Ox)/(s0) = Homo, (In, Ox)/(in) = wn (2:2)

where iy : Iy — Ox is the natural inclusion.

Proof. The result follows immediately from the proof of Proposition 2.10 of [31].
The first isomorphism of (2.2) follows by applying the fundamental theorem of
homomorphisms to the Ox-homomorphism ¢ : Homp, (Ip,Ox) — Oy/(Tb)
extending o(sg) := Ty = 0 and o(sy) := Ty. Since sg : Ip — Iy is itself an
isomorphism, the second isomorphism of (2.2) is constructed by defining the
induced morphism s : Home, (In,Ox) — Homp, (Ip,Ox) where si(in) = so.

The codimension of Iy and the exact sequence
0 — Ox - Homp, (IN,Ox) = wy =0

provide the final isomorphism of (2.2). O

To prove that Oy /(Tj) is Gorenstein, we work with wy and will show that
depth(wN) =0x —1and wy & EXt}QX ((,UN, OX)

Lemma 2.4.3. We have that depth(wy) = Ox — 1.
Proof. Let m be a maximal ideal of Ox and k := Ox /m the residue field. The long

exact sequence of
0— OX — HOHI(QX(ID,O)() —wp — 0

with respect to Homp, (k, —) is

-+ = Extl (k, Ox) = Extp, (k, Homo, (Ip, Ox)) = Extl, (k,wp) —

Extgy ! (k, Ox) — Ext(3! (k, Homo, (Ip, Ox)) — Extg ! (k,wp) = -+ .
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As Ox and wp are Cohen-Macaulay, Ext’bX(k:,(’)X) and Extzgx (k,wp) are 0 for
i=0,...,dim(Ox) —1and j =0,...,dim(Ox) — 2. Note that the depth of wp is
such that depth(wp) = dim(Ox) — 1 (see the start of Section 2.3 for the properties
of Ip). Hence, by our long exact sequence Extsz(k‘,HomoX (Ip,0x)) = 0 for
i=0,...,dim(Ox) — 2.

Define

hy : Ox — Homop, (Ip, Ox) where (ha(a))(b) = so(ab).

Note that ker(hs) = 0 by the injectivity of so and coker(he) = wy by Lemma 2.4.2.

The associated long exact sequence of

ho

~
]

0 Ox Homo, (Ip, Ox) WN

with respect to Homp, (k, —) is

-+ = Extg, (k, Homoy (Ip, Ox)) = Exty, (k,wy) = Ext ! (k, Ox) —

Extg):(k', HOHI@X (ID, Ox)) — Extzr;(k,wN) — Extgﬁ(k, O)() —> e

We know that Ext{ (k,Homo, (Ip,Ox)) = 0 for i = 0,...,dim(Ox) — 2 and
Extéx(k,ox) =0 for j = 0,...,dim(Ox) — 1. Hence, Extl('gx(k:,w]v) = 0 for
i=0,...,dim(Ox) — 2 and our desired result follows. O

That is, the ring wy is Cohen-Macaulay.
Lemma 2.4.4. We have that wy = Exto, (wn, Ox).

Proof. As Iy is codimension 1 in Ox and Ox is a Gorenstein ring, we have that
Wy = Ext%gx (On, Ox) by the adjunction formula (see [38] Theorem 2.12). To prove
our desired result, we will show that EX‘U}QX (On,Ox) = Ext}gx (wn, Ox).

Define the following injective maps
hi: Ip — Ox where hy(a) = so(a),

he : Ox — Homo (Ip,Ox) where (ha(a))(b) = so(ab),

and

hs : Op — wp where hs(a) = aresp(sg) € wp.

Applying the snake lemma to the complex
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hl ha h3

0 OX C HomOX(ID’OX)—reWwD

gives the exact sequence
ker(hy) — ker(hg) — ker(hs) — coker(hi) — coker(hg) — coker(hs).

As hy, hy and hg are injective, we have that ker(h;) = ker(ha) = ker(hs) = {0}.
Furthermore,
coker(hy) = Ox /Iy = On

by definition and coker(hy) = Homoe, (Ip,Ox)/(s0) = wn by Lemma 2.4.2.

Therefore, the exact sequence simplifies to
0— ON — WN — COkeI“(hg) — 0. (23)

The associated long exact sequence of (2.3) with respect to Homop, (—, Ox) is

R Extbx(coker(hg), Ox) — Ext%gx (wn, Ox)

- EXt%OX(ONv Ox) — EX‘E%X (coker(h3),Ox) — --- .

We claim that Extlox (coker(hs),Ox) = 0 for [ = 1,2 in which case we obtain the

exact sequence
0— EXt}QX (wn,Ox) — EXt%QX (On,0x) — 0

and the isomorphism Ext%gx (wn, Ox) = Ext%gx (On,Ox) = wy. To prove this

claim, we will show that
coker(hg) = Ox /(yj,zj,w; : 1 < j<nand 1 <i<m)

and hence Extlox (coker(hs),Ox) = 0 for all I < dim(Ox) — dim(coker(hs3)) where
2 < dim(Ox) — dim(coker(hs)) (see Corollary 3.5.11, [12]).
Let u = v + im(h3) € coker(hs) where v € wp. By Lemma 2.3.2, the

Ox-module wp is generated by eg and e; and v = vgeg + viey for some vg,v; € Ox.
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In particular, we have that u = vie; + im(hg) where
v1 € Ox — (zj,y5,w; : 1 < j<nand1<i<m).
This is because
yjeo + rjer = zxjeq + yje1 = wiel = wieg = 0

for 1 <i<mand 1 < j <n by our choice of generators and the fact that im(hs) =
Oxeo. It is clear that coker(hs) = Ox /(z;,yj,w; : 1 < j<nand1l<i<m). O

This proves that the unprojection ring is indeed Gorenstein.

2.5 Codimension

The proofs of Propositions 2.5.1 and 2.5.2 generalise that of Proposition 2.16, [31].
Proposition 2.5.1. As an Ouyp[Th, T1]-module, Oy is perfect.
Proposition 2.5.2. codimgp, 7, 7,)(Ix + Iy) = codime,, (Ix) +2=n+m+ 1.

A finite Z[x1, ..., zy]-module is Cohen-Macaulay if and only if it is perfect
(see comment after Proposition 16.19 of [13]). Therefore, the perfectness of Oy as
an Oamb [T, T1]-module is immediate from Oy being a finitely generated Cohen-
Macaulay O,mp-module .

To calculate the codimension of Ix + Iy, we show that for
J = (l1,- s lagmym), @) N Ox|[To]

dim(Ox[I51) = dim(Ox[Ty]/J) = dim(Ox),
in which case

codimo, . 1,77 (Ix + Iy') = dim (O [To, Th]) — dim(Ox [I,'])
= dim(oamb[To, Tl]) — dim((’)X)
= codimo, , (Ix) + 2.

As Ox[I;'] is a finitely generated (Ox[Tp]/J)-module and Ox[Tp]/J C Ox[I;"] is
an integral extension, dim(Ox[I5']) = dim(Ox[Tp]/J) is clear. The equality

dim(Ox) = dim(Ox [Ty] /)
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follows from Tp being a regular element and (Ox[To]/J)/(To) = Ox/In.

2.6 Remark on Gorensteinness

Recall that in Section 2.2 we defined Ip using the minors of

Y1 -« Yn 2T1 ... ZIp

r1 ... Tp U1 Yn
where the entries x; and y; are indeterminates. It is desirable to perform
unprojections in cases where the entries are polynomials (see Chapter 4 for many
such examples). In this scenario, the unprojection ring is more delicate and the

ring Ox|[I;,'] may not Gorenstein. We recall the following example from [31] (see
Remark 3.3, [31]):

Example 2.6.1. Define Oy, := Z[z,y, 2], Ip := (2,y) and Ix := (2?2 — y3). The
Ox-module IBl is generated by Ox and

The unprojection ring of (Ix, Ip, Oamp) is

Zz,y, 2, 5]

Ox[I;] =
xlin ] (sz — Y2, sy — w2, 8% — xy)

(compare with Example 1.3.2). The unprojection ring is the homogeneous

coordinate ring of the twisted cubic and the projection is geometrically a blow up

of its singular point; it is not Gorenstein.

In Example 2.6.1, the unprojection format used is not that of Section 2.2;
however, the moral of this example remains. To achieve a Gorenstein ring in such a
case, we can define the unprojection ring by tensoring over the standard unprojection
as in Section 3 of [31].

Remark 2.6.1. For the most part, that is for the specific cases we study in this
thesis, tensoring is not necessary and we simply replace indeterminates with
polynomials in the setup of Section 2.2. Nevertheless, we record this extra

definition for completeness.

“General Unprojection”. Fix m,n € Nt with n > 2. Let @amb be an

equidimensional Gorenstein ring. Let 1) p C @amb be a codimension n + m ideal
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generated by the 2 x 2 minors of

e /1?1 zj\n Ei’fl EAa?n
1T ... ITp Y1 Yn
together with @y = -« - = W, = 0 for §i, Zi, %, W € Oamp. Let Ix = (f1,.... [») C Ip
be a codimension n+m — 1 ideal with ﬁ, cees ﬁ« forming a regular sequence in @amb-
We write
n24+m
fi=Y" i
k=1

where wj, is a minimal basis of Ip and Vi € Ox. Let (Ip, Ix,Oump) be defined
as in Section 2.2 with p = r(n? + m). Let Oy be defined as in Section 2.4. The
unprojection ring of (TX, fD, @X) is the @X-algebra

Oy @ Ooup[To, Ti]

where the tensor product is over Oamp[To,T1]. Note that there is a ring
homomorphism ¢ : Oamp (Lo, 71] — 6amb [To, T1].

2.7 Relations to Other Unprojections

2.7.1 Type II Unprojections

At present, the main unprojections in the literature are type I, type II, type III and
type IV (see [34], [31], [30] and [40] respectively). We focus on type II unprojections.
The initial data for an unprojection consists of two ideals Ix C Ip in some

ring Oamp. The codimensions of Ix and Ip are such that
codimp, , (Ip) = codimp,_, (Ix)+ 1.

By fixing I'x such that Ox := O, /Ix is a normal Gorenstein integral domain, the
type I, II, III and IV conditions are conditions on Ip (see Section 9 of [39] for a nice

description of these conditions). The conditions for Ip to be type II are as follows:

Reid’s Type II Conditions. Let Ip C Ounp be a homogeneous prime ideal
such that codimp, , (Ip) = codimo, , (Ix)+ 1. Suppose Ix C Ip. Then, Ip is
type Il if Op is not normal but its normalisation O is Gorenstein and needs two

generators as an Op module.
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By Lemmas 2.3.1 and 2.3.2, it is clear that the unprojection format of Section
2.2 satisfies these conditions: it is therefore a type II unprojection.
2.7.2 Type 11, Unprojections

There are many different unprojection formats (Ix, Ip, Oamp) which fall under the
umbrella of type II. A hint on how to construct some of these unprojections is

provided in Section 9 of [39]:

“Slightly Non-normal Embeddings”. Type Il unprojections are a phenomena

encountered when Ip is defined as the image of some map
¢ : P(ag, a1, az) — P(kag, a1, a2,a3, ..., an)

where £k € N and k£ > 1.

Example 2.7.1. Define
¢ :P(1,3,5) = P(2,3,4,5,6,7)

da,b,c) = (x:=a%,y :=b,z:=0,u:=c,v:=ac,w := a’ + ab?).

We claim that the image of ¢ is defined by the ideal Ip generated by the 2 x 2

minors of
v w ru zt+ xy2
u +y? v w

together with z = 0. Let D C P(2,3,4,5,6,7) be defined by the equations of Ip.
By evaluating the generating polynomials of Ip on ¢(a,b,c), we see immediately
that im(¢) C D. To prove that D C im(¢), we note that any point

p:=(z,y,z,u,v,w) € D may be written as

B w? 0 wu  wwd + (@3 + 32\ w
p_ (x3+y2)27y7 Ju)x3+y2) ($3+y2)7 _¢ 2:%“

if 23 + 9% #£0,

2 6 2,6
v V(v + yTu v
p:< 2,%0,“7”, ( 7 )>:¢<7y7u>
u u u

if u £ 0 and
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if 23 4+y? =u=0.
Example 2.7.2. Define
¢:P(1,3,5) - P(2,3,4,5,6,7)

d(a,b,c) := (x :=a%,y :=b,z = ab,u = ¢,v := ac,w := a’ + ab?).

The image of ¢ is defined by the ideal Ip generated by the 2 x 2 minors of

zZ v w TY TU ot 4 a:y2
Yy u x3 + y2 z v w '
Remark 2.7.1. We briefly return to our ultimate goal of constructing Fano 3-folds.

The aim is that D defined by Ip will define an exceptional divisor of a blow-up in

Z
X Y
In Examples 2.7.1 and 2.7.2 we will have X C P(2,3,4,5,6,7) defined by a

codimension 2 ideal Ix C Ip and Y C IP(2,3,4,5,6,7, wt(Tp), wt(71)) a Fano 3-fold
defined by the ring

the general picture

Ox[I;'] = Ox[To, Th]/(ls, - - - , 16, q)-

We perform the P(1, 3, 5) weighted blow up of Y at a point and D will play the role
of the exceptional divisor lying in X. (See Section 3.3 for a more detailed discussion

of this diagram).

By viewing type 1T unprojections in terms of
¢ : Plag,a1,a2) — P(kag,ai,...,a,), we obtain a natural concept of type IIj
unprojections. Confusingly, the existing nomenclature dictates that ¢ defines a
type II;_; unprojection.

The ideal Ip defined in Example 2.7.1 is obviously a case of the unprojection
format of Section 2.2. By Lemma 2.3.1, the ideal Ip of Section 2.2 can always be
expressed as some map ¢ : P(ag, a1, az) — P(2a9, a1, a9,as, ..., a,). It is therefore a
type II; unprojection.

The ideal Ip generated in Example 2.7.2 is another case of type IIj
unprojections. The format of this ideal is generalised and expanded upon in [31] to

define many type Il unprojections:
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The 2 x (kn +n) Format Fix k,n,p € NT such that k,p > 1 and n > 2. Define
Oamb = Z[ai j, 2, vy

with 1 <i<k+1,1<j<nand1<I]<p. Let Ouyp be a positively graded ring.
Define Ip C O,mp, as the homogeneous ideal generated by the 2 x 2 minors of the
2 x (kn 4 n) matrix

( ai ... G2pn Aa31 ... Aa3n ... Q411 .-+ QAk4ln za1,1 Z2a1,n )

a1 ... QaQip a21 ... A2pn ... a1 e Qf.n ak+11 --- QAk41n

Let Ix C Ip be a homogeneous ideal of Oy, such that codimp, , (Ix) = nk —1
and Ox := Oumb/Ix is a normal Gorenstein integral domain. The unprojection of
(Ix,Ip, Oamb) is the Ox-subalgebra Ox[I5'] € K(X) with I,! and K(X) defined
as expected by Definition 2.2.1.

It is clear that such an unprojection is type Il according to Reid’s
properties and type II; according to the embedding definition. Information about

the unprojection ring using the 2 x (kn + n) format is discussed in [31]:
Theorem 2.7.1. There exists an isomorphism

Ox[To, T, . .., Tj]

71 Iav)
where [ is the ideal defined by
liji = aiv1,; 11+ aij T — ciji

and

lig == za1 511 + apq,;Ti41 — djy

for1<i<k,1<j<nand0<[<k-—1andsomec;;;d;; € Ox;
qi,; = 1T;T; — ToT;4; + linear terms in Tp, ..., Ty
for i + 57 < k; and
rij =TT — ()" 2Ty g1 + linear terms in Tp, ..., Tk

for ¢ +j > k 4+ 1. Moreover, Ox [IBl] is a Gorenstein ring and codimension nk + k

as an Oamp[To, - - -, Tk]-module.
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The key point is that type II; unprojections introduce k + 1 indeterminates

and define an ideal of codimension codim(/x) + k + 1.

2.7.3 Breaking the Type II; Definition

The unprojection format of Section 2.2 can be viewed as a close relative of the type
2% (kn+n) unprojection format when k = 1, although distinct from it. Both produce
Gorenstein rings of codimension n+ 1 from Gorestein rings of codimension n — 1, use
matrices of a similar shape, and have presentations described by n equations of total
degree 1 and a single equation of total degree 2 with respect to 2 new unprojection
indeterminates (compare Sections 2.2 — 2.6 with [31]).

Moreover, the formats are also related isomorphically. Let (Ix, Ip, Oamp) be
defined in the format of Section 2.2 and let I}, C Ip be the ideal defined by only

minors. Then,

Oamb

Op:=0 Ip =
b amb/ I I+ (w11 <i<m)

where Iy C Ogmp/(w; : 1 < i <m) isin 2 x (kn + n) format.

In the literature, type II; unprojections are “officially” defined as
unprojections using the 2 x (kn + n) format (see [31] and [33]). We believe that
this definition should be extended and therefore expand the definition of type Iy
unprojections to include the unprojection format of Section 2.2.

Fix n,m,p € Nsuchthat n > 2, m>0and p> 1. If m > 1, let

Oamb = Z{xj,y;, w;, 2, V1]

be a positively graded ring such that 1 < j <n,1 <i<mand 1 <[ <p. lf m=0,
let
Oamb = Z[$j, Y5, 2, Ul]

be a positively graded ring such that 1 < j <n and 1 <[ < p. In both cases, we

suppose that the weight of z is even and

wilyy) = wila) + 5 wi(2)

for 1 < j < n. Asbefore, we additionally define indeterminates v; for extra flexibility.

Define the 2 x 2n matrix,
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If m =0, let Ip C Oamp be the ideal generated by the 2 x 2 minors of M. Otherwise,
let Ip be defined by the 2 x 2 minors of M together with the linear equations
wy; =+ =wy, =0. Let Ix C Ip be a homogeneous prime ideal of O, such that
Ox := Oamp/Ix is a normal Gorenstein integral domain and Ix is codimension
n+m — 1. Then:

Definition 2.7.1. The type II,™™ unprojection ring of (Ix,Ip,Oamp) is the
Ox-subalgebra
Ox[Ip'] € K(X)

where 1" € K(X) is the Ox-module I, := {f € K(X) : fIp C Ox}. When the
values of n and m are clear from context, we may refer to the unprojection ring as

a type II; unprojection ring.

Remark 2.7.2. Note that we have naturally extended the unprojection format of

Section 2.2 to include m = 0.

Remark 2.7.3. To reiterate: we think of type II; unprojections as in Section 2.7.2
and note that Definition 2.7.1 is unlikely to cover all type II; unprojections. We

leave room for future extensions if and when new formats are discovered.
A corollary of Theorem 2.2.1 and Proposition 2.16 of [31] is then:

Corollary 2.7.1. Let (Ix,Ip,Oamp) be in type 11, ™™ unprojection format. If

m # 0 define yj+n := w; and x4y := 0 for 1 < 4 < m. Then, there exists an
isomorphism
Ox|Ty, T
<l17 s 7l2(n+m)7 q)
where
lj = ij1 + Zl‘jTQ —Cj
and

Inymy = yiTo + z;T1 — dj

forj=1,...,n+m, and
q:= T12—ZT02+C¥0T0+O¢1T1 + Qo

for some cj,d;, ap, o1, 9 € Ox. Furthermore, Ox [IBI} is a Gorenstein ring, perfect

as an Oump |70, T1]-module and such that

COdimOamb[TO,Tﬂ(IX + (1, .. 7l2(n+m)7 q)=n+m+1.
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Chapter 3
Type 1I; Unprojection

3.1 Explicit Equations

Thus far we have described the general shape of the equations which define the type
I1,™™) unprojection ring. Recall that in Theorem 2.2.1 and Corollary 2.7.1 the

type I, ™™ unprojection ring of (Ix,Ip,Oamp) is described by equations such as
Iy =T + 22T —

and
q:= T12 — ZT02 + agTy + a1Th + ao

where ¢, ag, a1, g are some unknowns in Ox := Oamp/Lx. To define the equations
of the unprojection ring completely, the unknowns must be known explicitly.

In the literature, only the explicit equations for the type 11,29 and type
11,39 unprojection ring are known (see Section 7.4, [15]; and Sections 3 and 4 of
[33])-

In Section 3.1.2, we will define the explicit equations for the type 11,21
unprojection ring. This is done in the spirit of [26] and [39]. To calculate the linear
equations of the unprojection ring, we construct a complex resolving
Ox = Oamp/Ix and Op = Z[w1,...,Tn,t,v1,...,vp]. Recall that that D is the

normalisation of D (see Lemma 2.3.1).

Remark 3.1.1. Note that this method does not calculate the quadratic equation,
q, of the unprojection ring. A combination of luck and observation are required to
find it (see Section 7.4, [15]; Section 4, [33]; and Theorem 3.1.1).

Remark 3.1.2. The method we use to define the linear equations of the

n,m)

unprojection ring can be expanded to type 11, ¢ unprojection rings. However, if
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Ix were not a complete intersection, constructing the desired complex would be

challenging.

Remark 3.1.3. An alternative method of obtaining the equations of the
unprojection ring is to calculate the generators of Homp, (Ip, Ox). Complexes are
once again used and the equations of the unprojection can be calculated thanks to

their known general form (see Appendix B.1).

3.1.1 Type II§2’O) Unprojections

As a warm up, we discuss the type 11,20 unprojection ring. The results in this
section can be found in Section 4.4 of [33], Example 9.8 of [39] and 4.10 — 4.12 and
7.3 of [15].
Let
Oamb = Z[x1,T2,Y1,Y2, 2, A12, B11, B12, Ba2]

be a positively graded ring such that the weight of z is even and
wt(y;) = wt(z;) + 1 wt(2) for j = 1,2.
Let Ip C Oump be the ideal generated by the 2 x 2 minors of

M= Y1 Y2 2T1 212 ‘
L1 T2 Y1 Y2
Let Ix C Ip be the homogeneous prime ideal of O,y defined by

f = Ava(zayr — 1y2) + Bii(yi — z21) + 2B1a(y1y2 — 22132) + Boo(y3 — 273).
We assume that Ox := Oump/Ix is a normal and Gorenstein integral domain.

Theorem 3.1.1. The unprojection ring of (Ix,Ip, Oump) is

Ox [Ty, T1]
<l17 l27 l37 l47 Q>

where
L =T + 22Ty — yo2Boo + x1 412,

lo :==yoT1 + zxoTo + y1 B11 + 2y2 B1a + x2A12,
l3 = leO + xlTI + 2.’1}1312 + J;QBQQ?

ly :=yoTh + 2211 — 1B
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and
q:=TE — 2T3 — A1oTy + 2B12T1 + By Boo.

Remark 3.1.4. Note that the type 11, (29) unprojection rings provided in the
literature differ slightly from the one given in Theorem 3.1.1. Nevertheless, they

are equal up to a change of coordinates.

We first construct the Koszul complex of Ox and the resolution of Op. These

complexes combine to form the complex

0 Ox Oamb ﬁ Oamp «— 0
j }w j
where
Y2 ZT2
N o= —Yy —zn
€2 Y2
—I1 Y
and

—y1B11 — 2y2 Bz — w2412
—y2 B2 + 21412
x1Bn
2x1 B2 + w2 B2
The linear equations of the unprojection come from joining up the ends of

the complexes:
(lg, 11, la, —l3)" = N(T1, Tp)" —a =0.

That is, l1,...,l4 are 4 of the maximal Pfaffians of the 5 x 5 antisymmetric matrix
0 =z 1 Y Y1
0 To Bun —T1—2Bs2
0 Ty B
—Sym 0 2Ty + Ai2
0

The final Pfaffian,
TE — 21§ — A12Ty + 2B12T1 + B11Baa,
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is our quadratic.

Remark 3.1.5. We can verify that the fifth Pfaffian is the quadratic equation of

the unprojection by replicating Lemma 3.1.1.

Remark 3.1.6. The polynomial f is often dropped when defining the unprojection
ring since f € (I1,...,1s).

Remark 3.1.7. By viewing [; as equations linear in Ty and 77, we can solve the
linear system of equations to find sg, s1 € Home, (Ip, Ox). For example,

Lixy — Iy = n1 — (yi — z01) Ty

and
zryly — liyr = Ny — (yi — 22T

where nq, N1 € Ox. The rational functions

ni Nl
50:= 55— and 81 1= 5———
b —=n Yy — &xy

can be shown to lie in IBI and together with Ox generate IBI. Every pair of linear
equations gives a different definition for the rational functions sg and s1; however,

each definition is equal in the fraction field of Ox.

