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Abstract

In this thesis, we generalise results on sharp fronts and almost-sharp fronts by
Fefferman, Luli, and Rodrigo [67], [68], [28], [26], [27], [L9] to a singular variant of
the Surface Quasi-Geostrophic Equation (SQG), where the velocity u = V+|V|~16
is replaced with the more singular velocity V+|V|~1+20, for a € (0,1).

First, we derive the contour dynamics equation for a sharp front from the
definition of a weak solution to our singular variant of SQG.

Then, we prove the existence of analytic sharp fronts to the sharp front
equation using the abstract Cauchy—Kowalevskaya Theorem. This result is analogous
to the result of Fefferman and Rodrigo in [27], which was a key result for proving
the existence of analytic almost-sharp fronts whose existence time does not depend
on the thickness of the transition region 4. The existence time in Sobolev spaces is
not expected to be uniform in ¢ for almost-sharp fronts.

For such almost-sharp fronts, we study their evolution by understanding
how curves supported in their transition region are transported by the velocity
u = V| V|79, This work generalises the result of [19] to our more singular
equation.

Finally, we define a spine curve for the almost-sharp front analogously to the
spine curve of SQG in the model where one space variable is periodised, defined in
the work of Fefferman and Rodrigo. The spine evolves according to the sharp front
equation modulo an O(62~%) error. As this does not vanish as o — 1, this formally

suggests that the equation is in some sense not degenerate in this limit.
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Chapter 1
Introduction

In this thesis, we study special solutions, termed ‘sharp fronts’ and ‘almost-sharp
fronts’ to the following singular variants of the (inviscid) Surface Quasi-Geostrophic
Equation (SQG) which can be written as the following active scalar transport
equation for « € (0,1),
8t0 +u-Vo = 0,
(1.1)
u= Vvt

The model is meaningful even for the larger range a € (0, 2], but our focus is on
the range a € (0,1). Here, z € R2,t € R, V = (gé) is the spatial gradient operator,
vt = (79?2) is the perpendicular gradient, the function 8 = 6(x,t) € R is the
unknown scalar, and v = u(x, t) is the associated velocity with the Fourier multiplier
|V|~t+e = FoL¢|~ e F. We will refer to this family of equations as singular SQG.

1.1 Motivation and literature review

In order to motivate the work presented in this thesis, we must first understand
the endpoint o = 0 case of , which corresponds to the SQG equation. It is so
named because it originates from the field of geophysics, where in the regime of small
Rossby and Ekmann numbers, it describes ‘frontogenesis’: the generation of fronts in
the atmosphere between regions of hot and cold air. As we are primarily focused on
the mathematical properties of this equation, we refer the reader to [64] for further
details on the geophysical meaning of the SQG equation.

Instead of deriving the SQG equation by physical considerations, we will
arrive at the SQG equation as a model of the three-dimensional Euler equations.

Many well-known partial differential equations are active scalar transport equations.



For example, in the following class of active scalar transport equations,

8t9 +u- Vo = 0,
u=V=+T(6),

the well-known 2D incompressible Euler equation governing the evolution of ideal
fluids is obtained by choosing 7' = (—A)~! = |V|72, the usual two-dimensional
SQG equation is obtained by choosing 7' = |V|~!, and the so-called a-patches that
interpolate between the 2D Euler equation and SQG has T' = |V|~'* o € (—1,0).
From this perspective, the singular SQG equation is a natural generalisation of
the a-patches to the range a € (0, 1), in which the velocity is determined by a more

singular kernel than the previously mentioned equations.

Vortex filaments and sharp fronts

One particular area of interest in the theoretical of fluids is the rigorous founda-
tion for the study of vortex filaments in a 3D Kuler flow, which is heuristically a
mathematically simplified model of vortex tubes. Vortex tubes are flows that are
vorticity-free, except in a thin tubular region. The vorticity w = V X u is the curl of

the velocity u, and it solves the (incompressible) Euler equations,

ou+ (u-V)u = Vp,
V.-u =0.

Here, (u - V)u! := Ej uw/@ul, p is the associated pressure, and du + (u - V)u
is the material derivative. Taking the curl of this equation (using the identity

(u-V)u =wx u+1V(|ul?)) leads to the equation for w called the vorticity equation,

{ Ow—+u-Vw =u-Vw, (1.2)

V.-w =0.

A vortex filament is the following natural mathematical idealisation of a vortex
tube, where the vorticity is instead given by a vector-valued measure supported
on some curve X € R3. Formally, it should satisfy the ‘local induction equation’
(also known as the binormal curvature law, or the vortex filament equation in the

literature), which states that the curve evolves in the direction of its binormaﬂ at a

!The binormal of a curve in R? is a vector that at every point with non-zero curvature, together
with the tangent and normal to the curve, forms an orthonormal frame in three dimensions.



rate proportional to its curvature:
Xt = kb.

However, this equation has not yet been derived rigourously from the Euler equations.
The main stumbling block seems to be the failure of the Biot—Savart law,

1 T—Yy

u(z) x w(y) dy,

~dn Jas e —yP?
which allows you to invert the curl operator for divergence-free fields. The homogene-
ity —2 of the kernel from the Biot-Savart law in 3D does not allow for an L? velocity
to be defined from a vorticity given by a measure on a curve C, say w = ['d¢T,
where 6c(U) = length(C' NU) and T € R? is the unit tangent vector of C. Roughly
speaking, this corresponds to having a singularity along a curve, so the integral
behaves locally like an integral of d(z,C')~2, which is analogous to integrating 1/|z|?
in dimension 2, so is not convergent. To see this, one can first prove this when C' is
a straight line, and for more general curves, Taylor expand near a point in C. This
detailed calculation can be found in the paper of Callegari and Ting [8]. The reason
this is a problem is that the natural spaces to study the Euler equation are L? based.

Regardless, the local induction equation has good qualitative agreement with
experiments (e.g. correctly predicting interesting topological behaviour), and it
remains an active field of research, see for instance the recent work of the various
authors Banica and Vega [5], Jerrard, Smets, and Seis,[37], [38], Fefferman, Pooley,
and Rodrigo [65], [29], Davila, del Pino, Musso, and Wei [20], to name just a few.

In the SQG case, one can take the perpendicular gradient V+ = (_((Zﬂf) of
the SQG equation to obtain the following equation,

X0+ u-V(VEE) = (V) - Vu.

By comparing with the vorticity equation for 3D Euler (1.2]), we see that at least
at a symbolic level, the role of the vorticity is played by V16, and the analogous
Biot-Savart law u = |V|71V16 is

1 1
u(r) = — V—60(y) dy,
@ =3 [ v dy
which makes sense even if V16 is supported on a curve, since the kernel of |V|~! has
homogeneity —1 in dimension 2. Moreover, a function whose gradient is supported

on a curve is given by a piecewise constant function. We are therefore naturally led



to the concept of a sharp front solution, which is a weak solution of SQG that is the
indicator of a set.

In fact, the similarity with 3D Euler is more than formal. The SQG equation
forms an excellent model equation for the 3D Euler equation with many other striking
similarities, as noticed by Constantin, Majda, and Tabak [16], [15]. These similarities

include:

e Vortex lines in 3D Euler (integral curves of the vorticity) correspond to level
sets in SQG.

e In both equations, the velocity is recovered from the vorticity by a kernel of

homogeneity 1 — d, where d is the spatial dimension.

e The infinitesimal length of a vortex line, given by |w| evolves by an equation

% = a/wl|, and the infinitesimal length of a level set in SQG, given by |V+6

1
Dlgt bl — a|V+0]|. In both cases, a = (S€) - € where S is the symmetric part

of Vv and ¢ is the unit vector pointing in the direction of the vorticity (either

w in 3D Euler or V+6 in SQG).

is

e The classical Beale-Kato—Majda criterion [6] states that if w is a smooth
solution of the 3D Euler equations (in vorticity form) with a maximal time of
existence T* < oo, then necessarily fot |lw||pe ds — oo as t — T*. There is a
direct analogue for the SQG equation: as t approaches the maximal time T,
[ IV oo ds — oo

Details can also be found in [50] and [49].

The analogous object to vortex filaments in the setting of the SQG equation
are sharp fronts, because if the ‘vorticity’ V=16 is a vector-valued measure supported
on some simple closed curve z parameterising some boundary 0A of a set A (in
the distributional sense), then the solution is constant away from the curve, and
therefore the solution has to be of the form § = 1,¢ 4(+) (up to adding and multiplying
constants). Hence, 0(z,t) = 1,c4(;) can only have non-trivial evolution at the
interface 0A, and in fact the solution is completely characterised by this contour
dynamics equation (CDE).

There are many examples of other CDEs that have been studied in fluid
dynamics, related to the other aforementioned active scalar transport equations.
For instance, the Birkhoff-Rott equation in the Muskat problem as studied in [10],
[11], [17]. In particular, the paper [77] discusses theoretically and numerically a
generalised Birkhoff-Rott CDE that also covers the sharp fronts considered in this

thesis, as well as some other biological models as studied in [36], and the paper [47] is
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Figure 1.1: On the left: the sharp fronts obtained by periodising in one of the spatial
variables, considered in the papers of Fefferman and Rodrigo [27], [67], [68]; on the
right: the sharp fronts for a bounded domain considered in this thesis, and the work
of Cérdoba, Cérdoba, and Gancedo [32], [18].

a modern review article on the topic. We remark that in the Birkhoff-Rott equation,
the velocity is only discontinuous and not divergent as one approaches the interface,
while the SQG equation and the generalised models considered in this paper are
divergent in the direction of the tangent (similarly to the vortex filaments case). In
spite of this, in all these scenarios, neglecting the evolution in the direction of the
tangent leads to a well-defined CDE the curve.

Weak solutions of the SQG equation were first studied by Resnick in his thesis
[66]. The study of sharp front solutions to SQG was initiated by Rodrigo in [68],
where local existence and uniqueness was proved for C*° space-periodic graphs. The
corresponding CDE for the Euler equation, termed the vortex patch problem, was
first derived by Zabusky et. al. [87] and its systematic study can be found in the
book [49]. Fefferman and Rodrigo [27] proved local existence for analytic graph data.
Gancedo proved in [33], [32] and [18] existence and uniqueness of sharp fronts that
are closed curves. The paper [42] gives local uniqueness and blowup for a-patches in
certain ranges of o € (—1,0). The paper [13] gives the existence of sharp fronts for
our equation in Sobolev spaces. The paper [14] also discusses and some
other models. This thesis proves the local existence and uniqueness for sharp fronts
for that are closed curves (‘sharp fronts for a bounded domain’), with initial
curves that are analytic.

The two different settings (graph versus bounded domain) are morally the

same, but have different technical tradeoffs. In the graph case, some calculations
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Figure 1.2: Almost-sharp fronts in both settings, analogous to Figure

are more straightforward, but geometric quantities are not as simple to write down.
Also, there is no inverse half-Laplacian for the space R/Z x R, so the equation has
to be modified to take this into account. (However, no modification is needed for
the Birkhoff-Rott equation.) In the case of the bounded domain, the equation need
not be modified, but geometrical considerations make the discussion of almost-sharp
fronts (further discussed below) slightly awkward, since we do not have ‘natural’

coordinates as in the case of the graph.

Almost-sharp Fronts as a model for thin regions of high vorticity

After the study of sharp fronts was initiated, Rodrigo, Fefferman, Cérdoba, and
Luli began to study almost-sharp fronts in a series of papers [19], [28], [28], [26],
[30], which are, roughly speaking, smooth approximations to sharp fronts. We also
mention the thesis [4] where almost-sharp fronts for the a-patches were studied.
This is analogous to the study of a smooth solution to the vorticity equation whose
vorticity is not the idealised one supported on a curve, but rather supported in some
thin region around the filament, and so describes the more realistic fluids, termed
‘vortex tubes’ in the literature, that is modelled by the ideal vortex filament. This
scenario has been studied in the original context of vortex filaments for the Euler
equation, for instance in the (already mentioned) work of del Pino [20], and the hope
is that the study of almost-sharp fronts of SQG (and the singular variants of this
thesis) will lead to new insights in the theory of vortex filaments.

We have mentioned that for a sharp front u = 1,c4(;), as x approaches
the boundary 0A(t), the velocity diverges in the direction of the tangent to JA(t).



So for an almost-sharp front, trajectories should move at an increasing speed as
the thickness of the transition region shrinks. Despite this, Cérdoba, Fefferman,
and Rodrigo showed in [19] that for graph-like almost-sharp fronts of SQG, closed
curves in the transition region are transported in a manner resembling the evolution
equation of an SQG sharp front, and thus the geometry of an almost-sharp front is
linked to the sharp front CDE, mirroring the known experimental results on vortex
tubes. More precisely, if the gradient of an almost-sharp front was supported on
a transition region of area O(J), a curve inside this transition region transported
by the velocity of an almost-sharp front of SQG was found to evolve by the same
equation, up to O(dlogd) errors.

Later, a further result was found in [26] for an intrinsically defined curve,
which the authors termed a ‘spine’ for the almost-sharp front. Such a curve only had
a O(62log §) error in its evolution, so tracking the evolution of this special curve more
accurately describes the evolution of the whole almost-sharp front than a generic
compatible curve does.

In this thesis, we develop the analogous notion of an almost-sharp front for a
bounded domain and prove that for the our singular variant of the SQG equation
(L.1), the O(8 log 8) error rate is replaced by an O(6'~*) error rate. Then we construct
a spine curve in our setting and prove that we also have the same improvement in
the error rate by one power of § to O(62~%). Notably, the error rate for the spine
does not degenerate as o — 1, which is when equation formally degenerates

to the trivial equation 9,0 = 0. Therefore, even when the kernel |z|~1=2

is formally
replaced by a kernel that is more singular, none of the error terms in the equation
present new issues, which suggests that some non-trivial behaviour remains in the
limit o — 1.

The above mentioned results of Rodrigo, Fefferman, Coérdoba, and Luli
culminated in the paper [30] of Fefferman and Rodrigo, where local existence of
almost-sharp fronts for SQG was proven in the analytic class, with a time of existence
T that did not depend on §. This allows one to go back from an almost-sharp front
to a sharp front, possibly even if one does not have a direct definition of a sharp
front. If the analogous result could be proven for d-thick vortex tubes around a
vortex filament, this could be used to give a workable definition of a vortex filament

solution to 3D Kuler. The proof strategy that they employed is as follows:

1. Prove existence of an analytic sharp front This was carried out in [27].

2. Derive a well-behaved limit system for almost-sharp fronts using the analytic

sharp front that does not depend badly on §. This was carried out in [2§].



3. Prove existence of analytic almost-sharp fronts. This was carried out in [30].

As already mentioned, this thesis successfully carries out the first step for our
equation. We also derive a precise asymptotic equation for almost-sharp fronts of
(1.1). However, it seems hard to reformulate the system in a way that the bad
dependence in § disappears. More precisely, the appearance of a logarithm in the
approximate SQG equation separates a product of two bad terms into two pieces,
each of which is manageable on its own. However, our approximate equation for
has a power law replacing the logarithm, and so both terms have to be dealt
with at the same time. In particular, the methods employed in [28] and [30] do not
seem like they can be extended to this scenario without significant new ideas. So
in a sense, displays features of both SQG sharp fronts and vortex filaments,
since we can describe sharp fronts and almost-sharp fronts, but it seems that we
need a renormalisation of some kind for the analogue of ‘vortex tubes’ to describe
the analogue of a ‘vortex filament’. This is discussed further in Sections [5.2] and
of Chapter b, and in Chapter

1.2 Outline of the thesis

The remainder of this thesis is organised as follows. First, in the rest of Chapter
we list some notation used throughout this thesis, and give a very brief overview on
the geometry of planar curves.

In Chapter [2) we give the definition of a sharp front for singular SQG and

derive its contour dynamics equation (CDE) from the definition of a weak solution,

&z N = _/ Mds* . N.
s«€1 |Z_Z*| ta

In Chapter |3 we discuss and prove an abstract Cauchy—Kowalevskaya The-
orem which proves that solutions to partial differential equations (PDEs) with a
certain structure have solutions that are analytic in space, despite having differential
operators of order higher than one. This is in contrast with the classical Cauchy—
Kowalevskaya Theorem which gives also analyticity in time, but cannot be used for
PDEs with operators of order higher than one.

In the Chapter {4, we reformulate slightly the above CDE for a sharp front,
and carefully calculate the equations satisfied by the sharp front and its derivatives,
following the scheme set out in [27]. We also introduce a function I" that quantifies the

‘arc-chord condition’, which ensures that a curve is regular and does not self-intersect.



Here, we find the operator

[ hs(s+ s4) — hs(ss)
H1+a(h) = /]r |Sln5 |1+a dS*,

which is an operator of order higher than one. However, similarly to the heat

equation, the solution operator (0; — H14o) ' is bounded on L? Sobolev spaces, and

allows the use of the abstract Cauchy—Kowalevskaya Theorem to prove:

Theorem 1.1 (Existence for analytic sharp fronts, simplified statement). Let z :
T — R? be an analytic curve zg = 2o(s) with a reqular parameterisation and no
self-intersections. Then, there exists a unique solution z = z(s,t) to the sharp-front
CDE , defined for small times t < T that is analytic in s for every t.

In Chapter |5, we define an almost-sharp front (ASF) for singular SQG, and
its ‘compatible curves’, which provide coordinates to describe the almost-sharp
front in the thin transition region. (We omit a precise definition of compatible
curves in this introduction). We then derive an asymptotic equation using the
tubular neighbourhood coordinates by using the asymptotic result of Lemma [5.8.
More precisely, if T, N are the basis vectors for the Frenet frame for the sharp
front z, L(7) is the length of z at time 7, x is the curvature of z, and Q(s,&,7) =
0(z(s,7) +&ON(s,7),7) is the ASF expressed in the tubular coordinates (s,§), we

prove the following theorem.

Theorem 1.2 (Approximate Equation for an ASF). Q is a §-ASF for singular SQG
in the sense of Definition[5.1 iff in the tubular neighbourhood of the sharp front z, it

solves the following approximate equation,

o(1) = 0-
+(2+20)0 / | e = ) (6N - £.N)00. s, g0

Lk T, - N
/ /MZ_Z |Ha§*a€Q*ds*dg*a§Q

Crad™® (1 VQls—s

+ dé, - VQ
L 1 €= &l ¢
CQa 1
+ T VQ lo.—s A€, - VO
/ / 1,770, vo B s (VRS I
|z — 2, |(1F+a)/2 Lia|sin(7(s — s4)) e

We finish this chapter with a small section showing that the function h which



is defined by integrating across the transition region (that is, h(s) := fil O(s, &) dE)
can be used to simplify the asymptotic equation, while also having a limit equation
as 0 — 0. This function proved to be important in |28] and [30], where Fefferman
and Rodrigo proved the existence of almost-sharp fronts with a time of existence
independent of the parameter § < 1. However, despite the h equation having a
well-defined limit equation, it is not enough to regularise the above approximate
equation for €). This shows that a new idea or method is needed to achieve a similar
existence result for almost-sharp fronts to the equation .

In Chapter [6] we study the evolution of almost-sharp fronts, by studying the
evolution of their compatible curves, and a specially selected curve called a spine
curve, which is equal to the compatible curve up to O(9) adjustments. We show
that these compatible curves of almost-sharp fronts solve the sharp front CDE in
the weak sense, up to a small error O(6'~%). In [19], they show that compatible
curves for a graph solve the SQG sharp front equation with the error rate O(dlogd).
Since log d is ‘like’ 6% for o = 1, This thesis extends this result to the family of

equations in « € (0,1), which we write as the following theorem:

Theorem 1.3 (Evolution of compatible curves). Suppose that 0 is an ASF solution
to (1.1), and z is a compatible curve. Then as z is transported by u, it evolves (in
the weak sense) by the sharp front equation up to O(5'=%) errors,

Oz - N = (— K(z — 2,)(0szs — 052) ds*) N +0(6').

s«€l
We also give an elementary proof for the following slightly weaker result:

Proposition 1.4. Suppose that 6 is an ASF solution to (1.1)), and z is a compatible
curve. Then as z is transported by u, for any € > 0, it evolves (in the weak sense) by
the sharp front equation up to O(5'~*~¢) errors,

Opz - N = <_ K (2 — 24) (052 — 052) ds*> N+ 0(5t7279).

s« €1

In order to obtain this result, we use the following lemma that can be seen as
a fractional Leibniz rule for the product of a Holder function and indicator function
14, with s < s’

2(s—s’)

1A (FLANT 2 Ry S IF oo ) |AF 2+ [ AT

In the second half of Chapter [6] we adapt the methods used in [26] to construct a

spine for almost-sharp fronts, and derive its evolution equation. The formulation
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here differs slightly from [26] since our solutions of (I.1]) are defined on R? instead of
T x R.

Theorem 1.5 (Evolution of a spine). For an ASF solution to (1.1), the spine curve
S defined in Deﬁmtz’on@ evolves according to the sharp front equation up to O(5%~%)
errors. That is,

S - Noyy = < K (S — 5,)(855: — 9595) ds*> - Nout + O(6*7%).

s«€l
In the final chapter, Chapter [7| we conclude by summarising the results of

this thesis, and discuss some potential future research directions.

1.3 Notation

The following is a list of notation used throughout this thesis. The less standard

notation is re-introduced when it appears in the text.

Functions and Spaces

We write ‘f = f(a) € Y’ to mean that f is a function with values in Y, typically
written with the variable a. So if a denotes a typical element of a set A, then the
function f is of the form f: A - Y.

