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Abstract

The purpose of this thesis is to study random walks on “decorated” Galton-Watson

trees with critical offspring distribution in the domain of attraction of an a-stable
law for some « € (1,2).

In Chapters 2 and 3 we give some background on the topologies and models
used in the thesis. In Chapter 4 we consider a specific example: stable looptrees. We
prove a scaling limit result for convergence of random walks on discrete looptrees
to convergence of Brownian motion on continuum looptrees. We then construct
a detailed investigation of the limiting Brownian motion, in particular obtaining
detailed bounds on the transition density and on the spectrum of the associated
Laplacian. Along the way, we also prove precise volume asymptotics.

In Chapter 5 we construct the local limit of compact stable looptrees which we
call infinite stable looptrees. In particular, this allows us to show that the operations
of taking scaling limits and local limits of discrete and continuum looptrees can be
done in either order or in combination. As a result, we are also able to prove similar
limit results for stochastic processes on these spaces. Moreover, we are able to apply
the local limit result to obtain limiting results for the volume of a small ball and
the small-time on-diagonal transition density for compact stable looptrees.

In Chapter 6 we consider the main general model of interest: that of a
decorated Galton-Watson tree. In this chapter we formulate some assumptions
regarding the graphs used for “decoration”, and then prove some results establishing
the volume growth exponent, random walk displacement exponent and spectral
dimension for these decorated Galton-Watson trees.

In Chapter 7 we give some brief comments on future research directions.
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Chapter 1

Introduction

The random walk has been a fundamental object in probability theory since Karl
Pearson, now generally acknowledged to be the founder of modern-day statistics,

first coined the term over one hundred years ago, in a 1905 edition of Nature [Pea05].

The Problem of the Random Walk,

Can any of your readers refer me to a work wherein
I should find a solution of the following problem, or fail-
ing the knowledge of any existing solution provide me
with an original one? I should be extremely grateful for
aid in the matter.

A man starts from a point O and walks ! yards in a
straight line; he then turns through any angle whatever
and walks another I yards in a second straight line. He
repeats this process n times. I require the probability that
after these n stretches he is at a distance between 7 and
r+3r from his starting point, O.

The problem is one of considerable interest, but I have
only succeeded in obtaining an integrated solution for two
stretches. 1 think, however, that a solution ought to be
found, if only in the form of a series in powers of 1/n,
when n is large. KARL PEARSON.

The Gables, East Ilsley, Berks.

Figure 1.1: PEARSON, K. The Problem of the Random Walk. Nature 72,
294(1905).

Pearson’s call was answered by Lord Rayleigh [Ray05], who had in fact solved
the problem 25 years previously whilst studying sound waves with random phases.
In a two-dimensional setting and for large n, the required density is asymptotic to
27:6# dr. This is now known as the Rayleigh distribution and naturally describes
a range of physical phenomena.

Although Pearson’s problem has now been solved, one hundred years later
the case is by no means closed. Rayleigh’s solution holds for a random walk on the

two-dimensional lattice, but the world is not flat, nor is it uniform. What if the



walker encounters a mountain range, or a valley?

Motivated by these considerations, there has since been a concerted mathe-
matical effort to understand the behaviour of random walks on a variety of different
graphs, including trees, fractals, and Cayley graphs, to name but a few. The prop-
erties of the random walk depend on the properties of the underlying graphs: for
example, while a random walk on the lattice typically moves distance /n after n
steps, on the binary tree we would expect it to move distance of order n. On the

log 2
other hand, a diffusion on the Sierpinski gasket moves roughly distance t1og5 in time

t. We give some further examples in Figure 1.2, letting (X,,),>0 denote a simple
random walks on the given graphs, and d(0, X,,) denote the distance of X, from its
starting point with respect to the graph distance on these graphs.

(f) d(0,X,) ~ ni, image by
Igor Kortchemski.

Mike Bostock.

Figure 1.2: Examples of different spaces with different random walk exponents.
References: [BP88|, [BCK17], [Crol2], [GM17a] [GH18].

The speed of a random walk is in general quantified through the introduction

of two random walk exponents (if they exist):

log pan (2,1)

(i) The spectral dimension, dg = —2lim,, Togn

log SUPg <y d(O,Xk)

(ii) The displacement exponent, dgis = limy, 0 Toan

As we will see in this thesis, on sufficiently homogeneous spaces, these limits are
not random, even if the underlying graph is. The extra factor of 2 is included in

the definition of spectral dimension so that it is equal to d on Z%. Here p,(z,y) =

Px(Xn:y)
degy

graphs the limit in (i) does not depend on the choice of x. The quantity d,, =

is the transition density of the simple random walk, and for connected

1
dais



is also known as the walk dimension since in natural cases it corresponds to the
dimension of the range of the walk.
These notions of dimension can be contrasted with the natural definition of

dimension in terms of the volume growth of the space, given by

_ limy o0 log (Vol(B(z, 7))
- logr '

dy

Here B(x,r) denotes the open ball of radius r around x (with respect to graph
distance), and Vol(B(x,r)) its volume (i.e. the number of vertices it contains). On
7%, it is the case that dy = dg, and this remains true for a wide class of “well-
behaved” graph models. However, this is not always the case, and it is commonly
observed that dg < d; on graphs of a fractal nature, for example as mentioned for
the Sierpinski gasket above [BP88|. Heuristically, this is because the random walk
gets “trapped” in the fractal parts of the graphs for non-negligible amounts of time,
which has the overall effect of slowing it down. More concretely, whilst we expect
Brownian motion in R? to move distance 2 in time ¢ (known as diffusive behaviour),
we can see from Figure 1.2 that on fractal-type graphs it is often the case that the

walk dimension is strictly greater than 2 (for example, in the Sierpinski gasket it is

}ggg = 2.32...), in which case we say the random walk is subdiffusive, or undergoes
anomalous diffusion.
On sufficiently homogeneous graphs it is usually the case that d, = %,

and we will see that this also holds for all the examples considered in this thesis.
Heuristically, this is because at time ¢, we expect a random walk started at z to be
distributed roughly uniformly in the ball of radius tZw around x, so that p(z,x) is
of order tdiwf.

Random walks are now well-understood on several (but by no means all!)
natural graph models, and in recent decades the scope has widened to include ran-
dom walks on graphs that are random, as well as deterministic. In this context,
subdiffusive behaviour was first rigorously established by Kesten in 1986, who con-
sidered a random walk on a critical percolation cluster both in two dimensions and
on a regular tree [Kes86a, Kes86b]. On such a tree, the critical cluster is more
tractable (it is simply a critical Galton-Watson tree with binomial offspring distri-
bution), and Kesten showed that d,, = 3. The study of the two-dimensional “ant
in a labyrinth” (as De Gennes called it [dG76]) is more subtle, but as a first step
Kesten managed to show that there is some € > 0 such that the Euclidean distance
to the root grows slower than n»=e. However, this restriction to the Euclidean
metric is still somewhat suboptimal, and establishing the same result with respect
to the intrinsic metric on the cluster has been an open problem for some time. It

is only very recently that Ganguly and Lee proved the first result in this direction



[GL20].

Critical percolation clusters are a classical example of random structures that
are naturally “fractal-like”, and Alexander and Orbach conjectured in 1982 [AO82]
that a critical cluster on Z% should have dg = % for all d > 2. This is the same as
the spectral dimension of an (unpercolated) finite variance critical Galton-Watson
tree. The Alexander-Orbach conjecture resisted attack for some time, with results
mainly restricted to critical clusters on trees [Kes86b, BK06], and then extended
to oriented percolation in high dimensions in 2008 [BJKS08]. The full result in
high dimensions by was proved by Kozma and Nachmias in their celebrated paper
[KN09] in 2009 using lace expansion techniques. The intuition for the result is that
in high dimensions, the lattice is sufficiently spread out that the critical cluster looks
a lot like a critical Galton-Watson tree, so that their spectral dimensions agree. For
comparison, dy = 2 in this case. In low dimensions, there is now evidence to suggest
that the conjecture is false when d < 6 [JN14, JL20], and the question of the true
exponent remains an open problem.

After well as establishing the exponents, the next aim would be to prove a
full random walk scaling limit on the critical cluster. In high dimensions this is con-
jectured to be Brownian motion on the integrated super-Brownian excursion (BF),
informally Brownian motion on an embedded spatial tree and formally constructed
in [Cro09]. Substantial progress was made in this direction in [BACF19b], in which
the authors establish four conditions for convergence to BF. Verifying these con-
ditions still poses a challenge, however, and as of today has been achieved in the
case of a random walk on the range of a branching random walk [BACF19a], but
not yet for the full percolation cluster.

It is now well-known that in low-dimensional, sufficiently recurrent regimes,
the exponents for a random walk on a given graph depend on two key properties of
the graph: its volume and (electrical) resistance growth. The first of these is not sur-
prising (intuitively, it makes sense that a random walk should take longer to escape a
denser subgraph), but the second of these is perhaps less obvious. However, it turns
out that viewing a graph as an electrical network with given edge conductances is
both useful and natural: due to Kirchoff’s Laws, voltages are harmonic functions,
and it turns out that the notion of “effective resistance” is precisely what determines
the escape probabilities for an electron (i.e. a random walker). We will introduce
the necessary quantities more precisely in Section 2.4, but see [Kuml4, Nac| for
excellent surveys covering these concepts in more detail.

Resistance is easiest to study on trees since the effective resistance between
two points agrees with the graph distance in this setting. It is therefore of no
surprise that substantial progress has been made in understanding random walks

on graphs that are trees or “tree-like”, whereas often less is known about random



walks on other graphs (though there are notable exceptions to this). In particular,
our understanding of random walks on critical percolation clusters, and many other
structures arising naturally in statistical physics, is far from complete.

Physical models such as percolation have classically been studied on the in-
teger lattice, but in recent years there has been increased mathematical interest in
adding an extra layer of randomness to the underlying graphs, with a particular em-
phasis on random surfaces. In many ways, random graphs are a more natural model
for the real world but another advantage is that this opens up more techniques for
mathematical analysis since we are not constricted by the rigidity of the underlying
space. In particular, random graphs often enjoy a spatial Markov property which
means that they can be studied using Markovian exploration processes; see [Cur]

for more details.

Figure 1.3: Planar maps. The first two are the same map; the third is different.

In recent decades the study of random surfaces has blossomed into a very
fruitful area of probabilistic research, and currently we perhaps know more about
random walks on random critical structures when they are defined on random planar
maps, rather than on the two-dimensional lattice. Formally, a planar map is an
equivalence class of the set of graphs embedded into the plane such that no two edges
cross, where we say that two embedded graphs are equivalent to each other if one
can be obtained from the other through an orientation-preserving homeomorphism,
as illustrated in Figure 1.3. We view a planar map as a metric space by giving each
edge length 1, and endowing it with the graph metric. It is also possible to add a
measure supported on the vertices of the map.

We do not attempt to give a full introduction to random planar maps, as the
theory will not be necessary for this thesis; instead we show a simulation in Figure
1.4, and refer to [Mie] for an introduction. We also note that there is a parallel
continuum theory for studying random surfaces embedded into the plane known as
Liouville Quantum Gravity (LQG): we refer to [Gwy, GHS19b] for recent surveys.

Just as Brownian motion can be thought of as a “canonical” random path
and any discrete time random walk with finite variance jump distribution falls into
its universality class, there is a notion of a Brownian surface and a corresponding

Brownian universality class of discrete random planar maps, and there is consider-



Figure 1.4: A triangulation of the sphere. Image by Thomas Budzinski.

able interest in studying statistical physics models on random planar maps in this
universality class.

For example, take the model of site percolation on a large uniform triangula-
tion. It is known that this model exhibits a phase transition with critical probability
pe = 3 [Ang03, BCM19]. Moreover, although the critical cluster is not a tree (recall
that even on the lattice it is only believed to be asymptotically tree-like in high di-
mensions), it is known to have macroscopic faces which are individually glued along
a tree structure, and the boundary is described by an object known as a “looptree”
[CK15, Ricl8a, BCM19]. Each macroscopic face has its own internal structure,
but one would hope to exploit the underlying tree structure in order to understand
resistance and random walks on the critical cluster.

Critical percolation clusters are not the only model that can be described by
a “decorated tree” structure. In fact, there is a much wider class of maps, known as
stable maps (each corresponding to a different universality class of random planar
maps) that can be described in this way. In the so-called dense phase (corresponding
to stability parameter o € (1,3)), these are also known to have a decorated tree
structure [Ricl8b]. The critical percolation cluster discussed above is a special
case since it is believed to correspond to the case a = % [BCM19, Section 5.4].
Another special case is the O(n) loop model [Ric18b, Section 6], and we see similar
structures appearing from other Fortuin-Kasteleyn models, and also [BLR17] from
quadrangulations with skewness [BR18|.

The purpose of this thesis is to study random walks on a general “decorated

tree” model, along the lines of that pictured in Figure 1.5, in the hope that it will
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Figure 1.5: An example of a decorated tree, and its underlying Galton-Watson tree.

apply to the models described above. Before commencing, we briefly comment on
other results regarding random walk exponents on random planar maps.
Subdiffusivity of a random walk on random planar maps was first established
by Benjamini and Curien [BC13], who showed that the displacement exponent on the
Uniform Infinite Planar Quadrangulation (UIPQ) is at most % by decomposing at
so-called “pioneer points”; however, in line with the KPZ relations they conjectured
that the correct exponent should in fact be %, and this was subsequently proved
in [GM17a, GH18] (lower and upper bounds respectively). The proofs that this
exponent is i also encompass several other subclasses of the Brownian universality
class. More recently, random walks on stable maps were considered by Curien and
Marzouk [CM19b, CM19a], who extended the upper bound of 1 to (bipartite) stable
maps with parameter « € (1,2), although this is not believed to be sharp except for
in the limit as o | 1. Similar results were also obtained by Lee [Leel7] for random
walks on the wider class of unimodular planar graphs, who presents a method for
establishing subdiffusivity based only on the volume growth properties of the space
(although the corresponding displacement exponent is not necessarily sharp).
Finally, we mention that stochastic processes on random surfaces have also
been constructed in the continuum and the natural analogue of Brownian motion
on a Brownian surface is known as Liouville Brownian motion (LBM). This was
independently constructed in [Berl5, GRV16] using techniques of LQG, and has
recently been shown to arise as the scaling limit of simple random walks on certain
classes of random planar map models [BG20]. It is also known to exhibit sub-
Gaussian behaviour (e.g. sub-Gaussian heat kernel estimates were established in
[AK16]), but establishing the relevant displacement exponent is a difficult task since
it was only very recently that the intrinsic LQG metric was constructed [GM19].
In terms of this thesis: the full model is postponed to Chapter 6, and we start
in Chapter 4 by considering the simpler model of a looptree. This essentially cor-

responds to the case where each macroscopic face is empty, and can be represented
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Lg|sc,m Curien and Kortchemski, 2014 C.

scaling limit as m — oo, factor m=

discrete looptree of mass m compact continuum stable looptree

scaling limit as m — oo, local limit on

Richier, 2017 taking mass to oo

-1
factor >> m=

Remark 5.5.4

local limit as m — oo
Theorem 5.0.1
Bjornberg and
Stefansson, 2015
Lgisc,oo Theorem 5.0.2 > L

scaling limit

infinite discrete looptree infinite continuum looptree

Figure 1.6: Relations between discrete/continuum and compact/infinite looptrees.

by a loop. Random walks on this model were already considered in [BS15], but we
extend their result to give a scaling limit and perform a detailed analysis of the
continuum limit, in particular obtaining finer fluctuation results. Our methods for
the looptree model are also instructive for the general model in Chapter 6; in par-
ticular to prove the volume upper bounds we introduce an iterative decomposition
procedure that we then generalise in Chapter 6.

Chapter 5 concerns a model of infinite stable looptrees. We originally consid-
ered these as a tool to understand the limiting behaviour of small balls in compact
stable looptrees, but this eventually evolved into a separate project. The purpose
of the chapter is essentially to complete the picture in Figure 1.6. We also obtain
similar limit theorems for stochastic processes on these spaces.

The full decorated tree model is considered in Chapter 6. In view of appli-
cations, we only consider critical Galton-Watson trees, though one could define a
similar model on supercritical trees and ask different questions about the random
walk (e.g. regarding its speed: we elaborate on this in Chapter 7), and we assume

@ as ¢z — oo for some

that the offspring distribution ¢ satisfies £([z,00)) ~ cx™
a € (1,2). To understand volume and resistance growth on the decorated tree,
it is clearly necessary to make some assumptions regarding volume and resistance
growth on the inserted graphs. The main contribution of the chapter is to explain
how the overall random walk exponents are obtained from the relevant exponents
for the inserted graphs and that of the offspring distribution in the underlying tree.

We will see that the model undergoes several phase transitions, at the points
where certain important quantities transition from finite to infinite expectation. For
example, if the diameter of a graph inserted at a vertex of degree n is approximately
n%, and the volume of this graph is approximately n¥ (we will make this precise in
Chapter 6), then the volume growth exponent behaves as shown in Figure 1.7.

At the end of Chapter 6 we consider some examples of graphs to insert. We

conclude the thesis with a brief discussion of the future outlook in Chapter 7.
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Figure 1.7: Different phases of the decorated volume exponent. We do not neces-
sarily see all three phases for one given model.



Chapter 2
Preliminaries

In this chapter we go over some technical preliminaries that will be useful for the
rest of the thesis.

2.1 Hausdorff and packing measures on metric spaces

We start by introducing Hausdorff and packing measures, which are closely linked
to Hausdorff and packing dimensions which provide a natural notion of dimension
on fractal metric spaces. Our exposition here is similar to that of [Duql0, Section
1], but for further background Hausdorff and packing measures see [Fall4, Chapter
2] and [TT85, Sections 3,5] respectively.

Let (M, dy) be a metric space. For any z € M, let B(x,7) denote the closed
ball of radius r around x. For any € > 0 and any S C M, recall that an e-packing
of S is a collection of disjoint balls (B(x;,7;))i>0 with B(x;,r;) C S and r; < € for
all 4.

Now take a function g : (0,79) — R for some ry > 0. We say that g is a
regular gauge function if it is continuous, non-decreasing, lim, o g(r) = 0 and there
exists a constant C' € (1,00) such that g(2r) < Cg(r) for all » € (0,7%). We then
define a measure Py (S5) by

P, (S) = 151&1 sup { Zg(ri) : (B(wi, 7i))i>0 is an e-packing of S’}.
>0
P;(S) is know as the g-packing pre-measure of S. We define the g-packing outer-

measure of S by

Py(S) = inf { S PiE): S C UiZOEZ}.

i>0
It can be shown (e.g. ref) that P, is a Borel regular metric outer measure.

The g-Hausdorff measure is defined similarly, but by considering coverings

10



rather than packings. We set

Hy(S) = laif(c)linf { ;g(Diam(Ei)) : Diam(E;) < e and S C UiZOEi}~

Here Diam(S) = sup, ,cg dn (7, y) denotes the diameter of S.

As above, H, is a Borel regular metric outer measure on M.

In the case where we take g(r) = g,(r) = r™ for some n € R™ it is staight-
forward to show that there is at most one value of n for which Py(S) ¢ {0, 00}, and
similarly for H4(S) (though the two values may not be the same). We respectively
define the packing and Hausdorff dimensions of S by

dimp(S) = sup{n > 0: P, (5) = oo} = inf{n > 0: Py, (5)
dimp(S) = sup{n > 0: P, (S) = oo} =inf{n > 0: Py, (S5)

where in this case we take sup@ = 0,inf () = co. In the case of R¢ with the usual
Euclidean metric, the Hausdorff and packing dimensions are both equal to d.

In the case of fractal metric spaces endowed with a particular measure, say
s, it is sometimes the case that uys will be equal to the packing or Hausdorff
measure (up to a constant) for a specific choice of g. In this case, it is unlikely
that g will be polynomial. For example, in the case of the continuum random
tree endowed with its usual uniform volume measure (to be formally introduced in
Section 3.1.1), it was shown in [Cro08], [DLGO06] and [Duql2] that we need to take

Vand g(r) = r2(loglogr~!)~! to get agreement for the Hausdorff

g(r) = r?loglogr™
and packing measures respectively. In the case of stable trees, Duquesne showed the
form of the exact packing measure in [Duql2], and showed in [DLGO6] that there is
no such exact Hausdorff measure.

In the case of stable looptrees we have not been able obtain the exact func-
tions needed to obtain non-trivial Hausdorff and packing measures. However, in
Chapter 4 we prove very precise bounds for the gauge functions at which the asso-
ciated Hausdorff and packing measures jump from infinity to zero, accurate up to

log-logarithmic terms.

2.2 Gromov-Hausdorff-Prohorov topologies

A key part of this thesis will be to prove convergence results for sequences of metric
spaces endowed with measures. In this section we introduce the Gromov-Hausdorff-
Prohorov topology, which is an appropriate topology for this convergence.

Firstly, let (E, d) be a metric space. The Hausdorff distance dp between two
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sets A, A’ C E is defined as

d¥ (A, A') = max{sup inf d(a,d’), sup inf d(da’,a)}.
acAd'eA a’€ Al a€A
Now let (E',d') be a second compact metric space. The Gromov-Hausdorff

distance between E and E’ is defined as
den(E, E') = inf{df; (o(E), ¢ (E")},

where the infimum is taken over all isometric embeddings ¢ : E — F, ¢ : B/ — F
into some common metric space (F,J).

The Gromov-Hausdorff distance can also alternatively be defined using cor-
respondences. A correspondence between the metric spaces (F,d) and (E',d') is a
subset R C E x E’ such that for every x1 € E there exists zo € E' with (z1,22) € R,
and similarly for every y, € E’ there exists y; € E with (y1,y2) € R. The distortion

of the correspondence R is defined as

dis(R) = sup{|d(21,y1) — (w2, 42)| : (x1,22), (41, 92) € R}.
The following result is standard.

Lemma 2.2.1. )
deg(E,E') = 3 inf{dis(R)}.

where the infimum is taken over all correspondences R between E and E'.

We will mainly be working with trees and related objects which normally
have a distinguished root vertex and are equipped with a natural volume measure,
so suppose additionally that p and v are two finite measures on F, and let A® =
{x € E:d(z,A) < e} be the e-fattening of A in E. We define the Prohorov distance
d5(p, v) between p and v by

inf{e > 0: u(A) <v(A°) + ¢ and v(A) < p(A°) + ¢ for any closed set A C E}.

For two rooted measure metric spaces (F,d, u, p) and (E',d’, i/, p') we define

the pointed Gromov-Hausdorff-Prohorov distance between them as

donp (B, ') = int{dfy (o(E), ¢/ (') + " (¢(p), ¢/ (¢) + dE (o ™" i 0 ')},

where p and p’ are the roots of 7 and 7" respectively and the infimum is taken over
all isometric embeddings ¢ : E — F, ¢’ : E/ — F into some metric space (F,J).

It is also worth noting that we can simply define the pointed Gromov-Hausdorff
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distance as

A (B, E') = inf{df; (¢(E), ¢ (E") + d" (¢(p), ¢'(p)},

where again the infimum is taken over all isometric embeddings into a common

metric space (F,0). Similarly to before, it can then be shown that
* ’ L, .
dGH(E7E ) = 5 lnf{dls(R)}.

where the infimum is instead taken over all correspondences R between E and E’

that include the pair (p, p').

2.2.1 Gromov-Hausdorff-vague topology

In order to extend this to convergence of non-compact measured metric spaces, we
will use the Gromov-Hausdorff-vague topology of [ALW16]. We will restrict our
attention to boundedly finite, Heine-Borel metric spaces endowed with measures of
full support. In this case, weak convergence is metrized by the Prohorov metric
[Bil68, Theorem 6.8] so we can write the weak convergence of [ALW16, Definition
5.8] as Prohorov convergence in our Definition 2.2.2.

This topology will be used to prove a local limit theorem stating that an
increasing sequence of compact metric spaces converge in distribution to an infinite
metric space. To make sense of this kind of convergence, we will consider all of our
metric spaces to be pointed, in that they will have a distinguished vertex (normally
the root) which plays a special role. Gromov-Hausdorff-vague convergence then says
that for almost every r > 0, balls of radius r around the root converge with respect
to the usual Gromov-Hausdorff-Prohorov topology defined in previous section. We
formalise this below.

Recall that a Heine-Borel space is a metric space in which every bounded,
closed set is compact (so in particular, a Heine-Borel space is complete, separable
and locally compact). As in [ALW16], we let X be the space of equivalence classes
of boundedly finite measure metric space, and Xyp be the set of equivalence classes
of boundedly finite Heine-Borel measure metric spaces, where we say that two ele-
ments (X1, dy, p1, 1), (X2, da, p2, pi2) € X are equivalent if and only if there exists
an isometry ¢ : X1 — X such that ¢(p1) = p2 and pg 0 =1 = po.

For any X = (X,d,p,u) € X we let B.(X) denote the closed subspace

(B(p, T)7 J‘B(p,r% P M|B(p,7‘))‘

Definition 2.2.2. (¢f [ALW16, Definition 5.8]). Let X = (X,d, p, ) and (X, =
(Xn,a?n,pn,,un))n>1 € Xgp. We say that X,, — X in the Gromov-Hausdorff-vague
topology if and only if B.(X,) — B.(X) with respect to the Gromov-Hausdor(f-
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Prohorov topology for Lebesque almost every r > 0.

Remark 2.2.3. For compact spaces, it should be clear that Gromov-Hausdorff-vague
convergence is equivalent to the usual Gromov-Hausdorff convergence. In particular,
if Br(X,) = Br(X) for a given R > 0, then the convergence also holds for Lebesgue
almost every r € (0, R). To prove full Gromov-Hausdorff-vague convergence, it is
therefore sufficient to prove convergence along a countable sequence ry, diverging to
infinity. We will do this in Chapter 5 when we prove several limit theorems for

sequences of looptrees that converge to an infinite stable looptree.

We also have the following proposition, which will allow us to apply the
Skorokhod Representation theorem in Chapter 5.

Proposition 2.2.4. (¢f [ALW16, Proposition 5.12], [ADH13, Lemma 2.9]). The
space of Heine-Borel boundedly finite measure spaces equipped with the Gromouv-

Hausdorff-vague topology is a Polish space.

Remark 2.2.5. In keeping with [GM17b], we say that a r is a“good radius” if
w(OB(p,r)) = 0. Since the sets OB(p,r) are disjoint for different values of r,
it follows that the set {r > 0 : r not good} must have zero Lebesque measure. In
particular, the Prohorov convergence (or lack of it) at these values of r will not have
any effect on Gromov-Hausdorff-vague convergence. It can in fact be shown [BBI01]
that if X, — X Gromov-Hausdorff vaguely, then the (at most countable) set of r for
which By(X,) - B.(X) is a subset of the set S = {r > 0: u(0B(p,r)) > 0}.

2.3 Skorokhod-J; topology

In this section we briefly introduce the Skorokhod-J; topology, first defined in
[Sko56], and used to give a notion of convergence for cadlag functions that are
not continuous. In this setting, the usual uniform convergence is too strong for
our purposes since if f,, — f uniformly and f is not continuous, then this requires
that any jump point of f will also be a jump point of f,, for all sufficiently large n.
Convergence in the Skorokhod-J; topology instead allows for the jump locations of
the f,, to converge to those of f.
The Skorokhod-J; distance function is defined as follows. First let

A={N:[0,1] = [0,1] : A(0) = 0,A(1) = 1, A a homeomorphism}.
The Skorokhod-J; distance is then defined as

ds (f,9) = it {[[f- A = glloo +1]A = ][0} (2.1)
eA
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Figure 2.1: Tree.

It should be clear that this defines a metric on D(I,R) for any compact interval
I C R. If f, is a sequence with dj, (fn, f) — 0, then the function \,, is used to align
the jump locations of the f,, to those of f. The requirement that ||\, — I||cc — 0
ensures that the locations of the jumps of f,, uniformly approach those of f, and
the requirement that ||f, o A, — f||cc — 0 ensures that f,, — f uniformly away from

the jumps.

2.4 Stochastic processes and electrical resistance

Throughout this thesis, the theory of resistance forms will be a key technique used
to define and analyse stochastic processes. Here we give a brief overview of the
salient points of the theory. For a full account, consult [Kig01] and [Kigl2]. A good
introduction can also be found in [Crol7].

For intuition, we start by considering random walks on trees. Let X be a
simple random walk on the tree in Figure 2.4, and let d be the shortest distance

metric on the tree. It can be verified by direct calculation that

P, (X hits b before returning to a) =

P, (X hits ¢ before returning to a) =

Notice also that

)

1
deg(a)d(a,b)
1

a,c

== N

deg(a)d(a, c)

In fact, it is a general result (e.g. see [LPWO09, Chapter 9]) that for any tree
T, if a and b are two vertices in the tree and X is a simple random walk on the tree,
then
1

P, (X hits b before returning to a) = deg(@)d(a D)’ (2.2)
a)d(a,
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Moreover, it is also true that for any vertices a,b € T', we have the following occu-

pation density formula:

E, [ /0 K f(XS)ds] —9 /T d(b, branch(a, b, ¢)) £ (¢)deg(c)dc, (2.3)

where branch(a, b, ¢) is the unique branch point of a,b and c.

This suggests that the shortest-distance metric d on any tree T' is somehow
characterising the behaviour of a simple random walk on 7. We would therefore
expect that properties of the metric can be used to give information about the
simple random walk. This useful because the behaviour of the metric is often easier
to analyse than the random walk itself.

It is clear that a relationship in the form of (2.2) will not hold for a general
non-tree-like graph G (consider adding an edge between b and c¢ in Figure 2.4, for
example), however it is natural to ask whether there is a different metric that we
can use for a more general graph that characterises a random walk in the same way.
It turns out that the appropriate metric is given by the effective resistance metric,
defined as follows.

Take a discrete graph G = (V, E), with edge weights (cc)ecrp. We view G as
an electrical network where each edge e has electrical conductance c.. The resistance

of each edge is given by R, = c.'.

Take two vertices a,b € V, and apply a unit
voltage at a. This induces a flow of current from a to b. Now suppose we replace
the whole of G by a single edge joining a to b. The effective resistance between a
and b, denoted R(a,b) is equal to the resistance that we must give this one edge so
that on again applying a unit voltage to a, the total current flowing from a to b is
unchanged.

Effective resistance corresponds to the usual physical notion of electrical
resistance and can be calculated for a specific graph G using the series and parallel
laws. These are as follows (we have lifted the definitions from [LPWO09, Section
9.4]).

Parallel Law. Conductances in parallel add. Suppose edges e; and ez have
conductances c¢; and cy respectively, and share vertices v; and wve as endpoints.
Then both edges can be collectively replaced by a single edge of conductance ¢; + co
without affecting the effective resistance in the rest of the network.

Series Law. Resistances in parallel add. If v is a node of degree 2 with
neighbours v; and v, then the edges (v,v1) and (v, v3) can be collectively replaced
by a single edge of resistance 7, ;) 47 (v,0,) Without changing the effective resistance
in the rest of the network.

Letting X be a simple random walk on GG, we then have the following result,
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which generalises (2.2).

1
P, (X hits b before returning to a) = (@ R(a.D) (2.4)
where for any ¢ € V, ¢(a) =5 c(a,z). For a proof, see [LPW09, Chapter 9].

We formalise these heuristics in the next section.

r~a

2.4.1 Stochastic processes associated with resistance metrics

To study Brownian motion and random walks on metric spaces we will be using
the theory of resistance forms and resistance metrics, developed by Kigami [Kig01,
Kigl2].

Let G = (V, E) be a discrete graph equipped with non-negative symmetric
edge conductances ¢(z,y)(yy)er and a measure (u(z))zcv. The associated random
walk on G is the continuous time Markov chain on V with generator A, i.e. such
that

Af(e)=—= > ey (fy) - =) (2.5)
yeViy~z
for any function f : V' — R; in other words, this is the continuous time random

walk that jumps from x to y with rate CISQ(C;%). The conductances therefore determine

the transition probabilities of the random walk, and we can use u to vary the time-
scaling.

If we view G as an electrical network where each vertex x € V has potential
(i.e. voltage) f(x), then the energy dissipated by the network is equal to E(f, f),

where £(f,g) is an energy functional given by

Ef) =5 3 elwy)(F() ~ F@)ol) — o(a). (26)

z,yeVv

Clearly, this does not depend on u; however, we can also write it as a Dirichlet form

on the space L?(V, i1) as

E(f.9) ==Y (Af)(@)g(x)p(x). (2.7)

zeV

Moreover, we can write effective resistance on G as a function R on V x V

by setting

R(z,y)"' = mf{E(f, NIf : V = R, f(z) =1, f(y) = 0}, (2.8)

where we take the convention that inf() = oco. R(z,y) corresponds to the usual

physical notion of electrical resistance between z and y in G. It can be shown (e.g.
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see [Tet91]) that R is a metric on G, so we call it the resistance metric.

The notion of a resistance metric can be extended to the continuum as follows.

Definition 2.4.1. [Kig01, Definition 2.3.2]. Let F be a set. A function R: F x F
is a resistance metric on F' if and only if for every finite subset V. C F, there exists
a weighted graph with vertex set V' such that Ry «y is the effective resistance on V,
i.e. is given by (2.8).

A resistance metric on a set F' can be naturally associated with an energy
functional & constructed analogously to (2.6) above. We let F denote a subspace
of real-valued functions on F' with finite energy, and call the pair (£, F) a resis-
tance form. (Technically, (€, F) must also satisfy the so-called Markov property, see
[Kigl2, Definition 3.1] for details). Given a measure p on F, the energy functional
can be written as a Dirichlet form on the space L?(F, 1) analogously to (2.7) above,
and therefore can be naturally associated with a stochastic process on F', provided

the resistance form is regular as per the definition below.

Definition 2.4.2. [Kigl12, Definition 6.2]. A resistance form (E,F) is regular if
F U Co(F) is dense in Co(F) with respect to the supremum norm, where Co(F')

represents the space of continuous functions on F with compact support.

By [Kig01, Theorems 2.3.4 and 2.3.6], there is a one-to-one correspondence
between resistance metrics and resistance forms on F', given analogously to (2.8).
Moreover, if the corresponding resistance form is regular, then it induces a regular
Dirichlet form on the space L?(F, u) (analogous to (2.6)), which in turn is naturally
associated with a Hunt process on F' as a consequence of [FOT11, Theorem 7.2.1].
This is automatically the case when (F,R) is a compact resistance metric space
endowed with a finite Borel measure p of full support, for example, but in the case
of the infinite looptrees considered in Chapter 5 we will have to put some extra
work into proving that the associated resistance form is regular. This is done in
Proposition 5.5.2.

We have tried to keep background on resistance forms and Dirichlet forms to
a minimum, but see [Kigl2] for more on this. The key point is that, under appro-
priate regularity conditions on the underlying space (which will always be fulfilled
in this thesis), there is a one-to-one correspondence between resistance metrics and
stochastic processes. The reader should feel free to skip the proof of Proposition
5.5.2, which proves the required regularity in the setting of Chapter 5, and merely
use this correspondence as a black box throughout the thesis.

This correspondence allows us to use results about scaling limits of measured
resistance metric spaces to prove results about scaling limits of stochastic processes

as detailed in the following result of [Crol8]. Before stating it, we note that the
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notion of effective resistance between points given in (2.8) can be extended to that

of effective resistance between two sets A, B C F' by setting
R(A,B)™  =inf{E(f, /)If : F =R, fx) =1V a €A, fly) =0V ye B}

Theorem 2.4.3. [Crol8, Theorem 1.2]. Suppose that (Fy, Ry, tin, Pn)n>0 @S a se-

quence in F such that
(an Ry, Hn, pn) — (F, R, M, p)

Gromov-Hausdorff-vaguely for some (F, R, 1, p) € F, and R, (Ry)n>1 are resistance
metrics on the respective spaces. Assume further that

lim liminf R, (pn, Bn(pn, r)¢) = oo. (2.9)

rT—00 N—00

Let (Yi)i>0 and (Y{")i>0 be the stochastic processes associated with (F, R, u, p) and
(Foy Ry, piny pn) as described above. Then it is possible to isometrically embed (F, R)

and (Fy, Ry)n>1 into a common metric space (M, dyr) so that
Py (Yy")i0 € 1) = Pyp((Ye)e>0 € *)

weakly as probability measures as n — oo on the space D(Ry, M) equipped with the
Skorokhod Jp-topology.

The intuition behind the result above is that the convergence of metrics and
measures respectively give the appropriate spatial and temporal convergences of the
stochastic processes. We will apply it several times in this thesis to take limits of
stochastic processes on looptrees.

We also give an annealed version, which applies in the case where the metric
spaces are random, say defined under the probability measure P, and we can define

a stochastic process by averaging over the state space. In this case we let

Py (X)izo € ) /P (X0 € )P

denote the annealed law obtained by averaging over the random state space. In this

case we have a similar result.

Theorem 2.4.4. [Crol8, Theorem 7.2]. Suppose that (Fy, Ry, tin, Pn)n>0 @S a se-
quence in F such that
)
(Fnana,unapn) (F, R,M,,O)

Gromov-Hausdorff-vaguely for some (F, R, u,p) € F. Assume further that

lim liminf P(R,(pn, Bn(pn, 7)) > A) =1 (2.10)

r—00 N—00
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for all \ > 0. Then it is possible to isometrically embed (Fy,, Ry)n>1 and (F, R) into

a common metric space (M, dyr) so that
Py, ((Xn)tzo € ) - Pp((j(t)tzo € )

weakly as probability measures as n — oo on D(Ry, M) (i.e. on the space of cadlag
functions on M equipped with the Skorokhod Jy-topology).

2.4.2 Simple random walk estimates

In Chapter 6 we will be analysing simple random walks on a discrete graph G =
(V,E). To fit this into the framework of electrical networks introduced above, we
therefore give every edge in the graph conductance 1, and set p(x) = dega for all
x € V. The Markov process with generator as given by (2.5) above is therefore a
constant speed random walk, in that it waits at each vertex for an exp(1) random
time before jumping to the next vertex. This is not quite the same as the simple
random walk; however, it seems quite reasonable to expect that the two processes
should have the same asymptotics, and this is indeed the case: in Chapter 6 we will
study the measure p along with resistance, and apply results of [KMO8] to use these
to understand a simple random walk.

Note that, if U C V, then u(U) essentially counts the number of edges in pu.
This matches the intuition that the overall time it takes for a simple random walk
to cross a set depends on how many edges it is required to cross. If one instead
takes p(z) = 1 for all € V, then the volume estimates correspond to counting
vertices, and the associated random walk is instead a (continuous time) variable

speed random walk.

2.5 Stable Lévy processes

In Chapter 3 we will introduce stable trees and looptrees. These are constructed
from stable Lévy processes, which we now introduce, along with some of their key
properties. The material presented here is classical and may be found in greater
detail in [Ber96].

A Lévy process is a cadlag process starting from 0 with stationary indepen-
dent increments. We say (a,b, K) is a Lévy triple if a € [0,00),b € R and K is a
Borel measure on R with K({0}) = 0 and

[aniPi) <.
R

We call a the diffusivity, b the drift and K the Lévy measure. We can define a

process corresponding to a given Lévy triple as follows. First let B be a Brownian
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motion in R and let M be a Poisson random measure, independent of B and with
intensity p on (0,00) X R, where u(dt,dy) = dtK(dy). Then let

Xt:ﬁBt+bt+/

yM (ds, dy) + / yM(ds,dy),  (2.11)
0,t]x{|y|<1}

(0,¢]x{|y|>1}

where M := M — j. We set the final integral to be zero on the null set
{M((0,1] x {|]y| > 1}) = oo for some ¢ > 0}.
Then X is a Lévy process with characteristic function
E[eiuXt] _ etl/}(u)
for all ¢ > 0, where
) = V() = ibu = 5ot + [ (€= 1= juyL{ly] < 1)K ()

The next theorem tells us that all Lévy processes are of this form. A proof may be
found in [Ber96].

Theorem 2.5.1 (Lévy-Khinchin Theorem). Let X be a Lévy process. Then there
exists a unique Lévy triple (a,b, K) such that

E[eiqu] — ottanx(u)
for allt > 0 and all w € R. Furthermore,

E{e*/\Xt] = exp {t( — b\ + %a)\Q + /

(e =14+ Myl{ly| < 1)K (dy) ) }
R

provided that the right hand side is finite.

We say that a Lévy process X is spectrally positive if it has no negative jumps.
Additionally, we say it is a-stable if we can normalise X so that E[e*)‘Xt] = M,
In this thesis we will be focusing on the case when X is both spectrally positive and
a-stable. As we show below, it then follows that | [e*)‘Xt] is finite for all A > 0, and
that X satisfies the scaling property (cféXCt)tZO 4 (Xt)t>0 for any constant ¢ > 0.

Its transition density consequently satisfies the relation pi(z) = ta p1 (l’t%)

Corollary 2.5.2. Let X be a spectrally positive Lévy process. Then E[e_)‘Xt] < 00
for all A >0 and all t > 0.

Proof. This follows directly from the representation in 2.5.1. O
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2.5.1 Lévy excursions and bridges

To code stable trees and looptrees, we will be using Lévy excursions rather than
a general Lévy process. We now explain how these can be constructed from Lévy
processes.

Let X be an a-stable spectrally positive Lévy process, normalised so that
E[e’/\xt} = M and let X, = inf (o, Xs denote its running infimum process.
Define g1 and d; by

g1 =sup{s<1:X;=X_}
di =inf{s >1: X, =X_}.

Note that X, = X4, almost surely since X almost surely has no jump at
time g1 and X has no negative jumps. We define the normalised excursion X*¢ of

X above its infimum at time 1 by

;1
X7 = (d1 = g91) = (Xgy+5(d1—g1) — Xon)

for every s € [0,1]. Then X*¢ is almost surely an a-stable cadlag function on [0, 1]
with X**¢(s) > 0 for all s € (0,1), and X§* = X{** = 0.

Most of the results regarding volume will be obtained by careful analysis
of the Lévy excursions coding the looptrees. In most cases, it is easier to analyse
an a-stable Lévy process rather than an excursion. Results regarding the Lévy
process can then be transferred first to a Lévy bridge, and then to an excursion via
a sequence of transformations which we now describe.

An a-stable Lévy bridge is informally an a-stable Lévy process conditioned
to return to 0 at time 1 (see [Ber96, Chapter VIII]). It has a density with respect

to the law of a standard Lévy process, which is equal to
p1—t(—X¢)
p1(0) 7

with p; the density of X; and ¢ € (0,1). Note that it follows from [Zol86, Section
I1.4] that p; is bounded on R. This means that if F' is a bounded continuous function
DJ0,t] — R, then

P1—t(—X¢)

1 (0) (2.12)

EF(Xfr:ogsgt)}:E[F(stogsgt)

The excursion can then be obtained from the bridge via the Vervaat trans-

form, given below. For a full treatment see [Cha97].

Theorem 2.5.3. Let X be a Lévy bridge, and let m be the almost surely unique
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time when X" attains its minimum. Then the process defined by

ez X, —-Xr ifm+t<1
t pr—
i1 — Xow o fmt> 1,

has the law of a normalised Lévy excursion.
Conversely, if X is a normalised Lévy excursion and U is independent

and uniformly distributed on [0,1], then the process

Xge, — Xge ifU+t<1
Xge, | = Xge if U+t > 1,

br
Xt e

1s distributed as a Lévy bridge.

We use these results throughout to transform a statement regarding X to

a similar statement regarding X, which is usually easier to prove.

2.5.2 Descents

When Lévy excursions are used to code stable trees and looptrees, the sizes of the
jumps of the processes correspond to the density of the hubs in the stable tree, and
the lengths of loops in the stable looptree. The following proposition is useful in
characterising the behaviour of the jumps, and consequently the behaviour of loops
in the looptree. It follows from Proposition 3.1 of [CK14], which is proved using

results from [Ber92a].

Proposition 2.5.4. Let (X, : s € R) be a two-sided spectrally positive a-stable
Lévy process. For each point s € R with Xs # X,- let Ay = X — X,—, and for
t > s let xé = infe<,<; X; — X— V0. Also let Ly denote the local time of the
process (X(;_g)-)s>0 at its infimum, normalised so that E[exp(—)\X(_L_l(s))_] =

exp(—sA*~1). Then the point measure
0
Z 6(L57 AS? ﬁ)
Ag
s=0

is a Poisson point measure of intensity dl - xI1(dz) - 1o 1) (r)dr, where here we write
s=2tifs<t, Ay >0, and 2! > 0.

We also give a technical lemma which will later be used at various points in
Chapter 4. This appeared previously in [CK14, Section 3.3.1] and uses an argument
from [Ber96].
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For a function f : [0,00) — R and [a, b] C [0, 00), we first define

Osciop f := sup |f(t) — f(s)].
s,t€a,b]
We also let S; = supp<,<; Xs denote the running supremum process of X, and

I} = infg<s<¢ X its running infimum process.

Lemma 2.5.5. Let £ be an exponential random variable with parameter 1, and let
X be a spectrally positive a-stable Lévy process conditioned to have no jumps of size
greater than 1 on [0,&], independent of €. Let Osc = Oscjo,e1X. Then there exists
0 > 0 such that E[ego}c} < 00. Moreover, E[eedsc} $1asf 0.

Proof. Since Osc(g g1 = Sg —I¢, and Sg — I¢ is stochastically dominated by Sg) —Ig)

where S g) and [ g) are independent copies of the corresponding random variables, it
is sufficient to show the existence of a # > 0 such that both E[6955] and E[efelg] <
00.

As noted in [Ber96, Section VII.1], the second of these is quite straightfor-
ward. Let T_, = inf{t > 0 : X; € [—a,00)}. Since X has no negative jumps,
conditionally on {T_, < oo}, we have that X7 , = —a almost surely. Moreover, we

have by the memoryless property that
P(Totpy < &) =P(To, < E)P(T, < E).

Equivalently,
P(*Ig >a+ b) = P(*Ig > a) P(*Ig > b)

and hence —I¢ has an exponential distribution, say with parameter ® (&), which is
clearly non-zero, and so E[e%¢] < oo for all § < ®(€).

To bound E[6955 ], first note that since X has no jumps greater than 1 on
[0,€] it follows that for any m > 1, P(Sg > m+2) < P(Sg > m)P(Sg > 1) and
hence P(Sg > 2n) < P(Sg > 1)" for all n > 1. By direct computation it then follows
that, provided 0 < § < 5! log(P(Sg > 1)), we have

2
0S¢ <
B[] < 120 + log(P(Sg > 1))|°

The final claim follows by bounded convergence. O

Remark 2.5.6. Note that the same results holds if £ is set to be deterministically
equal to 1 rather than an exponential random variable. The proof is almost identical
to the one above, but we instead have that I¢ is stochastically dominated by an
exponential random variable. The result also holds if the exponential random variable

E has any other constant parameter, by exactly the same proof as above.
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2.5.3 Itd excursion measure

We can alternatively define X*¢ using the It6 excursion measure. For full details,
see [Ber96, Chapter IV], but the measure is defined by applying excursion theory to
the process X — X, which is strongly Markov and for which the point 0 is regular
for itself. We normalise local time so that —X denotes the local time of X — X at
its infimum, and let (g;,d;);jcz denote the excursion intervals of X — X away from
zero. For each i € T, the process (e')g<s<g,—g; defined by e'(s) = Xy, 15 — X, is an

element of the excursion space

E = D™([0,4,R>°).
>0

We let ((e) = sup{s > 0: e(s) > 0} denote the lifetime of the excursion e. It was

shown in [It672] that the measure

N(dt,de) =) 5(-X,,.¢€")
i€
is a Poisson point measure of intensity dtN(de), where N is a o-finite measure on
the set I known as the It0 excursion measure.

Moreover, the measure N (-) inherits a scaling property from the a-stability
of X. Indeed, for any A\ > 0 we define a mapping ®y : E — E by ®,(e)(t) = )\ée(ﬁ),
so that No®, ' = Aa N (e.g. see [Wat10]). It then follows from the results in [Ber96,
Section IV.4] that we can uniquely define a set of conditional measures (N(y),s > 0)
on FE such that:

(i) For every s >0, N(»)(¢ =5) = 1.
(ii) For every A > 0 and every s > 0, ®)(N(4)) = N(pg).-

(iii) For every measurable A C £

N,y is therefore used to denote the law N(:|¢ = s). The probability distri-

bution N(;) coincides with the law of X**“ as constructed above.
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Chapter 3
Random trees and looptrees

In this chapter, we introduce random trees, random looptrees, and their coding

functions.

3.1 Discrete random trees and their coding functions

We start with random trees. Random trees have been the subject of considerable
mathematical research over the past few decades. They are fundamental objects in
probability theory in their own right and have applications in the study of population
genetics and percolation. More recently, they have been crucial in the study of
random maps, which can be constructed via various bijections with random trees.
We start with discrete trees. Trees are connected graphs with no cycles, and

are most commonly defined using the Ulam-Harris formalism of [Nev86]. First let
By convention, NY = {@}. If u = (u1,...,u,) and v = (vq,...,vm) € U, we let
wv = (U1, ..., Up,V1,...,0y) be the concatenation of u and v.

Definition 3.1.1. [Nev86, Section 2/. A plane tree 6 is a finite subset of U such
that

(1) D €0,
(ii) If v € 0 and v = uj for some j € N, then u € 0,

(iii) For every u € 0, there exists a number k,(0) > 0 such that uj € 6 if and only
if 1< j < ku(0).

Informally, a plane tree 6 is a branching process started from some initial

root vertex labelled () (or p), and the offpring of vertex u are of the form wuj where
je{1,2,...,k,(0)}.
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We denote by T4 the set of all plane trees. Additionally, if § € Ts¢, we
let 7,(0) = {v € U : uv € 0} be the shift of 6 at u. 7,(0) can be understood as the
subtree grown from the root u.