3.1.2 Type II§2’1) Unprojections

We now calculate the explicit equations of the type IT;*!) unprojection ring.
Let

Oamb = Z[x1, T2, Y1, Y2, W, 2, A12, B11, B12, Baz, C, A12, B11, B12, Bag, C|

be a positively graded ring with the weight of z even and wt(y;) = wt(z;) + 5 wt(z)
for j = 1,2. Let Ip C Oamp be the homogeneous prime ideal defined by the 2 x 2

Zx1 2T
Moo= yr Y2 1 2
1 T2 Y Y2

together with the linear equation w = 0. Let Iy := (f,f) be a homogeneous

minors of

codimension 2 ideal in O,y defined by

f = Ap(yxs — z1y0) + Bi1(y? — 223) + 2B1a(y1y2 — 22122) + Boo(ys — z23) + Cw
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and

f=An(yixa — x192) —|—§11(y% — zx%) +2B12(y1y2 — 27122) +§22(y§ - zx%) + Cuw.

We assume that Ox := Oamp/Ix is a normal Gorenstein integral domain.
By Theorem 2.2.1 and Corollary 2.7.1, we know that there exists an

isomorphism
Ox|[To, T1]

OxIp'] = Iy

where Iy is an ideal of Ox [Ty, T1] defined by
l1 = y1T1 + Z$1T0 — Cq, lg = szl + Z:IZQTO — C9g, l3 = le — C3,

ly =y To+ a1y —di, s :=y2To+ 22T —dz, s :=wlp—d3

and
q = T12 — zT02 + agTy + o1y + as

for some ¢y, o, c3,d1,do, d3, ag, a1, a9 € Ox. In particular:

Theorem 3.1.2. Define v;; as the ¢j-th minor of

v C Az Bii 2B12 By
C Ay Bi 2B13 By

for 1 <4< j <5. Then,
Iy == 1T + zx1To + x1v12 — Y1V14 — Y2U1s5,

ly := yoT1 + zwo Ty + 22012 + Y113,
I3 := w1 + yfv34 + 23631145 + 2x122U35 + T2Y2V25 + T2Y1V24 + T1Y1V23 + Y2Y1V35,
ly .= y1To + 1T + x2v15,
l5 == yoTo + 2211 — T1V13 — T2V14,
lo := wTp) — T3v95 — T1ToV24 — TaYoUas — TaY1V35 — TiV23 — T1YaV35 — T1Y1V34

and

2 2
q =17 — 21y — Toviz — Thv14 + v15V13.

To calculate the linear equations of the unprojection we construct the Koszul

complex of Ox and the minimal resolution of O5. We join the complexes to obtain
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(1,007 B o
O 05 QOamb T GOamb <T 60amb <T 20amb — O
where
Mo oo oy2 w o zry zry 0
1 —my 0 —y1 —yp —w )’
Y2 ZT2 w 0 0 0
-y —2T1 0 0 w 0
A= 0 0 —Yir —2T1 —Y2 —2T2
' z29  ya 0 w 0 0 ’
-1 -y 0 0 0 w
0 0 —r1 —Y1 —x2 —Y2
0 —w
—w 0
N o= E2) Y2 :
Y2 T2
—zZIT1 —Y1
-y —T1

x9A12 + y1B11

ToA12 + y1§11

—z1A12 + 2y1 B1a + y2Bos  —x1A12 + 2y1 B12 + Y2 Bao
C C
—x1B11 — 229B12 —11B11 — 229B13
—x9B99 —x9B2

0 0

and
o= (ai,...,0)7

with

a1 = Y1 (Y1034 + T1v23 + Y2035 + Tav21) + T2(2T2045 + 2T1035 + Y2v25),

gy = —x2(22v25 + T1V24 + Y2va5 + Y1035) — 21 (2123 + Y2U35 + Y1U34),

Q3 = —T2V12 — Y1013,
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Q4 = T1V13 + T2V14,
Qa5 = T1V12 — Y1V14 — Y215,

and

Qg = X92U15.

The equations Iy, ...,lg come from joining up the ends of the complexes, i.e.

they are obtained by
(=13, —lo, l2, l5, =1, —la)" = N(Tp, T1)" —a = 0.

With the linear equations of the unprojection defined as above, we may define

the quadratic equation of the unprojection ring.

Lemma 3.1.1. Define
q’ = T12 — zT02 — Tovia — Thvi4 + vi5v13.

Then, ¢’ € Iy and Iy = (l,...,1s,¢).

Proof. We follow Lemma 4.2 of [33], but identify a different candidate for ¢q. By

Theorem 2.2.1 and Corollary 2.7.1, we know that there exists an equation
q:= Tl2 — zTO2 + ooy + o111 + ag € Iy
where ag, a1, a0 € Ox. Define
¢ =T7 — 21§ — Tovrz — Thv1a + visv1s.
Then,
q'(z1 + 22) = To(ly — l2) + Tu(ls — lg) + la(v1g — v13) — visls € Iy

By the primality of Iy and the fact that (z1 4+ x2) ¢ Iy, we must have ¢’ € Iy. The
term g — ¢’ has total degree at most 1 in Ty and T4, that is ¢ — ¢’ € (f, f, 11, ..., ls).
Therefore, Iy = (ly,...,ls,q). O

3.1.3 Remark on Type IIgQ’l) and Type I Correspondence

Although for now we remain largely disinterested in type I unprojections, the explicit
equations of Section 3.1.2 reveal that there exists a correspondence between type

111(2’1) unprojections and type I unprojections.
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Despite already meeting type I unprojections (see Examples 1.3.1 and 1.3.2),
we have yet to define them. A definition of type I unprojections can be achieved by

modifying the type II; unprojection setup:

Definition 3.1.1. (See Section 1, [34]; Section 5, [32]; Lemma 2.1.1 and Definition
2.1.3 [29]) Let Ix C Ip be ideals in some positively graded ring Oy, such that
Ox = Oam/Ix and Op := Ouw/Ip are Gorenstein rings with
codimp, , (Ip) = codimp,_, (Ix)+ 1. The Ox-module Homoe, (Ip,Ox) Iis
generated by two elements, ¢ and s where ¢ is a basis of Ox and
s € Homp, (Ip,Ox) is injective. The type I unprojection ring of (Ix,Ip,Oamb) is

the ring
Ox|[S]

(Sf—g:felp)

where S is some indeterminate and s(f) = g.

Ox[Ip'] = Ox[s] =

We are interested in type I unprojection rings which use the generic Tom
ideal. We recall the following definition from [10] and [29]:

Definition 3.1.2. (Definition 2.2, [10]; Section 3.1.1, [29]) Let R := Z[xy, 2, bf;,]
with 2 < i < j <5and k =1,2,3,4. The generic Tom ideal is generated by the

maximal Pfaffians of the 5 x 5 antisymmetric matrix

0 T To T3 X4
0 baz  bog  bos
0 b3s bss
—Sym 0  bgs
0

with bij = Zk:l bszk

The generic Tom ideal I is a prime ideal of codimension 3, contained in
(z1,...,24) and such that the ring R/I is Gorenstein (see Theorem 3.1.1, [29]).
Similarly, the ideal (z1,...,z;) is a prime ideal of codimension 4 and such that
R/(z1,...,2) is Gorenstein. We are in the perfect situation to apply type I
unprojections.

The explicit equations of type I unprojections using the generic Tom ideal are
known (see Section 3.3 of [29]). With these equations, it is straightforward to realise

(2,1)

the explicit equations of the type II; unprojection as a type I unprojection. We

state this more concretely:
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Proposition 3.1.1. Let
Oamb = Z[z1, 2, Y1, Y2, 2, A12, B11, B12, Baa, C, A12, B11, B12, Baa, C]

be a positively graded ring with the weight of z even and wt(y;) = wt(z;) + 5 wt(z)
for j = 1,2. We define pairs of ideals Iy C Ip and Iz C I as follows:

e Let w be an indeterminate with positive weight. Let Ip C Oump[w] be the

homogeneous ideal generated by the 2 x 2 minors of

Moo= [ VP Y2 ETL E2
Ty T2 Y1 Y2
together with the linear equation w = 0. Let Iy = (f, f) C Oamp|w] be a

codimension 2 homogeneous prime ideal defined by the polynomials
f = A (w2 —21y2) + B11 (v — 227) +2B12(y1y2 — 22122) + Baa (y5 — 223 )+ Cw

and

f= Z12(y1562—561y2)+§11(y%—2?$%)+2§12(1/13/2—2961562)+§22(y§—Z=’JE2)+Cw.

e Let Ty and 77 be indeterminates of positive weight and define
Ig = (C,C, Ty, T1) C Oamp[To, T1]. We define the homogeneous prime ideal
I7 C Oamb[To, T1] by the 4 x 4 Pfaffians of the antisymmetric 5 x 5 matrix

0 = (1 Y2
0 Ty ByC —CBgy —T) —2B12C + 2CBq»
0 Ty B11C — B11C
—Sym 0 21y — Algé -+ Czlg
0

We assume that Oamb[T0,71]/1z and Oump|w]/Iy are normal Gorenstein integral
domains. Then, the type II; (3" unprojection of (Iy, Ip, Ogmp[w]) is equal to the
type I unprojection of (Iz, Ig, Oamb[To, T1])-

The ideal Iy in the statement of Proposition 3.1.1 is defined as
I; = (q,l1,l2,14,l5) where the type I1;®Y unprojection of (Iy,Ip, Ogmp[w]) is
defined by (f, f,l1,...,1g,q) C Oamp[w, Ty, T1] as in Section 3.1.2.

With some relabelling, we can see that the ideal Iz in the statement of
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Proposition 3.1.1 is a case of the generic Tom format where Iy C (Ty,T1,C,C).
Using the results of Section 3.3 [29] and setting w as the type I unprojection
indeterminate, we verify that the type I unprojection of (Iz,Ig, Oamp|To,T1]) is

21 unprojection of (Iy, Ip, Oamb[w)).

equal to the type II;

For complete correctness, we should check that I, is codimension 3 and
Oz := Oamp[To,T1]/Iz is a Gorenstein ring. If I; were a codimension 3 ideal in
Oamb[T0, Th], the ring Oy is a Gorenstein ring since it is defined by the 2n x 2n
Pfaffians of an antisymmetric (2n+ 1) x (2n+ 1) matrix, (see Buchsbaum-Eisenbud
[14]). It is, therefore, sufficient to show that Iz is codimension 3. The desired result

follows immediately by Corollary 3.2.6 of [29].

Remark 3.1.8. Proposition 3.1.1 is a comment on the “general case” and cannot be
applied immediately to every explicit example. Consider the case where C' is not an
indeterminate but a polynomial containing w. The ideal Iz lies in Oump[T0, 17, w]
not Oump|7o,7T1] and hence w cannot be the type I unprojection indeterminate.

Nevertheless Proposition 3.1.1 has many applications (see Section 5.1.2).

3.2 Free Resolutions

As an alternative method to proving that the type HgQ’l) unprojection ring is

Gorenstein, we could construct a free resolution.

Define (Ix,Ip,Oamb) as in Section 3.1.2. Let R := Oamp[To, T1] and define
Iy as the ideal defining the type II; unprojection ring in R.  That is,
Iy :=Ix + (l1,...,ls,q) where ly,...,ls,q are defined in Section 3.1.2. The
resolution of Iy is

0 R R® «—— R «—— R* «— R 0

Q

with
Q= (l27 7l1’ 7l57 l47 q, l67 7f7 7?7 *ZB)

and
UT = (l3 + Bl?? - §12f7 ?7 _f7 l67 —q, _l47 l57 lla _ZQ)

The matrices 8 and v are very large and we present them as the block matrices

53:(51‘B2‘ﬁ3‘54‘55‘56> and 73=<71‘72‘73)

where
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4%

Ba :

) Ty
(1 0
Y2 ZlQC — Alga + ZT()
pi = 0 Y1
0 0
0 0
0 0
0 0
T

Bi1x1 + Biawo
—Bi2y1 — Booya + A1221
By + Aisxo

6 C§12 — Blgé — T1

0

—CBi1 + B C
—2120 + Alga — ZT()

0
Y2

o O O O

—Bi11 — Ba2xa

—CBi1 + B11C

0
T,

T2

o O O O

Y1

Bz

—Bosxo
—T,

—CEQQ + 8226
CBis — B12C — Ty

T

o O o ©

—B12B12x1 — By Biowo

—Baoys + A1a11

0
C
0
To
0

Biiy1 + Biaya + A2

Y2
—I1z
—X9Z

0
0

-C
C
0




1937

Bs

Ba:

0
Bi12B1171 + BoaB11wa — B11Basxo
—Bi12B22ys + A12Bisx1 + A19Basxs — A1aBasxs
B11Biay1 — BoaBi1y2 + B1aBiayz + B11Basys — A1oBrizy + A2 Biix1 + A12B1222

0
B, C+ Ty
0
B12Ty
To
—Biayr — Bagyo + Arp1 —Biays — Baoya + Ar2xy w
—w By + Aaxa Biiyr + Araxs
0 —BQQLL‘QZ _§22x2z
0 Biix1z + Bioxoz Bii1212 + Biaxaz
= 0 0 0
—x12 0 0
—Bioyr — Baoyo + Araaq =T 0
Biay1 + Baayz — A1211 0 =T
Y1 C 6




4l

Bs

Be :

o O O O

0
—XoZ
Buiyr + Araas
—Bi1y1 — Az
Y2

—B11B12712 + BaaB1122z — B12B12w22 — B11Bagxaz + A12B1iy1 + A12Biays + A12 41270

0 Bi13B12y1 + BaaBiays — A19B1ax1 — A12B12w1 — A1 Bosms
0 0
w 0
0 w
0 0
Y2 !
By1z1 + Biaas Basxs
—B1171 — B1awo — B2
—T2 T

—B12B11y1 — BaaB11ya + B11Bagys + A12B1171 — A12B1ax2
Bi2B2sx2z — A12Booys + A12A1221

—w
Aq2,C — 2Ty
—CB11B2s + B2y B11C + A12Ty + B12Ty
B11CByy — B11BoyC
—B1,C - T




i

M=

—2
Z1

Y2
-C

|
S

S O O O o o o o

B11CBay + B},C — B11 By C + BioTh
—B1171
—Biaw1 — Baawa
Bi1y1 + Biayz + A1222
B12C + Ty
Basys — A1271
0
B12Th

CB11By; — B32B11C + B12B12,C
*Enl“l
—Bia11 — Basaa
Bi1y1 + Biayz + Araas
B1,C
Emyz — Ay
—~CBio+ B12C+ Ty

Bi2To

A15C — A15C + 2T,
—Y2
Y
—Taz

—w

o O O O o o o o
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2 =

and

—B11B12712 + BaaBi122z — B12B12w2z — Bi1Bagxaz — A12Bioys
0
w
0
—Enl‘lz - §12$22’ - ZleQ
0

Bllxlz

Bi12B11y1 — B11B12y1 + BaaB11y2 — B11Basys + A1aBiiw1 — Ao B1121 + A12B1az2 — A12B127o

Toz
—CBi1 + BiiC
Bi1y1 + Biays + Aoz
—Biiy1 — A2z
—~CBia+ B12C+ Ty
A15C — A15C + 2T,
0
Y2

Bi2Baoxaz — A1aBiay;
w
0
0
§22$22’ - Zm?ﬂ
0
—Bior12z — Bogxaz
—A19Booxy + A12B2oo
1%
T
—Baoyo + Arpz1
Biayi + Baoys — A1z
CBys — B2sC
0
“AyyC + AyyC — 2Ty
Y




Ly

V3=

Bi12B11y1 + BaaB11y2 — B11Bagys + A12Brix1 — A12B1i1y
0
0
0
E112/1
w
—Bi1y1 — Biay2 — A2
BayBi1xa — Bi1Baows
Y2
0
—§11$1
Bz + Biaxa
~T
7T1
CB11 — BiiC

T2

Bi12B12y1 + BaaBiays + A12Biaw1 — A19Biaxy + A12Bosws — A19Bagts

0
0
—w
§12y1 + §22y2
0
—Basys + A1211
BayBioxy — BigBaowo
—Y
To
—§12$1 - §22$2
Basxo
0
~CBas + By C
CBis — B12C - T

—x1




Remark 3.2.1. A free resolution is easy to construct using computer algebra

software (we used Macaulay2 [19]).

To show that R is Gorenstein, we essentially need to check that R is Cohen-
Macaulay and that the last entry of the resolution of R, equivalently the resolution
of Iy, is rank 1 (see [41]). In Section 2.4 we proved that R is Cohen-Macaulay and
hence R is also Gorenstein using our free resolution.

The resolution of R that we have computed is in fact the minimal free
resolution. The ring R is known to be a codimension 4 Gorenstein ring and it must

therefore have a minimal free resolution of the form
0+ R+ R « R« RF'' « R0
(see [41]). The minimal number of generators for Iy is 9; hence

0+ R+ R« ...

is minimal and our full free resolution is minimal also.
To compute the graded free resolution, we “twist” R so that homogeneous
elements of degree ¢ are mapped to homogeneous elements of degree i. For simplicity,

we write

n, deg(f)=m, wt(z)= 2a,
Wt(yl) = ba Wt(yZ) =G Wt(w) = da
wt(Tp) =7 and wt(T1) =r+a

for some n,m,a,b,c,d,r € N and write

R(1)
(R(2)> & R(1) ® R(2).

Then, the graded free resolution is
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67

0+ R <+

—r—a—c)
—r—a—"b)
R(—r —c¢)
R(—r —10)
R(—2r —2a)
R(—r —d)
R(—n)
R(—m)
R(—r —a—d)

R(-r—a—c—d+mn)

R(—2r —2a —c)
R(—2r —2a —c¢)
R(—2r—a—c)
R(=2r—a—c)
R(—-2r—a—c)
R(-r—a—c—b)
R(—r—a—0b—c¢)
R(—2r —a—d)
R(—r—a—d—0)
R(—r—a—2d+n)
R(—r —a—2d—n)
R(—r—a—d—c¢)
R(—r—d—c)
R(—r —d—b)
R(—2r —2a —d)

R(—2r—2a—c+n—d)
R(=3r —2a —¢)
R(—2r —2a —c—b)
R(—2r — 2a — 2¢)
R(—r—a—c—2d+n)
R(—2r —2a—d—c)
R(—2r —2a—d—b)
R(-2r—a—d—c)
R(—2r —2a—d—b)

— R(-3r—2a—c—b—d) <+ 0.



3.3 Projective Geometry

Definition 3.3.1. Let C[zg,...,xx] be a positively graded polynomial ring with
a; = wt(z;) for all i = 0,...,k. A subscheme X C P(ao,-..,ak) a0, . a) 19
projectively Gorenstein if the homogeneous coordinate ring of X, C[xo, ..., zx|/Ix,

is itself Gorenstein.

From now on, O,y will be a polynomial ring over C. Suppose that
(Ix,Ip,Oamp) is defined in the usual type 11, () unprojection format. Then, the

(n,m)

type 11y unprojection ring of (Ix, Ip, Oamb) is a Gorenstein ring (see Theorem
2.2.1 and Corollary 2.7.1) of codimension n + m + 1, (see Section 2.5). It is clear

that we may define unprojections in the context of projective schemes:

Definition 3.3.2. Suppose that X := Proj(Oumn/Ix), D := Proj(V(Ip)) C X
and wP := Proj(Oamp) are such that (Ix,Ip,Oump) is in the usual type 11, (mm)
unprojection format. Then, the type 11, () unprojection of (X, D,wP), or
DcCX CuwP,is

Y := Proj(R) C Proj(Oams|T0, T1])

where R = Ox|[Tp,T1]/I is the type 11, ™™ unprojection ring of (Ix,Ip,Oamp)
as defined in Definitions 2.2.1 and 2.7.1. When the ambient space or unprojection

format is clear from context, we call Y the unprojection of (X, D).

Example 3.3.1. Let D C X CP(1,3,4,5,6) (54 . u,0) be such that D is defined by
the 2 X 2 minors of

v v yz 2%+ a2t

Yy z+ zt wu v
and X is defined by

fo= @+ zu)(u(z +2%) —oy) + (2% + yu) (w? - 2%

+ 22" (uwv — 2y(z + 21)) + v(v?

— 2(z + zh)?).

Then, the  type II;  unprojection of (X,D) is the variety
Y C P(1,3,4,5,5,6,7)(2y,2u,T0,0,1;) defined by the maximal Pfaffians of the 5 x 5

antisymmetric matrix
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0 z+2* y v U
0 To 224+yu =Ty — 227

0 T )
—Sym 0 2Ty + % + zu
0

Remark 3.3.1. The explicit equations of the unprojection provided earlier in

Chapter 3 hold even though we are working over C.

Remark 3.3.2. In the cases we encounter, the unprojection coordinates have

positive degree and the unprojection ring is positively graded.

Proposition 3.3.1. Define X := Proj(Oump/Ix), D = Proj(V(Ip)) C X and
wP := Proj(Oamp) where (Ix,Ip,Oamp) is in the usual type 11, () unprojection
format. Then the type II; ™™ unprojection of (X, D, wP) is birational to X.

Proof. Suppose that X C P(ao,...ak)(z, ) Let Y be the type 11, (m)
unprojection of (X, D,wP) and suppose without loss of generality that

Y C P(ao, .oy ak, bo, bl)(mo,...,zk,To,Tl)' Define

VX Y

(xo,y ..., L) = (azo,...,xk7

with d; varying over a minimal basis for Ip and sg,s; € Homo, (Ip,Ox) defined
as in Section 2.3. Then, 1 is a birational map with inverse defined by the natural

projection map, (zo, ..., xk, To,71) — (zo, ..., k). O

(n,m)

The map 9 is known as the unprojection map of X to Y. For type II;
unprojections where n +m < 3, we can explicitly factorise the unprojection map as

two blow-ups

where o is the blow-up along F := {s1(d1) = so(d1) = d1 = 0} C X and 7 is the
blow down of ¢~1(D). In particular, the fibers ¢~!(p) is a unique point whenever
p ¢ {so(d;) = 0} and rational curves whenever p € {s¢(d;) = 0}. We will prove this
in the case of type 1152’0) unprojections. The type ng’l) and II§3’O) unprojections

behave similarly.
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Remark 3.3.3. We do not comment on type II; ™™ unprojections with n+m > 3

since we do not know the explicit equations of the unprojection.

Remark 3.3.4. This factorisation is often used when X is a Fano 3-fold or a

Calabi-Yau 3-fold. It will be very important for us in Sections 4.3.1 and 4.3.2.

3.3.1 Type II§2’O) Unprojections

Let D C wP} be defined by the 2 x 2 minors of

<m7yiz’uﬂv>
u v z z
M= P1 D2
b1 p2 u v

where p1,ps € Clz,y, 2] — {0} and define

di = ups —vp1, do:=u®— zp%, ds3 == wv — zp1ps and dy :=v? — zp%
to form a basis of Ip. We will assume that D is codimension 2 in wP?.
Let X C wP?* be a hypersurface containing D and Y C wP¢ the

<$7yvzau7U7T07T1>
type II; unprojection of (X, D) (see Section 3.1.1). By Proposition 3.3.1, we know

that there exists a rational map

VX Y

s0(dk) Sl(dk)>

1Y, z,u,v) = | z,y, 2, u,v,
T () 2i(e

where sg,s1 € Home,(Ip,Ox) and {1,sp,s1} is the set of generators for
Homop, (Ip,Ox) as an Ox-module (see Section 2.3 for the definitions of sg and
s1). In particular, for X defined by

f = Aiadi + Bi1da + 2B12d3 + Baady
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where Aj9, B11, B12, Bag € Clz,y, 2, u, v] we have that

so(dr)  —piBi1 — 2p1p2Bia — p3Ba

dk dl
—2p1uBia — pauBoy — p1vBag + pi Ara

da
_ p1p2Aie + pruBi1 — pavBao
ds
_ p1oBi1 + pauBiy + 2pavBis + p3Arg
dy

and

s1(dg) _ 2p1vBi2 + pavBas + prubi

dy dy
_ vuBg — prudis + 2p3zBi2 + pap12Bas
do
_ —p32B11 — p1vAis + v? By
ds
_ —wvBi — 20%B1a — pavAi2 — p1p2zBi
dy '

Remark 3.3.5. Recall Remark 3.1.7: these fractions could be obtained by viewing

the linear equations of the unprojection as a linear system in T and 77. For example,
Tydy — 2vp1 Big — up1 B11 — vpaBag = lip2 — lap1 = 0.

We will now prove our claim that the unprojection map v factorises as

where o : Z — X is the blow up of X along F := {so(d1) = s1(d1) = di = 0} and
7:Z — Y is the blow down of o~ 1(D).