Typical such sets A that we use are Cartesian products of the natural numbers
N (and the related set Ny := Z>o := NU {0}), the real numbers R, the non-negative
numbers R™ := [0, 0), the torus T := R/Z, or subsets thereof. For the torus, we
use either I =[0,1) or [ =[—1/2,1/2) as a fundamental domain, by which we mean
that all our expressions can be thought of as expressions defined initially on I, and
are then extended periodically with period 1. If we say that for instance, a function
f: T — R is smooth, then we mean that the extension (which is the 1-periodic
function defined on R in the above manner) is smooth. For instance, if z € T with

fundamental domain [—1/2,1/2), then the function |z| is continuous.

Multi-indices

An (n-dimensional) multi-index is an n-tuple,

a=(ag,...,an) € Nj.

11



We define the partial order
a>f < a;>p; foreachic {1,...,n}.

Addition and subtraction (as long as a > ) of n-dimensional multi-indices is defined

component-wise,
atpf = (a1 £ B1,...,an £ Bn).

In addition, we define the following symbols for g < «a:
n
la] == Z a,
i=1
n
al = H ;!
i=1

o al
<ﬁ> o Bl a—B)Y
gy

n
1l

1

. )

K3
D olal
Ozt ... 0z
These definitions serve to simplify calculations when working in dimensions n > 1.

For example, the multivariable Leibniz rule for smooth functions f,g : R® — R is

D (fg) =" <§> DPfDg,
BLa

where the sum is over all multi-indices 8 in N, such that $ < a under the partial
order defined above. Observe that the notation was set up to closely match the one
dimensional Leibniz rule, (fg)™ = Y r—o (S)f(k)g(”_k).

Geometry

For a vector (a,b) € R2, we write (a,b)~ = (—b, a) for its 90° anti-clockwise rotation.
We also borrow the following notation from differential geometry. First, we will
occasionally write the components of vectors with superscripts v = (v!, ..., v")
instead of subscripts v = (v1,...,v,). Secondly, we will sometimes say that we are
using the Einstein summation convention. By this, we mean that repeated indices in

a term implies that there is a summation over that index.

12



Integrals and Integral Operators

If ACR" and f: A — C, the symbols [, f(z)dz = [, fdz = [, f are to be
interpreted as integrals with respect to Lebesgue measure over the set A. If f takes

values in C™, then the integral is understood component-wise:

h
f=| ] [ rae
fm

We will often use different measures; at each instance, we will make this explicit

in the notation, writing e.g. [, fdu = [, f(z)dp = [, f(z)du(z) = [, f(z)du(z)
and point out in writing that u is not Lebesgue measure. For instance, we will

Jafrdx

Ja fmda

exclusively use dl for the measure of arc-length of a curve, and do for a surface
measure.

We will frequently employ the shorthand notation (loosely borrowed from

/F%ﬁd&_/i* 5.)) s,
// (g ) ds. dé. _// F(52,€2)) ds, e

That is, evaluation at s, ¢ is assumed unless a function is subscripted by *, and then

kinetic theory),

we will assume it is evaluated at s, &x.

Fourier Transform

We will briefly use two different Fourier transforms; one for functions f : R — C™,
fR" = C™ f(&) = [ flx)e ¢ dg,
RTL

(where the integral is interpreted as an m-vector of integrals) and one for functions
f: T —=Cm,
frzn—=cm o fk)= | flz)e R dg
Tn
These will be both written as f or Ff, and it will be clear from context which is
being used.

A Fourier multiplier is a particular kind of operator on functions whose Fourier

transform can be defined (first for a class of nice functions, and then by density to a

13



larger space). Briefly, if m = m(€) is some function of £, then we associate to it the

multiplier
m(d)f == FH(m(&)F),

and we say that the function m is the symbol of the multiplier. Not all choices of

symbols m lead to a bounded operator m(9); for further details, see for instance,
[76].

Function Spaces

The spaces LP, p € [1,00] are the usual Lebesgue spaces. C°, s € RT \ Z denotes
the space of Cl*) functions whose |s|th derivative is (s — |s])-Holder. A subscript
of ‘loc’ means that the function belongs to a ‘local version’ of the space (i.e. when
restricted to a compact set). When the space is subscripted with a variable, it means

that the condition defining the space is with respect to that variable. For instance,
f(z,y) € LLR) <= for almost every y,/ |f(z,y)|dz < oo.
R

For functions u = u(x,t) of both space and time, we say u € LP(0,T; X) if it
belongs to the LP Bochner space of X-valued functions. (See [69] for details.) The
L?(0,T; L*(Y)) space can be safely identified with the more usual Lebesgue space
L*([0,T] x Y).

Asymptotic Notation

For any two functions f,g: X — (Y,|| - ||), and an open set U containing a point xg,

we write:

1. f=0(g) as x — xo, if there exists C' such that for x € U sufficiently close to

Zo,

1 (@) < Cllg()]l.

2. f=o0(g) as x — xp, if

1@
lo@| 7=

In addition, we write A < B to mean that A < CB for a positive constant C. If we

want to stress the dependence of C' on some parameters aq,...,a,, then we write

A<

~Ql,...,0n

B.
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1.4 Planar curves

Here, we introduce the basic theory of planar curves, and explain the particular
‘uniform speed’ parameterisations that we will use throughout this thesis.

Since we only cover the bare minimum required to understand our results,
the reader who would like more details and background on the geometry of curves
should consult some of the following text books: [71], [70], [21], [35], [75], [51].

Definition 1.6 (Planar curves, simple, closed). A (planar) curve is a continuous
map 2 : [a, b] — R2. By an abuse of notation, we also refer to the image z([a,b]) C R?
as the curve z. If z(t1) # z(t2) for all t1,t2 € [a,b) with t; # ta, we say that the curve
is simple. We say that a curve is closed if z(a) = z(b), in which case we can by a
slight abuse of notation, identify it with the periodic function z : R/((b—a)Z) — R2.

If the curve is k-times continuously differentiable, we say that it is a C* curve.

Definition 1.7 (Parameterisations). For a particular curve z : [a,b] — R?, if the
values z(t) are specified by the parameter ¢ € [a, ], a reparameterisation of z is an
invertible map ¢ : [a,b] — [c,d] such that Z : [c, d] — R? defined by Z(r) = z(¢~1(r))
is a curve with the same image z([a,b]) = Z([c,d]). A parameterisation of a curve is
a particular choice of the parameter space t € [a, b] and map z with the same image

C = z([a, b)).

Definition 1.8 (Regular points and curves). For the C! curve z : [a,b] — R?, we
say z(c) is a regular point if 2’(c) # 0. If every point in the curve is regular, we say

that the curve is regular.
Proposition 1.9. Any reparameterisation of a reqular curve is reqular.

Proof. This follows from the chain rule, since if ¢ is a reparameterisation Z = zo ¢!
then Z'(¢(t)) - ¢'(t) = 2/(t) # 0. The fact that ¢/ # 0 (since it is a diffeomorphism)
implies that Z'(4(t)) # 0 at every t. O

Definition 1.10 (Length). The length of a C! curve z : [a,b] — R? is the positive
quantity L = fab |2/ (¢)] dt.

Now, we give the definition of an arc-length parameterisation.

Definition 1.11 (Arc-length parameterisation). For a curve z : [a,b] — R2, its

arc-length reparameterisation s : [a,b] — [0, L] is given by the formula
t
s(t) = / |2/ (#)|dt'.
a
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The value s(t) is the length of the part of the curve parameterised by the segment

1

[a,t]. The resulting curve Z = z o s~ is said to be parameterised by arc-length.

Proposition 1.12. The arc-length parameterisation for a reqular curve is a repa-

rameterisation.

Proof. This is because s is an increasing function with derivative |2’| bounded away
from 0. ]

For a vector v = (Z), we write v+ = (;b) for its rotation by 90° anti-clockwise.

Definition 1.13 (Tangents and normals). Suppose z is a curve parameterised by
arc-length. Then a tangent to z at z(s) is a vector T € R? such that 2/(s) - T+ = 0.
A normal to z(s) is a vector N € R? such that 2/(s) - N = 0. 2’ is a tangent vector,
and (2)* is a normal vector.

If z is parameterised by arc-length, then |2'(s)| = 1, so 2’ is a unit tangent

vector and (z')* is a unit normal.

The Jordan Curve Theorem asserts that a simple closed curve in R? separates
the plane into two disjoint components, which we will call the inside and outside of
the curve. (For piecewise C' curves, this theorem is not too hard to prove, see for
instance [63] for an elementary proof.) The inside of the curve is a bounded open
set, and the outside is an unbounded open set. A normal N to z points inward if for
sufficiently small € > 0, z + eN is inside of the curve, and outward if it is outside of

the curve.

Definition 1.14 (Orientation). A C! curve z is said to be parameterised in the
counter-clockwise sense, or positively oriented, if the normal vector (2/)* points

inward, otherwise it is said to be parameterised in the clockwise sense.

Proposition 1.15 (Frenet Formula). For a C' curve z parameterised with arc-
length, the derivative of the tangent vector T = z' is proportional to the normal

N = (2/)*. This proportionality constant is called the curvature k € R, i.e.
T' = kN,

and as a consequence,
N' = —kT.

Proof. This follows from the fact that T is unit length at every point, so that
T - T =2(|T?) =0. Thus 7" = (T" - T)T + (I" - N)N = (T’ - N)N. This gives the
formula for the curvature k = T - N. To conclude the evolution equation for the
normal, simply notice that N+ = (T1)+ = —T. O

16



Figure 1.3: A positively oriented closed curve z = z(s) with tangent T' = 052 /|0sz|

and inward normal N = T+.

Now, we define the parameterisation of curves that we will use throughout
this thesis. The justification for this choice instead of the geometrically natural
arc-length parameterisation is that we will be considering curves z = z(t) that evolve
in time, whose length L = L(¢) may also evolve in time. The analysis is made simpler
if these curves are defined on a fixed parameter space at all times, which matches

the formulation of the existence theorems.

Definition 1.16 (Uniform speed parameterisation). The uniform speed parameteri-
sation of a C'! curve is the reparameterisation s/L, where s is the arc-length, and L

is the total length of the curve.
Here, we list the consequences of this choice of parameterisation.

e All closed curves in uniform speed parameterisation are now defined on the

common domain T = R/Z.

e 2’ is no longer unit length, but its length is the same at every point of the curve.

/ L
So the unit tangent is T' = %, and the corresponding normal is N = T+ = %

e The Frenet formulas take the form

T' — LkN,
N' = —LkT.

e The curvature has the explicit formula x = 7" - N = L™32" - (¢/)*.
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Chapter 2

Sharp fronts to Singular SQG

equation

In this chapter, we derive the contour dynamics equation (CDE) solved by a sharp

front solution to our equation (1.1J).

2.1 Derivation of the contour dynamics equation

We will derive here the CDE for a sharp front of the following system:

8,59 +u-Vo= 0,
(2.1)

u=(VtK)*0.
The kernel K € C°°(R?\ {0}) can be any kernel that justifies our use of Divergence

Theorem. In particular, we can use the kernels K = A=, a € (0,1) used in the
equations (1.1)) that are the main focus of this thesis.

Definition 2.1. We say that § = 0(x,t) for € R% ¢t > 0 is a weak solution
to (2.1) if there exists T > 0 such that § € L%(0,T;L?*(R?)), u = V1K %0 €
L?(0,T; L*(R?%;R?)), and for any ¢ € C°((0,T) x R?),

T
/ / 00,6 +u - Vo da dt = 0. (2.2)
0 R2

Definition 2.2 (Sharp front). We say that a weak solution 6 to (2.1)) is a sharp
front solution to (2.1)) if

1. for each ¢t € [0,T], there exists a bounded simply connected closed set A(t)
with C? boundary, and a function z = z(s,t) in C?(T x [0, T]) such that z(-,t)
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defines an anti-clockwise parameterisation of A(t),

2. 0 is an indicator function for each ¢ € (0,7,

1 xe€ At),
0(w,t) = 1pcap) =
0 z¢ A(t).
Remark 2.3. Tt will be convenient (when we define the spine curve in Section [6.2) to
consider the equivalent formulation 6 := al,¢ 4(;) + b for some fixed numbers a,b € R.
In this case it is  — b that is in L?(0,T; L?). This serves to simplify calculations and

make cancellations more apparent.

It will be useful to have coordinates defined on a fixed domain T. Therefore,
we will not be using arc-length coordinates, since the length of the curve may not be

preserved. Instead, we will use the uniform speed parameterisation (see Definition

1.16, and also see Section [5.1.1).

Proposition 2.4 (Evolution of a sharp front). If 6 = 14 is a sharp front solution
to ([2.1), then the uniform speed counter-clockwise parameterisation z : T — R? of
DA with normal N = 0s27 satisfies the following CDE,

Oz N = <— / K(z — 2)(0szs — 052) ds*) N =:-Z(z)- N. (2.3)
T
Proof. We deal with the two terms in (2.2)) separately; Let v = (v!, 2, 13) be the

outward unit normal to the surface S = {(z,t) : z € dA(t)} C R3, with surface

measure do(s). Consider the first term; integration by parts yields

0
/ Qatgbdxdt:/ Vitgze- | 0] dedt
R2x(0,T) (z,t): TEA(L) o s
0 vl
_ / ol-[v2]dear
2
R2x(0,7) ¢ 3
:/¢V3 do(x)dt
S

:/ (2, 8052 - Oz ds dt
seT Jt>0

:// (2, )0z - N dldt.
>0 Jaaw
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Figure 2.1: Setting Z(s,t) := (2'(s,t),2%(s,t),t) € R3, this diagram depicts the
outward normal v = 9,Z x 0;Z of the surface S = {(x,t) : © € OA}, used in the

application of the Divegence Theorem in dimension 3.

In the above, dl = |05z|ds = L(t) ds is a multiple of the arc-length measure on 0A,
and we have used the compact support away from ¢t = 0 of ¢ when applying the
Divergence Theorem (in dimension 3). Also, the explicit parameterisation in s, ¢ was
used to obtain the third component v of the outward normal v (see Figure ,

szt Oy 2t 8522
v=|0:22| X [ | = — 052! .
0 1 Oszt - Oz

Here only the indicator form of 8 and the regularity of A are used. For the
other term of , the properties of u are important. As u is the distributional
perpendicular gradient of the convolution K %1 4, it is given by a function away from
0A.

We omit all appearances of ¢t and consider only the spatial integral fR2 (...)dx
first. For § < 1, define the -neighbourhood of A,

As = {zeR?*:d(z,A) <45} D A,

with zs := 2z —dN ¢ A an explicit parameterisation of 0As using the same parameter
s as z. Also define dls as the corresponding measure on dAs that uses the above
parameter s, and write 15 := 0sz5, Ny := 852(%. (For sufficiently small § and smooth
boundaries 0A, T'(s) = T5(s) and Ns(s) = N(s).) We can rewrite the following as a
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limit § — 0 (note that —Nj is the outward normal to As C R?),

Au-(Vqﬁ)de—/u-V(bdm

A

= lim u-Vodx
610 Ag

=1 V- (ug)d
S (ug) dw

= —lim zs)u(zs) - Nsdls,
i M&d)( s)u(zs) - Ns dls

where the third line follows due to the equality V - V+ = 0, so that V- u = 0.
Now, the integrand for fixed § > 0 is bounded since zs ¢ A. Indeed, expanding the
definition of u(zys),

u(es) Ns= [ 1al)VEK (25— ) Nody
ye
=/ VK (2 —y)- Nsdy
yeA
:/ ~V,K(z —y) - Nsdy
yeA

= - VyK(z5 —y) - Tsdy
yeA

= - Vy - (K(z5 — y)Ts) dy,
yeEA

where we have used the fact that Ng = T, (;J- and for vectors v independent of y,

Vyf-v=V,-(fv). An application of the Divergence Theorem then yields,

u(zs) - N5 = K(z5 — z:)Ts5 - N(s4)dl(s«)
0A
=— K(zs — 2z:)T(54) - Nsdl(s4)
9A
= — K(zs — 24)(T(s+) — T5) di(s«) - Ns.
0A

We have thus expressed the second term in (2.2)) as:

/ u-Vohdr = —lim &(zs) <— K(z5 — 2:)(Ti — T5) dl(s4) - N5> dls
R2 610 Jou, A

_ /aAgb(z) (/[MK(Z —2)(T, T)dl*> Nl
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_ /E)A é(2) (/T K(z = 2.) (052 — 052) ds*> . Ndl.

In the above lines the limit § | 0 was removed using the extra cancellation in the
normal direction, T, - N = (T, — T') - N (since T'|0sz| = 0sz). Hence, invoking the

fundamental lemma of the calculus of variations by the arbitrariness of ¢,

0iz+ N = (— / K(z — 2,)(0szs — 052) ds*> - N,
T

which is what we wanted. O

Remark 2.5 (Alternate forms of the CDE). Since the evoltuion is naturally only

constrained in the normal direction, we can also write
Oz = — / K(z — 2:)(0szs — 0sz) dsy + A0sz = Z(2) + N0sz,
T

for Z(z) given by the integral term (2.3), and some A\ = A(s,t) depending on the
choice of parameterisation. (Any multiple of dsz can be reparameterised away
without affecting the shape of z(-,¢).) The evolution is written in this form in the
papers [32] and [18] by Gancedo. We will also use this formulation in Section 4| of

this thesis, where we prove the existence of sharp fronts in the analytic class.
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Chapter 3

The Abstract

Cauchy—Kowalevskaya Theorem

In this chapter, we state and prove the version of the abstract Cauchy—-Kowalevskaya
Theorem that we will use in Chapter

3.1 The classical Cauchy—Kowalevskaya Theorem

The classical Cauchy—Kowalevskaya theorem is one of the few existence and unique-
ness results that apply to a large class of PDEs. It provides local existence and

uniqueness for solutions u = u(z,t) € R, (¢t > 0,2 € U C R™) to nonlinear systems

{ Oyu(z,t) + Bz, t,u(z, t), ug(z,1)) =0, ¢t>0,2 €U, 51)

uhZO::O, x e U

So long as the nonlinearity £ and the initial data are analytic, a unique analytic
solution is guaranteed to exist for short times. (One can phrase this slightly more
generally with a fully nonlinear equation G(z,u,u;) = 0 and more general initial
conditions using characteristic surfaces, but the two turn out to be equivalent: see

the presentation in [31].) More precisely,

Definition 3.1 (Analytic functions). A function u : R"™ — R is (real) analytic near

xg if it has the power series expansion valid on a neighbourhood of x,

u(z) = Z Ug (T — x0)“.

aeNy

(Here, o runs through all multi-indices in N}, as defined in Chapter M) If it is analytic
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near every I in €2, we say wu is analytic in Q and write u € C¥(€Q). A function

T

u:R" - R™ u = (ug,...,up)" is said to be real analytic if each component

function w; is real analytic.

More details about real or complex analytic functions of one or several

variables can for instance be found in the books [72], [44], and [9].

Theorem 3.2 (Cauchy-Kowalevskaya). Let F': R™ x R x R™ x R™*" — R" be an
analytic function. Then there exists € > 0 such that the Cauchy problem (3.1) has a

unique solution u = u(x,t) that is in CY(R™ x (—¢,¢)).

A particular case of this theorem was proven by Cauchy in [12], and the full
version was proven by Kowalevskaya in [80]. The standard proof is available in many
textbooks like [24] and [31], and proceeds by the method of majorants: in a few
words, this proof proceeds by computing a formal power series for the solution and
verifying that the power series converges on a small enough ball by comparison with
coefficients of a known explicit power series.

A different proof by Nagumo [52] using the Schauder fixed point theorem
relies on the following lemma (as explained in the introduction of the paper [81] of

Wolfgang, which also gives another proof using the Contraction Mapping Theorem)

Lemma 3.3 (Nagumo). Let Q C C" be a bounded domain, f : Q@ — C be holomorphic
and s > 0. Then

o = (S 6+ )

RIS - Fee s

(z,00)%

This bound follows easily from Cauchy’s integral representation in one di-

mension, f(z) = 5= [5q {U (iUZ) dw. It turns out that using inequalities of a similar

type (which we will call Cauchy-type inequalities) allows one to generalise the

Cauchy—Kowalevskaya Theorem, as we explain in the next section.

3.2 Generalisation to scales of Banach spaces

The classical Cauchy—-Kowalevskaya theorem is remarkable and important because
there exist PDEs with smooth coefficients and no solution, as in the example of Lewy
[45]. However, there are many PDEs of interest for which we do not expect solutions
to be analytic in all variables like the heat equation, or more generally less well
behaved equations with an operator like the heat operator (see for instance the paper

[74]). Therefore, a number of generalisations of the Cauchy-Kowalevskaya theorem
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£0

Po/ﬁ~ T po/B

Figure 3.1: An illustration of the various parameters in the definitions of the spaces
X,, X,7, and Y, g . In particular, note that if 7 < po/3, then Y, 5, C X, +: the
radius of analyticity for functions in Y, 5, is allowed to shrink at the rate 3 at

worst. Also, if 3 < 8 and 7 < pg/B, then Y, g - C YP,B,T'

have been proven over the years that can prove local existence and uniqueness in a
class of functions that are only continuous (or C?!) in time and analytic in space.

