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Abstract
As an electrochemical system, the current voltage relationship of a lithium-ion battery is non-linear. The accuracy of conventional
models for lithium-ion cells always su↵er from non-linear dynamic behavior, especially at low SoC levels and high current levels,
which limits practical applications of battery models in reality. In-depth understanding and characterisation of the non-linear
relationship can provide valuable insight to improve the accuracy of battery modelling. In this paper, a frequency domain non-
linearity characterization approach using odd random-phase multisines signals is performed on a three-electrode experimental
set-up of a commercial 5Ah cylindrical 21700 cell. This allowed the distortions towards the full-cell voltage to be separated
into the corresponding electrodes and identify the nature of non-linearity as odd or even order. The results demonstrate that the
even order non-linearity from the cathode is the main contributor towards the full-cell voltage of the lithium-ion battery while the
non-linearity from the anode starts to dominate at very low (⇠ 2%) state-of-charge.

© 2011 Published by Elsevier Ltd.
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1. Introduction

Nowadays, lithium-ion batteries are widely utilized as energy storage systems in new-energy vehicle applications,

like electric vehicles (EV) and hybrid electric vehicles (HEV). To e↵ectively control batteries under various operating

situations, a comprehensive and reliable battery management system (BMS) is indispensable. Critical but unmeasur-

able variables and battery states, such as core temperature, state of charge (SOC) and state of health (SOH), can be

accurately estimated by advanced model-based estimation algorithms [1–7]. The reliability of these model-based al-

gorithms depends on the accuracy of current voltage responses of battery models. Therefore, accurate battery models

play a significant role in the rapid development of contemporary automotive industry.
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In term of battery responses, the change in terminal voltage can be approximately proportional to the change in ex-

citation current at low current levels and high SoC levels, which indicates that the battery system behaves linearly [8].

Many models are designed for these mild working regimes to imitate the current and voltage relationship with equiv-

alent circuit components. In [9], twelve equivalent circuit models (ECM), such as simple lumped models, resistance-

capacitance (RC) network based ECM, and RC model with hysteresis, were reviewed and compared. Although ECM

can mimic battery input and output response behavior, the equivalent circuit structure with fixed parameters is a linear

system relating current to voltage thus any non-linear behavior of a battery is neglected. But, as widely known, in the

case of low SoC levels, the current voltage relationship is not linear which implies that the non-linearity of a lithium

ion battery is significant, and it thus results in poor model accuracy [10]. Then some ECM with variable parameters

are designed to provide better fidelity [11], however, the precision at low SoC level was rarely considered. This limits

the optimal SoC window of a Li-ion battery between around 10% and 90% in practice by EV manufacturers [12].

Therefore, improving the accuracy of models at low SoC is essential to maximize the energy utilisation of a battery.

By interpreting the electrochemical behaviors in the electrodes and electrolyte, electrochemical models have been pro-

posed to achieve high accuracy in recent years such as the pseudo-two-dimensional (P2D) model [13], single particle

model (SPM) [14], and single particle model with electrolyte (SPMe) [15]. However, electrochemical models require

many parameters and involve coupled partial di↵erential equations, and the heavy calculation burden can also restrict

the practical applications. To ensure high model accuracy under extreme conditions, the non-linearity part of a model

has to be taken into account [16]. Therefore, a current challenge is how to simultaneously cover the description of a

battery’s non-linear behavior to maintain high accuracy over a wide SoC condition, while maintaining the simplicity

of model. In order to achieve this goal, in-depth understanding of battery non-linearity and its related sources are

important to improve the accuracy of battery modelling.

The dynamic behavior of a battery is due to electrochemical processes such as charge transfer kinetics, mass trans-

port, and thermodynamics [16]. Mathematically, Butler-Volmer equation is utilized to represent the charge transfer

kinetics on electrode and electrolyte interface, and a di↵usion process according to Fick’s law is applied to account

for mass transport [17, 18]. Since the non-linearity of a battery system is practically caused by multiple coupled

processes, a pure model-based analysis with assumptions cannot truly describe all the responses. Therefore, an exper-

iment based analysis is still necessary, and the non-linearity must be e↵ectively characterized, which is the focus of

this paper.

Frequency domain approaches with well-designed excitation harmonics can provide essential information, such as

non-linearity, for characterizing battery behavior. Because of these advantages, many investigations in the frequency

domain, like Electrochemical Impedance Spectroscopy (EIS) and Non-linear Frequency Response Analysis (NFRA),

have been made for Li-ion battery characterization [19, 20]. The EIS technique is achieved by exciting successive

single sine sweep signals for battery characterization. EIS can be widely employed to investigate the fundamental

battery states, like state of health (SoH) and state of charge (SoC), over a wide frequency range from milli-Hertz to

mega-Hertz [21]. The swept sine approach of sine-waves leads to very time consuming testing for low frequency
2
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experiments. On the other hand, EIS limits analysis to linear frequency responses only. However, as an electro-

chemical energy system, strong non-linear processes occur in Lithium-ion batteries at high current input signal, such

that the characterization of non-linearities cannot be neglected [16]. In order to extend dynamic analysis from lin-

ear to non-linear level, Harting et al. first applied Non-linear Frequency Response Analysis (NFRA) techniques on

lithium-ion batteries by increasing amplitude of AC excitation to the weakly non-linear regime. In [20], the non-linear

contribution of solid di↵usion, reaction and ionic transport was characterized, respectively. Additionally, C-rate and

temperature dependency of battery non-linear responses were studied as well. Wol↵ et al also present a model based

analysis via NFRA technique to understand and interpret the excitation of higher harmonics, and the impact of pa-

rameter variations on non-linearity [18]. Although NFRA can provide comprehensive analysis of battery behavior,

the protracted measuring time is, however, still an obstacle to practical applications in real life. In recent years, based

on system identification theory, some preliminary studies have been proposed for fast Li-ion battery characterization

with di↵erent excitation signals in frequency domain analysis [22–26]. The authors of [22] designed and performed

multisine excitation signal as a fast characterization technique to gather impedance information, however, the research

only focuses on the linear behavior of battery. Widanage et al proposed a new signal designed technique, named as

pulse-multisine, which can e↵ectively capture the non-linear behavior of a Li-ion battery [23]. Unfortunately, the

battery system non-linearity was not explicitly analysed in that study. Focusing on non-linearity analysis of battery,

the authors of [26] applied random phase multisine signals with multiple realizations for battery dynamics detection

which allows separating non-linear distortion and noise disturbance from the linear part of battery. The excitation sig-

nals can also require a short testing time in comparison with conventional single sine sweep measurements (EIS and

