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Abstract

The cloning algorithm has been introduced in the theoretical physics litera-
ture as a numerical procedure to study the large deviations of additive path function-
als of stochastic processes. Due to its broad applicability, the convergence properties
of the cloning algorithm have recently become a subject of research interest with
only partial progress in continuous time. In this work, we derive rigorous conver-
gence results by providing a novel interpretation of the cloning algorithm based on
Feynman-Kac models and their particle approximations. We then adapt already
established convergence results for mean field particle approximations to a broader
class of interacting particle approximations, which includes cloning algorithms. This
way, we obtain bias and LP error bounds, with order of convergence given respec-
tively by 1/N and 1/+/N, and a Central Limit Theorem. Finally, we show how to
apply these results to the study of large deviations of additive path functionals for
Markov processes and, in particular, how to construct efficient interacting particle
approximations for estimating the scaled cumulant generating function. Our results
apply to a vast class of jump processes on locally compact state spaces, and do not
involve any time discretization in contrast to previous approaches. This also provides
a rigorous framework that can be used to explore the various degrees of freedom in
the design of interacting particle approximations and to improve the efficiency of the

algorithms.



Chapter 1

Introduction

The study of large deviations for additive path functions of stochastic pro-
cesses arises in many physical applications such as molecular dynamics, chemical
reactions and current fluctuations of non-equilibrium lattice gas models. Unfor-
tunately, when a system is complex enough, it ceases to be feasible to simulate
repeatedly the true dynamics to observe a rare event. One solution is to generate
the atypical trajectories in a controlled way.

A widely-used class of numerical procedures for generating rare events ef-
ficiently are importance sampling methods based on cloning algorithms (Giardina
et al., 2006; Lecomte and Tailleur, 2007), which are used to evaluate numerically
the scaled cumulant generating function (SCGF) of additive observables in Markov
processes, a quantity which plays an essential role in the study of large deviations of
non-equilibrium systems. Cloning algorithms combine importance sampling with a
stochastic selection mechanism, based on classical ideas of evolutionary algorithms
(Anderson, 1975; Grassberger, 2002): a fixed size population of copies of the orig-
inal system evolves in parallel, subject to cloning or killing in such a way as to
favour the realisation of atypical trajectories. Various variants of this approach
are now applied to different physical systems of interest, including current fluctu-
ations of non-equilibrium lattice gas models (Hurtado and Garrido, 2009; Hurtado
et al., 2014; Nemoto et al., 2019; Chleboun et al., 2018), dynamical phase transi-
tions (Pérez-Espigares and Hurtado, 2019), turbulent flows (Lestang et al., 2020),
glassy dynamics (Pitard et al., 2011), heat waves in climate models (Ragone et al.,
2018), and pressure of the edge-triangle model (Giardina et al., 2020). Due to its
widespread applications, the mathematical justification and convergence properties
of the cloning algorithm have recently become a subject of research interest with

only partial progress. Formal approaches so far are based on a branching process



interpretation of the algorithm in discrete time (Nemoto et al., 2017), with limited
and mostly numerical results in continuous time (Hidalgo et al., 2017; Tchernookov
and Dinner, 2010; Nemoto et al., 2016; Brewer et al., 2018).

In this thesis, we provide a novel interpretation of the cloning algorithm
through Feynman-Kac models and their particle approximations (Del Moral, 2004;
Del Moral and Miclo, 2000), which is itself an established approach to understand
sequential Monte Carlo (SMC) methods and particle filtering. Feynman-Kac models
were originally introduced in the 1940s (Kac, 1949) to express the semigroup of
a quantum particle evolving in a potential in terms of a functional-path integral
formula. In turn, Kac was inspired by Feynman (1949), who provided a heuristic
connection between the Schrodinger equation and path integration theory. The
key idea behind Feynman-Kac models is to enter the effects of a potential into the
distribution of the paths of a stochastic process. One of the main advantages of this
interpretation is that it is possible to construct explicitly N-particle systems which
converge to the associated Feynman-Kac model as the size of the system tends to
infinity. In particular, the Feynman-Kac representation provides natural semigroup
and martingale techniques to analyze the asymptotic behaviour of the associated
interacting particle approximation. These considerations have inspired us to find the
Feynman-Kac interpretation of the SCGF and to understand the cloning algorithm
as a particular interacting particle approximation of Feynman-Kac formulae.

More formally, we consider a pure jump Markov process X; on a locally
compact Polish state space F, with initial distribution pg and with associated ex-
pectation denoted by E, . This setting covers in particular any finite-state Markov
chain or stochastic interacting system on a bounded domain (e.g. finite lattice) with
bounded total mass. We are interested in studying the large deviations associated
with a time-additive observable Ar taken to be a real measurable function of the
paths of X; over the time interval [0, T, in particular our aim is to provide an

estimate of the scaled cumulant generating function (SCGF),
— KT A
A(k) ::Th_rgO T log Euo[e T] , keR.

Under general conditions, the SCGF can be rewritten in terms of asymptotics
of normalised t-marginal Feynman-Kac measures y; on E which solve a non-linear

evolution equation in the form

%Mt(f) — ,u,t<2kf+ka_ﬂt(vk)f>v



for any bounded continuous real-valued function f € Cy(E), where Ek is a probability-
preserving modified version of the infinitesimal generator of the original jump process
and Vi, € C(F) is a potential function related to the observable Ar. A key property of
Feynman-Kac models is that u; can be interpreted as the law of a non-linear Markov
process associated to a nonlinear probability generator in the form Ek + Em, known
as McKean interpretation (Del Moral, 2004). The non-linear part of the generator,
Zm, is not unique and the accuracy of the corresponding particle approximation
also depends on the choice of the McKean interpretation. The rates associated to
Em depend on the distribution of pu; itself, which in general is not known a priori.
A standard approach is to sample such processes through particle approximations,
which consist in running in parallel N copies (or ‘particles’) XV := (X},..., XN)
of the process, where the interactions between particles are introduced by ‘selection’
events consisting in replacing one or more particles with copies of another particle
appropriately chosen from the population. Then, p; is approximated by the empirical

distribution of the realisations
1 N
N
m(X;") TN E 5)(;'-
i=1

The most basic particle approximation is given by mean field particle systems
(Del Moral, 2013, Section 5.4), which consist in simply running the McKean dynamic
in parallel on each of the particles. The study of the asymptotic behaviour of these
models is based on semigroup and martingale techniques (Del Moral and Miclo, 2000,
2007; Rousset, 2006; Cérou et al., 2016). This literature generally considers diffusive

dynamics and relies upon approximate time-discretisations.

One of the two main contributions in this thesis is the adaptation of well-
established convergence results for mean field particle approximations, in the context
of jump processes, to a broader class of interacting particle approximations, which
includes cloning algorithms (Angeli et al., 2020). In particular, we provide general
assumptions on the infinitesimal generator and carré du champ of an interacting
particle approximation XV which guarantee that the empirical distribution m(X?)
converges uniformly in time to p; in LP and almost surely in the weak topology,
as the size N of the population goes to infinity. Moreover, we show that the order
of convergence of the bias and LP error is given respectively by 1/N and 1/v/N,
as for mean field approximations. In a similar fashion, we also provide a central
limit theorem and explicit formulas for the asymptotic variance of the algorithms.

The framework we develop here can be used to explore several degrees of freedom



in the design of interacting particle approximations that can be used to improve
performance.

The second major contribution is about the study of convergence of the
cloning algorithm (Angeli et al., 2019). We provide an infinitesimal description of
the cloning algorithm through Markov generators and the associated carré du champ
to show that the cloning algorithm is part of the above class of interacting particle
approximations and, hence, the aforementioned limit theorems apply to cloning too.
In contrast to previous work in the context of cloning algorithms (Nemoto et al.,
2017; Hidalgo et al., 2017), our mathematical approach does not require a time dis-
cretization and works in the very general setting of a pure jump Markov process on a
locally compact state space. This covers in particular any finite-state Markov chain

or stochastic particle systems on finite lattices with bounded total mass.

The thesis is structured as follows. In Chapter 2, we introduce various math-
ematical concepts used throughout this work, such as Markov semigroups, infinitesi-
mal generators and the carré du champ operator. In the second part of the Chapter,
we introduce general Feynman-Kac models associated to pure jump Markov processes
and show that they can be interpreted as the law of a non-linear Markov process,
known as a McKean interpretation (Del Moral, 2004). In Chapter 3, we describe a
general class of interacting particle approximations for Feynman-Kac models - which
includes cloning and mean field particle methods - and we adapt the convergence
results for mean field particle approximations (Del Moral and Miclo, 2000; Rousset,
2006) to this more general class of interacting particle approximations. In particular,
we establish general conditions for rigorously studying the LP error and asymptotic
variance of estimators associated with a given interacting particle approximation.
In Chapter 4, we introduce mean field particle approximations and cloning algo-
rithms, and we provide a discussion on their convergence properties. We conclude
the chapter by presenting a third interacting particle approximation, the resampling
algorithm, which does not satisfy the assumptions for studying the convergence of
the algorithm, and we show in particular that the convergence results in Chapter 3
do not hold. In Chapter 5, we introduce large deviations and scaled cumulant gen-
erating functions (SCGF) of additive observables for pure jump Markov processes
and discuss how the results presented in Chapter 3 can be applied to estimate the
SCGF. We conclude the chapter by illustrating how to apply interacting particle
approximations to current fluctuations of lattice gases using the inclusion process as

an example. We conclude with a short discussion in Chapter 6.



Chapter 2

Preliminaries

In this chapter, we introduce the setting of Markov pure jump processes and
present the general theory for continuous-time Feynman-Kac models. The defini-
tions and results presented in Section 2.1 are based on Liggett (2010); Kutner and
Masoliver (2017), whereas the content presented in Section 2.2 is based on Del Moral
(2004); Del Moral and Miclo (2000) and references therein.

2.1 The setting

2.1.1 Feller processes

Throughout this dissertation, F is a locally compact Polish state space. The
measurable structure on E is given by the Borel o-algebra B(F). We denote by P(E)
the set of probability measures on F and by Cy(E) the space of bounded continuous

real-valued functions on F, with the uniform norm
[[f1] := sup [ f ()],
zel

which makes Cy(E) a Banach space.

The path space of the processes considered is
Q= D(]0,00), E) :={w :[0,00) — E cadlag},

where cadlag stands for right-continuous functions with left limits. The measurable
structure on 2 is given by the Borel g-algebra F induced by the Skorohod topology.
The right-continuous filtration (F3)¢>0 on € is such that the o-algebra F; is the
smallest such that the mapping w — w(t), with w € Q, is Fi-measurable for each
t>0.



A continuous-time stochastic process on E is denoted by (X¢):>o0, i.e. a family
of random variables X;. The canonical construction of the random variables is
Xit(w) = w(t). In general, the process (X;)t>0 is characterised by a probability
measure P on the filtered measure space ({2, F, F;) with associated expectation
denoted by E. If we want to stress a particular initial condition x € E of the process
we write P, and E;. With w drawn from this measure, the function ¢ — X;(w) is
called sample path. In the following we restrict ourselves to Feller processes, which

are defined as follows.

Definition 2.1.1 (Feller Process). A Feller process on E consists of a collection of
probability measures (Py)zer on (2, F) and a right-continuous filtration (F;)¢>0 on

Q) with respect to which the random variables X; are adapted, satisfying
o Px(X() = l‘) = 1,

e (Feller property) the mapping x — E.[f(X})] is in Cp(E) for all f € Cp(E) and
t>0,

e (Markov property) E;[Y o 6| Fs] = Ex,[Y], Pz-almost surely, for all z € F

and all bounded measurable Y on €. Here 0, w; := w1 s denotes a time shift.

The Feller property allows to consider processes with general initial distribu-
tion po € P(E) via Py, := [ Py po(dz). One advantage of Feller processes is that
they can be described via semigroups, infinitesimal generators or through martin-

gales.

Definition 2.1.2 (Semigroup). A family of continuous linear operators (P(t)),s,

on Cp(F) is called semigroup if it satisfies the following properties:
o P(0)f = fforall feCy(E),
o lim; o, P(t)f = f, for all f € Cy(E),
e P(s+t)f = P(s)P(t)f, for all f € Cy(F) and s,t > 0,
e P(t)f >0, for all non-negative f € C,(E) and t > 0.

If, in addition, P(t)1 = 1 for each t > 0, then (P(t))
group.

>0 is called probability semi-

Definition 2.1.3 (Generator). An infinitesimal generator is a linear operator L
on Cy(E) (possibly unbounded), with domain D, and range R(L), satisfying the

following properties:



e D, is dense in Cy(E),

o if feDr, A>0and g:= f— AL(f), then

inf > inf
;gEf(w) > l}gEg(w),

e R(1 —AL)=Cy(E), for sufficiently small A > 0, where 1 denotes the identity

function.
If in addition £(1) = 0, then L is called probability generator.

The following two results underline the connection of a Feller process with

its infinitesimal generator, through its probability semigroup.

Proposition 2.1.4. Given a Feller process Xy, define

P(t)f(z) = Eof(Xy),
for f € Co(E). Then P(t) is a probability semigroup on Cy(E).

Proof. See Liggett (2010), Theorem 3.15.
O

Remark. We stress that, if E is not compact and thus C,(E) is not separable, the con-
verse of Proposition 2.1.4 doesn’t hold in general, i.e. given a probability semigroup
P(t) on Cp(FE), the existence of a Feller process X; satisfying E;[f(X:)] = P(t)f(z)
is not ensured (see Liggett, 2010, Theorem 3.26).

Theorem 2.1.5 (Hille-Yosida). Suppose that P(t) is a probability semigroup and
define L by
P(t)f —
L(f) := lim POr-1

t—0 t (2.1>

on
Dr :={f € Cp(E) | the limit (2.1) exists} .

Then L is a probability generator. Furthermore, the following statements hold:

o if f € Dy, then P(t)f € Dr for allt > 0, and it is a continuously differentiable

function on t and satisfies

d

L PWOf = POL() = LIP(M)F);



o for fe€Cy(E) andt >0,

. t .\ "
lim (]1 - nﬁ) f=P)f.

n—o0

Proof. See Liggett (2010), Theorem 3.16.
O

To study the fluctuation of a Feller process, it is useful to introduce the carré

du champ associated to a generator.

Definition 2.1.6 (carré du champ). Given a probability generator £ on D, the

carré du champ associated to L is the bilinear operator on Dy x D, given by

Ce(y,0) i=L(v-¢) =7 L(p) —p-L(7),
for any v, € Dr.

Lemma 2.1.7. Let X; be a Feller process adapted to the filtration (Fi)¢>0, with
semigroup P(t) and generator £ with domain Dz C Cy(E) and let D xCL(RT) denote
the space of continuous real-valued functions . on E x RT, such that @i € Dy, for
any t >0, and t — py(x) is a bounded continuous function with bounded continuous
first derivative, for any x € E.

For any ¢. € Dg x CL(RT), the process

Mi(p.) == @i(Xe) — @o(Xo) — /Ot (Bsips + L(ps)) (Xs) ds (2.2)

1s a martingale relative to P, for every x € E, with predictable quadratic variation

given by .
(M) = [ Telon p(X.) ds. (23)

Proof. The proof that M;(.) is a martingale is a simple generalisation of Liggett
(2010, Theorem 3.32) to time-dependent functions. Indeed, for any . € Dz xC}(RT),

the expectation of the process (2.2) can be written as
t
£, [Mi(2)] = POU() =) = [ P60+ £00) @) ds
=0,

since P(s)(9svs+L(7s)) = “£P(s)(7s), by Hille-Yosida (Theorem 2.1.5). Moreover,



E.[[Mi(p.)|] < oo for any t € RT, and

Ex {Mt((ﬁ) ‘ FU}

= Mu(p) + E[eeX0) — pu(X) ~ / (9eps + L)) (X,) ds | F|

u
for any 0 < wu < t. Substituting vs = @s4y, We obtain

t

Ex[ (X0 - 0u(X) — [ (0 + Ll0) (X.) ds| 7]

t—u
= Ex [a (i) - 0X0) = [ (@ + £00) (X) ]
0
= Ex,[Mi-u(r)| = 0.
For proving the second part of the statement, we have to show that

Milp) = [ Telon p)(X.) ds

is a martingale. Note that

t
M = [ 2M.(p)aM.(0)
Ot t S
_ /O 2 (0s(X) — po(X0)) dM, — 2 /0 ( /0 (Ou+ L) pu(X) du) dM,

and

/0 2 (i6:(Xs) — 9o(X0)) M,
— (@i(X0) — po(X0))? — / 2 (i63(Xs) — 90(Xo) - (Buips + L(5)) ds

0
:/0 FES((P& (Ps)(XS) ds + Mt(SDQ) - 2§00(X0) 'Mt(90~) )

by a simple computation. Therefore,
t

Mie? = [ Telow p)(X.) ds
0

= M) — 2a0050) Mile) = 2 [ ([ (0u+ D)u() du) s,

which is a martingale, as the integral of a progressively measurable process with



respect to a martingale is itself a martingale.

2.1.2 Pure jump Markov processes

Under the setting presented in Section 2.1.1, we introduce the pure jump

Markov processes, which will be the main object of our study.

Definition 2.1.8. A pure jump Markov process is a right-continuous Feller
process such that there exists a sequence of strictly increasing stopping times (7}, )n>0
such that T = 0, X is constant on the interval [T}, T),41) and X;— # Xr,, for every
n > 0.

To describe these jumps, it is usual to introduce the escape rate function
A(z), such that A(x)dt + o(dt) is the probability that X; undergoes a jump during
[t,t + dt] starting from the state X; = x. More formally, the jumping times (7},)n>0

are given by the recursive formulae

t
Tps1 := inf {t >T, [ AMX,)ds > en} ,
Tn

where Ty = 0 and (ey,)n>0 stands for a sequence of i.i.d. exponential random variables
with unit parameter. Moreover, when a jump occurs, X;;4 is then distributed
with the probability kernel p(z,dy). The path of a pure jump process can thus
be represented by the sequence of visited states in F, together with the sequence of

waiting times in those states, so that the space of paths is equivalent to [E x (0, c0)]N.
Assumption 2.1.9. From now on, we assume:
e \(-): E — (0,00) to be a strictly positive, bounded and continuous function;
e z+— p(x, A) is a continuous function for every A € B(E).

Under Assumption 2.1.9, the overall transition rate is
W(z,dy) == Xz) p(z,dy) ,

for (z,y) € E? and the pure jump process is a Feller process with probability gener-

ator given by

L@ = [ Wiady) (1)~ f@)) . VfeCBLae B (24)
with domain Dy = Cy(E) (see Ethier and Kurtz, 2009, p. 162).

10



Along with jump processes on continuous compact space such as continuous-
time random walks (see e.g. Kutner and Masoliver, 2017), this setting includes in
particular finite-state continuous-time Markov chains. Typical examples we have in
mind are given by stochastic particle systems on E = S*; in this context, if S is finite
then F is compact even if A is countably infinite, whereas if S is countably infinite
and A is finite then F is locally compact. Classical examples are spin systems with
S = {—1,1} or exclusion processes with S = {0, 1}, in which particles can jump
only onto empty sites (see e.g. Liggett, 2012).

The next result extends the domain of the infinitesimal generator of a pure
jump process to a broader class of (possibly unbounded) continuous functions. This
justifies the discussion in Section 5.4, where we make use of unbounded continu-
ous functions to construct an unbiased estimator for unnormalized Feynman-Kac

measures based on the cloning factor.

Lemma 2.1.10. Let X; be a pure jump process satisfying Assumption 2.1.9. Let
f €C(E) be a (possibly unbounded) continuous function on E such that

/;\ny)—-fo)lp(w,dy) < c-max{1, f(z)}

for all x € E. If f(Xo) is integrable, then also f(X}) is integrable, moreover the

pTOCGSS
t
Mﬁ%zﬂ@—f@@—%dﬁwmk (2.5)

is a martingale and Dynkin’s formula

t
L] = EL)] + [ L) ds

holds.

Proof. See (Hamza and Klebaner, 1995, Theorem 2).
O

For example, applying Lemma 2.1.10 to pure jump processes on a metric space
(E,d) with uniformly bounded jumps (i.e. there exists k£ > 0 such that p(x, dy) =0
for any x,y € E with d(x,y) > k) and considering the function f(z) = x (or similarly
f(z) =logz), we obtain that the process M;(f) (2.5) is a martingale.

11



2.2 Feynman-Kac models

Feynman-Kac models arise in a wide variety of contexts, such as particle
physics, biology, nonlinear filtering or financial mathematics. The basic idea is to
enter the effects of a potential into the evolution of a Markov process. More precisely,
Feynman-Kac measures represent the semigroup of a given Feller process X; on
E weighted by a potential function V € Cp(E). In Chapter 5 we will show, as
an application, how to interpret large deviations for additive path functionals of
stochastic processes via Feynman-Kac models. One main advantage of Feynman-
Kac models is that they can be interpreted as genetic type particle models, with

mutation-selection transitions, as we illustrate in the following chapters.

