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Active cholesterics: odder than odd elasticity
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In equilibrium liquid crystals, chirality leads to a variety of spectacular three-dimensional struc-
tures, but chiral and achiral phases with the same broken continuous symmetries have identical
long-time, large-scale dynamics. In this paper, we demonstrate that chirality qualitatively modifies
the dynamics of layered liquid crystals in active systems in both two and three dimensions due to
an active “odder” elasticity. In three dimensions, we demonstrate that the hydrodynamics of active
cholesterics differs fundamentally from smectic-A liquid crystals, unlike their equilibrium counter-
part. This distinction can be used to engineer a columnar array of vortices, with anti-ferromagnetic
vorticity alignment, that can be switched on and off by external strain. A two-dimensional chiral
layered state — an array of lines on an incompressible, free-standing film of chiral active fluid with a
preferred normal direction — is generically unstable. However, this instability can be tuned in easily
realisable experimental settings, when the film is either on a substrate or in an ambient fluid.

Chiral molecules form a spectacular range of liquid-
crystalline phases [1-3] at thermal equilibrium, of which
the best known is the cholesteric, with a helical struc-
ture in which the molecular orientation, described by a
headless unit vector called the director n, spontaneously
twists at a uniform rate gy along the pitch axis [3]. This
uniform periodic modulation does not break translational
invariance: unlike in a density wave, all surfaces of con-
stant phase are equivalent, and an arbitrary translation
along the pitch axis can be compensated by a rotation
about it. Nevertheless, at scales much larger than 1/qo,
the mechanics of a cholesteric is precisely the same as
that of a smectic A which has an achiral one-dimensional
density modulation. That is, microscopic chirality leads
to a one-dimensional periodic structure, but the asymp-
totic long-wavelength elasticity and hydrodynamics of
this structure show no signature of chirality [4-6]. In
this paper we show that this equivalence does not carry
over to active cholesteric and smectic A phases [7, 8|,
thanks to effects that go beyond the “odd elasticity” of
chiral active solids [9].

Recall that active matter is matter with a sustained
supply of free energy, and hence broken detailed bal-
ance, at the scale of its constituents. This microscale
drive manifests itself macroscopically as nonequilibrium
currents and forces [10-19]. Continuum hydrodynamic
theories of fluid [20], liquid-crystalline and crystalline
phases [7, 8, 14, 16, 21-23] of active matter have been
constructed including extensions with chiral asymmetry
[9, 24-32]. In this paper, we construct theories of layered
active chiral systems. Our hydrodynamic theory applies
equally to cholesterics in the strict sense and to smectic
A phases composed of homochiral units. We will refer to
both as active cholesterics. We also construct the theory
of an active two-dimensional (2D) chiral smectic, which
could arise if three-dimensionally chiral particles were re-

stricted to a thin film with a distinguished normal direc-
tion.

Our central finding is that active cholesterics possess a
chiral stress corresponding to a non-existent component
of the strain tensor that yields a force density tangent
to contours of constant mean curvature of the layers. As
a result of this odder than odd elasticity, the undula-
tional instability created by active stresses [7, 8] leads to
spontaneous vortical flow arranged in a two-dimensional
array with vorticity aligned along the pitch axis and al-
ternating in sign in the plane (Fig. 1). This vortex-lattice
state can be switched on or off by means of an externally
imposed uniaxial stress. Lastly, a two-dimensional ac-
tive cholesteric is unstable with an activity threshold that
goes to zero for an infinite system. This tilted-varicose
instability (Fig. 2) is however not inevitable, as we dis-
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FIG. 1. The spontaneous vortex-lattice state: the chiral ac-
tive force density (governed by z.) generates counterrotat-
ing circulatory flows, with vorticity €. obeying nV?Q, =
—2.V?V? u, around the undulations u of the active Helfrich-
Hurault instability.



cuss later in the paper.