NFRA). However, multiple signal realizations for characterizing random phase non-linear distortion will prolong the

testing duration and increase computation of signal design procedure. Thus, an e�cient non-linearity characterization

approach, which considers both linear and non-linear behaviors, is crucial to provide necessary information of battery

behavior.

Additionally, in all the aforementioned studies, the research is typically based upon voltage measurements of full

cells with di↵erent chemistries, as a result the voltage response is not decoupled to the electrochemical processes

taking place at individual electrodes. The contribution of non-linearity has not been determined between anode and

cathode by conventional full cells, and therefore requires the intervention of novel technique to de-convolute the elec-

trochemical behaviors of the individual electrodes. In literature, this is often done using half-cell configurations, but

the use of a lithium metal counter electrode means the behavior does not closely resemble the commercial battery

[27, 28]. Here, we chose a three-electrode configuration to more closely resemble a commercial cell making the

conclusions more relevant to practical applications [29–32]. In [29], the insertion method with a pure metallic lithium

reference electrode enables direct observation of voltage responses of the individual electrode. Moreover, for assign-

ing the entire cell behavior into individual electrodes, Wunsch et al proposed an experimental method to depict the

separation of individual electrodes through impedance spectra [32]. To our best knowledge, the analysis of non-linear

voltage responses observed at a full cell stage as well as individual electrodes via three-electrode arrangements has
3
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not been studied.

1.1. Contribution of the paper

A multi-frequency signal is designed to investigate the level of non-linearity in the frequency domain. Further,

this study detects and qualifies the linear dynamics, non-linear distortion and noise disturbance not only of a full cell,

but also individual electrodes. The non-linear distortion gives a new perspective in understanding battery behavior.

The proposed frequency domain method allows the non-linearity to be grouped into odd and even contributions which

could provide valuable information for the system non-linear part modelling, and the dominant contributor between

cathode and anode is investigated. Plus, a specific case, which presents significant non-linear response at 2% SoC

level, is also discussed.

1.2. Organization of the paper

In Section 2 of this paper, the design of random odd multisine signals is explained and the characteristic frequency

range of the anode and cathode is shown by potentiostatic electrochemical impedance spectroscopy (PEIS) in a three-

electrode cell. The experiment setup for the three-electrode cell is introduced in Section 3, including the frequency

range selection and random harmonics suppressing procedure, and also the measured current signal and voltage re-

sponse of the cell are evaluated. In Section 4, the theory of non-linear distortion on the voltage response spectrum

is presented, and the frequency response function (FRF) of a system, which composes of best linear approximation,

non-linear and noise distortion, is identified by a fast frequency domain approach. In Section 5, the frequency domain

analysis is performed on EL-Cells, and the frequency spectrum are analysed and discussed.

2. Random phase odd multisine signal

In this section, the random phase odd multisine is introduced as a current signal for non-linear characterisation.

Furthermore, the characteristic frequency range of each electrochemical process of EL-Cell is presented for the fre-

quency range selection of the designed multisine signals.

2.1. Random phase multisine signals

Unlike a single sine sweep in conventional EIS, multisine signals are periodic broadband signal which are formed

by the superposition of multiple sinusoidal waves with di↵erent frequencies. Due to the superposition feature, a mul-

tisine signal can scan a wide frequency range within one period, which results in a significant reduction in experiment

time. The expression of a general multisine excitation signal is as Eq.(1).

u(t) =
NX

n=1

An cos (2⇡ fnt + 'n) n = 1, ...,N (1)

4



C. Fan et al. / Journal of Energy Storage 00 (2020) 1–26 5

Where t is time, N is the number of excited frequencies, fn is the nth excited frequency, An is the amplitude and 'n

is the phase of fn. By Discrete Fourier transform (DFT) and inverse Discrete Fourier transform (iDFT) techniques, the

excited frequencies of multisine can be designed by inserting excited harmonics at corresponding frequencies fn in

frequency domain. The non-excited frequencies, named detection frequencies, can be utilized to detect the non-linear

distortion of the system under examination. The highest frequency fmax of a multisine signal could be freely chosen,

however, by Shannon sampling theorem, the upper bound of fmax must be set to less than half the sampling frequency

fs. The sampling frequency fs is generally restricted by software or hardware limitation. Moreover, because of adding

several sinusoidal waves for multisines, the lowest frequency fmin will determine the length of signal duration T for

one single period. Therefore, the total length will be T ⇥P if the signal is repeated P times for the periodical excitation

signal. Furthermore, in multisine signal design, the amplitude An and phase 'n of all excited frequencies can be free set

by the user for a specific application. The resulting signal is then known as random phase multisine. It is subsequently

normalised by its root mean square (rms) and multiplied by the desired rms for a given experiment.
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Fig. 1. PEIS Nyquist plot of the NMC EL-Cell at 50% SoC. Note that the frequency range of PEIS was from 10 mHz to 100 kHz.
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2.2. Characteristic frequency range of EL-Cell

In this study, the design parameters of the multisine signals for a three-electrode EL-Cell were determined by con-

sidering the following aspects: battery dynamic response, hardware/software limitation, safety concerns and specific

objective [26].

