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Chapter 1

Introduction

The focus of this thesis is the study of nonlinear stochastic partial differential equations
(SPDE?) of the type
(0 = Au=—f(u) + ¢, (1.0.1)

over R; x R% where ( is an irregular distribution and f is super-linear drift with
lim, 100 f(2) = £00.

The particular example we have in mind and that motivated this work is the dynamic
®* equation, where f(u) = u? and  is the space-time white noise. This equation was
introduced in constructive quantum field theory as a tool to construct the ®* measure. In
the spirit of stochastic quantization (Symanzik [67], Nelson [57, 58]], Parisi and Wu[64]),
this equation introduces a reversible stochastic dynamic, and the target measure is the

invariant measure of this dynamic.

This equation has also been one of the motivating examples of the theory of regularity
structures introduced by Hairer in [41]]. Regularity structures give a rigorous meaning and
a local solution theory for large class of semi-linear SPDEs which require renormalisation
due to the low expected regularity of the solution. The theory of regularity structures has

been developed into an impressive machinery in [10} (11} [18]].

Up to now it remains a local solution theory. That is due to the fact that the theory of
regularity structures states a mild formulation of the equation to solve, and disregards
large scale properties such as conserved quantities or damping terms. For example, the
regularity structure for equation doesn’t depend on the sign — f(u). The present
work is part of a program to study long term existence of singular SPDEs, following
[54}55] where similar results were obtained on the torus. We show one way to use other
analytic tools to obtain large scale results on the full space R?, which are necessary to

construct an invariant measure.



In Chapter 2] we prove space-time “‘coming down from infinity” for the solution © when
¢ € C*2 for @ > 0, in the sense that we are able to show bounds on the solution  on
a compact set D C R; x R? that depend only on the rough driving term on a slightly
larger set, in particular independent of initial and boundary conditions. For a smooth
driving term this bound is given by a maximum principle which exploits the super-linear
negative drift — f(u). We see how to link this large scale result with small scale Schauder
theory in this simpler case which does not require renormalisation. This chapter contains
the results of [51]], written in collaboration with Hendrik Weber and accepted in the
Electronic Journal of Probability.

In Chapter [3| we prove a similar result for the ®* equation in 3 dimensions. In this
relatively simple case of singular SPDE, the regularity structure associated can be handled
by hand but all the analytical tools are introduced. This chapter contains the results of
[52]), written in collaboration with Hendrik Weber and accepted in Communications on

Pure and Applied Mathematics.

In Chapter 4] we extend this result to more singular noise. We reformulate the theory
of regularity structures and show how to derive those large scale results in this context.
This chapter contains the results of [21], written in collaboration with Ajay Chandra and

Hendrik Weber. It has only just been submitted for publication.

Those articles were all self-contained, but they are a natural continuity of each other.
Therefore, the adaptation to make it into a coherent thesis was an easy work. However,
they all require, for a full understanding of their implications, some background know-
ledge in stochastic PDEs, regularity structures and constructive quantum field theory.

We will now try to give a short introduction in those domains.

1.1 & field theory

1.1.1 The ®* measure

Formally, one can express the ®* measure on R as

ap(6) o< exp /R ot 4 Jvol) T o).

zeR4

In constructive quantum field theory, a set of axioms [60, |61] gives a way to build a
field theory from a measure. A lot of effort has consequently been invested in finding
non-trivial measures that satisfied these axioms in dimension 4, which is the physical

space-time dimension.

The ®* measure has a particular place in constructive quantum field theory as the first



example of measure on R? satisfying those axioms. In two dimensions, the existence
of the ®* measure was proven early on [32] [65]] while in dimensions four and higher,

another approach is necessary [26].

In three dimensions, the ®* measure has been constructed in several ways since the
original construction by a phase cell expansion [25, 31] in the 70’s. Among those
ways are Balaban’s block average method (8], skeleton inequalities method by Brydges,
Frohlich and Sokal [13]], both from 1983, and the renormalisation group method of
Kupiainen in 2016 [S0]. The progress in singular stochastic PDEs in the past 5 years gives

a new approach to the problem via stochastic quantization, introduced in Section|1.1.2

An approximation procedure can be used to build this measure, starting with a measure
on a periodic lattice Ays . = (e(Z/MZ))3, and then letting € — 0 and M — oo.

diase(9) o< exp (= 32 6" — (m? + Cur )6 + g+ 2 [ve6?) [ dot).

Apre TEA M .

However in dimensions 2 and 3, convergence of the measure in the limit e — 0, M — oo
requires a fine tuning of the renormalisation parameters Cs ¢ and C', . which have to
diverge as e vanishes. The divergence rate of these constants depends on the dimension.

In dimension 2 we have C)s o< — log(€) while in dimension 3, Cps e o< € 1.

The ®* measure also arises as a scaling limit for the Ising model with local interaction.

In two dimensions, the Ising model is a spin model with values o € {1, —1} on the
lattice Ay = Z2/(2N + 1)Z2. The interaction is described by the Hamiltonian

1 .
Hyo)=—5 3 Iyl joicy,
k,jEAN

where h is an interaction with range v~1 ~ v/N. The Gibbs measure )y for inverse
temperature 3 is defined on {+1}*~ as

AN (0) = Zy" exp(—BH(0)),

where

Zy= > exp(—BH,(0)).

oe{+1}*N

Under suitable rescaling the invariant measure for this model converges to the ®*
measure. In [53[], the authors show a dynamical version of this result. The Glauber

dynamics associated with this measure are described by the rate at which a spin at site



j € A can flip:

(0.) = 217
CN\O, = g}
V=N (0) + An(9)
where o7 is the configuration o with the spin site j reversed. This model converges
under suitable rescaling to solutions to the dynamic ®* model, which we introduce in

the next section.

1.1.2 Stochastic quantization

The idea of stochastic quantization is derived from the Monte-Carlo method for Markov
chains. A measure prescribed by a Hamiltonian is described as the invariant measure of
a dynamical system with state space the space of the measure, and transition probability

given by the flow of the Hamiltonian.

Following that idea, the dynamic ®* equation was introduced to get the ®* measure as

an equilibrium limit, here with mass 0:
(0 — A)u = —u? +(, (1.1.1)

where ( is the space-time white noise in d + 1 dimensions. Constructing solutions to
this equation in order to construct the measure has been suggested since 1964 in works
by Nelson [57, 58], Parisi and Wu [[64]], and Symanzik [67]], but the solution theory for
these equations remained i ncomplete until recently. One way to prove existence of
equilibrium solutions is to prove that solutions converge to a compact set, and then prove
contractivity within this set. This is the approach taken in [[70] for the ®* equation on

the 2-dimensional torus.

During the same period as the research for this thesis was done, the ®* measure was
constructed in dimension 3 using stochastic quantization for the first time by Gubinelli
and Hofmanova [36], using bounds in weighted Besov spaces. Our results differ from
theirs and from other a priori estimates including ”coming-down from infinity” properties
that have been proven for singular SPDEs, namely the dynamic ¢3™ [55} 68] and ¢4
models [2,|54] both on compact domains and on the full space. These works all relied
on Fourier methods, the method of paracontrolled distributions, rather than the theory
of regularity structures. Some of the bounds obtained there imply coming down from
infinity in time only, in the case of ¢3 on the full space [33] in a weighted space.
The ideas presented here extend to more singular cases within the theory of regularity
structures. This is the content of Chapters [3]and ] There we show that our method
significantly simplifes the technical arguments used in [2} 35} 154] and extend its scope to

construct solutions on the full space without the need for weights.



1.1.3 The need for renormalisation

The ®* equation features the nonlinearity —u3 and space-time white noise over R%*1,
which is a family {¢(h), h € L?(R%*+1)} of centred Gaussian random variables such
that

E[C(h)?] = ||l (1.1.2)

Formally, one can think of it as a space-time process where E[((2)((2")] = 0,_./. The
existence of such object follows from the Kolmogorov extension theorem [55, Lemma
9] but a constructive approach can also be formulated, for example on the d-dimensional

torus T¢ where the space-time white noise is defined as

o) =3 [ dttwawe.e)

weZzZd

where W = (W (-,w))wez is a family of complex valued Brownian motion with variance

, [t ifw=—u
E[W (t,w)W (t,w")] =

0 otherwise.

Apart from the negative renormalisation, explained in Section [I.2.3] all that we need

for the analysis performed in this thesis is the regularity of a sample path. In spatial

_dt2
2

measured in the parabolic metric suggested by the parabolic equation (T.1.5).

dimension d, the space-time white noise has regularity — e for any € > 0, when

Classical Schauder estimates state that the gain of regularity for the inverse heat operator
is 2, which means that at best, v is of regularity —% — €. In dimension 2 and more,
u is a distribution and the nonlinearity —u? is not classically defined. We then call the
®* equation a singular SPDE . On the other hand, assuming we can give a meaning to
multiplication of distributions, their regularities would add up and the nonlinearity —u?
has regularity at best 3(—% — €). Therefore, in dimension 4 and greater, it is of lower
regularity than the noise. We do not expect to have a solution in that supercritical case,
which is also the dimension in which other constructions of the measure break down. In
dimension between 2 and 4, the nonlinearity is still classically ill-defined but there are

several ways to locally define a solution to the subcritical singular SPDE.

The criticality can also be seen from the following scaling argument. The stochastic heat

equation (0; — A)u = ( is invariant in law under the scaling
At,x) = A2 Lu(\2t, ). (1.1.3)

In the ®* equation, the nonlinearity —u? scales like —A\*~9%3 under this scaling. For



d < 4, the nonlinearity formally vanishes on small scales which suggests that the solution

can be locally described by the solution to the linear heat equation.

This was first done in dimension 2 in [22] by expanding around the solution to the linear
equation. In practice, one defines a smooth version of the noise, either convolving with
a smooth, compactly supported approximation of unity Ws(z,t) = M%‘ll(a%, §) and
setting (5 = ¢ * U or, on the d-dimensional torus, by performing a truncation in Fourier

modes

Glo)= > /Rqﬁ(t,w)dW(t,w). (1.1.4)

lw|<d—1

The following smooth equation can be solved classically, but the term ug’ does not

converge in the limit & — 0.
(O — Aus = —u + G5 (1.1.5)
Therefore we define T5 be a solution to
(O — A)1s = (s
Then vs = ug — 15 is solution to
(0 — A)vsg = —vg — 3vits — 3ust% — 13, (1.1.6)

However, the products Ugfg, v(gT% and Tg are still ill-defined: they are not expected to
converge as ¢ vanishes. It was expected from the study of the ®* measure that some
renormalisation would have to be introduced. It takes here the form of some “infinite

counter-terms” that are subtracted from the nonlinearity.
(0 — A)us = —uj + 3Csus + Cs, (1.1.7)

where the constant Cs diverges as J goes to 0. We discuss this in more details in
Section[I.2.3] If u; solves equation (I.1.7), then vs solves the remainder equation which

we rearrange as follows
(0 — A)vg = —v3 — 3031 — 3us(12 — Cs) — (13 — 3C51). (1.1.8)

Provided one can prove that (Tg’ — 3C;s1) converges to a distribution ¥ € C 3¢ as §
vanishes, and (12 — Cj) to ¥ € C~%¢, then v should converge to a C*~3¢ function, at

which point the products vt and vV are well defined.

The terms ¥ and V are called renormalised products. In practice, one defines all



renormalised products and then has to show how they modify the equation. This is done
in great generality with the machinery of regularity structures, which we introduce in the

next section.

1.2 Regularity Structures

Before we introduce the theory of regularity structures as in [41], let us remind the reader
that Chapters[2]and 3] of this thesis do not need the machinery of regularity structures, the
first one being set in the non-singular case, and in the second one all the computations are
done by hand. In Chapter 4] our approach is in some sense closer to the theory of rough

paths from [34], which was also an inspiration for the theory of regularity structures.

In both rough-path theory and regularity structures, a non-continuous solution map
associating a distribution us € D’'(R?) to (a smooth version of) a realisation of the noise
(s € D'(RY) is split into two parts: a lift of the noise to a richer space, either a rough
path above the noise or the space of models, and then a continuous solution map from

the space of rough path or models to distributions, where the solution u lives.

Elements of the rough path and the model and relations between them are described
with some tensor algebras in the case of rough path, and with an abstract space 1" with
a structure group G in the case of regularity structures. In Chapter ] we do build an

abstract space but only essential elements of the structure group G are introduced.

In the case of regularity structures however, the “canonical” lift, which gives the mul-
tiplicative model corresponding to equation (I.1.5]) does not converge in the space of
models. A renormalised model is introduced, corresponding to equation (1.1.7)), and the

stochastic estimates presented in Section[I.2.3]ensure that this model converges.

We will keep the ®* equation as an example, but regularity structures in full generality

are defined for equations or sets of equations of the type
Lu = P(u) + ¢,

where L is a differential operator and P is a nonlinear operator in » and derivatives of
u of order strictly less than the order of £. The term ( is a noise term typically of low
regularity, which makes the nonlinearity P ill-defined. Some classical examples are the

following:

e The KPZ equation describing the growth of an interface :

(0 — O)h = (9:h)* + ¢



e The parabolic Anderson model in dimensions 2 and 3 :

(0r — A)u = u(.

e The Navier-Stokes equation, also in dimensions 2 and 3 :
(0 — A)v=—=P(v.V)v+ (.
e The Sine-Gordon model in dimension 2, for 32 € (0, 167”) :
1 .
(0 — §A)u = csin(fu) + C.

In all the examples above, ( is the space-time white noise but the theory is not limited to
the Gaussian case. In this thesis, the Gaussian character of the noise term is only referred
to as a practical example for which we know explicitly how to build the renormalised
model. The results obtained are deterministic and only the regularity of the noise and of

the distributions in the model play a role in the analysis.

1.2.1 Abstract regularity structures

Given a sub-critical singular SPDE, a regularity structure is a way to compute the
renormalised equation and to locally describe solutions to this equation. It provides an
algebraic framework to describe rough distributions, that replaces or completes the usual
polynomial expansion that is suitable to describe smooth functions. These algebraic
elements are derived from the equation together with the calculus needed to express a

fixed point argument.

A regularity structure is an abstract graded vector space T' = @, 4 Ta. for a discrete
set A with a lower bound «y, equipped with a structure group . The basis elements 7~
of the free vector space 1" represent the different iterated integrals of the noise and the

structure group is used to describe the relations between them.

The elements of 7 can be obtained by a formal fixed point argument with an abstract
equation. For the ®* equation, we need an abstract heat kernel Z and the abstract noise

= to formulate the abstract * equation:
U=-Z(U*+2). (1.2.1)

We also want the regularity structure to contain the polynomial structure, so we introduce
the abstract monomials X;, ¢ = 0, 1...d, as well as some derivative operators D;, i =

0,1...d. The elements of 7 are therefore constructed from:



A set of generators {X;, i = 1...d, E};

e An operator Z;

Derivative operators D;;

A product of elements.

These elements are conveniently represented graphically by trees with nodes being the
noises and polynomials, where edges represent the operator Z and its derivatives D;Z,
joined at the root to denote multiplication. The first step of the iteration gives the trees

that we already introduced after (1.1.8).
IE) =1 Z(E)? =V, I(E)>="v.
Further trees appear in the next step, for example:
L(Z(2)*) =7, Z(E*(Z(E)*) = ¥, Z(E)L(Z(E)’) =%

, which is derived from

We associate to each basis element 7 € 7 an order denoted |7
the regularity of the noise and the gain of regularity from the concrete operators. The
space T is then a graded vector space with for every 7 € T, 7 € T, for a = |7|. In
the case of the ®* equation, the homogeneity of = will depend on the dimension in
which we want to solve the equation, and the operator Z adds 2. Multiplication of two
trees by joining them at the root adds orders. This is different from regularity, since
multiplication of a function and a distribution of negative regularity gives in general a

distribution of the same negative regularity.

1.2.2 Models

As opposed to our approach discussed previously in Section those trees do not
correspond directly to a distribution. Mapping the abstract space of regularity structure
to functions and distributions is the role of the model map denoted II. A requirement
for IT is that for 7 € T, IIZ(7) = £~ (II7) where the operator £~ ! is an integration
against the heat kernel, or a truncated version of the heat kernel. A model will also be
said to be a lift of a noise distribution ¢ when it is build based on this noise. We will
typically have II= = (. However, there are different ways to define what IT does with

products.

A solution U € T of equation (1.2.1)) will then be mapped to a distribution  and different
models IT correspond to solving different equations. For example, equation (I.1.6) cor-

responds to the multiplicative model which does not converge as 6 — 0; equation (1.1.7)



corresponds to the renormalised product for which
IV = 13 — Cs and TIV = 13 — 3C;10.

We show that these converge as  — 0 in Section In [[L1]], the authors show for
a wide class of equations how a change from the multiplicative model is equivalent
to solving a modified equation, and a process to determine this modification is also

introduced.

The existence of (local) solutions for a given model is a consequence of a series of
order bounds. As in the case of polynomials, the homogeneity of an element 7 € T
describes the behaviour of I around a base point, for example the origin 0. In order to
be able to place this point anywhere, a family of invertible operators F, € G, = € R%is
introduced, such that IT, (7) = ILF,7 has a behaviour of order |7| around the point .

This is quantified by the following bound:
|(Ia(r) * W1)(x)] < CrLIT,

where Wy, is an approximation of unity at scale L. One can then use the maps I';, =
F; 1o F,, which gives the relation IT,, = II, o ', and I’y 'y, = 'y
Here one more feature of the structure group becomes apparent. For an element 7 € T,

we have the local expansion

O,7 =1, 0Ty, = Z fyf(x, )17,
TET
for coefficients 77 (z,y) € R. The previous order bound translates to a requirement for

every element I' € G to have, for any a € Tj,,

Fa—aGZTﬁ,

B<a

as well as a quantitative bound [41, Eq (2.15)]

V()| S d(z,y)T1=17 (1.2.2)

The objective behind the definition of a regularity structure and a model is the definition
of the nonlinear operations appearing in the SPDE. They are defined on a class of
distributions, called modelled distributions whose local behaviour is described by the
distributions in the model. The space Dg is defined for any v € R as the space of locally

bounded functions U : RY — & T, with U(z) = 2_|r|>p Ur (@) such that for any
a>f3
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T €T with |7] < 7,
[ur (@) =Y 77 (@, y)ur(y)| S dla,y) 7. (1.2.3)

Those represent the functions or distributions that are of regularity /3, but can be approx-
imated up to regularity by a linear combination of distributions given by the model.
Multiplication is then defined for modelled distributions [41} Th 4.7]

D}i x D — D}
where o = a1 + ap and v = min{~y; + ag,y2 + a1 }. If we think about classical Taylor

expansion, this is not too different from saying that the multiplication of a C'* function

and a C? function gives a C*? function, y being 0 in both cases.

The reconstruction theorem [41, Th 3.10] also guarantees that if v > 0 and U € D,
there exists a unique distribution RU in the Holder space C?, called the reconstruction
of U, such that II,U(z) — RU(x) € C”. The combination of these two theorems gives
then a way to define a distribution as the product of two distributions.

In our example from Section it means the products v5Vs and ng(g will converge in
the limit 0 — 0 if we define them by using an expansion of vs and vg up to homogeneity
better than —|V| and —|1| respectively, as we do directly in Chapter [3] where we bypass
the abstract theory and work directly with the few function and distributions II,(7)

needed for the <I>§ equation.

1.2.3 Stochastic renormalisation

Renormalisation of singular SPDEs in the framework of regularity structures is a well
understood process and [9} [18] presents a systematic approach to the problem. In the
case of the (I>§ equation, renormalisation is discussed in great detail in [56]], and we
will follow this approach in our shorter presentation here. However, we first introduce
the idea of renormalisation with one example that does not require any knowledge of
stochastic analysis. For locally integrable functions on the real line R, it is possible to

define a corresponding distribution using the L? product.

The function z — % is not locally integrable, but the principal value gives a way to

define a canonical distribution, defining pv(1)(¢) as the limit when € — O for1 > € > 0

/ de = / de +/ 7(“%) — (b(o)dx,
R\(—ee) ¥ R\(-1,1) ¥ [-1,1\ (=€) L

where the equality is a consequence of the antisymmetry of z — % The convergence
d(x) — ¢(0)| < [2]l|¢'[|(0,1)- For the function z — .

is assured since for |z| < 1, K

11



however we do not have anti-symmetry, but the quantity

/ G / ¢z) — 6(0) ;. (1.2.4)
R\(-1 11N\ (—e)

1 =l El

still converges for the same reason. We are therefore tempted to define a “renormalised”

distribution for z — ﬁ with

lim ( /R - LGP 2log(e)¢(0)). (1.2.5)

e—0 ) ]a;\

There was however no canonical reason to chose the interval [—1, 1] in (1.2.4)). A differ-
ent choice of interval containing 0 would also lead to a converging integral, and would
result in a different diverging constant in (I.2.5)). The rate of divergence 2 log(¢)$(0)

would remain the same however.

The same idea applies when defining the constant C5 appearing in equation (I.1.7): there
is no canonical choice of Cj, only the rate of divergence of Cs matters. As an example,
we present the case of a centred Gaussian noise on the torus in 2 or 3 dimensions as in
(T.1.4), but the scope of the theory of regularity structures in much more general.
In our case we can write:

R t

Ts(t,w) = Ljues-1 Pr_y(w)dW (u,w),

U=—00

where ]3t is the Fourier transform of the heat kernel

~

P, (w) _ eft(1+47r2|w|2) )

‘We have then

Cs :=E[t5(0)?] = E[( Z /(i ﬁ_u(w)dW(u,w)f} (1.2.6)

|w]<d—1

0
_ D 2 _ 1
= /__Ooyp_u(w)y du= Y T oo (1.2.7)

w]<d—L |w| <61

This quantity diverges as 6 — 0 with rate proportional to log(¢d) in dimension 2, and to

51 in dimension 3.

The following computation using It6 calculus shows that with definition of Cjy, IIVs =

T? — (s converges as § — 0 to a distribution that we denote V

12



Rtw)= Y Ts(t,w)ls(t,we)

w1 twor=w

-y /t_oo Preu(wn)dW (u,con) ) ( /

w1 two=w U=—00
\wﬂ<571

¢ /too[ / Py (00) Py () AW (13, 109) | Y (11, 1)

ul
w1 +wo=w -
lowg | <51

t ﬁtfu(wQ)dW(u,wQ))

t
F o [ Palon)Puen)du),

and we see that summation of the last term gives exactly the one we have subtracted when
w = 0, and vanishes for w # 0. A similar computation shows that TIVs = Tg —3Csts

also converges:

Brw) = Y Ts(t,w)ls(t,wa)Ts(t,ws)

w1tw2twz=w

- Y ([ Aeavee)([

w1 tw2twz=w
lwil<s—1

X ([Jt ﬁt_u(W3)dW(U,W3)>

=—00

= S (6 P P Py o) ()

w1 Fw2+wz=w -
\wﬂ<5_1

X dW(UQ, wg))dW(ul, wl)

: ﬁt_u(wg)dW(u, w2)>

=—00

t
1 3Ly =) Ta(t, w3) / Proafwn) Proy(w2)du).

For the ®* equation in dimension 3 as in Chapter one more renormalisation constant
is needed. It is defined by

Cj = E[Vs(0)L7'V5(0)]
where V5 is the distribution constructed previously. We have

E[15(0)L71(13(0)] =

~

0
E[ Z / P7u3 (W3)Pfu4 (W4) —us (LU5)
Uu3,uq,U5=—00

Jw;|<5—1
w3 +wy+ws=0
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us - N
Z / PU5*U1 (wl)Pu5*u2 (WQ)dW(ulvwl)dW(UQaWQ)
U1,ug=—00

w1twe2=ws

dW(U3, W3)dW<U4, W4)dU5].

We use a formula discovered by Isserlis and Wick [47] to compute this expectation
involving a product of several Gaussian variables. This formula states that for an even
number of Gaussian random variables, the expectation can be computed by adding all the
ways of matching pairs of random variables and taking their covariances. Here, matching
variables W (u1, wy) with W (ug,w2) and W (us, ws) with W (uy4, wy) corresponds to the

quantities we have already subtracted in the construction of V. There are two symmetric

cross-terms remaining, and the expectation vanishes except for when w; = —ws3, and
wy = —wy, Which gives the following value for Cf diverging with rate log(d) as § — 0:
0 ~
Cy=2 > / P_. (ws)
\wi|<6*1 us=—0o0
w1+w2:w5
us ~ ~ ~ Y
[ P )Py () P )Py (o) dund
uUl,U2=—00
0 —ugs(14+47|w1|?) —us(14+47|ws|?)
e e
=2 P_ d
PR e ey
wj -
w1+w27w5

1oy 1 1 1
2 wri g1 LHATIw? 1+ dmlwa ]2 3 4 dm(jwr |2 + fwaf? + fws?)

wqtwgy =wpg

1.3 From small scales to large scales

The purpose of the Chapter [2] was in part to understand how to link large scale bounds,
using the effect of the strong damping —u? and the small scale analysis done in this
simple case by Schauder estimates, and in more complicated cases with tools inspired

from the theory of regularity structures.

1.3.1 The maximum principle

It is well-known that if f satisfies the so-called Osgood condition, that is if f satisfies
I ﬁu)du < 00, then solutions of the ODE & = — f(x) “come down from infinity
in finite time” (see [59]]). This means that if x solves the equation over [0, ¢], then
automatically x(¢) satisfies a bound which depends on ¢, but holds uniformly over all
possible choices of initial datum x(0) > 0. Similar statements can be derived for reaction

diffusion equations based on a comparison principle (see e.g. [66, Chapter 14] ) and also
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stochastic reaction diffusion equations (see e.g. [15, Theorem 6.2.3] and [16]). These
bounds are powerful tools to study the long-time behaviour of solutions, both in the
deterministic and in the stochastic setting - see e.g. [68] for a construction of invariant

measures for stochastic PDEs based on such bounds.

The maximum principle that allowed for large scale results for the equation (1.0.1)) is
introduced in the first chapter as Theorem [2.4.4] In this first chapter, we even have a
more elaborate version which allows us to treat more general nonlinearities, but the idea
behind the proof is the same.

Analysis of a few examples suggests that this bound is of order ©~* (%) where O(z) =
f(=z)

xT

(2t +25%) 72 < (2t) "2,

. One may think for example of the case # = —x3, which has for solution x(t) =

In order to prove a similar bound in space-time for reaction diffusion equations of the
type
(O — Ayu=—f(u) + g, (1.3.1)

where f is as before and g is bounded, we multiply the equation with a smooth function
n compactly supported on a domain D and we derive from the equation (1.3.1) a set of
inequalities that the product un satisfies with un < 1. To finish the proof, we needed to
find 7 that was a smooth version of O~ (m) , and that satisfied the inequalities. The
weakest condition we obtained in Theorem [2.4.4 was not quite the Osgood condition,

but slightly stronger. We believe our condition may still be sharp in this PDE setting.

This maximum principle does not apply directly to the ®* equation, because it requires
a bounded right-hand side. In the first publication we find a way around this in the
non-singular case where ¢ € C®~2 for some positive a. The technique adopted consists
of convolving the equation with a smooth, compactly supported regularising kernel W,
rescaled at some level L. This gives a bound on u * ¥, and the difference between
u(z) and u * U (z) is controlled by the o Holder regularity of u on B(z, L). The small
enlargement of the domain due to this convolution requires the choice of a specific L

and then to iterate the argument.

The choice of L can be deduced from computations but there is also a heuristic argument
that suggests it should be proportional to © 1 (]|u|| {w,d(z,0D)>t})- It also explains why
in Chapter 2] we were not able to go beyond the polynomial case despite having a more
powerful maximum principle. The bound that comes out of the maximum principle is
Che (m), and it is reasonable to think that only quantities related to ||u| 3 4(z,00)>1}
should be appearing in the bound on u — u * W, The quantity ©~! (%) is comparable to
©~!(x) when f is a polynomial, which is what allows one to close the argument in that

case.
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In the other chapters we work in the case when ¢ € C®~2 for o < 0, and therefore the
expected regularity for u is negative. This means that v € C“ is not the quantity we
want to look at. Instead, we look at the remainder equation in the manner of and
treat the other terms as many other bounded terms, but the part of the analysis where we

apply the maximum principle is essentially the same.

1.3.2 Main results

In this whole thesis, we never address the issue of existence of solution to the equation
(I.0.I). Even in the most irregular case, we consider smooth approximations of this
equation, for example taking a sequence of noise terms (or models when regularity
structures are needed) (&,,)nen Where each element &, is smooth, but the sequence
converges only in the low regularity space in which we measure the distribution. We do
not prove convergence of the solutions, but our results hold uniformly in the parameter
n, which remains implicit in all the thesis. This implies in particular that we also do not
concern ourselves with knowing in which sense the equation holds. We give precisions
on this topic at the beginning of section [3.2.2] We assume that the equation holds on a
neighbourhood of a domain D, and we only require information on the noise or model

on a 1-enlargement of this domain.

The bounds we obtain in the end in Theorems [2.3.1]3.2.1] and [4.9.] provide then a

space-time “coming down from infinity” on any domain for what we may call the regular

part of the solution (v in dimension 1, v = u — 1 in dimension 2...), or a bound in terms

of the noise and the functions and distributions in the model:
1 1
lollr < Cmax{ 5, 7@, 7€ T}, (1.3.2)

where v represents u in dimension 1, v — 1 in dimension 2 and so on. || e ||z is the
L* norm on a domain Dr = D\ {X € D, d(x,dD) < R} and [II7] is the C!"l norm
of IT4(7). The set 7 and the exponent § depend on the regularity of the noise. The
exponent n(7) represents in the case of Gaussian noise the Wiener chaos of highest
degree in which II4(7) lies. This bound gives a bound on a solution on the full space
at any space-time point that depends only on the realisation of the noise and the other

terms in the model on a compact space around this point.

This is stronger than the bound in [35], where a bound on the solution on weighted
Besov spaces is obtained. Furthermore, in [35]] and in all previous works on global
solutions for the dynamic ot equation [36} 154, 155, [70], the local solution theory was
done using paracontrolled calculus, which is another approach to singular SPDEs [38]].
The theory of regularity structures has so far been expressed in a more general setting

and for example the analysis done in Chapter[d]is out of reach of the current status of the
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theory of paracontrolled calculus.

Furthermore, one of the contributions of Chapter @ to the theory of regularity structures
is the construction of a model that only depends locally on the noise. Instead of using a
kernel approach to describe the integration £~1(7) of a distribution 7, we only impose
that it is solution to a PDE with cutoff on the right-hand side. We also use the same

ad-hoc localised Schauder theory for singular equations developed in Chapter 3]

One corollary of the main result is the existence of moment bounds for the remainder
part of the solution. The homogeneity of the terms in the bound (I.3.2)) is such that in the
case of Gaussian white noise, the exponential stochastic bounds that can be derived form

each of these terms coincide. We get in that case the existence of a constant \ such that:
Elexp(A[|v[*)] < oo
p )

where the parameter 6 depends on the regularity of the noise, or equivalently on the di-
mension. This gives us reason to think our result is optimal, and once this was understood,
it also allowed for a simplification of the proof by assuming that the bounds in terms of
the model in equation (1.3.2) did not hold (equation (3.4.1)) and Assumption 4.9.6) and

using this assumption to prove the localisation part of the bound.
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Chapter 2

Local bounds for stochastic

reaction diffusion equations

2.1 Introduction

In this chapter we are interested in reaction diffusion equations of the type
(0 — Ayu = —f(u) + ¢, 2.1.1)

over R; x R% where ( is an irregular distribution of regularity o — 2 for some o > 0. The
example we have in mind is the case where ( is a random noise term, such as space-time
white noise for d = 1, or a noise which is “white in time and coloured in space” for
d > 2. However, we mention once again that our main result is purely deterministic and
the only information about ( that enters is its regularity measured in a suitable space of
distributions. The nonlinearity f is assumed to be continuous, with super-linear growth

at infinity in .

Our main result of this chapter, Theorem [2.3.1] is a space-time comming down from
infinity bound for solutions of (2.1.1) with f(u) = u|u|™! + g where g is bounded.
We consider a continuous function u: R x R? — R and we assume that (2.1.1) holds

for (¢, x) in a cylinder, say
Py :=(0,1) x (=1,1)%

Then for R < % the L> norm ||u||p, of u on the unit cylinder minus a parabolic

boundary layer of size R

Pr:=(R%1) x (—(1 - R),1 - R)%, (2.1.2)
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satisfies a bound which only depends on R and a distributional norm of ¢ restricted to

the original cylinder FPy:

2 e 1
lullpy < Cladym)max {R77, (2520 gl 7}, @13)

where [(]o—2,p, is the space-time Holder norm of order o — 2 on P (see (2.3.7) below
for a precise definition), and | g|| refers to the supremum norm of g.

One possible application of the bound is the construction of solutions to (2.1.1)) on
the full space. The standard approach to solve stochastic reaction diffusion equations [24}
39,[71]] consists of writing the equation in its mild form and solving the corresponding
fixed point problem using Picard iterations. However, this approach requires a pathwise
uniform-in-z control on ¢, which typically only holds on bounded domains or if { decays
at oo; the interesting case of spatially stationary noise cannot be treated directly in this
way. This problem was overcome in [48] where solutions were first constructed on a
sequence of growing tori and then a compactness argument in a space with weights was
used to pass to the limit. The strong localisation obtained in (2.1.3) should allow for a

significant simplification of this construction.

The estimate (2.1.3)) also has an interesting consequence for the stochastic integrability
of u. In fact, we are mostly interested in the case where ( is a random distribution with
Gaussian tails such that £ [ea[CE*Z’PO} is finite for ¢ > 0 small enough. The estimate
(2.1.3) then immediately implies that for any R > 0 and for ¢ > 0 small enough we

24+(m—1)a

ellullp, | < co. So |lul|py, has lighter tails than Gaussian. We observe

get E [e
that better pathwise regularity for ( leads to better integrability with respect to the
probability distribution for u. In the special case of one-dimensional reaction-diffusion
equations where ( is a space-time white noise, equation equipped with suitable
boundary conditions defines a reversible Markov process, and an explicit expression
of the equilibrium measure is available. In Section we argue that in this case the
integrability we derive from estimate (2.1.3) coincides with the integrability derived

from the explicit invariant measure.

Finally, our method shows in this chapter a new perspective on singular SPDE with
the convolution argument. Our starting point is Hairer’s notion [41]] of subcriticality
which in the context of (2.1.1) states, roughly speaking, that the small scale behaviour
of solutions should be determined by the interplay of the heat operator and the rough
driving noise ¢, while on large scales the nonlinearity becomes dominant. We implement

this philosophy by regularising (2.1.1)) on a lengthscale L by convolving the equation
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with a suitable regularising kernel, arriving at
(O — A)up, = —uglup|™ 7+ g(u)p + ¢+ [uplu|™ = (ulu|™ L], 2.1.4)

where the subscript L denotes a regularised quantity. The extra term [up|uy|™ 1 —
(u|u|™ 1) L] on the right hand side appears because regularisation and application of the
polynomial do not commute. We then use a low regularity version of classical Schauder
theory, Lemma to control the error term [uy |uz|™ 1 — (u|u/™ 1) ]. Using this

bound, the remaining terms can be treated as in the smooth case (see Theorem [2.4.4)).

In the more regular case presented here it would be natural to aim to also include more
general nonlinearities, such as functions with faster than polynomial growth (e.g. the
exp(¢) model f(u) = sinh(u), see [3]) or functions of slower than polynomial growth
such as f(u) ~ ulog(u)® for § > 2. In this case the commutator term arising in (2.1.4)

turns into
flur) = f(u)r.

Unfortunately, our method crucially depends on the fact that 2 f'(z) < f(x) which holds
for polynomial f, but not for functions with exponential growth. Also, another part of
our argument excludes functions that grow to slowly (in the proof of Theorem [2.3.1]
we need to sum O(u) := @ for u = 27%, k € N), thus essentially restricting us to
polynomial f. However, in the case of a more general nonlinearity f, we implement a

more standard argument based on subtracting the solution w to the linear equation
(at - A)w = C7

and we do not pass through the regularised equation (2.1.4). We then get the property of
“coming down from infinity” for the remainder u — w in Corollary [2.4.6] For example,
when f(u) = sinh(u), the strong damping implies that v “comes down from infinity”
much more quickly than in the polynomial case — in this case the function Rfﬁ
in (Z.1.3) turns into ©~1(R~2), where O(R) = %. For very weak damping
f(u) ~ ulog(u)®*2, we obtain a slow coming down from infinity, of order exp(R_%).
In fact, this method is even easier than the method we use for the polynomial case, but
it has two significant disadvantages: On the one hand, it is impossible to measure the
fine interplay between regularity of ¢ and integrability of « in this way, because the
remainder © — w can never have better integrability than the Gaussian process w. More
importantly, the more sophisticated method we use in the proof of our main theorem is

crucial when dealing with more singular equations in the following chapters.

The rest of the chapter is structured as follows. In Section [2.2] we discuss the elementary
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case of the stochastic ODE
dx(t) = —|z(t)|™ Lz (t)dt + dw(t),

in which our strategy and also the interplay between the regularity of the noise and
integrability of the solution becomes apparent in a technically simple context. In Sec-
tion [2.3] we introduce the framework and state the main result. The proof is split into
Sections In Section[2.4]we present a proof of the “space-time coming down from
infinity” in the case where ( is replaced by a smooth function. This result is an essential
ingredient also in the following chapters. The argument relies on a maximum principle.
As a corollary, as discussed above, we derive the bounds on the remainder © — w in the
case of general, not necessarily polynomial f. In Section [2.5]the result of Section [2.4]
is applied to the regularised equation (2.1.4) and combined with Schauder estimates to
bound the commutator concluding the proof of our main result. In Section[2.6]we discuss
the case of a random distribution ( given by the time-derivative of the stochastic integral
fg odW for an adapted bounded process o = o (s, x) and a distribution valued Wiener
process W with suitable (spatial) covariance operator. We show Gaussian estimates
for [(]o—2 and thus better than Gaussian bounds for u. Finally, in the special case of
space-time white noise in one spatial dimension we show that the integrability obtained
from our method coincides with the integrability of the process in equilibrium obtained

from the explicit invariant measure.

