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Abstract

Complex chemical reaction environments, such as those found in combustion engines,
the upper atmosphere, or the interstellar medium, can contain large numbers of dif-
ferent reactive species participating in similarly-large numbers of different chemical
reactions. In such settings, identifying the most-likely multi-step reaction mechanisms
which lead to the production of a particular defined product species is an extremely
challenging problem, requiring search and evaluation over a large number of differ-
ent possible candidate mechanisms while also addressing the permutational challenges
posed when considering large number of reaction routes available to sets of identi-
cal molecular species. In this article, the problem of generating candidate reaction
mechanisms which form a defined product from a diverse set of reactive molecules is
cast as a discrete optimization of a permutationally-invariant cost function describing
similarity between the target product and the product generated by a trial reaction
mechanism. This approach is demonstrated by generating 2230 candidate reaction
mechanisms which form benzene from diverse sets of reactive molecules which have
been experimentally-identified in the interstellar medium. By screening this set of auto-
generated mechanisms, using dispersion-corrected DFT to evaluate reaction energies
and activation barriers, we identify several candidate barrierless reaction mechanisms
(both previously-proposed and new) for benzene formation which may operate in the
low temperatures found in the interstellar medium, and could be investigated further
to supplement existing microkinetic models.
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1 Introduction

Simulations which enable automated generation of complex reaction networks or proposal of

chemical reaction mechanisms are experiencing a significant growth of interest, powered by

more accurate and efficient ab initio electronic structure methods for evaluating molecular

energies,1–5 development of new algorithms for key computational tasks such as transition-

state (TS) finding),6–14 and the explosion of machine-learning and artificial intelligence tools

for computational chemistry.15–24 To date so-called reaction discovery tools have been devel-

oped in an array of different computational flavours. For example, deep learning strategies

have been used to assimilate the information found in common databases of organic chemi-

cal reaction outcomes, and use it to predict the reaction products of new reactions, in many

cases enabling identification of synthetic routes comparable to those formulated by human

experts.15,25,26 Simulations based on accelerated sampling in traditional molecular dynamics

(MD) schemes have been used to investigate formation of amino acids from simpler re-

actants, echoing the classic Urey-Miller experiments, or in the determination of catalytic

cycles and thermal molecular decomposition pathways.9,13,27–29 As a final example of emerg-

ing simulation classes, heuristic tools based on graph theory, in combination with ab initio

calculations, have been used to auto-build reaction networks for a varied set of chemical re-

action systems, including nanoparticle-catalyzed industrial reactions, combustion processes

and organometallic catalysis.30–36 Together, these exciting new simulation approaches are in-

creasingly providing a direct connection between atomistic data (e.g. optimized geometries,

TSs) and macroscopic kinetic observables such as rate laws and product selectivities.

Our recent work has focussed on the development of graph-based tools for discovery of

multistep reaction mechanisms.30,31,37–39 As described below, we formulate the challenge of

mechanism proposal as a discrete optimization problem; we seek the set of chemically-sensible

reaction steps which transform the connectivity matrix (CM) of the input reactants into the

CM of the user-defined products. This search is achieved using a simulated annealing (SA)

optimization procedure, and has been shown to be very fast (because it operates purely in
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the space of molecular CMs), and also generally applicable. For example, we have shown

how our double-ended graph-driven sampling (GDS) scheme can be used to propose reaction

mechanisms for carbon monoxide oxidation, hexane aromatization, and the water-gas shift

reaction.31 We have also shown that, when combined with semi-empirical or ab initio elec-

tronic structure calculations, our GDS scheme can correctly identify the accepted ‘correct’

mechanism of catalysis by an organometallic complex.38

These same successful calculations have also highlighted two important algorithmic issues

in our GDS approach. First, our approach currently does not account for permutational

invariance amongst reactive atoms and molecules when searching for reaction mechanisms.

In particular, our current algorithm seeks the set of reaction steps which lead from a user-

defined set of reactant molecules to a user-defined set of product molecules; in other words,

there is a requirement that there is a known one-to-one mapping between the atoms in the

reactants and those in the products. This requirement demands that users define exactly

where each atom in the reactant molecules ends up in the product molecules; of course,

the demand that users exactly define the molecular structures and component atoms in

the product molecules is clearly running counter to the overall goal of automated reaction

discovery. Second, a closely-related problem is the fact that our current reaction-discovery

algorithm demands that the CMs defining reactants and target products must have an equal

number of atoms; this stems from the absence of permutational invariance noted above, as

well as the manner in which we quantify the fitness of a candidate reaction mechanism, as

described below. Again, this demand of equal numbers of atomic species in reactants and

products runs counter to our original goal of automated reaction discovery.

The drawbacks relating to permutational invariance are particularly undesirable when

considering mechanism discovery in complex reactant mixtures such as those found in com-

bustion engines (i.e. complex mixtures of hydrocarbons, O2, H2O, NOx), Earth’s atmosphere

(e.g. volatile organic compounds, O2, H2O, HNO3, H2SO4, CO2 and more) and the inter-

stellar medium (e.g. organic radicals and ions, ice and dust, H2, H2O). For example, the last
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few decades has seen growing interest in the possible mechanisms by which polycyclic aro-

matic hydrocarbons (PAHs) form in the interstellar medium (ISM);40–48 such molecules are

a key component of the ISM, accounting for a significant portion of the ISM carbon budget,

and implicated in the long-term evolution of the gas-phase and surface-based ISM chemistry.

In particular, formation mechanisms for the simplest cyclic aromatic hydrocarbon, benzene

(C6H6) have been proposed and studied by both computational and experimental method-

ologies,41,45,47,49,50 leading to a series of postulated mechanisms including ion-molecule reac-

tions48 and barrierless radical reactions which can yield benzene.41 However, it is clear that

these chemical settings, seeking product formation mechanisms starting from a large num-

ber of possible reactant species, are exactly the sorts of systems which automated reaction

discovery tools should be able to address.

With this goal in mind, this Article aims to address the challenges associated with per-

mutational invariance in our GDS algorithm. In Section 2, we explain how our double-ended

GDS approach can be modified to account for atomic permutational invariance, and how an

optimization cost-function can be developed which enables us to seek reaction mechanisms

leading to a single target product molecule from a large number of input reactant molecules.

In Section 3, we then demonstrate these developments by seeking barrierless mechanisms

leading to formation of benzene from neutral organic molecular species which are typically

found in low-temperature interstellar environments; to the best of our knowledge, this is

the first time that a reaction discovery method has been applied to such a problem. After

generating 2230 candidate reaction mechanisms leading to benzene, we use density func-

tional theory (DFT) calculations to calculate the reaction energetics and reaction barriers,

enabling us to identify a set of 126 reaction mechanisms which form benzene with either very

low or zero effective overall energetic barrier; some of these reactions have been previously

suggested from computational or experimental investigations, while other mechanisms, to

the best of our knowledge, have not been considered previously. In Section 4, we conclude

by highlighting some further possible avenues to improve the overall efficiency of automated
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mechanism-discovery tools for complex reactive systems.

2 Theory

We begin by briefly outlining our GDS approach to reaction-mechanism generation, as has

been reported previously. Then we highlight the problems introduced by permutational

invariance of atomic species in our existing GDS approach; we then go on to show how these

problems can be addressed by modification of the optimization cost-function employed in

GDS.

2.1 Existing double-ended graph-driven sampling method

Our GDS approach to reaction-mechanism discovery has been described in detail else-

where;30,31,37,38 here, we present only a brief outline of the relevant aspects.

GDS is based on the concept of a molecular CM, an n× n square matrix for any n-atom

system whose entries simply identify whether or not two atoms are bonded, regardless of the

type of bonding. For our purposes, it is sufficient to define the elements of the CM G as:

Gij =


1 if rij < rcutij ,

0 otherwise.

