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Abstract

In this thesis we aim to advance the variational theory of integral functionals
depending on the symmetrised gradient. New contributions to this theory
are contained in chapters 3, 4 and 5, where we study relaxations of integral

functionals of the form:
1
Frue /Qf (:c > (Va() —i—Vu(x)T)) dz, w:QCR!-RY

under various ‘shape’ constraints imposed on the integrand f. Functionals of
this form arise naturally in the mathematical theory of solid mechanics. In
Chapter 3 we investigate the linear growth case, that is we additionally assume

that f satisfies bounds:
m|Al < f(A) < M(1 + |A])

for all symmetric matrices A € RY? and some constants 0 < m < M. Some-
times this growth is called linear isotropic. In Chapter 4 we deal with the case

of mixed growth, that is we assume that the inequality

m ((tr A)? + | dev A) < f(A) < M (1+ (tr A)® + | dev A])

dxd

cym and some constants 0 < m < M.

holds for all symmetric matrices A € R

In Chapter 5 we look at the special case of mixed-growth functionals, the
Hencky’s plasticity functional and its inhomogeneous generalisation. The main
result of this chapter is the proof of lower semicontinuity of the aforementioned
inhomogeneous functional in a sufficiently weak topology. This result relies on

the theory of Young measures, which we briefly recall. We also discuss new

developments in this theory and state open problems.

MSC (2010): 49J45 (primary); 28B05, 49S05.
Keywords: relaxation, lower semicontinuity, integral functionals, functions of

bounded deformation, Hencky plasticity.



Chapter 1

Introduction

The prime objective of this work is to advance the variational theory of integral
functionals depending on the symmetrised gradient. By the symmetrised
gradient we understand the symmetric part of the gradient of a vector-valued
function. In applications, this function represents a displacement of a body that
occupies certain region in space and the symmetric gradient is the (linearised)
strain tensor, which expresses the relative change in the position of points within
a body that has undergone the infinitesimal deformation. Such functionals arise
naturally in the mathematical theory of solid mechanics, where they represent
the total energy of the material deformation.

A physically relevant problem is to minimise the deformation energy in
a suitable class of deformations, subject to some boundary datum, which
represents the density of external forces acting on the body. Denoting by F
the energy functional, we can express the minimisation problem more precisely
as follows:

min{F[u] cueX, u=gon GQ}, (1.1)

where X is a space of functions u : Q — RY, g : 90 — R? is a boundary
constraint and  C R? is a domain occupied by the continuum. For practical
problems, it suffices to investigate dimensions d < 3. As we will soon see, the
underlying class of functions X is not only determined by the ‘shape’ of the

functional F, but also by the mathematical ‘machinery’ it offers. A general



approach to the problem (1.1) is via the so-called Direct Method of the Calculus
of Variations, which essentially means that the minimiser of (1.1) is constructed

by taking a minimising sequence (u;) C X such that
Flu;| — i?(f]: as j — oo.

Then, by the interplay between the continuity of F and the compactness of
X we can, in principle, obtain a limit u,, of the minimising sequence (with
respect to the convergence determined by the compactness), which is the desired
minimiser. In reality, however, the compactness of the space X often forces
us to consider a very weak notion of convergence for the minimising sequence,
which in turn may result in the minimiser to be outside of X. This leads to
the concept of relaxation, which is a natural procedure, when one is interested
in finding a minimiser, but the poor compactness of the underlying function
space X undermines the use of the Direct Method. In this case one may extend
(relax) the functional to a larger space with a better compactness and seek for a
minimiser of the extension, with a property that the minimum of the extension
agrees with the minimum (infimum) of the original problem.

In the subsequent chapters we study relaxations of integral functionals of

the form:
f:ut—)/ f(x 1(Vu(x)+Vu(x)T)) dx w:QC R R (1.2)
Q "2 ’

under various ‘shape’ constraints imposed on the integrand f. Henceforth, we
write Eu(z) for the symmetrised derivative (Vu(x) + Vu(z)T)/2.
In Chapter 2 we assume that the integrand f is a homogeneous function,

i.e. f does not explicitly depend on x, with linear growth bounds:
mlA] < f(A) < M (1+]A4])

for some constants 0 < m < M and all A € RZ:¢. Here |A| denotes the

Frobenius norm of a matrix A.



In this case it is natural to study (1.2) over the space of integrable functions

u with integrable symmetrised distributional derivative Eu, i.e.

LD(Q) := {u € L' RY) : fue LY(QGRED}.

sym

Unfortunately, in this space the direct method of the calculus of variations
does not provide any solution to the minimization problem. The culprit is the
lack of reflexivity and consequently, the inability to infer the (weak) relative
compactness from the norm-boundedness of a minimising sequence. In fact,

one can see that the sequence

UJ(ZE) = ja:]l(()’l/j)(x) + ]1(1/]'71)(%), xr &€ (—1, 1)

is bounded in LD((—1, 1)) with respect to the natural norm ||u||Lp := ||u|; +
|Eul|1, but the L'-limit us = L1y ¢ LD((—1,1)). The key feature of the
sequence (u;) is that the sequence of derivatives (u;) develops a singular
behaviour — it concentrates at 0. In other words, the sequence of measures
wj 2" (—1,1) converges weakly* to the Dirac measure dy, which is singular
with respect to the Lebesgue measure.

Therefore, the functional (1.2) needs to be extended to account for displace-
ment fields u whose linear strains F'u are measures, since in the space of measures
norm-boundedness of a minimising sequence implies weak* relative compactness.
Then the usual Direct Method applies. For this, one introduces the space BD(2)
of functions of bounded deformation as the space of all functions u € L'(€2; R%)

such that the distributional symmetrised derivative Fu := $(Du + Du”) is

dxd

representable as a finite Radon measure Eu € M(€2;RE).

The relaxation of F, commonly denoted by F, is then defined in an abstract
way as the smallest of the lower limits of F[uy] over all sequences (uy) C BD(2),

converging to some u € BD(Q2) from the larger space, i.e.
Filu] := inf {li}gn inf Flup] : (up) C BD(Q), up =~ u in BD(Q)} :
—00

In this definition it is implicitly assumed that F is extended by 400 outside

of LD(€2). The choice of convergence in the above definition is effectively



determined by the available compactness of the larger space.

As it stands, the relaxation in its abstract form is not particularly appealing.
Fortunately, under certain convexity assumption on f, one can prove that
the relaxation of F is also an integral functional. Here, we prove a refined
relaxation theorem in BD, improving the results of [6, 10, 33] to an essentially

optimal (under the following growth conditions) result:

Theorem 1.1. Let Q C R? be a bounded Lipschitz domain and let f - ]ngxrff —

[0,00) be a continuous function such that

1. there exist constants 0 < m < M, for which the inequality

m|Al < f(A) < M(1+4]), AeREy

Sym

holds;

2. f is symmetric-quasiconvex, that is for any bounded Lipschitz domain
w CRY, any symmetric matric A € REE and any ¢ € Wy (w; RY) the

inequality

WIF(A) < [ F(A+Ev() dy

holds.
Then, the functional

— d E*u s
Flu] ::/Qf(é’u)der/ﬂf# <d|ESU|> d|E*|, ueBD(Q)

is the relazation of the functional

Flu] := /Qf(é'u) dx

with respect to the weak™ topology in BD(Q).

Here, the strain Fu is decomposed into Eu = E*u+ Esu = Eu L QO+ Esu

dEsu
» d|Esul

according to the Lebesgue decomposition theorem is the polar density

of the singular part E*u with respect to |E*ul, and f# is the upper recession

function of f, i.e.

. f(sA)
f#(A) := limsup , Ae ngxn‘f.
e




In Theorem 1.1 in [33], only the weak™ lower semicontinuity result, and not
a full relaxation result, was established under the assumption that the strong
recession function f*° (with a limit instead of upper limit) exists. Our result
extends [10] and also Corollary 1.10 in [6] to a relaxation theorem without
any assumption on the recession function. It was possible due to the recent
developments in the theory of functions of bounded deformation (see next
chapter for details), namely the Alberti’s rank-one analogue by [16]. We note
that in view of Theorem 2 in [32], one can construct a function satisfying (1),
for which f*° does not exist.

In Chapter 4 we investigate the case where the integrand f in (1.2) is a

homogeneous function satisfying mixed-growth bounds:
m ((tr A)? + | deVA|) <flA) <M (1 + (tr A)? + | devA|) (1.3)

for some constants 0 < m < M and all A € R¥? The motivation for such

sym *

study comes from the classical convex functional of Hencky’s plasticity:
/ o(dev Eu) + g(div u)? du, (1.4)
Q

where ¢ : SD(d) — [0, +00) is a function which grows quadratically on some
compact set and linearly outside of this set, and Kk = A+2p/3 is the bulk modulus
of the material with the Lamé constants A and p. Here, SD(d) denotes the space
of symmetric and trace-free matrices in R4¢ and dev A := A—d~*(tr A)id is the
deviatoric (trace-free) part of a matrix A € R™?. Our aim is to generalize (1.4)
to include possibly non-convex integrands.

A first choice for a function space on which to define the functional (1.2) with
the growth constraints (1.3) is the space of integrable functions u with integrable
symmetrised distributional derivative £u and square-integrable distributional

divergence, i.e.

LUQ) = {u € L'QRY) : fue LYQGREY), divu e L2(Q)}.

sym

This space of functions, however, shares the same flaws as the space LD(€2).

To address them, one is naturally led to considering the Temam-—Strang space



U(Q2) of functions of bounded deformation with square-integrable divergence,
le.

U(Q) == {u e BD(Q) : divue L’ (Q)}.

For more information on BD, U and their applications in the theory of plasticity
we refer to [2, 21, 25, 30, 36-39]. In the next chapter we briefly recall results
relevant for this thesis.

The appropriate relaxation F, of F for u € U(2) is defined as follows:
Filu] :=inf { lif{ninf}"[uh]  (up) C UQ), up ~ uwin U(Q)}
—00

Again, we implicitly extend F by +oo outside of LU().
It turns out that it also has an integral form under suitable constraints on

the integrand f:

Theorem 1.2. Let Q C R? be a bounded Lipschitz domain and let f ngxlff —

[0,00) be a continuous function satisfying the following conditions:
1. there exist constants 0 < m < M such that for all A € Rg;n‘f the growth
m ((tr A)? + |deVA|) < f(A) <M (1 + (tr A)? + |devA|)
holds;
2. f is symmetric-quasiconvex;

3. there exist constants vy € [0,2) and § € [0,1) such that for all A € RZX2

Sym

the inequality
F(A) > ff,(dev A) — M (|tr A" + | dev A’ +1) (1.5)

holds.
Then, the functional

— d E’u
Flu, Q] ::/Qf(f,’u) da:—l—/Qfgtv <d|E5u|> d|Eul, ueU(f)

is the relazation of the functional
Flu] ::/Qf(é’u) dx
with respect to the weak* topology in U(Q), i.e. F, = F.

10



Here f(ﬁv is the upper recession function of the restriction fqe, of f to the

symmetric deviatoric (d X d)-matrices, i.e.

ev(sD'

f#.(D) := lim sup M, D € SD(d).
D'—D S
§—00

The integral representation is substantially harder to obtain in the mixed-
growth case than in the linear growth case. The issues arise due to the
incompatibility of the standard blow-up argument with mixed-growth integrands,
see Chapter 4 for details.

In Chapter 5, by using Young measure methods, we establish the following
weak™® lower semicontinuity theorem for inhomogeneous (i.e., x-dependent)

energy functionals:

Theorem 1.3. Let Q C R? be a bounded Lipschitz domain and
1. the function g : Q x R4 — [0, +00) is Carathéodory with linear growth:

Sym

m|A| < g(z, A) < M(1+|A]), (z,A) € QxR

sym

for some constants 0 <m < M;
2. for every x € Q2 the map A — g(x,dev A) is symmetric-quasiconvez;
3. the strong recession function (g o dev)®, defined as the limit
g(a',sdev A')

1
(z' A" )= (z,A) S
5§00

(g9 0 dev)™(z, A) := . AesSD(d),

exists and is jointly continuous;
4. the function h : Q@ x R — [0,400) is Carathéodory, convex and has

quadratic growth
0< h(z,2) <M+ |2, (z,2) € QxR
Then, the functional

Glu] := /Qg(x,devgu) + h(z,divu) dz + /Q(g odev)® (x, dd|j§SZ|> d |Eful

is weakly™ lower semicontinuous on U(§2).

11



Note that here, we need to require the existence of the strong recession
function (g o dev)*, as the argument is based on the theory of Young measures,

for which the existence of (g o dev)™ is crucial.

12



Chapter 2

Prerequisites

2.1 General notation

By R¢ we denote the d-dimensional Euclidean space with d > 1. We write
B(z,r) for an open ball, B(x,r) for a closed ball and dB(x,r) for a sphere
centred at x € R? with the radius 7 > 0. For any matrix A € R%*? its deviatoric
projection is defined as dev A := A—d~(tr A)id, where id € R is the identity

matrix. The set of all symmetric and deviatoric matrices in R?*? is denoted by

SD(d) := {M € R¥?: tr M = 0}.

Sym

We also write a © b:= (a ® b+ b ® a)/2 for the symmetrised tensor product.
In this thesis we always assume that 0 C R? is an open bounded Lipschitz

domain, unless stated otherwise.

We write LP(Q2), LP(Q; X)), Li .(Q2), etc. for the Lebesgue spaces and W4(),

loc

WPE(Q; X), Whi(Q), etc. for the Sobolev spaces with suitable exponents.

2.2 Measure theory

We write B(X) for the Borel o-algebra on a topological space X. The d-
dimensional Lebesgue measure is denoted by .£¢ and for the #%-measurable

set A C R? we occasionally write |A| instead of £4(A).

13



The cone of (finite) Radon measures is denoted by M*(R%) and its subspace
of probability measures is denoted by M'(R?). The following theorem provides
a simple criterion for a set function to be a Radon measure (for the proof see

[4, Theorem 1.53]).

Theorem 2.1 (De Giorgi-Letta). Let X be a metric space and let U(X)
denote the set of open subsets of X. Let p:U(X) — [0,00] be a set function
such that
1. u(0) = 0;
2. (monotonicity) for A,B € U(X) if A C B then p(A) < u(B);
3. (subadditivity) for A, B € U(X) it holds that u(AU B) < u(A) + u(B);
4. (superadditivity) for A, B € U(X) with ANB = ) it holds that u(AUB) >
w(A) + u(B);
5. (inner regularity) p(A) = sup{u(B): BeU(X), B € A}.
Then, the extension of u to every B C X defined by

u(B) :=1inf{p(A): AclU(X), AD B}

is an outer measure. In particular, the restriction of i to Borel o-algebra is a

positive measure.

Let 1 be a positive Radon measure in an open set 2 C R? and let k& > 0.

We define the upper k-density of p at x € € as

" o p(B(z,r))
O, x) = hHrlfOup B

where wy, := 7/2I'(1 + k/2) is the Lebesgue measure of the unit ball in RF.
Similarly, one defines the lower k-density, by replacing the upper limit with the
lower limit.

The following result (see [4, Theorem 2.56] for the proof) asserts that the

upper k-density can be used to estimate the measure y from below by the

k-dimensional Hausdorff measure 7.

14



Proposition 2.2. Let Q C R? be an open set and let i be a positive Radon
measure in ). Then, for any 0 < t < oo and any Borel set B C () the
implication

Oi(u,z) >t YaeB = p>tH"_B
holds.

We also use vector-valued Borel measures p : B(R?) — RY, which are
o-additive set functions with p(0)) = 0. The space of all such vector measures
is denoted by M(R? RY). The space of local vector measures is denoted by
Mioc(R% RY). For a vector measure p1 € M(R% RY) we define its total variation
measure || € M (R?) by

|pe|(S) := sup {Z 11(Sk) = S = J Sk, {Sk} is a Borel partition of S} :
keN keN
The restriction of a measure p € M,.(R%GRY) to a Borel set B € B(RY) is
defined as L B(S) := u(BNS) for all relatively compact Borel sets S € B(R?).