Generalisations where the analyticity is measured with a scale of Banach
spaces, building on the above mentioned work of Nagumo [52] were first considered
by Ovsjannikov in [61], [60] (and more recently [62] ), Yamanaka in [83] (and related
papers [82], [84], [39], [40], [85], and [86]). Various refinements and variations have
been made by a large list of authors, such as Nirenberg, Nishida, DuChateau, Asano,
Safonov, Sammartino, Caflisch, Tutschke, and Koike, in the papers [55], [43], [53],
[22], [23], [56], [2], [1], [73], [7] [79], [3], and [78]. The version which we present below
follows the notation of the paper [74] by Sammartino and Caflisch, which is a variant
of the main theorem of the paper [73] by Safonov. However, we could not produce a
proof of the exact statement of the theorem stated in [74]. Instead, we have changed
assumption below so that the Cauchy-type estimate remains valid for 5 > fy.
The version here is sufficient for our purposes (and many others) as operators of
order at most one will satisfy our version of .

Because of this difference, we present a full proof. The strategy of the proof
is based on the methods of [48] and [2]. After the proof, we also make some remarks
about the differences in the proof from [48].

We begin with some definitions. The parameter p > 0 in the classical setting
is the radius of analyticity, or the thickness of the strip of analyticity; see Figure |3.1

for a graphical illustration of how the parameters relate to the spaces. (In particular,
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it is natural to ask for the nesting property of Banach scales below.)

Definition 3.4. Let pg > 0. A Banach scale {X,,0 < p < po} with norms || - ||, is
a collection of Banach spaces such that X, C X, with | - |, < | - |, whenever
P <p < po.

Definition 3.5. Given a Banach scale X,,, 7> 0 and 0 < p < pg and R > 0,

1. X, ; is the set of all functions w(t) from [0, 7] to X, endowed with the norm
ullpr = sup [[u(®)]|,-
0<t<r

2. Y, g7 is the set of functions u such that for ¢ € [0, 7], u(t) € X,_g;, with the

norm

[u(®)ll o8- = sup [Ju(t)]|p—pe-
0<t<r

3. We will denote by X, -(R) and Y, g -(R) the balls of radius R in X, and
Y, g+ respectively.

Theorem 3.6 (Abstract Cauchy—Kowalevskaya Theorem). Suppose that there exist
po >0, R>0,80 >0, and 0 < T < po/Bo, such that the following assumptions hold:

(CK1) For every pair p,p’ such that 0 < p' < p < po — foT and every u € X, (R),
the functio F(t,u) : [0,T) = X, is continuous.

(CK2) For every p such that0 < p < po—poT, the function F(t,0): [0,T) — X, r(R)

18 continuous in t, and

||F(t70)||p0—ﬂot < Ry < R.

(CK3) For any numbers 8 > [y, s < t < min(T, po/B), p' > 0, any (continuous)
function p(s) such that 0 < p’ < p(s) < po—Bs, and any ui,uz € Yy, g 7+(R),

we have for a constant C' independent of [,

— u2(5)l ()

Sy ds.

|F (t,w) = F (tu9)] , < C / Hul(sfl

Then there exist B > Po, and T* < T such that there is a unique u belonging to
Yy, 5,1+ (R) that solves the equation

u=F(t,u).

!By F(t,u), we mean the function F has functional dependence on u, which may include operators
applied to u like Vu.
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Proof. Let By, po, T, Ro, and R be fixed constants as in the theorem statement. We
introduce the following weighted Banach space for v € (0,1) arbitrary but fixed,
B> 1 to be chosen later, and 7% := T*(8) := min(T, po/8) < T,

S = {u: [0.7") = X u ) < o},

where the weighted norm ||u||) is defined by

st \"
Ja @9 = sup (1— N @l (3.2)
t<T* po — P
0<p’ <po—pt

Note that ||u||?) < |jul| 0,57+ If0 < B < B, then py — Bt < po — Bt, so making the

choice p' = pg — Bt, we have

B\ _(B=BY
po—p B '

This implies the following inequalities for 0 < B < B,

6 Y ~

T < Jfullpp 87 < <~ ]| ). (3.3)
B—p

We first quickly verify that S7# is Banach: Suppose u,, is Cauchy in the S# norm.

Then for each t < T*, p' < p — Bt,

|t — umH(v,B)

(po — p' — Bt)Y’ (34

[un(t) = um ()|l <
s0 Uy, (t) is Cauchy in the Banach space X/, allowing us to define u(t) := limy, o0 un(t)
as an element of X, As sup,, ||u,|"#) < Cq for some Cp > 0, from ([3-4) we deduce
the bound

Jut) = unlt)l < - 2Co (3.5)

po—p — Bt)T

This gives |lu(t)||,y < %; multiplying by the denominator of the right-hand

side, and taking a supremum over all allowable ¢ and p’ proves that u € St8), Then,
(3-5) shows that u, — u in S(A).
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Contraction-type inequality

Here, we prove that for any 5 > 8y, v € (0,1), and u,v € Yy, g7+ (R), we hav

C2' 7 ||Ju — v|| 05

1F(t,w) = F(t,0)| 7 < e (3.6)
In particular, if
021+’Y
B> ot (3.7)

then F is a contraction. Define for 0 < p’ < pg — s, s < T*,

P +po—Bs
pls) = LIPS,

As an average of p’ and py — s, we have p’ < p(s) < po — 8s. So we can apply
we define (s s)=:p + ie.
(CK3)| If we define A(s) by p(s) =: p + 25, i

A(s) = po — p' — Bs, (3-8)
then
pls) ¢ =2 o () — s, (3.9)
So from we obtain for t < T,

IF(tw) = Pt
co [zt

\m—vm@ (00— p(s) = Bs) (o —p(s))
‘C/) o —p(®)7 (o —pls) — Boy © (3.10)

=(1*%)w

t ds
< ~— V' — (%3)/ . 11
> C(pU p) Hu UH 0 ()\(8)/2)1"’_7 (3 )
= C(py — /)721+’YH _ H(%B) /t ds (3.12)
=Cpo—p u—v o (po—p' — Bs)H '
— V21| — wl||(8) 1 1
VB (po—p = Bt)Y  (po—p')7

2Note that this implies u,v € $#, by (3.3).
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_ 02— o0 [ (o)
VB (po — p' — Bt)7
—_— ——
:(17p05jp,)77>1
_ C217 ||y — v]|(F) 1

po—p’

In going from (3.10) to (3.11)), we used the definition of || - [|"®) in ([3:2), p(s) > p'
and (keeping in mind that pg, p(s), p’ are not the same quantities), then
is used to obtain , and then the integral is directly computed to obtain (3.13).

Multiplying both sides by (1 Bt )7 and taking a supremum over t and p

~ po—p’
such that ¢ < T*, p’ < pg — Bt yields the desired inequality (3.6]).

Iteration scheme
Set up := 0 and inductively define wu,, := F(t,u,—1). Then implies that
HualoyﬂT* < HU1HP07,307T <Ry <R. (3'14)

The goal is to iteratively apply (3.6]), as usual for contraction maps. For this, we need
to show that wu, € Y, g, (R) for every n > 1. This will give a second condition
depending on the difference R — Ry > 0, requiring that 5 be large enough to satisfy
it.

Control of Y, g, 7+ norm of w,

Define the auxiliary sequence by (k > 1) by

1
Note that by is an increasing sequence with by — 3. Thus, for every k > 1,
b € (8/2,B). (3.15)

Since we want to apply (3.6) (which is only valid for 8 > (y) with b in place of §,

our construction require

B> 2B. (3.16)

3This is hardly optimal, since we can instead use b = B(1— 27]“7}“0) with ko > 1 instead, but
we will refrain from improving the bound on § in this way to avoid complicating the other estimates.
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.
Also, note that (5_—6@) = 27%. Therefore, for k > 1, by choosing v = uj41 — uy in

the right inequality of (3.3)) and applying (3.6) & times,

w1 — il g p s < 27 Jugegn — wgl| )

c2ttr\*
< ok < > l|ug — uO”(’Y:bk)

YOk,
Cal+ > k
< uy || 0% 3.17
(S57) @)
since ug = 0, and by, > (/2 from (3.15). Then (3.14) and the left inequality of (3.3)
implies
[P < [Jun [ g by, 7+ < Ro. (3.18)

Applying (3.17) and (3.18) (and the fact that up = 0), we have for n > 2,

n—1

[l po,g7+ < N0l o8, + w1 = wollpg s+ + > Ntkrs — gl o677

k=1
n—1 k
C41+’7
S%+Z(7ﬁ>wmww

Therefore, in order to ensure that u, € Y, gr+(R), we need

C4’y+1

p> (R — Ro)

(3.19)

Existence and uniqueness of solution

Let B be so large that

o2t Ccatl )
> max , 260, —————=— | -
’ ( ¥ o (R — Ro)

Then (3.7), (3.16) and (3.19) are satisfied. Thus for some Ry < Ry < R, we have
up € Yy 87+(R1), and the Contraction Mapping Theorem with (3.6 implies that
there is a unique solution to u = F(t,u) in Y, g7+ (R). O
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3.2.1 Discussion of the proof

As mentioned earlier, our assumptiondoes not match the analogous assumption
of [74]. Furthermore, while F' indeed satisfies a contraction-type inequality in the
weighted norm ||ul|(") := SUP < po—pt(P0 — 0/ — Bt)7|Ju(t)]|y for B > 1 (which is
what is proven in [48]), it does not seem possible to control the Y, g7+ norm of the
successive iterates u,. This is because the right inequality of is not true for the
norm | - |7, since if one tries to similarly use p' = pg — 8t to bound ||ul|,, .7+, one
finds possible blow-up at ¢ = 0. Notably, Safonov [73] uses a similar collection of
spaces, and the norm || - ||(¥) above, but a slightly different collection of assumptions
for a ‘differential’ version of the abstract Cauchy—Kowalevskaya theorem allow him
to complete the proof.

Instead, with inspiration from Asano [2], we defined || - ||(#) with the nor-
(o' —po—Bt) _ <1 _ bt
(0"—po)Y po—p’
introducing an auxillary sequence by, so that the norms ||u|,, 3,7+ can be controlled
using (3.3]). (Presumably, this is what is meant by Safonov [73] in saying that in the
result of Asano, ‘the domain of existence shrinks at each step of iteration.”)
Finally, we note that although the assumption |(CK3)|is sufficient for many

applications, it is not optimal. From the proof, we see that we only need the

malised weight

)7. We also borrowed from Asano the idea of

assumption to hold for a certain sufficiently large 8 > By, and no larger.

3.3 Example application

We finish this chapter with an alternative proof of the classical Cauchy—Kowalevskaya
theorem, following the proof that Safonov gives using his version of the abstract

Cauchy-Kowalevskaya theorem in [73].

Proof of Theorem[3.2 Solving the equation (3.1)) is equivalent to solving the time-

integrated system,

xeUCR™, t>0, u(zt)eR",
t
u(z,t) = F(t,u)(x,t) = / E(z,s,u,uy)ds. (3.20)
0
Indeed, if a continuous function u solves ([3.20) and E is analytic in ¢, then w is also
analytic, for instance by the (simpler) Cauchy-Kowalevskaya theorem for ordinary

differential equations. However, the analyticity of F' in ¢ is not required for the

abstract Cauchy—Kowalevskaya theorem to work.
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B(z0,9)

Rez

Figure 3.2: The application of Cauchy’s theorem to derive the Cauchy estimate for
analytic functions of one complex variable z = s 4+ i5. Here, p is the thickness of the
strip of analyticity of f = f(2), 20 € {|Imz| < p'}and 0 < < p—p'.

Define the Banach scale X, as the family in p > 0 of Banach spaces of
n-vectors of analytic functions u in m variables that are (real) analytic on U, such
that they have an analytic extension (also written u) to the complex neighbourhood
of U,

Uy ={z+iz € C": 2 € U,|Z| < p},

where each u : U, — C" satisfies

[ullp == sup u(z)] + sup [us(2)] < o0.

zeU, zeU,

If E is analytic in all variables, then in particular |(CK1)| and [(CK2)| are clearly

satisfied for some pg, By, T, Ry, R that depend only on E. That is, F' is continuous, and
F(t,0), F,(t,0) take values in a bounded set for bounded values of z, ¢, respectively.
So we only need to check the Cauchy estimate @

Suppose 0 < p’ < p < pg. Then for any analytic function f € X,

C
||f||p’ < m sup |f(w)l, (3.21)

wel,

for a constant C' depending on pg, n and m only. This is easy to see first in dimension
m=n=1 iU CR, U, CCand f(z) € C, then the one-dimensional Cauchy’s
theorem gives for z € Uy, and p — p’ > 6 > 0 (see Figure ,
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SUP|y—z|=6 |f(w)| <C SUPyeU, |f(w)|
>~ L0 .
p—r p—r

1f'(2)] =

1 f(w) dw
% /|'wz|:5 (Z - w)Z = ¢

Cy is a fixed universal constant. Therefore,

C C
1l < <1+-p<j1,) sup £ (w)] <~ sup |f(w)].

wel), P — P wel,

C1 depends possibly on pg. The same argument applied to the components of the
gradient f, in the general case m,n > 1 gives . Note that for any functions
u,v € X,, by the mean value inequality, there is some constant Cy depending on pg
and the derivatives in the 3rd and 4th variables of E such that

|E(t,x,u,uy) — E(t, z,v,05)| < Cg(]u(z,t) —v(z,t)| + |uz(z,t) + v;,;(z,t)|).

Set 8 > Bo, T* = min(T, pp/F) as in the statement of |((CK3)l Allowing p = p(s) to
vary continuously in the interval (p’, pg — ST™), we therefore have for u,v € Y, g7+,

[, u) = F(t, )]y

/ |E(s,x,u,uz) — E(s,x,v,0;)| 7 ds

<0 [ u vl + o vl
0

bSup.ep, lu(z,t) — v(z,t)] + SUD.ep, luz(z, ) — vg(z, 9)|
< CCy —
0 p(s) = p
Hlu — v
_ Cg/ H Hp(;e) d
o ps)—p
which is the assumption |(CK3)| which means that Theorem [3.6|applies. We conclude

that there is for short time, a spatially analytic solution to (3.20), and therefore an
analytic solution to (i3.1f). O

ds
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Chapter 4

Existence of Analytic Sharp
Fronts

In this chapter, we carry out the computations necessary to put the sharp front
equation in a form amenable to the abstract Cauchy—Kowalevskaya theorem of
the previous chapter. To slightly simplify the computations, we will (in this chapter
only) write

B:=1+ac(1,2),

and use [0,1) as a fundamental domain of T. Thus, the generalised SQG equation

(L.1) is
0; + (|V|2tPV10) - Vo =0,

and the corresponding sharp front equation is

ds,.

2(s,t) - N(s,t) = _/ (25(8x,t) — 25(s,t)) - N(s,t)

T ‘Z(S*,t) _Z(S7t)|6

By a suitable reparameterisation in the curve parameter s € T, this is equivalent to

the contour dynamics equation where s € T, ¢t > 0,

2(s,t) = — /T |zs(iii’t§)_ziss(,sé)t)ﬁ dss + A(s, )zs(s, 1) (4.1)
=:((s,t) + A(s,t)zs(s, 1), (4.2)

for some function A = A(s,t) € R, that is also periodic in s € T, which we may
assume (by reparameterising if necessary) to additionally satisfy \(0,¢) = 0 for every
t > 0. The integral term ((s,t) is defined by (4.1).

The corresponding CDE for the Euler equation with 8 = 0, termed the vortex
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patch problem, was first derived by Zabusky et. al. [87] and its systematic study
can be found in the book [49]. The study of sharp fronts for the SQG equation was
initiated in the thesis of Rodrigo [68], where existence and uniqueness was proven
in the class of smooth periodic graphs. Gancedo proved existence in [32] and later
uniqueness [18] for Sobolev data. The interpolated equations for 8 € (0,1) was
further studied in [32], [33], and [42]. More recently the more singular sharp fronts
for 8 € (1,2) as in this thesis, or other variants of SQG) have been studied in [14],
[13], and [57].

4.1 Preliminaries

To obtain a useful expression for A, we will further reparameterise s so that
|25(5,1)[* = 25(s,1) - 25(s,t) = L(t)?, s € T,t>0.

That is to say, zs - zss identically vanishes. In this final parameterisation, s
is not arc-length, but the vectors z4(s,t) have for each time ¢ a length L(t) that is
independent of the parameter s, and is geometrically the total length of the curve z
at time ¢, i.e. L(t) = [1]2s(s,t)| ds (as in Definition [1.16). As in [32], the function A
can then be written explicitly in terms of z as follows. Taking the s derivative of z;

in equation (4.2) we find the equation for zg,
Zst = Qs + AZgs + As2s. (43)
Therefore
1 2\/ ! 2
E(L):LL:zS-zSt:zS-CS—i—/\SL, (4.4)
where we have substituted (4.3)) in the last equality. Now (4.4)) yields
L 1

f = ﬁzs . CS + >\S' (45)

Since A is a periodic function in s, integrating (4.5 over T, we obtain

L Zs

Hence, integrating (4.5)) from 0 to s, using A(0,¢) = 0 and dividing by L?, we
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see that (using (4.6))

Als;t) = Sg((tt)) B /0 %L(ftl)’zt) Cy(s1,) dsy

- =, / e
T T

|25(s1)[? |2(s0) — 2(s1)]°

Zs(Sl) 25(30) - 25(31)

Tl Tl “/Trz@o)—z(sl)rﬂ

dSo dSl, (4.7)

(hiding the ¢ dependence for legibility reasons) which is an expression for A completely
determined by the values of z and zs;. Conversely, if A is defined by (4.7), and z
evolves via (4.1)), then A(0,t) = 0 for every ¢, and differentiating (4.1) readily yields

1 A A
SOl = G 2ot SOulesl + Aslzel® = S0slesf + t) 2,

where p(t) is the following function of ¢ only,
Gs(s,1) - 25(s, 1)
|25 (s,1)|?

z 81 z 80 —Z 81
= — B A . 651 u 2 ) dSo dsl.
T |2(s0) — 2(s1) P

One obtains by the method of characteristics for F(s,t) = |zs]?(s,t), Fo(s) =

257 (s, 0),
Fls.t) = Fy (s + /Otx(s,f) dT> exp (2 /Otu(f) dT) .

Hence, if dd% =0, Then 0sF = 0 for all times, and (4.3) is satisfied. This proves the

following proposition:

Proposition 4.1 (Parameterisation determines A, [32]). Suppose that \(0,t) = 0,
and that z = z(s,t) is a smooth solution to the sharp front equation with initial
condition zy = zo(s) parameterised so that Oszo - 0229 = 0. Then |zs|? is independent
of s for allt (or equivalently zs - zss = 0) if and only if X is given by .

4.2 Computing derivatives of terms

When computing derivatives in s, it is useful to use the periodicity in s to rewrite the
periodic integrands in terms of s, + s and s instead of s, and s. This is so that the

a(s+s*)_“(s)ﬁ retain their difference quotient

derivatives of difference quotients like s 75.)—b()P

structure.
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In the interest of brevity, let us introduce notation for a finite difference,
Da(s, ss) = a(s + s) — a(s)

Using this notation, the relevant quantities (suppressing the time variable) for
s €[0,1) are

L zs(s+ sx) — 2s(s) .
(6= [ e

Dzs(s, s4)
= — ———— - ds,, 4.
/Tmz(s,s*)w ; (4.8)

zs(s1) * z5(s1)
A(s) = 3/ 2 - Cs(s1) dsy —/ —— - (s(s1) dsi. (4.9)
r L2 7 o L2 7
Note carefully that A is a periodic function in s despite the explicit appearance
of s and fos ...dsy in the formula for A. Also, note that ¢ is smooth if z is, by
differentiating under the integral. Therefore, the first two derivatives of ( are
(writing Dh for Dh(s, s.))

Dz Dzs(Dz - Dzy)
s(s) =— — ds., 4.1
o) = = [ o = A s (410)

(s = /T (Dzsss o5 D2ss(D2 D)

D28 |Dz|B+2
Dz5(|Dzs|?> + Dz - Dzss)
|Dz‘ﬁ+2
Dzs(Dz - Dzs)? d
‘D2’5+4 k9

- B

+B(B+2) (4.11)

and the derivatives of A\ are

As(s) = /T Z(5) Cs(s1)dsy — ZSIE;) - Cs(s), (4.12)

Aus) = 2l nlo) _ 2l Glo),

(4.13)

We have computed all the terms on the right hand side of the evolution equations

Zt = C + )‘Zsa (414)
Zst = Cs + Aszs + A2gs, (415)
Zsst = Css + Asszs + 2Xs255 + AZgss. (416)
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As we briefly mentioned, we also need to assume that the initial curve zg
does not self-intersect so that the integral ((s,t) makes sense. In analogy with [32],
let us introduce the arc-chord condition via the function I' = I'(z) below. It acts as a
quantitative control on curve length (since I'(0,0) = +) and self-intersection, and is
a slight variant of the function F' introduced in [32]. The first part of the piecewise
definition of I'(z) below diverges precisely at a self-intersection (i.e. z(s + sx) = 2(s)

for s, # 0), and the second part diverges if the first derivative vanishes.

Definition 4.2 (Arc-chord condition). We say that a curve z satisfies the arc chord
condition if the function I'(z) : T2 — R defined by

| sin(7s,)|

s+ = 0,
T(2)(s,8,) = { TE(8F50) = 2(5) ? (4.17)

- s, = 0,
[25(5)]
belongs to L>°(T?).