Theoretically, the dynamic response of a lithium-ion battery is governed by mass transport processes, thermo-

dynamics, and charge-transfer kinetics [16]. In the frequency domain, the characteristic frequency ranges of the

particular governing processes are distinct: for instance, Harting et al concluded that, for a NMC pouch format cell in

[20], the low frequency range from 0.02 Hz to 1 Hz is for thermodynamics and di↵usion processes, the medium fre-

quency range from 1 Hz to approximately 200 Hz is for porous electrode reactions, such as double-layer capacitance

and charge transfer kinetics, and the high frequency range is for faster processes such as ionic transport, such as mi-

gration, between SEI and electrolyte from approximately 200 Hz and 10 kHz. However, in this study, the experimental

cell is a three-electrode configuration experimental cell known as PAT-Cells (EL-Cell), and the instrument configura-

tion causes an increase in cell impedance, which leads to distinct characterization frequency ranges. To determine the

characteristic frequency range of EL-Cell, the PEIS was firstly performed on the considered EL-Cell at 50% SoC, and

the measured impedance spectra of cathode, anode and full cell are shown in Fig.1. In the PEIS experiment design,

the AC perturbation signal was limited to 10 mV for minimizing non-linear e↵ects, and also the PEIS frequency range

was controlled between 10 mHz and 100 kHz.

In Fig.1, the measured impedance can be divided into two distinct parts for low frequency range 10 mHz to 4 Hz

and a semi-circle for medium frequency range 4 Hz to 100 kHz. As mentioned above, the low frequency range repre-

sent the frequency response of di↵usion process and the medium frequency range corresponds to electrode reactions.

In general, at 100 kHz and above the EIS plot of a commercial cell format (rather than an EL-cell) would surpass the

real axis [19, 21, 33]. However, no such response is present in any of the impedance spectra of Fig.1. The reason

is the low inductive internal structure caused by the three-electrode cell configuration. The reason is the low induc-

tive internal structure caused by the three-electrode cell configuration and the optimized voltage measurement and

contacting of the EL-cell [32]. In addition, due to the uneven current distribution within the cell, the three-electrode

configuration measurements with reference electrode could show artefacts, such as inductive loop [34]. However, in

this study, the PEIS results demonstrate only trivial artefacts in the cathode, which is acceptable for further analysis.

Further, the impedance value of the anode is lower than the cathode at the same frequency. In the anode spectrum,

the impedance at the highest frequency almost reaches the real axis, which is commonly considered as the beginning

of the high frequency part of lithium ion battery impedance. However, the impedance at the same frequency of the

cathode spectrum is still in the semi-circle of the medium frequency range. These phenomena is consistent with [32],

and it can be interpreted due to the higher electrical resistances of the cathode NMC than the anode graphite material.

6
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3. Experiments setup and measurements

The experiment was conducted using a three-electrode configuration to allow deconvolution of the cathode and

anode behaviors from the full cell potential. PAT-Cells (EL-Cell) were comprised of a 21.6 mm FS-5P separator (EL-

Cell), 100 µl of R&D281 electrolyte (Soulbrain), and the extracted positive electrode and negative electrodes punched

into 18 mm disks. The electrodes (anode/cathode) were harvested from a fresh 21700 LGM50 cylindrical cells fol-

lowing the reported teardown procedure [35]. Note the fresh cylindrical cells are purchased from the manufacturer

and stored in a fridge (5 �C) until they were discharged to 2.5 V and then disassembled. The reference electrode

purchased from EL-Cell is comprised of a stainless steel ring that had lithium metal deposited on it. The extracted

NMC811 cathode and bi-component Graphite � S iOx anode had the coating on one-side removed to allow testing

in a small format cell. Furthermore, the composition of Soulbrain R&D281 is ethylene carbonate(EC):ethylmethyl

carbonate(EMC) 3:7 v/v + 1 wt% vinylene carbonate(VC). The nominal rated capacity of EL-Cell in this study was

11.5 mA h, which also decides the magnitude of the 1 C-rate (1C) as 11.5 mA.

Before the multisine signals were applied to the assembled cells, a formation protocol was used to ensure that the

solid electrolyte interphase (SEI) had reformed. Extraction of the electrodes and using a di↵erent electrolyte meant

this step was required to ensure cell longevity. This formation protocol consisted of two cycles at C/10 constant

current constant voltage (CC-CV) charge and constant current (CC) discharge between the recommended voltage

window 2.5-4.2 V. The CV step was terminated when the current decayed to C/50. The signals were programmed

using the ‘Batch Mode’ function in the EC-Lab software (Bio-Logicr).

Table 1
Test matrix of studied multisines experiments for EL-Cells at ambient temperature 25 °C. Tested combinations of SoC and C-rate
are marked by an ’x’ for 10 periods and an ’4’ for 20 periods.

SoC C-rate
0.2C 0.5C 1.0C 1.5C 2.0C

2% 4 4 4 4 4
10% x x x x x
50% x x x x
90% x x x x

Once the formation cycles were complete, multisine signals were applied over a wide range of SoCs and C-

rates as given in Table 1. This study focuses on the frequency dynamic response of the di↵usion process and the

electrode reaction of lithium-ion battery full cell and individual electrodes. As mentioned in the last section, the low

characteristic frequency range of EL-Cells (10 mHz to 4 Hz) must be covered for the di↵usion process. Furthermore,

referring to [18], the model based analysis result shows that, when the electrode reaction varies, the magnitude of

non-linear distortion in the medium frequency range will change accordingly but the energy at all frequencies remains

the same value. Therefore, the frequency range of 4 Hz to 10 Hz was selected for describing electrode reaction
7
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dynamics. Consequently, the excited signal frequency range in this study was determined from 10 mHz to 10 Hz.