For a positive measure i on a locally compact separable metric space X,
the support of u, in symbols supp u, is the closed set of all points z € X such
that u(U) > 0 for every neighbourhood U of z. For a vector measure v we

define its support to be the support of its total variation measure |v|.

Theorem 2.3 (Besicovitch differentiation theorem). Let ;i € M(R% RY)
be a vector-valued Radon measure and let v € M*(R?) be a positive Radon

measure. Then for v-a.e. xy € R in the support of v, the limit

At () gy B 1)

dv r10 v(B(xg,1))
exists and is called the Radon-Nikodym derivative of u with respect to v.
Moreover, we have the Lebesque decomposition of u = %SV + p®, where

u’ = pl E is singular with respect to v and

E = (Rd\suppy)U{JSESuppV: l}gW :oo}.

15



For the proof, see Theorem 2.22 in [4]. See also Theorem 5.52 in [4] for a
more general version, where a ball B(z,7) can be replaced with a set z¢ + rC

for any open convex set C' C R? containing the origin.

2.3 Convexity

Various notions of convexity play a central role in the calculus of variations,
as they affect the statement of necessary and sufficient conditions for many
minimisation problems. We briefly recall definitions and basic properties of
the two weaker notions of convexity. These convexity concepts are effectively
symmetric counterparts of the usual quasiconvexity in the sense of [31] and

rank-one convexity.

Definition 2.4. Let f : R — R be a locally bounded Borel function. We
call f symmetric-quasiconvex, provided that for all bounded Lipschitz domains
w C R4, all test functions 1 € Wy™(w;RY) and all matrices A € R&xd the

inequality

f(A) < £ f(A+EUy) dy (2.1)

w

holds.

If the function f additionally satisfies an asymptotic growth condition of
the form |f(A)| < C(1 4+ |AJ?), then (2.1) holds for 1) € WyP(w; R?) (cf. [35,
Lemma 5.2(ii)]).

Definition 2.5. Let f : R¥¢ — R be a Borel function. Then, the symmetric-

sym

quasiconvex envelope SQf : R4 — R U {—oo} is a function defined as

SQF(A) =inf {f f(A+EV() dy: ¥ e WG @ R}, (22)

Remark 2.6.
1. By the Vitali covering argument one can show that the inequality (2.1)
and the formula (2.2) are independent of the choice of the domain w (cf.

[35, Lemma 5.2(i)]). See also Proposition 5.11 in [15] for a different proof.

16



2. For a non-negative continuous function f with p-growth, 1 < p < oo, the
symmetric-quasiconvex envelope S@Q f is symmetric-quasiconvex and also
has p-growth (see [35, Lemma 7.1]).

3. For a function f as in (2), the symmetric-quasiconvex envelope of f can
be equivalently expressed as the greatest symmetric-quasiconvex function,

no larger than f, i.e.
SQf(A) =sup{g(A): g is symmetric-quasiconvex and g < f}.

Example 2.7. Let dist(e, S) :=inf {|z —e|: z € S}. A non-trivial example

of a symmetric-quasiconvex function which is not convex is the map

R 5 A SQ (dist(A, {F,—F})*), 1<p<2,

Sym

where F' # a ® b for any a,b € R%. Indeed, it is clear that the distance function
dist(-, { F, —F'})? is non-negative, continuous and with p-growth. Hence, by
Remark 2.6(2), the function SQ (dist(-, { F, —F'})?) is symmetric-quasiconvex.
It can be shown that this function is not convex at the zero matrix (see [35,

Lemma 7.3]).

Definition 2.8. Let f : R¥4 — R be a locally bounded Borel function. We

Sym

call f symmetric rank-one convex, if
Rot— f(A+ta®b),

is conver for all A € R and a,b € RY,

sym

Remark 2.9.

1. As for the quasiconvexity and the rank-one convexity, it can be shown,
that symmetric-quasiconvexity implies symmetric rank-one convexity.
More precisely, by the one-directional oscillations argument, similar to
the one in the proof of Proposition 5.3 in [35], one can prove that for a

symmetric-quasiconvex function f : Rg;n‘f — R the inequality

f(0A+(1-0)B) <0f(A)+(1-0)f(B)

17



holds for A, B € RE:f with B— A = a®b for some a,b € R? and § € [0,1].
This is equivalent to f being symmetric rank-one convex.

2. Every symmetric rank-one convex function f is (locally) Lipschitz con-
tinuous. If f additionally satisfies p-growth condition (with a constant

M >0), 1< p < oo, then the inequality

[f(A) = f(B)] < CA+|APT + |BFT)|A- B|, A, BeR]

Sym

holds with a constant C' = C(d, M) > 0. In particular for p = 1 we have
a global Lipschitz continuity of such f. The proof of these assertions is

contained in [35, Lemma 5.6].

Recall that a function f : RY — R is called positively 1-homogeneous, if for

all A € RY and all ¢t > 0 the equality

f(tA) = tf(A)

holds.
The following convexity result for positively 1-homogeneous functions in
conjunction with the BD-analogue of Alberti’s rank-one theorem (Theorem 2.26)

plays a vital role in the study of relaxations in chapter 4.

Theorem 2.10 (Kirchheim-Kristensen). Let C be an open convexr cone
in a normed finite dimensional real vector space V, and let D be a cone of
directions in V) such that D spans V.

If f: C — R is D-convex (i.e. its restrictions to line segments in C in
directions of D are convex) and positively 1-homogeneous, then f is conver at
each point of CND.

More precisely, and in view of homogeneity, for each vy € CND there exists

a linear function £ :V — R satisfying ¢(xg) = f(xo) and f > on C.

For the proof we refer to [24]. We also record the following simple fact.

18



Proposition 2.11. The set of symmetric and deviatoric matrices SD(d) is

spanned by the subset
S = {a@b: a,be R, a-sz}.

Proof. 1t is elementary to see that basis for SD(d) consists of matrices (e; +

ei+r1) @ (e —ejp1) fori=1,...,d—1and e; ®e; for i # j. O

We draw the following important conclusion from Theorem 2.10 and Propo-

sition 2.11.

Corollary 2.12. A symmetric rank-one convex and positively 1-homogeneous
function f : SD(d) — R is convex at each point of the symmetric rank-one

cone S.

2.4 Abstract relaxation

In this section we introduce the concept of the relaxation of functionals in an
abstract topological space equipped with a metrizable topology.
As a motivating example, suppose that we want to solve a minimisation

problem

min {/Q fz,u(z), Vu(z))dz: ue WH(Q; Rm)} : (2.3)

where 0 C R? is a Lipschitz domain and the continuous integrand f : Q x

R™ x R™*4 — R satisfies linear growth bounds
mlA| < f(z,2,A) < M(1+|A])

for all (z,z, A) € Q x R™ x R™*¢ and some positive constants 0 < m < M. It
turns out that the direct method of the calculus of variations does not provide
a solution to the problem (2.3). This is due to the fact that the Sobolev space
W' is not reflexive, and thus one cannot infer (weak) relative compactness of
minimising sequences from boundedness.

However in this case, due to the bounds on the integrand f, one can see that

a minimising sequence converges weakly* to a function of a bounded variation
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(cf. [4, Proposition 3.13]). This suggests that one should seek some form of
relazation of the functional F, extended by 400 beyond WI’I(Q; R™), i.e.

/ f(z,u(z), Vu(x))dz for u e WHH(Q;R™)
Foolu] := Q
+00 for u € (BV\ W) (€; R™)
to a functional F, which is lower semicontinuous with respect to the weak*

topology of BV(£2; R™) and such that the equality of infima holds, i.e.

inf F = min F,.
whi BV

Below we present the basic theory of an abstract relaxation, which provides
these features. The remainder of this section is based on [8, Chapter 11].

Let (X, d) be a metrizable topological space and let F : X — RU{+o0} be an
extended real-valued functional. We define the relazation F. : X — RU {+o0}
as

F.lz] .= inf {liminff[mj] D (z) C X, xjas j— OO}»

J—00

where the convergence x; ~ x is understood with respect to the metric d.
We shall prove in Proposition 2.15 that the relaxation F, is lower semicon-

tinuous with respect to the convergence ‘~~’, that is, the inequality

F.lz] < liminf F, [z} (2.4)

j—00
holds for any sequence z; ~ . Note, that this is not immediately clear from the
definition of F,, since we only have the inequality F,[z] < liminf; ., Flz;] for
x; ~» = and to obtain (2.4) one needs to use a suitable diagonal argument, see
Lemma 2.13 below. Moreover, we prove that the relaxation F, is the greatest
lower semicontinuous functional no larger than F. Such a functional is often

called a lower semicontinuous envelope of F.

Lemma 2.13 (Diagonalisation lemma). Let (ax;)r;, C X be a doubly-
indezed sequence in a first countable topological space X such that
1. lim ap1 = Ak,
l—00

2. lim a; = a.
k—o0
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Then, there ezists a non-decreasing map | — k(l), such that
fim s =

The proof of Lemma 2.13 can be found in [7]. We begin with the following

technical lemma.

Lemma 2.14 (Recovery sequence). Let x € X. Then, there exists a

sequence (x;) C X such that x; ~> x and F,[x] = lim Flx;].

Jj—o0

Proof. Fix arbitrary x € X and k € N. By the definition of F,, there exists a
(k)

sequence (r;); such that :ng) ~ x as j — oo and

1
Filz] < liminf f[xg-k)] < Filz] + T

J]—00

Let 0, : N — N be an increasing map, which may depend on k, such that

lim inf F [azgk)] = lim F [:L‘((TIZ)( ot

j—o0 j—00
We thus have
lim lim Flzl) ] = Filz].

k—00 j—+00

By Lemma 2.13, applied to the sequence (xfyi)(j),f[xf,?(j)])k,j and the first
countable space X X (RU{+o00}), we can choose a non-decreasing map j +— k(j)

such that :L'(k(j))- ~» r and
ai(5) (3)

lim FlzE9 ] = Fla].

j oo o) (U

Therefore, the desired recovery sequence is given by z; := xgi((] 3)( i) O
J
Proposition 2.15. The relaxation F, is the greatest lower semicontinuous

functional less than F.

Proof. Note that for an arbitrary € X, taking a constant sequence z; = x
for all j € N in the definition of F, yields the inequality F.[z] < Flz].
We now prove that F, is lower semicontinuous. Let (x;); C X be a sequence

such that x; ~» x for some z € X. Let (z4)r := (z;,)r be a subsequence of
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(z;); such that
klggo Filxk] = lljrgloglf Filz;].

By Lemma 2.14 there exists a recovery sequence (y\”); C X such that y\” ~ z,

for each £ € N and such that
Filzi) = lim Fly),
l— o0

hence

lim inf F.[z;] = hm F.[zi] = lim lim Fy").

Jj—o0 k—o00 l—00

Since

lim lim y,g,) lim z;, = =,
k—o0 l—00 k—o0

by Lemma 2.13 applied to the doubly-indexed sequence (y,g), F [y,g)])m, there

(@)

exists a sequence (k;); such that y,” ~ z as [ — oo and

. D7 e
Lim Flyy'] = lim inf F,[z;].
We have

lim inf F,[z;] = Jim ]:[ ]

j—)OO

> inf {hmmf}"[x]] D(zg); C X, e x} = F.lz],

00
which proves the lower semicontinuity of the relaxation F,.

It remains to prove that if G : X — R U {400} is an arbitrary lower
semicontinuous functional such that G < F, then the inequality G < F, holds.
This proves that F, is the greatest such functional.

Let G be a functional as above and let z; ~» x in X. Since G is lower

semicontinuous and G < F it holds that
Glz] <liminf G[z;] < 11m 1nf.7:[xj]
J—00
Taking infimum over all sequences z; ~» z yields the inequality G[z| < F.[z],

which ends the proof. U

We end this section with the proof of the following relaxation principle.
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Proposition 2.16. Let F : X — RU {400} be a proper, i.e. there exists
x € X such that Flx] < oo, extended real-valued function. Suppose that there
exists a minimising sequence (x;) C X, i.e. Flx;] — infx F and (z;) is
relatively compact in X. Then

1. infx F = minx F,

2. every cluster point x € X of the sequence (x;) is a solution to the min-

imisation problem miny F, that is x € arg miny F.

Proof. Let x € X be a cluster point of (z;) and let (x;,) be a subsequence of

(z;) such that x;, ~» x as k — co. By the definition of F, we have

Filz] <liminf Flz;] = i)n(f F.

Jj—00
On the other hand, by Proposition 2.14, for any y € X we can find a recovery

sequence (y;) such that y; ~» y and
Fulyl = lim Fly;].
Therefore we obtain

Fli] <inf F < Ey

for any y € X, hence x € argminy F,. Choosing y = = we conclude that

F.lx] = miny F, = infx F. n

2.5 Function spaces

In this section we recall definitions and basic properties of function spaces used

throughout this thesis.

Functions of bounded deformation

In the applications coming from plasticity theory, see for instance [36, 37, 39],

one is often concerned with the class of functions

LD(Q) := {u e LY RY) : fue LN%RED)

sym
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where Eu = (Vu + VuT)/2 is the distributional symmetrised gradient of a
displacement v :  — RZ The space LD(2) is a Banach space when endowed
with the norm

[ullup == fully + [[Eullr-

However, in general we cannot infer weak relative compactness from bound-
edness, since LD(2) is not reflexive. If a bounded sequence in LD(2) has
equiintegrable symmetric gradients, then in virtue of the Dunford-Pettis the-
orem, we could infer the weak relative compactness. The equiintegrability,
however, is rare in applications, so we need to consider a larger space instead.

Therefore, we define the space BD(Q) of functions of bounded deformation [2,
36, 37, 39] as the space of all functions u € L'(€; R?) such that the distributional
symmetrised derivative Fu := (Du+ Du’)/2 is representable as a finite Radon

measure Fu € M(Q; RZd) i.e.

sym

BD(Q) == {u € LN(QRY) : Bue MQ;RED}.

sym

The space BD(Q2) is a Banach space when endowed with the norm
lullgo = l[ully + [Eul($),

but the norm topology is too strong for applications in the theory of elasto-
plasticity, hence we usually work in weaker topologies. We distinguish three

such topologies.

Definition 2.17 (Weak* convergence). We say that (u,) C BD(Q2) con-
verges weakly* to u in BD(Q) if up, — u strongly in L'(Q;R?) and Euy, = Eu
weakly* in M(; R2xd),

sym

The topology of the weak* convergence is useful, due to the following

compactness property (cf. [38]).

Theorem 2.18 (Compactness). Let Q C R be a bounded Lipschitz domain.
Let (up) C BD(Q) be a uniformly norm-bounded sequence. Then, there exists a

subsequence converging weakly™ to some u € BD(9).
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We have the following simple fact.

Lemma 2.19. Let (up) C BD(Q) be a sequence such that up — u strongly in
LY (Q;RY) and (up,) is uniformly norm-bounded in BD(QY). Then, (us) converges
weakly® to u in BD(Q).

Proof. Let (us,) be bounded in BD(2) and u;, — u strongly in L'(€; R?). We
need to establish the convergence Euy, ~» Eu weakly* in M(Q; RE%).

From the boundedness of (uy) in BD(€2) we have in particular that (Euy)
is bounded in M(€2; R*4). Therefore, up to a (not relabelled) subsequence we

sym
have Euy — p for some measure p € M(Q;RE5T). For & € Cl(Q; R we
have
/@J dyl = hm Z/ d(Euy)]
2,7=1
- _ j
= }}LHC}OZ/ dive’ vl dz
d . .
= —Z/ dive’ v’ dz.
j=1"%
The proof is finished. U

Remark 2.20. The weak™ topology is metrisable on bounded sets of BD((2)
(see [13] for details).