Remark 3.3.6. The idea is that the D and E are divisors of X such that D + F

is a Cartier divisor.

Let I be the ideal of F in X and define e; := so(d1), e2 := s1(d1) and
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e3 := di. The blow up of X along F, Z, is defined by the algebra
3 1 s e;
Blj(Ox) = | Spec <0X LD = | Spec (OX [e 1<) < 3]) .
i=1 ¢ i=1 J
We calculate one patch of the blow up Z:

Lemma 3.3.1. We have that

O [so(dl) s1(dy)

where tg and t; are indeterminates and
J = (f,dito — so(d;),dit1 — s1(d;) : i =1,2,3,4).
Proof. The algebra Ox|[I/d;] has generators

So(dl)
dq

Sl(dl)
dq

xvyaz7u7vat0 = 7t1 =

and it is clear that dlto — So(dl) == dltl — Sl(dl) =0 on OX and Ox[l/dl] The
other equations of J are obtained by realising that so(d;)d; = so(dj)d; on Ox for
all 4,7 =1,2,3,4. A similar result holds for s;. O

With this in mind, we calculate the blow up Z:

Theorem 3.3.1. The blow up Z C wP?* x wP? is defined by

(tot1,t2)
uty + zp1to — vBagta + p1A1ats = 0,

vty + zp2to + uBi1ts + 2vBials + paAiats = 0,
uto + p1t1 + 2p1Bigte + p2Basts = 0,

vtg + pat1 — p1Biita =0

and
t2 — 2t2 — Ajototy + 2Biotito + By Bost: =0

together with f and the 2 x 2 minors of

to t1 to
mp =
So(dk) Sl(dk) dk

for k =1,2,3,4.
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It is clear from the definition of the blow-up of X along E that the minors
of mj, must vanish on Z.
The remaining equations in %y,t; and o are obtained using the known

relations of sg and s;. For example,

di(vto + pat1 — p1Biitz) = viod; + pat1d; — p1Biitad;
= vtaso(d;) + patasi(d;) — p1Biitad;
= (vso(d;) + p2si(d;) — p1Biid;)to
=0.

The final equality occurs since wvsg + p2s; — p1Bi1 is a linear relation on
Homop, (Ip, Ox).

Remark 3.3.7. Compare the equations of Z and the equations of Y. The equations
of Z which are linear in tg, t1 and to are

N(tl,to)T — OétQ =0
and the linear equations of the unprojection are

N(Ty, To)T —a=0

where N and « are defined as in Section 3.1.1.

Proposition 3.3.2. Let Sy := {so(d1) = -+ = so(dy) =0} C X. If p ¢ DN Sy, the

fiber 0~1(p) consists of a unique point. Otherwise, =1 (p) is a rational curve.

Proof. Suppose that p ¢ D. Then, as dj # 0 for some fixed k, the 2 x 2 minors of
my set
to = 7505(5’“)752 and t; = 7316(5’“)152

- o (240,20

Suppose that p € D — Sy. As p ¢ Sy, we have so(dy) # 0 for some fixed k.
However di, = 0 since p € D and the minors of my therefore imply that ¢t2 = 0 and
tosi(dy) = t1so(d). We note that since D = im(¢) for

and hence

¢ : wP? — wP?
d)((l, ba C) = (CL, b7 623 Ccp1 ((1, ba 62)7 Cp2(aa ba 62))3
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we may work with p = (a, b, c2, cp1(a, b, c?), ep2(a, b, c?)). Considered as polynomials

on wP?, we have that s1(dj) = —cso(dy). Hence,

U_l(p) ={px(1,—¢,0)}.

Suppose p € DN Sy. If p1 = p2 =0 on p, then u = v = 0 and the equations

of Z which are linear in tg, t; and to all vanish on p. The fiber of p is therefore
o (p) = {p x (to, t1,t2) : 11 — 2t3 — Ajatots + 2Biatqts + Byy Baots = 0}.
Suppose instead that ps # 0 on p and let p x (tg,t1,t2) € 0~ 1(p). By rearranging
vtp + p2ts — p1Biite =0
we obtain the equality
_ p1Buts — Uto'

b2

By substituting this value for ¢; into the remaining equations of Z, we obtain

1

—dsto + t2so(ds
uty + zpi1to — vBagta + p1Aiaty = » ( ),
2

—dyto + toso(d
vty + zpoty + uBi1te + 20B1sts + paAiots = 470 2 0( 4),

b2
dito — tosp(d
uto + p1t1 + 2p1 Biate + paBasto = 1()])220(1)
and
Biita(dityg — tasg(dy)) + to(tods — taso(d
13 —2t3— Avotota+2Biatita+Bri Baoth = —H 2(dato = Fasol 1))2 oldods = taso( 4))-

p3

It is clear from the minors of m; that on p the remaining equations are identically

¢ (p) = {p X (to, mia) } :

D2

zero. Hence,

An analogous result holds when p; # 0. O

The blow down of the strict transform of D is defined by
T4 --+Y

t t
m((x,y, z,u,v) X (to,t1,t2)) = (x,y,z,u,v,To = t—O,Tl = t1> .
2 2
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In many cases D NSy consists of finitely many points. We have that o blows
up these points into rational curves and 7 maps these curves into a bouquet on pr,.
We recall Example 3.3.1:

Example 3.3.2. Let D C X CP(1,3,4,5,6) (54 . 4,0 be such that D is defined by
the 2 X 2 minors of

U v Yz 22 + zz*

Yy z+ zt u v
and X is defined by

fo= 0+ zu)(ulz + 2%) —vy) + (2% + yu) (u® — 2y°)+
227 (uv — zy(z + 1)) + v(v? — 2(z + 2*)?).

Define the standard basis of Ip {di,...,ds} where

dy :=u(z + ) — vy,

do = u? — zyQ,
ds == uv — zy(z + )

and

dy = v? — 2(z + zh)2.

We have that
so(da) = =2 yu — uv(z + ) — yo? + y* (¥ + vu)

and
_ 3 4 2 2 4
so(ds) = y(y” + zu)(z + 2%) + yu(z” + yu) — v*(z +27).

If p = (z,y,0,u,v) € DN Sy, then it is clear from the equations of D, sy(d2) and
so(ds) that p = (1,0,0,0,0). If p = (x,y,1,u,v) € DN Sy, then we must have
p € {(z,y,1,y,1 + 2%),(z,y,1,—y, —1 — 2*)} by definition of D. On such points
s0(dg) and sp(ds3) simplify to the polynomials

208y — 22Ty + 2N — daty + P + P — 2y

and
12 g8 4 x4y4 4 Jr4y2 3t 2y4 i 2y2 1
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which have finitely many shared solutions. Hence, D NSy is a finite set of points.

3.3.2 Type IIgQ’l) Unprojections
To convince ourselves that the birational geometry of the type 11, (20

is typical, we now study the type 1152’1) case.

unprojection

Let D C w}P’?x Y22 ,0,0) be a codimension 3 scheme defined by the 2 x 2 minors

u v z z
M= p1 zZp2
p1 p2 u v

together with w = 0 where p;1,p2 € Clz,y, 2] — {0}. We fix a basis of Ip

of the matrix

2 2

di:=w, do:=upy—uvpy, dz:=u —zp%, dy == uv — zp1pa, ds: =0 —zp%.

Let X be a codimension 2 complete intersection which contains D. Without

loss of generality we write Ix = (f, f) where
f = Awa(upz — p1v) + Bui(u® — zp}) + 2Bia(wv — zp1p2) + Baa(v* — 2p3) + Cw

and

f = Ara2(up2 — p1v) + En(u2 — ZP%) + 2B12(uv — zp1p2) + §22(112 — ZP%) + Cw

where Ay2, A2, Bi1, B11, Bi2, Bi2, Baa, Ba2,C,C € Clz, y, z,u, v, w).
Let Y C w]P’zm7y’z7u7v’w’To7T1> be the unprojection of (X, D). The unprojection
map is

VXY

d d
17[)(3:7 y7 Z’ u’ U’ w) = x? y? Z7 u’ U’ w? 80( k)7 81( k)

dp. dy
where sg,s1 € Homep,(Ip,Ox) and {1,sp,s1} is the set of generators for
Homp, (Ip,Ox) as an Ox-module. In particular, if we define v;; as the ij-th

minor of
C A Bi1 2B12 Ba
C Ay Bii 2B12 B

for 1 < i < j <5, the unprojection map can be described using
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so(d;) _ pgv% + P2p1v24 + P2VV45 + Pauv3s + p%v23 + p1vvss + p1uvs4

d; dy
20 2
_ TPIv13 — P1P2V14 — PoU15
da
2
_ Pjv12 — P1uvi4 — P1UV15 — P2UV1s
ds
__ P1p2v12 — p2vv15 + P1Uv13
dy
2
_ P3v12 + pauv13 + P1Uv13 + Pavvi4
ds
and
2 2
Sl(di) _ TUTV34 — P32U45 — P2P12VU35 — P2UV25 — P2UV24 — P1UV23 — VUV35
dz‘ dl
_ P1uv13 + pauvi4 4 pavv1s
da
2
_ P1p22v15 — P1uv12 + UV14 + UVV15
ds
2 2
_ —PIRU13 — P1P22V14 — P1UVI2 + UVV14 + V7 V15
dy
2
_ —P1p27V13 — P3RU14 — P2UV12 — UVV13
ds ’

We claim that the unprojection map v can be factorised as

where o is the blow up of X along E = {so(d1) = s1(d1) = d1 = 0} C X and
7 :Z — Y is the blow down of 0~(D). As in the type 11; 29 case, the blow up of
X along F is essentially defined by the equations of Y:

Theorem 3.3.2. The blow up Z C wP® x wIP)%tO b1.t2) is defined by f, f together

with the 2 x 2 minors of the matrices

mk_(SO(dk) Sl(dk) dk>
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for k=1,...,5 and the relations
uty + zp1to + (p1v12 — UV14 — 1)1)15)t2 =0,

vty + zpato + (p2v12 + uv13)ts = 0,
wty + (u?v34 + 2P50a5 + 2Pap1vUss + PavUas + PoUVs + PrUuvas + Vuvss )ty = 0,
uto + pit1 + pavists =0,
vto + pat1 — (p1v13 + p2via)t2 = 0,
wto — (P3vas + Pap1vas + P2vvas + Pauvss + Pivas + P1uvss + pruvss)ts =0

and

t% — Zt% — totov1g — t1tov14 + t%v15v13 =0.

Remark 3.3.8. Compare the equations of Z with the equations of Y defined in
Section 3.1.2.

Proposition 3.3.3. Let Sy := {so(d1) = -+ = so(d5) =0} C X. If p ¢ DN Sy,
the fiber 0~1(p) consists of a unique point. If p € D N Sy, then o~ (p) is a rational

curve.

The proof follows that of Proposition 3.3.2. For p ¢ D, the minors my
provide definitions of ¢y and ¢; in terms of ta; therefore, the fiber of p ¢ D is
a point. When p € D, we use D = im(¢) where ¢ : wP? — wP® is defined
by ¢(a,b,c) = (a,b,c? cpi(a,b,c?),cpa(a,b,c?),0). If p € D — Sy, we have that
so(dy) = —esi(dy) for k = 1,...,5 and the fiber of p is the point p x (1, —c,0).
Otherwise, a case by case analysis provides the rational curves we desire.

The blow down of the strict transform of D is defined by

T4 --Y

t t
w((x,y, z,u,v,w) X (to,t1,t2)) = (m,y,z,u,v,w,To = t—O,Tl = t1> .
2 2
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Chapter 4
Application to Fano 3-folds

It is now the time to construct Fano 3-folds via type II; unprojections.

4.1 Preliminaries

We elaborate on Chapter 1 and recall the definitions of Fano 3-folds and numerical

candidates. Many of the definitions and concepts are standard (we largely follow
[4]).
4.1.1 Fano 3-folds

A Fano 3-fold X is a complex normal projective 3-fold whose anticanonical divisor
—Kx is Q-Cartier and ample, and whose singularities are QQ-factorial and terminal

(See Definition 1.0.1). We explain these terms below:

Definition 4.1.1. A variety X has terminal singularities if it is normal, rKx is a
Cartier divisor for some r € N, and any resolution of singularities f : ¥ — X with
divisorial exceptional locus UE; satisfies Ky = f*Kx + > a;F; with all a; > 0.

Definition 4.1.2. A variety X is Q-factorial if for every Weil divisor D on X there

exists r € NT with rD a Cartier divisor.

For narrative purposes we focus on index 1 Fano 3-folds; however our methods

can easily be extended to those with a higher index (see [11]):

Definition 4.1.3. Let X be a Fano 3-fold. The (Fano) index of X is the greatest

integer r such that —Kx = rA for some ample Weil divisor A.

Many of the Fano 3-folds we encounter will be quasismooth:
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Definition 4.1.4. Let X be a closed subvariety of weighted projective space wP™.
The affine cone Cx over X is the Spec of the homogeneous coordinate ring of X.

We say that X is quasismooth if its affine cone C'y is smooth outside its vertex 0.

In essence, X C wlP" is quasismooth if its singularities come from the ambient
space in which the variety lives rather than the equations of the variety itself. In
practise, we check that a Fano 3-fold X C wP" is quasismooth by checking that the
Jacobian matrix of X at p is rank n — dim(X) for every p € X.

4.1.2 Hilbert Series and Graded Rings

We recall the definition of the anticanonical ring of a variety X (see Section 1.1):
Definition 4.1.5. Let X be an irreducible projective variety over C and A an ample
divisor on X. The Riemann-Roch space of mA for m € N, is

H(X,mA) := {f € C(X)|div(f) +mA > 0}.

It is the finite dimensional vector space of rational functions f € C(X) with divisor

of poles < mA.

Definition 4.1.6. The anticanonical ring of a variety X is the graded ring

R(X,-Kx):= P H(X,-mKx).

m>0

We will construct Fano 3-folds as X = Proj(R(X,—Kx)). Recall that by
using this description of Fano 3-folds it is sufficient to consider only varieties in
weighted projective space: a choice of generators of R(X,—Kx), say xo,...,Zn,
allows us to embed X as a projectively normal variety in P(ag,...,a,) with

a; = Wt(:]}i).

Remark 4.1.1. Since we are studying X C wlP™, the anticanonical ring of X equals

the homogeneous coordinate ring of X.
Definition 4.1.7. Let X C wP™ be a variety. The Hilbert series of X with respect
to the ample divisor A C X is
Pxa(t) =Y dim(H(X,mA))t".
meN
Unless otherwise specified, we will define the Hilbert series of X with respect

to A := —Kx and simplify our notation to Px(t).
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4.1.3 Numerical Candidates

Theorem 1.1.1 states that the Hilbert series of a Fano 3-fold X can be defined as
a rational function in terms of its genus, gx := h?(X, —Kx) — 2, and a basket of
terminal cyclic quotient singularities, By = {(1,a,7 — a)}.

Definition 4.1.8. (Definition 5.13, [21]) Let » > 0 and let ay,...,a, be integers.

n

(o orom) with action

Suppose that Z, acts on A
(X1, oymp) = (M, ... €%y

for € a fixed primitive r-th root of unity. A singularity Q € X is a quotient
singularity of type %(al,...,an) if (X,Q) is isomorphic to an analytic
neighbourhood of (A", 0)/Z,.

Definition 4.1.9. ((6.4), [37]) Let X be a Fano 3-fold and p € X a terminal
singularity. There is a deformation {X)} of p € X such that the general fibre has
as its only singularities a number of terminal quotient singularities %(a, —a,1). The

basket of p € X is this collection of terminal quotient singularities.

To obtain the basket of a Fano 3-fold X, we combine the baskets of p for all

terminal singularities p € X. For example,

{%(al, —ay, 1)} and {%(al, —a1, 1), {%(az, —ag, 1)}

combine to form . )
2 X — —ay, 1), — —ag, 1) 7.
{ - (ala ai, )77“2(0]27 a, )}

Remark 4.1.2. The singularities of a Fano 3-fold X may not exactly be the
singularities of Bx. However, the contribution of the actual singularities of X
towards the Riemann-Roch formula is the same as the contribution of those in the
basket (see Theorem 10.2, [37]). In practice, the Fano 3-folds constructed in this
thesis have cyclic terminal quotient singularities, and in that case the basket is

equal to the set of singularities of X.

For a Fano 3-fold X with genus gx and basket By, we call the pair (¢gx, Bx)
numerical data of X and note that it is equivalent to the Hilbert series of X by
Theorem 1.1.1. As a result of the bounds imposed by Theorems 1.1.2 and 1.1.3, we
create a finite set of numerical data for Fano 3-folds. Let S be the bounded set of
pairs {g, B} defined by Theorems 1.1.2 and 1.1.3. We may predict the Hilbert series
of Fano 3-folds by substituting {g, B} € S into the Hilbert series definition provided

by Theorem 1.1.1. We call such a rational function a numerical candidate.
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Using the analysis of [8], [2], [3] and [4], it is possible to represent a numerical
candidate as the Hilbert series of some projective variety Y C wP™. This can be
done systematically (see Example 1.1.1). The predicted Fano 3-fold Y C wP" for a
numerical candidate is chosen such that the numerical candidate cannot be realised
as a simpler Fano 3-fold where n is smaller (see Example 1.1.2). Without confusion,
the term numerical candidate will refer to both rational functions and the predicted
Fano 3-folds.

We are interested in the codimension 4 numerical candidates; that is, the
numerical candidates Py which when analysed suggest codimension 4 Fano 3-folds

Y C P(ao,...,a7). There are 145 codimension 4 candidates.

Remark 4.1.3. For simplicity, one could read “numerical candidate” as “Fano
3-fold and Hilbert series predicted by the GRDB [8]”. Alternatively, one could read
“numerical candidate” as “a pair {g,B} € S” and the predicted Fano 3-fold as a
suggestion on how to realise the candidate; a suggestion which always turns out to

be correct.

4.2 Main Theorem

4.2.1 Statement of Result

Of the 145 codimension 4 numerical candidates, we are interested in those that are
marked with a particular cyclic quotient singularity. We wish to identify those with

a type II; centre:

Definition 4.2.1. (Definition 3.4, [6]) Let X C P(ao, ..., an) be a Fano 3-fold with
p= %(bo, b1,b2) € X a cyclic quotient singularity such that r € NT, r > 1 and b; is
a minimal non-negative residue modulo r for ¢ = 0,1,2. We call p a type I, centre
if, up to relabelling, we have r = a,,, b; = a; for + = 0,1 and n 4+ 1 is the smallest

positive integer such that (n+ 1)by € {a; : 2 <i < m}.

There are 50 codimension 4 numerical candidates marked with type II;
centres. That is, there are 50 codimension 4 numerical candidates which lie in the
correct ambient space and have a basket containing a suitable cyclic quotient
singularity to satisfy Definition 4.2.1. By observation, we note that the ambient

spaces and the type II; centres occur with a particular shape:

Proposition 4.2.1. If Y C P(ag, aq,...,a7) is a codimension 4 numerical candidate
which is marked with a type II; centre p = %(bo, b1,b2), then up to relabelling we
have Y C P(2bg, by, ba, b3, by, bs, 7, 7+by) and p = %(bo, b1, be) for some bs, by, bs € NT.
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Arguably, a number of the numerical candidates marked with type I1; centres
are not true candidates since they have already been realised as codimension 4 Fano
3-folds. Of these 50 numerical candidates, 34 possess a type I centre and are studied
in [10].

Definition 4.2.2. (Section 3.2, [10]) Let X be a Fano 3-fold and r € N*. A
quotient singularity p = %(1,(1,7“ —a) of X with 1 < r is a type I centre if its
orbinates are restrictions of global forms # € HY(X, ~Kx), y € H(X,—aKx) and
z € H°(X,—(r — a)Ky) of the same weight.

Remark 4.2.1. Let X C P(ay,...,a) be a Fano 3-fold with p = %(bo, bi,b2) € X a
cyclic quotient singularity such that 7 € N*, r > 1 and b; is a minimal non-negative
residue modulo r for ¢ = 0,1,2. In this thesis, p is a type I centre if r = a,, and

a; = b; for : = 0,1,2 up to reordering.

The codimension 4 numerical candidates marked with type I centres are
identified in [10] and have been realised as Fano 3-folds. This includes the 34
numerical candidates marked with type I and type II; centres. In the hopes of
constructing completely new Fano 3-folds, we ignore these cases until Chapter 5.
We are now left with 16 numerical candidates which we list by their GRDB ID in
Table 4.1.

Now we can state the main theorem of this thesis: each of these 16 numerical
candidates can be realised as a quasismooth Fano 3-fold and moreover these Fano

3-folds occur in 2 distinct families.

Theorem 4.2.1. Let Y C P(2ag, a1, ..., a7) be a codimension 4 numerical candidate
marked with a type II; centre but no type I centre. The numerical candidate Y can
be realised as a quasismooth codimension 4 Fano 3-fold and constructed as the type
IT; unprojection of (X, D) where X C P(2ag,a1,...,as) is a codimension 2 complete
intersection. In particular, there exists a successful construction using type 11,21

unprojections and a second using type 11, 30,

For a given codimension 4 candidate marked with a type II; and no type I
centre, the type 11,39 and type 11, 21 unprojections construct members of

topologically distinct families. That is:

Corollary 4.2.1. Let Y C wP” be a codimension 4 numerical candidate marked
with a type II; centre but no type I centre. The Hilbert scheme of Y has at least 2

components containing quasismooth Fano 3-folds.
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Table 4.1: Codimension 4 Candidates with a Type II; and No Type I Centre

’ ID ‘ Numerical Candidate Y ‘gy‘ By ‘
38 | Y CcP(2,3,4,5,6,7,8,9) | -2 {7>< (1,1,1),4(1,1,2), 2(1,3,5) }

342 |Y C P(1,4,6,7,7,8,9,10)| —1|{2 x 3(1,1,1), (1,1,3),%(1,1,6),%(1,3,4)}
360 | Y c IP(1,4,5,6,7,7,8,9) |—1 {2>< (1,1,3),(1,1,5), 2(1,2,5)}
648 | Y C IP(1,3,4,4,5,5,6,7) |—1 {3(1,1,2),3 §(1,1,3),§( .3)}
1069|Y C P(1,2,6,7,8,9,9,10)|—1 {5 3(1,1,1),1(1,1 ),%(1,1,8)}
1084| Y C P(1,2,5,6,7,8,8,9) |—1 {4x1(1,1,1),1(1,2 3),%(1,1,7)}
1115| Y C P(1,2,4,5,6,7,7,8) |—1 {5x1(1,1,1),4(1,1,3),1(1,1,6)}
1122| Y C P(1,2,4,5,5,6,6,7) |—1 {5x3(1,1,1),1(1,1,4), §(1,1,5)}
1172| Y C P(1,2,3,4,5,6,6,7) |—1 {4>< (1,1,1),2 x 1(1,1,2), (1,1,5)}
1256| Y C P(1,2,3,4,4,5,5,6) |—1|{4 x £(1,1,1),3(1,1,2), §(1,1,3), £(1,1,4) }
1350| Y C P(1,2,3,4,4,4,5,5) | -1 {4 x1(1,1,1),3x 3(1,1,3)}

2410 Y Cc IP(1,2,2,3,4,5,5,6) | -1 {7x3(1,1,1),£(1,1,4)}

2438| Y C P(1,2,2,3,3,4,4,5) | -1 {6x1(1,1,1),4(1,1,2),4(1,1,3)}
2511 Y C P(1,2,2,3,3,3,4,4) | -1 {5 x3(1,1,1),3 x £(1,1,2) }

3509| Y C P(1,2,2,2,3,3,3,4) |1 {8x4(1,1,1),1(1,1,2)}

8051 Y C P(1,1,2,2,2,2,3,3) | 0 {7x1(1,1,1)}

Remark 4.2.2. In the statement of Theorem 4.2.1, X C P(2ap, a1, ...,as) is not a
Fano 3-fold. The variety X is not Q-factorial since ¥ --+ X will be a projective
morphism contracting finitely many rational curves (see Section 3.3). Nevertheless,
it is a special member of a family whose general member is a Fano 3-fold in

P(2a0, at,y ... ,a5).

In Section 4.3, we will provide the proof of Theorem 4.2.1 and Corollary 4.2.1
for a single numerical candidate. The method used is indicative of all remaining

numerical candidates but we elaborate in Section 4.2.2.

4.2.2 Strategy

Let Y C P(2ay,...,as,r,7+ag) be a codimension 4 numerical candidate marked with
a type II; centre %(ao, a1, az). We prove Theorem 4.2.1 by providing the appropriate
and successful type II; unprojection constructions; we take our cue from the proof
of Theorem 3.2 [10].

