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Abstract

In this thesis, we study the regularity of embeddings of finite dimensional
subsets of Banach spaces into Euclidean spaces. We first consider subsets of Banach
spaces with finite box—counting dimension and extend an embedding result due to
Hunt & Kaloshin [15], which was previously known only for subsets of Hilbert spaces.

We then focus on almost homogeneous subsets of Banach spaces, which is a
weaker notion of homogeneous sets, or sets with finite Assouad dimension. Olson &
Robinson [25] showed that if X is a subset of a Hilbert space and X — X is almost
homogeneous, then X admits an almost bi-Lipschitz embedding into an Euclidean
space. We extend this result for subsets of Banach spaces, using a weaker condition
which requires that X — X is almost homogeneous near the origin.

We also study the question of whether the set of differences is almost ho-
mogeneous at the origin, if the set itself is homogeneous. We answer the question
negatively by considering a compact and homogeneous metric space X such that the
difference of isometric copies of X into L°°(X) is not almost homogeneous.

Finally, we find out that given an attractor K of a Iterated function system
that satisfies a weak separation condition, the Assouad dimension of K — K is bounded
above by twice the dimension of K. We then apply this result to a particular class

of asymmetric Cantor sets.
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Chapter 1

Introduction

Given a compact ‘finite-dimensional’ subset X of a metric space (M, d), it is natural
to ask whether we can find a continuous map from M onto some Euclidean space,
such that if we restrict it to X, we obtain a homeomorphism from X onto its image.
The main question we want to address in this thesis is how we can understand
the notion that an arbitrary subset X of a Banach space is ‘finite—dimensional’.
There are many possible dimensions that we can consider and each of them provides
different embedding properties into Euclidean spaces.

There have been embedding results concerning subsets with finite Hausdorff
dimension by Mané [22], finite box-counting dimension by Foias & Olson [9], finite
Assouad dimension by Assouad [2], Olson & Robinson [25] and by Naor & Neiman
[24]. In this thesis, we will concentrate on embeddings of subsets of Banach spaces
with finite box-counting or Assouad dimension into Euclidean spaces.

In the second chapter, we concentrate on subsets of Banach spaces with finite
box—counting dimension. The box-counting dimension dg(X) of a compact set X
measures how does the minimum number of balls of radius € that cover X changes as
e — 0. In 1993, Ben Artzi et al [3] treated the case when X is a subset of a Hilbert
space with finite box—counting dimension and showed that there exists a projection
into an Euclidean space which is injective on X and has a Hoélder continuous inverse.
They also proved a sharp bound on the Hélder exponent. In 1996, Foias and Olson
treated the case where X is a subset of a Hilbert space H with finite box—counting
dimension and proved that there exists a dense set of linear maps L: H — R¥ which
are injective on X with Holder inverses on the image of X. However, they did not
obtain a bound on the Holder exponent.

In 1999, Hunt and Kaloshin [15] introduced the thickness exponent 7, an
exponent which measures how well an arbitrary subset of a Banach space can be

approximated by linear subspaces. They proved a breakthrough result that for any



subset X of a Hilbert space H with finite box—counting dimension, and for every
0 < 6 <1+ 7/2, there exists a k € N and a dense set of linear maps L: H — R*
that satisfies )

—|lz —y|| < |Lz — Ly|°,

olle =yl < Lo — Ly

for any z,y € X and for some C, > 0.

They actually proved that the set of linear maps that satisfy the above
property is not only dense but also prevalent, a notion which can be viewed as an
analogue of ‘almost every’ in the context of infinite dimensional spaces. They also
showed that the bound on the Hélder exponent is sharp, i.e. there exists aset X C H
such that for any linear projection that is injective on X and has a #-Hoélder inverse,
the exponent must be less or equal than 1 + 7/2. The sharpness result was also
proved by Pinto De Moura and Robinson [6] by using the simpler example of an
orthogonal sequence in H.

The authors attempted to extend the theorem for subsets of Banach spaces
but their proof contained an error. Robinson [27] introduced the dual thickness
and proved an embedding for subsets of Banach spaces with finite box—counting
dimension. It has been an open question whether it is possible to prove the result
for subsets of Banach spaces, using the thickness rather than the dual thickness.
Motivated by this question, we prove an embedding result for subsets of Banach
spaces with the restriction that the thickness exponent is less than 1. In particular,

we prove the following theorem.

Theorem 1.1. Let X be a compact subset of a Banach space B with thickness
exponent 7(X) < 1 and box—counting dimension dg(X) < co. Then for any integer
k> 2dp(X) and any given 0 with

k — 2dp(X)

0<f< (1 —T(X))M7

a prevalent set of linear maps L: B — R* satisfies:
|z —y|| < CrlLe — Ly|®, ¥ z,y € X, for some Cp, > 0. (1.1)

In particular, L is bijective from X onto L(X) with a Hélder continuous inverse.

A second line of argument uses the Hahn—-Banach theorem to construct linear
embeddings from subsets of Banach spaces with finite box-counting dimension into
Hilbert spaces. Using Hunt and Kaloshin’s result for subsets of Hilbert spaces, we
produce embedding theorems for subsets of Banach spaces into Euclidean spaces,

even without the restriction for the thickness to be less than 1, with the cost of a



factor of 1/1 +dp(X) in the bound of the Holder exponent.

Theorem 1.2. Let X be a compact subset of a Banach space B with thickness
exponent 7(X) and box—counting dimension dg(X). Then for any integer k > 2dpg(X)

and any given 0 with

k— 2dp(X)

0<f< Y
B(1+dp()) (1+752)

there exists a linear map L: B — R¥ such that
lz =yl < Culla— Ly|®, ¥V z,y € X. (1.2)

In particular, L is bijective from X onto L(X) with a Hélder continuous inverse.

In the third chapter, we concentrate on the relation between the box-counting
dimension of a compact subset of a Banach space and various thickness exponents.
As mentioned above, these exponents play an important role in embedding theorems,
especially when the embeddings are linear (as are the ones we consider). We study
a particular class of orthogonal sets in ¢, for p € [1,00], which are used by De
Moura & Robinson [6] to prove that Hunt and Kaloshin’s theorem is sharp. We show
that the thickness exponent of these sets equals the box—counting dimension when
p € [1,2] and satisfies a lower bound when p > 2.

In Chapter 4, we study doubling metric spaces (X, d), which are spaces with
the property that every ball in the set can be covered by a fixed number of balls
with half the radius. In 1983, Assouad proved that for any 0 < € < 1, doubling
metric spaces admit bi—-Holder embeddings with Holder exponent €, into an Euclidean
space R, for some N depending on e. Assouad’s pioneering work triggered a lot of
research in the field of embeddings. Recent results by Naor & Neiman [24], based
on work by Abraham, Bartal & Neiman [1], showed that we can actually choose N
in Assouad’s theorem to be independent of €. The same result was also achieved
independently by David & Snipes [5].

The doubling property remains invariant under bi-Lipschitz maps and we
also know that any subset of an Euclidean space is doubling (see Chapter 9 in the
book of Robinson [28]). Hence, a metric space needs to be doubling in order to
admit a bi-Lipschitz embedding into an Euclidean space. However, the condition is
not sufficient since there are examples of doubling spaces due to Lang & Plaut [21],
Semmes [29] and Pansu [26] that cannot be embedded in a bi-Lipschitz way into
any Hilbert space.

An equivalent definition of a doubling space is given which involves the



Assouad dimension d4(X), a more local version of the box—counting dimension. The

Assouad dimension is related to homogeneous sets, which are defined as follows.

Definition 1.3. A subset V' of a metric space (X, d) is said to be (M, s)—homogeneous
if for everyr > p >0

Ny (r,p) =sup N(V N B(x,r),p) < M <R>S,
zeV r
where N(V N B(x,r), p) denotes the minimum number of balls of radius p required
to cover V.N B(x, 7).
The Assouad dimension of V. C (X,d), da(V) is defined as the infimum of
all s > 0 such that V is (M,s) homogeneous for some M > 0.

We are interested in the notion of a weaker class of embeddings which are
called almost bi—Lipschitz. Given § > 0, we say that a map L: (X,d;) — (Y, da),
between two metric spaces is §-almost bi-Lipschitz if for x # y € X, it satisfies

1 di(z,y)
T EA LR < dy(L(x), L(y)) < Crdi(z,y),

where slog(z) = log (x + %) is defined as the symmetric logarithm function, for
x> 0.
In 2010, Olson & Robinson [25] introduced a weaker notion of an («, 5)—almost

homogeneous metric space, which remains invariant under almost bi-Lipschitz maps.

Definition 1.4. A metric space (X,d) is («, §)-almost (M, s)- homogeneous if for
any0<p<r

Nx(r,p) < M <p) slog(r)slog(p)’. (1.3)

The authors showed that when X is almost homogeneous, it admits §-‘almost’
bi-Lipschitz embeddings into an infinite dimensional Hilbert space. In particular, the
image in H is almost homogeneous. They also obtained a bound on the exponent §.

The authors also study the case when X is a subset of a Hilbert space such
that the difference X — X is almost homogeneous. They show that if such a condition
is true then X can be embedded into a sufficiently large Euclidean space using a
linear map with an ‘almost’ Lipschitz inverse. In particular, they prove that when
X — X is homogeneous, X admits d-almost bi-Lipschitz embeddings for all § > 3/2.
Unfortunately, the fact that X is (almost) homogeneous does not necessarily imply
that X — X is also homogeneous (see examples of this kind of sets in chapter 9 in
the book of Robinson [28]).

Sets of differences were also studied by Robinson [27], who proved that for

any subset of a Banach space X such that X — X is homogeneous, X admits d-almost



bi—Lipschitz embeddings into Euclidean spaces, for all § > 1. The exponent § was
shown to be sharp, in this case.

The condition on the set of differences on the result of Olson & Robinson
[25], was used to control covers of balls around the origin. In particular, their result
can be restated to hold for sets X such that X — X is almost homogeneous at zero.

The interesting fact about this condition is that it remains invariant under
linear almost bi-Lipschitz maps, as we show in section 4.2. In Section 4.2.1, we
consider subsets of Banach spaces such that the set of differences is almost homogen-
eous at the origin, i.e. satisfy (1.3) only for balls around zero. We show that under
this property, we can construct a linear embedding from a subset of a Banach space
into a Hilbert space. Since the condition remains invariant, we then use Olson’s &
Robinson’s result [25] to construct an embedding into an Euclidean space.

In Section 4.2.2, we extend the above result and we show that when X — X is
almost homogeneous at the origin, then there exists a prevalent set of linear almost
bi-Lipschitz embeddings from X into an Euclidean space. In particular, we show

the following result.

Theorem 1.5. Fiz any M > 1, s > 0 and o, 8 > 0. Suppose X is a compact
subset of a Banach space B such that X — X is («, 8)-almost (M, s)-homogeneous
at the origin. Then, given any § > 1 + QTW, there exists a N = Ns € N and a
prevalent set of linear maps L: B — RN that are injective on X and bi-Lipschitz
with d—logarithmic corrections. In particular, they satisfy

L flz—yl

Cy sog(lz — g = H@) — L)l = Culle =yl (1.4)

for some Cp, > 0 and for all z,y € X.

We note that when X — X is homogeneous, we obtain embeddings for any
0 > 1, exactly as in Robinson’s result.

As mentioned above, Olson and Robinson showed [25] that any homogeneous
metric space (X, d) admits ‘almost’ bi-Lipschitz embeddings into a Hilbert space H
but it is not necessarily true that the image of X in H is homogeneous. However, they
showed that the image can be ‘well’ approximated by finite—dimensional subspaces
of H. It is natural to ask whether such a condition is sufficient for a subset of a
Hilbert space to be embedded in an Euclidean space in an almost bi—-Lipschitz way.
Motivated by this question, we show that any subset of a Banach space that can be
"well approximated’ by linear subspaces can be embedded into an infinite—dimensional
Hilbert space in an almost bi—Lipschitz way.

In the next chapter, we study a metric space that was constructed by Laakso

[20] and used by Lang and Plaut [21] as an example of a doubling space that cannot



be embedded in a bi—Lipschitz way into any Hilbert space. Their construction was
based on a sequence of graphs, equipped with the geodesic metric, which converges
with respect to the Gromov—Hausdorff metric to a limiting metric space. We know
by the result of Olson & Robinson [25], which was mentioned above that this set
can be embedded in an almost bi—Lipschitz way into a Hilbert space. It is a natural
question whether it also admits an almost bi-Lipschitz embedding into an Euclidean
space.

Motivated by this question, we isometrically embed the metric space X
described above into L (X) and look at the set of differences into L (X). We
show that ®(X) — ®(X) C L*(X) is not almost homogeneous at 0, for any choice
of (e, B), thus giving an example of a set which is doubling but the set of differences
is not (a, B)-almost homogeneous at 0, for any choice of («, ).

In Chapter 7, we study attractors of Iterated Function systems. In particular,

we are interested in finite collections of functions {f;: R® — R® : 4 € I} that satisfy

[fi(x) = fiy)| = cilz =yl

for some ¢; < 1, which holds for all z,y € R®*. These maps are called contracting
similarities. It was proved by Hutchinson [17] that these systems determine a unique

attractor K, i.e. a non-empty compact set such that

]

K = fi(K).
=1

These attractors are called self similar fractals. The problem of bounding dimensions
of self similar fractals has been extensively studied over the years by many authors.
One of the most common dimensions that is considered, is the similarity dimension,

which is denoted by dg¢i, and is defined as the positive number D such that

]

Z CZD =1.
i=1

In general, for these sets we have that

where dg(K) is the Hausdorff dimension and dg(K) is the box—counting dimension.
It has been shown by Hutchinson [17] that if there exists an non-empty open
set U such that all f;(U) are disjoint and U contains the disjoint union of f;(U),



then
dp(K) = dp(K) = dsim(K). (1.5)

In case such an open sets exists, we say that the system satisfies the open set
condition.

Zerner [30] introduced another condition, called the weak separation condition,
which ensures that the images f;(K) do not overlap too much. In 2015, Fraser,
Olson et al [11] used the notion of Ahlfors regularity and showed that if the weak
separation condition is satisfied, then the Assouad dimension equals the Hausdorff
dimension and in particular the box—counting dimension. In section 6.2, we give an
independent proof of this result, without using Ahlfors regularity. The proof gives
some insight for the more involved argument of bounding the Assouad dimension of
differences of self similar fractals.

As discussed above, the Assouad dimension of sets of differences does not
necessarily satisfy any bounds related with the Assouad dimension of the original
set. Henderson [14] studied differences of self similar fractals and showed that
there exist attractors of systems of contracting similarities on the real line that
have arbitarily small Assouad dimension but the Assouad dimension of the set of
differences is maximal. Our main purpose is to show that if the system satisfies
a suitable separation condition, then we can achieve non—trivial bounds for the
Assouad dimension of the set of differences. In particular, we show that under a
suitable separation condition, we have d4(K — K) < 2d4(K).

In the last chapter, we concentrate on Cantor sets, which are the most common
examples of attractors of systems like the one we described above. Cantor sets are
constructed by removing intervals from [0, 1] in an iterative process. The Cantor sets
can be symmetric or non symmetric depending on whether the intervals that remain
at each step of the iteration are of equal or non equal length.

A symmetric Cantor set, which is denoted by Cl, is the attractor of a system
of similarities

filz) =& and fa(x)Ax + (1 = N).

It is easy to see (see the book of Falconer [7]) that when A < 1/3, the above maps
satsify the open set condition for U = (0,1), so all notions of dimensions coincide
for these sets. Henderson [14] showed that differences of symmetric Cantor sets are
actually attractors of another system of similarities on the unit interval that satisfies

the open set condition. In particular, he showed that for all A < %,

da(Cy — Cy) < 2d4(CY).

We show that symmetric Cantor sets C, for A < % satisfy the weak separation



condition for differences, which immediately gives an example of a set that satisfies
the weak separation condition for differences with a strict inequality for d4(C) — Cl).
In the second part of the chapter, we focus on non symmetric Cantor sets

which are the attractors of the following system.

filz)=ciz and  fo(z) = 2w + (1 — c2).

We denote the Cantor set in this case by Ke,c,. Henderson [14] showed that if 125¢L

log co
is an irrational number then da(K¢ ¢, — K c,) = 1, which is maximal for this set.

log c1
log co

is rational, ¢; < 1/4 and ¢p < 1/4. In particular, we prove the following theorem,

We show that we can prove a non trivial bound for d(Kc,c, — Kc,¢,) When

which is the main result of this chapter

Theorem 1.6. Suppose c € (0,1), p1 < p2 € N such that P* < 1/4 , ’? < 1/4. Let
K be the attractor of the system F = {f1, fo} where

fi(z) = Pra, and  fa(z) = P2z 4 (1 — 2).

Then,
da(K — K) < 2d4(K).



Chapter 2

Embedding properties of sets
with finite box-counting

dimension

2.1 Background

In this chapter, we focus on subsets of Banach spaces with finite box—counting

dimension, whose definition we now recall.

Definition 2.1. Suppose that (E,|| - ||) is a normed space. Let X a compact subset
of E and let N(X, €) denote the minimum number of balls of radius € with centres in

X required to cover X. The upper box-counting dimension of X is

log N(X
dp(X) = lim sup 22V X0 (2.1)
e—0 - log €
It follows from the definition that if d > dp(X), then there exists some

positive constant C' = Cy, such that

N(X,e) < Ce . (2.2)

For the rest of the thesis, we will refer to dg(X) as the box—counting dimension
of X. We now want to recall some elementary but useful properties of the box—
counting dimension, which we will be using in what follows. The proofs can be found
in Robinson [28].



Lemma 2.2. Suppose (En, || - ||1) and (Es, | - ||2) are normed spaces.

1. If f: (B h) = (Ea, |- ||2) is a Lipschitz function, i.e. there exists a constant
C > 0, such that

1 f(z1) — f(@2)ll2 < Cllwr — 221 for all x1,22 € Ex,

then for all compact subsets X C Fy we have
dp(f(X)) < dp(X).

2. Let E1 x Ey be the product space equipped with some product metric. Suppose
also that X C E1 and Y C Es are compact. Then,

dp(X xY) <dp(X)+dp(Y).

In 1999, Hunt and Kaloshin [15] established the existence of a ‘large’ set of
linear maps L: H — R* with Hélder continuous inverses on the image of X. In order
to do so, they introduced a new quantity, called the thickness exponent of X, which
measures how well an arbitrary subset of a Banach space can be approximated by
finite-dimensional linear subspaces. We note that all Banach spaces we mention

from now on are real.