2.2 The ODE case

Before dealing with equation (2.1.1]) we briefly discuss the case of a (stochastic) ordinary

differential equation
da(t) = —|z(t)|™La(t)dt + dw(t) (2.2.1)
for a standard Brownian motion w(t) and for m > 1. It is well known that (2.2.1)) defines

a reversible Markov process with respect to the measure

2

muw“)m. (2.2.2)

p(dz) o exp ( -
We seek to derive optimal bounds on solutions of x(t) directly from the equation (2.2.1)).

As a starting point, consider the case of an ordinary differential equation driven by a
regular noise term 7
i(t) = —x(t)|z (@)™ + n(t). (2.2.3)
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A simple ODE comparison Lemma, see [68, Lemma 3.8], shows that for ¢ € (0, 1]
1

|z(t)| < C(m) max {tiﬁ, < sup \n(t)|>m}, (2.2.4)

t€[0,1]

uniformly over all choices of initial datum 2(0). If 7 is a Gaussian process, such that the
random variable sup;c(o 1] [7(¢)| has finite Gaussian moments, this bound implies that
for € > 0 small enough

E [exp(e|z(1)[*™)] < <. (2.2.5)

In particular, in this regular case we get much better integrability than under the measure
(2.2.2). The following deterministic lemma shows that the difference in integrability is

closely related to the regularity of the driving signal.
As usual, we define the a-Holder semi-norm as

[w}a = sup "U}(t) —’LU(S)"

o<s<t<1 |t —s|®

In an attempt to make this proof as similar as possible to the one of our main result,
Theorem |2.3.1] we relabel the regularity parameter as § for o € (0, 2).

Lemma 2.2.1. Let w: [0,1] — R be §-Holder continuous for some a € (0,2) with

w(0) = 0. For some m > 1let x: [0,1] — R be a continuous solution to

2(t) = 2(0) — /0 ()™ a(s)ds + w(b). (2.2.6)

Then for t € (0,1]
2
l2(t)] < max {fﬁ, [w] 27070 } 2.2.7)

2

Here and in the proof we use the symbol < for < C(a, m).

If w is a random function for which [w], has Gaussian tails this estimate yields
E {exp (5|x(1)\2+(m_1)a>] < 00,

for € small enough. In the Brownian case where o = 1— (« can be any value strictly
less than 1) the exponent 2 + (m — 1)a becomes 1 + m— in line with (2.2.2)) and as «
approaches 2, the exponent becomes 2m in line with (2.2.5)).

Proof of Lemma[2.2.1} The proof follows the same steps, as the proof of the PDE result,

Theorem [2.3.1] even though most are considerably simpler.

STEP 1: Local Schauder estimate.
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In this context a “Schauder estimate” is trivially derived, simply by writing for 0 < #; <
to < 1

o(t2) = a(tn)| =| [ #(s)lalo)™ s + ) — wity)
<[tz — talll= i, 1) + [w(t2) — wlts)],

which can be restated as

[@]s (s-Ls) < L2 2l|ft_p ) + [w]s. (22.8)

STEP 2: Application of a comparison lemma.

We regularise equation (2.2.6) by convolution. To this end we introduce a smooth non-
negative kernel ¥: R — R which is compactly supported in [0, 1] with [ ¥ = 1 and
set Wy (t) = £ ¥(4). For any function f: (0,1) — Rand for t € (L, 1) we define the
regularisation fr(t) = f * Ur(t) = [}, Wi (t — s)f(s)ds.

Convolving the integral equation (2.2.6) with ¥, and taking a time derivative leads to
ir(t) = —xp )] Fapt) + [ () lzt)  fort € (L,1), (2.2.9)

where we write [, (-) ]z = [z |z ™ — (z]z|™!) 1] for the commutator term on
the right hand side.

Now we can apply the ODE comparison result (2.2.4) to get, for all ¢ € (L, 1]

1 1
) 1 1
()] Smax{(t— L) =1, (suplwg|)”, (sup|[™, )lz|)™ ;. (2.2.10)
21(8)] {t-1) (M| ) (MH ()le]) ™}
STEP 3: Bound on the commutator.

To replace x 1, by x and to bound the commutator term on the right hand side, we use the
information on the regularity of x provided by Step 1. Indeed, using the fact that ¥ has
integral 1, we first see for ¢ € (L, 1],

t
(n=a)O =] [ (= 5)(als) = al)ds
t
<lelgo | (= s)ls—tds < L3lalg ray 21D
t_

|z(t)—x(s)

where [:1:]% [ = SUDgzicr |t:s|% | denotes the 5-Holder semi-norm of x restricted to
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the interval /. Similarly we establish a bound on the commutator: for s > L,

1™, (rle(e)] S lelife] o L [elg (- L,e), (2.2.12)

where ||z||7 is the supremum norm of x restricted to the interval I. To see (2.2.12) we

first write
S
Ol =] [ =D @n@leno)" ! = a(r)lao)" ) dr]
s
Then, using the mean value theorem and |z, (s)| < [|z[/(s—,s), We have

L (8)|zL ()" = 2 (r)a ()" < ml|zllfi g g lon(s) — ()],

Finally, using the triangle inequality in the form |z (s) — x(7)| < |zp(s) — z(s)| +

lz(s) — z(r)| < 2L2 [%]a (s-L,5), we arrive at (2.2.12).

STEP 4: Post processing.

Concerning the noise term on the right hand side of (2.2.10) we write

sup |wg(t)] = sup ‘/ Wy ( t—s)(w(s) — w(t))ds‘ﬁ[/%_l[w]g. (2.2.13)
te[L1] te[L,1] 2

Combining (2.2.10), (2.2.12), (2.2.8) and (2.2.13) we arrive at

a0 S ma ({0 277, (15 )™ (IR

1

(L5272 o lels )™ D, t> L.

Combining this estimate with (2.2.11)) and (2.2.8)) this estimate turns into

0]  max {(¢ — L), (25 ulg )™, (Ll )
(L allp=t ywls )™ Dlel™ L5 (wls ) > L.

STEP 5: Choosing L.

We choose L = W for = p(a, m) > 0 small enough and consider ¢ satisfying
0,1)

(t— L)*ﬁ < §||x||(071). Then applying Young’s inequality zy < daP + C(8)y? for
d > 0andp,p € (0,1) with ]% + 1% = 1 multiple times yields

1 T Te
) < max 5”1’”(0’1), C[w]% ) (2.2.14)

12l (1 4y ottty 1
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for some constant C' = C'(v, ). Note that we can assume that (21 + )|z ||} © 1) <1,

because else we trivially have a bound on ||| (o 1)

STEP 6: Iterating the result.

We now define a finite set 0 = g < ... < ty = 1 by setting t,, 41 — t, = (2771 +

)||x|]1*m) as long as the time ¢, defined this way stays strlctly less than 1. We
terminate the sequence, once this algorithm would produce a ¢,,+1 > 1 in which case we
set t, 11 =ty = 1. Note that (2"~ + ,u)HxH(t ) is increasing in 7 so the sequence

necessarily terminates after finitely many steps.

Applying (2.2.14)) to the equation restarted at the times ¢,, we obtain forn < N — 1

1 e

lolln, 1y < max { Sl 11, Clulz ™ }. (2:2.15)

We now show that for n < N
1 2
lalln, 1) S max {t, 7577 [w]57 7 . (22.16)
S N

When the maximum in (2.2.15) is realised by C|w ] 2H" Y2 then this follows immedi-
ately.
Else, we have for k < n, ||z][1,,1) < |2, 1)2¥~™ and hence

lnt1 = Ztk—i-l*tk— (2™ t+ ZHQCH (tr,1)
k=0

<(2m 1 Hx” 2271 1-k)(1—m) Hx”%};rﬁ'), 2.2.17)

establishing (2.2.16)). For the end point ¢y we have either ty_1 > % orty —ty_1 = %
In the first case we invoke (2.2.17)) for n = N — 1 and in the second case the definition

of t,,+1 — tn, in both cases yielding the existence of a constant C' such that
Izl 1y = C = llzllgy_, 1) < <CTm

o ([2.2.16)) also holds for n = N. Finally, for intermediate points t € [t,,—1, t,,] we write

€219 1 2
2O < el % max {7 [w] 5O )

2

1 ST
< a5 T

so (2.2.77)) follows. ]
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2.3 Setting and main result

After this short interlude, we now go back to the parabolic equation (2.1.1). As usual
when dealing with parabolic equations, regularity will be measured with respect to the
metric

d((t,z), 7)) :max{|x—f|, \t—ﬂ}, 2.3.1)

where | - | denotes the Euclidean norm on R?. We introduce the parabolic ball of centre

z = (x,t) and radius R in this metric d, looking only into the past:

B(z,R) ={z=(t,7) e R xR%, d(2,Z) < R, < t}. (2.3.2)

Recall that P is the cylinder at distance R from Fj, as introduced in (2.1.2)). Note that
for R" < R we have Pr + B(0, R' — R) C Pg.

For a € (0, 1), we define the Holder semi-norm [.],

(2.3.3)

[u]o ;= sup -

C merxre  d(2,2)°

We will often deal with local quantities: If B C R x R? is a bounded set, then we
define the local a-Holder semi-norm |[.]o g as in (2.3.3)) with the supremum restricted to
2,%Z € B. Similarly, ||.|| denotes the supremum norm on the whole space R x R? and

||.||  the supremum norm over B.

To measure distributions in negative Holder spaces, we introduce a family of mollification
operators {(.)r,} which are consistent with the scaling given by the heat operator (z,t) =
(Iz, 1?t). For this we fix a non-negative smooth function ¥ with support in —B(0, 1)
with U(z) € [0,1] for all z and with integral 1 and for L € (0,1] set ¥ (z,t) =
ﬁl’ (%, ﬁ) We define the operator (-)z, by convolution with W, noting that for any
L, (), is a contraction on with respect to || - ||. We wish to keep track of the support of

the relevant functions. Since ¥, is compactly support in —B(0, L),

1hellx < [1Pllx+B0.L) (2.3.4)

for any bounded set K. Furthermore, we mention the estimate

/ Uy — ) |d(z, y)dy < L7, 2.3.5)

which, as in (2.2.T1)) above, immediately implies that for any » € C?, and for any
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bounded set K, we have

|hr — hllx < L® Su}g[h]a,B(z,L)' (2.3.6)
ze

Finally, we define the local C®~2 semi-norm of a distribution ¢ for o — 2 < 0 as

[Cla—2.k = sup Q) Lk L7~ (2.3.7)

X

This is a localised version of the Besov norm of Bg‘ojfo

as defined, for example in [}
Theorem 2.34]. Any such choice of kernel gives an equivalent norm. Note that, [(]o—2 &
depends only on the behaviour of the distribution ¢ on the set K 4+ B(0, 1) (i.e. if ¢ and Z
coincide when tested against test-functions supported in this set, then [¢ — Z]a,l k= 0).
Multiplication with a smooth function is a continuous operation with respect to this

norm. We have for any smooth and compactly supported function n

[WC]OZ—Q < C(n)[da72,supp(n)' (2.3.8)

Estimates of this type are classical and are typically proved by choosing a convenient
mollifying kernel Uy, see e.g. [62] for estimates based on kernels W, satisfying a semi-
group property in L, or [S, Section 2.4] for a proof in the language of Littlewood-Paley
theory. We refer to [62, Lemma A3] for a proof that norms defined for different kernels
are equivalent. More complicated bounds of this type are also essential in Chapter [3|and

are discussed there at length.

We now state our main result, to be proven in Section [2.5]

Theorem 2.3.1. Assume that f(u) = ulu|™ ! + g(u) with m > 1, g bounded and ¢
is of regularity o — 2 for some o > 0 in the sense of (2.3.77). There exists a constant

C = C(a,m,d) such that if u is continuous and solves (2.1.1)) on the cylinder Py then
forall R € (0, 3),

_2 s 1
el <Cmax{R 2 [T ,ugum}. (239)

2.4 Maximum principle

We introduce here the essential large-scale ingredient to this whole thesis. In this first
chapter, we attempt to make it as general as possible. In the next chapters however we
only consider cubic non-linearities and the theorem simplifies greatly in those cases. In

particular, the setting of Assumption |[2.4.1]is sufficient in that case.
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2.4.1 Assumptions and statement

We prove a space-time version of “coming down from infinity”” when there is no distri-
bution of negative regularity involved, but we allow for a more general nonlinearity. Let
u be a C? function defined for z € R x R?, for which the following holds point-wise for
z € Py when u(z) > 0:

(0 — A)u < —f(u) +g. (2.4.1)

Assumption 2.4.1. We make the following assumptions on f and g:

1. g is a bounded function;

2. fisC%and f"(u) > 0 foru > 0;

3. there exists a constant ¢ > 1 such that uf'(u) > cf(u) > 0 for u > 0.
Define ©(u) = @ By (3), © is increasing for u > 0.

Theorem 2.4.2. Let u € C? satisfy 2.4.1)) for functions f and g satisfying Assump-
tion There exist A\ = \(d) > 0and C = C(c,d) such that the following point-wise
bound on u holds for all (t,z) € (0,1) x (—1,1):

1 —
N2 min{t, (1 — )2, (14 2:)2,i = 1...d}) f 1<”9”)}'
(2.4.2)

u(z,t) < C'max {@_1<

Note that min{¢, (1 — x;)?, (1 + 2;)2,7 = 1...d} is exactly the square of the distance to
the boundary of [0, 1] x [—1, 1]¢ in the parabolic metric. Since a similar bound can be
obtained for —u under a suitable symmetry assumption, this gives a bound on ||u||py,

depending only on R.

The condition uf’(u) > cf (u) with ¢ > 1 is verified exactly for f(u) = u|u|*"!, hence
any function with at least polynomial growth is included in this theorem. For such
monomials, ©~! becomes z :cc%l For functions with faster growth, the bound is
going to be even stronger. However, some functions with super-linear but not polynomial
growth are not included. For example f(u) = wlog(l + u)® for @« > 0. For this

example, “}CQS)‘) =1+ Grujiesirm — L asu — 00, so point (3) in Assumption 2.4.1

is violated. We can still get a result in that case, under a slightly weaker, but also slightly

more complicated set of assumptions:
Assumption 2.4.3. We make the following assumptions on f and g:
1. g is a bounded function;

2. fis C? and uf'(u) > f(u) and there exist two C? functions fi and f such that
[ =nhre
3. f{ 2 0and f1 > 0 foru>0;
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4. fo =2 c>0foru>0and

1 1
folu) > max{ (uf{{(%) - 1)2, DT } (2.4.3)

Define now ©(u) = # © is increasing for u > 0 by condition (4).

In the example where we want to take f1(u) = ulog(1 + u)® for @ > 0, one can easily

2
check that in order to satisfy condition (4), fo should be (H“) M and hence

“au
flu) = % log(1 + u)2+® and ©~1(2) = exp(za ) — 1. Note that this condition is
slightly more restrictive than the Osgood condition | 100 ﬁdu < 00, which would be
satisfied by the function with slightly slower growth f(u) = ulog(1 + u)'* for o > 0.
Still we believe that our condition may be sharp, and that the slightly stronger growth

requirement is due to a genuine difference between the ODE and the PDE setting.

Theorem 2.4.4. Let u € C™ solve (2.4.1) for functions f and g satisfying Assump-
tion There exist A\ = \(d) > 0 and C = C(c, d) such that the following point-wise
bound on u, holds for all (t,z) € (0,1) x (—1,1)%:

1 -1
SIS CN (R X s v e AR 101
(2.4.4)

Theorem is implied by Theorem by choosing f; = f and fo = ﬁ

Remark 2.4.5. The fact that under these more general assumptions © is not simply

u(z,t) < C'max {@_1 (

defined by f(u)/u but instead grows more slowly, is the reason why we do not get an

equivalent of Theorem [2.3.1] in the case of slower than polynomial growth.

2.4.2 Bound on the remainder

A first corollary of this result is a “coming down from infinity” result for the singular
equation (2.1.1)) with general non linearity. In the manner of [22]], we expand around the

solution to the linear equation: let w solve
(O — A)w = ¢ on Fy. (2.4.5)

Below in Section [2.6] we construct w as the solution on the whole space of the heat
equation with a ¢ cutoff outside of Py, for which ||w|| is bounded by [(],—2, but this

particular choice is not essential. Define v = u — w. If u is a solution to

(0r = A)u(z) = =f(u) + g(u, 2) + ¢,
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where we assume that f, g satisfies the Assumption[2.4.3|then v is a solution to

(Or—A)(z) =—flv+w)+ g(v+w,2) (2.4.6)

on Py. We now use the w-dependent decomposition f(v + w) = f(v,z) + g(v, 2)
defined by

- v+w) if|v(z)| = 2w(z
Flo.z) = flo+w) if [u(z)| = 2|w(2)|
f(%) else,

and g(v,z) = f(v+w) — f(v, z). Then, on the one hand by monotonicity of f we have
flv,2) > f(%) and on the other hand ||g]| < f(3|lw]|). The Assumptions are then
satisfied with fand g + g and we can apply Theorem to get a bound on v, and then

the triangle inequality to get bounds on u. We have

FH g +91) < f7H2lglh) + 6wl

A corollary of Theorem [2.4.4|is then:

Corollary 2.4.6. Assume ( € C*~2 for some o > 0. If u is solution to RZ.1.1) and w is
solution to [2.4.5), then there exists constants C = C/(c,d, «) and A = \(d) such that

lullpy < Cmax {©7H((AR)™), £~ @lgll); ] }. (24.7)

Keeping in mind the motivation of stochastic PDEs, where ( is the white noise, the draw-
back of the expansion around the solution to the linear equation is that the integrability
of u that we get out of this result is at best the one of w. As we will see in Section
Theorem [2.4.4] allows for better estimates than this in the polynomial case.

2.4.3 Proof of Theorem 2.4.4]

We split the proof of the theorem in two lemmas. Lemma states conditions on a
function 7 that imply a bound on the product un, and Lemma gives a particular
choice of 7 that satisfies the conditions of Lemma|[2.4.7|and implies Theorem [2.4.4]

Lemma 2.4.7. Let 1) be a continuous function defined on Ry x [—1, 1]d, C? and strictly
positive on the interior and such that 1 = 0 on the boundary. Assume that 1 satisfies the
following inequalities:

o — A vn|?
(O )n+gzlgﬁﬂ
n n 2

1% (2.4.8)
7
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and )
0<n< 7. (2.4.9)
=gl

Then if u solves (2 it satisfies the bound un < 2.

Proof. Take wu satisfying 2.4.1). Either un attains its maximum on [0, 1] x [—1, 1]¢
at some point zy € (0,1] x (—1,1)%, or it is non-positive, in which case u < 0 in
[0,1] x {|z| < 1}. Assuming this is not the case, we get that at the maximum point,

0 = v (un)(2o0), i.e. o
Vu = —#u. (2.4.10)

If 2o € {1} x (—=1,1)%, then dmu(z) > 0. Else, dynu(z9) = 0. Additionally,
Anu(zp) < 0 and therefore at the maximum we have

0 <0 — A)(un) =n(0 — A)u+u(d — A)yn —2Vu - Vn

410410 vn?
S s - g+ (@ - g +2T),
Then we get from (2.4.8)
flw) _m 1y llgl n. Ly llgl
D < Te(2) + M < Zf(=), =L 4.
> \2f(77>+ . \Qmax{2f<n), I } 2.4.11)
If the maximum is realised by the first term, then £ < nf ( ). Since uf'(u) = f(u),

urs L (“) is increasing, we have that at zg, un < 1 If the maximum is realised by the

second term, then it has to be bigger than the first one :

llgll gl
—f( ) " :>u77<2f(%).

We then have that at zg, un < 2 under the condition (2.4.9). U

Thus proving a bound on u reduces to choosing a suitable function 7 satisfying the
inequalities (2.4.8) and (2.4.9). Ideally, we would like to take n directly as

n(x,t) = min {@_1<%)71, o! (M) 71,1’ =1..d, f_l(Hg”)_l}-

This almost works as the individual function within the min do satisfy (2.4.8)). Indeed,

—1
for example 7(x,t) = ©~1 (ﬁ) satisfies

al 1 2 (2.4.12)

6m =
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Weuse v =07"(53) < % and f = f1 f2. Given that ©'(y) = % — thy)’ we get

[t

o g A2 O(v)? o 2?2 O(v)? 2?2

210 S I O0) S AWAR O~ R FD

Applying the condition (2.4.3)) gives a bound on this, independent of v, establishing
(2.4.8). Unfortunately, taking the min of these functions is not an admitted operation
due to the discontinuity of the derivative at the points where we join two solutions (recall
that while the minimum of two supersolutions is a supersolution the maximum of two

supersolutions in general is not).

In the following lemma we overcome this problem by replacing the non-smooth function

min{xy,...,z,} in the above definition of 7 by the smooth function

1
—1 -1
Ty +...Tp

Lemma 2.4.8. For z = (t,z) € (0,00) x (—1, 1), we define

1
01 (55) + i (9-1(@) + @—1(@)) + =gl
(2.4.13)

where A\ = (28d + 1)_% and we continuously extend with the value 0 on the boundary
of the domain. Then 0 satisfies (2.4.8)) and (2.4.9) and

U(x,t) =

1
A2 mini{t7 (1 + aji)27 (1 - -7;@)2}

<@d+1e7( )R () I XA T

1
n

This choice of 1 guarantees a bound on w that is related to the distance from the boundary
of [0, 1] x [~1,1]%, independently of the boundary conditions. Lemmas and
imply directly Theorem [2.4.4]

Proof. The condition (2.4.9)) is obvious, and so is (2.4.14). We have a bit more:

B 1
(2d+107 (5 ming {£, (1 + 2:)2, (1 - W})

1 1 1 1
> 5 -/ llgll) > © ()\2 min{¢, (1 + z;)2, (1 — ml)z})

(2.4.15)
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We will now check (2.4.8)). For the time variable, we have as in (2.4.12)

5 A2 1 5
TR e ()

and we have already seen that this implies

Zatnl < )\2.
Ui f(ﬁ)
We now consider the spatial derivatives.
1 2 1 2 1
om=— n2’
)\2((1+$i)3 @/O@fl(m) (1—2;,)30" 001 ((1%)2)>
1 6 1 6 1
oin=—3 + "
/\2<(1+$i)4 @/O@_l(m) (I—SCZ) ©®' 61 (M))
+1( 1 8" (wmap) 1 9700 o) >n2
M — ;)8 - ’
MAL+2)° (0 0 0 gpiry)” (1= 20)° (6 0 0 M (artpe))
2/, 2 1 2 1 g
il apeseiay G nfoee "
I, (e) (m) X o (W)

Note that the last line is equal to %27}@7) = 2%, hence it will cancel when com-

puting —92n + 2(8”7)2. For the remaining terms, we use vy ; = @71(m) and

v =0O7 (W) and we get:

1 ( 97n 2(@'7))2) _ 60 (v1,)* N 60 (v2,1)°
2y 2 3 - (v, V1 1 (va,i V2,
A f(n) i 7 f(%)(flz(ulz) . f11(j%1i, )) f(%)(fll(&i ) fligzi, ))

S (v14) 2 filvii) fl(vu)
40(vr)* Tone ~ma U~ TaE)
o 1 "(v1.4 V14
f(ﬁ) (fll()lfi, ) f11(}11l ))
[(v2i) 2 (f{(vz,z) . fl(UZ,i))
49(’[)2@)3 V2,i V2,4 v2,i U%i
o 1 "(va.4 V2.4
f(ﬁ) (flz(}Qi,) f11§221 ))

Using that f is increasing, the bound (2.4.13) and f = fi f2, we have that f (%) >
f1(vj4) f2(vjs) for j € {1,2}. We also know that f; > 0, hence we get:

1 o%n 5 (0;m)? 672 62
f(1)<_ n? 7 >\f(v ,)(M_l)Jrf(v .)(M_D
n 21V f1(vi,s) 2102y J1(v2,4)
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8)\2 8\2
+

+ "(v1 v s o Vo .
folvr) (AR — 12 fo(ug ) (L — 12

=

We conclude this proof by using the condition (2.4.3) and the value A = (28d+1)"2. O

2.5 Proof of Theorem 2.3.1]

From now on, f(u) = |u|™ 1. In particular, Theoremholds with @~ (R72) =
Rfﬁ. The proof relies on two arguments. The small scale oscillations are controlled
via Schauder theory and the large scale behaviour through the maximum principle
derived in Section [2.4] which applies only to regular objects. A connection between
the two is established via the convolution of the equation with the kernel introduced in
Section which produces a commutator term. The technicality of the proof lies in

balancing the contribution of the commutator and the contribution of the irregular noise.

Throughout the proof, < will denote a bound up to a multiplicative constant which may
change from line to line, but will only depend on d, m and «v. We will also write u* as a

short-hand for u|u|™ !, as in the case when m is an odd integer.
STEP 1: Local Schauder estimate We claim that for any R > 0, for any k > 2,

(U], Bz, R) 5;3]5% L (Mo gery (00 — A)u) || + (kR)™[|ull s km)

X

<(kR)2_a||u”g(z,kR) + (kR)* gl + [{la—2, B0 k)
+ (kR)™*|lull Bz kR)- (2.5.1)

We prove this estimate by applying a cutoff function and using the low-regularity

Schauder estimate given in Lemma[2.9.1] By scaling and translation, it is enough to

prove for some C'* function U,

)

U], B(0,1) SSLIE L2_a”(1{3(0,1)}(3t = A)U)Lll + 1Ull B(o,1)- (2.5.2)

Indeed, since [u],, B(0,1) < [u, B(0,1)> if we have (2.5.2)), define
9 b 9 2

'k

U(t,z) = u((ER)?(t — to), kR(x — z0)).

Then
||U||B(z,kR) = HU||B(0,1), [u]a,B(aR) = (kR)a[U]a,B(o,%)
sup L2~ (10 rry (0 — A)u)p|| = sup L* (9 = A)(Ulgpo,y)Lll-

L<kR
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We proceed to prove (2.5.2)). Let 7 be a cutoff function, with value 1 on B(0, %) and
0 on B(0,1)%, and such that ||vy|| and ||(A + 8;)n|| are bounded by an independent

constant. Then
(O — AYUn=n(0 — AU+ U0 + A)n—2v.(UVn). (2.5.3)

By applying our version of the Schauder estimate, Lemma[2.9.1|to Equation (2.5.3)) we
get that:

[Unla S

~

Us%pl L¥ | (n(0y — AYU + U (9 + Ay —2v.(UVn)) L. (2.5.4)
<L<

We apply the triangle inequality and make use of (2.3.8)) to bound each of these terms as

follows.

(0 — A)U) LIl S (10,1} (0 — A)U) L],

IO (8% + M)l < 1U0: + A)nll S U1 30,1y

(v vl =sup [(©In)(z - 2).90 12Nz
SR

1
S0 B0,
Since a < 1, we have
sup L*||(n(0r — A)U + U (9 + A)n — 2v.(UVn))L|
0<L<1

S 1B,y (0 — A)U) LIl + [[U |l Bo,1)-

This concludes the proof of (2.5.2), hence the proof of (2.5.1).

STEP 2: Application of the maximum principle We convolve the equation (2.1.1))
with ¥, where L € (0, 1) will be specified later:

(O — A)up = —(ur)™ + g1 + ¢+ ((wr)™ = (W")1).- (2.5.5)

The anti-symmetry of u — u™ and Theorem implies that forall 0 < R’ < R < %

35



1

1 m—1 1 L
< S m m
s Ly S max { ( = R,)Q) gl NicelB, -

(I (ur)™ (um)LHPR,)% } (2.5.6)

The goal is now to balance the commutator and the term with the noise. This will be

done by choosing the parameter L appropriately in Step 5 below.

STEP 3: Bounds on the commutator We need estimates on the commutator (ur,)™ —
(u™) . This is obtained as u is C%, using the moment bounds (2.3.3) and (2.3.6).

()™ = @) = [00le = 2) (o)™ - @)™ dz
1
= [91:=9) [ (@) —u@)m M@l + (1= Nu(@)" draz

<nlullylyy [0Lle =) (Lo + apead=2)?) d2

<2mllullpi Lo ula Bz, p)-

Since this is true for all z € Pk,

[(ur)™ = (™)Ll P < 2mullB Sup [ula,B(z,1) L 2.5.7)
2€PR

Using the local Schauder estimate (2.5.1) gives, for any k > 2:

_ 2m— —
I(ur)™ = ™) ellpe S L2 (lulEy ), + lullp 2, llglh)

+ HUHTEL};}L Sup [C]a—2,B(z,kR)La + k_aHquR,kL' (2‘5‘8)
zePp

STEP 4: Boot-strapping We show here that for &, L such that 2(k + 1)L < 1, with
as before k > 2, and for 1 > R > 2(k + 1)L, we have

< 2 1 a-2\m (7212—an L 127
lullpy < maX{Rl—m7 gl ([Cla-2,m L7%) ™, (LK) Jullp, ™,

1

PN 1—-L 1 _ mo,_a
(ZK) ully % gl (Nl oz, L) ™ 5% ul

LRl B 2K gl L Cacn o ko lulln ). 259)
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We need to be careful with the sets over which the supremum norms are taken, since our
different estimates always require a bit more space. We use the bound (2.3.6) and the
Schauder estimate (2.5.1) with L playing the role of R:

lull e <llurllps + L% sup [ula,p(z L) (2.5.10)
2€PR

<lurllpe-,, + LK~ (lull,_,, + llgll)

+ LQ[C]G—ZPR—M + k_aHuHPR—kL'

Defining » = kL permits to apply the bounds (2.3.6), (2.5.8) and 2.37). Asr > 0,
P. C R.

2 1 L m =
il pey S mas { (R = (k+ D)LY, gl 1ol )™ = (™)l b

2 il _oy & —an Ly 2—=
S max { (R = (k+ L), g7, (a2 L°72) " (LK) |lull 7, ™
27.2—aN (1 (11 g m—1 A—
(L282) 7 g, ™ lgl7, (ull " [Clama.r, L) ™ s k™ ull , -
(2.5.11)

If we start with R > 2(k + 1)L then R — (k + 1)L > £. Putting together (Z:5.11) and

E5.10) gives @59).

STEP 5: Choosing L In order to balance the term containing ¢ in (2.5.9), we see

that we should assign the value L = —£— for some p € (0, 1) to be chosen. Note
llull
also that as 1 € (0,1), (u*~2 Vv pu®) = u*=2. Furthermore, we impose p2k%~ < 1.

Consequently, (2.5.9) becomes

1
2 —an L 1 a— m—1)2=2 m
full  max{ R, (14 (220l (w2l (aan )
—a —ay+ —a —a
(2K ) 4 (2K )
—ay, ||1-m pe
B2l gl — g o |- (25.12)
u Py

STEP 6: Identification of terms We claim that the bound above implies that there

exists a positive constants C' such that:

1
2 1 mDne 1
HUHPR < Cmax {RI’WW HgH ™ [C];t(27p:)2 ’ %HUHP()} (2~5-13)
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We need to interpolate some of the arguments of the maximum in (2.5.12)) with arguments
of our goal (2.5.13)). The first two terms are already in the right form. For the next one,
Young’s inequality gives that for any v > 0,

1

— ( 71)277(1 m a=2 (2172(! (ml_ b
@amm&‘ 2Kuﬁ%) < 1 max {yullpy, = (T T

The next term is also in the right form, provided one chooses first k large, and then p
small, both independently of ||u|| p, and satisfying all conditions above. The only condi-
tion that was not independent of ||u|| p, was 1 > 2(k+1)L = Q(k—i—l)(uHqu_Dol)(m_l)/Q.
However, if this condition is not satisfied after choosing k then p according to all other

conditions above, it means that we have a bound on ||| p,:
2
lullpy < (2(k + D))=,

which proves the theorem directly.

The last two terms can not be dealt with classical interpolation, since they involve
negative powers of ||u|| p,. For the first one, we state that always one of the following is

true, for any v > 0:
—(m-1) m 1
lllmy™ " llgll < Allullz, or flullf, < ~ gl

The first case gives the last argument of our objective for v small enough. The second
case gives ||u|| p, < ||ullp, < (%HgH)% We proceed similarly for the last term. One of

the following is always true:

m—1)2 14+(m-1)g

—(
p lull py [Cla—2,py < 1™ y||ullpy or [[ullp, < ZlCa-2,p-

= |~

Once again the first case gives the last argument of our objective for ;% small enough,
1

and the second case gives ||u||p, < |Ju|p, < (%[C]a_lpo)”(m*l)%. We can then

choose k large, 1 and v small to get the desired constant C.

STEP 7: Iterating the result The last argument of the maximum (2.5.13) is greater
than the first one for all R such that

1-m

1 2
Rt (seliln) ©

Let us check that this is not in contradiction with Ry > 2(k + 1) L. By defintion of L
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and R,

2(k-+1)L = 2(k+1)—r— = 2(k+1)p(20) 2" Ry < Ry & 2(k+1)u(20) 2" < 1.

m

lull gy

Since C' > 1 and m > 1, it is enough to have 2(k 4+ 1) < 1. This can be done since p

is chosen after k.

From this point, the result (2.5.13) can be iterated to get bounds for smaller and smaller

parabolic boxes.

1 1 1+<m171*>£ 1
Jull P,y < € { gl s ol 1SR =

m—1

Define R,, recursively by

1-m —
1 2 1 HUHP T2
R,—R,1= <2C||u||pRn_1> = (20 2n_1° : (2.5.14)
We conclude by summing those increments:
- S fuln )
_ _ Po
Fo= SR fi =3 (o)

1=_m p_1 lom
:<Hzgpo) 2 Z(Q%)ks (%) ’ (2.5.15)

k=0

The same arguments as in the proof of Lemma [2.2.1] concludes the proof of The-
orem[2.3.1]

2.6 Mutiplicative noise

We present an example of equation where our result applies. Let (Q2, F, F;,P) be a
filtered probability space and let (W (t,n),t > 0,1 € C§°(R%)) be a Brownian motion
with spatial covariance operator K on {2. We assume that K is given by the convolution

with a function with controlled blow-up near the origin, i.e.

Ko¢(x) = y K(z — 2 )¢(z")da', (2.6.1)

for K € C°(R?\ {0}) satisfying

1
|K(2)] < T (2.6.2)
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for some A < 2. If A > 1 and d = 1, we allow additionally for a Dirac mass in the

origin, in which case (2.6.1) turns into
x) = / K(z —2")o(z")dx' + ¢(x). (2.6.3)
R

In other words (W (t,n),t > 0,n € C3°(R?)) is a centred Gaussian process with
covariances given either by

EW (t, )W (t',¢') = (t AT) / o(x)K (x — 2')¢' () dwda’
Rd JRd
or in the one-dimensional case

W(t, )W (¥,

(tAt) //d) K(z — 2')¢' (') dxda’ —I—/gb d:n}

Let (o(t,z),t > 0,z € R%) be a progressively measurable process, with a deterministic
L bound, without loss of generality |0 (¢, z)| < 1. Let u(¢, x) be a continuous process
which satisfies the SPDE

du = (Au — f(u) + g(w))dt + cdW (2.6.4)

on Py, with f satisfying the Assumptions More precisely, for all n € C°°(R x R?)

compactly supported in Py we assume that the following holds almost surely:

//u(—@t — A)ndtdz
// (u, 2) + g(u, z))ndtdx + // o(t,z)dxdW (t,z), (2.6.5)

where [ [n(z)o(t,z)dedW (t,z) should be interpreted as a stochastic integral, as
defined in [24] Chapter 4]. The following lemma shows that the results of our determin-

istic analysis are applicable to this stochastic case.

The Theorem [2.3.1]does not depend on the particular choice of convolution kernel W,
and different choices of kernel don’t change the Holder norms. We apply it with U
defined as

U = Uk Wy, (2.6.6)

where W is as defined in Section It is clear that W is still non-negative, smooth and
compactly supported in B(0, 1). We still write (-)7, for the convolution with ¥, but we
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define the C*~2 norm with respect to v

[(Ja—2,c = sup [[(¢e)ellcL?* ™
0 1 2 2

X

Lemma 2.6.1. We define a family of random variables ({(n),n € C3*(R x R%)) by
) = [ [ n@yat oydzawe.z).

Then there exists a random distribution  on Q which almost surely takes values in C® 2

forany a < ? and such that for € > 0 small enough
E [exp <e[2]3,27 PO)] < o0. 2.6.7)

Furthermore Z is a modification of C in the sense that for all n € C§°(R X RY) we have

almost surely

We have the following corollaries.

Corollary 2.6.2. Let u solve the SPDE (2.6.4) in the sense of (2.6.3) for f and g
satisfying Assumption Define ©(u) = # Then there exists eg = £o(c, d, ) >
0 such that for 0 < € < €y,

e (2, earen) )] <

Proof. Let p be a cutoff outside Py supported on Py + B(0, 1), and w be the bounded

solution to

(at - A)’UJ - p§7
vanishing for t < —2. From Lemma|2.9.2} ||w|| < [¢]a—2. Using Corollary and
Lemma [2.6.1] finishes the proof. O

Using Theorem in the case f(u) = u|u|/™ !, we have the following improved

estimate:

Corollary 2.6.3. Let u solve the SPDE [2.6.4) in the sense of (2.6.3) where f(u,z) =
ulu|™ "1 and g is bounded. Then there exists ¢ = co(m,d,a) > 0 such that for
0 < e < e,

24+(m—1)a
E[exp (6( sup R%HquR) >] < 0.