The canonical examples of random discrete trees are Galton- Watson trees.
To define these, first let u be a probability measure on Z=Y. We will refer to i as
the offspring distribution.

Definition 3.1.2. A Galton-Watson tree with offspring distribution p is a plane
tree T satisfying the following properties.

(i) Puko = j) = p(5) for all j € Z=°,

(ii) For every j > 1 with u(j) > 0, the shifted trees 01(T?),...,0;(T?) are inde-
pendent under the conditional probability P, (- | kg = j), with law P,,.

In other words, a Galton-Watson tree with offspring distribution p is a
branching process with a single root () where the trees emanating from each ver-
tex are independently distributed according to P,. It is shown in [Nev86, Section
3] that for any probability measure p on ZZY, there is a unique probability mea-
sure P, on T satisfying the above two properties. In this thesis, we will mainly be
considering the critical case where Y 7 o ku(k) = 1.

Suppose T is a tree with |[T| = n + 1. We can define two functions which
encode its structure: the height function and the contour function. Both are illus-
trated in Figure 3.1, and are defined as follows. The height function H” is defined
by considering the vertices ug, u1, ..., u, in lexicographical (i.e. depth-first) order,
and then setting H. 17— to be equal to the generation of vertex w;. The contour function
C7 is defined by considering the motion of a particle that starts at the root () at time
zero, and then continuously traverses the boundary of 7 at speed one, respecting
the lexicographical order where possible, until returning to the root. C7 (¢) is equal
to the height of the particle at time ¢. Since each edge is traversed twice in this
process, the contour function is defined in this way up until time equal to 2n. It
will be convenient to set it equal to zero after this point. By contrast, the height
function is defined precisely up until time n.

Note that this definition ensures that the contour function will be non-
negative after time zero, and the height function will be strictly positive.

In order to gain some intuition about the height and contour functions we
have marked two vertices on the tree in Figure 3.1 along with the points corre-
sponding to the excursion around 71(7) of the height and contour processes. For
the contour function, note that this excursion lasts precisely until the time that
CT drops strictly below C7(1). Any subsequent visits to the same level as C7 (1)
correspond to visits of siblings of vertex 1. By similar logic, for two points s,t < 2n

it follows that the most recent common ancestor of u(s) and u(t) corresponds to the
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\/

Tree Contour function Height function

Figure 3.1: Example of contour function and height function for the given tree.

point between s and t where C7 takes its minimum value, i.e. if u(r) = u(s) Au(t),
then CT(’I’) = Minga¢<p<svt CT(k:). We can therefore define a function

d(s,t) = CT(s) + CT (t) — 2 i 7 (k), (3.1)
which is equal to the graph distance between u(s) and wu(t) and hence is a pseudo-
metric on {0,1,...,2n}. Also, d(s,t) = 0 if and only if u(s) = u(t), so we can define
an equivalence relation on {0, 1,...,n} by setting s ~ ¢ if and only if d(s,t) = 0. T is
then isomorphic to the quotient space ({0,1,...,2(n—1)}/ ~,d). This construction
of T will be useful when we extend the construction to the continuum.

One major difference between the height and contour functions is that whilst
the contour function must move by +1 at each time interval, the height function
can drop by an arbitrary amount (provided it remains positive). For example, in
Figure 3.1 we see that there is a place where the height function drops by 4.

Now let & be an offspring distribution with E[{] = 1 and 0 < Var(§) =
0% < o0, and such that there exists A > 0 such that E[e’\g] < o0o. Consider a
sequence of Galton-Watson trees (7,)0 ; started from an initial root p with offspring
distribution £ conditioned on |7,| = n. Let H™ and C™ be the corresponding height
and contour processes. The following results of Marckert and Mokkadem in [MMO3]
(and previously by Aldous via alternative methods in [A1d93]), show that the height
function and contour function converge to the same process when appropriately

rescaled.

Theorem 3.1.3. Let e(t)te[o,u be a standard normalised Brownian excursion, con-
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structed from a Brownian motion as described in Section 2.5.1. Then

CW) = (26(t)> and
( vn t€[0,1] 7 t€[0,1]

Hn(meJ)) N (%@))
( v t€[0,1] 7 t€[0,1]

asn — oo, weakly as processes on the space D([0,1],R) equipped with the Skorokhod-
J1 topology.

The height process and the contour process are both very useful characteri-
sations of trees but neither are Markovian. However, it turns out that both can be
written as functionals of a Markovian process, known as the Lukasiewicz path. For
a random tree 7Y with height and contour processes H? and C?, this is a random
walk W0 = {W,(T?%) : 1 < n < |T?}, defined by first setting Wy = 0, and then for
0 <n <|TY, setting Wy, 11 = W, + kumy — 1, where u(n) refers to the nt vertex in
the lexicographical ordering of 77, and Kyu(n) is the number of offspring of u(n), as
in Defition 3.1.2.

An example for the tree pictured in Figure 3.1 is shown in Figure 3.2.

y

N

»

A

T1 (T)

Figure 3.2: Lukasiewicz Path for the tree above

We remark on some properties of the Lukasiewicz path. Firstly, note that

when we are dealing with a Galton-Watson tree at criticality, it follows that
E[Wni1 — Wa] = Elkyq] —1=0,

so W is a centred random walk.
Secondly, we have that W; > 0 for all 0 < i < n -2, W,,_1 = 0 and
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W, = —1. This can be understood by the following argument. We say that a vertex
v is “visible” from another vertex w if v is a child of u, and in this case we say that
v can be “seen” from vertex u. Then if we let (X;)o<i<n be the process which visits
u(i) at time 7, then W; gives the total number of vertices seen up until time 4, minus
the total number of vertices visited. Since each vertex other than the root is seen
before it is visited, it follows that this quantity will be strictly positive until X hits
the final vertex, at which it will be 0, and then fall to —1 since at this point we will
have visited all vertices and seen all except the root vertex.

The next lemma (taken from [LGLJ98] but independently shown in [BK00]
and [BV96]) shows how to recover the height function from the Lukasiewicz path.

Lemma 3.1.4. [LGLJ98, Corollary 2.2]. Let T be a u-Galton Watson tree, with
associated height process (Hp)o<n<|1|—1- Then

H,=H{je{0,1,....,n—1} : W; = inf Wy} (3.2)
J<k<n

The intuition behind the result is that the set of points j € {0,1,...,n — 1}
satisfying W; = inf;<y<,, W}, correspond to the ancestors of the vertex u(n).

In the next section we will construct a-stable Lévy trees and show that
they arise as scaling limits of discrete trees with appropriately defined offspring
distributions. The main idea behind the proof of this result is to show that the
Lukasiewicz paths of the discrete trees converge to an a-stable Lévy process, and
that this in turn is enough to imply convergence of the height and contour processes.
This approach depends crucially on the Markovian structure of the Lukasiewicz path

and its definition in terms of the offspring distribution.

Multi-type Galton-Watson trees

We will consider scaling limits of looptrees defined from both one and two-type
Galton-Watson trees in Chapter 5. Accordingly, let £,& and & be probability

distributions on Z=Y.

Definition 3.1.5. A Galton-Watson tree with offspring distribution £ is a random
plane tree T with law P¢ satisfying the following properties.

(i) Pe(ky = j) = &(j) for all j € 20,

(it) For every j > 1 with £(j) > 0, the shifted trees 61(T),...,0;(T) are inde-
pendent under the conditional probability Pe(- | kg = j), with law Pg¢, where
0,(T)={veld:ivweT}.

We say that T is critical if E[§] = 1. Additionally, we say a random plane tree
is an alternating two-type Galton-Watson tree with offspring distribution (&, &) if

30



all vertices at even (respectively odd) height have offspring distribution &, (respec-
tively & ). We say that the tree is critical if E[&] E[€q] = 1.

3.1.1 Lévy trees

To define continuum random trees, we mimic the construction of discrete trees as
quotient spaces given in the previous section. We begin with a definition of a random
real tree, originally given in [DMT96], and then explain how they can be explicitly

constructed by analogy with the discrete case.

Definition 3.1.6. A metric space (T,d) is a real tree if the following two properties
hold for every o1,09 € T.

(i) There is a unique isometric map fq, 5, from [0,d(o1,02)] into T such that
fo1,02(0) = 01 and fo,,0,(d(01,02)) = 02.

(ii) If q is a continuous injective map from [0,1] into T such that q(0) = o1 and
q(1) = o9, we have
Q([Ov 1]) = f01,02([03 d(Jla 02)])'

A rooted real tree additionally has a distinguished vertex p called the root.

We define an equivalence relation on the set of real trees by saying that 7;
and 7Ta are equivalent if there exists a root-preserving isometry between them, and
denote by T the space of isometry classes of compact rooted real trees. We endow
T with the pointed Gromov-Hausdorff topology. Additionally, we let T o4 be the set
of quadruples (T, d, p, ) with (T,d) € T, p its root and u a probability measure on
T. It is shown in [EPWO06] that T endowed with the metric dgy is complete and
separable and their proof can be extended slightly to include measures as well. This

is given in the theorem below, and a proof including measures was given in [Arcl7].

Theorem 3.1.7. [EPWO06, Theorem 1]. Txq endowed with the metric dgup 1is

complete and separable.

The canonical example of a random real tree is the Brownian Continuum
Random Tree (CRT), denoted by 7. and introduced by Aldous in [Ald91b]. It arises
naturally as a scaling limit of discrete trees in that, if 7, is a discrete tree with
critical offspring distribution & with variance o2, then

1
ovn

7.9

as n — 0o. A simulation is shown in Figure 3.1.1. The CRT possesses many fractal

and self-similarity properties but we do not go into detail here. An extensive account
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(a) The Brownian CRT, by Igor Kortchemski. (b) 1.5-stable tree, by Igor Kortchemski.

Figure 3.3: Stable trees.

is given in the three Aldous papers [Ald91b], [Ald91c| and [Ald93], including several
alternative constructions.

In this thesis, we will be most interested in stable Lévy trees which arise as
scaling limits of discrete trees when the offspring distribution has infinite variance.
This has the effect that in the limit, we get vertices (or “hubs”) of infinite degree.
This contrasts strongly with the CRT where all branch points are binary. Lévy
trees were studied extensively by Duquesne and Le Gall in [DLGO05], building on the
work [LGLJ98] of Le Gall and Le Jan where the authors introduced Lévy trees to
code the genealogy of continuous state branching processes. More specifically, again
let 7, be a discrete tree conditioned to have n vertices, but this time with critical
offspring distribution £ in the domain of attraction of an a-stable law, i.e. a law &
such that £([k,00)) ~ ck™® as k — oo for some « € (1,2). We then have that

n*(lfé)ﬁ @ ¢ Ta (3.3)

in the Gromov-Hausdorff topology as n — oo, where 7, is known as the stable tree
of index «, and ¢ is just a positive constant. A simulation of 7T, for a = 1.5 is also
shown in Figure 3.1.1.

Just as in the previous section, continuum trees can be coded by functions
that play the same role as the Lukasiewicz path for discrete trees. In the case of
a-stable trees, this path is a spectrally positive a-stable Lévy excursion X €. The
height function H, can then be defined analogously to (3.2) by setting it to be the
continuous modification of the process defined for ¢ € [0, 1] by

1 t
Hy(t) = lim = i 1{XC < I 4 e}ds, (3.4)

e—=0 €

where I§ = infs<,<; X7*¢. This limit exists in probability - for more details see
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[DLGO02]. To define the stable tree, we first define a pseudodistance on [0, 1] by

do(s,t) = Ho(s) + Ho(t) — 2 inf Hy(r)
s<r<t
whenever s < t. Note the resemblance to (3.1). We then define an equivalence
relation on [0, 1] by saying s ~q t if and only if d,(s,t) = 0, and set T, to be the
quotient space ([0, 1]/ ~q,dq).

This construction also provides a natural way to define a measure on 7, as
the image of Lebesgue measure on [0, 1] under the quotient operation. The scaling
relation (3.3) can then be extended to Gromov-Hausdorff-Prokhorov convergence by
endowing the discrete trees with the renormalised degree measure.

We remark that this construction can also be mimicked more generally by
taking a function g (not identically 0) from [0,00) to [0,00) with ¢g(0) = 0 and of
compact support. For every s,t > 0, we can define a distance function d, by

do(s,t) = g(s) +g(t) =2 inf = g(r),
and an equivalence relation ~ on [0, 00) by setting s ~ t if and only if d,(s,t) = 0.
Then, letting (; = sup{z € [0,00) : g(z) > 0}, we set

7;] = [Oa Cg)/ ~ .
Theorem 3.1.8. [DLG05, Theorem 2.1]. The metric space (Ty,dy) is a real tree.

As in the discrete case, properties of 7, are encoded by the process X*°.
Letting 7 : [0,1] — T be the canonical projection, we have a distinguished vertex
p = 7(0) which is the root of T. Also, for u,v € T, we denote by [[u,v]] the unique
geodesic between u and v, and we say v < v if and only if u € [[p,v]]. For given
u,v € T, we say z is the unique common ancestor of v and v, written z = u A v, if
z is the unique element in 7" with [[p, u]] N [[p, v]] = [[p, #]].

The relation < on T can be recovered from X°*¢ by defining
s X tif and only if s <t and XX < I;.

This is the same as in Proposition 2.5.4. It can be shown that the two definitions of
= given above define partial orders on 7 and [0, 1] respectively, and are compatible
with p in the sense that, if u,v € T, then u < v if and only if there exist s,t € [0, 1]
with p(s) = u, p(t) = v and such that s < ¢t. Additionally, if we let s At be the most
recent common ancestor of s and ¢ (with respect to <), then it can be verified that
p(s A ) = p(s) A p(t).

As in the discrete case, the multiplicity of a vertex u € T is defined as the
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number of connected components of 7 \ {u}. Vertex u is called a leaf if it has
multiplicity one, and a branch point if it has multiplicity at least three. It can then
be shown that u € T is a branch point if and only if there exists s € [0, 1] such that
m(s) = uw and Ay == X — X > 0. A; gives some measure of the number of
children of w. Finally, if s,t, € [0, 1] with s < ¢, the quantity

t . gt exc
Tgi=1Ig— X7

can be regarded as the position of the ancestor of p(¢) amongst the “A,” children
of p(s).

This intuition can be seen to be consistent with the discrete case by the
following argument. Suppose u is a vertex in a discrete tree with k,, children, listed
as up, ug, ..., U, , and suppose that u is the s* vertex of the tree when the vertices
are written in lexicographical order. The Lukasiewicz path thus has a jump of size
k,—1 between times s—1 and s. Now suppose u = u; < v for some j € {1,2,...,k,}
and that v is the t** vertex of the tree when the vertices are written in lexicographical
order. Then the Lukasiewicz path W must travel around the vertices of the subtrees
Tur (T), Tup (T); - - s Tu;_, (T') before coming to the subtree 7, (7) containing v. Each
time it traverses a complete subtree, it finishes at a height one lower than when it
starts, so the total number of such subtrees traversed before reaching 7, (7) is equal
to Wy — infs<,<; W,., and the total number of such subtrees yet to be traversed is
equal to
w! = inf {WT — WT_}.

5 s<r<t

Hence w! gives the number of siblings of u; “to the right” of u;, and is precisely the
discrete analogue of z?.

This construction also provides a natural way to define a measure on 7, as
the image of Lebesgue measure on [0, 1] under the projection 7.

Finally, we note that the law of the stable tree is characterised by the nor-
malised Ito excursion measure N(1) for the a-stable excursion that we introduced in
Section 2.5.3.

3.2 Random looptrees

A large part of this thesis is concerned with stable looptrees, which can be informally
thought of as the dual graphs of stable trees. They were first formally introduced
by Curien and Kortchemski in [CK14], motivated by their appearance as scaling
limits in various planar map percolation models and building in particular on the
2011 work [LGM11] of Le Gall and Miermont. We will shortly give their formal

definition in terms of an a-stable Lévy excursion, but we start by defining discrete
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looptrees for better intuition.

Accordingly, let T be a discrete tree. The discrete looptree Loop(T) is con-
structed by replacing each vertex u € T with a cycle of length equal to the degree of
uw in T, and then gluing these cycles at various points according to the tree structure

of 7. This is best illustrated by an example, such as that in Figure 3.4.

Figure 3.4: Discrete tree and its associated looptree.

We will be focusing on the case of a-stable looptrees. In [CK14, Theorem
4.1], Curien and Korthemski showed that if 7, is a critical Galton Watson tree
conditioned to have n vertices and with offspring distribution & satisfying &([k, 00)) ~
ck™ for some «a € (1,2), then we can define the stable looptree £, as the random

compact metric space satisfying
- d
na Loop(Ty) Y €t

as n — 0o, where Cy, = (c|F(—0z)|)_71. (Their result also allows for the inclusion of
slowly-varying functions in the offspring distribution, but for sake of clarity we will
mostly not include these in this thesis).

Recall from Section 3.1 that T4¢ denotes the set of all plane trees. We set
LLdis¢ = {Loop(7) : T € T} to be the corresponding set of discrete looptrees.

3.2.1 Continuum looptrees

By comparison with the convergence for stable trees in (3.3), we would like to
construct L, as the looptree version of the Lévy tree 7,. This gives the intuitive
picture of stable looptrees: heuristically, we replace each branch point of 7, by a
loop with length proportional to the size of the branch point, and glue these loops
along the tree structure of 7,. We explain below how 7, and £, can be coded from
the same Lévy excursion to reflect this intuition.

It was shown in [Mie05, Proposition 2] that if we define the width of a branch
point at ¢ € [0, 1] by

i gm{v € Tad(n(t),v) < €}),
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then the limit almost surely exists and is equal to A;. This is therefore the natural
candidate for the length of the loop at the point ¢ in L,.

In the construction of stable trees, recall that for a point ¢ € [0,1], the
ancestors of ¢ correspond to points s < ¢ such that X*¢ = inf <, <; X7*¢. In [CK14,
Section 2.3], the authors define a distance function between two points s,t € [0, 1]
with s < ¢ by taking all points s < r =< ¢ (which corresponds to points that are
ancestors of ¢ but not of s), and summing the shortest distance across each of the
corresponding loops. Since the loop corresponding to the point r has length A,

this corresponds to setting:

d(s,t) = Z min(z}, A, — 2%,).

s<u=xt

We now outline this formal construction given in [CK14]. We make the
construction slightly more general by giving the definition for any excursion f with
only positive jumps, but the construction is identical to that of [CK14, Section 2.3].

Firstly, we define the set of excursions of lifetime ¢ € (0, 00) with only positive

jumps to be
E¢:={ee€ D((0,¢),Ry) : e(0) =e(¢) =0,e(x) > 0 and e(x)—e(x™) > 0Vx € (0,()}.

We then define B = Uce(o, o0) E¢ to be the set of finite excursions with only positive
jumps.

Then take any f € ET, say with lifetime ;. The function f plays the
role of the Lukasiewicz path for the underlying tree structure. Recall that jumps
represented branch points in the usual tree coding system. For each t € [0,(y],
if f has a jump at time ¢ let A; denote the size of that jump, and otherwise let
A; = 0. For every t € [0,(s] with A; > 0, we equip the segment [0, A;] with the

pseudodistance
d¢(a,b) = min{|a — b|(A¢ — |a — b]), A}, for a,b € [0, Ay]. (3.5)

The quantity é; corresponds to the distance associated with traversing the loop
associated to the branch point at t.

In keeping with the notation for trees, for s < t we set I{(f) = inf,.c(sq frs
and z'(f) = IL(f) — f,~. We use these quantities to define a pseudodistance d on
[0, 1] which will ultimately be used to define Ly as a quotient space. For s,t € [0, (¢]
we again write s < tif s < ¢ and s # t. Then, suppressing the notational dependence
on f,if s <t set

do(s,t) = > 6u(0,2). (3.6)

s<u=t
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For general s,t € [0, 1], set
df(s,t) = dspt(TEp Thny) + do(s Aty s) + do(s A t,t). (3.7)

Heuristically, the second term represents the total distance along the interior of the
path between the points corresponding to s and ¢ in our looptree (and similarly for
the third term), whilst the term dgns(x2,;, 2% ;) represents the distance between the
ancestors of s and ¢ across the loop corresponding to s A t. Note that the sum in
(3.6) is countable since a cadlag function can only have countably many jumps.
The proof of [CK14, Proposition 2.2] also applies in this general framework
to show that d; is a continuous pseudodistance on [0, (¢]. We can therefore define
an equivalence relation ~¢ on [0, (] by setting s ~¢ t if d¢(s,t) = 0. We define the

continuum looptree associated with f by

Ly =([0,¢]/ ~,dy)-

We will use py : [0,{f] = L to denote the canonical projection for our

looptree L, and we let v be the projection of Lebesgue measure on [0,(y] onto L
via py.
Definition 3.2.1. (Stable looptree, cf [CK14, Definition 2.3]). For o € (1,2), the

a-stable looptree is the random looptree Lxcec, where X ¢*¢ is an a-stable, spectrally

positive Lévy excursion conditioned to have length 1. We denote it by L.

A simulation by Igor Kortchemski is shown in Figure 3.2.1.

We let IL¢ denote the space of continuum looptrees, i.e.
Le={Ls: feET}.

We also set L = Ldis¢ ULe.
The proof of [CK14, Theorem 4.1] can be extended to this general framework

to give the following (deterministic) result.

Proposition 3.2.2. (c¢f [CK14, Theorem 4.1]). Let (1,)52, be a sequence of trees
with |T,| = n and corresponding Lukasiewicz paths (W™)>2,, and let f be a function
in D¢(]0,¢],R) for some ¢ € (0,00). Additionally let vy, be the uniform measure
that gives mass 1 to each vertezx of Loop(r,). Suppose that (Cy,)2; is a sequence of

positive real numbers such that
. L n . _
(i) (Cn Wi (Tn))0§t§1—> f in the Skorokhod-J; topology as n — oo,

(ii) CinHeight(Tn) — 0 as n — 0.
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Figure 3.5: Stable looptree with a = 1.07, by Igor Kortchemski.

Then
dGHp<<LOOp(Tn), C}ndn, %I/n,pn), <£f, dy,vy, pf>> —0

as n — 00.

Proof. The result follows exactly as in the proof of [CK14, Theorem 4.1] by defining
a correspondence R, between L and Ly, to consist of all pairs (¢, A\,(t)), where X,

is the Skorokhod homeomorphism that minimises the Skorokhod distance between

frn and f.

The following proof that the measures also converge appeared previously in
[Arcl7, Proposition 5.3.5]. Let F,, = Loop(7,,) U L endowed with the metric

ddn(z, ) if 2,y € Loop(rs)
Dp(z,y) = d¢(z,y) if x,ye Ly
infu,yeygn(c%zdn(m,u) +d(y,v) + %rn) if z € Loop(7y,),y € Ly,

where 7, = dis(R,,).
We claim that d5"(vn,vf) — 0 as n — oco. Recall that |7,| = n, and let
In; = '

)

[z — in, % + %] Take a set A, of vertices in L,,, and let

/!
ATL = U’U/ieAnIn,Z"
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Let A" = p(A]). We will show that A" C A7». For any v € A’,3 s € A, with
v=m(s) and s € I, ; for some u; € A,. It follows that i = [ns| or [ns], and hence
(ui,v) € Rn, 80 Dp(u;,v) = 31, and A’ C Alr.
Also note that v, (A,) = v(A’) by construction, and so v, (4,) < v(A").
Similarly, take any set B C Ly. We use the same argument to show that
v(B) < vp(B™). Let B' = p~!(B), and

By, ={u; € L,: 3 s € B with s € I,,;}.

Clearly B C Uy,eB, In,i and so

v(B) = Leb(B') < B;ln| = vp(By).

If u; € By, then there exists s € B’ with s € I,,; and so (u;, 7(s)) € R,. Hence
B, C B™, 50 vp(By) < vp(B™) and v(B) < vp(B™).
It follows that dg" (vp,v) <rp — 0asn— oco. O

The second condition that C%LHeight(Tn) — 0 as m — oo is important because
it ensures that in the limit, distances in the rescaled discrete looptrees come from
the loop structure and not from the height of the corresponding tree. More formally,
in the proof of the theorem it is used to make a comparison between the expressions

Un

% > <o, Ton and Y o ap for the discrete and continuum trees respectively. For
n —_ -

any v, € Loop(r,) and v € L; we have

D @l = Height(v,) + W"(vn),

Un SUn

St = 1) (3.8)

Then if v and v, are in correspondence with each other, after being careful with
left and right limits we can essentially apply the result that C%LW"(vn) — f(v) to
deduce that the Cin Y o, <w, Ty also converges to ), o, xy in the limit. To obtain
this result, it is therefore crucial that the contribution from the height function goes
to zero.

If, however, we replace the sequence of rescaled discrete looptrees with a
sequence of continuum looptrees, say coded by the functions (f,)5; each with
support [0, 1] and such that f,, — f in the Skorokhod topology as n — oo, then the
height function won’t appear in any of the new terms in (3.8) and so the continuum
analogue of condition (ii) of Theorem 3.2.2 is not required for convergence of the
corresponding looptrees.

In this sense, condition (ii) reflects the fact the looptree Loop(7,) isn’t quite
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the same as the looptree Lyy». Condition (ii) is precisely what is required to say
that the difference between Loop(7;,) and Ly» becomes negligible in the limit.

Hence, in the continuum, the same proof gives the following result.

Proposition 3.2.3. Let (fn)n>1 be a sequence in ET, and f € E*1 be such that
fn — f as m — 0o with respect to the Skorokhod-Ji topology. Additionally let v and
vn be the appropriate projections of Lebesgue measure onto the spaces Ly and Ly,

respectively. Then

dGHp(<LOOp(Tn),dn, l/n,pn), (Ef,df, uf,pf)> —0

as n — 00.

Again, the result follows exactly as in the proof of [CK14, Theorem 4.1]
by defining a correspondence between L and Ly, to consist of all pairs (¢, A, (%)),
where A, is the Skorokhod homeomorphism that minimises the Skorokhod distance
between f,, and f.

3.2.2 Re-rooting invariance for stable trees (and looptrees)

In [DLGO5], Duquesne and Le Gall prove that stable Lévy trees are invariant under
uniform rerooting. More formally, if U is a uniform point in [0, 1], and we define a
new height function H[V) : [0,1] — R from the original height function H by

HU)+ HU +z) — 2miny<s<yy2 H(s) ifU+x<1
HU)+HU+2—1)—2mingy,1<s<y H(s) iU +z>1,

HU(z) =

d
then HWVI @ H. This property is just saying that if we pick a uniform point

U € [0,1], and reroot the tree T, at m(U), then the resulting tree has the same
distribution as the original one.

A substantial part of Chapter 4 will be devoted to proving precise volume
bounds for stable looptrees. We will prove most of these for the volume of a ball at
a uniform point in £, and then extend to almost all of £, by Fubini’s theorem. In
the proof, we will use a couple of decompositions for stable trees based on defining a
“spine” from this uniform point to another point in the tree; the rerooting invariance
result means that we can equivalently consider our uniform point to be the root,
when convenient.

Note that the problem of uniform rerooting invariance of continuum frag-
mentation trees was also considered in the paper [HPWO09], where the authors ad-
ditionally show that stable trees are the only fragmentation trees for which this

property holds. Duquesne and Le Gall also prove a similar result for rerooting at
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an (independent) deterministic point u € [0,1] in the paper [DLGO09]. Moreover,
Curien and Kortchemski consider a similar property for stable looptrees in [CK14,
Remark 4.6].

3.2.3 Notions of height

At some points in this thesis, we will refer to the “corresponding” or “underlying”
stable tree of L, by which we mean the stable tree 7, coded by the same excursion
that codes L,. We let L, denote a compact stable looptree conditioned on v(L,) =
1, but at various points we will let £, denote a generic stable looptree coded by an
excursion under the It6 measure but without any conditioning on its total mass. We
will also let £) denote a stable looptree but conditioned so that its underlying tree
has height 1. However, we will make this notation explicit at the time of writing.
The height of a stable tree T, is defined as Hpayx = Sup, ez, dr. (p,u). As the
height process is almost surely continuous, this maximum is almost surely realised by
at least one u € 7T,. Moreover, we see from [DW17, Equation (23)] (and references
therein) that there is almost surely a unique u € 7., that attains this maximum,
which we denote by ug. If L, is the corresponding stable looptree, we define three

notions of its height:
(i) We define its L"'-Height to be the looptree distance from p to ugy,
(ii) We define its L-Height to be sup, .+ ds (p,u).

(iii) We define its L™-Height to be max X¢, where X is the Lévy excursion

coding Lo.

In general, these are not the same. Note however that the L™-Height is at least as
big as the L-Height, since Xsexc gives the distance to the point in £, represented by
s but going “clockwise” around all loops. At times, we will also use the notation
TW_-Height and T™-Height to denote the length of the corresponding spine in the

underlying tree, which we respectively denote by W-spine or m-spine.

3.3 Infinite critical trees and looptrees

We now introduce a construction of infinite critical trees and looptrees, which arise
naturally in the study of infinite critical percolation clusters. In the case where &
is a supercritical offspring distribution, it is easy to define an infinite tree T, with
offspring distribution £ simply by defining 7" to be a standard Galton-Watson tree
with offspring distribution £ (as in Definition 3.1.2) and conditioning on |T'| = occ.
In the case where ¢ is critical (or subcritical), this conditioning does not

really make sense since {|T| = oo} is a null event. However, motivated by the
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study of critical percolation clusters on the planar lattice, Kesten in [Kes86b] made
a sensible definition of an infinite critical Galton-Watson tree Tt and showed that
it arises as a local limit as n — oo of critical Galton-Watson trees conditioned to
have height at least n. Informally, TS consists of an infinite spine (or backbone)
of vertices which all have a size-biased version of £ as their offspring distribution.

All other vertices have children according to &.

Definition 3.3.1. [AD15, Definition 1.3.1]. Let & be a critical offspring distribu-

tion, and define its size biased version £* by

The Kesten’s tree TS associated to the probability distribution & is a two-type

Galton-Watson tree distributed as follows:

o Individuals are either normal or special.
e The root of TS™ is special.
o A normal individual produces only normal individuals according to €.

e A special individual produces individuals according to the size-biased distribu-
tion £*. Of these, one of them is chosen uniformly at random to be special,

and the rest are normal.

Almost surely, the special vertices form a unique infinite backbone of T...
Note that this is one-ended. Aldous in [Ald91a] coined the term sin-trees for such
trees, since they have a single infinite spine.

The reason for taking a size-biased distribution is because this arises naturally
on conditioning the height of a finite Galton-Watson tree to be large, e.g. see [GK99,
Remark, p.5]. In fact, we have the following local limit theorem. This was originally
proved by Kesten in [Kes86b] under a second moment condition, but was proved with
the given condition in [Jan12, Theorem 7.1]. In fact the result there is stated for a

different topology, but the Gromov-Hausdorff convergence follows as a consequence.

Theorem 3.3.2. ([Kes86b/, [AD15, Theorem 2.1.1], [Jan12, Theorem 7.1]). Let £
be a critical offspring distribution with (0)+£(1) < 1 and define T, as in Definition
3.8.1. Let T), be a Galton-Watson tree with offspring distribution & conditioned on
having height at least n. Then

7, Y et

with respect to the Gromov-Hausdorff-vague topology as n — co.

Remark 3.3.3. We can take a similar local limit in the subcritical case but in this
case the limiting tree will almost surely have a finite spine, ending with a vertex of

infinite degree. See [Jan12] for more on this case.
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Kesten originally made this definition in [Kes86b] to make a comparison to
the incipient infinite cluster (IIC) of critical percolation on the planar lattice. We
will see that similarly constructed infinite discrete looptrees have similar connections
to the IIC on random planar triangulations.

Kesten’s construction has been imitated in the continuum by Duquesne in
[Duq09], who constructs continuum sin-trees and shows that these arise as the ap-
propriate local limit of compact continuum trees conditioned on being large. By
analogy with the compact continuum case, Duquesne’s construction involves defin-
ing two height functions from two independent Lévy processes in the same way as
done with the excursion in (3.4). These respectively code the tree structure on the
left and right sides of the spine in the usual way.

The construction was further extended to infinite discrete looptrees in [BS15],
where the authors define the infinite looptree associated with a critical offspring
distribution ¢ to simply be Loop(T), where TS is constructed as in Definition
3.3.1. This infinite looptree thus inherits the structure of having a loopspine with
loop sizes determined by a size-biased version of &, to which usual compact discrete
looptrees are grafted. The local limit theorem of Theorem 3.3.2 thus passes directly
to the looptree case by continuity of the Loop operation (see [BS15, Corollary 2.3]).

Finally, Kesten’s construction of Definition 3.3.1 was extended to critical
multi-type Galton Watson trees in [Stel8, Theorem 3.1] satisfying an analogous
local limit theorem. Richier in [Ricl8a] then used this to define an infinite two-
type looptree and showed in [Ric18b] this also arises as a similar local limit under
appropriate conditions.

The concept of an infinite stable looptree has thus left a gap in the literature
which is now filled by the construction given in Chapter 5. This extends the con-
struction of infinite discrete looptrees in the same way that Duquesne’s continuum
sin-trees extend the construction of their discrete counterpart. The resulting local
limit theorem allows us to prove various volume convergence results for compact

stable looptrees in Chapter 4.
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Chapter 4

Brownian Motion on Compact

Stable Looptrees

The main purpose of this chapter is to study Brownian motion on stable looptrees,
and in particular to get precise bounds on its heat kernel. This is useful to gain
initial insights into the more general decorated tree model considered in Chapter
6, but looptrees are also an interesting fractal model in their own right: they have
close connections to many random planar map models, such as causal maps and
stable shredded spheres [BCS19], as well as describing the boundary structure of
many statistical mechanics models.

Our analysis of the Brownian motion is achieved by defining a resistance
metric on stable looptrees as outlined in Section 4.1.1. The key ingredient in the
proofs of the heat kernel bounds will be to prove precise volume bounds for looptrees
with respect to this resistance metric and indeed the bulk of the chapter is concerned
with proving Theorems 4.0.5 and 4.0.4. These are also interesting results in their
own right as they give insight into the fractal properties of stable looptrees, such as
behaviour of Hausdorff and packing measures. There are two main approaches used
to prove the volume results: one uses self-similarity properties of looptrees obtained
from spinal decomposition results, and the other uses fluctuation results for Lévy
excursions and map these over to stable looptrees using their construction in terms
of a stable Lévy process excursion.

The main results of this chapter are as follows. We assume that a € (1, 2)
throughout. Firstly, for x € L, let B(x,r) denote the open ball of radius r around
the point . The volume results in this chapter will be true regardless of whether
this is defined using the shortest distance metric introduced in Section 3.2, or using
the effective resistance metric which we define shortly in Section 4.1.1. Recall that
v can be thought of as a uniform probability measure on L,.

We will use the bold font P to denote the law of L, on €, and E the
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corresponding expectation.
We first recall the following random walk scaling limit result that was proved
in [Arc17]. Throughout, we fix some critical offspring distribution £ in the domain

of attraction of an a-stable law, and let a,, be such that

Nl
Lim &V =n @,

Gn

as n — oo, where (f(i));’il are independent copies of &, and Z, is an a-stable
random variable. Since « € (1,2), this entails that £((n,c0]) = n~*L(n) and that
an = na L(n), for some (related) slowly-varying functions L and L. We let T}, denote
a discrete Galton-Watson tree with offspring distribution £, conditioned to have n

vertices.

Theorem 4.0.1. [Arc17, Theorem 5.4.1], [Arc19, Theorem 1.1]. Let T,, be as
above, let Z™ denote a discrete-time simple random walk on Loop(T,,), and let
(Byt)i>0 denote Brownian motion on L. There exists a probability space (', F',P’)
on which we can (pointwise) define isometric embeddings of (a,,'Loop(T;))n>1 and

Ly into a common metric space (M,dyr) so that
a, ' Loop(Ty,) — La

almost surely with respect to the Hausdorff metric. In this metric space, we also
have that

—1,(n) (d)
(% Z[4nantj>t20 — (Bi)izo

as n — 00, by which we mean that, almost surely on (', F',P’), the laws of these

processes converge weakly on the space D([0,00), M ) endowed with the uniform topol-

0gy.
Theorem 4.0.2. There exists C' € (0,00) such that r~“E[v(B(p,r))] = C asr ] 0.
This is actually just a corollary of the following convergence result:

Theorem 4.0.3. There exists a random variable V : Q — (0, 00) such that
ru(B(p,r) GV

as v} 0. Moreover, for any p € [1,00), 1~ *PE[v(B(p,r))’] = E[VP] as r ] 0.

Here V' denotes the volume of a unit ball in an infinite stable looptree, as
will be introduced later in Chapter 5.
We start with the following global (uniform) volume bounds for small balls

in L4, which demonstrate both upper and lower fluctuations of logarithmic order.
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Theorem 4.0.4. P-almost surely, there exist constants Cy,Co € (0,00) such that
for all r € (0, Diam(L,,)):

ienﬁf v(B(u,r)) > Cir®(logr=')™ (4.1)
: o 1 4a—3
sup v(B(u,r)) < Cor®(logr~") a1 (4.2)
uELey
B
lim sup (SUP“GL(’ u _(lu,r))> > 0. (4.3)
10 r@logr
. infueﬁa V(B(u7 T))
hrg%)nf ( 7 (log r—1)~(a—1) < 0. (4.4)

We also have the following local (pointwise) results.

Theorem 4.0.5. P-almost surely, for v-almost every u € L, we have:

hminf( v(B(u,r)) )>0, (4.5)

0\ r*(loglogr—1)—«

lim sup ( ( V(B(u,r))4a_3) < 00, (4.6)

0 loglog r—1)a-1

lim sup (V(B(u,r))) >0 (4.7)

10 reloglogr—1

lim inf ( v(B(u,T)) ) < 0. (4.8)

rlo - \ ro(loglogr—1)—(a=1)

By applying results of [Cro07], we are also able to deduce the following heat

kernel bounds for Brownian motion on £,. We start by giving the quenched results.

Theorem 4.0.6. Almost surely, there exists to € (0,00) such that

4a—3

cta%al(log t_l)7(3”0‘)(%&)(%r a1) < pe(z, 1) < Cta%l(log t— e

forall x € L, and all t € (0,tg). Moreover, it holds almost surely that

infxel:a b (:Ea .’E)

liminf — < 00,
HO - a3T (logt—1) 1
su T, T

lim sup 7pm€£“ pi(z,2) > 0.

1o ati(logt—1)a-1

We can also use the local volume bounds of Theorem 4.0.5 to deduce point-
wise heat kernel estimates. Note however that one of the lower bounds in Theorem
4.0.7 is missing. Heat kernel lower bounds are generally more subtle to obtain than

upper bounds, and in particular in this case we need some global volume control to
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apply the chaining arguments of [Cro07] that are used to prove the corresponding
global bound in Theorem 4.0.6.

Theorem 4.0.7. Almost surely, for any € > 0 we have for v-almost every x € L,
that

liminf — P, 7) —

B0 o+ (loglogt—1)att
T,

lim sup — Py, ) — < 0
tl0 toti(loglogt—1)att

1~ pt(x7 x)
lnlsup —a a—1l—c¢
tl0 to+i(loglogt—1) o+

> 0.

We can similarly apply the results to get off diagonal heat kernel bounds.
The constants 01, #> and 03 are deterministic and we will give their values in Section
4.4.

Theorem 4.0.8. Almost surely, there exists t, € (0,00) such that for all x,y € L,
and all t € (0,tf), we have

pe(e,y) < Ct=1 (log t71)* exp{—ad * 1 (logt~1d) (T a0y,
da—3

pil,y) = ctwi (logt ™) "I exp{dd T at T (logt )T,

for allz,y € Ly and allt € (0,t)). Hered = d(z,y) can denote the distance between
x and y with respect to either the shortest distance metric on L, or the effective

resistance metric, since the two are equivalent.

A key step in these heat kernel estimates are bounds on the expected exit
times from balls, for which we can show the following. Here 74 = inf{t > 0: B, ¢ A}
for any A C L,.

Proposition 4.0.9.

B, [r5en] > er®t (logr!) 2ot SO (10g (17 (log r ) 20T S5))) 0
E, [TB(IJ)] < crott (log 71_1) = .

We also give an annealed result for the transition density at the root, averaged

over the law of £,.

Theorem 4.0.10. There exists C' € (0,00) such that
t=TElpi(p, p)] = C'
ast ] 0.
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In light of these results, it also natural to investigate the associated eigenvalue
counting function of the Laplacian A associated with (B;);>0. More precisely, let R
be the effective resistance metric on £, (we will construct this properly in Section
4.1.1), and let (&£, F) be the Dirichlet form associated with the space L?(Lq,v)
through the relation

R(z,y) ' =inf{&(f. f): f€F, f(z) =0, f(y) =1}

(this is P-almost surely well-defined: see [CH10, Section 1] for more details on the
construction for stable trees; the same principles apply for stable looptrees). We
say that A > 0 is an eigenvalue of (£, F,v) with eigenfunction f (assumed to be

non-trivial) if

E(f.g) = A/E fg dv

for all g € F. The eigenvalue counting function N () is then defined as the number
of eigenvalues of (€, F, v) that are less than or equal to A\. Due to the representation
E(f,9) =— fLQ(Af)g dv, any eigenvalue of the operator A is also an eigenvalue of
(€, F,v). Since L, is compact and (€, F) is consequently regular, the converse also

holds. Similar arguments to [CH10] then lead to the following result.

Theorem 4.0.11. (i) For any e >0, as A — oo,

E[N(A)] ~ CASHT + O(Aa+1 1),

(ii) P-almost surely, N(X) ~ CASH1 as X — 0o. More over, in P-probability, the

second order estimate of part (i) holds.

We start by explaining how resistance can be used to define Brownian motion
on stable looptrees, and use the theory to prove that it arises as an appropriate
scaling limit of random walks on discrete looptrees. We also discuss convergence of
some associated quantities, including transition densities, mixing times and blanket
times of these random walks. We then move on and prove the volume and heat
kernel bounds outlined above, and conclude by discussing the spectral asymptotics

in Section 4.5.

4.1 Scaling limits for random walks and associated quan-
tities

Looptrees fall nicely in to the framework of Section 2.4. The main purpose of
the present section is to apply the results outlined there to firstly define Brownian

motion on stable looptrees, and then prove various scaling limit results about it.
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4.1.1 Construction of a resistance metric on stable looptrees

To define Brownian motion on stable looptrees, we first define a resistance metric on
them. This is similar in spirit to the metric constructed by Curien and Kortchemski
that we introduced in Section 3.2, but we will sum the effective resistance across
loops rather than the shortest-path distance. It turns out that these resistance
looptrees are in fact homeomorphic to those of Curien and Kortchemski, which
means that the shortest distance metric can equivalently be used to prove the precise
volume bounds of Theorems 4.0.4 and 4.0.5, making the problem far more tractable.
Additionally this means that the invariance principle of Theorem 4.1.6 arises as
a direct consequence of [CK14, Theorem 4.1] and Theorem 3.2.2. However, the
advantage of writing the convergence with respect to the resistance metric means
that we get similar random walk convergence results as a direct consequence.

To define a resistance looptree for a discrete looptree Loop(7), we view
Loop(7) as an electrical network and equip it with the resulting effective resis-
tance metric. Each edge of each loop has unit length and the distance between two
points x and y in Loop(7) is defined to be the effective resistance between them
(calculated using the series and parallel laws).

In the continuum, again let f € ET, with lifetime ;. This time, if f has a
jump of size A; > 0 at point ¢, equip the segment [0, A;] with the pseudodistance

Tt(a’b):(]a—b|+At—|a—b\ A,

for a,b € [0,A;]. The quantity r; corresponds to the resistance across the loop
associated to the branch point at ¢t. Note that r;(a,b) corresponds to the effective
resistance of two parallel edges of resistance |a—b| and A;—|a—b|, and by Rayleigh’s
Monotonicity Principle it follows that r(a,b) < min{|a — b|,A; — |a — b|} (this is
also shown algebraically in Lemma 4.1.1).

Now recall that for s <t we set IL(f) = inf,c(s 4 fr, and zL(f) = IL(f) — fs-
We use these quantities to define a pseudodistance R on [0, 1] which will ultimately
be used to define our resistance looptree as a quotient space. Note in particular the
similarity to expression (3.5) in Section 3.2. For s,t € [0, 1] we again write s < ¢ if
s 2t and s # t. Then, if s <t set

Ro(s,t) = > ru(0,2l,). (4.10)

s<u=t

For general s,t € [0, 1], set

R(s,t) = rspt(@5 5, 8 5) + Ro(s A t,s) + Ro(s A t,t). (4.11)
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It will also follow from Lemma 4.1.1 that can use the same projection p :
[0,1] — £ to denote the canonical projection for our resistance looptree. Heuristi-
cally, the second term represents the total effective resistance along the interior of
the path [[p(s A t),p(s)]] in our looptree (and similarly for the third term), whilst
the term 74 (2., 28 1,) Tepresents the resistance between the ancestors of s and ¢
across the loop corresponding to 7(s A t).

Note that our metrics Ry and R are then defined analogously to the metrics
do and d of Section 3.2.1. The metric d is essentially a shortest path metric on the

looptrees and we give a comparison with R in the following lemma.

Lemma 4.1.1. ([Arc17, Lemma 5.1.4]). For any s,t € [0,1], we have
1
§d(37t) < R(Sat) < d(s?t)'

Proof. Note that, for any z,y € [0,1]:

2 N vy Y
min{z, y} “\z vy ~ \ min{z,y} '

Thus taking z = |a — b|,y = Ay — |a — b| we obtain 16;(a,b) < ry(a,b) < 6¢(a,b) for
all t € [0,1] and for all a,b € [0, A4]. O

It follows that for two points s,t € [0,1], d(s,t) = 0 if and only if R(st) =
0. Moreover, the following proposition is therefore a direct consequence of the

corresponding result for d given in [CK14, Proposition 2.2].

Proposition 4.1.2. Almost surely, the function R(-,-) : [0,1]> — Ry is a continu-

ous pseudodistance.
We can therefore make the following definition.

Definition 4.1.3. Let X be an a-stable Lévy excursion. The corresponding a-stable

resistance looptree is defined to be the quotient metric space
£g = ([0,1]/ ~,R).
Recall from Section 3.2.1 that the authors define the a-stable looptree as
Lo = ([0,1]/ ~,d)

in [CK14]. In many places we will abuse notation slightly to write LE = (L., R), to
minimise new notation.

The next result is a direct consequence of Lemma 4.1.1.
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Corollary 4.1.4. [Arc17, Corollary 5.1.5], [Arc19, Corollary 4.3]. The looptrees

Lo and LE are homeomorphic.

The proof of the next proposition is not enlightening so we just give the

statement.

Proposition 4.1.5. [Arc17, Proposition 5.1.6], [Arc20, Proposition 4.4]. R is a

resistance metric in the sense of Definition 2.4.1.

Given a realisation of L., recall we defined its root to be the equivalence
class of 0 in L, and define the measure v to be the projection of Lebesgue measure
on [0, 1] onto L, via p.

This proposition allows us to define a Brownian motion on £, to be the
diffusion naturally associated with (Lq, R, v, p) in the sense of Section 2.4. The
results of the next section give further justification to this definition.

As a result of Lemma 4.1.1 we also have the following result by exactly the

same proof as Proposition 3.2.2

Proposition 4.1.6. Let (7,)0%, be a sequence of trees with |1,| — oo and corre-
sponding Lukasiewicz paths (W™)>2,, and let f be a function in D**([0,(],R) for
some ¢ € (0,00). Additionally let vy, be the uniform measure that gives mass 1 to
each vertex of Loop(ty,). Suppose that (Cy)22 is a sequence of positive real numbers
such that

) (@ Wria () gy F 20
(ii) C%LHeight(Tn) — 0 as n — 0.

Then

dGHp<(LOO,D(Tn), Cl,an, 7_1’1/71, pn>, (Ef, Ry, uf,pf>> -0

|Tn

as n — o0.

4.1.2 Random walk scaling limits

In light of Proposition 5.5.1, we define Brownian motion on £, to be the diffusion
associated with (L, R, v, p) as in Section 2.4.1. We now show that this is the scaling

limit of random walks on discrete looptrees.

Proof of Theorem 4.0.1. It follows from Proposition 4.1.6, separability and the Sko-
rokhod Representation Theorem that there exists a probability space on which the
looptree convergence Proposition 4.1.6 holds almost surely. Without loss of gener-
ality, we assume this space is (2, F, P): we will show that P-almost surely on this

space, the laws of the given stochastic processes converge weakly.
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The stochastic process Y™ naturally associated with (Loop(T},), Ru, ¥, pn)
in the sense of Section 2.4.1 is a continuous time random walk that jumps from
its present state to each of its neighbouring vertices at rate 1. Since every vertex
of these discrete looptrees has degree 4 (we consider self-loops as undirected), this
amounts to an exp(4) waiting time at every vertex.

Now define processes (Zt(n))tzo and (f’t(n))tzo by Zt(n) = angEZr)mntJ, and

f/t(n) =a, IYTEZBJ. It follows from Theorem 2.4.3 that almost surely as n — oo, we

have the weak convergence
(Y ")iz0 = (Bi)izo. (4.12)

To deduce the result for Z(™ in place of f/("), we will show that we can couple
the processes Y™ and Z(™ so that they almost surely have the same limit. To do
this, note that we can obtain Y™ from Z(™ by sampling a sequence of independent
exponential(4) random variables (wgn))fil, letting S = oy wgn) for all m € N,
and setting Yt(n) =75 for all t € [5’7(,?), Sf:}rl). In particular, Yég) = 7% for all
m.

Fix some T' < co. Since the limit process (Bj)¢>0 is almost surely continu-
ous, the convergence of (4.12) actually holds with respect to the uniform topology.
By again appealing to the Skorokhod representation theorem along with a func-

tional law of large numbers, we can therefore restrict to a probability space where

(Feetorys ()87 1 Vi) = (Bielor)s ) Jointly almost surely.