Definition 2.3. Let X be a subset of a Banach space B. The thickness exponent of
X in B, 7(X,B) is defined as:

7(X,B) = limsup log d(X, ¢)

e—0 - IOg € ’

where d(X, €) denotes the smallest dimension of those linear subspaces V' that satisfy
disty (z, V') < € for all zin X.

If no such subspace exists, we set d(X,e) = oo and we adopt a similar convention

throughout this thesis.

Note that when 7 > 7(X), then there exists some positive constant C' such
that
d(X,e) <Ce .

Therefore, when X C R¥, for some k& € N, then 7(X) = 0.
It is easy to see that the thickness exponent is always bounded above by the

box—counting dimension. Indeed, if we cover X by N (X, e¢) balls of radius € and let
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V' be the subspace of B that is spanned by the centres of these balls, then every
element of X is within € of V.

Moreover, Hunt & Kaloshin used the notion of prevalence, which was in-
troduced by Hunt [16] in 1992 as a generalisation of the term ‘almost every’ in
the context of infinite dimensional spaces. We only define what we need for the
purpose of this thesis and without proving any of the statements. For a more detailed
presentation, you can see Chapter 5 in the book of Robinson [28] or Chapter 6 in

Benyamini & Lindenstrauss [4].

Definition 2.4. Let (V.|| -||) be a normed linear space. A Borel set S C V is called

shy if there exists a compactly supported probability measure p on V' such that
u(S +v) =0,

for every v € V. In general, a set is shy if it is contained in a shy Borel set. A set

is called prevalent if its complement in V' is shy.

Remark 2.1. The set E = supp(u), is called the ‘probe space’ and it easy to see that
a set S is prevalent if for every v € V, v+ u € S, for y—almost every u € E. A
prevalent set is dense with respect to the norm of V' and it is also straightforward (see

Chapter 5 in Robinson) to show that the intersection of prevalent sets is prevalent.
Using the above structure, Hunt and Kaloshin [15] proved the following result.
Theorem 2.5 (Hunt & Kaloshin, 1999). Let X be a compact subset of a real Hilbert

space H with thickness exponent 7(X) and box—counting dimension dp(X) < oo.

Then for any integer k > 2dp(X) and any given 6 with

—2dp(X
()<9<%B(X)7
k:(l+—7(2)>

there exist a prevalent set of linear maps L: H — R* such that
|z —y|| < CplLz — Ly|®, ¥ z,y € X, for some Cy, > 0. (2.3)

In particular, every such L is bijective from X onto L(X) with a Hélder continuous

nverse.

By using the fact that the thickness is bounded above by the box—counting
dimension, the above theorem can be restated such that the range of the exponent
depends solely on the box-counting dimension.

The authors attempted to extend the theorem for subsets of Banach spaces

and their proof relies on the claim that there exists a linear isometry from the dual of

11



any finite-dimensional subspace of 8 to a linear subspace of the dual of 8. However,
Kakutani & Mackey[18] proved that this can only be true in the context of a Hilbert
space. To circumvent this problem, Robinson [27] introduced a new exponent, the
‘dual thickness’ which was defined based on an approximation required in the course

of Hunt and Kaloshin’s argument.

Definition 2.6. Suppose that X is a subset of a Banach space B and for every
€,0 >0 let dg (X, €) denote the minimum dimension of all those subspaces U of B*
with the property that for every x,y € X with ||x — y|| > €, there exists some ¢ € U,
such that

[p(a —y)| = 7.

Then, for every 6 > 0, we define

*

logdy (X
Tp (X) = limsup 08\ A€ (X, ¢)
e—0 - log €

and then set

™ (X) = lim 75 (X).

This admittedly unwieldy definition allows for the following result.

Theorem 2.7 (Robinson, 2009). Let X be a compact subset of a Banach space B
with dual thickness exponent 7%(X) < oo and boz—counting dimension dp(X) < oco.

Then for any integer k > 2dp(X) and any given 0 with

k— 2dp(X)

IR o)

there exist a prevalent set of linear maps L: B — R* such that

|z —yl| < CplLe — Ly|®, ¥ x,y € X, for some Cp, > 0. (2.4)

In particular, every such L is bijective from X onto L(X) with a Hélder continuous

nuverse.

In Chapter 3 we prove that the dual thickness is bounded above by twice
the box—counting dimension of X which gives a range of # independent of the dual

thickness. In particular, for any

1
—_— 2.
O<9<1+2dB(X)’ (2.5)

12



we can find an embedding into R*, for large enough k, such that the inverse is
f-Holder continuous.

There is no known general relation between the thickness and the dual
thickness in the context of a Banach space. However, Robinson [28] proved that
zero thickness implies zero dual thickness, which immediately implies that subsets of
Banach spaces with 7(X) = 0 admit embeddings for any positive exponent 6 < 1. It
is a natural question to ask whether we can prove an embedding theorem directly,
i.e. without using the dual thickness when the thickness is small enough. In Section
2.4, we show that when 7(X) < 1, such an embedding is true and we establish the
same embedding result for 7(X) = 0 directly, i.e. without having to use the dual
thickness.

In Section 2.2, we consider X as a compact subset of a Banach space with finite
box-counting dimension and provide an embedding into a Hilbert space with a bound
on the Holder exponent of the inverse that depends on the box—counting dimension
of X. As a corollary of this argument and Theorem 4.5 we immediately obtain an
embedding into an Euclidean space that does not require the dual thickness. We also
extend the result to any compact metric space using the Kuratowski embedding.

Then, in Section 2.4, we use the techniques introduced by Hunt and Kaloshin
along with some key new arguments and prove an embedding theorem for subsets of

Banach spaces with thickness exponent less than 1.

2.2 Embeddings from Banach into
Hilbert spaces

In this section, we prove two embedding results into a Hilbert space. Both of them
can be combined with Theorem 4.5 to provide an embedding theorem for compact
subsets of Banach spaces into Euclidean spaces that does not require the arguments

in Robinson’s result [27].

2.2.1 Embedding when dg(X) is finite

We first show that any compact subset of a Banach space with finite box—counting

dimension embeds into a Hilbert space.

Proposition 2.8. Suppose that X is a compact subset of a Banach space B with
finite bozx-counting dimension. Then, for every a > 1+ dp(X) there exists a linear

map ©: B — H, where H is a separable Hilbert space, such that for every x,y € X

Collle = yl* < |@(2) — @(y)| < Callz = yl|, for some Co > 0.
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We first prove that for every n € N there exists a linear embedding ¢,, into a
Euclidean space R™" such that ¢, ! satisfies a Lipschitz condition for all z,y € X
with ||z —y|| > 27"

Lemma 2.9. Suppose that X is as above. Then, given d > dp(X) and n € N, there
exist ¢, € L (B;R™), where m,, < C22", such that ||¢n| < /mn and

|on(z — y)| > 27 whenever ||z —y|| > 277, for z,y in X.

Proof. Let Z =X — X ={x —y: 2,y € X}. Then, it is easy to see that dg(Z) <
2dp(X). Indeed, Z is the image of X x X under the Lipschitz map

(z,y) =z —y
and so by Lemma 2.2, we obtain
dB(f(X X X)) = dB(X — X) < dB(X X X) < 2dB(X).

Given d as in the statement of the lemma, we can cover Z by no more than
my, = N(Z,2-(+2)) < ;22" balls of radius 2~ ("+2), Let the centres of these balls
be z;. By the Hahn-Banach Theorem, we can find f; € B* such that || f;|| = 1 and
fi(z:) = ||zil|- Now, define ¢, : B — R as

Pn(@) = (f1(2); s frnp (2)) -

It is immediate that ||¢,| < /mp.
Suppose now that z € X — X such that ||z]| > 27". Then, there exists some
i < my, such that ||z — z]| < 27("*2) and therefore

(o (2)| = [ fi(2)] = | fi(zi) + fi(z — 2]
> ||zl = [z = zill >[Izl = 2|z — 2|
Z 2771, _ 27(7’L+1) Z 27(7744’1)[]

We now continue with the proof of Proposition 2.8.

Proof of Proposition 2.8. We first construct a new separable Hilbert space H given
an orthonormal basis (e;)%°; of ¢2 and a sequence (m;)$2; of positive integers, by

taking the collection

e; ®w;" €N, j=1,...,m,,

14



as an orthonormal basis for H, where (wjv )é\le denotes an orthonormal basis for RV,

We define the inner product (-,-) on H to ensure that this is indeed an orthonormal
set, i.e. we set

ms my
(e;® w,; ‘e © wj/l ) = 5ii’5jj"

In particular if x; € R™ ¢ € N, then

o 2 oo
Z€i®wz‘ ZZH%‘H%&M-
i=1 oooi=1

Take d = do > 0 such that « > 14+d > 1+dpg(X). Then, for this d > dg(X),

we consider ¢, m, given by Lemma 2.9, and then from the above construction we

consider H based on the sequence (m,):° ;. Now, for z € B we set
o0
O(x) =Y 207, (v) @ ey € H.
n=1
Clearly @ is linear and
o0 o0
192 < Y 2207 | < Y 22O < oo,
n=1 n=1

since 1 +d — a < 0.
Now, take any =,y € X and suppose x # y (the case x = y is trivial). If
|l — y|| > 1, then it suffices to take R > 0 such that

X — X ¢ B(0,R).

Therefore, using also that ||¢1(z — y)|| > 7, we have that

Cu 21—a P o o
o -l = 2 lone -l > 2 (1) = e

If 0 < ||z — y|| <1, consider n such that
27 <l — g < 27D,
Thus, we obtain

1@ — )| = 207" (@ —y)|
> 2(1—a)n2—n—1 > O, g—an+1

= Callz =y,
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which concludes the proof of the embedding into a Hilbert space. O

By combining Proposition 2.8 and Theorem 4.5, we can now obtain an
embedding theorem for compact subsets of Banach spaces into finite-dimensional
spaces. The difference here is that the range of the exponent depends on the thickness

and the box—counting dimension rather than the dual thickness.

Theorem 2.10 (Theorem 1.2). Let X be a compact subset of a Banach space B
with thickness exponent 7(X) and box—counting dimension dg(X). Then for any

integer k > 2dp(X) and any given 0 with

k— 2dp(X)

0<b< OV
B(1+dp()) (1+752)

there exists a linear map L: B — RF such that
|z — yll SC’L\Lx—Ly\e, Vx,y€X. (2.6)

In particular, L is bijective from X onto L(X) with a Hélder continuous inverse.

Proof. Take 6 such that
on (1+ 752) )
— < —,
k—2dp(X) 1+dp(X)

and set p b 9dn(X
Oy =— < - B( )

01 k:(l +—3%§l>'

By Proposition 2.8 (substituting o = 6] 1), there exists a separable Hilbert
space H and a linear map ®: B — H such that for every z,y € X

Ce_lle —y| < |®(z) — (I>(y)|91 , for some Cp, > 0.

We know from Lemma 2.2 that the box—counting dimension of X does not
increase under ®. We now check that the same holds for the thickness exponent of
X. Take € > 0 and let V be the linear subspace of B with the smallest dimension
among all those that satisfy

dist(z, V) <,

for all z € X. Let y = ®(x) € ®(X) and if we let v € V such that

lo =zl <,
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then
ly — ()| < [|@]le.

Since ®(V) is a linear subspace of H and dim(®(V')) < dim(V'), we have
: log dp (2(X), [|®]le)
P =1
7(2(2)) = limsup oz [0 c

. logdy (X, €)
<1 260 (X)),
< lmswp = oe — TV

Since
0 k —2dp(X) < k —2dp(X)

91<k<1+7(§()) k(14 TR

by Theorem 2.7 there exists a linear map T': H — R* and a positive constant Cy
such that

0, =

|z = yll < ColT(D(x)) — T(D(y))|"",
for all z,y € X. We conclude the proof by setting L =T o ®. ]

Note that the above theorem gives an embedding for all compact subsets of
Banach spaces with finite box—counting dimension, since 7(X) < dg(X). The result

improves on the range of 6 from Theorem 2.7 (see (2.5)) whenever

2dp(X)

"X < a0

However, we note that when 7(X) = 0, we obtain §-Holder embeddings for any

0<0 < ———,
1 +dp(X)
which is not optimal.

The above embedding into a Banach space can also be used as a tool to
prove an embedding theorem for compact metric spaces with finite box—counting
dimension. We first recall the Kuratowski embedding theorem, which allows us to

isometrically embed any compact metric space into a Banach space.

Lemma 2.11 (Kuratowski Embedding). If (X,d) is any compact metric space, then
the map
x— () =d(-, )

is an isometry of (X, d) onto a subset of L*°(X).

For a proof of the above result, see Heinonen [13]. Hence, we have the
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following corollary of Theorem 1.2 and Lemma 2.11, using the fact that

where ® is the isometry from Lemma 2.11 and X is an arbitrary compact metric

space.

Corollary 2.12. Suppose (X,d) is a compact metric space with finite box—counting
dimension. Then, for any k > 2dp(X) and any given 0 with

k—2dp(X)

0<0< ,
B(1+dp(X) (1+2209)

there exists a Lipschitz map 1: (X,d) — RF such that

lz — yl| < Cylo(z) —v(y)’, ¥V =,y € X.

The range of 8 in the above Corollary improves on the respective range in
the paper by Foias and Olson [9]. There, the authors use a direct argument to prove
that if d = max{1,dp(X)}, then for any given

1
2 (1+ 4209)

0 <

any compact metric space with finite box-counting dimension can be embedded into
a sufficiently large Euclidean space such that the inverse is #-Hoélder continuous.
2.2.2 Embedding when 7(X) < 1

We now prove another embedding into a Hilbert space, in which the range of the
Holder exponent depends solely on the thickness exponent of X. This result also

provides some motivation towards the next section.

Proposition 2.13. Suppose that X is a compact subset of a Banach space B with
thickness exponent 7(X) < 1. Then, for every

1+ 7(X)

“CITAX)

there exists a separable Hilbert space H and a linear map ®: B — H, such that
Ca'lz = yll* < |@(x) — ®(y)| < Callz — yll, for all z,y in X.
Following the previous procedure, we first need the following Lemma.
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Lemma 2.14. Suppose that 7(X) < 1. Then, for every 1 > 7 > 7(X), there exists
some B > 1 such that for every n € N, we can find ¢, € L (B;R™"), Cg > 0, where
mp, < Cp 257k with ||| < /M and

lpn(z —y)| > 276G D whenever ||z —y|| > 27"

Before we prove the above lemma, we recall the definition of an Auerbach

basis for a finite-dimensional Banach space.

Definition 2.15. Suppose that U is a finite—dimensional Banach space. An Auerbach

basis for U is formed by a basis {e1, ...,en} of U coupled with corresponding elements
{f1y - fu} of U* that satisfy | fill = |leil) = 1 and

filej) = dij-

For a proof of the existence of such a basis, see Exercise 7.3 in the book of

Robinson [28], for example.

Proof of Lemma 4.17. Take any g > 1. Then, by the definition of the thickness
exponent, there exists a subspace V,, of B and some C' = Cg > 0, such that
dim(V,) = m,, < C2°" and

dist(z, V,,) < 27°72,

Suppose that {uf,..,uy, } is an Auerbach basis for V,, and let {7, .., f} }

mn

be the corresponding elements of V,* that satisfy || f]*|| = 1, Vi and
fit(uf) = b4
We now define a projection P, onto V,, as
mn
Pp(z) =) fl(x)u}
i=1
and define ¢,,: B — R™» by setting

Pn(x) = (ST (), -, fi,, (2))-

Obviously ||¢n|| < /mm < 2°77/2. Moreover, let z € X — X be such that
||z|| > 27" and choose z, € V,, such that

|z — zn|| < 9—An=2
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Then
Han Z 2—71 _ 2—,371—2 Z 2—71 _ 2—n—2 Z 2—71—1.

Now, write 2, = > i 2t and take j < m, such that ||(z},...,27)|l = EAR
Then,
[P (2)ll2 = |f7 (2)| = |7 (z0)] = |7 (2 = zn)]
> |28] — l12 = 2all > mitonl — 27972

Z C2—B7’LT2—TL _ 2—1‘3”—2 — Cf2—7’L(1+,BT) o iQ—ﬁn

Now, we choose 8 = 3 such that

1
1+BTT:/8T<:>/8T:ﬁ>17

which concludes the proof. O
We now prove Proposition 4.16 .
Proof of Proposition 4.16. Take 1 > 7 > 7(X) such that

1+7

a > = Br + 7065,
1—71

and let ¢,, m, be as given in the previous lemma.

Now, let (e,)2; be the standard basis for ¢, and following the construction
in the proof of Proposition 2.8 we define H based on the sequence (my,)2° ;. We now
set

O(x) =Y 20=ng, (z) @e, € H.
n=1

Then,
oo
@ < 2rmengln < o0,
n=1
Now, take any x,y € X with z #y. If ||z —y|| > 1, we argue exactly as in the proof
of Proposition 2.8. If 0 < ||z — y|| < 1, let n such that 27" < ||z — y|| < 27"FL

Therefore
1@(x = y)| = 207~ "|gn( — )2
Z 2(67‘*04)”2*,87—”*1
> 27" > Collz — |
which gives the desired result. O
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Just as in the previous situation, we can now obtain a linear embedding
from a compact subset of a Banach space with finite box-counting dimension into a

finite—dimensional space such that the inverse is #-Hélder continuous for any

1—7(X)

0<f< (1+T(X))(1+@)'

However, in the next section, we give a more direct proof that not only improves

this exponent, but also provides a prevalent set of embeddings.

2.3 A measure based on sequences of linear subspaces

Before we prove our main embedding result, we will recall, following Robinson [28],
the construction of a compactly supported probability measure that is based on the
ideas in Hunt and Kaloshin [15] and will play a key role in our proof. For a more
detailed analysis, see also Appendix A.

Suppose that 9B is a Banach space and V = {V,,}°°, a sequence of finite—
dimensional subspaces of 6%, the dual of 8. Let us denote by d,, the dimension of
V., and by B,, the unit ball in V.

Now, we fix a real number « > 1 and define the space E, (V) as the collection

of linear maps L: B — R¥ given by

E= Ea(v) = {L = (L17L27 7Lk) : L’L = Zniad)i,na ¢i,n S Bn} .

n=1

Let us also define

00
Eo = {Zn_a¢i,na ¢i,n € Bn} .

n=1

Clearly E = (Eo).