0<R<3
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The proof of Lemma relies on the following technical lemma.

2—a)

Lemma 2.6.4. The supremum supg_ <1 ||Cz H2p L2 is bounded by the supremum

over dyadic L only,

2 2 —
sp LI LTE S sup GLIE g BT 268)
0<L L=2"%<1

Proof. By splitting the interval (0, 1) into [27",27"F1) for n > 1, it is enough to prove
that uniformly inn > 1 and A € (0, 1)

IGa-naanll £ 2772 sup L2z (2.6.9)

L=2"k<1
This is a direct consequence of Lemma [2.8.1] quantifying the equivalence of Holder
norms coming from different kernels applied with T = Wy—n(;, ) and 6§ = 27 for

some integer m large enough. O

Proof of Lemma This lemma is a variant of [55, Lemma 9] and we refer the reader
to that lemma for the construction of a suitable modification of . Here we only show
the exponential integrability bound (2.6.7), using a similar argument as in [62, Lemma
4.1]. Throughout this proof, < denotes a bound up to a constant that depends only on

the dimension.

In the expansion in series of the exponential, we can exchange expectation and sum:

> E [SUP0<L<1 1(¢ )LH2pL2p(2 @)
2 2 12(2—0a) — 2p
E[exp (e Oihilil\l(ég)g\\poL )} > e

p=0

p!

Applying Lemma|2.6.4] we can bound the supremum over all L by the sum over dyadic
L.

B | s 160 IEE70 ) < 0 B[ICILI, pon) 270
L=2-kg

Young’s inequality implies

1(CL) Ll o+ B0,y < ICLllLe,p+-BO) LI L

where the subscript means that the L¢ norm of ¢z, is taken over Py + B(0, 2) and where
qd = q L By scaling, 1Vl e SL 7 . Weapply this with ¢ = 2p.

E [||(CL)L||2P] S’ E [||CL”§,IQP,P0+B(O,2):| L_(d+2)
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=E

/ ot :c)?Pdtdx] L(d+2)
PQ+B(0,2)

< sup E [CL(Z)QP] L(d+2),
z€Py+B(0,2)

We bound E [(1,(z)?"] using the boundedness of o. Without loss of generality, we show

the computation for z = (0, 0). By the Burkholder-Davies-Gundy inequality,

(/(o 1) /Rd U (t,x)o(t,x)dW(t, x)>2p]

Spp(///\l/L(t,l')\I’L(t, 2")o(t, x)a(t,m’)K(ar—x’)dtdmdw’)p
+1{d1,A>1}Pp<//\I’L(t,x)Qa(t,m)Zdtdx>p

5 pP(L—)\—Q + l{dzl’)\>1}L_d_2)p S ppL_p()\-FQ)‘

E [¢£(0,0)*] =E

We get that E [||(¢) [|%] L#?~) < ppLP(2=20=)=(d+2) Since 2 — 2o — A > 0, for
p large enough,

1

2p1 12p(2—a)
> ECl] P S
L=2-k<1
By Stirling’s formula, for p large enough,
E [supg<rar [1(¢o) s |2 L2E-)
2P p2! 2 < €%PeP N
hence for e < e72, is verified. O

2.7 Invariant measure and Optimality

In this last section, we consider a special case of the SPDE considered in Section
namely the case of a one-dimensional reaction-diffusion equation driven by an addit-
ive space-time white noise. We aim to argue that in this case the bound obtained in

Corollary [2.6.3is optimal in terms of stochastic integrability.

Let d = 1 and let W be as in Section [2.6| with covariance operator Kn(z) = n(z). It is
well-known [23, Section 11.2] that if we impose Dirichlet boundary conditions on the
space-interval [—1, 1], then (2.6.5)) defines a reversible Markov process with respect to

the measure

1 ! 1 m+1
- €XP (— /_1 1 lu(z)| dm) p(du), (2.7.1)
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where p is the law of an appropriately scaled Brownian bridge and Z is a normalisation
constant. From the explicit expression (2.7.1)) one can immediately read off that under

this measure the following expectations are finite for o < % and e small enough

1
E [exp (6/ |u|m+1dx)} < oo and E [exp (e[u]i)] < 0. (2.7.2)
~1

The following proposition, the proof of which is given in Appendix [2.10, shows how to
interpolate these two estimates to get optimal stochastic integrability for the supremum

norm ||ul|.

Proposition 2.7.1. Ifu € C®(—1,1) for a € (0,1) and u™* is integrable, then u is

bounded and we have the following interpolation:

[[wll(—1,1)\ 1He(m+1) +1) I+a(m+1
(—5) < ma{ulallulp ™ el Y, @73
where ||.||m11 refers to the L™+ norm on [—1, 1].
Since 2a < 1,
+1
el e < Tl + [ul.
Hence, (2.7.2) implies that for ¢ small,
E [exp (eflul *" ) | < oo, 2.7.4)

On the other hand, from Theorem [2.3.1] and from Corollary [2.6.3] we get
E[exp (5(2*% ]| p, )2+<m—1>a)] < . 2.7.5)
2

Therefore, for a — %, the exponents in (2.7.4) and (2.7.5) both converge to mTJ’?’

2.8 Appendix: Technical lemma

For a multi-index m € N9*!, define |m| = 2mq + ZZZI my, the parabolic index, and
m! = szo my!.

Lemma 2.8.1. Let Y and ¥ be two C* kernels supported in B(0, Ry ) and B(0, Ry)
respectively. Assume that for some odd integer 3 > 0, fRdH 2" (2) = Op—o holds
for all multi-indices n with |n| < 3. For R > 0 set R := R+ Ry + 2Ry. Then for
0 < 00(V) and for any function or distribution

€ Tlhsom S s [0 swp LG Uillpgme @80
In|=6+1,8+2 L=0k<1
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Here and in the proof S means < C(¥, 3).

Proof. Define inductively w® = T and w*+! = W¥ — Wy x wF. Since ¥ cancels all

polynomials of degree less than (3, one can see from Taylor’s formula that

/ jwh — g k| S OPFVE - sup / 0"k,
|n|=8+1,8+2

and
/ 0w — W xh)] < / 0"t

hence by induction

/\wk\ S CRPTIE - gup /Ié?"T\. (2.8.2)
In|=B8+1,8+2

This bound shows the convergence of the telescopic sum
oo
T=> Tpxwh (2.8.3)
k=0

for 6 small enough.

We can then write

B(O,R)
<S¢ o, / |
k=0

oo
< s s Wil 0 s [l
L:9k<1 k=0 |n|:/3+175+2

1€ * Y Bo,r) = H Z‘I’ek x W (H
)

O]

The following lemma shows that the assumption of vanishing moments for W can be
removed from the previous lemma at the expense of making the domain on the right

hand side even larger.

Lemma 2.8.2. Let Y and ¥ be two C* kernels supported in B(0, Ry ) and B(0, Ry)
respectively. Let 3 > 0 be an odd integer and for R > 0 set R := R + Ry + 5Ry.Then
for 6 < 0o(V) and for any function or distribution ¢

IC*YlBo,r) S sup /lﬁnT\ sup LP||¢ « Vil pom): (2.8.4)
In|=B+1,8+2 L=0*<1
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Here and in the proof S means < C(¥, 3).

Proof. For any 3 > 0, we build from ¥ a kernel ¥’ that satisfies the hypothesis of
Lemma2.8.1]

We define A, ,, = [ 2"0™¥(z)dz and observe that since ¥ is compactly supported and

since [ U = 1, we have

i 0 if [n| < |m|,n # m,
n,m —
(—=1)!mlm! if n =m.

Hence for any 8 > 0, (A m)n|,jm|<g 18 an invertible linear system. By continuity of

the coefficients, for  small enough,
Apm = /z"@m(\llr * W) (z)dz (2.8.5)

is also an invertible linear system. Hence, there exists coefficients (@ )|m|<s such that

1 ifn=0
3 am/ O, U (2)dz = nn (2.8.6)
im|<g 0 else.
Setw® =37 1 gamd™ ¥, and ¥ = w(© 5 U, then
1 ifn =0
/ S (2)dr = e (2.8.7)
0 for0 < |n| < g.

We can therefore apply Lemma with U’ to get

IC* Tlsom S sup / 0"T| sup LPC * Uil po.ns oy s 2y
n\ B+1,8+2 L=0kF <1

We have also

0
1€ * ULl Bo,R+Ry+2Ry) = IIC* UL % W(L)\|B(0,R+RT+2R\I,,)

< |IC* YLl Bo, R+ Rr+5Re) / w .
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2.9 Appendix: Low regularity Schauder estimate

We give here a proof of a low regularity Schauder estimate in our setting. This is enough
for the current chapter. More elaborate Schauder estimmates are introduced in the

following chapter.

Lemma 2.9.1. Let u be a C“-function for some o € (0,1) and let f := (0; — A)u.
There exists a constant C = C(«, d) such that

[ula <C sup L* | fL]. (2.9.1)

0<L<oo

Proof. Throughout the proof < will denote a bound up to a multiplicative constant,
which may change from line to line, but which always depends only on « and d. Define
N = sup;<; L*7| fL||. Since (-)1, denotes the convolution with a smooth kernel,
it commutes with derivatives. We know that for L < 1, for any [ € span{1,z;,i €
{1,...,d}}, we have on R x R?,

(Bt - A)(UL — l) = fL-
For zyp € B(0, 1), for some § > 0 to be fixed below, define v as the solution to

(O — A)vs = YprponfL,  v>loB(z,8) = 0,

where 0B(z9,0) = {z = (t,2),d(z,20) = 0,t < to} is the parabolic boundary of
B(zp, ). The first interesting inequality we get from standard heat equation estimates
[49, Cor.8.1.5] is

los|| S 8|l < 8°LO72N. (2.9.2)

Define v« = ur, — vs. As (0r — A)v< = 0 on B(zo, ¢) for any differential operator
D e {6t, 8i6j, 1,] € {1, ...,d}},

|Dvcllg < 872 it fu ~ Ul o

where [ runs over all function spanned by 1 and z;,7 € {1, ..., d}. Therefore, for any

R < g, for the same range of operator D, for a suitably chosen [p € span{l,z;,i €

{1,...,d}},

R\?.
o =l < Dol nm < (5 ) s = Uaa
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Using the definition of v~ and the triangle inequality,

2
o= el — oo < (5 ) 08 o = Uy
From (2.9.2),

1 R 2—« .
el =tel £ (5) o mtllus s

Furthermore, from (2.3.6) we get,

1 1 @
ellu o 5 gl = el + (7 ) (oo

Similarly, for any [ € span{1, z;,i € {1,...,d}}

1 1 L\“
el = Uageos) € gallu = s + () oo

Hence for 0 < € < 1, for L = eR = €26, (2.9.3) and (2.9.4),([2.9.5) give:

1, —a L.
poa v = Ul so.m) S € 55 inf lu— U

(€% 4+ €2)[u]q + >IN,
Note that [u]q ~ Sup,, sup; s& inf; ||u — U] B(z,5)» hence

[uo < (62_0‘ +e* + 62a)[u]a + e 4N.

(2.9.3)

(2.9.4)

(2.9.5)

(2.9.6)

(2.9.7)

(2.9.8)

By making e small enough, we can absorb [u], in the right-hand side of (2.9.8) into the

left-hand side, concluding the proof of the Schauder estimate (2.9.1).

O]

Corollary 2.9.2. Let f be compactly supported in B(0, R) and let u be the unique
bounded solution to (0; — A)u = f which vanishes fort < —R?. Then for o € (0,1)

there exists a constant C = C(cv, d) such that

[l <C sup L7 fr],
0<L<2R
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and
ul| < CR™ sup L*~*| fil|. (2.9.10)
L<2R

Proof. By a scaling argument, we can show the result for R = % We first show an
equivalence of kernels by applying Lemma[2.8.2lwith > 1—aand T = ¥, —¥, U _;.
Since f has compact support, we do not need to keep track of the domains. There exists
a6 < 1and a constant C' = C(¥, /3) such that:

/o= ()i <C sup / 07 (U — W Wy )| sup SP|fs]
In|=B+1,8+2 S=pk

Therefore, we can write

L=\ flle < LN (i) o]l + L2 20L7! sup S°)|fs
S=06
SLNL =) fill + CL P sup 8279 fs |
S<1

< (B - 1) on e ) sup 520 fl
S<1

Therefore the supremum can be taken over scales L < 2. In the proof of Lemma|[2.9.1}
the only place where the hypothesis [u], < co was used was in (2.9.8).This assumption
can be removed as by regularising the equation first, we have that uniformly for any

7> 0,

[urla S sup L*7|(fr)ll < sup L*7| fi ],
L<2R L<2R

X

and as u is continuous, we can pass to the limit for 7 — 0.

For (2.9.10), we write u = ur + (u — up). For the second term we get

2.9.9)
<
~Y

R* sup L*%||fr]l.
0<L<2R

luv —ur| < R*[u]a

For the smooth part ur we write (9, — A)ur = fr we use a standard L>° estimate for
the heat equation with compactly supported right-hand side [49, Thm 8.4.2] and get

lurll S R?||frll S R* sup L**|fr].
0<L<2R
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2.10 Appendix: Proof of Proposition

Ifu € C%(—1,1) for a € (0,1) and ™" is integrable, then u is bounded and we have

the following interpolation:
lull(—1,1)\ 1+a(m+1) ) L a(mdl)
<#) < max{[ula|ullpyy ™l (2.10.1)

where ||.||m11 refers to the L™+ norm on [—1, 1].

For any interval I C [—1, 1],

0 = g f[wtsras] < 7 [e) ~ woitas < 7 [t -

< I®. We can apply Jensen’s inequality.

o) < (i [utorias)” P

And since this is true for any I C [—1, 1], we have for any choice of 0 < x < 2,

1
[ullr < ==t ffullmgr + 2% a5

If [|ullm+1 > [u]a then choose z = 1 to get [lul[(—1,1) < 2[|ullm+1. Else choose

__m+41 1 1 1 1a<m+1)1
& = ([[ullmy1/[ulo) FemFD < 1and get [ull(—11) < 2ula™" Y [Jull 7Y In
conclusion,
1 a(m+1)
1+a(m+1 1+a(m+1
[l (~1,1) < 2max{||ullmi, [ula™" " a0
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Chapter 3

Space-time localisation for @%

3.1 Introduction

The aim of this chapter is to understand how techniques from the previous chapter can
be adapted to derive a priori bounds for the three dimensional stochastic quantisation
equation, also known as the dynamic <I>§ model. This model is - at least formally - given

by the nonlinear stochastic partial differential equation (SPDE)
(0 — Ayu = —ud + ¢, (3.1.1)

where £ is the space-time white noise over R x R¢. In our main result, Theorem we
show a bound on the solution in the case d = 3 on a compact space-time set that depends
only on a finite number of explicit polynomials in the Gaussian noise on a slightly larger
space-time set. In particular, our bound does not depend on any space-time boundary

conditions.

The main difficulty when working with compared to the previous chapter is the
roughness of the driving noise £ which in turn makes the solution irregular and the
interpretation of nonlinear terms non-trivial. It is now well-understood that solutions
are distribution valued in spatial dimension d > 2 and the nonlinearity has to be

renormalised, which loosely speaking corresponds to replacing (3.1.1)) by

(O — A)u = —u® + “c0” u + £. (3.1.2)

The theory of singular SPDEs of this type has been revolutionised in the recent years,

starting with Hairer’s theory of regularity structures [41]].

This theory is by now well-developed and enables the analysis of a range of equations

which are much more singular than the dynamic ®3 model, however we recall that the
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arguments currently available are insufficient to go beyond a short time existence theory
in any of these equations. For example, the construction of solutions to (3.1.1)) in [41]]
does not make use of the “good” sign of the nonlinear term —u? and would work equally
if it were replaced with a +u>. Solutions for this modified equation are expected to blow

up in finite time.

For (3.1.1) in dimension 3 the problem of passing from a local to a global solution theory
has been largely overcome in a series of very recent works starting with [54] where
(B-1.1) was studied on the torus T2 and a priori estimates were obtained which ruled
out the possibility of finite time blow-up. In [35] a priori estimates for solutions on the
full space R3 were shown; see also [2, 36] for an analysis of the invariant measures
based on similar ideas. All of these articles worked in the framework of paracontrolled

distribution rather than regularity structures.

In this chapter we adapt the technique combining the maximum principle with the
convolution argument from the previous chapter to derive a priori estimates within the
framework of regularity structures. We show a space-time version of the “coming down
from infinity” property, i.e. we provide a bound on the solution on a compact space-
time set that depends on the realisation of the noise on a slightly larger set, but does
not depend on the behaviour of the solution elsewhere, making full use of the strong
nonlinear damping term —u?. This local dependence makes this bound extremely useful

when analysing the behaviour of solutions on large scales.

A main interest of this approach is the technique itself. Its advantages are that we
effectively separate the argument for small and large scales by dealing with a family of
regularised equations for large scales and use (an appropriate restatement) of the theory
of regularity structures to analyse the small scales. This results in a relatively short
argument compared to previous works and has the potential to work for a much larger
class of equations. We want to stress that our argument does not make use explicitly
of any of the results in [41]. In fact, in both the statement of our main result and its
proof we fully avoid the terminology of this theory, i.e. the notions of model, modelled
distribution, structure group etc. but give a direct statement of all of the required bounds.
This is possible, because the algebra involved in the small scale solution theory of (3.1.1)
is still not too complex and we hope that our direct approach makes the presentation
more clear. We do however include a separate section in which we translate our main
estimates into the regularity structure terminology. This may also be used as a practical
example to understand the more complete introduction of regularity structures in the

next chapter.

This chapter is structured as follows. Section[3.2]contains the elements needed to state

our main result, Theorem [3.2.1} starting with the definitions of the proper Holder spaces
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in Section Section[3.2.2] presents the setting in which we solve Equation (3.1.1))
and our main result. The outline of the proof and the different lemmas required are
presented in Section[3.2.3] We then explain the close connection between our setting and
Hairer’s theory of regularity structures in Section [3.3] where the full regularity structure
for the <I>f3l equation is presented. Section contains the proof of the Theoremm

3.2 Setting and main result

3.2.1 Measuring regularity

As in chapter [2] regularity will be measured with respect to the metric
d((t,z), {,7)) :max{ \t—ﬂ,\az—f\}, (B2.1)

and we use the same balls introduced previously (2.3.2).

Since we are dealing with a wider range of regularities, we need to expand the definitions

of Holder space. For a € (0, 1), we keep the same definition of the Holder semi-norm

[a

|u(z) — u(Z)|

o = 3.2.2
[u] s S o (3.2.2)
For a € (1,2), we define the Holder semi-norm [.],
(e = sup lu(2) — u(z) — vu(z).X(z — 2)| (3.2.3)
O AzeRXR? d(z,z)> 7 o

where V refers to the spatial gradient, and we introduce the function X which is the
projection on space coordinates. We will often deal with functions U(z,%) of two
variables generalising the increments of u(z) — u(Z) in above. In this case we
define for a € (1,2)

[Ulo := sup  inf sup Uz 2) = V(Z;)’X(Z — Z)| (3.2.4)
2€RxR3 V(2)ER? zeRxR3\ {2} d(z,z)"

The infimum over functions v is attained when v/(z) is the spatial gradient in the second
coordinate of U at point (z,z). As before, we often work with norms which only
depend on the behaviour of functions / distributions on a fixed subset of time-space: if
B C R x R? is a bounded set, then we define the local a-Hélder semi-norm [.], g as in
(3.2.2) with the supremum restricted to z,Z € B. The use of a third index r as in [.]o, B r
indicates that the supremum is restricted to z and Z at distance at most 7. Similarly, ||. |
denotes the L norm on the whole space R x R3 and ||.|| g the norm of the restriction

of the function to B, and for a function of two variable,

.|| 3. is the norm restricted to
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z,z € Bwithd(z,2z) <.

From now on and for the remainder of this chapter, z,y and z will always denote a

generic space-time variable.

In the spirit of the convolution method, we work again with a Besov-Holder type norm
to measure negative regularity, however we need here further precision in the choice of
the kernel. Our definition is strongly inspired by the choice of smooth kernel satisfying
the semi-group property with respect to the scaling parameter first introduced in [62].
This semi-group property allows us to effectively connect regularisations at different
scales and thus makes the proof of the Reconstruction Theorem |3.2.8| very convenient.
However, an additional twist is required. For us it is important to be able to define local
norms that only depend on properties of distributions on a compact set. This makes
it most convenient to work with a compactly supported kernel in the definition of the
norm. But the kernel used in [62]] does not have this property. Wavelet bases, on the
other hand, permit a convenient transition from one scale to another and can consist of
compactly supported functions, but unfortunately the projection on these basis functions
do not commute with differential operators. The following simple construction yields a
kernel which is compactly supported and enjoys a version of the semi-group property for

dyadic scales which is enough to prove the reconstruction theorem.
We fix a non-negative smooth function ® with support in B(0, 1), symmetric in space,
with ®(z) € [0,1] for all + € R x R? and with integral 1. Setting ®(t,z) =
L75®(45, %), wenow define Wy, = ®ro-15Pro-2k..4Pronand Uy = limy 0o Ur
so that W, = ® . * W . The convergence can be checked easily. ¥, and ¥, ,, are non-

2 2

negative and smooth, symmetric in space and with support B(0, 1) and B(0,1 —27").
We define the operator (-);, by convolution with Wy, and (-)r, ,, by convolution with

W, forn > 1. (-)L0 is the identity. Since Vr ym = V5 % Yig-n ,,, We have

()ntm = (()L2—nm)Ln- (3.2.5)

Taking m to infinity in this, or equivalently noticing that W;, = Wy, ,, * W 5-n, we have

the desired relation between dyadic scales

(e = (()r2-n)Ln- (3.2.6)

We then define the local C'® norm of a distribution 8 for o < 0 as

[0]a,c = suli 1(0) ]| L. (3.2.7)

x

It is proven in [5] Theorem 2.34] that for a similar quantity, in the case where C'is a
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torus of size one this corresponds to the classical Besov norm B, . . In our case, [0]q,c
depends on the distribution # on C' + B(0, 1) since ¥ has support in B(0, 1)

Furthermore, we recall and mention the scaling estimates, forn € NU{oc} and o« > —5

/ Vpn(z—y)ldx,y)*dy < L°, /\V\PL,n(fL’ —y)d(z,y)*dy < L' (3.2.8)

Here and in the rest of the thesis, <" denotes a bound that holds up to a multiplicative
constant. This immediately implies that for any h € C%, a € (0, 2), and for any bounded
set C, we have

HhL — hHCL < Le Sucp [h]a,B(z,L) = La[h]magL. (329)
zelp

Indeed, since ¥ is symmetric in space we have [ ¥(y)X (y)dy = 0 where X denotes
the projection onto space coordinates, and for all z € C"

(hy — 1) () = / Uy (z — y)(h(y) — h(z))dy
_ / Wi (z — y)(h(y) — hz) — Lias1y Vh(z) X (y — 2))dy
<o sor) / Wy (- y)d(z, y)*dy.

For products of functions, we will sometimes be using the following notational conven-
tion:

(f9)r(x) = f(@)gr(z) = ((f = f(2)g)(z).

The presence of the variable means that we evaluate the function there first, and the

absence means that the convolution variable is used.

3.2.2 Main result

We will work with a regularised version of (3.1.1) throughout, i.e we assume that « is a

smooth function which on P satisfies
(O — A)u = —u® + ¢ + (301 — 9Cs)u, (3.2.10)

for real valued parameters C, C. Thus, throughout this work, we never have to address
the question of how a given expression has to be interpreted to make sense. The main
application we have in mind the case where ( = &, i.e. a regularisation of the white noise
at scale 6 and where C and Cs are defined as the expectations of certain polynomials in

&s which diverge like % and log 6! as the regularisation is removed. More precision on
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the meaning of these constants was provided in section However, in our analysis
these values only enter in the assumptions on the “trees” (see (3.2.12), (3.2.15) and
(3.2.17)) and their precise values do not appear. Despite dealing with smooth functions
we stress that all of our estimates are stable in the limit § — 0, where £ can only be
measured as a distribution of regularity —%— and w as a distribution of regularity — % —.
We will freely use the convention to speak of “distributions” when we refer to smooth

functions that can only be measured in a distributional norm in this limit.

We first introduce several polynomials in ( that are used in the local description of the
solution to (3.2.10). These are (essentially) the same objects which appear in Hairer’s
small scale solution theory for (3.2.10) and we use his convention to denote these objects

by trees.

We start by fixing an € > 0 which will always be assumed to be “sufficiently small”.

The first tree is ! is assumed to satisfy the point-wise identity on P
(0 — A1 =, (3.2.11)

. _1_ . .
and we assume a control in the C™ 2~ ¢ norm. The constant C; appears in the following
definitions of the trees Y and V:

vi=12_0C, Wv:=1-30C1, (3.2.12)

and these distributions will be measured in the norms of C~'=2¢ and C 7%735, respect-
ively. We also introduce symbols of higher order: we assume that ¥ and *¥* satisfy the

point-wise identity on P
O =AY =¥, (0,—AY=". (3.2.13)

As expected with the heat operator, we assume that the regularity is increased by 2 i.e.
1 . . . .

¥ € C172¢ and ¥ € C'273¢. The trees are built with leaves e which represents the noise

&, solving the heat equation is represented by a vertical edge, and taking renormalised

products of trees is done by joining them at the root.

Finally we introduce the trees V. denoting the product of ¥ with X, &, % and ¥ and for

these we will need bounds on the quantities

[V]_2c = sup sup L* / X(y—2)V(y)¥rly - w)dy(, (3.2.14)
zeP L<1

[¥]_4c = sup sup L /((Y(y) —Y(x))V(y) — Co)V(y — x)dy|,  (3.2.15)
TzeP L1

[%]_4c = supsup L /("V(y)T(y) —Y(x) (v)¥r(y — x)dy‘, (3.2.16)
rzeP L<1
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1
[¥]_. . =supsup Lato¢
2 x€P L<1

/ (V(y) — V(@)V(y) — 321 () Vi (y — 2)dy.
(3.2.17)

We will work with the function v := v — ! which satisfies

(0 — A =—u> + (3C) — 9C)u = —(v+1)3 + (3C; — 9Cy) (v + 1)
= — 3 —30%1 —30(1? = Cy) — (1P = 3C11) —9C, (v + 1)
= — 03 =302 = 30V — W — 9Cy(v + 7). (3.2.18)

The fact that the constant C; disappears in this expansion was already noted in [22]] and

that was enough to define solutions in dimension 2, where the constant Cs is unnecessary.
The main result can now be stated.

Theorem 3.2.1. If v solves (3.2.18) pointwise on P, then we have:

I\

nr(

I7]

1
vl < Cmax{ 7. [7]

—e)
= e T}, (3.2.19)

where T = {1, V.V, YV, V.,V & % ¥},

tree T in the way explained above and n.- is the number of noises or leaves appearing in

T| is the regularity in which we measure the

the tree.

Remark 3.2.2. As stated above, the bounds we assume on the “trees” are (almost
— see the following Remarks [3.2.4] and [3.2.5)) identical to those appearing as input

into the analytic part of [41]]. The particular form of the xz-dependent “counterterms”
~ X (2)V(y) in GZTB), Y(2)V(y) in GZI3), —F(2)V(y) in and ¥(2)V(y) in
corresponds exactly to the “positive renormalisation” or re-centring procedure
of the trees performed there. See Section [3.3|for a more detailed discussion of positive

renormalisation in the theory of regularity structures.

In the case where ( = &; is a regularised white noise and where C; = Et(y)? and
Cy = EY(y)V(y), e.g. for y = (1,0), uniform-in-6-bounds on the various norms
were obtained in [41), Section 10]. We stress that in this low-regularity situation the
convergence of these terms as § — 0 is highly non-obvious, even after renormalisation.

The calculations use probabilistic tools and strongly rely on stochastic cancellations.

The estimates in [41), Section 10] actually yield bounds on the moments of all of these
terms, so that our main result (3.2.19) implies bounds on moments of the solution:

Since 7 is a random variable in the (inhomogeneous) Wiener chaos of order n, over the
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Gaussian noise, 7], has Gaussian tails, more precisely [27]:

2

Elexp(Al7]57)] < o0,

T

for some A\ > 0. Hence for A = ﬁ we get

Elexp(Al|v]|p.*)] < oo. (3.2.20)

Remark 3.2.3. One of the main motivations to consider is to use the Markovian
dynamics described by it to study its invariant measure, the Euclidean <I>§ quantum field
theory. In order to link this Euclidean (imaginary time) field theory to a real time field
theory, this measure should satisfy certain properties, the Osterwalder-Schrader axioms
[32, section 6.1]. Our bound (3.2.20) immediately transfers to this invariant measure.
Unfortunately, these stretched exponential moments just fall short of the exponential

bounds required for the Analyticity Axiom.

Remark 3.2.4. Hairer’s convention in the definition of the symbols 1 in (3.2.T1), Y and
¥ in (3.2.13) differs slightly from ours: Instead of assuming that these objects satisfy a

partial differential equation as we do, he defines them using an integral condition, e.g.

z) = K(y, z)¢(y)dy,
RxR3
for a singular integral kernel K. This kernel K is essentially the Gaussian heat kernel,
but it is post-processed to make it compactly supported and to integrate to 0 against
polynomials up to a certain degree. After this post-processing K is not associated to a
differential operator any more and in this definition T and the other stochastic terms are
not characterised by a (simple) PDE. This is in line with the general philosophy pursued
in [41] to view (3.1.1)) as an integral equation using the mild formulation rather than a

differential equation.

Remark 3.2.5. Continuing the discussion of the symbols 1, Y and *¥* we point out that in
(3.2.17) and (3.2.13) we do not impose boundary conditions, but only that a certain PDE
holds point-wise. There is thus some choice in how these objects are defined and our
main result, the estimate (3.2.19)), holds uniformly over all of these choices. This is also
the reason why the symbols ¥ and *¥* appear in the list 7. For many choices of boundary
conditions Schauder theory would imply [Y]1_2c < [V]-1-2¢ and [Y] SV 5 3¢

%736 ~

so that these symbols could be removed from 7.

A natural choice to would be to impose Dirichlet boundary conditions on the parabolic
boundary of P in (3.2.11)) and (3.2.13) and in this case such a Schauder estimate holds

indeed. Moreover, with this choice one would have the nice property that all of the
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objects on the right-hand side only depend on the realisation of { on PP, which would be
in line with a “space-time Markov property.” This nice choice has the slight disadvantage
that (in the case where ( = ;s is a regularised white noise) the negative renormalisation
would have to be modified reflecting the boundary conditions which would lead to
xz-dependent Cy and Cs in (3.2.12), (3.2.15), (3.2.17), and then an extra term would
have to be added in (3.2.10) in order to make the renormalisation of the original equation

z-independent. Such a construction could certainly be implemented, but we refrain from

doing so here (see [30]], [68]] for discussion of similar boundary issues).

Remark 3.2.6. The spatial dimension d = 3 only enters our analysis through the reg-
ularity assumptions on the “trees”. The various |7| are all derived from the parabolic
regularity of the white noise in 1 + 3 time-space dimensions , which is —%—. The actual

PDE arguments we present do not rely on a specific choice of d.

3.2.3 Outline of proof

One of the key ideas behind the theory of regularity structures is the following scaling
argument:
At x) = A2 Lu(\2, \x) (3.2.21)

is the scaling under which the stochastic heat equation (0; — A)u = £ is invariant in law.
For the ®* equation the nonlinearity —u? scales like —\*~%%3. In dimension less than
4, this term formally vanishes on small scales, i.e. when A goes to zero. This property
is called subcriticality in Hairer’s theory and corresponds to super-renormalisability in
quantum field theory. This observation suggests that in order to control the behaviour
of u on “small scales” one should use the heat operator and treat the nonlinearity as a
perturbation. This is precisely how a small-scale local solution theory is built in [41].
The sign of the nonlinearity —u? is not used in this argument. The argument for large
scales on the other hand clearly has to rely on the “good term” —u? and should not use

the smoothing of the heat operator too much.

We have already seen that as a perturbation of the linear equation, v = u — 1 satisfies
(0 — A)w = —v3 — 3021 — 30V — ¥ — 9Cs (v + 1). (3.2.22)

To control large scales, we apply the regularising operator (), for some L to be chosen

below and we get the equation

(0 — A)vp = —(vp)? = 3N = 3(wV) L —9C (vp +11) — (W) + ((vr)® — (v®)1).
(3.2.23)

This equation is not closed in terms of vy, and we will require control on the commutator
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(vr)? — (v*), and on the products (v21) 1, and (vV) . These are bounded in the small-
scale theory. For large scale bounds, we use the following lemma

Lemma 3.2.7. Let u be a continuous function defined on [0, 1] x [—1,1]3, for which the
following holds point-wise in (0,1] x (—1,1)3:

(0 — Au = —u? + g(u, 2), (3.2.24)
where g is a bounded function. We have the following point-wise bound on u, for all
(t,z) € (0,1] x (=1,1)3:

1

3 3225
e ATy I 6229

lu(z,t)] < Cmax{

for some independent constant C.

This lemma is a simplified version of [2.3.9] in the specific case on a cubic non-linearity.
It is the only part of the argument which makes use of the fact that  is a scalar field and
not vector valued. The rest of the proof would go through in the vector-valued case and

we expect that it is possible to find a vector-valued replacement for Lemma 2.6 as well.

In order to close the estimate obtained from Lemma [3.2.7, we require a bound that
controls high order regularity of v in terms of the L°° norm. The classical method would

consist of using a Schauder estimate of the form [49, Theorem 8.9.2]
[W)s12,0, B S (05 — A)u+uls p

for solutions of the inhomogeneous heat equation. Then if the right-hand side depends
on lower order norms of w it can be absorbed into the left-hand side. We perform such an
argument in the case where usual Holder norms are replaced by the norms of “modelled

distributions” (which depend on the underlying noise ().

First, power counting suggests that v + V" has better regularity than v (namely 1 — 2¢)
and that this would be enough to define v?t = v(v + V)t — ¥ (assuming that we can
construct *¥'1), but not enough to define vV. The next idea to get even better description
of solution by explicit stochastic terms is to freeze coefficients at base point, and to look
at local expansions that depend on that base point. The expansion of v in around base

point 2 goes as follows:
v(y) = v(z) = (Y(y) = ¥(z)) — 3v(2)(Y(y) — V(z)). (3.2.26)

We introduce the following function of two variables based on this local description:
Uly,z) =v(y) —v(z) +(y) — V(z) + 3v(@)(Y(y) — Y(2)). (3.2.27)
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The regularity of U, as defined in (3.2.4), is expected to be higher than 1. This better
description is indeed enough to define v¥. The core observation is the following abstract

reconstruction theorem, which is a variant of [41, Theorem 3.10] and [63| Proposition 1].

Theorem 3.2.8 (Reconstruction). Let v > 0 and A be a finite subset of (—oo,~y]. Let
L € (0,1) and x € R x R3. For a function F: B(x,L)?> — R assume that for all
B € A there exist constants Cg > 0 and g > +y such that for all t € (0, L), for all
x1,x2 € B(x,L —t)

‘ /\I/t(a?g —y)(F(y,z1) — F(y,a:g))dy’ < Z Cpd(xy,x2) ¢ PP, (3.2.28)
BeA

Then f : y — F(y,y) satisfies

‘ /‘I’L(x —y)(F(y,z) — f(y))dy’ <DL, (3.2.29)

BeA

where “<” represents a bound up to a multiplicative constant depending only on vy and
A.

As a consequence of this theorem, we get the following bounds on the products.

Lemma 3.2.9. The following bound on vt holds:

@@ S0l pilo + Phzemen 1y
+ L2 [”]%—36,B(I,L)(W]l—ge[f]_l_e + [P-4c) (3.2.30)

2 2

1 _
+ HUHQB(:L«,L) [T]_%_GL 27+ vl B(a,n) [Pl -4e L A,
Lemma 3.2.10. The following bound on vV holds:

(v = v(@))V)L(x) + 3Ca (v + L) ()] S
l— €
L2 7 <[U]%736,B($,L) [M]lee + [U]%ff)e,B(x,L) [V],1,26 + [V]%fE)e,B(a:,L) [\”726)
+[¥]_1 5 L7+ Lol e,y e + [l e,y V]2 L7,
(3.2.31)

where U is as introduced in (3.2.277) and v is optimal in the Definition|3.2.4}

The reconstruction lemma and the two bounds above are proved in section [3.5.1] To
bound the quantities appearing in the right-hand side of these lemmas, we will introduce

our version of Schauder theory in the next section.
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3.2.4 Schauder Theory

Here we present Schauder theory adapted to our set-up: regularity is measured by
convolution with a kernel and we are interested in functions depending on base points.
This is inspired from [63, Proposition 2], our contribution being the introduction of

blow-up at the boundaries of the domain instead of an assumption of periodicity.

The formulation of the lemmas differs depending on the regularity, and we actually only
use Lemma [3.2.3]in this chapter. All lemmas are used in the next chapter however and
the proofs are simple rewritings of each other, so we group all of the statements here.
The proof is in section [3.5.2]

In all this section, ”’<” denotes a bound that holds up to a multiplicative constant that

only depends on x and A when relevant.