For each numerical candidate, Table A.1 provides two pairs of unprojection
data (X,D) which realise Y. The initial data is chosen so that
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Xij C P(2a0,a1,...,a5) @y u0w) 13 @ codimension 2 complete intersection where
i+j7+1=2ayp+ a1+ -+ as and the Hilbert series of X and Y are related by

tr +tr+a0
(1= 20) (1 — o) (1 — o) (1 — )

Py (t) = Px(t) +

Moreover, D C X is chosen so that D is defined by

e cither the 2 x 2 minors of

u v w Ipr ITpP2 TIP3
p1r p2 p3 U v w

where p; € Clx, y, z]; or

e by w = 0 together with the 2 x 2 minors of

N S I
b1 p2 u v
where p; € Clz,y, ].

Remark 4.2.3. The key idea is that P(ag, a1, a2) maps to D (see Examples 2.7.1
and 2.7.2).

Let Y’ C P(2a9, a1, - ,as,deg(To), deg(T1)) (z,y,2,uv,w,1,m) be the type I
unprojection of (X, D). We have that Y’ lies in our desired ambient space by
construction. We wish for %(ao, ai,az2) to be an isolated terminal cyclic quotient
singularity in a Fano 3-fold. Hence, we wish for ag + a1 + a2 — 1 = r. The explicit

equations of the unprojections give us the following Lemma:

Lemma 4.2.1. The unprojection indeterminates Ty and 73 are such that
deg(Th) = ap + a1 +az — 1 =r and deg(11) = 2ap + a1 +az — 1 =r + ap.

It is also the case that the Hilbert series of Y’ equals our desired numerical

candidate:

Lemma 4.2.2. The Hilbert series of X and Y’ are related by the equality

tT _|_tr+a0
1 — 200)(1 — 1) (1 — to2)(1 — )’

Py o,,1)(t) = Px,ox1)(t) + (

Proof. We follow the proof of Theorem 3.1 from [6]. Let R := @,y Ry be the

homogeneous coordinate ring of X where Ry is the additive group generated by
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degree k elements in Clz,y,z,u,v,w]. Define § := @, Sk to be the
homogeneous coordinate ring of Y’ where Sy is the additive group generated by
degree k elements in Clz,y, z, u,v, w, Ty, T1]. The generators of Sj which occur in
Ry, contribute Py o, (1)(t) to the Hilbert series of Y.

Outside of R, we may ignore any monomials lying in
(Tou, Tov, Tow, Tyu, Tyv, Tyw, T?) since the equations of Y’ are of the form
Tou+..., Tov+ ..., ow + ..., Thu + ..., Tiw+ ..., Thw + ... and T? + ....
That is, the remaining generators of Si are of the form Tphy or TyT1he where
hi,hy € Clz,y, 2z, To]. The generators of the form Tyh; contribute

t’f’
(1 — #220)(1 — o) (1 — ¢a2)(1 — t")

to the Hilbert series of Y’ and the generators of the form TyTiho contribute

tr-‘,—ao
(1 — 200)(1 — tor)(1 — taz)(1 — ¢7)°

By choice of X and D, we also have:
Lemma 4.2.3. wy: = Oy/(—1).

This statement is proven by calculating the adjunction number using the

minimal free resolution of Y’ or the Hilbert series Py o, 1) As
Y' C P(2a9,a1,...,as,7,7 + ag) is well formed, we have
5
wyr = Oy (k:y/ —3ag — 2r — Z ai>
i=1

for ky+ the adjunction number. Given our choice of X and D, we know that
1
kyr = deg(Ty) — deg(y) — deg(z) + 3 deg(zx) =r—ap—a; —ag = —1

(see Section 3.2 or Lemma 4.2.2).

To prove Theorem 4.2.1, we would choose a specific X with at worst terminal
singularities which is quasismooth off D and such that the singular locus is a set of
finitely many nodes. In this case, the unprojection map is a morphism between X
and its type II; unprojection.

Let {1, so,s1} be the set of generators of Home, (Ip,Ox) as in Section 2.3
or Section 2.3 of [31] (depending on whether we’re performing a type 11, 2D or type
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11, 3:0) unprojection). Let dj be the standard minimal basis defining D. Then, the
unprojection map

X --»Y'

(x7 y? Z’ ,U/, ’U7 w) '_> <x7 y’ z? u7 U? w7

factorises as

Z
AN
X s vy

where 0 : Z — X is the blow up of X along E := {d; = so(d1) = s1(d1) =0} C X
and 7 : Z — Y is the blow down of ¢~!(D). In our constructions it will always be
the case that ¢ blows up the singular locus of X to rational curves. As the singular
locus consists of finitely many nodes, the nodes are blown up to finitely many rational
curves. These curves are then mapped to a bouquet of rational curves on pz, by 7.

Under the unprojection map, X and Y’ are isomorphic away from D and a
bouquet of rational curves through pr,. The existence of this isomorphism will allow
us to prove that Y’ is quasismooth and has only terminal Q-factorial singularities
by checking X (see Proposition 4.3.4, Corollary 4.3.2, Lemma 4.3.6 and Proposition
4.3.5 for an example). This completes our realisation of a numerical candidate as a
Fano 3-fold.

Remark 4.2.4. Since Y’ is now known to be a Fano 3-fold, the Hilbert series
Pyr o, 1) is the Hilbert series Py’ _f, ,. Although perhaps unnecessary at this

point, the genus gy and basket By can be read from the Hilbert series (see proof
of Theorem 3.1, [6]).

Remark 4.2.5. Note that Table A.1 does not provide the specific defining equations
of X since the general X containing D is sufficient. Theorem 4.2.1 and Corollary
4.2.1 can be stated in general terms. Let Y C P(2ag,a1,...,as,7,7 4+ ag) be a
numerical candidate for a codimension 4 Fano 3-fold marked with a type II; but no

type I centre. Then:

1. The numerical candidate ¥ may be realised as a Fano 3-fold. This Fano 3-
fold is constructed as the type II; unprojection of a codimension 2 complete
intersection X C P(2ag,ay,...,as) containing D defined in the usual type 113

manner.

2. There are at least 2 formats of (X, D) for which the general X containing D

is quasismooth off D, the singular locus of X consists of finitely many nodes
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and the unprojection is a quasismooth Fano 3-fold.

3. In different formats of (X, D) the initial X have different numbers of nodes

on D; therefore, the unprojected varieties have different Betti numbers.

(Compare with statement of Theorem 3.2 [10]). Although this result is stated in
general terms, it is most quickly proven using computer algebra. In Appendices
B.2 and B.3, we provide the Magma code necessary to construct the general X

containing D and the resulting unprojections.

To prove Corollary 4.2.1, we note that in different unprojection formats the
initial X have different numbers of nodes on D (again, this follows the proof of
Theorem 3.2 [10]). Following Section 2.3 of [7], the diagram which factorises the
unprojection can be extended with a degeneration, X~ X , from a Fano 3-fold X.

We have the following arrangement of varieties

with the conifold transition X to Z shrinking the vanishing cycles of X to nodes and
then resolving the nodes as rational curves. In this scenario, the Euler characteristic

of Y’/ can be calculated as

~

e(Y')=e(X)+2N —2

where N is the number of nodes on X (see Section 5 of [36] and Section 2.3 of
[7]). If X is defined by a degree ¢ and a degree j equation, X is a Fano 3-fold in
the same ambient space defined by equations of the same degree. Hence, for fixed

numerical candidate the Euler characteristic of X will be the same in the type 11, 21

(3,0)

unprojection case as it will be in the type II; unprojection case. The proof of

Corollary 4.2.1 reduces to checking that the initial data for the type I1; @Y and type

11, 3:0) unprojections have different numbers of nodes.

4.3 Numerical Candidate # 38

Consider the numerical candidate



where

Ny :=1— 2612 — 13 — ¢t — 2415 416 4 9419 4 2420 4 342
3122 4 923 ogp24 _ 2T 9428 _ 9429 430 _ 9431 | 443

This candidate is obtained from the data
1 1 1
gy := —2 and By = {7 X 5(1, 1,1), 5(1, 1,2), 8(1,375)}

(see numerical candidate # 38 on the GRDB [8]) Using the standard analysis, we
expect to construct this numerical candidate as a codimension 4 Fano 3-fold
Y CP(2,3,4,5,6,7,8,9) with numerical data {gy,By}. The singularity £(1,3,5)
is a type II; centre.

We prove Theorem 4.2.1 for this numerical candidate and, as a consequence,

we prove the following corollary:

Corollary 4.3.1. There are at least 2 families of codimension 4 Fano 3-folds
Y cP(2,3,4,5,6,7,8,9)

with | — Ky| = 0, equivalently with genus —2.

We indulge in proving Theorem 4.2.1 for this special numerical candidate
rather than another candidate due to its empty anticanonical linear system; Y has
no elephant. An elephant of a Fano 3-fold Y is a K3 surface S € | — Ky| with
at worst Du Val singularities. Many properties of Y are shared by S since the
elephant is defined by the graded ring R(Y, —Ky)/(f) where f € H(Y,-Ky) is
such that S = {f = 0} C Y. It is often easier to study the elephant than the
Fano 3-fold itself and hence Fano 3-folds with empty anticanonical linear systems
are in practice very hard to construct. They are also very rare: out of around 50000
numerical candidates, approximately 250 have empty anticanonical linear systems
and very few cases are known explicitly (see Example 16.1, [21]; and Section 5.1,
33]).

4.3.1 Type II§2’1) Construction

The first family of Y C P(2,3,4,5,6,7,8,9) we construct will be via type 11,21
unprojections.
Define Xi214 C P(2,3,4,5,6,7) (2400w Dy the degree 12 and degree 14
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polynomials
fi2 == (v(@® + %) —uw) + (v? — zu?) + 23

and

fia = z(v(@® + y?) — uww) + z(v? — 2u?) + (0? — z(2® 4+ 1)) + 2(2° + u® + 2v).

Define D C P(2,3,4,5,6,7) by z = 0 together with the 2 x 2 minors of

v w ru x4—{—xy2
u 4+y? v w '

It is clear that D C X and (X, D) is in type II;(>Y format. We claim that:

Proposition 4.3.1. The type II; unprojection of (X,D) is a quasismooth
codimension 4 Fano 3-fold in P(2,3,4,5,6,7,8,9) with numerical data

1 1 1
g=—-2and B = {7 x 5(1,1,1),5(1,1,2), 8(1,3,5)} .

Before performing our type II; unprojection, we pointedly study X and D.

Lemma 4.3.1. The basket of X is
Bx := 1(123)2><1(112)7><1(111)
X T 5 ) ) b 3 ) ) ) 2 ) ) *

The quotient singularities of X are calculated as in Section 10.3 of [21]. In

particular, the points p,, p, and (0,4,0,0,1,0) together with
{(1,0,2,0,0,0) : 22 + v v =220+ +2+0v—-1=0}

are the cyclic quotient singularities and the variety X has at worst terminal

singularities.

Lemma 4.3.2. We have that Sing(X) C {z = 0}, or equivalently (z) C , HMSing(x)-
In particular, we have z!0 € ISiIlg(X)'

Lemma 4.3.3. We have that Sing(X) C D.

Proof. We will study p € Sing(X) through a series of case by case analyses and
conclude that p € D.
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Suppose p := (z,y, z,u,v,w) € Sing(X). By Lemma 4.3.2, we may assume
that p € {z = 0}. Let Jx(p) be the Jacobian matrix of X evaluated at p. Then,

32 —u? (723 + ) (23 4+ y?) + 423v — 22u® + Y2 + v — uw

2yv —dzty — 4y + 22yv
0 x® + u?
Ix(p)! =
») —2zu —w —2z%u — 2w
2+ % + 2 z* + zy? + 220
—U —zu + 2w

A singularity of X is defined by the 2x 2 minors of Jx(p). Equivalently, a singularity
is defined by the 2 x 2 minors of

3220 —u? 725 — 8x3y? — yt + 23v — wu® 4 P + 0% —uw
2yv —dzty — dzy?
iy 0 x5 + u?
—2xu —w 0
22 +y? 4+ 2 0
—U 2w

where we have subtracted x copies of column 1 from column 2 in Jx (p)T. Let M;;
be the ij-th 2 x 2 minor of M. Every 2 x 2 minor of M must vanish on p by definition

of p being a singular point. In particular, we must have that the 2 x 2 minor
Mg = u(u® + x5)

vanishes on p; hence u =0 or +u = —z = 1.

e Suppose that v = 0. Then, w = 0 by the vanishing of Mys = —2w? on p.
Additionally, Mss = 22°yv must vanish on p and so z =0, y = 0 or v = 0.

— Suppose that £ = 0. Then, on p = (0,y,0,0,v,0) we have that
2y°0 = —2vy(—y" + fi2(p)) = —2vy(—y" + y*v +v*) = M1z =0

and either v = 0 or y = 0. When combined with the fact that M5 = 0

on p, we obtain the contradiction that p = 0.

— Suppose that x # 0 and y = 0. Without loss of generality, let x = 1.
Then, Mss evaluated at p implies that v = —% whilst f12 evaluated at p

implies that v = 0 or v = —1. We have a contradiction.

73



— Suppose that x,y # 0 and v = 0. Without loss of generality, let x = —1.
Then, on p = (—1,%,0,0,0,0) we have that M3s = y?> — 1 = 0. Hence,
y==4land p € D.

e Suppose that u = —x = 1. Evaluated on p, the minor Myg = 2w(2 — w) must

vanish and hence w =0 or w = 2.

— Suppose w = 0. Then, Mag = 4y(y> — 1) = 0 on p.
* Suppose y = 0. Then, on p we have that fio =v> —v+1 =0 and
Mg = v*> — v — 6 = 0. This system of polynomials is insoluble.
* Suppose y = +1. Then, fi2 = v?> + 1 on p and hence
pe€{(-1,1,0,1,+i,0),(-1,-1,0,1,4¢,0)} C D.
— Suppose w = 2. Then, on p we have Msg = 4(2v — 1 + %) = 0 and
hence v = # We obtain y* — 292 + 5 = —4fi2(p) = 0 and
pe{(—1,£/1+24,0,1,—4,2),(—1,£/1—2i,0,1,4,2)} C D.

e Suppose that u = z = —1. Evaluated on p, the minor Mys = —2w(2 + w)

must vanish and hence w =0 or w = —2.

— Suppose w = 0. Then, Mg = —4y(y?> —1) =0 on p.
% Suppose y = 0. Then, on p we have that fio = v> —v+1 =0 and
My = —(v? — v — 6) = 0. This system of polynomials is insoluble.
x Suppose y = =+1. Then, fi2 = v> + 1 on p and hence
pe{(~1,1,0,—1,4i,0),(—1,—1,0,—1,+i,0)} C D.
— Suppose w = —2. Then, on p we have Msg = —4(2v — 1 +y?) = 0
and hence v = # We obtain y* — 232 + 5 = —4f15(p) = 0 and

pe{(=1,+v1+2i,0,—-1,—i,—2),(—=1,+v1—=2i,0,—1,i,—-2)} C D.
O

That is, X is quasismooth off D. The fact that X is quasismooth off D is not
surprising. When applying Bertini’s theorem, we see that the general X containing

D is quasismooth off
DuU{p,}U{v=u=2=0}U{z=2=w=0}.

By specifying that fi2 and fi4 contain certain terms, we maintain the generality of
X containing D whilst adjusting quasismoothness to occur off D only. For example,
the general X is quasismooth on p, since we may choose fi» = 2> 4+ ... and we

specify that fi2 contains a 2% term.
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Many of the points highlighted in the proof of Lemma 4.3.3 are equal when
we take into account the group action defining P(2,3,4,5,6,7). The singular locus
of X is

{(_]w ]-7 07 07 07 0)7 (_17 _17 0’ 1’ :l:lv 0)’ (_L ]-a Oa ]-7 :l:Za O)a
(=1,£v1+424,0,1,—i,2),(—1,£V1 —2i,0,1,4,2)}
which consists of exactly 9 distinct points. Moreover:
Lemma 4.3.4. The singular locus of X consists of 9 nodes.

To prove this result we note that it is sufficient to work on D when studying

Sing(X) since X is quasismooth off D. In particular, we will work on im(¢) where
¢:P(1,3,5) - P(2,3,4,5,6,7)

d(a,b,c) := (a*b,0,c,ac,a(a® + b?)).
Recall that in Example 2.7.1, we proved D = im(¢).

Proof. Let J be the Jacobian ideal of X and I C Cla,b, ] its pullback using ¢. By
Lemma 4.3.3, there are exactly 9 singularities of X and Sing(X) C {z # 0}.
Therefore, the dimension of (C[z,y,z,u,v,w]/J)y) as a C-algebra is at least 9
with equality if and only if each singularity is a node. Since X is quasismooth off

D = im(¢), the singularities of X are nodes if and only if

(C[a7 b, C]/I)<a)

is 10-dimensional as a C-algebra. The increase in dimension from 9 to 10 is because
the fiber ¢~!(p) is a unique point everywhere except p = (—1,1,0,0,0,0) € Sing(X)
where p has two pre-images under ¢.

The equations of [,y will be the 2 X 2 minors of the Jacobian matrix of X
evaluated at p := ¢(1,b,¢), Jx(p). We have that

243 b —82—c2+4+3c-T7

2bc —4b3 + 2bc — 4b
0 2+1
Jx(p)T =
x(p) 22— 1 221
b2 +2c+1 b2 +2¢+1
—c 202 —c+2
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The 2 x 2 minors of this matrix are clearly the 2 x 2 minors of

—4+3¢c —b*—82—c2+3c-7T

0 A+1
b2 +2c+1 b2 +2¢+1
—c 22 —c+2

and hence (4 is defined by

2t + 4b%c + 402 + de+ 2,3 + ¢, —b2 P — 263 — b2 — 2
—2c—1,=b*c = 20 — 2b%c — 2% — ¢, b% + 2t e+
9b* 4 16b%¢c + 150> 4+ 14e + 7, —c* + 363 — ¢ + 3c.

After eliminating unnecessary equations, [, is defined by
br 4 2%+ 20+ 2c+ 1,3 + ¢, b2 + P+ b2 + 1.

Hence

Cb, ]
(b* +2b2c+ 202 + 2c+ 1,3 + ¢, 022 + 2 + b2 + 1)

(Cla, b, c]/I)<a> ~R.=

We claim that R is 10-dimensional since S := {1,b,b% b3, ¢, be, b?c, b3c, ¢2, bc®}
is a basis of R as a C-algebra. As linear independence is clear, we need only show
that S generates R.

It is sufficient to check that S generates b™,b™c and b™c? for m € N since
we have that ¢> = —c on R and thus ¢ € {£c, £c?} for all K € N*. The set S

generates b™, b™c and b™c? for m = 1,2, 3,4 because

Ve =—(+b+1), b3c? = b(b?c?) = —(bc® + b + b),
bt = —(2b%c + 2b% + 2c + 1), btc = —(2b%c? + 2b%c + 2% + ¢),

W2 = 2(22) = —b2c — bt — p?

and in the remaining cases the monomial is itself an element of S.
Suppose that b™,b™c and b™c? can be generated by S for a fixed m € N>y4.
Then, b1 b+, b +1c2 can be also be generated by S since

bm+1 — bm—3b4 _ —(2bm_1c + 2bm—1 + 2bm_3C + bm_3),
e = 0 3bte = — (26?4 26 e 4 263 4 0 3¢)
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and

berlcQ _ bm73b462 —_ bm73(_b262 o b4 o b2) — _bmflc2 . berl o bm72.

By induction on m > 4, we have that b™,b™c and b™c? are generated by S for all

m € NT. Hence, the dimension of R is 10 as required. O

We now study the unprojection. Let Y’ be the type 11,21 unprojection of
(X, D) as defined using the explicit equations of Section 3.1.2. We have that:

Proposition 4.3.2. Y’ CP(2,3,4,5,6,7,8,9) (2.4 2 u0,w,70,11)-
Furthermore, Section 4.2.2 tells us that:

Proposition 4.3.3. The Hilbert series of Y, Py _,1)(t), is equal to the numerical

candidate.

It remains to check that Y’ is a quasismooth Fano 3-fold; however, we may
work on X instead of Y/. The unprojection map 1 : X --+» Y’ is a birational map
defined by

W:X =Y
d d
¢(:L'7y7 Z7u7/v7w) = :'U’ y’ Z?u7v7w? 80( k)’ 81( k)
dy, dy;
for k=1,...,5 where {1, sg, s1} are generators of Homp, (Ip, Ox) (see Section 2.3)
and

dy =2z, do:=v(x®+y?) —uw, ds:=0v?—zu?

dy = vw — zu(z® +y?), ds:=w? —2(23 +y?)?

is a basis for Ip. In Section 3.2.2 the map ¢ was shown to factorise as two blow ups

where o : Z — X is the blow up of X along E = {z = so(2) = s1(2) =0} C X
and 7 : Z — Y is the contraction of 0~!(D). Recall that o blows up the points in
D N {so(d1) = --- = so(ds) = 0} to rational curves (see Proposition 3.3.3). In our
scenario, only the nodes are blown up to rational curves and hence the map o is a

projective small resolution of nodes which resolves the nodes as rational curves.

Lemma 4.3.5. Let Sy := {so(d1) = --- = so(ds) = 0} C X. Then, we have that
Sing(X) = DN Sy.
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Proof. Using the expressions for so(dy) given in Section 3.3.2, we have that

so(dy) = (2 + y*)* + (2 + y*)v + wu

so(de) = —u?(2*z — 2° —u? — 2v) — (2° + ¢y?)?2?

so(dz) = v?(22x — 2° — u? — 2v) — 22 (vw + v(2® +9?))

2 2

so(ds) = (w(@® + y?) 4+ vu)(22z — 2° — u? — 20) — 22w(z® + %)

so(ds) = (22 + v*)* + (2% + y*)v + ww)(F%2 — 2° — u® — 2v).

Since D = im(¢) and Sing(X) C D, we work on p := ¢(a,b,c) with
(a,b,c) € P(1,3,5). Suppose p is such that ¢ = 0. Then, so(d2), so(d3) and so(d4)

vanish on p and so(d1) and so(ds) become
a'? +2a%% +b* and —a'%(a'? + 2a50% + %)

on p respectively. By the explicit singular locus calculated in Lemma 4.3.3, it is
clear that p € Sy N D if and only if p € Sing(X).
Suppose p is such that ¢ # 0. To check that p € D N Sy, it is sufficient to

check that p vanishes on sg(d;) and so(d2) because
so(dz) = so(ds),

cso(dy) = —(ac + (a® 4 b%))so(dz)

and
so(ds) = so(dl)(—aw - 02).

If p vanishes on s¢(dy) and sgp(d2) we must have
(a® +b*)(a® 4 b* + 2ac) =0

and
02(a10 —1—02) —0.

Clearly,

¢({c 7& 0}) NDnN SO = {QS(% :tlv 1)7 ¢(Z’ :tl’ _1)’
B(i, £/ (1 = 20),1), ¢(i, £+/(1 + 2i), —1)} = Sing(X) N p({c # 0}).
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O]

Quasismoothness of Y’ can then be shown by the quasismoothness of X off
D:

Proposition 4.3.4. The variety Y’ is quasismooth.

Proof. Let I" := UpeSing(X) o~ 1(p). Then, since
Y' —{pr,} =2 Z -0 YD) C Z-T =X — Sing(X),

Y’ is quasismooth off py,. The variety Y’ is also quasismooth at pp, since the
Jacobian matrix of Y’ at pp, has the non-zero 4 x 4 minor

Olg Ol Oly  Oly

ov OJw Oz ox

Ols Ol 0Ols  Ols

ov Ow 0z Oz

Olg  Olg  Olg Ol |~

ov  OJw Oz ox

9¢ 9¢ 9q 9q
ov  Ow 0Oz ox

Since Y’ is quasismooth it immediately follows that:

Corollary 4.3.2. The singularities of Y’ are Q-factorial.

Similarly, Y’ can be shown to have at worst terminal singularities because X

has at worst terminal singularities:
Lemma 4.3.6. The variety Y’ consists of only terminal singularities.

Proof. We have that Z consists of only terminal singularities since I' is smooth and
X — Sing(X) = Z — T has only terminal singularities. Therefore, Y’ — {pp,} =
Z — o~ Y(D) has only terminal singularities. All that remains to check is that pr, is

terminal, but this is clear since

(pr, € V') (o e é1(1,3,5)> |

O]

We can now prove that Y’ is a Fano 3-fold and hence Y realises our desired

numerical candidate.