(1)

Here, rij is the distance between two atoms i and j, and rcutij is a fixed cutoff value which

depends on the atom types; broadly, it is proportional to the sum of the covalent radii of the

atomic elements. Extensions of such CMs to account for intermolecular encounter complexes

have also been proposed,29 but we limit the discussion here to the standard case CM above.

At the start of a GDS calculation, the user must define the input reactant structure

(typically a set of reactant molecules) and the target product structure; these are defined by

vectors of length 3n, labelled as rR and rP respectively. As noted above, we assume for now

that these structures must be identically atom-ordered; in other words, the input is such
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that the user must make a choice as to which atoms in the input reactant structure map

onto which atoms in the target product structure.

In addition to the reactant and target product structures, the user also provides a library

of chemically-allowed reaction classes.30,31,37,38 This library defines which generic types of

chemical reactions should be available to GDS in the search for a mechanism connecting

GR to GP . Commonly, we employ a broad set of reaction classes, including atomic asso-

ciation/dissociation events, three-atom insertion/elimination, and four-atom shift reactions;

of course, the set of library reactions can be made as small or as large as desired, although

with implications for the efficiency of the GDS optimization. In addition, we note that it

is trivial to include chemical prior knowledge in this scheme; for example, in the context of

heterogeneous catalysis, one might require that any reaction takes place at the surface of a

metal cluster. Such constraints are simple to implement within the GDS scheme, but are

not used here. The set of reaction classes used in the simulations performed here is further

described below, and in the Supplemental Information.

The final input required before a GDS calculation is the identification of chemical con-

straints which must be obeyed by any GDS-proposed chemical reaction mechanism. Again,

as in the case of the definition of the reaction-class library, the definition of chemical con-

straints can be kept deliberately broad or can be tuned to the system of interest. Most

commonly, we impose simple atomic valence constraints in order to prevent generation of

intermediate molecular structures with nonsensical atomic valences; for example, we typi-

cally constrain the valence of carbon atoms to lie between one and four. As in the case of

the reaction classes noted above, the valence constraints can be readily tightened or loos-

ened to restrict or broaden the mechanism search. The valence constraints employed in the

calculations reported here are detailed in the Supplemental Information.

With the definition of reactant structure, product structure, reaction classes and chem-

ical constraints in place, GDS then proceeds to locate a reaction mechanism (that is, a

series of elementary reaction-steps) which connects GR to GP , subject to the input chemical
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constraints and using the set of reaction-classes defined in the input reaction library. To

identify a reaction-mechanisms connecting GR to GP , our GDS scheme treats the problem

as a challenge in discrete optimization. In particular, we proceed by proposing a reaction-

mechanisms comprising nr elementary reaction step; for each elementary step, we define the

reaction-class of the ith elementary step, k(i), and the corresponding atomic indices, Ii, to

which this reaction-class is applied. An example of this is shown in Fig. 1, which shows the

application of nr = 2 sequential elementary reactions. In the first step, the selected reaction

class involves simple bond formation, and the selected atomic indices are (1, 3); in the second

step, the three-atom reaction involves dissociation of molecular oxygen, with atoms (1, 2, 4)

participating. From this example, it is clear that a given reaction-mechanism of nr steps can

be encoded as a list of reaction-classes {ki}nr
i=1, and a corresponding list of atomic indices

to which each of these reactions is applied, {Ii}nr
i=1. The sets k and I therefore represent

discrete parameters which can be changed to yield alternative reaction-mechanisms.

After application of a sequence of nr reactions, the resulting CM Ḡ is given by

Ḡ = GR +
nr∑
i=1

Rki(Ii), (2)

where the summation implies sequential application of the CM operations encoded by the

reaction-classes and associated atomic indices; Rki(Ii) implies that the CM should be up-

dated by application of reaction-class ki to atomic indices Ii. Within this scheme, the

reaction-mechanism discovery process can be viewed as a discrete optimization challenge in

which one seeks to find a sequence of nr reaction-steps (that is, both reaction-classes k and

atomic indices I) resulting in a final graph-error function F = 0, where

F =
∑
j,k<j

(Ḡjk −GP
jk)

2 (3)

The graph-error function F simply enumerates the number of incorrect elements (i.e. bonds)

in the CM generated after application of nr proposed reaction steps (Ḡ) relative to the target
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i 0 0
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Reaction class 1

3

1

2

3
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3

Reaction class 2

4 4 4

i j k
i 0 1 0
j 1 0 0
k 0 0 0

i j k
i 0 0 0
j 0 0 1
k 0 1 0

I1 = (1, 3) I2 = (1, 2, 4)

Figure 1: Schematic illustration of a proposed reaction-mechanism in the GDS approach;
here, red represents oxygen, grey represents carbon and gold atoms represent platinum. In
this example, the mechanism comprises two steps, the first (application of reaction class 1)
involving two atoms and the second (application of reaction class 2) involving three atoms; in
each case, the corresponding CMs before and after reaction are shown, and the corresponding
atomic indices are also defined. This mechanism is therefore defined by a set of discrete
integers defining reaction class, k = (1, 2), and reactive indices, I = [(1, 3), (1, 2, 4)].

product CM (GP ).

With target optimization function F in hand, we then proceed to find a reaction-mechanism

with F = 0; in other words, we seek to find the set of reaction-classes {ki}nr
i=1 and reactive

atomic indices {Ii}nr
i=1 such that the final target product is formed after a given number

of reaction steps nr. This search can be performed using any algorithm suited to discrete

optimization; in our recent work, and in this Article, we use a simulated annealing (SA)

scheme to perform minimization of F . Here, for a fixed number of iterations nSA, we per-

form Metropolis updates in which one of the following moves are performed with equal

probability:

• Change the atomic indices Ij of a randomly chosen reaction-step j;

• Change both the reaction class kj and the atomic indices Ij of a randomly chosen
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reaction-step j.

After an update of the reaction-sequence, the new value of the graph-error function F is

evaluated and the move is accepted or rejected using the usual Metropolis criterion. In our

SA calculations, we simply employ a linear cooling regime over the course of nSA iterations,

starting at an initial temperature Ti. The success rate of this scheme in finding reaction

mechanisms, as noted below, is typically over 90% in the reactions we have considered to

date.

The imposition of atomic and molecular valence constraints is straightforward within our

reaction-mechanism optimization scheme; such constraints can be used to ensure that mech-

anism searching is limited to ‘chemically-sensible’ pathways. This is achieved during our SA

calculations by attributing an arbitrarily large F -value to any proposed reaction-mechanism

which generates an intermediate structure that disobeys any of the user-defined target con-

straints. For example, if carbon valences vC are restricted to lie within the range vC ∈ [1, 4],

then any proposed reaction sequence which results in a reaction intermediate with vC lying

outside this range will trigger a large F value, such that the proposed reaction sequence

will be inevitably rejected by the Metropolis scheme. The actual valence constraints used in

the simulations discussed in this paper are highlighted in the Supplementary Information;

however, we emphasize that these constraints can be as rigid or as flexible as desirable by

the user.

To summarize, the GDS algorithm described above is a flexible and efficient scheme to

rapidly identify sequences of elementary reaction steps which lead from user-defined reactants

to target products. Because the optimization of F operates solely in the space of the CMs

of the reactants, reaction intermediates and the products, it is very fast, typically locating a

candidate reaction-mechanism with F = 0 in a few minutes on a standard desktop computer.
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2.2 Generating intermediate molecular structures

The outcome of the reaction-mechanism-finding algorithm above is a sequence of reaction

classes and reactive atomic indices, [Rk1(I1),R
k2(I2), . . . ,R

knr (Inr)], which lead to formation

of the target product structure. The next task is to convert from ‘graph-space’ to ‘real-space’,

generating Cartesian atomic coordinates for all molecules along the proposed reaction-path.