Thus, the resulting signal period T is 100 s according to the minimum frequency of 10 mHz. Since the influence of

measurement noise and transient e↵ects can be minimised to classify and quantify the non-linear distortions by using

period signals, the total number of periods used at a given SoC is 10 and the experiment duration per SoC is therefore

1000 s. To ensure the signals are stable and reproducible, in this work, we designed one single period signal for

each C-rate and repeated it for preset number of periods, which can minimize the input di↵erence between individual

periods. The sampling frequency fs was fixed as 50 Hz to accurately capture the full frequency range and minimise

signal aliasing.

After determining the frequency range, random phase odd multisines were designed for detecting non-linear dis-

tortions by suppressing specific harmonics in the frequency domain. Firstly, in the multisines, the fundamental fre-

quency, which is 0 harmonic, was suppressed for obtaining the zero-mean current signal to ensure the cells’ steady

state. And then, to eliminate all non-linear interaction from even harmonics, all even harmonics within the considered

frequency range of the designed current signal are suppressed. Furthermore, in order to reduce the non-linear interac-

tion from odd harmonics for best linear approximation and arbitrarily characterize non-linearity, some odd harmonics

are suppressed by dividing all odd harmonics into three per group and randomly suppressing one harmonic from each

group [36]. These suppressed harmonics are termed as detection harmonics, since the level energy that appear in

these harmonics are examined in the output voltage response. Therefore, in this work, a total 334 odd harmonics

were excited as k = 1, 5, 7, 9, 13, 15, 21, 23, ..., 999 for all C-rate signals, and the amplitudes are identical across all

the excited harmonics (a flat spectrum) and that the phase is a uniformly distributed random variable between 0 to 2⇡.

By applying the designed odd multisine signals, the energy appearing at the suppressed even harmonics in the voltage

spectrum are due to even order non-linear distortions and the energy appearing at the suppressed odd harmonics are

due to odd order non-linear distortions [26, 36].

The designed multisine current signals were applied to fresh EL-Cells and the rms amplitude of the multisine

signals were set as 2.3 mA, 5.75 mA, 11.5 mA, 17.25 mA, and 23 mA, corresponding to 0.2C, 0.5C, 1.0C, 1.5C and

2.0C, respectively. In addition, each input signal was repeated at di↵erent SoC levels (2%, 10%, 50%, and 90%) for all

EL-Cells (see Table 1). The state of charge (SoC) is defined exclusively by the discharge voltage. This is to avoid SoC

uncertainty caused by voltage hysteresis and cell capacity variations. To attain the desired SoC, the cell is charged to

4.2 V at C/10 CC-CV (C/50 cut-o↵), then discharged at C/10 constant current, via predetermined voltages, to each of

the desired SoCs in descending order, i.e. 90% - 50% - 10% - 2% SoC, as in Fig.2 shown.

The 2.0C multisine signal at 50% and 90% SoCs resulted in large voltage drops associated with the high current

being applied and the anode voltage dropped below 0 V during experiments which indicates lithium plating on the

anode [37]. These two operating conditions were therefore excluded from the investigation as to prolong cell longevity

and avoid unwanted e↵ects caused by lithium plating. In addition, it was also observed that, at 2% SoC, the dynamic

voltage response of a EL-Cell did not reach a steady-state behavior within 10 periods, thus, the testing was extended

to 20 periods from 10 periods for further analysis as a special case.
8
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Fig. 2. Discharge voltage profiles for the anode, cathode and full cell. Annotations illustrate the voltages that correspond to the
SoCs 2%, 10%, 50%, and 90%

As an example, Fig.3 presents the averaged (averaged over the 10 periods) measured data of input current and

voltage response at 0.2 C-rate and 90% SoC. The positive current value implies the charge process in Fig.3(a) and

negative current for discharge. Furthermore, the error between the measured current and the designed signal is shown

in Fig.3(b) which indicates the current signal generated by the Biologic VMP3 hardware is not perfect and the analysis

needs to account for this signal generator disturbance (as explained in Section 4.2). In this manuscript, all experiments

in this study were conducted in a thermal chamber at room temperature (25�C) and the SoC variation due to the

multisine experiment was estimated by Coulomb counting [38]. It shows that a 0.01% SoC change occurs over a

given period for 0.2 C-rate testing, refer to Fig.3(b), and a maximum of 1% SoC change for all other experiments.

Based on these values the SoC can be treated as a constant during the analysis.

The voltage response should reach a steady-state behavior for the subsequent analysis. For the calculation of

transient error, the measured voltage of the last period of each experiment was considered as the benchmark, and the

transient error was obtained by comparing the voltage response against the previous periods. In this study, after the

9



C. Fan et al. / Journal of Energy Storage 00 (2020) 1–26 10

0 20 40 60 80 100
Time (s)

-10

-5

0

5

10

C
ur

re
nt

 (m
A)

Measured current
Designed current

0 20 40 60 80 100
Time (s)

4.05

4.1

4.15

Vo
lta

ge
 (V

)

(a)

0 20 40 60 80 100
Time (s)

-0.04

-0.02

0

0.02

0.04

C
ur

re
nt

 e
rro

r (
m

A)

0 20 40 60 80 100
Time (s)

89.99

89.995

90

90.005

So
C

 (%
)

(b)

Fig. 3. One period (averaged over the periods) of the measured current and voltage data at 0.2 C-rate 90% SoC: (a) averaged
measured current and voltage, (b) averaged measured current error and estimated SoC.

first 3 periods, the testing system can be considered to have fully passed through the transient stage. Therefore, the

first 3 periods were excluded from all datasets in the following data analysis processes to ensure the transient error can

be neglected, except for 2.0% SoC experiments which requires 20 periods to reach steady state and the first 13 periods

were eliminated for analysis. Note that since the input current was designed as zero-mean signal, the steady-state will

be kept once the cell system passes through the transient stage. Therefore, the inconsistent number of periods will not

have a significant e↵ect on the data interpretation.