Lemma 2.2.1. Consider a potential function V € Cy(E) and the tilted generator
LY(f)(x) = L(f)(x) +V(x)f(z) defined for all f € Cy(E) . (2.6)

Then the family of operators (PY(t) : t > 0) with PY : Cy(E) — Cy(E), defined as

the solution to the backward equation

%Pv(t)f — LY(PY(t)f) with PY(0)f = f (2.7)

for all f € Cy(E), forms a non-conservative semigroup, the so-called Feynman-Kac
semigroup, and LY is its infinitesimal generator in the sense of the Hille-Yosida

Theorem.

Proof. See (Liggett, 2010, Theorem 3.47).
O

The semigroup PY(t) can be also expressed in terms of the original process

X, and potential V via the usual formula

P01) = &[0 e ([ VX0 85)]

In order to control the asymptotic behaviour of PY(t), we make the following
assumption, which closely resembles (Rousset, 2006, Assumption 1) on asymptotic
stability.

Assumption 2.2.2 (Asymptotic Stability). The spectrum of £Y = £+ V (2.6)
is bounded by a principal eigenvalue A\g. Moreover, A\g is associated to a positive

eigenfunction r € Cp(E) and an eigenmeasure o € P(F). Finally, there exist

12



constants & > 0 and p € (0,1) such that

e PY(t) f(-) = poo (D] < IfIl - ap” (2.8)

for every t > 0 and f € Cyp(E).

Asymptotic stability is for example guaranteed for all irreducible, finite-state
continuous-time Markov chains which necessarily have a spectral gap. For alter-
native sufficient conditions implying asymptotic stability in a more general context
including continuous state spaces, see Section 2.4.

We introduce the measures vy ,,, for any general initial distribution pg € P(F)
and ¢t > 0, defined by

Vio () == po(PY(8) f), (2.9)

for any f € Cp(E). In the literature (Del Moral, 2004), v is known as the unnor-
malised t-marginal Feynman-Kac measure. Applying Lemma 2.2.1, we can see that

14 solves the evolution equation

D) = 10 () = v (£ V1), 2.10)

for any f € C4(E), t > 0 and pup € P(E). The measures with which one can most
naturally associate a process are the corresponding normalised t-marginal Feynman-

Kac measures in P(E),

Vi pio (f)
Vit po (1) ’

ft o (f) = (2.11)

defined for any ¢ > 0 and f € Cyp(E).

Lemma 2.2.3. Under Assumption 2.2.2 on asymptotic stability, there exist con-
stants & > 0 and 0 < p < 1 such that for any f € Cy(E),

|ttt.10 (F) = oo (F)] < I F1] - 6" (2.12)

for any t > 0 and independently of the initial distribution puy € P(FE), where
loo € P(E) is the eigenmeasure associated to the principal eigenvalue \g w.r.t. the

generator LY. In particular Ht,uo converges weakly to pioo, ast — 00.

Proof. By definition of fi,, (2.11) and then by asymptotic stability (Assumption
2.2.2),

poo(f) = IIflla-p' _

Ho(e”™ O PY(®)f) _ poo(f) + lIfl - pf
l+a-pt =

po (= PY()1) ~ 1—a-pt ’
(2.13)

Kt po (f) =

13



for any ¢t > —log o/ log p and for some constant oz > 0. This gives the bound (2.12)
for any t large enough. Increasing « accordingly to ensure that the bound holds also
for small ¢, we obtain (2.12) for any ¢ > 0.

O

For simplicity, in the rest of this dissertation the initial distribution pg is
fixed and we write iy (resp. 1) instead of fu p,, (resp. Vi, )-

Now, we want to outline the evolution of the time-marginal distribution p; in
terms of interacting jump-type infinitesimal generators. The content presented in the
rest of this section is based on Del Moral (2004, 2013); Del Moral and Miclo (2000).
In this established framework it is possible to define generic Markov processes with
time marginals p; and then use Monte Carlo sampling techniques to approximate

those marginals.

Lemma 2.2.4. For every f € Co(E) and t > 0, the normalised t-marginal s (2.11)

solves the non-linear evolution equation

S ) = ml () + mV) — ) (V). (214
Proof. Using the evolution equation (2.10) of v, we see that
d A wu(f)
at) = dt 1(1)
1 v (f)
= u(L(f) + V- f) = 7 (1)? u(L(1) + V)

=t (L(F)) + eV f) — pe(f) - pe(V)
O

The evolution equation (2.14) results from the unique decomposition of the
non-conservative generator £ + V into a conservative and a diagonal part given
by the potential V. The latter, together with the normalisation of 14, leads to the
nonlinear second part in (2.14) which we want to rewrite to be in the form of another
infinitesimal generator, that we denote by Em- Since (2.14) is non-linear in g, this

depends itself on the current distribution such that

w(Lu(f)) = n(VF) = ulf) - nV), (2.15)

for every p € P(E) and f € Cp(E).
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Moreover, the evolution equation (2.14) can be interpreted as the evolution of

the Law(X;) = pt of a time-inhomogeneous process X; with a probability generator
Ly =L+L,, . (2.16)

In this situation, it is essential to observe that ZMt depends on the current distribution
¢ of the random state X;. The stochastic model X, or equivalently the collection
of probability generators (Zu) peP(E), 18 known as McKean interpretation of the non-
linear evolution equation in distribution space defined in (2.14). As will become clear
later, there is a natural evolutionary interpretation of the process X; and we call the
jumps given by £ mutation events and the jumps given by Em selection events.

The evolution of the McKean model can be described using the propagator

_ PYT—t)f(x)
Ourf(e) = v — )

such that pr(f) = (O f) (2.17)

for all 0 < t < T, which follows directly from the definition of p; (2.11) and the
semigroup characterising the time evolution for v; (2.7). We will show in Section

3.2.1 some key properties of the propagator ©; r.

2.3 Description of some McKean models

The choice of the non-linear generator EN# satisfying (2.15) is not unique,

leading to various representations in the form
LD = [ W) (1) Fa)uldy) (218)

where WN/(:J:, y)u(dy) is the overall transition rate of Eﬂ and depends on the current
distribution p. In order to have the generator of a well-defined Markov process, we

assume W (z,y) > 0, for any z,y € E.

Lemma 2.3.1 (Sufficient conditions). An infinitesimal generator /3“ in the form
(2.18) satisfies the McKean condition (2.15) if and only if

w(W (- z) = W(a, ) = V() - u(V) . (2.19)

for all p € P(E) and x € E. In particular, a sufficient condition on EM for the
McKean condition (2.15) to hold is

Wy,z) = W(z,y) = V(z) = V(y) , (2.20)

15



forallz,y € E.

Proof. 1t is enough to observe that

w(Lu(£)) = | W(z,y)(fy) — f(z))uldy)p(dz)

E2

- /E (W)~ W (2,)) f@u(dy)u(dr)

O

Lemma 2.3.1 leads to various possible McKean representations in the form
(2.16)-(2.18) (see e.g. Angeli et al., 2019; Rousset, 2006), that can be characterised
by the operator W. One common choice related to algorithms in (Giardina et al.,
2006; Lecomte and Tailleur, 2007) is

Wc(xay) = (V(x) - C)

+ (V) -, (2.21a)

where ¢ € R is an arbitrary constant and using the standard notation a™ = max{0, a}
and a~ = max{0, —a} for positive and negative part of @ € R. The function V(z)

can be interpreted as a fitness potential for the process. Generic choices are:

e ¢ = ( is the default and simplest choice, but is usually not optimal as shown

in Proposition 4.1.3;

e ¢ = (V) corresponding to the current average potential: if the system in
state x is less fit than the average it jumps with rate (V(x) — c)_ to a new
state y chosen from the distribution p;(dy) (so that the overall escape rate is
(V(:U) — c)_ pt(dy)), and independently, the system jumps to states fitter than

the average irrespective of its current state with overall escape rate (V(y) —
+
c)" puldy);

e ¢ =sup,cp V(z) or inf,cp V(2), so that the selection events are independent
of the fitness potential at the target state y or at the departure state z, re-

spectively. This simplifies the implementation.

Another common choice of W (2.18) satisfying (2.20) is (see e.g. Del Moral,
2013, Section 5.3.1)
Wz, y) = (V) = V(@)" (2.21b)

which is particularly interesting for implementing efficient selection dynamics as dis-
cussed in Section 4.1.2. Here every jump from this part of the generator strictly

increases the fitness of the process, which is a stronger version of the previous idea
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where the process on average increased its fitness above level ¢. The rate depends
on departure state x and target state y, which is in general computationally more
expensive to implement than rates in (2.21a), but can still be feasible due to simpli-
fications in many concrete examples as illustrated by Angeli et al. (2019). A further

improvement of that idea is given by

— = ) —u)?
(o) = (V(a) = 7))+ =

(2.21c)

which resembles a continuous-time version of selection processes which are known
under the names of stochastic remainder sampling (Baker, 1985) or residual sampling
(Kong et al., 1994) in discrete time. Here selection events change the process from
states = of less than average fitness p()) to states y fitter than average. However,
this variant is harder to implement than (2.21b) and offers only limited extra gain
on selection efficiency, as illustrated in Section 5.5 for inclusion processes (see Figure
5.2).

The process X; can be described as follows. Between the selection events,
the process X; evolves as a copy of the reference process X; with generator £. The

rate of the selection events is given by the function

N (@) = (W (a,))
Moreover, when a selection event occurs, X, 4 is distributed with probability kernel

~ T,y
pr(z, dy) = #Mt(dy) :
et (W(ﬂ?, ))
Independent of the particular McKean representation, the rates of the McK-
ean process (X; : t > 0) depend on the distribution p; itself, which is in general not

known. A standard approach is to sample such processes through particle approxi-

mations (Del Moral and Miclo, 2003), as we will see in Chapter 3.

2.4 Asymptotic stability

We present sufficient conditions for asymptotic stability as given in Assump-
tion 2.2.2, which is essential for ensuring that the process forgets exponentially fast
its initial conditions and thus for guaranteeing the stability of the associated parti-
cle approximations, as shown in Chapter 3. The discussion is based on the work of
Down et al. (1995); Tweedie (1994).
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Definition 2.4.1. A Feller process Y; is said to be ¢-irreducible for a non-trivial
measure ¢ (i.e. p(E) > 0) on (E, B(E)), if E;[ [~ Ly,eadt] > 0 for every € E and
every set A € B(E) such that ¢(A) > 0. We simply say that Y; is irreducible if it is

¢-irreducible for some ¢.

Definition 2.4.2. A ¢-irreducible Feller process Y; is called aperiodic if there exist
a set C € B(E) with ¢(C) > 0, a non-trivial measure n and ¢, 7 > 0 such that

P*(Y; € B) >n(B) and P*(Y;e(C)>0,

forallz € C, Be B(E) and s > 7.

Lemma 2.4.3. Let Yy be a ¢-irreducible and aperiodic Feller process on a locally
compact state space E such that supp ¢ has non-empty interior. Denote by L and
P(t) the associated infinitesimal generator and the semigroup, respectively. Assume
that for a given function h € Cy(E) such that h > 1, there exist constants b,c > 0
and a compact set S € B(E) such that for all x € E

L(h)(x) < —c-h(z) +blg(z) .

Then there exist constants o > 0 and p € (0,1) such that for any test function
feC(E) andt >0,

|P(t)f(x) = x()] < If]l h(z)-ap,
for any x € E, where 7 is the (unique) invariant measure of Y;.

Proof. See Down et al. (1995), Theorem 5.2(c), using the fact that if a Feller process
Y; is ¢-irreducible and supp ¢ has non-empty interior, then every compact set is
petite (See Tweedie (1994), Theorem 7.1 and Theorem 5.1).

0

In the following we discuss how the spectral properties of the (pure-jump)
tilted generator £Y in Assumption 2.2.2 can imply asymptotic stability in the sense
of (2.8).

Assumption 2.4.4. We assume that the spectrum of £Y (2.6) is bounded by a
greatest eigenvalue \g. Moreover, there exist a positive function r € Cy(E), unique
up to multiplicative constants, and a probability measure uo, € P(FE) satisfying

respectively
EV(T) = )\0 T,

18



and
Mm(ﬁv(f)) =X~ ,uoo(f) for any f € C(E> :

Without loss of generality, we can assume fioo(r) = 1.

Remark. Sufficient conditions for Assumption 2.4.4 to hold can be found, for in-
stance, in Gong and Wu (2006); Gong et al. (2001). These are of course satisfied if
the original process with generator £ is an irreducible, finite-state Markov chain, in-
cluding for example stochastic particle systems on finite lattices with a fixed number

of particles.

Under Assumption 2.4.4, we define the generator

LY(f) (@) = r~Hx) - LY(r- f)(@) = X fl2) (2.22)

which is known in the literature as Doob’s h-transform of LY (Chetrite and Touchette,
2015) or twisted Markov kernel (Whiteley and Kantas, 2017). Observe that £Y (1) =
0, so that it is a probability generator associated to a Markov process with probability

semigroup defined for any f € Cp(E) by

PY(t)f(z) =1 (x) - e PY(t)(rf)(2).

Proposition 2.4.5 (Asymptotic stability). Assume that there exists € > 0 such that
the set
K.:={z € E|V(z) > X\ —¢}

is compact. Under Assumption 2.4.4, if the initial pure jump process (X; : t > 0)
with generator L is ¢p-irreducible for some ¢ for which supp ¢ has non-empty interior,
and aperiodic as defined above then (2.8) holds, i.e. there exist a« > 0 and p € (0,1)
such that

e PY(t)f = poc ()] < I -
for everyt >0 and f € Cy(F).
Proof. First, note that if the initial process X; is irreducible and aperiodic, then also
the process associated to £Y is irreducible and aperiodic. Moreover, £Y is bounded
in K. and LY (r~!) < —er~! for every x ¢ K.. Therefore, the hypotheses of Lemma

2.4.3 are satisfied for the generator £Y acting on the function h = r~!. Thus,

applying the lemma we obtain

|PY () f(x) = ()] < fllr (=) - apf,
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for any f € Cp(F) and x € E, where 7(:) = oo (r ) € P(E) is the invariant measure
for £Y. Dividing by r~!(z) and substituting f with r~1f € Cy(FE), we obtain the
statement (||r~!|| < oo and can be included in the constant «).

O
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Chapter 3

Interacting Particle

Approximations

In this Chapter, we present a generic description for interacting particle ap-
proximations of Feynman-Kac models, which include the classical mean field version
and cloning algorithms, as illustrated in Chapter 4. In particular, we provide gener-
alised conditions for convergence as our main result. Adapting already established
convergence results for mean field approximations (Del Moral and Miclo, 2000; Rous-
set, 2006) to a broader class of interacting particle approximations, we provide gen-
eral assumptions on the infinitesimal generator and carré du champ of the interacting
particle system which guarantee that the empirical distribution converges uniformly
in time to u; in LP and almost surely in the weak topology. Moreover, we show
that the order of convergence of the LP and systematic errors is given respectively
by 1/ VN and 1 /N, as for mean field approximations. We further provide a CLT
and explicit formulas for the asymptotic variance of the algorithms. These results
underline the several degrees of freedom in the design of the algorithms, providing a
new perspective on how to optimise the implementation of sequential Monte Carlo

methodologies.

3.1 General description

This section is concerned with the general description of interacting particle
approximations of Feynman-Kac t-marginal measures p; (2.11). These particle ap-
proximations involve running, in parallel, N copies or clones & := (¢},...,&Y) € EN

of the process (called particles), and then approximating p; by the empirical distri-
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bution m(&;) of the realisations. For any z € EV the latter is defined as

N

m(e)(dy) = 1 b, (dy) € P(E). (31)

=1

We write L for the infinitesimal generator of an N-particle system & and

also call this an IPS generator, and denote the associated empirical distribution as

pi () = m(&) (). (3.2)
Recalling Definition 2.1.6, we denote by

Tonv(y,9)=L (o) =7 L (0)—¢- L' (1),  veeCEY),

the standard carré du champ operator associated to the generator v

The full dynamics can be set up in various different ways such that Y —
converges in an appropriate sense as N — oo for any ¢t > 0. Theoretical conver-
gence results can be obtained under the following assumptions, which are fulfilled by
standard mean field particle approximations (as shown in Section 4.1) and cloning

algorithms (Section 4.2).

Assumption 3.1.1. Given a family of McKean generators (ZN)MGP(E) (2.16) on
Cp(E), we assume that the sequence of particle approximations (& : t > 0) with

generators (ZN) ~Nen on Cp(EN) satisfies

L™ (F)(z) = m(z) (L) (f)) (3.3a)

(. F)@) = 3@ Gy (1) + 073 (3.3

for mean-field observables F' € Cy(EY) of the form F(z) = m(z)(f), f € Cy(E).
Here (G”)ueP(E) is a family of bilinear operators G, : Cp(E) x Cp(E) — Cy(E)
independent of the population size IV, such that

sup sup [ Gu(f. f)] < oo
REP(E) [IfII<1

Furthermore, we assume there exists a constant K < oo (independent of N), such
that for all N € N, almost surely,

st1>118|{z‘el,...,N:§;'7é§§,}\ < K. (3.3¢)
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For the initial condition of the particle approximation we assume that
&,..., & areiid.r.v’s with distribution g . (3.3d)

Remark. In general, the goal is to approximate p(f) for a given f € Cy(E), so it
is natural to set up the auxiliary particle approximation in a permutation invariant

way and use test functions of the form

For instance, in the physics literature, these functions describe mean-field observables
averaged over the particle ensemble which are generally of most interest, e.g. for
the estimator (5.17) of the large deviation function it is sufficient to consider such

functions, as shown in Chapter 5.

To better understand the above assumptions, recall that the carré du champ
of an interacting particle system is a quadratic operator associated to the fluctu-
ations of the process, whereas the generator determines the expected behaviour of
the observables F'(&). Thus, Assumption 3.1.1 implies that trajectories of mean-
field observables in a particle approximation coincide in expectation with average
trajectories of the McKean representation they are based on (3.3a), and concentrate
on their expectation with diverging N (3.3b). Condition (3.3¢) assures that at any
given time only a bounded number of particles can change their state, which is a
mild technical assumption, necessary for applying Lemma 3.2.1 in the proof of the

LP error estimates.

Theorem 3.1.2. Consider a sequence of particle approximations satisfying Assump-
tion 3.1.1 with empirical distributions Y (3.2). Under Assumption 2.2.2 on asymp-
totic stability, for every p > 2 there exists a constant ¢, > 0 independent of N and
T such that

v _ ol

< ol (3.4)

sup E [ (13 (f) = nr(1)']

T>0

for any f € Cy(E). Furthermore, there exists a constant ¢ > 0 independent of N

and T such that ,
sup [E [17' (f)] — pr(f)] < c%” : (3.5)
T>0

for any f € Cp(E) and N € N large enough.

Remark. The constants ¢, and ¢ depend on the Feynman-Kac model of interest, on
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the choice of the McKean model and on the considered interacting particle approxi-

mation.

The proof, presented in Section 3.2, is an adaptation of the results in Rousset
(2006) and makes use of the propagator (2.17) of u; and the martingale characteri-
sation of (& :t > 0).

Remark. Theorem 3.1.2 implies in particular that the usual random error ‘,u? (f)—
E [Mé\f (f )] ’ converges in LP norm as N goes to infinity, with rate 1/+/N. Moreover,
by Markov’s inequality, Theorem 3.1.2 implies

- AP

Puo(luiv(f)*m(f)} 25) S o Np

for every e,t > 0, f € Cp(E), N > K and p > 2, where ¢, > 0 does not depend on

N. In particular, considering p > 2, we can see that

pr () = m(f)  Pup—as. (3.6)

as N — oo, for any f € Cy(FE), by a Borel-Cantelli argument. The existence of a
countable determining class allows this to be further strengthened to the almost sure
convergence of 1Y to yi; in the weak topology (see, for example, Schmon et al., 2020,
Theorem 4).

Theorem 3.1.3 (Central Limit Theorem). Consider a sequence of particle approxi-
mations satisfying Assumption 3.1.1 with empirical distributions pl¥ (3.2) and such
that

p (G (f, 1) = m(Gu(f, £)) P —aus, (3.7)

as N — oo, for any f € Cpo(E) and 0 < t < T. Under Assumption 2.2.2 on
asymptotic stability, for any f € Cy(E), the sequence

VR (f) == VN (i (f) — nr(f))

converges in law as N — oo to a centered Gaussian random variable Vp(f) with

variance given in terms of the propagator (2.17) as
p— T p— p—
E[Vr(£)?] = 1o((©o,rf)?) + /0 s (Gus (Os,1f, @s,Tf)> ds (3.8)

where f = f — ur(f).

The proof of Theorem 3.1.3 is an adaptation of the results presented by
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Del Moral and Miclo (2000, Section 3.3.2) and is outlined in Section 3.3, where we
also provide sufficient conditions for the limit (3.7) to hold.