Definition 2.21 (Strict convergence). A sequence (up) C BD(Q2) con-
verges strictly to u in BD(Q) if up — u strongly in L'(Q;RY), Eu, = Eu
weakly* in M(Q; R and |Euy|(Q) — |Eu|().

Sym

For a measure p € M(R?; R?) with the Lebesgue decomposition

dp
ogpd
= q .z
we define a Borel measure (
/ 1+ dgd dm+\u!
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Definition 2.22 (Area-strict convergence). A sequence (u;) C BD(2)
converges area-strictly to u in BD(Q) if u, — wu strictly and (Eup)(Q) —

(Eu)(9).

The last type of convergence is particularly important, as it allows approxi-
mation of functions in BD(Q2) by smooth functions (which is not possible in
the norm topology). The proof of this density result follows along the same

lines as the proof of Lemma 11.1 in [35].

Remark 2.23. Clearly, the weak* convergence is weaker than the strict
convergence, which in turn is weaker than the area-strict convergence.

In order to see that the opposite implications do not hold we consider
sequences (u;), (v;) C BD((0,27)) defined by

u;(x) = ;sin(jx) and v;(z) =2+ uj(zr), € (0,2m).

Then, we can see that u; — 0 weakly* in BD((0,2n)), but not strictly, as
|Eu;|((0,27)) = 4 for each j. We can also see that v; converges to x weakly*
and strictly, but not area-strictly, since the integrand /1 + |A|? is strictly

convex away from 0.

According to the Lebesgue decomposition theorem, we split the measure

Fu into

Fu = &uZ? + Etu,

where Eu = 424 € L'(Q, 24 RE) is the Radon-Nikodym derivative of Fu
with respect to the Lebesgue measure .£¢ (called the approzimate symmetrised
gradient) and E*u L £ is the singular part of Eu.

We have the following trace theorem in BD(2) (cf. [9, 39]).

Theorem 2.24. Let Q C R? be a bounded Lipschitz domain. Then, there
exists a unique linear continuous map v : BD(Q) — L'(9Q, 271 L 9Q; RY),
called the trace such that

1. for u € BD(Q) N C(;RY) it holds that v(u) = u|sq,
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2. foru € BD(Q) and ¢ € C'(RY) the integration-by-parts formula

/u@V(pdx:—/gpdEu—l—/ oy(u) ©n d?
Q Q o0

holds. Here n : 00 — S%! denotes an outward pointing unit normal to
the boundary 092, and =" denotes the (d — 1)-dimensional Hausdor{f
measure.

Moreover, the trace v is continuous with respect to the topology of strict con-

vergence in BD().
We usually write u|sq instead of y(u) for the trace of u € BD(2).

Theorem 2.25 (Poincaré inequality). For every u € BD(Q) there exists
a rigid deformation r, i.e. a skew-symmetric affine map r : R* — R? of the

form r(x) = Sz + b, where S € RYL and b € R?, such that

skew
|+ 7]l aw—1 < C|Eu|(£2), (2.5)

where a constant C' = C(2) > 0 depends only on the domain ).

For the proof see [39, Proposition 2.4] or [38, Remark I1.2.5]. Moreover, if
ulao = 0, then (2.5) simplifies to

||u||Ld/(d—1) < C|Eu|(Q) (2.6)

The following BD-analogue of Alberti’s rank-one theorem in BV (cf. [1, 29])

is proved in [16].

Theorem 2.26 (DePhilippis-Rindler). Let Q C R be an open set and let
u € BD(Q). Then, for |ESul-a.e. x € Q, there exist a(x),b(z) € R\ {0} such

that
d Esu
d |Esul

(x) = a(x) ® b(x).

For every u € L'(€2;R?) there exists an .Z%negligible set S, C , called

the Lebesgue discontinuity set of u, such that for every xy € Q\ S, there exists
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(o) € RY for which

lim f/ u(z) — a(zo)| dz = 0.
B(zo,r)

The function % : Q\ S, — R? is called the precise representative of w.
Every function u € BD(Q) is approzimately differentiable at £%-almost
every zg € Q\ Sy, i.e.

1 /B(mo’r) |u(z) — a(zo) — Vu(xo)(z — x0)| de—0 2.7)

lim —
rl0 rd r

For the proof, see Theorem 7.4 in [2].

Temam-Strang space

For the theory of elasto-plasticity in the geometrically linear setting the class

of functions defined as
LUQ) = {u e LD(Q) : divu e L*(Q)}

becomes a natural choice [14, 21, 23, 38]. Unfortunately, the space LU(Q)
inherits the poor compactness property of LD(§2) and again, it is reasonable
to look for a larger space which could be used instead of LU(£2) to overcome
this issue. Therefore, we define the Temam-Strang space U(£2) as a subspace of

functions of bounded deformation BD((2):
U(Q) == {ueBD(Q): divue L*(Q)}.
The space U(Q2) is usually endowed with the norm
lullu := llullsp + [[div ullz,
which turns it into a Banach space.

Remark 2.27. For u € U(§2) we have that dev E*u = E*u, since the trace
part of Fu is absolutely continuous with respect to the Lebesgue measure £<.
In conjunction with Theorem 2.26, this implies that for v € U(Q2) the polar
of the measure E*u is a symmetric tensor product of two non-zero orthogonal

vectors.
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Similarly to the space BD, one usually works in weaker topologies than the

norm topology. We distinguish three such topologies.

Definition 2.28 (Weak* convergence). We say that (uy) C U(2) con-
verges weakly* to u in U(Q) if upy — u strongly in L'(Q;R?), Eu, = Eu
weakly* in M(; R and divuy, — divu weakly in L*(Q).

sym
We have an analogue of Lemma 2.19 for the Temam-Strang space.

Lemma 2.29. Let (uy) C U(Q) be a sequence such that u, — u strongly in
LY (Q;RY) and (up,) is uniformly norm-bounded in U(SY). Then, (us) converges
weakly* to u in U(Q).

The proof follows along the same lines, so we omit it here.

Definition 2.30 (Strict convergence). We say that a sequence (u,) C U(Q)
converges strictly to u in U(Q) if u, — u strongly in L'(Q;R?), Eu, = Eu
weakly* in M(; RE), [Buy|(Q) = |Eu|(Q) and divu, — divu strongly in
L*(Q).

Definition 2.31 (Area-strict convergence). We say that (uy) C U(Q)
converges area-strictly to u in U(Q) if up, — u strictly, (Eup)(Q2) — (Eu)(2)
and (dev Eup)(2) — (dev Eu)(€2).

The following theorem was proved by Jesenko and Schmidt [23]:

Theorem 2.32. Let f: QxR — [0, 00) be a continuous function satisfying

Sym

the following conditions:

1. there exist constants 0 < m < M such that for all (x, A) € Q x R4 the

sym

growth estimates
m((tr A)? + |dev A]) < f(x, A) < M(1+ (tr A)? + |dev A])  (2.8)

hold;

2. f(x,-) is symmetric rank-one conve;
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3. for every fired D € SD(d) the map = — fi. (z, D) is continuous; here

f(ﬁv is the recession function of the restriction faev := flaxsp(a) defined

by

ev Y 'D/
fi(x,D) = lin} sup W. (2.9)
ey

Then, the functional
Flu, Q] := /Qf(x,é'u(x)) dz, weLUQ)

extends continuously, with respect to the area-strict convergence in U(2), to the

functional

_ d E?
Flu, Q] ::/Qf(:r,gu(x)) dx+/ﬂfi‘, <$’d]ESZ]> d|E’ul, ueU(Q).

Remark 2.33. For u € U(Q2) there exists a sequence (v,) C LU(2) N
C™(Q;R?) such that v, — wu area-strictly in U(Q), see [8, Theorem 14.1.4]
(the proof is similar to the proof of Lemma 11.1 in [35], with the strong L*-
convergence of (divwvy,) being a consequence of the mollification). In virtue of
Theorem 2.32 we have that

d Efu
# )5
/Qf(a:,&)h) d:c—>/9f(x,5u) dx+/Qfdev <x’d]E5u]> d|E*ul.

30



Chapter 3

Linear growth functionals

In this chapter we study homogeneous integral functionals of the form:
Flu):= | f(Eu(@) da
with the linear isotropic growth bounds:
m|A] < f(A) < M(1+]A4])

for some constants 0 < m < M.

The function u : Q — R? describes the displacement of a body that occupies
the region Q C R? and the functional F represents the total energy of the
deformation.

A physically relevant problem is to minimise the energy F in a suitable
class of deformations, subject to some boundary datum which represents the
density of external forces acting on the continuum. Mathematically, this can

be formulated as the following minimisation problem:
min {Flu]: v € X, u=gon 0N}, (3.1)

where X is some space of functions v : Q — R% and ¢ : 9Q — R? is a boundary
datum.

Ideally, we would like to study the minimisation problem (3.1), modelled
over the space X which consists of differentiable functions or at least is a

subspace of LD(2) defined in the previous chapter. This, however, is not
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realistic, since in problems coming from the elastoplasticity, we often encounter
discontinuities across the so-called slippage surfaces. No differentiable (or even
Sobolev) function can account for such behaviour.

For the most part of this chapter, we investigate the minimisation problem,
for which the displacement field is not constrained by the boundary datum. It
is, however, possible to account for the Dirichlet boundary condition through

the so-called penalisation term (see Remark 3.14 and Theorem 3.15).

3.1 Recession function

In the sequel we often need to ‘encode’ the information about the asymptotic
behaviour of an integrand f. To this end, we define the (strong) recession

function > : RY — R as:

£o4) = lim L8 4Ry (3.2)

A=A S

if the limit exists and is finite. It is straightforward to see that f*° is positively

1-homogeneous, i.e.
fE(A) =tf>(A4), t>0, AcR".

Moreover, for a Lipschitz function f the definition of f* reduces to the following:

f=(A) = lim M, AeRY, (3.3)

S§—00 S

Indeed, by the Lipschitz continuity of f we obtain:

/_
F(A4) < lim f(sA) +sLIA = A _ . f(s4)
e $ s

and similarly we estimate from below to conclude.
The existence of the strong recession function f*° is a subtle matter. One

can easily construct a continuous function f with linear growth at infinity, for

which

A A
lim inf M < lim sup M
A'—A S A5 A S
$—00 5—+00
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Indeed, define f(A) :=|A|sin A for A € R. Then, for A = +1 we have
f(s) f(s)

liminf —= = —1 < 1 = lim sup —=.
$—00 S 5—$00 S

It turns out that even in the presence of quasiconvexity the existence of f> is
not guaranteed (cf. [32, Theorem 2]).

Nevertheless, we can always define weaker recession functions f# and fy,
where the limit in (3.2) is replaced by the upper limit and lower limit respectively
and we call f# and fy the upper and lower recession function respectively. It
is also clear that the positive 1-homogeneity property and the simplification

for Lipschitz functions carry over to f# and fy.

dxd
Ssym

For a (symmetric) rank-one convex function f : R2X% — R with linear growth

at infinity, the upper recession function f# agrees with the lower recession
function fu on matrices from (symmetric) rank-one cone. Indeed, let A =a®b

for some vectors a,b € R?. Then we have

fls4) _ f(s4) = f(0)  f(0)

=:9s(A) +

S S S S

Clearly, the second term disappears as s — oo. For the first term, we note
that the (symmetric) rank-one convexity of f implies that gs(A) > ggs(A) for

0 € (0,1), so the map s — g5(A) is non-decreasing and we have a pointwise

limit
gs(A) S sup gi(A) as s — 0.
>0
Hence,
A A
5§—00 S §—00 S +>0

Moreover, for a (symmetric-)quasiconvex function f, by Fatou’s lemma, the
upper recession function f# is also (symmetric-)quasiconvex. Unfortunately,

we cannot infer this property for the lower recession function.

3.2 Lower semicontinuity

In this section we prove the following lower semicontinuity result.
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Theorem 3.1. Let Q C R? be a bounded Lipschitz domain and let f : RE: —

[0,400) be a continuous function satisfying the following conditions:

1. there exist constants 0 < m < M such that for all A € R the inequality

mlA] < f(A) < M(1 + |A])

holds;
2. [ is symmetric-quasiconvexr.
Then, the functional

Flu] := /Qf(é’u(x)) dx—l—/gf# (dd|gzz|(x)> d|Eul(z), we€ BD(Q)

is weakly™ lower semicontinuous in BD((2).

Remark 3.2.

1. Theorem 3.1 is an immediate corollary of Theorem 3.3 below, thanks to
the properties of the relaxation outlined in Chapter 2.

2. It is possible to relax the coercivity assumption on the integrand f, and
assume only that f > 0. Then, thanks to Theorem 2.26, the proof of
Theorem 3.1 follows along the same lines as the proof of Theorem 11.7 in
[35]. Nevertheless, the coercivity assumption is important when one is
interested in minimisation problems, so we keep it here.

3. We do not assume the existence of the strong recession function f* in
Theorem 3.1. This is the main novelty and a significant improvement
over the previously available weak* lower semicontinuity result in BD for
homogeneous functionals [33]. See also [6].

4. We also remark that a more general non-homogeneous version of Theo-
rem 3.1 is available in [33], however the result presented there is proved
using the theory of generalised Young measures, for which the existence

of f°° is fundamental.
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Theorem 3.3. Let Q C R? be a bounded Lipschitz domain and let f Rg;g —

[0,400) be a continuous function satisfying the following conditions:

1. there exist constants 0 < m < M such that for all A € R the inequality

mlA[ < f(A) < M(1+[A]) (3-4)

holds;
2. [ is symmetric-quasiconvexr.

Then, the relaxation of the extended real-valued functional
f(Eu(x)) dx for u € LD(Q2
o | €D ()
+o00 for w € BD(Q2) \ LD(Q2),

with respect to the weak™ topology in BD(Q) is given by

Fulu, Q] :/Qf(gu@)) d:c+/Qf# (ddé:'(x)) d|E*ul(z), u e BD(Q).

In order to prove Theorem 3.3 we begin with a series of lemmas.

Lemma 3.4. Let f : R4 — [0,+00) satisfy conditions (1) and (2) of

sym

Theorem 3.3, let A € R4 and let (up,) C BD(Q) be a sequence such that

Sym

up = Az weakly® in BD(Q2). Then,
< Tim
Q] £(A) _hgggf/gf(guh) dz. (3.5)

Proof. Without loss of generality assume that (u;) C LD(2) N C>(Q; R?). The
proof is divided into two steps. In the first step we prove (3.5) for a sequence
(up) which has linear boundary values. Then, in the second step we prove,
using a cut-off argument, that the assumption of the linear boundary values
can be dropped.

Step 1. Suppose that uy(z) — Az is compactly supported inside €2 for all
h € N and take 9,(z) := up(z) — Az. Clearly ¢y, € Wy (Q; R?). Then, by the

symmetric-quasiconvexity of f, we obtain

QUFA) < [ F(A+ ) dy = | FEu) dy
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for all A € N. Therefore
2 f(A) < lim inf/ F(Eup) da.
-0 Jo

Step 2. Let uj, = Ax weakly™® in BD(€2). The argument below is due to
De Giorgi. Fix n € N and € > 0 and choose a Lipschitz subdomain €y € 2
such that [\ Q| <e. Let R := dist(Q0,02) and for i = 1,...,n define sets
Q, = {x € Q: dist(z, Q) < ZR}
n

Now, choose cut-off functions ¢; € C(€; [0, 1]) such that

Lo, , <¢;<1lg, and ||[Vgille < 217;
and for z € ) define
u)(2) == Az + pi(2) (un () — Ax).
We have
Eu) (x) = A+ i) (Eun(z) — A) + Vipi() © (un(z) — Az).  (3.6)

Note that ug) =, Az weakly* in BD(Q2) as h — oo and ug)bg = Az for every

1 =1,...,n. We obtain
(4) _ (%)
/Q F(EW?) da = /Q SEwyda [ fE) dat [ f(4) da
(4)
<
< J S dat [ f(Euf?) dat |0\ Qolf(4)
(%)

< .