This next lemma formalises the intuition of the paragraph preceding the

above definition.

Lemma 4.3 (Analyticity of I'). Suppose z is an analytic curve with uniform speed
parameterisation s € T, and T'(z) € L>(T?). Then z does not self-intersect, and

['(2) is analytic on T2. In addition, T'(z) is bounded away from 0.

Proof. Notice that Z := % is analytic and does not vanish. The Euclidean

norm of Z is therefore analytic, and the fact that this avoids zero since I'(z) € L™
means that its reciprocal is also analytic. O

To simplify the presentation slightly, we define
Sin s := sin(nws) /7. (4.18)

The goal is to apply a Cauchy—Kowalevskaya type argument, as in [27]. We will need

to carefully write the evolution equations for
Z,Zsy 255, and I,

in terms of analytic functions involcing at most first order operators of the quantities
above. To this end, we will use the following version of the Fundamental Theorem of

Calculus.
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Lemma 4.4. Define for s, s, € T, and curves w, the function Z(w) = Z(w)(s, s«) by

1
Z(w)(s, 84) := /0 w(s+ (1 —7)sy)dr, (4.19)
Then if z is a C' curve,
Dz(s, sx) = L(25) (8, S4)Sx.

Proof. This follows from the usual Fundamental Theorem of Calculus,

S+5Sx«
fots)—f6) = [ o),

by the change of variables 0 = s+ (1 — 7). O
It will be convenient to extend the definition of Z to two-variable functions

F = F(s, s«) by the formula

1
Z(F)(s,s%):= /0 F(s, (1 —17)s,)dr.

This agrees with the previous definition (4.19) in the sense that if F'(s, s.) = z(s+s4),
then Z(F)(s, s«) = Z(2)(s, S«)-

Proposition 4.5 (Expansion of I'). The function I' : T?> — R as defined in (4.17)

satisfies the following first order expansion in s,

[(s, 84, t) = + Z(0s,T) (s, 5) 8,

0]

where explicitly, if s, # 0 (ignoring the t variable),

3 D s(+*)S *7'D(7*) ( *)
B B e e
! S*:O.

Proof. The formula for Z(9,,T") comes from applying the Fundamental Theorem of

Calculus to expand I'(s,) := I'(s, s,) around s, = 0 for fixed s,

Sk _ 1
F(s.) = T'(0) +/0 (s, — 7)d7 = T'(0) +/0 (1 = 7)s.) drs..
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Since T'(0) = +, we just need to compute I’. We have

)

Dz(s, s4)
Sin s,

I (s) = 05,T(s,5,) = Os, (’

_ Dz(s, s«) -3 Dz(s, 84) 5 M
B Sin s, Sin s, * Sin s,
= (s, 5,225 (Sme)z(s + 5a) — con(mse)D(s, 50

Sin s, (Sin s4)? ’

as Claimedm For the behaviour as s, — 0, writing Sins, = s, + O(s‘;f)7 and
cos(ms,) = 1 — w282 + O(s?),

O0s+I'(8, 8x)
5+ 84)8x — (1 — w252 /2)Dx(s, 54)
2
S*

— —D(s,0)2(s) - 2L fol)  (420)

2s(8 + 8:) 85 — (25(8)8x + 265(5)52/2 + 0(s?))
s

= —F(s7 0)328(3) . + 0(1) (421)

2s(8, 8%)Sx — Zss s)s2
— —F(3,0)3zs(s)-p (8, 8) 5 (5)52/2 +0(1)

— T(5,0)%2(s) - (zss<s> el o<1>> To(1) (4.22)

= o(1),

where in going from (4.20) to (4.21) we used a Taylor expansion of z to rewrite Dz,
and at line (4.22) we used z - 255 = 0 to see that it vanishes at s, = 0. O

An exactly analogous calculation gives the following.

Lemma 4.6 (Expansion of I').

(s, 5.) = L@)? + Z(BTP710,.T) (s, 54).

The Fundamental Theorem of Calculus will also allow us to rewrite the follow-

ing dot products that appear in (4.14), (4.15), and (4.16), because of (4.10)),(4.11):

Dz -Dzs = L(2s) - T(2s5)52, (4.23)
Dzs|* = [Z(zs5) 52, (4.24)
Dz - Dzgs = I(2s) - I(2sss) 52 (4.25)

'Note that factors of 7 have been absorbed by the definition of Sin in ([&.18).
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4.2.1 Expanding the integral terms 0'(

Here we record the use of the Fundamental Theorem of Calculus (Lemmal4.19). Start-
ing from (£.8) (#.10)),and (#.11) we replace the finite differences DO¥z with the inte-
gral terms Z(0%+12)s, via (4.23),(4.24), and (4.25). Then we rewrite |Dz(s, s.)| ! =

| Sin 54| 71T'(s, s). The result of these substitutions is as follows, which shows that

the terms (, (5 are given as well-behaved integrals depending on I" and at most three

derivatives of (.

Z(2ss)5x
(s) = _/TF(S’S*)B\S(;:% ds., (4.26)
_ ﬁI(Zsss)S*
G(s) == [ Tlos T s,
T(2ss)(Z(25) - I(245)) 5>
+6/ s, 5,02 L )rsfns) |6+(2Z DSt g, (4.27)

For the highest derivative (s, to prepare to apply the abstract Cauchy—Kowalevskaya
theorem, we additionally use the expansion of I'* in Lemma to find a convolution

operator of order higher than one.

1 / zsss(s + 3*) - Zsss(s) ds

wl="75 J, Sin5.]?
- /T I(/a’rﬁ—las*r)(s,s*)sfsss@ ’+S fgliﬁzsss(s) ds.
128 / 5 5. ﬁ+ﬂ<zsss)’(§i§fi ‘-ﬁ Lw))st
40 [Tt Zss><|I<Zss’>Slfn+; Ze) Tl
~AB+2) /TF(S’ 8*)%41(285)(\18(;82; ‘ﬁi%)ﬁ o ds. (4.28)

4.2.2 Rewriting )\ and its derivatives

The term zg - (s appears in the definition (4.9) for \. We can expand this using (4.27)

as

I(Zsss> * ZsSx
s Gs = —I'(s, 54 pAToss] Tt
%6 /T (5,5+) | Sin s, |?

g2 L(zss) - 25(Z(2s) - I(2ss))53

+ BT (s, 84) [Sins, P72 * dsy.
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Since zs - zss = 0, Lemma [4.19| gives that
T (2sss) - 25(8)Sx + L(2ss) - 2ss(S + 54) 54 = 0.
Indeed,

T (2sss) - 25(5)Sx = zss(S + Sx) - 25(8)
= Zss(s + S*) : (Zs(S + 8*) - I(zss)s*)
= —255(8 + 84) - Z(2ss) S

So we can remove completely the dependence on the third derivative:

T(zss) * 2ss(S + Sx)5x
s (s — r * A
z C; /’]1‘ (878 ) ’SIHS*W
,8-1—21(258) ) ZS(I(ZS) 'I(ZSS))SE:
| Sin s, |2

+ BT(s, $«) ds,.

Hence, we can write the equation (4.9) for A as (using + = I'(s,0) = I'(0,0))

A(s)
S/TIZZ:(SS;))IZ Co(s1) dsy — Asm-cs(81)d81
/ /( 51, 50) 2L zss><sl,‘sg3njjﬁ<so+81>so+ BT (51, 50)+2x
I(zssxa, s0) - zs<sl>|<§i; 21(1?#280) T (2) (51, so>>s%> dso ds;
/ /( 51, 50)8 2L ZSS)(Sbrgznj;Tﬁ(SOJrSl)SO+ BT (s1, 50)7 T2 x
z<zss><sl, 0) zs<sl>|<§iil 21(121’280) T(zas) (51, 80>>83> dso st (4.29)

(We have used X to denote scalar multiplication.) Similarly, we can rewrite (4.12),

which is the equation for A\s as

Z(zss) (1, 50) - 2ss(S0 + $1)S0
5 SS ’ S8 F 5+2
LQ//< 51, 50) Sinsl? + BI(s1,50)7 " x

T(2ss)(51, 80) - 2s(51)(Z(2s) (51, 50) 'I(ZSS)(SleO))Sg
| Sin so|#+2

> dSO d81
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1 T(255)(8, 84) - 2ss(5 + 54) 84
b T . B ss )\ 5, ss T i B+2
L2 /’]I‘ < (S?S ) | Sln8*|6 +ﬁ (S’S ) X

T(zs5)(8, %) - 25(8)(L(25) (8, Sx) - L(zs5)(S, S« s‘:’
) 2Tl a2 g, (130)

The final term to rewrite involving A is Ags, which is (copying (4.13))

1 1
)‘88(5) = _ﬁas(ge : Zs) = _ﬁ(Css “Zs + Qs - zss)-

That this is better behaved than (55 can be seen from the identities x obtained from

the cancellation z, - z55 = 0,

Zsss<3> : Zs<3> = _‘ZSS(S)‘27

Zsss(s + 3*) : Zs<3) = _‘Zss(s + 3*)’2 - Zsss(s + 3*) : I(Zss)(sa 3*)3*7
which means that

Dzsss(8, 8x) - 25(8)
= Dz |2 (5, 55) — Zoss (5 + 54) - L(2s5) (5, 54 )5x
= ( — 27 (zsss * 2s5) (S, Sx) — 2sss(S + 84) - L(2ss) (8, s*))s*.

Therefore, A\ss depends on I' and the first three derivatives of z. For reference, the
full expansion of Ags is as follows, which comes from a similar derivation to that
of but the cancellations above are used to regularise the integral, in place of
Lemma 4.6l

)\SS(S) = 1 /TF(S’ S*)B (_QI(Zsss : Zss) - Zsss(S + 8*) . I(Zss))s*

2 | Sin s, |#
T(#sss) - 2s(L(2s) - L(2s5))53

o 2 F . ﬂ+2 888 S S SS *
PL(s, ) | Sin s, |A+2

T(zss) - ZS(|I(ZSS)|2 + Z(zs) 'I(ZSSS))Sg
_ B+2 *
BT (s,54) | Sin s, |2
,6+4I(288) - 2s(Z(2s) ’I(ZSS))QSE

| Sin s, | +4

+ B(B+ 2)I'(s, s4)

51(2835) * RssSx
| Sin s,|8

T(2ss) - zss(Z(2s) - T(2s5)) 83
2 *
— BT(s,5,)° " Sins. |72 ds.. (4.31)

+ (s, s4)
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4.3 Rewriting the evolution equations

Define the functions f,g and h by
f(s,t) = z(s,t), g(s,t) =zs(s,t), h(s,t) = zss(s,t).

4.3.1 Evolution of f

Rewriting z; = ( + Azs (4.14) using (4.26) and (4.29), we obtain

fi(s)
_ 5. 8 ﬁz(h)(svs*)s* s
_ /TF(’ s ds,

1 Z(h)(s1, 80) - h(s0 + s1)s0
B B+2
+9(s) (%2 /T/Tr(sl, 50) Sinsol? + BT (s1,50)7 2 x

Z(h)(s1,50) - 9(51)(Z(g)(s1, 80) - Z(h)(s1,50))
| Sin so|P+2

1 ’ I(h)(sl SO) . h(SO —+ 51)30
2 I g : T B+2
L2 /0 /T (s1,50) I Sin so|? + BT (s1, 50)7 " %

Z(h)(s1,50) - 9(51)(Z(g) (51, 50) - Z(h) (51, 50))55 dso d51>_ (4.32)

53
0 dSQ d81

| Sin so|P+2

4.3.2 Evolution of g

Rewriting zst = (s + Azss + As2zs (4.15) using (4.27),(4.29)), and (4.30), we obtain

Z(hs)s«
= — B s
(5) == [ Plovs) T ds.

T(h))s?
+ﬁ/TF(S’S*)B+2I(h)|(szi;gz*|§+(g)) * ds,
(s [ [ o TR0,
Z(h)(s1,50) - 9(s51)(Z(g)(51, 80) - Z(h)(51,50))

| Sin sq|#+2

1 ’ I(h)(sl 50) . h(SO + 51)50
12 A g : r B+2
LZ/O /11‘ (81,80) |Sinso|5 + 5 (51,30) X

Z(h) (51, 50) - 9(51)(Z(9) (51, 50) - Z()(s1,50))s8 )
| Sin sq|#+2 v

53
0 dS() d81

([ T Mo 50
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Z(h)(s1,50) - 9(51)(Z(g)(s1,50) - Z(h)(s1, 50)) 5 dse ds
| Sin sq|#+2 0=t
B ;/TF(S’ S*)Bl(h)(s, ngn ;l*(|5ﬁ+ 54 )54 + BT (s, 8,)7+2x
S,S:) - g(s S, 8%) - 5, 54))85
Z(h)(s,5+) - 9( )|(§i§lgii|ﬁ+2) Z(h)(s, 5.)) d$*>' (433)

4.3.3 Evolution of h

Rewriting zgst = (ss + Asszs + 2As2ss + Azsss (4.16) using (4.28]), (4.29), (4.30), and
(4.31), we obtain

—1 [ hs(s+ sx) — hs(s)

L8 Jp | Sin s, |#
_ hs(s + sx) — hs(s)
_ -1
/TI(BF 05, 1) (s, $x) 8 Sins.]?

Z(hs)(Z(g) - Z(h))s3
+25/Tr(s,3*)ﬁ+2 ( |)(sn(1?*yﬁ+(2 Dss 4.

2 ) 3
+BAF@&WHIWMﬂ?;;ngIwm*d&

hi = ds.

ds,

T o(Z(a) - Z(h))2%s?
- B(B+2) /TF(S,S*),B-M 2,0(’ S(i)s*yﬁ(ﬂ)) 52 g,

+g(s)< L AF(S,S*)B(—2I(hs'h) — hs(s+8:) - Z(h))ss

2 | Sin .|

. . 83
_25r(s,5*)6+21(h) gsgigi)‘ﬁi(h)) 3

s+2Z(h) - g(IZ(R)]* + Z(g) - Z(hs))s?
| Sin s,|6+2
sral20 - 9(Z(g) - Z(h))*s?

| Sin s, [ +4

ngmyha@»zwnﬁd&>

- BF(Sv 5*)

+ B(ﬁ + 2)F(Sa 5*)

pL(hs) - hse
| Sin .8

+ (s, s4) — BT (s, s4)

| Sin s, [+2

+ 2h(s) <£2 /T/Tl“(sl, So)ﬁz(h)(sb fgzn :0(’560 + 51)80 + BT (s1, 80) T2 x
Z(h)(s1,50) - 9(s1)(Z(g)(s1, s0) - Z(h)(s1, 50))
| Sin so|P+2
1 ‘s s Z(h)(s,84) - h(s + 5.)84
/TP( /54 | Sin s,|8

83
9 dsgds;

L2
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— BI(s, s4)

51T (5,52) - 9(6) (Tl (5, 5) - Th) 5. 5.)s2 )
| Sin s, |12 :

1 Z(h)(s1,50) - h(s0 + 51)s0
_ B B+2
+ hs(s) <8L2 /T/Tf(sl, 50) Simsol? + B(s1, 50)% 2 x

Z(h)(s1,50) - 9(51)(Z(g)(s1, 50) - Z(h)(s1, 50))
| Sin so|P+2

_ % /S/F(S1, so)ﬁz(h)(81’50> Ao ¥ a1)so BT (s1,50) T2 x
0o Jr
(

83
0 dSO d81

| Sin so|?

Z(h)(s1,50) - 9(s1)(Z(9) (51, 50) - Z(h)(s1, 50))53 dso ds )
| Sin so|P+2 )

(4.34)

4.3.4 Evolution of T’

The function I" defined in (4.17) evolves according to the equation

r, 3 Dz Dz I3s?
"7 |Sins.| |Sins. (Sins,)?

Z(g) - Z(g:)- (4.35)

4.3.5 Summary of dependencies

We now define the operators Fy, Fs, E3, and E4 using the right-hand sides of the

above evolution equations. That is, E1, and E» are defined as the right-hand sides of

(4.32) and (4.33) respectively. We do almost the same for F3 in (4.34), except that
we single out a term involving a convolution. Ej is defined by (4.35)), where we use

gt = Eslg, h, hs,T'] to rewrite the term Z(g;). This gives

ft = Exlg, h, T,
gt = E2[.q:h’7 hsar]v

1 [ he(s+54) = hs(ss)
LB Iy | Sin s,|8

Ft == E4[F,g,F2[g,h,h5FH. (437)

hy ds. + Eslg, h, hs, T, (4.36)

Note that in equation (4.36) for h, we have singled out a term involving

[ hs(s+ sx) — hs(ss)
Hs(h) ._/T s,

Recall that the symbol of a Fourier multiplier f — M () f is the function
M (k) defined in frequency space.

Lemma 4.7. (Skew-symmetry) The symbol of Hg is purely imaginary.
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Proof. Hg is the convolution of hs with the renormalised distribution of | sin s|=*

(up to possibly a multiple of the Dirac delta),
¢(s) — ¢(0)
R o _ = d .
< | sin s| 57¢> /IF |SinS|B S

As | sin s|~# is even and real valued, so is the Fourier transform F(k) = F (R sins|-5) (k).

Hence, the symbol of Hz is —i2wkF(k), which is purely imaginary. O

Any operator im(9s) with purely imaginary symbol im(k) has the skew-
symmetry property (im(0ds)h,h)r> = 0. This can be seen from (im(0s)g, h)r2(r) =
(im(k)g(k), h(k))ez) = —(g(k),im(k)h(k))ep(z)- The important point is that the
operator 9; — im(9s) is boundedly invertible on L2-based Sobolev spaces (contrast
this with say, the backward heat equation), with the explicit solution defined via its

Fourier coefficients (k € Z),

0 —m(@)f =g = [ = o) + [ g
0

For the time dependent operator d; — L(t)™#m(9s), we can first perform the time
rescaling Oy, f(s,t(to)) = L(t)?0,f with t(tg) = Oto L(7)? dr. In these coordinates,
the equation is Oy, f — im(0s) f = g. Writing to(t) for the inverse of ¢(o), applying

the above formula gives

af —iL(t) Pm(ds)f = g
. . . to(2) . . ~
— f(k,t)= eflm(k)to(t)fo(k) + / gk, t(to))elm(k)(to%o(t)) dio.
0

A change of variables o = to(t) gives
t i
k) = emm® fo gy 1 / L4 (k, Hem® oD —100) g (4.38)
0

We will take advantage of this to allow the use of the abstract Cauchy—Kowalevskaya
theorem, despite the fact that the original CDE involves an operator of order higher

than one.

4.4 Adapting the equation for Theorem |3.6

Here, we define the Banach scale that we will use (and its component Banach spaces).

We identify analytic functions with their analytic continuations.
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Definition 4.8. Given I € N and p > 0, we say that a function f : R — R? is in
Kb if

1. f = f(s+18) is 1-periodic (periodic with period 1) in Re s and analytic in
| Im s| < p.

2. For every |Ims| < p,0%f(Res+ilms) € L}, . (T), that is, square integrable

as a periodic function of the real part only.

3. The norm || f|| g1, is finite, where

11l gre ==Y sup 05 F (s +18) | 2 r -

a<l 131<p

Definition 4.9. Given [ € N and p > 0, we say that a two-variable function
f:R2 5 Ris in Kb if

1. f(s+1i3, s, +15,) is l-periodic in § and 3, and analytic in
{(s+1i8,5, +i8.) € C?: |3] < p, |54 < p}.

2. For every oy + ag <1, max(|3], |5.]) < p, 00102 f € L2, (T?).

S,Sx%

3. The norm || f|| 1, is finite, where
2

HfHKévﬂ = Z S}lp HH@?I@?;Q (8+1§7 3*+1§*)“L3(T)HL2 (T -
a1+as<l |~S‘<p o
T [«<p

The norm || f|| 1., can also be written as
2

1Al e = > sup 951052 (s +18, 52 +18) 2 (12 -

o1+az<l |~8‘<p
8<]<p

If Ff(k):= [ f(z)e ?™*$ds, k € Z denotes the Fourier transform of f, then the

K% norm is equivalent to the weighted Sobolev norm

1F ke = 12 ¥ (1 + (k) F £ (R) |2 2,

which can be seen by analytic continuation in sg of the well-known identity for the

Fourier transform

Falf(s = s0)l(k) = e 7208 Ff (k).
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The following standard result follows from the Sobolev Embedding T heore

Proposition 4.10 (Banach Algebra). 1. Forl>1, K" is a Banach algebra:
lwollgre Stp lwll ke lloll ke

2. Forl > 2, Ké’p is a Banach algebra:

Hu’U”Ké,p Sl,p HuHKé”’”vHKé’p'

We now choose the Banach scale X, to apply Theorem (3.6, The purpose of [
is only to obtain the above Banach Algebra property, and is fixed to be any number
[ > 2. We now use the spaces K“* and Ké’p to define our Banach scale. The choice

is made so that a representative element of X, will be something like (z, 2, 2ss,I)
(see (4.47)).

Definition 4.11. Let [ > 2 be arbitrary but fixed. The Banach scale X, is
X, = K x K" x K" x K.
4.4.1 Application of the abstract Cauchy—Kowalevskaya Theorem

In order to apply Theorem we will need to:

Step 1. Rewrite the evolution equations so that the evolution begins from zero initial
data, which allows the iteration to begin using the estimate iCKQ i

Step 2. Rewrite the equations in a suitable integral form that satisfies the continuity
assumption [(CK1) and the required Cauchy estimate [(CK3)|

We now implement these steps.