Proposition 4.3.5. The variety Y’ is a Fano 3-fold.
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Proof. As Y’ has terminal Q-factorial singularities, we need only show that the
dualizing sheaf of Y’ is such that wy: = Oy (—1). As Y’ is well formed, the dualizing
sheaf of Y is

9
wy!r = wpr @ Oyl(k) = Oy (k — Z 7,>
=2

where k is the adjunction number. By Section 3.2, k¥ = 43 and we have our desired
result. O

Remark 4.3.1. The numerical data of Y’ matches the data of our numerical
candidate. The Hilbert series Py o, (1) is also equal to Pys _f, since Y’ is a Fano
3-fold.

4.3.2 Type IIgg’O) Construction

The second family of Fano 3-folds Y C P(2,3,4,5,6,7,8,9) is constructed using type
11, 3:0) unprojections. A construction of this kind which uses different initial data
can be found in Section 5.1 of [33] and Example 9.14 of [39]; however, we complete
the unprojection and check that it is a Fano 3-fold.

Define Xi214 C P(2,3,4,5,6,7) 0y 2uvw) Dy the degree 12 and 14

polynomials
fi2 = y(yv — 2u) + z(yw — (2 + ) + 2(2* — 2y?) + (v* — 2u?)
and
fia = u(yy — zu) + z(yw — 2(2 + y?))
+ (0 +y°)(2° —ay?) + (w? = 2(2® +y*)?) + 2(uw — vz’ +y?)).

Define D C X by the 2 x 2 minors of

4 2
Mo— zZ v w ry xTU T+ Y '
Yy u 3+ y2 z v w

For ease of notation later on in this section, we define {dy,...,dy}, a basis of Ip,

where

di=zu—yv, dy:=z2(2®+y?) —yw, ds:=0v(@>+y?) —uw,
dy = 22— xyz, ds = zv — xyu, dg := zw — :Ey(x3 + yz),

dr :=v% —zu?, dy :=vw —zu(2® +y?), do:=w?—z(z3+ 19?2
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We claim that:

Proposition 4.3.6. The type II; unprojection of (X,D) is a quasismooth
codimension 4 Fano 3-fold in P(2,3,4,5,6,7,8,9) with numerical data ¢ = —2 and
B={7x3(1,1,1),4(1,1,2), 5(1,3,5)}.

As in Section 4.3.1:

Lemma 4.3.7. The variety X has genus gx = —2 and basket of terminal cyclic
quotient singularities Bx = {£(1,2,3),2 x 3(1,1,2),7 x £(1,1,1)}.

Lemma 4.3.8. We have that X is quasismooth off D
However:
Lemma 4.3.9. The singular locus of X consists of exactly 10 points.

To prove this result, we recall Example 2.7.2 where we showed that
D = im(¢) for
¢ :P(1,3,5) = P(2,3,4,5,6,7)

d(a,b,c) ;= (x:=a%,y :=b,z 1= ab,u = ¢,v := ac,w := a’ + ab?).

Proof. Since X is quasismooth off D = im(¢), it is sufficient to work on
(a,b,c) € P(1,3,5) when investigating the singular locus of X.

Let p = ¢(a, b, c) be a singularity of X. The Jacobian matrix of X evaluated
at p, Jx(p), is such that

—3a"b—ab® — 2 —7a'?2 —11a%2 — 2b* — 3a"¢ — ab3c

a’ — 3a3b? + abe —3a®b — 7ab® — 4a3bc + ac?
Jx(p)T = —a® + a?b? — be —a"b + ab® 4 2abc — c?
—ab® — 2a’c a® + a3b? — abc
b? + 2ac —a® — a®bh? + be
a’b 2a7 + 3ab® + a’c

If p= ¢(0,b,c), we have that

- 0 —bc 0 b 0
Tx(p) = .
) (—2b4 0 - 0 be 0

It is clear from the 2 x 2 minors of Jx(p) that p is a singularity of X if and only
if (0,b,c) = (0,1,¢) for some ¢ = 2. Note that even though there are 3 distinct

81



choices for ¢, the group action of P(1,3,5) is such {(0,1,¢) : € = 2} is a single point.
That is, X has a single singularity on ¢({a = 0}).
Let a # 0 and without loss of generality set @ = 1. Then, p is defined by the

2 x 2 minors of

P —c2—30b —20* —b2e— 1102 —3¢—T

—3b% +bc+ 1 —T7b3 — 4bc + c® — 3b
2 _ 3 _ 2
JX(p)TZ b be—1 b> +2bc—c*—b
—b% —2¢ b2 —bc+1
b2 + 2¢ —b? +bec—1
b 302 + ¢+ 2

Equivalently p is defined by the 2 x 2 minors of

—c2 bt —1
1 2b% — 3b%c — be + 3b — 2¢
—1 =2 +3b%c+ bec — 3b+ 2¢

—2¢ 303 + 02 +20+1
2¢ -3 -2 —2b—1
b 32 +c+2

where, in the previous matrix, we have used row 6 to eliminate all b terms in column
1. Using row 2 to eliminate as many terms as possible from column 1, we have that

p is defined by the 2 x 2 minors of

203¢2 — 3b%¢3 + bt — bed 4+ 3bc? — 263 — 1
23 — 3b%c — be + 3b — 2¢
0
4b3c — 6b%c? + 3b% — 2bc? + b? + 6bc — 4c? +2b + 1
—4b3¢ + 6b%c? — 3b3 4 2bc? — b% — 6bc + 4¢? — 2b— 1
—2b% 4 3b3c + b2c 4 2bc+ ¢+ 2

o O O o~ O

That is, the singular locus of X on {a # 0} is defined by
g1 1= —4b3c + 6b%c? — 363 + 2bc? — b? — 6bc + 4c2 — 2b— 1

and
go = 2b* — 3b3¢c — b2c — 2bc — ¢ — 2;

we ignore the minor 2b3¢? — 3b%¢3 + b* — be® + 3bc® — 2¢® — 1 since it is generated by
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g1 and gs.

As g1 = go = bc = 0 is insoluble, it is clear that p is a singularity if and
only if b # 0 and ¢ # 0. It is less clear that p is a singularity if and only if
(14 2b+ b2 + 3b3) # 0; however, 1 + 2b + b? 4 3b> = go = 0 is an insoluble system

of polynomials in C[b]. By rearranging g we have that

2% — 2
CcC =
1+ 2b+ b2+ 363

and by substituting this value of ¢ into g; we have that

—270 — 63b% — 830" — 1120% — 806° — 316 — 9b® +-33b% + 14b+15=0.  (4.1)

As (4.1) has 9 distinct solutions, we count 9 distinct singularities on ¢({a # 0}).
O

We claim that these 10 singularities are in fact 10 nodes. The singularity
p = (0,1,0,¢,0,0) where €3 = 2 can easily be seen to be a node since it is locally
the intersection of 2 lines: working locally on U, the neighbourhood of p where
y # 0, the lines L1, Lo C U defined by x = z = 0 and v = u — € = 0 are such that
{p} = L1 N Lo.

The remaining singularities can be shown to be nodes in one fell swoop:

Lemma 4.3.10. The singular locus of X consists of 10 nodes.

Proof. By Lemma 4.3.9, there are exactly 10 singularities in X: a singularity on
{z = 0} and 9 singularities on {z # 0}. The singularity of X on {x = 0} is already
known to be a node and therefore it is sufficient to check the remaining 9 singularities
of X.

Let J be the Jacobian ideal of X and [ its pullback using ¢. Then, the
dimension of (Clz,y, z,u,v,w]/J) ;) as a C-algebra is at least 9 with equality if and

only if the singularities are all nodes. Let
g1 = —4b%c + 6b%c% — 303 + 2bc? — b% — 6bc + 4c* — 20— 1

and
go = 2b* — 3b3¢c — b2c — 2bc — ¢ — 2.

Then, equivalently the singularities of X are nodes if and only

Clb, ]
(91, 92)

R .= (C[a, b, C]/I)<a> =
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is 9-dimensional (see the proof of Lemma 4.3.9).

We claim that S := {1,b,¢, b2, be, c2, b3, b%c, be?} generates R and hence R is
9-dimensional. Since it is clear that S is linearly independent, we need only check
that S is a generating set. We claim that any monomial 0"¢"™ where m,n € N and
m +mn < 4 is generated by S. The set S contains all elements "¢ with m +n <3

except ¢3; however, ¢3 is generated by S as

18¢® = —17b% — 12b%¢ + 30bc? — 7% — 30bc — 4¢® — 2b — 8¢ — 9+
(66 — 9bc — 2b — 9)g1 + (12bc — 18¢% + 9b — 4¢) go.

Similarly, we have b"c™ generated by S for m 4+ n = 4 since

54b%¢? = 196 — 60b%c — 18bc? — Tb? + 30bc — 52¢2+
10b — 44¢ — 15 — (80 — 9)g1 — (16¢ + 12)go,

93¢ = —2b% — 15b%c — 4b? — 6bc — 4c2 — 2b — 11¢c — 6 — 2bgy — (4¢ + 3)ga,

3b* = —b3 — 6b%c — 2% — 2¢2 — b — 4 — bgy — 2¢gs,

162bc® = 107b% — 84b%c — 126bc* + 97b? + 150be — 110¢°+
44b + 116¢ — 3 + (54b% — 81b%¢c — 18b% — 46b + 45) g1+
(108b%c — 162bc* 4 81b? — 36bc + T0c — 24)go

and

486¢* = 523b% + 516b%¢c — 1332bc? — 108¢> + 731b°+
822bc — 250¢% + 262b + 1162¢ 4 381 + (2700 — 243b%c—
243bc? — 90b? — 54bc — 80b — 243¢ + 171) gy + (540b%c—
486bc? — 486¢> + 405b% 4 63bc — 108¢? + 650¢ + 105) go;

we used the computer algebra software Magma to obtain these expressions (see [5]).
Fix k € N such that & > 4 and suppose that S generates b"¢" for all m + n < k.

Then, as
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486¢F = 486¢F 4t = (52303¢F* 4 5166253 — 1332bcF 2 — 10851+
731625 4 822b¢ 3 — 250¢F 2 + 262bcF~* + 11626873 + 381874,

9k 1o = 9P 4p3e = —2bF 1 — 150F 2 — 4pF 2
— 6B 3 — abF e — 2083 — 1104 — 6bF 4,

546" 2 = 54bF 1% = 196771 — 60072 — 186 3¢
— 72 £ 306F 3¢ — 520F 4 + 106573 — 44bF 4 — 15pF 4

and

162687363 = 16205 *bc® = 1076F 1 — 84b52¢ — 1260732 + 97HF 2+
1500% 3¢ — 1106F 42 4 44b% 3 + 1166 % — 3072,

If m > 4, then

3bmck7m — 3bmf4ck7mb4 — _bmflckfm . GbmeCkferl_

QbmeCkfm _ 2bmf4ck7m+2 _ bmeCkfm _ 4bmf4ck7m+1

Hence, we have that S generates b™c" for m +n = k. Our desired result follows by

induction.

O]

Let Y’ be the type II;®9 unprojection of (X, D) defined by the explicit
equations of [33]. Then:

Proposition 4.3.7. The unprojection Y’ is such that
Y, C P(Z, 3, 47 57 67 77 8, 9)(z,y,z,u,v,w,To,T1) .
Proposition 4.3.8. Let Pys o, (1)(t) be the Hilbert series of Y’ with respect to
Oy (1). Then, Py/(t) is equal to our numerical candidate.

Proposition 4.3.7 is proven immediately by definition of the type 11, 3:0)

unprojection; Proposition 4.3.8 is proven immediately by applying Lemma 4.2.2.

85



Let {1, s0,s1} be the generators of Homp, (Ip, Ox) as in Section 2.2 of [31]

or equivalently as in Remark 3.3.5. The unprojection map

VX -»Y

(x7 y? Z? u7 ’U7 w) '_> <x7 y? z7 u7 U? w7

factorises as

Z
X e N %
where 0 : Z — X is the blow up of X along E := {d; = so(d1) = s1(d1) =0} € X
and 7 : Z — Y is the blow down of ¢~!(D) (see Section 3.3). Define the subvariety
So :={s0(d1) = --- = s0(dg) =0} C X. Under o, the fibers of p € DNy are rational
curves and the fibers of p ¢ D NSy are a point. We claim that D N Sy = Sing(X),
i.e. o blows up only the nodes of X.

We start with the more palatable inclusion:
Lemma 4.3.11. We have that D NSy C Sing(X).

Proof. As X is quasismooth off D = im(¢), it is sufficient to only consider points
p:= ¢(a,b,c) € DN Sy.

Let a = 0. It is straightforward to show that the equations sy(dy) vanish
identically on p for & = 1,4,5,6,7,8,9. For so(dz) and so(d3) to vanish on p, we
must have

2% — be* =0

and
20°¢ — ¢t = 0.

That is, p = (0,1,0,¢,0,0) where €3 = 0 and p is a known singular point of X.

Let a # 0 and without loss of generality set ¢ = 1. If b = 0, then the
vanishing of so(d2) and so(ds) at p means that ¢ +2c = —c* +1 = 0. This is
insoluble so no such p exists. Similarly if ¢ = 0, then the vanishing of sy(d2) and
so(ds) at p means that 2% 4+ 6% + 2b* + b3 + > = —b% — b* + b +1 = 0. This
is another insoluble set of polynomials so no such p exists. Hence, p is such that

b,c # 0. Recall that p is a singular point of X if and only if

g1 = —4b%c + 6b%c* — 3b° + 2bc® — b® — 6bc + 4c* — 2b — 1,
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g = 2b* — 3b3¢c — b%c — 2bc — ¢ — 2
vanish on p (see Lemma 4.3.9). As
b2g1 + 2bega = —s0(d4)(p)

and
cga = —so(d7)(p),

we must have p € Sing(X). O
The proof that every singularity of X lies in D N .Sy follows similarly:
Lemma 4.3.12. We have that Sing(X) C DN Sy.

Proof. As X is quasismooth off D = im(¢), it is sufficient to only consider points
p:= ¢(a,b,c) € Sing(X). Suppose that a = 0. Then,

DN SyN é({a = 0}) = Sing(X) N é({a = 0})

(see proof of Lemma 4.3.11). Suppose that a # 0 and without loss of generality set
a = 1. The singularities of X are points ¢(1,b,c) which satisfy

g1 = —4b3c 4 62 — 3% + 2bc? — b% — 6be + 4¢% — 2b — 1

and
go = 2b" — 3b3¢c — bc — 2bc — ¢ — 2.

When evaluated on p, so(dy) for k=1,...,9 simplify to
1 1
S ()
2 1 2 o Lo
b(—b —|—§bc g1+ | —2b%c+ be —§b —c) g2,
1
3 (c(=b% +be+ 1)g1 + (=2bc® +2¢* — b* — be — 1)go) ,
—b%g1 — 2bcgy,
1 1
—55091 — (62 + 26) g2,

1
= (b(be + 2)g1 + (2bc* — b* + 2¢)ga)
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—C€g2,

1
B (c(b® —be — 1) g1 + (2bc* — 2¢* — b® + be — 1)go)
and )
-5 ((b3c+ b+ c)gr + (2b%¢% — b% + 2bc? — b — 2bc — 1))
respectively. Hence Sing(X) C D N Sp. O

The following results about the singularities of Y’ now follow immediately

(see their counterparts in Section 4.3.1 for a proof).

Proposition 4.3.9. The variety Y’ is quasismooth.

Lemma 4.3.13. The singularities of Y’ are Q-factorial.

Lemma 4.3.14. The singularities of Y’ are terminal cyclic quotient singularities.

Proposition 4.3.10. The variety Y’ is a Fano 3-fold.

4.4 Proof of Corollary 4.2.1

Corollary 4.2.1 claims that the codimension 4 Fano 3-folds constructed in Sections
4.3.1 and 4.3.2 belong to topologically distinct families. To prove this, we recall our
the sketch proof provided in Section 4.2.2.

Let Y/ C P(2,3,4,5,6,7,8,9) be the type II; unprojection of (X, D) as in
Section 4.3.1 or Section 4.3.2. In both cases, X has only ordinary nodes as
singularities and it is possible to extend the diagram displaying the factorisation of

the unprojection map to

where X ~ X is a degeneration from a Fano 3-fold to X. The Euler characteristic
of Y’ is such that
e(Y') = e(X) + 2N — 2

where N is the number of nodes on X (see Section 5 of [36] and Section 2.3 of [7]).
Regardless of whether Y’ is defined as in Section 4.3.1 or Section 4.3.2, we
have e()?) =32 X C P(2,3,4,5,6,7) is a Fano 3-fold defined by a degree 12 and a
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degree 14 polynomial. The Euler characteristic of X is then provided by Appendix
A3 of [T7].

To show that Sections 4.3.1 and 4.3.2 construct 2 distinct topological families
of Fano 3-folds amounts to showing that our 2 sets of initial data have different

numbers of nodes. This is immediate by Lemmas 4.3.4 and 4.3.10:

Proposition 4.4.1. The Euler characteristic of Y’ defined as in Section 4.3.1 is -16.
When Y’ is defined as in Section 4.3.2, the Euler characteristic of Y is -14.
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Chapter 5

The Future

In this chapter we discuss topics of future research inspired by the content of this

thesis. At present, the topics presented are at differing levels of completion.

5.1 Candidates with Type I Centres

There exist 34 codimension 4 numerical candidates marked with both a type I and a
type II; centre. Thus far, and for the sake of realising new families of Fano 3-folds,
we have ignored these candidates since they have already been realised using type
I unprojections (see [10], Theorem 3.2). However, we may still desire to construct

these Fano 3-folds by type II; unprojections. We have the following result:

Theorem 5.1.1. Let Y C P(2ag,a1,...,a7) be a codimension 4 numerical
candidate marked with a type II; centre. The numerical candidate Y can be
realised as a quasismooth codimension 4 Fano 3-fold and constructed as the type
11,V unprojection of (X, D) where X C P(2a0,a1,...,as) is a codimension 2

variety.

The proof of this Theorem follows that of Theorem 4.2.1 and uses the
constructions provided in Table A.1 of Appendix A. We elaborate on some of the

subtleties hidden in this result.

5.1.1 Failure of Standard Type II,*"

Recall Theorem 4.2.1: if a codimension 4 numerical candidate Y is marked with a
type II; centre but no type I centre, Y can be realised as a Fano 3-fold using type
I1;>Y and type I1; 3% unprojections. Given the statement of Theorem 5.1.1, it is

(3,0)

natural to wonder why we make no comment on the type II; unprojection
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construction. For each codimension 4 numerical candidate marked with a type II;
centre, it is always possible to construct a family using type 11, 31 unprojections.
We are currently unable to extend this statement to construct a family using type
11, 30 unprojections. Indeed, a number of numerical candidates fail to be

constructed using our standard type 11, 3:0)

unprojection model.
Consider a codimension 4 numerical candidate marked with both a type I
and a type II; centre, Y C P(2ag,a1,...,a7). The standard model for constructing

Y via a type 11, 3.0

unprojection uses the initial data (X,D) with
X C P(Qag,al,...,a5)<x7y7zyu7v’w>, a codimension 2 complete intersection,

containing D where D is defined by the 2 x 2 minors of

Moo= u v w Ip1r ITpP2 TIP3
' p1r p2 pP3 U v w

with p1,p2,ps € Clz,y, 2] (see Section 4.2.2). Under this model, there exist 14
codimension 4 numerical candidates which fail to construct a quasismooth Fano
3-fold unprojection. In each case, X is not quasismooth off D and thus the

unprojection is singular.

Table 5.1: Standard Type 11, 3:0) Unprojection Model Failures

GRDB ID Numerical Candidate Centre H Standard X ‘
1082 Y CP(1,2,5,6,7,9,11,13)  %(1,1,5) || X120 C P(1,2,5,9,11,13)
1167 Y CP(1,2,3,4,5,7,9,11)  1(1,1,3) | X118 C P(1,2,3,7,9,11)
1181 Y CP(1,2,3,4,5,5,7,12)  1(1,1,3) || X1415 C P(1,2,3,5,7,12)
1182 Y CP(1,2,3,4,5,5,7,9)  X(1,1,3) | X214 CP(1,2,3,5,7,9)
1183 Y cP(1,2,3,4,5,5,7,7)  1(1,1,3) || X014 CP(1,2,3,5,7,7)
4938 Y CP(1,1,3,4,5,5,6,11)  3(1,1,2) || X1215 C P(1,1,4,5,6,11)
5841 Y cP(1,1,2,2,3,5,7,9)  3(1,1,1) || Xio1a C P(1,1,2,5,7,9)
5845 Y CP(1,1,2,2,3,4,5,6)  3(1,1,1) || Xs10 CP(1,1,2,4,5,6)
5859 Y cP(1,1,2,2,3,3,58)  3(1,1,1) || X0 CP(1,1,2,3,5,8)
5860 Y cP(1,1,2,2,3,3,5,7)  3(1,1,1) || Xs10CP(1,1,2,3,5,7)
5862 Y CP(1,1,2,2,3,3,5,5)  %(1,1,1) || Xe10 CP(1,1,2,3,5,5)
5866 Y cP(1,1,2,2,3,3,4,7)  3(1,1,1) Xso C P(1,1,2,3,4,7)
5867 Y CP(1,1,2,2,3,3,4,5)  $(1,1,1) X6 C P(1,1,2,3,4,5)
5963 Y cP(1,1,2,2,3,3,3,5)  5(1,1,1) Xes CP(1,1,2,3,3,5)
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Example 5.1.1. The numerical candidate Y C P(1,2,5,6,7,9,11,13) is produced
by the data

1 1
gy := —1 and By := {6(1, 1,5), 1—3(1,2, 11)}.

The singularities %3(1,2,11) and %(1,1,5) are the type I and type II; centres
respectively. To construct Y using the standard type 11, 3:0) unprojection model,
our initial data (X,D) would be a codimension 2 complete intersection
Xig22 C IP(1,2,5,9,11,13) and an irreducible surface D where D is defined by the
2 X 2 minors of

M= u v o w ypr Yp2 Yp3
p1 p2 p3 U v w

with p1,p2,ps € Clz,y,z] (see Section 4.2.2. We claim that the point p,, is a
singularity off D for all X containing D. As w is degree 13 and w? — yp% € Ip,itis
clear that p,, € X — D. Furthermore,

0fis  Ofis
f187 o PRRRE) ow GC[fUayaZ,U,U]

and therefore the rank of the Jacobian matrix of X evaluated at p,, is at most 1.
That is, Dw lies in Sing(X). The unprojection
Y < P(1,2,5,6,7,9,11,13) 0y - w10 1wy Of (X, D) is singular since X is
isomorphic to Y away from D and a bouquet of rational curves (see Section 3.3).
In particular, we can check that (0,0,0,0,0,0,0,1) € Sing(Y’) by calculating the

Jacobian matrix of Y.

Example 5.1.1 only proves that Y cannot be constructed by the standard type

(3,0)

11, 3:0) unprojection. It is possible that “non-standard” type I1; unprojections or

undiscovered type II; unprojections are successful in constructing a second family.

We ask:

Question. For the 14 numerical candidates of Table 5.1, is there a constructible

(3,0)

family of Fano 3-folds using type I} unprojections?

Question. For the 14 numerical candidates of Table 5.1, is there a second family

of Fano 3-folds constructible by type II; unprojections?

5.1.2 Tom and Jerry Correspondence

Let Y be a codimension 4 numerical candidate marked with both a type I and

type II; centre. It is known that Y can be realised as a Fano 3-fold using type 1
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unprojections and type II; unprojections (see [10] and Theorem 5.1.1). However,
type I and type II; unprojections provide two distinct methods of constructing Y

as a Fano 3-fold. We ask the following question:

Question. Is there a correspondence between the Fano 3-folds constructed by

type II; and the type I unprojections?

More generally, we could ask the related question:

Question. Is there a correspondence between the rings constructed by type II;
and the type I unprojections?

271)

Proposition 3.1.1 showed that, broadly speaking, type 11, ¢ unprojections

correspond to type I unprojections in Tom format. That is, for
Oamb = Z[x1, T2, Y1, Y2, 2, A12, B11, Bia, Baz, C, A12, B1y, Bia, B2z, C, w],

Ip C Oamp the ideal generated by the 2 x 2 minors of

M= Y1 Y2 21 2T2
L1 T2 Y1 Y2
together with w = 0, and Ix = (f, f) C Oamp the codimension 2 ideal defined by

f = Ap(yioy — z1y0) + Bi1(y? — 223) + 2B1a(y1y2 — 22122) + Bao(ys — z23) + Cw

and

f="A(y122 — 21y2) + Bu(yi — 227) + 2B12(y1y2 — z2122) + Baa(y3 — 223) + Cw,

the type II; Y unprojection ring Ox [IBI] is a generic type I unprojection ring.