To define a measure on E, we first take a basis for V,, so that we can identify
B,, with a symmetric convex set U,, C R%. Then, we construct each L; randomly by
choosing each ¢; , with respect to the normalised d,,—dimensional Lebesgue measure
An on U,. Finally, by taking k copies of this measure we obtain a measure on E. In

particular we first consider Eq as a product space

oo
Eo = ]| Bn,
n=1
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and define a measure ug on Eg as
Mo = ®7010:1)\n-

Secondly, we consider E = Ef and define p on E as

k
=[] ro-
=1

For any map f € £(8;R*), Hunt and Kaloshin [15] proved the following

upper bound on

p{L e E:[(f + L)z <€},

for z € B and any € > 0. For a more detailed proof, see Robinson [28] or the Appendix
in this thesis. (Appendix A)

Lemma 2.16. Suppose that x € B, ¢ > 0, f € L(B;R*) and V = {V,,} as above.
Then

€ k
WL EE:|(f + D)) <) < <”dm<w>|> ,

for any g € B,.

2.4 Prevalent set of embeddings in R”

We are now ready to state and prove the main result of this section.

Theorem 2.17 (Theorem 1.1). Let X be a compact subset of a Banach space B
with thickness exponent T(X) < 1 and box—counting dimension dg(X) < co. Then
for any integer k > 2dp(X) and any given 6 with

k —2dp(X)

0<f< (1 —T(X))m7

there exists a prevalent set of linear maps L: B — R that satisfy
|z —y|| < Cr|Lz — Lyl, V z,y € X. (2.7)

In particular, L is bijective from X onto L(X) with a Hélder continuous inverse.

The proof follows some of the techniques introduced in Hunt and Kaloshin’s
argument with some key differences. In particular, we first use the thickness exponent

to construct a sequence of finite-dimensional subspaces of B, that ‘approximate’ X.
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Then, we use an Auerbach basis to define a sequence of finite-dimensional subspaces

of the dual of 8 and define our probability measure based on this sequence.

Proof. Clearly (2.7) holds if and only if
|z|| < Cp|Lz? ¥ z € X — X. (2.8)

We want to bound the measure of linear maps that fail to satisfy (2.8) for
some z in a restricted subset of X — X. Take 1 > 7 > 7(X) and d > dp(X) such

that
k—2d

E(1+71)

Take some 8 > 1, which will be chosen later on and for every n € N, by

0<f0<(1—1) (2.9)

definition of the thickness exponent, we can find a linear subspace V,, C B such that

dim(V;,) < Cg2o78 (2.10)
and
2—9n6
(X, Vo) < = (2.11)

Using an Auerbach basis for V,,, along with the Hahn-Banach theorem, we

construct a subspace G,, of B*, as follows. Suppose that

{els.veq.}
is a basis for V,, and
{r?, ...,rgn}

is the corresponding basis for V7, which satisfies:
lri'l =1, ¥ i

and
7“?(6?) = 52‘3', V1 75]

Using the Hahn-Banach theorem, we extend the elements r7,...,75 € V' to

maps f{', ..., f{ in B* and set

G = (T fd,);

a subspace of B*, that is at most d,,—dimensional.

We now construct a measure based on the sequence G = {G,}22, according
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to the definitions given in the beginning of this section.

In particular, if S, is the unit ball in G,,, we define
oo
E=F;(G) ={L=(L1,., Li) : Li = > _ 1 *Gin, bim € Sn}.
n=1

We now fix a map f € £(%;R¥). Based on the above construction, we consider

Zn={ze€ X —X |z >27}

and
Qn={LeE:|(f+L)z| <27, forsome z € Z,.}.

Our goal is to bound the measure of @), by something summable over n and
use the Borel-Cantelli Lemma.

Using the fact that dg(X — X) < 2dg(X), we cover Z, by C1227¢ closed
balls of radius 27", for some positive constant C'. We observe that if z is in the

intersection of Z,, with one of these balls, which we denote by B(zp,27"), then

[(F+L)zo| < |(F+L)(2)|H(f+L)(z=20)| < 27"+ ([FIIH[L1)27" = A+ FI+ILH2™

But, || L] is bounded uniformly for all L € E. Indeed

k
IZI? <) ILf
=1

and

2 oo
\Li|2: SZn_4:C’2<oo.
n=1

[e's)
Z n_2¢i,n
n=1

Hence,
|(f + L)zo| < M27",

for some positive constant M, which holds for all L € E and depends on f, which is
fixed.
Now, we wish to bound the measure of L € E such that (f + L) fails to satisfy

(2.8), for some z in Y = Z,, N B(z0,27"). From the above discussion, we have that

p{L e E:|(f+L)z| <27" forsome z€ Y} < p{L e E:|(f+ L)z <M27"}.
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Now, consider z, € V;, such that ||z, — zo|| < 279%"/3. Therefore,
HZTLH > 27971 _ 270,811/3 > 279n‘

We now write z,, as

and consider j < d, such that

‘We now define

gn:f;‘la

which satisfies
lgnll = 1 and |gn(2n)| = d;, || 2al-

Hence,

19n(20)] = diM|zall = 12 — 20| > Cp27"0PT270" — 27967 /3
_ CBQ—TLG(BT—FI) o 2—n06/3.

We now choose § such that g7+ 1 =8« § = ﬁ, which gives that

|gn(z0)| = C527"%7,

with C'5 > 0 independent of n. Using Lemma 2.16, we obtain:

M2 )’“
|9n(20)]
< Ch (n22”5‘”2—”295")k.

WL € Bt |f(z0) + Lizo)| < M2} < (rﬂ ,

Thus,
k
M(Qn) S ClC:’;QQnd <n22n5972*n295n> ,

so the sum Yy 07 | 1(Qy) is finite iff

k—2dp(X)

A
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Thus, by the Borel-Cantelli lemma p(limsup @,,) = 0, i.e. p—almost every L
lies in only a finite number of the Q),,. For such an L, there exists a ny, such that

for every n > ny, L does not belong to @),,. In particular
if |z >27" then |(f 4 L)z| > 27", foralln > ny.

To complete the argument, we use the fact that X — X is compact and we
claim the existence of an R > 0, such that X — X C B(0, R).

Now, let z € X — X and consider the following cases
if |z| > 27"

then

np L 2T
I(f + L)z| > 27" > 1 |2|7.

6

If
2] < 27

then there exists n > ny, such that

2—(n+1)0 S |Z| < 2—719.

Thus,
—(n+1) Lo
|(f +L)z| >2 >§|z]6.
We now put these two cases together to conclude that
(f + L)z| > 2|7, (2.12)
where
27 "L
Cp = max{1,2_1}. (2.13)
Ro

All in all, for every map f € L£L(B;R*), f + L satisfies (2.12), for p-almost every
L € E. Hence, there exists a prevalent set of maps L € E that satisfy

|z < CL|Lz|? ¥V z € X — X. O

We note that when 7(X) = 0, given any 0 < 6 < 1, X admits finite—
dimensional embeddings with a #-Holder continuous inverse, exactly as in the previous
two theorems.

We also note that the above result provides a bigger range for 6 comparing
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to (2.5), whenever

1-7(X) 1 dp(X)
X)) 1250 O < TR0

The restriction on the thickness here is surprising and it is an interesting open

problem whether there is a result that extends Theorem 1.1 for thickness 7 > 1.
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Chapter 3

Thickness and Dual Thickness

In this chapter, we look closely at the thickness and dual thickness and how they
relate to the box—counting dimension. We prove some general estimates and we
also look at a particular class of sequences in ¢, which was used by Pinto de Moura
and Robinson [6] to prove that Theorem 2.7 is asymptotically sharp as k — co. We
note that we already know that the thickness is bounded above by the box—counting

dimension.

3.1 General estimates for 7 and 7%

We first give an immediate upper bound on the dual thickness based on yet another

exponent.

Definition 3.1. Suppose that B is a Banach space and X C 8. Then, given any
a >0 and € > 0 we denote by mq(X, €) the smallest dimension of all those finite—
dimensional subspaces V' of B* such that whenever x,y € X with ||x — y|| > € there
exists some ® € V with ||®| = 1 that satisfies

|P(x — y)| > ae.

Then we define
1 X
04(X) = limsup w.
e—0 - log €
Following Robinson [28], we have the following estimate.

Lemma 3.2. Suppose that B is a Banach space and X C B. Then

(X)) < 0a(X), Va>D0.
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Proof. Let 6 > 0. Let V be a finite-dimensional subspace of B* such that for all
z,y € X with ||z — y|| > ¢, there exists ¢ € V with ||¢|| =1 and |¢p(xz —y)| > ae. If

€ is small enough such that € < a, then

oz —y)| = €7,

which gives
75 (X) < 0a(X), VO >0. O

We now prove that in a Hilbert space the dual thickness is always bounded
above by the thickness. The result was also proved by Robinson [28], using another
exponent, called the Lipschitz deviation of X. We give an independent proof, which

only depends on 7, 7.

Lemma 3.3. Suppose H is a Hilbert space and X C H, such that 7(X) < oo. Then

X)) < 7(X).

Proof. Take € > 0 and let U be a finite-dimensional subspace of H such that
dim(U) =d =d(X,e) and dist(X,U) < e.

Now we consider P, the orthonormal projection onto U. For all x € X we

have
|z — Pz|| = dist(z,U) <e.

Let
V={LoP:LeU"}CH"

It is easy to see that V is finite-dimensional and that dim(V) = d.
Suppose that =,y € X satisfy ||z —y|| > €. Since P(x —y) = z € U, we define

L: U — R such that
~ ({u,2)
2] 7

L. (u)

for all u € U.
Then, ® = L, o P € V and ||®| = 1. Moreover,

[@(z —y)| = [L=(2)] = ||zl = [[P(z) = P(y)[| = llz — yl| = €.

Therefore,

(X)) < 01(X) < 7(X). O
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In the context of a Banach space, there is no known relationship between the
thickness and the dual thickness. In the paper of Robinson [27], it is claimed that the
dual thickness is bounded above by the box—counting dimension, but there is an error
in the proof given there. However, we can prove that the dual thickness is bounded
above by the box dimension of the difference set X — X, which in particular is always
bounded above by twice the box dimension of X. Hence, when the box—counting

dimension is finite, the dual thickness is finite as well.

Lemma 3.4. Suppose B is a Banach space and X C B compact. Then

Proof. Let Z = X — X. Given € > 0 and any d > dg(Z), we find N = N(Z,¢) < e ¢
balls of radius € with centres z; that cover Z. By the Hahn-Banach theorem, for

any j < N, we obtain linear functionals ¢; that satisfy

lo;]l = 1 and |¢;(z;)| = |12

We now define V' = span(¢1, ..., o).
Suppose now that z € Z such that ||z]] > 50e and let j < N such that
|z — zj|| < e. Thus,
1251l > 49¢,

which gives
[95(2) =10 (2 = 2) + & (2;) = [|2;]| — € = 48e.
This shows that
o48/100(X) < dp(Z),

and the conclusion is immediate by Lemma 3.2. 0

The above upper bound indicates that Theorem 4.5 is also true for subsets
of Banach spaces X such that dg(X — X) < oco. Indeed, Robinson’s argument
[27] requires the sets of differences to have finite box—counting dimension, which in
particular holds when the set itself has. Since 7*(X) < dg(X — X), we have the

following result
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Theorem 3.5. Suppose B is a Banach space and let X C B compact such that
dp(X — X) < c0. Then for any integer k > dp(X — X) and any given 0 with

k—dp(X — X)
E(1+7%(X)) "’

there exist a prevalent set of linear maps L: B — R* such that

|z —y|| < CrlLe — Ly|®, ¥ z,y € X, for some Cp, > 0.

In particular, every such L is bijective from X onto L(X) with a Hélder continuous

mverse.

3.2 ‘Orthogonal’ sequences in /,

In the remainder of this chapter, we concentrate on a particular subset of ¢, for
p € [1,00], and prove that some of the inequalities we know so far are sharp. These
sets were first discussed by Ben Artzi et al [3] and have been used by Pinto De
Moura & Robinson [6] as examples to show that the Hélder exponent of the inverses
in Hunt and Kaloshin’s Theorem 2.7 is asymptotically sharp.

Take p > 1 and let (ov,)22 be a decreasing sequence such that o, — 0. Then,
for all n let e, = (0,0, ...,1,0,...), where the 1 is in the nth position and define

A=A{ay,...,an,...} = {aqeq,...,anen, ... }.

It is obvious that a; € /), for all 1 < p < oo, hence A C ¢,. We also have a; € co,
where ¢q is the space of real sequences converging to zero equipped with the /.,

norm. Following Ben Artzi et al [3], we know that

. logn . >
dp(A;¢,) =limsup ———— =inf<v > 0: anl’ < oo 3.1

for all p. For an easier proof, see also Chapter 3 in the book of Robinson [28]. For
the rest of this section, we implicitly understand the case p = oo as meaning cp.

We first state without proof some additional properties of the box—counting
dimension that we will need. The proofs can be found in Chapter 3 in the book of
Robinson [28].
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Lemma 3.6.

1. Let B a Banach space and A C B compact. Let M(A,¢) be the mazimum
number of points in A that are e—separated, meaning that ||x — y|| > €, for any

x,y in that collection. Then

log M(A
dp(A) = limsup log M(4,¢)
e—0 710g6

2. Suppose (B1, | - ||1) and (Ba, || - ||2) are Banach spaces, B1 C By and
[ulla < Cllully, ¥V ue B,
Then, for all compact subsets X C By,

dp(X;B2) < dp(X;B).

We now prove that the inequality dp(X — X) < 2dp(X) is sharp for this

particular class of examples.

Lemma 3.7. Forallp > 1,

dp(A — A;¢y) = 2dp(A). (3.2)
Proof. We know that dg(A — A;¢,) < 2dp(A). Hence, we need to show

dp(A— A;0,) > 2dp(A).
We also have that £, C ¢o and

[ulloo < [lullp,
for any p < co. By part 2 of Lemma 3.6, we deduce that
dp(A — A;4,) > dp(A — A;¢,).

Thus, it suffices to prove that

dB(A — A; C()) > QdB(A).
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Let € > 0. Take N € N, such that |[ay]||c < € < |[an—1]/cc- Then

N-1

AC | B(aie),

=0

where z; = a;,V1 <i < N — 1 and z¢ = 0. It is also obvious that N = N(A,¢). Set
zij = x; — xj, for all 4 # j. Then, we claim that
N-1
A—Ac ] Bz, o) B(0,e).

i,j=0

Take z = ay, —an, € A — A, such that ||z||cc > €. Otherwise, z € B(0,€).

Suppose, without loss of generality that ||am||ec < ||@n|lco-Then,

[2llco = llanllco > €,

which implies that n < N — 1 and z,90 = =z, = a,. We now have two cases: if
llamlloo < €, then

lan — am — Znlloo = llamlleo <€,
while if ||am||co > €, then
llan — am — zZnmlloo = 0 < €.

Now, let M = M(A — A,¢) denote the maximum number of e-separated
points in A — A, i.e.

lye — villoo > e,

for all yg,y; in that collection. Then, we claim that

N— M
{Zij}i,j:% C {Yk}p=1-

Indeed suppose that for some ¢, j,% # j, zij = v;—x; = a; —aj # yi, Vk. Let an,, am,

such that y, = ay, — am, and assume wlog that ¢ # nj. Then,

|2ij — Yklloo = llai — aj — an, + am, |
= llaiei — aje; — amyer + amy x|l

> ||lasei|| > e,

contradicting the fact that M(A — A, €) is the maximum number of e-separated
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points. All in all, we deduce that
M(A—Ae) > (N(Ae)—1)> = N(A,e) +1 = N? - 3N +2.

Using part 1 of Lemma 3.6 it follows that

logM(A— A
dp(A — A;00) = limsup og M( .6
e—0 - log €
log (N?(A,€) — 3N (A, 1
> lim sup og( (4,¢) (4, ) + )
e—0 - IOg €
> lim sup 2log N(4¢) _ 2dp(A),
e—0 - log €
which finishes the proof. O

We now show that the thickness exponent and box—counting dimension of
this ‘orthogonal’ sequence coincide whenever p < 2.
We first make the straightforward remark that whenever (By, | -|1) € (Ba, || -
ll2), X C B; and
[ulla < Cllully V u € B,

then
7(X;Bs) < 7(X; By).

In particular, since 7(X) < dp(X), we only need to show that the thickness exponent
of this orthogonal sequence equals the box—counting dimension when p = 2, This
has already been proven in Robinson [28]; here we give an alternative and slightly

easier proof. We first need the following lemma.

Lemma 3.8. Take {a,}5°; as usual and let Ay = {a1,...,ar} = {oveq, ...,
ager} C ly. Then,

2
de(Ak,e)2k<1— ¢ ) .

lal

Proof. We first remind ourselves that d = d(Ag, €) denotes the smallest dimension

among those finite-dimensional subspaces V' of ¢ that satisfy
dist(z, V) <€, Va € Ay.
For all ¢ < k take v; € V such that ||v; — a;]]2 < €. Then,

dim(span(vy, ..., vg)) = d.
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Let P denote the orthogonal projection onto span(vy, ..., vx). Thus, we have
lla; — Pa;||2 = dist(a;, span (v, ..., vx)) < ||v; — a;]2 < e

Moreover,
lai = Pai|| = |allle; — P(es)|| = |ax|(1 — || Peil),
which gives
€

|Peif > 1 .
el

We know that for every orthogonal projection in a Hilbert space,

rank P = Z | Pe; |2,
i=1

2
d2k<1— ¢ > . O
llax|

We can now show that the thickness exponent and the box—counting dimension

which proves that

are equal in this case. For the proof, we use the argument in Robinson [28] and the
above lemma.

Lemma 3.9. |

T(A;42) = dp(A) = limsup o8

n—oo  —log||anl| .

Proof. Take n large enough such that [la,|| < 1 and take n’ > n such that

anl = lana] = o = o] >l
Let
€, = M
n 4 3
which implies
[l |an|

T <<

By the previous lemma, we have
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Therefore, we obtain

7(A) > lim sup M > lim sup logn — log4
T onooo —loge, T noco 10g4—10g||an||
1— log 4

=1 1Ogn logn
= lim sup “og [l T st

o L= g

I

= limsup& = dg(A),

n—o00 —log ||an||

by (3.1). -

It still remains open whether the thickness exponent and box—counting di-
mension of this particular set coincide, whenever p > 2. However, we give a lower
bound for the thickness exponent of A that depends on the box—counting dimension

and the conjugate exponent of p.

Lemma 3.10. Let p € [1,00] and A C £, as before. Then

qdp(A)
T(A) > —F 2 3.3
()= q+dp(A) (3.3)
where q is the conjugate exponent of p.