< /Qf(é’uh) do + M/QZ_\Q“ & dz + 9\ Q| (M + F(A)
We now estimate the middle integral on the right-hand side using (3.6):

(4)
/Qi\Qi—l |y’ | dx
< ‘ : . _
<IANRN QT+ [ o) Eun(e) — Al da
o V0i(@) © ((x) - A2)| da

§|A|\Q\QO|+/ Eup — Al da
Q:\Qi—1

+ ‘/Qi\Qil Vi(z) ® (up(x) — Az)| dz.
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Since the embedding BD(Q) € L(Q;R?) is compact for 1 < g < d/(d — 1),
in particular we have that u; — Az strongly in LI(;RY) for 1 < g < d/(d—1).

Hence

[ 1960 (i) — A0
< Jora,, [VEi(@] [un(2) = Aa| da

2n
< 7 [ lun(@) = Avflg0, (@) da

2 1/q .
< fn (/Q () — Az]® dx) 0\ Q[ Va
< 1|24\ Qi—1|1/ql

< |\ Q0|1/q/7

where 1/¢+1/¢' = 1 and ¢; = ¢1(n, R,q) > 0 is a h-independent constant.

Combining the above estimates yields
/f(gu?) d:cg/f(guh) dx+M/ Eup, — A da
Q Q Qi1
+ (MJA| + M + f(A)IQ\ Qo| + e M2\ Qo7
By Step 1 we have
o (i)
Q1 (4) < liminf [ £(Ew) da
< lim inf [/ F(Eup) dx+M/ Eup, — A dx]
h—o00 0 Q\ Q1
+ (MJA] + M + f(A))IQ\ Qo] + er MIQ\ Qo7

Summing up over ¢ = 1,...,n, dividing by n, and using the superadditivity of

a lower limit as well as |\ Q| < ¢ yields
o M
QIf(A) < hmmf/ F(Eup) da+ — Sup/ Eup — A da
h—oo JQ n jn (9]
+ (M|A| + M + f(A))e + e, MY,
Letting n — oo and € | 0 yields

Q1f(A) < h}{ggf/ﬂ F(Eup) da. O
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Remark 3.5. Clearly, Lemma 3.4 also holds for affine limits.

We now investigate the relazation F, of the functional F, i.e. the functional

defined as
Filu, 2] = inf {li}rln inf Foolun, ] : (un) C BD(Q), up = uw in BD(Q)} .

Since the topology of weak® convergence in BD(£2) is metrizable on bounded
sets, it follows that the relaxation F, is lower semicontinuous with respect to

this topology (see Section 2.4 for details).

Proposition 3.6. The relaxation F, can be equivalently written as

Glu, Q] = inf { lim inf Foo[un, 9] = (un) C LD(Q) N C=(Q;RY),

up 7w in BD(Q)}.

Proof. Clearly, it suffices to prove the inequality G < F,. Take arbitrary
sequence (uy,) C BD(2) such that u;, =~ u in BD({2). By a similar argument to
the one contained in the proof of Lemma 11.1 in [35], for each h € N we can
find a sequence (vf(f))k C LD(Q) N C®(£2;RY) such that v,(lk) — uy, area-strictly
as k — oo. We choose a subsequence (v}(Lk"))h such that v}(Lkh) = u in BD(92)
and

Fuolos™, Q) < Fulun, Q] + ;L
Indeed, if u, € BD(Q) for all h € N we have foo[v,(lkh),Q] < +o00, whereas
if there exists h € N such that u, € LD(Q2), then the above inequality is a
consequence of the area-strict continuity of F.

k
)

Therefore, since (v n is admissible in the definition of G, we obtain:

Glu, ) < liminf Foo[v!™, Q) < lim inf Foo [y, Q).
h—o00 h—o00

Taking infimum over all sequences (uy) yields the desired inequality G < F,. O

In the remaining part of this chapter we will establish an integral represen-
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tation for F,, that is

EMJHsz@@dm+éf#<dpu

d |Esul

)dmmy (3.7)

More specifically, we will establish the upper and the lower estimate on the
relaxation F, by the right-hand side of (3.7). We begin with the upper estimate.
Let us denote by D(ngxncf) a class of continuous functions f : ngxnﬁl — R

with a linear growth at infinity, i.e. |f(A)| < C(1+ |A]) for some C' > 0, and

for which the strong recession function

NN (€D
f M%—&% .

exists. For such functions we have the following continuity result.

Theorem 3.7 (Reshetnyak). Let (u,) C M(Q;R?) be a sequence of measures
such that pj, — p area-strictly for some p € M(Q;R?). Then, for f € D(R4)

Sym

it holds that
d pip, d i,
d / oo d S

—»Af(i&&dx+4fm<

dm)
d|p’
d |ps] a
as h — oo.

For the proof we refer to [28]. Furthermore, it turns out that the admissible
integrands f in Theorem 3.1 can be approximated by functions in D(RZ*?) (cf.

sym
[27, Lemma 2.2]).

Lemma 3.8 (Pointwise approximation). For every continuous function

f: ngxn‘f — R with linear growth at infinity, there exists a decreasing sequence

(fx) C D(Rg;;l) such that
in = i — : o __ 1: oo #
1kf T khm fe=f and uzf = khm fe = f*,

and the convergence is pointwise.

We are now ready to establish the upper bound.
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Lemma 3.9 (Upper estimate). For u € BD(Q) the inequality

d Efu s
]—"*[u,Q]g/Qf(Eu)der/ﬂf# (d’E%’) d|Esul.

holds.

Proof. Fixu € BD(Q2). Then, there exists a sequence (uy,) C LD(Q)NC>(Q; R?)

such that u, — u area-strictly. Let (fy) C D(RZX?) be a sequence as in

Sym
Lemma 3.8. By Theorem 3.7 we have for each k € N:
d B
Jim / fulEup) do = / fol€u) da +/ i (d\E’Z\) d|E*ul.
By the monotonicity of (fx) we obtain

d E*u
lim sup f(é'uh dxﬁ/ﬂfk(gu) dx—i—/ﬂf,?o <d|E8u|> d |Eul.

h—o0

Since the area-strict convergence is stronger than the weak™® convergence, by
the definition of F,, it follows that

ES
Filu, Q] <11m1nf f(Suh dx</f/y€ (Eu) dw—i—/fk (dd|ESZ|> d |Eul.

By the monotone convergence theorem, letting & — oo ends the proof. 0

In order to prove the lower estimate, we first prove that for a given u € BD({2)
the map V' — F.[u, V] is the restriction to the open subsets of 2 of some Radon
measure, which we still denote by F.[u,-]. Then, we decompose this measure
into the absolutely continuous and singular parts with respect to the Lebesgue

measure, i.e.
f*[u7}:ff[u7}+‘rf[u7]7 ff[u7]<<$dl—Q7 _/—"f[u,]J_ZdI_Q

and then prove that

d Fu
Fa Bl > F(E ] 1 F3 B > rH 11E*
<lu, B] /B (fu)dz a <L, B) /B <d ]E%]) £

for any Borel set B C ).

Lemma 3.10. For all u € BD(Q) the set function V +— F.[u,V] is a restric-

tion to the open subsets of Q) of a finite Radon measure.
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Proof. Fix u € BD(2).
Step 1. Let A’, A”, B be open subsets of 2 such that A’ € A”. We first
prove that
Filu, AU B] < Fi[u, A"] + F.[u, B. (3.8)

Fix ¢ > 0. By the definition of relaxation we can find sequences (uj) C LD(A")
and (v§) C LD(B) such that u§, = u weakly™ in BD(A”), v§ = u weakly* in
BD(B),

Flug,, A"] < Fulu, A" + ¢

and

Flvy, B] < Filu, Bl + ¢

Henceforth, we omit the dependence of sequences u;, and v, on . For each
h € N extend the functions u;, and v, by zero outside A” and B, respectively.

Let
C. :=sup (/ 1+|5uh|dx+/ 1+|5vh|dx> < o0.
" B

heN

Fix £ € N and an increasing family of sets
A=A eA e...eA,eA.

For each i = 1,..., k define the cut-off function ¢; € C°(A;; [0, 1]) such that

w; =1 on A;_1. Next, define functions
wp; = piup + (1 —pi)vp, heN, i=1... k.
It is clear that wy; € LD(A’ U B). We have
Flwns, AU B] = / F(Ewn,) dz
A'UB
= f(Eup) dx—l—/ f(Evp) dx
A’UB ﬁAZ 1
+/ gwhz xz,

where S; := A; \ A;_; fori=1,... k. Hence

Flwp,i, AU B] < Flup, A"] + Flop, B] + f(Ewp,;) d.

BNS;
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The last integral can be estimated as follows:

/ F(Ewny) da < M/ 1+ [Ewp| da
BNS; BNS;
SM/ 1+C’k|uh—vhl+|c‘fuh|+|5vh| d]?,
BNS;

where Cy := sup{||Villoo : 1 <1 <k}
Next, for a fixed h € N we can choose i, € {1,...,k} such that

/ 1+ |Eup| + [Evy| dz = min/ 1+ |Eup| + |Evi d z.
BNS;, te{1,...k} JBNS,

Then, we have

N

/ 1+ [Eup| + |Evp| dw =
BNS;

h,

Z/ 1+ |Eup| + |Evp| d

/=1 NS4,

IN

k
/ 1+ |Eup| + [Evy| d
—1 BNSy

VA
Q&I &= &

1+ |Eup| + |Evp| d
BN(Ag\Ao)

)

IN
=

Therefore, combining the above estimates yields

C.
/Bﬂsih F(Ewny) dz < M (k + Cyllun — vh\|1> |

Hence

MC.
k

< Folu, A"] + Filv, B] + 26 + MCyl||un — vl +

]—"[wh,ih, A/ U B] S F[Uh, A”] + F[Uh, B] + MC’kHuh — UhHl +

MC,
k

Note that wy,;, — w strongly in Ll(A’ U B;R?%) and (wp,, )5 is uniformly norm-
bounded in BD(A’ U B). Lemma 2.19 thus implies that (wp, ), converges
weakly* to u in BD(A' U B). Moreover, (u, — vs), converges strongly to zero

in L'(A’ U B; R?). Therefore, we obtain

Filu, AU B] < lim inf Flwp,;, , A" U B]
—o0

5]

S»F*[U7A”}+]:*[U7B]+2€+ k

Letting k — oo followed by ¢ | 0 yields the inequality (3.8).
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Step 2. We now prove that for any open subset A C €2 it holds that
Filu, A] = sup{Fifu, A']: A € A, A open}. (3.9)
Firstly, note that the estimate
Fulu, A < M (L(A) + | Eul(4)) , (3.10)

holds. Indeed, for u € BD(A) there exists a sequence (uj,) C LD(A)NC™(A; R?)
converging strictly to u. Since the strict convergence is stronger than the weak™

convergence we obtain using the growth bound (3.4):
Filu, Al < li}rlgilgf Flup, A
< M (L) + Jim [Bul(4))
= M (£%(A) + |Eul(4)).

Therefore, for a fixed ¢ > 0 we can choose a compact set K C A such that
Filu, A\ K] < e. Choose open sets A" and A” such that K ¢ A’ € A” € A.
By Step 1 with B = A\ K we have

Filu, A < Filu, A" + Fulu, A\ K] < Fifu, A"] + €.

Letting € | 0 gives (3.9).
Step 3. Let A, B be open subsets of 2. We now prove that

Filu, AU B] < Flu, A] + F.[u, B]. (3.11)
Fix € > 0. By Step 2 there exists an open set U € AU B such that
Filu, AU B] — e < F.lu,U].
Choose A" € A open, such that U C A’ U B. By Step 1 we have
Filu, AU B] — e < F.Ju, AU B] < F.[u, A] + F.|u, B].

Letting € | 0 yields (3.11).
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Step 4. Finally, we prove that for open sets A, B such that AN B = () the
inequality

F.lu, AU B] > F.[u, A] + F.[u, B] (3.12)

holds. We can choose a recovery sequence (uy,) C LD(AUB) converging weakly™*
to u € BD(AU B) and such that

hlim Flun, AU B] = Fi|u, AU B].
—00
Since sets A and B are disjoint we have
Filu, AUB| = Jim Flun, AU B]
—00
> lim inf Flup, A] + lim inf Fluy, B]
h—00 h—o00
> Filu, A] + Fi[u, B],

hence we proved (3.12). By Theorem 2.1 we infer that the set function V' —

F.lu, V] is a restriction to open sets of a finite Radon measure. U

Remark 3.11. The relaxation F, satisfies the following properties.
(1) For a rigid deformation, that is a function R : R? — R? of the form

R(x) = Sz +b, where S € RE? and b € R?, we have the rigid invariance

skew
Filu+ R, Q] = F.lu, Q.
(2) For zy € R? we have the translation invariance
Fulu(- — o), mo + Q] = Filu, Q.

(3) Let (R,),>0 : R — R? be a family of rigid deformations. Then, for a
blow-up of the form

u(zo + 1Y) — u(xg)

ur(y) = + R, (y)

where 7 > 0 and y € (2 — x¢)/r, we have the scaling property
O — Zo

F. [u,,, ] =7 F.[u, Q).
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Proof. Let R : RY — R? be a rigid deformation and let (u;) C LD(Q) be a
sequence such that u, = u weakly® in BD(Q). Then, we clearly have the
equality

Flup + R, Q] = Flup, Q).

Taking the lower limit on both sides, followed by the infimum over all sequences

(up) yields

F.u+ R, Q)]
— inf {liminf Flu, @+ () € LDQ), w, % u+ Rin BD()}
= inf {higgifﬂ“h + R, Q) : (up) CLD(Q), up = uin BD(Q)}
= Filu, Q).

The proof of translation invariance is analogous. To see that the scaling property
holds, note that

u(xo + ry) — u(xo) +R(y) = iu(xo +7ry) + R, (y),

ur(y) =

,
where R,(y) := R,(y)+u(zo)/r. Hence, by the rigid and translation invariances,
we obtain

F [y > M, Q] = F,[u, Q)

r lu Q—xo] _
T r

where the second equality follows from

r 0 Flu, Q] = F ly > u(ry) , ?1

r

by the change of variables. O

Lemma 3.12. Let ) be an open d-cube with side length 1 and faces either
parallel or orthogonal to a, let v € BD(Q) be representable in @ as

v(y) =gy -a)b+cla®b)y + Wy -+,

where g : R — R is a locally bounded and increasing function, a,b € R4\ {0},
c>0, W eRY and v € RY. Let u € BD(Q) be such that supp(u —v) € Q.

skew
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Then, the inequality
Fulu,Ql > f(Ew(Q))

holds.

Proof. We only treat the case where a, b are not parallel. The case a, b parallel
is in fact easier. In virtue of Remark 3.11, we may without loss of generality

assume that a = e;, b = ey and Q = (0,1)%. Then
v(y) = g(y1)ez + cyoer + Wy + 0.

Let
q == |Dg|(0,1) = g(17) — g(0™).

Since u € BD(Q), the function
w(z) = u(r — |x]) + qez|z1| + cer|za] + W +0, x€RY

is in BDyoc(R?). Let up(y) := w(hy)/h. For ug(y) := qeays + ceryo + Wy + v it
holds that

/Q\uh@) —uo(y)| dy

= |Vt = Ury)) = gea(lyn — L)) — cer(hye — L)) dy

= hdlﬂ /(O’h)d lu(r — [z]) — gea(w1 — [21]) — cer(w2 — [12])| dz

1 _
=3 /Q lw(y) — (geayn + ceryz + Wy +0)| dy,

hence u;, — ug as h — oo in L'(Q; R?). The sequence (uy,) is uniformly norm-

bounded in BD(Q), so by Lemma 2.19 we also have that u;, — uy weakly™® in
BD(Q).