It is important to clarify that the estimators of the Feynman-Kac distribution
e given by the empirical measures ¥ usually have a bias, i.e. E[u" (f)] # ut(f)
for f € Cy(E), which vanishes only asymptotically, as illustrated in Theorem 3.1.2.
This arises from the non-linear time evolution of u;. However, it is straightforward
to derive unbiased estimators of the unnormalised measures v; (2.9), as shown by

the following result.

Proposition 3.1.4 (Unbiased Estimators). Consider a sequence of particle approx-
imations satisfying (3.3a) and (3.3d), with empirical distributions ui® (3.2). Then,

the unnormalised empirical measure

t
A ) = () with () i=esp ([ (0)as)
is an unbiased estimator of the unnormalised t-marginal vy (2.9), i.e.
E[v) (f)] = w(f) forallt>0and N >1, (3.9)

for any f € Cp(E).

Proof. First observe that E[v{'(f)] = vo(f). Indeed, v’ (f) = pd’(f) is the aver-
age of IV i.i.d. random variables with law fxpuo, and pg corresponds to the initial
distribution of vy = v4,, (2.9). Here fuuo denotes the image measure given by
Jato(B) = po(f~1(B)), for every Borel set B on R.

By Hille-Yosida (Theorem 2.1.5),

d

FEalF(@)] = E[L"(F)(&)] .

for any F € Cy(EY), where & is the realisation of the interacting particle system at
time t. Thus, considering functions of the form F(x) = m(z)(f), f € Cy(F), and

recalling the definition of the empirical measure ;2 (3.2), we can write

TE () = BTG ()]

Hence, by the chain rule, E [VtN (f )] satisfies the evolution equation

d

SEWEWD] =E[Y (N al 0) + Y IV () ()] - (3.10)
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Moreover, by assumption (3.3a) and using the characterisation of £, (2.15)-(2.16),

we have

LY (Y () = ¥ (L) + 1 V) = 1 V) 1 ()
Inserting into (3.10), this simplifies to

d

ZER (D] =EMN L)+ v] -

Since £ + V also generates the time evolution of v4(f) (2.10), a simple Gronwall
argument with E[v{¥ ()] = vo(f) gives (3.9).
g

3.2 Weak propagation of chaos

This section is devoted to the proof of Theorem 3.1.2, which is an adaptation
of the results presented by M. Rousset in Rousset (2006). Throughout this section we
consider a generic sequence of IPS generators (fN) NeN satisfying Assumption 3.1.1
for some McKean generator £, (2.16). Furthermore, we assume that the normalised
Feynman-Kac measure p; is asymptotically stable, i.e. Assumption 2.2.2 holds.

The proof makes use of the propagator ©; 1 of i defined in (2.17), and the
martingale characterisation of V. We denote by Cz? ’I(E x RT) the set of bounded
functions ¢. such that o, is continuous on E for every t € RT and ¢.(x) has contin-
uous time derivative for every x € E. Following the standard martingale characteri-
sation of Feller-type Markov processes (Lemma 2.1.7), one can show that, for every
0. € Cg’l(E x RT), the process

MY (@) = pr (er) — 15 (0) —/0 1 (9505 + L v (95)) ds (3.11)

is a martingale (see also Rousset, 2006, Proposition 3.3). With (3.3b) its predictable

quadratic variation is given by

<MN(<P~)>1: = ]17/0 uﬁV(GMév(gos, ©s)) ds + O<]$2> , (3.12)

and with (3.3c) jumps are bounded by

2K |||

[AMY (p)] < =

(3.13)

The following technical Lemma for martingales will play a central role in the
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proof of Theorem 3.1.2.

Lemma 3.2.1. Let M be a locally square-integrable martingale with predictable
quadratic variation (M), My = 0 and uniformly bounded jumps sup, |AM;| < a <
0o. Then, for every ¢ € Ng and T' > 0, there exists a constant Cq > 0 such that

q

SupE[M%qH] < Cq Z a2q+1_2k+1E{<<M>T)2k} .

t<T E—0

Proof. See (Rousset, 2006, Lemma 6.2).

3.2.1 Properties of the normalised propagator

Lemma 3.2.2. For any test function f € Co(E) and 0 < t < T, we have for the
normalised propagator (2.17)

0 (Or1f(2)) = —(£ + V(@) — (V) (Orrf ().

Proof. See (Rousset, 2006, p. 836). The idea of the proof is to use the backward
equation (2.7) to compute the time derivative of the propagator ©; 7 f (2.17).
O

Lemma 3.2.3. Under Assumption 2.2.2 on asymptotic stability, for any 0 <t <T
andn € N and f € Cy(E), there exists a constant > 0 such that

T
1©srfll < B-Ilf] and / 105, 1% ds < % - IFI*" - (T~ 1).
t
Moreover, for any f := f — ur(f), there exists some 0 < p < 1, such that
J— —_— T vy n n ry n
l©crfl <B-Ifll-p""  and / 1057 fI*"ds < 52" - I FI*".
t
Proof. The proof can be found in (Rousset, 2006, Lemma 5.1) and the result is due

to the asymptotic stability of the Feynman-Kac model.
O

Observe that, applying Lemma 3.2.2 to the martingale characterisation (3.11)
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of ZN, we obtain

T ~
M7 (O.2f) = wy (f) = 1 (G0 f) = /0 i (B =V + 10) (Os11) ) ds

T
= () — 1 (O f) — /0 WY (0rf) - (us(V) — u¥ (V) ds |
(3.14)

for any f € Cp(E), where the last equality follows by the characterisation (2.18) of
McKean models.

By (3.14), we obtain the stochastic differential equation
A (Ourf) = AMT (O 2 f) + (V) = i’ V) - i (Ouf)dt . (3.15)

Moreover, applying Lemma 3.2.3 to the predictable quadratic variation (3.12),

we obtain that almost surely,
1 = 1
(MY @), < 3161 PIAP T -0 +0(53) . (310

where é(f7 f) = SupMEP(E) GH(f? f) .
Note that Equation (3.14) for centered test functions f = f — up(f) can be

rewritten as

T
17 (f)=nr(f) = 1o Qo f) + M7 (O.7f) +/ e (051 f) - (s(V) —p (V) ds -
" (3.17)
The martingale characterisation (3.14)-(3.17) will be the key element in the
proof of Theorem 3.1.2.

3.2.2 [P and bias estimates

Define

B = T =0 ¢ pp) (3.15)

~ u(PY(T - 0)1)
with ¢ € P(E) and 0 < ¢t < T. Observe that the measure ®;7(u) can be also

rewritten in terms of O, 7 (2.17) as

Bur(u)(f) = M , (3.19)

for any f € Cy(E).
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To prove Theorem 3.1.2, we consider the decomposition

Ellud (f) — wr(£)P1YP < E[luf (f) — @or(ud)(f)P)H?
+E[®y (1) (f) — ()PP, (3.20)

for any 0 <t <T. The proof is structured as follows:

e In Lemma 3.2.4, we bound the first term of the decomposition under Assump-
tions 2.2.2 and 3.1.1;

e In Lemma 3.2.5, we bound the second term under Assumption 2.2.2;

e In Lemma 3.2.6, we combine Lemma 3.2.4 and Lemma 3.2.5 to obtain LP-error
estimates of order 1/N%/2, for some 6 € (0,1);

e Finally, from Lemma 3.2.6 we derive, by iteration, L estimates of order 1/ VN,

as presented in Theorem 3.1.2.

Lemma 3.2.4. Consider a sequence of particle approximations satisfying Assump-
tion 3.1.1 with empirical distributions u (3.2). Under Assumption 2.2.2 on asymp-
totic stability, for any p > 2 there exists a constant c, > 0 such that

B[ () = @ur ()] < et @IV (W N O<1>> |

forany f € Cp(E) and 0 <t <T.

Proof. This is an adaptation of the first part of the proof of (Rousset, 2006, Lemma
5.3).

First, consider

agzi=oxp ([ (Y 0) — w)as) (3:21)

t1

with 0 < t; < ta. Observe that, by the stochastic differential equation (3.15), we

can write
d(A;pl (©sx f)) = Af MY (O.1f)

for any t < s < T. Therefore,
T
AT () = ¥ ©erh) = [ A MY (©.08) (3.22)
t
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Fixing 0 <t < T, the process

NN (f) = / A MY (©.1f) = AT i (O,0f) — 1 (Ourf) |

t

with ¢ < 7 < T, as the integral of a progressively measurable process with respect

to a martingale, is itself a martingale with predictable quadratic variation given by

NN (), = / ()2 dMY ©.11))

and jumps bounded by
_ 4K B £l
ANN < 2T=plvI, =22 L1
AN ()] < e AUAL,

by Assumption (3.3¢) on bounded jumps, (3.13) and Lemma 3.2.3.

Moreover, with (3.19), we can write

()~ @) (1)
= [W8 () = (AN @0 ) — (1= (AN i (©urD)) - e () (f) |
= (D) N () = M) @ ()]
where the last equality follows by (3.22). Noting that (A7)™! <exp (2(T —1)-||V|))
by definition (3.21), we get
E[[65 (1) = Dur () ()]
< A TOME[ AR () = MY () @r(u) (D] (3.23)

By Lemma 3.2.1, we have that, for any ¢ € N,

2q+172k+1

E[\N%V (f>}2q“] < Cy Xq: (62<T—t>llvn . M)
k=0

J e[V ()]

and thus, by (3.16),

2q+1_2k+1

pt ] <8 5 (@ T (o))
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Therefore, for p = 2971, ¢ € Ny, we get

- — t)P/?
E[WF (] < Gy enr-om <W + O(;p» .

By Jensen’s inequality, this bound holds for any p > 2. Applying this to inequality
(3.23), we obtain the result.
O

Lemma 3.2.5. Under Assumption 2.2.2 on asymptotic stability with constants o > 0
and p € (0,1), we have that for any p > 2 and any 0 < t < T such that T —t >
(loge — loga)/logp for some e € (0,1), the following bound holds

E[|1®.r () (f) — pr(f)1P) P < W '

Furthermore, when t = 0, there exists a constant C, > 0 depending on p such that

C
sup E[[or(13)) (/) - (DI < N'l';i” :

Proof. By definition (3.18) of ®; 7, for any n € P(E) and A € R we have

n(e—(T—t))\PV(T _ t)f)
n(e=T=DAPY(T —¢)1)

@ r(n)(f) =

Taking A to be the principal eigenvalue of £+ V. using Assumption 2.2.2 on asymp-

totic stability and the basic fact (1) = 1, we can write

n(e=TPPYT 1) f) < poo(f) + If] - ap™ ",
n(e*(T*t))‘PV(T -)1) > 1 — apt =t

Therefore, for T'—t > (loge — log«)/log p, for some € € (0, 1), we have

1 T—t
Der(0)(f) = Hoo(f) < poo(f) - (m _ 1) N m
_ 2™
< S
and similarly
T—t
Brr(n)(f) — ool f) = — 2“f1”fp |
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Hence,

E[|®rr(u)(f) — T(f)]p]l/p

<E[|1® (N (f) = proo(DP]? + E[[ @02 (e) (f) — oo (F)P]
_ Allfllap™ "
- 1—¢

This proves the first part of Lemma 3.2.5. Now, for ¢ = 0, by definition of ®q r, we

have

N
%mmmzﬁﬁﬁg;

Thus, we can write
N
Po,r(ko )(f) — pr(f)

= 0 r(ud)(f) - (1= 1 (©or (1)) + 15 (Qo,r(f)) — 1o(Oor(f))
= D010 (f) - (ko(©0,r(1) — 1 (©0.7(1))) + 11 (Oo7(f)) — 10 (Qor(f))

by using the basic substitution 1 = (07 (1). To conclude it is enough to observe
that, for any g € Cp(E),

Cy llglP
Np/2

E[|10 (9) — o(g)|"] < (3.24)

with C), > 0 constant depending on p (so, we can apply (3.24) for g = O (1) and
g = O0,7(f)). Indeed, with (3.3d) at time ¢t = 0, Mév is the sum of N i.i.d. random
variables with law pg. Inequality (3.24) is then a direct application of Marcinkiewicz-
Zygmund/BDG inequalities for i.i.d. variables.

O

Lemma 3.2.6. Consider a sequence of particle approximations satisfying Assump-
tion 3.1.1 with empirical distributions Y (3.2). Under Assumption 2.2.2, there
exists 6 € (0,1) such that for any p > 2 there exists ¢, > 0 such that

§gWﬁm—me”S%w’

for any N € N large enough.

Proof. Recalling decomposition (3.20), where the first term is estimated in Lemma

3.2.4 and the second in Lemma 3.2.5, and using the basic fact T —t < e, we
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obtain

E[lnd (f) — pr(f) )P

“lvi+1/2)T
e + 1 1
<elfll - 72 + e4THV“o(N) , (3.25)
taking t = 0, and
E[luf (f) — ur(f)[F1P
(4lIVII+1/2)(T—t) 1
e _ _
<olfl- (g + ") +TMo(5) . (3.26)

taking 0 < ¢ < T such that T —t is large enough.
The idea is to find ¢ > 0 and € € (0,1) such that

C@lIVII+1/2)-(T—1) 1
N1/2 — Ne/2 0

T—t 1

P S Ne/2

Recalling that log p < 0, the solution is given by

—logp
A|[Vll+3~logp ’ (3.27)

o _ log N
=T 8[[V[[+1-2logp °

E =

provided T' > log N/(8||V|| + 1 — 2log p) to ensure that ¢t > 0. Also observe that for
N large enough, T' — t satisfies the conditions in Lemma 3.2.5.
Otherwise, in case T' < log N/(8||V|| + 1 — 2logp), we consider the bound

(3.25) instead, and we obtain

e@Vi+1/2)T 4 4 1 1
< —5 +
N1/2 - NE/2 N1/27
with Sily )
. v+

C 8V +1—2logp

Taking 6 = min{e, £} the result follows from observing that

AT-D|IV] 1

i 1
N = No Wltha>§,

for t = 0 and T" at most of order log N as above, or for ¢t > 0 given by (3.27).
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Proof of Theorem 3.1.2. We denote

I,(N) := sup SUPEHM%Q) - NT(Q)‘p] ’
lgll=1T7>0

in accordance with Rousset (2006, Section 5.2).
Using (3.17), we have for any f = f — ur(f), f € Co(E),

7 () = nr (A" <3 |y (@0 f)|” + 37 MY (O.00)|" +
T — P
? ( /O 1 (©urT)| I ) — V)] ds) . (329)
Writing
1Y (©srF)] - |1 (V) = s (V)]

= 0ur 7117 (| (Hgﬁ”)\ NOsr I [ V) = (V)] )

and using Holder’s inequality, we get that the third term in (3.28) can be bounded
by

( /OT 1 (©sr )| - 1 (V) = ps(V)| ds)”
< (/OT 1057 f]] dS)pfl ) (/OT ué\/(Hg:;;H)’p |1©s7f]l - ’M?(V) _ MS(V)‘p ds)

<Gl ([ e (LN el ¥ ) - ) as)

185,17 f]
by Lemma 3.2.3. Using the fact that

u (Os7f) = 1 (Os7f) — 1s(Osrf)
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for centered test functions, and applying the Cauchy-Schwarz inequality, we get

i

N( Ostf NP Ny P _
Mg (HQSTJCH)‘ ‘:U’s V) Ms(V)} H@s,TfHdS:|

T 017 OurF 2712
<[ El w (o)~ (eir)|

el () = ()| el as

T
< /0 Lop(N) VI[P - |21 ds

<Gyl fl 12p(N) - (3.29)

Furthermore, similarly to (3.24), we can bound the first term in (3.28) by

Coll F11P

Efluo (©ox )] = E[lng’ (Corf) = no(@or /] < =55,

for some other constant Cj, > 0 depending on p. Finally, by Lemma 3.2.1 and bound
(3.16), we can bound the second term in (3.28) by

_ C P
E[[ME©. )] < ]’(,‘L“';! :

where (), is another p-dependent constant.

Combining all together, we obtain

E () pr (D) < AP (57 + T(N))

for any f € C,(E) and T > 0. In particular,

I(N) < Gy (L + IQp(N)> ’ (3.30)

NP/2

for any p > 2. Applying Lemma 3.2.6, we get

Cp
I,(N) = Nmin{1,256}p/2

for any k € N, by iteration of (3.30). Thus, we can conclude

CP
IP(N) S Np/2 .

This proves the LP-error estimate (3.4).
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We conclude by proving the bias estimate (3.5). By Equation (3.17), we have

ST?

Tougy) () = 0] ds.

Sl ] - () = [ 0.7 €[ (

Using (3.29) for p = 1, we obtain

ELA (D] - wr)] < Ol nv) < S

3.3 Central Limit Theorem

In this section, we prove the central limit theorem (Theorem 3.1.3), following
similar arguments as in Del Moral and Miclo (2000), Section 3.3.2, and, similarly to
the proof of Theorem 3.1.2, it makes use of the propagator O 7 (2.17).

Recall Equation (3.17), that is

T
wr (f)=pr(f) = pd (©orf) + ME(O.1f) +/O 1 (©sf) - (s(V)—plY (V) ds

where the martingale M¥ (6.,T?) has predictable quadratic variation given by

<MN(@ Tf N/ :us Sva ST?)) ds + O(]\k) s (331)
and jumps bounded by
— 2K
amy (o7 < 2RI

If the hypotheses of Theorem 3.1.3 are satisfied, we have that

T
/O :us( ( sTfa sTf dS — / ,Us ,us sTfa sTf)) Puo—a.s.

as N — oo, for any f = f — pr(f) centered test function, by using Theorem 3.1.2

and dominated convergence. In particular, by (3.31), we see that

N—o0

— T —
lim N - (MY(©.1f)), _/O 115 (G, (Os1f, Os1f)) ds

in probability. Thus, in the same fashion as Del Moral and Miclo (2000, Lemma
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3.33), we can apply (Jacod and Shiryaev, 2013, Theorem 3.11, p. 432) and obtain
that the process \/N-MZJY(@.,Tf) converges in law as N — oo to a centered Gaussian

martingale whose variance is given by

T
[;%mw@ﬂﬂeﬂﬁm&

Moreover, the following result shows that

T
lim \/N/
0

N—oc0

P (©urF) - (1s(V) = i (V)| ds = 0,
in probability.

Lemma 3.3.1. Consider a sequence of particle approrimations satisfying Assump-
tion 3.1.1 with empirical distributions ¥ (3.2). If Assumption 2.2.2 on asymptotic
stability is satisfied, then

N—oo

lim E[x/ﬁ /0 ' Py (Osxf) - (1s(V) — i <V>)\ds} =0.

Proof. This proof is an adaptation of (Del Moral and Miclo, 2000, Lemma 3.30).

Using the Cauchy-Schwarz inequality, we can write

E[\/N/OT

pY (O f) - (1 (V) — ns(V)) \ ds}

< \/NE[/OT (4 (41 ))° ds] -\/E[/OT (1Y (V) = 1s(v)) ds).

By Theorem 3.1.2 and dominated convergence, the second factor goes to zero

as N — oo. Moreover, for any 0 < s < T, we can write

MéV(GS,Tf) MéV(GS,Tf) /’LS(GS,Tf)

NéV(GS,Tl) B MéV(GS,Tl) Ms(@s,Tl) ’

by using the basic fact

/’Lév (@s,T,uT(f)) _
NéV(GS,Tl)
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Therefore,

(1D (1 (O ) = 1s(Osr))’

NéV(GS,Tl) NéV(GS,Tl)z
o Hs(Osr ) (1s(Osirl) — il (Os71))’
1Y (©5,71)% s (O571)2

The conclusion follows by observing that

sup NE[(u (©5rf) = 1s(0urf))*] < o0,

0<s<T

for any f € Cy(E), by Theorem 3.1.2.
O

Finally, recalling that Y (©¢rf) converges to p10(©grf) = 0 in probability
and that E[N . ,uév((@o,T?)Q)] = /1,0((@07T7)2), we obtain the statement.

The following result provides sufficient conditions for the sequence p}¥ (G N (f, f ))
to satisfy the a.s. convergence (3.7), for any f € Cp(E).

Lemma 3.3.2. Consider a sequence of particle approximations satisfying Assump-
tion 5.1.1 with empirical distributions pi¥ (3.2) and such that G, (f, f) is of the form

Gult: D) = ao(o) + [ ) utdn) + ([ mlvo)ut@) 332)

for any p € P(E), f € Co(E) and x € E, where go € Cy(E), g1, go € Cp(E?) depend
on f but are independent of u, and such that

lim [lgi(-,z) —gi(-,2)l| = 0, (3.33)
zZ2—T
for any x € E, with i =1,2. Then,

p (G (F ) =2 ps(Gu(f,f)) as N — oo

Remark. Note that for discrete state spaces, condition (3.33) is always satisfied with

the usual topology.