Lemma 3.2.1. Let k < 0 and U be a distribution such that (0y — A)U is compactly

supported and
(0 — A)UL|| < ML 2. (3.2.32)

Then
U] < M. (3.2.33)

The second lemma is slightly non-standard due to the presence of a second argument

Lemma 3.2.2. Let 0 < k < 2 and A C (—o0, K] be finite. Let U be a function of two
variables such that U (z,z) = 0 for all x and (0; — A)U (-, x) is compactly supported
for all x. Assume that there exists a constant MY such that for all base-points x and
length scales Lo < Ly < 1, it holds that

L3[1(9 — A)UL, ()| payryy < MDD L5 L5, (3.2.34)
BeA

Assume furthermore that there exists a constant M'® such that, for any z,y € R x R%,
there exists My, x) = (A (y, )L, € R such that, for any z € R x R, the following

“three-point continuity” holds:

U(z,2) = U(y,z) = Ulz,y) = My, z) - X (2 — )] < M@ d(y, 2)%d(z, )"
BeA
© (3.2.35)

Note that if k < 1 then )\ doesn’t matter so we can take A = 0. Then

U], <MD 4 M3, (3.2.36)
‘We now introduce the localised lemma that we use to bound the solutions. The difference
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between this lemma and the previous one is that instead of a compact support of the

right-hand side, we introduce a blow-up at the boundary in the way we measure objects.

Lemma 3.2.3. Let 1 < k < 2 and A C (—o0, k| be finite. Let U be a bounded function
of two variables defined on a domain D x D such that U(x,x) = 0 for all x. Let dy > 0
and assume that for any 0 < d < dy and Ly < % there exists a constant Mgd)’ L, such
that for all base-points x € D; and length scales Lo < L1, it holds that

L311(9 — A)ULy () | paryy < My, S LEL P, (3.2.37)
BeEA

Assume furthermore, that for L1, Ly < % there exists a constant M (D2d) Li.Lo such that,
forany x € Dgandy € B(x, Ly), there exists Ay, ) = (A (y,2)), € R? such
that, for any z € B(y, Ls), the following "three-point continuity” holds:

U(z,2) = Uy, 2) = Ulz,y) — My, z) - X (2 —y)|
< Mf(jzd),Ll,Lz Z d(yyx)ﬂd(z,y)“_ﬁ, (3.2.38)

BeA
Additionally define
M = sup as MY . and M@ = sup d< M d -
d<dp Dd7§ d<dy Dd7§71
Then
sup d*[U]..p, <MY + M® + sup |U| p,.q- (3.2.39)
d<dp d<dp

The following lemma gives bounds on the derivative. It can be used both for the
derivatives of the trees in Section[4.4]and for the derivative of the solution in Section 4.9

Lemma 3.24. Let & > 1 and U € C*(R x R?) then, for the optimal function v in

B-234), for any r € (0,0),
)| S UL +r U] (3.2.40)

Suppose furthermore that there exists a constant M and, for all z,y € R x R%, a vector
My, 2) = A (y,2))L, € RY such that for any z € R x R? one has the three-point

continuity bound

U(z0) = Uly,a) = Uz y) = M) - X(z = )l < MY d(g,a) ()
e (3.2.41)

Then, if we write f(z,w) = (fO(z,w)); where f0)(z,w) = v () — v (w) +
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XD (z,w), one has

[fleo1 S[Ule+ M . (3.2.42)

A localised version of this lemma is as follows:

Lemma 3.2.5. Assume that D satisfies a spatial interior cone condition with parameters
ro > 0and p € (0,1), ie. forall v € (0,719, for all x € D, for any vector § =
(04, € RY, there exists y € D such that d(x,y) = r and

10Dy > Bd(x, )]

Let k > 1 and U € C* then, for the optimal function v in (3.2.4) and for all r € [0, ro],
we have the bound
Bllvllp < 'Ulep +r | Ullpy - (3.2.43)

Suppose furthermore that there exists a constant M and, for all x,y € D, a vector
My, ) = A\ (y, )L, € R? such that for any z € D one has the the three-point

continuity bound

U(z,2) = U(y,z) = U(z,y) = Ay, 2) - X(z — )| < M Y d(y,2)"d(z,9)"" .
e (3.2.44)

Then, if we write f(z,w) = (fO(z,w))L, where f(z,w) = v®(z) — v (w) +
XD (z,w), one has, for every r € [0, 1),

[fls-1,0 S [Ulk,p + M + 175U D,y - (3.2.45)

3.3 Translation to the language of regularity structures

Although our argument is not formulated using the terminology of the theory of regularity
structures, the analysis of the small scale behaviour, Theorem Lemmas m and
[3.2.10]as well as the Schauder estimate [3.2.3] build on the same key ideas as this theory.
We now provide a translation of how the lemmas that appear in this section can be stated
in terms of the central objects introduced in the theory of regularity structures such as
the models, modelled distributions, and the abstract integration operator. This section is
aimed at those interested in this theory but plays no role in the results presented in this
chapter, beyond explaining why the assumptions we make in section [3.2.2] are reasonable
in this framework. In the next chapter however we will revisit the theory of regularity

structures and introduce a slightly different formulation.

We begin by recalling the setup of regularity structures, introduced in section [I.2} in

[41, Definition 2.1] a regularity structure is defined as a triple (A, T, G), consisting of
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an index set A C R, a graded vector space T' = @ .4 To and a group G of linear
transformations acting on 7" with some additional properties. In this framework, the
local description of the solution u is encoded by replacing the scalar valued function
/ distribution u by modelled distribution, which is a function / : R x R3 — T for a
certain purpose-built regularity structure. To build this structure one first introduces

some symbols, namely
ALYV u{X;:i=1,23}.

At this level these symbols with a bar on top are completely abstract objects, but of course
they ultimately represent the functions / distributions appearing in the local description.

To each of these symbols 7 one associates a homogeneity |7| € R, namely
— — _ — 1 _
T=0, [Xi|=1, [=-5-¢ [FI=5-3¢ [Y[=1-2e

The space T is then defined as the finite dimensional space

T = @ R,

7e{1,X;,1, %7}

and A is defined to be the set of homogeneities of these symbols. It turns out that the
modelled distribution ¢/ takes the form

Ux) =T+v(x)1 - —30@)Y - ()X, (3.3.1)

for some functions v and v (which of course coincide with our functions v and /). For
our analysis we choose to work with a local description for v = v — T, which in the

notation of regularity structures would take the form

V(z) = v(x)1 —¥ - 3v(2)Y —v(z).X, (3.3.2)

i.e. the only difference with respect to (3.3.1)) is that the term T is removed. Equation
(3.3.2) should be viewed as an abstract counterpart of our equation (3.2.26). For us
it is more convenient to work with v rather than u to get good bounds on the error
term (v7)3 — (v3)7. We argue below that the regularity assumption we impose on V is

equivalent to the condition imposed on ¢/ in [41].

Just like our main result, Theorem [3.2.1] the solution theory using regularity structures
requires a perturbative expansion as an input. There this expansion is encoded in the

notion of a model [41} Definition 2.17]. To each of the symbols, one associates a function
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or distribution II7 corresponding exactly to our definitions (3.2.11)), and (3.2.13), i.e.

A key idea of the theory is to not work with these distributions directly, but with centred
or positively renormalised objects, I1,7 indexed by a base-point in z € R x R3. The
right notion of regularity for the modelled distributions U and V is then defined in term

of this recentring procedure.

For the symbols we have introduced so far, the centring is relatively simple and amounts

to subtracting the value at the base point for the symbols of strictly positive homogeneity:

I, 1(y) = 1, L X;(y) = yi — i, I 1(y) = "(y),
ILY(y) =Y(y) —Y(z), ILY(@y)="Yy) — Y.

The reason why one works with these centred objects is that one has good control over
their behaviour as the argument approaches the base point x. This is encoded in the
formula [41, Equation (2.15)],

(I, o) S AT, (3.3.3)

where ¢ is a smooth test-function rescaled to scale A and centred at the base-point z.
This corresponds exactly to our regularity assumption on the Holder norms of the objects,
see Section [3.2.2] (our scale is called L rather than A and the test-function is called ¥
rather than ().

In order to connect the centring procedure to the functions I/ and ) and to formulate the
right continuity condition, it is useful to introduce the structure group G. In the current
context this group is simply the five-dimensional group of all linear transformations F’

on T of the form

FY=Y+bl beR, FY=Y+cl ceR, (3.3.4)

but this group will be enlarged as more symbols are introduced below. For each z €
R x R? we define F,, € G by

F, =X, — 1, F,1=1,
F, ¥



so that one gets
1,7 =11F,T.

Now, for z,y € R x R? we set
Tyy=F, ' oF,,
and we trivially have the identity, cf. [41} Definition 2.17].
I, =1, 0, (3.3.5)

The continuity assumption on &/ and V is formulated in terms of the translation operators

I'zy. U is said to be a modelled distribution of order ~y if
() = Tayth ()5 < d(z, )77,

where || - || g refers to the component in 7. It is easy to check that for both, 2/ defined by
(3.3.1)) and V defined by (3.3.2), this condition translates precisely into the “modelledness

conditions”

lu(y) — v(z) +¥(y) — Y(z) — v(z).X(y — 2)
+3v(z)(Y(y) — Y(2))| < d(z,y)"7,
v (y) — v(e)| S dle,y), (3.3.6)
o(y) — v(@)| S d(x,y)? =%,

and this condition for v = % — be corresponds exactly to the regularity assumptions on

U, v and v we work with.

The main feature of the space of modelled distributions is that although expansions like
(3.3.1) are ultimately used as good local descriptions of distributions, one can multiply
them as if they were of positive regularity, provided one can expand the action of the
model to new symbols that are seen as products of the symbols introduced earlier. For
equation (3.1.1)) one has to get a bound on u3 = (v + 1)3 = v3 + 3021 + 3vV + V. We

aim to bound this in terms of:

e A high-regularity norm on v, namely the D" norm of the modelled distribution V,

which is defined as the smallest possible constant in the inequalities (3.3.6);
e The low regularity L norm ||v||;
e The bounds on the various stochastic terms.

3

The term v can immediately be bounded by ||v||* and ¥ is a stochastic term which does
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not involve v. The only terms which require work are 3v2t and 3vV. The distribution V*
has regularity —1 — 2¢, so a description of v to order v > 1 + 2¢ is required. Such a

description is precisely provided by (3.3.2). One now defines new symbols
V.V, % % V), (3.3.7)

associates to them a homogeneity using the rule |77| = |7| + |7|, and simply defines a

new modelled distribution for the local description of vV by
WW(z) = v(x)V+ ¥ — 3v(x)¥ —v(x)\V. (3.3.3)

This definition becomes substantial by extending the model (II,,I';,) to these new
symbols. One would like to extend the operator II, to these products simply by defining
locally

1L (77)(y) = (W7 (y)) L7 (y)),

but such a definition may not be meaningful when the regularisation is removed. Fortu-
nately, there is some flexibility at this level. The main requirements for multiplication to
be well-behaved are only that (3.3.3) and (3.3.5)) remain valid for the new symbols and
additionally that one has the identity

Doy (77) = (Lay7) (LayT).

It is here that the positive renormalisation, and hence the action of the structure group
(G becomes more involved than subtracting the value at a base point and the condition
|77| = |7| + |7| becomes strictly stronger than Holder regularity. For example TT%
is a distribution of regularity —1 — 2¢ but its homogeneity is strictly larger, namely
—% — 5e. The condition (3.3.3) states that near any base point z, II% is well described
by a ‘¥(z)IIV up to an error of order —% — be, which is strictly stronger than a bound
on the C~172¢ norm of it. Our definitions (3.2.12)) and the assumed bounds (3.2.17),
(3.2.15), correspond exactly to the definitions for II,, and the bound in
[41]]. The only difference is that Hairer defines the trees 1,¥ and ¥ using the inverse
heat operator with some cutoff at large scales and appropriate right-hand side. We only
assume that they satisfy the heat equation point-wise without imposing any boundary
conditions, but we additionally impose some natural regularity bounds, as explained in
Remark [3.2.5] Combining Hairer’s multiplication theorem [41, Theorem 4.7] and his

reconstruction theorem [41, Theorem 3.10] then yields the estimate

[(ROWV) = L (VV), )| S X717 |Vlps |11,
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where ||I1|| is the smallest possible constant in all of the assumed bounds on the model.

This is essentially the statement of our Lemma[3.2.10]up to a few points:

e Some of the terms in IT,(VYV) are removed from the left-hand side of (3.2.31) and
added to the right-hand side using the triangle inequality.

e We prove these estimates “by hand” without using the algebraic machinery dis-
cussed above and in particular without introducing the group G to organise the
various continuity assumptions. More precisely, Theorem [3.2.8] is a condensed
version of [41, Theorem 3.10] which contains the key analytic estimate, but as-
sumes the output of the algebraic machinery. In the case, of the algebraic
manipulations are not too complex and can be done directly quite easily, and that

is precisely what we do in the proof of Lemma|3.2.10

e Along the way we keep track of the precise norms needed in each term, rather
than compiling them in ||V||p~ and ||II]|. This added level of detail is important
for us, especially when determining the exact exponents of each tree appearing in
our final estimate (3.2.19).

The treatment of the term v2! goes along similar lines. As 1 has better regularity than V,
namely —% — ¢, alocal description of v? is only required to order > % + ¢ and this is
provided by

V3(2) = v*(2)1 — 20(2)Y,

which in turn prompts us to define
VAI(z) = % (2)T — 20(z)B.

Again, our assumption (3.2.16)) corresponds exactly to the homogeneity condition (3.3.3))
in [41]] and our Lemma [3.2.9]is obtained by combining the multiplication and recon-
struction theorem and applying the triangle inequality, this time to remove the term cor-
responding to I, V1 from the left hand side completely. The Holder norm [v + ¥]; o,
which appears on the right hand side of our estimate corresponds to the norm of
the modelled distribution one obtains by removing the terms —3v(x)Y — v/(z).X, which
are not necessary here, from the definition of V in (3.3.2).

The last ingredient from the theory of regularity structures concerns the heat operator.
For us, the gain of regularity for solutions to the heat equation is expressed in Lemma
[3.2.3] and this corresponds to [41, Theorem 5.12]. As stated above in (3.3.6), we seek a
local description of the solution v of order v = % — 5e. The heat operator (9; — A) ™! is
a 2-regularising operator (5 = 2 in Hairer’s theory) and thus it seems reasonable that a
local description of the right-hand side of up to order —% — be is required as
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input for the Schauder Lemma. Therefore we work with
W(z) = v(z)V + V.

At this point we slightly deviate from Hairer’s approach: his Schauder Lemma [41,
Theorem 5.12] assumes that the right hand side is a modelled distribution of strictly
positive order, because he applies the reconstruction operator as part of the argument. We
circumvent this by viewing the reconstruction as an extra input to the theorem. Imposing
that VV is a modelled distribution of order —% —5e [41}, Definition 3.1] translates precisely
to our three-point continuity condition (3.2.38)), and our smallness assumption (3.2.37)
corresponds to [41, Equation 5.42], which in the notation of this section would be

[(RW — TLW, )| S A2 75 (33.9)

~

The exact statement of the assumption (3.2.38)) appears slightly stronger than (3.3.9)
because of the L°° norm on the left-hand side and the extra parameter L, but in practice
the seemingly stronger bound can be obtained easily from the weaker bound using

triangle inequality and some lower-order regularity information.

In the framework of regularity structures the operator that encodes the integration of a
modelled distribution is described as the sum of three operators. The first operator 7
acts point-wise on the modelled distributions by a shift of coefficients. The action on the
trees is:

v=y Iv=Y.
The continuity of the coefficients for a modelled distribution is transferred accordingly
under the action of Z. In our setting, this is also automatic and follows from our

assumptions, as explained in Remark [3.2.5]

The non-trivial part of the integration happens on the levels 1T and X which is encoded in
Hairer’s theory in the operators 7 and \. We have again a direct translation, although

we do not need to split the operator.

NW(z) = ((0, — A) (=0 — 30?1 = 3(v — v(2))V) |y=z) T + v(2) X,
T (@)W = (3v(z)¥ — V)1

The differences between our approach and the one adopted by Hairer is that in the spirit
of [62] we use a kernel-free approach and we have a special treatment of the boundary
on the levels 1 and X. We are also more precise in our final bounds in the sense that, as

in the definition of V¥V, we keep track of the precise norms needed in each term.
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3.4 Proof of Theorem 3.2.1]

3.4.1 Assumption

We assume that the bound of Theorem [3.2.1]in terms of powers of trees does not hold on
a domain D = P,, and use that assumption to prove that then bound in % holdﬂ Our
assumption is stated as such:

n.(L—e
VreT, [, <clollyz7, (34.1)

for some constant ¢ < 1 that we will tune later, according to conditions suggested by

equations (3.4.18) and (3.4.32). With these assumptions, Lemmas [3.2.9|and [3.2.10| can

be restated as, for any x with B(z, L) € D,

L3¢ 5—e L_7e —4e
(N (@) Sellv +Vh-2e e L2 vlp " + 1 _sepen L2 IlvlE™)

—1_e %—E —4e 3—4e 1_7e %_75
+o(L2 ol + Lol ™ + L2 lollp ) (3.4.2)
and:

|((v —v(z))V)r(z) + 3Ca (v + 1) ()]
5+ (U5 _se B(a,r) + [V]%—E)e,B(z,L))HUHID_%)

1_
SeL3 (0] g ey 10115
S—ber 1 5 —4e — — —2e
eIl LT 4 L)) + e pelvl L7 (343)

3.4.2 Applying Lemma[3.2.3

For any domain D, for x, L,T and d such that B(x,L + T') C D,, we prove the
following bound, which is the first condition to apply Lemma[3.2.3]

1_ —1— -
10 = AU, )7l Be,ny S Iollp + L2 T o]y s p, allvll 5>

1_ 3¢ 1_ —4e
+e([v + Yi-oemen T2 0llp ~ + )1 _se pen T2 I0I5™)

NI

—=—€ %_6 —4e 3—4e 1 _7¢ %_76
+e(T7 2ol +Tollp ™+ T2 ol ) (3.4.4)

1 _7e 2—4e ) 1—2¢
+cT ([U]%—SE,B(JC,T)”UHD +(Uls seBar) + W1 s pam)llvllp )

3_Be, _1_ _ _ e
te(llvll T2+ T4 o154 + vl ayclivllp 2T,

where v is the optimal function in the definition of [U]s 5, p, .
2 )

!"This assumption is not mandatory to the proof but it simplifies greatly the computations, in particular
(B:420), by allowing one to replace all occurrences of norms of trees by powers of ||v|| p.
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Let z be an arbitrary point in Dy, and y a point in B(x, L) C Dy. We have

(& — AUz, )1 (y) = / Ur(z — y)(0 — AU (x, 2)dz

= —(*)r(y) = 3(w*Nr(y) — 3((v — v(@)V)7(y) — 9C2(vr(y) + 17(y))
= —(v*)7r(y) — 3(*Nr(y) — 3(v(y) — v(z
=3((v —v(y)V)r(y) — 9C2(vr(y) + 7 y))

"
)

We bound the some terms of this expression by the previous bounds (3.4.2)) and (3.4.3)

and the remaining ones as follows:

[(v*)r(y)] < HUHBy,T) 0], (34.5)
(w(y) — v@)Vr ()] < d@.y)F Pl p, (T >Vt
A PR [ e (3.4.6)

This proves (3.4.4).

The three-point continuity on U holds as follows. For any « € Dy, for any y € B(z, %),
for any z € B(y, %)

‘U(y,ﬂ?) - U(‘T’ Z) - U(Zvy)

=3Ju(x) — v(2)[[V(y) - ¥(2)]
<]y g p, a[Vi-acd(@, 2) 2 d(y, )"
(3.4.7)

<3C[U],,3€Dd allvl|p*d(w, 2)2 [y, )17

1
2

Lemma applieslto U with kK = % — be. Note that in the bound [3.4.4|we see powers
of T higher than 72 ¢ but we use the fact that 7 < d to make up for that. After a few

simplifications we get

3_ 3_
supdd Uy g, p, S sup (ol + A3 cluly g o, ol
d<dp d<dp

5_ 3 3_ 3_ 5_ I7
+c([v + Y]i-2e,pgad? lo]|B° + d? EHUIIB Aol )

+cd7 76<[ ]*—36 D, deH2 46+ ([U]%_567ded+[ ]’_55 1Das d)Hv”l 26)
(3.4.8)

(ol >3 4 Yol ) + [ pyelolls a2 + [Ulp,.a).
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3.4.3 Simplifications

Our goal in this section is to produce bounds on the norms [v] 1 3¢ Dy [v+Y]1-2¢,D,.d

and [U]s_5_p that depend only on ||v||p, in particular independent of each other.
55,

We introduce the following elementary bounds, which can be deduced from triangle

inequalities and application of the Assumption [3.4.1]

_ 1 1
(V35,040 < 47 Ws 50 p, + V)1 _se +3d27 0], [VI1-2e + = v|p,

3_3 1 1
<d1_26{U]%_5€7Dd+CHfUHE 5+3Cd§+€||v||%);26+d§+3e||VHDd

(3.4.9)

and

1_
[U +W]1—26,Dd7d < dz 36[U]%—5€,D,1 + 3||UHDd [Y]leE + dQeHV”Dd

1_ —2e
< dz 36[U]%_5€7Dd + 3cl|v[|5% + d*|lvl| b, (3.4.10)
and we recall that from Corollary we have the two bounds, assuming d € (0, 4],
15, _
I, SU1s 50, p, 2> + 1U]lpyyad ™" (3.4.11)
and

_3
[V]%—Sst g[U]%—E)e,Dd + [U]%—Se,Dd»d[Yh—Qe +d 2+5€HUHDd,d

— _3
g[U]%—E)e,Dd + C[U] —3E7Dd7d”UH1D % +d 2+5EHUHDd7d' (3.4.12)

1
2

We will also be using the bound

1
Ul pa <2110llD + [¥]3_sed> ™ + 3]0 p[Y]1-2ed' >

3_
<2|vllp + ed2 73 v]| 3> + 3ed! 2 ||v] 2. (3.4.13)

By combining the bounds above to get bounds in terms of ||v||p and [U] 8 _5e.D, only,

we get the following bounds (in order of logical deduction):

1_ _ _1_ 3_3¢ _ _
lvlp, S d>~>[U]s 5. p, +d Hvllp, +ed™ 27> oll3, ™ + cd>|v]l5. %,

(3.4.14)
1_ —9% _
[v+Y]1-2¢,p4a S d2 3€[U]g_5e,pd +elloll B2 + a1 vl p,
_1_ %—35
+ed 2 Hv||Dd , (3.4.15)
_ _1 3_3¢
W1 —gepad S 4" (0350 p, + 42 ¥|ollp, + cllol|3, (3.4.16)
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+ cd%“HvH%;Qe,

— — 2 _5e 1 —4
W1 se.p, S W15 p,(1+cd "> ollp ™) + A(lvllp,”™ +d= vl 5,*)

345 1426y 1 5-3e _lyg. _
+d7 3ol p, +ed o)D)+ ed o)L 2 (BA41T)

We inject those in the right-hand side of (3.4.8) and we bound positive powers of d by
powers of dy. A few computations permit to reduce the result to the following expression:

3_ 3_
supd2 5E[U]§_5E,Dd Se E dg”””%“ + csup dz SG[U]§_5€7Dd E df)”UHlDa
d<dp 2 3 d<dp 2 ]

(3.4.18)

where the index of the sum  is taken in a finite subset of [0, % — 11¢] and the index [ in
{1—2¢ 2 —¢,2 — 4e}. If we set

do = vl 5", (3.4.19)

. 3_5 . . .
we see that we can get rid of sup,c,, d2 " ¢[U] 8 _5cp, N the right-hand side under
a first smallness condition on ¢ depending on the constant implicit in <. Note that if
(3.4.19) defines dj too large, it means that we already have a bound on ||v||p. If the

smallness condition on c is satisfied, we have:

sup d2 U5 _s, p, < cllvllp. (3.4.20)
d<dp 2

In this equation and in the following, < does not depend on this first condition on c.

~

Applying this to Equations (3.4.14)) to (3:4.17) gives

sup dHl/HDd S CHUHDa (3.4.21)
d<dp
sup d' [0 + Y1 -2cpya S cllvllp, (3.4.22)
d<dp
1_3¢
sup d2"*[v]1 g, p 4 S cllvllp, (3.4.23)
d<dp 2
3_
sup d2 56[1/]%_56,,34 < c||v||p- (3.4.24)

d<dp

Applying estimates (3.4.20) and (3.4.21)-(3.4.24) to (3.4.2) and (3.4.3)), we have, for
d < dpand B(z,T) € Dy,

5_
(02N (@)] SeA(d 2T || 57 4+ d 2 T T4

< 3 (3.4.25)

).

)
5_ 7_
+ (T2 ol 3+ T o34 + T2 7o) 377
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and

(WV)a(z) + 3Ca(or + 12)()| S clolly T 1
4 ETET( o a3 3%

35
+ (ol "TTE G T ) + AT o2 (3.426)

In this last estimate, we have used triangle inequality to get ||[vVr||p,, . out of the left
hand side, and then used the assumption (3.4.1) to bound it.

3.4.4 Application of Lemma

We now go back to the original equation, and start to study large scale behaviour. We
convolve the equation (3.2.18) with ¥

(815 — A)(U)L = — (’UL)S — 3(U21)L — 3(UV)L — 9CQ(’UL + fL) — (\V)L (3.4.27)
+((vz)® = (°)1).

Lemma implies that for all 7 > 0 and 0 < R’ < R such that 7 + R < %, we have

1
2 3
I DLl

(V)1 + 3Cs(vr, + 1)1 H(\V)L|y;;+R,}. (3.4.28)

1 1
1)L lp e S max{ = 102)* = ()il

R’ R’

Pr+R/ ’ T

The goal is now to balance the commutator and the renormalized powers of the noise
term by choosing the parameter L appropriately. We first mention that applying (3.2.9)
and then Assumption [3.4.T] gives the bound:

1 1_ 1
Jollr S mas{ s LAl gy 00— @Ol

1 1 1
1@ DLl 0 1 0V)e +3Ca(o + 1) E Il )
(3.4.29)

We need estimates on the commutator (vy,)3 — (v3). This is easily obtained as v is
C’%f?’e, using the moment bounds (3.2.8) and (3.2.9). For any z € P, r/,

((vr)* = (0*)1)(2) = /‘I’L(Z —72) (vi(2)® —v(2)%) dz
1
_ / Wy (s— z)/o (w1.(2) — v(2)) 3 (Wi () + (1 — \)o())? dAdz
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<3Hv||23(z,L)/‘I’L(ZZ) (vL(z) = v(z) +v(z) = v(z)) dz

_ 1_3, _\1l_3, _
ey [ ale=2) (L5 (a2 o]y g pie
1_3¢
<6HU”%(Z,L)L2 ’ [U]%—Se,B(z,L)‘

Since this is true for all z € P, g/,
3 3 2 1 4
oV P | S 7 % PRSPV €K

In conclusion of this step,

||’UH17'+R S
l*2—3€ v l 76_6”’[)“3 v 3
7_367P’I‘+R7[72L’ P’r R/ —L ,1_367{:7 / 72[ )

1
maX{R_ R,,
1 1 1

12N ellp,, o V) +3Ca(r + WG IS} 343D

3.4.5 Choice of scale

We now apply the assumption (3.:4.1)) with 7 = ¥ and the results from the previous
steps, (3.4.23)),(3.4.23) and (3.4.26)) to equation (3.4.31)). In (3.4.31)) we choose

d
R’:doandL:?O,

for some k£ > 2 to be specified. Recall that dy = W, as set in (3:4.19). In the left-hand

side of (3.4.23),(3.4.23) and (3.4.26) we make the particular choice
k—1

d=dp

Since k > 2 we have d ~ dy, and we also have L + d = dy so [[v[|p_, ., _, = [|v]lD,-

Equation (3.4.31) simplifies to

1
”’UHPH_R < Cmax{m7 |
o]l p, {02 (k—%+36 § g lBe | g bATe | p—dTe +k2€>
(3.4.32)

]| p, k245, [lo]| g, kB,

+ C<k—%+e + LAe + k—%-{—?e + it + k%+5e + k%+3e)} ;’}7
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for some constant C' > 1. We see that we can choose k large and then impose another

smallness condition on c to get,

C 1
HUHPR+T < maX{m,gHvar}. (3.4.33)

3.4.6 Iterating the result

If we have R > 2R’, then we can rewrite equation (3.4.33)) for » = 0 as

2C
lvllp, < maX{R,HU2||P}. (3.4.34)
The first argument of the maximum (3.4.34)) is equal to the second one for
4C
R=Ry = +——.
[ollp
This is not in contradiction with R > 2R’ = ﬁ as C' > 1. We now define a finite set

0:R0<...<RN:%bysetting

Rni1 — Ry = 4C|0||5}

as long as the times R, defined this way stay strictly less than % We terminate

the sequence once this algorithm would produce a R,y > % in which case we set
Ry1 = Ry =  or once the Assumption (3:41) does not hold for D = R,,. Note that
4Cv H;}in is increasing in n so the sequence necessarily terminates after finitely many
steps. Equation (3.4.33) applied with » = R,,_; for n = 1...N then gives the bounds

for smaller and smaller parabolic boxes.

2C 1
10l Prn,, <max {7 Sllolle, , }- (3:4:39)
hence for R = R,, — Rp—1,
1
1l pr, < 5lvllee, - (3.4.36)

We now show that the bound (3.2.19) in Theorem [3.2.1] holds for all R = R,,,n €
{0, ..., N}. If Assumption (3.4.1)) does not hold for D = Ry it is immediate, in the

other case for k < n, [[v][p,, < ||v]lPg, 25— and hence
n—1 n—1 n—1
Ry =Y Rpy— Ry = Z4cHU|y,;;k <A4C||v] 1y, > 2 Solp, - (3437)
k=0 k=0 k=0
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For the end point R we have either Ry_1 > % or Ry — Ry_1 > i. In the first case
we invoke for n = N — 1 and in the second case the definition of R,,11 — R,
in both cases yielding a bound on |[v|[p,, . Finally for values R € (Rp, Rnt1), we
use the definition of R, 1 — Ry:

R< Ryt = Rys1 — R+ R S 0l + R S ol oy

This concludes the proof of the theorem.

3.5 Proof of lemmas

3.5.1 Reconstruction
Proof of Theorem

For this proof, we will use the following notations for f a function of one variable and I

a function of two variables:
FOrl@) = [ (e =Py (3.5.1)

This is the only place where our particular choice of convolution kernel is crucial. It

enables us to use the following factorisation:

[1F, Oro-al(@) = (1B, Orani]) L (@0)]

| [ [ Wraes2 = )81~ ) (Flysr) - Py, 22))dyds

T2-71

< Z Cg/(I)Tin(Qfl — xg)d(ail,xg)vﬁfﬁ(T27"71)'de2
BeA

<Y C(T2 e,
BeA

This proves the convergence of [F) (-)po-n] to f : y — F(y,y) and justifies the bound
on the following telescopic sum, obtained once more thanks to the semi-group property

of our kernel:

N
[P, ()] = [F, Oranlrv-i| =| 3 (B O] = [F, ra-nrlran )
n=0

Tn
N
<Y Y curripe £ X car,
n=0B€A BeA
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where the constant in ” <" depends only on + (in particular not on V), thus proving the

theorem.

Proof of Lemma |3.2.9

To obtain a bound on (v?1)7(y) we implement the following expansion.

(*Nr(2) = (W*Nr(2) = v(2)*17(z) = 20(2)(Y(@) = V)1 (2)

From the bound (3.2.16) we have
[o(@)t2(@)] < [0l Moy T2 (35.2)
@) (P(a) =)@ < 0] (B s T (353

To bound the remaining part, we will apply Theorem [3.2.8]and to that end we set

F(y,z1) = v(z1)*1(y) + 20(z1) (Y (z1) = () 1(y)- (3.5.4)

Then

F(y,x1) — F(y, 22) =(v(z1) + v(22))(v(z1) — v(22) + V(21) — V(22))1(¥)
+ (v(z1) — v(22))(V(21) — V(22))1 ()
+2(v(z1) — v(22))(Y(21) — YY) (y).

By definition of ‘¥ (3.2.16) this gives, for x1,z2 € B(z,T —t)

| / V(w1 — y)(Flya1) — Fly, 22))dy]

1 e
gQHUHDd[fU+.\V]1—26B(mT)d(xla$2)1_26[T] 1 1?2

—5—€

aed(y, ) 0Nyt

5—€

+[v]1 _se B[V

1_
2

+ [v]1 s pamyd(21, 12) 2 73] _yet .

Hence by Theorem [3.2.8] we have the bound

()7 (z) — ()17 (2) + 20(2)(V(2) — V) r(2)]
S 27320l py[0 + Y1 —2e e 1]

1
—5—¢

+T2 701 g piory (V3 acll_ 1 + [#]-a0)- (3:55)
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Together with bounds (3.5.2)) to (3.5.3), we get Lemma[3.2.9]

Proof of Lemma [3.2.10|
The last quantity we need to bound is:
((v —v(z))¥ ) () + 3C2(vr(z) + 17(x)) =
]

V. ()r)(2) = 3C2(v — vr)(x) — (V= ¥(2))V = 3CaN) 7 ()
Bu(@)((Y = Y(2))V = 3Ca)r(2) + v(2).(X (- — 2)V)r(2),

where U (y, ) = U(y, z)—v(z).X (y—=z) and v is optimal in the definition of [U]; 43¢, p-
From the bounds (3.2.17)), (3.2.13)) and (3.2.14)) we have

(V= V(@) = 3CaN)r(w)| <[B]_y 5 T2, (3.5.6)
(@) (Y = Y(@)V = 8C2)r(y) <[[vll s ¥4, (3.5.7)
v (@)-(X(- =y (@) <l [M]-2eT 7. (3.5.8)

To bound the remaining part, we will apply Theorem [3.2.8]and to that end we set

Fy,a1) = (v(@1) + Vla1) = V() +3v(@)(Y(e1) - Y())
—v(w) X (o1 - ) V() — 3Ca(0(1) —v(y). (.59

Then for 21,22 € B(z, T — t),

Fy,z1) — F(y, 72) =3(v(21) — v(22))((Y(y) — Y(22))V(y) — C2)
+ U(z1, 22)V(y) — (v(21) — v(22)). X (y — 22)V(¥).

By definition of ¥ (3.2.13) and V. (3.2.14), this gives
[ witer ) (F 1) - Fyz2))dy

B[)1 g oy A, 22) ]yt

+ [U] g_5e,B(z,T)d(x1, $2)%_55 [V]71726t_1_25

1
sy, 22) 35 V]t~

Hence by Theorem[3.2.8] we have the bound v¥ such that
V. )a](z) - 3Ca(0 — vr) @) S T3 (301, oy B-sc
+ [U]%—Se,B(x,T) (V] —1-2¢ + [V]%—E)e,B(x,T) [V\]—%)- (3.5.10)

80



Together with bounds (3.5.6) to (3.5.8), we get the lemma [3.2.10,

multiplication by C? function

This is a useful lemma that shows a simple application of the reconstruction lemma.

Lemma 3.5.1. Let g be a C? function and let h be a distribution of regularity v > —2.
Then gh € C7 with [gh], < [h],(1 + /")

Proof. We do the proof in one dimension for simplicity. It is identical in higher di-
mension. Once again, we do not concern ourselves with existence so we may assume
that g and h are actually smooth functions, but we only allow a control with their given

regularity.

Take the Taylor expansion of g: g(y) = g(z) + ¢'(y)(y — =) + Err(z,y) where
|Err(z, )| < llg”|llz — y|*. Then define F(y,2) = (9(=) + ¢'(y)(y — x))h(y). We

have by triangle inequalities

|F(y,z1) — F(y, 2)| = [h(y)(g9(x1) — g(x2) + ¢’ (y)(z2 — 21))]
< [BW)Ilg" |(Jz1 — 22| + |22 — yl)?

Therefore
‘ /‘I’l(@ — ) (F(y,21) — F(y,22))dy| < 4/|g"||[My (|21 — 22?17 + 1712,
and the reconstruction lemma applies, giving
‘ /‘PL(w = y)(9(z) = 9(y) + 9 W)y — 2)h(y)dy| < lg"lI[A L7,
which in particular guarantees that gh € C? with [gh], < [h],(1 + ||¢"])). O

3.5.2 Schauder theory

We only prove the most complex of the lemmas, the proof of the others an be understood

by removing the unnecessary arguments from this one.