Let Qq,...,Qx be the canonical decomposition of () into open cubes with
sides parallel to those of @ and side length 1/h. Then, by the scaling property
of F,, forall i =1,...,h%it holds that

Fulun, Qi] = Fulun, (0,1/h)%Y] = hF,[u, Q).

Moreover, since supp(u — v) € @, the measure |Fw| vanishes on every hy-
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perplane of the form z; = k, with k € Z, 5 = 1,...,d. Thus we have that
|Fup|(Q NOQ;) =0 for all i = 1,..., h% By the estimate (3.10) we also have

Therefore, for any A € N we obtain

Filun, Q Z]—“ up, Q Zh CF.[u, Q) = F.lu, Q.

By the weak™ lower semicontinuity of F, we obtain
Filu, Q] = hli_)rgo]:*[uh, Q] > F.lug, Q).

Let S € RY be a skew-symmetric matrix defined as

q—=c¢

S = 5

(61 X ey —ey® 61).
Then, by Remark 3.11 we obtain

Feluo, Q] = Filqlea ® er)y + cler ® ex)y + Wy + v, Q)]
= Filgle2 @ e1)y + c(e1 ® ea)y, Q)
= Filgle2 @ e1)y + ce1 ® e2)y + Sy, Q)]
= Fillg+o)(e1 © e2)y, Q]

In virtue of Lemma 3.4, for every (v;) C LD(Q) such that v, = (g+c¢)(e1®eq)y
weakly* in BD(Q) it holds that

lim inf Fluy, Q) > Fl(g + c)(er @ e2)y, Q)
Taking the infimum over all such sequences yields
Fllg+c)(er © e2)y, Q) = Fl(g + c)(e1 © e2)y, Q).

Since Eu(Q) = Ev(Q) = Eup(Q) = (¢ +¢)(e1 ® e3), we can write

Folu, Q) > Filuo, Q) > Fl(g +c)(e1 © e2)y, Q] = f(Eu(Q)).

This proves the lemma. U
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Lemma 3.13 (Lower estimate). For u € BD(Q) the inequality

d Eu s
]:*[U,Q]z/ﬂf(é"u)der/ﬂf# <d|E5u|>d|E ul

holds.

Proof. We treat separately .#%-a.e. regular point 7o € Q and |E*ul-a.e. singular
point zy € €.
Regular points. Fix xy € €2 such that u is approximately differentiable at x

and
lim | Eu|(B(zo,7)) _ d|Eu|
740 war? d. zd

(z0) = |Eulzo)].

Since u € BD(), these properties hold for .#%-almost every z € € (see Sections
2.2 and 2.5 for details). For y € B(0,1) define maps

ur(y) == w@o +ry) = u(xo)’ 0 < r < dist(xg, 00),

r

where @ is the precise representative of u. For ug(y) := Vu(zg)y we have the
strong convergence u, — g in L'(B(0,1);R?). Indeed, by the approximate

differentiability we have

Lo 152 ®) = w0)] dy

1 lu(2) — u(zo) — Vu(xo)(z — x0)|

= dz—0
r% JB(zo,r) r

as r | 0. Moreover, we have strict convergence:

_ . |Eu|(B(xy,
17%1 |Eu,|(B(0,1)) = wq lrlﬁ)l o

D — feutz)] = |Bul (B0, 1)

thus (u,) is bounded in BD(B(0, 1)), so we have that u, -~ uy weakly™ in
BD(B(0,1)) by Lemma 2.19. In virtue of Proposition 2.15, Lemma 3.4 and

scaling properties of F, we obtain

lim inf 21 Bd(wo’ I i inf . fuy, B(0,1)]
rl0 r rl0
Z F*[“Oa B(O7 1)]
> f(Euo(y)) dy = waf(Eu(xo)).
B(0,1)
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Therefore, by Proposition 2.2 we obtain
Folu, B] > / f(€u) da
B

for any Borel set B C ().
Singular points. We want to prove that for all Borel sets B C () the inequality

d Eu
Slu. B >/ # d|E°

holds. We fix z( € €2 such that

d E?

1. d|ESZ|(xO) = a ® b for some a,b € R?\ {0},

2. a, = r 4 Eu|(Q(xo,7)) — oo as r | 0, where Q(zq,7) := ¢ + rQ and Q
is a (fixed) open d-cube with a centre 0, side-length 1 and sides either

parallel or orthogonal to a.

These properties hold for |E*ul-a.e. zp € € in virtue of Theorem 2.26 and

Theorem 2.3. It suffices to establish the inequality

o Fol Qo)
A Bl @G0, )

at any |Fu|-Lebesgue point xy € €2 for which the limit on the left-hand side

> f#(a®b)

exists, which is the case at |Ful-a.e. xy € . Define a blow-up sequence

xo + 1Y) — U]
ro,

v (y) = u( Qeor) 4 R.(y), y€Q, 0<r<dist(zg,dN),

where R, : R? — R? is a family of rigid deformations and [u]ge, =
fo(we.r u d is the average of u over Q(zo,7).
In virtue of Lemma 2.14 in [17], up to a subsequence, the blow-up sequence

(v,) converges weakly* in BD(Q) to the function
vo(y) :==h(y-a)b+ cla®b)y + Wy + v,

with a bounded and increasing function h : (—1/2,1/2) — R, ¢ > 0, and a rigid
deformation Wy + 0, where W € R¥? 5 € R?.

skew

Note that for any Borel set B C () we have
r'=Bu(zg +rB)  Eu(xg+rB)

Ev,(B) = o = Bul(QGa ) (3.13)
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hence |Ev,|(Q) = 1. Consequently, by Proposition 1.62(b) in [4], we also have
|Evol(Q) < 1.
Fix 0 <t < 1 and let @ := tQ be a re-scaled cube. There exists a (not

particularly labelled) sequence of radii such that

li [EU(Q0, 7)) o 4a (3.14)

o |Bul(Q(xo, 7)) —

Indeed, if it was not true, then for some 0 < t5 < 1 we could find 0 < rg < 1

such that
| Eul|(Q(x0, tor)) < t§| Eul(Q(xo, 7))

for all r < ry. Iterating the above inequality yields:
|EU|(Q(I’O, tlgr[))) S t§d|Eu|(Q($07 7"0))

for all £ € N. Since any 0 < r < rg is in the interval (#**lrg, t*ry] for some

k € N we obtain

| Eul(Q (o, 7)) < |Bu|(Q(mo, thro)) <t Eul(Q(wo,70)) < |Eu’(§l§£0’ro))7“d.
070

Hence for any 0 < r < rq

< [BulQoro)

T d..d
1670

which is a contradiction, since o, — +00 as 7 | 0. So, (3.14) holds.

Note that (3.14) yields
lim [, (@) = t*. (3.15)

Then, for any weak™® limit v of |Fv,| in @ we get (by Example 1.63 in [4])
that v(Q,) > t¢. On the other hand, Ev, - Evy and Evg(Q) = |282|V(Q) by
Theorem 2.3, (3.13) and (1). Moreover

|Evo|(Q) < v(Q) = |Ev(Q)] < [Ewo|(Q),

hence, together with v > |Evg| we obtain v = |Evg| on Q. Thus |Ev|(Q,) > t?.
Define w, := @v, + (1 — p)vy, where p € CL(Q;[0,1]) with ¢ = 1 on the

neighbourhood of @,. Clearly, the sequence (w,) converges to vy strongly in
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L'(Q;R%) and
B =)@ < B =)@\ Q1) + [ € [o- =l dy
<120 |(@\ Q) + [Bwl@\ Q) + | €] or = vol dy.
Therefore, by (3.15), we have
lim sup | E(w, — ,)[(Q) < 2(1 —t7).

rl0

Similarly,

B (Q\ Q) < [Ev|(Q\ Q) + | Evo|(Q\ Q) + /Q €] [vr — vo| d y

and thus we also have

lim sup | B (@ \ @) < 2(1 — t9).
rl0

Using scaling properties of F, and the estimate (3.10), we obtain
'F* [u7 Q(l‘o, T)] F* [arvrv Q]

Bul@or)  ar
> Filaww,, Q]
o
]:*[erwr, Q] o ]:*[a'rwh Q \@t]

N Q. Q.

> 20O (0107 @ + 12w @0\ ).
Since a,, — +00 as r | 0 we obtain

f* [U, Q('an T’)} . F* [arwh Q] d
B IBd Qo) = MR o, MO

By Lemma 3.12 in conjunction with the Lipschitz continuity of f (see Re-
mark 2.9(2)), we obtain

f*[arwm Q] > f(arEwr(Q)) > f(arEUT(Q)) - OKTL|E(UJ,« - UT)|(Q)

for all » > 0. Here L > 0 denotes the Lipschitz constant of f. Therefore

o P Q0 (0 B (Q)

ri0 |Eul(Q(zo,7)) "o o —2(L+ M)(1 —1t%).
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Since

Eu(Q(zo,7)) d Esu

Ev, = — o) =a®b as r]0,
D B @QGar) A" '
we obtain
E
hmsupw — f#(a(D b),
rl0 Ay
We thus have
lim ’ 2> fFa®b) — 2(L + M) (1 —t%).
B Bul(@Uag, ) = 77100 AL ADA=E
Letting ¢ T 1 concludes the proof. O

Remark 3.14. Consider a larger Lipschitz domain €' C R such that Q € (.
Extend the function u € BD(Q) to Q' by some function v € BD(€'\ Q) and
denote this extension by @. Let g € L'(9Q; %1 0Q; R?) be a trace of v on
09. Applying Theorem 3.1 to @ and €’ yields the weak™® lower semicontinuity
of the functional:

Flu] = /Qf(é’u) do + /Q * (ddésm d|E*l

[ (= g)©na) d#, weBD(Q)

where u in the surface energy component, called the penalisation term, is
understood in a sense of trace (see Theorem 2.24) and ng : 9Q — S%1 is
an inward pointing unit normal. Just like in Theorem 3.1, we assume that

f: ngxmd — [0, +00) is symmetric-quasiconvex with linear growth at infinity.

As a direct consequence of the weak™® lower semicontinuity of F and the
Poincaré inequality (2.5), we have the existence of minimisers of the following

minimisation problem:

Theorem 3.15 (Minimisation). Let Q C R? be a bounded Lipschitz domain
and let f : R4 — [0, 4+00) be a continuous function satisfying the following

Sym

conditions:
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1. there exist constants 0 < m < M such that for all A € R the inequality

sym
m| Al < f(A) < M(1 + |A)

holds;
2. f is symmetric-quasiconvex.
Let g € L0 1L 0 R?) be a boundary datum. Then, the functional
d E°u
= [ fEwy do+ [ d|E*
Flili= [ flgw o+ [ 1# ($i0% ) alevu

[ (= g)@ma) 4T, we BD(Q),

has a minimiser over the space BD(2).

3.3 Relaxation

In this section we consider the case, where the integrand f in F is not symmetric-

quasiconvex. We will prove the following relaxation theorem:

Theorem 3.16. LetQ C R? be a bounded Lipschitz domain and let f : REd —

sym

[0,00) be a continuous function such that the inequality
mlA| < f(A) < M(1+ |A]) (3.16)

holds for all A € R¥? and some constants 0 < m < M. Then, the relazation

sym

of the extended real-valued functional
f(Eu) dz  foru € LD(Q
oo | L7ED )
+o0 for uw € BD(2) \ LD(Q2),
with respect to the weak™ topology in BD(Q) is given by

d Efu
d |Esul

Fulu] = /QSQf(Su) dx+/Q(SQf)#< ) d|E*|, ue BD(Q),

(3.17)

where SQf denotes the symmetric-quasiconvexr envelope of f.

Recall that a function f : Q — R? is countably piecewise affine if there

exists a disjoint open partition {{2 }ren of €, such that f|q, is affine for every
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k € N. It is well-known (cf. [18, Proposition 2.8]), that every Sobolev function
uw e WY 1 < p < oo, can be approximated by countably piecewise affine
functions (uy) in the corresponding Sobolev norm and such that the boundary
trace of each wuy, agrees with the boundary trace of w.

In order to prove Theorem 3.16 we will need the following density result.

Lemma 3.17 (Affine density). Foru € BD(2) there exists a sequence of
countably piecewise affine functions vy : @ — R? such that vp)aq = ulsq and

v, — u area-strictly.

Proof. Following the same procedure as in the proof of Lemma 11.1 in [35],
for every u € BD(2) one can find a family of smooth maps (u;) C C*(Q;R?)
such that u, — u area-strictly and up|sq = u|sq. In particular, for each h € N,
the function wy, is in some W'?(Q;R%), so we can find a countably piecewise

affine function U]E:h) : Q — R? such that ||v,(€h) — upll1p — 0 as k — oo and

U](gh)lag = up|aq. Finally, we select a diagonal subsequence such that v,(gz) —u

area-strictly as h — oco. Clearly, v,(i) has the same trace on 0f2 as u. U

Proof of Theorem 3.16. By Remark 2.6(2), the symmetric-quasiconvex enve-
lope SQf is symmetric-quasiconvex with linear growth. Let us denote the
right-hand side of (3.17) by G. Then, by Theorem 3.1, the functional G is
weakly* lower semicontinuous in BD(€2). In virtue of Proposition 2.15 we
conclude that G < F,. The proof will be finished once we show the opposite
inequality.

Step 1. Firstly, note that
Flu] = inf{liininffoo[uh] . (un) C LD(Q), up — u in Ll(Q;Rd)}. (3.18)
— 00

Suppose (3.18) is not true. Then, we could find (u;,) C LD(Q2) such that u, — u
strongly in L'(€; R?) and

Folu] > lim Foolup] > lim sup m||[Eup||y:.

h—o0 h—00

Therefore, the sequence (£uy) is uniformly norm-bounded in L'(€2; R&:) and,
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by Lemma 2.19, u;, = u weakly™ in BD(Q2), whereby we get that F.[u] > F.[u],
which is absurd.

Step 2. In virtue of Lemma 11.1 in [35], we choose a sequence (u;,) C LD(2)
such that u, — u area-strictly and wup|sq = u|oq. Fix e > 0 and let Q. € Q2
be a Lipschitz subdomain such that sup,cq_dist(z,0€) < . By Lemma 3.17
we may assume that functions (u;) are countably piecewise affine in €., that
is up(x) = APz 4 " almost everywhere in Q") ¢ Q. for some symmetric
matrices AE € ngxn‘f and some vectors b ) € R The sets Qgh) constitute
to Vitali’s covering of Q.. By the formula (2.2) we can choose functions

" e Wi(QM: RY) such that

/Q(h) |¢Z(h’)(x)| dx < h*l‘QEh)|
and

Let (v,) C LD(Q) be a sequence of functions defined as

up(x) + wfh) (x), forx e Qgh),
vp(z) ==

up(x), for z € Q\ Q..

Clearly vp|aq = u|oq and v, — u strongly in L'(€; R?). Hence, by (3.18), we
have

Filu] < li}{ggffoo[vh].
We have:
/f (Evn(x da:—/ F(Eon(a dx+/ F(Eun(e)) dz
) o(h)
< \ )
_;/ﬂgh)f AN 1 gy )da:—l—M/Q\Qsl—l—|5uh(:z:)| da
< SIAMISQAAL) + A+ M [ 14 |€m(x)] d

< /QSQf(Suh(x)) da + hYQ| + M/Q\QE 1+ |Eup ()] d .
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Passing to the lower limit as h — oo yields
Fulu] < 1i]£nmf/QSQf(5uh(x)) da+ M(ZL + |Bu)(Q\ Q).
—00

By the approximation argument, analogous to the one in the proof of Lemma 3.9,
we obtain the inequality

li}{gg}f/QSQf(Euh(m)) do < /QSQf(Su) dx+/Q(SQf)# (dd|§:Z|> d|E*ul.