We now show how we obtain these results. A pattern-
formation framework [33] offers a foolproof approach to
the construction of the hydrodynamic equations for ac-
tive cholesterics, equivalent to the traditional route [7, 8]
starting with the equations of motion for an orientation
field and eliminating the fast degrees of freedom. Ac-
cordingly, we begin by extending [34, 35] to define active
model H*: the coupled dynamics of a pseudoscalar den-
sity ¢ governed by a conservation law Oyp = —V - J
and a momentum density pv whose dynamics in the
Stokesian regime is governed by V - o = 0, with cur-
rent J = ¢Yv — MVu+ J, + J. and stress tensor o =
—n[Vv + (Vv)T] + oy + pl — 0. — 0,, where subscripts
a and ¢ denote achiral active and chiral contributions
respectively. Here M is a mobility, p = §F/0¢ is a
chemical potential expressed in terms of a free-energy
functional F[4], n is a viscosity, the passive force den-
sity =V - oy = =9V is the Onsager counterpart to ¢v
[36], and the pressure p imposes overall incompressibility
V-v=0 J, = MVYV23 + XV (Ve))? as familiar
from active models B and H [34, 35, 37-40]. In what
follows we ignore the chiral currents J., whose effects on
the dynamics of layered states arise at sub-leading order
in wavenumber [41]. The achiral active stress [34, 35], in
both two and three dimensions, is o, = (g V1)V while
the chiral active stress is

(0c)ij = Z:01(€:kOkVOIY), d = 3;
Oc = 665 . V’(/)Vwa d= 2a (1)

where d = 2 corresponds to a thin film of 3D chiral
material with a distinguished normal taken to be along
N = +y, thus inheriting uniquely the two-dimensional
antisymmetric tensor € with components €;; = €;,; Np.
Though here written as an antisymmetric stress (o.)i;
can be given in an equivalent symmetric form and is al-
lowed in momentum-conserving systems [31, 41-43].

A Swift-Hohenberg free-energy functional F [41, 44|
allows model H* to describe the dynamics of spatially
modulated states 1) = 1¥g+11 where ¥, with zero spatial
average, represents a modulation with wavelength 27 /g
about a uniform background vy. We consider the dynam-
ics about a steady state with a one-dimensional spatial
modulation, 1 = (e’ 4+ e7?), with ¢ = g,(z — u),
describing a periodic array of parallel lines or planes of
constant phase, in d = 2 or 3 respectively, with nor-
mal along z, with small fluctuations u(r,t). We begin
with d = 3. Defining the scaled phase-gradient vector,
which is parallel to the normal of the fluctuating layers,
asn =V¢/qs =2z — Vu(z,y, z,t) we obtain the dynam-
ical equation of the displacement field of the layers from
their mean positions [41]:

0 F[u)
du 2)

Ou=v-n+An-VE+AV-n(1-2E)-T,
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where A; = 721/)(1)2(]?(/\1 +2A2) and Ay = 21/)?2 g2\, are ac-
tive, achiral permeative terms, the final term is passive
permeation with I', = —M¢q?, and E = d,u—(1/2)(Vu)?
is the covariant strain. Finally, Fu] = (1/2) [[BE? +
K(V?u)?] is the rotation-invariant free energy [3, 45]
which would have controlled the relaxational dynamics
of the cholesteric state in the absence of activity with B
being the layer-compression modulus and K being the
bending rigidity of the layers which can be expressed in
terms of the coeflicients in the Swift-Hohenberg free en-
ergy [41]. Force balance for our system takes the form