By composing these continuous limits, we therefore deduce that

— (Bt)iefo,1)»

(Zt)tE[O,T} = (YnanSEZianJ)tE[O,T]

uniformly almost surely. This proves that the distributional result holds for arbitrary

T < oo, and we extend to all time by applying [Bil68, Lemma 16.3]. O

Remark 4.1.7. 1. It also follows from [CHOS8, Theorem 1 and Proposition 14/
that the transition densities of the discrete time random walks on any compact
time interval will converge to those of (By)i>0 under the same rescaling when
we isometrically embed in the space (M,dyr) as described above. This can be
metrized using the spectral Gromov-Hausdorff distance, introduced in [CHK12,
Section 2]. It also follows by an application of [CHK12, Theorem 1.4] that for
any p € [1,00), the rescaled LP-mixing times for Loop(t,) will converge to
those of Lo. We expect that we can prove similar convergence results for
blanket times using ideas of [And20], and that the sequence of cover times will
be Type 2 in the sense of [Abel4, Definition 1.1].

2. Now that we have constructed a resistance metric on Ly, it is possible to
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adapt the arguments of [SS19, Theorem 3.2] and combine with Proposition
4.1.6 to show that, in certain regimes, random outerplanar maps endowed with
the effective resistance metric and uniform measure converge to (Lq, R, V),
which implies a similar scaling limit for variable speed random walks on these

outerplanar maps.

4.2 Extremal volume bounds

In this section we prove the extremal bounds of Theorems 4.0.4 and 4.0.5, namely
(4.6), (4.5), (4.1), (4.2). Recall that P denotes the law of L,, and we let U be
Uniform([0, 1]). For ease of intuition, we define the open ball B(u,r) using the
metric d rather than R.

4.2.1 Infimal lower bounds

We prove the lower volume bounds of Theorems 4.0.4 and 4.0.5 via the following

proposition.

Proposition 4.2.1. There exist constants ¢,C,rq € (0,00) such that for all r €
(0,70) and all X € (0, 3r~2),

P(v(B(p(U),r)) < ro‘)\_l) < Cexp{—c/\é}.

The proof of Proposition 4.2.1 uses ideas from the proof of the upper bound
on the Hausdorfl dimension of £, that was given in [CK14, Section 3.3.1]. It relies
on the fact that for any s,¢ € [0,1] with s <,

d(p(s),p(t)) < X+ X7 —2 inf XX (4.13)
s<r<t
This result appears as [CK14, Lemma 2.1]. Consequently, we can lower bound the
volume of small balls in £, by upper bounding the oscillations of X**¢. We use
the notation Diam(p([a, b]) to denote the diameter of the set p(a, b) defined from f
using the distance function of (3.7), but with f in place of X*°.
We first give a technical lemma which appeared previously in [CK14, Section
3.3.1] and uses an argument from [Ber96]. The final claim follows by bounded
convergence.

First recall that for a function f : [0,00) — R and [a, b] C [0,00), we define

Osciopf := sup [f(t) — f(s)].

s,t€(a,b]
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Lemma 4.2.2. Let £ be an exponential random variable with parameter 1, and let
X be a spectrally positive a-stable Lévy process conditioned to have no jumps of size
greater than 1 on [0,&]. Let Osc = Oscio )X . Then there exists 6 > 0 such that

E[ego}c} < 00. Moreover, E[eeo}c} l1as6]0.

Remark 4.2.3. The same results holds if £ is set to be deterministically equal to
1 rather than an exponential random variable. The proof is almost identical to the

one above, with one minor modification.
Proof of Proposition 4.2.1. First, note the inclusion

WBEW),r) <31} {p(U,0 +r°A7) 0 Bp(), ) £ 0}

c {Diamxexc @[U, U +r°A71]) > 7'}.

By applying the Vervaat transform, the absolute continuity relation (2.12) and scal-

ing invariance, we get that

1
(1= A% |[p1l]oo
p1(0)

To bound the latter quantity, let NV be the cardinality of the set {t € [0,1] : A; > 1},
where A; = X; — X;- now denotes the jump size of X rather than X*¢ and let

P(Diam e (p[U, U + r*A71]) > r) <

P(Diamx(p[O, 1)) > Ai) :

t1,...,tny be its members in increasing order of size. Additionally let tg = 0 and
tne1 =1, and C, = lez:la)? so that NV ~ Poi(C~a). We then have:

n=1

00 _C7a 3 \n N
P(Diamyx (pl0, 1)) > A¥) < 3 CCallp (Z Osciy s, X > A | N = n)

n!
i=1

X Cu(A \n -
e - (Coé) 00sc| ™ L
S Z TE |:€ :| exp{—g)\a},
n=1
where Osc is as in Remark 4.2.3. Note that N and (O~sc[t )i<n are not indepen-
dent, but we certainly have t;51 —t; < 1 for all ¢, and hence by Lemma 4.2.2 and
Remark 4.2.3 we can choose 6 small enough that Cy := E {eeosc} < 00. The result

follows from noting that

itit1]

. 1
P(Diamx(p[O, 1]) > )\é> < e(CoD)Cag=bA%

O

By taking a union bound, the same argument can be used to give a bound

on the global infimum.
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Proposition 4.2.4. There exist constants ¢,C,rg € (0,00) such that for all r €
(0,70) and all X € (0, 3r~2),

P( inf V(B(u,'r)> < ro‘)\_1> < C’r_o‘)\exp{—c)\é}.

uel:oz
Proof. By the same reasoning as in the proof of Proposition 4.2.1, we have:
inf v(B a)—1
{inf v(B(u,r)) <r*A™7}
1
c {Diamxbr (pllr® A7, (k+ 1)r°A™ A1) > Sr for some k =0, [r~"A] }
and hence

P(inf v(B(u,r)) < r‘u—1>

ueLl

1 1 1
<P (Diamxbr (plkr A=Y (k + 1)r*A~t A 5]) -y for some k=0,..., LQT_")\J)

1 1 1
+ P<Diamxbr(p[2 VErOATU (B 4+ D)roAT A L)) > 3" for some k = Lgrfo‘)\j, ce [r“AJ)

P1 1
S Ce’[’_a)\H 2||006_0)\(,7

p1(0)

where the final line follows by Proposition 4.2.1. O

Proof of infimal lower bounds in Theorems 4.0.4 and 4.0.5. Take ¢ as in Proposi-
tion 4.2.1, and M > ¢~ L. Set

g(r) = Mr*(log logrfl)fa, and  J, ={v(B(pU),r)) < g(r)}.

Taking A = M (loglogr—1)® in Proposition 4.2.1 we see that P(.J,.) < C(logr—!)=¢M
and since M > ¢! we have by Borel-Cantelli that P(J,—x i.0.) = 0. Hence there
almost surely exists K € N such that J5_, occurs for all & > K. On this event,
v(B(p(U),r)) > 27%g(r) for all sufficiently small r, or equivalently,

o v(B(p(U),r)) —a
hr?i%)nf (T"‘(log logr_l)_a> =2 1)

To deduce the result for v-almost every u € L, we apply Fubini’s theorem.

Letting

F(Layu) = ]1{11minf< v(B(w,)) ) > 2_0‘M},

0\ r%(loglogr—1)—«
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we have from above that
1
| BIF(Ca 0] du = BLF(Cap(©))] = 1.
0

By Fubini’s theorem, this implies that almost surely, F(L,,u) = 1 for Lebesgue
almost every u € [0, 1], and consequently for v-almost every u € L,. This proves
(4.5).

The proof of the global bound (4.1) is similar. Take ¢ as in Proposition 4.2.1,

a

choose some A > ac™!, and set ¢ = A — ac™!. Then, setting A\ = (Alogr—1)* we

have by Proposition 4.2.4 that:

P< inf Z/(B(u,r)) <r*(A logr_l)_o‘> < Cré(logr—he.

u€ELy

Consequently, letting

. —1\—
K, = {u1€n£fa1/<Br(u)> <r*(Alogr=1)~},
we have by Borel-Cantelli that P(K5-« i.0.) = 0. Hence, there almost surely exists
a K < 0o such that for any r < 2750 we have (4.1), or more precisely that:

. S 9—ago -1\—«a
ulenﬁfaV(B(u’r)>_2 r*(Alogr™")" .

4.2.2 Supremal upper bounds

In this section we prove (4.2) and (4.6) using the following Williams’ Decomposition.
By appealing to uniform re-rooting invariance, we will treat p(U) as the root of the

looptree throughout.

Williams’ decomposition

The Williams’ Decomposition of [AD09] gives a decomposition of a stable tree Ta
along its spine of maximal height. In the Brownian case o = 2, this corresponds
to Williams’ decomposition of Brownian motion. Letting Hyax = sup,c7 dr (p,u),
we see from [DW17, Equation (23)] (and references therein) that there is almost
surely a unique uj, € T, such that dz (p,un) = Hmax. We define the Williams’ spine
(or W-spine) of T, to be the segment [[p, uz]], and take the Williams’ loopspine (or
W-loopspine) in the corresponding looptree L, to be the closure of the set of loops
coded by points in [[p, up]]. A main result of [AD09] is a theorem which firstly gives
the distribution of the loop lengths along the W-loopspine, and additionally the
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distribution of the fragments obtained by decomposing along it.

Given the spine from p to up, and conditional on Hy,ax = H, the loops along
the W-loopspine can be represented by a Poisson point measure »_ jed 0(ly,t5,u )
on R x [0, H] x [0, 1] with a certain intensity. A point (I,¢,u) corresponds to a loop
of length [ in the W-loopspine, occurring on the W-spine at distance ¢ from the root
in the corresponding tree 7, and such that a proportion u of the loop is on the
“left” of the W-loopspine, and a proportion 1 — u is on the “right”. In [ADO09], this
is written in terms of the exploration process on 72, but we interpret their result
below in the context of looptrees.

We note that when stating this result, we are not conditioning on the total
mass of T,: only the maximal height. The mass will depend on its height via the

joint laws for these under the It6 excursion measure.
Theorem 4.2.5. (Follows directly from [AD09, Lemma 3.1 and Theorem 3.3]).

(i) Conditionally on Hp.e = H, the set of loops in the W-loopspine forms a
Poisson point process [Lw-joopspine = Zjej 0(lj,tj,uj) on the W-spine in the

corresponding tree with intensity
;1
1{[071}}(U)1{[0,H]}(t)l exp{—Il(H — t)o=1 }du dt TI(dl),

where 11 is the underlying Lévy measure, with I1(dl) = MZ_"_l]l(o’oo)(l)dl
in the stable case. We will denote the atom §(1;,t;,u;) by Loop;.

(ii) Let 6(1,t,u) be an atom of the Poisson process described above. The set of
sublooptrees grafted to the W-loopspine at a point in the corresponding loop
can be described by a random measure MV = 3", 6O (&, D;), where & is a
Lévy excursion that codes a looptree in the usual way, and D; represents the
distance going clockwise around the loop from the point at which this sublooptree
is grafted to the loop, to the point in the loop that is closest to p. This measure

has intensity
N(', Hmaz < H - t) X ﬂ{[o’l]}(D)dD.

In particular, the sublooptrees are just rescaled copies of our usual normalised
compact stable looptrees, and each of these is grafted to the loop on the W-

loopspine at a uniform point around the loop lengths.

Remark 4.2.6. Point (ii) is a slight extension of the results of [AD09], where the
authors write that the intensity of subtrees incident to the W-spine at a node of
“degree” | has intensity IN (-, Hpew < m —t). However, it follows from [DLGO0S5,
Equation (11)] and the remarks below it that the corresponding sublooptrees are

actually distributed uniformly around the corresponding loop.
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Encoding the looptree structure in a branching process

The Williams’ decomposition suggests a natural way to encode the fractal structure
of L, in a branching process or cascade. Specifically, we let () denote the root vertex
of our cascade. This represents the whole looptree L, (in particular, () should
not be confused with p, which is the root of £,). By performing the Williams’
decomposition on L, and removing the W-loopspine, the fragments obtained are
countably many smaller copies of L,, which we view as the children of () in our
branching process, and index by N. Moreover, to each edge joining () to one of
its offspring i, we associate a random variable m((,7) which gives the mass of the
sublooptree corresponding to index i. The root of a sublooptree is the point at
which it is grafted to the W-loopspine of its parent.

We can then perform further Williams’ decompositions of these sublooptrees.
More precisely, if 7 is a child of (), we can decompose along its W-loopspine from its
root to its point of maximal tree height to obtain a countable collection of offspring
of ¢ that correspond to the fragments obtained on removing this W-loopspine, and
label the offspring as (ij);>1. By repeating this procedure again and again on the
resulting subsublooptrees, we can keep iterating to obtain an infinite branching

process.

Remark 4.2.7. It may seem more straightforward to use a spinal decomposition
to a uniform point (as in [HPWO09]) as the basis of this iteration, rather than the
Williams’ decomposition. However, this leads to technical difficulties in the case
when V' is chosen so that p(V') is a point too close to p(U), and it is convenient to

avoid this by instead decomposing along the mazximal spine in the underlying tree.

We index this process using the Ulam-Harris labelling convention defined in
Section 3.1. Using the notation of [Nev86], an element of our branching process will
be denoted by u = ujusus ... u;, and corresponds to a smaller sublooptree L C L,.
Its offspring will all be of the form (ui);cn, with corresponding roots (pui)ien, where
ut here abbreviates the concatenation ujuous...wu;i, and each will correspond to
one of the further sublooptrees obtained on performing a Williams’ decomposition
of L.

Moreover, to each edge joining u to its child ui we associate a random vari-
able m(u,ui). These give the ratios of the masses of each of the sublooptrees that
correspond to the offspring of u, so that Y .2, m(u,ui) = 1 for all u € Y. Given a
particular element u = ujusz . .. u; of the branching process, the overall mass of the
corresponding sublooptree is then given by M, = H{;& m(u;, uj+1), where here we

let ug denote the root 0.
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Main argument for supremal upper bound

The simplest way to upper bound the volume is to sum the masses of all the subloop-

trees that are incident to the W-loopspine at a point within distance r of p(U), giving

oo
VBEU),) < Y Mit{p: € BRU), 0}, (4.15)
i=1

We would like to use this to bound P(v(B(p(U),r)) > r*)). However, this
approach is not very sharp since the probability that there is such an incident
sublooptree of mass greater than r®X is of order )\_71, and when this happens the
bound on the right hand side of (4.15) is immediately too large. However, if this
event occurs, it is actually likely that this sublooptree is not completely contained
in B(p(U),r), and so we are not really capturing the right asymptotics for the
behaviour of v(B(p(U),r)) by applying (4.15).

To refine the argument we instead repeat the same procedure around the
W-loopspine of the larger sublooptree. If there are no larger (sub)sublooptrees inci-
dent to the (sub)W-loopspine close to the (sub)root, then we conclude by summing
the smaller terms; otherwise, we can keep repeating the same procedure and it-
erating further until eventually we reach a stage where there are no more “large”
sublooptrees to consider.

This iterative process corresponds to selecting a finite subtree T" of U in such
a way that the elements of T' correspond to the large sublooptrees around which
we perform further iterations. The offspring distribution of T" will be sufficiently
subcritical that the process will die out fairly quickly. Conditioning on the extinction
time and then on the total progeny of T', we bound the volume of the ball B(p(U), )
by the sum of the masses of all the small sublooptrees that are grafted to the W-
loopspine of each of the large sublooptrees.

Below, we describe how we select T' generation by generation as a subtree of
U. Throughout, we take:

a—1 1 20— 1 1

a_
61_4o¢—3’ 52_40[—3’ 63_2@(40[—3)’ 54_40[—3'

Note that 283 — 2(1— 81 — B2) = 0. Also fix some « € (0, (éf(l — é))a) We need
K to be sufficiently small to ensure that T is sufficiently subcritical, but we will not

be taking any kind of limit as & | 0.
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Iterative Algorithm 1

Start by taking () to be the root of T'. Recall this represents the whole looptree

La.

. Perform a Williams’ decomposition of £, along its W-loopspine.

. Consider the resulting fragments. To choose the offspring of ), select
the fragments that have mass at least £~ 1r®\ %1752 and such that
the subroots of the corresponding looptrees are within distance r of the
root of ().

. Repeat this process to construct T' one generation at a time. Given
an element u = ujus...u; € T, there is a corresponding sublooptree
L, in L, with root p, and M, := v(L,) > wreA!=%1=82 Consider
the fragments obtained in a Williams’ decomposition of L,, and select
those that correspond to further sublooptrees that are within distance
r of py, and also such that they have mass at least k= 1re X715 (ie,
with Muyjuy.wjujpr = Hi:o m(ug, ups1) > &~ rOATP=2) to be the

offspring of u.

. For each u = wjuy ... u; € T, set

(o]
Sy = ZMMII{,OM € B(pu,r)}]l{Mui < m_lraAl_ﬁl_BZ}.

=1

As explained above, in the event that T is finite we then have that:

V(B(p(U),1) < 3 S

ueT

Since the Williams’ decomposition involves conditioning on the height of
the corresponding stable tree rather than its mass, we will prove this theorem by
rescaling each sublooptree corresponding to an element of T' to have underlying
tree height 1, and then using Theorem 4.2.5 to analyse the fragments. Most of the
effort in proving the supremal upper bounds is devoted to proving the following

proposition.

Proposition 4.2.8. There exist constants &, C € (0,00) such that for all 7 < 1 and
all A > 1,

a—1

P(u(B(p(U),r)) > r*\) < OXdasem T2
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The volume results (4.2) and (4.6) follow from Proposition 4.2.8 by Borel-
Cantelli, similarly to those in the previous section. We sketch this below, and prove

Proposition 4.2.8 afterwards.

Proof of supremal upper bounds, assuming Proposition 4.2.8. Take ¢ as in Proposi-
tion 4.2.8, and choose A > ¢!, Taking A\, = A(loglog 7‘_1)% in Proposition 4.2.8
and applying Borel-Cantelli we deduce that P(I,-« i.0.) = 0, where

I, = {I/(B(p(U),T)) > ra)\r}'

Similarly to the proof of the infimal bounds, it follows that

lim sup ( V(B(p(U)’TZ()I d) <2%A

0 r%(log log r‘l)T:l

almost surely, and we extend to v-almost every u € L, using Fubini’s theorem as
before. This proves (4.6).

To prove the global bound (4.2), we have to do a bit more work. First take
some € > 0, and define W to be the set of sets

{p([nca(a + &) %r%(log r_l)_a(1+a), (n+1)c*(a+ &) *r*(log 7“_1)_0‘(1+‘5))) :

ne{0,1,...[c*a+e)r “log Tﬁl)a(HE)J}}v

where ¢ takes the same value as it did in Proposition 4.2.4. It then follows from
Proposition 4.2.4 that

P(W is an r-covering of £4) > 1 — Cc™%(a + £)*r®(logr~1)*(1+2) (4.16)

for all sufficiently small . Moreover, assuming that W is indeed an r-covering of

Ly, and letting
W" ={x € Ly:d(x,y) <r for some y € W}
be the r-fattening of W for any set W € W, say with
W = p(fnc®(a + &) ~r(log r=1)=0+9), (n + 1)c%(a + ) =" (log r~1)~o(1+))),
we have that W’ C B(p(nc®(a + &)~ %r*(log r—1)~*(1+€) 2). It hence follows that

{sup v(B(u,r)) <r®A.} C {{W is an r-covering of Lo} N{v(W") < r*\ VW € VV}}7
u€EL
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and consequently,

P< sup v(B(u,r)) > rm>

uEEa

< P(W is not an r-covering of L) (4.17)

+ P(Eln - v(B(p(nc®(a + &)~ (log r—1) "1+ 27)) > ro‘/\r) .
It follows from re-rooting invariance at deterministic points that for any n,

P(V(B(p(ne* (0 +2)~r*(ogr™)*0+9), 20)) > 1*1,) = P((B(p,2r)) > r°),)
=Pw(B(p(U),2r)) > 1%\,

and hence by applying a union bound and Proposition 4.2.8, we see that

P (3n : v(B(p(ne” (o + £) 1 (log =) 2099), 20)) > 12, )
a—1
< C’r_o‘(log T—l)a(l—l—e))\%e_g)\m ‘

4a—3
In particular, taking A = A\, = ((a +€)é !logr~1)«=1 | where ¢ is as it was

in Proposition 4.2.8, we obtain

P (30 v(B(p(ne? (a +£)~r(log 1) ~20%9),20)) < 72N, < C'r (logr ) a1+,
(4.18)

By combining equations (4.16), (4.17) and (4.18), we therefore see that

P(Sup v(B(u,r)) > ra)\r> < C'rf(logrh)ttal+e),
ueﬁa

Hence, letting J, = {sup,c, v(B(u,r)) > r*A.}, we have that P(Jy-x i.0.) = 0
as before. This implies (4.2), since similarly to before, we deduce that there exists
ro > 0 such that for all » € (0,79),

4a—3
sup v(B(u,r)) < 29%(logr—1) a1,
u€Lq

O]

For a given looptree L, and a given R > 0, we let Ir denote the set of points

in the W-loopspine that also fall within distance R of the root. Formally,

— > g Y exXc _  ; " €XC
Ig SEJ {t >s:X; ngthr ,d(p,p(t)) < R},
ug
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where X*¢ is the Lévy excursion coding Lo. Ip can be endowed with a natural
notion of length, denoted |Ig|, which can be thought of as the sum of the lengths
of loop fragments contained in Ir. Formally, this can be defined as the Lebesgue
measure of the closure of the set { X% : ¢ € I}.

To bound the progeny of T, we can then use the Williams’ decomposi-
tion to view the sublooptrees grafted to the W-loopspine as a Poisson process on
D([0,00), [0,00)) x Ir. In particular, the number of sublooptrees with mass greater
than m will be stochastically dominated by a Poisson with parameter [Igr|N (¢ > m),
where N denotes the It6 excursion measure and ¢ denotes the length of an excursion
under this measure. |Ir| will be roughly of order R, but the purpose of the next

lemma is to control this more precisely.

Lemma 4.2.9. Let (L1, p',d', v1) be a compact stable looptree conditioned so that
its underlying tree has height 1, but with no conditioning on its mass. Take R <
AP and let I and |Ig| be as above. Then

a—1
P(|IR’ > 3R)\253) < C(e—ckm(a*l) —‘1‘6_0)\233) < QN3

Proof. Tt is possible that |Ir| may be of order greater than R if, for example, many
of the loops close to the root have spinal branch points distributed such that they
split the loop into two very unequal segments. We show that this occurs only with
very low probability.

First note that, by Theorem 4.2.5(i), the loops that fall on the first half of
the W-spine stochastically dominate a Poisson point measure -, 7 0(l;, t;, u;) with
intensity

]1{[071}} (U)l{[o’%]} (t)l exp{—l?ﬁ }du dt H(dl) (419)

Elements of the set (¢;) e correspond to distances along the spine in the underlying
tree, but we will consider them as time indices throughout the remainder of this
proof. We will model the loop lengths using a subordinator, where a jump of the
subordinator of size A at time ¢ corresponds to a loop of length A which in turn
corresponds to a node at a distance ¢ along the W-spine in the associated stable
tree.

To prove the bound, we first condition on existence of a loop in the W-
loopspine with length [ greater than 4R and with u € [%, %] We say that such a
loop is “good”. We also say that a loop is “goodish” if it just has length at least 4R,
with no restriction on u. We then select the closest good loop to p. Given such a
loop, the number of goodish loops between p and the first good loop is stochastically

dominated by a Geometric(3) random variable. Letting this number be N, |Ig| can
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then be upper bounded by the random variable

N+1

2R(N +1)+ > QW,

=1

where Q1) denotes the sum of the lengths of all the smaller loops on the W-loopspine
that are between the (i — 1) and i*® goodish loops, and the term 2R(N + 1) comes
from selecting a segment of length at most R in each direction from the “base point”
around each of the goodish loops. Each QY can be independently approximated
by an (a — 1)-stable subordinator run up until an exponential time and conditioned
not to have any jumps greater than 4R.

First let the number of good loops on the first half of the W-spine be equal
to M. From (4.19), it follows that M stochastically dominates a Poisson random

variable with parameter

1 8R 1 1 8R 1 ~
KR =7 / Lexp{—12a-=1} TI(dl) > — / I~*exp{—8R25-1}dl > CR'"*,
4 AR 4 4R

where C' = m(éll_a — 817 exp{-8- 2ﬁ} is just a constant. Hence,

P(M =0) < e B < emede™h, (4.20)

We henceforth condition on M > 0. Next, note that for any loop of length at least
4R, the probability that it is good is at least % (independently of the other loops),
and so if we examine all such loops of the W-loopspine in order from p, as described
in the previous paragraph, we have that N 4 1 is stochastically dominated by a
Geo(3) random variable. Hence, for any 6 > 0, we have by a Chernoff bound that

P<N +1> WS) < P<Geo<;> > A253> < e (4.21)

To bound Zf\gl () we again use (4.19). Conditionally on M > 0, (4.19)
implies that the times between each successive pair of goodish loops in the W-
loopspine will each be independently stochastically dominated by an exp(2xp) ran-
dom variable, which we denote by £r. Hence, the sum of the smaller jumps between
each pair can be stochastically dominated by Subg,, where Sub is a subordinator
with Lévy measure

Cl_a]]_{l§4R}dl,

Also let £ be an exp(2C) random variable (recall that kp = CR!™®). Tt further
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follows by rescaling that

N+l N+1 . NA1 .,
P <Z Q) > R)\Qﬁi”) <P (Z Sub{) > R)\253> <P (Z Subl) > A%) ,

i=1 =1 i=1

where Sub® are independent copies of Sub, and Sub®" are independent copies of a

subordinator similar to Sub but with Lévy measure
Cl_a]].{l§4}dl.

It then follows by Lemma 4.2.2 that there exists § > 0 with Cp := E [e(’Sub’s} <3

For such 6, we hence have

N+l oo /N+1
P(Z Q(z) > R/\Qﬁ:&) _ ZP <Z Subg) > R)\28s

N+1:n>P(N+1:n)

i=1 n=1 i=1
o) 3\ n 70/\%33(1)71
< bl -
= nZ::l (2) ‘ 2
— OV
(4.22)
To conclude, we combine the results of (4.20), (4.21) and (5.12) by writing
P(|IR\ > 3R)\2f33> <P(M =0)+ P<N F1> 2% | M > 0)
N+l
+P (Z QW > RN | M > o)
i=1
< C(emN Y g gpem N,
O

The second technical lemma will allow us to bound the total progeny of T' by

comparing it to a subcritical Galton-Watson tree with Poisson offspring distribution.

Lemma 4.2.10. Let T, be a compact stable tree, and L, be its corresponding com-
pact stable looptree, both coded by the same excursion £ under the Ité measure N(-)
but conditioned to have lifetime ¢ at least k™ r*A1=P1=P2  Let p be the root of Ly,
and perform a Williams’ decomposition of Lo along its W-loopspine. Let N denote
the number of resulting sublooptrees obtained that are of mass at least k= ro\1—P1=F52

and are also grafted to the W-loopspine within distance r of the root of La. Then

P(N >n) < Ce N e 0(670)‘54((1_1) + 670)‘2[33) + P(Poisson(K,) > n),
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-1

where K, = S(F(l—é)) ka. The constants ¢ and C' also depend on K, but k is fixed

and the precise dependence will not be important, so we suppress this notationally.

Proof. Let H be the height of 7, and let £ be the rescaled excursion given by

H) — (o1& a
g (H 1£Hmt)0§t§Hm<

The excursion &)

combining [GH10, Lemma 5.8, Part 3] with [DW17, Equation (26)], for example).

Moreover, in the corresponding looptree, N now denotes the number of sublooptrees

codes a tree conditioned to have height 1 (this can be seen from

of mass at least Ha-Tx Lre)\1=P1=82 that are grafted to the W-loopspine within
-1
distance R := Heo=1r of p.
We wish to bound R so that we can apply Lemma 4.2.9. To do this, note by

monotonicity and scaling invariance that

a—1  —(a=1)(1-B1—B2)

P<R > 2P| ¢ > /i_lra)\l_ﬁl_/32> < P(H < RSEATEHETE Ve ( (= 1)

< Ce_c)\lfﬁlfﬁzfaﬁ4

)

where the final line holds by [DW17, Theorem 1.8]. Then, conditioning on R < AP
(i.e. H > ro~1\f1(e=1)) we have by Lemma 4.2.9 that

3 (yIR| > 3RAY:

R<N) = P(|Ig] 2 3H 1A% | H > pom Iyl

< C(e—c)\ﬁﬁl(a*l) + 6—0)\253)

By Theorem 4.2.5(ii), the sublooptrees grafted to the W-loopspine at points in
Ir form a Poisson process of sublooptrees coded by the It0 excursion measure,
but thinned so that none have height large enough to violate the condition that
the end of the W-spine corresponds to the point of maximal height in the tree.
We can therefore stochastically dominate this by the classical, unthinned version
of the It6 excursion measure of Section 2.5.3. Since N({ > t) = CA’at_Tl, where
Co = (I(1 - 1))~1 (e.g. see [GH10, Proposition 5.6]), it follows that conditionally
on |Ig| < 3R\%0s = 3H a1 rA2%s N is stochastically dominated by a Poisson random

variable with parameter:

36‘@(/(1}'17&_7—&17"a)\1*’31*ﬁ2)7711‘[&_7—117“/\2'83 = 3C, K.
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To conclude, we write:

P(N>n)<P (H < pomiyfale—l) ’ ¢> ﬁ*lraxlfﬂﬁ&)

+P (|IR| > 3H a1 )2

H > roz—l)\—ﬂ4(a—1))
+ IP’(Poisson(BC’ané)\2’83_51_&_52)) > n)

< C’(e_C)‘l_Bl_ﬂZ_aﬁ4 + emeAate + e_c’\w?’) + P(Poisson(?)éaﬁ;i) > n) .

O]

Armed with these lemmas, there are now two key steps to the main argu-
ment. One of these is to bound the number of times we need to reiterate around
larger sublooptrees as described by the algorithm, and the other is to bound the
contributions of smaller terms from each of these iterations.

As is usual, we will let |T'| denote the total progeny of the tree T. The first

main result is the following.

Proposition 4.2.11. There exist constants ¢,C € (0,00) such that
_ a—1
P(m > )\61) < OriamsemeA1oT

Proof. The main ingredient in this proof is the main theorem of Dwass from [Dwa69],
that for a Galton-Watson tree with total progeny Prog and offspring distribution &,
it holds that

k
P(Prog = k) = iP(Z €0 =k — 1) ,
i=1

where the £ are i.i.d. copies of £. In particular, if & ~ Poisson(6) for some 0 < e%

we see by writing the sum explicitly and applying Stirling’s formula that

P(Prog > k) = 3 LP(Poisson(j6) = j — 1) < E3IT Oy < ShF ()t (123)

5>k >k

This isn’t a priori applicable since in our case 7' is not quite a Galton-Watson

tree. However, it follows from Lemma 4.2.9 that for any k£ > 0, we have
P(T| > k) < k[Cem 177 oo™ o] BT 2 ),

where T" is a Galton-Watson tree with Poisson(K,,) offspring distribution. Accord-
ingly, setting § = K, (which is less than e% by our choice of ) and k = A% we see
that

P(|T’| > k) < Ce ™
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so combining with the above we deduce that
IP(|T\ > )ﬁl) < A\ [Cefc)\l—/fl—ﬁraﬁz; T C(e—c)\ﬁzl(a—l) + efc)\QﬁB) + Ce—)ﬁl,

which gives the result on substituting for the ;. O

Proposition 4.2.12. Conditional on |T| < A%, we have that

P(H“ €T:5 > r“Al—ﬂl) < ONiams AT

Proof. Take u € T, and let L,, be the corresponding (sub)looptree that forms part
of L. By the same arguments used in Proposition 4.2.11, we can use Lemma 4.2.9
to show that, letting R = Ha;flr, we have

P(!IRI > 3RA2ﬁ3) < P(R > A—@l) + P(|IR! > 3R\ | R > xm)

< QN TR + C’(e_c’\ml(%l>

+ e_c’\w3)
We now condition on {|Iz| > 3RA\?%}. Again dominating the thinned Ité excursion
measure by the classical It6 excursion measure as we did in the proof of Propo-
sition 4.2.12, we have that H ot Sy is stochastically dominated by a subordinator
with Lévy measure C’ax%_lﬂ{x < Hat k~lreNI=A1=B21dx run up until the time
3Ha%11r)\263. Note that the Lévy measure coincides with that of an a~!-stable
subordinator, conditioned to have no jumps greater than ko Ha-Tpa\1=F1—Pz
Hence, letting Subord be an a~!-stable subordinator, and conditioning on

|Tr| < 3RA?P3 we have by scaling invariance that:

P <Su > papl=h

In| < R/\253)

=P (H=TS8, > Ha oA

Ig| < RWs)

< P(Subord . > HaSipeploh
Hoa—1p)\283

<P (Subord1 > Al -P1—20s0

no jumps more than ﬁ_lHﬁro‘Al_ﬁl—52)

no jumps more than 1) .

By the arguments of Lemma 4.2.2, it follows that there exists § > 0 such that
E[ee 5“b°rd1] < oo when conditioned to have no jumps greater than 1, so, as before,
the latter probability can be bounded by Ce=¢A' 7173,

Combining these, we see that
P(S > raAH?l) < Qe NIRRT L e L gmed?8y L prpment T
u —= .

The result follows on taking a union bound and substituting the value of each §;. [
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We are now able to prove Proposition 4.2.8.

Proof of Proposition 4.2.8. Note that, on the event {|T| < A\ S, < roX = vy €
T}, we have that

v(B(p,7)) < 3 Sy < |T|sup Sy < NronN= = po,
weT ueT

Hence, by combining the results of Propositions 4.2.11 and 4.2.12, we see that

P(v(B(p,r)) > r*\) < P(]T| > M1 or 8, > r*ALP1 for some u € T)
(4.24)

a—1

—1 RS T
< Oz em N

4.3 Attaining extremal volumes

In this section, we show that up to logarithmic and log-logarithmic factors, the
extremal volume bounds of Theorems 4.0.4 and 4.0.5 are attained, namely proving
(4.3), (4.4), (4.7) and (4.4).

In order to apply the second Borel-Cantelli lemma to prove these results, we
will need a level of independence across different parts of the looptree. We achieve
this by using a spinal decomposition result which enables us to split £, into a series
of smaller sublooptrees, which are independent of each other after rescaling. We

detail this decomposition below.

4.3.1 Spinal decomposition from the root to a uniform point

In [HPWO09], it was shown that if we define the spine of a stable Lévy tree 7, to be
the unique path from the root to a uniform point, then 7, can be broken along this
spine and that the resulting fragments form a collection of smaller Lévy trees. This
gives a similar decomposition result for looptrees.

We define the decomposition formally as follows. Let U ~ Uniform([0, 1]), so
that p(U) is a uniformly chosen vertex in L, and let p be its root. We say that the
loopspine from p to p(U), denoted Sy, is the closure of the set of loops corresponding
to ancestors of U. To form the fine spinal decomposition, first let (L$)5°, be the
connected components of L, \ Sy, and then for each i € N let L; be the closure of
LY in L,. Then almost surely, each L; can be written in the form L7 U p; for some
pi € Lo\ L?. Note that by uniform rerooting invariance, we can also replace the

root with an independent uniform point in L.
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If the fragment L; has mass «;, define a metric d; and a measure v; on L; by

=1 N L
di:aia d|Li7 Vi:u.
(&7}
Additionally let p(U;) be a vertex in L; chosen uniformly according to v;. We then
have the following result, which is a consequence of [HPW09, Corollary 10], which

gives the corresponding result for Lévy trees.

Theorem 4.3.1. {(L;,d;,v;, pi,p(Ui)) }ien is a collection of independent copies of
(La,d, p,v,p(U)). Moreover, the entire family is independent of («;)ien, which has

a Poisson-Dirichlet (a=1,1 — a™') distribution.

In the looptree case, we can add some further information about the arrange-
ment of the sublooptrees around the loopspine. It follows as a direct consequence of
equation (11) and the paragraph following it in [DLGO05] that they are distributed
uniformly around the loopspine (in the natural way with respect to the “length” of

the loopspine).

Representations of the Poisson-Dirichlet distribution

In order to apply Theorem 4.3.1, we will use the following constructive characterisa-
tion of the Poisson-Dirichlet distribution. This construction is the GEM construc-
tion of [Ewe90], so named after Griffiths, Engen and McCloskey.

Firstly, let (Z)32, be a sequence of independent beta random variables with

respective parameters (1 — a1+ (k —1)a™!). Set
M,=01-21)1—29)...(1 — Z—1)Zy.

Then the random vector (M, Ma,...) is distributed as a size-biased ordering of
a Poisson-Dirichlet(a™!,1 — a~!) random variable. See [PY97, Proposition 4] or
[Pit96] for a proof.

We will use the following lemma in Section 4.3.2 to prove lower bounds on

extremal supremal volume values.

Lemma 4.3.2. Let (M, Ma,...) be a sequence of random wvariables constructed
via a stick-breaking construction from an independent sequence of random variables
(Z1,Za,,...), each taking values in [0, 1]; that is

Ml = Z1>
My = (1 - Z1)Zs,
My = (1= Z)(1—Zo) ... (1 Zn_1)Zn
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for alln > 1. Let (g(n))n>1 be any sequence of numbers taking values in [0, 1],
Then

P(My = g(n) | M(I) < g()Vl <n) = P(M,, = g(n)) .

Proof. This is immediate on noting that M, = (1 — 317! M;)Z,,. O

Lemma 4.3.3. Letting M, be the k*" GEM random variable, we have for any ¢ > 0
that:

P(My, > k™) > ¢ (1= )2

Proof. The proof is an application of the Paley-Zigmund inequality, which says that

for any non-negative random variable X with finite variance, and any 6 € [0, 1],

P(X > 0E[X]) > (1 — 6)?

(4.25)

By taking X = Mj, we have (recalling that My = Zj Hf:_ll(l — Z;), where Z; are
independent Beta(l —a~!, 1+ (i — 1)a~!) random variables) that:

k-1 P - RN
Bl = Bz [TB0 - 202 5 —gr= I g

 a-1 ’ﬁ i+a—1
S kH2(a—1) it 2(a—1)
3\, 17 (e
> (2)¢ (a=1)
> (5)"k 'k
3va,
- @
2
whenever k > K, say, and similarly
k—1
B[M7] = E(27] [ B[ - 2
i=1
k—1 . .
a—1 20+i—-1 a+i—-1
< 11 : :
Ba+k—-2)2a+k—-2) 1 3a+i—22a+10—2
B a—1 2a+k—2"ﬁ a+i—1
C Bat+k—-2)2a+k—2) 2a-—2 3a+i—2

=1
< Ck72k,k7(2a71)

= ck%,
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It therefore follows from (4.25) that

P(Mg > k) > ]P’(Mk > c’@)aka) > 11— )2,

4.3.2 Supremal lower bounds

We now prove (4.3) and (4.7), starting with a probabilistic bound. The proof re-
lies on using the relation (4.13) to compare volume fluctuations with stable Lévy

oscillations.

Proposition 4.3.4. There exist constants ¢,C € (0,00) such that for all™ < 1 and
all A > 1,

1
P(y(B(p(U), 57) > ro‘)\) > Ce .
Proof. As explained in Section 4.2.1, we know that

{Oscip) p()4reN X <} C{v(B(p(U), 7)) = 7}

It follows from the relation py(x) = ta (mt_?l) that pl’pf(gg @ A pl’;al?{))(_r) —1as

r } 0 whenever A, = o(r~®). Consequently, by applying the Vervaat transform and

the absolute continuity relation, we have for all sufficiently small values of r that

P(w(B(pU),r)) > r*\) > P(OSCD?(ULP(U)_,_W)\]XGXC < 7“)

{pl—r‘l)\(r) pl—ro‘)\(_r)
p1(0) p1(0)

%P(T[O_M] > 2%) ,

}P (OSC[Oﬂ,a)\]X < 7‘)

Y

where T} denotes the exit time of X from the interval I, conditioned on Xy = x.
It follows from the discussion below [Ber97, Theorem 2] that there exist de-

terministic constants cj, co such that P(T[O—Ll} > 20‘)\> ~ c1e~*, The proposition

follows. O

We cannot directly use Proposition 4.3.4 to prove the lower supremal bounds
since we do not have the necessary independence to immediately apply the second
Borel-Cantelli lemma. However, we can achieve this by performing a spinal decom-
position, and considering volumes in different fragments, which are independent of
each other. To do this, we will use a spinal decomposition to a uniform point, de-
tailed below. The advantage of this over the Williams’ decomposition in this case

is that it allows us to control the masses of individual fragments more explicitly.
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Main argument for supremal lower bound

Using Theorem 4.3.1, we can construct an argument as follows. First take some

e >0 with 0 <e < 1. Given r € (0,1), and A, a decreasing function of r such that
—(14e) —(1+¢)
/<\2’T — 1 as r | 0, define the interval J, = [r~1A, @ ,3r7IA @ ] It is easy to

verify that for all sufficiently small r, the intervals J, and Js, are disjoint.

Our strategy is as follows. We use the spinal decomposition of Section 4.3.1,
between p(U) and an independent uniform point p(V'). Recall the GEM distribution
introduced there, that gives a size biased representation (M, M, .. .) of the Poisson-
Dirichlet distribution. Letting I] denote the segment of loopspine that intersects
B(p(U),r) (analagously to Ir defined in Section 4.2.2), there is probability of order
at least \~(27€) that there is a n € Jr such that the sublooptree with Poisson-
Dirichlet mass given by the GEM random variable M, is grafted to the loopspine at
a point in I%. Say this sublooptree is L; ,, with root p; being the point at which it
is grafted ‘co2 the loopspine. The mass of the ball B(p(U),r) is then lower bounded
by the mass of B(p;, %r) N L;,. We can then rescale the looptree L;,, and the
corresponding unit ball, to compute that this mass is at least r®\ with at least
polynomial probability. We repeat this argument along the sequence r, = 27"
Since the corresponding intervals J,, are disjoint (provided we start at a sufficiently
large value of n), and the rescaled looptrees from the spinal decomposition of Section
4.3.1 are independent, we obtain the necessary independence to apply the second

Borel-Cantelli Lemma.

Proof of supremal lower bound in Theorem 4.0.5. Let

U 1%
L= E A+ § A¢ + 0unv(Tpavs Thay)
UNV<t=U UNV <tV

be the length of the loopspine, and let N, be the total number of sublooptrees in
the spinal decomposition that are incident to the loopspine at a point in I and
2

have mass corresponding to a GEM index in J,. Then, conditional on L = [, N,

+e)
stochastically dominates a random variable that is Binomial( L%r‘l)w o rih.
—(1+2)
Hence, the probability that this number is non-zero is at least of order [=1)\, @

Conditional on {N, > 1}, let n, be an index in J, with corresponding

sublooptree L, that is incident to the loopspine at a point in Iéz). Note that
2

v(L,) stochastically dominates the Poisson-Dirichlet GEM weight My, , where k, =

—(14¢)

%T*IAT ® , and hence we have by Lemma 4.3.3 that there exists ¢, > 0 such that

1 1
P(l/(LT) > 27"’9\},“) > P<Mkr > 27"0‘/\#5) > cp.
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Conditional on there being such a sublooptree L,, say of mass m > %r“)\i“,

we know that
1 a 1 =1 -1, .« —cA
P v(B(p, 57") NLi,) >r*\ | =P v(B(p, Srme ) =>mr\ | > Ce '

by Proposition 4.3.4 (note in particular that m=1r®\,. < 2X ¢ — 0 as r | 0 so it is
fine to apply the result here).

Hence, letting A, be the event that there exists a sublooptree incident to
the loopspine at a point in I ’% with GEM index n, € J,., and such that the ball

of radius %r in this sublooptree has mass at least r*\,, we deduce that P(A,) >
—(1+4¢)

Cl= '\, @ e,
Now, letting r,, = 27", we have that there exists a finite N such that the

intervals J,, and J, , are disjoint whenever m,n > N, and hence since each subloop-

tree is distributed uniformly around the perimeter of the loopspine independently
of the others, then the events that there exist sublooptrees with GEM index in J,,
(respectively J,,) within distance 3r, (respectively £r,,) from the root are inde-
pendent events. Moreover, if the sublooptrees described in the events A, and A, ,
exist, then they are independent once rescaled by Proposition 4.3.1. Thus the only

dependence between the events A, and A,  is in whether these sublooptrees have

Tm
masses greater than ¢/r¢AL " (respectively ¢/r% ALT€), but here the only dependence
is that all the Poisson-Dirichlet masses must sum to 1, and hence in actual fact
P(A4,, ‘ A¢ for all N <m < n) >P(4,,) by an application of Lemma 4.3.2.

Hence,

—(14¢)

> P4, | A5 forall N <m<n)> Y P(A,)> > ClI'A = e
n=N n=N n=N

—1
so setting A, = %(log log 1) we see that P(A,, i.o. | Length(S,) =) = 1. Since
L is almost surely finite, we can integrate over possible values of [ to deduce that
P(4,, io.)=1.

The result at (4.7) follows by applying Fubini’s theorem similarly to the

previous extremal volume bounds. O

The proof of the global bound given in (4.3) uses a similar decomposition
approach, but this time we perform two subsequent spinal decompositions. This is
illustrated in Figure 4.1. Firstly, let (M7, Ma, ...) denote the GEM masses obtained
on performing a first spinal decomposition of £,. Then, for each of the resulting
fragments (L1, Lo, .. .), rescale to obtain a sequence of independent stable looptrees
(£l,£2,...), each with mass 1. For each n € N, we perform a further spinal

decomposition of L and denote the resulting GEM masses by {M,, 1, My, 2, ...}, and
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Mass M, 2

Mass M
’ Mass M,

Mass My

Mass M,

loopspine

Figure 4.1: Ilustration of the Double Decomposition. NB Between any two loops,
there are countably many more loops, so loops do not really touch each other like
this.

corresponding looptrees by {Lpn.1, Ln2,...}, and by {£&", L£2? .} after rescaling
-1

again to have mass 1. We take r, = 27" R, = My* rp, \p = C* logrgl and

N = C*log R,;!, where C* is a specific constant to be specified later. We also

n

define the events:
B, = {Tff < M72L}7 Cn,m = {Mn,m > RgAn}v
Dn,m = {V(B(pn,m’ Rn) N Ln,m) > RzAn}v An,m = Cn,m N Dn,m-

-1

Also set N, = 2%1r;1(log r-1)7% , and define the event

Ay =By (U Anm).

The key point is to observe that A, C {sup,c, v(B(u,r,)) > roA,}, so it is
sufficient to show that P (A, i.0.) = 1. The next lemma gives a means to overcome
the dependencies between the GEM masses and apply the second Borel-Cantelli

Lemma. It should be intuitively clear, but we give a proof for completeness.
Lemma 4.3.5. Let Ay, By, Apm, Cnm, Dnom, Ny, be as above. Then

(i) P(A, | A5 Ym < n) > P(A,),

(i) P(Amm ) Ae V1 < m) > P(Anm).

Proof. First, note that since the individual looptrees in the spinal decomposition
are independent of each other and of their original masses once rescaled, we can

make the following observations:

o A, is independent of B; for all m and all I < n,
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e B, is independent of A;,, for all m and all I < n,
e Conditional on C),;, D,,; is independent of D,, ; for all £ <.

Figure 4.1 may be helpful to keep track of the dependencies. In fact, the only
dependence between these events is of the form described by Lemma 4.3.2.
We start by proving (i). First note that by the first independence stated

above, we have that

P (A, | AS¥m < n)
Nn
—P (Bn N (npl An7m>

Nn,
=P(B, | AS¥m < n)P ( U 4nm

m=1

A Vm < n)

(4.26)

AS Vm < n)

Ny,
=P(B, | AS¥m < n)P(B, | AS¥m < n)P ( U Anm

m=1

A7 Vm < n) .

We focus on the first term in the final line above. By the second independence

stated above, we have that

P(B, | AVl < n)
= P(Bn | (UmAl,m)c U ((UmAl,m) N Blc) Vi< n)

=Y P(By | B))P(EW) | (UnAim)® U (UnAr) 0 B§) V1< )
we{0,1}—1

= S P(B.| F@) P(EW) | (UnAum)® U ((UnAum) N B ¥ 1< 1),
wef{0,1}—1

where for w € {0,1}"1:

Bw) = ( U Uadin)) 0 (U (Undin) 0 BD),

Lw;=1 l:w;=0

E'(w)

(U (@ndrm) N BD).

l:wl =0

Since B, is independent of U,,A;,,, we can apply Lemma 4.3.2 to deduce that
P(B,) > P(B, | E'(w)) for all w. Substituting this into the final line, we obtain

P(B, [AVi<n)> Y P(By)P(EW) | (UnAym)®U(UnAim) N BF) Y 1< n)

we{0,1}n—1

= P(B,).
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We can use the same kind of expansion and apply Lemma 4.3.2 to show that

Ny, Nn
P(U Apm A%Nm<n> >P<U An,m> .

m=1 m=1

Point (i) then follows from the final line of (4.26). The proof of the point (i7) is

almost identical, so we omit it. O
Armed with the lemma, we prove the global infimum upper bound as follows.