Hence

d E?
Rl < [ sQren o [(s0n* (7 ) ale

+ ML+ | Eul)(Q\ ).

By letting ¢ | 0 we obtain
d Fu
d |Esul

Flu < [ SQi(Ew da+ /Q(SQf)#< )d\E&u\:g[uy =

Conclusion

In this chapter we established the optimal relaxation result for integral function-
als with integrands that have linear growth at infinity. We proved an integral
representation of the relaxation in the case when an integrand is symmetric-
quasiconvex and when this assumption is not satisfied. Our results extend [10]
and also Corollary 1.10 in [6] to relaxation theorems without any assumption
on the recession function. Due to the recent developments in the theory of func-
tions of bounded deformation, we could utilise the classical blow-up argument

in its elementary form to establish these results.
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Chapter 4

Mixed-growth functionals

In this chapter we study homogeneous integral functionals of the form:

= d
Flu):= | f(Eu(@) da
with the anisotropic growth bounds:
m ((tr A)? + | dev A) < f(A) < M (1+ (tr A)* + | dev A])

for some constants 0 < m < M.
An example of such functional comes from the perfectly plastic elastic model

known as Hencky’s model [5, 38]:
/ o(dev Eu) + g(div w)? dz, (4.1)
Q

where ¢ : SD(d) — [0,+00) is a convex function which grows quadratically
on some compact set and linearly outside of this set, and Kk = A 4+ 2u/3 is the
bulk modulus of the material, i.e. a measure of how resistant to compression is
the material, with the Lamé constants A and p. We will return to the Hencky

functional in the next chapter.

4.1 Recession function

As in the previous chapter, we need a suitable notion of recession function.

For f: R4 — [0, 00) we write fye, for the restriction of f to the subspace of

Sym
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deviatoric matrices SD(d). We can now define the recession function fi-, as

the upper limit:

ev A/

7 (4) = limsup Lo (®A)
A'—A S
§—00

The recession function ffliv shares the same properties as the recession

function from the previous chapter, hence we omit the details here.

4.2 Relaxation

In this section we prove the following result.

Theorem 4.1. Let Q C R? be a bounded Lipschitz domain and let f ]ngxncf —

[0,00) be a continuous function satisfying the following conditions:

1. there exist constants 0 < m < M such that for all A € R¥? the growth

m ((tr A)? +|dev Al) < f(A) < M (1+ (tr A)? + |dev A])  (42)
holds;

2. [ is symmetric-quasiconver;

3. there exist constants v € [0,2) and § € [0,1) such that for all A € R4

Sym
the inequality
F(A) > fE.(dev A) — M (Jtr A" + |dev A" + 1) (4.3)
holds.
Then, the relaxation of the extended real-valued functional
f(Eu(x)) dx foru € LU(Q
Flu, Q] := /Q (Eu(@)) () (4.4)
+00 foru e U(Q2) \ LU(R),
with respect to the weak™ topology in U(S2) is given by
_ d E*u
,Q::/ d /#7dES, Q). (4
Flusti= [ stew az+ [ 12, (§i5n ) alEd, wev@. @)
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Remark 4.2.
1. Since the set S from Proposition 2.11 spans SD(d), the function fyey is
globally Lipschitz. This is a consequence of f4., being separately convex,
i.e. convex in each variable, with linear growth at infinity and Lemma 5.42
in [4];
2. Since fqey is a symmetric rank-one convex function with linear growth
at infinity, the recession function fi is also symmetric rank-one convex

and by (1) we can write:

() = tim sup 224,
S

§—00

3. By Corollary 2.12 the recession function f7., is convex at each point of S.

Remark 4.3. The lower bound with subcritical growth in both trace and
deviatoric directions in the condition (3) is essential for the proof. It remains

an open question whether it can be deduced from the conditions (1) and (2).

The proof of Theorem 4.1 is structured as follows. First, in Lemma 4.6
we prove that the conclusion of Theorem 4.1 holds for the linear weak™ limits.
This step is essential for the blow-up argument in the proof of the first part of
Proposition 4.13.

Next, we investigate the relaxation F, of F defined by

Filu, 2] = inf { li}{ninffoo[uh,Q]  (up) C U(Q), up ~~ uin U(Q)}

Note that, by the argument similar to the proof of Proposition 3.6, we can
consider the above relaxation along sequences (uy) C LU(Q).

We establish that for all u € U(2) the map V +— F.[u, V] is a restriction to
open sets of a finite Radon measure. We then decompose this measure into the
absolutely continuous part F® and the singular part F? (with respect to the

*

Lebesgue measure) and prove the lower bounds:

Fo[u, B] > /B F(Eu) da (4.6)
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and
Pl [ it (fy ) Al (47)
for all Borel sets B C 2. For the proof of the regular bound (4.6) we use the
blow-up sequence argument like in the previous chapter, whereas the proof of
the singular bound (4.7) relies on Theorem 2.10.
Finally, together with the upper bound F, < F from Proposition 4.12 we

obtain that F, = F, thus Theorem 4.1 follows.

Remark 4.4. It does not seem possible to prove Theorem 4.1 using the blow-
up argument for both regular and singular estimates as in the usual BV or
BD lower semicontinuity results [3, 19, 34]. Originally, the blow-up argument
was tailored for the functionals with an isotropic linear growth imposed on the
integrands. This, however, is not the case here, as the admissible integrands in
Theorem 4.1 grow quadratically in the trace direction and the blow-up argument
does not work. The problem is that if one attempts to utilise the blow-up
argument for the singular estimate (4.7), one eventually faces the problem of
controlling the blow-up rate of the divergence terms of the blow-up sequence.
A priori it seems not possible to obtain a sufficient decay of the sequence of
divergences, and so a different strategy based on asymptotic convexity via the

Kirchheim-Kristensen convexity result (Theorem 2.10) needs to be employed.

In order to prove Theorem 4.1 we use cut-off arguments (see Lemmas 4.6
and 4.11). For a given function u € U(Q2) and some smooth cut-off function
¢ € CHQ) the product pu is in BD(), but not necessarily in U(Q) (this

property is called non-locality). Indeed, we have
div(pu) = Ve - u+ pdivu

and the first term on the right-hand side does not belong to LQ(Q) in general.
The following result due to Bogovskii (see [11, 12] or section II1.3 in [22] for
the proof) is essential, since it provides a suitable correction term v such that

ou+v e U(Q).
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Theorem 4.5 (Bogovskii). Let Q C R? be a bounded Lipschitz domain and
1 < q < oo. There exists a linear operator B : LY(Q) — W9(Q; R?) with the

following properties:

(i) for every f € LYQ) such that/ f dx =0 it holds that
Q
divBf =f in;
(ii) for every f € LY(Q2) the estimate

IVB)llg < CllFllg

holds with a translation and scaling invariant constant C' > 0, depending

only on Q and q;
(iii) if f € C(Q), then Bf € C(;RY).

We begin with a series of lemmas.

Lemma 4.6. Let f : R4 — [0,00) satisfy conditions (1) and (2) of The-

Sym

orem 4.1, A € R and let (up) C U(Q) be a sequence such that u, = Az

sym

weakly* in U(Q). Then,
Q1 £(A) §liminf/ F(Eup) da. (4.8)
h—oo JQ

Proof. Without loss of generality assume that (u,) C LU(2) N C*®(Q; R?). The
proof is divided into two steps. In the first step we prove (4.8) for a sequence
(up) which has linear boundary values. Then, in the second step we prove,
using a cut-off argument, that the assumption of the linear boundary values
can be dropped.

Step 1. Suppose that u, — Az is compactly supported inside 2 for all h € N
and take ¢, (z) = up(z) — Az. Clearly, 1, € Wy™(Q;R%). Then, by the

symmetric-quasiconvexity of f we obtain

QUF(A) < [ F(A+E0) dy = | FEu () dy

for all h € N. Therefore,
2 f(A) < lim inf/ F(Eup) da.
-0 Jo
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Step 2. Let up, = Ax weakly* in U(2). Fix n € N and ¢ > 0 and choose
a Lipschitz subdomain 5 € 2 such that |Q\ Q| < e. Let R := dist(£2, 02)

and for i = 1,...,n define sets
Q; = {:c € Q: dist(z, Q) < ZR} :
n
Now, choose cut-off functions ¢; € C1(; [0, 1]) such that

2n

and for z € Q) define
up,i(x) == Az + gi(z)(un(r) — Ax).

We have
Eupg = A+ pi(Eup — A) + Vo © (up, — Azx)

and

divup; = tr A+ pi(divuy, — tr A) + Vo, - (up, — Ax).

(4.9)

(4.10)

(4.11)

Note that the last term in (4.11) belongs only to L¥~1(Q) by the embedding
BD(Q) C LY RY) for 1 < ¢ < d/(d — 1) (cf. Proposition 1.2 in [39]),

thus uy,; & U(Q2) for d > 2. In order to overcome this problem we fix some

1 <g<d/(d—1) and define numbers

1
Enyi = S

/Si Vi(z) - (up(x) — Azx) dx,

where S; := ), \ﬁi_l is the open strip between €2;_; and ();.
Note that supp Vi, C S;. Define

fni ==V, (up — Az) + & € LY(S;).
By Theorem 4.5 there exist functions z,; € W(l)’q(Si; R?) such that
divzn; = frs in S;
and such that the estimate

IVanillg < Coll faila
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holds. We also extend the functions zj,; by zero outside S;. Let wy,; € U(Q) be
defined as

Whi = Upi + Zhy-

The correction term zj,; ensures that divwy,; € L*(Q).
Henceforth, for simplicity we write C' > 0 for a generic constant that changes
from line to line, possibly depending on §2, M, A, R, n, g, but never on h, 7. Note

that we have the following estimate:
[fnillg < Cllun — Azlly. (4.14)

This estimate, in conjunction with the Poincaré inequality, (4.13), and the
compactness of the embedding BD(Q2) € L(;R?) (cf. [36]), implies that
zhi — 0in WH(Q; RY) as h — oo. Since wy; — Az in L'(Q;R?) and (wy, )y, is
bounded in U(Q) for all i = 1,...,n, by Lemma 2.29 it follows that wy,; — Az
weakly™ in U(€2). Moreover, wy, ;|aq = Az for every i = 1,...,n and h € N.

By the upper growth bound (4.2) we obtain

[ fEwn) dx:/gz_lf(guh) dw+/Sif(5wh7i) dw+/Q\Qif(A) dz
< [ JEm) da [ fEwn) da 102\ ol 7(A)
< /Qf(é'uh) dx+M/Si | dev Ewp,| + | divw,[? do
+ C1Q\ Q-
The estimates (4.13) and (4.14) together with Holder’s inequality yield
/S_ [dev €2, dw < CIQ\ Qo7 sup [up — Av,
where 1/¢+1/¢' = 1. We have
/Si | dev Ewn,| dz < |dev Al [S;] + /S 1| | dev Eup, — dev A| da
+ /Sz | dev[Vy; © (up, — Az)]| dx + /Sz |dev Ezp ;| da

< | dev A |2\ Q] +/ |dev Eup — dev Al da
Si

+/S | dev]V; ® (un — Az)]| da + C|Q \ Qo]
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Since [\ Q| < e, we obtain

/S |dev Ewp,,| dz < C(e +€V7) +/ |dev Eup, —dev Al do
i Si

4n
+ = lup(x) — Ax|lg,(x) dz

< Cle+€Y9) + / |dev Euy, — dev A| d
S
4n /
+ 5 sup Jun = Aal, |57
h
< O + V) +/ | dev Eup — dev A| dz.
S;
Next, we estimate the divergence term:
/ | div wp,|* da
Si
< / ‘ tr A + goi(divuh — tI‘A) —+ §h7¢|2 dz
S;

< 3/ | tr A + [divuy, —tr AP + &, da
S; ’
12n

ggytrAy2|Q\Qo|+3/ |divuh—trA|2dx+R2|S|||uh Az|)?
<C AP 1207 3
5—1—3/ | div uy, — tr A| d$+R2\S|”uh_AxH1’

where we used the inequality

) 1 4 2 4n? )
o= 57 (, Voi@) - (nle) = o) da) < e — s
Combining the above estimates yields
/Qf(é’wh,i) da < /Qf(é’uh) dx—i—M/ |dev Eup, — dev A| dx
Si

—I—BM/S |divuy, —tr A da + C(e +Y/)

12n2M

2
+ Wlluh — Axl|y.
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By Step 1 we have
Q17(A) < liminf [ f(Ewn) da
—o00 JO

Slif{ninf [/ f(Eup) dx+M/ |devEup —dev Al do
—00 Q S;

12n2M
+ 3M/Si | divu, — tr A2 da + sti‘uuh ~ Az|?
+Ce +eY7).
Since u;, — Ax strongly in L'(Q;RY), the term
12n2M 9
W\Iuh — Az}
vanishes as h — oco. Summing up over ¢ = 1,...,n, dividing by n, and using

the superadditivity of a lower limit yields
Q1f(A) < liminf/ f(Ewyy) da
h—oo JQ
M
< liminf/ f(Eup) dx + —Sup/ |dev Eup —dev A| dx
h—oo JQ n [¢)
M ,
+ 3sup/ |divuy, —tr A)? do + C(e +¥/7).

n h JQ

Letting € | 0 and n — oo yields
Q1f(A) < h}{r_lgf/ﬂ F(Eup) da. 0
Remark 4.7. Clearly, Lemma 4.6 also holds for affine limits.
We are now going to prove that the relaxation
Filu, Q] ;= inf {li}rln inf Foolup, 2] © (up) C U(Q), up = uin U(Q)}
—00
satisfies the lower bound
d F*u
*,Q>/ /#7 Eéul. 41
Rtz [ ate0 ast [ 1t (Se) B @
Remark 4.8. Note that the relaxation F, can be written as
Filu, Q] = inf {liin inf Foo[un, Q] © (up) C LU(Q), wp — u in Ll(Q;Rd)} :
—00

Indeed, if this was false, we could find a sequence (u;) C LU(Q2) with u;, — u
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strongly in L'(€; R?) such that

Filu, Q] > hlim Fooltn, 2] > limsup m (||div ug||2 + ||dev Eupl1) ,
—00

h—o00

where the last inequality follows from the lower bound on the integrand f. We
see that (uyp) is uniformly norm-bounded in U(f2), hence u; — u weakly™* in

U(Q) by Lemma 2.29, whereby we get the contradiction F,[u, Q] > F.[u, ].
We also have the analogue of Proposition 3.6:
Proposition 4.9. The relaxation F, can be equivalently written as

Glu, Q) = inf { lim inf Foclur, @] = (ur) € LU(R) N C*(LRY),

up —7 U i U(Q)}

Remark 4.10. The functional F, satisfies the same invariance properties as

its BD counterpart from Chapter 3 (see Remark 3.11).

In order to prove the lower bound, we appeal to Lemma 4.11 below, which
asserts that for a given u € U(Q) the map V +— F.[u,V] is the restriction
to the open subsets of ) of a Radon measure on €2, which we still denote by
F.lu,-]. Then, we decompose this measure into the absolutely continuous and

singular parts with respect to the Lebesgue measure, i.e.
f*[“?}:ff[uv}—i_fj[uv]a f:‘[u7]<<$d|_97 f:[UJ]J—gdLQ
and then prove that

d Ffu
A Bl > rE ] 1 F° Bl > I 11E°
<lu, B /B (fu)dz a <lu. B] /B dev <d |E5u|> [E7ul

for any Borel set B C ().

We begin with the following technical lemma.