O F[u]
ou

nVQUi =n, + O;p + 8j [C’LUZJ + anl(eijkwkl)] (3)
where w;; encodes the active stresses from (1) and pre-
ceding. To linear order in displacements, with 1 de-
noting directions transverse to z, w,, = w,, = V u,
w,, = 20,u and all other components are 0, {( =
1/)?2 @l 2e = w?z ¢z, and the pressure p enforces three-
dimensional incompressibility V - v = 0. The term pro-
portional to z. in (3) is the chiral active force density. It
is the curl of the vector J;wy; and is therefore divergence-
free. Expressed as a vector this chiral active force density
is —2.2 x V1 (V3u + 9,,u) and is directed (primarily)
tangentially to contours of constant mean curvature of
the layer undulation, driving the vortical flow shown in
Fig. 1. Like odd elasticity, the z.-term in (3) is a parity-
breaking stress in response to layer displacements. Unlike
the odd elastic force density of two-dimensional chiral ac-
tive solids [9], which arises from an antisymmetry in the
linear relation between stress and strain, this cholesteric
chiral force density (3) arises even when the strain E = 0.

It might seem that z. does not affect the hydrodynam-
ics of the layered state as it appears at a higher order in
gradients than the achiral active force. Indeed, it does
not affect the linear dynamics of the displacement field at
all: the eigenfrequency for displacement fluctuations to
leading order in wavenumber, obtained by projecting (3)
transverse to the wavevector and solving for the velocity
field yields, is w = —(i/ng*)(Bq2q? — (q? ¢*). Therefore,
as noted in [7, 8|, the dynamics of the displacement field
of cholesterics and smectics are indeed equivalent, with
the layered state having long-range order in three dimen-
sions for ¢ < 0 (unlike their equilibrium counterparts
which only have quasi-long-range order in three dimen-
sions) and being unstable for ¢ > 0. However, the hydro-
dynamics of active cholesterics differs crucially from that
of smectics through the effect of the chiral active force
on the velocity field in the plane of the layers.

The vortical flow caused by the chiral active force
can be used to control and create a vortex lattice state
[46] with a well defined lattice constant in an active
cholesteric system. This hinges on a mapping between
an externally imposed stress and an internal and active
achiral stress. An external stress can be imposed via
a free energy term F.[u] = [ooE, which gives rise



to a force —ogV - (w + El) [41]. As a consequence an
achiral active stress acts identically to an external stress
with 09 = ¢ up to an isotropic piece which can be ab-
sorbed into the pressure in an incompressible system and
the instability of an active layered state for ( > 0 maps
onto the Helfrich-Hurault instability of a passive layered
state under dilative stress [47, 48]. In the externally-
stressed instability a square lattice undulated pattern
U = Ug COS ¢px COS ¢pY (an egg-crate-like structure) is re-
alised [49, 50] and because of this mapping, the same
pattern should be realised beyond the achiral active in-
stability as well. Due to the chiral active force x z.,
the egg-crate-like undulation leads to an in-plane vortic-
ity Q, o (chguo/n) COS ¢pT COS gpY, arising spontaneously
from the active instability. This is the vortex lattice de-
picted in Fig. 1.

The correspondence between an external stress and
the active achiral stress allows for a quantitative mea-
surement of the activity. The critical threshold for a
layered state of finite extent d in the z direction is
¢+ o0 = (2r/d)VBK, with the instability setting in
at wavevector g, ~ (m2B/4d*K)'/*. When ( is nega-
tive the layered state is stable to the activity and a di-
latative external stress, og > 0, can be applied till the
Helfrich-Hurault instability sets in [51]. This measures
the active stress: ¢ = (2n/d)vVBK —o§". Conversely, for
¢ > 0 the smallest |og| that suppresses the spontaneous
Helfrich-Hurault instability, of" yields the active stress:
¢ =lo§"|+ (2n/d)vBK from which we can calculate the
achiral active stress strength from the knowledge of the
bulk and the bending modulus. The magnitude of the
vorticity is o< z./n. The chiral active force should scale
as z. ~ (€ where ¢ is the length of an elementary active
unit (both ¢ and z. are also likely to be functions of the
concentration of the active units). Therefore, in princi-
ple, we can estimate both the chiral and achiral active
stress if an active cholesteric is prepared using living lig-
uid crystals [52], which can be engineered, for instance,
by suffusing a passive cholesteric with bacteria, and ob-
tain a vortex lattice state with a lattice constant deter-
mined by the physics governing passive Helfrich-Hurault
instability in an external field [47, 50].