Remark 5.1.1. Note that we need various primality, homogeneity and positively
graded properties but have dropped them here for simplicity of expression.

Unfortunately, we do not possess a similar statement for type 11, 30

unprojection rings. Furthermore, Proposition 3.1.1 relies on everything in sight
being an indeterminate and hence does not always translate directly to specific
cases involving Fano 3-folds (see Section 3.1.3, Remark 3.1.8).

Nevertheless, a correspondence between Fano 3-folds constructed by type 1

and type II; unprojections can often be found in practice.

93



Consider the data
1 1 1
gy := —1 and By := {2 X 5(1, 1,1),2 x 1(1,1,3), 7(1,2,5)}

and the codimension 4 numerical candidate Y C P(1,2,3,4,4,5,5,7) (see GRDB
ID # 1253). Since Y is marked with a type II; centre i(l, 1,3), Theorem 5.1.1 tells
us that we are able realise the candidate as a quasismooth codimension 4 Fano
3-fold via type II; unprojections. In fact, we can construct three topologically
distinct families as type II; unprojections from X911 C P(1,2,3,4,5,7) (see Table
A.1). We will show that these families can also be constructed as type I
unprojections of (Z, E) where Zggg1010 C P(1,2,3,4,4,5,5) is defined by the
Pfaffians of a 5 x 5 antisymmetric matrix in Tom;, Toms and Jer;s format matrix
with respect to E = P(1,2,5). These are the families constructed by [10].

Remark 5.1.2. (Definition 2.2, [10]) Tom; and Jer;; are matrix formats that specify
type I unprojection data, that is a codimension 3 ideal Iz defined by the maximal
Pfaffians of a 5 x 5 antisymmetric matrix and a codimension 4 complete intersection
ideal Ig D I;. We have that Tom; is defined by a matrix P = (pjk) where pji, € Ig
for all j,k # i. A matrix P = (pji) is in Jer;; format if py; € Ig whenever k or [

equals i or j. The equations of the unprojection in these cases are described in [29].

Remark 5.1.3. Note that in the following examples we work with the general X
containing D. However, for each example there exists a specific case with our desired

properties:

1. Xj011 C P(1,2,3,4,5,7) is a codimension 2 complete intersection which is
quasismooth off D C X and such that Sing(X) is a set of finitely many nodes;

2. Zg991010 C P(1,2,3,4,4,5,5) is a codimension 3 variety which is quasismooth
off some E :=P(1,2,5) C Z and such that Sing(Z) is a set of finitely many

nodes; and

3. in both cases the unprojection is a quasismooth Fano 3-fold that realises our

desired numerical candidate.

Remark 5.1.4. We provide unprojection data (X,D) and (Z,FE). It is
straightforward to prove that the unprojections are equal by using the explicit

equations of the unprojections.

The First “Tom” Family. This construction is one of many cases where we are

able  to apply  Proposition 3.1.1 directly. Suppose  that
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X € P(1,2,3,4,5,7) (24 200w 15 @ codimension 2 complete intersection

containing the irreducible surface D where D is defined by w = 0 together with the

u v yz y> +yat
Z y2+m4 U v .

Since D C X, we write Ix = (f, f) with

2 X 2 minors of

f= B11(u2 — yzQ) + 2B12(uv — yz(y2 + 334))
+ BQQ(U2 — y(y2 + x4)2) + Alg(u(y2 + x4) —vz) + Cw,

of degree 10 and
f= EH(UQ — yzQ) + 2B1a(uv — yz(y2 + x4))
+ Boa(v* — y(y® + 21)%) + Ara(u(y® + 2*) — vz) + Cw,

of degree 11, where Aj2, A12, Bij, Bij, C,C € Clx,y, z,u,v] are some polynomials of
the appropriate degree. Let Y’ < P(1,2,3,4,4,5,5,7) be the type 11, 2D
unprojection of (X, D) defined as in Section 3.1.2. We may apply Proposition 3.1.1
since Ajg, A2, Bij, Bij,C,C do not contain any terms in (w); therefore, the
equations q,l1,lo,l4,l5 are the Pfafians of the 5 x 5 matrix in Proposition 3.1.1
which defines a variety Z C  P(1,2,3,4,4,5,5) (44 2 uTp0m) Ccontaining
E:={Ty =T; = C =C =0} in Tom; format. We verify that the unprojection of
(X, D) equals the unprojection of (Z, F) by constructing the latter and comparing

equations.

Remark 5.1.5. Proposition 3.1.1 can be applied to a number of the type II;*1

unprojection constructions of Table A.1. In these cases, the Fano 3-folds constructed

by the type 11, 21 unprojection can easily be written as “Tom” type I unprojections.

The Second “Tom” Family. In this construction we are unable to apply
Proposition 3.1.1 since the linear equation of the type II; divisor cannot be the
indeterminate introduced via the type 1 wunprojection. Suppose that
X1 C P(1,2,3,4,5,7)<x7yyz’u,v’w> is a codimension 2 complete intersection
containing the irreducible surface D defined by v = 0 together with the 2 x 2

minors of the matrix

(u w yz y(a®+ 93 +2?) >

z y3+m6+22 U w
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Then, without loss of generality, we may assume that X is defined by the polynomials
f = Bi(u? — yz?) + Apa(u(y® + 2% 4+ 2%) —wz) + Cw

of degree 10 and

[ = Bu(u®—y2*)+2B1a(uww— (y* +2°+ 2°)yz) + Ara (u(y’ + 2% +2°) —wz) + Cv

of degree 11, where Ajo, Ay9, B11, B11,B12,C,C € Clz,y,z,u,v] are some
polynomials of the appropriate degree. Let Y’ be the type 11, 21 unprojection of
(X, D) defined by (f, f,l1,...,ls,q) as in Section 3.1.2. Since

Ai2, A2, Bi1, B11, B12,C, C € Clz,y, z,u,v],

we may check that Iy, 13,14, s, g € Clx,y, 2z, u, v, To, T1)N(z,u, To, T1). Hence, we may
define a codimension 3 variety Z C IP(1,2,3,4,4,5,5) (3.4 2 u10,0,10) DY 11,13,14,16,9
which contains F := {z = u = Ty = 11 = 0}. More visually, Z is defined by the

maximal Pfaffians of the 5 x 5 antisymmetric matrix

0 z 0 wu v
0 T O Ty
0 Ty —zBn ;
—Sym 0 —yTp+ AC
0

note that we have scaled f and f so that 2815 = A1 = 1. This matrix is in Toms
format with respect to (z, u, Ty, T1). We verify that the unprojection of (X, D) equals

the unprojection of (Z, F) by constructing the latter and comparing equations.

The “Jerry” Family. Let X011 CP(1,2,3,4,5,7)(3y.2uv,w) De acodimension 2

complete intersection which contains D, the irreducible surface defined by the 2 x 2

v v ow yz y> yab
z oy 2% uw v ow )

Without loss of generality, we write Ix = (f, f) where

minors of

f = Bll(u2 —yz2)+2312(uv—y32)-l—Bgz(1)2—y5)+A12(vz—uy2)+A13(wz—ux6)
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is a polynomial of degree 10,

f = B11(u® — yz?) 4+ 2B1a(uv — y32) + Bas(v? — 4°) + 2B13(uw — y2a®)
+ 212(1}2 — uy2) + Zlg(wz - uxG) + Zgg(yQ’w — xG'U)

is a polynomial of degree 11 and A;j, Bij, A;j, Bij € Clz,y,z,u,v,w] are some
polynomials of the appropriate degree. Note that for X to be quasismooth off D
we require Bag, B13 # 0; hence, we set Bys = B13 = 1. Let Y’ be the unprojection
of (X, D) defined by (f, f,l1,...,ls,q) as in [33]. The polynomials

1
lla l47 l57 l2 - faq - 2B12l1 - l2 + if - 2A12l4 € C[%% Z, U, U7T07T1]

can be written as the maximal Pfaffians of the antisymmetric matrix

2

0 z Y U v
0 To + 2312 F G
P .= 0 H 1 ,

—Sym 0o J
0

where
F = u+y*Ass — 2B As3 + 2 As3,

G := —Ty —uBjg + 2A12 + 2A13B12 — 2A13B12 — y* Ag3 B1a,
H :=T; —3uB1s — v — 2A15 + 2A13B12 — 2413B12 — y* A3 B2,
I:=2uByy — 2A13B11 + 2A13B11 + y*A93 By — 22%A,3
and

J =Ty + 2uAis + UZQ3B11 + zyB1o
+ 3+ 2A19A13 — 2A13A10 + Y Ara Aozt

1 5—2 — 1—9 _
§y2A23311 + Ay3Ag32° — §A23311?J2 — A3 Byju.

To see that this matrix is in Jerry format we may simplify P using row and column
operations. After adding By multiples of column 1 from column 3 (we symmetrically
add Bj2 multiples of row 1 from row 2), a multiple of column 1 from column 2
(symmetrically row), —%ZggBlg multiples of column 1 from column 4 (symmetrically

row) and %Zgg multiples of column 3 from column 4 (symmetrically row), we have
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the 5 x 5 antisymmetric matrix

0 =z y? u+iyPAs
0 To + y2 F G
P = 0 H I |,
—Sym 0 J
0
where
_ _ 1— 1— 3— o
F = —A13Boz + A132 + 514233122’ + §A23TO + §A23y + 2u,
G := A1z + A13B12z — A13B122 — Aoz Bioy® — Brau — Th + v,
_ _ 1—
H = —Algz + AlgBlgz — A13B12Z - §A23B123/2 - QBIQU + Tl -,
I := —A13§112’ — 2A13£L‘6 + Zl3Bllz + Z233113/2 + 2B11u + Bigv
and

_ _ _ 1
J = App A1z + AppAgzy® + 2A10u — A3 Aaz — 5141314233112

1 — 19 —
+ §A13A233112’ + §A23Blly2 + AgsBiiu + Bioyz + Toy + y3.

A final swap of rows and columns, shows that this matrix is in Jer;s format with
respect to

1— 1—
Ip = (To + Y2, 2, u + §A23y27TI + §A23312112 —v).

The maximal Pfaffians of P’ define a variety Z in P(1,2,3,4,4,5,5) 0y 0101
containing F := V(Ig). Note that for our choice of row and column operations,

the varieties defined by the Pfaffians of P’ and P are equivalent.

We point out that in the three examples above our correspondence was one
directional. That is, we presented type II; unprojections as type I unprojections.

We did not present type I unprojections as type II;. We ask:

Question. For numerical candidates marked with both a type I and a type II;
centre, can the families of Fano 3-folds constructed by type II; be built as families

using type I projections?
The answer is expected to be yes. When we realise the numerical
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candidates using type II; constructions, the Fano 3-folds we construct contain the
type I centre automatically. Since it is easy to perform “type I projections”, we
should be able to obtain the initial data of the type I unprojection: this is what we
were doing in the three previous examples. It is beyond the scope of this thesis to
check every codimension 4 Fano 3-fold construction of Table A.1 and [10] for such
a correspondence. Nevertheless, we indicate a predicted or known correspondence

for each numerical candidate in Table A.1.

Question. For numerical candidates marked with both a type I and a type II;
centre, can the families of Fano 3-folds constructed by type I unprojections be

built as families using type II; projections?

This question is more difficult since at present we are unable to perform

“type II; projections”.

Remark 5.1.6. Based on the families that have been constructed and checked
at present, it appears that the type I1; Y families corresponds to the type I Tom

(3.0) families correspond to the type I Jerry families. Brevity

families and the type 113
and the need for future comedic opportunities therefore suggest naming the type
11,1 unprojection format Thomasina and the II;39 format Geraldine: some

Thomasinas are known as Tom, some Geraldines are known as Jerry.

5.2 Missing Codimension 4 Candidates

A natural question now arises: what happens to the codimension 4 numerical
candidates which are not marked by a type II; or a type I centre? Using the idea
of type IlI; unprojections established in Section 2.7.2, we are able to construct
further Fano 3-folds. In particular, we are able to realise 7 more codimension 4
numerical candidates as Fano 3-folds by extending the existing notion of type Il
unprojections.

Type Ils unprojections have historically been defined as Ox [IBI] with Ip

defined by the 2 x 2 minors of matrices such as
u w v s XY X2
M = 4
y z u w v S
(see [31]). However, we believe that type IIy unprojections occur using Ip defined
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as the image of

qzﬁ : ]P)(ao, ai, a2) — P(3a0, ALy ey an).

We therefore believe that there are more formats of Ip. Consider the following

examples:

Example 5.2.1. The image of
d(a,b,c) := (x :=a’,y :=b,z := c,u = ab,v := a’b,w := ac, s := a’c)

is defined as the 2 x 2 minors of M.

Example 5.2.2. Consider
d(a,b,c) = (z:=a,y :=c,z := b>,u := bp; + b*pa, v := bps + b’py)

where p1, p2, 3, ps4 € Cla, b3, c]. Then im(¢) is defined by the 3 x 3 minors of

U v —P2z  —Pp4z  —P1Z  —P3Z
—P1 —P3 u v —P22  —P4z
—P2 —P4 —DP1 —Pp3 u v

where we write p1, p2, p3, p4 € Clz,y, 2] in the obvious manner.

Example 5.2.2 is the key variety in this section. Unprojections with Ip
defined as in Example 5.2.2 allow us to realise a further 7 codimension 4 numerical
candidates which cannot be constructed by the results of [10] or Section 4.2; we

provide realisations below.

GRDB # 501. The numerical candidate defined by

1 1 1
g=—1and B = {2(1, 1L1), 4% 5(1,1,2), (L, 1,7)}

is realised as the quasismooth codimension 4 Fano 3-fold
Y CIP(1,3,6,7,8,8,9,10) (3.4 2 uv,,t,0) defined by

225 — 1% + 720yt + 2522 + 25y%u + 22%uz + O+

62%y3u — xtzv + y22% — Teyzv 4+ 3t — 23 + yuv + yus — vw,
—xlOyQ — 10z — 7:177y3 — :BSyv — :c5ys — $y5 + y3u — a:yQt —? + W,
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10

2% — 2% + 2522 — 62%yv — 2°

2% — x2y3z + ygs — vt + uw,

15

—x 7 = 936y3 — xﬁyz — 6933y4 — 2P

wfy5fxy257uv+zt,
—zt0% + x6yu — az5yv + ﬂ:y3z — 6x2y2v — wyz2 + y2w —vs + ut,

3

M 7 Ny 5P Bt — 2% 4 e — g — ayw — u? + 2,

1% — 2% + 2% 2 — 2%y%u — 72Oyt — 2Puz + x4y20+

oyw — ytz + 6zyPv + 62%y2w + 3227 4 zyzv — Y3t — 12 + sw,

— fL‘lOyZ — 2w+ :I:5y25 — 6:176yw + 2%u? — 2Pzv + 2Pzs + :L‘y4z
— ztuw + 6:E2y3s + y2uz — bryuv — xyzt — uz? + y52 + yut — tw

and

— 2% + 2%y + 1% + 628920 — 25y %s+

x5y22 — 2Puv — 2zt + xt® + :Byguz — y45

— yQZU + 6myv2 + zyzw + 220 — yst — yuw + w?.
GRDB # 512. The numerical candidate defined by

1

1 1
g=—1and B= {3 x 5(1,1,2), £(1,2,3), = (1, 1,6)}

is realised as the quasismooth codimension 4 Fano 3-fold
Y CIP(1,3,5,6,7,7,8,9) (2y,2,u,0,5w) defined by
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9217 + 62y + 2821 1y? + 4521w + 122892 + 3210 + 4228wy
+192%y* + 42 yv + 4825 uy? — 320yt + 32%uz + 925u? + 322%y° + T2ty
+ 122%uy? + 4z uv — 323y%t + 23uyz + 3ztus + 3x2uPy + dxydv — 203ut
+ 2xuyv — y?’t — 22t + 3uy22 + xuys — yv2 —uyt — ot + ulz — tw,

— 9216 — 6213y — 1921%2 — 1320 — 9273 — 1427wy
— 228t — 2yt + 3xtuy® — 2Oyt — 3xduz + 3P+

2muy3 — a:Quyz — 223us + :L‘qu —uys — t2 + VW,

921 + 152" %y + 252992 + 12290 + 192%9> + 625uy — 327¢
+ 4:B3y4 — 3$5yv + 325w — 23:3uy2 - x4yt + 32tuz

— :U2y2v + x3yw — uy3 + zuyz + 3y2w —ts + uw,

— 62! — 14zt ty — 19282 — 27280 — 92> — 2125 uy — 62°t — x2y4

— 3z%w — 4x?uy? — 223yt — 2x3uz — 2 yw — 3y*t — uyz — ut + vs,

62'3 + 2:r10y + 12307y2 + 827w + 14x4y3 + 32%s + 8x4uy — 225t
+ 4:Uy4 — 2x3yv + ac3ys + 3ztw + 2xuy2 — :U2yt — y2v + 3y28 + zyw — tz + us,

— 33212 — 292% — 402092 — 13250 — 1423y3 — 3255 — Tx3uy—

Saxtt — 10y4 — x2ys — 223w — 7uy2 — 2zyt — u? + vz — YW,

— 152 — 312ty — 452%y? — 2028w — 4325y + 320%yz — 827
— 212%uy + 528t — 1122y* + 5atyv + 23y22 — Satys + 22°w — Hauy?
+ 423yt + 2xy*v — dzy®s + 2yw + yPt + atz — zus — 5% + 2w,
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18210 4 24213y + 542102 + 321tz + 27210 4+ 49273+
xsyz + 30:U7uy — 628 + 29:c4y4 — 6936yv + 6x5y22 — 3z w+
28z uy? — 5Pyt + 9z uz + datu® + 12zy° — 223y%v + 2?32
—223y%s — ztyw + 1lzuy® — 42%y%t + 32%uyz — 223us + 2zu’y

— 3y3v — z?ut — y35 —uyv + uz? — uYys — rts — sw

and

— 9x15y — 6:1:12y2 — x9y3 + 21x9uy — 3219 4 32w+
1625uy? — 42"yt — 227 uz — 32°y%s + 4xyw + 9x3ugy—
7xty?t — 3xtuyz — 20tz — 3xPus + 2230ty — dxtut — 22y3s
+ 32%y%w + 3uy® — 4xyPt — zuy?z — 2Puys + 223w + uPy?
— 2zuyt + 2%t + ydw + yut — uzs + uyw + rtw + w.

GRDB # 550. The numerical candidate defined by

1 1 1 1
=—land B=4¢=(1,1,1 —(1,1,2),—-(1,1 —(1,1
g=—tand = {10,103 % 10,12, {(1,13) f1,15)}

is realised as the quasismooth codimension 4 Fano 3-fold

Y CP(1,3,4,5,6,6,7,8) (1.4 2uw.s) defined by

2210 4+ 27yz — v + 2Syu + 22ty?z + 22yt + 22yt

+ xy3z + nyuz — y2z2 + wat — 22+ Yus — vw,

—x6y2 + 2x4yu — :U2y2z + xy2u — x2yt — y23 —v? 4+ 2w,

255103/ =+ $7?/2 - 9343/3 + 2$4y8 — y32 + :cyQS — yzv — vt + uw,

—528y — 42y? — 2tyz — 2?3 — 2?ys — wv + 2t — yw,

2212 + mgy — ﬂ:2y22 + 224w — y4 — 220+ TYyw — vs + ut,
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1

—z10 — 2z —y2,z — TYv — 22

w—u2+zs—yt,

—43:14—4:611y—x8y2+2x4y2z+2x4zv+xy3z+x2y2v—y?’u—i—xyzv—l—:rQzw—yzt—t2+sw,

22104 + 2x6y3 + m7yu — 8¢ + xﬁys + :U3y4 + a:2yzs - y2uz — ySU —Uuzv+ ys2 —yzw —tw
and
—220 — 2Tyv + 28w + 22ty — 2Oyt + 295 + 225U + P20 + 20? — yst 4+ w.
GRDB # 577 The numerical candidate defined by
g=—1and B = {;(1, 1,1),3 x éu, 1,2),2 x %(1, 1,4)}

is realised as the quasismooth codimension 4 Fano 3-fold
Y CP(1,3,4,5,5,6,6,7) (5.2 uuv,stw defined by

—zTt+ $4y3 + 2522 + $5yu + 41‘3y2z + ztzu — atyt + 2x2yz2
+ y3z + x4 TYzu + rxYyzv + :Ey28 + 2%u — yu2 —yzt — zt? + Yzs + tw,

—x6y2 — xsyz — x3y3 — 2 — xgys + :Cyz2 — it — 23— YZU — y2s —t? - uw,

—x6y2 + x5yz - 2x3y3 + 242 — y4 + xyz2 + xyzv + 23— YU + Yyzuv — z2W — 18,
7 3,2

—zr'z— x5y2 — 2:Jc4yz — 2x2y3 — 2" — x?’yv — Sxyzz — 2yz2 —2xzt — y2v +us + zw,

:L'Sy +27z+ x5y2 + 2m4yz + 2322 — x3yu + af:y2z — y2u + 225 — xyw — tv — zw,
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—z10 — 2x7y - x4y2 —223yz — o't — 3022 + 2w — yPz — 2wyt — 2t + wv — 25 + yw,

— 2y — 282 — 22%92 — 320yz — 22122 + tyu — 2%yP2 + 3yt

— 23ys — dzy2? + 2wyPu — 2225 — 22 + yzu + vt + xtv — 5% — vw,

2z6yz —z's+ x4y3 + 22522 + :U3y2z + ztzo — :C4y8 + $y4 + x2y22

+ $2y2v + y?’z + 2223 — 2xyzu + ryzv — yzt + 220+ yv2 —yzs — xts + sw
and

— :E7yz — 2522 — 2w + 2z4y2z — 1:5yt — :U3yz2 —atat

4

— 1:3y2v — T zs— ﬂ:4yw + 3:vy3,z — 2223 + x2yzu — :L“Qyzv

+ y222 — xyzt — 22t + yut — 2%s — Yvs — yzw — xrtw + w?.
GRDB # 872 The numerical candidate defined by
1 1
g=—land B=<5x 5(1, 1,2), 5(1’ 1,4)

is realised as the quasismooth codimension 4 Fano 3-fold
Y CP(1,3,3,4,5,5,6,7) (5.2 uuv,stw) defined by

Su + 2%z — 2Tv 4+ 2393 + 2ty + 20270 + 30202 4 ayu® + 32

— y2z2 =+ 3yz3 + xyzv —4dxz?0 — 2220 + 0P + yuv + uzv + yus + y2t + vw,

—2'0 32222 — 23yu — 22u® — zy?z — 2?yv — 22 — 2Pys+ yPu— zuv — ayt — v — zw,

3

2y — 2%y — 22y%z + 322y — 2dyv — 2320 + yPs — vt — uw,
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9

—z¥ — 23y? — 32322 — 2xty — y? — zu?

— xYs + 22w — uv + zt,
x7y — x4y2 — 2%y — xy2z + 3xyz2 — 2?20 — vs + ut — yw,

2

—a® — 22t — m2yz — 32222 — 2230 + zuz — 2%t — u? — Yyv + 25 + zw,

— xgy — x6y2 + 2:U3y22 — 3:c3y22 + 2220 + y3z — 3y222 + a:y2v

+ zyzv + 20?4+ 22%vs — 22%ut — yus — yzt — xvt — ruw — 2 — sw,

xmy + 285 + :):Gyu — 't — 2x4y22 + 3x4yz2 — 22° 20

4

— 23y%u — atuv + 2yt — 2P0 + 2%yPs + 3222%s — yPuz + Syuz?

— ZUZV + xYUS — 322t — 2%vt 4+ 2uw + uls + y82 + uzt + tw
and

7 5 2,22

—x8yz—x8t+x5y3—m w—m4y2u—:): uv+:c2y4+x Yz

— 3x2yz3 + x3y2v + 23220 + :chgu + xzyuv — 3x22%t + yzzv — 3yzzv

2

+ z20° — y2zs — TYvs — 3x22w — 2z%vw — uvs — yst +uzw + w?.