Proof. The statement is a direct application of a variant of Lebesgue’s dominated
convergence theorem (Feinberg et al., 2020, Corollary 2.8) which applies in the con-
text of weakly converging measures (see also Serfozo, 1982, Theorem 3.5). Indeed,
pi¥ converges a.s. to py in the weak topology via the argument following (3.6). More-
over, G,n(f, f) € C(E) and supye |G v (f; )|l < oo by condition (3.3b), hence
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the sequence of functions (G y (f, f)) can easily be seen to be asymptotically

NeN
uniformly integrable w.r.t. the empirical measures uf’ (see Feinberg et al., 2020,

Definition 2.1). Finally, we need to show that

lim Gui\f (f, f)(Z) = GMt (f7 f)(l’) Pu, — a.s. (334>

(2,N)—(z,00)
for any x € E. Indeed, by triangular inequality,
‘/ g1y, 2) ' (dy) — /gl(y, 7) pe(dy)|
E E
<| [ atw2uda@) - [ st ')
E E
| [ ooyl = [ o)

Y

and

[ w2 @ = [ o)) < lot.2) - g6l

Thus,

lim /gl(y,Z) pi (dy) = /gl(y,w)ut(dy) Pu, — a.s.
(2.N) = (z,00) J E

for any € E, by condition (3.33) on g; and by a.s. weak convergence of u.

Moreover,

‘(/Egz(y,Z) uiv(dy))2 — (/EgQ(y,:v) Mt(dy))2(
< ‘/Egz(yw) ' (dy) + /Egz(y,m) Mt(dy)‘

. ’/EgQ(y,z)uiv(dy) - /Egz(y,ﬂﬁ)lit(dy)’

<2l -| [ o)) = [ ol )]

Thus, similarly to g, we obtain

lim (/Egg(y,z) ,ul{/\f(dy))2 = (/Egg(y,x) ut(dy)>2 P, —a.s.

(2,N)—=(z,00)

for any x € F and, in particular, we see that (3.34) holds. Therefore, the hypotheses

in (Feinberg et al., 2020, Corollary 2.8) are satisfied almost surely and we conclude

by applying it.
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O

Lemma 3.3.2 provides a sufficient condition that is easy to verify. In partic-
ular, we will show that (3.32) holds for both mean field approximations and cloning

algorithms, as illustrated respectively in Proposition 4.1.1 and Proposition 4.2.5.
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Chapter 4

Description of some Interacting
Particle Models

In this chapter we describe two common constructions for interacting particle
approximations, namely mean field particle approximations (in Section 4.1) and
cloning algorithms (in Section 4.2), and provide a discussion on their convergence
properties by applying the results presented in Chapter 3. In Section 4.3, we present a
third interacting particle approximation - the continuous time resampling algorithm
- and show that in this case Assumption 3.1.1 is not satisfied and the convergence
results presented in Chapter 3 do not hold, in disagreement with the well-established

convergence results for discrete time resampling algorithms.

4.1 Mean field particle approximation

The most basic particle approximation is simply to run the McKean dynam-
ics in parallel on each of the particles, replacing the distribution u; by the empirical
measure. This procedure has been studied in the applied probability literature in
great detail (Del Moral and Miclo, 2003; Rousset, 2006), providing quantitative con-
trol on error bounds for convergence.

Formally, the mean field particle model (& : t > 0) with & = (& : i =
1,...,N) associated to a McKean generator £, (2.16), is a Markov process on EY

with homogeneous infinitesimal generator IV defined by
LY (F)(a',. . aN) =Y Lo (). 2, aN) (4.1)
i=1

for any F € Cy(EYN). Here Z(i)@ denotes the McKean generator L,,(,) (2.16) acting

m(
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i

on the function z — F(z!,... 2% ..., zN)

, where the dependence on u has been
replaced by the empirical distribution m(z).
In analogy to the decomposition £, = £ + Eu in (2.16), the generator (4.1)

can be decomposed as V=N + LV with
N
LN(F)(@) =Y LO(F)(2) (4.2)
i;l
IN(F)(z) = Z; £ (F)a) (4.3)

where £® and E(i)

m(z) stand respectively for the operators £ and Em@) acting on the

function z* + F(z), i.e. only on particle i.

Moreover, using representation (2.18) for [,Nu, we can write

N
Lo (F)@) = 5 D Wlai aj) (F) - F(x)) | (4.4)
j=1
with z¥ ;= (1., Ti-1,Y, Tit+1,---,TN), which introduces an interaction between

the particles. In this decomposition, (4.2) generates the so-called mutation dynam-
ics, where the particles evolve independently under the dynamics given by the in-
finitesimal generator £ of the original process, whereas (4.3) generates the selection
dynamics, which leads to mean field interactions between particles. With (4.4), for
every particle i = 1,..., N, the state of ¢ gets killed and replaced by that of particle
j with overall escape rate %W(%, x;j). Hence, the total selection rate for a particle
is % Zjvz 1 W(a;,, x;), and depends on the McKean representation, in particular the
choice of £, in (2.18).

4.1.1 Convergence results

By definition of v (4.1), for any function F' on EV of the form F(z) =
m(z)(f), with f € Cp(E), we have that

V(F) (@) = m(@) (Lo () (4.5)

Ppv(F, F)@) = xm(@)(Tz, (7 5) - (4.6)

thus conditions (3.3a)-(3.3b) are satisfied.
Analogous relations hold also for the individual mutation and cloning parts of

the generator. Since generators are linear, the identity (4.5) is immediate. The carré
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du champ (4.6) is quadratic in F', but off-diagonal terms in the corresponding double
sum turn out to vanish in a straightforward computation, leading to the additional

factor 1/N. More in detail, using the Definition 2.1.6 of carré du champ,

N
T_v(F, F)(z) = Y Lo (F3)(@) - 2F(z Zﬁm(z
—

and observing that, for any F' of the form F(x) = m(z)(f), we have

N N
Zﬁm(a: (F*)(z) = %(sz(z)(fQ)(f’fi)Jr? sz(z)(f)(xi)'z:f(xj)> ,
=1

i=1 j#i
and
N ) 1 N B N
F(2) Y Ly (F)@) = 5 (X2 £@) L) () @)+ L) (£ @) £(a))
= =1 i=1 i#i

we obtain the identity (4.6).

Remark. Note that similar relations hold also for marginal test functions F(z) =

f(z1), f € Cy(E), depending only on a single particle, namely

L7 (F)(z) = Lpe(f)(@) and Ton(F F)(z) =Tz (f, @) .

So, generator and carré du champ both coincide with the corresponding operators
for the McKean dynamics. This means that for large enough N and p™ (&) close
to p¢, each marginal process ¢t — 51{ has essentially the same distribution as the
corresponding McKean process ¢ — £!. However, while the marginal processes for
a given particle approximation are identically distributed, they are not independent

due to the correlations between particles resulting from selection events.

Furthermore, by construction, for almost every realisation &, t > 0, of the
mean field particle approximation, there exists at most one particle ¢ such that
& £ ¢ since during mutation events, as well as selection events, only one particle

changes its state. In other words,

sup‘{zEl N:f}:#fé_”gl

t>0

and thus condition (3.3c) is satisfied with K = 1. Therefore, under the initial
condition (3.3d), Theorem 3.1.2 holds and provides LP-error and bias estimates of

order 1/ V/N and 1 /N respectively, in accordance with already established results,
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e.g. in Rousset (2006); Del Moral and Miclo (2003); Del Moral (2013).
Proposition 4.1.1 (CLT). Let ¥ be the empirical measure of the mean field N -

particle model associated to a McKean interpretation Zm (2.15) of the Feynman-Kac
marginal py such that the operator WN/(x, y) defining the selection generator Zu (2.18)
satisfies

lim [|[W(z,-) — W(z,)|| = 0. (4.7)

zZ—T

Then, under the initial condition (3.3d), for any fized T > 0, the sequence

VR (f) = VN (17 (f) = ur(f))

converges in law as N — oo to a centered Gaussian random variable Vp(f) with

variance given by

E[Vr(f)?] =pr((f — pr(f))?)

T p— p— p—
4 [ (0D (v - V) 4Tz, (©usF. €.07)) ds. (49
0
Proof. For any f € Co(E), G,(f, f) = FZM(f’ f) is in the form (3.32) with

go(z) = Tr(f, f)(z) ,
(y, )
)

2

= W(z,y) (fly) - f(2))",
0.

g1
g2(y,

Therefore, condition (3.33) is satisfied and we can apply Lemma 3.3.2 and
obtain that the Central Limit Theorem (Theorem 3.1.3) holds. In particular,

J— T i I
EVe(r7] = mo((©@0r7P) + [ Ty, @ 00D) ds. (49

To conclude, it is enough to observe that, applying the evolution equation (2.14) of

¢ and then Lemma 3.2.2, we have

1e((©07f)?) = po((©o1f)?)

= /Ot Ms (2 @s,T? : as(@s,T?) + L(@s,T?)Q + (@s,T?)2 : (V — Ms (V))) ds

<+

= /0 ps(=2057f - LO 1 f) + LOf)? + (Osrf)” - (1s(V) = V)) ds

s (Fﬁ(@S,va @s,T?) + (GS,T?)2 : (MS(V) - V)) ds.

S—
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Thus,

/Ot Is (Fc(@s,Tﬁ GS,T?)) ds

= m(©erdP) = po((©0x D) + [ s((©ur T (V= 10s1)) ds.
(4.10)

Substituting into the expression (4.9), we obtain the statement.
O

Remark. Condition (4.7) is just a technical regularity condition on W which imposes

a degree of continuity on GG, namely

G DE) = Gl ) Py —as

for any 2 € E, so to ensure the a.s. convergence for the sequence uf’ (Guiv(ﬁ f))
Moreover, observe that condition (4.7) is satisfied for all the three McKean models
considered in Section 2.3. Indeed, it is immediate to see that the limit (4.7) is
satisfied for (2.21a) and (2.21c) since V € Cy(E). Now, consider the McKean model
defined by (2.21b). For any = € F and £ > 0, there exists 0 > 0 such that, for any
z € Est |z—x| <4, [V(xr) —V(z)] < e. Hence, for any y € F and z € E s.t.

|z — x| < §, we have the following bounds:

<
s
|
<
O
=
IA
=
NS
|
pt
3
+
Ny
+
IA
=
NS
|
=<
&
=
+
m

V() = V)" > V) - V) —e)*

v
—
=
N
|
=
8
=

+
|
™

In conclusion, for any z € E s.t. |z —z| < 9,

‘W(‘T’y) - W(Z,y)} < g,
independently of the choice of y € F and, thus, condition (4.7) is satisfied.

4.1.2 Some remarks on the asymptotic variance

From general practical experience it is favourable to minimise the total selec-
tion rate in order to improve the estimator’s asymptotic variance; indeed it’s widely
understood in the SMC literature that eliminating unnecessary selection events can
significantly improve estimator variances (see, for example, Gerber et al., 2019). This

can be explained by the fact that the selection events in a particle approximation
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increase the correlations among the particles in the ensemble, and thereby decrease
the resolution in the empirical distribution Y. For mean field particle approxima-
tions this suggests that (2.21b) is preferable to (2.21a) since the total selection rate
for the McKean model (2.21a) is

N

% i: ( (zi) —¢)” + (V(zj) —c)+) — Z‘V(:z;l) —c|,

=1

by symmetry of summations, whereas the total selection rate for the McKean model
(2.21Db) is

N

1 L1
=N z:: (x:) = V(z5))" = N > @) — V)|,

i,j=1

hence, by triangular inequality, we can see that S!(z) > S?(x), for every ¢ € R. The
fact that the McKean model (2.21b) leads to a lower total selection rate compared
to the McKean model (2.21a) can also be seen more intuitively by observing that,
using (2.21b), every selection event increases the fitness potential V, whereas this is
not necessarily the case with (2.21a), which increases the potential only on average.
From the point of view of the total selection rate, there are even more optimal
choices than (2.21b), such as the McKean model (2.21c), for instance. Indeed, the
total selection rate for the McKean model (2.21¢) is

'w) = LS () = iy V) = m@O)
S = 2 Ve -m@0) S
N 1 N
= Z (V(:L'Z) —m(z)( B Z ‘V T M,
=1

hence S3(z) < S%(z), by applying the Jensen’s inequality to the convex function
v = |V(z;) — v|, for any given i =1,..., N.

On the other hand, depending on the particular application, implementing
particle approximations with lower total selection rate could be computationally
more expensive, leading to a trade-off in lower values for NV to be accessible in prac-
tice, as illustrated in Section 5.5, for the particular example of inclusion processes.

More precisely, to improve the accuracy of an algorithm, we need to reduce
the asymptotic variance. In the context of mean field particle approximations, if
the hypotheses of Proposition 4.1.1 are satisfied, the asymptotic variance E [VT( f )2}

associated to a mean field particle approximation can be written in the form (4.8).
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Unfortunately, we see that E [VT( f )2] cannot be estimated a priori, as it depends on
the (normalised) Feynman-Kac measures u; and on the corresponding propagator
Oy, with t € [0,T], thus we cannot provide a quantitative comparison between
mean field particle approximations based on different McKean models. However, we

can still obtain some preliminary qualitative results.

Lemma 4.1.2. Consider the mean field N -particle systems associated to two differ-
ent McKean models ZZT and ZZT in the form (2.16). Then, using the same notation
of Proposition 4.1.1 and specifying the upper-indices a and b to distinguish the quan-

tities associated respectively to ZZT and ZZT,

E[VF#(£)?] — E[V2(/)?]

T
= /0 ,Us( F['/z& (@s,Tfa @s,Tf) - FEI;LS (@S,Tf7 @s,Tf) ) ds.

Proof. Tt is a direct consequence of Central Limit Theorem for mean field particle
approximations (Proposition 4.1.1).

O

Lemma 4.1.3. Consider the class of McKean generators L, . defined by (2.21a),

with kernel

We(w,y) pldy) = (V@) =) + (V) = )" ) ulay) ,

with ¢ € R possibly depending on the current distribution u of the process. Given
f €Cy(E) and p € P(E), the value of ¢ that minimises ,LL(FZM (f, f)) depends on f

,C

and p, is the real number ¢ € R such that

/ / () = f@)* pldy)p(dz) > g , (4.11)
zeE JV(y)>c

and

/ / () = f@)* pldy)u(dz) > g , (4.12)
zeE JV(y)<c

where I = [0 (f(y) — f(x))Qu(dy)u(dx),
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Proof. It is enough to observe that

w0, (10 = [ [ (e v@) ()~ #0) ag)pta
L L =0 1) - 1) diar)
e y)>c
—[ [ - el (1) - 1) utdtas)
z€eE JyeE

which is well-known that it is minimised by the real number ¢ € R such that (4.11)
and (4.12) hold (see e.g. Cramér, 1999, p. 179).

O

Lemma 4.1.4. Let IC be the class of infinitesimal ‘selection’ generators E/w W e

P(E), in the form (2.18) with W(x,y) > 0 and such that condition (2.20) holds,
that is

W(y,x) — W(z,y) = V(z) — V() ,

forany x,y € E. Denote by ZK the infinitesimal generator for the selection dynamics
associated to the McKean model defined by (2.21b), with kernel

W (z,y) u(dy) = (V(y) — V()" u(dy) .

Then, E}f is the optimal generator in K, i.e. ZK € K and

nlz(f.1)) = min p(Tz,(£.))

L€k
for any p € P(E) and f € Cp(E).
Remark. Note that the infinitesimal generators given by (2.21a) and (2.21b) satisfy

condition (2.20), hence they are in K, whereas the McKean model (2.21¢) does not

satisfy the pointwise assumption (2.20).

Proof. First, it is easy to see that El‘f satisfies condition (2.20), hence /:’E e K.

Given p € P(FE) and f € Cy(E), note that for any ‘selection’ generator Zu
we can write

M(FE#(f’ ) = ;/E2 (W(m,y) + W(y,x)) (fly) - f(fU))2 p(dy)p(dx) .

Given z,y € FE, the minimal value of (W(:c,y) + W(y,x)) subject to (2.20) and
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W(z,y), W(y,x) > 0 is achieved by

W*(y,z) = V(z) — V(y) and W*(z,y) =0, if V(x)

(¥)
W*(y,z) =0 and W*(z,y) = V(y) — V(z), if V(y) )

>V
> V(z)
We conclude by noting that W*(w, y) = V(y) - V(ac))Jr for any x,y € E.
O

Remark. Lemma 4.1.4 implies in particular that, for any f € Cp(E), p € P(F) and

for every choice of ¢ € R,

where Emc is the selection generator considered in Lemma 4.1.3, and the inequality
is strict except for degenerate cases, e.g. if V takes only two values and ¢ lies in

between the two.

4.2 A generalised cloning algorithm

Cloning algorithms have been proposed in the theoretical physics literature
(Giardina et al., 2006; Lecomte and Tailleur, 2007) for evaluating large deviation
functions associated to Markov processes similar to the mean field system (4.1),
using the same mutation dynamics. While selection and mutation events are in-
dependent in the latter due to the additive structure of " in (4.2) and (4.3), in
cloning algorithms both are combined to reduce computational cost. Recalling that
the overall escape rate and probability kernel of the original dynamics £ are denoted
respectively by A(z) and p(z,dy), the dynamics of the cloning algorithm can be

described as follows:

e Any particle i« = 1,..., N “jumps’ (i.e. it changes its state) with rate \(z;)
depending only on the state of the given particle but not on the rest of the

population;

e During a jump of a particle i, a set A of particles is chosen at random from
the ensemble with probability 7, (z;, A) possibly dependent on the whole pop-
ulation z € EV, and every particle j € A is replaced by a clone of ;

e Then, the particle ¢ mutates to a new state y € E with probability kernel
p(z;, dy), so that the overall escape rate at which a clone i mutates to a new
state y is W (x;, dy).
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Hence, the infinitesimal description of the cloning process is given by the

generator

N
IV (F)(x) = pREDS / o (@i, A) - p(ai, dy) (F(H75H) = F(z)), (4.13)
AeN TYEE

i=1

for any F € Cy(EVN) and z € EV, where NV is the set of all subsets of N particle

indices and 24 %¥ denotes the vector (z1,...,2N) € EN with

Zi=qw jEA j#i
vy J=1,

for je{l,...,N} and w,y € E.

4.2.1 Convergence results

Let ¢ (xi, x;) be the probability of replacing a particle j € {1,..., N} during

a cloning event for a particle ¢ =1,..., N, i.e.

d@(l‘i’xj) = Z ﬂ-g(l‘ivA) 5

AljeA

where the summation is over all sets A € A/ containing the index j.
The following result shows that condition (3.3a) on the generator, which

ensures the correct expected behaviour of mean-field observables, is satisfied for the

cloning algorithm if v, is in the form

W("L‘jv‘ri) . N > sup W(ya x) ’

N/\($z) z,yeE )\(33)

d@(aji» xj) = (4'14)

for every i, j € {1,..., N}, where W(w, y) is the kernel defining the McKean model
(2.16)-(2.18).

Proposition 4.2.1. Given a McKean interpretation L, (2.16)-(2.18), let IV be the

generator (4.13) associated to a cloning process satisfying (4.14), then

L™ (F)(z) = m(z)(Lnw ()

for any test function of the form F(x) = m(z)(f), f € Co(E), and x € EN.
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Proof. We start by considering the first term in the expression of v (4.13). Observe
that with F'(z) = m(z)(f),

Pahes) — F(a) = + (/) — f@) + 5 3 (F@) — f(a)
JEA
= (F@) - F@) + (F&™™) - F@) . (415)

Thus, we can write

/@m%wwEmemAﬂFw““%—Fw»

AeN

/EE p(wir dy) D mo(wi, A) ((F(l’i’y) - F(2)) + (Fz™) - F@U)))

AeN

= /Ep(ﬂﬁiady)(F(fi’y) —F(2)) + Y malwi, A) (Fa™) - F(z)) .

AeN

Moreover,

N
> malwi, A) (F(a™) = F(z)) = ) g (@i, A) (f(21) = f(25))

AeN j=1 A|jeA

N o
= LS RT) (0  pa)) . (16)

. 1
L (F)) =+ ;A(ﬂﬂi) /Ep(ﬂfiv dy)(f(y) = f(x:))
1 . —
+ 5z D Wilajoza) (£(z5) — f())
ij—=1
= m(z) (L) (f))

by changing summation variables in the cloning term.
O

Remark. Note that a similar relation holds also for marginal test functions F(z) =

f(z), f€C(E),l€{1,...,N}, depending only on a single particle, namely

IV(F)(@) = Lo (F) (1) -
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Indeed,

TV (F)(2) = M) / pa, dy) (f(y) — fa)
yeE
N
+ Zk(ﬂci)?ﬂg(wi, ap) (f(zi) — f(a))
=1
= L) f(x1)

where the last equality follows by condition (4.14). Moreover, since this holds for

every marginal test function, we also obtain

N

ov(FF)(@) = LV (F)(@) - 2F(2) - T (F)(x)

=Tz (f, =) .

m(z)
So, as for mean field particle systems, the generator and carré du champ of a cloning
process satisfying (4.14) both coincide with the corresponding operators for the McK-
ean dynamics. This means that for large enough N and p™ (&) close to p, each
marginal process ¢ — £/ has essentially the same distribution as the corresponding
McKean process t — €. However, while the marginal processes for a given particle
approximation are identically distributed, obviously they are not independent due

to the correlations between particles resulting from cloning events.