To achieve this, we use the concept of graph-restraining potential (GRP), as introduced in

our previous work.30,31,37,38 In brief, we define a simple empirical potential energy function,

W (r,G), which is designed to be a minimum when the set of Cartesian coordinates r is

consistent with a target CM, G; as such, starting from a set of atomic coordinates and

a target CM G, minimization of W (r,G) with respect to the atomic coordinates yields a

structure in which r obeys the bonding pattern encoded in G.

The GRP function has the following (somewhat arbitrary) form:

W (r,G) =
∑
j>i

[
δ(Gij − 1)[H(rminij − rij)σ1(rminij − rij)2 +H(rij − rmaxij )σ1(r

max
ij − rij)2]

+ δ(Gij)σ2e
−r2ij/(2σ2

3)

]
+ Vmol(r,G).

(4)

Here, the first summation runs over all pairs of atoms, δ(x) is the Dirac delta function and

H(x) is the Heaviside step function. The first term in the parentheses, which is multiplied by

δ(Gij − 1), only operates on pairs of atoms which should be bonded (so have Gij = 1 in the

target CM G, and hence δ(Gij − 1) = 1); the two harmonic terms provide a resulting force

which pushes the atoms i and j together until they lie at a distance rij ∈ [rminij , rmaxij ], where

rmin and rmax are suitably chosen bonding-distance limits which are simply tabulated for all

pairs of atoms. Ultimately, we will use geometry optimization on ab initio PESs to generate

the final molecular structures at each intermediate reaction step, so the exact definition of

these limits is somewhat flexible; we typically define these limits as the sum of the atomic

covalent radii plus/minus some small flexibility on the order of 0.1-0.2 Å. In contrast, the
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Gaussian term, preceded by δ(Gij), operates on atoms which are expected to be non-bonded;

the Gaussian function acts as a simple repulsive wall, with a range and strength related to

the parameters σ3 and σ2, respectively.

The final term in Eq. 4, Vmol(r,G), acts on separate molecules within the structure to

ensure that they are neither too close or too far from each other (noting that a single atom,

not bonded to anything else, is considered to be a “molecule” in this context), and is defined

as

Vmol(r,G) =
∑
J>I

[H(Rmin −RIJ)σ4(R
min −RIJ)2,+H(RIJ −Rmax)σ4(R

max −RIJ)2]. (5)

Here, RIJ is the distance between the centres-of-mass of two molecules I and J , and Rmin

and Rmax are user-defined minimum and maximum distances between any pair of molecules.

Finally, we note that the parameters σ1−4 are somewhat arbitrarily chosen to generate sen-

sible molecular structures for the broad class of molecular species investigated to date; these

parameters are given in the Supplementary Information.

Given a series of CMs generated by our double-ended GDS algorithm above, the GRP

function W (r,G) allows us to generate atomic coordinates which are consistent with each

intermediate CM; in other words, the GRP converts from a string of CMs to a sequence

of molecular structures, with each structure corresponding to one of the intermediate steps

of the proposed reaction-mechanism. With the atomic coordinates of each intermediate

structure available, we can subsequently perform standard ab initio electronic structure

calculations to generate optimized geometries and calculate relative free energies, while ap-

plication of standard MEP-finding51–53 and TS-finding algorithms similarly allow evaluation

of activation energies and approximate reaction rates (through TST,54–57 for example).

Although the GRP function leads to a unique set of reaction intermediate structures for

a given set of initial atomic coordinates for the reactant structure, we note that some ambi-

guity remains due to the incomplete nature of CMs. In particular, CMs do not define either
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the stereochemistry or the dihedral conformation of the molecular intermediates. Instead,

in our approach, these aspects are imposed in the selection of the atomic coordinates of the

reactant structure, in the sense that each intermediate structure along a given reaction-path

is generated starting from the atomic coordinates of the previous structure. In the ISM

reactions noted below, the absence of stereochemistry is not important due to the absence of

stereochemical centers. In addition, many of the reactive species have just a small number of

dihedral angles, leading to limited conformational flexibility. However, we note that future

applications focussing on stereocenters and/or conformational flexibility will require consid-

eration of these factors; for example, conformer searching based on empirical force-fields can

help search for different intermediate reactive conformers, and similarly the stereochemistry

of newly-formed molecules can also be considered as a conformational parameter to be sam-

pled after initial GDS/GRP generation of a reaction-mechanism. While these extensions to

our GRP approach could go beyond our standard CM-based intermediate structure gener-

ation, we note that both of these extensions will inevitably impose greater demands on the

number of reactions to analyze. Finally, we note that the use of a GRP is just one of many

possible routes to generate intermediate molecular structures, but is employed here for com-

patibility with our graph-based scheme; alternative strategies, such as transformation into

SMILES strings or other cheminformatics descriptors, are also possible, but not considered

here.

2.3 New error function to account for permutational invariance

Despite the success of our mechanism-finding algorithm in several test applications,31,38

two important algorithmic issues have also become evident. The first drawback relates to

permutational invariance (Fig. 2). As outlined above, our double-ended GDS scheme for

reaction-mechanism searching optimizes a graph error function F which quantifies the differ-

ence between a target CM (representing the desired products) and the CM generated after

applying a series of nr chemical reactions to an input reactant CM. A graph error function
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of F = 0 implies that a reaction-path (i.e. sequence of elementary chemical reactions) which

connect reactants and products has been successfully identified.

Now consider the role of permutational invariance. In Fig. 2(A), we show a schematic

GDS-determined reaction-path which has F = 0; in other words, the sequence of reactions

(defined by the reaction classes k and reactive indices I) connects the input reactant structure

on the left-hand side to the target product structure on the right-hand side. However, we

note that, in the current form of our GDS algorithm, the input reactants and target products

must exactly define the connectivity of all atoms; in other words, in Fig. 2(A), oxygen atoms

1 and 3 must end up in the same product CO2 molecule, as must the oxygen atoms labelled

2 and 4. If, during the GDS optimization procedure, we generate the string of reactions

shown in Fig. 2(B), leading to oxygen atoms 1 and 3 being in different CO2 molecules, our

current GDS algorithm would assign this reaction-path an error function value F > 0, and

would continue the search for an alternative path with F = 0. This is obviously undesirable,

given that the identities of the product molecules in each case are identical. As such, the

requirement that one must currently define both the product molecular structure and the

atomic indices of each product molecule is an important hurdle in general application of our

GDS strategy. In addition, for cases when the mechanism under investigation is not known

(i.e. the most interesting applications of GDS), this requirement will prevent the ultimate

goal of automatic reaction discovery.