In the next section, the theory of non-linearity characterization in the frequency domain is presented. Moreover,

the non-linear distortion of a full cell, cathode and anode, and the influence of current level and SoC level will be

discussed.

4. Frequency domain analysis

Fig.4 illustrates the representations of a lithium-ion battery system, which is driven by noisy input, in both time

domain and frequency domain. In practical, the input and output measurements data are recorded as discrete data

points in time domain which can be noted as:

u[p](n), y[p](n) p = 1, 2, ..., P n = 0, 1, ...,N � 1 (2)

Where p indicates the pth period of the input signal u(n) and of the output voltage response y(n). In Eq.(2), N is

the number of samples per period of the applied multisine. The pth period measured input signal u[p](n) consist of the

designed signal u[p]
0 (n) and equipment noise n[p]

u (n). Then, by fast Fourier transform (FFT), the discrete time domain

10
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Fig. 4. The time domain and frequency domain representations of a battery system driven by noisy input.

data can be transformed to frequency domain, termed as input and output spectra of pth period:

U[p](k), Y [p](k) k = 0, 1, ...,N � 1 (3)

where U[p](k), Y [p](k) in Eq.(3) denote the DFT of u[p](n), y[p](n) at the kth harmonic.

In the frequency domain, the spectra of measured input/output data can be represented as:

U[p](k) = U[p]
0 (k) + N[p]

U (k)

Y [p](k) = ZBLA( j!) ⇥ U[p](k) + YS (k) + N[p]
Y (k)

(4)

Where U[p]
0 (k) represents the ideal designed multisine signal, ZBLA( j!k) is the frequency response function (FRF),

termed as best linear approximation (BLA) of the battery impedance, j! is the complex frequency variable, YS (k)

characterizes the non-linear distortion, and N[p]
U (k) and N[p]

Y (k) indicate the noise distortion from practical environment

and measurement hardware in the input and output spectrum, respectively.

In the following sections, the calculation of the non-linear distortion and noise distortion on the voltage response

spectrum will be presented. Further, the manuscript introduces how the frequency response function (FRF) of the

11
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battery impedance and the noise standard deviation can be detected by analysis the multiple periods.

4.1. Non-linear distortion on voltage response spectrum

Based on the p periods of measured input/output spectra U[p](k), Y [p](k), p = 1, 2, ..., P, the average spectra Û(k),

Ŷ(k) and the corresponding variances �2
Û(k)

, �2
Ŷ(k)

, �2
Ŷ(k)Û(k)

at all harmonic k can be calculated, as shown in Eq.(5). Note

that the periods p here means the measured periods once the transient periods have been removed (See Section 3).

Û(k) =
1
P

PX

p=1

U[p](k) (5a)

Ŷ(k) =
1
P

PX

p=1

Y [p](k) (5b)

�̂2
Û,n(k) =

PX

p=1

���U[p](k) � Û(k)
���2

P(P � 1)
(5c)

�̂2
Ŷ ,n(k) =

PX

p=1

���Y [p](k) � Ŷ(k)
���2

P(P � 1)
(5d)

�̂2
ŶÛ,n(k) =

PX

p=1

(Y [p](k) � Ŷ(k))(U[p](k) � Û(k))
P(P � 1)

(5e)

Theoretically, when an input signal with a frequency ! is applied to an ideal linear system, the output response

signal will retain the same frequency but obtain a di↵erent amplitude and phase. However, in a non-linear system,

inter modulation of the input signal frequencies leads to additional frequency components in the output spectrum. Fur-

thermore as described in Section 3, by having all even harmonics suppressed and several odd harmonics suppressed,

the distortions that occur on the suppressed even and odd harmonics of the voltage spectrum are due to even and odd

order non-linearities. Thus, the non-linear distortion in the voltage response spectrum can provide essential knowl-

edge about the form of battery non-linear behavior. In this study, since the randomly selected odd kNon,odd and even

harmonics kNon,even had been suppressed, the energy at these corresponding harmonics Ŷ(kNon,odd) and Ŷ(kNon,even)

in the voltage spectrum can be considered as non-linear distortion, which can be utilized to describe non-linearity

of a battery system. In addition, the variances �2
Û(k)

, �2
Ŷ(k)

are the level of noise power caused by environment and

12
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measurement.

4.2. Frequency response function (FRF) and distortions detection

The battery impedance ẐBLA( j!k) (as a best linear approximation (BLA)) at the excited harmonics !k can be

calculated as Eq.(6):

ẐBLA( j!k) =
Ŷ(k)
Û(k)

(6)

Ideally the energy at the non-excited harmonics of the voltage signal should be due to non-linear distortions.

However as the signal generator distorts the suppressed harmonics of the designed multisine current signal (see Fig.3

and Fig.4), the linear contributions of these distortions Û(l) should be removed from the output spectrum to evaluate

the level on non-linear distortion. Thus, once the impedance ẐBLA( j!k) at the excited harmonics is obtained by Eq.(6),

the impedance at the non-excited harmonics !l is calculated by interpolating between the nearest excited harmonics

!k and !m, as following Eq.(7).