Proof of supremal lower bound in Theorem 4.0.4. Recall from Theorem 4.3.1 that
the rescaled looptree L is independent of M,,. It follows that the event B, is

independent of Uzn:lAn,m? and hence
P(An) - P(Bn) P<Ui\n]n:1An,m> . (4.27)

We bound each of these terms separately. Firstly, by Lemma 4.3.3, we have that

there exists ¢, > 0 such that
1., _
P Mk 2 ik Z Cp
for all kK > 1. Recalling that r, = 27", we see that
a 1
P(B,) = P(Mn > rﬁ) > P(Mn > 2n—a> > G, (4.28)

To bound the second term in (4.27), we apply point (i) of Lemma 4.3.2, which
implies that

Nn Np,
P( U An,m) > 1- H (1 - P(An,m)) .

m=1 m=1

—(2a+1) —(a+1) -1

Recalling that N, = |27 « r;l(logrgl)_?lj <2 a ryl(logr, ), we again
apply (4.28) to deduce that

P(Cn,m ’ Bn) = P(Cn,m) = P(Mn,m Z Rﬁ(logr;l)) 2 P<Mn,m Z ;ma> > Cp

whenever m < N,. To conclude, note that conditional on C), ,,, we have that

M, 1R%(logr, ') <1 and hence we can apply Proposition 4.3.4 to deduce that

-1 N
P(Dym | Comy Bn) > P <I/(B(,0, M,* R,)) > M, 'R, (log r;1)> > Ce M,
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Here we are specifically taking ¢ to be the constant in the exponent of Proposition

4.3.4. Combining, we see that

Ny, N,
P( U An,m> > 1= [[ (1= PlAn)) 21— (1 = Ce 2Py

m=1 m=1
—(a+1) - ACT*
>1—exp{2 @ rgl(logrgl)fCr%cc }

Hence, by choosing C* > (2¢)71, we see that P(fonzlAn,m) — 1 asn — oo, and
in particular that we can lower bound it by a non-negative constant uniformly in n.
Combining this with (4.27) and (4.28), we see that there exists a constant ¢ > 0 such
that P(A,) > ¢ for all n > 1. It then follows from Lemma 4.3.5 and Borel-Cantelli
that P(A4, i.0.) = 1.

The conclusion follows since on the event D, ,,, we can rescale the ball
B(pn,m, Rn) N Ly m back to its original size in the original looptree to obtain a ball
of radius 7, with volume at least r&2)\/. Moreover, on the event B,, we also have

that A\, < 2)\., so this volume is actually lower bounded by 72\, = r&logr,!. O

4.3.3 Infimal upper bounds

We now prove (4.4) and (4.8). The method we use to prove upper bounds on infimal
extrema is a simpler version of that used in Section 4.2.2 based on the Williams’
decomposition. We can again control the masses of fragments in the decomposition
by comparison with an o~ !-stable subordinator. In this case however, we do not
need to worry about reiterating around larger fragments since the presence of such
fragments is a rare event and thus should not affect the infimal behaviour of the
subordinator.

Let H be the height of the spine in the corresponding tree 7,. As in Section
4.2.2, we start by rescaling L, by H to form the looptree (£}, d', p*, '), which now
has mass Ha-1 and has a corresponding underlying stable tree that has height 1.
Note that

{v(B(p,r) < N1} = (W1 (BY (!, rH 1)) < ROAT),

where again R =rH a;—ll As explained in the Lemma 4.2.10, and using the notation
we introduced there, it follows from properties of the It6 excursion measure that
v (BY(p', R)) is stochastically dominated by Y (|Ig|), where Y is an a~!-stable
subordinator, and I denotes the length of W-loopspine that intersects B!(p!, R).
A jump of Y of size A at a time t corresponds to a sublooptree coded by an Itd
excursion of lifetime equal to A, and grafted to the W-loopspine at a point that

informally is at a clockwise distance ¢t “through” Ir. Moreover, since we have
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rescaled the looptree to have tree height 1, there is no constraint on its total mass,
and therefore no dependence between different jumps of Y.

For technical reasons we will in fact model this by two independent o~ '-
stable subordinators, Y and Y("), corresponding to the left and right sides of the
W-loopspine respectively. We set Y =Y 4y (),

The comparison relies on the following result, which gives the limiting be-

haviour of the infimum of an a~!-stable Lévy subordinator.

Theorem 4.3.6. [Ber96, Section III.4, Theorem 11]. Let (Wt)i>0 be an a™!-stable

Lévy subordinator. Then, almost surely,

W,
lim inf ! =a (1 —ahHo L
tio+ t*(loglogt—1)—(a=1)

To deduce a similar result for (Y;):>o in place of (W})>0, note that the only
difference between the two subordinators is the constant in the Lévy measure. Hence
we have the same result for (Y;)¢>0, but just with a different constant on the right

hand side. We will denote this constant by c,.

Proof of local infimal upper bound in Theorem 4.0.5. Set f(t) = t*(loglogt—1)~ (@1
for ¢ > 0. By Theorem 4.3.6, there almost surely exists a sequence (7,)p>1 with
rn 4 0 such that

Y (BraHa 1) < (Co + 1) f(3rnHa 1)

for all n. Since f(37‘nHa%11) < 2-3‘17‘%‘H6%1(10g log ;1)@= whenever r,, < Ha%ll,

we can extract a subsequence if necessary so that
Y(BT”Ha;_ll) <2 3a(0a + 1)7’3Hﬁ(log log 7";1)*(0‘*1)

—1
and also rp,41 < %7’” foralln>1. Set R,, = r,Heo-1.
Note that since the process Y depends only on the total length of the W-
loopspine, and not on its microscopic structure, it follows from Lemma 4.2.9 that

there exists a constant C}, > 0 such that
P(|Ir,| <3R,) > G

for all n. More specifically, we let A,, be the event described by taking A = 1
in the proof of Lemma 4.2.9 that ensures that |Ig,| < 3R, consisting of the three
subevents:

(2),, There exists a good loop in the W-loopspine with total length in [4R,,,8R,].
(23),, There are no goodish loops in the W-loopspine occurring between the root and

the first good one.
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(73t),, The sum of the lengths of the smaller loops up until the first good loop is
upper bounded by R,.

The proof of Lemma 4.2.9 ensures that P(A,,) > C, for all n, but to apply the
second Borel-Cantelli Lemma we need to lower bound P (A4,, | A5, Vm < n) instead.

To do this, note that conditional on Af, Vm < n:

e The probability of the event described in (i), is unaffected by the events of A,,
for m < n, since the sets [4R,,,8R,,| are disjoint for different n and therefore
can be viewed as independent thinned Poisson processes along the W-spine of
the tree.

e Conditional on (7)$, occurring for all m < n, the probability that there is only
one goodish loop before the first good one at level n — 1 is lower bounded by
P(Geo(3) =1 | Geo(3) #0) = 1.

e Conditional on there only being one such goodish loop at level n — 1, the
probability that the good loop at level n occurs before the goodish loop at
level n — 1 is at least % If this occurs, then the probability of the events in

(7i)y, and (7i7),, is unaffected.

It follows that .
P(A, | A5 Ym <n) > ZCP

for all n, and therefore P(A,, i.0.) = 1 by the second Borel-Cantelli Lemma.

To conclude, note that on the event A,, we have
V(B (p", Rn)) < Y (3Ry) < 2-3%(ca + 1) RS (loglogr, 1)),
and hence scaling back to the original looptree we see that
V(B(p,ry)) < 3%(ca + 1)r%(loglogr; )@,

for all sufficiently large n. This proves the local result (4.8). O

To prove the global bound, we perform two subsequent spinal decompositions
of L, exactly as illustrated in Figure 4.1 in the previous section. Recall from there
that we let (Mj, Mo, ...) denote the GEM masses obtained on performing a first
spinal decomposition of L,, as described in Section 4.3.1. Then, for each of the
resulting fragments (Lq, Lo, .. .), rescale to obtain a sequence of independent stable
looptrees (L, £2,...), each with mass 1. For each n € N, we perform a further spinal
decomposition of £ and denote the resulting GEM masses by {M,, 1, M, 2, ...}, and
corresponding looptrees by {Ly 1, Ly 2,...}, and by {Eg’l, £o .} after rescaling.

We also let Uy, ,, denote a point chosen uniformly in L, ,, according to the natural
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-1
volume measure. We take r, = 27" R,, = M,* rn, N\, = (C* 1Og7ﬂ;1)a—1 and

N = (C*log R;1)*~!, where C* is a constant to be specified later. We also define

the events:

Bn - {7’10{ < M7'2L}7 Cn,m = {dﬁg (pm,’m Um,n) > Rn}a
Dn,m - {Vﬁg (B(Un,my Rn) N Ln,m) < R%/\nfl}, An,m = Cn,m N Dn,m-

-1
We also set N,, = r,2 . We then define the event

A =B (U Anm).

The key point is to observe that A, C {sup,c,, v(B(u,m,)) < 7%\, '}, and hence
it is sufficient to only show that P(A, i.0.) = 1. Similarly to the previous section,
the next lemma gives us a means to overcome the dependencies between the GEM
masses and apply the second Borel-Cantelli Lemma. Its proof is almost identical to

that of Lemma 4.3.5, so is omitted.
Lemma 4.3.7. Let Ay, By, Apm, Cnymy, Dnym, Ny be as above. Then
(i) P(A, | AS,¥m < n) > P(A,),
(ii) P (Anm ) A6 A< ) = P(Anm).
Proof of global infimal upper bound in Theorem 4.0.4. Now, note that it follows from

[Ber96, Section III.4, Theorem 12] and the local argument given above that

P(v(B(p(U),r) <r*A71) > Cer™T (4.29)

1
a—1

We will apply this to prove that P(A4,,) > Ce=A as well. Firstly, note that by
Lemma 4.3.3 there exists a constant ¢ > 0 such that P(B,,) > c for all n. Then, since
the looptrees in the spinal decomposition are independent of their original masses

after rescaling (see Theorem 4.3.1), it follows that UZ":l Ay,m is independent of B,,.
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Next, we note that:

;1
P<Cn,m ' Bnam é T'n )

=P <d£g (pm,n7 Um,n) > Ry,

1
>P (dﬁg (pm,m Um,n) >rn

1
m =1y’ ) P <dga(pm, Un) > 12

Sl

7

v

%
Q T

)

where C' > 0. The final line follows since by Lemma 4.3.3 the first term in the

<yﬁa (L) > %

Vi (Lm) =

)

penultimate line above can be uniformly lower bounded by a constant, and the

second term can also be uniformly lower bounded by a constant by scaling invariance.
1
To conclude, we note from (4.29) that P(Dy, m | Cym, Bn) > Ce= " for

1
all n, and all m < N,,. Combining these, we see that P(A,, ) > Ce= M1 We

therefore deduce from Lemma 4.3.7(ii) that

_1
P(4,) 2 P(By) (1= (1= P(Aum | B))™) 2 /(1= (1= Cem™™ ™)
_1
> C’(l — exp{—N,Ce """ })
=1 " -1
> C’(l — exp{—ry2 Ce 0 lo8mn })
Choosing C* so that C* < %cfl, we obtain that

/ = ]‘ /
P(A,) > C (1 — exp{—r C}) > ¢

O |

for all sufficiently large n. Applying Lemma 4.3.7(i) and the second Borel-Cantelli
Lemma, we deduce that P(A4,, i.0.) = 1, which implies (4.4).
O

4.3.4 Volume convergence results

Here we briefly note a convergence result for v(B(p,r)). In Chapter 5, we introduce
the infinite stable looptree £2°, which is defined from two stable Lévy processes
rather than a Lévy excursion, arises as the local distributional limit of compact
stable looptrees as their mass goes to infinity (Theorem 5.0.1), and provides the

machinery to prove the following result. We prove this in Section 5.4.1.

Theorem 4.3.8. There exists a random process (Vi)i>o0 : @ — D([0,00),[0,00))
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such that the finite dimensional distributions of the process

(T*O‘I/(B(p, rt)))tzo

converge to those of (Vt) as r 10, and V; denotes the volume of a closed ball of

t>0
radius t around the root in L. Moreover, for any p € [1,00), we have that

r PE[v(B(p,))"] = E[V{]

asr 10, and Vi is a (0, 00)-valued random variable with all moments finite.

This is proved as Theorem 5.4.5.

4.4 Heat kernel estimates

Although we used the shortest distance metric to prove the volume results of The-
orems 4.0.5 and 4.0.4, the result of Lemma 4.1.1 ensures that they also hold true
with respect to the resistance metric R. This allows us to apply results of [Cro07]
to deduce the heat kernel bounds of Theorems 4.0.6 and 4.0.7. Most of our results
follow from a direct application of those of [Cro07], so we refer the reader there for
further background.

To get some off-diagonal results, we need to verify the Chaining Condition
(CC) of [Cro07, Section 4.2].

Definition 4.4.1. (Chaining Condition (CC), [Cro07, Section 4.2]). A metric space
(X, R) is said to satisfy the chaining condition if there exists a constant ¢ such that
for all x,y € X and all n € N, there exists {xg,x1,...,2n} C X with xg = = and

Ty =Yy such that
R(z,y)

n

R(zi,241) <c

It is easy to verify that CC holds for (L, R, p,v). Recall from [CK14, Corol-
lary 4.4] that £, is almost surely a length space when endowed with the short-
est distance metric d. The chaining condition for (L4, d, p,v) therefore holds as a
straightforward extension of the midpoint condition for length spaces, with ¢ = 1+¢
for any £ > 0 (though it actually holds with ¢ = 1). It hence follows from Corollary
4.1.1 that £, endowed with the resistance metric R also satisfies the condition, with
c=2(1+¢) (in fact ¢ = 2 works) instead.

In the notation of [Cro07], we can take any ¢ > 0 to satisfy point (i) of the
conditions given in Section 2 of that paper, and take b = ¢ to satisfy point (ii).
We also let fi(r) = C(logr™')~%, fu(r) = C(logr‘l)%, and 8, = B, = «a, and
01 = (34 2)(2 + «). The first part of Theorem 4.0.6 then follows by a direct

application of [Cro07, Theorem 1], with v = 6;(a + %)
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We can similarly apply the results to get off diagonal heat kernel bounds.
Again in the notation of [Cro07], take 62 and 05 satisfying

0y > 01(1+ a), 03 > (34 2a)(1+2a7 1Y),

and let v, = 6;(a 4+ 22=2) for i = 2,3. Theorem 4.0.8 then follows by a direct
application of [Cro07, Theorem 3].

The results of [Cro07, Proposition 11] can also be applied to give bounds on
expected exit times from a ball of radius r. Indeed, letting 74 = inf{t > 0: B, ¢ A}
for any A C L, we deduce the following.

Proposition 4.4.2.

B, [7p(0.n)] > or® ! (logr!) 2t @O log(r ! (log r~1) )~
E, [TB(JJ,T)] < COrotl (IOg r_l) 40?:13 .

The results of the propositions above all follow from the fact that the global
volume fluctuations are at most logarithmic. We can also use the fact that these
logarithmic fluctuations are indeed attained infinitely often as r | 0 to deduce that
the heat kernel will indeed experience similar fluctuations.

The volume results as stated in Theorem 4.0.5 do not quite fall into the
framework of [Cro07, Theorem 2|, since we have only shown that the infimal and
supremal volumes achieve extremal logarithmic fluctuations values infinitely often
as r |} 0, rather than eventually, which is what is required to apply the theorem.
However, by repeating the proof given there with our weaker volume assumptions
instead we are able to deduce the (weaker) results that make up the second part of
Theorem 4.0.6.

Again using [Cro07], the local volume fluctuation results of Theorem 4.0.5
can also be used to bound pointwise fluctuations for the transition density p;(x, ).

However, the conclusions of [Cro07, Theorem 20] also require the condition

lim inf —R(w, B(z,r))
rl0 r

>0

to hold for v-almost every « € L, in order to get lower bounds on the heat kernel.
This does not quite hold in our case but from the proof of [Cro07], we see that
the following proposition is sufficient. For clarity in the next proof, we let Br(z, )
(respectively Bg(x,r)) denote the open ball of radius r at « defined with respect to

the resistance (respectively geodesic) metric.

Proposition 4.4.3. Almost surely, taking c,, as in Section 4.5.3, we have that for

v-almost every x € Ly, there exists a sequence Ty, | 0 such that both of the following
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conditions hold:
(i) V(Br(z,m)) < 2(ca + D& (loglogry 1)~ for all n,

(ii) Reg(x, Br(x,mn)%) > gq7n.-

Proof. The proof uses a standard technique for lower bounding the effective resis-
tance as given in [BK06, Lemma 4.5], by defining M (p, ) to be the smallest number
m such that there exists a set A, = {z1,22,...,2n} such that d(p,z) € [§, 2] for
each i, and every path v from p to Bg(p, )¢ must pass through at least one of the
points in A. The proof of [BK06, Lemma 4.5] combined with Lemma 4.1.1 then

entails that
r

B e —
Reﬁ(ﬂ’ R(pﬂ") ) - 16M(p,’l")

(4.30)

The result exactly as stated in [BKO06] is written for discrete trees. However, by
combining with Lemma 4.1.1, the same proof shows that (4.30) holds for £, just
with an extra factor of 2.

In what follows, we will therefore assume that all distances are defined with
respect to the shortest-distance metric d. As in earlier sections, we will prove the
result at a uniform point p(U), which we can suppose to be the root, and extend
to v-almost every z € L, by Fubini’s theorem. As in Sections 4.2.2 and 4.3.3, let
Ar = 2(ca+1)(loglogr=1)*~1 choose H to be the height of the stable tree associated
with £, and rescale time by H a1 and space by H a1 in the Lévy excursion coding
L., to give a new looptree £, such that the new underlying tree associated to £} has
height 1. From the arguments of Section 4.3.3, it follows that almost surely, there

-1
exists a sequence (7p)nen with 7, | 0 such that \Il H;ll‘ < %rnHﬁ, and all
gt

sublooptrees grafted to the W-loopspine at a point in [ SR have mass at most r,‘;)\;nl
for all n. We will show that, with high probability, we also have R(x, Bg(x,1,)¢) >
cry, for each n € N.

Now let r = r,, for some n € N, and R = rHa;—ll. By construction, we then

have:
o |IlR’ < %]i,
4

e Any sublooptrees grafted to the W-loopspine at a point in Is; have mass at
4

most 7\, 1.

To bound M (p, ), first let N, denote the number of sublooptrees grafted to the W-
loopspine of £} at a point in T SR and with diameter at least %R. It follows by con-
struction that any such sublooptrees also have mass at most R*\~!. Consequently,
N, is stochastically dominated by a Poisson random variable with parameter:
|I%R|N<Diam([,~a) >

> TR <R,
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where N(-) here denotes the It excursion measure, and L, is a looptree coded by an
(unconditioned) excursion under N. The point is that the two events Diam(Ly) >
%R and ¢ < R\, ! are in conflict with each other and hence the It6 measure of the
given set is small. Indeed, since N(-) codes a Poisson point process, we have the

necessary independence from the Poisson thinning property so that:
: J 3 ay—1
N(Dlam(ﬁa) > TR (< RO )

< N(Diam(fa) > ZR)P (I/(B(p/,R)) < RN

Diam(L,) > iR) .

To bound each of these terms, note first by the scaling property of looptrees and
the It6 measure that
N(Diam(fa) > t) = Cut™t

for some constant C,, € (0,00), and hence N(Diam(fa) > %R) = CoR™". Then,
by the same arguments used to prove Proposition 4.2.1, we can bound the second
1

o

term by Ce™ | and therefore obtain that

1
N(Diam(ia) > ZR,C < RO‘)\,T1> < CuR™1Ce™

1

It hence follows that N, is stochastically dominated by a Poisson(C’e~¢*") random

variable, so
1

P(N, > 0) < C'e™

By restricting to a subsequence (ry,);>1 such that r,, < e~ for all I, we sce by
Borel-Cantelli that P(N,, > 01i.0.) = 0.

On the event N, = 0, it follows that any path 7 from p to Bg(p, R) must
leave the ball By(p, %R) at a point on the W-loopspine. We conclude the argument
by showing that we can then take a set A, (which we denote by Ap in the rescaled
looptree) with cardinality 2.

Recall that, by assumption, we also have that |I 1 gl < %R. In particular, we
can assume that the particular event defined in Lemma 4.2.9 and then in Section
4.3.3 which leads to this length bound occurs. Moreover, taking A = 1 in that proof
and ir in place of r, and defining “good” and “goodish” loops as we did there, the
proof ensures that the number of goodish loops encountered before we reach a good
one is at most 1. We claim that this implies that |[Ar| < 4.

To see why, we refer to Figure 5.5, which shows a representation of (a discrete
approximation of) the W-loopspine. Defining good and goodish loops for the radius
%R as in Lemma 4.2.9, we will assume a “worst-case scenario”: that there does

indeed exist a goodish loop, and that the smaller of the two segments that it is
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broken into along the W-loopspine is less than iR in length. Since | 1 rl < %R, it
follows that all of the loops that fall between the root and this goodish loop, and
also between this goodish loop and the good loop, are completely contained within
Ba(p, %R), and hence we cannot exit By(p, iR) at a point within these sequences
of smaller loops. We can therefore only exit at points on either the goodish loop or
the good loop pictured, so we can add two points in Ap in each of these loops to
cover all possible exit routes, as shown. We rescale back to the original looptree to
get A,. Note that for any € > 0, it also follows that we can choose these points to
be within distance i + ¢ of p.

In the case that the smaller of the two segments of the goodish loop actually
has length larger than %R, we can repeat the argument by treating the goodish loop

as the good loop, and the same result holds.

goodish loop o Ar

good loop

Figure 4.2: How to select Ar. The red segment is a strict subset of B(p, %R) and
contains B(p, 1 R).

This proves (4.30), and we deduce the result as claimed. O
Remark 4.4.4. In [Arc20, Theorem 6.2], we prove for infinite stable looptrees that
there almost surely exists a constant ¢ > 0 such that, for all r > 0:

—(8a—2)

cr(loglogr™")"e=1 < R(p, B(p,7)°).

The argument given there also applies in the compact case, so we deduce the same

result for L.

Repeating the proof of [Cro07, Theorem 20] along the subsequence of Propo-
sition 4.4.3 gives Theorem 4.0.7. Finally, we refer to Section 5.4.1 for the details of
the proof of Theorem 4.0.10.
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4.5 Spectral properties of stable looptrees

This section concerns results on the eigenvalue spectrum of stable looptrees. The
proofs are just modifications of similar proofs for stable trees given in [CH10], and
are not majorly new. We therefore just outline the heuristics for the proofs, and

explain which parts are different for stable looptrees in place of stable trees.

4.5.1 Brief background

In light of the results of the preceding sections, the purpose of the present section is
to investigate the eigenvalue counting function of the Laplacian A of the Dirichlet
form associated with Brownian motion on L.

More precisely, let (£, F) be the Dirichlet form associated with the space
L?(L,,v) through the relation

R(z,y)~" = mf{E(f. f): f € F, f(x) =0, f(y) = 1}.

We say that A > 0 is an eigenvalue of (£, F,v) with eigenfunction f (assumed to be

non-trivial) if

E(f.g) = A/E fg dv

for all g € F. The eigenvalue counting function N(A) is then defined as the number
of (in our case they are P-almost surely all distinct) eigenvalues of (€, F,v) that are
less than or equal to .

The transition density p.(-, ) analysed in Section 4.4 is the heat kernel of the

associated Laplacian, and due to the representation

E(frg) = - /c (Af)g dv,

we see that any eigenvalue of the operator A is also an eigenvalue of (£, F,v). Since
L, is compact and (£, F) is consequently regular, the converse also holds.

The main result is as follows.
Theorem 4.5.1. (i) For anye > 0,
J e 2 L+€
E[N(A\)] ~ CAa+T 4+ O(Aa+177)

as A — oo.

(ii) P-almost surely, N(\) ~ CA1T as A — o0. Moreover, in P-probability, the

second order estimate of part (i) holds.

The proofs of the results given in this section closely follow the ideas used
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in [CH10] to deduce analogous results for stable trees. More specifically, we use the
spinal decomposition of Theorem 4.3.1 to write the eigenvalues of £, in terms of the
eigenvalues of all the sublooptrees (Eg))fil, and iterate this relation to deduce the
asymptotics. In particular, the techniques used in [CH10] involve analysing both
the mass and the diameter of the fragments obtained on performing subsequent
decompositions. In the analogous argument for looptrees, the masses are exactly
the same as the tree case and follow a Poisson-Dirichlet distribution, so the main
aspect of the proofs carry over directly. However, there is one crucial difference
in that the diameter of a (normalised) stable tree has finite moments of all orders,
whereas for looptrees the moments are only finite up to a power of « (as we will show
below). As a result, in some places some fine-tuning of the arguments of [CH10] is
required.

To avoid double-counting the eigenvalue 0 when performing subsequent it-
erations, it will be convenient to define the shifted eigenvalue counting function N,
given by N(\) = N(\) — 1. It will also be useful to consider the Dirichlet eigenvalue
counting function N, obtained when we consider £, to have a boundary consisting
of two distinguished vertices, p and o, which can be thought of as two ends of the
loopspine. NP is defined as the eigenvalue counting function for the restriction of
(€, F) to the set FP = {f € F: f(p) = f(¢) = 0}. Applying [KL93, Corollary 4.7
entails that

NP\ <N\ < NP +2.

In what follows we will only give proper proofs in the places where the ar-
guments deviate from those of [CH10]. For the most part, we will just give the
intuition behind each step of the general proof strategy employed there.

4.5.2 Setup and main ideas

In what follows we set v = ;95 (though note that in [CH10] it has the different

5o ). This is half the spectral dimension of the space. In keeping with the

notation of [CH10], we also let ¥; denote the word-space of k-tuples in N¥, and ¥, =
Uk>02g. Fori = (i1,...,4;) € Xy and j < k, let i|; denote the truncation (i1, . ..,%;).
We will use >, to index the sublooptrees obtained by performing subsequent spinal
decompositions of £, in the standard way; more formally, let Ly = L, and for i €
Yk with k > 1, let L; be the i} h sublooptree obtained by performing another spinal
Also let A; be the Poisson-Dirichlet weight associated to
L; in this decomposition, and set D; = H§:1 Ay, to be the mass of L; in the original

decomposition on Ly, .

looptree before rescaling.
We let £; denote the normalised version of L;, i.e. where the measure of L;

is rescaled by a factor of D 1 and the distance is rescaled by D, . We also let
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N;, Ni”l7 N; denote the analogous quantities for the looptree £;.
The main argument in the proof of Theorem 4.5.1 rests principally on the

following two propositions.

Proposition 4.5.2. ¢f [CH10, Proposition 3.1]. P-almost surely, for all A > 0:
e 1 © . L
SONPATN) S NP SN <1+ Ni(A] N
i=1 i=1

The intuition behind the first result is that the loopspine, along with the
sublooptrees (L;)?2,, form a partition of £,. Any eigenfunction on L, can be
mapped to an eigenfunction on one of these subspaces by restriction, and conversely
any eigenfunction on one of these subspaces can be extended to an eigenfunction on
L, by setting it to be zero elsewhere. Since the loopspine has v-measure zero, it has
no non-trivial eigenvalues so we can discount its contribution. Moreover, P-almost
surely, the rescaled eigenvalues from different sublooptrees will all be distinct, so
this is a genuine correspondence. The extra 41 term on the right hand side arises
from counting the eigenvalue 0.

The scaling factor of A% — A% arises since on rescaling a looptree of mass
A to have total mass one, £(f,g) = [ fgdv will pick up a factor of A from rescaling
the measure, and a factor A= from rescaling the distance.

This is proved formally in [CH10, Propositions 3.1 - 3.4] and the same proof
carries over to the looptree case.

The second proposition is the following, which will be our main tool to bound
the number of eigenvalues at each level of the iteration. We give the proof since it

is short.

Proposition 4.5.3. (¢f [CH10, Lemma 2.1]). NP(\) = N()\) = 0 whenever

1
Diam(L,)v(Ls)

A<

Proof. If f is an eigenfunction of (£, F,v) with eigenvalue A > 0 then
(F(e) = F0)* < £ HR(a.y) < ADiama(Ly) [ v

Integrating over both z and y yields A > m (a slightly stronger result).

The Dirichlet case is similar. O

We will also require the following result on the moments of the diameter of

a stable looptree.

Proposition 4.5.4. E[(Diam(L,,))P] < co if and only if p < «.
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Proof. Firstly, note that it follows from (2.12) that

Diam(L,) < 2sup X @ 2(sup XP* — inf XPT).

[0,1] [0,1] [0,1]

Hence, by considering the time reversal of X" along with the absolute continuity
relation (2.12), we deduce that

P(Diam(L,) > 4z) < 2”’””0" [P supX >z | +P|—inf X >x ] <Cx™?.
p1(0) 0,1 [0,1]

3]

Here, the last line follows from [Ber96, Section VIII, Proposition 4] for the supremal
term, and the infimal term has exponential tails since X is spectrally positive. It
follows that E[(Diam(L,))?] is finite whenever p < .

To prove the converse, note that E[Diam(L,)] > %E{Supte[o,%] AfXC], where
AP = X — XX, Moreover, letting A denote the corresponding quantity for

the unconditioned process X, we have:

P( sup A; > 2:c> > P(Poi(cz™) > 1) = O(z™ %)

te[0,1]

as r — 00, since the number of jumps on [0,1] of size exceeding x is a Poisson
random variable with the given parameter. We deduce that E[Diam(L,)] = oo

whenever p > a. O

4.5.3 Annealed results

We with the proof of the annealed result (i.e. Theorem 4.5.1(i)). We first note that
the first order term can be obtained directly from Theorem 4.0.10 by applying the
Tauberian theorem of [Kor04, Theorem 8.1, Chapter IV]. However, to obtain the
second order term we must give a longer argument.

To apply the results of Propositions 4.5.2 and 4.5.3, it is convenient to think
of the argument A\ as a time index and bound the number of eigenvalues as the
population size of a branching process with a certain offspring distribution. In this
setting, it will also be natural to reparametrise time to enable a comparison with a

supercritical Crump-Mode-Jagers process. Accordingly, for all i € ¥, we set:
Xi(t) = NP (e"),

and

ni(t) = X;(t) = Y Xij(t+ 7 (log Ayj)) = NP (e ZND A” )
7j=1
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7; is the “error” term acquired at level ¢ in the approximation suggested by Propo-
sition 4.5.2. The point is that on iterating the relation of Proposition 4.5.2, we
obtain
X(t) =Y mt+~"(logDi))+ > Xi(t+~ " (log Ds)). (4.31)
i:li|l<k 1€X

We can then apply Propositions 4.5.3 and 4.5.4 to show that P-almost surely, the
final term on the right hand side converges to zero as k — oco. Analysing X ()
therefore reduces to a study of the sum Y, .5, 7;(t +~~*(log D;)).

This can again be bounded using Proposition 4.5.3: indeed, Propositions
4.5.2 and 4.5.3 can be used to show that

1
> milt++7 (log D)) <2 1{D; Diam(L;) > e™'},
1EX 4 1€

and is therefore stochastically dominated by (twice) the expected population at time
~v(t+1log Diam(L,)) of a Crump-Mode-Jagers branching process in which an individ-
ual gives birth at times (—log A;)$°,. This has Malthusian parameter 1. Standard
results on the expectation of this population then entail that e >, s 7;(t +
v~ 1(log D;)) is bounded by CE[(DiamL,)?], which motivates the introduction of
the following quantities.

We set m(t) = e "E[X,],u(t) = e ""E[n(t)], and define measures v and v,
by v[0,¢] = 3202, P(A; > e7), and v, (dt) = e 'v(dt). Exactly as in [CH10], one

can then prove the following result.
Lemma 4.5.5. (¢f [CH10, Lemma 3.5]).
(i) m is bounded.
(it) u is in L*(R), and for any e > 0, u(t) = O(e” Z—;}—s)) as t — oo.
(iii) vy is a Borel probability measure on [0, 00), with finite expectation.
We further define the limit

(o) = [ u(t)dt
oty (dt)

By imitating the proofs of [CH10], we can show that m(t) — m(oc0) as t — co. We
do not go into details here, but we explain why m(c0) is the natural candidate for the
limit. Indeed, it can be shown by direct computation that if we set I = fooo tvy(dt),
then

I=—"'E

=1
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Moreover, we can write m(t) as
o0 o0
m(t) = / u(t — s) Z 6_781)(—7_1 log A; € ds) . (4.32)
0 i=1

It is then straightforward to show (by inverting a Laplace transform) that

Z e P (—y log A; € ds) — I 'ds = S(s)ds,

i=1
i.e. the Dirac mass at 0. Substituting into (4.32) we therefore deduce that m(t) —
m(o0) = u(t) — I [ u(s)ds. The result of Theorem 4.5.1(i), including the second

order term in the expansion, then follows from Lemma 4.5.5(ii).

4.5.4 Quenched results

To prove the almost sure convergence of e 7' X (t) to m(t), we follow [CH10, Section
4] and introduce the characteristics below (so-named in the CMJ literature), which
are effectively a truncated version of the quantities of interest. More specifically, we
set n(t) = n;(t)1{t < cn}, and

Xi(t) =Y uf(t+97"Ay).
JEX
We will eventually take a limit to deduce convergence of the untruncated version.
We also define the cutsets

1 1
N={ieX.:D} <e'<D; }

'L‘li\—l

1 1
Me={ie¥,:D] <ete t)<pDr .

- Z||i\71

In what follows, rather than repeatedly applying the iteration (4.31) up to a
fixed level Y, we will apply it up to the level of a certain cutset As.
We also write m¢(cc) = e "E[X¢(t)], which can be checked to converge to

a limit m®(c0) as t — oco. As in [CH10], we then write:

le= 7)) X¢(e(n 4 ny)) — mS(00)| < S1 4 S + Ss,
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where

Si=| Y e TN (e +m) +97 log Di) = Dim(e(n -+ n) +7" log Dy)
1€Aen \Aen,cny
Sy = Z Dym®(c(n +ny) + v tlog D;) — m®(c0)

1€Aen \Acn,enq

Sz = Z e 1) X (e(n 4 ny) 4+ 4 Hog D;).
1€Acn

As in [CH10, Proposition 4.5], the first two sums both converge to zero as n and
then ny go to infinity: the first using the strong law of large numbers, and the second
using branching process techniques.

To show that limy, .o limsup,,_,.. S3(n,n1) = 0, we cannot directly repeat
the proof of [CH10, Proposition 4.5] since this a priori requires existence of higher
moments of Diam(L,,). However, this can be fixed by the following modifications of
[CH10, Lemmas 4.2 - 4.4] which show that X (¢) has finite second moment.

Lemma 4.5.6. ¢f [CH10, Lemma 4.2]. Let i € Yg,j € 3 with k < I, and let
0 € (0,5. Let m =m(i,j) denote i A j, 6; = Diam(L;) and § = Diam(L,). Then:

(i) If m(i, j) < k, then:
1 1
P(DZ7 (52 Z €7t,DJ75j Z 6t>

ge%tE[(serE{A? TE[A? FE[D.QWQ}E[(D?m“)z}E[(Dj:m“):}.

ilm+1 Flmt1 ilm i
(it) If m(i,j) < k, then:
1 1 20 o
P<Di75l- > e_t’Dj?Y(Sj > 6_t> < GQGtE[(S%} E|:DZW:| E[(D;);} )

Proof. (i) In the case m < k, which means that j is not a descendant of i, we
proceed as in [CH10, Lemma 4.4] to show that:

1 1
P(D; 5 >e ', D] ;> e_t>

<e20tE 5659.A% A% E D% E[(D”mH)%]E[(Dj'mH)%]
= 077 a1 " Glma ilm i J '

Since j is not a descendant of ¢, and by Theorem 4.3.1 the looptrees £ and

L

i‘m«&»l

jlmi1 arve independent, it follows that d; is independent of 4;, and moreover
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) 0
that they are both independent of A} and A7

m—+1 .] I'm+1

. We deduce that

Eafag?A% A ]gE[&f}E[ﬁ]E[Aff Al ]

7;‘erl j‘m+1 J m+1 j|m+1

<E|d| E|d] E[Aig ];E[A? ];,

i|m+1 Jlm41
and the result follows.

(ii) If m = k then again following [CH10, Lemma 4.4] we have that
1 1 e 20
p <D; 5> e, D15 > e_t> < eQetE[afaﬁ(D;)?] E [D;] .

In this case ¢; and J; are not independent of each other, however by Theorem
4.3.1 they are independent of the Poisson-Dirichlet weight Dg . By factorising
and then applying Cauchy-Schwarz, we therefore deduce that

E[afag(p;l)ﬂ <E[s¥] E[(D;Z)ﬂ ,

as claimed.

O]

The next two lemmas then follow from Lemma 4.5.6 exactly as per the ar-
gument in [CH10], so we omit the proofs. In fact it is now even easier since we have

removed the dependence on e considered there.

Lemma 4.5.7. cf [CH10, Lemma 4.8]. For 0 € (1,%), there exists a finite constant
C such that

- - Y k
> > milt+7y " og DiJn(t+ v log Dy) < Ce*(k +1) f“(ﬁvl) :

€Sy jED, 1

Lemma 4.5.8. cf [CH10, Lemma 4.4]. For 0 € (v, %), there exists a finite constant
C' such that
E[X(t)%] < Ce™.

In light of Lemma 4.5.8, we can modify the exponents given in the proof of

[CH10, Proposition 4.5] to show that Ss is finite. In particular, we define:

o
oM () = Z X () 1{t + eny +log6;j > —y tlog Ayy >t +enq},

7=1
YO (t) =Y o™ (t+ " log Dy),
1€
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and we can then check the conditions of [Ham00, Lemma 3.2] to confirm that there
exists € > 0 such that
e Mty em (t) < Cefcnl('ya_lJre)

for all sufficiently large ¢. This is done exactly as in [CH10], except that we take
h(t) = e (@ D+ (for some sufficiently small & > 0), and in equation (25) there

we replace the exponent % with ya~!+¢, and we deduce that, P-almost surely

lim limsup S3(n,n;) = O(e*(V(lfafl)*f)cn)_
n1— n—oco

Combining with the results for S and Sy implies in particular that P-almost surely,

lim |e77"°X(cn) — mf(o0)| = 0.

n—oo
Again by taking h(t) = e~ (@ " +D+e)t e can then proceed exactly as in [CH10] to
take a limit along the subsequence (cn),>1 and deduce that, in actual fact, P-almost

surely

lim sup e "¢ X(cn) — X (cn)| = Ce—no(W(l—Ofl)—a)t’
n—0o0

from which we can deduce Theorem 4.5.1(ii) by taking no to infinity and using
monotonicity of X.

To prove the second part of Theorem 4.5.1(ii) about the second order term
one can also just repeat the proofs of [CH10, Section 5]. The arguments are the

same and just use the same principles outlined above, so we do not write the details.
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Chapter 5
Infinite Stable Looptrees

The purpose of this chapter is to make a formal definition of an infinite stable
looptree, which we denote by £ for a € (1,2). Our construction is the natural
one in light of the previous constructions of infinite trees and looptrees outlined in
Section 3.3, and is further justified by the following local limit theorem, showing
that £2° can be characterised as a local limit of compact stable looptrees as their

mass goes to infinity.

Theorem 5.0.1. Let Eg be a compact stable looptree conditioned to have mass ¢,
and let L° be as above. Then,
~ d ~
(L6 ") 9 (L2, 0,0, )
as { — oo, with respect to the Gromov-Hausdorff-vague topology. Here dt and d*

can denote either the geodesic metrics, or the effective resistance metrics on the

respective spaces.
We also prove a similar scaling limit result.

Theorem 5.0.2. Let T;° denote Kesten’s tree with critical offspring distribution in
the domain of attraction of an a-stable law. Also let v¥5¢ denote the measure that

gives mass 1 to every vertex of Loop(T5°). Then

(Loop(T2°), a;td, n~ v p) @ (£3,d>®, 1>, p™)

with respect to the Gromov-Hausdorff vague topology as n — oo. Here d and d* can
denote either the graph distances, or the effective resistance metrics on the respective

spaces.

We will see in Section 5.3 that similar results hold for the infinite discrete
looptrees defined in [BS15] and [Ric18a).
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Figure 5.1: Relations between discrete/continuum and compact /infinite looptrees.

In fact, we prove all the remaining equivalences in the following diagram.

Given these two theorems, we are also in the right setting to apply results
of [Crol8] regarding limits for stochastic processes on these spaces. In particular,
we obtain the following results. We let B* denote Brownian motion on £3°; this
is formally defined in Section 5.5 analogously to the compact case considered in
Chapter 4.

Theorem 5.0.3. Let (BYf);>0 be Brownian motion on LY, and let (B§®);>0 be Brow-
nian motion on L. Then there exists a probability space (', F',P’) on which we
can almost surely define a metric space (M, Ryr) in which the spaces (LY, RY, v, p*)

and (L, R, v, p>°) can all be embedded and such that
(££7 R£7 1/37 pe) % (E(Olo7 ROO’ VOO’ poo)

with respect to the Gromov-Hausdorff-vague topology as £ — oo, and the required
Hausdorff convergence specifically holds in the metric space (M, Ryr). Letting (B%)s>1

and B be as above, we have that
d
(Bf)iz0 9 (B)i=0
as £ — oo, considered on the space C(RT, M) endowed with the topology of uniform

convergence on compact time intervals.

Theorem 5.0.4. Let (Loop(T2°),a;'d, n~'v¥< p) be as in Theorem 5.0.2. Then
there exists a probability space (', F",P") on which we can almost surely define
a metric space (M, Ry;) in which the spaces (Loop(T2°), Caytd,n~'v¥s¢ p) and
(£2°,d>, 1>, p) can all be embedded and such that

(Loop(T2®), ay 'd,n v, p) D (22, @, v, )

with respect to the Gromov-Hausdorff-vague topology as n — oo, and the required

Hausdorff convergence specifically holds on the metric space (M, Ryr). Letting Y be
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a simple random walk on Loop(T°), and B* be as above, we have that

— d 00
(@'Y anant) )0 @ (Bf?)t=0
on the space D(R™, M) endowed with the Skorokhod-Jy topology as n — cc.

Again, we will prove a similar result for random walks on the other infinite
discrete looptrees in Section 5.5, along with annealed versions, but the one above is
easiest to state as all vertices have degree 4 in Loop(T).

The process B* is considered further in Section 5.5 where we prove the
following results about the spectral dimension of £5°. Recall that the spectral

dimension of £3° is defined as

o 1o —2log(pge(p>, p>))
ds(La’) = tlggo logt

; (5.1)

where pg©(-,-) is the transition density of the Brownian motion B> defined above,

i.e. a symmetric ¥ x v**-measurable function on £’ x L5° such that

E.[f(By)] = - fW)pe(z,y)v>(dy)

for all bounded, v*°-measurable functions f on £ and v*°-almost every x € L.
We assume that £2° is defined on the probability space (2, F,P), and let E

denote expectation on this space.

Theorem 5.0.5. P-almost surely, dg(LYX) = O?—fl

In light of Theorem 5.0.5, we call dg(LS°) the quenched spectral dimension.

We also define the annealed spectral dimension as

iy —21os(EpE (0, p7)])
t—00 logt

ds(L:)

For a general space, the annealed heat kernel is trickier to bound than the quenched
one defined above, since the expected transition density may not be finite. This is the
case, for example, for the trees with heavy-tailed offspring distributions considered
in [CKO08]. In the case of stable looptrees however we are able to bound this using the
volume and resistance estimates of Section 5.4, and then utilise scaling invariance

of L to prove the following (more precise) result.

Theorem 5.0.6. There exists ¢; € (0,00) such that E[p:°(p>, p™°)] = citsit. In

particular,
2a

a+1

d§(L3) =
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Both the quenched and annealed spectral dimensions match those obtained
for the infinite discrete looptrees defined from offspring distributions in the domain
of attraction of an a-stable law in [BS15].

We start by giving the construction of infinite stable looptrees in Section 5.1.
We then prove Theorem 5.0.1 in Section 5.2. In Section 5.3 we prove several scaling
limit results, and in Section 5.4 we consider volume and resistance bounds on £3°,
which enables to prove various results for random walk limits in Section 5.5.

We prove the limiting results of Theorems 4.0.2, 4.3.8 and 4.0.10 of Chapter
4 in Sections 5.4.1 and 5.5.3 respectively.

5.1 Construction of infinite stable looptrees

It seems clear that the natural construction of infinite stable looptrees should use two
stable Lévy processes to code each side of the loopspine, in place of the excursion.
This is also the approach suggested in [Ricl8a, Section 6] and our construction is
merely the continuum version of the discrete construction of [Ricl8a, Section 3],
except that we have essentially turned this construction “upside down” to match
the original coding mechanism for compact looptrees.

We will prove Theorem 5.0.1 for stable looptrees rooted at a uniform point.
By taking a stable looptree coded by an excursion X°*‘ of length ¢, and taking
a uniform point in U € [0, /], it follows from the Vervaat transformation that the
processes (Xtexc’e)ogtg] and (XfXC’K)USth are distributed respectively as the the
post- and pre-minimum parts of a stable Lévy bridge. Standard convergence results
then imply that on any compact interval, these converge in distribution to stable
Lévy processes as ¢ — oo, and results of [Mil77] imply that these two processes are
independent of each other. Moreover, if we think of the loopspine as the sequence
of loops coded by jump points at times 0 <t < U, then (XfXC’Z)OStSU codes for the
loopspine along with everything grafted to the left hand side of it, and (X} XC’K)USS ¢
codes for everything grafted to the right hand side of it. It therefore seems natural
to replace each of these by unconditioned Lévy process in the infinite volume limit.

We start by writing this below as an equivalent construction of compact

stable looptrees. We give the construction for a looptree of mass /.

100



Two-sided Construction of Compact Stable Looptrees

1. Let XP"¢ be a spectrally positive, a-stable Lévy bridge of lifetime .
Let m = my be the (almost surely unique) time at which X" attains

its infimum.

2. Let (Xt(2’£))t20 be the pre-infimum process, and (Xt(l’g))tzo be the time-

reversed post-infimum process, extended to stay constant after times m

and 1 — m respectively. That is,

XPr for t € [0,m], Xpr, fort € 0,1 —m),

Xt(M) _ Xt(l’e) _
XD for t > m; XPrfor t > ¢ —m.
3. Define a function X¢: R — R by
XD ife >0,

X/ =
x50 e <.

It should be clear from the Vervaat transform that X is just a shifted

Lévy excursion.

4. For s,t € R, we define resistances ¥, RS and R’ from X* exactly as in
(4.9), (4.10) and (4.11), but with the superscript ¢ on all the quantities
involved. We can similarly define distances 6°, dé and d* exactly as in
(3.7). Analogously to the normalised case, we then set £, = (R/ ~, d"),
and EéR = (R/ ~,RY, and let p* : R — L’ denote the canonical

projection.

Due to the Vervaat transformation, this construction is entirely equivalent
to the original construction of looptrees using the Lévy excursion, but we have now
split the coding into two functions which define each side of the loopspine. To code
the infinite looptree, we will take limits of each of these functions and use these to

code each side of the infinite loopspine.
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Construction of Infinite Stable Looptrees

1. Let X be an a-stable, spectrally positive Lévy process, and let X’ be

an a-stable, spectrally negative Lévy process.

2. Define a function X*° : R — R by

X, ift >0,
X =
X", ift<o.

3. Analogously to the compact construction above, if ¢ is a jump point of
X with jump size A; and a,b € [0, Ay], set

57°(a,b) = min{Ja — b}, A — a — b},
N i L\ e b(A—ja—b)
0 (a,b) = <|a—b| +At—|a—b|> = A,

Additionally, as before, for s,z € R with s <t set IJ5 = inf,c[,  X2°
and zg5 = I27— X 2. For s,t € R we again write s < tif s < ¢ (meanlng
that #35 > 0) and s # t. Then, if s <t set

dg°(s,t) = 250001:

s<u=xt

RP(s,t) = > ro(0,al,).

s<u=t
Then, for general s,t € R, set

doo( S, ) - 55/\t( s/\t,s?xg/)\t,t) + dgo(s A tv 3) + dgo(s A t7t>7

(5.2)
ROO<37 t) = rs/\t(xzf\t,sa x??\t,t) + RSO(S A t? 8) + RSO(S A t? t)'

Finally, define an equivalence relation ~ on R by setting s ~ t if and
only if d(s,t) = 0. We define the infinite looptrees £2° and £ by

EOO = (R/ Nvdoo)v
Eoo R _ (R/ ~ Roo)

For ease of notation and intuition, we will focus on £3° rather than £ in
the following sections, but the results will hold in the resistance setting by exactly
the same arguments.

As in the compact case, we can define the projection p™ : R — £5°, which

is almost surely continuous, and endow L7 with the measure v*° which is defined
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to be the pushforward of Lebesgue measure on the real line to £3° via p™.
We also have the following proposition, as a direct consequence of the scale

invariance of the stable Lévy process.

Proposition 5.1.1 (Scale invariance of £X°). For any ¢ > 0,

—
=

(6307 CC‘Z'? poo7cayoo) = (5307 d? poo7 VOO)J

where d here can be equal to either d>*° or R™.

5.2 Proof of Theorem 5.0.1

The proof of Theorem 5.0.1 essentially stems from the fact that the two sides of the
Lévy bridge used to code a compact stable looptree converge in distribution to a
Lévy process on any compact time interval as £ — oo. We first recap the following

result, that also appeared as Proposition 3.2.3.

Proposition 5.2.1. Let (fn)n>1 be a sequence in D(]0, 1], R), and f € D**(]0, 1], R)
be such that f, — f as n — oo with respect to the Skorokhod topology. Additionally
let v and vy, be the projections of Lebesgue measure onto the spaces Ly and Ly,

respectively. Then

dGHp(<Loop(Tn),cZn,l/n,pn>, (Ef,cff, uf,pf)> —0

as n — oo.
Here d can denote either the shortest-distance metric of [CK14], or the re-
sistance metric of (4.11), but defined using the function f in place of X *°.

Clearly the result of the proposition will still hold on any compact time
interval, not just [0, 1].

To prove Theorem 5.0.1 we will make use of the following result and apply
Theorem 3.2.3.