Step 1

Define the initial conditions

fO(S) - f(370)7
90(3) - 9(870)ﬂ
ho(s) = h(s,0),

?Briefly, we need enough weak derivatives in L? so that their L° norms are controlled, see for
instance [24].
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To(s,s4) =T'(s,8,4,0).

Then define the new variables f, g, fL, r by

i

fe = Ei[g + go, h+ ho, T + T, (4.39)
Gt = E2[d + go, b+ ho, hs + hy, T+ T), (4.40)
hy = (1(0,0) + To(0,0))Hs(h + ho)

+ Es[7 + go, h + ho, hs + hg, T + T, (4.41)
Ty = Byl +T0,3 + g0, Fo[§ + go, h + ho, hs + by, T 4 Tg]]. (4.42)

Step 2

The strategy is to integrate the equations for f ,§,T in time, and invert the operator

(0¢ — (I'(0,0) +T'9(0,0))Hp for the h equation. If we define the vector of functions u

and initial conditions ug by

f(s7t) fo(s)
| alst (s sy — | 900
u(s, S, t) = ﬁ(s,t) , up(s, sx) = ho(s) )
L(s, 84,1) To(s, s«)

then we can write the evolution equations as

u = Flu],
Fi[up, u]
B Fslugp, u]
FM_«M%%WH’ (4.43)
Fy[ugp, u]
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where Vu = V5 u is the spatial gradient in s and s, and the component operators
Fiof F': X, = U,~0X, are

t
F1 = fo +/ El dta
0
t
F =g +/ E dt,
0
~ -1
Py om ((at — (To(0,0,) + F(0,0))Hﬁ) E3, (4.44)

t
Fy = Fo-i—/ Eydt.
0

(The omitted inputs of F; are as in (4.43), and the omitted inputs of E; are as in
(4.39), (4.40), (4.41), and (4.42).) The inverse operator in (4.44) is defined by (4.38).

This completes the derivation of the equation to which Theorem can be applied:
it only remains to check that F' satisfies the assumptions of Theorem

4.4.2 Estimates

In this section, we give some estimates and explain how they are used to show that
our system satisfies @

We will show the result for a few representative terms that illustrate the
method. All remaining terms follow analogously.

We write Uy = Uj(u),Us = Ua(u), ... to denote the images of u under any
of the following well behaved operators: U;(u) = u, U;(u)(s, x) = u(s + Sx, $ + Sx),
Ui(u) = u(c, ¢x), or Uj(u) = Z(u). For any collection of M such operators Uy, ..., Un
(M > 1), we write Ups(u) = (Ur(u),...,Upn(u)) for the function that takes values
in CM'| where M’ is an integer depending on M and the choices of Uj.

The operator Fi[ug,u] is a sum of time integrals of products of terms of the

form

O(Unr(u)(s, 54)),

where ® : CM" — CV is analytic, or terms of the form

/T B(Uns(u)(s, 5.)) dpa(ss),

where p is a finite measure in s,, or terms of the form

/T /T (Uns(u)(s, 5.)) du(s.) ds,
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or terms of the form

(s/T—/OS> A@(UM(U)(so,sl))d,u(sl)dso.

This last type of term clearly creates a new periodic analytic function from an old
one and presents no new issues (see Example [4.14.) For each one of the other terms,

we have the following elementary lemmas.

Lemma 4.12 (Triangle inequality for time integral). For any function v € X,,
¢ t
I Jo wdtlly < fo lull,dt.

Lemma 4.13 (Local Lipschitz estimates). Let ®(x1,...,zpp0) be analytic on an
open set containing the set A = {x : sz\ill |zi| < R}. Then ® is locally Lipschitz on
A

7

M/
B (21, xn) = B(ys, - yw)| Sre Y |z — wil.
i=1
For ||ul|, < R, we have the estimate

12(Unr(ur)) = 2(Uns(u2))l gt Sk llur = w2l

If in addition p is a finite measure on T, then we have the estimates

/T /T (Ut (un))(5, 54) — B(Unr(u)) (s, 5.) dpa(s.) s

SJR,@J,# [ur — U2”pv
Kbr

/T B(Ups(u1)) (-, 52) — B(Uns () (-, 52) dpa(ss)

SR U — uzllp.

sf'H ds.,

= (St pie for

In our application, we will use the finite measures du(s)
some k > 0.

Example 4.14. In E;, the following terms appear (see (4.32)):
= S I(h)(sl 80) . h(SO + 81)80
E = — T B ! dsnd
() g(S)L2 /’]I‘/]I‘ (51, 50) | Sin sq|? so o

1 s I(h)(31 80) . h(So + 81)80
_ il B J
9(8)L2/0 /TF(sl,so) Sin sol? dsop dsy.

The first term is (at least away from s = 0,1 before periodising) a product of
the analytic function of u and w(0,0), g(s)7> with the double integral against

|Si§7(;0|5 dsg dsy of the analytic function
D (u(s1,50), Z(u)(s1,50),u(so + s1,80 + s1)) = ['(s1, so)ﬁl(h)(sl, s0) - h(so + s1)
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The second term is similar, and together with the first term, gives the analyticity at
s = 0,1 as well. Therefore, by Lemma we have

1E1(w1) — E1(u2) | ge S lJur — ualp,

which after integrating in time, is better than the required estimate [(CK3)l The

other terms in Fq are similar.

For F5, most of the terms are also treated in a different way, except one which

involves hs. For this term, we will use the following Cauchy-type estimate.

Lemma 4.15 (Cauchy estimate). For any 1> 0,p >0, p' € (0,p), we have
C
IVully < ——|ull,.
p—p

Proof. This proof closely follows the proof of the more elementary result without a
scale of Banach spaces (c.f. (3.21)). It is enough to prove this for the spaces K'*
and Ké’p . We give the proof for K, since Ké’p can be treated in exactly the same

way. That is, we shall prove for u € K"°,

19sull 1.0 < Z—5 lull -

From the definition of the K*” norm in Definition @, it suffices to prove that for

every v = Ofu, r =0,1,...,1,

sup [Osv(s +15)|| 2 < 7 sup [lu(s +15) | 22, (4.45)
|8]<p’ P s<p

Set 0 < 0 < p—p'. Then the well-known Cauchy Integral Formula for a

derivative gives for z = s +is € C, |§| < p/,

| v(w) 1 v(s + 15 + w)
Osv(s +15) = 5t /z_w|6 o w)? dw = 50 /|w|§ 2 dw.

Taking the L2 norm and using the periodicity of v in the real part to obtain (4.46),

.~ 1 [v(s +i5 4+ w)]| 2
< - S
(s +i9lzz < 5 [ PR ditw)
1 v(s+i(s+ Imw
L B G )l
270 Jjw|=s |wl]?
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1

< — dli(w) sup ||v(s+i5)]|L2
2762 |w|=5 L

|5|<p/+6

IN

= sup [[o(s +15) 12,

5]<p

where dl is the arc-length measure on |w| = §. Taking a limit 6 — p — p/, and then a
supremum over all § with |3| < p’ leads to (4.45). By the earlier discussion, we have
finished the proof of Lemma |4.15 O

Example 4.16. The first term of (4.33) is

~ Z(hs)ss
BEy(u) = — [ T(s,8:) o2 dss.
Q(U) /T (873 ) ’SIHS*W s
To show that this term satisfies the assumption |(CK3), first use the local Lipschitz
estimates of Lemma but treating the integrand as an analytic function of u and
Z(Vu). This yields a local Lipschitz estimate

[E2(u1) — Ea(u2) || go S llur — uzllp + |V (w1 — u2)| -

Now apply the Cauchy estimate for the second term; this shows that is
satisfied.

In a similar way, F; can be controlled by using the bounds on F5, since Fj
appears in Fj.

The term FE3, which uses the auxillary operator used in to define Fj is
defined by . It involves the following terms where Vu appears,

_ h5(8+3*) _hs(s)
_ B-1
Es3 = /EI(ﬁF 05, 1) (s, Sx) 8« Sin 5.7 ds.,
Z(hs)(Z(g) - Z(h))s?
_ B+2 *
B3y = 25/TF(5,8*) [Sin 5,772 dss,
Z(h)(|Z(R)|? + Z(g) - Z(hs))s2
- _ B+2 *
Es3 = /3/TI‘(S,S*) [ Sins.]+2 ds.,

FEsy = hG,

where G is a collection of terms involving only u and not Vu, defined by the last

four lines of . These terms are controlled by combining the above lemmas with

the skew-symmetry (Lemma and the Cauchy-type estimate of Lemma m
We now collect the above results and give the proof for the local existence

and uniqueness of analytic sharp fronts.
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Theorem 4.17. Let zp : T — R? be an analytic curve with Tg = I'(z9) € L>°(T?).
Then there exists T* > 0,p9 > 0 and 8 > 0 such that a unique solution to (4.1)) exists
in the space u € Y, g1+.

Proof. Since zp is analytic on T, there exists p > 0 such that zy admits an analytic
continuation to a complex neighbourhood T + i(—p, p) of T, also written zp, that
belongs to the space K'* (recall that we have already fixed some [ > 2). From z,
we define the initial data to as

ug = (20,0520, 0220, T(20)) € Xy (4.47)
The operator F' in (4.43) is continuous, satisfying [(CK1) for Theorem and there

exists By and T such that [(CK2)|is satisfied. With the estimates and earlier discussion
in this subsection, [(CK3)|is satisfied, so Theorem applies, proving the result. [J
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Chapter 5

Almost-Sharp Fronts

In this chapter, we define an almost-sharp front in our setting that approximates a
sharp front for a bounded domain. Then we will derive an asymptotic equation for
an almost-sharp front, utilising an asymptotic expansion for a certain parameterised
family of integrals. We also show that a function that was instrumental in the study
of almost-sharp fronts of SQG has an analogue for our equation. It has a well-defined
limit equation as 6 — 0, which is better than the approximate equation for the
almost-sharp front. This function, obtained by integrating across the transition

region, simplifies the asymptotic equation of an almost-sharp front.

5.1 Almost-Sharp Fronts

We begin with the definition of an almost-sharp front.

Definition 5.1 (Almost-sharp front solution). A ¢ almost-sharp front (ASF) 6 =
05(x,t) to singular SQG ((1.1)) is a family of solutions to to (1.1)), such that for each
§ > 0 sufficiently small, there exists a closed C? curve z with regular parameterisation

bounding a region A, and a constant C'* > 0 such that with the following sets,

Amia(t) = Az (1) = {x € R? : dist(x, 0A(t)) < CZ(S} = (04)s,
Ain(t) = AZ(t) = {z € A:dist(z,0A(t)) > C76},
Aout (t) = Agut (t) =R? \ (Ain U Amid)v
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6 is a C? function such that

1 S Ain(t)7
O(x,t) = ¢ C? smooth x € Apiq(t),
0 T e Aout(t)a

and for the family of solutions s, the following growth condition holds,

VO]~ < —. (5.1)

SR

In particular 6 is locally constant in Ay (£)UAin(t), 0|4, (x,t) =1, 0] 4., (2, ) =
0, and the supports of # and V6 are related to the sets Aniq, Ain, Aout by

supp 0 C Apiq(t) U Ain(t), supp VO(-,t) C Amia(t).

Note that the curve z in the above definition is not unique.

Definition 5.2 (Compatible curve). Any curve z satisfying the above definition for

an ASF 6 is called a compatible curve for 6.

5.1.1 Tubular neighbourhood coordinates

Given a curve z with uniform speed parameterisation (as in Definition |[1.16)), we

define the tubular neighbourhood coordinates around z by
2(5,€) = 2(s) + 0EN(s), s € T, € € [-1,1]. (5.2)

Suppose the curve also evolves in time z = z(s,t). For convenience, we write
Ly := L(1 — 0kKE). Setting 7 = ¢ as a new time variable, we have the Jacobian

expressed as the block matrix(treating 7', N as column vectors),

LiT | 6N | 2,

; ‘ ; ‘ ; eR3><37

d(zt, 2%t | Maxe ‘ T,
d(S,f,T) 01><2 ‘ ].

with x; = z; + 66N, and determinant L. This is a diffeomorphism if L, =

L(1 — 6k€) is bounded away from 0, so in particular for § < 1. Its inverse is
-1 -1

d(s, €, 7) _ My ‘ — My, p2r
d($17$27t) O1><2 ‘ 1

] , as can be verified by direct calculation. Also
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Figure 5.1: An illustration of an almost-sharp front for one § > 0. Here, the two
solid curves form the boundary of A;q (the compatible curve that defines Ap,;q has
not been drawn); the dashed line is the boundary of {# = 1}, and the dotted line is
the boundary of {# = 0}. In particular, the complement of {# = 0 or 1} is a subset
of (and may not be equal to) Appiq -
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define the column vector

A —2.-T/L
T L S
A(Q) —:ET~N/(5

Noticing that N, - N = %T\N]Q = 0, the N, - N term that appears in A2 vanishes.

Therefore, the components are explicitly

T T2

L4 1
Ly I Ao
d(S,f,T) _ _T2 Tl
Il 2 | — — A2
d(CC y L 7t) 5 5 0
i 0 0 1 |
L TGN, -T
A= | I X
i —527- N

Note that L1 = L + O(4), so A} = %tT + O(6), and A2 depends badly on §. The

derivatives in z*,t are given in terms of the new coordinates s, &, T as

81:1 = + flas - 785,
T2 Tt
8x2 - + Eas + 785,
o = + Alo, + Ao + O,

and dz = da' da? = ’det dé:f;’gi’)t) ’ dsd¢ = Liddsd§ .
5.1.2 Equation in tubular neighbourhood coordinates

Define Q2 to be 6 expressed in the above tubular neighbourhood coordinates, €2(s, &, 7) =

O(x,t). Then the gradient and its perpendicular can be written as

VQ—TL—l—i-N?, \Y% Q—NL—l T?.
Recall that N ()
V=0(x,
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So we have an expression of the velocity in new coordinates (using the notation that
x=ux(s,&,7) and z, = x(84, &, T)),

N* Qs* _ T Qﬁ*
u(z) = / / b P90 51, ds, dé,
Tx[-1,1]

|:L‘—.%‘*|1+O‘

5N*Qs* - L *T*Q *
= // R g, ds
Tx[1,1] |z — a [t

Then since
Qs 040
1 s% 3
. «) =N, T N, - N
Vo(z) - V-0(xy) T + L.
Qg*Q Qg*Qg
-T,-T —T.-N
0L 62

we can write the u - V@ term in the equation (1.1) as

0.0, Qs Q¢
u- Vo (x // N, T4 N,-N
Tx[~1,1] ’iﬂ—x*\Ha( Li.Lq 0L

Q.2 Qe
~T,-N
0L, 52

08254825
Tx[-1,1] |z — x*\ Ly

L1820, 825 L1820, 82
s SN NN el S
Ly 0

-T.-T

)6L1. dé. ds.

~T.-T ) d&. ds.

Therefore, after using the identity

Ly, —1_ 5(5*”* - f“)
Ly 1—0kE

the equation (I.1)) can be written in the new coordinates as (using V+, - VQ =
Qe — Qe Qs to collect terms)

ON, - T
Al —1—// ——— O, d€,. ds.
( 0 Tx[-1,1] L1|ze — z[1Te ‘
O(Eutin —ER)T5 - T
Tty (1= 66K) [z, — 2[TFe
/ / HaviQ* dé. ds, | - VQ
Tx[—1,1] | —$|

—L, T, - N
+1g // Tl N déadss — 2 - N | + Q. 5.3
5( Tx[-1,1] [T+ — @[t ¢ (5:3)
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5.2 An approximate equation for an almost-sharp front

We introduce the symbols I; to write the above of equation (5.3)) as
1 Q¢
OZQS(AO+511+5]2)+13-VQ+7(I4—ZT-N), (54)

where A} = %TT +O(6) as mentioned before, and the other explicit dependencies on
0 are visible, but there is still 6 dependence in the integrals I; through the coordinate
function x = z + JEN in .

We now want to find the leading order behaviour in § <« 1. To do this, we

will need to use the following two asymptotic results.

Lemma 5.3. Let « € (0,1) and T :=R/Z. For s € T, 7 >0, let [ = I(7) denote
the following family of integrals,

I =
/s*eT |9(5:) + 72|(1F0)/2

where a = a(sy),g = g(s«) € C®(T) and g = g(s«) has 0 as its unique global

minimum at the point s, = s and is non-degenerate, i.e.
g"(s) >0, argming=s, g¢g(s)=ming=0.

Then we have the asymptotic expansion as T — 0,

_ als) o, 4(8)Caa
T=GE T " T gy
a(s) B als) .
+/T g.|0+)/2  G(s)1+a|Sin(s, — s)[1+e ds. + O(t%7%), 7 =0,

where:

1. Sin s, := sin(mwsy)/m,

2. Cy is the constant Cy, = \1{?}:4(15)) < oo (which diverges as a — 0),
2
; — (12 1 1
3. by is the constant by, = f71/2(\s*|1+a \Sins*\1+o‘)ds* < 00,

4. G is the constant G := +/g"(s)/2 which is well-defined since ¢"”(0) > 0, and
5. the O(72~%) constant depends on W3 norms of a and g.

The second result deals with the integral term that remains after applying
Lemma [5.3
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Corollary 5.4. Let s € T. Ford € (—do,00) sufficiently small, let H = H(0) denote
the following family of integrals,

a(sy) B a(s)

H - d *
se€T (Ig(s*,é)““‘)/2 G(8)1+| Sin(s. — S)!”“) ’

where a = a(sy) € C®(T), ,g = g(s+,9) € C®(T x [0,00)), and g has a unique global

minimum that is non-degenerate at s, = s, i.e.
argming('aé) =5, 9(875) :mlng(76) :O)

with 82,9(0,-) > ¢ > 0 for a constant ¢ independent of §, and G(5) := 1/92,9(s,9)/2.
Then we have the first order asymptotic expansion H(8) = H(0) + H'(0)d + O(5?)
for 6 < 1, with

H(0) = / . <a(s*)8gg(s*,0)(1 —a) 85(67_1_0‘)(0)&(5)) ds...

95, 0)[B+)/2 [Sin(s — s+

We defer their proofs to the end of this chapter (as Lemma and Corollary
. To use these results, we will perform an approximation of the integral in s,
for fixed &, &, and s. We first sketch the proof in words, and then present the full
calculation. Since we are interested in treating the denominator |z — x.|1 7%, we will

need to use the above two results with the following choices:

T=0(6 —§),
9(s:) = g(54,6) = |ws — 2> = 77,

G(9) = *82*'9(8 d) = L(1 — 0r&,).
Note that if the numerator a(s,) vanishes at s, = s, i.e. a(s) =0, the terms

in Lemma @ and Corollary @ simplify greatly. In addition, many terms in (5.4])
are multiplied by 4, which simplifies the analysis of those terms for § < 1. We have:

1. For I = ffTX[ 11] Lllz*—rl”a Qg A€y dsy, it is multiplied by 6 and a(s) = 0.
This means that I; vanishes in the limit § — 0.

2. For b = [[y 11 Bsesiriits Qe déu ds., als,—s # 0 but it is multiplied

by §. This just gives us a O(6'~%) term instead, which is still o(1).

3. For I = ffo[—l 1 %Qg* dé, dss, als,—s = 0 but it is not multiplied by 4.
I has a § correction term from the L, = L(1 — dk.&s) factor in the integrand,

which becomes non-negligible after dividing by §. Here, we see that there is no
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hope for cancellation unless the curve used to create the coordinates evolves
via the sharp front equation (at least, up to O(d) errors). Therefore, we are

forced to impose that z evolves by the sharp front equation. Then, the identity
f_ll ¢ =1, Lemma , and Corollary gives us that:

1
5(]4 — Zr
LT, - N
(2 4 2a) / /T‘Z_ = ‘M — 2) - (£&.Ns — EN)DQ, ds, d,
LT, - N
/ / Fp— ’Hag*aga* sy A€ + 0(1).

. For I3 = ffTX 1] |z*—a:|1+a V10, d€, ds,, there is no positive power of § and
als,—s # 0. T his term cannot be dealt with in the same way and contains
a term that is divergent as 6 — 0. In the notation of Lemma [5.3] we have
a(s) =T(s) - T(ss) i.e. a=T - T, with a(0) = 1. To apply Corollary 5.4, we
note that G at 6 = 0 is L. Thus, I3 can be written as follows,

I3 = / / —— =V dé. ds. - VO
Tx| 11]’33—1'*’ ¢

Cla J_Q* Sx=8 Co,a !
_ 1, / \Y | *= d&-* + 2, / VJ_Q*L@*ZS d&-
1 —1

Lo~ € — &l Lite
T, T [', Vi, de, LV, —s de,
+/ o 1 _ {*1 Bl > ds, + o1).
T |z — 2|11 Lo Sin(s — s,)| e

Hence, the equation is of the approximate form o(1) = 9;Q+ X - VQ + I3 - VQ, which

we write as the following theorem.