The second current drawback of our GDS algorithm to be addressed here relates to the

target product structure. In our current implementation of GDS, as described above, we

demand that the number of atoms in the reactant and product structures are exactly the

same. However, this is again a significant drawback to fully-automated mechanism discovery

because it demands that we define at the outset where every single atom resides in the product

structure. In contrast, there are many examples of chemically-reactive systems where we

would like to investigate all of the possible reaction mechanisms by which a large and diverse

collection of molecular species could ultimately lead to formation of a single user-defined
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(A) F = 0

(B) F > 0
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Figure 2: Ilustration of the role of permutational invariance in current GDS algorithm. In
(A), we show the reactants (upper-left) and target products (upper-right) in a representative
GDS calculation; in the target product, oxygen atoms 1 and 3 are required to be in the
same CO2 molecule in the target product. Any GDS-generated reaction-mechanism which
generates such a structure will have a graph-error function F = 0. In (B), we show an
alternative reaction-mechanism which could be generated during a GDS calculation, leading
from the same set of reactant species (lower-left) to the same set of products (lower-right).
However, in this case, the indices of the atoms in the product CO2 molecules are not identical
to those of the target product (upper-right); as a result, the standard atom-wise graph-error
function F will be greater than zero, and our original GDS algorithm will fail to identify
mechanism (B) as a successful reaction-mechanism leading to desired products.
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molecular product, without regard for the identities of the remaining spectator species. This

is illustrated in Fig. 3, which shows one of the reactive systems to be investigated later

in this Article. In particular, as explained below, we would like to propose a large library

of reaction mechanisms which lead to formation of benzene from a diverse set of reactant

molecules; we do not want to absolutely define where every single atom from the reactant set

must reside at the end of the reaction, but we do definitively want to form our target product

(benzene, in this case). If our GDS scheme can be adapted to account for this challenge of

product definition, it would dramatically expand the scope of our approach.

  Reactant set   Target product 

Figure 3: Representative problem set-up which is not currently addressable using GDS. Here,
we wish to form the single target product molecule, C6H6, from a diverse set of hydrocarbon
reactant species; in our current GDS algorithm,31,38 we are forced to define the final location
of all atoms in both reactant and product structures. However, in complex reactive systems
where we are focussing on formation of a single target molecule, without regard for the
remaining spectator molecules, our GDS algorithm needs to be modified, as explained in the
text.

We can address both of these algorithmic issues by a change to the graph-error function

F , as follows. First, after application of a sequence of nr proposed reaction steps to the input

reactant structure, we split the resulting product CM G̃, which describes the total product

structure, into the set of molecular CMs g̃k, where the index k identifies the molecular species

(of which we assume there are M in the product structure resulting from the proposed nr

reaction steps). Each of these molecules CMs is defined as in Eq. 1, but only contains the

atoms in each molecular species; identification of molecular CMs from the total product CM

is straightforward using the Floyd-Warshall shortest-path algorithm.58,59
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Second, for each molecular CM g̃k, we assign atomic masses to each vertex, yielding a

new set of weighted CMs ãk, with elements

ãkij =


g̃kij i 6= j,

mi i = j,

(6)

where mi is the atomic mass of atom i. This modification of the CM is a common approach

in graph-based cheminformatics studies, where incorporating vertex (i.e. atomic) features

is often used to provide additional descriptor information.60–62 Using the mass-weighted

matrices ãk, we then calculate the corresponding eigenvalues, λ̃k, for each molecule k. As

is well-known, the eigenvalues of a matrix are permutationally-invariant, and the addition

of mass-weighting ensures that molecules with the same bonding pattern, but with different

elements (e.g. O2 and CO) will return different eigenvalues.

The same procedure as above, namely evaluation of the eigenvalues of the mass-weighted

molecular CM, can also be applied to a target molecular structure which is desired as the

reaction product; this target molecular structure does not necessarily need to contain the

same number of atoms as the reactant structure, as suggested in Fig. 3. Identifying the

number of atoms in the target product structure as n, and referring to the eigenvalues of the

target molecular structure as Ω, we now define a new graph-error function as

Fp = min
k

[
δ(n− nk)

n∑
i=1

(λki − Ωi)
2 +

[
1− δ(n− nk)

]
∆

]
. (7)

The function Fp returns the minimum value calculated over all M molecules identified in the

proposed CM G̃. The first term in the parentheses is only evaluated if molecule k has the

same number of atoms nk as the number of atoms in the target structure (n); in this case,

we then evaluate the error between the two structures as the sum of the squared differences

between the eigenvalues of the mass-weighted molecular CMs. However, if the number of

atoms in molecule k is not the same as the number of atoms in the target structure, the first
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term is ignored due to the action of the Dirac delta function, and the second term comes

into operation; the parameter ∆ is a penalty term which penalizes formation of structures

which differ in the number of atoms from the target. After evaluating these two terms for

all molecules in the product structure, the final error function is taken to be the minimum

value amongst all of the M molecules considered.

The new graph-error function Fp of Eq. 7 has the following properties. First, it is

invariant to permutation of atomic indices, which means that we do not need to explicitly

define where each individual atom must find itself in the target product structure. Second,

mass-weighting of the connectivity matrix ensures that molecules with the same bonding

pattern but different elements compared to the target structure will be flagged with larger

Fp values. Finally, the introduction of a penalty function based on number of atoms ensures

that Fp can always return a numerical value, regardless of the number of atoms in the target

and product CMs; this is an important aspect for the SA optimization approach adopted

in our GDS scheme, which requires that a real-valued number be attached to any newly-

proposed reaction mechanism.

To summarize, we have described our original double-ended GDS algorithm for reaction-

mechanism finding, and we have subsequently shown how our scheme can be generalized to

account for permutational invariance and formation of single target molecules from diverse

sets of reactant species. We now demonstrate that this new scheme is a powerful strategy

for exploring reaction mechanisms in complex chemical environments.

3 Application, results and discussion

As a challenging application of our computational mechanism-search scheme, as well as a

demonstration of the improvements afforded by considering permutational invariance, we

consider the formation of benzene (C6H6) in low-temperature (∼10 K) environments in the

ISM. This system is prime example of a complex chemical reaction environment; spectro-
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scopic observations of low-temperature interstellar environments have detected vibrational

signatures attributed to benzene, yet the large number of possible reactive species and possi-

ble chemical reaction mechanisms have led to some uncertainty in pinning down the operating

mechanism(s) of benzene formation in such environments.41,45,47–50,63,64

In particular, our simulations will focus on investigating the formation of benzene from

neutral molecular species commonly found in the ISM; the possible formation routes to ben-

zene from neutral-molecule reactions has been investigated by a series of both experimental

(e.g. molecular beams) and computational studies over the last couple of decades, leading to

proposal of a number of different formation mechanisms.41,47,49,50,64 Of particular importance

is the benzene formation mechanism proposed by Kaiser and coworkers,41 which posits that

the initial reaction-step is a radical addition of C2H to trans-1,3-butadiene; this initial addi-

tion is followed by ring-closure, hydrogen migration and hydrogen dissociation to form C6H6.

Perhaps most importantly, ab initio calculations indicate that the proposed mechanism is

energetically barrierless with respect to the reactants; this barrierless nature is a key require-

ment for any neutral-molecule reaction mechanism occurring at the very low temperatures of

the relevant regions of the ISM. Beyond this barrierless radical mechanism described above,

alternative schemes have also been proposed and investigated computationally, including

addition of acetylene (C2H2) to diacetylene (C4H3),
45 and reaction of propargyl radicals

(C3H3);
50,65 indeed, several of these proposals were originally based on kinetic models from

combustion chemistry,66–68 although the recent investigation of the importance of barrierless

reaction routes has focussed attention on reactivity in these systems at low-temperatures.

Based on this previous body of work, we chose to investigate the formation of ben-

zene in low-temperature environments, using mechanism-finding calculations starting from

a varied set of reactant molecular species. We focus only on reactions involving neutral

molecular species here; in particular our aim is to use our new mechanism-search scheme

to build a large library of reaction-mechanisms which lead to barrierless formation of ben-

zene in low-temperature environments comparable to those studied previously. Using ab
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initio calculations of thermodynamic and kinetic properties, we will then investigate the

plausibility of our mechanistic library for benzene formation, enabling us to explore which

of the previously-proposed benzene formation routes are most likely, and if any alternative

mechanisms (which might not have been assessed before) might also be plausible.