We note that for p = 1 the right hand side of (3.3) becomes the box-counting

dimension, giving a direct proof of what we proved in the previous lemma.

Proof of Lemma 8.10. Suppose ar, ..., ay, € A. Consider e = 1||ay||k~1/9. Let U be a
subspace of ¢, such that dim(U) = d({a1, ...,ar}, €x) < d(A, ) and let vy, ...,v, € U
be such that

lvi — a;]| < €.

We claim that v1,,,, v, are linearly independent and in particular that k <
dim(U). Indeed, consider \; € R such that

k
=1
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Then,

k k ko
ek Y N> Il o = aillp = Y v — Naall
=1 i=1 =1

v

k:() k'()
1> Xivi = Niaallp = 1D Nl
=1 =1

ko l/p ko 1/p
= (Z yAz-aiP”) > |ay] (Z yw)
i=1 i=1
k
> kYAl
i=1
Therefore,
i 1
Do INl (—5E ) 20,
i=1
giving that A; = 0 for every 1.
Thus,
d(A,e;) > k.
Now, we make the following computation
1 A 1
7(A) > lim sup log (4, ) > lim sup og -
k—o0 _log €k k—oo *IOg(Hakai /q)
= limsu log
ko 1/q1ogk —log [lay]
_ 1 _ 1
o og |la 1 1
lim inf (% _ logllax]l lgolkkll) ria ds(4)
_ qdB(4)
q+dg(A)’
which gives the desired lower bound. O

As mentioned in the beginning of the section, we do not know if the dual
thickness is always bounded above by the box—counting dimension. However, Pinto
de Moura and Robinson [6] relied on this fact to prove that the dual thickness and
box—counting dimension of these orthogonal sequences coincide for every p € [1, o].

In the next lemma, we show that this upper bound is true in this particular case.

Lemma 3.11. Suppose that A = {aq,...,ax, ...} C £y is as usual. Then,

T*(A) < dp(A), for anyp € [1,00].
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Proof. Take any € > 0. Then, there exists some N = N(A,¢), such that |ay| < €
and |ay_1]| > €. Then, Vi < N let € £, and set ¢;(x) € R to be the i-th coordinate
of x. Since we are just projecting on one direction we immediately obtain that
[¢i]l =1 and
i(a;) = dijevi.
Let
V = span(¢1, ..., on) C Lp=.

Now, take any ay, an, in A such that ||am,||, < |lan|lp and ||an, — amll, > 50e.
Let i, %, < N such that

lan — ai,|lp < € and ||am, — a;,, ||, < €.

Since |[am|lp < |lan|lp and ||an, — am|lp, > 50€, we obtain ||a,||, > 25¢ which gives
llai, ||, > 24e.
Set
& = Pin = Din 7
16in — i
and we have ® € V,[|®|| =1 and

’(I)(a —a )|> |(¢7/n_¢lm)(an_a1n+azn_azm—l_azm_am”
n m -

2
20
> = = 10e.
Arguing as in Lemma (3.7), we obtain 7%(A) < 0y/5(A) < dp(A). O

All in all, there is no known relation between the thickness and the dual
thickness in the context of a Banach space. Moreover, it is still open whether or not

the dual thickness is always bounded above by the box dimension.
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Chapter 4

Embedding sets with finite

Assouad dimension

4.1 Background

We say that a metric space (X, d) is doubling, with doubling constant K, if for every
xz € X and r > 0, there exist y1, ..., yx in X such that

K
B(e,r) < | Blyi,r/2).
i=1
We say that a metric space (X,d) embeds into a normed space (Y,] - ||) in a bi-

Lipschitz way if there exists f: X — Y and some constant L > 0, such that for all
z,y e X

1

7@ y) < |If(@) = f(y)] < Ld(z,y).

We also say that a map &: X — Y is §-almost bi-Lipschitz if there exists an
L > 0 such that for all z,y € X

1 dz,y)
I slog(d(z, )7 = 12®) ~ W)l < Ld(z,y).

We know that when a metric space embeds into an Euclidean space in a
bi-Lipschitz way then it must be doubling, but there are examples due to Laakso [20],
Lang & Plaut [21] and Semmes [29] that show that this condition is not sufficient.
We discuss one of these examples in Chapter 5.

In 1983, Assouad [2] proved that any doubling metric space (X,d) can be

embedded into an FKuclidean space in a bi-Hélder way, i.e. for any 0 < oo < 1, there
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exists some k € N and a ¢: X — R* such that
1 (6% «
for all z,y € X.
We also want to recall the notion of a homogeneous metric space (see also

Definition 1.3). A subset V of a metric space (X, d) is said to be (M, s)—homogeneous
if forevery x € Vandr > p >0

Nv(r,p) = N(V A B(z,7),p) < M (R)

r

where N(V N B(z,r), p) denotes the minimum number of balls of radius p required
to cover V N B(x,r).

The Assouad dimension of K C (X,d), da(K) is the infimum of all s > 0
such that K is (M, s) homogeneous for some M > 0.

It can be easily shown that a metric space is homogeneous if and only if it is
doubling (see Chapter 9 in the book of Robinson [28]). In 2010, Olson and Robinson
[25] introduced a weaker notion of an (o, 3)-almost (M, s)- homogeneous metric

space and they proved almost bi—Lipschitz embeddings into Euclidean spaces.
Definition 4.1 (Definition 1.4). A metric space (X,d) is («, 8)-almost (M, s)-

homogeneous if for any 0 < p <r

Nx(r,p) < M <> slog(r)*slog(p)’,
P
where .
slog(x) = log <a? + ) > 0,
T
is the symmetric logarithm of x, for x > 0.

We give some useful properties of the symmetric logarithm, which we will be

using frequently. For the proof, see the paper of Olson & Robinson [25].

Proposition 4.2. Let C > 0 andy > 0. There exist positive constants Ac, Bc, a~, by, c
such that

1. |log x| <slog(z) <log2+ |logz|.
2. Acslog(z) < slog(Cz) < Beslog(Cx).
3. ayslog(x) < slog(zslog(x)Y) < by slog(x).

4. I 270D < g < 27k then slog(z) > cslog(27F).
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Using the above definition and Assouad’s construction ([2]), Olson & Robinson
[25] proved that any almost homogeneous metric space admits an almost bi-Lipschitz

map in a Hilbert space. In particular they proved the following.

Theorem 4.3. Suppose (X,d) is a compact (o, 3)- almost homogeneous metric
space and let X be an infinite dimensional separable Hilbert space. Then, for any
0>a+ 6+ %, there exists a 0-almost bi-Lipschitz map f: (X,d) — H.

The authors also showed that almost bi—Lipschitz images of almost homo-
geneous sets remain almost homogeneous. They also proved an embedding theorem
when X is a subset of a Hilbert space H such that X — X is almost homogeneous.

In particular, they proved the following

Theorem 4.4. Suppose that H is a Hilbert space and X C H such that X — X 1is

(a, B)-almost homogeneous, for some «, 3 > 0. Then, for every

3+a+p

Y
> 5 ,

there exists a N = N5 € N and a prevalent set of linear maps L: H — RN that are

injective and §-almost bi-Lipschitz on X.

Based on the above work, Robinson [27] proved an almost bi-Lipschitz

embedding result for subsets of Banach spaces when X — X is homogeneous.

Theorem 4.5. Suppose X is a compact subset of a real Banach space B such that
the set X — X ={x —y:z,y € X} is homogeneous. Then for any v > 1, there
exists a natural number N and a prevalent set of linear maps L: B — RY, that are
injective on X and y-almost bi-Lipschitz, i.e. for some constant Cf,

1 flz—yll

= < |L(r) - L <Oy llz — vl
CL|10gH:I:—yH|7—|() W < Crllz—yl

for all x,y € X such that ||z —y| < rp < 1.

Remark 4.1. If X is (almost) homogeneous, it is not necessary that X — X will be
(almost) homogeneous (see examples in Chapter 9 in the book of Robinson). The
almost homogeneous condition on the set of differences is also not invariant under
almost bi-Lipschitz maps. However, in Olson & Robinson’s result [25], they only use

the fact that X — X is almost homogeneous to cover balls at the origin.

We show in the next section that if X is a subset of a Banach space and
X — X satisfies the («a, 3)- almost homogeneous property at the origin, then X
admits an almost bi—Lipschitz embedding in some Euclidean space. We also show

that this condition remains invariant under linear almost bi—Lipschitz maps.
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4.2 Embeddings when X — X is almost homogeneous at

the origin

Definition 4.6. Suppose M,s > 0 and let (X,|-|) be a normed space. Then, given
any a, B >0, we say that X — X is («, B)-almost (M, s)- homogeneous at the origin
if given any 0 < p < r, there exist z; € X — X such that

N
B.(0)NX — X C | By(x)
=1

and s
") g a g
N < () slog(r)*slog(p)”.
p

It is trivial that when X — X is («, 8)-almost homogeneous, the above property
is satisfied. We first show that if the above property is satisfied, then the box—counting

dimension of X — X is finite.

Lemma 4.7. Take any M > 1 and s > 0. Suppose that X is a compact subset of a
Banach space B such that X — X is (a, B)-almost homogeneous at the origin. Then,
dB(X — X) < 00.

Proof. Take any € > 0. Let R > 1 be such that
X — X C Bgr(0).

Suppose that 1 < e < R. Since X — X is almost homogeneous at 0, there
exist {2}, C X — X such that

X - X CBr(0)NX — X CUY, | Bc(2).
Using properties of the slog function, we have

N < <R> slog(R)*slog(e)” < R*(slogR)*(log 2 + loge)’e™* < Cre™*.

€

Suppose now that € < 1 < R. Since X — X is almost homogeneous at 0, there exist
{z}¥, € X — X such that

X - X CBr(0)NX — X CUY | B.(%),
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and

N < <R> slog(R)%slog(e)’ < Rs(slog]i’)o‘(loge—i—logl)ﬁe*‘9
€ €

1\7?
< R*(slogR)“ <log > €* < R*(slogR)%¢P~*,
€

which immediately implies that
dp(X — X) < B+ 5 < o0. O

We now show that the condition on covers of balls around zero remains

invariant for the sets of differences under linear almost bi—Lipschitz maps.

Lemma 4.8. Let M > 1, s > 0 and suppose o, 5 > 0. Suppose X is a compact subset
of a Banach space B and suppose that X — X is (a, B))-almost (M, s)- homogeneous
at the origin. Let 6 > 1 and let B’ be another Banach space. Suppose that ®: B — B

1 a bounded linear map such that

1 z—yl
C slog(z — gl = [@(x) — @(y)l| < Cllz -yl (4.1)

for some positive constant C and for every xz,y € X. Then, ®(X) — ®(X) C B is

(o + 05, B)-almost homogeneous at 0.

Proof. Let 0 < p < r. We want to cover the ball centred at 0 in ®(X) — ®(X). Let
x,y € X be such that | ®(z) — ®(y)|| < r.

Suppose first that ||z —y|| < r. Then, since X — X is almost homogeneous at
0, there exist z; € X — X such that

B(0)NX — X C UYL, B,/c(=),

and N < (%)Sslog(r)aslog(p)ﬁ. Let j < N, such that ||z —y — z;|| < p/C. Then,

since P satisfies 4.1, we have
|@(@ —y— )l < Clle —y — 21 < p.
In particular we have that
B, (0) N (B(X) — ®(X)) C UYL, B,(®(=)

and s
r o 5
N < () slog(r)*slog(p)”.
p
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Suppose now that ||z—yl|| > 7. Then, let R > 4 be such that X —X C Bp/4(0).
Assume without loss of generality that » < R/4. Then, by Lemma 4.2, we have

|z —yll 1 |z —yll ’ Cr R ’
<C—=|®(x) — P slo < 1

0 5
< % log (]:) < %slog (%) <Cpg rslog(r)‘S.

Thus,
lz =yl < Crrslog(r)’,

We now again use the fact that X — X is almost homogeneous at 0 to deduce a
cover of the ball B, goq(;)s(0) in X — X by at most IV balls of radius p/C. We now

estimate IV using again properties of the symmetric logarithm (Lemma 4.2).

log(r)®\* )
N < <1"Sog(7“)> slog(rslog(r)”) *slog(p)” < bs <r> slog(r)slog(r) *slog(p)"”
p p

< <T> slog(r)****slog(p)”.
P

Arguing as in the previous case, {®(z)}Y,; C ®(X) — ®(X) and we deduce that

N
B,(0) N ®(X) — &(X) C | B,(()),
i=1

and s
N < <T> slog(r)*T%slog(p)®.
p

In particular, ®(X) — ®(X) is (a + s, 3)- almost homogeneous. O

4.2.1 Embedding from a Banach into a Hilbert space

We now want to show that when X is a subset of a Banach space such that X — X
is almost homogeneous at the origin, then it admits a linear almost bi-Lischitz
embedding into a Hilbert space. In particular, by Lemma 4.8 the set of differences
of the image of X into H will also satisfy the almost homogeneous property at 0.
Following the techniques we introduced in the previous chapter, we use a Hahn-
Banach argument to construct the embedding at a single scale, as in the following

Lemma.
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Lemma 4.9. Let M > 1, R>1 and s > 0 and suppose that X is a compact subset
of a Banach space B such that X — X is («, 8)-almost (M, s)-homogeneous at 0, for
some «, 3 > 0. Then, there exists a collection (¢n)rr | of elements of L (B;R™)
that satisfy ||¢n|| < Cr/mn < Cr n*% and for every

2,y € X with2" "R < ||z —y|| < R27",

we have that )
on(z ~ )] > {lle —yl.

Proof. Suppose Z = X — X. Since Z is (a, 3))-homogeneous we can cover
ZNBry-n(0)={z€ X —-X:|z| <R2™"}
by no more than

27"\’
my, < M <Rn)> slog(R27™)%slog(R2™ ("2 < Crn®tPlog2 = Crn®t’

balls of radius R2~("*+2)_ for some positive constant C' that depends only on M, s, R.
Let the centres of these balls be 27, for j < Cg noth,

Using the Hahn-Banach Theorem, we can find fI' € 8* such that || f]'[| =1
and f1'(2]) = |z}[]. Now, define ¢,,: B — R™ by

On(2) = (11 (2), s frn, (%)) -
It is clear that ||¢,|| < /mn < Crn®tA/2 and if z = 2 —y € X — X is such that
2" R <||z| < R27",

then for some 2 we have that ||z — 27| < R2-("*2) and so

|6n| 2 £ (2)] = | f}'(z = 2 + 27|
> 7 EDI =117 =2 = 27 = Nz = 2]

1
> [l2] - 2l)2 — )| 2 R2~ D) — R0 > 2z,

which concludes the proof of the embedding at a single scale. O

The above Lemma allows for the following embedding.
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Theorem 4.10. Suppose that X is a compact subset of a Banach space B such that

: . : 14+a+8
X — X is (o, B)-almost homogeneous at the origin. Then, given any § > %,

there exists a Hilbert space H and a bounded linear map ®: B — H, that satisfies

L z—yl
W ZU a(a) — B <z -yl
Co slog(z — y[)° — [@(x) = ()| < llz -yl

for some positive constant Cy and for every x,y € X.

Proof. Take R > 6 such that
X — X C Bg2(0) C Br(0).

Take 6 such that
1+a+p

2
Let my,, ¢, be from Lemma (4.9). Suppose {e;};’, is a basis for R™, which we

o>

cyclically extend to all k£ € N, as in the previous chapter. Then, we define ®: 6 — H
by

= Z k_é(ﬁk(.%') &® e/\k;.

Then, ® is obviously linear and for every z € 8, we have

S é
1@ (2)]* < Zln (@) < Jlal? Zn O Zn 2katl < oo,

n=1 n=1

Hence .
||(I)H < Zn—25+a+ﬂ < 00,

n=1
since o + 8 — 29 < —1. Then, for any x,y € X, let £ > 1 be such that
2~ *HUR < ||z —y|| < R27%.
By definition of ®, we have
[@() — ®(y)]| = [|@(x — y)|| > k°|gp(z — y)| > k“%llx =yl
Using properties of the symmetric logarithm (Lemma 4.2), we obtain

slog(||lz — yl))* > Arslog (” y”) > Apbslog(27%)°

> Arbk?,
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for constants Ag, b independent of x,y. Thus,

o) — @) > A=Yl

—_—— . O
~ Co slog(||lz — yl))°

Hence, by Theorem 4.5 and Remark 4.1, we immediately obtain an almost
bi-Lipschitz embedding into an Kuclidean space. However, in the section we establish
the existence of a prevalent set of almost bi—Lipschitz maps into Euclidean spaces
directly.

We also note that the above theorem can be used to provide embeddings of
compact metric spaces, using the isometric embedding ®*: (X, d) — L*°(X), given
by x — d(z,-), due to Kuratowski, which was also mentioned in the previous chapter

(see Lemma 2.11). In particular, we can define ‘X — X in this context to mean
X-X=0"X) -0 (X)={feL¥X): f=d(z,-) —d(y,-), for z,y in X}.

4.2.2 Embedding into an Euclidean space

We now extend the result of the previous subsection and prove the existence of a
prevalent set of almost bi—Lipschitz embeddings into Euclidean spaces for a compact
subset of a Banach space such that X — X is almost homogeneous at the origin. We
first want to recall Lemma 2.16, which will be used to bound the measure of maps

that do not satisfy the almost bi—Lipschitz condition.

Lemma 4.11 (Lemma 2.16). Suppose that B is a Banach space and let E = E({V,})
be a probe space defined as in section 2.3, based on a sequence {V,}2° , C B*. Let

r€B,e>0, fcL(B;RF). Then

€ k
WL EE:|(f+ L)) < e} < (”d\g(@,) ,

for any g € B, the unit ball in V,,.

We also recall the result due to Robinson [27] which provides a prevalent
set of injective and bi—Holder embeddings from X into an Euclidean space when
dp(X — X) < 0o (see Theorem 3.5).

We are now in position to state and prove the main result of this section. For
the proof, we use techniques introduced by Olson & Robinson [25] and also used by

Robinson [27], tailored to the weaker condition we now have at the origin.
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Theorem 4.12. Fiz any M > 1, s > 0 and o, > 0. Suppose X is a compact
subset of a Banach space B such that X — X is («, 8)-almost (M, s)-homogeneous
at the origin. Then, given any § > 1 + QTW, there exists a N = Ns € N and a
prevalent of linear maps L: B — RN that are injective on X and bi-Lipschitz with
d—logarithmic corrections. In particular, they satisfy

1 flz—yl

Cy sog(lz — g7 = P — LWl = Culle =yl (4.2)

for some Cp, > 0 and for all z,y € X.