Proof of Lemma[3.2.3

STEP 1. We claim that for all base points x and scales 7', R and L with R < % and
such that B(z, L) C D, it holds:

inf |Ur(-,2) = Ul p@,R) (3.5.11)
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R2 K—
N L2 lnf”UT( ) _ZHB(z,L) +L2 {x}LZTIB 2L B
BeA

where the infimum runs over all affine functions [(y) = C.X (y — x) + c. To prove this,

we define a decomposition Up (-, z) = us + u~ where u~ is the solution to
(Or — A)us = 1p(4,1) (0 — A)Ur (-, ).

with Dirichlet boundary conditions. By standard estimates for the heat equation [49,
Cor.8.1.5],

G237 o
lus B,y < L?(|(0, — A)Ur(2)|B@r) < LZM{x} I Z TP=2L5P,

BeA
(3.5.12)

As (0 — A)uc = 0 on B(z, L) for 0 € {0, 0;0;} a differential operator of order 1 in
time or 2 in space,

10u<| pa,ry < L2 uc — 15| Bar)s
for any affine function /-, where we used R < %, and the fact that the differential
operators used cancel the spatial linear functional. Next we define a concrete affine
function [« via [ (y) = u<(x) + Vu<(z).X(y — x) and observe, using Taylor’s

formula,

e = 1<l Ba,r) SR |Du<| B(a,r)
R2
<ﬁ||u< — > |Ba,1)

R
<7z lUr(2) = Ll + lusll e,z

Using the triangle inequality once more and (3.3.12)) gives:

U (-, 2) = 151 B(a,R) <||U< — <l B@,r) + lu=lB@,R)

NLQ HUT( z) = > B(o,z) + lusll B(a,r)

@RQ
< 2 lUr(s0) = Bl + LM (1) DY i A

BeA

which implies (3:3.13)
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STEP 2. We claim that for all base points x and scales 7', L, it holds:

(- 2) = UG 0) | pr) < M) gy O RIT* P 4+ TU, gy (3.5.13)
BeA

Indeed, since W is symmetric, it integrates to 0 against linear functions hence for any
y € B(z, R), we have

Urly.) = V(o) =| [ Wrly - )00 - Ulgoa))a]
~inf | / Uy — 2)(U(z,2) — Uly,z) — U(z,y) + Ay, 2) - X(z — y))dz
v(y)
+ / Uy = 2)(U(z) — v(y)- X (2 — y))de|

<M§";’R7T Z d(y’ x)ﬁ / ‘IJT(y - Z)d(z, y)”—ﬂdz
BeA

+( swp inf sup d(y,2)*|U(2,y) — v(y) X (=~ y)|)
yeB(z,R) YY) 2eB(y,T)

X /\IIT(y —2)d(z,y)"dz.
STEP 3. We prove

sup R_“irllf 1U(, z) = U B(a,r)

R<<d
< MY a2k 4 s@2) k=B 4 @ 2(H—5)>
N/J’EZA( {90}7%6 + x},%fi ‘ + {x},gf%‘ie
9_9xd " 2
—Z4ZK K K
+ € 2fﬁ”Uv(, CU)”B(L%OJFGQ)) + (6 +e€ )[U]&B(x’% 7622d‘ (3514)

Multiplying Equation (3.5.11) by R~* and fixing the length ratios R = eL = ¢~ 'T for

some € < % to be fixed below, we get for any point z € Dy and length L < g,

R_”irllf 1Ur (-, 2) = U B, R)

S LT EUr () = Uy + Y Mp,) e 27
BeA

Taking the supremum over L < % while keeping the ratios R = ¢L = ¢~ T fixed we get

sup R™" iIllf |Ur (-, 2) — || B(a,r)

R
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S sup L™t [Ur(, 2) — Ul B,y + sup > M L

L<§ L<§ peA

<€ sup L inf |Ur (-, 2) — | par) + sup Z M pe s
Lgezd : L<2 BEA

+e¥7 sup L_”irllf 1Ur (-, %) = U Ba,L)-

The last term is bounded by

A AN Hd‘
(5) W0 @lpe,g) < @I MUC Dl g, a4

Hence we have
sup R~ inf |Ur (-, ) = Ul B(a,R)

ST sup Lt U (@) = Ul
L

1) _ 9 d"
+5 M) e 2R 2 UG ) g 143y
BeA

where the ratios between L and 7', and R and T are fixed only within the supremum

operators. Applying Equation (3.5.13) gives

sup R inf [0, ) = Ul e

) 4428k (2) n—ﬂ)
a3, M 2

Kd " K
+e7? <IUC )HB(x,g(Hg))"‘f [U],{,B(x%),ﬁ

+ 27" su}:l L~ lrllf 1Ur (-, 2) = U B(a,1)
LS
< ( A28k | @) B 4 @ (k=)
Z {z}vz {m}v%vesz {x}7%’622d )

d—K)
2—-2K K 24K
te FHU(',%)HB(Lg(Hg)) (" +e )[U]mB(I%),eid

2 sup L7 inf U, 2) = Ul e -
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The last term on the right-hand side can now be absorbed into the left-hand side for e
sufficiently small, giving the bound (3.5.14)

STEP 4. We prove that

sup d"[Ulx,p,
d<dp

sy (M(Ue*‘“?ﬁ*“ + M<2>e”*/3> + (e + 22 sup |U| pya. (35.15)
BecA d<do

We first argue that we can change the order of the supremum and the infimum in
SUP pe ed R™"inf |U(-,x) — || p(a,r)- Since U(x,z) = 0 it is clear that one can
restrict to [(x) = 0 hence [(y) = C(x, R).X (y — z). We argue that C' may be chosen
independently of R. Let C'r be the (near) optimal constant for the radius R. Then

R=D|Cp — Cpl < sup R f U (%) — 1| pa,)-

R<<

Since k > 1, this can be extended by summation to all R < %i, thus there exists a near

optimal constant C' independent of p. We then have
inf sup d(z,y)"|U(y, x) —v(z). X (y — 2)|
A0 atyeB e )

<iof sup RTHU(,2) = Uip@,R)

R<<
S sup Bt U () = U ey

R< <

Therefore, if we take the supremum over x € Dy in Equation (3.5.14) then multiply it
by d” and take the supremum over d, we get

sup d® sup inf  sup  d(z,y) "|U(y,z) — v(z).X(y — )|
d<dp €Dy v(z) r#yEB(x,%)

S supdr 30 (M) e ML ) 4 sup U]
2

d d
d<do o Da,5 Dy, %, d<do

+ " supd® sup  sup inf  sup d(y,z) "|U(z,y) —v(y).X(z —y)|.

d<dp z€Dy yeB($7%) V(y) zEB(y,E27d)
y#z

The last term can be absorbed into the left-hand side for € small enough since for
y € B(x, %) we have d(y,0D) > d(1 — §) and consequently for z € B(y, 627‘1), we
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ed(y,0D)
2

€2d
have d(y, z) < 205

N

, which gives

supd” sup inf  sup  d(z,y) "|U(y,x) —v(z).X(y — )|
d<do €D V(®) gotye B(z, L)

< sup d” Z (M(Dl) g€ Hr M w EQde'{*B) + e sup |U||p,.da-
d<do  pi drg Da, %, 5" d<do

We concludes the proof of (3.5.15) by extending to all y € D, with the following

argument

sup inf sup d(z,y) "|U(y,z) — v(z).X(y — z)|
2€Dy V(%) ayeDy

<sup inf  sup d(ay) M[U(y,x) — v(2). X (y — )|
z€Dy V(x) :c;éyEB(z,%)
+ sup inf  sup  d(z,y) "|U(y,z) —v(z).X(y — 2|
€Dy V(m)yeDd\B(x,%)

Uy, 2) —v(@)- Xy~ )|, (%)*NIIUllDd,d-

< sup inf  sup
h z€Dy V() yeB(z,<d) d(z,y)"
zF#y

Proof of Lemma [3.2.5]

From the definition of U], p in (3.2.4) used with variables =,y € D, and with triangle

inequalities, we get

v(2). X (y — 2)| < [Uls,p,d(2, )" + Ul pg.agey)-

Applying the interior cone condition for r € [0, 4] gives the existence of some y with
d(x,y) = r such that

A (@)ld(z, y) < [Uls,p,d(2,y)" + Ul Dy,rs

which proves (3.2.43).

Using again the definition of [U],; p with variables x, y and y, z € Dy, and with triangle

inequalities, we get

Uy, z) = U(z,2) = Uy, 2) — (v(z) —v(2)).X(y — 2)|
< [U]H,Dd(d('xv y)fi + d(yv Z)H + d(.%', Z)H)

We combine this with the three-point continuity condition (3.2.38)), and we assume that
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r>d(x,z)=d(y,z) > @ to get

() = () = A 2)-X (= 2)| S d(w,2) (W + M) ).

Choosing finally y such that |(v(z)—v(z)—\(z, 2)). X (y—2)| = A|v(z)—v(2)||d(y, 2)]
gives (3.2.43) for d(z,y) < r. For d(x,y) > r, we have

d(z,y) " Hu(z) = v(y) = Mz, y)| < 207 Hwlp, + 77 A (2, ).
Applying (3:2.43) for v and (3.2.44) for \ gives for d(z,y) > r,

d(z,y)" " |v(z) — v(y) = Az, )| < [Ulep, + 77Uy
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Chapter 4

A priori bounds for the ®* equation
in the full sub-critical regime

4.1 Introduction

The theory of regularity structures was introduced in Hairer’s groundbreaking work
[41]] and has since been developed into an impressive machinery [10, (11, [18]] that
systematically yields existence and uniqueness results for a whole range of singular
stochastic partial differential equations from mathematical physics. Examples include
the KPZ equation [28| 40], the multiplicative stochastic heat equation [435]], as well as
reversible Markovian dynamics for the Euclidean ®* theory in three dimensions [41], in
“fractional dimension d < 4” [[L1]], for the Sine-Gordon model [20) 46], for the Brownian
loop measure measure on a manifold [[12] and for the d = 3 Yang-Mills theory [[19]].

A serious limitation of this theory so far is that these existence and uniqueness results
only hold for a short time, and this existence time typically depends on the specific
realisation of the random noise term in the equation. Most applications are furthermore
limited to a compact spatial domain such as a torus. The reason for this limitation
is that the whole machinery is set up as the solution theory for a mild formulation in
terms of a fixed-point problem, and that specific features of the nonlinearity, such as
damping effects or conserved quantities, are not taken into account. With this method,
global-in-time solutions can only be obtained in special situations, e.g. if all nonlinear
terms are globally Lipschitz [43] or if extra information on an invariant measure is
available [22| 44].

This thesis is the beginning of a programme to derive a priori bounds within the regularity
structures framework in order to go beyond short time existence and compact spatial

domains. We focus on the ®* dynamics which are formally given by the stochastic
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reaction diffusion equation

(8 — A)p = —¢° +¢&, 4.1.1)

where ¢ is a Gaussian space-time white noise over R x R?. A priori bounds for this
equation have recently been derived by several groups for the two dimensional case d = 2
[55168]] and the more difficult case d = 3 [1}, 135,136} 154]]. In this last chapter we obtain
bounds throughout the entire sub-critical regime, formally dealing with all “fractional
dimensions” up to (but excluding) the critical dimension d = 4. Here we follow the
convention of [[11] to emulate fractional dimensions d < 4 by adjusting the regularity
assumption on &, and assuming that it can only be controlled in a distributional parabolic
Besov-Holder space of regularity —3 + ¢ for an arbitrarily small 6 > 0. Connecting
back to the ®* dynamics driven by space-time white noise, § = 0— mimics the scaling
of the equation with d = 4 and § = 1/2— gives us back equation with d = 3 and the
result there is indeed identical to the previous chapter. This chapter shows how to deal in

most generality with an unbounded (but finite) number of renormalisation terms.

Our analysis uses the method developed in the d = 3 context in previous chapters where
it was shown that if ¢ solves (4.1.1])), on a parabolic cylinder, say on

D =(0,1) x {|z| < 1}, 4.1.2)

where |z| = max{|z1|,...,|r4|} denotes the supremum norm on R, then it can be
bounded on any smaller cylinder Dr = (R?,1) x {|z| < 1 — R} only in terms of the
distance R and the realisation of & when restricted to a small neighbourhood of D. This
bound holds uniformly over all possible choices for ¢ on the parabolic boundary of D,
thus leveraging on the full strength of the nonlinear damping term —¢?. This makes the
estimate extremely useful when studying the large scale behaviour of solutions, because
given a realisation of the noise, any local function of the solution (e.g. a localised norm
or testing against a compactly supported test-function) can be controlled in a completely
deterministic way by objects that depend on the noise realisation on a compact set,

without taking the behaviour of solution elsewhere into account.
Our main result is the exact analogue valid throughout the entire sub-critical regime.

Theorem 4.1.1 (Theorem below). Let § > 0 and let £ be of regularity —3 + 6. Let
{Xe7: 7 € W, N} be alocal product lift of €. Let ¢ solve

(0 — A)p = —¢F + ¢, on D (4.1.3)

where ¢°%3 refers to the renormalised cube sub-ordinate to X.
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Thenv := ¢ — Y .\ XoI(7) satisfies

1 1
HUHDR < Cmax{ﬁ, [X’ 7—] dmg () ,T € NU ]/\}}7

uniform in the choice of the local product, where || o || p,, denotes the supremum norm

on Dp

Here the “local product” denotes a finite number of functions/distributions X7, each of
which is constructed as a polynomial of degree mz=(7), see Section Local products
correspond to models [41, Definition 2.17] in the theory of regularity structures, but
we use them slightly differently and hence prefer a different name and notation. The
functions / distributions X, 7 are indexed by two sets WV and N. Here W contains the
most irregular terms so that after their subtraction the remainder v can be bounded
in a positive regularity norm. The semi-norms [X; 7] are defined in (4.5.11) and they
correspond to the order bounds on models [41}, Equation (2.15)]. The renormalised cube
sub-ordinate to a local product is defined in Definition This notion corresponds
exactly to the reconstruction with respect to a model / local product X, of the abstract
cube in [41].

When analysing an equation within the theory of regularity structures, one proceeds in
two steps: in a probabilistic step a finite number of terms in a perturbative approximation
of the solution are constructed - these terms are referred to as the model already mentioned
above. The terms in this expansion are just as irregular as ¢ itself, and their construction
a priori poses the same problem to define nonlinear operations. However, they are
given by an explicit polynomial expression of the Gaussian noise ¢ and they can thus be
analysed using stochastic moment calculations. It turns out that in many situations the
necessary nonlinear operations on the model can be defined despite the low regularity
due to stochastic cancellations. However, this construction does require renormalisation

with infinite counterterms.

In the second analytic step the remainder of the perturbative expansion is bounded.
The key criterion for this procedure to work is a scaling condition, which is called sub-
criticality in [41]], and which corresponds to super-renormalisability in Quantum Field
Theory. This condition states, roughly speaking, that on small scales the nonlinearity
is dominated by the interplay of noise and linear operator. As mentioned above, in the
context of this condition is satisfied precisely for ¢ € C—39 if § > 0. Sub-
criticality ensures that only finitely many terms in the expansion are needed to yield a

remainder that is small enough to close the argument.

It is important to note that while subcriticality ensures that the number of terms needed in

the model is finite, this number can still be extremely large and typically diverges as one
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approaches the threshold of criticality. A substantial part of [[L0} 11} 18] is thus dedicated
to a systematic treatment of the algebraic relations between all of these terms and their
interaction, as well as the effect of renormalising the model on the original equation. The
local-in-time well posedness theory for (#.1.1) for all sub-critical ¢ € C~3+%, which was

developed in [11], was one of the first applications of the complete algebraic machinery.

The three dimensional analysis in the previous chapter was the first work that used
regularity structures to derive a priori bounds. All of the previous works mentioned
above [1} 135,136, 54] were set in an alternative technical framework, the theory of para-
controlled distributions developed in [38]]. These two theories are closely related: both
theories were developed to understand the small scale behaviour of solutions to singular
SPDEs, and both separate the probabilistic construction of finitely many terms in a
perturbative expansion from the deterministic analysis of a remainder. Furthermore,
many technical arguments in the theory of regularity structures have a close correspond-
ent in the paracontrolled distribution framework. However, up to now paracontrolled
distributions have only been used to deal with equations with a moderate number of terms
in the expansion (e.g. for d < 3 [14] or the KPZ equation [37]). Despite efforts
by several groups (see e.g. [6,[7]) this method has not yet been extended to allow for
expansions of arbitrary order. Thus for some of the most interesting models mentioned
above, e.g. the Sine-Gordon model for 32 just below 8, the reversible dynamics for the
Brownian loop measure on a manifold, the three-dimensional Yang-Mills theory, or the
®* model close to critical dimension considered here, even a short time existence and

uniqueness theory is currently out of reach of the theory of paracontrolled distributions.

The analysis developed previously is based on the idea that the large and small scale
behaviour of solutions to singular SPDEs should be controlled by completely different
arguments: for large scales the irregularity of £ is essentially irrelevant and bounds follow
from the strong damping effect of the nonlinearity —¢>. The small scale behaviour is
controlled using the smoothing properties of the heat operator. This philosophy was
implemented by working with a suitably regularised equation which could be treated
with a maximum principle and by bounding the error due to the regularisation using

regularity structures.

However, this analysis did not make use of the full strength of the regularity structure
machinery. In fact, the three-dimensional ®* equation is by now considered as one of the
easiest examples of a singular SPDE, because the model only contains a moderate number
of terms, only five different non-trivial products need to be defined using stochastic
arguments and only two different divergencies must be renormalised. The interplay of
these procedures is not too complex and no advanced algebraic machinery is needed to

deal with it. Instead, we simply treated the few algebraic relations explicitly “by hand”.
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The main contribution of the present chapter is thus to implement a similar argument
when the number of terms in the model is unbounded, thus combining the analytic ideas
from [52] with the algebraic techniques of [10, [11]]. For this it turns out to be most
convenient to re-develop the necessary elements of the theory of regularity structures
in the specific context of (.1.1)), leading to bounds that are tailor-made as input for the
large-scale analysis.

Along the way, we encounter various serious simplifications and new observations which

are interesting in their own right:

e As already hinted at in Theorem 4.1.1| we make systematic use of the “generalised
Da Prato-Debussche trick” [11}, 22]]. This means that instead of working with ¢
directly we remove the most irregular terms of the expansion leading to a function
valued remainder. This was already done in [11] but only in order to avoid a
technical problem concerning the initial conditions. For us the remainder v is the
more natural object, observing that for all values of § > 0 it solves an equation of

the form
(O — Ay =—v3+ ... (4.1.4)

where . . . represents a large number of terms (the number diverges as § | 0) which
involve renormalised products of either 1, v or v? with various irregular “stochastic
terms”. For each 6 > 0, v takes values in a positive regularity Holder norm (i.e.
it is a function) and so an un-renormalised damping term —v?® appears on the
right-hand side. Of course, the Holder regularity of v is not enough to control
many of the products appearing in . . ., and a local expansion of v is required to
control these terms. However, we are able to show that for each fixed value of &

all of these terms are ultimately of lower order relative to (9; — A)v and v3.

e One of the key ideas in the theory of regularity structures is positive renormalisa-
tion and the notion of order. Most of the analysis works with a re-centred version
of the functions / distributions from the model, which depends on a base-point
as well as the running argument - these objects are denoted by the II,. A good
description of their behaviour under a change of base-point is key to the analysis,
and in Hairer’s framework this is accomplished by working with a family of

translation operators I';, .

There is a close relationship between these II, and I';; , maps and some generic
identities relating them were found in [9]]. Our observation is that - at least in
the context of Equation (4.1.4) - most of the matrix entries for I';, , coincide with

entries for IT,, evaluated at y. Therefore we can work with just a single object X,
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(corresponding to IT in [41]) and its re-centred version X, , that acts on itself for

translation.

With this choice our framework is highly reminiscent of Gubinelli’s work on
branched rough paths [34], the only real difference being the introduction of
some (linear) polynomials, first order derivatives, and the flexibility to allow for

non-canonical products.

Inspired by [62, 63]] we work with the Schauder estimates introduced in the
previous chapter using Safonov’s kernel-free method (popularised in [49]]), thus
working directly with the PDE rather than transforming into an integral equation.
This is more convenient for our analysis, because these bounds give more flexibility

e.g. when localising functions by restricting them to certain sets.

As in [41] we use the model / local product to build a local approximation of v

around any base-point x. This takes the form

v(y) = Y Tul(r)Xy W Z(7),
TeN
with a well-controlled error as y approaches x. In order to use this local expansion
to control nonlinearities two key analytic ingredients are needed: the first is the
order bound discussed above, and the second is a suitable continuity condition on
the coefficients Y, (7). In [41] these conditions are encoded in a family of model-
dependent semi-norms, which make up the core of the definition of a modelled
distribution [41, Definition 3.1]. It turns out however, that the coefficients Y (7)
that appear in the expansion of the solution v are far from generic: up to signs
and combinatoric factors they can only be either 1, v(z), v(z)?, or vx(z) (a
generalised derivative of v). Furthermore, there is a simple criterion (Lemma4.6.7)
to see which of these is associated to a given tree 7. This fact was already observed
in [[11]] and was called coherence there. Here we observe that the various semi-
norms in the definition of a modelled distribution are in fact all truncations of the
single continuity condition on the first coefficient Y (1) = v. This observation is
key for our analysis, as this particular semi-norm is precisely the output of our

Schauder lemma.

Our deterministic theory more cleanly separates the issues of positive and negative
renormalisation in the context of (4.1.1). Indeed, we can derive a priori bounds
under extremely general assumptions on the specific choice of the local product
X which seems quite a bit larger and simpler than the space of models given
in [10]]. The key information contained in X is how certain a priori unbounded

products should be interpreted. Our definition of a local product allows for these
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interpretations to be completely arbitrary! We can then always define the re-
centred version of X (or path) and the only assumption where the various functions
interact is in the assumption that these re-centred products satisfy the correct order

bound.

We do however include a Section 4.8|in which we introduce a specific class of
local products for which the renormalised product ¢°*® appearing in (#.1.3)) is still
a local polynomial in ¢ and its spatial derivatives. Our approach in this section
is to apply a recursive negative renormalisation that commutes with positive
renormalisation, similar to [9]. Finally, the class of local products described in
Section[4.8]also contains local products that correspond to the BPHZ renormalised
model [[10, [18]].

4.1.1 Conventions

Throughout we will work with functions / distributions defined on (subsets of) R x R
for an arbitrary d > 1. As in previous chapters, we measure regularity in Holder-type
norms that reflect the parabolic scaling of the heat operator. We recall the definition of

«a-Holder norm for o < 0 we set

€l = sup [[(€)2 |27 (4.1.5)
L<1

The operator (e); denotes convolution with a compactly supported smooth kernel

Uy (x) = L*d*Q\D(%, %), where © = (z0,Z). As before, we work with a specific

choice of W, but this was only relevant in the proof of the Reconstruction Theorem,

Lemma[3.2.8

In the case of space-time white noise, the quantity in (4.1.5) is almost surely not finite,
but our analysis only depends on the noise locally: a space-time cutoff can be introduced.
Throughout the paper we also make the qualitative assumption that £ and all other
functions are smooth. This corresponds to introducing a regularisation of the noise
term & (e.g. by convolution with a regularising kernel at some small scale - in field
theory this is called an ultra-violet cutoff). This is very convenient, because it allows to
avoid unnecessary discussions about how certain objects have to be interpreted and in
which sense partial differential equations hold. We stress however that our main result,
Theorem 4.9.1] is a bound only in terms of those low-regularity norms (Definition
which can be controlled when the regularisation is removed in the renormalization
procedure. Even though all functions involved are smooth, we will freely use the term
“distribution” to refer to a smooth function that can only be bounded in a negative

regularity norm.
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4.2 Overview

As stated in the introduction a large part of our analysis consists of a suitable re-
formulation of elements of the theory of regularity structures. The key notions we
require are local products, the renormalized product sub-ordinate to a local product, as
well as the relevant norms that permit us to bound these renormalized products. We start
our exposition with an overview over these notions and how they are interconnected.
The exposition in this section is meant to be intuitive and rather “bottom up”. The actual

analysis begins in the subsequent Section 4.3

4.2.1 Subcriticality:

The starting point of our analysis is a simple scaling consideration: assume ¢ solves
(0 — D)p = —¢° + ¢, 4.2.1)

for ¢ € C~31+°. Schauder theory suggests that the solution ¢ is not better than C~1+9.
In this low regularity class no bounds on ¢? are available, but as we will see below the
notion of product we will work with has the property that negative regularities add under
multiplication. Therefore we will obtain a control on (a renormalised version of) ¢3
as a distribution in C~3+39_ Despite this very low regularity, for § > 0, the term ¢? is
still more regular than the noise £. This observation is the core of Hairer’s notion of
sub-criticality (see [41, Assumption 8.3]) and suggests that the small-scale behaviour of
¢ and ¢> can ultimately be well understood by building a perturbative expansion based

on the linearised equation.

4.2.2 Trees:

We follow Hairer’s convention to index the terms in this expansion by a set of trees.
This is not only a convenient notation that organises which term corresponds to which
operation, but also allows for an efficient organisation of the relations between these
terms. We furthermore follow the convention to view trees as abstract symbols which
form the basis of a finite-dimensional vector space. The trees are built from a generator
symbol = (which represents the noise ¢ and graphically are the leaves of the tree)
followed by applying the operator Z(-) (which represents to solving the heat equation
and graphically corresponds to the edges of the tree) and taking products of trees (which
represents to some choice of point-wise product and graphically corresponds to joining
two trees at their root). To carry out the localisation procedure, discussed in Section.2.4]
below, along with =, additional generators {1, X, ..., Xy} are used in our construction

of trees.
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We associate concrete meaning to trees via an operator X, of one variable which we
call a “local product”, see Definition Even though this may seem somewhat
bulky initially, it turns out to be extremely convenient as the concrete definition of X,
on the same tree may change during the renormalisation procedure and because, the
local product also appears in a centred form with two variables, denoted by X, ,, see
Section [4.2.6] below.

4.2.3 Subtracting the most irregular terms:

The first step of our analysis consists of subtracting a finite number of terms from ¢ to
obtain a remainder v which is regular enough to be bounded in a positive Holder norm.
The regularity analysis in Section suggests that the regularity of ¢ can be improved
by removing £ from the right-hand side of (4.2.T)). We introduce the first graph, Z(Z) or
graphically 1, and impose that X, acts on this symbol yielding a function that satisfies

(0 — A)Xt =¢. 4.2.2)
We set v := ¢ — X, 1 so that v solves

(0 — A)o = —¢® = —(7° + 30%KT + 30(Xa1)” + (Xa1)?). (4.2.3)

Of course the problem of controlling the cube of a distribution of regularity —1 + § has
not disappeared, but instead of ¢> one now has to control (X,1)% and (X,1)2. At this
point one has to make use of the fact that X1 is known much more explicitly than the
solution ¢, and can thus be analysed using explicit covariance calculations. We do not
discuss these calculations here, but rather view these products as part of the given data:
we introduce two additional symbols Z(Z)Z(Z)Z(Z) or graphically ¥, and similarly
Z(Z)Z(Z) or V and assume that X acts on these additional symbols yielding distributions
which are controlled in C 339 and C~2%29, We stress that only the control on these
norms enters the proof of our a priori bound, and no relation to X, needs to be imposed

(see however Section .8 below). Instead of (4.2.3)) we thus consider
(0 — AT = —(T° + 307Xt + 30XV + X V). (4.2.4)

Note that the most irregular term on the right-hand side is X, € C 3139 50 that we can
expect 0 € C~ 1139 je. we have gained 24 differentiability with respect to ¢. For § > %
(which corresponds to dimensions “d < 3%”) v is thus controlled in a positive order
Holder norm. For smaller 6 we proceed to subtract an additional term to again remove
the most irregular term from the right-hand side as above. We define a new symbol
Z(Z(2)Z(Z)Z(Z)) or graphically ‘¥, postulate that X, acts on this symbol yielding a
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distribution which solves
(0r — A)X,Y = X, V, 4.2.5)

and define a new remainder v := ¥ 4+ X¢¥ = ¢ — Xo! + Xo¥ which takes values in
C~1+59_In general, for any 6 > 0 we denote by W the set of trees of order < —2 (for
these trees, order is the same as the regularity of the local product on this tree; below,
in Section we will encounter additional trees for which these notions differ) and
define
vi=g— 3 (1)K,
weW
where m(w) denotes the number of “leaves” of the tree w. Then v takes values in a

Holder space of positive regularity. The remainder equation then turns into

(0 — Ao = —0* (4.2.6)

—3 3 ()" oK I(w)

weW
-3 Y ()T e @) T w)

w1, w2 EW

m(wy)+m(wg)+m(wgz)—3
- > (1) T Xe(Z(w) T (ws)I(ws)).
w1 ,we,w3EW
Z(w1)Z(w2)Z(ws)gW

We stress that the structure of this equation is always the same in the sense that the
nonlinear heat equation (9; — A)v = —v? is perturbed by a large number of irregular
terms (the number actually diverges as 6 — 0). Bounding these irregular terms forces us
to introduce additional trees as we will see below, but ultimately we will show that all of

these terms are of lower order with respect to (0; — A)v = —v3.

4.2.4 Iterated freezing of coefficients

We now discuss the remainder equation (4.2.6) in more detail, writing it as
(0 — A)v = =03 — 30*X, 1 — 30XV — Y(70)XeT0 — . - . (4.2.7)

where we are isolating the most irregular terms in each of the three sums appearing on
the right-hand side of (.2.6). The most irregular term in the sum on the second line of
is —3v2X, ! and the most irregular term in the third line is —3vX,V. For the last
line, the precise form of the most irregular term depends on § and there could be multiple
terms of the same low regularity. Here we just keep track of one of them, simply denote
it by Xe7o and also leave the combinatorial prefactor Y (7y) implicit. We remark that

X 7o is always a distribution of regularity C~2** for some x € (0,26). To simplify the
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exposition we disregard all of the (many) additional terms hidden in the ellipses . . . for

the moment.

We recall the standard multiplicative inequality

1f9llc-s S W fll=llgllc-s

for o, § > 0 which holds if and only if @« — 8 > 0. In view of the regularity X,V €
C~2%29 we would thus require v € C7 for vy > 2 — 24 in order to have a classical
interpretation of the product vX,V on the right-hand side of (@.2.7). Unfortunately, v is

much more irregular: by Schauder theory we can only expect v to be of class C*.

The solution to overcome this difficulty presented in [41] amounts to an “iterated freezing
of coefficient” procedure to obtain a good local description of v around a fixed base-

point: we fix a space-time point x and rewrite the third (and most important) term on the

right-hand side of as
VXV = 0(2)XV + (v — v(x)) XV (4.2.8)
and use this to rewrite the equation (4.2.7)) as

(0 — A) (v + 3v(z) XY + T(70)XeZ(70))
= 0% = 30°X 1 — 3(v —v(z)) XV — . .. (4.2.9)

where we have introduced new symbols Y and Z(7) and postulated that X acts on
these symbols to yield a solution of the inhomogeneous heat equation with right-hand
sides X,V and X,79. The worst term on the right-hand side is now X,V so that the
left-hand side can at best be of regularity 26. However, near the base-point we can use

the smallness of the pre-factor |v(e) — v(z)| < [v].d(e, )" to get the better estimate

Uy, )] = |o(y) = () = 30(@)Xya¥ = T(10)XyaZ(r0))|
< d(y, 2)**", (4.2.10)

where have used the short-hand notation

XyY =X, ¥ - X, ¥
XyoZ(10) = X, Z(10) — XoZ(70). @.2.11)

This bound in turn can now be used to get yet a better approximation in (4.2.8)): we write
(v(y) = v(2)XyV
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= (U(y, ) — 3v(2)XyY — Y (10)Xy,2Z(70)) X, V. (4.2.12)

At this point two additional non-classical products appear in the second and third term
on the right-hand side, and as before they are treated as part of the assumed data: we
introduce two additional symbols % and Z(79)Z(Z)Z(Z) and assume that X acts on these
symbols yielding distributions which we interpret as playing the roles of the products
X, YX, V¥ and X, Z(79)X, V. Similarly, we introduce the base-point dependent versions
as

X, ¥ = X,¥% - X, YX,V
X, 2Z(10)Z(E)Z(E) = X,I(70)I(E)L(E) — XoZ(70)X,V, (4.2.13)

so that (4.2.12)) becomes re-interpreted as

(v(y) —v(z))X,V
=U(y, z)X,V — 3v(2)X, % — T (10)X, 2 Z(10)Z(E)Z(Z). (4.2.14)

The last two terms on the right-hand side can now again be moved to the left-hand side
of the equation suggesting that near = we can improve the approximation (4.2.9) of v(y)

by considering

Uly,z) = Uy, z) + 30(2)X, . ¥ + Y(10)X, . Z(Z(10)Z(E)I(E))  (4.2.15)
where

Xy ¥ = X, ¥ — X, ¥ - X, ¥(X,Y — X, )
Xy o Xy Z(Z(10)Z(E)Z(E)) := XyZ(Z(70)Z(E)I(Z)) — XoZ(Z(10)Z(E)I(E))
— X, Z(70) (X, Y — X, Y). (4.2.16)

with the improved estimate |U (y, z)| < d(y,z)**%, thus gaining another 2§ with
respect to U (y, x).

The whole procedure can now be iterated: in each step an improved approximation of v
is plugged into the product vX,V which in turn yields an even better local approximation

of v near x. At some point additional terms have to be added:

e In order to get a local description of order > 1, “generalized derivatives” vx, of v

appears, i.e. a term Zle vx, (z)(y; — x;) has to be included.

e The term —3v2X? on the right-hand side of the remainder equation (#.2.7)) has
regularity —14-4, so once one wishes to push the expansion of v to a level > 149,
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one also has to “freeze the coefficient” v2, i.e. write

VXt = 02(2)X1 4 (v — 0% (2))X?
= 0*(2) X1 + 2v( — 3v(2)Xe oY — Y (70)Xe o Z(70)) XTI + . ...

leading to additional terms on the left-hand side.

e Of course, the various terms which were hidden in . . . in (4.2.7)) above have to be
treated in a similar way leading to (many) additional terms in the local description

of v.

Ultimately, we iterate this scheme until we have a local description of order v > 2 — 24,

corresponding to the regularity required classically to define vX, V.

4.2.5 Renormalised products

The previous discussion thus suggests that we have a Taylor-like approximation of v

near the base-point x

d
2)+ Y vx, (@) (i — ) + > Ta(r)XyI(7) (4.2.17)
‘ reN

for coefficients Y, and with an error that is controlled by < d(x,y)”. Here N denotes
the set of trees appearing in the recursive construction described above. We unify our
notation by also writing the first two terms with “trees” and set

XyJI(]') =1 Xy xI(Xz) =Yi — Ty

)

Tx(l) = ’U(.T) Tx(XZ) = UX; (l’),
thus permitting us to rewrite as

Z Y. (1)X, 2 Z(7), (4.2.18)
TeN
where N = N U {1, X,..., Xy}

Of course, up to now our reasoning was purely formal, because it relied on all of the ad
hoc products of singular distributions that were simply postulated along the way. We
now turn this formal reasoning into a definition of the products subordinate to the choices

in the local product X. More precisely, we define renormalized products such as

UOXxV ZT ()V)7

TeN
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voxvox Xel(z) = Y Tolr1) Tao(r2)Xe o (Z(m)Z(m1)T). (4.2.19)
T1,m2EN

Our main a priori bound in Theorem {.9.T]holds for the remainder equation interpreted in
this sense, under very general assumptions on the local product X. However, under these
very general assumptions it is not clear (and in general not true) that the renormalized
products are in any simple relationship to the usual products. In Section 4.8 we discuss
a class of local products for which the renormalized products can be re-expressed as
explicit local functionals of usual products. In particular, for those local products we

always have

d
¢ (y) = 6 (y) — ad®(y) — bo(y) — c — Y didid(y),
i=1

for real parameters a, b, c, d;. This class of local products contains the examples that can

actually be treated using probabilistic arguments.

4.2.6 Positive renormalisation and order

One of the key insights of the theory of regularity structures is that the renormalized
products defined above can be controlled quantitatively in a process called renormaliza-
tion, and the most important ingredient for that process are the definitions of suitable
notions of regularity / continuity for the local products X and the coefficients T. We

start with the local products.

The base-point dependent or centred versions of the local product, X, , that appear

naturally in the expansions above (e.g. in (4.2.11), ¢.2.13), @.2.16)) are in fact much
more than a notational convenience. The key observation is that their behaviour as the

running argument y approaches the base-point x is well controlled in the so-called order
bound. For X,, ,,Y defined in (4.2.T1) we have

Xyo¥| = X, Y — XY < d(y, )%, (4.2.20)

which amounts to the Holder regularity of X,Y. The order bounds become more inter-

esting in more complex examples: for Xy7w¥ defined in (4.2.16) we have
X, 7] = X, P - XY - XYY - XLY)| S diy, o). (4.2.21)

The remarkable observation here is that the function ny is itself only of regularity
24, so that this estimate expresses that the second term —X, V¥ (X,Y — X,Y) exactly
compensates the roughest small scale fluctuations. The exponent 46 is defined as the

order of the tree ¥ simply denoted by M Analogously, for the tree X,, ,% defined in
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[@.2.13) we have the order |¥| = —2 + 44 exceding the regularity of the distribution
X, ¥ which is only —2 + 24, the same as the regularity of X, V. As these quantities are
distributions the order bound now has to be interpreted by testing against the rescaled

kernel U
) / Ur(y — )Xy, dy| ST, (4.2.22)

This notion of order of trees has the crucial property that it behaves additively under
multiplication - just like the regularity of distributions discussed above. This property is
what guarantees that for sub-critical equations the number of trees with order below any

fixed threshold is always finite.