Electronic structure, TS location and free-energy calculations. Before proceeding

to discuss the results of our mechanism-search simulations, we highlight the methods used to

evaluate molecular energies, to find transition-states for selected reaction-steps, and to cal-

culate molecular free energies. All electronic structure calculations used the ORCA quantum

chemistry package.69,70

All calculations reported below used dispersion-corrected density functional theory (DFT)

to perform geometry optimization and to calculate molecular energies. Specifically, we em-

ployed the revPBE exchange-correlation functional71 with the Ahlrichs def2-SVP basis set;72

dispersion corrections were calculated using the DFT-D3 scheme, along with the Becke-

Johnson damping.73,74

Previous investigations of barrierless mechanisms leading to benzene in the ISM have

used computationally-demanding electronic structure schemes, notably CCSD(T) or the

G3//B3LYP composite scheme, to evaluate high-accuracy relative molecular energies.41,49 In

our case, we note that the large number of geometry optimization calculations and TS-finding

calculations which must be performed to seek out barrierless reaction mechanisms in the set

of reaction-mechanisms proposed by GDS means that a compromise between computational

cost and accuracy has to be made; this led to our choice of the DFT approach noted above.

Specifically, as detailed below, we perform ∼23,000 separate DFT geometry optimization

calculations in order to evaluate molecular energies along the ∼2250 mechanisms proposed

by our mechanism-finding scheme; this large number of calculations is not readily amenable

to CCSD(T) or G3//BLYP methods, with DFT representing a good compromise.

However, it is of course important to benchmark our approach against previous calcu-
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lations in order to validate our chosen computational scheme. Fig. 4 shows the reaction

energies and barrier heights, predicted by our DFT calculations and by previous CCSD(T)

and G3//B3LYP schemes, for a series of molecular structures along a barrierless mechanism

to benzene which has been proposed previously41,49 Very encouragingly, we find that our

predicted energies (given relative to the energies of the reactant molecules) calculated at the

revPBE/D3BJ DFT level are in very good qualitative agreement with these previous calcu-

lations. The root-mean-square difference in the DFT-calculated energies of the stationary

points shown in Fig. 4, relative to the previous CCSD(T) and G3//B3LYP calculations,

is around 16 kJ/mol (or 3.8 kcal/mol); furthermore, it is clear from Fig. 4 that the DFT

calculations capture the qualitative trend in the relative energies of the series of intermediate

structures along a key proposed reaction mechanism for this system. Bearing in mind the

large number of geometry optimization calculations and TS-finding calculations required to

screen the large set (> 2200) of multi-step mechanisms proposed by GDS, we conclude that

revPBE/D3BJ DFT offers a good compromise between computational cost and accuracy.

TSs for selected reactions were located using climbing-image nudged-elastic band (CI-

NEB51), followed by TS optimization using standard Hessian-based methods. Once located,

the validity of TS structures were assessed by intrinsic reaction-coordinate (IRC) calcula-

tions to check that the desired reactant and product structures were obtained. In a few

instances (as highlighted below), we found that the CI-NEB and TS optimization calcula-

tions seemingly converged, but the IRC calculations revealed pathways which did not lead

to the desired product structure. In these few cases, we chose the pragmatic approach of

approximating the reaction-barrier using information from the CI-NEB calculation; this is

obviously not expected to be wholly accurate, but the large number of reactions generated

by GDS necessitated this practical approach.

Finally, we note that free energies at 10 K were calculated for all geometry-optimized

molecular species and TSs using the rigid rotor/harmonic oscillator approach,75 with the

Hessian calculated using the same level of DFT as noted above.
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Figure 4: Barrierless reaction mechanism for formation of benzene from addition of C2H
to trans-1,3-butadiene. The values shown (in kJ mol−1) are the free energies of molecular
species relative to the reactants; the orange circle indicates the energies given by our revPBE
DFT calculations, the blue squares are values from the G3//B3LYP composite method,49

and the green triangles illustrate values from CCSD(T) calculations;41 all free energy value
are calculated at 298 K to enable comparison across methods.
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3.1 Initial GDS results

We performed a total of 2250 GDS simulations in order to identify reaction-mechanisms

leading to formation of benzene. After some initial tests, the maximum allowed number of

reaction steps considered in our mechanism search calculations was nr = 8. These simula-

tions were performed for a mixture of different initial reactant species, as well as different

total numbers of initial reactant molecules; to add further variability to the sampled re-

action mechanisms, we also performed some of these GDS calculations using alternative

sets of allowed chemical reactions, particularly removal of four-atom reaction events. The

different initial system definitions and the standard move classes used in these simulations

are given in the Supplementary Information. The sets of initial hydrocarbon species (e.g.

C2H, C2H2, C3H3, C4H3, C3H4, C4H6, C4H5) selected for the initial reactants were chosen

to be representative of those hydrocarbons which are commonly discussed in the context

of benzene formation in the ISM; our aim is to test whether our modified GDS algorithm

can successfully determine known mechanisms for C6H6 formation, and whether any new

reaction mechanisms can be identified.

Of the 2250 GDS simulations performed, we found that 2230 successfully located a reac-

tion mechanism forming C6H6, giving a 99.2% success-rate of our GDS algorithm, and the

average number of simulated annealing iterations required was 270× 103. Depending on the

number of iterations required, a typical calculation (including SA search plus DFT geome-

try optimization of all intermediate molecular species) took 1-2 hours on a single standard

computing node; of course, each mechanism search is independent of the others, so many

such calculations can be run simultaneously.

For the 2230 successful GDS calculations which formed benzene within the maximum

number of allowed reaction steps nr, we subsequently screened the reaction mechanisms using

DFT calculations. Here, we performed DFT geometry opimization calculations for all of the

molecular structures formed at each intermediate reaction-step for each proposed reaction-

mechanism. In total, this required 24,632 DFT geometry optimizations to be performed.
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Of these, we found that 1940 DFT calculations failed due to non-convergence of either

self-consistent field iterations or geometry optimization; in such cases, we find that these

convergence problems are typically a sign of distorted intermediate geometries generated

along the proposed mechanisms, and we choose to remove the corresponding mechanisms

from further consideration.

Following DFT calculations, we applied a series of further filtering steps to focus attention

on mechanisms which meet validity criteria demanded for benzene formation in the ISM.

First, we note that our goal is to seek out barrierless mechanisms for benzene formation, most

relevant to formation in low-temperature ISM regions. As such, we subsequently remove from

further consideration all of those reaction-mechanisms which exhibit intermediate molecular

structures which are greater in energy than the reactant molecular species; this screening is

based solely on the energies of optimized molecular geometries, rather than kinetic activation

barriers, but provides a convenient first screening of candidate barrierless mechanisms. This

energetic filtering leaves a total of 224 ‘thermodynamically barrierless’ reaction mechanisms

for further consideration.

Next, we compared all pairs of barrierless reaction mechanisms based on: (i) the number

of reaction steps (excluding allowed ‘null’ reactions which do not progress the reaction), and

(ii) the sum of the energies of reactant and product molecules at all steps in the proposed

reaction mechanisms. In particular, two reaction-mechanisms were judged to be the same if

they possessed the same number of (non-null) reaction-steps, and if the difference between the

energies of the molecular structures at every reaction step was less than 5×10−3 Eh (or ∼ 13

kJ mol−1). We find that these criteria mean that reactions which involve the same molecular

species but different conformations are kept in the set of unique reaction-mechanisms. The

final post-processing approach applied to the remaining reaction mechanisms was simple

visual inspection; this allowed elimination of any remaining mechanisms which were deemed

to be closely related to others.