ẐBLA( j!l) =
(m � l) ⇥ ẐBLA( j!k) + (l � k) ⇥ ẐBLA( j!m)

m � k
(7)

The non-linear distortion level in the voltage response can now be quantified by deducting the linear contribution

from the distortions of the signal generator as shown in Eq.(8):

Ŷc(l) = Ŷ(l) � ẐBLA( j!l) ⇥ Û(l) (8)

By the theory described in this section, the even and odd non-linear distortion can be separated in the measured

output voltage spectrum. The advantage of this approach is the simplicity in the signal design and experiment im-

plementation, since only one realisation is required for this approach for one specific experiment. In the following

section, the non-linear distortion will be characterized for a full cell and individual electrodes in an EL-Cell. The be-

havior of each electrode can be quantified and analysed, which helps to understand the internal behavior of lithium-ion

batteries at various operating conditions.

5. Results and discussions

In this section, the frequency domain analysis is performed for the multisine input current and output voltage

measured data of the full cell and individual electrodes of the three electrode EL-Cell. Furthermore, the electrode
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responsibility for the non-linear distortions observed at the full cell voltage is studied at di↵erent SoC levels and

excitation current levels.

5.1. Multisines current input spectrum
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Fig. 5. Current input spectrum while C-rate is: (a) 0.2C, (b) 0.5C, (c) 1.0C and (d) 1.5C

In Fig.5, the spectrum of measured current signals for all SoC levels is shown in the frequency domain. It shows

the flat spectrum of the excited harmonics, the signal generator disturbances at the non-excited odd and even harmon-

ics and standard deviation of the noise level. The measured current signals, as designed in Eq.(1), have a flat amplitude

spectrum over the excited odd harmonics within 10 mHz to 10 Hz for 0.2C, 0.5C, 1.0C and 1.5C, respectively. Fur-

thermore, the noise spectrum, which is calculated by Eq.(5c) in Section 4.1, is around 90 dB lower than the excited

frequencies spectrum. It indicates that the trivial noise doesn’t impact the non-linearity characterization, which can

be ignored in the following analysis. Note that the MATLABr function dB was used to calculate the magnitude

of energies in this study. As mentioned in Section 3, the input current signal is designed with all even harmonics
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suppressed and several odd harmonics suppressed. However, the VMP3 signal generator, in practice cannot generate

a near perfect current signal as desired and this distorts the harmonics content in the generated or measured current

signal and adds energy into the non-excited harmonics that should ideally be zero. The separation of the energy (in

the measured current signal) into even and non-excited odd harmonics indicates the nature of non-linearity the signal

generator introduced at the expected harmonics. Furthermore, in comparison to the energy measured in the excited

harmonics the non-linear distortions (odd and even) are low and shift upward as the amplitude of the excitation signals

increase. The error between the designed current and the measured current signal, as shown in Fig.3(b), is composed

of both noise and unexpected energy at non-excited harmonics. Because of these distortions a correction must be

made when evaluating the level of non-linear distortion in the output spectrum as explained in Section 4 by Eq.(8).

5.2. Non-linear distortions in the voltage response spectrum

In this section the non-linear distortions of the voltage responses (full cell, anode and cathode) are investigated.

Starting with the full cell voltage, the distortions are analysed across the di↵erent SoCs and C-rates. The distortions

are also separated into odd and even distortions to evaluate if a particular form of non-linearity is prevalent in battery

dynamics. Finally the anode and cathode distortion levels are studied to identify if and which electrode contributes to

the overall non-linear battery behavior.

5.2.1. Dominant non-linear distortion Analysis - Full cell

Fig.6 presents the voltage spectrum at the excited harmonics, the level of distortions at the non-excited harmonics

and the standard deviation of the noise of the full cell at 1.5 C-rate current input and di↵erent SoC levels (90% SoC,

50% SoC, 10% SoC and 2% SoC). The results show that the magnitude of non-linearity at low SoC levels, such as

10% SoC and 2% SoC, is larger than at higher SoC levels, and the maximum di↵erence of even non-linearity almost

reaches �40 dB from 2% to 90%. The non-linearity evolution is therefore consistent with the OCV profile of battery

in Fig.2, which also illustrates that the battery at lower SoC levels show stronger non-linear behavior. Furthermore,

Fig.6 shows that there is no clear separation of even and odd non-linearities within the frequency range when at 90%

and 50% SoC, but a clear separation between odd and even distortions can be found at 10% and 2% SoC, and the

amplitude of the even order distortion is larger than the odd order distortion. At 10% SoC, the separation is only

noticed during the low frequency range and are of similar magnitude in medium frequency range, however, at 2%

SoC, the separation is clear over the whole testing frequency range. Moreover, contrary to the flat noise distortion

floor in the other SOC levels, the noise standard deviation at 2% SoC shows a downward slope-type curve, which

gradually decreases from �10 dB to �30 dB, indicating some non steady-state behavior in the voltage response.

Based on the non-linear behavior at 10% SoC level, Fig.7 shows the variation of the full cell voltage spectrum

when the input current level increases from 0.2 C-rate to 1.5 C-rate, which indicates the e↵ect of C-rate on non-linear

distortion. At 0.2 C-rate, both even and odd non-linearities are around the noise level, which means the EL-Cell was

performing linearly. When the current level increases, the non-linearities shift upwards and separate from noise floor.
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Fig. 6. Full cell voltage output spectrum at 1.5 C-rate while SoC is: (a) 90% SoC, (b) 50% SoC, (c) 10% SoC and (d) 2% SoC

According to the nature of non-linear systems, if the excitation input is designed to only contain energy at the excited

odd frequencies, the energy appearing at the suppressed frequencies in the output spectrum, termed as non-linear

distortion, is caused by non-linear behaviors. And the magnitude of non-linear distortion is related to the strength of

non-linear behaviors [26, 36, 39]. Therefore, the upward shifting of non-linear distortions indicates that the battery

behavior gradually changes from a linear to non-linear behavior. Furthermore, the magnitude of the even non-linearity

is greater than odd at the low frequency range, especially at the higher current levels. This shows the dominance of

the even non-linearity at the characteristic low frequency range of di↵usion process, which is consistent with [26].