Theorem 5.0.1 is proved by applying Proposition 3.2.3 to the following con-

vergence result. The Lévy processes are all normalised as in Section 2.5.1.

Proposition 5.2.2. Let X" be a spectrally positive, a--stable Lévy bridge of life-
time £, starting and ending at 0, let X be an a-stable, spectrally positive Lévy process,
and let X' be an independent a-stable, spectrally negative Lévy process. Also let my
be the (almost surely unique) time at which X "¢ attains its minimum. Then, for any
T,,T5 > 0, letting f and g be any bounded continuous functions D([0,T;],R) — R,
we have that

E[f((thAT}ﬁg)te[mTl])g((X(b&ft)vm)—)te[o,:rz]ﬂ - E[f((Xt)te[O,Tl])} E[Q((Xt/)te[o,:rz])}
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as ¥ — oo.

Before we prove the proposition, we show how we can apply Proposition 3.2.3

to the functions X and X’ on compact time intervals to prove Theorem 5.0.1.

Proof of Theorem 5.0.1, assuming Proposition 5.2.2. We need to show that for al-
most every r > 0,
d
B (£t Y B.(c). (5.3)

To this end, take some r > 0. We define two times t,(r) and t4(r) by

tg(r) =inf{s > 0: A_y > 4r, 6>, (z%, o) > r},ta(r) = inf{s > 0: X® < X ( ),}.
) —tlg(T

The purpose of defining t,(r) and t4(r) like this is that X codes a compact looptree
on the interval [—t4(r),t4(r)], and that B,(LY) is contained in this.

Note that t4(r) is P-almost surely finite, since if L is the local time spent
by (X% )e>0 at its infimum by time s, normalised so that E[e/\xzo”(ﬂ} — e

we have from Proposition 2.5.4 that the measure

> S.a)

sed

is a Poisson point measure of intensity dl - x1{z~% > 4r}dx, where J is the set
{5 >0: A5 > 4dr,0%,(2% ) > r}. Moreover, by [Ber96, Chapter VIII, Lemma 1]
we know that L~ is a stable subordinator of parameter 1 — é, and hence L; — oo
P-almost surely as t — oo. It follows that t,4(r) is P-almost surely finite for all > 0.
Similarly, since lim inf; ,~ X7° = —oo P-almost surely, t4(r) is also P-almost surely
finite for all r > 0.

For notational convenience, we write t, = t,(r) and t4 = t4(r) from now on.

The compact looptree £ is coded by an excursion X of length £. To
write this as a two-sided construction as described in the previous section, choose
U, uniform on [0, 4], and define a function X" : [~U,, £ — Uy] by

br,l  yrexc/t exc,l
Xt - Xt-i—Ue o XUZ

for all t € [~Uy, ¢ — Up]. Then XP¢ codes LY. Moreover, we can extend X! to R
by taking it to be constant outside of [—Uy, ¢ — Uy], and by Proposition 5.2.2, it is
then the case that (thrx)te[ftgfl,td+1] 9 (X )tel—ty—1,tq+1]-

Since the interval [—tq —1,t, + 1] is P-almost surely compact, and the space
of cadlag functions with compact support endowed with the Skorokhod-.J; topology
is separable, it follows by the Skorokhod Representation Theorem and Proposition
5.2.2 that there exists a probability space (€2, F,P) on which (Xfr’g)te[,tg,l,tdﬂ] —

(Xtoo)te[—tg—l,t 4+1] almost surely. We henceforth work in this space.
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For each ¢ > 0, let A\; be the Skorokhod homeomorphism (defined pointwise
on §2) from [—t,—1,t4+1] = [-t4—1,t4+1] that minimises the Skorokhod distance
between these X" and X on this interval. Then set t5 = A\¢(t4), and similarly
th = Ni(ty).

The correspondence consisting of all pairs [t, As(t)] for t € [—t,4,t4] is a subset
of the correspondence used to minimise the Gromov-Hausdorff distance in the proof
of Proposition 3.2.3, so letting £5" = pe((Xfr’z)te[_t§7t§}) for each £ > 0 and Lo~ =
PP ((Xt)te[-t4,14)), it follows from Proposition 3.2.3 that daup(LS,L5T) = 0 as

¢ — oo. Since B.(LY) C £5" and B.(£L) C £, it thus follows that B,.(L%) @
B, (L) for Lebesgue almost every 7’ < r. By taking a countable sequence r,, — 0o

we therefore deduce the result for Lebesgue almost-every r» > 0, and the theorem
follows. u

We now conclude the proof of Theorem 5.0.1 by proving Proposition 5.2.2.

Proof of Proposition 5.2.2. The key point is that the two sides of the bridge have a
density with respect to the laws of X and X', in that for any f, g as in the statement
of the proposition, and any ¢ > T} +T5, it follows from a minor modification of (2.12)
that

br,¢ br,¢

E[f((Xt )tE[O,Tl]>g((X(Z_t)*>tE[O,T2]>:|

p€7T17T2 (X;—é— - XTl) (54)
pe(0) ’

=E [f ((Xt)te[o,:m)g <(X£)t6[07T2})

where p;(+) here denotes the transition density of X. The proof then essentially just
uses the fact that my and ¢ — my tend to infinity in probability as £ — oo, and then
the fact that with high probability, X7, and X’T2 will also not be too large. There
are two main steps. We first note that the quantity

E[7 (X )reomn )9 (X0 umy o )| = ELF (0 Vietor )9 (X0 dectorar) |

is upper bounded by

T T
2”f“oo||9”oo<]P(m1 < ;) +1P’<m1 >1-— ;))7

which converges to 0 as £ — oco. This allows us to apply (5.4) as follows. First, note

that it follows from the scaling relation py(x) = ta p1 (mt%) that

1 _
pe—r—1,(Xp, — Xmy) ¢ “pi((6 =T~ To)= (X), — Xpy))
pe(0) (=T —Ty p1(0)
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We denote this latter quantity by p(¢, X, X', T1,T5), so that
E [f((thrj)te[O,Tl])g((X&riet)—)tE[O,Tg])} -E [f((Xt)te[o,T1]>9((Xé)te[o,TQ]ﬂ
=E [f((Xt)tE[O,Tﬂ)g((Xt/)te[O,Tz]) (10(& X, X'\ T, Tp) — 1)] :

Taking some 0 < ¢ < 1, we decompose on the event {|Xrp,|V | X7 < (0 —-T1 —

Tg)éf8 } and its complement by writing the latter quantity as the sum

E

f((Xt)te[o,Tl])g((Xé)te[o,n]) (p(f,X, X'\, T>) — 1) | X | VI|Xp| < (0-T) - Tz)i_s}]

+E

F((Xetor )9 ((XDeerom) <p(z, X, X'\ Ty, Ty) 1) 1| Xz, |V |Xp | > (6~ Ty — T2)i—s}] .
(5.5)

We deal with each of these two terms separately. For the first term, note that by
continuity of the transition density [Ber96, Section VIIL.1],

w L dnleenomE)) e
|I|§2(£7T1,T2)é_5

as { — oco. We apply this by writing:

‘OO

- pltO) (‘ <(£ - Tf - T2>a - 1) |m|§2(2—siiliT2)éfs {pl (m(€ i T2)°‘1)}|

from which we deduce that the first term in (5.5) converges to zero as £ — oo, since

I <p(e, X, X'\ Ty, Ty) - 1) L{| X7, | V| X0, | < (6~ Ty — To)a <)

_.I_

sup {p1<l‘(f—T1 —TZ)%)} —pl(O)

o] <2(6—T1—Tp)a =

f and g are also bounded. To deal with the second term, we upper bound it by

1 1
— IP’(X VIXh|>(—T - T 5—6),
||f||oo||9|\oop1(0)llp1|!oo (X7 | VX7, [ > (6= T1 = T2)
which also vanishes as ¢ — oo. (Note that ||p1||cc by results of [Zol86, Section I1.4]).
It therefore follows by an application of the triangle inequality and the bounds

above that
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E[f((X;)/{;ﬁg)te[o,Tl])g((XE)(rg’ft)v,,n[)—)tE[O,Tz])] - E[f((Xt)tE[O,Tll)g((Xt/)te[hoZ])}
< B[7 (O o s (X gym-eeora )| = B[ (O ecoina ) (XG deeora)|

+E [f ((Xfr’l)te[o,Tl])9((Xarft)_ )te[O,Tz])] —-E [f ((Xt)te[O,Tl])g((Xé)te[O,Tz])]

—0

as £ — oo, as claimed. We can then factorise the final term by independence of X
and X'. dJ

5.3 Scaling limits of infinite discrete looptrees

In this section, we prove that infinite stable looptrees are scaling limits of infinite
discrete looptrees. We start by proving the following proposition, from which Theo-
rem 5.0.2 will follow. Note the analogy with Proposition 4.1.6, and [CK14, Theorem
4.1].

Given an infinite critical discrete tree Ty, we note that it can be coded by
a two-sided Lukasiewicz path indexed by Z in the same way that an infinite critical
continuum tree can be coded by a two-sided Lévy process.

Asintroduced in Section 3.3, the infinite discrete looptrees defined by Bjornberg
and Stefdnsson in [BS15] are formed by first taking a critical offspring distribution £
in the domain of attraction of an a-stable law, and then forming Kesten’s tree T3°
as outlined in Section 3.3. This tree has a unique infinite spine of vertices with a
size-biased version of the offspring distribution. The authors define their looptree as
Loop’(7T°). Here Loop’ is an operation very similar to Loop, obtained as in Figure
5.2, and dgp(Loop(T2°), Loop' (T2°)) < 2 (see [CK14, Proof of Theorem 4.1]). We
let L' = Loop!(T2°).

Figure 5.2: A tree T' and Loop’(T), for the same underlying tree as in Figure 3.4.

Remark 5.3.1. In wvarious places in other literature, the motation for Loop and
Loop' is interchanged. We have used the notation of [CK14] since our paper follows

on more naturally from the results there.
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We also make one further definition. Given an infinite critical tree T, and
R > 0, we define Loop(T4 )™ to be the sublooptree of Loop(T,,) obtained by letting
L be the first loop on the infinite loopspine that is of length greater than 4R, and
such that if we let [; and ls be the lengths of the two segments of this loop obtained
by splitting the loop at the two points where it intersects its neighbouring loops in
the infinite loopspine, we have that 41— € [%, %] We then let Loop(Tx)® be the

l1i+l2
subset of Loop(7%) obtained by removing all descendants of all points in L (but not

removing L itself). This definition is the discrete analogue to that of £g = given
in the proof of Theorem 5.0.1, and is useful since Br(Loop(Tx)) C Loop(Ts)¥, but
Loop(Ts )™ has the advantage of being a full looptree, whereas Br(Loop(Tk,)) may

contain incomplete loops.

Proposition 5.3.2. Let (7,)5°, be a sequence of infinite critical trees (in the sense
and let Jn

denote either the shortest-distance or effective resistance metric on Loop(r,). Ad-

of Kesten) with corresponding two-sided Lukasiewicz paths (W™)22,
ditionally let vy, be the measure that gives mass 1 to each vertex in Loop(ty,), and
let py, be the root of Loop(Ty,), defined to be the vertex representing the edge joining
the root of T, to its first child. Suppose that (Cy)2, is a sequence of positive real

numbers such that

(i) For any compact interval K C R, (%"W&tJ>teK @ (XP)terx asn — oo,
(ii) CinHeight( Tree(Loop(T,)"“")) 5 0asn— oo, for all r > 0, where Tree is the

inverse operation of Loop, and Loop(t,) is defined above.

Then
(Loop(rn),élczn,ivmpn> @ (5307620071/00’[)00)

as n — oo with respect to the Gromov-Hausdorff vague topology, where d> can de-

[e.9]

note either the shortest-distance or effective resistance metric on L3,

as appropri-
ate. Moreover, the result also holds on replacing Loop by Loop in all the statements

above.

Proof. We start by proving the result for Loop. We will prove the result with d=d
and note that the corresponding result for d = R follows by the same arguments.
The proof is again a consequence of Proposition 4.1.6, given which, the proof is
almost identical to the proof of Theorem 5.0.1 (i.e. by defining an increasing se-
quence of sublooptrees that exhaust the whole space, to each of which we then apply

Proposition 4.1.6), so we omit the details. As we did there, take r > 0, and define
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two times t4(r) and t4(r) by

ty(r) =inf{s > 0: A_g > 4r,d_s(z2,) > r},
ta(r) =1inf{s > 0: X° < Xﬁg(r),}.

It then follows by the Skorokhod Representation Theorem that there exists a prob-
ability space (92, F,P) upon which (Z=W4)_,+1)<i<tar1 — (X))t 41)<t<tar1
almost surely with respect to the Skorokhod-.J; topology. As in the proof of Theo-
rem 5.0.1, for each n € N let A, be the Skorokhod homeomorphism [—t,—1,t4+1] —
[—ty — 1,t4 + 1] that minimises the Skorokhod-J; distance between these two func-
tions, and set t; = A, (t4), and similarly tg = A, (ty).

By repeating the arguments of the proof of Theorem 5.0.1, and noting that
condition (i7) above ensures that condition (i¢) of Proposition 4.1.6 is satisfied, we
deduce that the looptrees coded by (CinW,?t)_tg <t<en converge to the looptree coded
by (X*)i>0. The result then follows as in the proof of Theorem 5.0.1.

To prove the same result for Loop’ in place of Loop, first note that
de i (Loop(TS°), Loop'(TS)) < 2.

Therefore, the Gromov-Hausdorff convergence of Proposition 4.1.6 holds with Loop(7,,)
replaced by Loop’(7,), and the Prohorov convergence of measures of that proposi-
tion holds by the exactly the same arguments. As a consequence, we can just repeat

exactly the same proof for Loop’. O

In particular, the result applies taking 7, = T;° for all n, and C,, = ay,. In
this case, %Height(Tree(Loop(Tn)(rCn))) will be of order ra_lnf%TaL(n) for some
slowly-varying function L, so point (ii) of Proposition 5.3.2 holds by an appplication
of Markov’s inequality. We therefore deduce both Theorem 5.0.2, and Theorem 5.3.3

below, as a corollary.

Theorem 5.3.3. Take Loop'(TS°) as above, with V' the measure on Loop' (T°) such
that V' (z) = 1 for all x € Loop' (TS°). Then

(Loop! (T2, ay d, "/, p) B (£30, 8,1, p)

with respect to the Gromov-Hausdorff vague topology as n — oco. Here d (respec-
tively d> ) can denote either the geodesic metric d (respectively d*°), or the effective

resistance metric R (respectively R* ).
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Looptrees defined from two-type Galton Watson trees

In practice in the context of random planar maps, it is often convenient to define
discrete looptrees from alternating two-type Galton-Watson trees. In particular,
Richier in [Ric18a, Section 3] gives the following definition, illustrated in Figure 5.3.
Given an infinite alternating two-type Galton-Watson tree T' (as defined in Section
3.1), say with white vertices at even height and black vertices at odd height, draw
a loop around each black vertex by connecting its i white child to its (i + 1)
white child for all 4, and join its parent to both its first and last white child. Then

delete the black vertices and their incident edges; we denote the resulting structure

by Loop?(T).
<

Figure 5.3: A two-type tree and its looptree.

We now take a two-type tree To>? with offspring distribution (&, &) such
that:

o (&,&) is critical, i.e. E[S]E[E,] = 1.

o ¢, is shifted geometric with parameter 1 —p € (0,1), i.e. & (k) = (1 —p)pF for
all k> 0.

e &, is in the domain of attraction of an a-stable law.

Before stating the scaling result, we briefly introduce two related concepts.
One of these is the Janson-Stefansson bijection of [JS15], which gives a bijection be-
tween alternating two-type Galton-Watson trees and one-type Galton-Watson trees.
Given an alternating two-type Galton-Watson tree T', we denote its image under this
bijection by ®;5(T"). ®35(7") has the same vertex set as T', but different edges, and
is constructed as follows: for every white vertex that is not equal to the root, label
its offspring as uq,...,u, in lexicographical order, and label its parent ug. Then
draw an edge joining u; to u;y; for each ¢ € {0,...,k—1}, and draw an edge joining

ug to u. See Figure 5.4.
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The bijection is such that each white vertex in T is therefore mapped to a

leaf in ®;5(T"), and each black vertex in T with k offspring is mapped to a vertex in
®y5(T") with k + 1 offspring.

The second concept is a (final) related loop operation Loop. Given a (one-

type) tree T', Loop(T) is obtained by first forming Loop’(T'), and then for each

vertex u € Loop’(T'), contracting each edge joining u to its rightmost child. Loop(T’)

therefore has the property that multiple loops can be grafted at the same vertex,
which is not the case with Loop(T") and Loop/(T") (but is the case with the two-type

operation Loop?).

(a) ys(T). (b) Loop’(®35(T)) and Loop(®;5(T)).

Figure 5.4: Illustrations for the two-type tree T in Figure 5.3.

The proof of the two-type scaling result then proceeds by applying the

Janson-Stefansson bijection to the two-type tree, and using the following facts, which

we state without proof, but which should be plausible from looking at Figure 5.4.

(i)

For any plane tree T' endowed with a measure giving mass 1 to every ver-
tex, dgpp(Loop’(T'),Loop(T)) < 4Height(T) (see [Ric18b, Equation (48)] for

Gromov-Hausdorff version, then the Prohorov bound on measures follows by

same reasoning).

If T is an alternating two-type tree, then Loop?(T) = Loop(®;5(T)) ) (see
[CK15, Lemma 4.3]).

Let T be an alternating two-type Galton-Watson tree with offspring distribu-
tions & and &, such that &, is shifted geometric with parameter 1 —p € (0, 1),
ie. &(k) = (1 —p)pF for all k > 0, and E[¢&]E[&] < 1. Then ®35(7T) is a
one-type Galton-Watson tree with offspring distribution &, where £ is such that
£(0)=1—pand (k) = ple(k — 1) for all k > 1 (see [JS15, Appendix Al).
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Moreover, under the criticality assumption, this implies that

S 59) _1-p
—1

n (i) _ En
28T @ e d only i v~y (5.6

Qp P ap

We are now ready to state and prove the convergence result.

Theorem 5.3.4. Let Loop?(T5>?) be above, with (an)n>1 as in (5.6), and let 12 be

00,2

the measure on Loop*(T5>?) such that v2(z) = 1 for all x € Loop?(TS™?). Then
(Loop (T ), ay d,n™ v, p) & (£22,d%, v, p)

with respect to the Gromov-Hausdorff vague topology as n — oo. Again, here d
(respectively d) can denote either the geodesic metric d (respectively d*), or the

effective resistance metric R (respectively R>).

Proof of Theorem 5.3.4. Using the points above, we will show that there exists a
probability space on which we can define both T," 2 and a one-type Galton Watson
tree T, satisfying the assumptions of Proposition 5.3.2 such that, for all r > 0,

darp (B, ((Loop®(T59?), ay ' d,n ™"V, p)), By ((Loop'(Tw), ay, 'd,n ™"V, p)) = 0
(5.7)
almost surely as n — oco. As a result, we deduce that these two looptrees have the
same Gromov-Hausdorff-Prohorov vague limit.
To do this, we first make a definition. As in the one-type case, it follows
that 75°% almost surely has a unique infinite spine on which vertices instead have a
size-biased offspring distribution (see [Stel8, Section 3.1]). Analogously to previous
definitions, for any R > 0 we say that a loop on the corresponding loopspine is
R-good if it has length at least 4R and if the two points at which it is connected
to adjacent loops on the loopspine are separated by distance at least R. We then
let L2(R) denote the subspace obtained by taking the union of all the loops up to
and including the first R-good loop on the loopspine, along with any sublooptrees
grafted to them. The reason for this definition is that Bg(Loop?(T5>?)) C L2(R),
and L2(R) is a full looptree (i.e. does not contain partial loops). We also let T2(R)
denote the (two-type) tree such that Loop?(T2(R)) = L2(R) (this is well-defined
since Loop? is a bijection).
Set Ty™ = ®35(T2(ray,)). We make the following observations, based on the

facts above.
1. By Fact (ii) above, Loop (Tof") = L%(ray).
2. By Fact (i) above, dGHp(Loop(Tg’”), Loop’ (T&”)) < 4Height<T£’n>.
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Moreover, na Height (T;”) — 0 in probability as n — oo since:

P(Height(fg]”) > ens + 1) < P(Height (Tg(mé)) > enw + 1)
1
=1 =prn)™"”

< exp{—CT*an*aTilané 1,

~ 1 a—1 . . Z .
where p;., = %P(f, > rnE) ~ Cr*n o asn — oo by assumption, since &, is

a size-biased version of &,.

3. By construction and Fact (iii) above, B, (Loop’ (Tg”)) = B, (Loop’ (Ta)), where
T, = limy, 00 3" (the Janson-Stefinsson bijection is such that this is well-
defined). Moreover, T, is distributed as Kesten’s critical tree with offspring
distribution &.

These three points imply that (5.7) holds with T, as in Point 3 above. Then,
T,, satisfies the conditions of Proposition 5.3.2 (in particular, condition (ii) of the
Proposition holds by similar arguments to those in Point 2 above), so we deduce
that

(Loop!(Tn), az'd,n~"v', p) D £2°

asn — co. Since these 7o and T}, are defined on a common probability space, (5.7)

therefore implies the same distributional result for (Loop?(75°?), a7 td, n =1/, p). O

Remark 5.3.5. In [Ric18a/, these two-type looptrees are coded by upward skip-free
random walks in a similar way to the one-type case. It is also possible to write an
analogous result to Proposition 5.3.2 in this case, under more general assumptions

on the coding functions.

5.4 Volume bounds and resistance estimates for infinite

stable looptrees

In this section, we prove precise estimates on the volume and resistance growth
properties of infinite stable looptrees. These are of interest in their own right but
in Section 5.5 we also use these to obtain bounds on the heat kernel, and use the
resistance estimate to verify that the non-explosion conditions of Theorem 2.4.3 in
order to deduce similar limiting results for stochastic processes.

Similarly to Chapter 4, we can prove the following volume results. The
results holds regardless of whether we define the balls in terms of R* or d*°, since

the two metrics are equivalent.
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Theorem 5.4.1. (cf [Arc19, Theorem 1.4]). P-almost surely, we have:

limsup(y (B=(p ;QZ}) < 00, lim sup (V (B=(p ’T))> >0,

rToo ro (log log r) a—1 rtoo ro log 10g r

lim inf <VOO(BOO(pOO ! )) > 0, liminf< V(B (o™, ) ) < 00.

rtoo \ r%(loglogr)—« rteo \ 7%(loglog ) —(@—1)

Moreover, P-almost surely, for v>°-almost every u € L3 we have

lim sup ( vE(BE(u, r12_3> < oo, limsup (VOO(BO.W> > 0,

r%(loglogr—1) e
hminf( V(B (U’T))a> > 0, liminf< v (B%(u,r)) > < 0.

"0 w0 D\ @ loglog 1

ri0 \ r(loglogr—1)— rlo - \ r®(loglog r—1)=(a=1)

Theorem 5.4.2. P-almost surely, there exists a constant ¢ > 0 such that for all

r >0, )

cer(loglog(r v r 1)) Ta=T < R™(p™, B®(p™,r)%) < -

These results are obtained as a consequence of the following propositions.

Proposition 5.4.3. There exist constants ¢,d,C,C" € (0,00) such that for all
r>0, A>1:

Cexp{~ATT) < P (B, 1) < 1*A) < C'exp{~¢A%)
a—1

Ce N <P(w™(B®(p>®,r)) > r*)\) < lop Y=ottt

Proposition 5.4.4. There exist constants C,c € (0,00) such that for all r > 0, \ >
1: 1
P (R3(p™, B™(p™,r)) <rA™") < Cem M.

By applying Borel-Cantelli arguments along the sequence r,, = 2" (respec-
tively 7, = 27") in Propositions 5.4.3 and 5.4.4, we obtain the results of Theorems
5.4.1 and 5.4.2 for the regime r 1 oo (respectively r | 0). For any R € (0,00), the
local results can then be extended to v*°-almost every u € Lg R by uniform re-
rooting invariance (recall that (£o7) Rr>0 is a sequence of nested compact looptrees
that exhaust £3°). Taking R — oo then gives the result.

We do not prove the volume results since the proofs are essentially the same as
those of the analogous results in Chapter 4, except that at some stages we decompose
along the infinite loopspine rather than the W-loopspine (which is technically more
straightforward anyway), and we are already dealing with Lévy processes so we do
not need to use absolute continuity to compare an excursion with an uncondtioned

process.
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5.4.1 Applications to volume limits in compact stable looptrees

As a result of Theorem 5.0.1, we are able to prove various volume convergence
results that are exploited in [Arcl9] to study Brownian motion on compact stable
looptrees. The main applicable result is the following theorem. Here we let v denote
the intrinsic measure on a compact stable looptree £, as defined in Section 3.2.1,
conditioned so that v(£,) = 1. We also let B(p,r) denote the open ball of radius r

around the root in L,, and B(p,r) its closure.

Theorem 5.4.5. There exists a random variable (Vi)i>0 : @ — D(][0, 00), [0, 00))

such that the finite dimensional distributions of the process

(r=*v(B(p, rt)))tzo

converge to those of (V})t>0 as r | 0, and Vi denotes the volume of a closed ball of
radius t around the root in L. Moreover, for any p € [1,00), setting V := Vi we

have that E[VP] < co, and that
r~*PE[v(B(p,r))"] =E[V?]

asr 0.

Remark 5.4.6. We have taken closed balls rather than open ones simply so that
V is cadlag. We conjecture that the volume processes are in fact continuous, and
that the convergence of the theorem can be extended to hold uniformly on compacts.
However, due to the complex nature of looptrees, this is not straightforward to prove.
In particular it is difficult to replicate the argument used to prove a similar result for
stable trees, since looptrees do not have such a straightforward regeneration structure

around the boundary of a ball of radius r.

Proof. By the separability of Proposition 2.2.4, we can work on a probability space
on which £, — L£° almost surely as £ — oo. By standard results on metric
space convergence, it follows that almost surely on this space, v*(BY(p,t)) —
v>®(B>®(p>,t)) for all t such that v>°(0B>(p*>,t)) = 0 (e.g. see [GM17b, Lemma
2.11]), and therefore for Lebesgue almost every ¢. Moreover, by scaling invariance
of L3P, there are no “special” values of ¢, so we deduce that for any fixed sequence
0<ty<ty <...<t, < oo, the convergence almost surely holds simultaneously for
all of the points ¢;,0 < i < n.

Since (v*(B%(p,t)))i>0 @ (EVB(p,E_Tlt))tzo, by writing ¢ = r~ we therefore
deduce the result as stated. In particular, it follows that v(B(p’, 1)) @y as
{— 0.

We claim that V' € (0, 00) almost surely, with all moments finite. This follows
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immediately from the exponential upper tails of Proposition 5.4.3, namely that

_ a—1
P(V > \) < CAia-3e A7 (5.8)

We now prove that the moments of 7~“v;(B(p1, 7)) converge to those of V. To see
this, we observe that the arguments used to prove (5.8) and the compact analogue
in [Arc19, Proposition 5.4] can be applied uniformly along the sequence LY, to give
constants ¢, C' € (0,00) such that

_ a—1
p! (M(Bf(p,r)) > r“A) < O\Tas A

for all ¢ > 1. It follows that the sequence (r~P(v*(B*(p,7)))P)¢>1 is uniformly
integrable for all p > 1 and so setting C), = E[V?] we deduce that

rmE[(v1(B(p1,7)))"] = Cp
for all p > 1. O

5.4.2 Resistance bounds

We now turn to proving the resistance bounds. We use a version of the iterative
procedure used to prove the volume bounds of Section 4.2.2, which we again index
by a subcritical branching process, to count the number of sublooptrees intersecting
the boundary of a ball of radius r. More formally, we will define another subtree
Ties C U, but this time selecting sublooptrees of large diameter, rather than of large
volume, to form the offspring at each step. Since this argument is not given in
Chapter 4, we write it more carefully.

Recall that in Section 3.2.3 we defined several notions of height of a compact

stable looptree:
(i) We defined its L"-Height to be the looptree distance from p to uzw,
(i) We defined its L-Height to be sup, .+ ds (p,u).

(iii) We defined its L™-Height to be sup X¢*¢, where X is the Lévy excursion
coding Ly.

Note that L™-Height(L,) > L-Height(L,) > L -Height(L,).

The L™-Height is P-almost surely realised by a unique point in £,, which
we denote u,,. We refer to (the closure of) the set of loops coded by the ancestors of
Uy, as the m-loopspine. In order to control the lengths of the loops on the m-spine
we use Proposition 2.5.4, the absolute continuity relation (2.12), and the scaling

relation py(z) = t%pl (a:t_?l) In particular, on applying the Vervaat transform to
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X**¢ to form the bridge X br the points Muyin, Mmax € [0, 1] respectively attaining
the minimum and maximum of X" are uniform random variables on [0, 1] (they are
not independent of each other, but we will only control them using a union bound,
so this is not a problem).

Suppose that A is a measurable event involving loop lengths and sublooptrees
on the m-loopspine. If muyin, Mmax respectively denote the new locations of the
minimum and maximum of X" obtained from applying the Vervaat transform to
X we can therefore apply the absolute continuity relation (2.12) twice on the
intervals [0, Mmax V Mmin] and [Mmax A Mmin, 1] to control the probability of the
event A. In particular, if {mmin, Mmax € (67,1 —e~")}, we can therefore apply
the absolute continuity relation (2.12) twice on the intervals [0,1 — e~®"] for both
the Lévy bridge and also the time-reversed reflected bridge defined by Xbr = X'fit
to control the probability of the event A. Using subscripts to denote which law we
are working under, we can then compare Pxexc(A) and Px(A) as follows: suppose
that Px(A) < Ce™" for some p > 0 and some constants ¢, C € (0,00). We can

then write
Pxexc(A) < IED<mmin ¢ (e 1 —e ) or mpax & (671 — e*‘w’)>
+ EXexc [H{A}]l{mmm, Mmax € (E_EAP’ 1— e_éAp)}i|

< 4”4 ea N 7’ ’leOOIEX [H{A}]l{mmin,mmax e (e 1— e_a‘p)}}

p1(0)

< 46—5)\17 _|_e§>\p leHOOIP;X(A)

p1(0)
< e~ 4 oW leﬂooce—cv
N p1(0)

(5.9)

Therefore, provided that we originally chose ¢ so that g < ¢, we get that
Pxexc(A) < Ce™" as well, just with slightly different values of the constants ¢ and
C.

In what follows, we will therefore use the fact given in Proposition 2.5.4
that under the law of X, the jump sizes corresponding to the ancestors of a new
maximum follow a size-biased version of the original Lévy measure (by reflection and
time-reversal, the same result holds for a new backwards minimum). Additionally,
[Ber92b, Corollary 1(iii)] combined with the Strong Markov property at times of
hitting successive maxima implies that under the law of X, the sublooptrees grafted
to the loopspine up to a given maximum are coded by the Itd excursion measure
but precisely conditioned not to have m-height so large that it would create a new
maximum of X (as should be expected). We will not explicitly repeat the argument

of (5.9) each time we make the comparison between X and X“*¢, and instead just
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directly use the law given in Proposition 2.5.4 since we always obtain a bound of
the form that can be dealt with as in (5.9).

We now define some terminology, in keeping with that used in Section 4.2.2
wherever possible.

Firstly, given R > 0, we say that a loop on the m-loopspine is “good” if it
has length at least 4R, and if the associated uniform random variable (that dictates
the ratio of the two segments it splits into on either side of the loopspine) is in
i, %] We say the a loop is “goodish” if it just has length at least
4R. Additionally, for any R > 0, and any (unconditioned) compact looptree Lo

the interval |

(respectively any infinite looptree £3°), we let I} be the closure in Lo (respectively
L) of the union of all the loops in the m-loopspine (respectively infinite loopspine)
that intersect B(p, R) (respectively B>(p™, R)). Additionally, we let [I}}| be the
sum of the lengths of these loops.

We start by giving a technical lemma. Using the size-biased distribution for
loop lengths on the m-loopspine, the proof is almost identical to that of Lemma
4.2.9. We have only included it since we refer to parts of it later in the prof of

Proposition 5.4.4.

Lemma 5.4.7. (¢f Lemma 4.2.9). For any h > 0,A > 1,R < )\717%,

AhAl

- 1
P <|IEL! > 3R\ ’ L™-Height(Ly) > 2) <Ce°

Proof. We use a similar strategy to Lemma 4.2.9. Indeed, we first condition on
existence of a good loop in the m-loopspine. We then select the closest good loop to
p. Given such a loop, the number of goodish loops between p and the first good loop
is stochastically dominated by N — 1, where N is a Geometric(3) random variable.

|I}}| can then be upper bounded by the random variable

N
2RN + > QW, (5.10)

i=1

where Q1) denotes the sum of the lengths of all the smaller loops on the m-loopspine
that are between the (i — 1) and i*" goodish loops, and the term 2RN comes
from selecting a segment of length at most R in each direction round each of the
goodish loops. Using the size-biased bound for the loop lengths, each Q) can
be independently approximated by an (o — 1)-stable subordinator run up until an
exponential time and conditioned not to have any jumps greater than 4R.

Since we model the loop lengths by a subordinator indexed by the m-spine
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of the underlying tree, we upper bound the probability in question by:

P <|IJ”$| > 3R\, T™-Height(£,) > R\

; 1
(5.11)
+P <|I}$! > 3R\, T™-Height(L,) < R*IA"

L™-Height(Ly) > 2> :

—A using exactly the same

The first of these terms can be upper bounded by Ce
arguments as in Lemma 4.2.9, the point being that if the m-spine in the underlying
tree is long enough, then there is plenty of time for a good loop to occur in the

corresponding subordinator. To summarise more concretely:

e The number of good loops on the m-loopspine is stochastically dominated by

a Poisson(cA) random variable, so P(# a good loop ) < e=eA"

e N is Geometric(3), so P(N > \) < Ce™\.

° P(Z?;l QW > R/\) < Ce . Indeed, by Proposition 2.5.4 and indepen-
dently for each i, we can model each term Q) by an (a — 1)-stable subor-
dinator Sub® with all jumps greater than 4R removed, run up until a time
Er ~ exp(cRa;—ll). We also let Sub®’ denote a rescaled version of Sub®, in-
stead with all jumps greater than 4 removed, and let £ ~ exp(c). By rescaling
Sub® and choosing 6 so that E[eos“b(i)/} < % (which we can do by Lemma
4.2.2), we then have that

) P(N =n)

P(i >R)\> ZP(Zsub“ >\
SORNO) o

=1
= 096_

This deals with the first term in (5.11). If the m-spine is prohibitively short,
then this logic cannot be applied, however we can remedy this by noting that if
the T™-Height is unusually small in relation to the L™-Height, then this essentially
forces the loop sizes to be large compared to what we would normally expect.

More concretely, in this case, let M’ be the total number of goodish loops

on the m-loopspine (i.e. the total number of loops of length at least 4R). Using the
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subordinator representation of the loop lengths, we then have that

P <M’ < X\, T™-Height(L,) < R\ 25

L™ Height(£,,) > 1)

<cP <M’ < A, L"™-Height(La) > 5, T™-Height(L,) < Ro‘l/\h>

N

1
<cP (SUbRal)\h > 5 — 4R\

no jumps of size at least 4R> ,

where the third line follows by removing any jumps corresponding to goodish loops

from Sub, and Sub is a subordinator with (time-dependent) jump measure
C’a]l{[ovl]}(u)]l{[oﬂm]}(t)l_o‘pen(l, H™ t)du dt dl.

Note that Sub is almost an (o — 1)-stable subordinator, but with the extra penalty
against larger jumps. We therefore let Sub®~! denote an (av—1)-stable subordinator.
It follows that for any £ > 0, and any ¢,z,y > 0:

P (Sub; > x | no jumps of size at least y)
< P(Subto‘_1 >z | no jumps of size at least y)

= P(Subga__llt > kx ‘ no jumps of size at least k:y) .

Taking k = Rflz\a%hl, we therefore see that

N o1
P (M’ < A\, T™-Height(L,) < R*IA" | L™-Height(L,) > 2)

<P (Sub‘l"_l > %R_l)\a%hl — Al

a—1
< E[eOSubl }e—ex

h
no jumps at least 4/\a1>

for sufficiently small 6 > 0, where the existence of the exponential moment in the
last line follows from Remark 4.2.3, and we recall that R < )\_1_% by assumption.

We can then proceed exactly as in the second and third bullet points above to
deduce that the second term in (5.11) is upper bounded by Ce~*. This completes
the proof. O

Armed with this, we can prove the probabilistic resistance bound as follows.

Proof of Proposition 5.4.4. By scaling invariance of £5°, it is sufficient to prove the
result for r = 1.

Take R = A~2!, for some positive constant ¢ that will be specified later. The
aim will be to bound the cardinality of a set A C L3 such that any path from
B>®(p>, R) to B*®(p>,1)¢ must pass through at least one point in A. Do to this,
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we will define a tree Ties C U, obtained similarly to Ty in the box above, but with

two important differences:

e Rather than decomposing along the W-loopspine in the second and subsequent

steps, we decompose along the m-loopspine.

e Rather than reiterating around sublooptrees of larger mass, we reiterate around
those with large L-Height: specifically, those that are grafted to the m-loopspine
within distance R of the root, and with L"™-Height at least % We decompose
along the m-loopspine rather than the loopspine to the point achieving the
L-Height purely because it is more convenient to use absolute continuity and
Proposition 2.5.4 to control loop lengths on the m-loopspine. However, an ex-

pression analogous to (4.19) should also be true in the case of this loopspine.

We will show that, with sufficiently high probability, the total progeny of Ties
is at most %)\t, and that, on this event, we can pick a set A of cardinality at most

A%t In this case we are done: since A is a cutset, we then have that
at(p™, B (p™,1)) = R (p™, A), (5.13)

and due to the underlying tree structure this latter quantity is lower bounded by
the resistance of 2|A| edges connected in parallel, each of resistance A\~2!. More
precisely:
1
R0, 4) > (JAD) 7L > DAt

We will then optimise over ¢ to obtain the result.

To this end, we now turn to bounding |Tyes|. As commented on page 118,
the sequence of sublooptrees incident to the m-loopspine at a point in I} can
be stochastically dominated by those coded by the classical It6 excursion mea-
sure along this segment, so the offspring distribution of a particular u € T will
be Poisson(C|Ij;"|), where C' = N(L™-Height > 1), and we have added an ex-
tra superscript u to denote the dependence on w. By applying Lemma 5.4.7 with
h = (o — 1)(2t — 1), it then follows exactly as in Proposition 4.2.11 that, if 7" is a
Galton-Watson tree with Poisson(CA~*) offspring distribution, then

P(|Ties| > ') < A'P (ylgw > R

- 1
L™-Height(Ly) > 2> + P(]T| > 2)\t>
< ONCe M"Y L e

Assuming now that |[Tres| < A", we claim that we can pick a set A of
cardinality at most A\?’. In fact, rather than just assuming that |Ties| < %)\t, we
can assume that all of the events we conditioned on in order to construct the event

{|Tres| < %)\t} do indeed occur. In particular, we can assume that:
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(i) Foreach u € Ties, letting IV, be the number of goodish loops on the m-loopspine
between p, and the first good loop, we have that N, < \’.

(ii) For each u € Tyes, letting Ql(f ) denote the sum of the length of the shorter loops

between successive goodish loops on the m-loopspine,

Nu
D> QW < RAF =2
=1

(iii) |Tres| < 2"

Assuming this, we now describe how we select the set A. This is illustrated in
Figure 5.5 below which represents the m-loopspine of some u € Tis. In particular,
on this m-loopspine, we can pick two points on each of the goodish loops, and two
points on the first good loop, to be in A. Moreover, these points can be chosen so
that they are within distance R + A™! of the “base point” of the loop (see Figure
5.5). If one of the goodish loops violates the condition that the length of its shorter
segment is less than R, we can instead treat it as the first good loop.

From the assumptions above, we deduce the following:

(i)’ For all u € Tyes, the number of points of A contained in E(au) is at most 2N,

which by (i) above is in turn at most 2\’
(i) |A| < |Tres|2Mt = N2,

(iii)’ Points in A that are selected as points in the looptree corresponding to u are

within distance [I}] + A~ of py, i.e. distance 2X\~" of py,.

(iv)" All points in A are within distance |Tyes|]A™" + A% of p°°, which is at most 1
by (iii) above.
)

(v)! Therefore, any sublooptree grafted to the m-loopspine of C&u for some © € Tyeg
that has L-Height less than %, will not intersect B(p,1)¢. In other words, A

is really a cutset.

From the probabilistic bounds above, and since we set h = (o — 1)(2t — 1),

we therefore deduce that

_eXH(RAT)

A““) < C)\Ce +e N

DN

P (R, B2, 1)%) <
< C)\tce_c)\t(Qt—l)(a—l) —f—Ce—C)\t‘
In particular, choosing ¢ > ﬁ, we obtain
1
P( k(> BX(p™,1)°) < 2A4t> < Ce N,
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goodish loop

© points in A
— (asuperset of) I}

good loop

Figure 5.5: How to select A. The red segment contains the portion of B(p™, R)
intersecting the m-loopspine. NB This is a simplified diagram since no loops are
actually adjacent.

or equivalently,
1

P(RE(p™, B™(p™,1)9) < A71) < Cem.

5.5 Random walk limits

5.5.1 Brownian motion and spectral dimension of £°

As in the case of compact looptrees, the looptree convergence results can be used to
give a collection of limit results for random walks and Brownian motion on sequences
of looptrees. Before we do this, we have to show that R* is in fact a resistance
metric, and that the resistance form associated with the metric space (L%, R™) is
regular, which implies that it is also a regular Dirichlet form on the space L?(L°, v)
and so is naturally associated with a stochastic process. This is done in the following

two propositions.

Proposition 5.5.1. P-almost surely, R*™ is a resistance metric in the sense of
Definition 2.4.1.

Proof. This follows from [Arc19, Proposition 4.4], in which we prove the same result
for compact stable looptrees. In particular, any finite set of points V in L£3° is
contained in B(p®,r) for some r > 0. Taking such an 7, we then define t,(r) and

tq(r) exactly as we did in the proof of Theorem 5.0.1; that is, we set

tg(r) =inf{s > 0: A_y > 4r, 0%, (2%, o) > r}, ta(r) = inf{s > 0: X° < X ( ),}.
) —ig(T

As in previous proofs, it then follows that B(ps,7) C p™([—te(r),tq(r)]), and
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p>X(—tg(r)) = p>(ta(r)). Moreover, p>°([—t4(r),tq(r)]) codes a compact stable loop-
tree, which, in keeping with earlier notation, we denote by L,(r). We endow it with
a metric and a measure by restricting R> and v> to L(7).

It then follows exactly as in [Arcl9, Proposition 4.4] that R* restricted to
L (r) is a resistance metric on L,(r), and that we can therefore construct a weighted
network with vertex set V' with matching effective resistance. The same network

will therefore work for £5°. O

Proposition 5.5.2. P-almost surely, the resistance form associated with the metric

space (LS°, R*) is regular.

Proof. We let (€, Fx) denote the resistance form on £3° associated with the re-
sistance metric R> as in (2.8). According to Definition 2.4.2, we need to show that
for any f € Co(LY) and any € > 0, we can find ¢ € Foo N Co(LY) such that
Ilf — d'llc < e. The key point is that by cutting off the infinite loopspine of L£5°
at an appropriate cutpoint, any such f is also a compactly supported function on
a compact stable looptree, and therefore approximable on this compact looptree,
since all resistance forms on compact spaces are regular. Formally, we proceed as
follows.

First, note that since f is compactly supported, then its support must be
contained in B(p*>°,r) for some r > 0. Taking such an r, we then define ¢,(r) and

ta(r) exactly as we did in the proof of Theorem 5.0.1; that is, we set
tg(r) =inf{s > 0: A_y > 4r,6>,(z%, o) > r},ta(r) = inf{s > 0: X® < X ( ),}.
) —lg T

As in previous proofs, it then follows that B(pss,r) C p™([—t4(r),ta(r)]), and
vy 1= p®(—ty(r)) = p>(ta(r)). Moreover, p>([—t4(r),tq(r)]) codes a compact sta-
ble looptree, which, in keeping with earlier notation, we denote by L (r). We endow
it with a metric and a measure by restricting R* and v*° to L,(r), and denote the
associated resistance form by (&, F;).

The key point is the following: by [Kigl2, Theorem 8.4], and the one-to-
one correspondence given by (2.8) and its continuum extension on compact spaces,
(&, Fr) is obtained as the trace of (£oc, Foo) On Lo(r), and is such that for any
feF, E(f,f)=Ex(h(f),h(f)), where h(f) is the unique harmonic extension of
fto L.

Now take f € F. Note that, necessarily, f(v,) = 0, since f is continuous.
Moreover, v, is a point on the infinite loopspine that cuts p°° off from oco. Arbitrarily,
we now choose a new point v,. on the loopspine, coded by a jump point of X°, that

also separates p> from oo, but such that R (p>,v]) > R>®(p>°,v,). It follows

»rEr

that v/. is coded by jump point of X*° at a time that we denote by —t42(r), where
tg2(r) > ty(r) and —ty2(r) = 0. For any s with —tg2(r) < s < —t4(r), set as =
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(53(95;00), and by = Ay — 6S(x§f’0), so that as gives the length of the “shorter” segment
of the corresponding loop in the loopspine, and b gives the length of the “longer”
segment (see Figure 5.6). Set

min = Z Gs, Amax = Z bs.

—tg,2(r)Rs<—tg(r) —tg,2(r)Ss=<—tgy(r)

These are defined so that dyi, gives the looptree distance between v, and v)., and
dmax gives the “longer distance” between them, which is the length of the path
between them that traverses the longer side of all the loops in the loopspine that lie

between v, and v]. (see Figure 5.6).

Figure 5.6: Illustration of how we cut the infinite loopspine.

Additionally, let

tao(r) =inf{s > 0: X* < Xig,z(r)_}'
Then p>([—t4,2(7), ta2(r)]) codes another compact stable looptree which we denote
by L (r), satisfying L, (r) C La(r) C L.

Since Ly(r) is compact, it follows that (&, F;) is regular, so there exists
g € Fr N Co(La(r)) with [|flz ) — 9llo < & We therefore define a function
g € Co(L) by setting ¢ = g on L4(r), ¢ = 0 on L\ L(r)', and extending
harmonically on L, ()" \ La(r).

Since g approximates f|., () in the supremum norm, it follows that [g(v,)| <
€, and moreover it then follows by the maximum principle for harmonic functions
that Hglﬁa(r)’\ﬁa(r)HOO < e. Consequently, ||f — ¢'||cc < &. It therefore just remains
to show that £ (¢',¢") < 0.

Let (&), F)) denote the restriction of (£, Foo) to La(r)'. Since the spaces
Lo(r), Lo(r)\La(r) and L\ L, (r)" are disjoint, and ¢’ is the harmonic extension of

dJ| La(ry to L3, it follows by bilinearity and from consistency properties of resistance
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forms and their traces given in [Kigl2, Section 8| that

Eood's9") = EG Loy 9 2airy)- (5.14)

However, since L, (r)’ is simply a compact looptree, this is automatically finite.
O

As aresult, we deduce that the resistance metric space is naturally associated
with a Hunt process on (£2°, R*°), which we call Brownian motion on £3° and denote
by B*°.

5.5.2 Quenched results

We can apply Theorem 2.4.3 to the results of Theorems 5.0.1 and 5.0.2 to deduce
convergence results for stochastic processes on the corresponding spaces. The only
additional detail in the proofs of these results is that we have to check that the
non-explosion condition at (2.9) is satisfied, i.e. that

lim lim inf R%(p*, B¢(p*,7)¢) = o0

r—00 f—00

almost surely, where R’ here denotes the resistance metric on LY,.

Local limits

The local limit theorem of Theorem 5.0.1 immediately allows us to apply Theorem
2.4.3 to deduce that Brownian motion on £/ converges in distribution to Brownian
motion on £3° as ¢ — oo on compact time intervals. Indeed, it follows from Theorem
2.2.4 and the Skorokhod Representation Theorem that there exists a probability
space on which the convergence on Theorem 5.0.1 holds almost surely. Moreover,
the explosion condition is satisfied as an immediate consequence of Proposition
5.4.4. In particular, the arguments used to prove Proposition 5.4.4 are also valid for
compact stable looptrees, so we deduce that the resistance bounds of Proposition
5.4.4 almost surely hold along the sequence (L%)sen.
Theorem 5.0.3 then follows by a direct application of Theorem 2.4.3.

Scaling limits

We can also deduce similar results from Theorems 5.0.4, 5.3.3 and 5.3.4. In this case,
the non-explosion condition is satisfied as a result of [BS15, Lemma 3.5, which says
that for Loop’(T°), there exist ¢, C' € (0,00) such that

P (Reg(p, B(p, 7)) <7A7!) <COA 1 (5.15)
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In light of Proposition 5.4.4, we conjecture that there should in actual fact be
exponential tail decay, but polynomial decay is sufficient for our purposes here.
Indeed, to verify (2.9), we need to show that

lim lim infn%Reff(p, B(p,rné)c) =00

r—00 M—r00
P-almost surely. This follows directly from applying a Borel-Cantelli argument along
a suitable subsequence using the probabilistic bound (5.15). Moreover, the same
applies for Loop(T2°) since Reg(p, B (Loop(T0))¢) > Reg(p, Br—1(Loop (T2°))6).

Similarly, the result also holds for the two-type looptree Loop?(Ts" ’2), since
Ref(p, B, (Loop(T50))) > Rerr(p, Br—Height(Tree(Loop’(Tgo)T))(Loop/(To?O))c)7 and also
r~ Height(Tree(Loop’(T5°)")) — 0 in probability, with exponential tail decay (as in
Point 2 of the proof of Theorem 5.3.4), allowing further Borel-Cantelli arguments.