As shown below, the simple screening of reaction mechanisms based on comparison of the
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energetics of reaction intermediates allows us to identify sets of unique reaction mechanisms;

however, we note that alternatives to this procedure could also be used (and might be

preferable for even larger reaction networks). In particular, direct comparison of complete

reaction mechanisms based on evaluation of structural molecular fingerprints of all reactive

intermediates could be employed, and will be explored in the near-future.

The outcome of the filtering procedures is a final set of 126 reaction mechanisms which

are flagged as being unique and barrierless (at least from the point of view of the energies of

the intermediate molecular structure - kinetic aspects are discussed further below). Figure

5 gives an overview of the energies of the different molecular species at each reaction step as

a simple schematic way of illustrating the diversity in reaction mechanisms generated. Here,

the radii of the different circles indicate the frequency with which molecules of each particular

energy occur at each reaction-step; we note that a reaction number of zero corresponds to

the initial set of reactant molecules. Figure 5(a) shows that the initial reactant sets comprise

molecular species with between two and four carbon atoms, as well as molecular hydrogen.

As the reaction steps progress, we see gradual decreases in the number of C2-C4 species,

as demonstrated by the shrinking radii of the circles with increasing reaction-steps. The

decrease in the frequency of these species is matched by the increase in the number of C6

species and, to a lesser extent, C5 and C7 species. Furthermore, we note that none of

the benzene-forming mechanisms generated here form any intermediates with more than

seven carbon atoms; this emphasises the fact that our mechanism search scheme is not free

to combinatorially generate molecular species indiscriminately, but is instead constrained

by the search for a well-defined product species. Figure 5(b) shows the same distribution of

molecular species, but only for those reactions judged to be unique. The pattern of behaviour

is similar to that shown in Fig. 5(a), with C2-C4 species rapidly being converted into C6

species. The final observation here is that C6 species are typically formed after just one

reaction step, which is possible because of the initial distribution molecular species in the

C2-C4 range; of course, starting with alternative reactant sets with, for example, only C1-C2
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species, would require more reaction-steps to generate more complex C6 species.

3.2 Barrierless mechanisms to benzene formation

The filtering of reaction mechanisms noted above, followed by visual filtering, demonstrated

that a varied series of different reaction mechanisms leading to benzene formation were

successfully identified. Ultimately, the combination of clustering based on molecular energy

characteristics and visual analysis, as well as exploratory NEB calculations used to investigate

potentially high-energy reaction barriers, resulted in a set of ∼ 12 reaction mechanisms which

led to benzene formation and: (i) were predicted to be thermodynamically barrierless (based

solely on the molecular energies at different reaction-steps), (ii) did not proceed through

chemically-unusual reaction intermediates, and (iii) did not proceed by chemically-unusual

reaction mechanisms.

In what follows, we focus our attention on describing the ‘best’ candidate reaction mech-

anisms for barrierless formation of benzene in the ISM. In particular, we focus our attention

on seven candidate mechanisms, and describe the results of further mechanistic analysis

based on NEB calculations, TS optimization and free-energy calculations; we also note be-

low where we identify reaction-mechanisms which have been reported previously, but did not

warrant further detailed investigation due to the availability of previous calculations. All

reported calculations were performed using the same DFT scheme as described above for

initial evaluation of molecular energies.

3.2.1 RM-1: Addition of C2H to trans-1,3-butadiene

The first reaction mechanism of note determined in our GDS simulations, referred to hereafter

as RM-1, is exactly the mechanism which was previously proposed by Jones et al.41 The

mechanism, shown in Fig. 4, begins with barrierless addition of the radical C2H to trans-

1,3-butadiene (C4H6), followed by closure of the six-membered ring. Following a further

intramolecular hydrogen transfer step and dissociation of hydrogen from the cyclic C6H7
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Figure 5: Frequencies of molecular energies as a function of reaction-step in GDS simulations;
the size and color of each circle represent the frequency of observation, and molecules which
have a calculated energy (at optimized geometry) which differ by less than 10−3Eh (or 2.6
kJ mol−1) were clustered together for this analysis. Panel (a) shows the molecular energy
distribution calculated for all successful GDS calculations, and panel (b) shows the molecular
energy distribution only for the 126 reaction mechanisms judged to be unique after filtering.
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species, the final benzene product is formed. The largest free-energy barrier in this reaction

is 145 kJ mol−1 for the third reaction-step, involving hydrogen transfer from a CH2 site to an

adjacent ‘bare’ carbon atom in the C6H7 ring (see Fig. 4). Importantly, as noted previously,

the entire reaction mechanism leading to formation of benzene is barrierless with respect to

the total energy of the reactants; as such, it would be expected that RM-1 could proceed

in the low-temperature environment of the ISM.

3.2.2 RM-2: Ring closure following hydrogen transfer

A first alternative reaction mechanism is illustrated in Fig. 6. Here, the initial addition

of C2H to C4H6 proceeds in the same way as in RM-1, forming product M3 through a

barrierless addition reaction. However, rather than direct ring closure as in RM-1, RM-

2 proceeds through a hydrogen-shift reaction to form M8, which subsequently undergoes

ring-closure to form the benzene product and a hydrogen atom.

While the initial addition of C2H is barrierless, and the barrier to hydrogen shift (159.9

kJ mol−1) is comparable to the greatest barrier in RM-1, this reaction mechanism can be

ruled out as feasible due to the very high-barrier to concerted ring closure and hydrogen

dissociation. This barrier is estimated to be around 626 kJ mol−1.

In an attempt to study this reaction further, we sought to locate a TS for the ring-

closure reaction starting from M8, but this time leading to M6 without concerted hydrogen

dissociation. However, for this ring-closure, the TS located after NEB and TS-optimization

did not correspond to the targeted ring-closure reaction. Instead, the TS corresponded to

formation of an intermediate structure containing a four-membered ring, with a barrier of

around 96 kJ mol−1. Starting from this four-membered ring intermediate, we then sought a

TS connecting to the benzene product M6, although this proved unsuccessful, leading again

to a false TS which connected to M8. In summary, the challenge of locating the TS for

ring-closure without concerted hydrogen dissociation suggested that this mechanism was not

a competitor of RM-1.
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Figure 6: Summary of mechanism RM-2. Reactant species are shown in the box in the
upper-left corner, and free energies (in kJ mol−1, calculated at 10 K) are shown relative to
the reactants. The final barrier (in red) is an estimate for the illustrated reaction, given that
the TS for this reaction proved difficult to locate (as discussed in the text).
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3.2.3 RM-3: Addition of C2H to C4H5

The next reaction of interest selected for study (RM-3) is shown in Fig. 7. As in RM-1 and

RM-2, the initial step of this reaction is barrierless addition of C2H, but this time to the

C4H5 species (M9). The resulting C6H6 species M10 then proceeds to form a six-membered

ring; two subsequent hydrogen-shifts, proceeding through TS11 and TS12, then lead to

formation of the benzene product. As shown in Fig. 7, this entire reaction path is barrierless

relative to the reactant species, and the maximum reaction barrier is about 120 kJ mol−1,

which is lower than the maximum barrier in RM-1.

However, mechanism RM-3 exhibits an important feature which likely rules it out as

a further candidate for consideration as a new reaction mechanism for benzene formation

in the ISM. In particular, the ring-closure reaction leading from M10 to M11 is found

to be endothermic and barrierless in the reverse direction; as such, one might expect that

intermediate M11 would not have sufficient lifetime to act as a route towards benzene,

especially given the fact that the forward reaction from M11 to M12 exhibits a barrier of

∼120 kJ mol−1.

However, it is interesting to note that RM-3 does, at least to the best of our knowledge,

represent a new barrierless mechanism for benzene formation; finding such mechanisms was,

after all, the main focus of our algorithm and this paper. Further analysis of the energetic

and kinetic characteristics unfortunately suggests that the likely impact of this mechanism

in ISM benzene formation is negligible.