We now turn to a two-dimensional layered state — an
array of lines in the z — z plane with normals on av-
erage along z — in a chiral, internally driven fluid. As
in the three-dimensional cholesteric state, we obtain the
coupled dynamics of the displacement and velocity field
equations to leading order in gradients: d;u = v, and

oF
nVv =12 &[Lu] +Vp+ V- (Cw— (£ w) (4)
where, to linear order in u, w,, = —wg, = J,u and

Weg = Wy, = Ozu, = (¢?QS)2CH and (. = _(¢?QS)2§C
[41]. In (4), the chiral active force o< (. appears at the
same order in gradients as the achiral active force, un-
like in three-dimensional cholesterics. Further, again un-
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FIG. 2. Active instabilities in two-dimensional layered states.
(a) Instability arising from the chiral active force ((., here
positive). The layers are indicated by dark red lines, while
the linear flow field at instability overlaid (blue arrows). The
thick black lines indicate confining walls, which create a finite
threshold for the instability. (b) Instability arising from the
achiral active force (¢) for comparison; same stylings.

like in three-dimensional cholesterics, it will be shown
to affect the displacement field dynamics at linear order.
In fact, the term oc (. is fundamentally distinct from
the force < z. in (3); it is not obtained by averaging
a thin z — z slice of a three-dimensional cholesteric. It
leads to a chiral active force along the layers in response
to both curvature and compression of the layers i.e., a
pure z deformation leads to a force along y, in a direc-
tion determined by the sign of (., which is only possible
since the film has a distinguished normal, breaking three-
dimensional rotation invariance, and the layered state
breaks rotation (and translation) invariance in the plane
of the film. This effect is related to the odd elasticity
[9] of chiral active solids, but is odder still. A smectic
breaks translation invariance only along one direction, so
the (linearised) strain is simply [8 39 ] Ordinary odd
elasticity would create a stress o [8 06“] acting along the
layers of the smectic in a direction where there is no elas-
tic mode. Instead, the chiral activity (. produces both a
simple shear stress o, = 0., = —(.0,u in response to
strain and also a pure shear stress o,, = —0,, = —(.0,u
in response to tilt. The chiral active stress implies that
a localised compression of the layer spacing produces a
shear flow parallel to the layers.

We now demonstrate that a periodic array of lines in
a two-dimensional film is generically destabilised due to
the chiral active force. Eliminating the pressure using
the incompressibility constraint in (4), solving for the
velocity field and writing the wavevector q = (¢, ¢q.) =
q(sinfy, cosf,) where 6, is the angle between the layer
normal and the wavevector, we obtain the eigenfrequency

to O(q")

W= 74i (Bsin® 20, — 4¢sin® 0, — 2(.sin20,) + O(¢?).

n
(5)
This implies an instability of the layered state for
wavevector direction @, just above (just below) zero for
¢. > 0 (< 0). This generic chiral instability for either sign



of (. is distinct from the spontaneous Helfrich-Hurault
[3] instability of active smectics or cholesterics, which is
achiral, arises for positive ¢ [7, 8], and grows fastest at
0, ~ /2. Eq. (5) implies that in a system confined at a
scale d along % so that the smallest g, ~ 1/d, the mini-
mum value of the chiral active stress for which the layered
state is unstable ~ 1/d. Further, this instability requires
both momentum conservation and incompressibility. It is
eliminated if the film is supported on a substrate which
would add a wavevector-independent damping —I'v to
(4). The eigenfrequency for the displacement fluctua-
tions then vanishes at small ¢ as O(q?), and permeative
[3] terms VVu in the displacement equation, subdomi-
nant for a free-standing film, now enter at the same order
in gradients. Of these, terms oc 9%u are crucial, while
others can be absorbed into redefinitions of ¢ and (.).
The resulting eigenfrequency is

iq2 .2 2 .2 .
- (B sin® 20, + B cos” 0, — 4( sin” 8, — 2(. sin 20q)