In all the different versions of infinite looptrees that we have considered,
the Gromov-Hausdorff-Prohorov convergence holds with the uniform measure on
vertices of the looptree, and the associated stochastic process is therefore a variable
speed random walk.

In the case of Loop(75°), all vertices have degree 4, so in this case the stochas-
tic process is actually a constant speed random walk, with exp(4) waiting times at
each vertex. However, by applying Kolmogorov’s Maximal Inequality to the time
index of this stochastic process (as in the proof of [Arcl9, Theorem 1.1]) we can
show that the waiting times average out sufficiently well over time so the scaling
limit result will also hold for a simple random walk on Loop(75°) (although sped up
deterministically by a factor of 4).

Theorem 5.0.4 therefore follows by an immediate application of Theorem
2.4.3 to Proposition 5.3.2.

In the case of Loop/(7T5°), all internal vertices have degree 4, and all leaf
vertices have degree 2. This corresponds to the fact the the only significant difference
between Loop(75°) and Loop’(72°) is that in Loop’(75°) the loops corresponding to
leaves are missing, and has the effect that (on average) the random walk waits twice
as long at leaf vertices compared to internal vertices. This reflects the fact that
the random walks on Loop(72°) and Loop’(TS°) can (almost, technically only after
adding one extra vertex to the loop containing the root in Loop(75°)) be coupled
so that they move identically at internal vertices, but so that a random walk on
Loop’ (T°) remains in its present position whenever the random walk on Loop(7°)
traverses a loop corresponding to a leaf vertex (note this can be traversed in either
direction). It therefore makes sense that we should be taking a scaling limit of the
variable speed random walk on Loop’(T2°), rather than the constant speed one.

We similarly have to take a variable speed random walk on Loop?(T5° ’2),

although there is not such a simple coupling in this case. In the next theorem, we
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let L = Loop!(T2°), LeX? = Loop?(T5™?), Y& denote a variable speed random
walk on Lg ’i, and v’ denote the measure giving mass 1 to each vertex. The non-
explosion condition is again satisfied by the same arguments as in Section 5.5.2

above. We then have the following analogues of Theorem 5.0.4.

Theorem 5.5.3. Take i € {1,2}. There exists a probability space (U, F',P’) on
which we can almost surely define a common metric space (M, Ryr) in which the
spaces (Lgo’i, a;td,n=1, p) and (£°,d,v°°, p™°) can all be isometrically embedded
and such that

(L aytdon v, p) B (L3, 4,0, )

with respect to the Gromov-Hausdorff-vague topology, and the convergence specifi-
cally holds on the metric space (M, Ryr). Letting Y and B™® be as above, we
have that
1 i (d
(@7 Y ) )20 @ (B)z0

on the space D(RT, M) as n — oo.

Remark 5.5.4. We could also prove other convergence results, for example by taking
increasing sequences of increasingly rescaled discrete looptrees to approzimate L7,
in some sense combining Theorems 5.0.1 and 4.1.6, and deduce similar convergence
results for random walks, exactly as we did in the cases above. This corresponds to

the diagonal line in Figure 5.1.

5.5.3 Heat kernel convergence and spectral dimension

To conclude, we now show how Theorem 5.0.1 can be applied to give results on
the heat kernel of Brownian motion on compact stable looptrees. First, note that
it follows from the scaling invariance of Proposition 5.1.1 that the annealed heat

kernel for £3° satisfies the scaling relation

E[pi°(p, p)] = k=T E[piS (p, p)] (5.16)

for any k£ > 0. Similarly, if we let p{ denote the transition density of Brownian

motion on a looptree coded by an excursion of length ¢, we have that
Epi(p,p)] = k““E[pkt (p, p)} :
Setting k =t~ we see that

t=+ 1B [pf (p, p)] =B {Pﬁw (p: p)] '
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Moreover, since we are in a resistance framework, it follows from [CHO08, Theorem
2 and Proposition 14] that

_a (d
t557p} (0, ) B p3° (. p)

as t | 0. To deduce that the corresponding expectations also converge, we just
need to show that E[p$°(p, p)] is finite. However, since the transition density can be
bounded by bounding the volume and resistance growth (by a continuum version
of [KMO8, Proposition 1.4], for example), the exponential tail decay of Propositions
5.4.3 and 5.4.4 also give an upper exponential tail decay for the transition density.
We therefore deduce that E[p$°(p, p)] is finite, so we can apply similar arguments

to those in the previous section to deduce that

t=TEp; (p, p)] = Elp*(p, )]

as t — oo. This is stated as [Arcl9, Theorem 1.8], where Brownian motion on £,
is studied more closely.

Similarly, it also follows from [KMO08, Theorem 1.5, Part II] (adapted to the
continuum) that the heat kernel p°(p,p) almost surely experiences at most log-

logarithmic fluctuations around a leading term of tail as t T oo and as t | 0, and

2a
a+1°

To establish the annealed spectral dimension, we take k = t~! in (5.16) to
deduce that

therefore that the quenched spectral dimension of £, is almost surely equal to

E[p{°(p, p)] = t=+1E[p$(p, p)]

Since E[p?°(p, p)] is finite, this implies that the annealed spectral dimension is also

equal to az—fl This concludes the proof of Theorem 5.0.6.
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Chapter 6

Random Walks on Decorated
Galton-Watson Trees

As outlined in the introduction, the purpose of this chapter is to consider random
walks on a generalised decorated tree model. This time we work purely in the
discrete setting and we will therefore consider limits as ¢, — oo. As in previous
chapters, we will take a € (1,2] and assume that the underlying tree has critical
offspring distribution satisfying £([k, 00)) ~ ck™® as k — oo and in order to take the
appropriate limits we will assume it is conditioned to survive, by which we mean it
is constructed as Kesten’s tree according to Definition 3.3.1. One could also add a
slowly-varying function to the offspring distribution and carry this through all the
computations, but we have omitted this for sake of clarity. We will denote this tree
by T5°.

Informally, we construct our decorated tree from 7:° using the same proce-
dure as for constructing looptrees, but rather than inserting a loop of length n at a
vertex v of degree n, we insert a connected graph G,, that has a n boundary vertices.
Similarly to the looptree construction, we uniquely identify each boundary vertex of
G, with an edge incident to v, and then if v ~ v' in TS° we glue their corresponding
graphs at the two vertices identified with this edge. G, may be random (e.g. an
Erdos-Rényi graph on n vertices) or deterministic (e.g. the complete graph on n
vertices); in the random case we sample independently for each vertex, conditional
on the boundary size. We call the resulting structure 7.9, and we let the vertex of
T4e that corresponds to the edge in 79 joining p to its leftmost child be the root
of T4e¢. See Figure 6.1 for an illustration for a finite tree.

In this chapter we consider a simple random walk on 7.2°¢. Our aim is
to establish the exponents governing the behaviour of the simple random walk, in
terms of those for the underlying tree and those for the inserted graphs. We focus

particularly on the displacement exponent, and the spectral dimension; as indicated
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Figure 6.1: An example of a decorated tree, and its underlying Galton-Watson tree.

in the introduction, we will define these by the following limits, provided these exist.

log pan (z,7)

(i) The spectral dimension, dg = —2lim,, ogn

log SUPp <y d(07Xk)

(ii) The displacement exponent, dgis = lim, 00 Tog

]Pz(Xn:y)
degy
of the simple random walk, and the limit in (i) does not depend on the choice of x.

As outlined in the introduction, here p,(z,y) = is the transition density

The quantity d,, = ﬁ is also known as the walk dimension, and can be naturally
contrasted with the fractal dimension of 7.9°°, denoted d f, given by

_limy o0 log (Vol(B(z,7)))
N log r '

dy

We will see that, as is commonly the case for sufficiently homogeneous graphs, the

relation
_ 2dy

d
5= 4

holds on 7.9, This will hold as a consequence of verifying the conditions of [KMO8)].

As outlined in Section 2.4.2, the values of these exponents depend on the
resistance growth and volume growth of 79, so we will have to make some as-
sumptions on the growth of these quantities on the inserted graphs. Moreover, if
we wish to understand how fast the random walk moves with respect to the graph
metric (or some other metric different to the resistance metric), then we will have
to make an assumption on this metric too.

Given n € N, we let ( T(Ll), U7(LQ)) denote a uniform pair of distinct points on
the boundary of G, d, be the graph metric on G,, (in fact the same results will

hold for an arbitrary metric), and Reg denote effective resistance on G, when each
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edge has weight 1. We then set

df = dn (UMY, U), R = Reg(UM,U),
Diam(G,) = sup d,(z,y), Diamyes(Gr) = sup Reg(z,y).
z,y€Gn z,yeGn

We also let Vol(G,,) denote the number of edges of G,,, or equivalently (the factor
of 2 is not important) u(G,,), where pu(x) = degx for all z € Gy, as in Section 2.4.2
(although the volume growth results will also hold on an arbitrary measure on G,
and extending to 7.9° by superposing the measures).

We will assume the following.

Assumption 6.0.1.
(D) Metric growth. There exists d > 1,k > 0 and constants ¢,C € (0,00) such
that

P(dﬁ{ > n%) > ¢, P(Diam(Gn) > An%) < Ce M,

(R) Resistance growth. There exists R > 1,k, > 0 and constants ¢,C € (0, 00)
such that

P(Rg > n%> > c, P(DiamTeS(Gn) > )\n%) < Ce A"

(V) Volume growth. There exists v > 1 such that EITHER:

(i) There exists constants ¢,C € (0,00) and € > 0 such that

—(ate)
v

P(Vol(G,) > n") > ¢, P(Vol,(Gpn) > An’) = O(A ),

as A — oo, uniformly inn > 1. OR:

(i1) There exists m, > 0 and constants ¢, C € (0,00) such that for alln > 1, > 1,

AT < P(Vol(Gy,) > An?) < CATMv.

Remark 6.0.2. (i) We believe that the requirements of stretched exponential tail
decay in (D) and (R) above should not be strictly necessary and are endeav-
ouring to weaken this assumption to something akin to (V). At the moment
the stretched exponential decay is necessary in order to prove a bound on the
“decorated height” of a typical finite Galton- Watson tree, but the proof involves
decoupling the effect from high degree vertices and large values of A, which is
unlikely to be optimal. In Section 6.8 we give a heuristic for a proof that

wouldn’t involve this, in which case we could write assumptions similar to that

of (V).
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(ii) (V)(ii) corresponds to the case when the appropriate tails on the inserted graphs
are heavier than the tails of the degree distribution of the underlying tree. As
a result, graphs with large volume will not necessarily correspond to those in-
serted at vertices of large degree, so it is important to know the tail decay more
precisely. If we instead had m, + ¢ and m, — ¢ as the exponents on X\ in point
(V)(ii), we would also end up with plus or minus € on the various exponents
in Theorem 6.0.5.

The exponents d, R and v can be thought of as the internal exponents gov-
erning the behaviour of the inserted graphs, conditional on their boundary size.
Necessarily v > 1, and in planar cases where the boundary is itself connected we
also have d, R > 1.

The stretched exponential decay is not necessary to obtain the upper volume

bounds that we will present below. In this case we can instead assume the following.

Assumption 6.0.3.
(D') Metric growth. There exists d > 1 such that EITHER:

(i) There exists constants ¢,C € (0,00) and € > 0 such that
P(dg > n%> > ¢, P(dg > Ané) = O(x~de-1+9)y
as A — oo, uniformly inn > 1. OR:
(ii) There exists mq > 0 and constants ¢, C' € (0,00) such that for alln > 1,\ > 1,
eATme < P(d;f > An%) < oA ™,
(R') Resistance growth. There exists R > 1 such that EITHER:
(i) There exists constants ¢,C € (0,00) and € > 0 such that
P(R,’{ > n%) > ¢, P(Rﬁ{ > An%) = O(x~Rla=1+2)),
as A\ — oo, uniformly inn > 1. OR:
(ii) There exists mp > 0 and constants ¢, C' € (0,00) such that for alln > 1,\ > 1,
AR < P(R,f{ > An%) < Ooame,
(V') Volume growth. There exists v > 1 such that EITHER:

(i) There exist constants ¢,C € (0,00) and € > 0 such that

—(ate)

P(Vol(G,) > n") > ¢, P(Vol,(Gr) > An’) = O(A )s
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as A — oo, uniformly inn > 1. OR:

(i1) There exists m, > 0 and constants ¢, C € (0,00) such that for alln > 1, > 1,

AT < P(Vol(Gy) > An?) < CAT™e.

Assumption (R’) above is only necessary if one wants to understand volume
growth with respect to the resistance metric.

In fact, as remarked above, the exponential tail decay is only used in the
proof of one proposition which controls the decorated height of a decorated Galton-
Watson tree. When proving the volume lower bounds, it is only necessary to control
this when volumes are concentrated close to the leaves, since we then need to control
distances all the way to the extremities of the underlying tree. It turns out that this
is only the case when v < «; otherwise, there is enough volume located in internal
parts of the tree that we don’t need to control these distances in order to catch

enough volume close to the root, and we can instead assume the following.

Assumption 6.0.4.
(D') Metric growth. There exists d > 1 such that EITHER:

(i) There exists constants ¢,C € (0,00) and € > 0 such that
P(dﬁ{ > ni) > ¢, P(df{ > An%> = O(A~Ua1te)y,

as A — 0o, uniformly inn > 1. OR:

(ii) There exists mq > 0 and constants ¢, C € (0,00) such that for alln > 1,\ > 1,
A" < P(dﬁ{ > An%) < OA™a,
(R") Resistance growth. There exists R > 1 such that EITHER:
(i) There exists constants ¢,C € (0,00) and € > 0 such that
P(Rf{ > n%) > >0, P(Rf{ > An%) = O(\~Rla=1+e)),

as X — oo, uniformly inn > 1. OR:

(i) There exists mpr > 0 and constants ¢,C € (0,00) such that for alln > 1,\ > 1,

AR < P(R,L{ > An%) < oA MR,

(V") Volume growth. There exists v > « such that EITHER:
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(i) There exist constants ¢,C € (0,00) and € > 0 such that

—(a—1+4¢)

P(Vol(G,) > n") > ¢ >0, P(Vol,(Gn) > ") =0\ v ),

as X — oo, uniformly inn > 1. OR:

(ii) There exists m, > 0 and constants ¢,C € (0,00) such that for alln > 1,A > 1,

e < P(Vol(Gr) > An®) < CXT™v.

The exponents d, R and v can be thought of as the internal exponents gov-
erning the behaviour of the inserted graphs, conditional on their boundary size. To
understand the how these quantities behave for a graph inserted at a typical ver-
tex of T;°, we have to “compose” the bounds of Assumption 6.0.1 with the degree
distribution of a typical vertex. From Definition 3.3.1, this depends on whether the
vertex is on the backbone of T5° (we denote this by ‘s’, for spinal), or contained in
a subtree (we denote this by ‘f’, for fragmental). Accordingly, we have to define
two sets of exponents for each of d, R and v. For the purposes of these definitions,
we take mg, mpr and m, = oo in the cases where we have not specified the specific

exponent for the tail decay.

We take s& = d(av — 1) Amyg, sf = R(a — 1) Ampg and s, = L(a — 1) A m,.

We take f¢ = da Amg, f = Ra Amp and f2 = o A my.
_ fant _ sa(a—1)sd
T o Ve T I rafy

Later we also set t7,

We will see in Section 6.3 that, roughly speaking, for a vertex v on the
backbone of T2°, and corresponding graph G(v), P(Diam(G(v)) > z) = 2=« as
x — o0, and similarly for the other exponents.

Given these exponents, we are now in a position to state the exponents of
interest for the decorated tree. We start with the volume growth, which heuristically,
can be understood by comparing with a ball in the tree. The volume of a ball of
radius r in the tree T}° is of order = (this follows from [Duq09, Theorem 1.5], for
example); informally this is because there are precisely r backbone vertices within
distance r of the root, and between them, they have of order a1 offspring, so that
there are approximately rﬁ subtrees grafted to the backbone within distance r of
the root. Amongst these subtrees, the largest one will have volume of order pa-T
and height of order r, and due to the very heavy tails of the fragments, the volume
of the whole ball will be on the same order as the volume of this maximal fragment.
There are also other ways of understanding this exponent (e.g. see the arguments of

[CKO08] which involve decomposing at heights), but the one described here is most
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insightful for understanding the proofs in this chapter.
One can also apply this logic in the decorated metric: to go distance r along

the decorated backbone in 7;51’30, one must sample approximately 755/l backbone

s a1

vertices in T°, resulting in r «=1 subtrees. Moreover, if a subtree has progeny n,
1

then the volume of its decorated version will be approximately n/d1, so that the
a(sg/\l)
volume of the largest subtree will be of order r (>=DUEAD

This argument neglects to include volume contributions from graphs inserted
at backbone vertices. In the case of considering volume growth of T7;°, this contri-
bution is of order 7 so is clearly insubstantial compared to that of the fragments. In
fact, on a critical tree it is the case that asymptotically, almost all the mass is con-
centrated close to the leaves. However, on the decorated model, since the backbone
vertices have (on average) the highest degrees in the tree, it is natural to expect
that as the volume exponent v increases, the balance between the volumes of graphs
on the backbone and those in the fragments is shifted. In fact the critical point is
when v = «, and above this value the backbone contribution is of the same order as
that of the fragments (the backbone contribution can never dominate the fragment
contribution, though).

We therefore define the decorated volume exponent

a(st A1)

o S DA

(6.1)
We also let Brace (pdec 1)) denote a ball of radius 7 around the root of 79 with
respect to the graph metric. The main volume growth theorem is as follows.

Theorem 6.0.5 (Volume growth). (i) Upper bound. Suppose that (D'), (V') hold.
Then, P-almost surely, for all € > 0 there exists ro(¢) < oo such that for all

r Z 7’0(5),
ec ___ate
rda’ (log ) TEAD(@=D) if s4 <1,
a+
Vol(BTogec(pg“,r)) < L pdd (log r) T TEADGED f sd =1,
dec __ate
rda” (log r) U&ADva if s& > 1.

(ii) Lower bound. Suppose that (D), (V) hold. Then, P-almost surely, for alle > 0
there exists ro(e) < oo such that for all r > ro(e),

ec *(04’5)_ ec 1
Vol( By (p°, 7)) > 198 (logr) "ot 4043,

(iii) Improved lower bound. Suppose that m, N1 > < and (D"), (V') hold. Then,
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P-almost surely, for alle > 0 there ezists ro(g) < oo such that for allrT > ro(e),

—1

Vol(BTézec(piec, r)) > rdgm(log r)eh .

These logarithmic fluctuations are not optimal in many cases, and in partic-
ular can often be improved to log-logarithmic when inserting deterministic graphs
(although not always, T5° being an example where the upper fluctuations are gen-
uinely logarithmic). However, although we make some comments on how the argu-
ments can potentially be fine-tuned at appropriate parts of the proof, our emphasis
here is on determining the correct leading term exponent for the volume growth,
rather than the optimal fluctuations.

We have graphed the volume exponent in Figure 6 below. There are two
cases for the graph, depending on which of s¢ and f? exceeds one “first”. In both
cases, there are up to three regimes. The case where both of the exponents exceed 1
can be thought of as the “tree regime”: in this case the relevant tails on the inserted
graphs are not heavy enough to impact the exponents, so we see the same exponent
appearing as for an undecorated tree. The case where both of the exponents are
less than 1 can be thought of as the “graph regime”, and we lose the dependence
on «. This reflects the fact that as the offspring tails get heavier (i.e. as a ] 1), it
is easier for a finite critical Galton-Watson tree to be “large” by having one vertex
of macroscopic degree (cf [CK14, Proposition 3.6]), so that we essentially just see
one macroscopic copy of the inserted graph in the decorated tree. In the case of a
decorated Kesten’s tree, we essentially just see a one-dimensional sequence of graphs
glued along the backbone of T5°. As « 1 2, however, the vertex degrees become more
balanced, and the contribution from any one single vertex is less significant, so we
can regain some tree structure and eventually recover it entirely once the distance
and volumes across typical inserted graphs have finite expectation.

Depending on which of s& and f¢ tip over 1 first, we also see an intermediate
regime where we “see” the effect of either volumes or distances in the inserted graphs,
but not both.

We can use similar considerations to those discussed above to either establish
the volume growth exponents with respect to the resistance metric, or otherwise
add up resistance contributions along the backbone and along paths in subtrees to
compare resistance to the graph distance. Again, there are two regimes depending
on whether resistance across a typical spinal vertex has finite expectation or not:
as result, we will also see a factor of 35 A1 in the exponents below. We can then
combine the resistance and volume estimates using results of [KMO08] to identify the

random walk exponents.
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Figure 6.2: Different phases of the decorated volume exponent. NB, we do not
necessarily see all three phases for one given model.

Accordingly, set

JPeC — 20‘(85 A 1)
T alsBAD 4+ (a—-1D(fu A1)
dis _ (sEA1)(a=1)(f2 A1)

T (a=D(faAD(sEAT) +a(sBAT) (s AT)
In what follows, we let assume that the decorated tree 7.9 is defined on the
probability space (Q2, F,P), and let P(-) denote the law of a simple random walk on
T4e¢ started from the root. This is also a random variable on (£2, 7, P). In terms

of the random walk results, we have the following.

Theorem 6.0.6 (Quenched random walk results). Under Assumption 6.0.1:
P x P-almost surely,

log supy,<,, dd“(pgec, Xk)

) decy . _ 1; _ gdis
dan(Ta™) 2 = Jim, log n da’
. log pan(p3*, &)
decy . _ _ n\Fa »Fa _ Jspec
L K

The annealed results follow similarly from [KMO0S8, Proposition 1.4].

Theorem 6.0.7 (Annealed random walk results). Under Assumption 6.0.1,

log B [E [supy,.<,, d”(p5*, X1)]]

E decy . __ 7: __ gdis

ddis(’Ta ) T nh—>r<(>lo logn - da )
dE (Tdec) L _2 hm log E [an (pgec7 pgéec)] > d,spec
s a T n—00 log n - e

In general it is not possible to get an upper bound on the annealed spectral
dimension, since this quantity is infinite on the underlying tree 7)3°. This is because

the expected volume of a unit ball is infinite in this case, as established by Croydon
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and Kumagai [CKO08]. This does not mean that it is always infinite in the decorated
case (e.g. see [BS15, Theorem 1.2] for the corresponding result for discrete loop-
trees), but one must insert graphs that sufficiently “spread out” different branches
of the tree. In particular, we will see in Section 5.5 that we can obtain an upper
bound whenever the probabilistic tail decay for obtaining unusually large volumes
is sufficiently strong.

We conclude the introduction by commenting briefly on the finite variance
case of a = 2. It was shown in [KR20, Theorem 2] that the metric space scaling limit
of any finite variance discrete looptree is the Brownian CRT, meaning that the loops
do not persist in the scaling limit, building on [CHK15, Theorem 13] which applies
when the offspring distribution has exponential tails. Assuming that R,d > 1 this
would therefore also be the case for our decorated tree model (since then distances
are stochastically no bigger than those in looptrees). If the offspring distribution
has stretched exponential tail decay it will similarly be the case that the volumes of
the inserted graphs will not have a tangible effect. However, if there is polynomial
tail decay in the offspring distribution it is always possible to choose the volume
exponent v large enough that larger volumes persist in the scaling limit; in the same
spirit, if & = 2 and we were to repeat the arguments of this chapter we expect that

we would obtain a volume growth exponent

2(s3 A 1)
(fs A1)

dec __
ds®™ =

with s¢ and f¥ defined as above. We have not pursued this line of enquiry in this
chapter, but instead note that this kind of model would fall into the framework we

briefly discuss later in Section 7.1.

For all the results in this chapter, we will assume that all the conditions of
Assumption 6.0.1 hold, unless explicitly stated otherwise. The main exception
to this is Section 6.4.1.

6.1 Definition of the model

Formally, we let T5° denote Kesten’s tree with critical offspring distribution £ sat-
isfying
E(k) ~ck™ (6.2)

as k — oo, for some a € (1,2], and let d3° denote the graph distance on 7.5°. The
results also hold on incorporating a slowly-varying function, but for sake of clarity

we have not included this here, and just note that the slowly-varying function can
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be carried through all the computations.

In line with the literature, we also let pr = £(k). By standard theory,
(e.g. [BGT89, Chapter VIII]), if (X;)2, are ii.d. distributed according to ¢,
it follows that a, 1 Zfil X; — S., where S, is an a-stable random variable and
an = (c[T(=a)|n)a.

To construct the decorated model, we will suppose that GG is a random graph
with some pre-specified distribution, connected, and that G,, denotes a copy of G
conditioned on having n “boundary” vertices (for example, a tree with n leaves, or a
dissection of the n-gon). Informally, the decorated tree 7.9 is obtained inserting an
independent copy of G at every vertex, with boundary length equal to the number
of edges incident to that vertex, and then gluing the inserted graphs along the tree
structure of T;°. See Figure 6.1.

More formally, we first sample 72° according to Definition 3.3.1 of Kesten’s
tree, and then independently sample a countable sequence ((G(v),b(v))verse, where
G(v) is an independent copy of Ggegv, and b(v) is a uniform bijection from the
boundary vertices of G(v), to the edges of T5° that are incident to the vertex v.
Given a vertex € [J,ere G(v), if 2 € G(v) we say that v = Vp(x). We then define
an equivalence relation ~ on the vertices of UveTgo G(v) by saying that = ~ y if and
only if b(Vr(x))(z) = b(Vr(y))(y), in other words that they are both in bijection
with the same edge of T5°.

We then set

T~ | G/ &
VETS®
If p is the root of TS°, we also define the root of T.9¢¢ to be the vertex x € G(p) such
that b(p)(z) is equal to the edge joining p to its first child, and denote this vertex

dec

by pac.
We let al‘gieC denote the graph distance on 7.8¢¢. If [Vip(x), Vi (y)] = vo, v1, - - -,
denotes the path of (internal) vertices between Vr(x) and Vp(y) in T5°, this can be

constructed by setting

dﬁec(w,y) =dg(v) (fﬁ,b(vo)_l(vovl)) + Z dG(v;) (b(vi)_l(viflvi)ab(Ui)_l(UiUi+l))
1<i<n—1
+ dG(vn) (b(vn)il(vn—lvn)a y) )
(6.3)

where dg(,,) represents the graph distance on G(v;).

It v e TS®, let T, be the subtree of T;° rooted at v. This corresponds to
a subgraph of 7.9 consisting of the graph Uuer, G(u). We denote this graph by
Ta(v).

We also endow the space 7.9°¢ with a measure u such that u(z) = degx for

140



all 2 in 7.9¢. The volume assumptions on the number of edges really correspond to
assumptions on the measure .

We will assume that T5° and the set (G(v),b(v))yers are all defined on the
probability space (2, F,P). We denote the law of a random walk on 7.9 by P:
this law is therefore also a random variable on the probability space (2, F, P).

Notation. Throughout, ¢ and C will denote constants bounded from above

and below, but values may change on each appearance.

6.2 Technical lemmas

In this section we collect some technical lemmas regarding sums of stable random

variables. These will be used regularly in the proofs.

Remark 6.2.1. Since we are not including slowly-varying functions in the tails of
our random variables, this means that any “l-stable” random variable will fall into
an infinite mean regime for the purposes of this chapter. In most of our proofs we
have to deal with the infinite mean and finite mean regimes separately; however,
since all of our phase transitions will ultimately be continuous, we don’t expect that
adding a slowly-varying function will change the result when any of the tail decay
exponents are equal to —1, but may just mean that the finite mean proof method is

required instead.

Lemma 6.2.2. Let (X;), be i.i.d. such that P(X; > x) ~ cx™P, for some B €
(0,1], and let T®) = inf{i > 1: X; > k} (or equal to infinity if this set is empty).

Set
Tk 1

SW= 3" X,
i=1
(i) If B € (0,1), then there exist ¢,C € (0,00) such that P(S(k) > Ak) < Cem
(ii) If 8 =1, then there exist ¢,C € (0,00) such that P(S(k) > Mk log k:) < Ce=A.

Proof. (i) The proof is essentially the same as the argument for a similar result
on [CK14, p. 25]. Let S, = > " | X;, Hy =0, and Hy = inf{n > 0: 5, > k}
be the hitting time of k for the random walk (Sy,)n>1. Then, if S > kX it

must be the case that Hy) < T®), Therefore, we can write

P(5®) > kA) = P(Hpy < T®)

< ]P’(H% <TW Hy <T® He <TH, .. S Hy iz = T(k)>
2|52

< H IP’(HQik <7® ‘ Hyi—1yk < T(k))
i=1
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Since there are no jumps exceeding k before time T") | it follows that S Hyg <
(2i 4 1)k for all i > 1. Moreover, since ) has a geometric distribution, it

therefore follows from the memoryless property that for all ¢ > 1:
P(Han < T® | Hyg 1y < TW) < P(Hp < 7).

Therefore, the exponential decay will follow once we can show that IP(H P < T(k))
can be bounded below 1 uniformly in k. To show this, we use Wald’s equality

to write:
IP’(Hk < T(k)> - P(S(k) > k:) < E[S(k)] k=l < cB[Xy | X1 < k] KPkL = 0

as k — oo.

If B =1, we can use the same proof but we consider }P’(S(k) > CAklog k) for
a sufficiently large constant C, and use that E[X; | X1 < k] < clogk in the

final line.
O

We will also need the following lemmas for the infinite mean case. The result

should be standard; however we couldn’t find a specific proof in the literature, so

have provided one for completeness. It will be used at multiple times throughout

this chapter.

Lemma 6.2.3. Let (X;)i>1 be i.i.d. and such that P(X; > z) ~ cx™P for some
,B <1 Let S, = Z?:l Xi.

7 < 5 en ere exists a consitant ¢ < 0O Suc at jor each n =~ 4,
) If B < 1, then th st tant ¢ h that hn>?2

P(Sn > n%/\) <\ P

as n — o0.

(i1) If B =1, then there exists a constant ¢ < oo such that for each n > 2,

IP’(Sn > AnF log n) < AP

as n — Q.

Proof. We give the proof in case (7); the proof is the same in case (i7) and we just

import an extra log term from the application of Lemma 6.2.2. The proof is no

doubt standard and this particular formulation follows a similar strategy to the
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analysis on [Durl0, Chapter 3, p.160]. Decompose S,, as the sum S, + Sy, where
n 1 ~ n 1
Sn =Y Xil{X; > n?}, Sp =Y _ Xil{X; <n?}.
=1 =1

We condition on the number of terms of S, which is stochastically dominated by
Binomial(n, 2en~!) for large enough n.
1 ~
Given that N, := |{i < n: X; > nf}| = m, S, can be dealt with using

Lemma 6.2.2: since we have m+ 1 copies of the sum considered there, it is necessary

1
for one such copy to be at least 2(%4[:1) in order that .S, > % Similarly, to control
1

Sn, note that it is necessary that at least one term of S, is at least ’\Z’f in order

1 1
that S,, > #. Moreover, P(Xl > %

1
X > nﬁ> < 4BmBPNP for all sufficiently

large A\. We can therefore write:

1
- B
Nn:m> +P<Sn2M2l‘Nn:m>]

1 ) 2C m B+1y—8
< —e [C’m A }
m! 1 —2en~t
m=0
00 B+1 m
S )\_[3 Z C’m 2¢c
m! 1—2cn~!
m=0
< CM\™

‘We also have a bound for the lower tails.

Lemma 6.2.4. Let (X;);>1 be i.i.d. and such that P(X; > x) ~ cx™? for some
B < 1. Let S, = > X;. Then there exists a constant ¢ > 0 such that for each
n > 2,

P(Sn < n%)\_l) < e=N

as n — o0.
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Proof.

IP’(Sn < n%/\*l) <\ P< P(}ﬂz‘ <n:X;> n%/\*) <(1—nA)n < emaV

for all sufficiently large n. O

We also have the following tail bounds for the finite mean case.

Lemma 6.2.5. Let (X(i))c-’i1 be i.i.d. non-negative such that P(X(l) > :E) ~cx B

)

as x — oo for some 8> 1. Then, for all A > ]E[X(l)] + 1,

]P’(Z X0 > /\n> = o(n~ (P71,

i=1
IP’(Z X0 < )\_ln> = o(n~ 1),
=1

If the random wvariables are not independent, we still get that for any € > 0 there

exists ¢ < oo such that
P(Z X > An) =)\ (B-9),
i=1

Proof. In the independent case, this follows from applying [Pet75, Theorem 28| to
the sum of recentred random variables.

If the random variables are not independent, we can apply Holder’s inequality
with p = 8 — ¢ to get that

n n V4
]P’(Z X0 > An) <E (Z X@')) ] nPAP < an[(X(l)Y} nPATP < eA~(8€),
=1

i=1
U

Lemma 6.2.6. Let X be a random variable, and suppose that P(X > x) ~ cx™P
as x — oo for some [ < 1. Then there exists a constant ¢ € (0,00) such that
1-— E[e‘ex] ~chP as§ — 0.

Proof. This follows from the Tauberian theorem of [Kor04, Chapter IV, Theorem
8.2). O

Lemma 6.2.7. Let X be a random variable, and suppose that P(X > x) ~ cxz™P
as © — 0 for some B > 0. Then there ezists a constant ¢ € (0,00) such that
E[e‘gx] ~ P as § — oco.

Proof. This is a standard Tauberian theorem, for example see [Ber96, p.10]. O
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Lemma 6.2.8. Let 8 > 0, and let X be a random variable with P(X > z) ~ cx™" as
x — 00, and let f be a function of X such that there exists z > 0 and a function p(\)
such that P(f(X) > An® | X =n) ~ p(A\) for all sufficiently large n, and p(\) — 0
as A — 0o.

(i) If z <1 and f(x) <z for all z, then

_1 =

k™= if p(A) = o(A=),
1 —
k=P logk if p(\) < A=,
P(F(X) 2 B) S sh e
= Bm=2)f p(A) < AT m < 2
k=5 if p(A\) decays sub-polynomially.
Additionally,
R ifp(N) = oA %),

P(f(X) 2 k) 2§ k=FFmA=2D) 4f p(A) < A7 m < 2

E=Pp(k'—?) if p(A\) decays sub-polynomially.

(ii) If there exists j > 0 such that P(f(X) >k | X =j) > 0 for arbitrarily large

k>0, then
k—: if p(A) = o(A 7 ),
P(f(X) > k) Sk Plogk  if p(\) <A+,
k—m if p(A) < A" m < 2,

In addition,

SPTIIN L if p(Y) = oA %),

T T e i) = A m < £

Proof. (i) This is just a computation. We first assume that p(A) < A™". We can

then write

k=
P(f(X)> k) < IP’(X > k%) + 3 P(X = 2) B(f(X) = ke *X7)
z=k

1
k=z
< ck_g + Z ey~ BT p—mgmz

=k
1

B k=
<k =z k—m/ g~ (BHD+mz g
k
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Computing the integral gives the stated upper bound. The proof is the same
in the non-polynomial cases.
B

The lower bound is simpler - if m > £, we write:

P(F(X) 2 k) 2 P(X 2 k) P(F(X) 2 k| X 2 k%) = ok p(1).

If instead m < g:
P(f(X)>k)>P(X > k)P(f(X)>k| X >k) >k BE-(—=m
— kiﬁi(lfz)m'

Again, the proof is the same as in the non-polynomial cases.

(ii) The proof is the same as above, except that the sums and integrals start at 1,
rather than k.
O

Remark 6.2.9. 1. In most cases we will consider we will in fact have (stretched)

exponential tail decay for p(\).

2. The assumption of part (i) of this theorem would be relevant in the case where
X is the boundary length of an inserted graph, and f(X) denotes the two-point
function for two points on the boundary. If G is a planar graph and there is
always an option to travel between two vertices directly round the boundary,
then we would have a constraint of the form f(X) < X and the distance
cannot be arbitrarily large. For more general graphs, or in the case where

f(X) is instead the volume of G, then we are instead in the setting of part

(i3).

6.3 Decorated bounds for finite Galton-Watson trees

In this section we prove some results on volume and distance on finite decorated
Galton-Watson trees. Since T3° is constructed to have one infinite backbone to
which many finite fringe Galton-Watson trees are grafted, these estimates will be
crucial when we prove the volume and resistance bounds for 7.9 in Sections 6.4
and 6.5.

We will assume throughout that A is implicitly a function of n (or of x in
Proposition 6.3.16), and that for all e > 0, A = A, = o(n®) (or A = Ay = o(z°) in
Proposition 6.3.16).
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6.3.1 Bounds for undecorated Galton-Watson trees

In this section, we assume that T is a critical Galton-Watson tree with offspring
distribution &, with £ satisfying (6.2). Note that T' is almost surely finite. The
strategy will be to first give the relevant exponents for undecorated trees (these are
already known), and then use Lemma 6.2.8 to compute the corresponding exponents

for decorated trees.

Progeny bounds

Theorem 6.3.1. There exists a constant ¢ € (0,00) such that
P(|T| > k) ~ ck o

as k — oo.

Proof. This follows directly from [CK15, Proposition A.3(i)]. Alternatively, we can
prove it directly: by the main theorem of [Dwa69],

P(T| > k) = ZiP<Zf“) :nl) .
n=~k i=1

Since ¢ is aperiodic, the conditions of the local limit theorem on p.236 of [GK54]

are satisfied, and we therefore deduce that

a, P <i£(i) = k:) —pa<ka_ n) — 0
i=1 "

uniformly in k, where p,, is the density of Z,. Since p,, is continuous, taking k = n—1

gives that for any € > 0,

Pa(0) — & - (i) pa(0) + ¢
N P(;lf =n—1 ,

for all n > N.. Therefore, for any k& > N. we deduce that:

I UEER T FNR SEOES

n an (7%

n=k n=k

In particular, since necessarily a,, = can% (see [BGT89, Section 8.3.2]), we deduce
that

o0 oo

u0) =) Y o <PATI 2 K) < (0) +6) Y -
n=k @ n=k T °
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The result then follows since

as k — oo. O

Lemma 6.3.2. There exists a constant ¢ > 0 such that 1 — E[e‘em] ~ q@é as
60— 0.

Proof. This is a direct consequence of Lemma 6.2.6, with g = é O

Height bounds and associated spinal decomposition

At various points, we will also need to perform spinal decompositions along various

choices of spine in T'. For this, the following results will be useful.

Lemma 6.3.3. Asn — oo,

1

P(Height(T) > n) ~ cn™ o1,

Proof. This follows directly from [Sla68, Theorem 2], which gives the probability
for an offspring distribution with (1 4+ «)-stable tails. In particular, rearranging

equation (1.2) there and replacing o with o — 1 gives the result. O

We also give the following (elementary) result. We include the proof for

completeness.
Lemma 6.3.4. The function h : N — [0,1], x — P(H = z) is non-increasing in x.

Proof. Let €9 denote the number of offspring of p, and conditional on {& 0 = n},

let T denote the subtree emanating from the i offspring of p. We then write:
P(H =z +1) :ip(g@ :n>P(H:x—i—1 ‘ £© :n)
n=0
< ipn i P(Height(T@) - x) P (Height(T(j)) < 2V z)
n=0  i=1
< i np,P(H = x)
n=0

=P(H=1x),

where the final line follows since £ is critical. O

At many points in this paper we will perform a spinal decomposition of a

tree along its leftmost spine of maximal height. We denote the vertices of this spine

148



by so,S1,...,sg where s9 = p and s; is the parent of s;41 for all ¢ < H. It is
well-known [GK99, Remark below Proposition 2.2] that the offspring distribution
of spinal vertices is asymptotically size-biased as H — oo, but we will need the

following precise formulation of this result.

Proposition 6.3.5. Take the notation as above, and let €™ denote the number of
offspring of sn. Then, for every C' > 0 there exists a constant ¢ € (0,00), uniform
inn and k, such that for allm € N and all k < Cnﬁ:

P (¢ >k ‘ H>(1+e)n) > a7,

Proof. We first prove a corresponding result for P (f(”) =k ’ H>(1+ 5)n>, and

then obtain the result by summing over k > k. In particular, letting

; P(H=m—n)
H 1 k
P =pP(H<m—n)" " P(H<m+1-n)"" ( o

it follows from [GK99, Lemma 2.1] and then Lemma 6.3.4 that
P (¢ =k ‘ H > (1+2)n)

= Y PH=m[H=(1+en
m>(1+e)n

> PH=m|Hz>(1+e)n) kka(H <en)k?
m>(1+e)n

= kppP(H < en)* .

IIMw

Y

Then, by Lemma 6.3.3, we know that P(Height(7") > en) < 2(5n)_ﬁ, soif k <
Cna=T then

1 S
P(H < €n)k_1 2 (1 — 2(5”) all)cna 1 > 6—305 a—1

1
for all sufficiently large n, so that P(£ =k ‘ H>( )n) > 30 T hpe.

To prove the result as stated, we then write

P (¢ zk‘Hz(Ha)n) > Y P(§<n>:%‘Hz(1+a)n)

k<k<2k

> Z e 3Ckpy,

k<k<2k
> ck~ @V L(k).
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We also note the following (unconditioned) probabilistic upper bound, which

follows even more straightforwardly from [GK99, Lemma 2.1].

Proposition 6.3.6. Take the notation as above, and let €™ denote the number of

offspring of s,. Then there exists ¢ < oo such that
P(g(“> > K) < ek~

Proof. Given €™ =k, let Ty, T5, ..., T, denote the subtrees rooted at each of the

offspring of s, listed in lexicographical order. Then

k
P(f(”) > K) < Z Dk ZP <Height(Tj) = sgg Height(Tk)> < Z kpy, < cK (@71,
k>K j=1 = E>K

O]

Vertex degrees
We will also need the following result on the degree of a typical vertex.

Lemma 6.3.7. Let T,, be a Galton-Watson tree with offspring distribution & but
conditioned to have n wvertices. Let vy be a uniformly chosen vertex of T,,. Then

there exists a constant ¢ such that for all n > 1,
P(deg(vy) > k) < ck™“.

Proof. Recall that the vertex degrees of the vertices of T, correspond to (one less
than) each of the jump sizes of the Lukasiewicz path W) which is conditioned to
first hit —1 at time n. Since vy is uniform amongst the vertices of T, its label in
the lexicographical ordering is uniform amongst {1,...,n}. Letting U denote this
label, it follows from the (discrete) Vervaat transform (e.g. see [Korl7, Proposition
10]) that the U cyclic shift of W, i.e. the random walk W given by

N WU +t) - Wr(U) fU+t<n
WM (t) =
WU +t—n)-WHU) ifU+t>n

is a random walk bridge from 0 to —1, by which we mean that W) has the law
of W but conditioned on W,, = —1. In particular, W™ has a density with respect
to the unconditioned walk W, and moreover deguy is equal to W™ (1) — 1. We
deduce that

{w™ (1) > k}

P(degvy > k) = P(W<">(1) > k) —E
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Moreover, by the local limit theorem on p.236 of [GK54], we have that

anP (W, = k) — ﬁa(£> =0

an
uniformly in k, where p, is the density of a centred stable random variable Y,
(different to Z, from before, which is almost surely non-negative), and such that
Pa(0) = [T(Z1)[7' > 0. It follows from this that the ratio oot CW()-1)

pn(—1) 18
bounded uniformly in &k, which gives the result. O

Lemma 6.3.8. For all k > 1, there exist constants ¢, C > 0 such that

k™t < P<sup(degv) > k:> <Ck!
veT

Proof. The proof is essentially the same as above: given |T'| = n, and applying the

Vervaat transform and absolute continuity relation on the first |5 ]| vertices as in

the previous proof, we get that

P(sup degv > n_al)\> >1—-(1- cn_l)\_o‘)nT_1 >1—e N>\
vETY

P<sup degv > nal)\> < Z P(degv > n%1> = nP(deng > n%1> < e\
veT,
n ’UGTn

Then, since P(|T'| > n) ~ cn_Tl, we can apply Lemma 6.2.8 with 8 = 2z = é, m=«

to deduce the result. O

6.3.2 Decorated height bounds
Spinal decomposition

If 79¢ is the decorated version of a finite Galton-Watson tree T, we define the
decorated height of T4 by

Heightd°c(74°) = sup dgec(pgec,:c).
zeTdec
At some points in this chapter it will be necessary to decompose along a path
achieving maximal decorated height, rather than the maximal tree height, and we

give similar results for the offspring distribution along this spine below.

The path in 79 joining pgec to the point achieving maximal decorated
height corresponds in a natural way to a path in T joining p to a leaf (if this point
is not unique, we will take the leftmost path). Analogously with the notation above

dec’ S(liec dec where

we call this path the decorated spine and denote this by sj sy Sdec
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H%¢ denotes the length of this decorated spine. We also let £3°¢ denote the number

dec
n -

of offspring of s
Note in particular that H9°¢ gives the length of the decorated spine in the
underlying tree, rather than the length with respect to the decorated metric, so
Hdee < [
The purpose of this section is to establish the tail decay of the decorated
height of decorated trees. This is the point at which we use the stretched exponential

decay of Assumption (D).

Proposition 6.3.9. Assume that Assumption (D) holds, and take k as in the as-
sumption. Then, if d(a — 1) # 1:

—(si/\l)

P(Heightdec(Tdec) > n(log n)H%) <n a1

If instead d(aw — 1) = 1:

7(sg/\1)

P(Heightdec(TdeC) > n(log n)2+%) <n a1

Before giving the full proof, we give a lemma. This lemma show that it was
important to condition on survival in Proposition 6.3.5 in order to get the size-biased

lower bound on the offspring distribution of the Williams’ spine.

Lemma 6.3.10. Set

hg = sup Z (degu)é
UEijujv

- 1
Up = arg max g (degu)d.
€
T p=uz

(breaking ties by taking the vertex with the leftmost path). Then, if d(a — 1) # 1,

—(d(a—1)A1)

P(hd > k:) <ok e

If instead d(a — 1) =1,

—(d(a—1)A1) -1

P(ﬁd > k:logk:) <ok~ e = ckatt

Proof. Tt is shown in the construction on [GK99, p.3] that the offspring distribution
of each vertex on the Williams’ spine of a Galton-Watson tree can be independently
stochastically dominated by a size-biased version of the offspring distribution for
that tree (this does not mean that the vertex degrees themselves are independent
of each other, just that they can be independently stochastically dominated). This
is achieved by building the Galton-Watson tree recursively, by starting at the tip of
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the Williams’ spine and working backwards towards the root, and the size-biased
distribution corresponds to a heaviest tail one could possibly obtain during this
process, and specifically arises when conditioning the tree to survive forever beyond
the current vertex.

The same logic applies to the case when we are maximising » pjujy(deg u)é
along all paths in the tree: once 7j is identified, we can work backwards from
Uy, to construct the appropriate spine recursively, write down a similar expression
to [GK99, Equation (1)] that determines the offspring distribution, which in turn

implies that there exists a constant ¢ < oo such that
P(deg(8;) > k) < ckpy (6.4)

for all k > 0,7 < H. Moreover, the algorithm on [GK99, p.3| is insightful because
at each step the only dependence on the previous steps is through the restriction
that the heights of the subtrees sprouting from the non-spinal offspring of the next
spinal vertex must not exceed the height of the Williams’ spine, and the bound (6.4)
holds for deg(3;) regardless of the value of deg(3;41). Conditional on the value of H,
we can therefore bound Zfil(deg 51)5 by a sum 2?:1 X;, where X¢ independently
satisfy the tail bound of (6.4).

We will in fact condition on H rather than H, since the law of H is well-
understood, and use the fact that H < H by definition. More precisely, we will first

show that for any € > 0, there exists a constant ¢ < oo such

H
P> (degs)i = naaomin | H=n| < cr=(ed=9) (6.5)
1=0

forall n > 1, A > 1. We will then apply Lemma 6.2.8 by composing with the law of
H.

To this end, we write the following:
H ) )

P Z(deg §i)d > nde-DAI\ | H=mn
i=0

< P(]T| > pa-1)°

H =n)

1
+P(supdegv > na-1 X4
veT

H=n,|T| < naa—l)\g>

H
1
+P ( E (deg 51)% > nd(ﬂfl)“)\,sugdegv <naixtE | H=n
; ve
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We bound each of these terms separately. Firstly, by [Korl7, p.3],

P(\Ty > patT )

H:n> < P(|T\ > a1

H € [n, 2n]>

P(ITI > n%») P(H € [n,2n) } IT| > nﬁ)
P(H < [n,2n])

=1 | —e
< Cno‘*l)\ e 676)\5(1—5)
o na—1

Secondly, by Lemma 6.3.7 and a union bound,

1 [e] e —a
P (sup degv >na-1\17¢ | H = n,|T| < na—l)\5> < ena-1 \*pa-1 \~eld=e)
veT

< C)\,a(d,‘g/) )

Finally, to deal with the final probability, we use the bound at (6.4) and the fact
that this holds independently for each of the vertices 5; to deduce that we are in the
setting of Lemma 6.2.2 with 8 = d(a — 1).