Proof. The proof consists of three parts. We first establish the existence of a prevalent
set 77 of linear maps L that satisfy (4.2), for all z,y € X such that ||z —y|| < rp,
for some r;, > 0. We then use Theorem 3.5 to construct a prevalent set 15 of linear
maps that are injective on X and have a Holder continuous inverse. Finally, we show
that all linear maps in 77 N T, which in particular is a prevalent set, satisfy (4.2),
for all z,y € X.

Let Z =X — X. Let R > 6 be such that

Z C Bg3(0) C Bg(0).

Let v > 1 be such that

a—+p a—+p

o> > 1.
5 7 5

By Lemma 4.9, for any given n € N, there exist a collection of functionals { f*}/* C
B* with m,, < Cin®TP2 ||f*|| = 1 and such that for any 2z € Z that satisfies
R27"L <[z < R27", there exists f7 such that

] (2)] = 20+,
Let

Vi = span{f{', ..., fin. }-

Let also N € N. Based on the sequence V = {V,,}72; and on v > 1, we follow the
construction in the previous chapter and we define a probe space E, = E (V) C
L (B,RY) with a measure y compactly supported on E, (V).

Following the argument of the previous chapter, we fix a map f € £(B;RY)
and suppose that K’ is a Lipschitz constant that holds for all L € E. Then, we define

Zp={2€Z:20"VR<|z| <27"R}
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and
Qu={LeE:|(f+L)(z)| <n%2™™, for some z € Zp}.

Since X is (a, 8)- almost homogeneous at 0, given any n € N, there exist
z ]?Q C Z such that
1 Ji=1

kn
Zy C Bro-n(0)NZ C | J B,-s9-n(21),
=1
and
R2™"
n—92-n

S

) slog(R27™)%slog(n™%27")% < Cy <n5> noth,

o<

for some positive constant Cy depending on «, 3, M. Now let L € @,. Then there
exists z € Z, such that |(f + L)(z)] <n 927" Since z € Z,, there exists z' such
that

|z — 2| < %277,

which implies that

((f + L)EO < I(F + D)) + (f + L)(2) = (f + L)(2)]
<0727 4 (Il + IL)n027"
< (L+|IfIl+ K')n~°27" = Kn~%27",

where K depends on f.
We now compute the measure of (), based on Lemma 2.16. In particular,

we have

Fon
wQn) <Y p{LeE:|(f + L)(=)] < (1+ K)n 27"}
1=1

N
< kp (dim(Vn) n"*K’rl*é?*n’(b(Z?’il) ,

for any ¢ € By, the unit ball in V;, Since 2" € Z,,, there exists f/* € V,, such that
/7]l =1 and [f7(2")| > 27 3). Therefore,

a+B
M(Qn) < Cn5s+a+B+TN+7N—5N7

and C > 0 independent of n.
Since § > O‘—;’B + 7, we can choose N big enough such that

(%B—F’y)]\f—kl
N —s

)
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which implies that

5s+aT+6N+7N—6N<—1.

Therefore, Y 2 | @, < co and by the Borel-Cantelli Lemma, for p-almost
every L € E, there exists an ny, > 1 such that for all n > np,

27D R<|Z|<2"R = I(f + L)z| > n7%27™,
Let z € Z. If ||z|| < R27"™E, then there exists n > ny, > 1 such that
2~ (MDR <z < 27" R.

Therefore, arguing as in the end of Theorem 4.10, we obtain

1 2]

+ L)(2)| > n-99—n > n=027" e TSI TIRTIV
I(f + L)(2)] Ag slog(||z — yl|)?

Thus, we proved that there exists a prevalent set of bounded linear maps L: B — RV,
denoted by T7 such that all L € T}

& doa s < L) - L) < C'la = i,

for all x,y € X such that ||z — y|| < R27"L, for some ny > 1. By Lemma 4.7, we
know that dg(X — X) < oco. Hence, by Theorem 3.5, for a fixed § < 1, we establish
the existence of a Ny € N and another prevalent set of linear maps L: B — RM |
denoted by T5 such that any L € T5 is 6-bi-Holder on X. Assume without loss of
generality that Ny < N and let T'= T1 N T3, which is still prevalent. Now suppose
that L € T and f € £(B,RY).

Let z € Z. Let m > 1 such that

2= (MUR < ||z < 27™R.

If m <np, we use that f + L € T C T7 and we fall in the previous case that we just
proved. Suppose now that m > ny > 1. Then, f + L € T C T5. In particular,

|(f + L) ()| = ||z V/° = RYP272/°,
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Hence,

1)
x J—
slog([lz — yl))° > Crslog (”Ry”)

> Cr|log2™™° = Crm®log2 > Arn log2.
Thus,

[z = yll

+L)(2)] = RMYP27m /% Apn log2—
(f + L)) FE 8 % Sog (= wll)?

and the proof is now complete. ]

Arguing as in the previous case, we can extend the above theorem for any
compact metric space, using the Kuratowski embedding. In particular, the following

theorem holds.

Theorem 4.13. Suppose that (X,d) is a metric space and let ®: X — L>°(X) be
the Kuratowski embedding. Suppose that ®(X) — ®(X) is («, §)-almost homogeneous
at 0 Then, for any given § > (a+ (3)/2 + 1, there exists a N = N5 € N and a map
L:(X,d) — RN, which is bi-Lipschitz with §-logarithmic corrections and injective.

4.3 Embedding when X has ‘better than zero’ thickness

We know from the result of Olson & Robinson [25], that was mentioned before
(Theorem 4.3) that any almost homogeneous metric space (X, d) admits an almost
bi-Lipschitz embedding into a Hilbert space. The authors prove that besides from
being almost homogeneous, the image of X can be very well approximated by linear
subspaces of the Hilbert space H. We say it has ‘better than zero’ thickness. It is
natural to ask whether we can embed subsets of Hilbert spaces that satisfy that
property into Euclidean spaces.

Inspired by the above question, we show that a subset of a Banach space
that can be well approximated by linear subspaces can be embedded into an infinite—
dimensional Hilbert space in an almost bi—Lipschitz way. The techniques that we
use are more similar to the ones we used in the previous chapter but we include the
result here because it gives some indication towards proving an embedding result
into an Euclidean space for almost homogeneous sets. We note that the condition
here refers to X rather than X — X.

The thickness exponent was defined in the previous chapter and measures
how well can an arbitrary subset of a normed space can be approximated by linear

subspaces. Before we proceed, we recall the definition.
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Definition 4.14. Let X be a subset of a Banach space B. The thickness exponent
of X in B, 7(X,B) is defined as:

log d(X
T(X,%):hmsupiog (X.€)

0 —loge ’

where d(X, €) denotes the smallest dimension of those linear subspaces V' that satisfy
dists(z, V) <€ for allz € X.

If no such subspace exists, we set d(X,€) = co.

We now state the following result, which was proved by Olson & Robinson
[25].

Lemma 4.15. Suppose X is a compact homogeneous metric space. Take § > % and
let f = fs: X — H be the 6— almost bi—Lipschitz map from Theorem 4.3. Then,
there exist V,, C H and constants C1,Co > 1 such that

disty (z,V,) < C4 27"y 0

and
dim(Vy,) < Cyn®.

In particular, 7(f(X)) = 0.

We observe that we can rephrase the above condition and say that X has

‘better than zero’ thickness, if there exists a constant C' > 1 such that for every ¢ > 0

d(X,e) < Cslog <1> ,
€

for some s > (0. We already know by the results in the previous chapter that compact
subsets of Banach spaces with thickness exponent less than 1 admit bi-Hoélder
embeddings into Euclidean spaces. Motivated by the above result, we show that
when a subset of a Banach space can be approximated by linear subspaces as in

Lemma 4.15, then we can prove almost bi-Lipschitz embeddings into a Hilbert space.
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Proposition 4.16. Suppose that X is a subset of a Banach space 8 that has ‘better

than zero’ thickness, for some s > 0. Then, for every

3s 1
5> 22 4 =
>2+2

there exists a separable Hilbert space H and a bounded linear map ®: B — H, such
that

1 |z —yl| |
o Toalo— s = 12(@) = 2(y)| < Co [lz —yl, for all 2,y in X.
Cs slog(||z — y||)? |8 () ()l o || [

We first need the following Lemma.

Lemma 4.17. Suppose that X has better than zero thickness for some s > 0.
Then, for every n € N, there exists C > 1, ¢, € L(B;R™), where m, < Cn®,

onll < /My and
|pn(z —y)| > C 27" 0%, whenever ||z —y|| > 27"
Proof. Take any n € N. Then, by our hypothesis, there exists V;, such that
dist(z,V;,) < 27" In~*

and
dim(V,,) = m,, < Cislog(27"n"%)* < Ci(log2 + s)°n® = Cyn’®

Suppose that {uf,..,uy, } is an Auerbach basis for V,, and let {f{', .., f;% } be the

corresponding elements of V,* that satisfy || f]'|| = 1, Vi and
fit(uf) = 045
We now define a projection P, onto V,, as
mn
Pp(z) =) fi(x)u}
i=1
and define ¢,,: B — R™» by setting

Pn(x) = (ST (), -, fi,, (2))-

Obviously ||¢n|| < +/mm < Cn2. Moreover, let z € X — X be such that
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||z|| > 27" and choose z, € V;, such that
|z — zn|| < 27" s,

Then
2]l > 27" — 27" Ip7s > 27 g7l — 9L

Now, we write

mMn
Zn = g zhul € Vi
=1

mn

and suppose j < m,, is such that ||(z}, ..., 27)||os = |24|. Then,

[én()ll2 = |f5' () = | f5 (zn)] = |f5'(z = )]
> 2] = |2 = znll 2 myt|znll — 2707
> Cn =27 " — 27n71n75 > sznflnfs’
which finishes the proof of the embedding at a single scale. O

We now prove Proposition 4.16 .

Proof of Proposition 4.16. Take p > 1 such that

5>35+ >3S+1
9 TP7 9 Ty

and let ¢,, m, be as given in the previous lemma. We now set

Zn () ®e, € H.

Then,
o
@] < Zn_Q(g n?% = Zn P < 0.
n=1

Now, take any =,y € X and suppose x # y (the case x = y is trivial). If
|z —y|| > 3, then it suffices to take R > 4 such that

X — X C B(0,R/2).

Therefore, using also that ||¢1(z — y)| > %, we have that

Cr y Cillz —yll

1@ =l = o1z =)l = =2
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Now, we also have

1 A
slog((l — yl)* > A 35 slog(dlz — y)’ > 55 6 log2

Consequently,
= —yll
O(x—y)|>C———".
12 == € og e = Iy
If |z — y|| < 1/2, let n > 1 such that 27" < ||z — y|| < 27", Therefore

1®(z — )| = n~ G g — y)lla
> O n—(%-&-P)Q—nn—s

> 012_nn_37s_p > (0127 "0, > CL?JH&’
slog([l — )

which concludes the proof.

O]

It is an open question whether we can prove embeddings into Euclidean spaces

for subsets of Hilbert spaces with ‘better than zero’ thickness. If such an embedding

is true, then using Lemma 4.15 and Theorem 4.3, we can immediately embed in

an almost bi-Lipschitz way any homogeneous metric space into an Euclidean space.

Note that so far we only have this result when X — X is almost homogeneous at 0

and as we show in the next chapter this is not sufficient to provide an embedding for

any (almost) homogeneous space.
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Chapter 5

The Laakso graphs

5.1 Construction of Laakso graphs

In this chapter, we consider a variation of the construction due to Laakso [20],
which was used by Lang & Plaut [21] to construct a doubling metric space X that
cannot be embedded in a bi-Lipschitz way into any Hilbert space. We consider the
Kuratowski embedding of X into L*°(X) and we show that ®(X) — ®(X) is not
almost homogeneous at 0 as a subset of L>°(X). In particular, we do not inherit any
control for covers of balls around 0 from the doubling property of ®(X).

We first recall the Hausdorff distance for compact subsets of metric spaces.

Definition 5.1. Suppose (X, d) is a metric space and let A, B be non-empty compact
subsets of X. Then the Hausdorff distance is defined as

dp (A, B) = max{dist(4, B), dist(B, A)}.

The Gromov—Hausdorff distance between compact metric spaces is defined as

Definition 5.2. Suppose X,Y are non-empty compact metric spaces. Then
deu(X,Y) = infdu(f(X),9(Y)),

where the infimum is taken over all metric spaces M and all possible isometric
embeddings f: X — M and g: Y — M.

It is easy to check that dgy(X,Y) = 0 if and only if X is isometric to Y (see
the lecture notes from Heinonen [13] for a proof), proving that the set of all isometry
classes of compact metric spaces equipped with dgy forms a metric space, which is

complete (see Heinonen [13] again).
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We now recall the construction due to Lang and Plaut [21] of a metric space
that is homogeneous but does not embed in a bi-Lipschitz way into any Hilbert space.
In order to study sets of differenes, we need to make the construction somewhat
more concrete than that of Lang and Plaut [21]. We define the limiting metric space
explicitly and then prove that it coincides with the one defined by Lang and Plaut.

Let X( be the unit interval [0,1]. To construct X;;; from X;, we take six
copies of X; and rescale them by the factor of i as in the following figure (5.1).

Xo
'A\
Xl . ~
k4 ~
4 ~
4 ~
4 ~
4 ~
\/

XQ .

r= -

1 1

" "

N . . N
--.\/.-.‘ ’.--\/---
. .

- -

1 1
\v/

Figure 5.1: The first stages of the construction. At each step i the dotted subset is
isomorphic to X;_ .

We note that each X; has diameter 1, has two endpoints, and comprises of 6
edges of length 4=% each. Every X;, for i > 0 also includes 6°~! ‘squares’, which we
call ‘edge cycles’ for the rest of the chapter. We define a metric g;(x,y) on each of
the X; to be the geodesic distance, i.e. the shortest path that we need to travel on
the graph to get from z to y. For any j > i, we construct an isometric embedding
of X; into X, by identifying vertices in X; with vertices in X; and endpoints with
endpoints. The image of X; into X is represented with the dotted lines in the above
figure. It is also easy to see that dgu (X, X;) < (%)i, and so {(Xj, 0;)}72, forms a
Cauchy sequence in the Gromov—Hausdorff metric and it follows that it converges to
a limiting metric space X, which is used by Lang and Plaut in their argument. We

now construct this space X explicitly using the following procedure
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Let (Xj, 0;) be as above for any j > i let h;—,; denote an isometric embedding
of X; into X;. Then, we take X* = U2, X; and define a pseudometric on X*, by

setting

* Qi(xvy) if x,y € X;.
0" (z,y) =
0j(hi—;(x),y) ifz € X;,y€ X; and i < j.

We now define a new metric space X, by identifying points in X; with their
respective images in all X; for j > ¢. For all z,y € X*, we define the following

equivalence relation

z~y e o(z,y) =0,
and we set X = U, [X;]. Then, for any [z], [y] € X, we define
o[zl [y) = o*(2,y).

This definition of X does not depend on the embedding we choose at each
step, since if we consider another we end up with an isometric metric space.

Using the above construction, it is easy to check that
deu (X, X;) — 0.

Indeed, let 7: X; — X be such that for any x € X,

It is immediate that 7 is an isometry from X; onto [X;]. Therefore,
den (X, Xi) = don (X, [X5]) < dx (X, [Xi]).

Let z € X \ [X;]. Then, there exists k > i such that « € [X;]. Then,

i+l
dx(z, [X;]) = dx, (@, hisk(X;)) < <i> =25 0,

which proves that X coincides with the metric space defined by Lang and Plaut. For
the rest of the argument when we mention a point = € X; we refer to the class [z]

with respect to the above equivalence relation.
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5.2 Doubling property

We now recall Lang & Plaut’s argument to show that X is doubling. The proof is

included for completeness and the above construction makes it more transparent.

Theorem 5.3. The metric space X defined above is doubling with doubling constant
6.

Proof. Take x € X and r with 0 < r < % Now, we choose i such that

7‘< 1 i<2
7= \1 "

and also let k be the minimum natural number such that z € [X;]. We now have

the following cases.
If k <14, then = € [X;]. Let Bx,(x,r) be the closed ball in [X;] and we set

Z = aBXi(x7T) U (BXi (37,7’) N {p7 Q}) )
where p, ¢ are the endpoints of Xj. Since r < 2 (%)i, Z = {t1,...,t¢} contains no
more than six points and as we can see from Figure 5.2 the closed balls in X of
radius 7 centred at Z cover By (x,2r) N [X;] = Bx,(x,2r).

Now, we need to check that as we move forward into [X;41],... the new points
that are added each time are still covered by the same balls. Let y € [X;] \ [X;], for
j >iand o(x,y) < 2r. It is clear from the construction that y must belong into
some edge cycle U in [Xj]. It is also clear that we can find an element v of [X;] into
the same edge cycle such that o(u,v) = p(u,y) for all u € [X;]\ U and o(z,v) < 2r.
(see also Figure 5.2).

Since v € Bx(z,2r), there is some t5 € Z such that o(v,t;) < r. We now

have two cases. If t5 belongs to the same edge cycle as v, y, then

1\’
oy, ts) <2 <4> <r
and if ¢; belongs outside the edge cycle, then
Q(yats) = Q(Uats) <,

as in the following Figure.
If > i and z € [Xg] \ [X;], then x belongs into some edge cycle U in [Xp].
We claim that we can find y € [X;] such that

Bx(z,2r) € Bx(y,2r).

99



Figure 5.2: Covering the points that are added in X;.

Indeed, arguing as before, let y € U N [X;] be such that o(u,y) = o(u,x), for all u
not in U. Now, let v € Bx(z,2r).

If v is not in U, then p(v,y) = o(v,x) < 2r, from the definition of y. If v is
in U, then

1 k
o(v,y) <2 <4> < 2r.

Using what we already know for balls centred at [X;], the proof is complete. ]

5.3 Differences of Laakso graphs

In order to define the set of differences, we recall the Kuratowski isometric embedding

$: X — L®(X) (5.1)

T = Q('ax)'
and we define

X-X=9X)-2X)={o(,7) —o(-y) : z,y € X}.

We now prove the main result of this chapter that gives a counterexample of
a doubling set X such that X — X is not («, 5)- almost homogeneous at 0 for any
o, B = 0.
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Theorem 5.4. If X is the metric space defined above and ®: X — L*(X) is
the Kuratowski embedding defined in (5.1) then, ®(X) — ®(X) is not («, 8)-almost
(M, s)-homogeneous for any choice of v, B, M, S > 0.

Proof. Suppose that ®(X) — ®(X) is («, 5)-almost (M, s)-homogeneous, for some
a,B,M,S > 0.