To control the fluctuations of the cloning algorithm we introduce the prob-
ability Wy (z; x;, k) of replacing two different particles j, k € {1,...,N}, j # k,

during a cloning event for a particle ¢ = 1,..., N, namely

\Ijg(xla -rjaxk) = Z 7T£(.1I7;,A) 5
Alj,keA

for any i, j, k € {1,..., N}. The following result shows that condition (3.3b) on the
carré du champ, which ensures that the trajectories concentrate on their expectation,
is satisfied for the cloning algorithm in case ¥, can be written in the form

Q(zi)

1
U, (x5 zj, xf) = e w(zi, zj) - w(xi, xp) + O(ﬁ) , (4.17)

for any 4,7,k € {1,..., N}, j # k, where the functions Q € Cy(E) and w € Cy(E?)

are independent of V.

Proposition 4.2.2. Given a McKean interpretation L, (2.16)-(2.18), let IV be the
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generator (4.13) associated to a cloning process satisfying the hypothesis in Proposi-
tion 4.2.1 and such that ¥, satisfies condition (4.17).
Then, for any test function of the form F(z) = m(x)(f), with f € Cy(E),

I~ (F, F)(z) = %m@)(Gmo(ﬂf)) + O(%) )

as N — oo, where

Gulf, (@) =Tz, (f, H)(@) + A=) - Q@) (¢u(f)())

2 ~t
- S E@ - B (4.18)
with
(u(f) (@) = /E w(z, y) (F(y) - 1)) pldy) |
and

EL(f) (@) = /E Wy, ) (F(y) — 1)) uldy)

Remark. Due to the linearity of the generator, the combined mutation/cloning events
in the cloning algorithm can be decomposed easily, which leads to extra terms only
in the quadratic carré du champ. In the expression of the operator G, (4.18), the

term

L ) B (e
o EV@- L@

is due to the dependence between mutation and cloning dynamics and its sign is not
known a priori. Whereas, the term A(z)-Q(x) (¢,(f) (;r))2 arises from the dependence
between clones (since multiple cloning events are allowed at the same time) and is
always non-negative. In particular, in any setting in which there is at most one clone
per event, i.e. when ¥, = 0, the term vanishes.

Moreover, note that the generator ZL( f) differs from the selection generator
Zu(f), having kernel W(y, x)p(dy) instead of W(a:, y)u(dy).

Proof. Consider the carré du champ of ZN,

L

I~ (F, F)(z)

S @) [ plis di) 3wl )+ (Pt - Pla)”.

AeN

o3



Using the decomposition (4.15), we can write

/Ep(wiv dy) Z Trﬁ(wiv A) (F(£A,x¢;i,y) - F(g))z

AeN

- /Ep(xi, dy) (F () = F(@))’ + Y malai, A(F@™™) - F(z))®

AeN

+2 [ plandy) (Pe) = F@) Y mala AP - Pla))

AeN

where, by (4.16), the last line can be rewritten as

2 NW(LU]',JZZ')
[ plasdn) (70) = (@) XS0 V)~ )

2 1 ~t
=37 tNE) - L (D)

Substituting in the expression of the carré du champ FZN, we obtain

N

I (B F)@) = 3o Mw) [ plods) (F) = Fla)’

i=1 E

+ 2

M-

Mzi) Y molai, A)(F@™) - F(z))

1 AeN

N
Z D) Ll ()i - (4.19)

1

z\w

The first line in (4.19) is simply
N

N
oA [ plasdy) (F@™) ~ F@)* = 53 3. Telf. i)
=1

i=1 E
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Now, considering the second line of (4.19), we can write

AeN
= M) S ol ) Y (Pl — Fly) - (Fla) — Fla)
AeN k€A
N
= )\]<\;;Z) <;w(% x]) (f(xz) f($j))2
N
+ Z \I/z(-fz; L, [Ek) (f(xz) - f(.%'])) (f(xl) - f(a:k)))
Jklzl

By hypothesis on 1., we get

N A(z;) al 2 1
> A7 Z o(i,25) (f(2i) = fl))” = WZ SN DICOR
j=1 1

i=1

and, by hypothesis on ¥, (4.17),

N i) N
Z NQI Z Uy (i ©j, o) (f(:L‘z) - f(ﬂfj)) . (f(ffz) - f(fﬂk))

i=1 j k=1

.

Combining all together, we obtain the statement.
O

Proposition 4.2.1 and Proposition 4.2.2 ensure respectively that condition
(3.3a) on the generator and condition (3.3b) on the carré du champ in Assumption
3.1.1 are satisfied for the cloning algorithm.

Roughly speaking, condition (4.17) on ¥, means that, during a cloning event
for a particle i, the probability of replacing a particle j € {1,..., N} (i.e. deciding
whether or not j € A) provided k1 € A or provided ko € A is the same for any
ki, ko € {1,...,N}. Moreover, in order to satisfy condition (3.3b) on the carré du
champ, condition (4.17) can be weakened by simply assuming that W, (z;; xj, xx)
has order 0(1/N2), for any 4,7,k € {1,...,N}. The decision to use a stronger
condition (4.17) for ¥, in Proposition 4.2.2 was made in order to have an explicit
expression for the operator G, (f, f) (4.18).
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Example 4.2.3. The easiest choice of a cloning generator v (4.13) satisfying con-
ditions (4.14) and (4.17) is to decide whether or not to replace each particle j €
{1,..., N} independently from the rest of the population with probability ¢, (x;, x;),

so that we can write

(@4, A) = H ¢£(mi7xj) H (1 — P (i, :EJ)) ’
JjeEA JZA
for any ¢ € {1,...,N} and A € N. Choosing 1, as in (4.14), we see that also
condition (4.17) is satisfied with

Q(z;)
N2

Vo(wi; x5, o) = Yg(@is x5) - Yu(Tis 1) = w(wi, v5) - w(@i, o)

where Q(z) = 1/)%(2) and w(z,y) = W(y, x). In particular, in this case, £,(f) =
L3(f)-

However, the construction described in Example 4.2.3 does not satisfy con-
dition (3.3¢) on the boundedness of the jumps, required for the convergence results
(Theorem 3.1.2 and Theorem 3.1.3), since with this approach the number of clones
per cloning event is not bounded by a constant independent of N. Indeed, in order to
ensure that condition (3.3c) is satisfied, we need to assume that there exists K > 0
such that

mg(z,A) =0 for all A e N sit. |[4] > K, (4.20)

for any z € F and N € N. We further assume N > K, i.e. N is large enough so that
the process (4.13) is well defined.

Example 4.2.4. A possible construction of a cloning algorithm satisfying conditions
(4.14), (4.17) and (4.20) is the following. During a cloning event for the particle i,
we first (randomly) decide how many particles n we want to consider according to a
probability 7(z;,n); then n particles are uniformly selected from the population, so
that every particle has probability n/N to be chosen; finally, every selected particle
J is substituted with x; with some probability ¢(z;,z;), or kept unchanged with

probability 1 — g(z;, z;). Using this construction, we have

N
V(i wy) = Y F(win) -

n=1

q(z4,5) (4.21)

=2|=
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where 7(z,n) € [0, 1] such that

N
Z%’(m,n) =1, forallze E .

n=0
Then, condition (4.14) is satisfied by assuming

N —~

= n-7w(x,n) > su Wiy, z)
M(x) = nz::l (z,n) > S NGy (4.22)
independent of N, and
a(z,y) = J\m 0,1 (4.23)

Finally, in order to satisfy (4.20), we assume that
m(x,n) =0 foralln>Kandz e E . (4.24)

One common choice for 7(z,n) is

M(z) — | M(z)] n=[M(z)]+1,
m(x,n) = |M(z)] +1— M(z) n=|M(z)], (4.25)
0 otherwise.

This corresponds to a binary distribution on the two integers nearest to the pre-
scribed mean M (z), and minimises the second moment @ of the distribution for a
given mean. Note that if M(x) is an integer, 7(x,n) = 0, 37() concentrates, which
includes the case M (x) = 0.

Under this construction, condition (4.17) holds with

K7 -n(n — _
Zn:?\;((w;;)@v(;) Y ana wz,y) = W(y,z), (4.26)

Q(r) =

where K > 0 is given by (4.24), so that Q(z) is independent of N and condition
(3.3¢) on bounded jumps is satisfied.

Remark. In case W (y,z) = W(y, ) is independent of y € E, i.e. W(y,z) = h(z)
for some h € Cp(F) and for any x,y € E, then conditions (4.22)-(4.23) are satisfied
by taking ¢(z,y) = 1 and M(z) = h(z)/A(z). The independence of W (z,y) from
the first variable z € E occurs for instance with the McKean model given by (2.21a)
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with ¢ <inf V. This particular case is illustrated by Angeli et al. (2019, Section 3.3).

Under the initial condition (3.3d) and assuming (4.20), Proposition 4.2.1 and
Proposition 4.2.2 show in particular that Assumption 3.1.1 is satisfied for cloning

algorithms, hence Theorem 3.1.2 holds and provides bias and LP error bounds.

Proposition 4.2.5 (CLT). Let ul¥ be the empirical measure of an N -particle cloning
process satisfying conditions (3.3d), (4.14), (4.17) and (4.20). Furthermore, assume
that

and that
1i_1>n |lw(z,:) — w(z, )| =0. (4.28)

Then, under the initial condition (3.3d), for any fired T > 0, the sequence

Vi (f) = VN (uf (f) — pr(f))

converges in law as N — oo to a centered Gaussian random variable Vp(f) with

variance given by

E[Ve(f)?]
T
=ur((f = nr(f))?) +/0 s (O )+ (V= 1s(V) + Tz, (Our T, O )
FAQ (0 (0:rD) — 2 £OurT) £, (OurT) ) ds (4.29)

Proof. For any f € Cy(E), the operator G, (f, f) (4.18) is in the form (3.32), with

go(@) = Te(f, f)(x)
015 x) = W) (f) — f@)° — —— L)) W, 2) (f) — 1))

Az)
92(y,2) = V(@) Q@) - w(z,y) (fly) — f(2)) .

independent of the distribution p € P(E).

Under conditions (4.27) and (4.28), the hypotheses in Lemma 3.3.2 are sat-
isfied and then Theorem 3.1.3 holds and provides a central limit theorem for such
algorithms.

Similarly to Proposition 4.1.1, the conclusion follows by (4.10).
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Remark. Observe that condition (4.27) is satisfied for all three McKean models
(2.21a)-(2.21c), as discussed in the remark below Theorem 4.1.1. Furthermore, this
implies that condition (4.28) holds for cloning algorithms satisfying (4.22)-(4.23),

since in this case w(z,y) = W(y, x).

4.2.2 Some remarks on the asymptotic variance

As for mean field particle approximations (Section 4.1.2); in order to im-
prove the accuracy of cloning algorithms, we need to reduce the asymptotic variance
E[Vr(f)?], which can be written in the form (4.29), provided the hypotheses in
Proposition 4.2.5 are satisfied. However, E[VT( f)2] cannot be estimated a priori
and, moreover, it is not possible to say a priori whether a mean field particle ap-
proximation is better than a cloning algorithm or not. Indeed, comparing the central
limit theorem for mean field particle approximations (Proposition 4.1.1) with the one
for cloning algorithms (Proposition 4.2.5), we can see that, given a McKean model

ZMT, the difference of the asymptotic variances of V:,M F and Vj‘ilm is given by

E[VF"(£)?] —E[VAF(f)?] =

D00 (00 — 2 2(0.nT) - £ (01T d
| (@@ = F LD £ (O0F)) s

Whereas the term AQ (€, (@s’T?))z is always non-negative (and vanishes
when there is at most one clone, i.e. when ¥, = 0), meaning that the dependence
between clones brings an extra error, the sign of the term £(O; 1 f) ENLS (Os.rf)isnot
known a priori and also depends on time, because of the propagator ©, 7. However,
observe that this term is independent of the particular choice of cloning algorithm,
but depends on the McKean model. In particular, given a McKean model, we can
optimise the construction of the cloning algorithm.

i ))NEN and (fNy(Q))NeN
LEP(E)’ such that the hypotheses for the
Central Limit Theorem for cloning processes (Proposition 4.2.5) hold and satisfy the

. : —N,(1
Indeed, consider two sequences of cloning processes (L

associated to a given McKean model (Zu)

construction given in Example 4.2.4 with Q) and w® (resp. Q® and w®) in the
form (4.26), i.e.

Q(z) = =n=0 0T and  w(z,y) = W(y,z) .

]

=
A
£
E
El
3

I
=

for some K > 0 independent of N € N, and hence ¢,(f) = ZZ(f), for any f € Cy(E).

By the Central Limit Theorem for cloning processes (Proposition 4.2.5), we have
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that

E[ViV ()] —EVA2 (5]
[ (a0 T - Aa )
0

By construction of Q) and /(M (resp. Q@ and £(?)), we obtain

T
V7] - EV0R) = [ (A @Y - Q) (£, 0.07)7) ds
Therefore, it is easy to see that the asymptotic variance is minimised by min-
imising Q(z), subject to M (x) > sup,cp AW/(y,x)/)\(:c), by (4.22). Fixing M (x), we
see that the optimal Q(x) is obtained by minimising the second moment »_ 7 (z,n) -
n(n — 1), and this is achieved by the common choice (4.25). In particular, with this
choice, in case M (z) < 1, we have 7(z,n) = 0 for any n > 1 and thus Q(z) = 0.

4.2.3 The classical cloning algorithm

We conclude the section with a brief description of a variant of the cloning
algorithm proposed by Lecomte and Tailleur (2007) and commonly used in the the-
oretical physics literature. This procedure is constructed from the McKean model
L, (2.16) with selection rates We(z,y) = V(@) —c) + (V(y) - c)Jr as in (2.21a),

and we denote the associated McKean generator by

L)) = £(f)(x) + /E W 0) (£ (y) — F(@))u(dy) (4.30)

The infinitesimal description of this cloning algorithm as a continuous-time

Markov process on the state space EV is given by the generator

N
IV (F)(2) = > M) / (i dy) 3 molas, A)- (F(z™5) — F(x))
i=1 AeN
N N
+>, (V@ Z ") = F(z)), (4.31)
=1 j=1
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for any F € Cy(EN) and x € EV, where the probabilities 7, (x;, A) are such that

B (V) —c)Jr
Vo (i, 75) = Z T (i, A) = W )

AljeA

so to satisfy condition (4.14), which ensures the correct expected behaviour of mean-
field observables. With this version of cloning algorithm, if V(z;) > ¢, a non-empty
set A of particles is chosen at random from the ensemble with probability 7, (x;, A)
and every particle j € A is replaced by a clone of i, before particle ¢ mutates to a
new state y € E. If V(z;) < ¢ we set m,,(A) = 049, so that no cloning occurs. The
killing part in the second line runs independently.

A common choice for 7, (x;, A) in the theoretical physics literature is given by
the construction in Example 4.2.4, with 7(x,n) given by the common choice (4.25),

where

gives the average number of clones and ¢(z,y) = 1. With this construction, the
probability of replacing a particle j during a cloning event for a particle 7 is given
by

N M(z V(z) —c +
delests) = 30§ Rl = T = o9,

hence condition (4.14) on v, is satisfied. Furthermore, under this construction,
condition (4.17) holds with

Q) = Zo=k T ) e )

((V(:z:) - c)+) ’

and w(z,y) = (V(z) — C)+.
We will consider this variant of the cloning algorithm in Section 5.4, where

we will construct estimators based on the so-called ‘cloning factor’.

4.3 The resampling algorithm

We present here a third interacting particle approximation, the resampling
algorithm, as an example of a particle approximation that does not satisfy Assump-
tion 3.1.1, and we show indeed that the convergence results proved in Chapter 3

do not hold for the considered class of resampling algorithms. The results shown
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in this section help to better understand the relevance of Assumption 3.1.1, and in
particular of condition 3.3b on the carré du champ, in the study of the convergence
of an interacting particle approximation.

The (continuous-time) resampling algorithm presented here consists in run-
ning in parallel mutation and selection (or resampling) events, independently from
each other. The mutation dynamics coincides with the mutation for mean field
particle systems, i.e. (4.2), whereas, mimicking the basic idea for discrete-time re-
sampling procedures (see, for example, Douc et al., 2005; Hol et al., 2006; Doucet
and Johansen, 2011), the resampling dynamics gathers selection events together and

can be described as follows:
e the resampling events have escape rate A>(z);
e at each resampling event, a set B of particles is chosen with probability p® (z; B),

so that
> pR(z B)=1;
BeN

e every element ¢ € B is killed and replaced by a clone of a particle j with

probability qﬁ( )(xi, xj), so that

z

N
Zqﬁ@)(a:i,xj) =1,
j=1

with j =1,...,N.

Remark. The quantities A, p and qﬁ(.) possibly depend on N, but we omit writing

explicitly the dependence with N, to avoid notation overload.

With this construction, the infinitesimal generator of a resampling process

can be written as
LN = pmN o pAN, (4.32)

with LN .= 3~ £ and

LAN(F)(2) = X (z) Y p*(z; B) -

BeN
|B|
> (quﬁ(m)(% xak)> : (F(&B’é) —F(g)) . (4.33)
se{l,...N}IBl Nk=1
where b < -+ < b| B denote the elements of B and zP? denotes the vector
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(21,...,2n) € BN with

Xy ’L'QB,

x5, i=bp, ke{l, ... |B[}

To simplify the presentation, we limit ourselves to consider resampling pro-
cesses in which the resampling escape rate A® (z) = A2 is independent of the state
x of the system and the particles to be replaced are selected independently from the

whole populations, so that

Y. p%(x; B) = PA(z; i) - PA(a; k), (4.34)
BlikeB

for any i # k, where
P2(z; i)=Y p(z; B)
Blic€B
is the probability of i being chosen to be replaced. However, this assumption is not

necessary and different constructions are possible.

Assumption 4.3.1. Given a family of McKean generators (ZN)MGP(E) (2.16)-(2.18),

we assume that the sequence of interacting particle approximations with resampling
generators LY (4.32)-(4.33), N € N, satisfies

a) X*> sup  m(z)(W(z, ),

ie{1,...,N}
by P i) = MO ),
W(xi’ xj)

C A Ly, Lj) = W ’
) i t) = G W )

for any configuration z and 7, j € {1,..., N}.

Ezample 4.3.2. Let £, be the McKean model given by (2.21a) with ¢ = sup, V().

One possible choice of parameters for a resampling algorithm associated to £, is the

following:

A\ = supV(z) — inf V(z),

sup, V(z) — V(i)
sup, V(z) — inf, V(z)’

1
Gy (T 75) = 5+

P2 (z; i) =
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With this choice, the rate of resampling events has order 1 and, during each resam-

pling event, the size of the set B of particles that get replaced is of order N.

Ezxample 4.3.3. As for the previous example, we consider the McKean model given by
(2.21a) with ¢ = sup, V(z). A second possible choice of parameters for an N-particle

resampling algorithm associated to Zu is the following;:

A= N- (sng(:U) - ing(ﬂf)),

sup, V(x) — V(z;)
N (s, V(o) — V@)

1
qﬁ(g)(% ;) = N

P2 (z; 1) =

However, this second choice is highly expensive from a computational point of view,
since the rate of resampling events has order N, in particular the number of re-
sampling events in a given time interval goes to infinity as N goes to infinity. Fur-
thermore, at every resampling event, each particle gets replaced with only a small
probability of order 1/N. Hence, the probability p®(z, B) of resampling a set B
of particles is of the order 1/N 1Bl and therefore the size of resampling events is
typically of order 1. This is in line with mean field particle approximations, where
the overall selection rate is of order N and the size of selection events is 1. How-
ever, we can easily see that the computational cost of this version of resampling is
N times higher than the cost of the mean field particle approximation (associated
to the same McKean model given by (2.21a) with ¢ = sup, V(z)), since at every
resampling event the algorithm runs through the whole population and checks each
particle independently to decide whether or not to replace it. Therefore, it would be

impractical to implement this version of the resampling algorithm.

Proposition 4.3.4. Given a family of McKean generators (Zﬂ)ueP(E) (2.16)-(2.18),

with selection part denoted by Zﬂ, consider a sequence of resampling processes with
generators LY (4.32)-(4.33), N € N, and satisfying Assumption 4.3.1. Then, for
any function F € Cy(EN) in the form F(z) = m(z)(f), f € Co(E),

LN(F)(g) = m(g) (Zm(g)(f)) ) (4'35)

and
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where (G)uep(p) s a family of bilinear operators given by

Gulf. f) =T, (F.1) ~ 5 (Eul1))’.

for any F € Cy(EN) in the form F(z) = m(z)(f), f € Cy(E).