If d(a—1) <1, then we can use Lemma 6.2.2 with k = nm)\l_a, to apply
a Chernoff bound which gives

b4
P Z(deg%)% > ndla— 1>)\ ,supdegv < no- aixc | H=n < Ce V.
i—0 veT

Therefore, in this case, we can take a union bound, and the worst decay is coming
from the second term of (6.6), which gives the result of (6.5). We can therefore
combine this with Lemma 6.3.3 to plug into Lemma 6.2.8: taking § =

oa— 1,2’_

m and m = ad — €, we deduce that

~ *(d(a 1)
P<hd > k:) < ck
whenever d(a — 1) < 1.
If instead d(a — 1) = 1, we instead inherit the extra log term from Lemma
6.2.2 so we get that

- —(d(a 1))
P(hd > klogk) < ck

If instead d(av — 1) > 1, we get from Lemma 6.2.5 that

a
P Z(deg 51)5 > nA,supdegv < neT N | H = n < Op~ (=)=,
i—0 veT

Since we are assuming that A = A\, = o(n®) for all ¢ > 0, this gives arbitrarily good
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polynomial decay in \, so we can again apply Lemma 6.2.8 with f = -1+, 2z =1 and

a—1°
m = -2+ (say) to get the result. O
Proof of Proposition 6.3.9. We prove the case d(a — 1) # 1; the proof in the case

d(ow — 1) = 1 is the same, but we have to incorporate an extra log term to apply
Lemma 6.3.10. Let D*"P = sup, cr M. Then

(deg v)
Hdec

Heightdec(Tdec) < DSuP Z (deg SgeC)%’
=1

so that

Hdec
P (Height"™*(7%) > n(logn)'*} ) < P(D*"" > (logn)'*}) + P (Z (deg sdee)d > ”) |

i=1

—(s& )

It follows from Lemma 6.3.10 that P (Zf{:dlcc (deg s?fc)é > n) <n -1 . To control

the first term, note that it follows from a union bound that
P(DS“p > (K log |T\)%A) < O|T| ek,

Therefore, since P(log|T| > k) < Ce™ %, we deduce that

xk _
P(Dsup > {L‘) < P(log]T\ > xk’) _|_/ Ce%ue u% du < Ce™
1

< kae—xﬁ
so that P(DSup > (K log n)l“'%) < C(logn)*1n=K. The result therefore follows

d
. Al
on choosing some K > ‘Zj“j O

We also have the following lower bound.

Proposition 6.3.11. Assume (D'). Then there exists a constant ¢ € (0,00) such
that

—(si/\l)

P(Heightdec(Tdec) > n) >cn et

Before we give the proof of the lower bound, we will need the following result
on distances across the graphs corresponding to spinal vertices along the decorated

spine.

Lemma 6.3.12. For an arbitrary vertex s, on the Williams’ spine, let dV(sy)
denote the distance between the two vertices of G(sy) that correspond to edges joining
sn to neighbouring spinal vertices (so these are two distinct uniform vertices in
G(sn)). Then, there exist C,c,c’ € (0,00) such that
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(i) For all k > 1,

P(d"(s,) > k) Ck~*

1
(ii) For all1 <k < cnsé:

P(dV(sp) > k| H > 2n) > ck—*

Proof. This follows from Proposition 6.3.5 and Lemma 6.2.8. O

Remark 6.3.13. 1. The same bounds also hold for distances across vertices sy,
on the infinite backbone of T4,

2. Under (D) we have that s& = d(a — 1).

H
2

Proof of Proposition 6.3.11. Heightd¢(T9) stochastically dominates 3

so we will bound this latter quantity.

To do this, first note that by Lemma 6.3.3, P(H > nsi/\l) > cn a1
Then, if sg < 1, we have by Lemma 6.3.12 that there exists a constant ¢ > 0

) 1
> —.
2

If sg > 1 then the same result holds by the Law of Large Numbers. This proves the
result. O

1 dU<3n)7

n—

(deterministic), such that

H
2

H
P ZdU(sn) >en | H>n%M| > P<E|n < 5 dY(sn) > en

n=1

54

H>n

v

6.3.3 Decorated volume bounds

We now give the asymptotics for the tail decay for the volume of 79, Recall the

fragmental volume exponent f defined by

o if m, >

2
1
el <o

my, i my <

Recall also that t?, = %

Proposition 6.3.14. If f2 # 1,

—(f&AD)
«@

P(Vol(Tdec) > x) <z
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as x —oo. If f¥ =1,

—(f&AD)

P(Vol(TdeC) > xlog w) <z a

as r — Q.

Proof. Note that applying the Vervaat transform and then the absolute continu-
ity allows us to treat the different vertices in T as though they are independent.
Therefore, if f2 # 1 the result follows by two applications of Lemma 6.2.8: firstly,
by similar arguments to those in Lemma 6.3.7, it follows that P(deg(v) > k) <
ck™® for all v € T, so taking 8 = o,z = v,m = m, in Lemma 6.2.8(ii) gives
P(Vol(G(v)) > z) < z~/d.

Then, since Vol(7,8%) = 37 . Vol(G(v)), we get from Lemma 6.2.3 that

1 e fa if fU <1,
P (Vol(T,) = An 71 ) < .
en~(Fa=Dif f2 > 1.

Then, using Lemma 6.3.1, we can apply Lemma 6.2.8(ii) again with § = é,z =

1

ToAT M = f2 to deduce the result.

If instead fY = 1, we have to incorporate the extra log term from Lemma
6.2.3, but the proof is the same on applying Lemma 6.2.8(ii) and setting f(n) =

Vfl(T”) there. O
ogn

Corollary 6.3.15. There exists a constant ¢ > 0 such that, if f2 # 1,
1_ E{G—QVol(T)} N QG@

as 0 — 0. If f2 =1,
fo Al

17E[e—0Vol(T)} > g0~

Proof. This is a direct consequence of Lemma 6.2.6, with g = % O
We will also need the following proposition to relate the height of T" to the
volume of 79, Typically we will apply the result with 2 being some power of the

radius 7.

Proposition 6.3.16. For any q < 1, > 0 there exist constants ¢,C € (0,00) such
that for all x > 0, A > 1,

(FEAD)(a=1)

P <Height(T) <cx a

Vol(T %) > m)

Ce™ ™" fe(aXt=0)~Ua=b  gf fo 51,
e~ fall=2) if U< 1.
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If f¥ =1, then

(far1)(a=1)

Vol(T%) > zX | < Ce™ " 4 ¢(zn!—9)~Ua—),
log

P | Height(T) < ¢ <
Proof. We need to consider the cases fi <1 and fJ > 1 separately.

Case 1: f2 > 1. We again write Vol(74¢¢) = 3~ . Vol(G(v)). As noted in
the proof of the previous proposition, we have that P(Vol(G(v)) > z) < z—fa for all
v in T. Therefore, for g € (0,1), we have by Lemma 6.2.5 that

x
P (|T| <z ‘ Vol (79¢) > :m) <P <Z X0 > m) < c(zAt~)~Ua=h

=1

where (X(i))fil are i.i.d. and satisfying P(X(l) > 1:) < cx~ 14, and the final line
follows from Lemma 6.2.5. It then follows from [Korl7, p.5] that for any ¢ > 0,
there exist ¢, C' € (0, 00) such that

p (Height(T) < 2% ) IT| > :p)ﬂ) < Qe
Applying a union bound we therefore deduce that
P(Helght(T) S Caj% ‘ Vol(TdeC) Z .Z‘)\) S Ce—c)\q_f + C(x)\liq)i(fgil)-

Since we will assume that A = A\, = o(z%), the second term gives arbitrarily high
polynomial tail decay in A.

Case 2: f2 < 1. The proof is essentially the same as Case 1 above, except
that now XY has heavier tails, so that by Lemma 6.2.3(i):

zfand
P (yT| < 2lind ’ Vol(Tdec) > x)\) <P Y XO>ar| <enUio,
=1

Then, [Korl7, p.5] gives that for any € > 0, there exist ¢, C' € (0,00) such that

fala=1)

P <Height(T) <z a 7| > :Efg)\q) < Ce A,

so that this time a union bound with ¢ = 2¢ gives

fala—1)

P <Height(T) <cr a

Vol(79) > xA) < ex~fall=e),

Case 3: f = 1. The proof is the same as Case 1, but we pick up an extra logarithmic

term as usual. O
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6.4 Volume bounds for 74¢¢

In this section we prove volume bounds for ’7;516". The proof for the upper bounds
follow a similar strategy to those used for stable looptrees in Section 4.2.2; but more
care is need to deal with the variability of the inserted graphs.

Recall that
a(sd A1)

(a=1)(fEn1)

We will show that this is the correct volume growth exponent for ’7;‘?“.

dec __
dy ™ =

We have stated the volume bounds with respect to the decorated metric
as defined by (6.3), since these are of independent interest aside from determining
the random walk exponents. However, the construction in (6.3) can be generalised
to give alternative metrics by replacing dg(,,) with an arbitrary metric on G(v;)
and the proofs of the volume bounds are equally applicable in the general case. In
particular, on replacing s¢ with s% we obtain the exponent for volume growth with

respect to the effective resistance metric.

6.4.1 Upper bounds

For Section 6.4.1, we will assume that all conditions (D’) and (V') of As-
sumption 6.0.3 hold.

The main result is as follows. Recall that t) = ! iM, and

B fla(a— 1)si
Yo e —D(fIAD) Fafy

Proposition 6.4.1. Assume that conditions (D") and (V') of Assumption 6.0.3
hold. For any e > 0,r,A > 1, there exist constants c¢,C € (0,00) such that

(i) If f¥ # 1, then:

a(sd A1) Chx~tala=Dte L ox=sate  gfsd <1,
P<Vol(BTdsc(p,r)) > @ D(FFAT) A) < ) ) -
® CAtavate f OX—sate  4fsd > 1,

(ii) If f¥ =1, then:

P ( Vol(me(pg"’ﬁ r)) > Ardac log r) < optala=l=e),
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Remark 6.4.2. 1. The tail decay here is not optimal. In all of the propositions
in the rest of the section, the precise tail decay is not important for our purpose,

other than that it is of polynomial form.

2. In the case fC > 1 and s < 1 it is possible to tweak the proofs in the next sec-
tion to get stretched expomnential decay for the upper volume bounds, similarly
to how we did for looptrees in Chapter 4, as long as there is some extra local
control on volumes of small balls in the inserted graphs. This is certainly true
in the case of discrete looptrees, which will be discussed in Section 6.7.2. For
the sake of clarity, we have not pursued this here and just focus on establishing
the main exponents. If f¥ <1 the tail bound here in Proposition 6.3.16 is oth-
erwise a limiting factor in analysing Iterative Algorithm 2. Obtaining tighter
decay would allow one to obtain more precise information on the appropriate
volume gauge functions for T,%°¢. In particular, overall stretched exponential
rather than polynomial tail decay for the likelihood of large volumes would in-
dicate that there are at most log-logarithmic fluctuations in the volume, rather

than logarithmic (as we saw for stable looptrees in Chapter 4).

The upper bound in Theorem 6.0.5(i) follows from this proposition by apply-
ing Borel-Cantelli along the subsequence r, = 2", just as we did for stable looptrees
in Sections 4.2.1 and 4.2.2.

Heuristics

Fix r > 1. Before starting the proof, we briefly outline the strategy, which has

several steps.

1. Consider the vertices of the underlying tree along its backbone in sequential

order of their distance from the root, and label them in order as p = sg, s1, . - ..

2. We will make an appropriate choice of a vertex s; so that all of Bdec (pdec ) is
completely contained within the inserted graphs corresponding to the segment

of backbone from p to s; and the decorated subtrees attached to these graphs.

3. We will first bound the quantity

NI =" deg(s)),
which corresponds to the number of subtrees attached to the backbone within

(decorated) distance r of the root. More specifically, we will show that, w.h.p.

sg/\l
as r, \ — oo appropriately, N/ < raT ),
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4. On this event, we proceed as follows. We first set

Spine, = | J G(s;) N Bracc(p,7),  0Spine, = | J 0G(s;) N Byacc(p, 1),

J<i J<i

where 0G(v) denotes the set of boundary vertices of G(v). We then continue
by analysing the tree structures of all the decorated subtrees that are grafted
to a vertex v € OSpine,. Recall that such a vertex v corresponds to an edge
of the underlying tree T;° joining a backbone vertex to one of its offspring.
Let this offspring vertex be w = w,. By Definition 3.3.1, T}, is a critical
Galton-Watson tree, again with offspring distribution £. We let 7,9°¢ denote

the corresponding decorated subtree, including vertex v.

Given p > 0, it is then the case that:

Vol(Braee(p,7)) < Y Vol(T2)1{Vol(T*) < 2 3y
v€ODSpine,.
£ Y0 Vol(Brgee v, ) N T 1{VOI(T) 2 1 A0}
vE€ODSpine,.
+ Y Vol(Gl(s))),
j<i

(6.7)

5. The first term in the sum above can be controlled using the conditioning that
Vol(7,9¢¢) < rda“\P. To control the second term, the key observation is that
the number of terms in the sum is very small. In fact, the expected number
terms less than one. Moreover, conditioned on Vol(7,9¢) > o AP the local
geometry of of T.9°¢ looks very much like that of 7.9°¢. This suggests that
the natural thing to do is to repeat the decomposition described above on
any subtree 7,9 satisfying Vol(7,9%¢) > rdgec)\p, by decomposing along its
Williams’ spine.

This allows us to write a decomposition analogous to (6.7) but instead for a
large subtree 7,9°¢. Of course the same problem may again occur in that the
second sum will be non-trivial, but once again we can solve this by reiterating
around any subtrees appearing in the sum, and then repeat around further
large subtrees as necessary. The hope is that there will not be too many
large subtrees appearing throughout this process so that we will not have to
reiterate too many times. To prove that this is indeed the case, we index the
large subtrees by a branching process. More specifically, we define a tree Ty,
where the root “represents” the whole original tree ’Tojiec. The offspring of the
root then represent the large subtrees (i.e. of volume greater than rdgec)\p)

grafted to Spine,, and so on. This branching process will have a subcritical
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offspring distribution so that we can use a theorem of [Dwa69] to control its

total progeny.

6. At the end of the process, it is then the case that Vol(Byae(p,7)) is upper
bounded by

ST [ Vol(Spine,(w) + DT Vol(T2) 1{Vol(T4) < % N7}

u€Tyor v€ODSpine,.(u)

We make this more precise in the next subsection. The main argument follow-
ing it then focuses on bounding |7y.1|, and typical terms of the form Vol(Spine, (u))
and ZUEBSpiner(u) VOl(Z)deC)]l{VOI(,]:}deC) < ngec )\p}

Main argument

Important: in what follows we will prove Proposition 6.4.1(i), i.e. we will
assume that f2 # 1. This is for the sake of clarity. If f2 = 1, we end
up picking up an extra logarithm every time we apply Lemma 6.2.4(ii), but
the arguments are otherwise identical; we give the details at the end of the

subsection.

. J

As described above, each vertex v € Ty, corresponds to a subtree of T7°,
obtained as a “large” fragment on performing a spinal decomposition of the subtree

corresponding to its parent in Ty.. Before giving the construction of Ty, we give

d
a more precise definition of “large”. Set d, = 2‘_/\11 , and define v(r, \) = r% ). We

will show in Propositions 6.4.4 and 6.4.5 that v(r, A) gives a good upper bound for
the total number of fragments obtained when performing a spinal decomposition of
a “large” subtree up to distance r from the root. Now take some xk < (e — 1)1
We will condition on N{ < v(r), so in order for the expected number of “large”

fragments to be less than s, we want to define a function f(r, A) so that
o(r, )\)P(Vol(TdeC) > f(r, A)) < k.

Recall from Proposition 6.3.14 that P(Vol(T) > k) < k~%a as k — oco. Clearly,
P(Vol(TdeC) > k:) is a decreasing function of k, decaying to zero as k — 0o, so we
can define its inverse h by h(p) = inf{z > 0 : P(|T| > z) < p}, and set f(r,\) =
h(xv(r,\)~1). Using the asymptotics for v and the probabilistic tail decay, it follows

that we can take

do ddcc 1

1
F(ryA) = curia X1& = ¢,rfe N2, (6.8)

Accordingly, in the algorithm below we will take f(r,\) to be defined by
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(6.8) and take Vol(79) > f(r, \) as our definition of a “large” fragment.
We will assume throughout that for all e > 0, A = A\, = o(r¢) as r — oo.

Remark 6.4.3. As remarked in Remark 6.4.2, in the case fo > 1 and sg{ <1 it is
possible to tweak the proofs in the next section to get stretched exponential decay for
the upper volume bounds, similarly to how we did for looptrees in Chapter 4, as long
as there is some extra local control on volumes of small balls in the inserted graphs.
This is the main motivation for defining Iterative Algorithm 2, since it provides a
framework for doing this. Otherwise, we can instead condition on |Tyy| = 1, which

limits us to polynomial tail decay but makes the argument simpler.

- )

Iterative Algorithm 2

Start by defining @) to be the root of Ty,). This represents the initial tree 7.°.
Given an element = € T\, representing a subtree T'(z) of T5°, or equivalently

a decorated subtree 79°¢(x) of T.9¢, we proceed inductively as follows:

1. Consider a decomposition of T'(x) along either its infinite backbone (if
x = (), or otherwise its W-spine. Let Spine, (x) consist of all vertices in
G(u) for some u along this spine that fall within distance r of the root
of Tde¢(x), with respect to the metric dgec.

2. Each v € Spine,.(z) corresponds to an edge of 7'(z) joining a backbone
vertex to one of its offspring, which we denote by w,. We let T, be the
subtree of T2° rooted at w,, and let 7,9°¢ denote the corresponding dec-
orated subtree, including vertex v. For each v € Spine, (x), if 7,9 has
total volume at least f(r, A), then add a child to = € Ty, corresponding
to the subtree 7,9, Otherwise discard the subtree.

3. Repeat this process inductively to construct Ty, one generation at a

time.

4. For each x € Ty, set

Fo= ) Vol(T*)1{Vol(T;*™) < f(r, \)},

vEOSpine,.(x)

Se= Y Vol(G(v)),

vESpine,.(x)

which respectively give the sum of the volumes of the smaller fragments

discarded in step 2 above, and the volume contribution from the spine

of Tde¢(z).
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As explained above, on the event that |7y is finite, we then have that

Vol(Braee(p,1)) < Y (Fr + Sa). (6.9)

xGTvol

In order to use this algorithm to bound Vol(Byec (pdec 1)), we will need to control

the following quantities:

1. The number of fragments obtained on decomposing a single large subtree as

described above.
2. The quantity |Tye)-

3. A typical term of the form F,, for z € T\¢; in other words the sums of volumes
of small fragments obtained on decomposing a single large subtree as described

above.

4. A typical term of the form S,, for x € Tyg1; in other words the spinal volume

of a single large subtree considered above.

We consider these one by one in the next subsections. At many points,
this will involve adding up sums of random variables with exponents corresponding
to those we introduced in Assumption 6.0.1 and Section 6.3. In many cases, the
relevant exponent may be more than or less than 1, so we will have to consider two
regimes: one in which the sum follows law of large numbers type behaviour, and the
other in which the tails are heavier and we see behaviour more like that of a stable
subordinator. This will eventually give rise to several phase transitions in the value

of d4°¢, which can also be surmised from its expression as

a(st A1)
(a=D(fan1)

dec __
dy " =

Controlling the number of fragments

We start with the case sg < 1. This result holds either along the infinite backbone of
T4e¢ or decomposing along the Williams’ spine of a finite decorated Galton-Watson
tree.

For r > 0, we let Nﬂf denote the number of decorated subtrees that are

dec
o

grafted to the decorated backbone within decorated distance r of p

Proposition 6.4.4. Suppose that s& < 1. Suppose that we are decomposing along
the infinite backbone of TS°, or along the Williams’ spine of a finite Galton- Watson
tree T', as described in Iterative Algorithm 2. In the latter case, assume that this
tree is conditioned on Vol(T,%¢) > f(r,\) = c,{rdi‘m)\%. Take any € > 0. Then, if r
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is sufficiently large and X > 1, and if f} # 1, then
g
P (Nj > ra—l)\) < ox~lambte,

Proof. Take some € > 0, and set N, = r%aX°. Consider the sequence of spinal
vertices sg, S1,...,SN,. We will show that, with high probability, Spine, does not
extend to graphs corresponding to spinal vertices beyond sy, in which case N,f is
bounded by Efﬁ , deg(s;). More precisely, first note by Proposition 6.3.16 that

_fg ,
P(Height(T) < 27~8§)\8> < ONTE < oa~(a—1=¢),

Then, given that Height(T") > 2754 A%, we know from Lemma 6.3.12(ii) that P(dY(s;) > k) >
ck=% for all k <rX, and all i < &, Therefore, setting dspine(j) = Zijj dY(s;)

Sd € €
P (dspine(Ny) <7) <P(Hi < N, - dY(s;) > r) < (1— CT_SZ)T O < TN,

Also, by Lemma 6.2.3,
N d 1 N,
p (Z deg(s;) > ra—“lA) <P (Nﬁ“l > deg(si) > A15’> < oA~ (=)=
i=0 i=0

Combining these in a union bound, we deduce that
d
P(N,f > T;"‘l)\) < Ce—c)\sﬁ + O)\—(l—e’)(a—l) < C/)\—(l—a’)(a—l)‘

O]

We now turn to the case of s¢ > 1. The proof of Proposition 6.4.4 is still
valid in this case, but the exponent is no longer optimal.

Ol 1)ed
Recall that y, = Sg(a{lla)((?g/giiafg'

Proposition 6.4.5. Take the setup as in Proposition 6.4.4, except suppose that
sd > 1. Then, for all sufficiently large r and all X\ > 1, > 0,

P(NJ > rﬁA) < O\t

Proof. The proof is very similar to the previous one, except that now we set N, =

rA®. Then, taking z > 0 (to be chosen precisely later),
P(Height(T) < 2rsiv) < ox~F40-9 (%~ =it
by Proposition 6.3.16. This time however, the distances add up linearly along the
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spine of T": more precisely, by Lemma 6.3.12, there exists a constant ¢ € (0,00)
such that P(dU(si) > k) > ck=s& for all k < r)\é, and all ¢ < rS&N?. Tt therefore
follows that dgpine(/Vy) “almost” stochastically dominates a sum of i.i.d. non-negative
random variables with finite but positive mean. In particular, letting (Yz)f\[:” 1 be such
a sequence, we have from Lemma 6.2.5 that, provided we choose A a large enough

constant,

N, B}
P (dspine(N,) < Ar) =P <Zn < Ar) + P(Hz’ <N,:Y;> mE)

=1
< e(rA®) (A =9

(Here the second term corresponds to “seeing the difference” between dY(s;) and
Y — i, for some ). Then, similarly to above, since (deg(v;))Yr, is a sequence with

(a — 1)-stable upper tails, we again have by Lemma 6.2.3 that

P 3 deg(vy) = raia | <ex"0-9-D,

i<N,
fs _ foa(a—1) :
To optimise, we can therefore take z = ST (fTAT) TafE and then apply a union
bound to deduce the result. O

Remark 6.4.6. By the same proof, the tail decay in Proposition 6.4.5 can clearly be
improved if f¥ > 1, since then we have much better tail decay in Proposition 6.3.16.
Since there are already many subcases to keep track of, we haven’t pursued this
here. The precise exponent we obtained here in Proposition 6.4.5 is not particularly

stgnificant in itself, since this proof is probably not optimal anyway. We do this next.

The bounds of Propositions 6.4.4 and 6.4.5 allow us to control the progeny of
Tyol, so that we can use the strategy outlined in Section 6.4.1 to bound the volume

of a ball of radius 7.

Controlling |Ty.|

To bound the progeny of Ty, the key point is that, in light of Propositions 6.4.4,
6.4.5 and 6.3.14, the offspring distribution off Ty, is roughly Binomial(v(r, A), U(%A))
We will make this more precise shortly, but in this case, we can apply the following

proposition to bound the progeny of T.

Proposition 6.4.7. Let T be a Galton-Watson tree with Binomial(n, £ ) offspring

distribution, for some k < (e — 1)1, Then
P(|Ty > k:) < %e*ck.
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Proof. The main ingredient in this proof is the main theorem of Dwass from [Dwa69],
that for a Galton-Watson tree with total progeny Prog and offspring distribution &,
it holds that

k
P(Prog = k) = ;P(Zg@ =k 1) .
=1

Applying this to our case, we deduce that for all 6 > 0:

P<|T| > k:) = ;P (zj: ¢ = j 1) -y ;P(Binomial(nj, g) —j— 1)

>k i=1

1
< P (Binomial(nj, E) > 1)
n

i>k
69
<> (14 (f —1)=)e
izk 7
69
<Y —exp{(r(e’ — 1) — 0)5}
i>k

Taking 6 = 1 and since x < (e — 1)71, we deduce that

P(Prog > k) < %exp{—ck‘}.

Proposition 6.4.8. Take prog > 0. Then, for any € > 0,

Caprog \—(a—1=e) jfod <1

P(|Tvol| 2 )\prog) S
CNProg \=(a—e) 4f gd > 7,

Proof. Set n = A\P"9. The key point is that on performing a spinal decomposition
of a discrete Galton-Watson tree T along its infinite backbone or W-spine, the
bounds of Propositions 6.4.4 and 6.4.5 hold for the spine of the resulting large
fragments independently of whether they held for the spine of T'. Therefore, we can
first condition on the total number of fragments obtained from each of the first k
elements of Ty, (say according to the lexicographical ordering) each being at most
rdoX. This has probability at least 1 — CkA~(@=D+e if sd < 1, and probability at
least 1 — CkA~Yate if s& > 1.

Conditional on this, the subtree of Ty restricted to its first k elements is
stochastically dominated by a Galton-Watson tree with offspring distribution as in
Proposition 6.4.7, with n = r% . Applying the proposition, we deduce that with
probability at least 1 — %e_Ck, the progeny of this subtree is strictly less than k.
This implies that Ty, also has progeny strictly less than k.
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By applying a union bound and substituting & = A\P"°9, we therefore deduce
the result. O

Remark 6.4.9. Since we are only aiming for polynomial tail decay in A, we could
instead tweak the powers of X in previous propositions and then condition on |Tyy| =
1, which would be simpler. However, we can get tighter decay by reiterating, and
this decay can also be improved to stretched exponential in the setting discussed in
Remark 6.4.2.

Controlling the volumes of small fragments

We now turn to bounding a quantity of the form

Fo= > Vol(T)L{Vol(T ) < f(r,A)}.

vEODSpine,.(x)

In keeping with earlier notation, we set Nj (z) = |0Spine, (z)| for each z €

sg/\l
Tvol. We will condition on N,f < re-1 ), and recall from Proposition 6.3.14 that
for v € OSpine,(z), P(Vol(T3¢ > z) < dz~' as z — oo. We deduce that this
expression falls into the framework of Lemma 6.2.2, with § =t and k = f(r, \).

The next proposition therefore follows directly from Lemma 6.2.2.

Proposition 6.4.10. There exists a deterministic constant K < oo such that:

i ( S VoUTSHVOUT) < fr N} = KX f(r,0)

€Tyt vEDSpine,. (x)

|Tu0l| < )\prog)

< Ce "

Proof. For a given x € Ty, the fragments obtained on performing a decomposition
of T'(z) as described in Iterative Algorithm 2 are indexed by the set Spine,(x). For
a given u, all of the fragments are independent of each other, and their volumes
satisfy the tail bound of Proposition 6.3.14. If we let n, denote the number of
these fragments that are “large”, the sum of the smaller fragments therefore falls
into the framework of Lemma 6.2.2, except that we have n, + 1 independent copies
of the sum considered there. More precisely, consider some arbitrary independent
labelling of the vertices in dSpine, () from 1 to N (z), and label the corresponding
decorated fragments (T(i’dec))ﬁl(x) . Similarly to the notation of Lemma 6.2.2, let
k = f(r,\), let T be the label of the i*" “large” fragment for i < n,, and set
Tk = o, Tknatl) = NF (). The sum of the smaller fragments can then be written
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as:

Ny T(k7i+1)

> Vol(T)I{Vol(T2) < f(r, N} =Y > Vol(T(4e)),

vEDSpine,.(z) 1=0 j=7(ki) 41

and each term Of the fOI'm Zg—‘:(l;f(:,ll))+l VOl(T(i7deC)) is independently Of the same form

as that considered in Lemma 6.2.2. By Lemma 6.2.2, there exists a deterministic

K < 0o such that we can choose 0 small enough that

(k,i+1)
E | exp{f f(r,\)"! Z Vol(T(deel) L | <
=Tk 41

for all sufficiently large 7, A, and all ¢ < n,. Moreover,

> (ne+1) = 2Vol(Tyer) — 1.

€T 01

Therefore, applying a Chernoff bound

Pl ) VT ) I{VOl(T ) < f(r, A)} = KN f(r, ) | [Toal| < X7
x€Tyo1 vEOSpIne,.(x)
N pk,i+1)
=P > D N DD Vol(TEE)) > KA | [Ty | < X7
€Ty 1=0 G=T k) 11

— T(k 1 2\PTO9

< E eXp{er(r’ )\)_1 Z Vol(T(i,dec))} 6_9Kk)\p7»og
j=1

< eQK)\p“’gefGKf()\pmg_

Therefore, K = 4K, will do the job. O

Controlling the spinal volume

Finally, we bound the spinal volume. Recall the spinal volume exponent defined on
page 135 by
%(a —-1) ifm, > %(oz - 1),

o

My if my < (o —1).

The next result then follows by similar proofs to Propositions 6.4.4 and 6.4.5.

Proposition 6.4.11. Suppose that we are decomposing along the infinite backbone
of TS°, or along the Williams’ spine of a finite Galton- Watson tree T', as described

in Iterative Algorithm 2. In the latter case, assume that this tree is conditioned on
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oL
Vol(T.%¢) > f(r,\) = curda“ N\ . Take any €' > 0 and any function g : (0,00) —
(0,00). Then, if r is sufficiently large and \ > 1,

sdnt CA~(s6—2) if st <1,
P<V01(Spmer) >7r sq A) < i -
CA=Ga=8) v OA~Wa=e)  jfsd > 1,

Proof. This follows identically to the proofs of Propositions 6.4.4 and 6.4.5, with
a — 1 replaced by s? (both are less than 1). O

Proof of Proposition 6.4.1(i)

Proof of Proposition 6.4.1. The key to the proof is (6.9) which says that

Vol(Byaee(p, 7)) < [Tyl Y (Sy + F).

€T 01

Applying the previous propositions and a union bound, we therefore deduce that

P (Vol(Bf,-cgec(p, r)) = A1+ K)f(r, A)))
< P(|Tvol| 2 X779)

+P > > Vol(Ty, ) 1{Vol(Tw,) < £(r, )} = KN f(r, ) | [Tyal| < X7
z€Ty01 vEOSpine,.(x)

+P Z Vol(Spine,. (z)) > AP"9f(r, \) | [Tvol] < AP™%Y

€T 01
Now recall from (6.8) that
f(r,\) = c,{r%)\% = cﬁrdgec)\%.
We also showed in Proposition 6.4.11 that, with high probability as A — oo,

sd/\l

Vol(Spine, ) < PR A

We also recall that

o if m, > Lia—1) ifmvz%(a—l),

v

2

I
2R <o

v>)

o<

1

mey  if m, < &, My ifmv<%(a—l).

We deduce from this that 2=1(fY A 1) < s? (with equality if and only if

my A1 > ). From the previous propositions we therefore have the following:
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Carrogy—(a—l=e)  jf 54 <1,
1. P(|Tyot] > N799) < :
CAProg\~Wa=e)  jf 5 > 1,

2. Conditional on |Tye| < AP,

P> > Vol(T&)1{Vol(T,2) < f(r,A)} > KX f(r, \)

€Ty vESpine,. ()

—eNPTOg

is upper bounded by Ce

3.
P Z Vol(Spine, (x)) > NP9 f(r, A) | [Tyol| < AP
€T 01
Cxproa\ T+ itm, A1 > 2
—_ Qd —Sv

C’)\progr_(dgec_%)(%_g))\T«a% itm, N1 < <.

v

1
It is therefore optimal to take prog = e, and then replacing At6 with \ we
obtain

a(sd A1) Ca—tale=Dte 4 op=sate  jfgd <1,
P(VOI(BTdec (p,7)) > rle-DUEAD )\> < . . -
° CA~lavate 4 C\~Sate if s > 1.

Since s, > t%(a — 1), this gives the result.

Proof of Proposition 6.4.1(ii)

In the case f% =1, we pick up an extra logarithm every time we apply Proposition
6.3.16, which we used to apply the Williams’ decomposition on each subtree in T,.

In this case, we instead take
1 ddec
f(r,A) = ceAtar® logr.

Then Vol(79¢) > f(r, \) implies that |T'| > r\*, with sufficiently high probability,
and we can otherwise continue as before.
6.4.2 Lower bounds

Recall that ddec = (a‘i(ls)g‘%. Our result for the volume lower bounds is the

following.
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Proposition 6.4.12. Assume that conditions (D) and (V') of Assumption 6.0.1
are satisfied. For any € > 0, there exist constants c¢,C € (0,00) such that for all
r>1,A>1,

—(a=1)

P(Vol(chc(p,r(logr)H%)) < ngfc)\q) <COX o ¢

The lower bound in Theorem 6.0.5(ii) follows from this proposition by apply-
ing Borel-Cantelli along the subsequence r, = 2", just as we did for stable looptrees
in Sections 4.2.1 and 4.2.2.

This bound can actually be improved to exponential tail decay in the case
where the inserted graphs are deterministic: see Remark 6.4.15.

The first main weakness of this result is in the inclusion of the log term in the
radius of the ball. This does not affect the overall volume estimates very much, since
the polynomial tail decay indicates that one cannot rule out logarithmic fluctuations
around the volume term, and the tail exponent of O‘T_l is unlikely to be optimal
anyway. However, there is a question of whether it should really be there, in the

dec

ad; . :
W is an O(1) random variable, or whether an extra log

term is really necessary for this.

sense of whether

The log term is arising due to an application of the bound in Proposition
6.3.9, which gives that

—(d(a—1)A1)

P<Heightdec(7'dec) > n(logn)H%) <n~ a1

where k is as in Assumption (D). This causes a problem in regimes where the mass
of the decorated tree is concentrated in the leaves, since we must get some distance
from the root in order to pick up enough mass. This typically occurs when we
use “sparse” graphs to decorate the tree: since it is well known that the mass of
undecorated trees is concentrated close to the leaves, we would expect this to remain
true when we use sufficiently empty graphs as decoration (e.g. loops). However, if
we insert graphs with a higher volume growth exponent, it is clear that volumes
of graphs inserted at high-degree (i.e. non-leaf) vertices will start to become more
proportionate to the total mass. In fact, the model undergoes a phase transition
depending on the value of v: if v < «, the mass is still concentrated in the leaves,
whereas if v > «a, the mass of graphs inserted at internal vertices will be comparable
to the mass of graphs inserted at leaf vertices (this was also apparent in the proof
of the upper bound on p.170). In this latter regime, we can therefore prove the
following stronger result. The exponent here also does not depend on the tail decay
in Assumption (D) (which is the second main weakness of Proposition 6.4.12), and

the proof is very short.

Proposition 6.4.13. Suppose that m, A1 > &, and that (D"), (V") hold. Then,
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for any r, A > 1, and all € > 0, there exist constants ¢,C € (0,00) such that

. e~ (sa—¢) if s3 < 1
P (Vol( By (plee, ) < 12 1) <477 ; o

(rsa/\l)\fsa(lfs))*(safl) LecA if sg > 1.
If s =1, we get that

P(Vol(Bmec(piec, rlogr)) < rdi“xl) < eA—sh=e),

Proof. Similarly to previous proofs, suppose for now that s # 1, let N, = TSZM/\_SZ(I_E),
and let p = sq, 51,..., sy, denote the first N, vertices on the Williams’ spine of T3°.
Then, by Lemmas 6.2.3 and 6.2.5,

N, —(sg—¢' i
r cA (sa € ) if Sd <1
P E Diam(G(si)) > | < v AL\ g (1 d_q . 3
=t (frsa/\ A_sa( _6))_(804_ ) lf Sa > 1

Also, note that, by Lemma 6.2.4,
d Al =
P(Vol(BTgec (pdee, 1)) < rda“xl) <P (Z Vol(G(s;)) < N, xe) <o
=0

Then, conditional on Zf\[; , Diam(G(s;)) < r, it follows that
Ny
U G(si) € Braec(pic, r),

1=0

so that

N,
P (VOI(Bfgec (pgec’ 7“)) < ,rdgeC)\—1> <P (Z Diam(G(si)) > ’l“)
0=1
+ P(Vol(BToflec (p2c, 1)) < rdffcxl) ,
which gives the result. O

As above, the lower bound in Theorem 6.0.5(iii) then follows from this propo-
sition by applying Borel-Cantelli along the subsequence r, = 2".

The rest of this subsection is therefore devoted to proving Proposition 6.4.12.
We will use a similar decomposition to the previous section, but this time we will not

keep iterating around further fragments. The key observation is that Vol(Bydec(p, 1))
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stochastically dominates the sum

N
- 1
Z VO].(BTdec (p?ec, 57")) y
i=1
N
where ((7;4°¢, p;)),% are i.i.d. decorated rooted finite Galton-Watson trees.
We will therefore have to bound both the number of fragments obtained on

performing such a decomposition, as well as the volume of a typical fragment. The
volumes can be controlled using the estimates of Section 6.3, and the number of

fragments is dealt with in the following proposition.

Proposition 6.4.14. Recall that d,, = ‘Z‘i_/\ll For any € > 0 there exists c. € (0,00)
such that, if s& # 1, then:

—(a—1—¢' e ood
P(Nf<rd")\71>< e e’ if s& <1
5= T (A lem D) (=) o meh rgd

If s¢ =1, then

rlogr

P <Nf < rda)\_l) < c\~lam1=¢)
—

Proof. The proof is the same as that of Proposition 6.4.13, noting that we are instead
summing a quantity with (o — 1)-stable tails rather than s}-stable tails in the final

step. ]

Remark 6.4.15. In some cases, for example when inserting deterministic graphs
rather than random ones, there may be some deterministic relationship between r
and N{ that we can exploit to get better tail decay on the above event (such as
ewpone%tial}, or even a deterministic result, which will also allow us to improve the
decay in Proposition 6.4.12. We will see in Section 6.7 that this is the case for trees

and looptrees, for example.

Proof of Proposition 6.4.12. Assume for now that s& # 1. As noted above, we will
use the fact that Vol(Braec(p, 7)) stochastically dominates the sum

Nt
2

Z Vol(BTidec (pee, %7‘)),
i=1

N
where (79, p;)),% are ii.d. decorated rooted finite Galton-Watson trees. By
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independence, we can therefore write

P (VO].(BBiec (p,r(log 7’)1+% ) < rda’e )\*1)

N
3
1 ec
<P ZVOI(BTdeC(P?eC, §T(10g7“)1+%)) < ng AL
=1

f
1 Ni dec . _
< EE |:exp{_0V01 (B']'ldec (p, §T(10g ’I“)l+%)) }:| 2 ] 697'd0é AL

Ni dec
< B (B [exp{-0vol(77)] + P Height®**(7*) > Jr(logr)**1 ) ) ] S

O |

Recall that di° = —2UAU g, = (521 Take p = =45\, By Corollary 6.3.15,

E[engOl(Tldec)] <1- g@tg =1- %rid“‘)\é,

as r, A\ = 00, and by Proposition 6.3.9, P(Heightdec(ﬂdec) > 1r(log r)”%) < erda
as r — 00.

Also, by Proposition 6.4.14 and Lemma 6.2.7, the rescaled variable r~% N {
2
r—da N

N
satisfies E |e” 7| < e (@179 for all sufficiently large .
Therefore, for all sufficiently large A, we deduce that

P(VOI(B/TC?ec (p,r(log T)H%)) < rdgcc/\*l) <eE

N}
(1 - gr*da/\é + cr’d‘*) ?]

<eE [exp{—%)\ér_da]\f{}}
2

—(a—1—¢)

<ec\ «

If sg = 1, we can replace N { with N7, ., and since we are considering a ball of
2

2
radius r(log 7“)1+% anyway, this does not affect the result.

O]

Remark 6.4.16. 1. We can improve this a bit by considering NY .1 instead

r(logr) 'k
2

of N{, but there will still be a log discrepancy.
2

2. In the case where we have either deterministic control on Ng, or stretched ez-
2
ponential tail decay in Proposition 6.4.14, we can also make these adjustments

in the proof above to get stretched exponential tail decay.
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6.5 Resistance on 74°°

In order to apply results of [KMO08] about random walk exponents, we also need to
understand resistance on 7.4,

In Assumption 6.0.1 we have assumed that the two-point function and di-
ameters of the inserted graphs grow according to the same exponents. It would
still be possible to get some kind of result if this was not the case, but we would
need more information on the local geometry of the inserted graphs. When the two
exponents are equal, it means that we are able to cut the decorated Williams’ spine
at an appropriate cut point such that the cut point is roughly distance r from the
root, and all vertices contained in the decorated graphs corresponding to ancestors
of that cutpoint are also roughly within distance r of the root. The same holds
for the resistance distance, so this gives a concrete way to separate BI<C(pdec r)
from Bdee(pdec 27)¢, for example. However, if the diameters of the inserted graphs
grow differently to the two-point function, then we cannot separate balls just by
exploiting the underlying tree structure.

Recall that the exponent s is defined so that, for a vertex s; on the infinite

backbone of T5°, there exist constants ¢, ¢’ such that

P(Diam,.s(G(s;)) >r) < orsd

R

P(RY(G(s;)) > 1) > ¢

as r — o0.

13

In what follows, we will use the subscript “res” to denote that distances

are defined with respect to the resistance metric. For example, B¢ (pdec 1) refers

to a ball of radius r with respect to the effective resistance metric on 7%, and

Brace (pdec 1) will refers to a ball with respect to the decorated graph metric dgec.
The following bound is necessary in order to establish the random walk ex-

ponents.

Proposition 6.5.1. For all ¢ > 0, there exists a constant ¢ < oo such that for all
A>1,

sBa1

P(Replp, Bies(ole,r(logr) 75 )7) < rA71) < ea= (9,

Tes

Proof. Fix some k,l > 0 (we will specify these precisely later). Similarly to previous
proofs, we define a number N, that corresponds to the index of the vertex where

we “cut off” the infinite backbone. This time, we take N, = rsﬁm)\*k, and first
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observe that, by Lemma 6.2.3 if s¥ < 1 and by Lemma 6.2.5 if s% > 1,

ek if sff <1

1
P Diamyes(s;) > —rlogr | <
Z‘SZNT‘ 2 c(raF)sd=1if B > 1.

(The log term is only really necessary if s = 1, but since we will also pick up a log
term from Proposition 6.3.9, this doesn’t make any difference here). Additionally,
by Lemma 6.2.4 if s < 1 and Lemma 6.2.4 if s > 1,

_ Ce=" if 5B > 1,
P S RV(s) <pahefinnTioe ) Q50 Bt = (6.10)
i<N, C(T‘)\_k)so‘_l lf SaR > 1.

Moreover, similarly to the proofs of Propositions 6.4.4 and 6.4.5, it follows from
Lemma 6.2.3 that

SEAI

P Z deg(si) > rﬁ)\l_ﬁ < C)\—l(a—l).
i<Np

The three probabilistic bounds above show that, with (quantified) high probability:

e all of the vertices contained in (J;<y, G(s;) are within resistance distance r
of the root;

e the number of subtrees joined to the decorated Williams’ spine at a vertex

1
contained in (J;<y, G(s;) is at most NG
C e . . (sBEAD)-1| _,
e the vertex joining G(sn,—1) to G(sy,) is at resistance at least Ny A

from the root.

Recall also that by Proposition 6.3.9 (with sZ instead of s¢),

—(sBA1)

1
r(logr)Hkr) <ecr et

TeSs

1
P<HeightdeC(TdeC) > 5

Moreover, conditionally on these three events all occurring, the number of fragments
grafted to the backbone that intersect B¢(pdec )¢ is stochastically dominated by

res
T 2 N T S € /8D, _ )
a Binomial(re=T X' a=T ¢r~ a1 ) random variable - call this M,. Then

S(Ij/\l - k
ra=1 )" ao-1

—(sBa1)
PM,>1)=1—(1—cr a1 )

7(5§/\1) sgAl k

<1—exp{—2cr a1 ra-1 ) "aT}

l——F_
< e\ et
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Moreover, if M, = 0, then the vertex v, defined to be the vertex at which G(sy;, ) and

dec(pdee, r(log )

R —1
and itself is at distance at least N;Sa/\l) A7¢ from the root, so that

G(sn,+1) intersect is a single point that separates the root from B

Reg(p2°, B (pdec r(log 7’)1+ﬁ)c) > Nﬁsg/\l)*l/\*s

= T(SaR/Al)(Sg/\l)fl )\7]6(5(112/\1)71 A*E

_ /\—k(ss/\l)’l—a.

Therefore, combining all the probabilistic bounds obtained with a union bound, and

k

alacT) We deduce that:

taking | =

P (Rl BLES (00, 7)7) < e HOEAD 7)< a2,

Tes

which is equivalent to the stated result. O

Remark 6.5.2. 1. Instead taking N, = ng/\l)\—k, the same proof gives

d

sq /Al sR
i (Reﬁ(”ffc’ B (pie*, r(log ) T5)°) < relin A1> <o,

Applying Borel-Cantelli along the subsequence v, = 2™ and shifting the log

term over to the other side, we get that, P-almost surely,

d
sq 1 a+e)

Reﬁ (Pgec, Bdec(pgec, T’)) Z (r(]og r)_(l'f‘%)) saRAl (log r)i(sgAl

for all sufficiently large r.

2. Similarly to the volume lower bounds, in some cases where we have better con-
trol over the inserted graphs, we may be able to improve this to exponential
decay by introducing an interative process similarly to how we did in Section
6.4.1, but this time reiterating around fragments of large height rather than
large volume. This was the strateqy employed in Proposition 5.4.4 in the loop-

tree case.

We will also need the following result in order to determine the random
walk displacement exponent in terms of the intrinsic metric. To save space in the

proposition below we write Bff = B3¢(pdec 1) and B = Bdec(pdec 7).
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Proposition 6.5.3. P-almost surely, there exists ro < oo such that for all r > rg:

d R d

B —(ate) C Br - Br(sgm)*l(sgm)(
T(s{f/\l)(sg/\l)—l(logr) sd a1

BR —(a+e) - B’Ic’l C BR(

sEA)~L(sd A1) (sBA1)~L(ate)
PEADGEAD " (1og 1) SEAT risan e log r)trant e

(s& A1)~ (ate)

log r)

Proof. By replacing RV with dV in (6.10), the same proof as in the previous proposi-
sg/\l

tion shows that, with probability at least 1 — A%
sg/\l)(sg/\l)_l)\

_5), there exists a single vertex

—1 from the root, separating the root from (BF)c.
(sEAD(sEAD) 1

at distance at least 7

~! from the root,
a+te

so that Bd(SRM)(de)fl/\q C Bﬁ. Therefore, setting r, = 2", A\, = (%log'rn)s‘?wl,
r\Sa @

Therefore, all vertices in (BJ)¢ lie at least distance r

applying Borel Cantelli and using monotonicity similarly to how we did when prov-
ing the volume bounds for stable looptrees, we deduce that almost surely, there

exists rg < oo such that

d R
B —(ate) C Br
r(sg/\l)(sg/\l)—l(logr) sd A1
for all r > rg. By symmetry, we can also use the same argument to go in the other

direction, and also deduce that

R d
B —(a+e) C By

rs& AL (sBEAD)—1 (log ) sBa1

Note that, if 7 = r®(log )Y, then 7 ' (log7)* ¥t > r for all sufficiently large r,
R d; : R d
so that B:* C By implies that B;' C Bm‘l(logf)w‘lw

second inclusion above therefore gives the result as stated. O

_ for all sufficiently large r. The

6.6 Random walk exponents

The purpose of this section is to use the volume and resistance results of the previous
sections to determine the exponents for a simple random walk on ’To‘}ec. To do this,
we will apply results of [KMOS].

To directly apply their results to get exponents for the decorated metric d,
we would need to define deterministic functions v and r that govern the volume and

resistance growth of the space, and for a given A > 1 define

JO) ={R € 1,00 : A" 0(R) < Vol(BR) < Ao(R), Rer(p*, (BE)) > \™r(R) |
N {Reﬁ(pi“, y) < Ar(d(py,y))Vy € B%} :

and then show that P(R € J(A)) — 1 as A — oo, uniformly in R > 1 (cf [KMOS,
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Definition 1.1, Assumption 1.2(1)].
If we ignore the logarithmic discrepancies for a moment, by Propositions

6.4.1, 6.4.12 and 6.5.1 the appropriate volume function to take would be v(R) =
a(si/\l) B
R@-1(& Y "and the appropriate resistance function would be r(R) = REGAD(sEA) ™!

However, we encounter some technical difficulties with the final condition in the def-
inition of J()), in that it requires Reg(pd®, y) < Ar(d(pdec,y)) for all y € Bp.

For a general graph, it is usually only possible to achieve this kind of control
uniformly when there is some deterministic relation between the resistance metric
and the intrinsic metric, for example as is the case for random trees and looptrees.
In our decorated tree setting, this is probably still achievable in the case when we
decorate the tree with deterministic graphs, but in the case when the inserted graphs
are random we anticipate that there will be genuine multiplicative fluctuations in
the relationship between the resistance metric and the intrinsic metric (for example
these could be on the order of log R on the ball of radius R), so it is not possible to
bound P (Rei(pd®, y) < Ad(pd*,y)Vy € B%) uniformly in R.
dgec

Therefore, we set v(r) = r% | and choose U and L to be the exponents given

in Theorem 6.0.5 so that, P-almost surely

v(r)(logr)~L < Vol(Bree (pdec, r)) < u(r)(logr)V

sg/\l

for all sufficiently large r. We also set r(R) = R*&~1, and use Remark 6.5.2 and
Proposition 6.5.3 to choose Ug, Lr so that

Reg(plee, (Brgec (p2ec,7))) > r(R)(log R) "=,
Regt(pS, y) < r(d(p2, y))(log R)V%

for all y € Byde (pdec) R), and for all sufficiently large R. We also define the set

JO\) = {R € [1,00] : A 0(R)(log R) ™ < Vol(Byee (p%°, 7)) < Av(R)(log R)U}
N {R € 1,00 Re(pl®, (Brgee (o, 7))%) = A~'r(R) (log R) " }

N {R € [1,00] : Rl y) < Mr(d(ps,y))(log R)"Vy € Bryee (o)}

It then follows from Theorem 6.0.5, Remark 6.5.2 and Proposition 6.5.3 that
P(R € j(A)) — 1 as A\ — oo, uniformly in R > 1.