Let r = (%)i, for some ¢ € N and take the ball Bx_x (0,2r). Then, there
exist {gj}j-vzl C ®(X) — ®(X) such that

By (0) N X — X = By (0) N®(X) — ®(X) C UL Bx—x(g;,7);

and
N < M2%slog(2r)%slog(r)? < CM2%i9H5,

for some absolute positive constant C. Now, let f € Bx_x (0,2r). Then, there exist
z,y € X such that

f(z) =o(z,2) — 0(y, 2), Vz € X.

We can easily check that || f||o = o(x,y) < 2r. Similarly, let t;,s; € X such that
gij(2) = o(tj,z) — 0(sj,2), Vz € X.

Any time we choose z,y € X such that o(x,y) < 2r, we obtain an element of
Bx_x(0,2r). Let [X] C X such that

tja 85 € [Xk}a

for all 7 < N. We now have two cases

If k£ < i, we show that for any edge cycle in X;, there exist copies of some
t; or s; that belong to this edge cycle. Suppose that there exist a cycle in X; that
does not contain any images of t;,s;. Then, we choose z,y € X; as in the Figure

5.3, where we zoom in at that specific cycle. Then, z,y € X satisfy

o(tj,z) >r,Vj <N
o(sj,x) >r, Vj <N
o(sj,y) >0, Vj < N
r < o(z,y) < 2r.
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Figure 5.3: The edge cycle in X;, which does not contain any ¢;, s;.

Since f € Bx_x(0,2r), there exist j < N such that

If = gilloo <7 & |lo(z,2) = 0(y, 2) — o(tj, 2) + 0(5,2)||ec < T,

for some j < N. Choosing z as in the above figure, depending on the position of

tj,s; we have that

lo(x, 2) — o(y, 2) — o(tj, z) + 0(sj, 2)|lec = 0(tj, x) + 0(s5,y) >

or

lo(x, 2) — o(y, 2) — o(tj, 2) + o(sj, 2)|lec = 0(x,y) + 0(s5,t5) >,

a contradiction. We conclude that any edge cycle in X; contains one of the t;, s; and

since there are 6! edge cycles contained in X;, we deduce that
N > 6i_1,

a contradiction by choosing 7 large enough.

If k > i, we consider the endpoints v;;, u;; that enclose an edge cycle in Xj.
We rescale the cycle by the appropriate factor to create an edge cycle in Xy, with
the same endpoints in X} (with respect to the equivalence relation we have). Since
distances are preserved, we only need to repeat the above argument for all these

cycles in X}, (see also the following figure).
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Figure 5.4: The case k > i.

O

Since ® is an isometry, the set ®(X) is doubling but ®(X) — ®(X) is not
(a, B)-homogeneous, for any «,3 > 0. Hence, the doubling property does not

necessarily imply that we will have a control on covers of balls around 0 in X — X.
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Chapter 6

Attractors of Iterated Function

Systems in Euclidean spaces

6.1 Background

In this chapter, we study attractors of Iterated Function Systems in the context of
a Fuclidean space R®. Our main purpose is to establish non-trivial bounds on the
Assouad dimension of differences of self-similar fractals, under some condition on
the structure of the system.

We first want to set up our theory in the general context of any complete
metric space (X,d) and then concentrate on systems in R®. Suppose (X,d) is a
complete metric space and let I = {1,...,|I|} be a finite set of indices. We say that
F =A{fi: X = X}ics is a system of contracting similarities, if for all ¢ € I, there
exists 0 < ¢; < 1. such that

for all z,y € X. Then, these maps are obviously contractions, so by the Banach
fixed-point theorem they all have fixed points in X. We then say that a non-empty

compact set K C X is an attractor of the system if

]

K = f(K).
i=1

It has been proven by Hutchinson [17] that every system F in a complete metric

space X defines a unique attractor K.
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We now introduce some notation. Let ¢pin = min{c; : ¢ € I} and e =
max{c; : i € I} Let T* = Uy>1I”* be the set of all finite sequences with entries in 1.
For

a = (i1,....ix) € T,

we write
Ja = firig-i, = fiz © fiz 0.0 fis
and
Ca = Ciy-.-Ciy -
Let also

a = (i1, .y if—1)

We also define for any b < 1,
I={a€Z":cho<b<cs}

Finally, we define C(I) to be the set all infinite sequences of integers (i,)52, with
entries in 1. We now state without proof some general properties of the attractor K,

that we need. For the proofs, see the paper of Hutchinson [17].

Proposition 6.1. Suppose that (F, K) is a system of contracting similarities with

attractor K. Then we have the following
1. For any given b < 1, K = Uaelb fa(K).

2. K 2 fi,(K) 2 fii,(K) 2 -+ 2 fiy. 4, (K) 2 -+ and (V24 fi,..i, (K) is a
singleton, which is denoted by k,, for v = (i1, iz, -+ ,ip,---) € C(I). K is the

union of all these singletons.

6.2 The weak separation condition

Suppose now that (F,K) is a system of contracting similarities in R® with an
attractor K. One can show (see Hutchinson [17]) that a function f: R® — R® is a

contracting similarity if and only if there exist 0 < ¢y <1, gy € R such that

f(x) =crOp(x) +qr,

where Oy : R® — R® is an orthogonal transformation. The computation of dimensions
of K is of particular interest. One of the most common dimensions that we are

interested in is the similarity dimension which is defined as follows.
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Definition 6.2. Suppose (X, d) is a complete metric space and let F = {f;: X —
X }ier be a system of finitely many contracting similarities. The similarity dimension
dsim 15 defined as the number D such that

chDzl.

el

In general, we know by Falconer [8] and McLaughlin [23] that the box—
counting and Hausdorff dimensions of an attractor K are equal and bounded above
by the similarity dimension. This property does not hold in general for the Assouad
dimension, as proven by Fraser [10]. However, if the system is defined on a Euclidean
space and the images of the attractor under the maps f; do not overlap too much,
then it can be shown that the box—counting dimension equals both the Hausdorff
dimension and the Assouad dimension. An example of such a property is the weak
separation condition, which was introduced by Zerner [30], in the context of an

Euclidean space.

Definition 6.3. Suppose that F = {f;: R® — R*} is an iterated function system,
with K as an attractor. We say that the IFS satisfies the weak separation property if
there exists € > 0 such that for any given 0 < b <1 and any o, 8 € I, we have

fa=1Ts  or  |f3 s —isllieo(r) > €
where s denotes the identity map 1s: R® — R?.

Fraser, Olson, Robinson and Henderson [11] used the notion of Ahlfors
regularity and proved that the Assouad dimension coincides with the Hausdorff and
box—counting dimensions, under the above condition. We give an independent proof
of this result here, without using Ahlfors regularity, solely based on the definitions
and the separation condition. Moreover, the proof provides us a useful mode for the

analysis of sets of differences in the following section.

Definition 6.4. We say that {xj}é?:l C R® are in general position if no x; lies in
the affine space generated by any subcollection of the {x;} consisting of less or equal
than s points. Otherwise, no m of them can lie in a (m —2)— dimensional hyperplane

for m <s.

We now state and prove the following general Lemma, which will give an

equivalent property with the weak separation condition.
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Lemma 6.5. For every {a:j}jzo C R® in general position there exists an C' > 0 such
that for every affine map h: R — R?® of the form

h(x) = Az + b,
where b is a constant and A is an s X s matriz, we have
A — Il Lo (po,115) < C |h(z5,) — 24,1,

for some j, € {0,1,...,s} that depends on h.

Proof. Let j. be such that
\h(xj,) — ;.| = max{|h(z;) —z;|: 5 =0,...,s}

Since x; are in general position then there exist Ai,...,\s such that

xTo = Z)\jxj and Z Aj# 1L
j=1 j=1
Let z € [0, 1]° be such that
1 = Il Lo o,115) = [P(@) — .

Choose {a;}7_; such that
S
r = Z AjTj.
i=1

Since |z| < /s and the x; are in general position, there is C; independent of x such

that
S
> lajl < Cu
j=1

Consequently,

|h(x) — x| = > aj(h(z;) —z)|+ || D ai—1]b
j=1

< Crymax{|h(z;) —xj| : g =1,....,8} + (C1 + 1) |b|
< Gilh(zj,) = 25| + (C1+ 1) [b].
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It remains to estimate b in terms of h.

To do this, we make the following computation:

2b = h(ﬂ?o) + h(—xo) = h(ﬂ?o) — zs: )\jh(l‘j) +b|1+ ZS: )\j
i=1 i=1

Hence,
S

b 1= N | =h(z) - Z Ajh(x;) = h(zo) — o + 20 — Z Ajh(x;)

j=1 j=1

= h(zg) — xo + Z AjTj — Z Ajh(x;)
j=1 J=1

= h(zg) — zo — Z Aj(h(zj) — ;)
j=1

Therefore

[h(zo) — 20 — D251 Aj(h(z)) — ;)]

bl = -
’ [V pY
< |h(z0) — xo| + Comax{|h(x;) —z;| : j=1,...,s}
- 4
Cy+1
< |h(x.) — ;.

where Co =3 77_ [Aj| and 0 = |1 =32, \j|.

All in all, we obtain
A — Il Lo (jo,115) < Clh(w5,) — 24,1,

where C' = C; + (C1 +1)(C2 + 1) /4. O
We now have the following Corollary.

Corollary 6.6. Suppose that the IFS satisfies the weak separation condition. Then,
for every {xj}jfzo C F in general position, there exists an M > 0 depending only on
the {cz}llzz‘l and {z;};_o such that

|(fa = fa)(x5)| = eMT,
for some j € {0,...,s}, which depends on o, € I,.

Proof. Take h = f;!fs in Lemma 6.5. Then, for f,, fz such that o, 3 € I, let j < s
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such that
o falas) — sl = 13 fa(as) — fo falas)] > €

which implies that
[(fa = f8)(@;)| = eMr,

for some M > 0. O

Before we proceed to the proof, we want to introduce some terminology from

graph theory, which will be useful in what follows.

Definition 6.7. We say that an undirected graph G = (V, E) with n vertices is

complete if every two vertices are connected with a unique edge.

Definition 6.8. An r-colouring of the edges of a graph (V, E) is a function g: E —
{1727' o 7T}‘

We now state the following version of Ramsey’s theorem. For a more detailed

analysis of Ramsey theory, see Chapter 1 in the book of Katz & Reimann [19]

Theorem 6.9 (Ramsey’s Theorem). Suppose that we have r colours and let ny,--- ,n,
be natural numbers. Then, there exist a number R(r,ny,ng,--- ,n,) such that if G is
a complete graph with at least R(r,nq,ne,--- ,n,) vertices, there exists an 1 <i <r
and a complete subgraph T' of G of order n; such that all the edges in T are coloured

with the colour i.
An immediate corollary is the following.

Corollary 6.10. Suppose that G is a complete graph and suppose N € N. Suppose
also that we have an r-colouring of the edges of G. If every monochromatic complete

subgraph of G has order at most N, then
|G| < R(r,N+1,..,N+1).

Proof. Suppose that |G| > R(r, N +1,...,N + 1). Then, by Ramsey’s theorem,
there exists a complete monochromatic subgraph of order N + 1, which violates the

hypothesis. O

We now show directly that when the IF'S satisfies the weak separation property
then the Assouad dimension of the attractor equals its box—counting dimension. In
particular, since the lower bound is always true, we only need to prove the upper
bound. The proof provides a useful tool for the more involved analysis of sets of

differences which follows in the next section.
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Theorem 6.11. Suppose that F = {f;: R® — R*} is an iterated function system
that satisfies the weak separation property. Let K be the attractor of the system and

suppose that K is not contained in a hyperplane. Then,
da(K) = dp(K).

Proof. Let d > dp(K). Suppose, wlog that

K C B1(0).
Then, we fix y € K and we have

K C Ba(y).
Now, suppose © € K and r > 0. Let

Gr(v) = {fa 1 @ € I, B;() N fo(K) # 0.}

Then, we have

B(z,r) N F = Uger, B(z,7) N fo(K)
= Ut eGr (@) Blx,r) N folF)
C Ug,ea @B, m) N fa(Ba(y))
(

C Us,ea, () B(@, 1) N Bar(fay)),

for all K € F. We claim that we can bound the cardinality of G, (z) independently
of r,x. Since K is not contained in a hyperplane, there exist {x; };f:o C F in general
position. By Lemma 6.6, for every choice of fu, fg € G,(x), there exists a j < s such
that

| falzj) = fa(z;)| = er. (6.1)

Let
To(@) = {0<j < s falay) — folay)| Zer,  forsome  fu, fs € Gola).}

Obviously, |T(z)| < s+ 1, for all r,x. We now consider G,(x) as a graph with
vertices fo and edges E = {{fa, f3} : fa, fs € Gi(x)}. For any j € T,.(z), we say
that the edge {fa, fg} is of color j if

‘fa(mj) - fﬁ(fﬁj)] > er.
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Suppose that P/ (z) is a complete monochromatic subgraph of G,.(z), of color
j < s+ 1. Then, for every f, € Pﬂ(x), we have

B(z,7) N fo(F) # 0 = B(z,r) N fa(Ba(x;)) # 0
& B(z,r)N BQr(fa(xj)) # 0,

which implies that
|fa(z;) — x| < 3r. (6.2)

Moreover, for any fq, fg € P! (x), we have by definition

| falzj) — fp(x;)| > er. (6.3)

In particular fo(z;) # fs(x;), for all f, fg € P! (). Consequently, in order to count
the number of vertices in P/ (z), it suffices to count the points fa(zj), for fo € Pl (x).
By (6.3), the balls of radius er/2, with centres fq(x;), for f, € P! (z) are disjoint
and by (6.2), all the centres lie in a ball of radius 3r, centred at x. Thus,

U B%(fa(xj)) C Brter(w).
faePTj(x)

Therefore, if p is the s-dimensional Lebesque measure, we have

2 (BST—&-er(x))
n(Bs)

which is independent of r, x. Since G,(z) is a complete graph and we bounded the

1P ()] < =M,

order of any complete monochromatic subgraph independently of r, x, we have by
corollary 6.10 That
Gr(z)] < M,

independent of r, x.

We now enumerate G, (z) using the following parametrisation.

Gp(x) = {fak}l]c\il

Now, let N = N(F, p/r) denote the number of balls of radius p/r required to cover
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K. Let the centres of those balls be y;, for j < N. Then,

B(z,r) N K C UL, fo, (K)
C Uil fay, (Ué‘vlep/r(yj))
= U]Q/Izl Uévzl Bp(fock (yj))

We know by definition of the box—counting dimension that there exists some constant

C > 0 such that J
N<C <T> .
P

Thus,
d
Ni(r,p) < MN < MC <T> .
p
Therefore, d > d4(K) and since d > dp(K) was arbitrary we have da(K) <
dg(K). O

6.3 The weak separation condition for differences

In this section, we study differences of attractors of Iterated Function Systems
in Euclidean spaces. We want to establish non trivial bounds for the Assouad
dimension of the set of differences in terms of the Assouad dimension of the attractor.
In particular, we show that under a suitable separation condition, the Assouad
dimension of K — K is bounded above by twice the Assouad dimension of K. Note
that non-trivial bounds do not hold in general as there are examples on the real line
due to Henderson [14] where d4(K) < ¢, for any € > 0 and ds(K — K) = 1.

Definition 6.12. Suppose that F = {f;: R® — R5} is an system of contracting
similarities. Suppose that K is the attractor of the system. The IFS satisfies the
weak separation condition for differences if there exist M,e > 0 and a collection of
points {xj}j]\/io € K such that for every given 0 < b < 1 and every «, 3,7,6 € Iy, we

have
Ja(K) = f3(K) = f(K) — f5s(K)

[fa (i) = fa(z;) — fy (i) + fo(zs)l| = eb,
for some i,j < M that depend on «, 3,7, € Ip.

We now recall the definition of Hausdorff distance, for compact subsets of

metric spaces.
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Definition 6.13. Suppose (X,d) is a metric space and let A, B be non-empty
compact subsets of X. Then the Hausdorff distance is defined as

dp (A, B) = max{dist(A, B),dist(B, A)}.

We now prove that the weak separation for differences is also satisfied if for
any scale b < 1, the sets fo(K) — f3(K), fy(K) — f5(K) for o, 5,7,0 € I, are either

equal or their Hausdorff distance is bounded away from zero.

Lemma 6.14. Suppose that F = {f;: R® — R®} is a system of contracting similar-
ities. Suppose that there exists a ( > 0 such that for any given 0 < b < 1 we have
that either

fa(K) = fs(K) = [ (K) — f5(K)

or

A (fo(K) = fa(K), [1(K) — f5(K)) = ¢b,
for all a, B,7,0 € I. Then, the weak separation condition for differences is satisfied.

Proof. Let o, 8,7,6 € I. Suppose that

fa(K) = f5(K) # [1(K) = [5(K).
Let {xj}j]\/io be an (/4 net in K, i.e.
M

K C U Bea(y) and |z; — x| >
j=0

oy

Assume without loss of generality that
du(fa(K) = f5(K), f1(K) = f5(K)) = dist(fo(K) — f3(K), f,(K) = f5(K)) = Cb.
Using the compactness of K, let z,y € K be such that
dist(fa(K) = f5(K), f(K) = f5(K)) = dist(fa(2) = f3(y), [ (K) = f5(K)).

Let 4,7 < M be such that

NGV

|z — x| < and ly — x| <

Again by the compactness of K suppose that s,t € K are such that

dist(fa(z) = f5(y), [y (K) = f5(K)) = [fa(x) = f5(y) — f1(s) + f5(1)].
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Then, we deduce that

[fal@i) = fo(as) = fr (i) + f5 ()| = dist(fa (i) = Fa(2), f(K) = f5(K))
= [fa(@i) = fa(x;) = f7(s) + f5(D)],

which implies that

[fal@i) = fa(as) = fy (@) + fs(25)| = [falz) = fo(y) — f5(s) + f5(t)|—
— |falwi) = fa(x5) = falx) + f5(y)|

¢b _¢b

By taking e = /2, the proof is complete. O

We now state and prove the main result of this chapter.

Theorem 6.15. Suppose that F = {f;: R® — R®} is a system of contracting
similarities and let K be the attractor of the system. If the IFS satisfies the weak

separation for differences then
da(K — K) <2d4(K). (6.4)

Proof. The argument is similar with the argument of the previous section. We use a
Ramsey theory argument to prove that given any 0 < r < 1 and z € K — K, the
cardinality of set of maps (fa, fg) such that

By (2) N fa(K) = f5(K) #0

is independent of r, z.