Proof. For proving Equation (4.35), it is enough to observe that, for the considered

class of functions, given a set B € N, we can write

|B|

S (Tt ) (Fe) - Fe)

|B| |B

- % Z <H q”%(i)(l'bk’ xék)) : Z (f(xs,) — f(zp,))

se{l, N}Bl Nk=1 —
1Bl
1
- N Z an%@)(l‘bk, xs,) - (f(xs,) — f(an,))

se{l,...N}IBl k=1

=N DD iy @i xy) - () = fl@) - (4.37)
Thus, the infinitesimal generator can be rewritten as

N N — f(xs
LAN(F) (@) =22 Y pP s B) Y Y dimw (@is ) f@])Nf( :

BeN i€B j=1
N N
, fzj) — [l
SN Y P )Y e (e ) LI
i=1 j=1

Substituting the quantities A, P? and qﬁ( ) as in Assumption 4.3.1, we

z

obtain

LAN(F)(z) = m(z)(Lonw)(f)) -

Including the mutation dynamics, we then obtain (4.35).

To prove Equation 4.36, first we recall that the carré du champ I'; A ~ asso-
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ciated to the resampling generator L~ (4.33) can be written as

Ppan(F F)(z)
E

=X pt@B) Y <Hq7ﬁ(x)($bk,xak)) : (F@B’é) — F(z))2 :
BeN se{1,...,N}BI “k=1
(4.38)
Note that for functions in the form F(z) = m(z)(f), f € Co(E),
(F@Bé) )’
|B|
= N2 Z (z5,) — f(xp,)) el Z (z5,) — f(xy,)) - (Fzs) — f(ay,)) -
e

Similarly to (4.37), for any fixed set B € N we can write

| B |B| ,
3 (qu (s ) D ()~ 1)
6e{1,...,N}IBI k=1
N
= 3> i @i 1) - (f(zg) — Flx)”
i€B j=1
and
| B
3 (qu xwgk) S (Fles) — Fn) - (Flaa) — Fan)
se{1,...,N}IBI k:kliﬁ

N
= Z Z qr%(g)(xiamj) Qﬁ@)(%?ﬂ?l) ) (f(f'fj) - f(mi)) (f(fUl) - f(xj)) :
i,k€B j,l=1
ik

Substituting in (4.38) and using condition (4.34), we get

Tran(F F)(x)

)\A N N ) )\A N
N2ZPALL'Z Z G (z) JZ‘Z,JJ] f( ])_f(xl)) +ﬁz PA(@J)
1=1 Jj=1 z%l;:kl
- P2(234) Z () (T T5) Aoy (T ) - (F (25) = (@) (f (1) = f(z5)) -
7,l=1
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Applying the substitutions given in Assumption 4.3.1, we obtain

Ipan(F, F)(z)

N
=@z, ) + 7w O Enw (@) - Enn (Nl

m(z) ;
i,k=1
i#£k

The conclusion follows by splitting the summation as

3 2 Lt (D) Eu (1))
2
1 . S . ,
== (M@ Ene ()~ 5 @) (Enw (1)) -

Including the mutation dynamics, which is independent from the resampling, we
obtain (4.36). O

Proposition 4.3.4 shows that the family of resampling processes (LN ) satisfies
condition (3.3a) on the generator, but the carré du champ differs from (3.3b) by the

extra term

5 (7@ (1)) (439
In case A® = O(N), as for the Example 4.3.3, condition (3.3b) is satisfied, however
this procedure would be of little practicality in terms of applications, as discussed in
Example 4.3.3. On the other hand, if we consider resampling algorithms in which the
resampling rate A is a constant independent of the population size N (as seen in
Example 4.3.2, for instance), (4.39) does not vanish as N goes to infinity. Therefore
we expect p¥ not to concentrate on gy in the limit, and thus LP errors will not
converge with rate 1/v/N, as opposed to mean field approximations and cloning

algorithms, as illustrated in the following result.

Proposition 4.3.5. Consider a sequence of resampling processes satisfying Assump-
tion 4.3.1, with A constant independent of N, with empirical distribution uly, and
with initial configuration satisfying (3.3d). Then, for any T >0, p > 2 and for any
f € Cy(E) such that pus(V - Osrf) # ps(V) - pr(f), for some s € [0,T], there does
NOT exist any constant ¢, > 0 independent of N such that

e [ o — )] " < ML (.40

for any N € N large enough.
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Remark. Observe that the condition pus(V-Og 1 f) # ps(V)-pr(f) for some s € [0, 7]
is always ensured if ur(V - f) # ur(V) - ur(f), by taking s = 7. This occurs for

example when f(z) = V(z) and V is not constant a.e. on the domain of yr.

Proof. Given f € Cy(FE), suppose that the bound (4.40) holds for any 7" > 0, with
cp independent of T. Then, in the same way as for (3.6), u¥ (f) converges a.s. to
w(f) as N — oo, for any t > 0 and f € Cp(F). Similarly to the argument used in

Section 3.2.1, we can write

T
pt (F)=pr(f) = pg (Qorf) + M (O.7f) + /O 13 (©sr ) (V) = (V) ds
(4.41)
where the martingale M¥ (@.,T?) has predictable quadratic variation given by

(MY ©.07)), = [ 58 Cup(OurT. 0:01) + 35 (1Y (B (©:r7))) s

by using the formulation of the carré du champ (4.36) for resampling algorithms.
Under the assumption that the bound (4.40) holds, we can apply Lemma 3.3.1 and

obtain
T

lim
N—oo 0

PN (OurF) - (s(V) = 1 (V)] ds = 0.

in probability. Moreover, as N — oo, ud (09 rf) converges to 1io(©o7rf) = 0 in
probability by the initial condition (3.3d), and also u¥ (f) — pr(f) converges to
0 in probability, by assumption. Thus, using the identity (4.41), we see that the

martingale M#(@.,Tf) converges in law to 0 as N — oo and, in particular,
. N — o
Jim E[(MY(0.77))] = 0.

On the other hand, by Fatou’s Lemma,

N—oo
e[ [ it 3 (2 @ur 7)) o]

and, by the characterisation (2.15) of McKean models, the quantity

Jin €[ (@07, = g €[ [ 5 (¥ (G 07 0]

v

U ( ( sTf)) = Miv(v : @s,TY) - Mi’v(v> ':Ua]sv(@&T?)
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converges a.s. to

ps(V - 65,T?) — ps(V) - HS(@S,T?) )

as N — oo, by assumption. Thus,

. N 7 1 T - >
B {00 2 s [ (106107 w01 0D
T
_ ALA 0 (us(v-es,ﬁ)fds,

since ps(Os 1 f) = pr(f) = 0, where the right-hand side is zero only if y1s(V-Os 1 f) =
0 for almost every s > 0. By hypothesis and continuity in time, this does not hold,
hence )" (f) does not converge a.s. to p(f) as N — oo and, in particular, the
bound (4.40) does not hold.

O

This result is in disagreement with the convergence results for discrete time
resampling algorithms (see e.g. Douc et al., 2005). One possible explanation is that
in discrete time the sampling rate A2 is effectively of order N if resampling happens
at every time step together with mutation. In continuous time, mutation events
occur independently for each clone, so in total at rate N, while resampling only has
arate of order 1. While it is natural that we cannot expect a central limit theorem for
resampling algorithms given by (4.33), different versions of resampling could work as,
for example, performing resampling only during mutation events. However, for the
definition of resampling algorithms itself, the number of particles that get replaced
during a single resampling event is typically not bounded uniformly in N and thus

condition (3.3¢), i.e.

sup JY :=sup [{i€1,...,N : £ #¢ }| < K as., Kindep.of N,

>0 >0
is not satisfied. This condition is essential for applying Lemma 3.2.1 in the proof of
LP convergence, however it could be possible to replace it with a weaker condition
on the jumps. For instance, one possible weaker assumption is to require that the
expectation E[ sup <7 [JIV[F] is bounded for any p > 1. This would still give a similar
result to Lemma 3.2.1 (see, for instance, Borovskikh and Korolyuk, 2019, Theorem

3.2.4, for discrete-time martingales).
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Chapter 5

Application to Rare Events

Simulation

Dynamic large deviations of continuous-time jump processes are a common
application area of cloning algorithms (Giardina et al., 2006; Lecomte and Tailleur,
2007). In this Chapter, we present how to apply interacting particle approximations
to the study of large deviations for additive path functionals of pure jump processes.
In particular, we will present numerical procedures for evaluating the scaled cumulant
generating function (SCGF), which plays an essential role in the study of large
deviations. We conclude the chapter by applying a mean field particle approximation

and a cloning algorithm to the inclusion process as an example.

5.1 Large deviation theory

In this section, we introduce the key elements of Large Deviation Theory
needed to define and study the large deviations for additive path functionals of pure
jump processes. The main result stated here is Theorem 5.1.7, which motivates the
importance of the SCGF (Definition 5.1.4) in the study of the large deviations. The
main references for this section are Dembo and Zeitouni (2009) and Den Hollander
(2008).

Throughout this section, we consider a family of bounded continuous real-
valued functions hy € Cp(E), t > 0, and consider a Markov process (X;);>o on
a Polish state space F, with initial distribution pg € P(F). The large deviation
principle (LDP) characterises the limiting behaviour as t — oo of P, (h¢(X;) € -) in

terms of a rate function.
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Definition 5.1.1 (Rate function). The function I : R — [0,00] is called a rate

function if:

(D1) I # .

(D2) I is lower semi-continuous.

(D3) I has compact level sets, that is {z € R|I(z) < ¢} is compact for all ¢ € [0, 00).

Remark. In the large deviation literature, functions I : R — [0, oo] satisfying con-
ditions (D1)-(D3) are sometimes referred to as good rate functions (Dembo and
Zeitouni, 2009), to distinguish them from functions I : R — [0, oo] that only satisfy
conditions (D1)-(D2). Since in this work we always assume that the rate functions
have compact level sets as in Definition 5.1.1, there is no confusion with the notation

and we simply refer to them as ‘rate functions’.

Given a rate function I : R — [0, o], we define the corresponding set function
by
I(S)=1inf I SCR.
() = inf I(z), Sc

t>0 18

Definition 5.1.2 (Large deviation principle). The family (P, (h¢(X;) € -))
said to satisfy the large deviation principle (LDP) with rate function I if:

(D1%) I is a rate function in the sense of Definition 5.1.1;

im sup =+ log (X)) e C) < — , for all C' C R closed;
D2)) limsup, .. L log P, (he(X:) € C) < —I(C), for all C C R closed
(D3) liminf, o0 T log Py, (he(Xy) € O) > —I(O), for all O C R open.

Lemma 5.1.3. If (Pﬂo(ht(Xt) € ))

function I is unique.

>0 Satisfies the LDP, then the associated rate

Proof. See Dembo and Zeitouni (2009, Lemma 4.1.4).

Remark. The LDP implies that

inf I(x) =1I(R)=0
inf () = I(R) =0,
because I is non-negative by definition and P, (h(X;) € R) = 1.
Moreover, there exists an € R such that I(z) = 0, since a lower semi-
continuous function attains a minimum on every non-empty compact set and I has

compact level sets.
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In what follows we show that, under general conditions, the rate function
associated to an LDP is the Fenchel-Legendre transform of the scaled cumulant gen-
erating function (SCGF'). This motivates our interest in approximating the SCGF via
interacting particle approximations in order to study the large deviations associated
to a pure jump Markov process.

The logarithmic moment generating function Ay : R — (—o0, oo] is defined
to be

Ai(k) = log E,, [ewxﬂ} . keR.

Definition 5.1.4. The scaled cumulant generating function (SCGF) is defined by
A(k) == 1i ! A(K -t
(k) = Jlim 3 Adlk-0)

provided the limit exists.

Definition 5.1.5. In this setting, the Fenchel-Legendre transform of a function

f R — [—o0, 00| is defined as

fr(a) = ilelg{aﬂf — f(a)}, a€cR.

Lemma 5.1.6 (Duality Lemma). Let f : R — (—o0, 00] be a lower semi-continuous,

convex function and let g(x) := f*(x), for any x € R. Then also f(x) = g*(x).

Proof. See Dembo and Zeitouni (2009, Lemma 4.5.8).
O

The key application of the duality lemma is in the following result which
enables us to identify convex rate functions as the Fenchel-Legendre transform of
SCGFs.

Theorem 5.1.7. Assume that P, (hi(X;) € -) satisfies the LDP with rate function
I:R — [0, oo] and that

1
lim sup ZAt(kt) < oo, foranykeR.

t—o00

Then,

1. For each k € R, the limit A(k) exists, is finite and satisfies

A(k) = sup{lkz — I(z)} ;

z€R
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2. If I is convez, then it is the Fenchel-Legendre transform of A, namely I(x) =
A (x);

3. If I is not convex, then A* is the affine reqularisation of I, i.e. A* < I and
f < A*, for any convex rate function f such that f < I.

Proof. See Dembo and Zeitouni (2009, Theorem 4.5.10).
O

Remark. In statistical mechanics, Theorem 5.1.7 corresponds to the thermodynam-
ical equivalence between canonical and microcanonical ensembles (Touchette, 2003,
Section IIT). The SCGF plays indeed an essential role in the investigation of non-
equilibrium systems - a role similar to the free energy in equilibrium ones (Touchette,

2009), whereas the rate function I plays a role akin to the specific entropy.

5.2 Large deviations and Feynman-Kac models

For a given process (X;);>0 with bounded rates W (x,dy) = A(x)p(z, dy) and
path space Q2 = D([0,00), E) as outlined in Section 2.1, we consider a time-additive
observable Ay : @ — R, taken to be a real measurable function of the paths of X;

over the time interval [0, 7] of the form

1 17
Ap(w) == T Z g(w(to), w(t)) + T/o h(w(t))dt . (5.1)
w(tf%érw(t)

Here g € Cy(E?) is such that g(x,2) = 0, for any 2 € E, and h € Cy(E), with w € Q
a realisation of (X; : ¢ > 0). Note that Ar is well defined since the bound on A(z)
implies that the process does not explode and the first sum contains almost surely

only finitely many non-zero terms for any 7' > 0.
Example 5.2.1. The considered class of observables Ap includes many random vari-

ables of mathematical and physical interest, such that:

e the occupation time in some set B C E, which can be obtained by considering

g =0 and h(z) = 1p(z), where 1p is the characteristic function of B;

e the net flux on a finite state space E C Z% across a particular bond (i, j), with

||i — j|| = 1, obtained with g(x,y) = 1y (z) - T3(y) — Lg(z) - Lgy(y) and
h(z) = 0;
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e the action functional (Lebowitz and Spohn, 1999) on finite state spaces with

jump rates W (i, j), obtained by setting g(z,y) = log %Ezgg and h(x) = 0,

which is related to the entropy production in non-equilibrium systems.

More precisely, we are interested in studying the limiting behaviour, as T" —
00, of the family of probability measures P, (Ar € ) = P,, o Az' on (R, B(R)),
where g represents the initial distribution of the underlying process. This can be
characterised by the large deviation principle (LDP). Throughout this chapter, we
assume that an LDP with convex rate function I holds. This has been established
by Bertini et al. (2015) for a large class of functionals of type (5.1), which includes
all our examples of interest.

Adapting the results in Section 5.1 to probability path measures on 2, we
know that in the study of the long-time limit behaviour of P, (A7 € -), a key role
is played by the scaled cumulant generating function (SCGF) of the observable A,
ie.

A(k) = lim %log E [#747] (5.2)

T—o0

with k£ € R. Indeed, by Theorem 5.1.7, if the rate function I is convex and

1
lim sup T log E,, [ekTAT]

T—o0

< oo,

for every k € R, then I is fully characterised by the SCGF via Legendre duality, i.e.

A(k) =sup{ka—1I(a)} and I(a)=sup{ka— A(k)}.
a€R keR
The SCGF is also the object that can be numerically approximated by cloning
algorithms (Giardina et al., 2006; Lecomte and Tailleur, 2007) and related ap-
proaches, and our main aim in this chapter is to illustrate how our results on
Feynman-Kac models can be applied here. Thus, we restrict ourselves to settings
where A (k) exists and is finite. In the following we introduce the associated Feynman-

Kac models in the notation that is established in this context.

Lemma 5.2.2. For any k € R the family of operators (Pk(t) it > O) on Cy(E)
defined by
Py(t)f(x) := Eu[f(X) €], (5.3)

with f € Cy(E), is well defined and it is a non-conservative semigroup, the so-called
tilted semigroup.

Moreover, the infinitesimal generator associated with (Pk(t) it > O), i the

74



sense of the Hille-Yosida Theorem, can be written in the form

Li(f)(x) = /E W (z, dy)[e* ™) f(y) — f(x)] + kh(z)f(z), (5.4)

for f € Co(E) and all x € E, with g and h the bounded continuous functions which
characterise Ap via (5.1). In particular, the semigroup Py (t) satisfies the differential

equations
SRS = PO £4() = Lu(P0))), 55
for all f € Cp(E) and t > 0.

Proof. See Chetrite and Touchette (2015), Appendix A.1.
0

Observe that, if the SCGF (5.2) is independent of the choice of the initial

distribution pg, it can be written in terms of the tilted semigroup as
.1
A(k) = Jim +log (PL(1) 1(x), (5.6)

for all z € E. However, the tilted semigroup Px(t) does not conserve probability
and therefore it does not provide a corresponding process to sample from and use
standard MCMC methods to estimate the SCGF Ag. This can be achieved by
interpreting the tilted generator £ through Feyman-Kac models in a similar fashion
to £Y in Lemma 2.2.1, so that we can apply our results from Section 2.2 and construct

the corresponding McKean models.

Lemma 5.2.3. The infinitesimal generator Ly, (5.4) can be written as

Li(£)(@) = Lr(f)(@) + Vi(z) - f(2) | (5.7)
for all f € Cp(F) and x € E. Here
Eif)(@) = [ Wi dp)ehse (1) - f(a) (5.38)
is the generator of a pure jump process with modified rates W (z, dy) e*9@¥) | and
Vi(@) := Mi(z) — A(@) + kh(z) € Cy(E), (5.9)
is a diagonal potential term where Ne(2) := [, W (z,dy)eF9@) s the escape rate of
Lr.
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Proof. Follows directly from the definition of £ in (5.4), by simply observing that

o)) = [E Wz, dy) (909 f(y) — f(2)) + kh(z)f()
- /E W (e, dy)eF9@D) - () — F(2)) + () - (M) — A(z) + kh(z)) |

since Ag(z = [ W(z,dy)e )ek9@Y) and A\ (z) = [, W » W (z,dy), by definition.
O

Lemma 5.2.3 states in particular that the tilted semigroup Py(t) (5.3) is a
Feynman-Kac semigroup. Moreover, denoting by )/(:k(t) the Markov process with
infinitesimal generator Zk, the tilted semigroup P (t) can be also expressed in terms

of the process X5, (t) and the potential Vi via the standard formula

AU ) = E[1(Sut0) e ([ WiRaton) as)]

As shown in Section 2.2, in order to control the asymptotic behaviour of the
tilted semigroup Py (t), we require that Assumption 2.2.2 on asymptotic stability is
satisfied. By (5.6), the SCGF A(k) is the spectral radius of the generator L (see
also (5.11) below). With Assumption 2.2.2 on asymptotic stability, A(k) is also the
principal eigenvalue of £; and there exist a probability measure fio = oo ks € P(E)
and constants a > 0 and p € (0, 1) such that

le™ 2B Pu(6) () = oo (N < NIl 0, (5.10)

for every t > 0 and f € Cp(F). Note that this implies the independence of the SCGF
from the initial distribution, pg, and thus (5.6) holds for every initial state x € E.
Note that (5.10) implies in particular that e ~* ) Py (t) converges weakly to fio for
all initial distributions pg, and that pso is the unique invariant probability measure
for the modified semigroup t — e~*A(¥) P (t). Therefore we have from the generator
Ly — A(k) of this semigroup that

oo (L1()) = A(R) pioo(f)for all f € Cy(E) . (5.11)

To avoid notation overload, we omit writing explicitly the dependence of
certain quantities on the fixed parameter k in the rest of this section.

In analogy with the notation (2.4) for generic pure jump processes, in the
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following we also use the notation with a probability kernel
W (z, dy)e*9@Y) = Xy () pr(, dy) - (5.12)

Observe that
Ly(1)(x) = Vi(z), (5.13)

thus, we get with (5.11) another representation of the SCGF,
AGR) = 1oo(Vi) (5.14)

Recall the unnormalised and normalised versions of the Feynman-Kac mea-

sures defined in (2.9) and (2.11) for a given initial distribution ug € P(E),

u(f) = po(Pr(t)f) and  p(f) = ve(f)/n(1), feC(E),

and that asymptotic stability (5.10) implies that p; — poo weakly as ¢ — oo (by
Lemma 2.2.3). This suggests the following finite-time approximations for A(k).