Lemma 4.11. Forallu € U(Q) the set function V — F.[u, V] is a restriction

to the open subsets of ) of a finite Radon measure.
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Proof. Fix u € U(Q).
Step 1. Let A’, A”, B be open subsets of 2 such that A’ € A”. We first
prove that
Filu, AU B] < Fi[u, A"] + F.[u, B. (4.16)

Fix € > 0. By the definition of relaxation we can find sequences (uj) C LU(A”)
and (v5) C LU(B) such that uj = u weakly™ in U(A"), v§ = u weakly* in
u(B),

Flu, A") < Ffu, A") 4c.

and

Fluy, B] < Filu, B] +¢.

Henceforth, we omit the dependence of sequences u;, and v, on . For each
h € N extend the functions u;, and v, by zero outside A” and B, respectively.

Let

C. := sup (/ 1+ |divug|* + |Eup| do —|—/ 1+ |divog]® + |Evy| dm) < 0.
hEN 1" B
(4.17)

Fix k € N and an increasing family of open sets
A=AeA e...eA,ecA.

For each i = 1,...,k choose the cut-off function ¢; € CL(A;;[0,1]) such that
©; =1 on A;_y. Next, define maps wy,; € L'(A"U B;R?) via

Whi = iup + (L —@))vp, heN, i=1,... k.
It is clear that @y, ; € LU(A;_41), but w,,; ¢ LU(A’ U B), since
div g, = @;divu, + (1 — ;) divo, + Vo, - (up, — o)

and the last term on the right-hand side belongs only to LY (d_l)(A’ U B). To

overcome this problem, as before we fix some 1 < ¢ < d/(d — 1) and define

1
6= g7 [, Voile) - (o) =~ va(a) da,
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where S; := A;\A;_; fori = 1,..., k. Note that supp Vi; € S;. By Theorem 4.5
applied in S; and with the right-hand side

Jni ==V (up —vp) + &y € LUS)),
there exist functions zp,; := Bfp; € Wy?(S;; RY) such that
divzp; = fry on S;

and the estimate

IVanilly < Cllfnillg (4.18)
holds. We also extend zj; by zero outside S;. Define
Wh := Wh; + Zp-
The correction term zj,; guarantees that wy,,; € LU(A’ U B). Indeed,
divwy,; = @; divu, + (1 — ¢;) divo, + &ils;,

which clearly belongs to L*(A’ U B). We have

- F(Eun) dx—l—/ F(Evp) dz

(A’UB)NA;_4

+/ gwhz x,

where we used the fact that the corrector zj,; vanishes outside of S;. Hence,

Flwpi, AU B] < Flup, A"] + Flop, B] + f(Ewp;) da.

BNS;

The last integral can be estimated as follows:
f(Ewp,;) dae <M 1+ | divwp, | + [Ewp,| da
BNS; BNS;

§3M/ 1+ | divug|? + | divog)? + €2,
BNS; ’

+ C’k|uh — Uh| + |5uh| + |5Uh| + |82h,i| dl’,
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where Cy :=sup {||V¢ill« : 1 <i <k}. We have for 1 <i <k that

2 1 2
o= g ([, Voilo) - (o) — (o)) do)
CQ
< ]S‘k|2 [, — vallt

< CRIS: ™% up, — vall2.

Here and in all of the following the norms are with respect to the domain A’U B.

Since |S;| > 0 for all i € {1,...,k}, we get

—2/q
6, < GF{,in 150) o = 0l < Cogalln — w3

By the estimate (4.18) and Hélder’s inequality we obtain similarly
/Bmg. [Eanal da < ([ Vanilly BN S| < Cogullun — vl

where 1/q+ 1/¢' = 1. Note that for every h € N there exists i, € {1,...,k}
such that

/ 1+ | divup|? + | divon? + [Eup| + [Evy| da
BﬂSih

1

~k BN(Ar\Ao)
C.

< AR

— k

1+ |divug|® + |divo,|* + |Eun| + |Evy| do

where C. is defined in (4.17). Therefore, combining the above estimates yields

3MC.
s, £(E ) 4 < Covme (o= a2+ =l s =l ) + 2
BﬂS,-h k:
Hence,
F[wh,ih, A/ U B]
S F[uh, A”] + .F[Uh, B]
3MC.
 Cora (= ol + o = ol + o =l ) + 22
< Fuu, A" + Flu, B] + 2¢
3MC.
 Cora = ol + i =l + = ol ) + 24
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Note that wy,;, — u strongly in L'(A’U B;RY) and (wh4,, )p 1s uniformly
norm-bounded in U(A’ U B). Lemma 2.29 thus implies that (wy,;, ), converges

weakly™ to v in U(A’ U B). Moreover, (u; — v,), converges strongly to zero in

LI(A’ U B;R?). Therefore, we obtain

Filu,A"UB] < li}{n inf Flwy, , AU B
—00

3MC,
< .F*[u, A//] + ]-"*[u, B] + 3 + 2e.

Letting k — oo followed by ¢ | 0 yields the inequality (4.16).
Step 2. We now prove that for any open subset A C €2 it holds that

Filu, Al = sup {F.Ju,A]: A" € A, A" open}. (4.19)
It can be easily seen that
Fulu, A < M ((1+ | divul®)2(A) + |Eul(A)), (4.20)

where M > 0 is the constant from the upper growth bound on the integrand
of F.

Therefore, for a fixed € > 0 we can choose a compact set K C A such that
F.u, A\ K] < e. Choose open sets A" and A” such that K C A’ € A” € A.
By Step 1 with B = A\ K we have

Filu, Al < Filu, A" + Filu, A\ K] < Fulu, A" + ¢

Letting € | 0 gives (4.19).
Step 3. Let A, B be open subsets of 2. We now prove that

Filu, AU B] < F.lu, A + F.[u, B]. (4.21)
Fix € > 0. By Step 2 there exists an open set U € A U B such that
F.u, AU B] — e < F,[u,U].
Choose A’ € A open, such that U c A’ U B. By Step 1 we have
Filu, AU B] — e < F,[u, A"U B] < F.lu, Al + F.[u, B.
Letting € | 0 yields (4.21).
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Step 4. Finally, we prove that for open sets A, B such that AN B = () the
inequality

Filu, AU B] > F.lu, A] + F.[u, B] (4.22)

holds. We can choose a sequence (u;) C LU(A U B) converging weakly™® to
u € U(AU B) and such that

hlim Flun, AU B] = Fi|u, AU B].
—00
Since sets A and B are disjoint we have
Filu, AUB| = Jim Flun, AU B]
—00
> lim inf Flup, A] + lim inf Fluy, B]
h—o00 h—o00
> Filu, A] + Fi[u, B],
hence we proved (4.22). By Theorem 2.1 we infer that the set function V' —

F.lu, V] is a restriction to open sets of a finite Radon measure. U

Proposition 4.12 (Upper estimate). The relazation F, satisfies the upper
bound
d F*u
*,Q</ gu) d /# LA o
Flud) < [ a(en as+ [ gt (5 a5
Proof. By Remark 2.33 we can find a sequence (u;) C LU(Q) N C™(;RY)
converging area-strictly to v € U(€Q2). Since the area-strict convergence is

stronger than the weak™ convergence, by the definition of F,, it follows that

d E*u
N _ # s
Filu, Q] < h}{glogff[uh,Q] = /Qf(gu) dx—l—/ﬁfdev <d| 5u|> d|E?ul,

where the equality follows from Remark 2.33. O
The conclusion of Theorem 4.1 will follow once we prove the lower bound.

Proposition 4.13 (Lower estimate). For u € U(Q) the inequality
d E*u
d|Esul

Fulu, €] Z/Qf(é'u) dx+[2fiv< >d|E5u|

holds.
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Proof. We treat separately .#%-a.e. regular point 7y €  and |E*ul-a.e. singular
point z( € €.

Regular points. The proof is based on a blow-up argument. Fix xq € 2 such
that

1. u is approximately differentiable at x,

. |Eu|(B(xg,7r)) d|Eul
2. 17}\{51 wyrd R (zo) = [Eu(zo)],
3. z is an Z?-Lebesgue point of div w.

Since u € U(), these properties hold for .#%-almost every z € Q. In particular
(1) is a consequence of Theorem 7.4 in [2], whereas (2) follows from Theorem 2.3.
For y € B(0, 1) define maps

ur(y) == w@o +ry) = u(mo)’ 0 < r < dist(xg, 00),

r

where @ is the precise representative of u. For uy(y) := Vu(zg)y we have the
strong convergence u, — u in L'(B(0,1); R?). Indeed, by the approximate

differentiability we have

Lo 1) = w0l)] dy

1 lu(z) — u(xg) — Vu(zo)(z — x0)|

== dz—0
r% JB(zo,r) r

as r | 0. Moreover, we have strict convergence:

, . |Eu|(B(xo,
17%1 |Eu,|(B(0,1)) = wy lrli(I)l o

r
) — wlgute) = 1Bul (B0, 1),
thus (u,) is bounded in BD(B(0,1)). Note that for ¢ € L*(B(0,1)) we have

Lo, POV :(0) = divio(y)) dy

< |lell2 | divu(zo + ry) — divu(zo)[* dy
B(0,1)
= wqllell2 | divu(z) — div u(x0)|2 dz.
B(zo,r)

The right-hand side vanishes as r |, 0 by the Lebesgue point property (3). Hence,
ur = ug weakly™ in U(B(0,1)). In virtue of Proposition 2.15, Lemma 4.6 and
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the scaling properties of F, we obtain

* ) B bl . .
lim inf Fulu d($0 ) = lim inf F,[u,, B(0,1)]
rl0 r rl0

> F.lug, B(0,1)]
> [l F(Ewl) dy

= waf(Eu(xo)).

Therefore, by Proposition 2.2 we obtain
Felu Bl 2 [ f(Ew) da
B

for any Borel set B C ().
Singular points. We want to prove that for all Borel sets B C () the inequality
d Eu
Filw Bl = [ (s | dIE
)= [ 1 () Al

holds. In order to do that we fix zy € €2 such that

d F*u

——— (1) =a®b be R\ {0}, a Lb.
d|Esu|<'r0> a®b, a, \{ }7 a
This property holds for |E*ul-a.e. xy € ©Q by Theorem 2.26 (see also Re-
mark 2.27). It suffices to establish the inequality

lim F.lu, B(xg,r)]

#
rl0 |Eu|(B<I0,T)> Z fdev<a®b>

at any | Eul-Lebesgue point 2 € €2 for which the limit on the left-hand side exists.
By the coercivity of F and a diagonal argument similar to the one contained in
the proof of Lemma 2.14, we can choose a sequence (u;) C LU(B(z, 7)) such

that up, = u weakly* in U(B(z, 7)) and

hh_>m F[uhaB(‘TmT)] = F*[U,B(ZL‘O,’I“”.
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We then have

F.lu, B(xo,7)]
= lim Fluy, B(xo,r)]

h—o0

= lim f(Eup) dx

h—o00 B(zo,r)

= lim f(Eun) — fi(devEuy) dz + fE (dev Eup) dz

h—00 J B(zo,r) B(zo,r)
T (1) (2)
. hh—>I£10 ([h,r + [h,r) .
In virtue of (4.3) we have

I}(ng = /B( )f(guh) — fiv(devguh) dx

> —-M | divug|” + | dev Eup|’ +1 da.
B(zo,r)

We can assume that
|dev Eup)® — & weakly in LY9(B(x,7))

for some ¢ € LY?(B(xo,7)).
For 0 <~ < 2 by Holder’s inequality we obtain

/ | divug|” da < sup ||divug |3 |B(IO7T)|1_W2'
B(zo,r) h
Thus,

th;O hr 2= M,y ’ (1‘0,7“)’ | (:L’O,?”)| B(:coﬂ")f !
Therefore,

lim lim I\") > 0.
rl0 h—oco

By Proposition 2.11 the set
S = {a@b: a,be R, a-b:O}

spans the space of symmetric and deviatoric matrices SD(d). Moreover, the
recession function f(ﬁv is positively 1-homogeneous and convex at points of
S (see Remark 4.2). In virtue of Theorem 2.10 for each orthogonal a,b € R?
there exists a linear function ¢ : SD(d) — R such that fi (D) > ¢(D) for all
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D € SD(d) and f¥ (a ®b) = {(a ®b). For all but finitely many r > 0 we
can assume that A(OB(z,7)) =0, where A € MT(Q) is the weak* limit of (a

subsequence of) the measures |((dev(Euy))|-L?. Therefore, we have

lim I}(LQQ = lim )f(}iv(dev Eup) da

h—o00 o h—o0 B(zg,r

> lim sup ((dev Eup) do

h—oo J B(zo,r)

= ((dev Eu(B(zo,1))),

where the last equality follows from the linearity of ¢. Combining the above

estimates yields

. Filu, B(zo,r)] . ¢(dev Eu(B(zo,1)))
B TBl(Bleo. ) = ™ [Bul(Bleo,1))

= limsu ev Eu(B(wo, 1))
timenn ¢ (dee (s )

=/ (dev ({}ﬂ[} éZf(BB(g(;,? )))>>

=/ (dev(a ®b))

=l(a®b)
= fit(a®b).

This finishes the proof. 0

Conclusion

In this chapter we established the relaxation result for integral functionals with
symmetric-quasiconvex integrands satisfying the mixed-growth condition. We
proved an integral representation of the relaxation with respect to the weak*
convergence in the Temam-Strang space. This result extends the previous result
by Jesenko and Schmidt in [23]. Our proof is a mixture of the standard blow-up
argument and the convexity argument based on the Kirchheim-Kristensen
result [24]. This argument was possible due to the subcritical assumption (3)
in Theorem 4.1. It remains an open question, whether this condition can be

deduced from conditions (1) and (2) of the aforementioned theorem.
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Chapter 5

Inhomogeneous Henky’s model

5.1 Introduction

Recall that the classical minimisation problem in the theory of Hencky plasticity

(cf. [5, 38]) involves the following convex functional:
/ﬂ o(dev Eu) + g(divu)2 dux, (5.1)

where ¢ : SD(d) — [0,400) is a convex function which grows quadratically on
some compact set and linearly outside of this set, and k = A+ 2u/3 is the bulk
modulus of the material with the Lamé constants A and pu.

In this chapter we generalise the energy functional to the following inhomo-

geneous one:

Glu] := /Qg(x,devgu) + h(z,divu) dz, (5.2)

where the functions g and h satisfy certain continuity, convexity and growth
properties (see Theorem 5.1 for the precise formulation).

As in Hencky’s plasticity, a natural underlying function space for the func-
tional G is the space LU(2). Unfortunately, it is not possible to apply the
direct method to G in this space. By Theorem 2.32, the functional G extends

continuously, with respect to the area-strict convergence, to the functional
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defined on the Temam-Strang space U((Q):

— ES
Glu] := /Qg(x,devé'u) + h(z,divu) dz + /Q(godev)# (a:, dd|ESZ|> d|Eful,
(5.3)
where
/ A/
(godev)#(z, A) := limsup M, A e SD(d).
(2, A")—(z,A) S

§—00

The main result of this chapter is the following weak* lower semicontinuity:

Theorem 5.1. Let Q C R? be a bounded Lipschitz domain and

1. the function g : Q x R4 — [0, +00) is Carathéodory with linear growth:

Sym

mlA| < gle, A) < ML+ A]), (2, 4) € Q x RE

sym

for some constants 0 <m < M;
2. for every x € Q the map A — g(x,dev A) is symmetric-quasiconvex;
3. the strong recession function (g o dev)®, defined as the limit
g(a',sdev A')

1
(@A) > (z,A) s
S§—00

(g 0 dev)™(z, A) := . AeSD(d),

exists and is jointly continuous;

4. the function h :  x R — [0,+00) is Carathéodory, conver and has

quadratic growth
0<h(z,2) <M+ |2, (z,2) € QxR

Then, the functional

Glu] = /Qg(x,devgu) + h(z,divu) dz + /Q(g odev)® (x, dd|j§SZ|> d |Eful

(5.4)

is weakly™ lower semicontinuous on U(§2).