Assume without loss of generality that
K — K C By(0).

Let d = d4(K) and let also r, p such that 0 < p < r < 1. Now, suppose z € K — K.
Note that for any z € K, we have

K C Bi(z).
Let

Gr(z) ={(fa, f3) 1, B € I, By (2) N fo(K) — fa(K) # 0 and
fa(K) = f3(K) # [1(K) — fs(K), forall (fy,fs)# (fa, fs)}-
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We now observe by properties of K (see Proposition 6.1) that

BT(Z)H(KK)CBT(Z)H< U fa(K)f,B(K))

(a,B)el; I

= U BNl ~ oK)
(fo:fp)€GH(2)

c U Br(z)m(Br(fa(l'))mK—Br(fﬁ(y))nK)
(fa,fa)€Gr(2)

= U B.(z) N Bay(fa(r) — f5(y)),
(fa,fp)€Gr(2)

for all z,y € K.

We now claim that we can bound the cardinality of G,(z) independently of
r,z. Indeed, by the weak separation property, we can find {z; }jj\io C F such that
for each choice of (fa, f3), (fy, f5) € Gr(2), we can find ¢,j < M such that

| falzi) = fo(@s) — fy(@i) + fo(x;)| > er. (6.5)

Based on the above, we interpret G,.(z) as a graph we say that an edge {(fa, f3), (f, f5)}

is of color (i,7), if
[fa i) — falx;) = fy (i) + fs(25)] = er > 0. (6.6)
We claim that there exists N independent of r, z such that
|Gr(2)] < N.

Let T;; be any complete monochromatic subgraph of G,(z) of color (i, j). Therefore,
for all (fa, f3), (fy, f5) € Ti;, (6.6) is satisfied for the same x;, x;. In particular for
each (fa, f3), (fy, f5) € Tij we have

fa(@i) = fo(zj) # fy(2i) — f5(xj). (6.7)

Hence, the number of vertices in Tj; equals the number of points { fo(z;) — fa(x;) :
(far f8) € Tij}. For (fa, f3) € Tij C Gp(2), we also have

By (2) N (fa(F) = fs(F)) # 0 = Br(2) N (Br(fa(i)) — Be(f3(z;))) # 0
& Br(2) N (Bar(falzi) — f3(2;))) # 0.

Therefore, we deduce
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|fa(zi) — fp(z;) — 2| < 3r,

and we also know that

[fa(@s) = fa(aj) — fy (@) + fs(aj)| = er.

Therefore, all the balls of radius er/2 and centres fo(x;)— fg(x;), for (fa, f5) €
T;; are disjoint and all the centres lie in a ball of radius 3r around z. It is immediate

from (6.7) that
' p(Bsryer(2))
Tl < B Uatw) — faley) ="

independent of , z, (i, 7). Hence, by Ramsey’s Theorem, we have that

Gr(2)] < N,

independent of r, z.

Now, we enumerate G, (z) using the following parametrisation

G,«(Z) = {(foékv fﬁk)}{evzl

Take any x € K. Then, we have

Br(z) N ( Br(2) N (foy, (K) = f3,(K))

=
|
=
N
TC=

r(2) N (Br(foy,(2)) N K = Br(f3,(z)) N K).

N
C=
™

e
Il
—

Since fqo, (), f3,(x) € K, we can cover each of these balls centred at those points by
N' = Nk (r, p/2) balls of radius p/2 centred at K. Let the centres of those balls be
zf Then,

N N’ N’
B.(z)n(K-K)C | J UBg(zf) — UBg(z;?)
j=1

k=1 =1
N N’
< U U Bp(zf —Zf)
k=14,j=1
Thus,
r 2d
Np_p(r,p) < N(N')> < NC <> : O

P
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Chapter 7

Cantor sets

Cantor sets are in general some of the most common examples of self similar fractals.
They are constructed by an iterated process of removing intervals from the unit
interval [0,1]. We first focus on symmetric Cantor sets, where at each stage of
the iteration the intervals that remain are of the same length. We will show that
symmetric Cantor sets satisfy the weak separation condition for differences. In
particular, the Assouad dimension of differences of symmetric Cantor sets obeys

bounds in terms of the Assouad dimension of the Cantor set itself.

7.1 Symmetric Cantor sets

Symmetric Cantor sets are constructed by removing intervals of the same length
from [0, 1] repeatedly. In particular, let A < 1/2 and suppose that Cj is the interval
[0,1]. We define Cj41 by removing intervals of length ciA, from Cj, where ¢ is the
length of the intervals in Cj (see also Figure 7.1). Then, the middle -\ Cantor set is
defined as

Figure 7.1: The first stages of the iteration for the middle-1/3 Cantor set.
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A symmetric Cantor set can also be defined as the attractor of an Iterated
Function system. For any A < 1/2, the middle- A Cantor set C,, is the attractor of

the following iterated function system.
fitz) =Xz and  fo(x) = Az + (1= A).

We recall the open set condition, which holds if there exists an non-empty open set

U such that "
I

U2 Jf(U) and  £i(U)NfU) =0.
i=1

It is easy to see (see Chapter 13 in the book of Falconer) that the Cantor set

satisfies the open set condition for U = (0, 1) which in particular implies that

log 2

da(Cy) = dp(Cy) = dsim(Cr) = —-
log
Henderson [14] studied the Assouad dimension of the set of differences Cy — C and
showed that it is strictly bounded above by twice the Assouad dimension of C'. This
is trivial when A > 1/3 since

log 2

QdA(C)\) = 271 >1= dA((—l, 1)) > dA(C,\ — C)\).

log 5
If A < 1/3, Henderson [14] showed that Cy — C is an attractor of another system of
similarities, which satisfies the open set condition. In particular, he showed that

log 3
da(Cy—C)y) = loi

T > 2d 4 (Ch).
by
The above formula can be also obtained by taking the product of the Cantor set
with itself and projecting onto the span of (—1,1).
We show that the Cantor set C), for A < 1/3 satisfies the weak separation
property for differences, which immediately gives an example of a set which satisfies

that property and
dA(C)\ — C)\) < 2dA(C)\).

The proof also provides a useful technique for the more involved analysis of asymmetric

Cantor sets.
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Proposition 7.1. The Cantor C), for A < % satisfies the weak separation property

for differences.

Proof. Fix A < 1/3. Then, C) is the attractor of the Iterated Functions system
filz) =Xz and  fa(w) = Az + (1 = A).

Take any 0 < b < 1. We claim that there exists a § > 0, such that for any
a, B,7,0 € I, we have

fa(Cx) = f5(Cx) = f1(Cr) = [5(C).

or

[fal@) = f5(y) = fr(2) + f5(y)| = db,

for every x,y € C). In particular, this obviously implies the weak separation for

differences by choosing any single point in the Cantor set.

Now, we fix 0 < b < 1. Then, it is easy to see for any a = (i1, ,ig), B =

(i1, ,im) € I, we have that k = m and
ca=cg =N <0< N =ca=cz (7.1)
We also have that for any a = (i1, - , i) € I, there exists some translation g, such

that for any x € C),
fa(x) = Akx + qa

and

k—1 k—1
Go=Y LAN1=X)=1-X)> t\,
i=0 1=0

for t; € {0,1}.
Therefore, for any «, 3,7,0 € I, there exists some k € N such that |a| =
IB8] = |v| = |0] = k and for any x,y € C)

)

[fal@) = fo(y) = (@) + fs(y)| = (1 = A)

k—1
> o
=0

where a; € {—1,-2,0,1,2}.
Suppose now that

fa(Cx) = f3(Cx) # f(Cx) — f5(Cy).

We claim that ‘Zf:_ol a; N\ # 0.
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Indeed, suppose without loss of generality that

du(fa(C) = f5(Cr), f(Cr) — f5(Cx)) = dist(fa(Cr) — f5(Cr), f1(Cr) — f5(Cy))

and let xg,yo € Cy be such that

du(fa(Cx) = f5(Cr), f1(Cx) — f5(Cx)) = dist(fa(z0) — f5(v0), f1(K) — f5(K)) > 0.

Then,

k—1

Z ai)\i

=0

= |fa(zo) — f3(yo) — f+(20) + fs5(vo)]

> dist(fa(20) — f(y0), f(K) = f5(K)) > 0.

Suppose that Z?:_ol a;\* > 0. We claim that there exist @; > 0 such that

k—1 k—1
E a;\' = E a;\'.
i=0 i=0

We construct a; by the following process. If ap_1 > 0, we set ap_1 = ap_1. If

arp—1 < 0, we write

_ 1
ag—1 = (/\ + ak—1> .
Then, a;_; > 0, since \ < %

Now, if aj_oAk=2) — \(k=2) — (ap—o2 — 1)AF=2 < 0, then we again write

and we set

(ap_g — DAF2) = (i + ap_g — 1> AE=2) _ \(k=3)

and we set

— 1
(k—2) = v+ ar—2 =~ L.

Then, % + ag—2 —1 > 0, since A < 1/3 and we carry on this procedure until we

construct ag. Now, for all 1 < ¢ < k — 1, we have that

~ 1 1
a; = a; or (X+ai) or (X—Fai—l),
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which are all non negative. We claim that

k—1
A=Y "aN <1.
=1

We observe that for all 1 <¢ <k — 1, a; < 2. Therefore

A<2ZAZ<2Z<> 7—1) 1.

Hence, ay > —1. If @y < 0, then

a contradiction.

By a symmetric argument, i.e. by subtracting ¢ where necessary we have
that if the sum is negative then it can be written such that all the coefficients are
non—positive. Assume that a; > 0, for all 4. In particular, by the construction above,

we observe that if a; > 0, then

a; > <i - 3) > 0. (7.2)

Let 0 <m < k — 1 such that a,, > 0. Then, by (7.1), (7.2), we have

[fal() = fo(y) = fr(2) + fs(y)| = (1 = A) Zaz)\“

> (1= NamA™ > (1- ) (1 _ 3> et

z<1—A)<;—3)b,

which concludes the proof. O

We note that we can actually make all the coefficients in the above construction
either negative or positive, depending on whether the sum is negative or positive.
We will need this in the following section, where we prove that a particular class of

Asymmetric Cantor sets satisfies the weak separation condition for differences.

7.2 Non-symmetric Cantor sets

Non-symmetric Cantor sets are constructed by an iterative process of removing

intervals of different lengths from the unit interval. In particular let ¢, ¢ € (0,1)
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such that ¢; + c2 < 1. Suppose that Cy = [0,1]. We construct C1 by removing an
interval of length 1 — ¢y — ¢o from Cy and we set C to be the remaining two intervals.
We carry on by removing intervals of proportionate length from each of the intervals

in C, (see also Figure 7.2).

Figure 7.2: The first stages of the iteration for the asymmetric Cantor set.

Asymmetric Cantor sets are also the attractors of the following Iterated

function system
fi(z) = and  fa(x) = oz + (1 — ¢2),

for ¢1,¢9 € (0,1), such that ¢; + ¢o < 1. We denote the non symmetric Cantor set by

log c1
log c2

K¢, c,. It has been proven by Henderson that if

is an irrational number, then
da(Keyey — Keye,) = 1, which is maximal for this set.

It is an open question whether we can show that the Assouad dimension of

log c1
log c2

K — K is bounded by twice the Assouad dimension of K when is any rational

number.

log c1
log c2

then the weak separation for differences is satisfied. In particular, we prove the

In this section, we show that if is a rational number and ¢; < ¢y < %,

following theorem, which is the main result of this chapter.

Theorem 7.2 (Theorem 1.6). Suppose ¢ € (0,1), pa < p1 € N such that ¢ <
P2 < 1/4. Let K be the attractor of the system F = { f1, fa} where

fi(z) =P, and fa(z) = cP?x + (1 — ).
Then, K satisfies the weak separation condition for differences. In particular,
da(K — K) < 2da(K) < 2dsim (K).

The proof follows a similar procedure with the one for symmetric Cantor sets,

but is significantly more involved.
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Proof. Fix any 0 < b < 1. Let «, 8,7,9 € I. Then, for any z,y € K, we have
Fal@) = fo(y) = £,(@) + F5(y) = (ca— ) + (c5 = 5)y + 6 — 45 — @y + a5, (7:3)
for some translations q., s, ¢y, ¢s. By definition of I}, we have that for any a € I
Co > cgcPt > bcP? (7.4)

Assume that
fo(K) = fa(K) # f1(K) — fs(K).

Assume first that ¢, — gg — ¢y + g5 = 0. By compactness of K, let xg,yo € K such
that

A (fo(K) = f3(K), f(K) — f5(K)) = dist(fa(z0) — f3(y0), [ (K) — f5(K)) > 0.

Therefore,

| fa(20) — fa(yo) — fy(w0) + fs5(yo)| > dist(fa(z0) — fa(v0), f(K) — fs(K)) > 0.

It is immediate from (7.3) that either ¢, # ¢y or cg # ¢5. Assume without loss of

generality that ¢, < ¢,. Then, since 0,1 € K we have by (7.4)
¢ ¢
|fa(1) = f3(0) = f1(1) + f5(0)] = |ca — ¢y| = ¢ <1 — ;) > bcP? <1 — ca> .
v v

We claim that there exists M > 0 such that

(1—0"“> > M.
Cy

Indeed, let ny,ng, my, mo be such that
Co = cP1nitpan2 and Cy = Cp1m1+p2m2’

with pym1 + pame < p1ny + pang. Then,

cP1n1+pana cPrmitpama+1

_C’

cpimit+pamz —  ep1mi+pame

(1—2‘) > (1—c).

Thus, the weak separation property is satisfied when g, — g3 — ¢y + ¢s = 0. Suppose

which implies that
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now that ¢, — qg — ¢y + ¢5 # 0. By (7.3), we have that

|fo¢(0) - fﬂ(o) - fv(o) + f6(0)| = ‘Qa —q3 — gy + QJ‘-

We claim that there exists M; > 0 such that

|ga — g3 — gy + g5 > M;b.

We want to write ¢o — gg — ¢y + g5 in terms of powers of ¢’ and cP2. For o € I, let

Na, Ma € N be such that

Co = P Tmap2.

Then, we have

ma—1 ma—1

Go = (1 — c?) D Z tojcmj + oo Pr(na—1) Z tnafljcpzj
=0 =t

for some ¢;; € {0,1}, where 0 <i <nq —1and 0 < j <mg — 1.
Assume that Ny = max{nq,ng,ny,ns} and No = max{mq,mg,m, ms}.
Then,

N2—1 N2_1
qa—qg—qerqa:(l—ch) CO Z aojcpzj _|_..._|_CP1(N171) Z a(lel)ijw
j=0 Jj=1

where a;; € {-2,-1,0,1,2.}, for all i < N; —1 and j < Ny — 1. Let

No—1
Ai: E aijcp”.
J=0

Since 2 < 1/4 < 1/3, by the argument in the previous section (see proof of
Proposition 7.1), we can rewrite all negative A; such that all the coefficients a;; are
negative and all positive A;, such that all a;; are positive. In this case we also note

by the previous argument that if a;; < 0, for some 4, j then

1
—2§aij§3—E<—1
C

and if a;; > 0, for some 7, j, then

1
1§——3§aij§2.
cb2
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Consequently, if A; < 0 then
Na—1 Na—1
—QZCP2J< QZCP2J<A <—Zcp2ﬂ (7.5)
and if A; > 0, we have
No—1 No—1

1< Z cP2J < A; <2 Z cP2J < QZCPQJ (7.6)

Assume that g, — g3 — ¢y + g5 > 0. We want to rewrite the above sum such that all
A; are non-negative. If An,_; > 0, we set zGl\_l =Apn,—1. If An,—1 <0, we set

— 1
AN1—1 = <Cpl + AN1—1> CP1(N171) _ cp1(N172)‘

We claim that (c%l + AN1—1) > 0. Indeed, since An,—; < 0, we have that
No—1 9
An,_1 > =2 Z A > >3 (7.7)

1 —cp2

since c? < % Thus, An,—1 > 0, since ¢’ < i. Now, arguing is in the symmetric
Cantor set case, if Ay,—o—12>0, weset Ay,—o =An,—2—1, whileif Ay,_o—1<0,

— 1
An—2 = <c1’1 + AN, 2 — 1) ;

which is positive since since ¢?* < 1/4 and Ay, 2 > —3. We then write

we set

Ay, ot N172) = (Iln + An,—2 — 1) @1 (N1=2) _ p1(N1-3)
C

— mcpl(Nl—Q) _ Pr(N1=3)

We continue the process until we have defined ;1?). We note that for all
1<i<mn-—1,by (7.6) and (7.7), we have

1 Np—1
— —4< A <2 P2
cb1
j=1
Hence,
Ny—1

Z A P < 2B; Zcp”
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where
No—1

Bj: Z Cij.

j=1

Therefore,

lel/\ » 90P2

APl ) )
El At < B; (1—cp2> < Bj,
1=

since ¢’ < 1/3. Since we have assumed ¢, — g3 — ¢y + ¢5s > 0, we need

No—1

_B. = _ E D2

Ay > BJ = c.
Jj=1

But, from (7.5), (7.6), we deduce that if Ay < 0, then it must satisfy

No—1
AO S — E Cp2].
7j=1

Consequently, ;1?) > 0. By a symmetric argument, if g, — g3 — ¢y + ¢s < 0, we can
rewrite the sum such that all the A; are non—positive, for 0 <i < N — 1. Assume

without loss of generality that ¢, — g3 — ¢y + g5 > 0. Then, we have

Ni—1
Go— Q5 — Gy + 5= (1— ) Y A
=0

By the above construction, we deduce that if A\Z > 0, then A\z > c,% —4 >0, for

0 < i < Nj — 1. Moreover, for every i, we have that

No—1
A=Y ager.
J=0

Similarly, if a;; > 0, for some 0 < j < Ny — 1, then a;; > C,% —-3>0.

Assume that Ni = no = max{nq,ng,n,,ns} and Ny = mg. Assume without
loss of generality that mg < n,. Thus, m, < mg < n,. Let 0 < m < n, — 1 such
that Z,; > 0. Let also 0 <n <mq —1 <mg — 1 such that Qmm > 0. Thus,

o = G5 = 4y + 5] = (1= ) Apc™ > (1 = 7)™
> (1—cP?) (1 — 3) cma=Dp2 p(na=bip1

1
cqg > (1—c) (cm_3> b,
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which concludes the proof that the system satisfies the weak separation condition
for differences. Since the weak separation condition for differences trivially implies
the standard weak separation condition we deduce that dgsim(K) > dp(K) = da(K),
which implies the desired result by Theorem 6.15. ]

Consequently, we have the following result

Theorem 7.3. Suppose ¢, < c3 < 1/4 such that < is rational. Suppose that

log c2

K.,¢, is the attractor of the system F = { f1, fa} such that
filr)=ciz  and  fo(z) = oz + (1 — c2).