Proposition 5.2.4. For any k € R and every t > 0, we have that
t
log Eyo 4] = [ (Vi) ds,
0
where Vi is defined in (5.9). In particular, if asymptotic stability (5.10) is satisfied,
1 /7
T/ pus(Ve)ds — A(k) asT — oo .
0

Proof. Recalling the evolution equation (2.10) of v, we have

1 d _ v (Lx(1))
Vt(l)

L tog (1) = = p(Le(1)).

dt

And, thus, t
(V) = oo ([ mnleiv) ds).

since 1p(1) = 1. We can conclude by observing that Li(1)(x) = Vi(x) and
V(1) = Epo [€F4], (5.15)

using that the SCGF is well defined under asymptotic stability (5.10).
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For any t < T, we define

T
AT (k) = Tl_t/t p1s(Vi)ds (5.16)

as a finite-time approximation for A(k).

Lemma 5.2.5. Under asymptotic stability (5.10), there exist constants o > 0 and
0 < p <1 such that

O/ paT

(1—a)T "’

A

AT (k) — Ak)| < ([ Vil -

for every a € [0,1).
Proof. By (2.12), we have

1 T
< o L 00 = iVt

1 T ;
< (l—a)T/THVkH'dpdt

alVill p" = p"

(1—a)T logp
O/paT

(1-a)T’

T
‘(1_1(1)11/71 pe(Ve)dt — oo (Vi)

< [Vl -

where o’ := &/(—1log p) > 0, using the basic fact 0 < p®T — pT" < paT'. In particular,
limg o0 AYDT (k) = pioo (Vi) = A(k), by (5.14).
O

Note that for a = 0 the above result only implies a convergence rate of order
1/T, since errors from the arbitrary initial condition have to be averaged out over
time. In contrast, for a fixed a > 0 which corresponds to the usual idea of burn-in in
conventional Markov chain Monte Carlo approximations where the initial iterations
of the simulation are discarded (see, for example, Gelman and Shirley, 2011), we get
a much better exponential rate of convergence dominated by the asymptotic stability
parameter p € (0,1).

We conclude the section with a simple example to illustrate the construction
of the overall transition rates W and Wm with u € P(FE), associated respectively to

the mutation and selection dynamics of the McKean model.

Ezample 5.2.6. Let Sy = 24N [—M, M]¢, with M € N, with periodic boundary
conditions M +1 = —M and —M —1 = M. We consider the continuous-time random
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walk defined by overall transition rates W(zx, y) = % with A > 0, if ||z —y|| = 1,

and W (x, y) = 0 otherwise. We are interested in counting the number of times the
random walker crosses a particular bond (i, j) with ||j — ¢|| = 1. This is obtained

by considering an observable A in the form (5.1) with

9(x,y) =L (x) - L (y) + L) - Lia(y)

and h = 0. This observable is also called activity and note the difference in sign in
its definition compared to the net flux across a bond, illustrated in Example 5.2.1.
Given k € R, by Lemma 5.2.3, the corresponding tilted generator £ can be written
in the form £ = Ek + Vi, where the mutation generator Ek is defined by overall

transition rates

g9 (x,y) = (i, j) or (4, )
Wi(2,y) = W(z,y)e") = 2 |z —yll =1and (z, y) # (i, ), (4, 7)
0 otherwise.

Hence, the escape rate for the mutation events is

A(2d—1)

5\ A sk 4 A=) ze{i,j
Ag(x) = Z kg(zy) — ) 2d 2d {i, j}

-— €

lly—z||=1 A otherwise,

and the potential V; is

s (" =1)  wedij}

0 otherwise.

Vi(x) = Mi(@) — M) =

As discussed in Section 2.3, there are different ways to construct the selection
part of the corresponding McKean model. One possible construction is given for
instance by (2.21b); in this case, if £ > 0, the selection events are characterised by
the rates

W<m7 y) _ %(616—1) x%{’b, .7} andye{i,j}

0 otherwise,

for any x,y € Sys; whereas, if k < 0, the selection events are characterised by the
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rates

Ty - (2= welijandy g {ig)

0 otherwise,

for any x,y € Sps. In the trivial case k = 0, W(x, y) = 0 so no selection event occurs
and /Wo(x,y) = W(x,y), thus the mutation dynamics corresponds to the original

process.

5.3 Estimation of the SCGF

In this section we establish the convergence of estimators of the SCGF, A(k)
(5.2), provided by interacting particle approximations. Approximating p; by the
empirical distribution /,Liv (3.2) associated to an interacting particle system, we can
estimate A%T (k) with
1 T
ANy = —— | N W) ds . (5.17)
T—-1t/,
Note that, choosing f = 1 in Proposition 3.1.4 about unbiased estima-
tors and recalling (5.15), we see that exp (¢ - A% (k)) is an unbiased estimator of
exp (t . Ao’t(k)). Recall that particle approximations are characterised by a sequence

of generators (ZN) ~Nen on Cy(EYN), based on McKean generators (2.16)
Lyp:=Ly+ L,y forall ueP(E),

where Z“,k describes the selection dynamics of the McKean model as in Lemma 2.3.1,
with examples in (2.21a) or (2.21b). Due to tilted dynamics explained in Lemma

5.2.3 we have an additional dependence on the parameter k.

Proposition 5.3.1. Let (fo)NeN be a sequence of generators satisfying Assumption
3.1.1 with McKean generators ka, With asymptotic stability (5.10), for everyp > 2
and a € [0,1) there exist constants cp, ¢, &' > 0 and 0 < p < 1 independent of N
and T such that

c o - al
E“AaT,T,N(k) _ A(k)‘p:| 1/p < Nlp/Q n t —pa)T , (5.18)
and
c o - al
’E[A“T’T’N(k)} - A(k)) <<+ (17’;)T : (5.19)
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for any N € N large enough and T > 0.

Proof. First, note that
E[ ‘AaT,T,N(k) _ A(k)‘p] 1/p <E[ ‘AaT,T,N(k) _ AaT,T(k)‘P]l/P + |AaT,T(k) _ A(k)} .

The bound for the second term is given in Lemma 5.2.5, whereas we can bound the

first term by observing that

E[ ‘AaT,T,N(k) _ AaT,T(k)‘P] 1/p < 1 /T E[ ‘IU’N(V]C) o (Vk)‘p] 1/p dt
B (1 - Q)T aT ! ! ’
and applying Theorem 3.1.2. The second claim can be established similarly.
O

Proposition 5.3.1 provides the LP and bias estimates of the approximation
error with order of convergence respectively given by 1/v/N and 1/N. The nec-
essarily finite simulation time 7' leads to an additional error of order p?’ /T, with
p € (0,1), which is controlled by asymptotic stability properties of the process as
summarised in Lemma 5.2.5. Ideally, during simulations we want to choose the final
time 7" = T'(IN) with respect to the population size N so to balance both terms in
(5.18), resp. (5.19). Indeed, choosing T'(N) > N would be computationally more ex-
pensive than T'(N) ~ N, but would give the same order of convergence. Proposition
5.3.1 also implies that A?T"T>N (k) converges almost surely to A®T>T (k) as N — oo.
Similarly, we can adapt Theorem 3.1.3 to obtain a Central Limit Theorem for the
estimator ATV (k) of ABT (k).

Proposition 5.3.2. [CLT] Let (ffj)NeN be a sequence of generators satisfying As-

sumption 5.1.1 with McKean generators L, . With asymptotic stability (5.10), for
any fixred 0 <t < T, the sequence

UPp o= VN(ARTN (k) — AR (k) |

converges in law as N — oo to a centered Gaussian random variable Uy whose

variance 1s given by

efvze] = 7€ [( [ veowas)]

with Vs given in Theorem 3.1.35.
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Proof. By construction (5.17) of the estimator A',;’T7N,

1 T

Ul = 7 [ VN 00 = (V) ds
t

then the statement follows straightforwardly from the Central Limit Theorem for

the empirical measures p¥ (Theorem 3.1.3).

O

Proposition 5.3.2 also provides an explicit formulation of the asymptotic vari-
ance for an interacting particle approximation of the SCGF, however it is not nu-
merically tractable and does not provide any useful insight in the comparison of
the asymptotic variance for two different particle approximation methods. In or-
der to obtain better results, one would need to evaluate covariances for Vs(Vy), i.e.
E[Vs(Vk) - Vu(Vi)] for any t < s,u < T, and this requires a stronger result than the
CLT for empirical measures Y (Theorem 3.1.3).

5.4 The cloning factor

Most results in the physics literature do not use the estimator ATV (k)
(5.17) based on the ergodic average of the mean fitness of the clone ensemble, but
an estimator based on a so-called ‘cloning factor’ (see, e.g., Giardina et al., 2006,
2011; Pérez-Espigares and Hurtado, 2019). This is essentially a continuous-time
jump process (Cf¥ : t > 0) on (0,00) with CY = 1, where at each cloning event of
size n € Ng U {—1} at a given time 7, the value is updated as

o =l (1+5)

where n = —1 occurs when there is a ‘killing’ event. In this section, we present
convergence results for the estimator based on the cloning factor and show that the
LP-error for this estimator has the same rate of convergence 1/v/N as A*TTN (k)
(5.17).

In line with the physics literature (Lecomte and Tailleur, 2007), the dynamics
of the cloning factor C}" is defined jointly with the cloning algorithm given by (4.31)
via an extension of the cloning generator fi\jk, based on the McKean model (2.21a)

with parameter ¢ € R, with exit rate A(x) and probability kernel p(z,dy) replaced
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by Xk(x) and pi(z, dy) respectively, i.e.
Lop(F)(@) =Y (Ak(%’) [Eﬁk(l’u dy) Y mlwi, A) - (F@*0) - F(z))

i=1 AeN

N N o) A
+ ; (Vk(%]zf ) (F(z"™) — F(:U))) :

Thus, the joint dynamics on the state space E™V x (0, 00) is given by the generator

N
Z (Xk(xz) Ak(xi, dy) Z ﬂi(:vi, A) (F*(QA’xi;i’y,qAO — F*(Ea C))

AeN

N A A
+Z (Vk(xz]zf) (F*(gz’xj,§,1) — F*(z, O)) , (5.20)

=

where the test function F* : EN x (0, 00) — R now has a second counting coordinate,
and we denote ¢, :=¢ - (14+%), with n € Ng U {—1}.
To simplify the presentation, we further assume that the probability of choos-

ing a set A depends only on its size |A| and not on its elements, i.e. for any x € F

N
mala, A) = 7(z, |A|)/<‘Z|> with 7 (z, 0),...,7(z, N) s.t. Y 7(x, n) =1
n=0
and 7(z, n) =0p0 if V(z) <c. (5.21)

Using this construction, we have

$17 N

2\:

N
2 (i, $] g

Thus, conditions (4.14)-(4.17) are satisfied by assuming

+
Vi(x) —c¢
M(z) = Oile) =) " (5.22)
Ak ()
We introduce the coordinate projection G(z, <) := ¢ in order to observe only
the cloning factor, G(¢Y, C}¥) = CN. Note that EY x (0, 00) is not compact, and G
is an unbounded test function. However, since the range of the clone size distribution

is uniformly bounded (condition 3.3¢c), t + log OV is a birth-death process on [0, 00)
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with bounded jump length, and the generator (5.20) and associated semigroup are
therefore well defined for the test function G (by Lemma 2.1.10) and all ¢ > 0.
The following result provides an unbiased estimator for the unnormalised

quantity 14(1) based on the cloning factor.

Proposition 5.4.1. Let fg\,i’*) be the extension (5.20) of the cloning generator Zi\,]k:

(4.13). Then, the quantity eC}N is an unbiased estimator for vy(1) (2.9), i.e
E[etcCtN] = E[l/tN(l)] = (1),
for every t >0 and N > 1, and all choices of the parameter ¢ € R (cf. (2.21a)).

Proof. First observe that, following (4.16),

N
News) F(ais m) - (sn/N) = 30~ (Velwi) = ¢)
0 =1

M=

N*) o -
Z07167* Z

i=1n

I
=1k

I
—

(Vi(zi) —¢) , (5.23)

(2

using the mean M (x;) of the distribution 7(x;, n) as given in (5.22). Therefore,

287 (G)(@.) = sml@) (Ve —¢)

and analogously to (3.10), the expected time evolution of C'tN is then given by

d
SEICN) = ELCY - ¥ (e = o).

This is also the evolution of v}¥ (e7%¢) = e~t1/}¥(1), since

LEWN ()] = Bl ) - e (1) e 0¥ (1)

= E[" (e7") - " Vi — )]
With initial conditions C{¥(0) = 1 = ;V(1), the statement follows by a Gronwall

argument analogous to (3.9) and by Proposition 3.1.4.
O

Proposition 5.4.1 leads to an alternative estimator for A%T (k) (5.16) given by

—t,T\N
A

1
(k) := ﬁ(1og CF —logCY) + ¢ (5.24)
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Note that this is not itself unbiased as a consequence of the nonlinear transformation
involving the logarithm.

In order to study the convergence of the new estimator to the SCGF, it is
convenient to use the martingale characterisation of the process, which is given by

the following result.

Proposition 5.4.2. Let ESZ’*) be the extension (5.20) of the cloning generator fgk.

Then, the process

t
M= oecl -~ [ 1000 e o) s
0

with H(z,s) = logg, is a martingale satisfying

t
1
M =1 CN—/ Ny —e)ds +t-0( =),
t = 08 0(“<k) c) ds <N>

and with predictable quadratic variation
I N (Y _ 1
M) = 3 [ OeQ + =) ds +1-0(5)

where Q(x) := > n?7(x, n) is the second moment of the distribution 7(x, n).
Remark. Note that, in case there is at most one clone per transition event, i.e. if

Q(x:) = M(x;) = (Vi(:) — €)* /Ai(a:), then

(M?F), = 1/t(uN(V)—c)ds +t-0(i)
./t N 0 s k N2 .
Proof. Observe that we can rewrite (5.20) as

(V) - N N B -
Loy (H)(z,5) =) (Z)\k(:zi)ﬁ(xi, n)log(1+n/N) + (Vy(z:)—c) log(l—l/N))

=1

=m(z)(Vk) —c + O(%) )

n=0
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using the expansion log(1 + z) = z + O(z?) as  — 0. Similarly,

FZ(N,*) <H7 H) <£7 §)
c,k

N N
= Z <Z Me(zi) (i, 1) (log(l—i—n/N))2 + (Vk(a:i)—c)_ (10g(1—1/N))2>

The statement corresponds to the martingale problem associated to ZSZ’*) (H).

O

By Proposition 5.4.2 and recalling the definition of the SCGF estimators
ASTN (k) (5.17) and A°7 (k) (5.24) we immediately get

TN TN, My =M 1
ASTN () = RNy - L2 +O(N) .

. . ——aT TN
In what follows, we discuss the convergence of the estimator A* "’

the SCGF A(k), which is based on the cloning factor.

(k) to

Theorem 5.4.3. Let Kt’T’N(k) be the cloning factor estimator for AbT (k) as given

in (5.24), and let AYTN (k) be the estimator for AbT (k) as given in (5.17). Then,
for every p > 2 and a € [0,1), there exists a constant C, > 0 such that, for all N
large enough and T > 1,

1/p C

= NWp /T (5:25)

£ [ XaT,T,N(k) S ‘p]

If in addition Assumption (5.10) on asymptotic stability holds, there exist constants
Yy ¢y @ >0 and 0 < p < 1 (dependent on a, p, /):k, Q and Vi) such that

i

for every T > 1.

1
/p f}/; C; a/paT

—aT,T,N n n
SN/ T YN (1—a)T’

A

CECH

Proof. Thanks to Jensen’s inequality, it is enough to prove the inequality for all
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p =24 q € N. First, we can write

. HAQT,T,N(k) AT 1y Qq] _ 7 i a)T)Zq . EUM} - MQT}Zq}
1

(N (1-a)T)

IN

24 'EUMH%]'

Observe that sup,<p }Mﬂ < 00, so the assumptions of Lemma 3.2.1 are satisfied.

Thus, using Lemma 3.2.1, we obtain

1 . 20 c, Yl X
s E| M) < St 2 El(MOn) ]
k=0

~ q-1
Cy ~ 1 1 1
= N2 P 292k <N2k + O<N2k+1)>

*
<%
- N29+1. 729710

for every T' > 1. The second part of the Theorem follows directly by Proposition
5.3.1.
O

. —aT,T,N
Therefore, the LP-error for estimator A* " (

vergence 1/v/N as AN (k). Analogous results hold for the bias estimates, which
have order of convergence 1/N as for the estimator A*T"T*N (k) (Proposition 5.3.1),
since with (5.25) the difference of both estimators is only of order 1/N*1/7,

k) has the same rate of con-

5.5 Current large deviations for lattice gases

In this Section, we illustrate how to apply interacting particle approxima-
tions for studying the current large deviations for lattice gases and we apply these
algorithms to the inclusion process as an example.

We consider one-dimensional stochastic lattice gases with periodic boundary
conditions on the discrete torus Ty with L sites and a fixed number of particles
M < L, so that the total density is pg = M/L. Within our general framework,
they are simply Markov chains on the finite state space F = ST, with S C N,
of all particle configurations, which have been of recent research interest in the
context of current fluctuations. We denote the configurations by n = (9, |z € Tr)
where 7, € Np is interpreted as the occupation number at site z, and the process

is denoted as (n(t)) In order to use standard notation for lattice gases, in this

t>0"
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section z,y € T denote the sites on the discrete torus, whereas in the previous
sections they denoted states in . Monomers jump to nearest neighbour sites with
rates u(7;,ny) > 0 for y = £ 1 depending on the occupation numbers of departure
and target site, multiplied with a spatial bias p =1 — ¢ € [0, 1]. The generator is of

the form

£fm) = 3 [Pl 1) (f@awiin) = F()

x€Ty,

+ que, 1) (f(@aa-1m) = F(0)] | (5:26)

where o, ,n results from the configuration n after moving one particle from z to y.
The number of particles M = ¢/

assume the process to be irreducible for any fixed M, which is ensured for example

7, is a conserved quantity, but otherwise we

by positivity of the rates, i.e. for all k£, > 0
ulk,l)=0 < k=0.

This class includes various models that have been studied in the literature, for ex-

ample the inclusion process introduced in Giardina et al. (2009), where
u(k,l) =k(d+1) forall k,i>0, (5.27)

with a positive parameter d > 0. Particles perform independent jumps with rate d
and in addition are attracted by each particle on the target site with rate 1, giving
rise to the ‘inclusion’ interaction. This model has attracted recent attention due
the presence of condensation phenomena (Grosskinsky et al., 2013; Bianchi et al.,
2017) and in the context of large deviations of the particle current (Chleboun et al.,
2018). Other well-studied models covered by this set-up are the exclusion process
with state space £ C {0,1}T% and u(n,n,) = 12(1 — 1), or zero-range processes
with £ C NE)FL and rates u(7;, ny) = u(n,;) depending only on the occupation number
on the departure site.

In terms of previous notation, the jump rates for a lattice gas of type (5.26)

between any two configurations 1 and ( are given as

W(n¢) =Y, (pu(nxjnzﬂ)ég,%zm+QU(nx,nx_1)5¢,gz,m,m) : (5.28)

z€Ty,

In the following we focus on lattice gases where > w(ng,Ney1) = D, w(Me, Na—1)
for all configurations . While this is not true for models of type (5.26) in general,
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it holds for many examples including inclusion, exclusion and zero-range processes
mentioned above. With p + ¢ = 1, the total exit rate out of configuration 7 is then

simply given by

Am) =Y (pU(an) +qu(nx,nx_1)> = ulle,Mer1) - (5.29)

zeTy, z€Ty

In this setting, we are interested in an observable A7 measuring the total particle

current up to time 7', which is achieved by choosing h(n) =0 in (5.1) and

gn, ) ==%1 if(=0y4+1m and g¢(n,¢() =0 otherwise .

By Lemma 5.2.3, the corresponding tilted process Ly (5.4) can be written as

Li(F)n) = Le(f)(0) + Vil(n) - f(n) ,

where the mutation generator is in the form

Lef ) = 3 (" pulne nes) (Fomasrn) = £()

xz€eTy,

e qulne e ) (fean) — F0)] . (5:30)

In particular, the total exit rate out of a configuration 7 is given by

Xe(n) = R > u(ng, o+1) = R+ A(n) , where Ry :=pe* +ge ",

xz€Ty,

hence the potential Vj can be written as
Vi) = Me(n) = A1) = (Re = 1) - A(n) - (5.31)

Remark. Note that Ry = 1 corresponds to k = 0. In this case, Zk = L, hence the
McKean model coincides with the original process and Vy = 0. In particular, by

Proposition 5.2.4, Ag = 0 and does not require any estimation.