Theorem 5.5 (Approximate Equation for an ASF). Q is a §-ASF for singular SQG
(1.1) in the sense of Deﬁm’tion@ iff in the tubular neighbourhood of the sharp front

z, it solves the following approximate equation,

o(1) = 8,0 - = 'aQ
b2+ 20)L //|Z_Z|3+a 2) - (EN — £.N,) 3 ds. dE.0:0

Lk T, - N
/ /Mz_z |Ha5*a§9*ds*d5*a§§z

Cfloz(S a/ Q*L|s =s
+ — — d&, - VQ
L e ©
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(2,0
Lfm / VO, de, - VO

/ / T, -TV+Q, - VQ Vs, —s - VO
|z — z,|0+e)/2 [1+a|Sin(s — s,)|1+e

ds, dé,. (5.5)

Remark 5.6. In (5.5)), the integral term

2(14+«a)L / /]1* ’z_z |3+a ze) - (EN — &N, )659 ds. df*ﬁg

is well-defined, despite the mismatch £ # &£,, which makes it seem like the singularity
in the denominator is not compensated for. This is because the dot product introduces
a second cancellation as long as say, z € C3(T). One can see this by applying Taylor’s

theorem to z, and N,

2o —2="T(s—5.) +O((s — 54)?),
N, =N — L&T(s — 5,) + O((s — 5,)?),

which implies that
EN = &No = (§ = &N + & LAT (s — 5.) + O((s — 5)?),

so that
(2 = 2) - (EN = &NL) = & Lii(s — 5.)* + O((s — 5.)°).

Proof of Theorem [5.5 Here we record the computations summarised above. Recall
that s, £, and &, are fixed when applying Lemma so we will write a, = a(s,) =
a(s, s« &,&), and a = a(s) = a(s, s,£,&) (i.e. a(sy) at the value s, = s).

Note that we will use slightly different notation from Lemma [5.8, since we
have integrals in s, instead of s. In addition, our unique non-degenerate minimiser
of the function g. = g(s«) is at s, = s, (for every ¢ > 0 sufficiently small) as we will

show below. More specifically, we have

x=2z+E&N,
Tx = 2+ EO Ny,
Tx = 05, T = L(1 — &ubRn ) T,
|2y — )? = |22 + |2]* — 224 - 2,
T =04(& - €)%,

g(sx) = |z — x\Q — 72,
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G (85) = 2Ws - Ty — 2Wgs -
=2z - (T4 — 1),
9" (s) = 2|zsu|® + 225 - (24 — )
= 2L2(1 — f*én*)Q + 2% 554 - (T4 — T).

Since (as a function of s, with s, ¢, &, fixed) ¢/(s) = 0 and ¢”(s) > 0 for § < 1, g has

2

a non-degenerate minimum at s, = s, with g(s) = 72 — 72 = 0. As the curve z has

no self-intersections, this is the unique minimum. Therefore we have (as in Lemma

53)
G(6) =\ 59"(5) = (1 — 6w).

(Note that G # L;: as G involves derivatives in s, of g evaluated at s, = s, £, appears
in G but not £.) For numerators a, = a(s.), Lemma gives I = fT W ds,

the expansion,

— @C —a (I(S)CQ@

G 1,&7— + G1+a

- - CL(S) 2—a
i /T ’g*’(l-i-a)/Q G1+a| Sin(s* — 5)‘14*04 dS* + O(T )7 T — O,

where Sin(s, — s) = sin(n (s, — s))/m, and C} o, C2 o are two known constants. Also,
with g, = g(s*v 5)7 G= G(6)7

959(sx) = 205(ws — x) - (T — ) — 26(& — €)
=2(& Ny — EN) - (24 — 2) + 26|16 N, — EN|* — 26[¢, — €,
0sG = —LK&,,

so that

959(5+,0) = 2(&Ne —EN) - (24 — 2),

95(G717)(8) = (—1 — )G 05G = (1+a)

L1+a(1 _ 5*5,€)2+a

K.

Corollary [5.4] in this setting gives

a(s o o, 0(5)C2q
1= "0, 5oge, - g0+ WO

a(s«) a(s)
- /T ’g(s*, 0)|(1+O‘)/2 Ll-‘roé‘ Sin(s* _ 8)|1+O‘ dS*
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(=2 —2a)a(s) 95(G'7*)(0)a(s)
+(5 T |g($*’0)‘(3+a)/2<€* * gN)(Z*—Z)— |Sins|l+a dS*
+ 0@,

We now detail the calculations that treat the integral terms I; in (5.4]). The
first two terms Iy, Is are simpler, so we will deal with them first. The exact form

of a and ¢ is not so important once we know the behaviour as 6 — 0. For Iy,
a(sy) = %Qs*, with a(s) = 0. Thus, Lemma gives

1
_ Ax 2—ay _ _
oI, = 5/_1/T iays dsedée O(627%) = 0(8) = o(1).

For I, a(s.) = WQS*' Thus, Lemmagives

aCQ,oz
[1+o

1
61, = 510 / €~ & e+
—1
s B rlteg
T |g|1F)/2 LIt sin(m (s, — s))[1 e

= 0(5") = o(1).

+6 ds, +0(5'7)

For I4, since L1, = L(1 — dk«&y), we write Iy = Iy 1 + 012, with

—LT,-N
/ /JI‘ |2 —x\HaQ&k Abx de,

LT, - N
Qe dé, ds,.
//w*—ww g 0. ds

For I41, a(sy) = —LTy - NQ¢,, and a(s) = 0. Therefore, Lemmagives

1
— L 2—«
fan = / /Jl‘ gz 48 46 + 007

T, NQ&* 2—a
=1 [ e dsdes -0

and Corollary gives (since 95¢(s«,0) = L(z — x) - (EN — &.Ny))

T, Nfl Qf*df* o o
14,1:—L/ = pite ds, +O(6°79)
20T, - N
! N-& Q, ds, d&,
—i—aé/ /Jr|z—z*|3+a z) - (€ £« N4 )0e8dy ds, A€
+0(6*%)
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Since we have chosen fil Q¢ d€x = 1, the first term is equal to the sharp front
evolution term —Z(z) - N = z, - N, and

I "N) =
5( 4,1 —
2LT, - N
(1+a) / /]I‘|Z—Z |3+a 2i) - (EN — &N, )8§Q ds, dé, + o(1).
For I42, a(sy) = L& Ty - NQg,, and Lemma and Corollary gives

o ] [

T

’Z* _ Z’l—&—cx

dss + O(9).

For I3, a(s,) = Ty - TV+Q,. Applying Lemma gives

! C « J_Q* S«=S§ C e
I — / 1, \4 = 2, - ARIR I
_1 \ L(1 = 6K&)6> | — &l (L(1 — 0rk&y)) e
T, - TV+Q, e VA 0T PR
- - ds, | dé,
T lgo|F)/2 (L(1 = 0k&,)) T sin(m(s — si)) 1+
+ 035,

The remaining integral in s, is dealt with by applying Corollary

Cla ! VJ_Q* $x=8 CQC! ! 1
I3 = ’ - * : Q* Sx=S *
3 Léa/_1 € e d“LH@/_lV =l
T, -T [t viQ,d¢e, 7t [Lvio,|, . dé.
+/ L & ftl oums 48 ds. +O(8' ™).
T |z — 2|1 Fe Litolsin(m(s — s4))|1 T

This covers all the integral terms in the equation, which completes the proof. ]

Remark 5.7. As opposed to the SQG case which corresponds to a = 0, there is a
‘single bad term’ with respect to  and a kernel in & (without s) appearing. For o = 0,
this term is split into two terms, a bad O(logd) term (removable by unwinding the
singularity, see [28]) and a logarithmic kernel term (see Remark [5.10, and also [28]).
The analogous derivation as above for an almost-sharp front in the sense of our

definition leads to the following approximate SQG equation:

zr T
o(1) =0 7 0s
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+or / / ’z_z*‘?) 2) - (EN — £.N.) 9L, ds, dE. 0,0

/ / Lr N T 606 45, 600

=
C10 1
T V0. loglé - ] dé. - VO
-1

2,0 T 10 0g /
1

T. - TVQy TVQL s, =
* 1578 ds, d&, - VL
/ /< |z — 24 L|sin(7r(s—s*))|> Sedey -V

5.3 A regularisation by integration across the almost-

VO, —s dE, - VQ

sharp front

As noticed in [28], the terms involving VQ+-VQ,

on integration in £ over [—1,1], since for any even integrable function F' and two

s, —s in the above equation disappear

functions f, g, we have the cancellation

//éf €[-1,1] FE-¢&) [f({)g(f’*) a f(@)g(f)] dfdé. =0,

and the integral terms in with VQ* - VQ,|s,— are of this form with f = 9,0
and g = 0¢(}, for every s fixed. In particular, the term of order 7 can be written
in this form with f = 0,2 and g = 9¢€2. This motivates shifting {2 by a constant
so that (keeping in mind that £ = 1 corresponds to the point z + 0N and N is the

inward normal)

Q(s,&,t) = ¢ C% smooth ¢ € [—1,1], (5.6)
3 £>1,
and we make the definition .
h(s) ::/ Qd¢.
-1

Then we have the identities
1
/ €05, d€ = ~h(s),

1
/_1359(5,5) de = 1.
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(This follows from direct computation, e.g. [, €9:Q(s, &) d¢ = [, €9:0(s,€) d€ =
fQ(s,f)@:_l - f_ll Q(s,£)d¢ = —h(s).) Thus we discover that h = h(s) satisfies a
much better behaved approximate equation, obtained by integrating the equation

for ,

2T
1) =0,h — —F}
o(1) =0 7

T, -N
Sx |'Z - Z*|3+a

+/ Lk, T, - N h. ds.
T

+ (2+2a)L (z — 2z¢) - (RN — h,N,) ds,

’Z _ Z*’1+()c
+/ T.-T(3,) rire(oh) 1 %
o\ 2 =z~ T=a[sin(n(s — so))[i+e | 7\ 1)

L
Since (;,1) = (}i) , we can rewrite the last integral term to get the equation

_ zr T,
o(1) =0-h — 7 h

+(2+2a)L/

Sx

Lr, T, - N T, -T(h — K
+/”h*ds*+/(*1)ds*.
T T |2zt

T, N

Namely, in the limit § — 0, h evolves via a linear homogenous integrodiffer-
ential equation that does no t depend on 2. so by rewriting the &, integrals in ([5.5)
using the two further identities

-1
Sx=S§ d§* = % 5

we can treat h as an independently evolving function coupled with §2 via the following

1 1
| en—enjagic = v +n). [ va
—1 -1

equation,
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2T
o(1) =0:Q — TasQ

+(2+2a)L/

T
Lk.T. N
+ / S s, 90

Cra0~ [1 VO, s
: * 1525 g, - VQ
L 1 € =&

Con (-1
G (1) e

T Ti) )
+/T <|Z — z|Ite L1 Sin(s — s, )|+ ds, - VAL

Thus, the introduction of h reduces the understanding of the evolution of Q to

T.,-N
|Z _ Z*|3+a

understanding a nonlinear system, where the main nonlinearity is in the single term

—1 — 1 Vﬂf‘s*:s
L Cl’aé a f—l W dé.* . VQ
In the case of the SQG equation, this term plays a central role in choosing a
reparameterisation to prove existence of almost-sharp fronts for SQG for a uniform

time independent of §. (See [30] for more details.)

5.4 Asymptotics for a parameterised integral

In this section, we prove Lemma [5.3 and Corollary [5.4 that were used in proving
Theorem We will state and prove a slightly simpler but equivalent version, which
comes from the following change of variables: recall from the notation of Lemma 5.3

that s is the minimiser of g, and ¢ is a function of s,. Set

Sk — S,

(s+3),
(s +3).

ISH

(s
(s

)
)

a
g

N}l

The minimiser of g is 5 = 0. Dropping the tildes, we arrive at the following lemma,

which we now prove.

Lemma 5.8. Let o € (0,1) and T := R/Z. For v > 0, let I = I(7) denote the

following family of integrals,

a(s)
I = d
/ﬂ l9(s) + 72[Fe)2 ©
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where a = a(s), g = g(s) € C>(T) and g has 0 as its unique global minimum at s = 0

that is non-degenerate, i.e.
g"(0) >0, argming=0, g¢(0)=ming=0.

Then we have the asymptotic expansion as T — 0,

a(0) , ., a(0)(a"t21T* +b,)
I=-gCar ™= Gira
a(s) a(0) 2-a
+ /3611‘ g(s)[1+e)/2  Gl+a|Sin s[1+a ds+0O(r"™%), (1 —0),

where:

1. Sins :=sin(ws)/m,

2. Cy is the constant Cy, = % < oo (which diverges as o — 0),
2

. 1/2
3. by is the constant by, = f—{/2(\s|11+a - ‘Sini‘lm)ds < 00,

4. G is the constant G := +/g"(0)/2 which is well-defined since g"(0) > 0, and
5. the O(12~%) constant depends on W3°° norms of a and g.

Proof. The proof will roughly follow the structure of the proof of the auxillary lemma
of [28] that corresponds to the case o = 0, except in parts where the fact that o > 0
is needed, e.g. C,, < oo. Here, we take (—1/2,1/2) as a fundamental domain for T.
We split I = Lyear + Itar into an integral Ije, around the minimiser of g and I, on

the complement,

a(s)
Apear == (-, ) Inear == ds,
(s—,84) /Anear l9(s) +7_2’(1+a)/2 S
a(s)
Apar =T Aneara Itor := ds, 5.7
f \ f /Afar () + 72|(1+e)/2 S (5.7)

where sy are chosen (depending on g) sufficiently close to 0 so that we can choose new
coordinates o such that g(s) = 02, and that g(s_) = g(s1) =: 03 < 1. Also define

a(o) so that a(c)do = a(s)ds in the integral. Thus Inear = [+ % do, so

—00 |o2472

this reduces understanding Ie,; into understanding this change of coordinates, and

71



an integral with a simpler denominator. We decompose Ijear further into 3 parts:

A alo) do =1 I I
near — v |0_2 T 7—2|(1+a)/2 0 = Ipear,1 + near,2 + near,3;

— o0 1
Inear,l = a(O) /00 ‘02 + 7.2’(1—i-a)/2 dU’

g0 ~ A
b= [ OO

—op o't

— 70 " n ! 1 1
Inear,?) — / (CL(O') - a(O) —a (O)U) <|O'2 + 7.2|(1+a)/2 o |0-|1+a> do.

o0
By the regularity of @, these integrals are well-defined. Ijear,1 is the only term that
appears for a constant function @ = @(0). Inecar,2 is bounded independent of 7. Iyear,3
can easily be seen to be O(727%) using the following simple bound,

1 1 20717 o| <7,

|02 + 72|(14a)/2 - glta

20737 |o| > 1.

The first bound follows from the triangle inequality and 2 +72|1(1 oz < |0|11+a;

HTO‘ < 1 and the Mean Value Theorem applied to

f(z) =2z~ (+)/2 e, for some 6 € (0,1),

the second bound follows from

(5.8)

f(w+h)—f(ﬂf)=f’(x+9h)h=_<1+a> i

2 \x+9h\(3+°‘)/2’

with 2 = 02, h = 72, and |z + 6h|~G+2)/2 < |z|~B+2)/2] This implies
| Inear,3| < |la”|| Lo / 202 1« da+/ 20?237 do
-7 7<|o|<o0
=O0(r*).
We focus now on Inear,1-

Constant case

Here we will try to understand the following integral which appears in Iyear,1,

oo 1 —a oo/T 1
= /—ao ’(72 + 7_2‘(1—&-&)/2 do=7 /—00/7' ’02 + 1‘(1—&—@)/2 do

—a oo/T 1
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In contrast with the a = 0 case, the integrand is in L!(R), so we can easily write

down the following expression with an error term,

J_o9-a > do o do
=27 ) ‘0_2+1|(1+a)/2 o oo/r |02+1|(1+a)/2

_ 9o /°° do _/°° do +/°° I 1 do
o |02+ 1|d+e)/2 oo/ olta o)z OIFC |02 + 1|(0+a)/2

=Cor ™ * —

- + Rem,
aocf

do
where C,, = fR T = T
(using (5.8) with z =02, h=1)

— _ — _ 2
|Rem\§27’ a/O_O/To‘s'J"a_QT QW_O(T)’ T — 0.

Hence we have that J = Cp77¢ — % +0(7?) as 7 — 0.

Rewriting the result in original coordinates

Here we undo the transformation s — o.

Recall that the transformation’s defining equation is g(s) = 2. We can
write g(s) = ¢”(0)s?/2 + O(s?) since s = 0 is a global nondegenerate minimum of
g with g(0) = 0. Hence for & > 0 (and therefore s > 0), 0 = s1/¢”(0)/2 + O(s) =
51/9"(0)/2 + O(s?) as s — 0%, by the differentiability in h of \/¢”(0)/2 + h. The

case 0 < ( is treated similarly, leading to

o=1/g(s) =1/ g”éO)S +0(s%), s—0,

and hence 42 —0> 1/ %(O). This constant appears often in what follows, so define
5—

ds

the shorthand G := %(0). Remembering that a(s) = 92a(c) by definition of a,

this means that
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which allows us to rewrite Inear,1,

a(0) _ a(0)
In r,l — « *—2
car,t =~ CaT aGod

+ 0(7'2), T = 0.

Let us now treat Inear2. Let 0 < 01 < 09, and let s;— < 0, s;4 > 0 be the two

unique numbers such that g(sj+) = o?. Since a(c)do = a(s)ds, it is clear that

‘Tgl)ff = (:)((Sl)is) 7. Hence, we only need to rewrite the other term of the difference

%%, which is a(0) f;lo oﬁli’a. We would like to replace the integral in o with
an integral in s. Observe that as 0 < 01 < gg and 0 < 514+ < 54,

/‘70 do 1 1 1 d /S+ ds 1 1 1
—_ = — — — |, an ) S ——
o ot a\oy of)’ iy stta o \s§, s

Thus, we have the following equality for any constant C,
% dg . [ ds 1{1 C C 1
=0 gratgloe e T oa )
a 7 S14 8 a\ 01 Si+ S% o)
N——

Treating s as a function s = s(o), the Inverse Function Theorem gives the asymptotic
s =G 'o + O(0?) for 0 < 1. This suggests setting C' = G~%, as then the terms
marked with a star x become error terms for oy < 1,

1 1 1 1 20(0?)

T e T (G ot < —0(cl™), o1 —0.
o  (Gs13)®  of (o1 +O(c?)> — aa%m (017%) 1

|U|dfm , yielding

/—”1 do 1 /Sl ds 11 Lo, 1
Lo lolMe G [ |s]ite T a\ o |Gsi|®  |Gs_|* o§ )’
—_————

=0(o1 ")

We can do a similar analysis for the integral f__;ol

which together yield (as [~ 7' 9% = [7° —dz_)

—oo Jo[tFe 7 Joy [o[tFe
g1 d
2/ 7f'+
., Jole
S+ ds S1- ds 1 1 1 2
- S — - 4+ = — O(ci—@).
sl+Garsl+a+/s Ga|srl+a+a(|c:5+|a+|es|a |ao|a>+ ()
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Hence, we rewrite Ijear,2 as follows,

o0 5 =
Inear,Q = / 7(1(0-) CL(O) do

|0-‘1+04

- 7% a(o) 7 a(o) 7 a(0)
_Jlllg10 </01 ‘0-’14-04 dO’—i—/UO |0_|1+a d0'—2/01 ‘U|1+O‘ do
. a(s) a(0)
=1 — d
03§0</51+ g Grefspa

N C) a(0) 1-a
+/S_ lg(s)[I+e — Glta|s[i+a ds +0(o,7%)
~_a(0) a(0) a(0)

aGltest  aGltels_|@ aGof

- / a(s) a0)

B |g(s)|1+a o G1+a|8|1+a

a(0) a(0) a(0) -
- — 2 (0] ). 5.9
aGltest  aGHtels_|* " aGof +0l™) (5:9)
As luck would have it, the term 2;2(;;)0& here in ((5.9) exactly cancels with the term

with _2aaG((z)7)g in the equation (5.10) for Iyear,1. We therefore can write Ijear as

follows,

Cal0) o [ as)  a(0)
Tnear = =57 CaT +/s_ g(s)iTa ~ Grrals[ira 48
a(0) a(0) FO(r2), T 0. (5.10)

~aGltesy  aGltals_|a
The full result

To finish, we need to also consider I,.. Recall from (5.7) that Agy = T\ (s—, s+).
Note that with si fixed, g(s)~(1+%)/2 is L2°(Ag,,), and the following error estimate

W iS SmOOth in T <L 1:

a(s)ds B a(s)ds 9
. s s = [, oy 00

far

holds, since

We also have the following easy computation,

Agay 18110 —-1/2  Jsy |s|tHe e’ ast  als_|*
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This yields

a(s)
Iy = d
fa /A l9(s) + 72[0Fe)2

far

S C R -

ar ‘g(s)|(1+o¢)/2 G1+a|s|1+o¢

a(0) 1 2
* Gres |, e 4+ 01)

S o,
A 19(8)[0F)/2 0 GlFa|s|+e
—21*24(0) a(0) a(0)
aGlte aGltest  aGlte|s_|«

+O(7%). (5.11)
0 0 . 0 0

The terms acﬁgisi + aGli(a|)5_|a in (5.11) cancel the terms —aG‘iigsi - aGI(JIr(a|)s_|a

in ([5.10]), leaving an expression that does not depend on si. Therefore, we finally

arrive at a complete asymptotic for I,

21+aa(0)
aG1+a

12 () a(0)
+/ — ds+O0(r>™%), 7—0.
s )|~ GiFasfira 45O

I=—*Cyr“—

Since a, g are period 1 functions, defining

1/2 1 7T1+a
bo = — ds € R,
. / 1o s Tsin(ms)[ e <

we can write

a(0) , o a(0)(a”'2M 4 b,)
I = 70047' — Gl+a
a(s) 7r1+04a(0) -
! /seT lg(s)|+)/2 — Gl+a|sin(ns)|1+e ds+0(t*"%), 170,
which is the claimed result. .