GRDB # 878. The numerical candidate defined by

1 1
g=—1and B = {4 X 5(1,1,2),2 X 4(1,1,3)}
is realised as the quasismooth codimension 4 Fano 3-fold
Y CIP(1,3,3,4,4,5,5,6) (4.2 u,0,5,,w) defined by

282 4+ 2%y? 4 2285 + 2tyu + tzu + ztyv + 3223

2

+ x2yz2 — 2%us + yu2 — zu? — xs® + y2t + sw,
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—2aﬁ4y2 — 22 — 32225 — x2yt — 22u— Y2V — s? — uw,

—ztw + Yzu — 22+ y2v — st,

—a82 — :c3y2 —ats — 2?zu — x2yv — y3 — 228 +ut + zw,

xﬁy + 2t + x2yu —2?zu— 23— sv— Yyw,

28— 2’z — atu — 3x2yz — 235+ 2w — Ys + uv — zt,

— a;7y — a;4y2 + 22422 — 25t — yu 4 2®zut

2225 — 3ar2yt — yzu +yzu + rsv — 2 — vw,

2By + 2Pyz + 225t + 2tyu — 22w + atzo + 2%yP2 — 32223

2

+ zyzu — 22 + xy2v — 2?ut — 2%s + zuv + va — st + tw

and

— 20yz + 220w + 23y2? — x4ys — 22%yzu 4 22%2%u — 32y

+ y222 — 24— 2w — yus + zus — zsv — zut — yvt — Yyzw — rsw + w?.

GRDB # 1766. The numerical candidate defined by
1 1
g=—1and B= {2 X 5(1,1,1),5 X 3(1,1,2)}

is realised as the quasismooth codimension 4 Fano 3-fold
Y CP(1,2,3,3,3,4,4,5) (4.2 uv,s,t,w) defined by

2Su+ 2zt zy + 2tyu — 20s + 22322 + 322292 + 2%y%u + 3222y + 323

3

+ zzyu + y3u — :Ey2$ + 2?us 4+ 222t + 22%u — ud — xs® + 2o+ zyt + sw,
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—3:4y2 — mgzy — 2xzy2 — y4 + z2y — 2yu — y28 — zUus — zYyv — 2t — s? — uw,

2

xGy + x4y2 + x2y3 + y4 — 2?2u + x?2v + z2y — yu2 — y23 + 2yv — st — 2w,

—:L‘5y — 2tz — 4x22y — myg + :EZyu — 22y2 —xzu+ y2u —TYs — X2V — 2s + ut + yw,

z’ —|—a:5y—|—a:3y2 —|—$y3 +z2? — y2u—xu2 — TYSs — 22w — sv + 2t — yw,

—5 — 2:172y2 —Tzy — 2y3 — 2025 — 2% — Yys + uv — yt + rw,

— 228 — 328y — 32%y% — 32%y3 — 22227 — y4 + zy*u
+ 32%u? + 22%ys — aPuv — 2Pyt — 22y — 2yu + yu’+

y2s + zus + zyv — yuv + wsv — 2wzt — 2yt — zyw — 2 — vw,

$7y + 252 + x5y2 + a:4zy + x3y3 + x4yv — 25t + x22y2 + xy4
+ 232u + 2320 + szy + zy3 + xzyu — y3u - 2a:yu2 — a:yzs + 2xzyv + y3v
— nyt + 2% — 2u® — ZYs — yus + zuv + 202 + zyt — xst + y2w + tw

and

6 5

— x6y2 — x4y3 —x°s — 1‘2y4 — x4ys — $4yt — 7w — y5 + 2x22yu

— x2y2s — mQZyv - 22y2 + zz2u+ zy2u —z2%v — zyQU - y3t

— a:wa — 225+ us + y32 — usv — zvt — xsw + w?.

Given our experience of constructing codimension 4 Fano 3-folds using type

II; and type I unprojections, we ask:
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Question. Is it possible to find more than one family of Fano 3-folds for these 7
numerical candidates? Do these families correspond to distinct type Il unprojection

constructions?

Question. In the literature, constructions using cluster algebras for these
numerical candidates have been found (see [16]). Do the unprojection and cluster
algebra methods construct different families of Fano 3-folds for these numerical

candidates?
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Appendix A

Table of Type II; Unprojections

For each codimension 4 numerical candidate marked with a type II; centre, Table
A.1 provides the information required to realise the candidate as a Fano 3-fold using
type II; unprojections.

The codimension 4 candidates are listed by their GRDB ID and presented
as Y C wP?. They are realised as the type IT;™™) unprojection of (X,D). The
choice of X is indicated by its GRDB ID and is always a codimension 2 variety
X C P(ag, - --,a5) (zy,....z5) With ag < -+ < a5. We define D C P(ay, ..., a5) using
the type 11, (mm) unprojection format and use the standard notation of Section 3.1.2
and [33]. In particular, we identify the vectors y and z with entries y; and z;

respectively.

Remark A.0.1. We do not specify the equations of X since the general X
containing D is sufficient. That is, for a given numerical candidate, the general X
containing D constructed as in Table A.1 will be quasismooth off D and such that
the singular locus is a set of finitely many nodes (see Section 4.2.2). The number

of nodes is also described in Table A.1.

Remark A.0.2. In Table A.1 we also highlight the cases where the standard type

11, 39 unprojection construction fails (see Section 5.1.1).

It is known by [10] that the codimension 4 numerical candidates marked with
type I centres can be realised as Fano 3-folds using type I unprojections. When
Table A.1 encounters such a numerical candidate, we predict the family of [10] to
be constructed by the type II; unprojection (See Section 5.1.2). This prediction
is based on calculating the Euler characteristic of the type II; unprojection and
equating it to the Euler characteristic of the type I unprojection. We present this
information as the GRDB ID and the Tom and Jerry formats of Z C P® used by
[10].
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Remark A.0.3. In the cases where Proposition 3.1.1 is applicable and the family of
[10] is known, we identify the family with an asterix: Tom]. Note that Proposition

3.1.1 only identifies Tom families.

Remark A.0.4. In the case where a codimension 4 numerical candidate is not
marked with a type I centre, there is no associated Tom and Jerry construction. We

indicate this as “n/a”.
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Table A.1: Codimension 4 Fano 3-folds via Type II; Unprojections

Codimension 4 Candidate

Type II; Unprojection Initial Data

ID Y CwP’ ID (n,m) Data Nodes TJ
Yy = [372,.1747(175]
38 Y CP23456789 |37 (3.0 = /[r,esa+a2] 10 u/a
zZ =20
y = (4, 5]
r = 23,23 + 22
37 (2,1) [, + a1 9 n/a
z = X
w = Iy
y = [z3, 74, T3]
342 Y CP(1,4,6,7,7,8,9,10) ||338 (3.0) = [1),a] 2] 17 u/a
z = XT2
y = [z3, 5]
r=zr1,T
338 (2,1) o1, 72] 16 n/a
Z = T




LTT

y = [x3, T4, T5)

360 Y CP(1,4,56,77.89 |359 (3.0) &= /[r,aaf] 17 n/a
z =12
y = [x3, 74]
T =[z1,2
359 (2,1) =1, 16 n/a
zZ =1
w = T5
y = [x3, T4, 5]
569 Y CP(1,3,4,5,56,7,9) | 546 (3,0) &= [ay,m ]+ x120] 20 Jeras
z=I9y
y = [x3,74]
= [r1,x
546 (2,1) 71,2 19  Tom!
zZ =2
w = Ts
y = [r3, T4, 5]
574 Y CP(1,3,4,5,56,7,7) | 547 (3,0) &= [xy,12 4] 18 Jerys

zZ =2




STI1

x = [x1, 9] .
547 (2,1) 17 Tom:
zZ =XT2
w = x5
Yy = [$37$47$5]
648 Y CP(1,3,4,4,5,567) || 640 (3,0) = [12 21,10 15  n/a
zZ =2
Yy = [x4,:v5]
x=[r1,T
640  (2,1) =1, 2] 14  n/a
z =2
w = I3
y = [r2, 73, 5]
1060 Y C P(1,2,6,7,8,9,9,10) | 1068 (3,0) &= [af, 2, 2] 27 n/a
Z =1
y = [zs, 25]
r= |25+ 232
1068 (2,1) 26 + ¥, 24] 24 n/a

z =1

w = T




611

1082 Y C P(1,2,5,6,7,9,11,13)

1077

Standard Model Failure

y = [x3, 4]

07 (2,1) [ + oy + o + ) 30 Tom!
z =1
w = T
y = [r4, 13, 5]

1084 Y CP(1,2,5,6,7,889) || 1068 (3,0) &= [ 22 a] 27 n/a

z = T9
y = [r3, 5]

1068 (2,1) [0 + o, 32] 25  n/a
Z =29
W= x4
Yy = [3327333,365]

1083 (3,0) o= [42, a5, 24] 24 n/a

z =1




0cl

y = [x2, x5

z = [z + 2}, 24]

1083 (2,1) 22 n/a
z =1
W= T3
y = |72, T4, 5]
1091 Y CP(1,2,5,6,7,7,8,9) | 1080 (3,0)  z= [a}+ a2, w5 af + ot + 1] 2% Jersy
z=x
Y = |12, 4]
1080 (2,1) [0+, 3a] 24 Tom!
z =1
w = T
y = [r2, 3, 5]
1115 Y CP(1,2,4,5,6,7,7,8) | 1114 (3,0) 2 = [a3,22, 4] 21 n/a
z =1
Y= [3337335]
14 (2,1 [+ o] 19 n/a

z =1

w = T




1¢1

y = [x3, T4, T5)

1122 Y C P(1,2,4,5,5,6,6,7) 1114 (3,0)  z = [29, 2] + zo2} + 2202, 22§ + 7 + 3w120] 26 n/a
z=x2
y = [x3, 5]
14 (2,1 o1+ 2,36 + 1] 23 n/a
z =1
W= T4
Yy = [z, T4, 25]
1121 (3,0) 2= [ad, 2%, 5] 20 n/a
z =1
y = [24, 5]
121 (2,1 [0 + o7, 3 18 n/a
z=x2
w = Ty
1167 Y Cc P(1,2,3,4,5,7,9,11) | 1145 (3,0)  Standard Model Failure




44!

Yy = [$37 $4]

(6B 2 8
r = [z + 2} + 23, 2§ + 2]

1145 (2,1) 39 Tom
Z =1
w = Ty
Yy = [$27$37$5]
1172 Y CP(1,2,3,4,5,6,6,7) | 1171 (3,0) &= [z, 2} z4] 18 n/a
Z =1
Yy = [x27x5]
r=l|r1,x
1171 (2,1) o1, 24] 17 n/a
zZ =1
w = I3
1181 Y CP(1,2,3,4,5,5,7,12) || 1150 (3,0)  Standard Model Failure
y = [xs, 24]
4 2 .6 2 3
Tr=|ry+x{,Tnp+T5+T
1150 (2,1) [0 + ¥, 3 + o3 + i 32 Toms,

z =1

w = T5




€cl

1182 Y C P(1,2,3,4,5,5,7,9) 1151 (3,0) Standard Model Failure
Yy = |3, 24]
4.2 6 .3 2
x=|ry+ax{,x]+r]+x Tom; (1166)
1151 (2,1) [0 + ¥, a6 + o + a3 29
z=ux Toms (1180)
w = T5
1183 Y C P(1,2,3,4,5,5,7,7) 1154 (3,0) Standard Model Failure
Y = |3, 24]
4.2 6 .2 .3
T = |5+ xi, 23 +x5+
1154 (2,1) [0 + ¥, a6 + o + i 27 Toms
zZ =1
w = Ts
y = [2, 24, T5]
1185 Y C P(1,2,3,4,5,5,6, 8) 1163 (3,0) xTr = [;pl’;pS’Jjg] 21 Jer24

zZ =1




Vel

T = [r1, 73] .
1163 (2,1) 20  Tom!
Z =1
W= Ts
Yy = [$27$47$5]
1186 Y CP(1,2,3,4,5,5,6,7) | 1165 (3,0) 2= 2, x5, ] 20  Jers
Z =1
Y = [12,74]
x=z1,7
1165 (2,1) 21, 19 Tom’
zZ =1
w = T5
y = [r2, 74, T5]
1218 Y CP(1,2,3,4,5,55,6) | 1179 (3,0) 2 =[xy, 23, 21] 18 Jerss
Z =1
Y = [22, T4]
x=zr1,7
1179 (2,1) 21, 17 Tom,
z =1




qcl

y= [$4,$5]

r = [z§ + 2}, 23]

1179 (2,1) 16 Tomg
Z =1
W = Tg
Yy = [$37$47$5]
1253 Y C P(1,2,3,4,4,5,5,7) 1165 (3,0) T = |:$27]j%7:[;8:| 24 Jeris
Z =1
y = [x3, 4]
4 2
xr = |T2,Ty+ T
1165 (2,1) 2,5 + a1 22 Tom’
zZ =1
w = T5
Yy = [.’,173,.1'5]
xr = |z ,x6+x3—|—$2
1165 (2,1) 2,0+ @i + 1) 21 Toms
zZ =1
W = T4
Yy = [x3,$4,$5]
1256 Y C ]P)(l, 2, 3, 4, 4, 5, 5, 6) 1171 (3, O) xr = [;p2’ ;p% + g;% ;pg + gj%;p2 + 332;p1] 24 n/a

zZ =1




9¢l

Yy = [x37 $4]

v = [£2, 27 + (]

1171 (2,1) 22 n/a
Z =1
w = Ty
y = [r2, T4, x5]

1249 (3, O) xr = [;pl’ ;pg’ :1;3] 17 n/a
zZ =1
Y= [£U2,335]
xr=|T1,x

1249 (2,1) 71,3 16 n/a
zZ =1
W = T4
Yy = [x3ax47$5]

1350 Y C P(1,2,3,4,4,4,5,5) 1249 (3,0) T = [;pz’l‘%’x%} 20 n/a

zZ =1
y = [z3, 2s]
Tr=|x ,x4 + 22

1249 (2,1) 22,25 + 1] 18 n/a

Z =1

W = T4




Lal

y = [x3, T4, T5)

1413 Y CP(1,2,3,3,4,4,5,5) || 1390 (3,0) & = [a1, 20,4l 18 Jerss
z =12
y = [22, 4]
= [r1,x
1390 (2,1) =1, 17 Tom!
zZ =1
w = T5
Yy = [x47x5]
4 2
xr = |T2,Ty+ T
1390 (2,1) 22,2 + 1] 16 Toms
zZ =1
w = I3
y = |72, 3, 5]
2410 Y C P(1,2,2,3,4,5,5,6) | 2409 (3,0) = [xo,a1,24] 15 n/a
zZ =1
y = [x3, 5]
r =[xt 42 , T
2409 (2,1) 26 + 21, 34] 14 n/a

z =1




8¢I

y = [x3, T4, T5)

2422 Y CP(1,2,2,3,3,4,5,7) | 2403 (3,0) &= [, +ad + a2 + a2, 8] 2%  Jerrs
z =1
Yy = |3, 24]
2403 (2,1) 1,6 + 2] 24 Tom}
z =1
w= x5
y = |3, x3]
203 (2,1) x = 32} + 21 + 39, 5z§ + 32§ + 23] - Toms
z =1
w= T4
y = [x3, 24, 5]
2438 Y CP(1,2,2,3,3,4,4,5) [ 2409 (3,0) &= [x; + 3wy, ad + w1, 202 + 23] 23 n/a
z =1
y = [zs, z5]
2400 (2,1) 1+ 22,25 + 1] 21 n/a

z =1

w = T4




6¢1

y = [x2, x4, x5)

2419 (3,0) xr = [x07x17x3] 14 n/a
Z =1
Y = (T4, 75]
x=zr1,7
2419 (2,1) =1, 23] 13 n/a
z =1
w = Ty
Yy = [563,56471175]
2511 Y CP(1,2,2,3,3,3,4,4) || 2419 (3,0) &= [2y, 2y, ] 18 n/a
zZ =1
y = [r3, 74]
x = [ro, T
2419 (2,1) 72, :] 17 n/a
z =12
w = XI5
y = [r3, 74, T5]
3509 YV CP(1,2,2,2,3,3,3,4) | 3508 (3,0) = [g,x1, 0] 14 n/a

z =1




0¢T

T = [z1,22]
3508 (2,1) 13 n/a
Z =1
w = I3
Yy = [‘/E37 x4, 1'5]
4825 Y C P(l, 1,4,6,7,8,9, 10) 4795 (3, O) €T = [;pg + 3;1;?7 1;8 + ;1;? + 9, q;g + 33’17 —+ xle] 54 Jergy
zZ =92
y = [z3, 74
x = [zd+ x5, T
4795 (2,1) o6 + a1 o) 49  Toms}
z =2
w = T5
y = [x3, 24, T5]
Jer35 (4895)
4915 Y C P(1,1,3,4,5,6, 7, 8) 4823 (3,0) xr = [x3+x%+x27m8+x? +2x11~279x?—|—x%x2] 47
Jer13 (4914)
Z =2
y = [z3,74]
= [z9, 2] + 29 Tom 4895
4823 (2,1) 2,25 + 1] 42 1 (4895)

z =T

w = XI5

Tom} (4914)




1€1

y = [r3, 5]

a; = (o1 + 29, 28 + 21129 + 222 Tom, (4895
4823 (2,1) 1= o a2+ @omies + aive) 41 2 (4895)
Z = T2 Toms (4914)
W = T4
4938 Y CP(1,1,3,4,5,5,6,11) || 4836 (3,0) Standard Model Failure
y = [x3, 4]
=3+l at+at+a
4836 (2,1) [ + ¥, 3 + 1 + @) 43 Toms
z =2
w = T5
y = [x3, x4, T5)
Jer35 (4914)
4939 Y C P(l, 1, 3, 4, 5, 5, 6, 7) 4837 (3, O) xTr = [x% —+ x:f, x‘ll + x2, ajg + xoxo + xle] 38
Jer24 (4937)
zZ =2
y = [r3, 74]
r=[z3+23 2 Tom; (4914
4837 (2,1) 26 + ¥, 32] 35 1 (4914)
z =19 Tomj (4937)

w = XI5




¢l

y = [x3, T4, T5)

4949 Y C P(l, 1,3,4,5,5,6, 6) 4848 (3,0) xr = [x% + ZL’?,ZL‘Q,ZL’% + _ril + 2$2] 36 Jeros
2= Iy
y = [z3, 4]
3 3
xr = |Ty+ 7, T .
4848 (2,1) 6 + ¥, 2] 33 Tom}
zZ = XI2
w = T5
y= [x4,x5]
4 4
T = |Ty+ T, T
4848 (2,1) [0 + 21, 32] 32 Tomy
z = XT2
w = I3
5841 Y C P(1,1,2,2,3,5,7,9) 5135 (3,0) Standard Model Failure
y = [z3,74]
4 4 2 ,.6 6 3
Tr=|xy+x]+x5,290+2]t+T .
5135 (2,1) [ + i+ a3 2y + o 59 Tom}

z =X

w = XI5




eeT

5845 Y C P(1,1,2,2,3,4,5,6) 5138 (3,0)  Standard Model Failure
y = [z3, 4]
3 3 .4 4 2
r = |Tyg+x{,xyg+T7+T
5138 (2,1) [ + @ty + a1 + ] 38 Tom;
zZ =2
w = T5
5859 Y C P(1,1,2,2,3,3,5,8) 5154 (3,0) Standard Model Failure
y = [z3, 4]
r=|T ,:134 + 2
5154 (2,1) (2,2 + i 38 Toms,
z =2
w = Ts
5860 Y C P(1,1,2,2,3,3,5,7) 5155  (3,0) Standard Model Failure




VEL

y = [x3,24]

=[x, x4 + zt Tom 5840
5155 (2,1) (o2, + i 37 1 (5840)
Z = X9 Toms (5858)
w = Ty
5862 Y CP(1,1,2,2,3,3,5,5) 5156 (3,0) Standard Model Failure
y = [x3, 4]
= [22 4+ 22 + z9, 2p + 2} + 23
5156 (2,1) [+ 2 o+ 0 ] 35 Toms
z =2
w = T5
5866 Y CP(1,1,2,2,3,3,4,7) 5158 (3,0) Standard Model Failure
Y = [23, 4]
= |z, 23 + 23
5158 (2,1) o2, + i 33 Tom

z =T




qeT

5867 Y CP(1,1,2,2,3,3,4,5) 5159 (3,0)  Standard Model Failure
y = [z3, 4]
3 3

T = |x2,25 + T Tom 5858
5159 (2,1) 2,25+ 1] 31 2 (5858)

Z = X9 TOIIl; (5865)

w = T5

y = [x3, 24, T5]

Jer24 (5844)
5870 Y C P(1,1,2,2,3,3,4,5) 5161 (3,0) z = [woz1 + 32, TOT2 + 23, TG + 23] 32
Jer12 (5865)

Z = X9

y = [z3, 4]

x = [z, 23 + +x022 + 23 + 112 Tom 5844
5161 (2,1) (2,08 + @022 + Y + 2122 29 1 (3844)

w = Ts

y = [z3, 23]

= [22 + 22 + x9, 2f + 23 Tom 5844
5161 (2,1) (56 + 27 + 22,2 + 3] 28 2 (5844

Z =9 TOl’Il5 (5865)

w = T4




9¢T1

y = [x3, T4, T5)

5914 Y c P(1,1,2,2,3,3,4,4) 5200 (3,0)  x = [23 + 2} + @9, 2} + x120, w022 + 2] 30 Jerys
Z =T
y = [x3, 4]
2 2 3 3
T = |z + x] + T2, T + 7] + 270
5200 (2,1) (6 + i g i o 200w, 27 Toms
z =2
w = T5
5963 Y C P(1,1,2,2,3,3,3,5) 5258 (3,0) Standard Model Failure
y = [23, 4]
= |z, 22 + 2? Tom 5858
5258 (2,1) (2,25 + 1] 27 1 (5858)
w = Ts
y = [r3, 74, 5]
Jer25 (5865)
5970 Y CP(1,1,2,2,3,3,3,4) || 5261 (3,0) = [29,3,27] 26
Jerys  (5962)

zZ =2




LET

Yy = [$37 $4]

5261 (2,1) r = |29, 23 + 2] o Tom; (5865)
Z = X9 Tom] (5962)
w = x5
y = [z3, w5]
5261 (2.1) z = [wg + xd + 2%, 2} + 23] 03 Tomy (5865)
Z=1T9 Tomy (5962)
w =14
y = [r3, 74, T5]
6217 Y CP(1,1,2,2,3,3,3,3) || 5514 (3,0) &= [19,42 47 23 Jerss
z =29
y = [r3, 4]
5514 (2,1) 22,26 + 1] 21 Tom,
z =9
w = T5
y = [x3, 74, T5]
6860 Y CP(1,1,2,2,2,3,3,5) || 5839 (3,00 &= [xywm ] 24 Jerys

z =2




8¢T

x = [x0, z2] .
5839 (2,1) 23 Tom!
zZ =XT2
w= x5
y = [x3, z5]
r=|T ,x4+x4—|—x2
5839 (2,1) [0, 2 + 1 + 3] 99 Toms
zZ =2
w= x4
y = [r3, 74, T5]
6865 Y C ]P)(l, 1, 2, 2, 2, 3, 3,4) 5843 (3,0) xTr = [xo’ T2, 1;:13} 22 Jer34
zZ =2
Yy = |3, 74]
x = [zg,T
5843 (2,1) [0, 72} 21 Tom?
zZ =2
w = T5
Yy = [x3,$4,$5]
6878 Y CP(1,1,2,2,2,3,3,3) | 5857 (3,0) &= [zg,x0 23] 20 Jerss

z =2




66T

5857 (2,1) [0, 2] 19 Tom
Z = T9
W= 24
Yy = [z4, w5]

5857 (2,1) [ + o1, z2] 18 Toms
Z = 9
w=x3
y = [r3, T4, 5]

8051 Y CP(1,1,2,2,2,2,3,3) | 6858 (3,0) &= [z1,20,2s] 18 n/a

Z = To
Yy = (x4, w5]

6358 (2,1) [, 72] 17 n/a
Z =9




Appendix B

Assorted Code

In this appendix we provide code pertinent to this thesis.

The defining equations of the type ng’l) unprojection ring can be calculated
using the generators of the Ox-module Homp, (Ip, Ox) (compare with the method
of Section 3.1.1). In Section B.1 we calculate these generators using the computer
algebra software Macaulay2 (see [19]).

In Section B.2 we recreate Section 4.3.1 using the computer algebra
software Magma (see [5]). That is, we construct a codimension 4 Fano 3-fold
Y cP(2,3,4,5,6,7,8,9) via a type Hng) unprojection.

In Section B.3 we provide code which, when used in combination with the
data of Table A.1, allows for the construction of random and successful initial data

for type II; unprojections.