Wol↵ et al also concluded that the even harmonic is more sensitive than odd harmonic for di↵usion processes based

on simulation results [18].

From these results it can be concluded that the significant non-linearity occurs at the lowest SoC level and the

highest current level. And, the non-linear distortion in low frequency range varies significantly at various operating

conditions, while the even non-linearity is dominant in the lithium-ion battery. From the aspect of electrochemical
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Fig. 7. Full cell voltage output spectrum at 10% SoC while current signal is: (a) 0.2C, (b) 0.5C, (c) 1.0C and (d) 1.5C

reaction processes, since the low frequency range mainly reflects the dynamic response of solid di↵usion processes,

the results reveals that the di↵usion process of solid particles is more sensitive to SoC and excitation current.

5.2.2. Dominant non-linear distortion Analysis - Electrodes

Due to the EL-Cell three-electrodes cell configuration, the voltage response of the anode and cathode is also

recorded while the full cell data is collected. Applying the same theory as in last section, the output spectrum of the

cathode and anode can be plotted to evaluate which of the electrodes contribute to the non-linearity that was identified

at the full cell level. In order to determine the dominant non-linear contributor of the individual electrodes, the odd and

even non-linear distortions of the cathode and anode at two extreme operating conditions (90% SoC/0.2 C-rate and

10% SoC/1.5 C-rate) are also extracted and plotted in Fig.8. Corresponding to the conclusion of the previous section

there is a low level of non-linearity at high SoC and low C-rate (90% SoC 0.2C Fig.8(a) and Fig.8(b)) and a high

non-linearity case when at low SoC and high C-rate (10% SoC 1.5C Fig.8(c) and Fig.8(d)). In Fig.8(a) and Fig.8(b),
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both cathode and anode non-linearity levels are around the full cell level, regardless of even or odd. In contrast, the

low SoC and high current level (10% SoC/1.5 C-rate) shows a noticeable level of non-linear distortion in Fig.8(c) and

Fig.8(d). It’s clear that the cathode is the major contributor towards the full cell non-linearity, since both odd and even

non-linear distortions of the cathode almost overlap the full cell distortion level. Furthermore, the magnitude of the

cathode even distortion is around 20 dB larger than the anode even distortion and the odd distortions are around 15 dB

higher than the anode. A possible explanation is that, at a low SoC level (10% SoC), the anode is mostly delithiated

and the remaining few lithium ions do not excite significant non-linearity. However, there is a special case at 2% SoC

that the anode non-linearities start to dominate in the full cell at the high C-rate currents, which will be discussed in

Section 5.5.
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(a) Even order non-linear distortion
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(b) Odd order non-linear distortion
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(c) Even order non-linear distortion
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Fig. 8. Even and odd non-linear distortions of EL-Cell at: (a) Even non-linear distortion at 90% SoC 0.2C-rate, (b) Odd non-linear
distortion at 90% SoC 0.2C-rate, (c) Even non-linear distortion at 10% SoC 1.5C-rate, and (d) Odd non-linear distortion at 10%
SoC 1.5C-rate

In conclusion, the even non-linear distortions from the cathode was identified as the major contributor towards the

full cell total non-linearity. Therefore, the full cell dynamic behavior can be better understood via investigating the
18
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variation of cathode even non-linearity. In the following sections, the SoC dependency and C-rate dependency of the

even non-linear distortion of the cathode will be studied.

5.3. SoC dependency of cathode even non-linearity
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(a) Cathode Even Non-linear distortion at 0.2C
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(b) Cathode Even Non-linear distortion at 0.5C
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(c) Cathode Even Non-linear distortion at 1.0C
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Fig. 9. Cathode even non-linear distortions at various SoC levels while current signal is: (a) 0.2C, (b) 0.5C, (c) 1.0C and (d) 1.5C

Fig.9 shows the even non-linear distortion of the cathode at various SoC levels when di↵erent C-rate current

signals were applied. As the SoC level decreases, the magnitude of non-linear distortion significantly increases. For

example, in Fig.9(d), the cathode even non-linear distortion at 10 mHz raises from �30 dB to around 15 dB when the

SoC level decreases from 50% to 2%. Nevertheless, from 90% to 50% SoC, no noticeable increase is seen in the level

of non-linear distortion. Referring to [18], the exponential shape curve is also obtained at low frequency range by

simulating the model of Fick’s law for di↵usion process. Therefore, the steeper slope of non-linear distortion level

in low frequency range indicates that the intensity of the di↵usion process depends on the SoC level of a lithium-ion

battery. From the minimum frequency 10 mHz to the maximum frequency 10 Hz, the magnitude di↵erence of cathode
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non-linear distortion levels between 2% SoC and 90% SoC decreases from 45 dB to around 5 dB correspondingly. It

suggests that the electrodes reactions, which is commonly interpreted by Butler-Volmer kinetics, is not as susceptible

to the non-linear distortions at various SoC levels as much as the di↵usion process.

It is also observed (in Fig.12) that the cathode even non-linear distortion at 2% and 10% SoC substantially in-

creases when the excitation signal C-rate level enhances. However when at 50% SoC and 90%, the level of non-

linearity is low and fairly constant across the frequency range with no clear separation at all four C-rate levels. This

indicates that the non-linear behavior at high SoC levels is not susceptible to the amplitude of the excitation current

as at low SoC levels. This is investigated further in the next section.