4.2.7 Change of base-point

As sketched in the discussion above, the base-point dependent centred local products
X, o are defined recursively from the un-centred ones. For what follows, a good algebraic
framework to describe the centring operation and the behaviour under the change of
base-point is required. It turns out that both operations can be formulated conveniently
using a combinatorial operation called the coproduct A (note that this A has nothing
to do with the Laplace operator, it will always be clear from the context which object
we refer to). This coproduct associates to each tree a finite sum of couples (T(l), 7'(2))
where 7() is a tree and 7(2) is a finite list of trees. Equivalently, the coproduct can be
seen as a linear map
ATy — Vee(T1) @ Alg(T7°),

where 7, and 77 are sets of trees that we will define later (see Section {.3.1] for the
former and Section [4.4.3|for the latter) and Vec and Alg denote the vector space and the
free non-commutative unital algebra generated by a set, respectively. This coproduct is
defined recursively reflecting exactly the recursive positive renormalization described

above in Section[4.2.4] For example

AY =Y@Z(1)+Z(1) Y
AY =¥e711)+ 1) e¥+Ya Y

so that for example the first definitions of (#.2.11)) and (#.2.13) turn into

X, .Y = (X, ® XI9)AY
X, ¥ = (X, ® X AY,
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i.e. the different terms in the coproduct correspond to the different terms appearing in

the positive renormalization, and for each pair 7! ® 72, the first tree 7!

corresponds to
the “running variable 3 and 72 to the value of the base-point. The coefficients X ° are

also defined recursively to match this definition e.g
Xreer(1) = 1 Xreey = _X, ¥ xreed — X, ¥ 4 X,YXLY.

This way of codifying the relation between the centred and un-centred local products is
useful, e.g. when analysing the effect of the renormalization procedure (Section [4.8)) but
even more importantly they give an efficient way to describe how X, , behaves under

change of base-point. It turns out that we obtain the remarkable formula for all 7 € T
X%Z(T) = (Xy,E ® XE’Z)AT,
i.e. the centred object X, . acts on itself as a translation operator!

4.2.8 Continuity of coefficients

With this algebraic formalism in hand, we are now ready to describe the correct continuity
condition on the coefficients. This continuity condition is formulated in terms of the
concrete realisation of the local product, in that an “adjoint” of the translation operator
appears. In order to formulate it, we introduce another combinatorial notation C'y (7, 7),

which is defined recursively to ensure that

AZ(r)= Y I(7) @ Cy.(7, 7).
TENUW

We argue below that the correct family of semi-norms for the various coefficients Y (7)

is given by .
sup - —— 7 | Ta(7) = ) Ty(T)Xy O (7, 7)) (4.2.23)
v d(z,y) T (™) T%;/ y(T)Xy e O (7,7)
7l <y

The Reconstruction Theorem (see Lemma [3.2.8| for our formulation) implies that the
renormalized products can be controlled in terms of the semi-norms
and the order bounds (e.g. (4.2.22))). Reconstruction takes as input the whole family of
semi-norms (4.2.23)), but it turns out that in our case, it suffices to deal with a single semi-
norm on the coefficients: the coefficients Y, (7) that appear in the recursive freezing of
coefficients described in Section are far from arbitrary. It is very easy to see that
(up to combinatorial coefficients and signs) the only possible coefficients we encounter
are v, v2, vx, and 1. It then turns out that all of the semi-norms are in fact
truncations of the single continuity condition on the coefficient v itself. This semi-norm
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can then be easily seen to be

sup ‘ 3 1y (NXLI(r)], (4.2.24)
TeEN
[7]<vy

which measures precisely the quality of the approximation (4.2.18) at the starting point

of this discussion.

4.2.9 Outline of chapter

A large part of this chapter is concerned with providing the details of the arguments
sketched above in a streamlined “top-down” way: The set of trees, their order and local
products are defined in Section 4.3 while Section [4.4| provides a systematic treatment of
combinatorial properties of the coproduct. Positive renormalization of local products
is discussed in Section [4.5] while Section contains the detailed discussion of the
coefficients Y sketched above in Section[4.2.5] The renormalized products in the spirit of
@.2.19) are defined in Section 4.7 As already announced above Section [.8|contains the
discussion of a special class of local products, for which the renormalized product can
be expressed in a simple form. The actual large-scale analysis only starts in Section 4.9}
where the main result is announced. This section also contains a detailed outline of the
strategy of proof. The various technical lemmas that constitute this proof can then be
found in Section

4.3 Tree expansion and local products

The objects we refer to as trees will be built from

e a set of generators {1,X;,..., Xy, ZE}, which can be thought of as the set of
possible types of leaf nodes of the tree

e applications of an operator Z, which can be thought of as edges
e A tree product, which joins edges Z at a common new node.

As an example, we have

TI(E)I(Z(2)*Z(X))I(E) = '\\% and Z(1)Z(Z(2)>)Z(1) = 0$°.

In particular, when drawing our trees pictorially we decorate the leaf nodes with a e for

an instance of Z, 0 for an instance of 1, and j € {1,. .., d} for an instance of X ;. Notice

104



that we do not decorate internal (nonleaf) nodes and have the root node at the bottom.

Our tree product is non-commutative which in terms of our pictures means that we
distinguish between the ways a tree can be embedded in the plane. For example, the

following trees are treated as distinct from the trees above:

I(E)I(Z(E)I(X,)Z(Z)) wandl I(2)*)Z(1)Z(1) o

Remark 4.3.1. We work with a non-commutative tree product only to simplify combinat-
orial arguments. Whenever we map trees over to concrete functions and or distributions
this mapping will treat identically any two trees that coincide when one imposes com-

mutativity of the tree product.

We say a tree 7 is planted if it is of the form 7 = Z(7) for some other tree 7, some

\V, \KI/O, andw.

We take a moment to describe the intuition behind these trees. The symbol = will

examples would be:

represent the driving noise, we will often call nodes of type = noise leaves/nodes.
Regarding the operator Z, when applied to trees different from {1, X1, ..., Xy}, Z will
represent solving the heat equation, that is

(O —A)I(r)=1".

However, we think of the trees as algebraic objects so such an equation is only given

here as a mnemonic and will be made concrete when we associate functions to trees in

Section

The symbols {1,X;, ..., X} themselves will not correspond to any analytic object,
but the trees {Z(1),Z(Xy),...,Z(X4)} will play the role of the classical monomials,

that is Z(1) corresponds to 1 and Z(X;) corresponds to the monomial z;.

We define 7} to be the smallest set of trees containing {1,X;,..., X4, Z} C T, and
such that for every 71, 79,73 € ’TT one also has Z(71)Z(m2)Z(13) € 73 The trees in
7, \{1,X1,...,X;} will be used to write expansions for the right-hand side of @.1.1).
We remark that non-leaf nodes in ’7A; have three offspring, for instance Z(Z)?Z(1) € ’ﬁ
but V = Z(Z)? ¢ 7,.. However, the three different permutations of Z(Z)2Z (1) will play
the role of that v did in expressions like (.2.4), and as an example of how this simplifies

our combinatorics we remark that this allows us to forget about the “3” that appears in

We also define a corresponding set of planted trees 7, = {Z(r): 7 € 73} The planted
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trees in 7; will be used to describe an expansion of the solution ¢ to (.1.1).

At certain points of our argument the roles of the planted trees of 7AZ and the unplanted
trees of 7A} will be quite different. For this reason we will reserve the use of the greek
letter 7 (and 7, T, etc.) for elements of 7A} If we want to refer to a tree that could belong

to either ’77 or ’7A; we will use the greek letter o.

4.3.1 The order of a tree and truncation

We give a recursive definition of the order | - | on 7, U 7\] as follows. Given Z(7) € 77
we set |Z(7)| = |7| + 2. Given T € 7, we set

-2, T=1,

-1, T:Xi,iE{l,...,d}
7| =

-3+, T=2=,

ST =6+ 0 Inl, T =T(n)I(r)Z(rs) .

The values of —2 and —1 for homogeneities of the trees 1 and X; may seem a bit odd
but this is just due to the convention that it is Z(1) and Z(X;) that actually play the
role of the classical monomials and we want [Z(1)| = 0 and |Z(X;)| = 1. We find that
treating the classical monomials as planted trees makes our combinatorial arguments and

various inductive proofs cleaner.

We now restrict the set of trees we work with and organise them into various sets. We

define the following subsets of ’fr:

Poly :={X;,..., X4, 1},
W={reT,: |rf| <=2}, W:=W\{=},
N:={reT,, —2<|7] <0}, N := N\ Poly.

As a mnemonic, W (resp N ), is the set of those trees in W (resp ') which are themselves

the tree product of three planted trees.

Assumption 4.3.2. For the rest of the thesis, we treat § > 0 as fixed, and assume,
without loss of generality for the purposes of our main theorem, that § has been chosen

so that {|7| : 7 € WU N} does not contain any integers.

It will be helpful in the following to have a notation for counting the number of occur-
rences of a certain leaf type in a tree. We define the functions my, my,, ms= : 7A; — L>0
which count, on any given tree, the number of occurrences of 1, X; and = as leaves in

the tree.
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We also set my = Zle my, for the function that returns the total number of {Xy,--- , X4}
leaves and m = my + myx + mg which returns the total number of leaves of the given

tree.

One can easily check that, for 7 € 7A;

|7| = =3 4+ m=(7)d + ma(T) + 2mx(T) . (4.3.1)

We now describe the roles of the various sets defined earlier. As mentioned earlier,
the trees of Poly will not, by themselves, play a role in our expansions. The set VW
consists of those trees that appear in our expansion that have the lowest orders. When
“subtracting the most irregular terms” as described in Section[4.2.3|we will be subtracting
the trees of Z(W) which are all of negative order themselves. In particular, the trees of
W will appear in tree expansions for the right-hand side of (#.1.1)) but will nor appear by
themselves on the right-hand side of the remainder equation.

On the other hand, the trees of A will appear on the right-hand side of expansions of
both @.I.1) and the remainder equation. We do not include |7| > 0 in 7 € N since we

only need to expand the right-hand side of the remainder equation up to order 0.

Our remainder will then be described by an expansion in terms of trees of A/ where the

trees in Z(Poly) will come with “generalised derivatives”.
We have the following straightforward lemma.
Lemma 4.3.3. The sets W and N are both finite.

Proof. From the formula (4.3.1)), one can see that 7 € W if and only if mq(7) =
my(7) = 0 and mz(7) < 6~ L. Similarly for 7 € N, one has

(m1(7), mx(7)) € {(0,0),(1,0),(2,0),(0,1)} ,
and m=(7) < 6713 — ma(7) — 2mx(7)). O
Remark 4.3.4. Clearly Lemma would be false for § = 0, that is when the equation
is critical.

We also have the following lemma describing the trees in W.

Lemma 4.3.5. Forany T € 7, \ {E},

any w € W, one has

T| > =343 > |E| = =3 + d. Moreover, for

w = Z(w1)Z(w2)Z(ws) (4.3.2)

where w1, wa, w3 € W.
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Proof. The first statement about |7| is a simple consequence of (#.3.1)) and the constraint
that m=(7) > 3. For the second statement, we write w = Z(71)Z(72)Z(73) with

~

T1,Ta, T3 € T, . Then we have, by bounding the orders of 75 and 73 from below,
lw[ =6+ |71| + [72] + |73| = [1] + 26

Then, the condition that |w| < —2 forces |71| < —2 so we have 71 € W and clearly the

same argument applies for 7o, 73. U
We also define
T, = WUN, T, :=Z(7;) UZ(Poly), and T := T, UT] . (4.3.3)

A~

Above, and in what follows, given A C 7T, we write Z(A) = {Z(7) : 7 € A}.

Our various tree expansions will be linear combinations of trees in 7 and we define tree
products of such linear combinations by using linearity. However, here we implement
a truncation convention that will be in place for the rest of the paper. Namely, given

o1, 09,03 € T, we enforce that if |01 | + |o2| 4 |o3| > 0, then
0109203 ‘= 0.

In particular, with these conventions an important identity for us will be

3 I(T))3: Yo (4.3.4)

TENUW reNUW

Above, on the left, the (o) indicates a three-fold tree product.

4.3.2 Local products

In this section we begin to specify how trees are mapped into analytic expressions. Our
starting point for this will be what we call a local product and will be denoted by X.
Each local product X should be thought of as a (minimal) description of how products of

planted trees should be interpreted at a concrete level.

We will view local products as being defined on a relatively small set of trees and then

canonically extended to all of 7 (and in the sequel, to larger sets of trees that will appear).

Definition 4.3.6. We define Q C N'UW to consist of all trees T = I (1)L (1)L (13) €
NUW satisfying the following properties:

o 71,720,713 & {X1,...,Xq}.
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e At most one of the trees T1, T2, T3 is equal to 1.

Note that W C Q. The set Q includes all “non-trivial” products of trees, namely those
corresponding to classically ill-defined products of distributions. Our philosophy is that
once a local product X is specified on the noise = and all these non-trivial products then

we are able to define all other products that appear in our analysis.

We impose the first of the two constraints stated above because multiplication by the
tree Z(X;) corresponds to multiplication of a distribution/function by z; which always
well-defined - this makes it natural to enforce that this product is not deformed. We
impose the second of the two constraints above since a tree of the form Z(1)Z(7)Z(1)
(or some permutation thereof) doesn’t really represent a new non-trivial product because

the factors Z(1) corresponds to the the classical monomial 1.

Definition 4.3.7. A local product is a map X : Q U {Z} — C%®(R x R%), which we

write T — XeT.

We further enforce that if 7,7 € Q differ from each other only due to the non-
commutativity of the tree-product then Xo1 = X,T, that is X must be insensitive to the

non-commutativity of the tree product.

4.3.3 Extension of local products

We now describe how any local product X is extended to 7, this procedure will involve

induction in me (o) + mx (o) where m. (o) is the number of edges of o.

We start by defining, for any function f : R x R? — R, (L7 f) to be the unique
bounded solution « of
(0 — A)u = pf. (4.3.5)

where p is a smooth cutoff function with value 1 in a neighbourhood of D and vanishes
outside of {z; d(z,0) < 2}.
We now describe how we extend X to N\ Q. If 7 = Z(71)Z(72)Z(73) € N\ Q then

precisely one of the following conditions holds
1. Exactly one of the 1, 79, 73 belong to the set {Xi}le.
2. Two of the factors 71, T2, 73 are equal to 1.

In the first case above we can assume without loss of generality that ; = X, then we
set
X = 2, X, (Z(1)Z(12)Z(13)) -

In the second case above we can assume without loss of generality that 7 = 75 = 1,
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then we set
X, 7= (£_1X.73)(z) .

Next we extend any local product X to 7; by setting, for any Z(7) € T,

2 if 7= Xz
XZ(r) =41 ifr=1 (4.3.6)

(L7'Xe7)(2) otherwise .

Finally, we extend by linearity to allow X to act on linear combinations of elements of
T. Adopting the language of rough path theory and regularity structures, given smooth
noise ¢ : R x R? — R we say a local product X is a [ift of £ if X,Z = £(z). Without
additional constraints lifts are not unique.

Definition 4.3.8. We say a local product X is multiplicative if, for every
Z(1)Z(19)I(13) € Q,

one has

XZI(Tl)I(Tz)I(Tg) = XZI(Tl )XZI(TQ)XZI(Tg) 5 (437)
where on the right-hand side we are using the extension of X to planted trees.
The following lemma is then straightforward to prove.

Lemma 4.3.9. Given any smooth & : R x R — R there is a unique multiplicative lift
of € into a local product, up to the choice of cutoff function p.

Multiplicative local products will not play a special role in our analysis but we will use
them at several points to compare our solution theory for (4.1.1)) to the classical solution

theory.

4.4 The coproduct

As discussed in Section[4.2.4] local products X, enter in our analysis in a centred form
which depends on the choice of a basepoint z. The construction of these centred objects
is given in Section[4.5] As a preliminary step, in this section we define a combinatorial

operation on trees, called the coproduct, which plays a central role in this construction.
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4.4.1 Derivative edges

For trees o with || € (1,2) we will need the centring procedure to generate first order
Taylor expansions in spatial directions. In order to encode these derivatives at the level
of our algebraic symbols we introduce a new set of edges If ,¢ = 1...d and also define

the sets of trees

,/(/’:{7‘6./\0/':—1<|7'|<0}’
T =T UTUZ (1) :1<i<d e NU{X}}.

Given1 <i < dand 7 € N U {X;}, we also call T () a planted tree. The order of
these new planted trees introduced here is given by |Z;" ()| = |7| 4+ 1. We also adopt
the shorthand that, for 1 < ¢ < d,

ZH(X;) = 0forj #iand Z) (r) = 0 forall T € N\ N .

7

We emphasise that these new edges will only ever appear as the bottom edge of a planted

tree. Graphically we distinguish these edges by writing an index by them. For example,

H(X;) = JI =0ifi #j, I/ (Z()I(Z)I(Xy)) :\Ki.

At an analytic level, the role of Z;" (X ;) is the same as that of Z(1) but distinguishing
these symbols will be important - see Remark [4.4.3]

4.4.2 Algebras and vector spaces of trees

We now give some notation for describing the codomain of our coproduct A. Given a

set of trees 7" we write Vec(T') for the vector space (over R) generated by 7.

Given a set of planted trees 7" we write Alg(T") for the unital non-commutative algebra
(again over R) generated by T". We will distinguish between the tree product introduced
in Section and the product that makes Alg(7") an algebra, calling the the latter product
the “forest product”. While both the tree product and forest product are non-commutative,

the roles they play are quite different - see Remark [4.4.2]

We will write - to denote the forest product when using algebraic variables for trees,
that is given o, 0 € T, we write ¢ - ¢ for the forest product of o and &. As a real vector
space Alg(T) is spanned by products oy - o9 - - - 0, With 01, ..., 0, € T. We call such a
product o1 - 02 - - - 0, @ “forest”. The unit for the forest product is given by the “empty”

forest and is denoted by 1.

Graphically, we will represent forest products just by drawing the corresponding planted
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trees side by side, for instance writing

oy Py

4.4.3 Coproduct

We define another set of trees
T = TZN) U{Z (r) : T e NU{X;}, 1 <i < d}. 4.4.1)
Our coproduct will be a map
ATy — Vee(T;) @ Alg(T7) .

Our definition of A will be recursive. The base cases of this recursive definition are the
trees in w € W and planted trees Z(w), w € W, and the elementary trees Z(1), Z(X;)
and Z;" (X;):

AZ(1) =Z(1) ® Z(1), (4.4.2)
AZ(X;) =ZI(1) @ I(X;) + I(X;) @ T, (X,),
AT (X;) = T (Xi) @ T (Xa),

Av=w®l, AZ(w)=Z(w)® 1, w € W.

Note that in the last line, the 1 appearing is the unit element in the algebra and should

not be mistaken for 1 € Poly.

The recursive part of our definition is then given by

AZ(T) =Z(1) @ Z(1) + Z(Xi) ® T (1) + (Z @ 1) AT, T € N,
ATH(r) = (X)) @ T (1) + (T} @ Id)AT, T € N, (4.4.3)
A(Z(1)Z(12)Z(73)) = A(Z(1))A(Z(12)) A(Z(72)), Z(r1)I(12)Z(73) € N,

where, on the right-hand side of the last line above we are referring to the natural product
[Vec(T7) @ Alg(T7¢)]®3 — Vec(T,) @ Alg(T7). This product is just given by setting

@31 (Z(13) ® a;) — L(11)Z(12)I(13) @ (a1 - as - a3) , (4.4.4)

and then extending by linearity. We also make note of the fact that, in the first and second
lines of (4.4.3)), we are using our convention of Einstein summation - since 7 does not

appear on the left-hand side then the ¢ on the right-hand side is summed from 1 to d.
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One can verify that it is indeed the case that A maps 7. into Vec(7;) ® Alg(7¢) by
checking inductively, using (4.4.2) for the bases cases and (4.4.3) for the inductive step.

We also have the following lemma on how A acts on subsets of 7.
Lemma 4.4.1. We have that

e A maps T; into Vec(T;) ® Alg(T*),

e A maps T, into Vec(T;) @ Alg(T*°),

o A maps N into Vec(N) @ Alg(T™), and

o A maps T into Vec(T**) @ Alg(T7).

Proof. The first two statements are immediate consequences of our definitions. We turn
to proving the third statement, where we proceed by induction in the number of edges of
7 € N. The base case(s) where 7 has three edges are easily verified by hand. For the
inductive step, we write 7 = Z(71)Z(72)Z(713). Now, if 71, 72, 73 € WV one can check
that the last line of (4.4.3) gives us that A7 = 7 ® 1 and we are done. On the other hand,
if we have 7; € N for some i then AZ(7) € Vec(Z(N)) ® Alg(77) and so we are
done by combining the last line of (4.4.3) with (4.3.2).

Finally, the fourth statement is immediate by inspection for planted trees 77°¢ \ Z(N)

o

while for planted trees in Z(N) it follows from using the third statement for 7 in the first

line of (4.4.3). O

We extend A to sums of trees by linearity, so that A : Vec(7.) — Vec(7;)@Alg(T7¢).

Remark 4.4.2. The two products we have introduced on trees, the tree product and
the forest product, play different roles in our framework: the tree product represents
a point-wise product of functions/distributions which may not be defined canonically.
Therefore we do not enforce that local products act multiplicatively with respect to the
tree product. On the other hand, any map on trees that is applied to a forest is extended
multiplicatively - we do not allow for any flexibility in how forest products are interpreted
at a concrete level. In particular, the trees in the forests that A produces in the right
factor of its codomain are all of non-negative order and should be thought of as being
associated to products of base-point dependent constants rather than a point-wise product

of space-time functions/distributions.

Remark 4.4.3. The coproduct plays a central role in algebraically encoding the terms

that appear in our centring procedure, but the precise choices (4.4.2) and (4.4.3) are

also motivated by additional properties we will need from the coproduct, namely the
self-commutativity property (4.4.3) and the combinatorial identity .

The key content of is that for any 7 € A and any 0 ® o7 - - - 0,, appearing in the

expansion of AZ(7), the precise number of X; and 1 generators appearing in the forest
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o1+ -0, and in 7 coincide. This in turn is needed for the crucial relation (4.6.20). For
this reason we have to work with the different algebraic objects Z(1), Z;7 (X;), and the

empty forest 1 - even though all these symbols are treated identically at an analytic level.

For instance, one might be tempted to set AZ(1) = Z(1) ® 1 but this would break
since the number of 1’s in the empty forest 1 is zero while the number in 1 is one.
Similarly, one cannot include Z(X;) ® 1 or Z(X;) ® Z(1) in the expansion of AZ(X;).
Finally, we have to write the term Z;" (X;) ® Z;" () in the second line of instead
of say, Z(1) ® Z;" (1), because of our earlier choices and #.4.3).

Example 4.4.4. We show one pictorial example. The value of our parameter ¢ influences
the definition of the set A and whether Z;F () vanishes or not for 7 € N, therefore most
non-trivial computations of A we would present are valid only for a certain range of the

parameter 9.

For the example we present below, we restrict to % >0 > % and therefore 1 > |\V| >0

and 2 > ‘ ‘ = —14 76 > 1. We then have, using Einstein’s convention for the
index i € {1,...,d} (when an index 7 appears twice on one side of an equation, it means

a summation over ¢ = 1...d)

ALY v vy
R T ]

We show now the example of an unplanted tree in the case § < % and therefore |\V] < 0.

On the other hand, we always have N/ % | =1+ 20 > 1. With Einstein’s convention for
the index j € {1, ...,d}

Awi :WO ®.\¥/i —l—%j ®\%i —i—WO X i —I—Wi 02y il

Remark 4.4.5. The last formula in @Z23) for 7 € N is also valid for 7 € W where it
is trivial. The first formula of can also be extended to 7 € N if one adopts the
convention that AX; = A1 = 0. We chose not to do this since the trees of Poly do not,
by themselves, play a role in our algebraic expansions and analysis except when they

appear in a larger tree.

We extend A to forests of planted trees by setting A1 = 1 ® 1 and, for any forest
Ulan’nz 1’

A(oy---0opn) = (Aoy) -+ (Ady) ,
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where on the right-hand side we use the forest product to multiply all the factors
components-wise. We extend to sums of forests of planted trees by additivity so that
A Alg(T;) — Alg(T;) ® Alg(T77*°) and, by Lemma4.4.1] we also have that A maps
Alg(T77e) into Alg(77¢) ® Alg(T77e°).

While a single application of A will be used for centring objects around a basepoint,
we will see in Section [4.5]that a double application of A will be used for describing
the behaviour when changing this basepoint. This is our reason for also defining A on
the planted trees of 77\ 7;. It will be important below to know that the two ways of

“applying A twice” agree, this is encoded in the following lemma.

Lemma 4.4.6. A satisfies a co-associativity property: for any o € T one has
(A®Id)Ac = (Id ® A)Ao (4.4.5)

where both sides are seen as elements of Vec(T ) @ Alg(T*¢) @ Alg(T*).

Proof. We argue by induction in the size of 0. The cases where o = Z(1), or Z(Xj;)
are straightforward to check. Note that by multiplicativity of A with respect to the tree
product it suffices to establish the inductive step for o = Z(7) for some 7 € NUW.
The case where 7 € W i trivial so we walk through the verification of the identity when
7 € N. On the left we have

(A © Id)AZ(1) =(A ® Id) [1(1) ®I(r) + (X)) ® L (1) + (I ® Id)m}
=I(1)®ZI(1) @ I(t) + I(X;) ® I (X;i)  Z; (1)
+Z(1) @ I(X;) ® I (1) + Z(1) ® ((Z @ Id) A7)
+I(X;) @ (Z; ® 1d)A7) + (Z 0 d® 1d)(A @ Id)AT .

On the right we have

(Id ® A)AZ(1) =(Id ® A) {1(1) ®I(r) + I(X;) @ I (1) + (T @ Id) At

=I(1) ®Z(1) @ Z(7) + I(1) ® Z(X;) ® I} (7)
+Z(1) ® (Z @ W)AT) + I(X:) ® T (X;) @ T, (7)
+I(X;) ® (Z;F @ Id)AT) + (Z®1d @ 1d)(Id ® A)AT .

All the terms in the expression for the left- and right-hand sides can be immediately

matched except for the very last terms, but these are seen to be identical by using our
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induction hypothesis which is

(Id® A)AT = (AR Id)AT .

4.4.4 Useful relations on trees
We introduce two (reflexive and antisymmetric) relations on unplanted trees 7., which
we denote < and C.

Definition 4.4.7. Given 7,7 € T, we have T < 7 if and only if one can obtain T
from T by replacing occurrences of the generators 1 in T with appropriately chosen

trees Ty, .. Ty (7 € Tr and, for every 1 < i < d, occurrences of X; with trees

Example 4.4.8. We give two pictorial examples

()y[) < ;Z y , ()X() <W7

Definition 4.4.9. Given 7,7 € T, we have T C 7 if and only if T = T or T appears in
the inductive definition of T, that is the expression Z(T) should appear at some point

when one writes out the full algebraic expression for T.

Example 4.4.10. We give an example below.
VAN S

We also use the notation < and C to refer to the non-reflexive (strict) relations corres-

ponding to < and C.

One can get an intuition of how the coproduct works with the idea of cutting branches:
on the left-hand side of A7 we have trees 7 < 7, and on the right-hand side, we have the
trees Z(7) or Z;* (7) where 7 C 7 has been cut from 7 to obtain 7. We formalise this in

in the following section.

4.4.5 Another formula for A

We write F ¢ for the collection of all finite, non-commutative words in 7, including
the empty word. In particular, 7" is a vector space basis for Alg(7 ). We define a map

Cy : Tr X T — F'° recursively. The recursion is given in the following table:

Here p. is the projection on trees of positive order. In particular, for § < 1, one has
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TAT 1 X; E I(71)Z(72)L(7s)
1 7(1) 0 0 0
X I(X;) ZI7(X;) 0 0
= 0 0 1 0
Z(r)Z(m2)Z(13) | p+Z(1) ZI7(1) 0 Cy(T1,m)-Cy(Ta, 1) Cy(T3,73)

Table 4.1: This table gives a recursive definition of C'; (7, 7). Possible values of 7 are
displayed in the first column, while possible values of 7 are shown in the first row. The
corresponding values of Cy (7, 7) are shown in the remaining fields.

p+Z(Z), Z;' (E) = 0. Note also that C4 (£, E) = 1, which is the unit element in the
algebra of trees, not to be mistaken for 1.

Example 4.4.11. We give two pictorial examples

C+(o$o’\’®%) _ VYo 3

0 else.

o (v

We explain how this can be understood in the language of “cuts”. There are three types

and

of cutting procedures that can be applied to a tree o.
1. One cuts an Z-branch and takes the attached planted tree, leaving behind an Z(1).

2. One cuts an Z branch and takes the attached planted tree, with its “trunk” becoming
a derivative I,j , and leaving behind a Z(X},). Note that this only occurs when one
the tree 7 C o attached to this Z branch belongs to N.

3. One cuts an I;r branch (which must be the trunk of o) and takes the whole tree o,
leaving behind an Z;" (X;).
If§ > %, the tree ° 'Hfo is obtained from QE 7, by performing the first type of cut on
the leftmost and rightmost Z branches of Q}g " connected to the root, leaving behind
In the second example, one performs the second type of cut on the rightmost Z branch
connected to the root of QE Z , generating an If trunk on the planted tree taken and
leaving behind an Z(X;) on W’ .

Some immediate properties of these forests C (7, 7) are given in the following lemma.
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Lemma 4.4.12. Let 7,7 € T,.. Then we have

Co(f7) #0 =7 <, (4.4.6)
I(r") € CL(7,7) or I:_(T/) ceCi(r,r)=>7CT

Under the assumption that C (T, T) # 0 we have

mz(7) = m=(T) + m=(C+(7, 7)) m1(T) + mx(T) = 4(C (T, 7)), 4.4.7)

m1(7) = m1(C4 (7, 7)), mx(7) = mx(C4(T, 7)),
where §(C (T, 7)) is the number of trees in C1.(T, T) (including multiplicity) and we
extend the functions my, myx and mz to forests of the planted trees by summing over the

individual planted trees in the forest.

The following lemma finally gives the expression of the coproduct A in terms of C.

This expression is used throughout the chapter without explicit reference to this lemma.

Lemma 4.4.13. ForanyT € N UW,

AZ(r)= Y I(F)®CL(7,7). (4.4.8)
TENUW
In particular,
I(r)®1 ifreWw,
AZ(T) = (7) nr 4.4.9)

Yoren Z(T) @ CL(7,7) ifTeN.

Moreover, for any T € T,

Ar= > FROLFT) =11+ Y TOCL(F.7). (4.4.10)
TENUW =N

Proof. We prove (4.4.9) by induction, with the base cases given by 7 € Poly U W which

we check now.
AI(l) = I(].) & I(l) and C+(?, 1) = I(l)(S{?:l}.

Since Zf(XZ) = 0 for j # 4, we also have AZ(X;) = Z(1) ® Z(X;) + Z(X;) ® Z; (X;)
and C(7,X;) = I(Xz)é{?zl} + I:_(XZ)(;{?ZXZ}
Finally, for 7 = w € W, we have to show that the sum in the right-hand side of

(#.4.8) contains only one term. Indeed, for any w’ < w, we also have w’ € W, hence
\I(w')] < 0 and C_;_(?, ’LU) = 6{?:11)}-
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We now prove the inductive step for 7 = Z(71)Z(m2)Z(r3) € N, with the induc-
tion hypothesis AZ(7y) = > - Z(Tk) ® C4(Ty, i), for k = 1,2,3. We have that
Cr(1,7) = p1Z(r) = Z(r) since 7 € N and C (X, 7) = L (1) = T (7)6 iy
and from the definition of A, we have

AZ(r) =Z(1) @ Z(7) + IT(Xi) ® T (7)
+ Y I(Z(F)I(F)I(Ts)) @ Co (T1,71)Cy (T2, 72)Cy (T3, 73).

T1,72,T3

Furthermore, for any 7 < 7 € N, we have that either 7 = 7 or 1 (7) 4+ myx(7) > 1
therefore |7| > —2. Hence the sum can be restricted to trees 7 = Z(Z(71)Z(72)Z(7T3)) €
N'. This concludes the proof of (4.4.8)

Finally, we prove {#.4.10). This is immediate if 7 = WV, otherwise one has 7 =
Z(11)Z(m2)Z(73) € N and one obtains the desired result by combining (@#4.9) and the
multiplicativity of A with respect to the tree product as described in the last line of
4.4.3). O

4.5 From local products to paths

4.5.1 Definition of paths and centrings

For any choice of local product X, we will define two corresponding families of maps, a
path (X, : T+ — R; 2,2 € R x R?) and a centring (X*¢ : 77¢ —» R; z € R x R9)
where T+ is defined in (4.4.1)).

Both the path and the centring are defined through an inductive procedure that intertwines

these two families of maps.

One particular aim of our definitions will be to allow us to obtain the formula
X, Z(7) = (X, @ XI°)AZ(7) forany 7 € N, (4.5.1)

where we are extending X *° to act on forests of planted trees by multiplicativity.

As we discussed in Section we define
X.oZ(1) =1 and X, ,Z(X;) i= 2 — @1, 4.5.2)

and
Xoom :=X,1, X, ,Z(r) :=X,ZI(r) forany 7 € W . (4.5.3)

With our definition @#323) it is immediate that @.3.1) holds for € W. For 7 € N we
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define
XooZ(1) 1= L7 (Xaw)(2) = L7 (XaoT)(@) — L _p(zi — 2! (z) . (4.5.4)
for which one must take as input the definition of X, ;7 and
vr() = (@) = V(LT (Xewr)) ()= » (4.5.5)
where V denotes the spatial gradient. For the centring we will define

XIT(1) =1, XII(X;) = —x;, XZH(X) =1,
XECL(r) = = L7 (Xa@r) (@) + 1 gt (a) forany T €N, (45.6)
XrZH (1) := — v (z) forany 7 € N .

The formulae above are inductive, we remark that for 7 € N one needs to be given

Xey7 in order to define X*°Z(7) and, if 7 € N, that same input is needed to define
+

XL (7).

Finally, to handle the tree products that appear in the remainder equation we define
X, .7 = (X, @ X\ Ar forallT € N . (4.5.7)

Again, the formula above is an inductive definition - a sufficient condition for specifying

the right-hand side above is that we already know X, , for every 7 € N for 7 cT.

Remark 4.5.1. Note that if (4.5.7) is extended to 7 € W it agrees with the definition
given in (¢.5.3).
Lemma 4.5.2. If one adopts the inductive set of definitions (¢.5.2), @.5.4), (#.53.3), and

#.5.6), to determine the path on T and the centring on T**° then @.5.1)) holds for every
TeNUW.

Proof. The fact that (4.5.1) holds for every 7 € W U Z(W) U Z(Poly) is immediate.
Now suppose that 7 € A/, we can then rewrite #34) as

XeoZ(1) = L7 (XawT)(2) — 1 gzt (@) + XEL(T).

‘We also have

L7 (Xeom)(2) =L7[(Xe @ X5)AT)(2)
=[(L71Xe) (2) © Xp) AT
=(X, ® X)(Z ® [d)AT .
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The desired claim follows upon observing that

—1 ) (2) =(X. ® XE9)(Z(Xs) @ I (7))
and X2°Z(7) =(X, ® X2 (Z(1) @ Z(7)) .

O]

At this point we have finished the inductive definition of the path on the trees of 7 and
of the centring on the trees of 77°°. What is left is to define the path on the trees of
(ZF(r):1<i<d, T e NU{X;}}.

In keeping with our convention of thinking of Z;" (X;) as acting like Z(1) for all analysis,
we set
XeoZ (X)) :=1.

Our definition for the action of a path X, o on a tree I;r (1) forT € N is motivated by
the fact that such trees are not really part of our tree expansions but instead only appear

in order to encode change of base-point operations.

In particular, XWCIZ-+ (1) will play a role in how we relate centring at u versus centring
at = and the identity we will be aiming for is Chen’s relation (4.5.10).

The key identity we would like to hold is that, for any z, 2 € R x R%,

XICTH (1) = (X1 © X, o) AL (1) . (4.5.8)

Note that in the above equation we are using our convention of extending X . to forests

of planted trees by multiplicativity.

Expanding the action of A in (4.5.8) gives us an inductive procedure for defining
X.,.I;L (1) forT € N. Namely, we will define, for any 7 € N,

X.o T (1) =XETF (1) = (XE° 0 IF 0 X, 0)Ar
== v0(@) + 30 1 (@)Xeali (T 7) #59)
7eEN

We then see that, in order to define X, ,Z;" (7) it suffices to have defined X, ,(7),
Xe o (T) for every 7 € N with 7 < 7, along with X, .Z(7) and X, ,Z;" () for every
TCT.

Remark 4.5.3. We take a moment to draw parallels between our definitions and those
found in the theory of regularity structures. Those unfamiliar with the theory of regularity

structures can skip this remark.

In our context, the local product X, plays the role of the “un-recentred” IT(e)(z) map in
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the theory of regularity structures.

The corresponding path X, , sometimes plays the role of the map (II,e)(z) and some-
times plays a role more analogous to v, ,(®) where v, ,. is as in [41] Section 8.2], that is

it is the character that defines I', ,.

e For 0 € WUZ(W) the path X, ;o plays the role of (II,0)(z) or equivalently
(o) (2).
e ForT e N,
- X, 7 plays the role of (II,7)(2).
- X, .Z(7) plays the role of (II,Z(7))(z) and 7y, 5 (Z(7)). In particular these

two quantities are the same and in our context this means that the definition
(@.5.4) is actually compatible with the formula (4.5.8) - see (4.5.12).
e Forr e Nand1 < i < d, X. . Z; (7) plays the role of v, ,(Z;(7)) which in

general has a different value than (I1,Z;(7))(z). This is why we cannot define

X, 2 Z; () with some formula that is analogous to (#.5.4).

4.5.2 Properties of paths and centrings

The first property we will investigate is Chen’s relation.

Definition 4.5.4. We say a local product satisfies Chen’s relation on o € T if, for every
z,u,xr € R x R4,
(X @ Xyz)Ao =X, 0. (4.5.10)

Remark 4.5.5. We use Chen’s relation to study the change of base-point operation for

tree expansions, and the sole role of Z;" (1) for 7 € N is to describe this procedure.