3.2.4 RM-4 and RM-5: Small barriers to initial addition of C2H2

Two further mechanisms of interest which were located by our GDS algorithm (RM-4 and

RM-5) are shown in Fig. 8. Both of these reactions proceed through initial addition of

acetlyene (C2H2) to radical species; in the case of RM-4, the initial reaction is addition of

C2H2 to iso-C4H3 whereas, in the case of RM-5, the reaction proceeds through addition of

C2H2 to C4H5. Both reactions form C6H7 intermediate species which subsequently cyclise
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Figure 7: Summary of mechanism RM-3. Reactant species are shown in the box in the
upper-left corner, and free energies (in kJ mol−1, calculated at 10 K) are shown relative to
the reactants.
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to form six-membered rings, although the two reactions then differ in the details of the later

stages of benzene formation. Specifically, RM-4 involves hydrogen addition, followed by a

hydrogen-shift reaction (moving a hydrogen atom from a CH2 moiety in the six-membered

ring to an adjacent carbon atom with no bound hydrogen atoms); in our GDS calculation,

the hydrogen addition reaction involved a single given hydrocarbon species which was present

in the reactant set, but we note that the identity of the donor species is somewhat arbitrary

(in the sense that it could effectively be any available species). In contrast, RM-5 proceeds

to benzene through a hydrogen-shift reaction, forming species M5 as in RM-1, which then

dissociates atomic hydrogen to form benzene.

The initial screening calculations performed for these mechanisms, where the energies of

the intermediate molecular species were evaluated using DFT calculations, suggested that

both of these reactions were ‘thermodynamically barrierless’ in the sense that no intermediate

species has an energy which is greater than the reactant species. However, further NEB

calculations indicate an important feature in both reactions; the initial addition of C2H2 is

found to have a small barrier to reaction which is 19.7 kJ mol−1 for RM-4 and 30.6 kJ

mol−1 for RM-5. Under thermal conditions at room-temperature or higher, these barriers

to reaction would not be to be the rate-limiting steps in these reaction mechanisms for

benzene formation; however, in the low-temperature environment of the ISM, even these low

barriers present a significant factor counting against both mechanisms as routes for benzene

formation. At a representative ISM temperature of 10 K, the available thermal energy for

each degree-of-freedom is around 0.08 kJ mol−1, suggesting that the normal thermal reaction

rate associated with even these low association barriers would be very slow indeed.

As a result of the detection of small energetic barriers to C2H2 association in both RM-

4 and RM-5, we chose not to pursue further analysis of the later reaction steps, instead

ruling out the feasibility of these mechanisms for benzene formation in the ISM based on the

initial barriers alone. However, it is worth noting that these reactions appear to be related

to the recent proposal of resonance-stabilized radical reactions which are implicated in the
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formation of soot pre-cursors;76 in the setting of high-temperature hydrocarbon combustion,

the small initial barriers to reaction for mechanisms RM-4 and RM-5 would be much less

important, suggesting that these routes might play a part in benzene formation in flames

(assuming that the reactive C4H3 and C4H5 species are present). The application of our GDS

approach to study combustion processes, obviously related to the processes under study here,

is a clear avenue for further investigation.
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Figure 8: (a) Summary of mechanism RM-4, starting from reaction of C2H2 with C4H3. (b)
Summary of mechanism RM-5, starting from reaction of C2H2 with C4H5. Both mechanisms
exhibit small energetic barriers (20 - 30 kJ mol−1) to the initial addition step.

3.2.5 RM-6 and RM-7: Addition of C2H to C2H2

The final reaction mechanism which is detailed here from the set of GDS-determined results

is RM-6, as shown in Fig. 9. This reaction proceeds with the barrierless addition of C2H

to acetylene, in a similar manner to the initial addition observed in RM-1. Subsequently, a

second C2H2 molecule adds onto the intermediate C4H3 to form M17, which subsequently

undergoes ring-closure and addition of hydrogen (from any available reactant species) to
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form the benzene product.

While the initial addition of C2H2 is barrierless, and the addition of further C2H2 is

associated with only a small barrier of around 7 kJ mol−1, we found that the later ring-

closing reaction proved problematic in seeking to find a reliable TS; as a result, we instead

approximate the barrier to this reaction as being around 220 kJ mol−1 according to the results

of our CINEB calculation. This barrier is larger than the largest barrier encountered in RM-

1, but it is notable that the entire reaction mechanism RM-6 is barrierless as expected, and

so appears to be a valid alternative to RM-1 (assuming, of course, that a TS connecting

M17 and M18 could eventually be determined).

M31

TS14

M6

-281.1

-485.7

M1

M15 (✖2)

M17

M18

-288.0

-772.8

-265.7

+H

Figure 9: Reaction mechanism RM-6. Reactants are shown in the upper-left corner, and
energies are given relative to the reactants in kJ mol−1. The value given in red is a CINEB
estimate of the reaction barrier shown; the corresponding TS approximation from CINEB
did not converge to the desired TS, as detected by subsequent IRC calculation.

Further investigation of RM-6 gives further insight into the reason for the high barrier

to the ring-closure reaction. In particular, initial addition of C2H to C2H2 in RM-6 leads
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(in this case) to formation of Z -n-C4H3, with addition of a further C2H2 forming a trans-

double-bonded intermediate (M17). The geometry of this intermediate means that the ring-

closure reaction leading to M18 demands significant intramolecular distortion, resulting in

the relatively high observed energetic barrier.

This insight leads to proposal of a further reaction mechanism which proceeds in the

same way as RM-6, but via different conformers of the reactive species along the path-

way. In particular, as shown in Fig. 10, C2H can in principle add to C4H3 in different

orientations to form a different intermediate C6H5 structure, namely M29. The ring-closure

reaction from M29 to M18 proceeds straightforwardly through TS8, and addition of hydro-

gen through reaction with an available species can subsequently form the benzene product

M6. We note that reaction-mechanism RM-7 contains the same set of reactions as RM-6,

but consideration of different available isomers leads to a different pathway.

Compared to both RM-6 and RM-1, mechanism RM-7 certainly presents as a plausible

route to benzene formation in the ISM. It is barrierless, just as mechanism RM-1 is; in

addition, the barriers to the different elementary reaction steps which form RM-7 are much

lower than those encountered in RM-1, suggesting that RM-7 would be expected to proceed

at a faster overall rate. As such, RM-7 presents itself as a good candidate for a barrierless

route to benzene in the ISM, complementary to the previously-suggested RM-1.

However, as a final point, it is worth noting another factor which will impact the ultimate

feasibility of this reaction pathway in the ISM (as well as in other settings such as combus-

tion). In particular, the n-C4H3 species which is required to react with acetylene to form

species M29 is known to undergo a 1,2-hydrogen-shift reaction to form the iso-C4H3 species.

As noted previously,45,47,64 the iso-C4H3 is thermodynamically more stable than the n-C4H3

isomers by around 42 kJ mol−1, and the barrier to isomerization from n-C4H3 to iso-C4H3

is 222 kJ mol−1. As a result of this isomerization channel, reaction RM-7 might generally

be expected to be prevented from forming benzene in the ISM. However, as above, it is also

interesting to note that RM-7 could potentially operate in higher-temperature combustion
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settings, especially where the relative concentration of the n-C4H3 can be maintained.

M32

TS15

M6

-284.6
-490.4

M1

M15 (✖2)

M29

M18

-288.0

-772.8

-478.3

+H

TS8

Figure 10: Reaction mechanism RM-7. Reactants are shown in the upper-left corner, and
energies are given relative to the reactants in kJ mol−1.