5.4. C-rate dependency of cathode even non-linearity
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(a) Cathode even order non-linear distortion at 90% SoC
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(b) Cathode even order non-linear distortion at 50% SoC
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(c) Cathode even order non-linear distortion at 10% SoC
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Fig. 10. Cathode even non-linear distortions at various C-rates while SoC is: (a) 90% SoC, (b) 50% SoC, (c) 10% SoC and (d) 2%
SoC

As a lithium ion battery exhibits di↵erent intensities of non-linearity at various C-rates, in Fig.10, the cathode even

non-linear distortions are shown according to each SoC level to investigate the C-rate dependency. Consistent with the
20
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phenomenon in the last section, the non-linear distortion at the high SoC levels are similar in magnitude irrespective

of the C-rates, as seen in Fig.10(a) and Fig.10(b), which indicates both reaction process and di↵usion process are not

sensitive to di↵erent excitation current levels at higher SoC. At lower SoC levels (Fig. 10(c) and Fig.10(d)), the even

non-linear distortion of di↵usion process gradually increases in the lower frequency range as the C-rate increases,

which indicates the presence of possible non-linear di↵usion processes at low SoC regions when the C-rate increases.

However, Fig.9(d) shows an anomaly that the non-linear distortion level of 2% SoC is lower than 10% over the

medium frequency range at 1.5C current input. This phenomena does not conform to theory that a higher C-rate

excites larger non-linear distortion, therefore, in the next section, the special case of dynamics response at 2% SoC

will be analysed.

5.5. Special Case: frequency response at 2% SoC

It’s supposed that the 2% SoC dynamics are di↵erent due to the extreme distribution of lithium ion concentration

between cathode and anode. Therefore, to investigate this behavior, the even and odd non-linear distortions of the

cathode and anode at 10% and 2% SoC levels were plotted in Fig.11. Overall, the even non-linear distortions are still

the dominant contributor in either the anode or cathode and is about 10 dB larger than the magnitude of odd non-linear

distortions. However, Fig.11(c) shows that the major contributor towards the even non-linear distortion shifted from

the cathode to anode around 2 Hz at low SoC (2%), which means the dynamics of the anode changed at the low SoC

conditions.

Focusing on this low SoC condition, the even and odd non-linear distortion at 2% SoC for di↵erent C-rate levels

are shown in Fig.12 and Fig.13, respectively. Consistently, the cathode remains as the dominant contributor towards

the odd non-linear distortion between individual electrodes at every current level (see Fig.13). On the contrary,

the even non-linearity from the anode increased dramatically and became dominant with the increase in C-rate. The

variation of the cathode even non-linear distortion magnitude increased by around 20 dB from 0.5 C-rate to 2.0 C-rate,

however, there was almost a 30 dB magnitude rise for the anode. Referring to [18], the simulation results show that,

as the symmetry factor ↵ in Butler-Volmer kinetics varies, the non-linear distortion of even harmonic is significantly

excited. Therefore, at 2.0% SoC level, the low lithium ion concentration in anode and high current level input may

lead to changes of the symmetry factor ↵ related components, such that the even non-linearity of the anode increases

greatly. Hence, when analysing non-linear behavior, the 2% SoC level should be paid attention as a special case.

6. Conclusion

In this study, the non-linearity of NMC based lithium-ion EL-Cells have been characterized using multisine signals

over a wide range of excitation amplitudes and SoC conditions. The random phase multisines with all even harmonics

and several odd harmonics suppressed were used as an excitation input current signal, which leads to the faster

characterization procedure of the battery non-linearity than conventional techniques. The dynamic response analysis,
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Fig. 11. Even and odd non-linear distortions of EL-Cell at 1.5 C-rate while at : (a), (b) 10% SoC and (c), (d) 2% SoC

which focused on the di↵usion process and electrode reaction of cathode, anode and full cell, were performed by

analysing the non-excited harmonics in the voltage output spectrum, which provides valuable information for battery

system modelling to increase accuracy. First, it can be concluded that non-linear distortions are very low at high SoCs

(>10%), as such the battery current voltage relationship is behaving linearly in these regions and a linear model will

su�ce. Moreover, at low SoCs (6 10%) the non-linear distortion significantly increase, and the even non-linearity

originating from the cathode was concluded as the dominant non-linear contributor of a lithium-ion battery. The

possible sources for this non-linearity include open circuit potential (OCP) change that occurs at low SoC for the

cathode, the other potential possibility is that the Butler-Volmer kinetic and mass transport due to the high lithium ion

concentration in the cathode. Additionally, the dominance of the even non-linear distortion at even harmonics indicates

that an even order non-linear characteristic function is required for modelling non-linear behaviors of a lithium-ion

battery, nevertheless, the relationship between odd/even harmonics and electrochemical processes is still an open

question which is worth exploring. Last but not the least, a special case is shown where the dynamics of the anode
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Fig. 12. Even non-linear distortions of EL-Cell at 2.0% SoC while at : (a) 0.5C, (b) 1.0C, (c) 1.5C and (d) 2.0C

change at 2% SoC and contribute significant even non-linear distortion. The open circuit potential is an important

factor for this phenomena, however, at the moment, the contribution of open circuit potential and the other non-linear

behaviors to the non-linearity of the system cannot be clearly distinguished. Therefore, further investigations are

needed to decouple the contribution of each electrochemical behavior towards battery system non-linearity.

If a sophisticated model can be developed to account for these non-linear distortions then the model accuracy at

low SoCs can be improved. From the perspective of frequency domain system identification theory, the non-linearity

of the battery has to be captured and quantized in advance, and then, according to the characterised level of the non-

linearity, it can be accounted via an appropriate non-linear function (e.g. sigmoid, neural nets or polynomials) and

added into equivalent circuit model (ECM) to improve model accuracy (such examples at a full cell level can be found

in [24] and [40]). Meanwhile, the model will have the advantage to separate the voltage response of each electrodes

from a three-electrode cell configuration. Then it will be validated with a real EL-Cell and a related commercial cell

to evaluate the accuracy at low SoC levels.
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Fig. 13. Odd non-linear distortions of EL-Cell at 2.0% SoC while C-rate at : (a) 0.5C, (b) 1.0C, (c) 1.5C and (d) 2.0C
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