If we instead had this result with J(\) in place of J()), we could apply
results of [KMO8] to establish the long term displacement of the random walk up to
constants. Given that we instead have to make do with J(\), it is not trivial to show

that we can carry through these logarithmic corrections in the proofs of the results
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of [KMO8] to essentially just get logarithmic corrections on the final results, since
some estimates in [KMO8] require comparable upper and lower bounds on effective
resistance.

However, these arguments were carried out very precisely in [Cro07], in which
the results of [KMO08] were simultaneously adapted to spaces with non-uniform vol-
ume and resistance fluctuations, and also to spaces in the continuum. Since we are
not working in a continuum model in this chapter, we cannot directly apply the
results of this paper; however, to incorporate the non-uniform fluctuations, we can
write discrete analogues of all of the arguments, and we deduce that the log terms

can indeed be carried through the computations.

Remark 6.6.1. Without the logarithmic discrepancies in Propositions 6.4.1, 6.4.12
and 6.5.1, we could circumvent this problem by instead using the results of [KMO8] to
estimate displacement with respect to the resistance metric, and then use Proposition
6.5.3 to account for the fluctuations and state the results in terms of the intrinsic

metric. We would therefore define the set
TR\ = {7’ € [1,00] : AW B(r) < Vol(BE) < ME(r), Reg(plec, (BR)") > xlr} ,

a(s(};/\l)
where vE(r) = r@DUEAD | and hope to use Propositions 6.4.1, 6.4.12 and 6.5.1 to

show that P(r € JE(X)) — 1 as A — oo, uniformly in r > 1, which would allow
us to directly apply [KMO8, Proposition 1.3] to give exponents with respect to the
resistance metric.

Ultimately we hope to do this, so for now we have not gone into all the details

for incorporating the non-uniform fluctuations following the strategy of [Cro07].

Before doing so, we define the following exponents, for ease of notation:

a(sdAl) s4AL
@-D(gAD T sfaT:

1. The walk dimension, e, =

~1
2. The transition density exponent, k, = (ai(ls)éz}\vl/)\ ) ( (ai“(ls)‘% val/)\l) + 1) . Note

that the spectral dimension is 2k,.

(s&AD) (a=1)(fIAL)
a—1)(feAL)(sEAL)+a(sBEAL)(sdAL) "

3. The displacement exponent, D, = 0

The following proposition then follows from [KMO08, Proposition 1.3] after
carrying the log terms through the proofs using the techniques of [Cro07] (we do
not give the details).

Proposition 6.6.2 (Probabilistic results w.r.t. intrinsic metric). Let n,r > 1.
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(2) > 0 such that as 8 — oo,

E e [18
P 9_1 < Za [TT(}) 2) — 1,
rea(logr)~ (B +5a")

E dec [Td:|
paceLr
P o o <0)—1,
rea (log r)Pa’+ha
(9 1 < ’I’Lkap (piec’piec 9 _) 1’

ddec dec X
P x ]P)pd,ec ( — 17
“ \nPe(logn) 5@

1 ddec dec X
P xP,. (91 Rl G . ) Sl
“ nPa(logn)~

Then, there exist (explicit) deterministic 5&1),

As written, these exponents are not the most illuminating. Recall though
that in most cases, we anticipate that s = R(a — 1), s& = d(a — 1), f¥ = & In

the most extreme cases in which these are all at most 1, the exponents become :

Ca =18, ha = Rﬁ  Da= R+dvR2'
This is the setting in which the local graph behaviour dominates the behaviour on
the whole decorated tree, and we no longer see any dependence on «. However, as
d and R decrease, and v increases, we see several phase transitions as the tails of
the various volume and distance quantities become lighter. In particular we obtain
the result of Theorem 6.0.6.

With appropriate control, we can also get quenched and annealed results for
these exponents. We give the quenched result first: again this follows from carrying
the log terms through the proof of [KMO08, Proposition 1.5] using arguments of
[Cro07].

Theorem 6.6.3 (Quenched random walk results). Under Assumption 6.0.1, P-

almost surely,
a) There exist constants 31, B2, B3, B4 € (0,00) such that

(i) There exists R < oo such that v« (logr) ™72 < E e [74] < rée(logr)P2 for
all > R.

(i) There exists N < oo such that n="(logn) =71 < pon(pdec, pdec) < n=ka(logn)A
for alln > N.
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dec

(iii) P-almost surely, there exist N, R < oo such that, conditional on Xy = p&°c,
re(log 7')*62 < tdpdec < pee(log r)ﬁ2 Vr > R
rP2(logr) =% < sup d*°(p2, Xz) < rP*(logr)” ¥n>N

k<n

dec ,dec

b) ds (%dec) = —21limy 00 logpznlpa®pa™) 2k, .

logn

i log(E d)
c) limy, o0 %{ﬁ] = eq-

d) Let Wy, = {Xo, X1,..., X%}, and let Sy, = Y ey, degz. Then P-almost surely,

. log S
lim,, o0 loggr? =k,.

The annealed results follow similarly from the proof of [KMO08, Proposition
1.4], again requiring adaptation using the strategies of [Cro07]. In particular we
obtain the result of Theorem 6.0.7.

Theorem 6.6.4 (Annealed random walk results). Under Assumption 6.0.1, we have
that:

. (1) (2)
a) There ezists constants c1,ca such that cir(log r)—( o +857) < E[Epgec [Tﬂ } <

(1), 5(2)
cor®e (log r)ﬂal +6 for all r > 1.
b) There exists a constant cz > 0 such that csn™" (logn) =" < E[pa,(pde, pde)]
for all n > 1.

c) There exists a constant cq4 > 0 such that

(2)
c4TDa(10g T)_Ba2 <E [Eﬁf‘f”c [ddee(pg‘ec’ X")} }

d) If the tail decay of Proposition 6.4.12 is O(A~U+e), for some ¢ > 0, then
E[pon (pde, pdec)] < egn==(logn) =P (see [KMOS, Remark 1.6(1)]).

6.7 Examples

In terms of exponents, the main results of Section 5.5 are that we established that

the following exponents are given as follows:

. a(s? A1)
1. The volume growth exponent is equal to (CESETTNE

2a(sEAL)
a(sBEAL)+(a—1)(fEAL)"

2. The spectral dimension is equal to

(s&A)(a=1)(f4AD)
a—1)(fEN1)(sEAL)+a(sEAL)(sdAL)"

3. The displacement exponent is equal to 0

Below, we give the values of these exponents for several examples of interest.

183



Inserted graph Range Volume | Spectral dim | Displacement
a 2a a—1
Star (tree) all a—1 2a—1 2a—1
Loop (looptree) all o 70421?1 oz—lf-l
B N 1 o 200 a—1
[-stable trees 5[21 — O‘Il a/fal 22025;1 2[?:11
B1 < o 51 F-1ifa B—1+8a
. . . « (6] x—
Finite variance o> g a1 201 201
. . . 3 164
dissections a < % 2 2%+1 2a+11
a e o
[-stable B> =] a1 201 201
. . * (&3
dissections B < 70‘51 of ag.H a,Bng
., . [ (6] a—
Critical oz g a1 2o—T 201
.. . 7 3 9 164
Erdos-Rényi (n) a <y 2 20+ 2ot 1
., . [ 6] x—
Critical /5+2a > B Tﬁl 2T 2a=T
. ’ . T < a < -
Erdos-Rényi (nf) 2 _— ST P a-l Sra—l ool
a < 5= 2 3 3
Sierpinski a > e ﬁfg‘ %Og?’ P o )
Tog 3 < < log 10—TIog 3 o 2alog 2 Tog 2
trianele log2 — log 2 alog2+logb—log3 alog 24-log 5—log 3
g T
< og 3 Tog 3 2log 3 log?2
o log 2 log 2 log 5 log 5
p) 1 a—1
Complete graph all a1 at1 atl

Table 6.1: Quenched exponents for the models considered below. *conjectural.

6.7.1 Trees

By inserting an appropriate “star” graph at every vertex, or simply repeating the
arguments employed in the previous section directly for trees, we recover and im-
prove some results for random walks on critical Galton-Watson trees with offspring
distribution satisfying (6.2), conditioned to survive. We do not go into the details,
but in this setting Assumption 6.0.1 is effectively satisfied with d = R = co,v = 1
for A > 2 (though to make this rigorous, it easier just to repeat the arguments
directly with these trees in mind). We therefore deduce from Proposition 6.4.1 that
for any € > 0 there exists C' < oo such that

P(VOI(BT(,O, r)) > rﬁ)) < oxS e

This is not as good as the result in [CK08, Proposition 2.2], where they prove

polynomial tail decay bounded by A~(¢—1-¢)

This is not surprising since they
are able to fine-tune their arguments specifically for trees in their paper, by using
generating functions and decomposing at different heights of the tree. Moreover,
corresponding results for volumes of stable trees [DW14, Theorem 1.2], which in
theory could be obtained from probabilistic bounds in a similar way to our results

for stable looptrees in Chapter 4, make it plausible that an exponent of a — 1 — ¢ is
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in fact optimal.

However, for the lower volume bounds we are able to improve the polynomial
tail decay of [CKO08, Proposition 2.6] to stretched exponential. The result itself is not
surprising, since corresponding volume results for stable trees [Duql2, Theorem 1.2]
suggest that we should have tighter control on infimal volumes, and our approach
involves a different decomposition to the one that formed the basis of [CKO08|.

To obtain the better bound, note that we are in the setting of Remark 6.4.15
where we do not need to control the randomness in the definition of M,., and instead
we can lower bound N Z by the sum of the degrees of the first %7‘ vertices along the
backbone. By directly2c0mposing the moment generating functions for the sum of

the degrees and the sizes of the incident fragments, it is possible to show that
1 a—1
P<N{ < rﬁ)\*q> < Ce N .
2

In line with analogous results on stable trees ([Duql2, Theorem 1.2] and [DW14,
Theorem 1.1]), we conjecture that it should be possible to improve this upper bound
to Ce=N for any f < a— 1.
As a result of the bounds above, the quenched volume bounds we obtain are
that, P-almost surely,
Vol(Br (p, 7)) Vol(Brz (p,))

limsup ——*——7- =0, lim inf — —— =00
r—00 Tﬁ(log 7") a—1 r—00 rﬁ(log log r)ﬁ

In terms of the random walk exponents, we recover the results of [CKO08] that the

spectral dimension of the walk is 22—31, and the displacement exponent is ;Till For

more detailed results, see [CKO08] and [Korl7, Proposition 6].

6.7.2 Looptrees

By inserting deterministic loops at each vertex, we also recover the discrete looptree
model that was considered more thoroughly in [BS15]. In this case, d = R =v = 1.
Moreover, M, is deterministically at least %r in the proof of Proposition 6.4.14, so
we can omit the final term in the final line in the proof of 6.4.12. We therefore
deduce that for any £ > 0, there exist constants ¢, C' € (0,00) such that

a—e

P(Vol(B(p,r)) > r®\) < CAat1e— AT

1_.
P (Vol(B(p,r)) < ra)fl) < Cem .

This first result improves that of [BS15, Equation (3.41)] in which the authors
obtained polynomial tail decay. This second bound agrees with that of [BS15,

Equation (3.18)], which is not surprising since our approach for the volume lower
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bound essentially boils down to the same method as that used for the looptree case
in [BS15]. In terms of volume results, this means that

Vol( By ogo(7e) (0, Vol( By ggo(ze) (0,
lim sup O( Loop(TS )(:? T)) — 0, lim inf 0( Loop(TS )(P 7;)) — .

T—00 rﬁ(log r)o-1 oo rﬁ(log log 7‘)%1

As previously shown in [BS15], we deduce that both the annealed and quenched
2a

spectral dimensions are =%,

and that the displacement exponent is —. See [BS15]

for more details.

6.7.3 Inserting trees

Since we have good control on volumes in trees, we could also insert a Galton-
Watson tree conditioned to have n leaves at each vertex of degree n. To establish
the volume exponents in this case, note that since the number of edges of a tree is
one less than the total number of vertices, we can use [Korl2, Proposition 1.6] to
deduce that, if T' is an unconditioned Galton-Watson tree with offspring distribution
é(m) ~ cx P as x — oo for some B € (1,2], and I(T) is its number of leaves, then

(applying Lemma 6.3.2 and an LDP):

PU(T) = n, [T > M) = 3 ;P(W;,n —n—1)P(S, =n)

p>An

1 V] =1 _
< — e B ) cp
<% 2{: ( +o(n#))e

p>An

C 8 =1
< — (e‘A +o(n? ) e~
— )\n ( ) )

where W' is a random walk started from zero with jump distribution 7(i) = fi—*plo for

i > 1, and S, is a sum of p independent Bernoulli(pg) random variables. Using also
1
the asymptotic of [Kor12, Theorem 3.1(ii)] that P(I(T) = n) ~ en %) asn — 00,

we deduce that
P(|T|> M |I(T)=n) < Ce™ 4 Cem ™ = o(e=).

Clearly also
P(T| <X 'n|U(T)=n)=0

for all A > 2,n > 1, so we deduce that v =1, s
1
To bound P (Diam(T) > nl7s

v v _
v =a—1,and f’=q.

(T) = n), we first bound the quantity

P(l(T) e [n, 2n] ’ Diam(T’) > Anlfé)
by decomposing along the Williams’ spine, which we know has length at least
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%Anlf%. By Proposition 6.3.5, we know that for any vertex v on the Williams’
spine within distance %)\nl_% of the root, there exists a constant ¢ such that for
all z < )\n%, P(degv > z) > ca—(B=1) independently for each such v. There-
fore, by coupling the degree of v with an independent random variable Y satisfying
P(degv > z) > cz= B~ for all > 0, we get that

E[e?er2] <E[e] + P(Y 2 an¥),

where the latter term corresponds to a “worst-case” scenario on “seeing the differ-

-1
ence” between Y and degv. In particular, if § = ¢n 8 then by Lemma 6.2.6

—(B-1) -1 —=(B=1 —(B-1)
E[e—a(degv—Z)} <1- C/TL B + \B-In B < eXp{—c”n B }’ (611)

Therefore, letting vy, vo, ... v, 3 denote the vertices on the Williams’ spine within

Lxn

4
distance %)\nl_% of the root, (Ti)?iglvj ~? denote the subtrees emanating from all of
the non-spinal offspring of vertex v;, [(T;) denote the number of leaves in each Tj,
using the asymptotic of [Korl2, Theorem 3.1(ii)] that P({(T) =n) ~ en”(+3) ag
n — oo, and then taking = n~! and using (6.11) in the final line below we have

that

P(l(T) < 2n ‘ Diam(T) > Anl—%) <E _exp {—Gil(Ti)}

< E|expg —0 I(Ty) » | e¥m

r 1 An
<E 6—095 (degv]-—Z):| e20n

< Ce
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To recover the desired bound, we then use monotonicity to write

P(Diam(T) > An'TF ‘ UT) = n)

1

< P(Diam(T) > An'"F | I(T) € [n,2n]

)
P(Z(T) € [n,2n] ’ Diam(T) > )\nlfﬁ) P(Diam(T) > /\nlfé)
€
C'e_d‘)\ﬁ;—lln_?l
A
< Ce™,

so that the remaining conditions of Assumption 6.0.1 are satisfied, with R = d =

%, so that sg = sf = %
The volume growth exponent of ﬁ% is therefore given by
. if 225 > A

In the first case, the exponent of % comes from the volume growth of the
inserted [-stable trees, and this is compounded by a factor of @ coming from the
effect of having lots of fragments attached to the backbone of the underlying tree
T7°. In the latter case, the inserted trees do not contain enough volume to have
7 along the backbone of T3°, and then a

an effect and so we pick up a factor of a%
factor of o from considering all the fragments, just as if we were working directly
with T° as in Section 6.7.1.

The random walk exponents can be calculated using the results of Section
6.6 and are given in Table 6.1.

Note that we would expect the same results if we inserted a tree with n
vertices in total, rather than n leaves, at a vertex of degree n, since the leaves

asymptotically make up a constant proportion of the mass of the tree.

6.7.4 Outerplanar maps: inserting dissected polygons

Let P, be a convex polygon inscribed in the unit disc whose vertices correspond
to the n* roots of unity. A dissection of P, is obtained from P, by inserting a
collection of chords that make up distinct diagonals of F,,: see Figure 6.3.

If w is a critical probability measure on the set {0,2,3,4,...}, we can define

a Boltzmann measure on dissections of the n-gon, P}, by setting

P%(D) X H Hdeg f—1-
FeFaces(D)
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root edge

root edge

Figure 6.3: A dissection and its inscribed tree and looptree.

For convenience we will assume that the support of u is the entirety of the set
{0,2,3,4,...}. The measure P}, is then well-defined under sensible assumptions on
the tail of p.

Letting D}, denote a random Boltzmann-dissection sampled according to Pk,
Dl is now a natural candidate for decoration at a vertex of degree n in TS°. We
will view D}, as a metric space (rather than as an embedding in the plane) by giving
each edge of D}, length 1. To establish exponents for the diameter and two-point
function of D}, we will use a bijection between dissections of P, and trees with n
vertices, as illustrated in Figure 6.3. It is shown in [Kor14, Proposition 1.4] that, if
T, is the tree obtained from D,, in this way, then T;, has the law of a Galton-Watson
tree with offspring distribution yp and conditioned on having n leaves.

If T, is the tree obtained from D, in this way, the main observation that
will allow us to control the diameter and two-point function of D} is that D% looks
a lot like Loop(T},), as pointed out in [CK14, Section 4.3]. This can be seen from
Figure 6.3.

In [CK14, Section 4.3], the authors prove a scaling limit result for Dj, by
defining a correspondence between D}, and Loop(T},) to consist of all points (a,x) €
Loop(T},) x D such that a and z are contained within a common edge in D). The
authors then make the observation that if (a,z) and (a’,2’) are in correspondence,
then

|dpp (2, 2") = dioop(r,) (@, @')| < Diam(T,).

This is because a geodesic 7, - from a to @’ in Loop(75,) is obtained by concatenating
a series of subsets of the various loops that fall “between” a and o/, and similarly a
geodesic I', ,» from x to 2’ in DY, is obtained by concatenating a series of boundary
segments of the faces that fall “between” x and 2/. These loops and faces are

naturally in correspondence, and such that that the contribution of a given loop

189



to the length of v, . differs from the contribution of the corresponding face to the
length of I'; , by at most 1 (see Figure 6.3 for an illustration). Since the number
of such loops/faces on a given path is bounded by Diam(7},), we obtain the result.

We can also make a similar observation regarding resistance on D}, in par-
ticular to compare Ry op(7,,)(a,a’) and Rpu(x,2') as above. The principle is similar,
but now we have to take account of the fact that in D}, neighbouring faces share
edges, whereas in Loop(7},), neighbouring loops only share vertices. However, since
sharing entire edges rather than vertices can only reduce resistance, it should be

clear by the same logic as above that
RD‘,i (.%', :L'/> S RLoop(Tn)(aa a/) + Diam(Tn>'

To prove a bound in the other direction, first let F' be a face that lies on
the “path” from z to 2’ in D). Let e and € be the edges of the boundary of F
that are respectively closest to x and 2z’ in D}, in the sense that they are also on
the boundary on the next face on the “path” from z to 2. Now consider the new
graph obtained by contracting all such edges to a single point (i.e. by identifying
their endpoints, or equivalently updating the edge length to zero). Call this graph
DF. DF looks more like a looptree except that now it is possible to have more than
two loops glued at the same vertex. In particular, DF and Loop(7;,) will both have
the same underlying tree structure, but the loops in DE along with the appropriate
loop segments will be shorter in DY, so that RDTIL(x, ') < Rioop(ty)(a,a’). However,
by construction, the overall difference between the appropriate lengths in each loop

can be at most 3, so that
Rpp(x,2") > Rep(x,2") > Rigop(r,)(a,a’) — 3Diam(T5,).

To control the volume of D}, we also make the observation that the number
of edges in D}, is equal to the number of vertices of T},. Also, since resistance and the
shortest-path distance on looptrees can differ by at most a factor of 2, we therefore
have the following bounds. In what follows, we assume that p has S-stable tails for
some B € (1,2], in that u(k) ~ k~¥=1) as k — oo, or otherwise take 3 = 2 if y has

finite variance. We can also recover analogous results in the finite variance case by
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taking 8 = 2 in what follows, even if the tails aren’t precisely of the given form.

P(Vol(DH) > n)) < P(|T,] = n | ((T,) = n)
P (Vol(D) <nA™!) < P(|T,| < nA™ | U(T}) = n)

(D|am(D“) > n%A) P (D.am Loop(T}.)) + Diam(T3,) > 1% A ’ (T) = n)
P<D|am(D“) <nBA 1) P(D|am Loop(T},)) — Diam(T,) < n# A~ ‘ U(T,) = n)
(D.amres(D ) > n%A) P (Dlam Loop(T},)) + Diam(T;,) > 1% A ’ U(T,) = n)
P(D.am(Dg) % ) P(Dlam Loop(T},)) — Diam(Ty,) < nB A~ ‘ U(T,) = n) .

In fact the control on Diam(7},) is not strong enough to give stretched exponential

decay, with
1
p (Diam(Loop(Tn)) > i\ ‘ (T, = n) =B

in the case of stable tails, although the decay is at least O(A_d(o‘_l) in this case. We
will only obtain stretched exponential decay when p also has stretched exponential
tails. In this case d = R = 2, and v = 1, so we get the results in the table. We also
give conjectural results for the case of g-stable tails, which would hold if we could
prove Conjecture 6.8.2.

We deduce that d = R = 3, and v = 1, so that

s =sB = Bla—1), fo=a.
which give the results in Table 6.1 when we make the appropriate substitutions.

6.7.5 Critical Erdos-Rényi

Motivated by the example of the IIC on the UIHPT, we can also consider a model
where we insert a connected component of an Erdds-Rényi graph in the critical
window, by which we mean the graph G(n,p) such that p = = —i— for some
t > 0 (see e.g. [Gol20, Section 2| for an introduction to this model and 3the critical
window).

It is well-known that, at criticality, a connected component of G(n,p) looks
roughly like a critical Galton-Watson tree with an O(1) number of “surplus” edges.
Heuristically, this can be explained as follows: let C denote a connected component of
G(n,p), and let vy € C. We consider the “exploration tree” rooted at vg, constructed
as follows: first let vy be the root. Then consider all vertices connected to vy and
let these form the next generation of the tree. The number of such vertices is
Binomial(n — 1, p); denote this number M;. Then, given a vertex vy in generation

one, we can repeat this process to find all the new neighbours of v, and define these
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to be the offspring of v;: the number of offspring is therefore Binomial(n—1— M, p).
We can repeat this process inductively to explore the cluster in a depth-first way:
this will produce a spanning tree of the cluster, and as long as the total number of
vertices explored remains small compared to n, it is fairly accurate to approximate
the offspring distribution of this tree by a Binomial(n — 1,p) distribution. At any
stage, there is a small probability that a given vertex v also has some neighbours
that correspond to vertices that have already been discovered, so that in order to
reconstruct C from its spanning tree we must add a few extra edges.

To avoid ambiguities, for this construction we will fix ¢ > 0, set p, = —5 + n%
n2

and let GG;, have the law of the largest component of G (n% , Pn) conditioned on having
n vertices (by [Ald97, Corollary 2], n is therefore on the natural scale to be the size
of the largest cluster of G(n2,pn)). Using the tree viewpoint, we can relate the
volume, two-point function and diameter of critical connected Erdos-Rényi graphs

to give the following results.

Proposition 6.7.1. Take G,, as above. Then there exist constants ¢, € (0,00)
such that for allm > 1,A > 1:

(i) P(Diam G, > A\y/n) < e~V
(ii) P(DiamyesGr > M\/n) < e=N.
(iti) P(dY(G,) > /n) > ¢ > 0.
(iv) P(RY(G,) > \/n) > ¢ > 0.
(v) P(Vol(Gyp) > An) < P(Vol(G,,) > A +n) < Ce~N®
(vi) P(Vol(Gy) >n—1) =1.

Proof. We just sketch the proof. For part (i) the result follows by repeating the
proof of the height bound of [AB19, Theorem 1.1] (it does not quite follow directly
since our exploration tree is not quite a critical Galton-Watson tree, but we are close
enough that the proof still works, and being slightly subcritical is intuitively helpful
for this bound anyway since this corresponds to more of a condensation regime).
This also give part (i) since the resistance is upper bounded by the graph distance.
For part (iii), we first condition on having zero surplus, which has strictly positive
probability in the limit. In this case the exploration tree is again close to a critical
Galton-Watson tree (its law is not tilted, since if the surplus is zero we do not have
to count the options for where we can add extra edges), and the resistance is equal
to the graph distance. The result then follows since the offspring distribution of the

tree is close to Poisson(1), which corresponds to a uniform labelled Galton-Watson
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tree, and in this case the it is known that on rescaling by /n the two-point function
satisfies P (dY(T;,) = [Av/n]) ~ \/%efg as n — oo (e.g. see [FDP06)).

To control the volume (i.e. number of edges) we control the surplus. To do
this, note that given a vertex v; in the exploration tree, there can only be extra
edges joining within the same generation, or to an adjacent generation (otherwise
this disrupts the generation structure of the tree). Therefore, if vy is a vertex
of the tree and D,, denotes the m!" generation of the tree, we can introduce a
Binomial(| Dy, || + | D}y, |-1l, Pn) random variable which we denote S, , and the total
surplus is upper bounded by summing these over all vertices in the tree. Then, again
after taking care of the necessary details that our tree is not quite a critical Galton-
Watson tree, we have by [ABDJ13, Theorem 1.1] that P(sup,, | Dm| > v/nA?) < AP,
Then, P(Binomia|(2n%)\p, 1+ n%) > )\) < cemN" We take p = % On the
complement of these eventg,che surplus is less than A, so Vol(G,) < n + A, which
gives part (iv). O

Remark 6.7.2. The rescaled two point function for a uniform critical random tree
in fact converges to a Rayleigh distribution. This is the same limit as that appearing

in Pearson’s problem [Pea05] on p.1.

We therefore deduce that d = R = 2,v = 1, and the fundamental exponents
take the following values:
fo=a, sd=sB=2(a—1).

Rather than forcing all vertices of the inserted critical graph to be boundary
vertices, we could also consider inserting an independent copy of G(n?) at a vertex of
degree n, for some § > 1 and uniformly choosing n distinct vertices to be boundary
vertices. In this case, it follows from Proposition 6.7.1 that d = r = % and v = j,

so that 2 3
[0 d R o —
fg = B7 SOL — Sa == B
Note that if 8 > 2, the local geometry always dominates and we never see the tree

geometry.

Remark 6.7.3. We have not written the details, but one would expect the same
result on taking a critical configuration model in place of the Erddés-Rényi graph.
We also anticipate that we could insert a (-stable graph, as considered in [GHS18,
CKG20] and we would get the same results as for inserting B-stable trees by making

stmilar arguments to the Erdos-Rényi example considered above.
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6.7.6 Sierpinski triangle

In order to gain insight into the effect of inserting fractal-type graphs, one could also
consider the exponents obtained when inserting a Sierpinski triangle. Letting T5* be
the n'” level approximation to the Sierpinski triangle as defined in [Bar98, Section
2] (also depicted in Figure 6.4), it is always the case that the boundary length of
T2 is equal to 3 - 2™ therefore, if m € (3-2" 3 -2"), one would have to do
appropriate “surgery” to the graph G, 41 in order to define an appropriate version
of “the Sierpinski triangle with boundary length m”. We will not do this is explicitly

here, and just give the appropriate volume bounds for the level n approximation T2

(a) T (b) T (c) T

Figure 6.4: Sierpinski triangles

We can use the self-similarity of the Sierpinski triangle to study resistances,
volumes and diameters of T2 as well, and give the (deterministic) results for these
in Table 6.2. The effective resistance bound can be obtained using the A — Y
transformation (e.g. [LP16, 2.3.III]): see also [Bar98, Section 2| for more explicit
computations. Here we assume that 1 and 2 are the labels of two distinct extremal

corners of T2.

Boundary | Volume | d(1,2) | Rem(1,2) | Diameter | Resistance diam
on n+1 n 2 (5\7 n 5\
3-2 3 2 3 ( 3 ) c32 ¢4 ( 3 )
Tog3 1 Tog 5—Tog 3 , , Tog 5—Tog3
m c1mlog? 3m com log2 Cc3m cym o2

Table 6.2: Volumes and distances in the n'* level Sierpinski gasket, in terms of m
and n, where m is the boundary length.

We can also (crudely) bound the diameters using the bound for the distances
between extremal corners in the table: since to go from any point = € TnA to any
other point y € T, nA we have to pass through at most two triangles at a specific level
m < n (once on the “way up” from z, then once on the “way down” to y), we get
that

2 — 2 = (5\™ 5\"
Diam(T2) < 23 D 2™ < g2, Diamyes(T2) < 23 () <cy <)

m=0 m=0
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Since the graphs are deterministic, the functions giving the polynomial tail

decay in Asumption 6.0.1 are all zero for sufficiently large A, so we have that d =1,

R= b&?%’ v = iggg, and obtain the following exponents:
d ) r (a—1)log2 ., «log2
s =a—1, = = )
o *  logh—log3 o log 3

We then obtain the results in Table 6.1 by substituting into the expressions given
in Section 6.6.

We also note that the logarithmic terms appearing in the statements of
Propositions 6.3.9, 6.4.12 and 6.5.1 would not need to be included, since the in-

serted graphs are deterministic.

6.7.7 Supercritical Erdos-Rényi or the complete graph

As well as critical Erdos-Rényi, one could also insert supercritical Erdos-Rényi
graphs, as well as the complete graph. It is well-known that, if G(n,p) is the
FErdos-Rényi graph on n vertices and p = % for some A > 1, then the largest con-
nected component has order n vertices, order n? edges, and diameter of order logn
(e.g. see [RW10, Theorem 1.1]). The complete graph on n vertices similarly has n
vertices, order n? edges, diameter 1 and resistance diameter of order %

To fit these models into the framework of this chapter, we therefore effec-
tively want to take d = R = 0o, and v = 2. Some care is needed to check that we
can really do this, but we can dominate logn by n® for some sufficiently small §,
and this also gives us very good control on the tail decay required for Assumption
6.0.1 (D). Additionally, in sufficiently supercritical regimes resistance will actively
stochastically decrease with n which is clearly different to the assumptions of this
chapter; however, since “most” vertices are of low degree it is clear that asymptoti-
cally resistance should still add up in the following way.

To define this model in the supercritical case, we let G, be the largest con-
nected component of G(Cn,p), conditioned to have n vertices, where C' > 1 is an
appropriately chosen constant. Alternatively, we can let G, be the complete graph
on n vertices.

Setting d = R = oo and v = 2 therefore gives the results in the final line of
Table 6.1.

6.8 Relaxing the assumptions

As remarked in the introduction, we believe that the stretched exponential decay
in items (D) and (R) of Assumption 6.0.1 should not really be necessary and are

endeavouring to weaken this assumption. The only place this assumption is required
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is to prove the decorated height bound in Proposition 6.3.9. In this section we

present some heuristics for proving that

.

P(Heightdec(Tdec) > nlogn) < cn7< a 0471)

under the weaker assumption given below.

Firstly, recall that f¢ = da A mg,s? = d(a — 1) A mg, and we proved a
complementary lower bound in Proposition 6.3.11, under the weaker assumption
(D), that

sd a1
P(HeightdeC(TdeC) > nlog n) > cn_( ot )

Note that
sd Al —dA 1 mq 7
a—1 a—1 a-—1
d 1
Ja U L]
a a-—1 —1 «
Therefore, the two exponents are always equal unless my < da A %5, which does

not occur in the examples considered in Section 6.7, at least, and is certainly a
weaker assumption than the stretched exponential decay in Assumption 6.0.1. Note
that the case when mg < da A ;%5 corresponds to the case where there is “more
randomness” coming from the inserted graphs than the underlying tree structure,
and therefore we would not expect to be able to get as much insight from the
underlying Galton-Watson tree anyway.

We believe it should be possible to establish the tail decay under the following
assumption (this was also given as Assumption 6.0.4 in the introduction to this

chapter, but we restate it here for convenience).

Assumption 6.8.1 (same as Assumption 6.0.4).
(D") Metric growth. There exists d > 1 such that EITHER:

(i) There exists constants c¢,C € (0,00) and € > 0 such that
P(d,l{ > né) > >0, P(d,l{ > An%) = O(A~de—1+9)y,

as A — oo, uniformly inn > 1. OR:

(i1) There ezists mqg > 0 and constants ¢, C € (0,00) such that for alln > 1, > 1,
AT < P(d,’{ > An%) < Ox"Ma,
(R") Resistance growth. There erists R > 1 such that EITHER:
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(i) There exists constants ¢,C € (0,00) and € > 0 such that
P(Rg > n%) > >0, P(R,’{ > An%) = O(x~Rla=1+2)),

as A — oo, uniformly inn > 1. OR:

(ii) There exists mp > 0 and constants ¢, C' € (0,00) such that for alln > 1,\ > 1,

AR < P(Rﬁ{ > An%) < OAME,

(V") Volume growth. There exists v > « such that EITHER:

(i) There exist constants ¢,C € (0,00) and € > 0 such that

—(a—1+¢)

P(Vol(G,) >n") > ¢ >0, P(Vol,(Gn) > Mn’) =0\ v ),

as A\ — oo, uniformly inn > 1. OR:

(ii) There ezists m, > 0 and constants ¢,C € (0,00) such that for alln > 1,A > 1,

e < P(Vol(Gr) > An®) < CXT™v.

Before outlining the heuristics for proving the result under this assumption,
we briefly recall the setup of Section 6.3.

Let T a Galton-Watson tree as in Section 6.3, and let 79¢ be the rooted
decorated tree obtained by replacing each vertex with an independent copy of G
with given boundary size, and fusing along the edges of T, exactly as described for
T7° in earlier sections. Given such a construction, we define the decorated height of
Tdec py

Height®*°(70) = sup d%*°(pl*°, ).
zeTdee

dec
«

The path in 7.8¢¢ joining pd°° to the point achieving maximal decorated height
corresponds in a natural way to a path in T joining p to a leaf (if this point is not

unique, we will take the leftmost path). Analogously with the notation above we

call this the decorated spine and denote this by s‘fec, . ,sfif(‘fec, where H denotes
the length of this decorated spine. We also let £3°¢ denote the number of offspring
of Sdec

cee.
Note in particular that H9e¢ gives the length of the decorated spine in the

underlying tree, rather than the length with respect to the decorated metric, so

Hdec < H.

We provide heuristics for the following result (in fact we also think that the

logarithmic correction should not be necessary in the second case below, but this is
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a secondary issue).

Conjecture 6.8.2. There exists a constant c € (0,00) such that, if f& < -2 then

a—1’
,(ﬂ/\#> _jd
P(Heightdec(Tdec)2n>§cn a1

If instead 4 > =25, then

ﬂ/\L) .
= nao-1,

P(Heightdec(Tdec) > n(logn)ﬂ) < C’n,i( a Ma—1

The following lemma can be proved rigorously, similar to the bound for the

supremal volume in Proposition 6.3.14.

Lemma 6.8.3. There exists a constant ¢ < oo such that

P <sup Diam G(v) > x> < cx*%
veT

To prove Conjecture 6.8.2, we would like to condition first on the height of
the T, which should be comparable to the length of the decorated spine (and is
an upper bound for it regardless), and then understand the diameter of the graphs
inserted at typical vertices on this spine.

The proof of Lemma 6.8.3 relies on the fact that, for a typical (e.g. uniform)
vertex v € T, P(Diam G(v) > z) ~ cx—f&. Therefore, if the height of the under-
lying tree is h, we expect the volume of the tree to be approximately hﬁ, and
sup,cr Diam G(v) will be approximately hm, by a union bound.

On the other hand, if v is a typical (e.g. uniform) vertex on the decorated

, fe(e=1) . :
spine, and P(Diam G(v) > x) =~ cx~  a , then again we expect the maximal

diameter of a graph on this decorated spine to be roughly of order h/&-1  again

using a union bound as an approximation (though of course this is not a lower

f4a=1)
bound). If the tail decay was heavier than O(z~" & ), we would correspondingly

expect the maximal diameter on the decorated spine to also be of higher order,
which would contradict the fact that it is upper bounded by sup,cp Diam G(v).
Moreover, just as the size-biased bound for the offspring distribution on the
Williams’ spine only holds up to a point depending on the length of the Williams’
spine (cf Proposition 6.3.5), we would also expect that the bound P(Diam G(v) > z) =~

f8a=1) ) )
cx~  «  for a typical vertex v on the decorated spine also only holds up to the

point where x is of order h/&(-1 . Otherwise, the same union bound heuristics

would give that

o f&(a—1)
P(Sup Diam G(v) > hfd-1 )\ ’ H = h> R\ @
veT

198



However, a rigorous application of Lemma 6.8.3 along with results of [Korl7] closely

connecting the height and volume of a discrete Galton-Watson tree gives that

P (sup Diam G(v) > hf&-1 )\ ‘ H = h) <exla,
veT

It is difficult to prove a precise bound for P(Diam G(v) > z) for a typical

vertex v on the decorated spine since the degrees of vertices on the decorated spine

are not independent. In any case, what we would really need to prove is the following

. —f4e-1)
conjecture. The point is that, assuming P (Diam G(s{*°) > z) ~ 2~ "« in some

appropriate sense for a typical spinal vertex sgec, then conditional on H = h the
f2<a—1>m)’l

o

decorated diameter should be approximately h(
: g fala=1) .
Conjecture 6.8.4. (i) If —> < 1.
Hdec

<7fg(“*1)/\1) ' ~rd
P (> Diam G(s{“) > n\ ° MH=h|<ex.
=1

(ii) If fae=b) — 1.

Hdec (fg(a—l)/\l)_ _fg
P (" Diam G(s{) > Ab\ ° logh | H=h| <cx ™",
=1

(iii) If instead @ > 1:

H dec (fg(afl) /\1) B —f,;l
P (> Diam G(s{) > h\ ° AMH=h]| <cx="log.
=1

Given this, Conjecture 6.8.2 would follow from applying Lemma 6.2.8 with
-1
8= ﬁ, z = (W A 1) and m = % (carrying the logarithmic term through
the computation).

In order to prove Conjecture 6.8.4, we can first condition on the event that
(fgw—l)M)’l
%i < h: Diam G(s&) > b\ ° \°

using [Kor17, Theorem 2] and Lemma 6.8.3 above (this step is rigorous).
Case (i) corresponds to the case where the behaviour of the given sum is
dominated by its largest term. In cases (i) and (i7), although the terms of the sum

are not quite independent, we believe (and have informal arguments supporting this)
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that they can be coupled with and then stochastically dominated by independent
random variables with the same tails, so that the result would follow from Lemma
6.2.2 (in fact we would get stretched exponential decay in \).

One way to prove case (iii) would be to stochastically dominate it by case
(7i), which just has the cost of the extra log term. To do it directly, we would need

a better bound on the marginals of P(Diam G(s{®) > z). By comparison with
d

—ra
Lemma 6.8.3, we hope that decay of x 7« would be achievable, although this would
not be uniform in A, so the argument could be quite subtle. In this case, the stated

result then follows from Markov’s inequality: firstly we can compute that

E[(Diam G(S?QC))p

sup Diam G(s$°) < h)\s} < clogh+clog A,

and then Holder’s inequality with p = ];—g gives that E [(fofc Diam G(s?ec))p} <
hP(log h + e log \).

However, it seems that a result of the form P(Diam G(s{) > z) < J;ng
would not be uniform in h, which causes some difficulties. It seems that it may be
possible to get a sufficient result by using the fact that we can both bound the tails

dec) in terms of the tails for the decorated

for a typical term of the form Diam G(s
height, and also bound the tails for the decorated height in terms of the tails for a
typical term of the form Diam G(s{¢¢). We can therefore start with a “bad” bound
for one of these tails, and use these relationships to iteratively update this to a
better bound, and repeat the process as many times as we like. Making this into a
rigorous algorithm is currently work in progress.

It is also possible to get other bounds on the exponent for example using
that the decorated height is upper bounded by S sup,eg, Diam G(v), where G;
is generation ¢ in the tree, but we do not think this gives the right exponent so have

not pursued this here.
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Chapter 7

Outlook

In this chapter we comment briefly on future research directions leading on from
the results of this thesis.

7.1 FIN diffusions on stable trees: trapping at nodes

Although this is not a planar graph, in the model of Chapter 6 one could also imagine
inserting a copy of the complete graph K,, at a vertex of degree n. By emulating
the proof of the usual stable tree invariance principle [Duq03, Theorem 3.1], one
imagines that it should be possible to show that, if T, is a critical Galton-Watson
tree conditioned to have n vertices, T7°™ is formed from 7}, by inserting complete
graphs at every vertex as described in Chapter 6, d,, is the graph distance on 7,;°™,
and [i,(v) is the measure defined on T, by fi,(v) = deg(v) for all v € T:°™, then,
up to constants,
(Tt dny 5 ) & (Tord, 1)

in the Gromov-Hausdorff-Prohorov topology as n — oo, where ji(t) = A? for t €
[0,1], and Ay = XF*¢ — X7x°.

The measure [i is singular with respect to the uniform volume measure p
on stable trees, which is supported on the leaves, and is instead reminiscent of
that associated with Fontes-Isopi-Newman (FIN) diffusions. FIN diffusions were
first introduced in [FIN02] in one dimension and provide a model for random walks
subject to a polynomial trapping mechanism controlled by an appropriate FIN mea-
sure. FIN diffusions have since been studied on a wider class of graphs [CHK19]
and the natural extension to trees involves trapping in the leaves. Mathematically
this is achieved by weighting the measure p by a random trapping factor, so that
the resulting FIN measure is absolutely continuous with respect to . This kind of
diffusion arises as the scaling limit of the Bouchaud trap model on random trees, for

example [CHK17]. In the model suggested above, one would instead get trapping
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at hubs, which is qualitatively different behaviour. Moreover, it should be possible
to adjust the measure to end up with the degree to some power other than 2 and
obtain a wider class of diffusions.

The model of inserting the complete graph above behaves differently with
respect to resistance since the resistance across K, behaves asymptotically like % as
n — 00, so the limiting resistance metric would be again have a density with respect
to d depending on the hub sizes. This would essentially just counteract some of the
effect of the higher volume measure at hubs so it is perhaps more natural to just
directly consider trees endowed with different volume measures but the usual notion
of resistance. In this case we would expect there to be a balance between time spent
at leaves and at hubs, similarly to the discrete model in Chapter 6, so that the
limiting measure would instead be of the form Ay + Bji.

One wonders whether there are natural trapping models that lead to this
kind of behaviour and, if so, it would then be of interest to introduce this model

more thoroughly and establish some of its basic properties.

7.2 Random walks on decorated Galton-Watson trees:

the supercritical case

The work of this thesis concerns critical structures, but one could define similar
decorated models on supercritical Galton-Watson trees. On supercritical structures,
random walks are commonly superdiffusive and can display a rich array of behaviour;

d(0,Xn)
———+ converges to a

in particular, they sometimes have limiting speed: that is,
positive limit almost surely. For example, when considering a random walk on a
supercritical Galton-Watson tree with mean m > 1 one can add a bias parameter
A which pushes the random walk towards the root, and it was shown in [LPP96]
that there exists an explicit A, € (0,m) such that the speed is non-zero if and
only if A € (A,,m), and that the speed is unimodal in this region. At first it
seems counterintuitive that adding a bias can initially increase the speed, but this is
actually due to a trapping effect in the dead ends of the tree, which initially becomes
less pronounced when the bias is increased.

It seems plausible that the introduction of extra decoration could similarly
have the potential to increase or decrease the speed of a random walk. To con-
struct a supercritical tree conditioned to survive one must replace the backbone of
Kesten’s tree with an entire supercritical tree with a related offspring distribution,
and then attach smaller Galton-Watson trees (“dangling ends”) to this core simi-
larly to Kesten’s critical construction. Adding decoration will therefore change the
scaling exponents for the times spent in the dangling ends and the time spent mov-

ing through the core; it seems plausible that in some intermediate regimes, it could
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have a greater effect on the exponent of the core so that the random walk spends
proportionally more time moving through the core of the tree and the speed might

therefore be positive.

7.3 Random walk on stable maps

As alluded to in the introduction, stable maps are a class of maps obtained when
the face weights (qx)r>1 are appropriately “critical” and satisfy g, ~ ck™ for some
a € (1,2) (see [Cur, Section 5.2] for more details of this model). They are of
particular interest since they describe a range of statistical mechanics models on
random planar maps. In the dense phase o € (1, %), stable maps have been shown
to have a decorated tree structure in which the underlying Galton-Watson tree has
exponent (a«— 1)1 [Ric18b, Theorem 1.2]. Random walks on stable maps have been
considered in [CM19a] where the authors show a universal upper bound of % on the
displacement exponent. Their argument involves considering an appropriate set of
cut-points and estimating the time required to pass through enough of these cut-
points along with the likelihood of a random walk actually visiting such a cut-point
at any given time.

The use of cut-points in [CM19a] implicitly takes advantage of the tree struc-
ture; another approach might be to directly decompose as in Chapter 6 and try
to estimate resistance across each component of the graph. This would also give
quenched estimates, but estimating resistance is a difficult task. Another approach
that would not necessarily require a resistance estimate might be to consider a sub-
graph that allows a sharpening of the Varopoulos-Carne bound used in [CM19a,
Lemma 1], since this is not necessarily optimal on subdiffusive graphs, e.g. by

choosing a denser subgraph.

7.4 Random walk on a critical percolation cluster

As outlined in the introduction, one example of particular interest falling into the
dense stable map regime mentioned above is that of a critical percolation cluster on
large uniform triangulations, which is conjectured to rescale to the %—stable map. A
naive approach to study resistance across “large” components would be to emulate
the logic applied by Richier [Ricl8a] to study this model on the UIHPT (in some
sense an infinite component); in particular, merely trying to “imitate the same
picture” of the boundary of the critical cluster inside a loop, one might draw that
shown in Figure 7.4.

There are several problems with doing this in practice, one of which is that

to explore the interface in [Ricl8a] one considers a specific boundary condition
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(a) Critical cluster boundary, figure from
[Ric18a). (b) Imitation for a triangulation with large

simple boundary, drawing the boundary of the
open cluster only.

which ensures that one is already on the appropriate interface when one starts
the exploration. In the case of percolating a finite loop however, it seems that
an exploration process would initially be trapped inside a “smaller bubble” of the
cluster which makes this trickier.

This issue is dealt with in the paper [GHS19a] where the authors explore the
full set of percolation interfaces inside a percolated triangulation with open simple
boundary condition by flipping the state of one boundary vertex which creates a
starting point from which to start the exploration. This enables them to prove
a strong result showing that the collection of full cluster boundaries converge to
a conformal loop ensemble with parameter 6 in the scaling limit. In the case of
exploring one critical cluster, it is not necessary to explore all of the interfaces since
we are only interested in the part of the critical cluster that is connected to the
boundary of the loop.

It is also worth noting that, at least in the case of site percolation, there is a
duality between open and closed clusters at criticality since p. = % This is clearly
affected by the boundary condition but is reflected in the result of Richier in that we
see a white looptree in the middle of the cluster, and this has the same (probabilistic)
structure as the black (half) looptree appearing along the boundary. This duality
means that the number of open crossings directly “across” a large loop should be
an order 1 random variable (since an open crossing impedes a closed one; this bias
is more pronounced for bond percolation where p. < % on random triangulations
[BCM19]). In other words, there is a good chance that the vertices contained in the
critical cluster do not extend to the “centre” of the map.

If the picture in Figure 7.4 could be made rigorous then this gives rise to
a fractal approximation by repeating this construction inside the resulting large
faces, as indicated Figure 7.4. On deleting the dead-ends, this is then similar to a

randomised diamond fractal (see [HK10, Alo19] and references therein for more on
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(a) (Almost) critical bond percolation in the
square conformally mapped to the unit disk,
with blue boundary condition. Interfaces
are in green. Image by Jason Miller.

(b) Imitation for a triangulation with large
simple boundary, drawing the boundary of
the open cluster only.

Figure 7.2: Comparison with a simulation.

diamond fractals) and therefore one might hope to study resistance across a large
component by studying resistance across randomised diamond fractals. One would
hope that the resistance has non-trivial polynomial scaling and therefore it should

fall into the framework of Chapter 6.

(b) Repeating inside a large

face (c) Deleting new dead ends.

(a) Deleting the dead ends.

Figure 7.3: Diamond fractal construction.

We also briefly remark that a random walk on a critical percolation cluster
should be significantly easier to study on hyperbolic triangulations: in this setting,
the cluster is conjectured to rescale to the Brownian CRT [Cur, Open question
12.12]. In this setting, it seems reasonable that the resistance metric should also
rescale, so that one can recover a full scaling limit for the random walk as well as

the cluster.
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7.5 Spectral properties of decorated Galton-Watson trees

Another question one could investigate is whether one can prove spectral asymp-
totics similar to those presented in Section 4.5 for decorated Galton-Watson trees,
saying on taking an appropriate scaling limit when conditioning the underlying tree
to have n vertices. Working in the discrete setting presents extra challenges anyway
because it is more likely that there will be repeated eigenvalues, but when decom-
posing analogously to Proposition 4.5.2 there are also extra terms to consider since
we cannot necessarily ignore the contributions of graphs inserted on the spine of the
tree. This could allow for more interesting behaviour, however, since when iterating
the result of Proposition 4.5.2 we would have to keep track of an extra term at each

level rather than just the “error term”.
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