We also write down the following corollary.

Corollary 5.9. Let T := R/Z. For § € (—dp,00) sufficiently small, let H = H(J)
denote the following family of integrals,

a(s) a(0)
H= -
/se’JI‘ (Ig(s, g)[IFe)/2 G (5) ] SiDS\“a) ds.
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where a = a(s) € C*(T), g = g(s,9) € C°(T x [0,00)), and g has a unique global
minimum that is non-degenerate with 82g(0,-) > ¢ > 0 for a constant c independent
of 6, and

argming(-,0) =0, ¢(0,0) =ming(-,9) =0
and G(8) := 1/929(0,6)/2. Then we have the first order Taylor expansion H(t) =
H(0) + H'(0)§ + O(6%) for T < 1, with

H(0) = /GT (a(s)&;g(s,O)(—l — ) 85(G_1_0‘)(0)a(0)> s,

[9(5,0)[ B2 [Sin s[1+o

Remark 5.10 (logarithmic asymptotic for « = 1). The above does not cover the case
a = 1. This has been computed in [28], and we paraphrase it here for completeness.

For 7 > 0, let I = I(7) denote the following family of integrals,

a(s)
I= — s,
/ l9(s) + 72172 °

where a = a(s),g = g(s) € C*®°(T) and g has a unique global minimum that is

non-degenerate with
argming =0, ¢(0) =ming = 0.

Then we have the asymptotic expansion as 7 — 0,

_ al0) a(0)(log 7 + log G + b)
I= 2C log T+ e
a(s) a(0) ,
- 1
+/seT G52 G|Sins) 6O logT), 70,

where:

1. Sins := sin(ws)/m,

2. b is the constant b := f_l{% %' — |Silns|

ds < o0,
3. G is the constant G := /¢”(0)/2 which is well-defined since ¢”(0) > 0, and

4. the O(7?log ) constant depends on W3 norms of a and g.
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Chapter 6

Curves in the transition region
of Almost-Sharp Fronts

In this chapter, we demonstrate that ASF solutions to our generalised SQG equation
shares some similarities with ASF solutions to the SQG equation. Firstly, we show
that a generic curve transported by an almost-sharp front evolves like a sharp front
up to O(617%) errors. We also provide an elementary proof of a slightly weaker result.
Finally, we show that the analogue of a spine curve from [26] can also be defined in

our setting, and its evolution has the better behaved O(§%~%) error.

6.1 Evolution of compatible curves

We have seen that a sharp front solution to is completely determined by the
evolution of a curve. For an almost-sharp front, any open region where 6 is constant
will remain such a region for short times, so the evolution is fully specified by the
evolution of the transition region of size O(d). A first step in understanding their
evolution comes from understanding how compatible curves are transported by the
equation in the regime § <« 1, which we now address.

We will prove the main result of this section, Theorem [6.2 by relying on a
fractional Leibniz rule . Then, we will give an elementary lemma (Lemma [6.3])
that replaces the more complicated at the cost of a small loss in the error term.
The proof method of the lemma is similar to a simpler lemma (which can be found
in [25] for instance) which we shall prove first, since we also need it for the proof of
the full result. The author could not find Lemma [6.3]in the literature.

Lemma 6.1. Let 0 < s < 1/2 and suppose A C R? is a bounded set with C?
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boundary in RY. Then 14 € H*(RY) with
IA* 1472 Sa.s 1A

Proof. We bound the Gagliardo seminorm [14]gs directly, which is known (see for
instance [54]) to be equal to ||[A®14||z2 up to a constant depending on s only. By

definition,

14(x) — La(y)|? dydx
(Ll :/ / ) = 2l e = 2 =l
R4 JR4 |JI - y| €A JyeAc |JI - y|

Writing out a ‘layer cake’ decomposition(see for example [46] page 26]) with p the

2d-dimensional Lebesgue measure, we obtain

) 1
2 c. _ -
[1al5s /0 H [«T €AyeAlz—yl< tl/(d+2s):| dt

& 1

where m(t) is the function
m(t) =plr e Ay e A°: |z —y| < t].

For any set U C RY, define (U). = {x : d(x,U) < ¢}.
Performing the change of variables 7 = W%QS), dt = (d + 2s)77 9725~ 1dr,

we can write
oo
2 m(7)
[1al7s = (2d + 43)/0 sy dr
“ _m(r) * m(r)

< ————d ————d
Xd,s /0 —dv2s+1 T + /EO —dv2st1 7
— Il + 127

for some €y to be chosen as follows. We can bound m(7) using the inclusion

{reAyecA®: |x—y| <71} C{xr € Aye€ Bpa(z,7) : d(z,0A) < 1},
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where Bpa(z,7) is the ball around x of radius 7, which implies

m(T) =ulr e A,y € A®: |z —y| < 7]
< plr € A,y € Bra(z,7) : d(z,0A) < 1,]
< |Bra(0, )7,

since (QA), is O(7) by the C? regularity of the boundary. But for 7 > |A|, the

following easier bound is better,

m(T) =plr e A,y e A°: |z —y| < 7]
<plreA:y € Bra(x,T)]
S |Bra(0, )] Al

For the optimal bound, we should choose ¢y = |A| to define I, I5, giving

Al qr 1
Il Sd/ - ﬁ|‘4’1_25 S,s |A|1_2S,
0 — 4S8

7-23
and - A2
dr =<8 _
B Saldl [ o = 1A s A
Combining the bounds for I; and Is gives the result. O

Armed with this inequality, we can now present the main result of this section.

Theorem 6.2. Suppose that 0 is an ASF solution to (1.1), and z is a compatible
curve as defined in (5.2). Then as z is transported by u, it evolves (in the weak
sense) by the sharp front equation up to O(5'=%) errors,

Dz N = <—/TK(2 ) (Byzn — 052) ds*> N+ 0@,

Proof. The strategy of this proof is the same as [19]. For brevity of notation, we

shall in this proof write
(1'1117 Lid, 1out) = (1Afnu ]-Afmdy 1A(Z)ut)'

As in the proof of Proposition IE, the term [ fRQX[O o0) 0¢¢0 brings out the
time derivative of the C2? boundary curve(which has bounded curvature) as follows:
since the set A4 has measure O(d), we see that if 20 = 2 4+ §N parameterises the

boundary of Ajy,,
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// 9,00 dz dt = // B da dt + O(6)
R2 x[0,00] {z€R2,t>0:z€Ain (1)}

:/Oo/8t(z‘5)y3<b(z‘5,t)dsdt+0(5).
0 T

Here, /3 is the outward normal v’s third component as a vector in (2!, 22, t)-space,
and

A (20 = 91(2°) - Bs((2°)F) = (L — 6LK)Dy(2 + ON) - Ds2t
= Loz - N + O(0),

where we used our definition of a compatible curve. Hence, as ¢ € C! and dl = Lds
for the uniform speed parameterised curve z, writing 9A for the curve parameterised

by z, we have

// Orpf dx dt = / #(2)0z - N dldt + O(9).
R2 [0,00] 0o Joa

We now treat the second term [ ng X [0,09] u-V @b : observe the following decomposition,
where we have written u = V1K % 0 = (V1K) x 6 as a convolution of  with
the kernel V1K, and used the bilinearity of (f,g) — [g2 VIK x f - Vg, and
0 =0 (Lin + 1mia + Lout) = OLmia + Lin:

/Rzu.we

= / VJ'K * 1y - qulm + / VJ'K * 1y - v¢91mid
R2 R2

6.1
+/ VK % (01mia) - VOOl +/ VK (01imi) - Volin (6.1)
R2 R2

=: (EVO) + (A) + (B) + (C)

= (EVO) +[(A) + (B)] + [(B) + (C)] — (B).
We will estimate separately each of the 4 terms in the last line of (6.1)). Up to O(§'~%)
errors, (EVO) will give us the evolution term, and the square-bracketed terms will

use the C¢ regularity of @ = 01,,;q + 1;, that is not available when estimating (A) or
(C) alone.
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1. Control on [(A) + (B)]. We proceed by splitting the kernel K,

(A)+ ()] = [ VAK +0- Vo
= [ (A1) 56 Vot
+ [ (TE R ) 40 Vg

=1+ b.

We note the bounds

o0

rdr o
(7 K)5) 20 S 10l [ T o 677, and

r=

(V)1 <5) * 0(2)| = ‘/ |<6K(y)9(a¢ —y)dy

o (O —y) —0(z)
K(y)lyl ( e )dy

ly|<d

)
rdr
S [Blew /T_O -

[0 car 6%
— 05,

A

AN

where in the second inequality, we used the regularity assumption [0] o/ < 5
for some o/ > a.. Hence both I; and Iy are integrals of O(6~%) functions that
have support of size O(6), due to the 1,,;q term. Therefore, (A)+(B) = O(5179).

2. Control on [(B) + (C)]. Here, notice that

/VLK*f-g:—/ 8x2K*fgl—l—/ O K fg?
R2 R2 R2
— _/ f@cz[(*gl +/ f8x1K>ng.
R2 R2

The important feature is that the two kernels 0,1 K(—x), 0,2 K (—x) have the
same —2 — o homogeneity as V'K, and have mean zero on the unit sphere.
Hence, with f = 61,3, and g = V¢ € C°, we can repeat the proof as for
[(A) + (B)], obtaining the same O(5'~%) estimate.

3. Control on (B). Writing R = VA~! for the vector of Riesz transforms (see for
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instance [76]), we have VXK * f = RYAYf, so that

(B)] =] [ T4K 5 (0Lia) - (F09100)

— / RYA%(01034) - (VPO1mig)
]R2

= /R 2 REAY2(01,05q) - A2 (Vp01054)

A

RN (0La) | (A2 (T901m0)|

L2
S

Aa/2(01mid)’

Aa/2(v¢91mid)‘

27

o)
where the last line is by the boundedness of R' : L? — L%. To bound these

terms, we will use the following fractional Leibniz rule of e.g. [41],

IA*(F)ll2 S IA fllzeellglic2 + [[fllzl|A%g ]l L2, (6.2)

and the following easy estimate that comes from bounding the following

two terms separately (similarly to the earlier part of this proof) A®f(z) =
f@=1W) 3, — f@)=f()
Jez W dy = (f|1’—y\§6 t flw—y\>5> W dy,

IA*f (@)oo < 0% [Flsse + 677 flloe-

By interpolation and the assumption |V6| < $ in Deﬁnition [flos+e SO07°7°€
for s + ¢ < 1. Setting s = /2, g = 1piq (note ||g|/z2 = 6%/2) and f = 0 or
V¢, we obtain

[A2(0Lmia) 2 < 6102,

and also

< 6(1—04)/2'

~

Together, these inequalities prove that |(B)| < §'=«.

Aa/2(v¢91mid)(

L2

. Evolution term in (EVO). By following the proof of the analogous sharp front
result (2.4) and using 2° = z + §N again,

L = /T (%) ( /T K25 — 20,2 - as(zf)lds*> ds
_ /SGI 6(2) </T K (2 — 2) (0520 — 042) ds*) N ds +0(9).
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This last line follows from a simple application of the Mean Value Theorem, treating
0N as an increment. This completes the computation of the required inequalities,
and the result follows. O

In the above proof, we relied on a fractional Leibniz rule (6.2)). The following

lemma can serve as a weak replacement:

Lemma 6.3 (Holder-Indicator Leibniz Rule). Let 0 < s < 1/2, s < s, suppose
A CR? is a bounded set with C? boundary in RY, Let f € C* (A) be an s'-Holder
function. Then the extension of f by zero, f14 belongs to H*(R?) with

2(9 s

1A (FLANT 2 (Rt Sdis 11 To0 ([ AT ™2+ [T [ Al

Proof. We again bound the Gagliardo seminorm [f14]%., similarly to the proof of
Lemma 6.1l We have

z) — 2
i =2 [ [ MAE ZBOWE
1 xT) — 1 2
+// u A>,;)_y|(diz;4>(y)‘ dz dy
_2/Ac/A|x_y|d+2sd$dy

f(z) = f(y)]?
—i—/A JRRTreEE dx dy.

Using the inclusion,

e. |f@)P e. Il

one can easily follow the proof of Lemma [6.1 for when only one of z,y is in A to

obtain
[ dray a7

but unlike Lemma we do have contributions from when (z,y) € A x A. That is,

we need to obtain a bound on the following integral,
_ 2
IA:—E/‘ @) =W 4 g,
Ada |z —yltt
Using the layer cake decomposition again with
m(t) = p(r,y € A,y € At |z —y| < 1),
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we can estimate I4 as follows:

00 r _ 2
IA:/O I xeA,yeA:W>t]dt

o [ /12,0
S/O ulreAye A: 7 = 2= >t dt

1 e Aye A:lz—y| < ([f]%s/t)m} dt
(12 /7= ) dt

00 ~
2 m(7)
Sd,s,s/ [f]cs’ /0 m dr,

1
where in the last line we have changed variables 7 = (] f]és, /t)4+26=" and ignored

some constants. Observe now that by reasoning similarly to the proof of Lemma
m(7) Sq min(|A[%, |A[r9).

Hence, the optimal bound is obtained by splitting the integration region 7 > 0 into
the sets 7 € [0, |A|"/?] and 7 € [|A|"/?, ], which yields the following inequalities,

A1/ dr &0 dr
2 2 2
SR [ e AP [ et

|
)

’2_ d+2(s )

= 2 (AP 4 A

2(5 )

S 1A=,

so long as s’ > s. As there is no contribution to [f14]%. when (z,y) € A° x A°, this

concludes the proof. O

In view of Lemma Lemma [6.3|is reminiscent of the fractional Leibniz rule
(6.2). Lemma instead gives us the slightly weaker result for any 6 € C*T¢(R?),

IA*(014)] 2 S 627572,

or [|[A%(014)]2 < 6213 for arbitrary dimensions d. This produces an

elementary proof of the following slightly weaker result:

Proposition 6.4. Suppose that 6 is an ASF solution to (1.1)), and z is a compatible
curve as defined in (5.2). Then for any o' > «, as z is transported by u, it evolves
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(in the weak sense) by the sharp front equation up to O(5'=*") errors,
Dz N = (— / K(z — 2.)(0s2e — 052) ds*> N+ O(6).
T

6.2 The spine of an almost-sharp front

Here we introduce the concept of the spine, first considered by Fefferman, Luli and
Rodrigo in [26] to understand almost-sharp fronts of SQG. Our construction closely
follows [26], but adapted for boundaries that are not necessarily graphs. Instead
of having pre-determined Cartesian coordinates, we will have to use the fact that
our definition of an almost-sharp front comes equipped with at least one compatible
curve.

To simplify the following calculations, assume without loss of generality € is

given by (5.0).

Definition 6.5. Suppose an almost-sharp front has tubular neighbourhood coordi-
nates (see Section (s,&) for the transition region, induced by the compatible
curve z.

We say that the curve S is a spine for the almost-sharp front with base curve
z if S is also a compatible curve, and there is a C? function of the uniform speed

parameter f = f(s) taking values in [-C?, C*] such that

=
/ (&« — f(54))0:0 €, = 0,

—C*
or equivalently by the choice Q1> = £1/2, f(s.) = —f_céz Q, d&,, and the
corresponding spine is the curve S given in (s, &) coordinates as & = f(s), that is:

S(s) = z(s)+f(s)N(s).

The function f acts as a correction so that, for example, the base curve is
also a spine if f = 0.
An immediate consequence of Definition by integrating by parts is the

following cancellation property for any constant C' > || f| e,

fHCHC*
0= / Q. de.. (6.3)
€u=f—C—C=

where 2 is continuously extended to be constant on |[£| > C# past the geometrically
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0.5

-0.5

-1

(s,€) e R/Z x [-1,1]

Figure 6.1: An illustration (thick curve) of a function £ = f(s) mapped to the
tubular neighbourhood of a curve (thin curve). If it satisfies the equation 0 =
fgzz (&« — [(54))0e 82 d&s, then it defines the spine curve from Definition

significant range that defines the tubular neighbourhood. Indeed, for D > 1,

f+D
f—D

f—D —C*
=—f

f+D f+D oL

=) £.0c dEs
We also have the following property.

Lemma 6.6 (Spine approximation property). Let 6 be a C? almost-sharp front, and
let S be the spine curve defined by the above (6.5)). Then for any T = T'(z) € C*(R?),
as § — 0,

/ Vg de — —/r(s*)ass* ds. + O(||T | c262). (6.4)
r€eR?2 T

That is, when testing against functions I' € C2(R?), we have the approxima-

tion of the vector-valued measure,
V410 de = —9,8,dd¢, 1, ds. + O(6?)

in the tubular neighbourhood. We remark that in (6.4]), we keep the ||T'||c2 depen-
dence in the O(§?) constant because we will require the use of test functions with
|IT||c2 that degenerate as 6 — 0 (specifically in understanding (6.13)).

Proof. Write T' = I'(x(s,£)), with = z + 66 N. We are looking for the following
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expansion

// (605Qu Ny — L(1 — 05k.£.)0eQ.To) T ds, dés

i , (6.5)

+/ [.0,S, ds, = O(5?).
T

We Taylor expand around S, in the direction of N, to obtain the following asymptotic:

[y = (z) =T(S,) 4+ VI(S,) - (24 — Si) 4+ O(|z4 — S4|?)
=T(S,) 4+ 0VI(S,) - No(& — fo) + O(6?).

Plugging into the left hand side (LHS) of (6.5) and collecting coefficients of I'(.S)
and VI'(9),

LHS

1 1
_/ lr(s*) (ass* _ T*/ L(L - 65u£,)0c0, d, +6N*/ 0,0, dg*)
T -1 -1

+GVT(S,) - N, / ) (00,0 N — L(1 — 65.6.)0c0T,) df*] ds.
(6.6)
+ 0(8%)
1
:/T (S)<as _ /1 (1= 55) 062, d§*+6N/ 9.9, dg*)

— L6VI(S,) - N, / — [0 QT e, | ds, + O(6%).

The following identities follow immediately from the definitions of S and f,

1
O:f;—{—/ 05, d&,
—1

1

0 :/ (& — f+)0:Q. dE, and
-1

B85S, = L(1 — 0ruf)Ts + 6N

1
= L(1 — 6k, fu) T, / 9cQ, d€ + S fL N,
—1

showing that the right-hand side of is of order §2, as the terms in the square

brackets vanish. ]

88



6.2.1 Evolution of a spine

Proposition [6.2]showed that any compatible curve evolves by the sharp front equation
(2.3) up to an error of order O(5'~%). However, for the spine, we will be able to
improve this to the better error rate O(§2~%). This shows that in a sense, the spine

curve arises as the correct correction at length scales ~ § of a compatible curve.

Theorem 6.7. For an ASF solution to (1.1), the spine curve S defined above in
Deﬁmjtion@ evolves (in the weak sense) according to the sharp front equation up to
O(6%=?) error. That is,

8S- N = (- K(S — 8.)(05S, — 855) ds*> N +0(6%%). (6.7

s«€1

Proof. Without loss of generality, suppose that the constant for the base curve
C%* =1, and let us choose § < 1 so that we can extend the £ coordinate to the range
[—3,3]. This amounts to having a well defined neighbourhood of thickness 6. The
constants chosen here are arbitrary and only serve to simplify the later computations.
Recall that @ is a weak solution if for every T' € C2°(R? x (0, 00)),

0= / / 00, + 0(u - VT) dz dt. (6.8)
t>0,x€R?

Define for each time ¢ the spine curve S = S(s,t) € A2 (t), the inner region
bounded by the closed curve S + 20 N with N the inward normal, the outer region
A5 (t) bounded by S — 25N, and the tubular region A%, (¢) in the middle of radius
25. We give the names ST and S~ to the inner and outer boundary curves of Aiid

respectively,

ST :=8+4+25N =2z+6(f+2)N,
ST :=8—-2N=2z+6(f —2)N.

In addition, we will use the mildly abusive notation

St o=+1,
ST o=-1.