Then,
dA(Kclcg - Kclcz) < 2dA(Kc1cg) < 2dsim(Kc1cg)-

Proof. Suppose that

logep p1
logea  p2
1
Then, ¢ = 01231/122. Let ¢ = 02/p2. Then, ¢; = cP* and ¢y = 2. Moreover, P! < P2 <

1/4. Thus, by the above Theorem, the result follows immediately. O

We note that the only case that needs to be covered is when the above theorem
can be a useful tool for computing explicit bounds for the Assouad dimension of
differences of non symmetric Cantor sets. Let ¢ € (0,1), ¢1 = P, ca = ¢ such that
<P < %. Then, we can explicitly compute the similarity dimension dgim (A, e, )-

In particular, let D such that
PP 4 PP = 1,

By solving the quadratic equation for ¢P, we find that

1
D= qum
plog ()
where 5
6=
Thus,
21lo
dA(A0102 - Aclcg) S 7g?
plog ()
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We note that in the above argument we only require one of the exponents to
be less than 1/4 and the other one to be less than 1/3. Moreover, it can be easily
shown that if both of the exponents are bigger than 1/3, then the asymmetric Cantor
set contains an interval, which trivially implies the bound on the Assouad dimension

of the set of differences.
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Chapter 8

Conclusions and Future Work

8.1 Conclusion

The results presented in this thesis extend several embedding theorems, previously
known only for subsets of Hilbert spaces, into subsets of Banach spaces. In particular,
using a combination of methods introduced by Hunt and Kaloshin, with some key new
ingredients, we established several new embedding theorems for subsets of Banach
spaces with finite box—counting dimension that depend solely on the box—counting
dimension or the thickness exponent.

We prove an embedding theorem for subsets of Banach spaces such that
the set of differences is almost homogeneous at 0. The theorem is an extension
of the respective result for subsets of Hilbert spaces, such that X — X is almost
homogeneous, that was proved by Olson & Robinson [25]. In particular, we prove
the theorem under a weaker condition which only deals with balls around 0 rather
than any point in X — X.

Our embedding theorems rely on a property that holds for the set of differences.
It is natural to ask whether the doubling property is enough to obtain local covers
for balls around 0. We give an example of a metric space which is doubling but
not (a, B)-almost homogeneous at 0, for any a, 8 > 0, which answers the question
negatively.

However, in the context of Iteration Function Systems, we show that if the
system satisfies a suitable separation condition, then the Assouad dimension of
differences of attractors obeys non trivial bounds related to the Assouad dimension
of the attractor itself. In particular, we show that particular examples of symmetric

and asymmetric Cantor sets fall in the above class.
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8.2 Future Work

There are a number of questions that arise naturally from the results presented in

this thesis and we would like to list some of them.

Question 8.1. In Section 2.4, we consider a set X with finite box counting dimension
and thickness exponent less than 1. Is it possible to extent the theorem without
the restriction of the thickness exponent being less than 1, in such a way that it

improves on Theorem 1.27

Question 8.2. In Section 3.2, we show that the thickness exponent of any ‘orthogonal’
sequence in ¢p, for p € [1,2] equals the box dimension. We also show a lower bound
for p > 1. De Moura & Robinson showed that if a orthogonal sequence A in ¢, can

be linearly #-bi-Holder embedded in some Euclidean space, then

g<_ L
~ 14+dp(A)
Can we find an orthogonal sequence A in £+, such that 7(A) < dg(A)? A positive

answer to this question would yield a negative answer to question 8.1.

Question 8.3. In Section 4.2.2, we construct a prevalent set of linear almost bi—
Lipschitz embeddings from a subset of Banach space X into some Euclidean space,
when X — X is almost homogeneous at 0. Is it possible to extend the theorem for

doubling subsets of Banach spaces?

Question 8.4. Suppose X is a doubling subset of a Banach space. Can we find an
almost bi—Lipschitz embedding ¢ from X into another Banach space Y such that
the set of differences ¢(X) — ¢(X) into Y is almost homogeneous at 0?7 This would

yield a positive answer to the question above.

Question 8.5. In Section 4.2, we show that if X — X is almost homogeneous and
can be embedded into a Hilbert space, using a linear almost bi-Lipschitz map @,
then ®(X) — ®(X) is almost homogeneous at 0. This leads to the following question.
Is the condition that X — X is almost homogeneous at 0 necessary in order to have
linear bi-Lipschitz embeddings into some Euclidean space? (we already know by
Theorem 4.12 that it is sufficient).

Question 8.6. In Section 4.3, we show that subsets of Banach spaces that can be
well approximated by linear subspaces can be linearly almost bi—Lipschitz embedded
into some Hilbert space H. Olson & Robinson show that any doubling metric space
admits an almost bi-Lipschitz embedding in a Hilbert space H and the image satisfies

the above property. Can we show that subsets of a Hilbert space with this ‘better
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than zero thickness’ property embed in an almost bi-Lipschitz way into some R¥?

This would yield a positive answer to question 8.3.

Question 8.7. In Section 5.3, we give an example of a doubling set X such that
X — X is not almost-homogeneous at 0. We know that X cannot be embedded into
any Hilbert space, with a bi-Lipschitz map. It is also true from theorem 4.3 that
X can be almost bi-Lipschitz embedded into a Hilbert space. Can we construct an

almost bi—Lipschitz map from X into an Euclidean space?

Question 8.8. In Section 6.3, we establish a weak separation condition that allows
us to bound the Assouad dimension of differences of self similar fractals in a non—
trivial way. In Lemma 6.14, we give a sufficient condition for the weak separation to

hold. Is it true that the two conditions are equivalent?

Question 8.9. In Section 7.2, we prove that a particular class of non symmetric
Cantors sets satisfies the weak separation property for differences. In particular, we
obtain non-trivial bounds for the Assouad dimension of differences of asymmetric

Cantor sets when ¢; < ¢a < 1/4, and

log ¢q _n
logea  po’

for p1,p2 € N. Henderson [14] showed that if iggg is irrational then the Assouad

dimension of the set of differences is maximal. Is it true that when ¢; < 1/4, ca > 1/4

log c1
log c2

satisfied?

and

is rational, then the weak separation property for differences is always

Question 8.10. Suppose H is a Hilbert space. Let f: H — H be a contracting

similarity , i.e. it satisfies

1 () = )l = ellz =y,

for all x,y € H and for some ¢ < 1. We know by Hutchinson [17], there exists a
unitary operator U: H — H and a point ¢ € H such that

f(z) =cU(z) +q.
In particular, f is bijective and the inverse f~! is a similarity that satisfies
-1 -1 1
177 @) = =)l = Zllz =yl

for all 2,y € H. Suppose F = {f;: H — H} is a system of similarities like the

one described above with an attractor K. What we can we say about the Assouad
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dimension of K7 Can K be embedded into an Euclidean space in an almost bi—
Lipschitz way? Can we formulate a separation condition, similar to the one that
Zerner introduced [30] to show that the set of differences is almost homogeneous at

0 under that condition?
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Appendix A

Measures on infinite

dimensional Banach spaces

In this appendix, we present several useful results from the book of Robinson [28]
about measures on infinite dimensional Banach spaces, that we are using throughout
the thesis. We first want to recall the construction from section 2.3 of a compactly
supported probability measure that is based on a construction from Hunt and
Kaloshin [15].

Suppose that B is a Banach space and V = {V,,}°° | a sequence of finite—
dimensional subspaces of 6%, the dual of 8. Let us denote by d,, the dimension of
V, and by B,, the unit ball in V,,.

Now, we fix a real number a > 1 and define the space E, (V) as the collection

of linear maps L: B — R¥ given by

E = Ea(v) = {L = (L17L2) 7Lk) : Lz = Zn_a(bi,na gbi,n S Bn} .

n=1

Let us also define

o
IEO = {Zn_a¢i,m ¢i,n € Bn} .
n=1
Clearly E = (Eq).
In order to define a measure on E, we first take a basis for V,, so that we
can identify B, with a symmetric convex set U, C R%. Then, we construct each

L; randomly by choosing each ¢;, with respect to the normalised d,,—dimensional

Lebesgue measure )y, on U,. Finally, by taking k copies of this measure we obtain
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a measure on [E. In particular we first consider Eq as a product space

o0
Eo =[] Bn,
n=1
and define a measure pg on g as
po = @p_1An.

Secondly, we consider E = Ef and define p on E as

k
p= 1] ro-
=1

For any map f € £(5;R¥), Hunt and Kaloshin [15] proved an upper bound
on
WML EE: |(f+D)al < e},

for x € B and any € > 0. In order to prove such an estimate, we need the following

lemma, which can be found in the book of Robinson [28].

Lemma A.1. Suppose L™ is the Lebesque measure on R™ and A\, is the uniform

n-dimensional Lebesque measure. If a € R and x € B then

A, {# € By : a+ é(2)] <e}§dn<|g(€x)‘>, (A1)

for any g € By, the unit ball in V.

Proof. For the proof, we recall the Brunn-Minkowski inequality (see Gardner [12]
for a detailed proof) which says that if 77, T, are two convex subsets of R™, then

L =T +tT)Y™ > (1 — ) L7 ()" + tL7 ()™,

for t € [0,1].
Let z € 8. Suppose that g(z) # 0, otherwise the inequality is trivial. Let

P={peV,:p(x) =0}
It is easy to see that P is a subspace of ®5* and

dim(P) = dim(V,,) -1 =d, — 1.
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Let ¢ € B, such that |¢(x) + a| < e. We have

[9(z)¢ — d(z)g](z) = 0.
Let p’ € P such that g(z)p = ¢()g + 9. Thus,

_ o) 1
*= 9@t s

which implies that there exists p € P such that

_ (@)
#= o@? TP

Therefore,
a |¢(x) + al €
o+ o= =Dl < .
” 9(x) lg(2)] |9(x)]|
Suppose that P is represented by a hyperplane II in R% and ¢ is identified with a

vector v € U,, which is a symmetric convex set in R% . Let also

Then, the probability on the left hand side of (A.1) is bounded above by the

probability that an element u € U, lies between

<—b—‘g(€$)|>v+ﬂ and (—b—kw(;)‘)v—i—ﬂ.

For any s € R, let
Ks =U, NI+ sv),

the intersection of the symmetric convex set U,, with translations of the hyperplane

II. By the Brunn-Minkowski inequality, we have that the function
s — LK)

is a concave function. In particular, it attains its maximum value at 0. If 6 denotes

the smallest angle that IT makes with the vector v in U,,, we have

Edn*l(Ko)]vhg%—;)' sin ¢

A {0 € Bn: |p(x) +a| < e} < L8 (U,)

Since U, is a symmetric convex set, it contains the cone with base Ko = U, N1l and
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vertex v and the cone with base Ky and vertex —v. Consequently,

£ U,) > 2L (Ko)|v| sin @
n) — dn I

which implies that

€

N {9 € Ba i |6(2) +al < €} S dur

We can now show the following estimate.

Lemma A.2 (Lemma 2.16). Suppose thatx € B, ¢ >0, f € L(B;R*) and V = {V,,}

as above. Then

€ k
WL € Ea: |(f + L)(@)| < ¢} < (nadn)‘) ,

for any g € B,.

Proof. By definition of the measure u, we have
p{LeE:|(f+L)(z)|<e} <p{LeE:|(fi+ Li)(x)| <e forall i <k.}
= f[uo{L € Eo: [(fi + L)(2)] < €}
i=1
Take any fp € B*. Then we estimate

,u,(){L c EO : |(f() +L)<1‘)| < 6}

=X A, {{¢m}?no1 € Eo:
m=1

fo(@)+ Y m ™ Gm()
m=1

|

= Q) M { {0mbiecy € ot || fol@) + D> m % pm(z) | + 1 %n(@)| <e
m=1

m#n

For -
a= fo(x)+ Z m=,

m#n

Lemma (A.1) implies that

A, {¢ € Bn:la+n % (z)] <e} =g, {¢ € Bp:|n ¢(x)| <€}
= Aa, {6 € By : |¢(x)| < n%€}

en®




for any g € B,,.
By definition of the product measure ),._; Ag,,, we obtain

holL € Eo : |(fo+ L)(@)] < ¢} < dw(”)‘

which implies that

€ k
WL EE:|(f+ L)) < e} < ("dm(m ,

for any g € B,y,.

97



Bibliography

1]

Ittai Abraham, Yair Bartal, and Ofer Neiman. Embedding metric spaces in
their intrinsic dimension. In Proceedings of the nineteenth annual ACM-STAM
symposium on Discrete algorithms, pages 363—-372. Society for Industrial and
Applied Mathematics, 2008.

P. Assouad. Plongements lipschitziens dans R™. Bulletin de la Société
Mathématique de France, 111:429-448, 1983.

A. Benartzi, A. Eden, C. Foias, and B. Nicolaenko. Holder continuity for the
inverse of mané’ s projection. Journal of Mathematical Analysis and Applications,
178(1):22-29, 1993.

Yoav Benyamini and Joram Lindenstrauss. Geometric nonlinear functional

analysis, volume 48. American Mathematical Soc., 1998.

Guy David and Marie Snipes. A non-probabilistic proof of the assouad embedding
theorem with bounds on the dimension. Analysis and Geometry in Metric Spaces,
1:36-41, 2013.

E Pinto De Moura and J. C. Robinson. Orthogonal sequences and regularity of
embeddings into finite-dimensional spaces. Journal of Mathematical Analysis
and Applications, 368(1):254-262, 2010.

Kenneth J Falconer. The geometry of fractal sets, volume 85. Cambridge

university press, 1986.

Kenneth J Falconer. Dimensions and measures of quasi self-similar sets. Pro-
ceedings of the American mathematical society, 106(2):543-554, 1989.

C. Foias and E. Olson. Finite fractal dimension and holder-lipschitz parametriz-

ation. Indiana University Mathematics Journal, pages 603-616, 1996.

Jonathan Fraser. Assouad type dimensions and homogeneity of fractals. Trans-
actions of the American Mathematical Society, 366(12):6687-6733, 2014.

98



[11]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

Jonathan M Fraser, Alexander M Henderson, Eric J Olson, and James C
Robinson. On the assouad dimension of self-similar sets with overlaps. Advances
in Mathematics, 273:188-214, 2015.

Richard Gardner. The brunn-minkowski inequality. Bulletin of the American
Mathematical Society, 39(3):355-405, 2002.

Juha Heinonen. Geometric embeddings of metric spaces. Number 90. University
of Jyvaskyla, 2003.

Alexander M Henderson. Assouad dimension and the Open set condition.

Dissertation for Msc Degree, University of Nevada, Reno, 2013.

Brian R Hunt and Vadim Yu Kaloshin. Regularity of embeddings of infinite-
dimensional fractal sets into finite-dimensional spaces. Nonlinearity, 12(5):1263,
1999.

Brian R Hunt, Tim Sauer, and James A Yorke. Prevalence: a translation-
invariant “almost every” on infinite-dimensional spaces. Bulletin of the American
mathematical society, 27(2):217-238, 1992.

John E Hutchinson.  Fractals and self similarity.  University of Mel-
bourne.[Department of Mathematics], 1979.

S. Kakutani and G. W. Mackey. Two characterizations of real hilbert space.
Annals of Mathematics, pages 50-58, 1944.

Matthew Katz and Jan Reimann. An Introduction to Ramsey Theory, volume 87.
American Mathematical Soc., 2018.

Tomi J Laakso. Plane with ao-weighted metric not bilipschitz embeddable to
R™. Bulletin of the London Mathematical Society, 34(6):667-676, 2002.

Urs Lang and Conrad Plaut. Bilipschitz embeddings of metric spaces into space
forms. Geometriae Dedicata, 87(1-3):285-307, 2001.

R. Mané. On the dimension of the compact invariant sets of certain non-linear

maps. Springer, 1981.

John McLaughlin. A note on hausdorff measures of quasi-self-similar sets.
Proceedings of the American Mathematical Society, 100(1):183-186, 1987.

A. Naor and O. Neiman. Assouad’s theorem with dimension independent of the
snowflaking. arXiv preprint arXiv:1012.2307, 2010.

99



[25]

[27]

[28]

[29]

[30]

E. Olson and J. C. Robinson. Almost bi-lipschitz embeddings and almost homo-
geneous sets. Transactions of the American Mathematical Society, 362(1):145-
168, 2010.

Pierre Pansu. Métriques de carnot-carathéodory et quasiisométries des espaces

symétriques de rang un. Annals of Mathematics, pages 1-60, 1989.

J. C. Robinson. Linear embeddings of finite-dimensional subsets of banach

spaces into euclidean spaces. Nonlinearity, 22(4):711, 2009.

J. C. Robinson. Dimensions, embeddings, and attractors, volume 186. Cambridge
University Press, 2010.

Stephen Semmes. On the nonexistence of bilipschitz parameterizations and
geometric problems about ac.-weights. Revista Matemdtica Iberoamericana,
12(2):337-410, 1996.

Martin Zerner. Weak separation properties for self-similar sets. Proceedings of
the American Mathematical Society, 124(11):3529-3539, 1996.

100



	Acknowledgments
	Abstract
	Chapter Introduction
	Chapter Embedding properties of sets with finite box-counting dimension
	Background
	Embeddings from Banach into Hilbert spaces
	Embedding when dB(X) is finite
	Embedding when (X) < 1

	A measure based on sequences of linear subspaces
	Prevalent set of embeddings in Rk

	Chapter Thickness and Dual Thickness
	General estimates for  and *
	`Orthogonal' sequences in p

	Chapter Embedding sets with finite Assouad dimension
	Background
	Embeddings when X-X is almost homogeneous at the origin
	Embedding from a Banach into a Hilbert space
	Embedding into an Euclidean space

	Embedding when X has `better than zero' thickness

	Chapter The Laakso graphs
	Construction of Laakso graphs
	Doubling property
	Differences of Laakso graphs

	Chapter Attractors of Iterated Function Systems in Euclidean spaces
	Background
	The weak separation condition
	The weak separation condition for differences

	Chapter Cantor sets
	Symmetric Cantor sets
	Non-symmetric Cantor sets

	Chapter Conclusions and Future Work
	Conclusion
	Future Work

	Appendix Measures on infinite dimensional Banach spaces
	Insert from: "WRAP_Coversheet_Theses_new.pdf"
	http://wrap.warwick.ac.uk/148413