In this setting, we implement two interacting particle approximations to es-
timate the SCGF associated to the large deviations of the total particle current for
inclusion processes. In the following we fix p,q =1 — p and k£ € R and we omit the
subscript k for configurations and write n = (1;, i = 1,..., N) to simplify notation.

The first algorithm we consider is the cloning algorithm given by (4.31),

associated to the McKean model (2.21a) with the common choice ¢ = 0, and under
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the standard conditions (5.21) and (5.22). Namely, we consider the McKean model

characterised by the selection rates

WO, ) — (Rp —1AC) Rp>1
| (- R)Am)  Ry<1.

Therefore, if R < 1, the cloning algorithm is given by mutations and killing events
which happen independently from each other. However, the similarity between Wélk)
and /):k provides a direct relation between mutation and killing rates, and allows us
to set up an efficient rejection-based implementation. More precisely, we sample the
ensemble of N clones at a total rate of AV (n) := Zfil A(n;), and pick a clone i
with probability A(n;)/AN(n) for the next event. With probability Ry € (0,1) this
is a simple mutation within clone 7 and we replace n; with a configuration ¢ with
probability /Wk (n:,¢)/ Xk (n;), where Wk and Xk, are respectively the overall transition
rate and the escape rate associated to the mutation generator (5.30). Otherwise, with
probability 1 — Ry we perform a killing event for the clone ¢ and we replace n; with a
configuration n;, with j € {1,..., N} chosen uniformly at random. This procedure
ensures that mutation and killing events are sampled with the correct rates.

If R; > 1, the cloning algorithm is given by mutations and cloning events,

which happen simultaneously with rate /)\\k(m) = Ry A(m;) for every clone n;, i =

1,..., N, and, by (5.22), the average number of clones per mutation/cloning event
is

M) = Pt e (0.1).
In particular, My is independent of the state = (11,...,mxn) of the clone ensemble

and, using the common choice (4.25) for the distribution of the number of clones,

we see that there is at most one clone per cloning event.

The second algorithm considered is a mean field particle approximation as-
sociated to the McKean model given by (2.21b), that is the McKean model charac-

terised by the selection rates

(R =1) (MO = Am)"  Rip>1

W@)( ag) =
L (1-R) (A -AQ)"  Re<1.

As for the mutation+killing dynamics described above, the similarity between Wé%
and Xk provides a direct relation between mutation and selection rates, and allows

us to set up an efficient rejection-based implementation for the mean field particle
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2pe’IR;-1

Figure 5.1: Illustration of Ry (left) as given in (5.31) and the drift 2pe* /Ry, — 1 for
the modified dynamics (right) as a function of & for different values of the asymmetry
p =1—¢. The minimum of Ry, is 2,/pq, attained at k = %log% € [—o0, 0], which
is also where the modified drift vanishes.

approximation.

In practice, if Ry < 1, we sample the ensemble of N clones at a total rate
of AN (n), and pick a clone i with probability A(n;)/AY (n) for the next event. With
probability Ry € (0, 1) this is a simple mutation within clone 7, and then we replace 7;
with a configuration ¢ with probability W, (ni,¢)/ N (n;). Otherwise, with probability
1 — Ry, we perform a selection event: we pick a clone j € {1,..., N} uniformly
at random (including i), if A(n;) < A(7;), we replace 7; by n; with probability
(A(mi) = A(n;)) /A(m;), otherwise nothing happens.

If R > 1, we combine the mutation and selection events as in the cloning
algorithm and sample the ensemble of N clones at a total rate of RyA™ (), and
pick a clone i with probability A(n;)/AY (1) and a clone j uniformly at random. If
Rﬁ;%, otherwise no
selection is performed. Then, we replace n; with a configuration ¢ with probability
Wik (1i; €) /N (m).

To avoid confusion, we specify the upper indices (1) and (2) to distinguish

(1) < A(ms), we replace n; with n; with probability

the quantities associated respectively to the cloning algorithm with selection rates
Wélk) and the mean field particle approximation with selection rates W]gm.
Note that, while in both algorithms the total mutation rate is Ry, - AV (1), the

selection rates are respectively given by

N
SV =3 V() = [Rx — 1A () , (5.32)
=1
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and

N
520 = L3 mtw) vl = B S iy 2 < 50

ij=1 ig=1 a
(5.33)

So, for very small values of Ry, close to 0, the mutation rate can become very small in
comparison to selection, which means that significant computation time is devoted to
re-weighting by selection, rather than advancing the dynamics via mutation events.
This effect is typically much stronger for the standard cloning algorithm with ¢ = 0
and occurs for example for totally asymmetric lattice gases with p = 1 and negative
k conditioning on low currents. In Figure 5.1, we include a sketch of Ry, for different
values of asymmetry, including also the drift of the modified dynamics, which can
be reversed in partially asymmetric systems.

As discussed in Section 4.1.2 and Section 4.2.2, to compare the accuracy of
the two interacting particle approximations considered, we need to look at their
asymptotic variances, namely E[V:ﬁl)( f)?] and E[V%Q)( f)?]. Applying the Central
Limit Theorem for mean field particle approximations (Proposition 4.1.1) and for

cloning algorithms (Proposition 4.2.5), we see that

E[VT(l)(f)Q] - E[VT(Q)(f)ﬂ = /OT Ns( ( s7fy Osf) — FE;@(GS,Tﬁ Os1f)
— g Ek(@s,TT) : E’;(}S)’t(@s,T?)> ds
Ak

for any f € Cy(E), since @ = 0, because there is at most one clone per cloning event,
as seen above. By Lemma 4.1.4, we know that I £~ r @ is non-negative, for
any function f € Cp(F) and any probability measure p € P(E), hence the choice
of the McKean model (2.21b) instead of (2.21a) reduces the asymptotic variance.
However, we cannot determine a priori the sign of the product of the infinitesimal
generators Ek( f)- Egl)’t( f). In other words, the dependence between cloning and
mutation events in the cloning algorithm could potentially increase or decrease the
total variance, but this also depends on the particular choice of f € C(E) and
we PE).

Considering the very limited analytical results, we want to conclude the sec-
tion with a numerical comparison of the two algorithms for an inclusion process with
d=1,L =64, M = 128 and asymmetry p = 0.7. It is known (Chleboun et al.,
2018) that the SCGF A(k) scales linearly with the system size L, and outside the
convergent regime k € [— In( lpp), 0] ~ [—0.85, 0] the rescaled SCGF A(k)/L diverges

as L — oo (divergent regime). In Figure 5.2, we compare estimates ATV (k) for
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Figure 5.2: Inclusion process (5.27) with d = 1, system size L = 64, M = 128 parti-

cles, asymmetry p = 0.7 and N = 2!! clones at time ¢ = 42000. (Top) The rescaled

estimator ATV (k)/L as a function of k in the convergent regime, comparing the

cloning algorithm with ¢ = 0 (orange) and the mean field particle approximation

with (2.21b) (blue). Error bars indicate 5 standard deviations, which are bounded

by the size of the symbols for the mean field particle approximation. (Bottom) II-
(1)

lustration of the relationship between the total selection rates S, (depending on

c), S,f) (5.33) and 5123) (5.34) for k = —0.79 (left) and k = 0.1 (right) based on the
state 7)(t) of the clone ensemble. Mean and median of the potential V}, are indicated
by dashed vertical lines.
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Figure 5.3:  Inclusion process (5.27) with d = 1, system size L = 64, M = 128
particles, asymmetry p = 0.7 and N = 2'! clones. Time series of the mean fitness
m™N (n(t))(Vx)/L for the cloning algorithm (red dots) and the mean field particle
approximation with (2.21b) (blue crosses), with time averages indicated by full lines.

(Left) In the convergent regime, namely [— ln(%), 0] ~ [-0.85, 0], for k = —0.79
we see a clear variance reduction using the mean field particle approximation, but
similar time average. (Right) In the divergent regime for k¥ = 0.1 we have similar

variance but the mean field particle approximation improves on the time average.

the algorithms (1) and (2) in the convergent regime. We use initial conditions where
M particles are distributed on L lattice sites uniformly at random, and a burn-in
time of tg = 10 - L = 640, as discussed in Lemma 5.2.5. As we can see from the top
of Figure 5.2, both algorithms perform very well and agree with a simple theoretical
estimate based on bias reversal, which is not the main concern in this work and we
refer the reader to Chleboun et al. (2018). However, enlarged error bars indicating 5
standard deviations reveal that the mean field particle approximation with McKean
model (2.21Db) is significantly more accurate than the cloning algorithm based on
(2.21a). This can be explained by the lower total selection rates, as illustrated at
the bottom of Figure 5.2 for the converging and diverging regime. While the total
selection rate S]S?) (5.33) is much lower than S,(cl) with ¢ = 0 (5.32), the total selection
rate S,(gs) of the McKean model (2.21c¢), i.e.

N
s = 5 V)~ m@ )| < 500, (534
=1

does not offer significant further improvement. Since the efficient rejection based
implementation of the mean field particle approximation explained above does not
work for the McKean model (2.21c), we focus on the McKean model (2.21b) in our
context.

As illustrated in Figure 5.3, the cloning algorithm with (2.21a) has a signifi-
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cantly higher time variation of the average potential m™ (n(t))(Vy)/L in the conver-
gent regime compared to the mean field particle approximation with (2.21b). Hence,
in comparison to the classical cloning, the mean field particle approximation leads to
reduced finite size effects and /or a significant variance reduction in this example, and
a significant improvement of convergence of the estimator ATV (k). This is due
to the much higher selection rate for the McKean model (2.21a) and possibly to the
dependence between mutation and cloning events in the cloning algorithm. These
promising first numerical results pose interesting questions for a systematic study
of practical properties of the algorithms and associated time correlations for future
work, also in comparison with various recent results on improvements of cloning

algorithms (Nemoto et al., 2016; Brewer et al., 2018; Ferré and Touchette, 2018).
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Chapter 6

Conclusion and Outlook

We conclude with a summary of the main contributions of this work, men-

tioning a couple of interesting directions for future works.

In Chapter 3, we adapted already established convergence results for mean
field approximations (Del Moral and Miclo, 2000; Rousset, 2006) in the context of
pure jump processes to a broader class of interacting particle approximations, pro-
viding general assumptions on the infinitesimal generator (condition 3.3a), carré du
champ (condition 3.3b) and jumps (condition 3.3¢) of the interacting particle system.
These guarantee that the empirical distribution p}¥ converges uniformly in time to
e in LP and almost surely in the weak topology, with order of convergence of the LP
and systematic errors given respectively by 1/v/N and 1/N (see Theorem 3.1.2), as
for mean field approximations. We also provided a central limit theorem (Theorem
3.1.3) and explicit formulas for the asymptotic variance of the algorithms. These
results apply in the general setting of jump Markov processes on locally compact
state spaces. Essential conditions for this approach are summarised in Assumption
2.2.2 on asymptotic stability of the Feynman-Kac model and Assumption 3.1.1 on
the particle approximation, which are usually straightforward to check for practi-
cal applications. The proofs are based on the martingale characterisation of the
particle system and also make use of the propagator ©; 7 and its differential equa-
tion. These results underline the several degrees of freedom in the design of the
algorithms, providing a new perspective on how to optimise the implementation of
interacting particle approximations. Our results apply in the general setting of jump
Markov processes on locally compact state spaces. A future development would be
the adaptation of similar statistical techniques to more general processes, including

piecewise deterministic processes (Davis, 1984; Finke et al., 2014), jump-diffusions,
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or possibly non-Markovian dynamics (see e.g. Cavallaro and Harris, 2016, for first

heuristic results in this direction).

In Chapter 4, we described the construction of mean field particle approxi-
mations, cloning algorithms and a particular version of resampling algorithms, and
discussed the limit properties of these methods. The main contribution of the Chap-
ter is the novel interpretation of the cloning algorithm based on Feynman-Kac models
and the infinitesimal description of the algorithm through its generator and associ-
ated carré du champ. Once we obtain an explicit formulation for these two quantities,
it is then easy to check that Assumption 3.1.1 is satisfied for the cloning algorithm
and, hence, that Theorem 3.1.2 and Theorem 3.1.3 hold. This allows us to establish
rigorous error bounds for the cloning algorithm in continuous time, and to sug-
gest different versions of the algorithm based on different McKean interpretations of

Feynman-Kac models.

Finally, in Chapter 5, we show how to apply interacting particle approxi-
mations in the study of large deviations for additive path functions of stochastic
processes. In particular, by interpreting the scaled cumulant generating function
(SCGF) via Feynman-Kac measures, we can construct an estimator A»"N (k) for
the SCGF based on the empirical distribution of an interacting particle system and
show that ATV (k) converges in LP to the finite-time approximation A»?(k) of the
SCGF, with order of convergence of the bias and LP error given by 1/ V/N. In Section
5.4 we discuss another estimator for A»T'(k) based on the cloning factor, which is
commonly used in the physics literature (we recall, for instance, Giardina et al., 2006;
Pérez-Espigares and Hurtado, 2019). Our contribution is the analytical justification
of this estimator by showing that it converges to A»T (k) as the size N of the system
goes to infinity and the rate of convergence is still 1/v/N, as for the first estimator.
The proof is based on the martingale characterisation of the cloning factor and on

its connection with the first estimator AbTN (k).

An outlook on asymptotic variance estimators. As discussed in Section 4.1.2
and Section 4.2.2, in order to study the accuracy of an interacting particle approxi-
mation, we need to look at the asymptotic variance E [VT( f )2], which unfortunately
cannot be estimated a priori, as it depends on pu; and on the corresponding prop-
agator ©; 7, t € [0,T]. An interesting direction for future research would be the
construction of an estimator of the asymptotic variance based on a single realisation

of an interacting particle approximation. Recent results for discrete-time Markov
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processes by Lee and Whiteley (2018) and Du and Guyader (2019) are based on
coalescent tree-based measures. However, most of the tools used in the discrete-time
case fail to work in the continuous-time. For instance, the explicit expression of the

asymptotic variance (3.8), that in our case is an integral over [0, 7], namely

— T — —
E[Vr(£)?] = #o((©orf)?) + /0 s (G, (Os7 T, ©5r7) ) ds

in the discrete-time case is a simple summation over the times p = 1,...,n. One
of the key ideas in the work of Du and Guyader (2019) is to interpret every term
in the summation as a coalescent tree-based measure with only one coalescence at
time p. This of course cannot work in the continuous-time setting, however it could
be possible to define in an appropriate way a random sequence of times 7, and then
consider a coalescent tree-based measure with only a coalescence at time 7,, adapt
the results by Du and Guyader (2019) and then conclude by Monte Carlo integration.
The work of Lee and Whiteley (2018) provides a different insight based on tensor

product measures that could be more natural to adapt in the continuous-time case.

An outlook on driven process estimators. In the context of interacting par-
ticle approximations for the study of large deviations, one interesting direction for
further research would be the study of the connection between McKean models and
the driven process (also known in the literature as Doob’s h-transform or twisted
Markov kernel), which is a key object in the study of large deviations in statisti-
cal mechanics (see, for example, Garrahan, 2016; Oakes et al., 2018; Chetrite and
Touchette, 2015). We mentioned it in Section 2.4, namely in Equation (2.22), and we
recall here that the h-transform of a tilted generator Ly is the infinitesimal generator
Ly, defined as

Ly = Tglﬁkﬁc — T‘I;I(ﬁ].ﬂ“k) = Tk_lﬁkﬂ“k — A(k) ,

where 7y, is the right eigenfunction associated to the principal eigenvalue A(k) of L.
Although the tilted generator Ly is not conservative, Ly is, since (Lgl) = 0, and it

remains a pure jump process described by the modified kernel
Wi(z, dy) = ri; (@)W (2, dy)e™ = (y),

for all z,y € E. Unfortunately, the right eigenfunction cannot be determined analyt-
ically, so numerical procedures are required to estimate 7, and thus the kernel of the

driven process (see e.g. Ferré and Touchette, 2018). Interpreting 7 via Feynman-Kac
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measures, as we have done for the principal eigenvalue A(k) and the left eigenmeasure
oo, could provide an estimator for 7, based on interacting particle approximations.
The idea is to adapt some previous results for discrete-time Feynman-Kac models
(Whiteley and Lee, 2014; Whiteley and Kantas, 2017) to the continuous-time case.
We briefly illustrate here some preliminary discussion about this approach in the
continuous-time case.

First, recall that, in Section 5.2, we started by providing a ‘deterministic’
approximation of the eigenquantities A(k) and jieo given by A®TT (k) (5.16) and pur,
respectively, and then we estimated these two quantities numerically via interacting
particle approximations. In a similar fashion, we want to first approximate r; via

a sequence of functions (Ts,t) with rs; € Cp(E), and then approximating

0<s<t<o0’
these via numerical procedures. Thus, a candidate for estimating the h-transform

Ly, is given by

Lot(H)(2) = 154 (x) - Lalrsef) (@) = rof (@) - Li(ra) (@) - f(@),

for every f € Cy(E).
Mimicking the discrete-time case (Whiteley and Lee, 2014, Section 2.3), a

good candidate is given by
Vt—s,m(l)
Vt—S,,U,S (1)

for every x € E and s < t, where 14, and v, are the unnormalized ¢-marginal

ret(x) i= ,

Feynman-Kac measures (associated to the tilted generator £;) with initial distri-
bution respectively given by J, and p. Note that, by definition, r,(z) = 1 and
ws(rs+) = 1. Moreover, the functions rg; satisfy a recursive relationship that re-
sembles the one in the discrete-time case (see Whiteley and Lee, 2014, Lemma 1),

as illustrated by the following result.

Lemma 6.1. The function s — rs; is left-differentiable and the left-derivative is
given by

d_

%TSJ(@ = — Li(rss) (@) + ps(Ve) - rse(z) .

Remark. Compare the backward recursion for 7y,

Cc%rs,t(x) = — Li(ro) (@) = Vi(@) rsp(@) + ps(Vi) - rop(@) ,

with the forward equation for u; (2.2.4), namely

Snlf) = m(Eu)) = mOA D) + i) wlf) fECE).
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Proof. By the Markov property of v; ;, we have

Vt—s,;r(l) = / Ve,w(dz) 'Vt—s—s,z<1)
E
= / Vew(dz) - Tsiet(2) - Vims—ep, (1)
E

= Vt—s—a,,us(l) Ve (Ts—i-a,t) 5

for every 0 < e <t —s. Moreover,

d 1 d Vt o (L1(1))
—1 1) = N 1) = b0 AEREATI )
dt og Vtv/JO( ) Vt,yo (1) dt Vt“uo( ) l/t“u,o (1) Mt (Vk)

tsnV) = e [ t (V1) 5.

Thanks to these considerations, we can rewrite r,; as

And, thus,

since v ,,(1) = 1.

s+e€
Ts,t(x) = exp ( - / pu (Vi) du) “Vex (Ts—i-a,t) )

for every 0 < e <t — s. Therefore,

d- e Tet(®) = (@)
a ") = i T
roalw) = exp (= [2 gV du) - e (1)
= lim
€*>0+ €
1-— exXp ( - f;_s Mu(Vk) d’U,)
= lim rs(z) -
E—>0+ ’ c
— lim exp < _/ Nu(Vk) du> . Ve,m(rs,t) - TS,t(x) .
8—>0+ s—e €

The conclusion follows by observing that

1 —exp ( — 7 (Vi) du)
lim 74(x) -

e—04 g

= rst(z) exp ( - /OS Mu(Vk)d“> CclT;eXp (/08 Hu (Vi) du)
= rs1(x) ps(Vk)
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and

s xz\!'s —Is d
lim exp<_/ uu(Vk)dU> Vea(rst) —rsa(®) %Vu,x(rsi)‘uzo

e—04 9
= Lp(rse)(z) .

O

This preliminary result suggests that the results on exponential convergence
for the discrete-time case (see Whiteley and Lee, 2014, Proposition 1) could be
adapted to the continuous-time case and we expect that, for any 0 < s < ¢, there
exist constants «, § > 0 and p € (0,1) (independent of the initial distribution pg)
such that

7 — 7| < o ptmons,

ILst(f) = Li(H)Il < I fIl - B U0,

for every f € Cp(FE). The backward equation given by Lemma 6.1 also suggests that
rst could be estimated via a forward-backward particle approximation, first running
the interacting particle system forward till time 27" and then proceeding backward
in an appropriate way, from time 27 to time 7. However, this construction would be
of little practicality in terms of applications, and one way to improve it is to update
the driven kernel in time. One approach that could be worthwhile inspecting is the
following. Considering a (possibly random) sequence of times 0 =ty < t; < t2 < ...,
such that ¢, — t,_1 diverges as n — o0, we construct recursively a sequence of
functions (hp)nen, hn € Cp(E) and a sequence of generators (Ly,),en respectively by

— _ —1
hi = Tot1 » hyp = Ttn_1,tn * hnfl ’

and
Lo=Ly, L,=h"L, 1(h,),

for any n € N, n > 1. Therefore, we see that ry, |+, = hy...hi and Ly, | 4, = Ly.

This would give a forward in time approximation of the driven process generator.
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