S7 =
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We thus have for each ¢t (up to null sets),

Rz = A;Sr;( ) U Aout( ) U Amld( )7
AS (1) C{x: Oz, t) = +1/2},
AS (1) C {x: O(x,t) = —1/2}.

out

Also define the related partition of R? x [0, 00) by

= J 4l < {t},
t>0
out - U Aout X {t},
t>0
mld - U Amld {t} :
t>0

We treat the two integrands 00" and 0(u - VI') in separately, with the three

sets to integrate over. For the first integrand, we have the three terms,

// _|_// —|—// 00, dz dt =: Iin + Iout + Imia-
A At Aia

For legibility reasons, we will abusively write

mid := A% out := A°

mid» out"

in = A°

in»

In the tubular coordinates around z, with L1(s,§) = L(1 — dk(s)§) = L + O(9),
f+2
b= [ |0 006,010 (€) de s o
>0,s€T JE=

f+2
//>0 GT/g S 57 ( ( 76)7t)L6d€det—|—O(52)

By the spine cancellation property (6.3) we have

Imid
f
— / /+2 (5,€),) — AT(S(s), )] dé ds dt + O(5?)
>0,5€T Je=f

= 0(6%),

since |0 (x(s,&),t) — OL(S(s),t)| < |x(s,€) — S(s)| = O(6) uniformly in s and &.
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For Iy, we apply the Divergence Theorem in 3D,

1
// 00,7 dt dz — // Voo, H dt d
(z,t)€in 2 JJ(z,t)ein T qr
1

_1 / / T(S™,)[S™] - D[SHE ds dt.
2 JJi>o0,seT

Similarly for I,y we obtain the term (note the minus sign from the opposite orienta-

tion)

// 00,1 dt da = -1 // D(S™,t)(—0:[S7]) - 9s[S|* ds dt
(z,t)€out 2 t>0,s€T

_1 / / (S~ H)0h[S7] - D,[S]* ds d.
2 t>0,s€T

Since S* = S+ O(6), we obtain by the approximation formula valid for C? functions,
fla+b)+ fla—1b) =2f(a) + O(b?), (6.9)

wit e constant 1mplicit 1in the notation depending on L) tha
ith th tant implicit in the O(b?) notation dependi " hat

// 00, dt dx = // [(5)8;S - 9,8+ dsdt 4+ O(6?),
inUout t>0,s€T

with implicit constant depending on ||T'||c2 and the geometry of the base curve z.
We therefore obtain that the first term is

Iin + Iout + Iig = // 00, dt dz
t>0,rcR?
= // [(5)0;S - 9,5+ dsdt + O(8%).
t>0,s€T
For the second term, define B(t) as the following integrand,
/ Ou - VI'dxdt =: B(t)dt.
2€R2,t>0 t>0
We need to control B(t), which has compact support in ¢ due to I'. There will be no

interaction with ¢ so we suppress the time dependence in the integrands. We now

symmetrise the integrand of B(t) by reversing the roles of x and vy, as follows:

B(t) = / L Tl =) TT@)0()0(y) dedy, and
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- y (lz =y 7 x)dz
B(t) = /meRQ /yesz (lz =y~ %) - VI(y)0(y)0(x) dz dy
/ / —Vi(Jz —y|'7%) - VI(y)0(y)6(x) dz dy,
x€R2?2 JycR2

which implies that
2B(1) = / / Vijz —y|""®  [VI(z) — VT(y))8(2)6(y) dz dy.
zeR? JyecR?

We split R? x R? = Cy U C; U Cy, where the subscript in C; depends on whether

none of, one of, or both of z and y are in mid respectively,

Co = (mid) x (mid)*,
C1 = [mid x (mid)] U [(mid)® x mid],

(9 = mid x mid.

Then define By, By, B2 by
1 —1l—«
_1 / / Viz -y [VI(z) — VT(3)]8(x)6(y) dz dy,

so that By(t) + Bi(t) + Ba(t) = B(t). These terms differ based on if 6 is locally
constant on C;. For instance, if 0(x) = :l:% then integration by parts in x is simpler
than integration by parts in y, and is likely to simplify the calculation.

B; is an error term

We show this by integrating by parts in y, which gives a difference of two line integrals
(corresponding to the two boundary components of dmid.) First, we separate B

into two similar terms:

1 1—-a
2By (1 //(Cv 2 =y~ [VD (@) — VT (5)}0(2)0(y) de dy

/ / ] Vi -yl
z€mid,y€(mid)° z€(mid)¢,yEmid

[VI'(z) — VI'(y)|0(2)0(y) dz dy
=: B11 + B12.

We show below that Bjs is of order 0(52*0“); By can be estimated in the same way.

After integrating by parts the derivative in VI |z —y|~'=® and using the product rule
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VL (fV)=VEf -V + fVL .V, we are left with only the boundary terms because
V+ . VI = 0 and also vl9|w6(mid)c = 0. For arbitrary vector valued functions F',
note that the Divergence Theorem gives

V. F(z)dz
mid®
= / F(JI) ’ ]Vout,@midc (37) dz
Omid®

= [R5y @y as. — [ PsD)- @.50)" ds.
T T

—— 3 [ Fn- .50 0 ds.

o==+1

So as §(S7) = §, Vt.F =V-(-F1Y), and V0|gmiqa = 0, we have the following

special cases of the Divergence Theorem, which we will repeatedly use:

V1. F(z)0(z 93——1 [(S7) - 7)ds .
. (x)0(x)d 2U:Eﬂ/1r (S7) - (0s57) dsx, (6.10)
V. F(z)0(x)de = 1 E 7)- 7)Lds
" F(z)0(z)d 2Ui1/TF(S*> (0s57) dss. (6.11)

Therefore, we can write Bqs as follows:

Bia

[ o) [ o=yl V@) - VD) Do (@)6(0) o) dy
mid Omid®

1

/m | 9<2y> 3 /T 57— y| 71 VI(S9) — VI(y)] - 0,52 ds..dy.

id o=+1

=:G(y)

Writing the y-integral in tubular coordinates around S, we can use the cancellation
identity (6.3) to see that

f+2
2B = [ [ 05 0(Gl(s.6) - GS)Ldsds + O,
T Je=f—2
In what follows, we will write y for the parameterised point y = y(s,§). If we can

prove |G(y) — G(S)| < 6179, this would imply that Bz = O(627%). We now use a
smooth cut-off function ps(s) = p(s/d) with supp p = [~1,1], p|j_1/2,1/29) = 1 to split
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the G(y) into two parts,

cw=3 /T 157 — Y"1 O[VI(S7) — VT ()] 0. (S7) ds.

G(S¢.y)
=S /Q(Sf,y)-ﬁs*Sfds*
o=x17T
= Z p5(5 - 5*)g(53ay) : 85* (Sf) ds,
o==+1 T
+ ) /(1—05(8—8*))9(5379)'35*(53)‘13*
o==+1 T

=:G1(y) + G2(y)-

Note the function G = G(z,y) defined for notational convenience by the above lines,
with z = S?. For Gy, the support in s, of ps(s — sx) gives us the required control
using |G(z,y)| Sr |z —y|™%, so that |G(S?,y)| = O(|ss« — s|7). Therefore, we have
the bound

Gl < Nl 1851 G (ST, ) L1 s—s.55] = Opr (8.
So it now suffices to study the derivative of G2, since

Gy) — G(9)] S Galy) — G2(S)| + O ™)
SIVGallz=ly — S|+ 05 )
= [VGall1=0(8) + O(6').

In the tubular coordinates y = y(s, £), we have to control the two terms 9sG2(y(s,&))
and 0¢Ga(y(s,€))/6. The first term is

ékCJQ(y)
=y /T—(?s* (1= ps(s — 54)) G(S7,y) - 05.(S7) ds.

o=%+1

+ A(l—p(s(s—s*))asg(ss,y)-88*(S:)ds*

o=%1

= 30 [ sl = 5 (2..0(7.9) + .G(ST. ) - 0.(52) d.

o==+1

+ D A(l—pa<8—s*))g(52,y)-af*(sg)ds*.

o==%1
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The worst term 95, G(S?,y) + 05G(S7,y) is O(|s« — s|717%), and the cutoff function
restricts the integration to the region |s — s.| > d/2. Thus, ;G2 = O(§~%).
The other term %agGg(y) is simpler since the cutoff ps does not depend on &,

,8£G2 Z/ 1 — ps(s—sx)) X

o==+1

1, (VI(S7) - VI(y) -

=:G2,1(y)

Note that $9:G2.1(y) = VyG2.1(y) - 39¢y, and 39y = N = O(1); so we have an
O(|s — s4]717%) integrand, integrated on the region |s — s,| > §/2. Hence, we see
that Ga(y) = O(627), so Bi1, Bz = O(6%7%), and therefore

By = 0(627%).

B, is an error term

Here, we are forced to use integration by parts instead of (merely) the Divergence
Theorem, since neither 6(x) or 0(y) is locally constant. This leaves us with an

integration against V6 dx, allowing the use of Lemma

2

By(t
// ec Vil —y| 77 [VD(2) — VI ()]0(2)6(y) dz dy

=73 Z / YIS —y[TITA[VE(ST) — VI(y)] - 05.(57) ds.dy (6.12)
o==+1 m1d

- /mid </md o =y 7V (2) = VT ()16 (y) dy) Vio(z)de.  (6.13)

=:Q(x)

Above, the Vi never falls on VI' due to V- V+ = 0. For (6.12), the singularity

is no worse than the one for B; and can be treated in exactly the same way. For

(6.13), we aim to use (6.4) of Lemma @, so we need to estimate |[V2Q| 2. In

what follows, we concatenate vectors to denote a tensor e.g. (U WV)ijk = U W;Vy,

and (VQF)Z-jk = 0;0;F). Then integrating by parts twice introduces the term
(@) = [5a(Ve = V3) (lz =yl 717V (z) — VI(y)]) 0(y) dy:

VQ() = [ V2 (e =yl VI() — VTG 0 dy
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= [ (el - V@) by ) (614)
= /a y Vy (|2 =y~ [VI(z) = VI (y)]) 0(y) Nout,omia di(y) (6.15)

+ [ Vy(le—y[T V(@) - VI () VO(y) dy +r(z). (6.16)

mid

The term r(z) = [ ., R(z,y)0(y) dy is given explicitly by

R(z,y) = (V2= V2) (lz — y| 7' [VI(2) — VI'(y)])

= |z —y|7 (VT (@) + VT (y))

W(V%( ) — VT(y))

+(-1—a)
+ (=1 - a)(VT () — v?r@))%
— O — y| 7).

The boundary term (6.15) from integation by parts is

/8 d Vy (|:E - y|_1_a[vr(l‘) - Vr(y)]) e(y)Nout,amid ds

33 [V (o= e - VR | 057

O'—il y=~
For the remaining term in (6.16)), we have

Vy(Je =y 7V () = VI ()|

(-1 —a)(z —y)(VI(z) — VI'(y)) + VI (y)|z — y|?
|l‘ _ y|3+a

_ (14+a)|V?T(2)]

’x_y|1+a +O(’x_y|_a)

All of these terms (6.14]), (6.15), (6.16) are O(6~%) terms, which can be seen by using
the asymptotic lemma[5.8/to compute the s integral to leading order. For instance, for
, we write out the integral explicitly using the coordinates y = z(sx) + 0N (8 ),
z = 2(s) + 0N (s), and the growth condition |V6| < 3 from (5.1),

[ Tl =l ) = D) dy

1 J+2 SL(1 — Ski&y)
1 V21 ( / -~ ds, d&,
<50+ 2 )n F— FOEN — &N 5, d€

96



= 0(57),

which follows by applying the asymptotic Lemma @ Thus, [|V2Q|[z~ = O(6~%),
and Lemma implies that

22(0) = [ ([ 154l 19T(S) - T du ) 0,5 ds
+0(6279).

Reversing the order of integration and using the tubular coordinates we notice we
can again use the spine condition ([6.3)) to bring out an extra cancellation. That is,
defining H by

Hy) = /T 1S — | O VE(S) — V()] - 0.5 ds,
we deduce that
f+2
2Byt / / H(y2)0 L1, ds, de, + O(5%9)
f—
f+2
= /Q H(y)Lds, A€, + O(62%)

f+2
/ H(S.)) L ds, dé, + 06>
— 0(52 a

By is the evolution term plus an error

The final term to estimate is
— [ eyl VI @6()0() de dy,
(mid)¢ J (mid)¢

We use both gradients appearing in By to integrate by parts (via the formulas
(6.11),(6.10)) , on which we obtain only boundary terms due to either of the two
cancellations V+ -V = 0 or V6|smia = 0:

- / / Vile -y VI(2)8(2)8(y) dx dy
mid)¢ J (mid)®
-5 3 / [V =y s 0,87 T(S™6(0) sy
(mid)e

0'1 +1

97



P> /mld /VHS@ Y|~ (9,97 D(S7)0(y) ds dy

01 ==+1
= — Z Z //|SO’1 SUQ‘ 1— a,( SO’I) agsgzr(sol)dsds*
0'1 +1o09==%1
Z //|SJ1 SO’2| 1- 9,81 . [a SO’2]L1’\(SO’1)deS*.
(1'1 =+109=*1

This sum of four terms will now be grouped into two terms, one where o1 = 09

and one where o1 = —03,

By(t) = Boo( ) + Boi(t),

Boo(t) = — > //|S°’1 — [592),|71799,871 - [9,592) LT (S°1) ds ds.

0'1,0'2 =+1
01=02

:_7 Z //’SU— Sa ’ 1— aa So'[a SU]J‘P(SU)deS*,

U:|:1

Bou(t) = =7 > //'5‘”— [S72] 710,571 - [05S7 I T(S7) ds ds,

(71,02 +1
01702

- Ly //ysa 710,57 - (0,5 71LT(57) ds ds..

U:|:1

For Byy(t), we can use the formula to get that

0.5-.5% )
Boolt //T\S ST (8) dsds. + 0(),

Treating By (t) =: B(d) as a function of J, we need to prove that
B(6) = B(0) + O(8*77),

since B(0) = —1 [ [, ‘g Ssa‘f;af‘ S) ds ds, with Bgg(t) gives the required evolution

term of the spine:

B 058, — 0,8 N )
Boo(t)+B(0)_/T</T g ds*> 8,51T(S) ds + O(82).

Symmetrizing as before, we obtain

1
- Ly //T|so— |1]+a( (5%) — T([S~71,)) ds ds..

ail
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Since the claimed result (6.7]) is a result about test functions supported on the curve
S, we may assume that I' is constant along the normal N on a § neighbourhood of

S, giving

9,57 - [9,5-9]+
B(5) ﬂ//T ’SU_ |1]+a (D(S) — T(S.)) ds ds...

Note that B(0) has the well-behaved O(|s — s.|'™%) integrand. Recalling that
B(%) = w for some & € (0,0), it suffices to prove that

?

B'(5) = O(5'™),

since s — 517 is increasing for 0 < s. On differentiation with respect to 6, a factor
of o appears, which means the sum over ¢ = 41 becomes a symmetric difference.
We expand the shorthand notation 9557 - [0sS~7]; to find the derivative in 4,

857 - [958 = 8,5 - 8,5 4+ 06(05S - T + T - 95S4) + O(82).

Hence, its d-derivative is some bounded function, say E(s,s.). When 95 hits the

kernel |S7 — [S77],|717%, we have

95|87 — [S). |7t

= (1= a)|S7 = [ST7L]PT(ST = [S77)) - 95(S7 — [S].)
= (1= a)|S7 = [S77L|7(S7 = [S77N) - o(N + N.)

= (=1-a)[S7 = [S77L.|37¥[(S — S.) - a(N + N,) + O(6)].

With the cancellation from the symmetrisation in I', we see that we have

8B = 3 //\S" o1, |~1-(I(S) — T(S.))

o—+1
1L 87— [577

X (E(s,s*)+(—1—a)3ss [05ST5 157 —[S7].]°

) dsds, + O(5).

The factor of o means that we can use the Mean Value Theorem in the form
f(x+8)— f(x—0) = O(J) to obtain that actually B'(5) = O(d), which finally implies
the result. O
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Chapter 7

Conclusions and Open Problems

7.1 Summary of results

In this thesis, we have studied sharp fronts and almost-sharp fronts of the singular
generalisation of the SQG equation (1.1)) which we now recall,

8t0 +u-VO= 0,
u= Vv,

motivated by extrapolating the well-known PDEs at « = —1,0 to the more singular
range a € (0,1). We have extended a number of results of Fefferman and Rodrigo
on SQG sharp fronts and almost-sharp fronts with one periodic space variable to our
singular SQG equation.

More specifically, we derived the sharp front equation,

ze(s,t) - N(s,t) = —/E ‘Zf;ff:;? ;(;(ts)’ﬁla ds, - N(s,t),

rigourously from the definition of a weak solution to SQG. The freedom in the choice

of parameterisation was used to derive the equivalent formulation,

ZS(S*¢ t) B Z(S> t)
zt(s,t) = — ds, + A(s,t)zs(s,t).
5t) == [ D s, A s (o)
We showed the local existence of solutions to this modified equation in the analytic
setting by using the abstract Cauchy—Kowalevskaya theorem, which was possible
despite the presence of an operator of order higher than one.

Then, we defined an almost-sharp front and its compatible curves, and derived

an asymptotic equation that the almost-sharp front family must solve. Then we
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proved that the evolution of the compatible curve differs from that of a sharp front
by an error of size O(§17%).

Finally, we showed that the measure-theoretic spine construction of Fefferman,
Luli and Rodrigo generalises to our setting, and allows us to select a special curve
supported in the transition region of an almost-sharp front whose evolution more

closely approximates the sharp front equation by a whole power of § in the error.

7.2 Further research directions

In this section, we discuss some ideas related to this thesis that could form the basis

of future work.

Existence of §-almost-sharp fronts for times independent of ¢

In [30], the authors prove the local existence and uniqueness of the §-almost-sharp
front family of solutions for SQG, in the class of analytic functions with a time of
existence that does not depend on ¢. This result was proven by finding a suitable
limit equation, and studying a naturally defined object (the i function obtained by
integrating across the transition region, which we also found in Section . Results
of this nature can motivate the definition of a ‘sharp front’ even in situations where
‘sharp fronts’ are not natural or easy to study, like a vortex filament.

Actually, a number of the results in this thesis were proven in part to prepare
for proving the analogous result for our singular SQG equation, and it would be very
interesting if this plan could be followed through to completion. The main stumbling
block seems to be from the fact that the approximate equation for singular SQG
has a bad term with power-law dependence on §. The logarithm present in the SQG
almost-sharp front serves to separate (using the property log(ab) = loga + logb) two
bad effects which can be dealt with separately. To complete this line of proof, it
seems that we would need to discover a natural coordinate system that can remove
both the bad effects at once, or it could be that there is further structure in the
approximate equation than just the h function that can be used to regularise the
equation.

The almost-sharp fronts of SQG also seem to share some formal properties
with the (2D) Prandtl equation, since roughly speaking, the asymptotic analysis of
the almost-sharp front detected an imbalance in the number or derivatives in the
limit as 6 — 0. This is a similar situation to the Prandtl equation where there is a
‘smoothing operator’ 9, 1'in one direction but not the other. It may be possible to

use similar techniques to the classic work of Oleinik [59], [58] to prove local existence

101



of almost-sharp fronts in a class of monotone solutions. Furthermore, it is known
[34] that the Prandtl equation is linearly ill-posed when linearised around a shear
flow. It would be interesting if an analogue can be proven for our equation: it is
currently not clear what would be the correct setting for stability analysis, or even

numerical exploration.

Sharp fronts for logarithmically hypersingular kernels

From ([1.1)), sending o — 1 formally would seem to lead us to a degenerate equation,
0=0;+V+0-V0 < 6, =0.

However, from the work of Ohkitani [57], we see that we can introduce V+6 to reveal

a finite difference in « (i.e. something of the form f(a + a) — f(a) )
0=6,+(|V|~1tevte — v1e) - ve.
Choosing a rescaling in time that depends on the parameter «,
t— (—1+a)t,

we find a difference quotient with step size a;, and now sending o — 0 formally gives

the velocity
u = log |[V|V46.

The kernel of this operator is more singular than the one in , and it would
be very interesting to understand in what sense the above can be made rigourous,
and the solution theory of this equation needs to be developed. In the papers of
Chae et al. [14],[13] inspired by Ohkitani’s work, there are some results about very
similar equations, but it is not clear if those equations are more natural than the one
formally derived here, and they do not discuss the relationships between the models
or any limit as « — 0. This related model is the active scalar transport equation

with velocity

u=log(1+|V[*)V*0.
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There, they proved existence of weak solutions in Hilbert based Sobolev spaces. Here,

the convolution kernel for the operator log(l + |V|2) has the Fourier transform

where f(z) = W is a solution to a Liouville equation (namely, Alog f = cf).
The connection between these two equations may lead to a nice solution theory for
this (and related) models of SQG that are more singular than those considered in
this thesis.

Notably, they did not consider sharp fronts for this equation in [13], despite
proving local existence for the sharp fronts for . It will be interesting to see if
a theory of sharp front solutions can be built for this equation. It is a priori not
obvious what the result should be, since the kernel is so singular. In particular, new

techniques may be required to understand sharp fronts for this equation.

Survival of the spine curve beyond o =1

As noted, the evolution equation of the spine curve .S matches the evolution equation
of a sharp front, up to an error O(62~%), which is not to be expected for a generic
compatible curve. This error term is so small that it formally allows a velocity that is
more singular than even the logarithmically hypersingular velocities discussed above.
If for example, we can at least prove that smooth solutions exist for the equation
(where 5 > 0)

00 +u-Vo =0,
u=V+|Vv|e,
then the behaviour of a spine curve for this equation with § < 1 would describe the
only possible evolution of a sharp front, even if the equation is too badly behaved to
derive a sharp front equation from the definition of a weak solution.

Fast dynamics: time-rescaling the almost-sharp front equation

The almost-sharp front equation of thickness § for the model (1.1)) after the following
rescaling in time,

to=1/5% By, = 3“0,

gives rise to a simple equation in the formal limit 6 — 0,

Q +J(ViQ)-va =o.
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Here, J is some smoothing operator that only acts in the vertical direction, similar to
the appearance of J, 1'in Prandtl without any smoothing in z. The time rescaling is
reminiscent of the time-scaling needed to formally derive the local induction eqaution
for vortex filaments. Given the simple structure of this equation, it should not
be too hard to develop some basic theory for it. Similar types of solutions to the
almost-sharp front should be obtainable, and it would be interesting to see if this
equation exhibits linear instability in Sobolev spaces like Prandtl does, as shown in
[34]. A complete theory for this equation may lead to a more complete understanding
of the model and related equations.
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