B.1 Calculating Hom

It is possible to calculate the explicit equations of the type 1121 unprojection by
computing the Ox-module IBl = Homop, (Ip,Ox). In Section 2.3 the type II;
unprojection was defined by choosing specific generators of wp, eg and e;, and
choosing any lift of these generators in Homp, (Ip, Ox) under the Poincaré residue
map. To construct the explicit equations of the unprojection, we will choose specific
generators of Home, (Ip, Ox) and show that the resulting images in wp satisfy the
assumptions on ey and e;. With the assumptions satisfied, the previously developed
theory still holds and we are able to work explicitly.
Let

Oamb = Z[ai1, a1, @12, A22, W, 2, V12, V13, V14, V24, U, V12, V13, V14, V24, U]
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be a positively graded ring such that the weight of z is even and

wh(ass) = wh(azi) + %Wt(z)

for i = 1,2. Let Ip C Oump be the homogeneous ideal defined by the 2 x 2 minors

of
as1 Q9o 2ai] 2a
Mo 21 (22 11 12
a1l a2 Gg1  a22
together with the linear equation w = 0. We define M;; as the 2 x 2 minor of M

generated by ordered columns 1 < ¢ < j < 4 and hence write

Ip = (Mo, Mys, My, Moy, w). Let Ix = (f, f) be the homogeneous ideal defined
by
[ = Migviz + Mygv1a + Migvia + Magvag + wu

and
f = Mi3v13 + M14014 + M12012 + MayUay + wi.

We assume that Ox = Oamp/Ix is a normal Gorenstein integral domain. We restate

Theorem 3.1.2 in our new notation:

Theorem B.1.1. There is an isomorphism

Oamb[T()aTl]
Ix+(li,...,ls,q)

I

Ox[I5"]
where
ly := a21Ty + za11To + a11B12 — a21B14 — a22Bis,

l2 = a22T1 —|— Za12T0 + BlQalQ + Bl3a217

I3 :=wT) + (ag1a22 + a11a122) Bss + a11a21 Bas

2 2
+ ai92Bys + a12a21 Bog + a12a22Bas + a3 Baa,

lg := a21To + a11T1 + a12Bis,

l5 := a1y + a1211 — a11B13 — a12B14,

2
lg := wTy — ai1 B2z — a11a12B24 — a11a21 B34

2
— (a12a21 + a11a22)Bss — af9Bos — a12a22Bas
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and

q:=T¢ — 21§ — ToB12 — B14Ty + Bas B3

with B;; defined to be the ij-th minor of

U V2 Vi3 V14 V24
B:=(_ B B B
U V12 V13 Vi4 V24

for 1 <i<j<s5.

To prove this theorem we calculate the generators of Homp, (Ip,Ox) as an

O x-module.

Lemma B.1.1. The Ox-module Homp, (Ip, Ox) is generated by i, sg, s1 where i

is the inclusion map, sg is the injective map defined by the natural extension of
so(w) = a11(Bssaz + Bagai1 + Basaiz + Bsaasi) + a12(Baaai2 + Basag1 + Basagsz)

so(Mi2) := —Bisa?; — Biaariais — Bisaiy
so(Mi3) :== —Biaarias1 — Bis(aseain + azia12) + Bizai,
s0(My4) := Bizagia11 — Bisazaiz + Bizaiiars
s0(May) := Bis(aair + aziaiz) + Buaasaiz + Biaal

and sp is the injective map defined by the natural extension of
s1(w) := —ag1(Bssazn + Basai2 + Basag1 + Bazai1) — a12(Bssa112 + Bagaga + Bisai22)

s1(Mjs) := Bisazia11 + Bigasiaia + Bisagais
. 2
s1(Mi3) := Bis(ag1a22 + ai1a122) + Biaas; — Bisagian
Mji4) := Bysa®,z — Bisas, — B
s1(Mh4) := Bisaiyz 13051 12021012
. 2
s1(Maa) = —Bizaiia12z — Biaajyz — Bizagiaz — Bigasars.

Proof. We may write the following presentation of I'p as an Ox-module:

0 In O% —5— Ok

where o' = (w, —Mya, —Mi3 — My, —Moys). Using the results of Chapter 3.9 [1], in
particular Theorem 3.9.5, Homp, (Ip, Ox) is isomorphic to the kernel of the map
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O% — O% defined by BT. That is, Homo,_, (Ip,Ox) = (U) for some matrix U.
We calculate U using Macaulay2 (see [19] for this computer algebra software).
We define Oy, Ix and Ip.

il: Oamb = QQ[v_12,vv_12,v_13,v_14,v_24,u,vv_13,vv_14,vv_24,uu,a_21,
a_22,w,a_11,a_12,z];

i2 ¢ £ = (a_21"2-a_11*xa_11*z)*v_13+(a_21*a_22-a_11*a_12*z)*v_14-
(a_11*a_22-a_21*a_12)*v_12+(a_22"2-a_12*a_12*z) *xv_24+w*u;

i3 : ff = (a_21"°2-a_11*xa_11*xz)*vv_13+(a_21*a_22-a_11*a_12*z)*vv_14
-(a_11*%a_22-a_21*a_12)*vv_12+(a_22"2-a_12*a_12x%z)*vv_24+w*uu;

i4 : I_X = ideal(f,ff);
04 : Ideal of Oamb

i5 : I_D = ideal((a_21"2-a_11*a_11%z),(a_21%a_22- a_ll*xa_12%z),
(a_11*%a_22-a_21*a_12),(a_22"2- a_12*%a_12%z) ,w);
05 : Ideal of Oamb

The map 3 is computed using the resolution of Ip

i6 : CD = res I_D;
i7 : Beta = CD.dd_(2);

5 8
o7 : Matrix Oamb <--- QOamb

To calculate U we desire [ defined over Ox and must change rings:

i8 : Beta = sub(Beta,Oamb/I_X),;

i9 : BetaT = transpose(Beta),;

The kernel of 57 is then

i10 : U = kernel BetaT,;
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ill : U = generators U,;

The matrix U is a 5 x 47 matrix with entries in Ox. We understand a column
_ T
Uj= (uljaUZjaUSjau4j7u5j)
of U as the map ¢y; € Home, (Ip, Ox) defined by
—w > uy;, Mg ug;,  Miz—us;, Mg ugg, Mg usj.

For us, the inclusion map i corresponds to zeroth column of U:
i12 : i = U_0;

To find the columns of U corresponding to sy and s1, we discard any column U; of

U which is a multiple of i:

i13 : for j from 1 to 46 list
isSubset (ideal(U_j_0),ideal(i_0)) and
isSubset(ideal(U_j_1),ideal(i_1)) and
isSubset (ideal(U_j_2),ideal(i_2)) and
isSubset(ideal (U_j_3) ,ideal(i_3)) and
isSubset (ideal(U_j_4),ideal(i_4))

013 = {true, true, true, true, true, true, true, true, true,

true, true, true, true, true, true, true, true, true, true,

true, true, true, true, true, true, true, true, true}
i1l4 : 1=o0;
i15 : for j from O to 45 do if 1_j == false then print (j+1)
11

19
20
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We define

i16 : s0 = U_11;

i17 : s1 = U_19;

By sight we can see that s0 and s1 correspond to the generators of Homp, (Ip, Ox)
defined in the statement of this Lemma. All that remains to show is that Uy is a

combination of i, sO and s1. This is immediate:

i18 : {U_20+s1+(v_14*uu-vv_14*u)*i}

o018 = {l0]}
o}
O]
0]
0]

We have now proven our result. O

Y

Remark B.1.1. We interpret sg € I]Sl in the usual manner of so(z) =y <> so = Z.

An analogous statement holds for s;.

Remark B.1.2. We used Macaulay2 version 1.14 with packages FourTiTwo,
Topcom, ConwayPolynomials, Elimination, IntegralClosure, InverseSystems,
LLLBases, PrimaryDecomposition, ReesAlgebra, TangentCone and Truncations.
Should a different Macaulay2 version be used, it is possible for different integers to
be returned by the loop in the above. Nevertheless, we can proceed as expected by

adjusting the columns chosen for sy and s;.

Remark B.1.3. We note that B;; is a homogeneous polynomial for all ¢ and j, and
the entries of the vectors sg and s; are homogeneous. Let (so/i) denote the 5 x 1
matrix where the j-th entry is the j-th entry of sO divided by the j-th entry of i.
Then every entry of (sp/i) has the same degree and we may calculate the degree of

sp as an unprojection indeterminate. An analogous statement holds for s;.

With sy and s; now defined, we may find the linear relations of
HOHlOX(ID,OX)'

Lemma B.1.2. For ¢,s9,s1 € Homp, (Ip,Ox) defined as above, we have the

following relations:
z2a1150 + a2151 + a11B12 — a1 B14 — azeBis = 0,
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z2a1250 + a2281 + Bi2ay2 + Bizaz = 0,

ws1 + (ag1a22 + a11a122)Bss + ar1a21 Bag

2 2
+ aj92By5 + a12a21 By + a12a22 Bos + a3 B34 = 0,

a2150 + a1151 + a12B15 = 0,
a2280 + a1251 — a11B13 — Baaia =0

and

2
wsg — a7y Bz — a11a12B24 — a11a21 B3y

2
— (a12a21 + ar11a22)Bss — ajyBas — aj2a22Ba5 = 0.

Proof. We check that the above relations hold by using the explicit definitions for

1, 80,51 provided in Lemma B.1.1. This can be done using the Macaulay2 code

i19 : 11 = -a_11*zxs0-a_21*sl1+(a_11*v_12*uu-a_1l1lxuxvv_12-

a_21*v_14xuu+a_21xuxvv_14-a_22*v_24xuu+a_22*u*xvv_24)*i;

i20 : 12 = a_12%z*xs0+a_22*sl+(-a_12*v_12xuu+a_12*u*vv_12-

a_21*v_13*uuta_21*uxvv_13)*i;

i21 : 13 = -wxsl+(-a_11*a_12*zxv_13*xvv_24+a_11*a_12*z*v_24*xvv_13-
a_l11xa_21xv_12%vv_13+a_11xa_21xv_13%vv_12-a_12%a_12*z*xv_14%
vv_24+a_12*a_12*zxv_24%vv_14-a_12*a_21*v_12*vv_14+a_12*a_21%*
v_14%vv_12-a_12%a_22%v_12%vv_24+a_12%a_22%v_24*vv_12-a_2172%
v_13%vv_14+a_21"2*%v_14*vv_13-a_21%a_22*v_13*vv_24+a_21%*a_22
*v_24%vv_13) *i;

i22 : 14 —a_21*s0-a_11*s1+(a_12%v_24*uu-a_12*ukvv_24) *i;

i23 : 15

—a_12*uxvv_14)*i;

a_22*s0+a_12*s1+(a_11*v_13*uu-a_11*uxvv_13+a_12*v_14*uu

i24 : 16 = wxsO+(v_14*vv_13*%a_21*a_11-v_13*vv_14*a_21*xa_11+
v_24xvv_13%a_22xa_11-v_13*%vv_24*a_22*xa_11+vv_12%v_13*a_11"2
—v_12*%xvv_13*%a_11"2+ v_24x*vv_13%a_21*a_12-v_13*vv_24*a_21*a_12+
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v_24xvv_14xa_22%a_12-v_14*xvv_24*a_22xa_12+vv_12*v_14*a_11*xa_12-
v_12%vv_14x*a_11*a_12+vv_12%v_24*a_12"2-v_12*%vv_24*a_12"2)*i;

As 11, ..., 16 are equal to 0, the relations hold for ¢, sg and s; as vectors and their

counterparts in Homo (Ip, Ox). ]
This provides the linear equations of the unprojection (see Section 2.3).

Remark B.1.4. Note that these linear equations can be predicted by recreating
the Kustin-Miller style resolution of [39] (see Section 3.1.2).

Remark B.1.5. It may be the Macaulay2 may return different

The quadratic equation of the unprojection is obtained as in Lemma 3.1.1.

B.2 Example Unprojection Code

Codimension 4 Fano 3-folds can be constructed using computer algebra software.
The Magma code below realises GRDB numerical candidate #38,
Y cP(2,3,4,5,6,7,8,9), via a type Hgm) unprojection. With the help of the
initial data provided by Table A.1, the code is easily edited to construct many
numerical candidates.

First, we set up the initial data of the unprojection D C X C wP® as in
Section 4.3.1. We define the ambient space wP® = P(2,3,4,5,6,7):

> P<x,y,z,u,v,w>:=ProjectiveSpace(Rationals(),[2,3,4,5,6,7]1);

The divisor D C P(2,3,4,5,6,7) is defined by the 2 X 2 minors of a matrix M
together with z = 0:

> M:=Matrix([[v,w,x*u,x*(x"3+y"2)], [u,x"3+y"2,v,wl1);
> D:=Scheme(P,Minors(M,2) cat [z]);
> M;

The output is:

[v W X*u  X"4+xxy 2]

[u X"3+y~2 v W]

The variety X1214 C P(2,3,4,5,6,7) is defined by the degree 12 polynomial and the
degree 14 polynomial of Section 4.3.1:
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> f12:=Minors(M,2) [6]+Minors(M,2) [5]+z"3;

> f14:=x*Minors(M,2) [6]+x*Minors (M, 2) [6]+Minors(M,2) [2]+
zx (x"5+z*v+u~2) ;

> X:=Scheme(P, [f12,f14]);

> £12;

> f14;

The outputs here are:
X"3%v + 273 - x¥u”2 + yT2%v + V72 - ukw
and

—X77 — 2*x74xy~2 + x"b*z - x¥y 4 + xT4xv — x72*%u”2 + x*ky 2%v + zxu"2

+ zZ72%v 4+ xkvT2 - xkukw + w2
It is clear by construction that D C X; however, we use Magma to verify this:
> D subset X;

The output will be true. We check that X is quasismooth off D and the singular

locus of X is a set of finitely many nodes. The singular locus of X is defined:
> SX:=JacobianSubrankScheme (X) ;
We can check that it is 0-dimensional, reduced and a subset of D using the code:

> Dimension(SX) eq O;
> IsReduced(SX);
> SX subset D;

Again, the outputs are all true. In this case X has 9 nodes:
> Degree(SX);

This completes the definition of the initial data of the unprojection. Using the
equations of Section 3.1.2, we know that the unprojection of (X, D) will lie in
P(2,3,4,5,6,7,8,9). We define this space

> Q<x,y,z,u,v,w,T_0,T_1>:=ProjectiveSpace(Rationals(),[2,3,4,5,6,7,8,9]1);

Since the unprojection equations will require the ideal of X inside this new space,

we redefine X:
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> £12:=x"3%v+z"3-x*u"2+y " 2*%v+v " 2-u*w;

> f14:==x"7-2%x"4*y " 24X " 5*Z2-x*y T A+x " A*v—x" 2%U" 2+30ky T2k V+Z¥UT 2427 2%V

+X*V T 2-X*kwkwtw " 2;

The linear and quadratic equations of the unprojection will be defined using the

explicit equations of Section 3.1.2. To avoid confusion, we identify

z = zz, W = WW, Ao = A_12
A9 =AA_12, Bj; =B_11, B;; =BB_11,
Bis =B_12, Biy =BB_12, By =B_22,

Byy = BB_22, C=c, C = Cc,

where the left-hand side is the notation used in Section 3.1.2 and the right-hand

side is the notation used in our Magma code:

vV V V V V V V V

x_1:=u;

X_2:=x"3+y"2;

y_1l:=v;

y_2:=w;

ZZ:

Ww:

=X;

=Z;

A_12:=1; B_11:=1; B_22:=0; B_12:=0; C:=z"2;

AA_

12:=x; BB_11:=x; BB_22:=1; BB_12:=0; CC:=x"b+u"2+zx*v;

The linear and quadratic equations of the unprojection are:

>

11:

-y_
12:

13

=x_1%zz*T_0+y_1*T_1+x_1*(C*AA_12-A_12xCC)-2xy_1x(C*BB_12-B_12%CC)
2% (C*BB_22-B_22*CC) ;
=x_2%zz*T_0+y_2*T_1+x_2* (C*AA_12-A_12xCC)+y_1x(C*BB_11-B_11%CC) ;

s=ww*T_1+y_1"2%2x (B_11*BB_12-BB_11%B_12)+x_2"2%zz*2* (B_12*BB_22

-BB_12%B_22)+x_2%*x_1%zz* (B_11*BB_22-BB_11*B_22)+x_2*y_2*(A_12*BB_22
-AA_12%B_22)+x_2*y_1*%2+x(A_12*BB_12-AA_12+B_12)+x_1*y_1%(A_12*BB_11-

AA_
14:
15:
16:
AA_
BB_
BB_

12%B_11)+y_2*y_1*(B_11*BB_22-BB_11%*B_22) ;
=y_1%T_0+x_1xT_1+x_2*(C*BB_22-B_22*CC) ;
=y_2*T_0+x_2*T_1-x_1%(C*BB_11-B_11*CC)-2*x_2* (C¥BB_12-B_12*CC) ;
= ww*T_0-x_2"2x(A_12*BB_22-AA_12%B_22)-x_2*x_1*2*(A_12*BB_12-
12+B_12)-x_2*y_2%2* (B_12*BB_22-BB_12*B_22)-x_2*y_1*(B_11*BB_22-
11%B_22)-x_1"2*(A_12+BB_11-AA_12*B_11)-x_1xy_2x(B_11%BB_22-
11¥B_22)-x_1*y_1*2*(B_11*BB_12-BB_11%*B_12) ;

q:=T_1"2-T_0"2%zz-T_0* (C*xAA_12-A_12*CC)-2*T_1x(C+*BB_12-B_12*CC)
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+(C*BB_22-B_22*CC) * (C*BB_11-B_11*CC) ;
The unprojection Y C P(2,3,4,5,6,7,8,9) of (X, D) is:
> Y:=Scheme(Q, [q,11,12,13,14,15,16,f12,f14]);
We may check that Y is a 3-fold of codimension 4:

> Dimension(Y) eq 3;

> Codimension(Y) eq 4;
and Y has an empty singular locus:

> SY:=JacobianSubrankScheme (Y) ;
> IsReduced(SY);
> Dimension(SY) eq -1;

The output for each line is true. For complete clarity, we compare the Hilbert
numerator of Y to the Hilbert numerator of numerical candidate #38. The Hilbert

series of Y is defined by
> PY:= HilbertSeries(Ideal(Y));
and its Hilbert numerator is

> HilbY:=PY*&*[1-Parent(PY).1"a : a in Gradings(Ambient(Y))[1]];
> Hilby;

The output is, as required:

t743 - 2%t731 - £730 - 2%t729 - 2%t728 - t727 + 2%t724 + 2%xt723
+ 3%t722 + 3%t721 + 2%t720 + 2%t719 - t716 - 2%t715 - 2*%t”14
- t713 - 2%t712 + 1

Remark B.2.1. The type Hg?,,o) unprojection construction of Section 4.3.2 can be
defined in a similar manner. Suitable Macaulay2 code is provided by [33] (see [28]

in particular).

B.3 Initial Data Code

When using type II; unprojections to realise codimension 4 numerical candidates as
Fano 3-folds, we are often more interested in the end result rather than the initial

data of the unprojection. For our purposes, the general codimension 2 complete
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intersection X C wP® containing D is sufficient. In this section we define code to
construct “general” initial data.

Given the input of (i,§,wP% D), the code below constructs a random
codimension 2 complete intersection X;; C wP® which contains D, defined in the
usual type II; manner. The constructed X is quasismooth off D and has a singular
locus equal to finitely many nodes. In computer algebra, general loosely translates
to random; therefore, the returned X is general in that it belongs to the Zariski
open set of codimension 2 varieties X;; C wP® which contain D, are quasismooth
off D and have only finitely many nodes.

We begin by constructing random polynomials in Magma. For a given triple
(d,P,coeffs), we define a function randpoly which constructs random polynomials
of degree d on the projective space P where the coefficients of the polynomials are

in the sequence coeffs:

> randpoly := func< P,d,coeffs | d ge 0 select &+[CoordinateRing(P) |
Random(coeffs)*m:m in MonomialsOfWeightedDegree(CoordinateRing(P),
d)] else CoordinateRing(P)!0 >;

Similarly, we define a function randpolyD which constructs a random polynomial of

degree d in the ideal generated by ID:

> function randpolyD(P,ID,d,coeffs)

> R := Universe(ID);

> error if not R cmpeq CoordinateRing(P),"ID isn’t a sequence of
polys on P";

> f :=R!0;

> for m in ID do

> if WeightedDegree(m) le d then

> f +:= m*randpoly(P,d-WeightedDegree(m),coeffs);

> end if;

> end for;

> return f;

>

end function;

We are now in a position to define our desired code. To construct X;; in

(

wP® containing a type 1112’1) divisor D, we define the function:

> function TypeIIl_21(i,j,P,x,y,z,w : coeffs := [1..20])
> error if not (#x eq 2 and #y eq 2),
"Arguments 4 and 5 should have length 2";
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> error if not (i+j eq &+Gradings(P)[1]-1 and Dimension(P) eq 5),
"Given equation degrees do not define an index 1 Fano 3-fold";
> RP := CoordinateRing(P);
> error if not (z in RP and w in RP and Universe(x) eq RP and
Universe(y) eq RP),
"Polynomial arguments must lie in the coordinate ring of P";
> ZZXX:=[ x[il*z: i in [1,2]];
> M:=Matrix(CoordinateRing(P),2,4, y cat ZZXX cat x cat y);
> ID:=Minors(M,2) cat [w];
> D:=Scheme(P,ID);
> fi:=randpolyD(P,ID,i,coeffs);
> fj:=randpolyD(P,ID,j,coeffs);
> X:=Scheme (P, [fi,fj]l);
> SX:=JacobianSubrankScheme (X) ;
> is_ok := Dimension(SX) eq O and IsReduced(SX);
> num_nodes := is_ok select Degree(SX) else -1;
> is_ok and:= D subset X and SX subset D;
> return is_ok, num_nodes, X, D;
>

end function;
The input data of this function comprises of

1. i and j, the integers corresponding to the degrees of the equations defining

our desired X;
2. P, the weighted projective space containing X;
3. x and y sequences of polynomials on P of length 2; and
4. z and w polynomials on P.

The type 1152’1) divisor D is defined as in Section 3.1.2 by identifying y = [y1, y2],
x = [z1,22], z = z and w = w. Note that the function TypeII1_21 is defined with
the extra optional sequence coeffs which specifies a range for the coefficients of the
randomly chosen polynomials. If no information is provided here, the function runs
with coefficients in {1,...,20}. The output of TypeII1_21 will be:

1. bool, true or false depending on whether X is quasismooth off D, with a

reduced singular locus consisting of finitely many nodes;

2. the number of nodes of X;
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3. X, X itself; and
4. D, D itself.

Remark B.3.1. Note that the function has inbuilt error codes which occur if the
input does not define a 2 x 4 matrix, if the data supplied for D does not lie in the
appropriate coordinate space or if the provided X;; C P(ao,...,as) is such that
i+j—1#(ag+---+as).

We may analogously define a function for the type Hg:'),o) unprojection by

altering the arguments and errors:

> function TypeII1l_30(i,j,P,x,y,z : coeffs := [1..20] )
> error if not (#x eq 3 and #y eq 3),
"Arguments 4 and 5 should have length 3";
> error if not (i+j eq &+Gradings(P)[1]-1 and Dimension(P) eq 5),
"Given equation degrees do not define an index 1 Fano 3-fold";
> RP := CoordinateRing(P);
> error if not (z in RP and Universe(x) eq RP
and Universe(y) eq RP),
"Polynomial arguments must lie in the coordinate ring of P";
> ZZXX:=[ x[il*z: i in [1,2,3]1];
> M:=Matrix(CoordinateRing(P),2,6, y cat ZZXX cat x cat y);
> ID:=Minors(M,2);
> D:=Scheme (P,ID) ;
> fi:=randpolyD(P,ID,i,coeffs);
> fj:=randpolyD(P,ID, j,coeffs);
> X:=Scheme (P, [fi,fjl);
> SX:=JacobianSubrankScheme (X) ;
> is_ok := Dimension(SX) eq O and IsReduced(SX);
> num_nodes := is_ok select Degree(SX) else -1;
> is_ok and:= D subset X and SX subset D;
> return is_ok, num_nodes, X, D;
>

end function;

Example B.3.1. It is possible to construct a codimension 4 Fano 3-fold
Y CcP(2,3,4,5,6,7,8,9) which is different to the one constructed in Section 4.3.1
by simply unprojecting using different initial data. We can set up initial data as

follows:
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V V V VvV V V V V

P<x,y,z,u,v,w>:=ProjectiveSpace(Rationals(), [2,3,4,5,6,7]);
i:=12;
j:=14;
yy:=Lw,v];
xx:=[x"3+y"2,ul;
repeat
time bool,N,X,D := TypeIIl_21(i,j,P,xx,yy,x,2z);

until bool;
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