Therefore we are not interested in Chen’s relation (@.5.10) for the case where o = Z;" ()
. Jr . . . . .
and instead Z." (7) plays the role of an intermediate object in the expansion of (4.5.10).

The following lemma is straightforward because of the trivial structure of the coproduct

in those cases.

Lemma 4.5.6. Any local product automatically satisfies Chen’s relation on every o €
W UZ(W)UZ(Poly) U{Z;"(X;)}L,.

We also define semi-norms to capture our notion of order bounds, using the convolution

with a approximation of unity denoted by (), as introduced in equation (4.1.3).
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Definition 4.5.7. Given a local product X and o € T, we define

sup  sup ‘(X.,IJ)L(:E)‘L_“’| foroc € T, UZ(W),
xERxRI Le(0,1]
sup  |X, zold(z,2)7l°! foro e T7¢.

z,:cERX]Rd
d(z,2)€(0,1)

[X; 0] := (4.5.11)

We say X satisfies an order bound on o if [X; 0] < oc.

Remark 4.5.8. We note that for any o € Z(Poly) U {Z;" (X;)}¢_; we have the bound
[X; o] < 1 uniformly over local products X.

Since we are working in the smooth setting, it is also true that any local product X
satisfies an order bound on 7 € 7, (and Z(7) € Z(W)). However, it is not obvious and
in general not true, that these bounds remain finite, when one passes to the rough limit,
where ¢ is genuinely only a C 319 distribution. In the application to stochastic PDE,
these bounds can be controlled in the limit, but this requires additional probabilistic

arguments as well as a renormalization procedure.

Since we have Lemma.5.6/and Remark [4.5.8] our goal for this section is to verify that
our definitions automatically guarantee that any local product satisfies

e Chen’s relation on any 7 € Z(N) U N, and

e a quantitative order bound on any
TEI(J\?)U{I;_(T):lgiSd, e NYUZ(W)

in terms of order bounds on 7 € N U T,.

We now turn to showing the desired statements about Chen’s relation.

Proving Chen’s relation

It is useful to introduce a stronger, partially factorized version of Chen’s relation.

Definition 4.5.9. Given Z(7) € Z(N') we say a local product X satisfies the strong
Chen relation on Z(7) if, for every z,y € RY, one has the identity

XiPL(r) = (X5 @ Xgy ) AZ(7). (4.5.12)

We remark that it is trivial to check that any local product satisfies the strong Chen
relation on Z(7) € Z(Poly). The following lemma is half of our inductive step for

proving Chen’s relation.

Lemma 4.5.10. Suppose a local product X satisfies Chen’s relation on 7 € N, then X
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satisfies the strong Chen relation on Z(T).

Proof. Expanding both sides of (4.5.12)) gives

L7 (XeyT)(y) + ijgeczj(r)
=L (XayT)l% + (i — ) XL ()

ok (XL (1) = D (L (7)) Xy Oy (7, 7)) (4.5.13)
FeN
Y (XFZ(7)) (Xay C1. (7, 7))
FeN

Each of the three lines on the right-hand side above come from one of the three terms on
the right-hand side of the first line of (.4.3).

Doing the explicit cancellations lets us simplify (4.5.13)) to

0 =L (Keym) (@) + 2 > (XFL (7)) Xy Cp (7, 7)
FEN
+ ) (XEL(F)) (Ko O (7, 7))
FEN

(4.5.14)

We then obtain (4.5.14) by using our assumption on Chen’s relation for 7 to write

L7 (Xay7) (@) = £71 (Ko © Xy )AT) ()
= Z 1X0 Lt ( )(X%yc_;,_ (?’ T)) )

FEN

and then recalling that for any 7 in the above sum one has

L7 (XeoT) () = =XEL(F) — 2 XL (F)

The following lemma is the second half of our inductive step.

Lemma 4.5.11. Fix T € N and suppose X is a local product that satisfies the strong
Chen property on Z(T) for every T C 7. Then X satisfies Chen’s relation on .
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Proof. We have

(Xey @ Xy 2)AT =(X; @ X @ X ) (A @ Id)AT
=X @ X7 ®@X,.)(Id® A)AT
=(X,; @ XI)Ar
=Xz 2T .
In the first equality we used our identity for X, , and in the second we used the
co-associativity property of Lemma.4.6]

For the third equality we used the fact that A is multiplicative over forests of planted
trees so we can use either Lemmal4.5.10|or (4.5.8) for the planted trees that appear in
the forests that appear on the right factor of A7. Fix 7 ¢ {1,Xy,...,X4}. Then for
any Z(7) € C(7,7) one has 7 C 7 so one can use Lemma[4.5.10] for these factors. For
the factors Z;" (7) € C(7, 7) one can just use (#.5.8). O

Putting together these two lemmas for our inductive step, combined with Lemma[4.5.6]

which gives us the bases cases for our induction, we arrive at the following proposition.

Proposition 4.5.12. Any local product X satisfies Chen’s relation on T .

Order bound

Below, for any local product X and forest of planted trees o1 - - - 0y, n € Z>(, We write
n
X;o1--0p] = H[X; gl .
j=1

We also write [X; 0] := 0. With this notation we can state the following lemma.

Lemma 4.5.13. For any T € 7T, and uniform over local products X one has the estimate

[X; 7] forre W,
[X; 7] + max[X; 7][X; C4. (7, 7)]  forT e N .

7T

X;Z(7)] S (4.5.15)

Suppose T € N, then, for any 1 < ¢ < d, and uniform over local products, one has

X Z ()] S X5 7] + max[X; 7][X; C4 (7, 7)) (4.5.16)

T<T

It follows that any X satisfies an order bound for any o € T,.

Proof. We start with proving (4.5.13)) for any 7 € 7,.. Clearly the bound is trivial when
the corresponding right-hand side of (4.5.13)) is infinite so we assume that they are finite.
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When 7 € W the desired estimate follows from the Schauder Lemma[3.2.1] where we set
U(e,x) = X, ,Z(7) = X Z(7) and where we can take M < [X; 7] by Lemma|[3.5.1]

which gives an estimate on the multiplication by smooth cutoff function p in #.3.3).

For 7 € N we will instead appeal to Lemma We set
Uly,2) = L7 Xeom)(y) — L7 (X o7) () . (4.5.17)

It is clear that we can take M (1) < [X; 7] for the assumption (3.2.33).

We now verify the three point continuity condition (3.2:38). The role of \(e,e) in
(3:235) will be played by the quantity A (y, z) = (A7 (y,2))%_, € R? where

My, x) = = D (XL (7)) Xy 2O (7.7) - (4.5.18)
FEN
TET

We then write

U(z2) = Uly,2) = U(zy) = (2 = 9) A\ (y, )
=(L7 Ko — (L7 Kay )l = (21 = 9N (y, )
:<£-1<X.y ® waw — (L7 Ky )} — (2 — 9 A (g, )
=3 (LT Ky MKy O (7 7) = (20— )M (9, ) (4.5.19)

TEN
THT

=3 Xy I(7)XyoCy (7, 7).

TEN
TH#T

For the second equality above we appealed to Proposition 4.5.12]to use Chen’s relation
for 7. Then by inserting the order bound for every term in the last line of (#.5.19) we see
that in (3.2.35) we can take M?) < max-_. [X; 7|[X; C (7, 7)].

We turn to proving @ and so we fix 7 € N/. We obtain the desired estimate by

applying Lemma Here we again define U (e, ®) as in ( and \;(e,e) by
#.5.18)). Thanks to the computation (@.5.19) we see we can take M = maxz<,[X; 7|[X; C4. (7, 7)]

in (3.2.41). We also note that v, is then the optimal v referenced in Lemma[3.2.4]and
that we have

Xy L (1) = i (y) — v (@) + A (y, )

and so the desired estimate is given by (3.2.42). O
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4.6 Modelled distribution

With the definition of local products and their associated paths in place, we now show
how to use them to give a good local approximation to the solution v of the remainder

equation. As explained above in (4.2.18), we seek a local approximation to v of the form

v(y) = XyaO(z) = > 0.(1)XyZ(7), (4.6.1)
TeN

for suitable coefficients © € C°(R x R%; Vec(N')) (which we interchangeably view
asamap © : N — C taking 7 — ©O,(7)) and with an error of order < d(z,y)".
In this section we first introduce a family of seminorms that measure the regularity of
the coefficient map © and that ultimately permits us to bound renormalized products.
Subsequently, we turn to a specific choice of coefficients © (denoted by T, see Defini-
tion[4.6.6) which arise in “freezing of coefficient procedure” described in Section[d.2.4]
The main result of this section, Theorem shows a close connection between the
various seminorms for this specific choice of coefficient.

In order to motivate the regularity condition we rewrite equation (4.6.1)) for another

base-point = (but for the same argument y)

~ > Ox(7)XyzL(7), (4.6.2)
TEN
then use Chen’s relation (4.5.10) and Lemma4.4.13|in the form
XyzZ(T) = Z Xy2Z(17)X3 704 (T,7)
TEN
to rewrite the right-hand side of (4.6.2)) and compare the resulting expression to (4.6.1)),

arriving at

1> (0ur) = X O5(XezCi (7, 7)) Xy Z(7)| S dl,9) + (@) (463)
TeEN TEN

Specialising this inequality to those y for which d(Z, y) =~ d(z,y) ~ d(z,T) ~ d yields

the estimate

3 (0u) = 3 0am)KeaCh(r7) Ky Z() S (464)

TeN TEN

In view of the the order bound 4.5.11))

Xy Z(r)] S dTH2,
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the following definition is natural.

Definition 4.6.1. Let X, be a local product and X, o be the path constructed from X,.
Then for © € C®(R x R%; Vec(N)) for 7 € N and 0 < v < 2 we define

T oy 1) = 0y(r) = D 0.(F)XyWCy (7, 7), (4.6.5)
TEN

[Tl<vy—2

and the seminorm

T 1 T
U]y jr)—2 == 5;15 W’U%z(y,l‘)" (4.6.6)

It is important to observe that the semi-norm [U7],,_||_2 involves the coefficients, O
as well as the paths X, o on all symbols 7 for which C'; (7, 7) does not vanish, and that
all of these trees T satisfy 7 < 7 . Also, for 7 = 1, in view of the identity C (1,7) =T
and |1| = —2 the quantity [U"]., measures exactly the size of the error in the expression
(#@.6.1) at the beginning of this discussion.

Remark 4.6.2. The definition of the semi-norm corresponds exactly to Hairer’s definition
of a modelled distribution, [41, Definition 3.1]. In Hairer’s notation the expression

|U7_5(y, x)| becomes
18(z) = Loy © (W) llz(r) -

The following lemma relates the notion of classical derivative with the generalised

derivatives that appear in the modeled distribution.

Lemma 4.6.3. Let 1 < v < 2. Fix a local product X and © € C®(R x R%; Vec(N))
with the property that, with U,}fQ(y, ) defined as in (#6.3), we have [U1], < oc. Then,
forl <i<d,

0:(X) =0 (0y(1) = 3 0:(MXyeCo(17)| . @6

TEN
|[Fl<—1

where the partial derivative 0; acts in the variable y.

Proof. Note that by assumption we have that that ]U;_2(y, x)| < d(y,x)” and since
~ > 1 it follows that

(BiU]_5(y, x)) ’y:m =0.

We obtain the desired result by plugging in the definition of U%_Q(y, x) and recalling
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that

(0,2 C4 (1, 1)| _, =(0%,,T(1))], _, =0
(03,2 C4 (LX) | _, =(0:%,.T(X)))],_, = b5

and (9,X,,C4(1,7))|, __ =0for7 € N with [7| > —1.

y=x
In the last statement we are using that |X, ,C(1,7)| < d(y, z)/+2, O

We now introduce some short-hand notation that will be very useful in the following
calculations. First, for a given local product X, for © € C*®(R x R%; Vec(N)) and
v € (0,2) we denote by

= Y 0. (1)Xy.I(7). (4.6.8)
TEN,

|T]<y—2

We also introduce a truncated “square” and a “spatial derivative”:

VWQ(yax) = Z Gx(Tl)@J:(TQ)Xy,xI(Tl)Xy,xZ(TQ) ) (4.6.9)
71,72€N,
[T1l+lr2|<y—4

VO(y,z) = > 0.(1)X,.T5 (7). (4.6.10)
TGN,
|T]<y—1

Note that due to the choice of index set Vf(y, x) does not coincide with the point-wise
square (V(y, ))?. Note furthermore, that recalling the definition (#.6.5) specialised to
7 = X; as well as the identity C (X;,7) = Z;7 (1) for 7 € N and = 0 otherwise (see
Table [4.1)) we have the identity

Ui(y,x) = 0,(Xi) — Vy(i)l(y,a:). (4.6.11)

A first nice observation is a control for the “three point continuity operator” for V
(the left-hand side of below) in terms of the U;_Q and X, o. This “three point
continuity operator” corresponds exactly to Gubinelli’s § operator [33, 34]. In our
calculations this quantity is needed to bound derivatives (see below) and as input
to the Schauder lemmas presented in Section [3.2.4]

Lemma 4.6.4. Let X, be a local product. Let © € C*®(R x R% Vec(N)) and let V be
defined as in @.6.8). Then for any space-time points ,y, z € R x R? we have

V”/(va) - V”/(Zvy) + VW(yvy) - VW(ya x)
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— > ULy, )Xoy I(7) (4.6.12)
TeN\{1},

|| <v—2

Proof. We reorganise the terms on the left-hand side of @.6.12)) to write

V’Y(z .%')—V( )+V(y7y)_v’7(y7$)
= Y 0.(7)(XenZ(F) - XyoZ(7))

TEN,

|Tl<v—2

— Y 0y(M)(XayZ(r) — Xy Z(7)). (4.6.13)
TEN,

|T]<y—2

We use Chen’s relation (4.5.10) for the terms in the first sum on the right-hand

XooZ(F) = XyoZ(F) = > (XeyZ(7) = Xy (1)) Xy Cy (7, 7) -
TeN

|T]<vy—2

Plugging this into the first term on the right-hand side of (4.6.13), exchanging the

summation in 7 and 7 gives

Vi(z,2)=Vy(2,y) + Vy(y,y) = V- (y,x) =
Y ((Xz,yz() Xy L) (Y 0,(7)XyuCi (7,7) — @y(f)))

TEN, TEN,

|[T|<y—2 |Fl<vy—2

Finally, noting that X, ,7(1) — X,, ,Z(1) = 0 and X, , Z(7) = 0 for 7 € '\ {1} leads
to the desired expression (.6.12). O

The following lemma gives relations between V', V2 and V%), They will be used heavily
in Section 4.10)

Lemma 4.6.5. Truncation: for 0 < 8 <~ < 2, V,_g is a truncation of V,

Oy(1) = Vi (y, ) =0,(1) = Vi—5(y,7)
- Yo 0u(NXyLI(r). (4.6.14)

y=B—2<|7|<y -2

Multiplication: for 0 < v < 1, Vf is a truncation of (V)

0,(1)* = V2 (y, ) = ©,(1)(0,(1) - V,(y, 7)) (4.6.15)
+ ) 0K W I(1)(0y(1) = V2 (y, 7).
—2<|7|<y—2
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Derivative: To control derivatives we use the following reorganisation of Lemma{.6.4}

forl <y < 2we have
V’Y(z7$) - V’Y(Z7y) + V’Y(ya y) - V’Y(ya‘r) (4616)

d .
+3°(0,(X) ~ VI (w2)) gy — 2)i = — > UT_y(y,2) XayZ(7).
i=1 TEN,

|T|<y—2

This last identity (4.6.16) will be combined with Lemma to give a bound on V()

below.

Proof. The first two identities are immediate. In the third one, we use the identity
(@.6.11)) and rewrite the term corresponding to 7 = X;, for which X, ,X; = (y—=z);. O

We introduce in the following definition a coefficient map T depending on some real

valued functions vq and vx,, % = 1...d,on R x R4,

Definition 4.6.6. Given real parameters vy, vx,, i = 1...d and 7 € N UW we set

(

V1, T=1,
X, T = Xj,
Y(7)[v1,vx] == (4.6.17)
1, T=E,
|~ T2 Y()[on,ox), 7= Z(r)Z(72)Z(73),

where we adopt, above and in what follows, the notational convention vx = (vxi)?zl.
We may omit the parameters [v1, vx| from the notation when there is no possible confu-
sion, We usually work in the case where vy and vx are functions of spacetime R x R? in

which case we use the shorthand: Y (7)[v1(2),vx(2)] =: T,(7).

We extend Y to planted trees, in particular we set Y (Z(1)) := Y (1) fort € WUN
and Y(Z; (1)) = Y(7) for T € N U {X;}L . We also extend Y to forests of planted
trees by multiplicativity.

It is straightforward to derive an explicit formula from the earlier recursive formula Y,

we state this as a lemma.

Lemma 4.6.7.

d
m(r)—1 ma(T Mx,. (T
T()for,vx] = (-1) "7 o O T o= .
=1

Note that since we only consider trees of negative order, we always have mq(7) +

2my(7) < 3. In particular only v1, v, £vx, or &1 can appear and these possibilities
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correspond, respectively, to mq(7) = 1, mi(7) = 2, mx,(7) = 1, and mq(7) =

mx(7) = 0.
Assumption 4.6.8. For the remainder of the thesis, we will always assume that the
coefficient map © € C=(R x R%; Vec(N)) is of the form

©.(e) = Y(o)[v1(2),vx(2)] = Y. (o) for some v1, vx . (4.6.18)

We enforce the relation (4.6.18)) for the rest of the thesis, in particular this is implicit in

any use of the notation U™ .
The following identities are the main motivation behind our definition of Y.

Lemma 4.6.9. One has

_< > T(T)I(T))3= > T (4.6.19)

TeNUW reNUW

We also have forany T € N', T € N such that Ci(1,7) #0,

m(r)—1

Y(7)=(-1) Y(Cy(r,7)), (4.6.20)

where T acts on forests multiplicatively.

Proof. For the equality (4.6.19) we first note that we have this equality if we dropped all
the T’s and dropped the minus sign on the left-hand side, this is just (4.3.4). What is
left is to make sure that by inserting the minus sign and Y’s in (4.6.19), the unplanted

trees on either side of the equation have the same coefficient, but this is an immediate
consequence of the last line of (4.6.17).

The identity (4.6.20) follows from Lemma and Lemma{#.4.12 d

The key result of this section is the observation that under the structure assumption
described in Remark [4.6.8] all continuity conditions are controlled by the condition on 1
and X;. This follows from the bounds established in Lemma[4.6.5]and the following

theorem which uses the structure of T.

Theorem 4.6.10. For T € T, the quantity UJ (y, ) takes the following form

(D)% (1Y) ~ Vaopr(y,2))  ifmalr) = 1,
(D)2 (u)? =V, (@) ifma(r) =2,
(1) (ox, (1) = V. (0,2) i m(7) = 1,
0

if m1(7), mx(7) = 0.

Ui (y,r) = (4.6.21)
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Proof. From Lemma[4.6.9] we have

m(r)—1

T(M)C(7,7) = (=1) 2 T(C4(7,7))C (T, 7).

This allows us to write:

UZ(y,2) = Ty(r) = (1) "7 3 Yul(Co(r, 7)) Xy uCo (7,7).
7| <

We can use Lemma[4.4.12]to study the different cases:

e If mi(7) = 1 and C(7,7) # O then there exists a unique 7 € N such that
C4(1,7) = Z(7). Conversely, for each 7 € N with |T| < v — |7| — 2, there exists
aunique 7 € N with |7| < v — 2 such that C'; (7,7) = Z(7). Indexing the sum
over this 7 gives the expression of V,_.

e If my, (1) = 1 and C4(7,7) # 0O then there exists a unique 7 € N such that
C.(7,7) = Z; (7). Indexing the sum over this 7 gives the expression of V'y(i)lfl'

e If mi(7) = 2 and C(7,7) # 0O then there exists a unique non-commutative
couple (71, 72) € N2 such that Cy (1,7) = Z(71) - Z(72). Indexing the sum over
these 71, T2 gives the expression of VV{M, using also the multiplicative action of

X on forests of planted trees.

We finally see that we get the correct order using the fact that |7| + |C(7,7)| = |7|. O

Lemma (4.6.3| above showed that the continuity condition on a modelled distribution
enforces the relation between the coefficients ©,(X;) and the other coefficients.
Since we are now imposing the structural condition (4.6.18)), we see that all the left-hand
side of is given by vx, (=) and the right-hand side of has no dependence on
vx (x) - therefore the continuity condition combined with (4.6.18)) determines vx (x) =
(vx,(r))%_; as a function of v and the local product X along with associated derivatives.

For future use we encode this as a map (v1, X) — Divy = vx,.

Definition 4.6.11. Given a local product X and a smooth function v : R x RS — R we
define D*v = (DXv)d_,, D¥v : R x R — R by setting, for 1 < i < d,

(DF)(@) = 3 Tal?)(0:XyuCr(1.7)] _, — Bv(y)],_, .

TEN

|Fl<—1
where the partial derivatives above acts in the dummy variable y and the Y ,.(+) coeffi-
cients above are defined using the parameter v(x) = v1(x). Note that we do not need to
specify a parameter vx (x) for the Y, map above since every T appearing in this sum

satisfies mx (T) = 0.
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4.7 Renormalised products of tree expansions

In this section we define renormalised “point-wise” products, taking as input a local
product and tree expansions. Fix some smooth noise ¢ and let X be a lift of £&. This means
that we enforce that X= = £. Upon fixing the choice of X we will arrive at analog of the
equation which we now try to identify. The solution to this yet to be identified

equation will be written in the form

() + > ()T XI(r)

TEW
= > TADX..I(7)
TeEWU{1}
= Z T (1)X, . Z(7) . 4.7.1)
TEWUN

Above, in passing from the first to second line, we have used the definition of Y on W
in Lemma as well as the fact that X, ,7(7) = X,Z(7) for 7 € W. In passing to
the last line we used the simple observation that for 7 € N\ {1}, X, .Z(7) = 0. This
trivially gives the identity

)= > () Y(m) Y a(73)X. T(1) X, T (1) X 2T (73)

71,72, T3EWUN

= — Z TZ(I(’Tl)I(’TQ)I(T;;))Xzsz(Tl)XZ7ZI(TQ)XZ,ZI(T3) .
T1,72,T3EWUN
4.7.2)

The renormalisation now consists of replacing each of the point-wise products X, ,Z(7q)
X, .Z(72) X, .Z(73) which in general we do not control by the terms X, .7 (71 )Z(72)Z(3)
which we control by assumption. The following definition extends this idea to more

general expansions.

Definition 4.7.1. Fix a local product X. Suppose we are given, for 1 <1 < 3, smooth
functions 8 (z) : R x R4 = R and O : R x R — Vec(T;) with

09(2) =X..00(2) = Y 0W(r)X..I(r). (4.7.3)
TeNUW
Then, we define
(0D ox 6P ox 63))(2) =

> o(m)eP (m)eP ()X, .r . GTD
=T (11)Z(12)Z(73) ENUW
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In the case where there is a single function 0) = 9 and a single corresponding tree
expansion ©()) = © then we just write #°%3 for the left-hand side of [@.7.4).

We adopt the convention that when 0()(2) = X, .Z(7) = X,Z(r), where 7 € W),
appears as a factor in a local product, we will implicitly take %) (z) = Z(7). We
remark that, with the generality we allow in the definition of local products, there is
no reason to expect that (1) ox 62 ox #(®)(2) is given by some polynomial in the
functions (") (z) and their spatial derivatives. However, a trivial case where there is such
a correspondence is in the case of a multiplicative local product in which case one clearly
has (01 ox ) ox 03 (2) = 8 (2)02) (2)0B) ().

Remark 4.7.2. An important observation about the importance of these tree expansions is
the following. In (@.7.3)), the contribution on the two right-hand sides from 7 € A\ {1}
vanishes due to the order bound for any local product.

Similarly, if the local product X is multiplicative then none of the terms involving either

71 or T3 or 73 € N contribute to the value of the renormalised product.

However, if the X is not multiplicative then it can certainly be the case that these terms
from 7 € A\ {1} contribute to the value of the renormalised product even though they
do not contribute to the value of the () (z). At the same time, in the end we only need
to keep products of trees Z(71)Z(m2)Z(73) with |Z(71)Z(m2)Z(73)| < 0 in our analysis
of renormalised products. This motivates our truncation convention for tree products
described at the end of Section d.3.11

We can now specify the equations we obtain a priori bounds for.

Definition 4.7.3. Fix a local product X. Then we say the solution of the ®* equation
driven by X is a smooth function ¢ : R x R — R solving

(0 — A)p = ¢°3 + €. (4.7.5)
where we write ¢ = X,Z and the tree expansion ® for ¢ used to define ¢°*3 is defined by

O(z)= ) TuAr)I(r),

TeNUW

where Y is defined as in Definition and the parameter v1(z) is given by

v1(2) = ¢(2) = > Yo()X.I(7), (4.7.6)

TEW

while we set parameter vx = D*vy as given in Definition

Definition 4.7.4. Fix a local product X. Then we say the solution of the ®*-remainder
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equation driven by X is a smooth function v : R x R? — R satisfies the equation

m(T)—
(& — Ayv = — (u3 +33 (=)™ v ox v ox XuZ(7)
TEW
m(11)+m(r9)—
+3 Z (1)~ = ox XeZ(71) ox XeZ(72)
T1,T2EW
m(7r1)+m(m9)+m(r3)—
- Y TR T()).

71,72, T3EW
[T1l+Im2l+]T3]>—8

“4.7.7)

Here, the tree expansion that governs v is given by

V(z) =) T.An)I(r)

TEN
where Y, is defined as in Definition using the function v(z) and the parameters
v1 = v and vx = D*v.
The following statement is then straightforward.

Lemma 4.7.5. There is a one to one correspondence between solutions in the sense of
Definition to those of Definition the correspondence is given by taking ¢
which is a solution in the sense Definition 4.7.3|and mapping it to v = vy which will be

a solution in the sense of (4.7.0).

4.8 A useful class of local products

This section is somewhat orthogonal to the main result of this chapter. Here we present a
particular subset of local products, lifts of a smooth noise &, which are defined in terms
of recursive procedure that guarantees that the renormalised product appearing in (4.7.5)
is a local polynomial in ¢ and its derivatives. This class of local products also includes
those that satisfy the necessary uniform stochastic estimates in order to go to the rough

setting, namely the BPHZ renormalisation of [[10, [18]].

4.8.1 Another derivative edge

Our class of local products will, for § sufficiently small, allow the renormalised product
¢°%3 to involve spatial derivatives 0;¢ for 1 < i < d.

To describe the generation of these derivatives in terms of operations on trees we will

introduce yet another set of edges {Z; }2_, and another set of planted trees
Ti—=TU{Z (r):7eT,1<i<d} U{Z/(X;):1<i<d}.
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We also adopt the notational convention that

77 (X)) =Z(Xi), Z; (1) =0, and Z; (X;) = 0ifi # j .
Both the new set of edges {Z; }%_, and the set of edges {Z;" }2_, introduced in Sec-
tion {4.4{ should be thought of as representing a spatial derivative of a solution to a heat
equation. However these two sets of edges play different roles in our argument: a symbol
ZH (1) forT € N is used to describe centring terms while the terms I, (7)forT € 7T, are
only used so we can write tree expansions for derivatives generated by our renormalised

products.

In particular, since the renormalised product associated to a local product X is defined in
terms of the path built from it, it will be useful to extend this path to act on such Z; (7)
trees and the natural action to choose here will be different than the action of the path on
T} (7) trees.

Another difference between these two sets of derivative edges is that while we adopted

the convention that, for any 7 € 7, \ V, one has Z;" (1) = 0. We do not adopt the same

convention for Z, (7).

For convenience we will treat the symbols Z; (X;) and Z;* (X;) as the same and also
adopt the convention that Z, (1) = 0. We also extend our notion of order to 7; _ by

setting, for 7 € T,, |Z; (7)| = |7] + 1.

We extend any local product X to the new trees we have added in 7; _ by setting, for
1<¢<d,

(-1 :
X.7-(r) = J O XeG) T T 48.1)

1 ifr=X;.

4.8.2 Operations onZ; trees

Given a local product X, we extend the corresponding path to Z,” trees by setting, for
any 7 € T.and 1 <34 <d,
XewZ; (1) = (X, @ X5 AZ (1) . (4.8.2)

1

where we extend the formulae of (4.4.3) by setting, for 1 < i < d,
AL (1) = (Z; ®I)AT+ I (X)) QL (1), T€ T, .

Remark 4.8.1. We remark that our convention that Z; (X;) = Z;"(X;) also seems

natural since this guarantees (4.4.5)) holds for o of the form Z; (7), but this observation
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will not play any role in our argument.
We then have the following easy lemma.

Lemma 4.8.2. Let X be a local product, then forany 1 < i1 < dand 7 € Ww UN, one
has
0 X, wI(1) =X, I, (1) forany 7 € WUN, (4.8.3)

where the derivative 0; above acts in the variable z. In particular, one has

X..Z, (1) = 0if |Z; (1) > 0 (4.8.4)

Moreover, if © : N' — C* has the property that, for some 1 < ~v < 2, we have
(U], < oo (where U71_2 is defined as in (4.6.9)) then we have that

9:0:(1) = Y 0.(nX..I; (1) (4.8.5)

TEN
Ir|<-1

Proof. The first statement (4.8.3) is a straightforward computation using (4.8.3) and
#@.8.1) and (@.8.2)). The second statement (4.8.4) then follows from the first one and the
order bound [X : Z(7)] for such 7.

Finally, the third statement (4.8.5) follows immediately from combining (4.8.3) and
Lemma/4.6.3] O

4.8.3 A recipe for local products

With this notation in hand, our recipe for building a local product X will be to first
specify the smooth function X,= and then inductively define, for 7 € Q (recall that O
was defined in Definition |4.3.6),

X, 7 =X, Rt (4.8.6)

where R : Q — Alg(7; —), and on the right-hand side, we apply X, multiplicatively
over the planted trees appearing in the forests of Alg(7; —) and use the conventions of
Section4.3.3]and to reduce the right-hand side to evaluating X, on ' U W. For
this to be a well-defined way to construct local products the map R must satisfy the

following two criteria

e For the induction (4.8.6)) to be closed, it is natural to enforce that R should have a
triangular structure in that, for any 7 € O, any planted tree appearing in a forest
appearing in R7 should be of the form Z(7) or Z, (7) with 7 strictly fewer edges
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than 7.

e In order for X, to be invariant under permutations of non-commutative tree
products it also natural to enforce that R act covariantly with respect to such

permutations.

If we have a map R as above and use it to build a local product X using (4.8.6) then we
say X is built from R.

For what follows it is useful to define the map g which takes tree products to forest

products, namely ¢z maps NUW 3 Z(11)Z(12)Z(73) — Z(11)-Z(72)-Z(73) € Alg(Ty).

Remark 4.8.3. One possible choice for a renormalisation operator R, is setting, for
each 7 € Q, Ry t™ = qp7. If one uses R,,1; to build a local product X then it follows
that X is a multiplicative local product.

However, in order to allow more flexibility than a multiplicative local product but still
make it easy to show that that the product ¢°*3 in admits a nice formula, we

impose a structural assumption on the operator R.

This assumption can be expressed in terms of a slightly modified version of our earlier

defined coproduct.

4.8.4 A modified coproduct and local renormalisation operators

The modified coproduct is defined with a map C'_, modification of C;.. C_ : (T, 7) €
T x T — F is given by the table below.

T\ T 1 X; =) Z(T1)Z(T2)Z(73)
1 7(1) 0 o0 0
X, I(X;) I;(X;) O 0
= =) I7E 1 0
I(r1)Z(r2)Z(r3) | Z(r) Z; (1) 0 C_(71,1)C_(T2,72)C_(T3,73)

Table 4.2: This table gives a recursive definition of C_ (7, 7). Possible values of 7 are
displayed in the first column, while possible values of 7 are shown in the first row. The
corresponding values of C_ (7, 7) are shown in the remaining fields.

The difference between C and C'_ is the removal of the projection on positive planted
trees. Similarly, we never assume that Z; (1) = 0if 7 ¢ N. C_ also satisfies Lemma
4.4.12], with the first implication in (4.4.6) being an equivalence in this case.

The following lemma, which follows in an immediate way from the definition of our

sets of trees ' and W, will be useful when we try to drive an explicit formula for ¢°*3.
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Lemma 4.8.4. For any fixed T € NUW,

p<o », C(7,7)

reNUW
(X ew I(1) +Z(1)) ifmy(7) =1,
=V (Zrew I +Z(1) - (Xrew Z(7) +Z(1))  ifma(7) =2,
ZT‘%% 77 (1) if my, (F) =1.

Above, p< : Alg(T;—) — Alg(T;,—) is the projection that annihilates any forest of

planted trees that contains a planted tree of strictly positive degree.

Definition 4.8.5. Given a map r : @ — R such that r is invariant under permutations

we define a corresponding map R : Q — Alg(T; ) by defining

R(r)=qrr+ »_ r(v)C_(r,7). (4.8.7)

T'e Q

Note that counterterm maps v and local renormalisation operators R determine each

other uniquely.
We then immediately have the following lemma.
Lemma 4.8.6. Let R be a local renormalisation operator. .

Given a local product X built from R, the formula (4.8.6)) defining X for 7 € Q actually
also holds as an identity for T € N \ Q where R is itself is extended to NUW by
applying the formula (4.8.7).

Suppose we are given a X built from R. Then the formula allows us to compute
the action of X, on any element 7 € N U W in terms of its actions on simpler trees.
However, the starting formula for ¢°*2 involves the action of the corresponding path
X -. Therefore in order to work out an explicit formula for ¢°*3 it would be good to
have an analogue of for paths X, 4 instead of just the underlying local product
X,. Heuristically the idea for getting such a formula is showing that the action of a local
renormalisation operator will “commute” with our centring operations. To this end we

have the following lemma.

Lemma 4.8.7. Let R be a local renormalisation operator. Then one has, for any
T e NUW, the identity
ARt = (R®Id)AT . (4.8.8)
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Proof.
AR(T) = AqpT + Z r(7)AC_(T, 7).
TET

We split the sum above depending on m1(7) and mx(7), for 7 < 7. If ma(7) =
mx(7) =0, then C_(7,7) = 5{T:?}.

If m1(7) = 1, then we have C_ (7, 7) = Z(o) where 0 C 7 and
AZ(o)= Y I(7)®Cy(7,5).
FENUW

For each element 7 in this sum, we define a corresponding 7 by replacing the occurrence

of o in 7 identified above by 7. We have 7 < 7 < 7 and by the inductive formulas,

and
C+ (;7 (A):) = C+ (?a 7-)'

The following picture is a representation of 7 and the relation between its different
subtrees, for one choice of 7, to give an intuition of the proof. Drawn above the thicker

lines is C4 (7, 0) = C4 (7, 7), which in this example is a product of two planted trees.

If mx(7) = 1, the same holds by replacing Z by Z,” in the argument.

If m1(7) = 2, then we write C_(7,7) = Z(01) - Z(02) where o; C 7 and fori = 1,2,

Aoy = Y I() @ C.(F5).
7HENUW

For each element 7, and 7>, we define 7 by replacing o; by 7; in 7. Wehave 7 < 7 < 7

and by the inductive formulas,

I(7) - I(7) = C_(7,7)

and

C+(7~'1,51) . C+(7-2,62) = C+(?, 7').
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In all the cases discussed, we can index the sum induced by the coproduct in terms of 7

instead of T or 71, To. Permutation of that sum with the sum over 7 then gives:

AR(T) =Agem+ Y O r(MC-(F7) & C4(7,7)
TFENUW TET

= Y (g7 + ) _ r(FC-(7.7) @ Cy(7,7)

FENUW FeT

= Y RE)®CL(T,T)
FENUW
=(R®Id)AT,

where above we adopt the convention that r(7/) = 0 if 7/ & Q. O

With this identity we can now give an analog of (4.8.6) for our paths.

Lemma 4.8.8. Suppose that the local product X was built from an local renormalisation
map R. Then, for any x,y € R, and tree T € N UW one has

Xo T =Xy R7T (4.8.9)

where on the right-hand side we extend X ,, to forests of planted trees multiplicatively.

Proof. Our proof is by induction in the size of 7. The bases cases where m, = 3 are

straightforward to check by hand. For the inductive step, we note that one has
Xy = (X @ XJ)AT = (X R @ X[7)AT = (X, @ X[7)ART = X;  RT

where in the second equality we used Lemma and in the third equality we used
Lemma@d.8.71 O

Remark 4.8.9. We describe how the renormalisation of <I>§ (which in our setting cor-
responds to fixing 6 = 1/2— with Gaussian noise) used in previous works such as [56]

corresponds to a choice of a local renormalisation operator R.

We define Qyjcx to be the three different elements of A obtained by permuting the tree
product in Z(1)Z(Z)?, that is

Quick = {Z(1)Z(E)*, Z(E)Z(1)Z(E), Z(E)°Z(1)}

and similarly define Qgynget to be the collection of the 9 different elements of N which

142



are obtained by permutations of the tree product in
0

I(2)Z(Z(E)I(1)I(E))I(E) = N3

There are nine elements because there are three different orders for each of the two tree

products appearing in this tree, for instance one also has
Z(Z(1)Z(E)H)Z(Z)* € Qsunset -

The corresponding counterterm map r is given by

_Cwick ifre Qwick7
T(T) = —Comset  ifT€E qunset;

0 otherwise.

where one has
Cuick =E[(L71€)(0)?].
Csunset :E[H(O)ﬁ_le(O)L

where £ is our (regularised) noise, P is the space-time Green’s function for the heat
kernel and 6 is defined by

0(z) = (L7'€)(2)* — E[(L7'€)(0))] = (£L7'€)(2)* — Cuick-

The promised local renormalisation operator is then given by building R from 7 as in
@.8.7).