3.3 Further comments

The analysis above has focussed attention on seven reaction mechanisms which, according to

initial DFT screening, presented themselves as viable candidates for barrierless formation of

benzene in the ISM. We have shown that one of these reactions corresponds to the previously-

proposed mechanism by Jones and co-workers, we have identified further reactions proceeding

via reaction of C2H and C2H2, and we have also observed reactions of C2H2 with C4 species.

As noted previously, however, we initially located 126 reaction mechanisms which were

flagged as potentially barrierless, with no intermediate structures having energy greater than
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the corresponding reactant species. Further inspection of many of these reactions reveal

interesting chemical routes to benzene, albeit routes that can usually be excluded after

visualization or comparison to the more standard mechanisms noted above. In this section,

we simply note some of these other reaction mechanisms as a route to better understanding

possible improvements of our GDS algorithm.

Perhaps most importantly in this context is the finding that the majority of the 126 unique

reaction mechanisms can be ruled out based on the over-emphasis of concerted reactions.

For example, we find a number of proposed reaction mechanisms which involve simultaneous

addition and dissociation reaction-steps, or related steps requiring insertion of molecules into

bonds which would otherwise be expected to be non-reactive. Such reactions are difficult to

screen out on the basis of the DFT energies of the intermediate structures alone; after all,

such concerted reactions can often lead to reaction products which are exothermic relative

to reactants, but the same such reactions would usually be ruled out as viable on the basis

of the large activation energies which would generally be expected of concerted reactions

for such systems. Instead, an additional screening based on predicted activation energies

for the elementary reaction-steps in a proposed mechanism would prove to be very useful

in removing such reactions from further consideration, thereby dramatically improving the

efficiency of mechanism search and reducing the need to visually check reaction-mechanisms

before choosing to proceed with further analysis. Another way to ameliorate the impact

of such mechanisms is to remove them entirely by placing further constraints on the atoms

which can participate in each reaction-class. At present, both screening based on predicted

activation energies and valence-based constraints on reactive atoms are areas of focus in our

research.

In discussing RM-6 above, we have also touched upon another important challenge in

our current GDS approach. In particular, our approach focusses on finding sequences of

elementary reaction-steps which lead to product formation, but we have seen that different

competing mechanisms (i.e. RM-7) can be determined which have the same CM updates but
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differ in their reactive conformers. In such cases, we anticipate that sampling over molecular

conformers using fast empirical force-fields might be a viable future route to automatically

generating conformational alternatives.

As a final point, it is worth noting that the self-reactions of propargyl radicals C3H3,

was also detected in our set of GDS simulations. Here, we identified several propargyl-based

reaction mechanisms which formed benzene through different relative approach orientations

of the C3H3, namely:

C2H2−CH···CH−C2H2 −−→ C6H6 (8)

CH−C2H2···CH−C2H2 −−→ C6H6 (9)

CH−C2H2···C2H2−CH −−→ C6H6. (10)

These reactions have been studied in previous ab initio electronic structure calculations,41,50,65

leading to the conclusion that this set of reactions are not important pathways to benzene

in the ISM due to the relative instability of the intermediate species formed by addition of

propargyl radicals. As such, we chose not to pursue further electronic structure calculations

for these reaction mechanisms, but note that it is pleasing that these previously-proposed

mechanisms were automatically proposed by our double-ended GDS algorithm.

4 Conclusions

In this Article, we have shown how our recently-developed double-ended reaction-mechanism

search algorithm can be adapted to: (i) define target reaction products which are a sub-set

of the total set of reactive molecules, and (ii) account for atomic permutational invariance in

the target product structure. These important modifications to our earlier algorithm mean

that the resulting approach is much more generally-applicable; one can define a generic set of

input reactant molecules and a single target molecule, and then generate an arbitrary number

of reaction-mechanisms connecting these two end-points. By accounting for permutational
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invariance in the cost-function which is optimized during the our graph-based search, there

is no need to define where every atom in the reactant set must reside in the target product;

the resulting approach is therefore much more useful in the context of automated reaction

discovery.

As a test case for our approach, we generated over 2200 reaction mechanisms which lead

from several generic sets of hydrocarbon molecules (containing C2-C4 species) to a target

benzene product. By calculating energies of intermediate structures, and subsequently clus-

tering reaction mechanisms based on these energies, we find 126 unique reaction mechanisms

which form benzene without any of the intermediate structures having higher energy than

the reactants. Further visual inspection of this unique set, as well as targeted MEP-finding

calculations, were subsequently used to identify a set of around seven reaction-mechanisms

which were studied in more detail as candidate barrierless mechanisms for C6H6 formation.

Encouragingly, we find that these barrierless mechanisms are a mixture of both previously-

suggested mechanisms and mechanisms which represent new routes to C6H6 formation. In

particular, we identified the reaction initiated by addition of C2H to trans-1,3-butadiene as

the most likely barrierless mechanism (RM-1), but also note that the reaction between C2H

and C2H2 (RM-7) also presents itself as a favourable reaction for interstellar benzene forma-

tion. As noted above, the issue of isomerization to more stable intermediates like n-C4H3 is

not accounted for in our direct search approach, and deserves further account. In addition,

we have also observed formation of benzene through the well-known propargyl recombination

routes, and have also identified further barrierless routes which can, ultimately, be excluded

from further consideration due to the presence of significant activation energies. However,

these reactions (as well as many of the others we have discounted in our search for barrierless

reactions) might be of further interest in the context of hydrocarbon combustion processes,

where elevated temperature might favour these alternative reaction routes.

The calculations reported here also serve as a useful guide to further areas of development.

The first relates to computational expense. In total, we estimate that around 24,000 DFT
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geometry optimizations were performed, in addition to 100-200 NEB optimizations of MEPs.

This is clearly a large computational effort, stemming predominantly from the large number

of reactions and intermediate structures which are generated in our approach. To address

this problem, we need much more efficient methods of approximating the characteristics of

individual elementary chemical reactions, such as activation energy and reaction energy;

machine-learning tools may find a use here. A second challenge relates to MEP- and TS-

finding; these are, in general, much more challenging to automate than geometry optimization

to local minima, with poor starting MEPs or reactant/product configurations often leading

to slow convergence (or, often, no convergence at all). These challenges have been considered

extensively in the last decade or so, with the development of methods such as the growing-

string approach, offering routes to further automating the reaction discovery process.11,77–79

A further remaining algorithmic challenge in our approach is the fact that different mech-

anisms possessing identical sets of reaction-steps, but arranged in a different sequence, can

in principle be generated. Although we anticipate that the imposition of atomic valence con-

straints will likely have a role in ruling out some of these alternative mechanisms, this cannot

be universally guaranteed. As such, identifying these sequence-differing reaction mechanisms

and sampling over the different possible permutations is a further topic which needs to be

addressed; we leave this detail for future work.

The final area worth further thought relates to completeness of generated reaction-

mechanisms: in other words, how many reaction mechanisms do we need to generate to

ensure that all relevant mechanisms have been sampled? Although the total number of reac-

tions and molecular species which can be generated for an arbitrary set of reactant molecules

is combinatorially large, this number can be reduced to (hopefully) manageable levels by re-

stricting the total number of allowed reaction-steps in any given mechanism (as we do in our

approach). As such, one might expect that careful databasing of reactions and intermediate

structures, as well as accurate comparison using efficient molecular fingerprints, could enable

complete construction of reaction networks. This challenge, as well as those noted above,
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are clearly goals for the near future.
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(19) Bartók, A. P.; Csányi, G. Gaussian approximation potentials: A brief tutorial intro-
duction. Int. J. Quantum Chem. 2015, 115, 1051–1057.
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