Remark 5.2. Note that in Theorem 5.1 the upper recession function g# is
replaced with the strong recession function in the functional G. This requirement
comes from the theory of generalised Young measures, which is used here to

prove Theorem 5.1, and cannot be dropped.
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5.2 Young measures

In this section we briefly recall basics of the theory of generalised Young
measures. This exposition is based on [27, 35|, where one can find all the proofs
of results mentioned here.

In all the following we assume that 0 C R? is an open bounded Lipschitz
domain, unless stated otherwise.

For a function f € C(Q x R¥?) and a function g € C(Q x B¥?) we define

Sym sym
a linear operator S : C( x RYX?) — C(Q x BLx?)

(SF)(@, A) = (1 - |A])f (x 1_A|A|)

for (z, A) € Q x B¢ and its inverse S~

sym

(59w )= (-4 14D ()

for (z, A) € Q@ x R4 Clearly S™'Sf = f and SS~'g = g.

sym *

Now we define a space of admissible integrands,

Sym sym sym

B R = {f € C@x RS - SfeC@xBLD)}. (5.5)

Here Sf € C(Q x Bdx{) is to be understood as the statement that Sf extends
to a bounded and continuous function on € x BZx¢. Note that the recession
function f (if it exists) is a unique extension of the function Sf to Q x Bdxd

sym
i.e. for (z,A) € Q x gBLE

sym
A
1' 1 — A/ ! - — o A .
(m’,A'%IE(x,A)< ‘ Df <$ "1 — |A/|> f (ZIZ’, )
|A'|<1

Therefore, one can equivalently express the fact that f € C(Q x R%X?) lies in

sym
. Tpdxd C o0 :
E(Q; RgY) by requiring f*° to exist.
Definition 5.3 (Young measure). A generalised Young measure on an

dxd

open set Q@ C R with values in REY is a triple v == (v, A, v5°) with

1. a parametrized family of probability measures (vy)ecq C MY (R, called

Sym

the oscillation measure;
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2. a positive finite measure \, € M (), called the concentration measure;

3. a parametrized family of probability measures (v3°),.q C M (9BE9),

sym
called the concentration-direction measure,
such that the following conditions hold:
1. the map x > v, is weakly* L Q-measurable, i.e. the function x
(f(x,),v,) is L Q-measurable for all bounded Borel functions f :
QO x R4 5 R;

sym

2. the map x — v° is weakly™ \,-measurable (defined analogously to (1));
3. the map x> (| - |, v,) is in L}(Q).
We denote by Y (§; REXY) the set of all such generalised Young measures.

sym

The generalised Young measures v € Y (€); Rg;n‘f) are dual objects to func-

tions f € E(; R¥*9) via the duality pairing

Sym

(fv) = [ (F@) ) dot [, ),02) dAua)
= [ [, f@A) dv(4) da

sym

+/ /[)B £, A) dv2(A) d A, (2).

sym

Definition 5.4 (Generation). Let (v;) C M(Q;R%%9) be a sequence of Radon

sym

measures. We say that y; generates a generalised Young measure v € Y (€2; R%X)

sym
(in symbols ~; X v), if for all f € BE(Q; RIXd),

Sym
dy d d~;

f( J).i”LQ—i—f“’(x, 1)75
4.z d%|” (5.6)

S f(w, ), u) L QA+ (0, ), 00N, in M(Q).

xT

Definition 5.5 (Elementary Young measure). Lety € M(Q;RX%) be q

sym

Radon measure. Then, the triple 8[y] := (0,17, 05) € Y (4 RLST) with
dy dv°

A= LY(Q, 2 LR, B:= LY(Q, |7 REx

A e G, b 2l L@ rRE

is called the y-elementary Young measure.

Note that the convergence (5.6) can be now rephrased as ( f, [v;]) — (f,v)
for all f € E(Q;Rx4).

Sym
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The following result is a cornerstone of the generalised Young measure

theory.

Theorem 5.6 (Fundamental Theorem). Let (y;) C M(Q; RE9) be a uni-

Sym

formly bounded (in the total variation norm) sequence of Radon measures.
Then, there exist a (not relabelled) subsequence of (v;) and a Young measure

v € Y(Q; R such that v, X

Sym

It turns out that it suffices to test the Young measure convergence ; Xv

dxd

with a countable family of functions in E(€2; RE5) of a particular form.

Lemma 5.7 (Density). There exists a countable set of functions {fy} =

{or @ hy k€ N} € E(RED), where ¢, € C(Q) and h, € C(R¥D),

Sym Sym

such that the knowledge of { fx,v) completely determines the Young measure

v e Y(Q;RET). Moreover, the functions hy can be taken Lipschitz continuous.

We have the following extended Young measure limit representation.

Proposition 5.8 (Extended representation). Let (7;) C M(Q;REx) be

a sequence of Radon measures generating a generalised Young measure v €

Y(Q; R, Let f:Q x R4 — R be a Carathéodory function such that the

sym Sym

recession function f°° exists and is jointly continuous. Then

lim (f,8[y;]) = (/,v)- (5.7)

j—o0
As a consequence of Theorem 4.1, we can establish the following Jensen-type

inequalities.

Proposition 5.9. Let (u;) C U(Q2) be a sequence such that u; = u weakly™*
in U(Q). Let Bu; > v for some Young measure v = (1, A, v2°) € Y(€; R,

vy Vg sym

where

A=A with < L2900, N L2710

and let (divu;) generate a classical Young measure (fi,)zcq (see [35] for details).
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Then, it holds that

a

godev(Eu) + h(divu) < (godev,v,) + ((g o dev)™, Oo)j,;d + (h, pz) (5.8)

for L-a.e. x € Q and

d E?
(g odev)™ (d B u|> |Eful < ((g o dev)™, v°)A)  as measures, (5.9)
Su

for all continuous functions g € C(RYXT) and h € C(R) such that
1. godev is symmetric-quasiconvezr and the recession function (g o dev)™
exists,

2. h is conver and bounded from below.

Proof. This proposition follows directly from the Jensen-type inequalities for
BD-Young measures, see Theorem 4 in [33] (for v) together with the classical

Jensen inequality (for p). O
We are now ready to prove Theorem 5.1.

Proof. Let u; = u weakly® in U({2). Selecting a subsequence if necessary, we

can assume that (E'u;); generates a generalised Young measure v € Y (€2; ngxrff)

and that (divwu,); generates a classical Young measure (fi;)zeq-

Then,
h]mglfg[uj] > hmlnf((godev [Eu;]) +/ dx
= | (godev(e, ),ve) + (b, ), 1)) da
+/Q (g 0 dev)®(x,-), ) d A ()
d ),

= [ o desto ) + (g devy a0 g (o

d Ffu
dev)™ d|E?
# [aoden (o it ) ale
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where, by a slight abuse of notation, we write g o dev(z, A) := g(x,dev A).
The first equality follows from Proposition 5.8, and the second inequality is
a consequence of Proposition 5.9. Since the above holds for any subsequence,

this ends the proof of the lower semicontinuity of G in U(2). O

5.3 Young measures revisited

In this chapter we applied techniques from the theory of Young measures to
the mixed growth functional. This functional, however, has a very concrete
form, where deviatoric part and trace part are additive components.

A natural question is whether one can apply the theory of Young measures
to more general (inhomogeneous) functionals with mixed growth integrands,
similar to the ones investigated in Chapter 4. The development of generalised
Young measure theory for mixed-growth integrands is not a trivial matter. In
fact problems already arise at the level of the functional analytic framework
(cf. [27]). Since we are interested in the case of U-Young measures, we can use
the existing framework of BD-Young measures — every U-Young measure (i.e.
a generalised Young measure generated by a sequence in U) is necessarily a
BD-Young measure.

In this section we present a few results regarding U-Young measures, which
may shed some light on the path to further developments.

We begin with the definition.

Definition 5.10. We say that v is a U-Young measure, in symbols v &
UY (Q; REX) | if there exists a bounded sequence (u;) C U(Q) such that for all

sym

f € E(Q;RY) the convergence {f,8[Eu;]) — {f,v) holds.

Firstly, we want to establish that there are ‘good’ generating sequences
for U-Young measures. The following lemma asserts that Young measures

generated by sequences in LU(€2) and sequences in U(f2) coincide.

Lemma 5.11. UY(Q;R%*9) = LUY (; REx9).

Sym Ssym
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Proof. Tt suffices to prove that UY(Q;R¥?4) c LUY(Q;RLY). Let v €

Sym Sym

UY (€ Rg;nff) be a U-Young measure such that Fu; % v for some sequence

(uj) € U(Q). For each j € N we can find a smooth function v; € LU(2) N
C>(Q; RY) such that

00 dESUj s
’/ka(x,guj)dx—i—/gfk <x,d|E8uj|> d|Eu;| /ka(x,gvj)d

for £ < j. This is a consequence of Theorem 3.7 and the fact that smooth

1
< -

functions are area-strictly dense in U(2). Hence

lim [ fi(e,€0)) da = (fi.v)

J—=00 JQ

for all k € N. In virtue of Lemma 5.7, Bv; % v, so v € LUY(Q; R&x%), O

Ssym

The following proposition is due to M. Jesenko and B. Schmidt:

Proposition 5.12. Letv € UY(; R‘Siyxrff) be a U-Young measure. Then, there

ezists a bounded sequence (u;) C LU(Q) such that Eu; X v and (| div u;l?) is

equiintegrable.

Proof. Let (u;) C LU(Q)NC*®(Q;RY) be a bounded sequence such that Eu; X
v for some v € UY(Q;RE:Y). By the embedding BD(Q2) C LYE@D(Q: RY), we
have that (u;) ¢ LY@V (Q;RY). By the Helmholtz decomposition, we can
write

Uj = Uj + VQOj,

where v; € LY@ D(Q:R?) with dive; = 0 and ¢; € Wy™ " V(Q). Since
(divuy) is uniformly L°-bounded and divu; = Ag;, we obtain that ¢; €
(Wo "D AW>?)(Q) and sup, ;][22 < oo.

Let w; := V;. Then, up to a subsequence, w; — w weakly in Wh2(Q; RY)
for some w € W"*(Q; R?). According to the decomposition lemma (cf. [20,
Lemma 1.2], [26]) there exists a further subsequence (w;,) and a sequence
(1) C w + Wy (€ RY) such that

1. W — win WH(Q; RY),

2. (|Vwy|?) is equiintegrable,

83



3. limy oo {2+ wj, # Wy or Vw;, # Vi }| = 0.
Next, define a sequence

’ak = ’Ujk -+ ?Iik

It is clear that (@) is a bounded sequence in LU(Q2) with (div ay)? = (divwy,)?
being equiintegrable. It remains to prove that Ey X

By Lemma 5.7, there exists a countable family of functions of the form
£ ®h with £ € C(Q) and h : RS — R Lipschitz continuous, which determines

the generated BD-Young measure. We thus have

lim (£ @ h, 6[Ew;]) = (€ © h,v).

j—00

On the other hand

lim /Q h(Euj, (1)) — h(Eix(x))] da

k—o0
< klim / Lip(h)|Euj, (z) — Euy(z)| dx
—o0 Ja

Lo P
<Lip) Jim [ (V@) - Vi) da

:O,

where Lip(h) denotes the Lipschitz constant of h. The last equation follows
from the fact that (Vw;, — V) is bounded in L*(€; R%*?) and is therefore
equiintegrable. Consequently, (Ey) generates the same U-Young measure as

the initial sequence. O

Proposition 5.13. Let v € UY(Q; R4, Then,

Sym

/Q/Rm Sz, A) dvg(A) do < oo, (5.10)

sym
for any Carathéodory function f : Q x REE — [0,+00) satisfying

0< f(z,A) <M1+ |trAP), M>0

for x € Q and A € R4

sym *
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Proof. Let (u;) C LU(Q2) be a bounded sequence such that Eu, % v and
(| divu;]?) is equiintegrable. Fix k € N and define functions:
f(z, A) for |[tr A| < F,

fk(ﬂf,A) = ,
A f(x, A) for k< |tr Al

1+ tr A|?

Then, for each k € N, f;, is a Carathéodory function, fi 1 f and f° = 0, since
0< fiz,A) < M(L+E)

for any v € Q and A € R¥X4. We also have the estimate:

sym*
| tr A|? — k2
1+ |tr A2

< Mgy i apsiy (tr A) (| tr AP — £2)

|fe(z, A) = f(z, A)] < L a: jer apsiy (tr A) [z, A)

and so we obtain

(= 181w = | [ fula,Eu) = f@.805) do

<M (| divey,|* — k) da

{ze: |divu;(z)|>k}

< M sup (] divy,|® — k?) da.
g J{xe: |divu;(z)|>k}
By the equiintegrability of (| div u;|*) we obtain:

sup (Jdivy,|> — k*) dz — 0 as k — oo. (5.11)

j /{mEQ: | divuj|>k}

By the monotone convergence theorem we obtain:

Jim (fi,v) = (f.v). (5.12)

Next, by Proposition 5.8, we obtain:

Jlijélo«fky O[Ew;]) = (fr, V). (5.13)
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We have

[/, 8[Eus]) — (F,v)| < IS, 8[Bw;1) — (i, O[Ew;])]
+ 1{fr: 6[Ew]) = (fr D] + (i, v} = (f, V)]
< sup|{f, 8[Ew) — { i, S| Bl

+ 1 {fr: O[Ew ) = (fr D + [( i, v} = (f, )]

By (5.13), for a fixed k € N, the second term on the right-hand side vanishes
as j — oo. By (5.11) and (5.12) respectively the first and the last term vanish

as k — oo. Therefore

lim (f, 8[Ew,]) = {f.v). (5.14)

j—00
Since (u;) is uniformly norm-bounded in LU(S2), expanding double brackets

yields:

/ g F(@A) dvg(A) do < (f,v) < Msup/ 1+ |divy|* do < co. O
0 Jré i Ja
Remark 5.14. It is possible to prove Proposition 5.13 in a different way.
Indeed, let (u;) € LU(Q) be such that Eu; - v for some v € UY(Q; R24),

sym

Since (u;) is uniformly norm-bounded in LU(2), we have

sgp/ﬂf(:t,é’uj(x)) dz < 0.

Fix h € N and define fj,(z, A) := min{h, f(z, A)}. Then, by the classical Young

measures convergence, we have

lim /th(a:,é’uj(x)) do = /Q/Rdxd frn(z, A) dvg(A) de.

j—o0 i

Since f > fp, we have

liminf | f(z,Euj(z)) doe > /Q/Rdxd fr(z, A) dvg(A) dz.

j—oo JO dxd

By the monotone convergence theorem, letting h — oo yields

lim inf Qf(a:,é’uj(ac)) dx > /Q/Rdxd f(z, A) dv,(A) da.

Jj—00 e

The proof is finished.
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The following conjecture is the ultimate, yet elusive goal of the theory of

U-Young measures.

Conjecture 5.15 (Characterisation). Let v € BDY(Q;R%9) be a BD-

Sym

Young measure with \,(02) = 0. Then, v is a U-Young measure if and only
if

1 // tr A2 dvy(A) da < oo,
Q Rdxd

sym

2. suppr® C {m € SD(d) : |m| =1} for \,-a.e. z € Q.

In virtue of Proposition 5.13, we see that the first condition of the ne-
cessity part of Conjecture 5.15 follows. It seems natural to expect that the
concentration-direction measure v;° is supported in the unit sphere of symmet-
ric and deviatoric matrices, as Proposition 5.12 suggests that the concentration

in the trace direction does not occur.
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