As an example, we compute
0 0 0 0
R =111 — 3CwickT and R w = T\*/T — Cwick\*/ — Csunset | .
4.8.5 Formula for the renormalised cube

The next proposition gives the explicit formulae for our renormalised product that

promised at the beginning of this section.

Proposition 4.8.10. Let X be built from a local renormalisation operator R.
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Fix smooth functions v1,vx,,...,vx, : R X R? — R and let

> Yr)I(r)
TeNUW
where Y is defined in terms of the parameters v1 and vx, and

B(z) = X..8(z) = To(1) + 3 T()

TEW
Moreover; suppose that, for some 1 < v < 2, ifUA}_Q as in (@.6.3) with ©4(-) = To(-)| A,
we have that [U]., < oo.

Then, if we define ¢°*> as in Definition using © as our tree expansion for ¢, we
then have

d
¢°73(2) = ¢°(2) =1 — rad(2) — T020°(2) — > _ ro,00i8(2), (4.8.10)
=1
where
m(7)—1 . m(7T)—1 -
= Y (=) 2 @, re= Y (-1) 2 (),
FENUW, FeN
my (T)+mx (T)=0 mq (F)=1
m(7)—1 m(7T)—1 (4811)
rez= Y (=12 (@, roe= Y (1) z (.
2 max; (7)=1
my (T)=2 TEN
Here r : Q — R is the map from which R is built.
Proof. We have
¢ (2) = D Ta(r)Ya(m) V()X Z(11) I (72)L(73)
T1,72,T3ENUW
Z T.(7)X, .7
TENUW
= ) TA7)X..Rr
TENUW
= Z TZ(T) zzQFT+Z Xzzc ))7
reNUW TeT

where the first equality follows from the definition of renormalised local products,

the second equality comes from Lemma [4.6.9] and the third equality comes from

Lemma4.8.8]
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By appealing to Lemma4.6.9]once more, we can rewrite the first term of the last line

above as
XKepgr Y Yol =Xenqr( Y To(r)I(r))?
TeNUW TeNUW
(> T.(mX..I(r )? = ¢3(2) .
TeENUW

By using Lemma“ 4.8.4 (note that X, .p<o = X, , on Alg(7; _)) followed by equation
(#.6.20), and using the fact that X, ;o = 0 if |o| > 0, we have

YT Tur) D r(®X.C (7 7) (4.8.12)
reNUW FENUW
= X (e
FeENUW,

m1 (T)+mx (7)=0

+ 3 0" Y TUXLIe)

TN Te{l}UW
mq (7)=1
+ Z (_ Z T XzzI( ))

FEN Te{1}uWw
m1q (7)=2

+Z > (= 7)Y T)X.T (7).
=1 TGN TENUW
lrl<—1

mxi(?)zl

We then obtain the desired result by observing that, for the second and third terms on the
right-hand side above,

Y TUNXLI(r) = TL(1) + Y TLXI(r) = 6(2)

re{1}uw TEW

and, for the third term on the right-hand side above, we have, for 1 <+ < d,

Y T.NXT () =) TOXI (1) + Y L)X T (1)

TENUW TEW TEN
[T|<-1 IT|<-1

=) Y(T)OXI(r) + 9, =(1) = Dig(2) -

TEW

For the first equality of the second line above we used Lemma [4.8.2] - in particular,

- with ©e(+) = To(-)|n- O

Remark 4.8.11. Under the assumptions of Proposition 4.8.10] one can also show that
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each one of the renormalised products in (4.7.7) can also be expressed in terms of local
polynomials of v(z), {9iv(2)}4_,, and {X,Z(7) : T € W}.
However, we refrain from doing this because the index sets for the summations that

define the analogs of the constants (4.8.11)) become quite complicated.

Remark 4.8.12. Returning to the example of <I>§ described in Remark one then
sees that 79, = 72 =11 = 0forall 1 <¢ < dand

re = Z (_1)%(_Cwick) + Z (_1)%(_Csunset) = 3CWiCk - gcsunset .

7€ Qwick 7€ Qsunset

4.9 Main result

4.9.1 Statement of main theorem

The main theorem of this chapter is a generalisation of Theorem [3.2.1] to the full
subcritical regime. It allows therefore to treat cases with any number of trees appearing
in the expansion of the solution. In this chapter, we are therefore able to generalise a
result where renormalisation was treated by hand, to the (modified) setting of regularity

structures.

We recall the definition of the parabolic cylinders D and Dpg:
D:(O,l)X{|$|<1}, DR:(RZal)X{|x|<1_R}7

and of the parabolic ball of centre z = (¢, z) and radius R in this metric d, looking only

into the past:

B(z,R) ={z=(t,T) e R x R%, d(2,%) < R,T < t}. (4.9.1)

Theorem 4.9.1. There exists a constant C such that if v is a pointwise solution on D to
the remainder equation driven by a local product X, according to Definition then

1
[vllp, < Cmax { .

1
X; 7]7=0 |7 < 0,ma(r) # 0}. 4.9.2)
This theorem generalises to an arbitrary domain D in the following way: the local path
is defined in a similar way, only replacing the cutoff function p by a cutoff function that
has value 1 on a 1-enlargement of D, and vanishes on a 2 enlargement of the set. Then
for every point in D, one can obtain a bound depending only on the path by applying a

translated version of the theorem, for R = 1.

The following corollary is a reformulation of this theorem following from Defini-
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tion4.7.3|

Corollary 4.9.2. There exists a constant C' such that if ¢ is a pointwise solution to
equation [4.7.5)) driven by a local product X then forv = ¢ — 3, T(w)XZ(w), the
bound (#.9.2)) holds.

The following result is a particular case of the local product introduced in Section[4.8] It
follows from Proposition 4.8.10]

Corollary 4.9.3. Let R be a local renormalisation operator, and X be the local product

built from R. There exists a constant C' such that if ¢ is a pointwise solution to

d
(0 — A)p = —¢*(2) + 11 + red(2) + 1920 (2) + >_r0,00i8(2),  (4.9.3)
=1

where the coefficients r1, 1o, T2 and ry, are given by @.8.11), then for v = ¢ —
> wew Y (w)XZ(w), the bound (@.9.2)) holds.

The typical application of these results concerns paths X which are constructed from a
Gaussian noise . In this case, one typically has that for a given tree 7 the quantity [X;; 7]
is in the (inhomogeneous) Wiener chaos of order m=(7) (see [27]). In particular, in this

case one gets for some A > 0,
2
Elexp(A[X; 7] m=™)] < o0.

This implies the following corollary:

Corollary 4.9.4. If ¢ is a Gaussian noise and the path X is built from the local renor-
malisation operator, if v is a pointwise solution to the remainder equation driven by a
local product X on D, according to Definition then there exists a constant X such
that

E[exp(xllv!\%&%)] < 0.

Remark 4.9.5. The results presented here also imply a bound for the corresponding

elliptic equation in dimension 6—, i.e.
Ap=¢*—¢ z € RS,

where ¢ is a 6-dimensional white noise which is slightly regularized (e.g. by applying
(1 — A)™ for an arbitrary & > 0). The four and five dimensional versions of this
equation were recently studied in [4][35]. Our Corollary 4.9.4]can be applied directly,
if ¢ is viewed as a stationary solution of the parabolic equation (i.e. with 9;¢ = 0).

However, to treat the elliptic case it would be more natural to define the action of X on Z
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slightly differently in terms of the inverse Laplace, rather than the inverse heat operator.

Such a change could be implemented easily.

4.9.2 Proof of Theorem 4.9.1]

We remind the reader that the notation 7 always refers to an unplanted tree. In particular,
sums indexed by |7| € J for J an interval only refer to unplanted trees of that order.

Planted trees will be explicitly denoted Z(7).

We recall the remainder equation:

(O — A= 0" =3 > T(w)vox v ox X (w)
weWw

=3 ) Y(w)Y(wa)vox XeZ(wy) ox KeT(wz) + »  Y(T)XoT.
w1, w2EW TEOW
Here we have introduced OW = {7 € N, 7 = Z(w1)Z(w2)Z(w3), w; € W}. Note that
the product v does not need to be expressed using the renormalised product ox since
v is of positive regularity. All the factors T in there are just combinatorial factors +1

which is why we omitted the subscript variable y.

The first thing we do is to convolve this equation with the kernel ¥ r, and we obtain:

@ — A)op = —v} + (v] — (%)) =3 ) T(w)(voxvox XI(w)) (4.94)
weWw

=3 > Y(wi)Y(ws)(vox XeT(wr) ox XeZ(wa))r — > T(7)(Xe7)L.
wi,w2eW TEOW

To apply the maximum principle[2.4.2] we will therefore need bounds on the commutator,

which is easy enough:
()2 = (v2)°] < ol [v]aLl?,

as well as quantities of the type:

(X7)L(z) where 7 € OW,

which is bounded by [], LIl < ¢f|u]|}= 7 L=3+9m=() in view of Assumption 4.9.6

and {@.3.1). The following two products will require more work:

(vox vox XeZ(w))r withw € W
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and
(v ox XeZ(w1) ox XeZ(ws)) with wy,wy € W

Since the path X is built such that two symmetric trees have the same image, studying

those cases will be enough to be exhaustive.

We formulate the following assumption, for some 1 > ¢ > 0 to be fixed later in (4.10.16)
and (4.10.22).
Assumption 4.9.6. For all T € T such that m=(7) # 0,

X 7] < o] =, (4.9.5)

Remark 4.9.7. Note that it is not necessary to do the proof of the main theorem by
contradiction with this Assumption, but it simplifies greatly the computations and allows
us to write everything in powers of ||v||. Alternatively a proof can be made by keeping

all norms of trees in the computation, but that becomes very messy fast.
Under Assumption4.9.6] we have by Lemma the following lemma:
Lemma 4.9.8. Forall 7 € T such that m=(71) # 0,

5 Z(7)) S elfo] =, (4.9.6)

Proof. For T € VW, it is immediate.
For 7 € \, one simply has to notice that for 7 < , mz(1) = m=(7T) + m=(C+(7, 7))

and then use induction on mz(7) to bound [X; C (7, 7)]. O
With this set-up, we manage to prove the following lemmas, which hold for any domain
D, uniformly over x € D.

Lemma 4.9.9. Under the Assumptiond.9.6} for wi, ws € W, there exists an € > 0 such
that for J = [—2,—6 — |w1| — |wa| + ¢€),

’(’UOXX.I(wl) ox XeZ(wa))p(x) = Y (T;p(T)Xo,x(I(T)I(wl)I(w2))) L(l‘)(
|T|eJ

5 =\T T €
<Se STl =TT DU 6 g e L (4.9.7)
|T|eJ

We also have, for |T| € J,

o) (Ree T (@) Z(w2))) (@) (498)

< CHU||EL1(T)+6mE(T+w1+w2)Hvx‘|gx(T)L6+‘T|+|wl‘+|w2|‘
d
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In this lemma we extend the notation m= to sums of trees linearly. The functions m71, mx
and m will also be extended similarly later.

Lemma 4.9.10. Under the Assumption forw € W, there exists € > 0 such that
for J ={(a,b) € [-2, 112, a+b < —6 — |w| + €},

(v 03 v 0x X T (w)) 1 (2)
=Y T (Kea T Tm)TW))) ()] (49.9)
(imhiral)e
omz(T1+12+w 71)L(m2)I(E €
S 30 el = TR IO oy L
(inllrel

We also have, for (|11],|m2|) € J

‘T (71)Ya (7 (X.z (Tl)z(fg)z(w)))L(x)) (4.9.10)

< CH Hml Tl+7'2)+6m"(7'1+7'2+w)L6+|71|+|7'2|+|’LU|

In both of these lemmas, the existence of the e follows from the following remark.

Remark 4.9.11. Our choice of ¢ is such that Z(1)Z(1)Z(1) is the only tree of order
0. Therefore for any non-trivial product, the sum can be indexed over trees 7 of order
|7| < €, for some € > 0. The renormalised product is therefore described up to positive

order e.
Applying the Schauder Lemma yields the following lemma:
Lemma 4.9.12. Under the Assumption[4.9.6} for any 1 > dy > 0 we have

sup dllvx|Ip, < [lvllps (4.9.11)
d<dp
and
sup 7P OUT] 0 S O, (4.9.12)

d<dp

A few more computations allow to close this argument, with a specification of dg in

Lemma 4.9.13. Under the Assumption there exist A > 0 such that

< lvlp
[v][p :

MIvH < 5 (4.9.13)

The final proof of the main theorem relies on a iteration of this result. We define a finite
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sequence 0 = Ry < ... < Ry = 1 by setting
Ros1 = Ro = Allo[lp),

as long as the R, defined that way stay less than 1. We terminate this algorithm
once it would produce R, 1 = 1 in which case we set Ry = R,+1 = 1, or once
Assumption does not hold for D' = Dp, . Note that HUHB}% is strictly increasing
so the sequence necessarily terminates after finitely many steps. Rewriting Lemma4.9.13
replacing D by Dp,, then gives the bounds for smaller and smaller boxes.

o]l
[0, < g

We now prove that Theorem §.9.1]holds for all d = R,,, n = 0...N. If Assumption

does not hold for V then it is immediate, else for k < n, [[v]|pp, < [|vl[Dg, 2k=" hence

1

n—1 n—1 n—1
Ry=) Rip1—Re=) Alp, <Alvlp, > 2" <elp, -
k=0 ko ko

This implies that for any R € (Rp—1, Rn), |[v|ps < |vllpn - S Ry < R7L, which

n—1 "~
proves the theorem in that case.
If the end-point is Ry = 1, we either have Ry_; > % or Ry — Ry_1 > % In both

<Ry, <1

cases ||v ot S

HDRN71

4.10 Proof of the intermediate results

4.10.1 A technical lemma

We first quantify the expansions given in equations (4.6.8)),(@.6.9) and (#.6.10), used
now with ® = 1.

[v1(2) = Va(y, 2)|

[V]a = sup

Y d(may)a ’
2 —Vi(y, )|
V2 gup @) = V2. 2)|
[ ] 33,11/) d(l’, y)a
. () = Va' (y,2)|
v, = sup vx, (@) a \Y,T)|
Vo= s = )

For any domain D, we denote the restriction of this norm to z,y € D by adding the

subscript D. A second subscript d may be added when we restrict to x, y satisfying
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d(z,y) < d.
Using Theorem §.6.10] we have the identities.

[V}'y—h\ ifml(T) =1,

2 : —
Voo ifma(r) =2, (4.10.1)

[V(Z)]’Y*M ifmxi (T) = 1,

U]yt =

0 if mi(7), mx(7) =0.

Using Lemma4.6.5|and the Assumption to replace all order bounds on trees in this
lemma by powers of ||v|| p, we get the following general bound for the norm of U. The
bound in the case of mx(7) = 1 is a straightforward application of Lemma

Lemma 4.10.1. Under the Assumption[d.9.6] for any 7 € N, and 0 < § < v < 2,
sup Y APEOm=M U 5 b (4.10.2)
d<dp

S 59 |[Vh,pgad” + Ly 12-smatry e dlox I,
a0

D D T e Tl
Y=B—=dmz(T)<[F|<v—2

4.10.2 Proof of Lemma

Take wy, w2 € W. From Definition there exists € > 0 such that for J =
[=2, =6 — [wi]| — [wa| +€),

(v ox XoZ(w1) ox XeZ(ws))r(x) = (4.10.3)
> (Te() X @) (w)Z(w)) ) | (@)

|TleJ

We know J is the right interval even though we have a longer expansion of v because
the unplanted trees of positive homogeneity vanish in our formalism. This corresponds
to |7| + [w1] + |wa| + 6 < 0, and Remark [4.9.11]tells us that this expansion is the same
to positive level ¢, for ¢ > 0 small enough.

We prove estimate (4.9.7) by using the reconstruction Lemma Define F(y,x) =
> iries Ya(7)Xy2(Z(7)Z(w1)Z(w2)), and we aim to bound a suitable regularisation
of F(y,z) — F(z,z). Lemma and Assumption imply the desired estimate
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as soon as the following identity is established:

| [ w2 = ) (F1) - Pl z2))dy (4.10.4)
< Z [X;I(T)I(wl)z(wQ)][UT]767|w1\7\w2|7|7‘\+e
|T|eJ

6w 4] g o) =6 lwr =zl [l e

T1, T2
By multiplicativity of the coproduct, and since w1, wy € W, we first note that for 7 € N’

A(Z(F)I(w1)I(w2)) = AZ(F) AL (w1) AL (w2)
= Y, I(NZ(w)I(wz) ® Ci (7).

—2<|7I<7

Using Chen’s relation, we have:

F(y, 1) = ) Yo, (F) Xy, (LTI (w1)I(w2))

|7leJ

= Z Ty, (7) Z X%IQ(I(T)I(wl)I(MQ))sz,mC+(T’?)
[TleJ |T|ed

=) Xyl T(ws)) Y Yoy (F)XKapz, Cy(1,7).
|TleJ [TleJ

Therefore,

F(:l/vxl) - F(y7 xQ)
= 3 Ky IO Z(w2)) (Y Vo (7 Kegrs O (7. 7) = T (7))

|T|eJ |T|eJ
== > Xy (T (1) T(W2))UT g1 || (T2, T1)
=

which proves (@.10.4) and thus {.9.7).

The bound #.9.8) is simply the order bound on the trees, which for € Dy and for

L < d, can be expressed as:

T, (7) (X.@ (I(T)z(wl)z(wg) )) @) (4.10.5)
< ol ox 577 [ T(7) T (w1 )T (wa) | LHT o+
Ass. L9.6] m1 (7)+dm=(T+wi+w mx (T 7|+ |w w
S el ST ) p e ]
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4.10.3 Proof of Lemma

Take w € W. From Definition and Remark 4.9.11} there exists ¢ > 0 such that for
J={(a,b) € [-2,-112,a+b < —6 — |w| + €},

(vox vox XeZ(w))r(x)
- ¥ (T(n)r(m)x.,(z(n)z(fz)z(w)))L(x). (4.10.6)

(Il eT

We know J is the right domain even though we have a longer expansion for v because

unplanted trees of positive order vanish in our setting.
We prove the bound (.9.9).

Define F(y,z) = Z(ITl‘vlTQI)Ej Yo (71) Yo (12)Xy 2 (Z(11)Z(72)Z(w)), and we aim to
bound a suitable regularisation of F'(y, z) — F(x, z). Lemma and Assumption[4.9.6]

implies the desired bound as soon as the following bound is established:

| / Wy — ) (Fly,a1) — Fy.2))dy| <

Y I Z()T()[UFFCEE] oy e
(Il lr2)es

v 16+|7'1\+|7'2\+|w|d($1’ $2)_6_|w|_|7—1|_|7—2|+6 (4.10.7)

By multiplicativity of the coproduct, and since w € W, we first note that for (|71], [T2|) €
J,

AZ(T1)Z(T2)I(w)) = AL(T1)AZ(T2) AZ(w)
= ) I(m)I(R)I(w) ® Cy(r1, 71)C (72, T2).

—2<|m2|<|72
—2<Im <71

Using Chen’s relation, we have

F(yvxl)
= Y Y () e (7o) Xy, (Z(F)I(F2)Z(w))

(IF1l,IT2)ed

= Z TIl (ﬁ)Twl (7—72)

(71l [72l)e]
xY Xy (T(n)I(12) L (w)) Xy, (Cy (71, 71)Cy (72, 72))

—2<|m2|<|T2|
—2<|m <71
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= Y Xyw@m)I(r)I(w)
(Il Ir2led

x Z Yo, (T1)Ya, (?2)X1'271’1 (Cy(11,71)C1(72,72)).
(Tl 2 el

In the following computation, we introduce a mock Y (=), which is just a factor —1, and

C+(E,Z) = 1 to make explicit that the structure of the terms appearing here is that of
U; for some 7 and 3.

Fly,z1) = Fly,2) = Y Xyu(Z(1)I(m)I(w))
(mibimahel

X ( Z Tﬂn( )Tl"l (7—2) 2,21 (C+(7—1a?1)0+(7—27?2)) _THTQ(Tl)Tm(T?))

(FFalslr2l)ed

= Y K @EIm)TW) % (La (1) Yy (72) Ve (5)

(Il Im=2led

— Y Y (F)Y ey (F2) Yy (B) XKy (Co (11, 71) C (12, 72) Oy (B, 5)))

(71l |72 eT

= Y Xy TOI(m)TW)) x (Ta(T(r)I()T(E))

(Il m2)ed

=Y T TA)T(R)TE) K (CHI()T(R)T(E), TR L(E))
(71l 72)ed

= Y K@ )IEIw) TR,

(Il m2)ed

which proves (@.10.7) and thus #.9.9).
The bound (#.9.10) is directly the order bound on the trees, which for = € Dy and for
L < d, can be expressed as:
Ya(r) Y (72) (Ko (T(r) () Z(w)) ) (a)] (4.108)
< Il X ()T (o) T (w) L

Ass. Hval 7-1+7-2)+6m~(n+‘rz+w)L6+\T1\HTQ\Hw\
~

Note that here the term ||vx || does not appear since J does not contain any homogeneities
higher than 1.
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4.10.4 Proof of Lemma [4.9.12
For v € (2 — 20,2) we have
@ = A Vylyx) = > Ta(r)Xya(r).
—2<| 1<y -2

We write trees in this sum as 7 = Z(71)Z(72)Z(73). The first remark we make is that
if |7;| > —2fori = 1,2,3, then |7| > 0 > v — 2. We also remark that for w € W,
T, (w) is independent of = and for 7 € OW, X, ,7 is also independent of . Therefore,

accounting for symmetries with the factor 3, we get:

(at—A)va(ya T) =
—3 ) Ty(w) > Yo (1) Yo (72)Xy 0 (Z(11)Z(72) L (w))

weW |71+ T2 | <y—8—]|w|

=3 Y Ty(wn)Ty(ws) > Yo (7)Xy,2 (Z(7)Z(w1)Z(w2))
w1,w2€W |7 <y—8—|w1|—|w2]

+ Z Ty (7)Xy T
TEOW

Using the remainder equation, we have:

(0 = B)(v=V; (- 2)(y) = —v*(y)
=3 > Ty (w) (v 0x v 0x X, Z(w)) ()

weWw

_ > Tx(n)Tx(m)Xy,a:(I(Tl)z(m)z(w)))

71|+ 2| <y—8—|w]|

=330 Tylwn)Ty(ws)((vox X, Z(wn) ox Xy T(ws))(y)

w1,we €W

- Y TOXeT)Tw)I(ws)) ).

7| <y—=8—|wi|—|ws|

We need to bound this after integration against ¥, (z — y)dy for z € B(x, La), for
x € Doy, for Ly < % and Lo < % to apply the Schauder Lemma We first have:

()2, (2)] < [lvll-

IEF(y, ) = 3210 4 ma | <y—8—Jw| La(T1) Ta(72)Xy2(Z(1)Z(72)Z(w)), then Lemmai4.9.10
gives a bound on (v ox v ox X¢Z(w) — F(e, 2))r,(2), and from equation (4.10.7) we
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have a bound on (F(e,z) — F(e, z)) 1, (2). Together with Assumption[4.9.6] they give

‘ <(v ox v ox XeZ(w)) (4.10.9)

- Y LELEELEImIW)) ()

|71]+]T2|<y—8~—|w|
T(r)I(m)I(E
Sec Z U (T)Z(r2)Z( )]—6—|w|—\71|—\72|+e,Dd,d

|71 |+ 2| <y—8—|w]

L1

x||lv ||5m“(T1+72+w)(Le + L6+|Tl|+|‘f2|+|w|d( )*6*|w|*|71|*|72|+€)‘
Similarly with F'(y, ) = 311 8wy | jun| L2 (T)Xy ,w(I(T)I(wl)I(wg)),Lemmaw
gives a bound on (v ox X¢Z(w1) ox XeZ(w2)) — F(e,z2))r,(2)) and from Equa-
tion (@.10.4)), we have a bound on (F'(e,z) — F(e, 2))r,(2). Together with Assump-

tion4.9.6] they give
‘ (v ox XeZ(w1) ox XeZ(ws) (4.10.10)
- Y TOXeEOIw)I(w) (2)]

|| <y—8—|w1|—|wa|
.
5 ¢ Z [U ]_6_‘w1|_|w2‘_|7—|+67Dd7d
|7 <y—8—|w1|—|wa|
dmz= o B B
|[v]| Gr=(rrwntea) (pe 4 potwnltwaltirl gy )=6=lwrl=lwal=lrl+e)
We also need the three-point continuity. It is a consequence of Lemma@ and can be

quantified, for x € Dy, fory € B(x, %), for z € B(y, %), as:

Vo (z,2) = Va(z,0) + Va(y,y) — Voly, o) + Vi(y, ) (2 — ui)] (4.10.11)
< X WU gdly ) BTN, y) T
—2<|T]<y—2
T#X

Ass. [£9.6] e L
S ¢ Z HUH = T)[UT]V 2— |T|Dd:dd(y7 )'y 2=l d(zay)lT‘Jﬂ.

—2<7|<y—2
T#X

We now notice that all the term appearing in (#.10.9),(@.10.10) and (¢.10.11)) have a
common structure. By replacing the homogeneities by their expressions in terms of

dmsz for the trees in W, and relabelling 7 = Z(11)Z (2 ) in @.10.9), we get after
application of Lemma [3.2.3}
sup d'[V],.p, < sup d||v|% (4.10.12)
d<dp d<dp
dm=
+esup sup (&[0 5" =707, 50 ey pea),

a,b, 7 d<dp
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where [V'], p, is the y-Holder norm of V., restricted to the domain Dy, and where the

supremum is taken over a finite subset of

{(a,b,T)ERix’ﬁ,a}O,b)v,b—Q—a—]ﬂ<’y}.

We apply Lemma.10.1]to the second part.

sup d’[V],,p, S sup d*[lv][
d<dp d<dp

a m_’r omz
+esup supd” =) o = (V] p,d? + L0 smery<nydllvxdn,

a,b, T d<dop
+e Z \T|+2” H T)+0mz=(T) H me(7')>
b—a—2—dmz(7)<|T|<y—2

We see now that if we take
do = v} (4.10.13)

, then there exist a value of ¢y < 1 such that for any 0 < ¢ < ¢y, the occurrences of
[V]4,p, can be absorbed into the left-hand side, and the other terms also simplify: in the

last sum, if mx(7) = 1, we bound

smz(7) - T (T
A2 5D s 5T < a2 o 52T = o]

and if mx(7) =0,

A2y (DHIM=(T) g ma (1) +3ms (7) |y ma (D +m=(T) )

In conclusion,

sup d[V],.p, < llollp + ¢ sup dljvx| p,- (4.10.14)

d<dp <do

We now prove the bound on ||vx ||. For that we take e small enough such that there is no
tree of regularity between 1 and 1+ e. Then we can apply Corollary 3.2.5|with k = 1 +¢
but with U(z,y) = 3__ocjrj<1 Tal(T)XyoZ(7). We get

lvx D, < [V]i+eDyad” + 1Ullpyad ™"

We have by Assumption [4.9.6|

Ul pgad™" S Y- d" 2ol
n
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and from (@.10.2)

n,m

VIttengad S [Vlypgad ™ 4> d"™m 2ol llvx B,

ol

where the sum ranges over a finite set of indices n > 0 and m € {0,1}. We have
assuming dy <

sup dex 1D, 5 sup ([Vh,pyad” +ellvllo + dlexin,)
<do

If we take ¢ small enough, depending on the constant implicit in <
C > 0 we have,

, for some constant

sup dfvx|lp, <
d<dp

C sup ([V],.p,ad” +[lvllp)-
d<dp

(4.10.15)
Together with (@.10.14)), this gives, for a constant ¢ small enough

sup d"[V]5,p,.a S llvlp- (4.10.16)
d<dp
4.10.5 Proof of Lemma |4.9.13|

We apply the Lemma [2.4.2]to the convolved equation (.9.4), on the domain D

—1
lvlp,,, < max {d/ ,

1 1
1) = villp,,  IXD)Llp,, T€ow,

1
H(U ox X.I(wl) ox X.I(’U}Q))LH% , W; € w

(4.10.17)
;
I(vox v ox XoZ(w))Ll},, weW, |v- ULHDd_,_d/}
We have for d > L

1)L = v, < IvllD,_, [Wla,p,p L L®

and
lv = vellp,, . < [Va,pyp .2 L

(4.10.18)

and for o small enough, we have by Lemma 2l Wa.p, .0 S(d—L)"|vlp
From Lemma[.9.9we get for wi, ws € W

[[(v ox XeT(wr) ox XZ(w2))LllDy

omz(T+wi+
Sed o vlp (rhn wQ)([UT] 6— w1 |~ [wa|—|7|+€,Da_ 1 ,d L
|T|€J

+ HUH “Ux|’g; ?L6+|T‘Hw1|+|w2|)

159



From Lemma[@d.9.10} we get for w € W,

|0 o5 v ox KaZ ()il ,

Se Y et (e nE)
(Iril,lr2)e
4 HU”gl(Tl+T2)L6+|Tl|+|T2|+|w|>,

€
—6—|w|— |71 |~ |72|+e,Da_r,dL

Using Lemma 4.9.12| and setting d = ||v|| ! and L = % for some k£ > 2 gives for
w1, W2 € GW,

(v ox XeZ(w1) ox XeZ(w2))rllp, S cllv|HE (wi, wa, k) (4.10.19)
where
K(wy,wse, k) = Z (k—f + k3—5ms(T+w1+w2)—m1(T)—zmx(T))’
=
and forw € W,
(v ox v ox XaZ(w)) |l p, S ellvlH K (w, k) (4.10.20)
where

K’(w, /{3) _ Z <k—e + k3—6m5(7—1+7'2+w)—m1(7—1+72)> )

(Im1l\lm2)eT

Finally, for 7 € 9W, we get from Assumption[4.9.6|

1(X7)Lllp, S L3 o] 5= = cfjv]|}k3-0m=(D), (4.10.21)

~

With (#.10.18), @.10.19), #.10.20) and @.10.21)), the bound (@.10.17) becomes

1 _a 1 l_tsmE(‘r)
Smax{R™Y, K ¥ ulp, cilolpk'=TF T, T e oW,

P

e3 [[o]| p K (w1, wa, k)3, wy,wy € W, (4.10.22)
S lollpK'(w, k)5, we W, k=o]lp, }.

We see that we can now choose & > 2 large enough and then ¢ < c¢g, as well as
R = (A—1)|jv||p" for X large enough such that @#.10.22) becomes:

lellp. ., < 2o, 4.1023)

Ml 2
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Chapter 5

Conclusions and Future Work

5.1 Conclusion

In this thesis we have explored part of the potential of the deterministic technique
developed in the first chapter. The particular maximum principle that comes with the
strong non-linear term interacts perfectly with the convolution method to separate the
analysis on large and small scales. In the first chapter, we introduced this new maximum
principle and explored its limits in a setting where the noise was just rough enough
to make the problem non-trivial. We were not able to translate the full range of the
maximum principle to the irregular case unfortunately, and in particular the exponential
case is not covered by this approach. We were however able to get some exponential

integrability in the case of Gaussian noise.

The convolution method proved reliable enough to be applied in a simple case where
renormalisation is needed in the second chapter. We decided to skip the traditional
first step of the * equation in dimension 2 and to go directly to dimension 3, since in
this case we can still handle all the renormalisation terms by hand. In this section, we
started to introduce our kernel-free version of the theory of regularity structures with in
particular a Reconstruction lemma with an extremely simplified proof, and tailor-made
Schauder theory with local expansions around a base-point. The probabilistic estimates
in the first chapter gave a precious insight into what bound we could expect, and that
simplified the proof. We were able to recover stretched exponential integrability, again

in the case of Gaussian noise.

In the last chapter, we worked towards a systematic implementation of the convolution
method. We defined a kernel-free approach to the theory of regularity structures in a
more systematic way, although still not as general as Hairer’s works. Our approach was

designed to allow for the same localisation as in the previous chapters. In the algebraic
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construction we proved a fundamental coherence result: using the coefficient map given
by the fixed-point argument, continuity condition for different levels of the expansion are
consequences of the bound given by the Schauder estimate. This result was not apparent
nor necessary in dimension 3. In the analytic part of this chapter, we once again made
use of the insight provided by probabilistic estimates, and in the case of Gaussian noise,

stretched exponential integrability holds.

This thesis contains the first results on large scale behaviour of solutions to rough PDEs.
This was made possible with a strong maximum principle, a localised Schauder theory
and a restatement of the theory of regularity structures compatible with these localisation
properties. We have however uncovered only a small amount of the potentials of the
theory of regularity structures: the dynamic ®* model is now considered to be one of the

most simple examples of application of the theory, at least up to dimension 3.

5.2 Future Work

The obvious follow-up to this thesis is therefore the extension of this convolution method
to other equations where regularity structures apply. The issue being that without
localisation, it is not clear what length-scale should be used in the convolution. A
Gronwall-type argument is probably necessary. A first example of such equation would

be the multiplicative stochastic heat equation:
(at - A)U = 0(“’)67

where £ is the rough driving term and o is for example a smooth Lipschitz function. This

kind of equation can for example be derived from the sine-Gordon model [46]],
(0y — A)u = sin(Bu) + ¢,

where ( is the space-time white noise in dimension 2, by expanding around the solution
to the linear equation and using trigonometric identities. A scaling argument and the
expansion into power series of the sine function tells us that criticality depends on the
parameter 3. Renormalisation for this model has been studied in the framework of
regularity structures up to criticality in [20]. The regularity structure for this equation
depends in particular on how well ¢ is approximated by its Taylor expansion. A coher-
ence result similar to the one presented in the last chapter is believed to be also true in

that case, as well as in more general cases.

One loose end of this thesis is our inability to account for exponential non-linearity in the

first chapter, when it seems like the maximum principle should be even more powerful
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in that case. Some results in that direction could be useful for example in the study of

Liouville quantum gravity model [29], represented by the equation:
(at - A)U = e’YU + ga

in dimension 2. The stochastic renormalisation for this equation is similar in spirit to the
renormalisation for the Sine-Gordon equation and depends on the parameter -, but the

regularity structure for this equation is not properly established up to criticality.

One more possible development of the results of this thesis is the study of initial value
problems: the strong bounds obtained ensure that solutions to any such problem find
themselves in a compact domain that depends only on the noise after time 1. Once
the solutions are close, we may be able to use a contractivity estimate. In the case of
Gaussian noise, this would provide a proof of the uniqueness of the invariant measure.
This has been studied in [69] for the 2-dimensional ®* model on the torus with small
noise, using a similar coming down from infinity in time only. It is not clear how to
remove the small noise condition, but the present thesis would at least allow to extend

this result to the full space and to higher dimension.
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Appendix A

Appendix:Symbolic index

In this appendix, we collect the most used symbols of the thesis, together with their

meaning and the page where they were first introduced.

Symbol Meaning Page
¢ Noise term E
Py (0,1) x {|z| < 1} 2
Pgr (R?,1) x {|z| <1 - R} E
d(-,-) Parabolic distance between space-time points z,Z € R x R? E
B(z,R) {z=(t,7) e RxR% d(z,2) < R, <t} 26

| o L°° norm 26
[0]a Holder seminorm of index « 26;‘5 3
(C] Coming-down from infinity speed function 2
T (for Chap. The set of trees needed for ®3 ﬂ
Uy Smooth compactly supported kernel, rescaled at length L 2
(o)1, Convolution with the kernel ¥, 54

= The abstract noise 104
Poly The set {1,X;,..., X4} 106
4% Unplanted trees with |7| < —2 106
W Set of product trees in W, namely W \ {Z} 106
N Unplanted trees with |7| € [—2, 0], includes Poly 106
N Set of product trees in N, namely N\ Poly 106
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Symbol Meaning Page
T Unplanted trees on right-hand side of ¢ equation, 7, = W U N |108
T Planted trees in expansion of ¢, 7; = Z(7,.) U Z(Poly) 108
T Trees on left or right-hand side of ¢ equation, 7 = 7; U 7, 108
N {reN:|r|>1} 111
n TuUTree 111
Tree Planted trees that only appear for centring 112
A Edge of a tree corresponding to heat kernel 104
L(:) Edge for derivative of heat kernel for positive renormalisation 111
I(f) Edge for derivative of heat kernel for negative renormalisation  |136
[X; o] Seminorm for the local product X applied to a tree 122
X Local product 110
Xree Centring map 119
Xeo Local path 119
) cutoff function used to define local product 109
<, C Relations on trees 116
m(7) Number of leaves in a tree 7 107
Mz Number of noise leaves in a tree 7 107
Mx Number of {X;}¢_, leaves in a tree 7 107
mq Number of 1 leaves in a tree 7 107
| o] Order of a tree 107
) Noise is of regularity C—379,§ > 0 @
D (0,1) x {|z| < 1} Q
Dr (R%,1) x {|z| <1 — R} 89
A Coproduct 110
Cy Cut map for coproduct 117
C_ Cut map for modified coproduct 139
R Renormalisation operator 138
ox Renormalised product of tree expansion 134
T Coefficient map for solutions to equation 131
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Symbol Meaning Page
V, Expansion of the remainder solution to level v 129
Vf Expansion of square of remainder solution to level y 129
VW((i) Expansion of derivative of the remainder solution to level ~y 129
Uy Expansion of the local approximation on level 7 128
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