(6)

where B is the coefficient of the 9?u permeative term
multiplied by the friction coefficient, and the instability
now occurs only if |(.| > (B/2) + B/2 — ¢, for directions
0, ~ m/4. Compressibility, as in a film bounded by bulk
fluid, at large enough scales [53], is also stabilizing [54].
A detailed solution [41] of the tangent-plane velocity in
this case leads to the eigenfrequency for the displacement
field

w =

(7)
Equation (7) yields an instability if |(.| > [(B/2) — (]/8,
for 6, = /4 irrespective of the sign of (.. We expand on
this in [41]. While a free-standing film with a generically
unstable chiral layered state may be difficult to access ex-
perimentally, films supported on a substrate or immersed
in a bulk fluid can be engineered and the instability as
in (6) and (7) may be observed.

In this paper we have developed the hydrodynamic the-
ory of active chiral, layered states in two and three di-
mensions and demonstrated that the combination of in-
ternal drive and broken-parity qualitatively modifies the
dynamics and stability of these phases unlike in their
equilibrium counterparts. We conclude with a brief dis-
cussion of proposals for experimental realisations, appli-
cations and possible extensions. A three-dimensional ac-
tive or living cholesteric can be constructed by releasing
swimming bacteria into passive biocompatible cholesteric
liquid crystals, yielding a system which should display
the vortex-lattice state we predict. Similarly, introducing
passive chiral particles in an active but achiral fluid also
leads to the chiral active forces discussed in our work,
allowing for the realisation of a wide range of artificial
active cholesteric materials. Furthermore, multiple bio-
logical systems display cholesteric organisation, the most

spectacular of which is DNA in chromatin [55], which
in vivo may be affected by DNA polymerases leading to
chiral active forces of the form that we describe here.

In addition to free surfaces or interfaces of three-
dimensional materials, there are numerous possibilities
for realising a two-dimensional cholesteric phase. For
instance, via the melting of a chiral version [9] of
anisotropic active solids [23] along one direction in anal-
ogy with the emergence of (achiral) smectic phases due
to an anisotropic dislocation-mediated melting of two-
dimensional crystals in which dislocations unbind along
one direction [56-61] (see [62] for a description of dislo-
cations in chiral active solids). Two-dimensional layered
states are also observed in active nematic fluids both in
experiments on motor-microtubule gels [63-65] and sim-
ulations [66] and since these gels are known to be chiral
[67], the physics we describe for two-dimensional, chiral
layered states may be observable there. Chirality has
been shown to be important in epithelial cell layers [30]
and a density modulated phase in these systems will lead
to another realisation of two dimensional cholesterics.
Non-mutual, two-species Cahn-Hilliard models [68, 69]
also spontaneously form banded phases and chiral vari-
ants of these models would lead to two-dimensional
chiral layered states. Finally, two-dimensional smectic
phases in parity-broken systems are also possible in two-
dimensional electron gases [70] and, when they are irradi-
ated by microwave radiation [71], may have a dynamics
equivalent to the one described here. Therefore, there
are abundant possibilities for creating two- and three-
dimensional active cholesteric states.
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In this supplement we present the detailed calculations corresponding to the results in the main
text. In Sec. I we discuss active theories of conserved and non-conserved chiral, scalar order
parameters in momentum-conserved system. We discuss the conserved order parameter case in
Sec. TA, first in two dimensions in Sec. IA1 and then in three in Sec. IA2. Then, in Sec. 1B,
we discuss the theory of a chiral, scalar non-conserved order parameter in a momentum conserved
fluid, again, first in two dimensions in Sec. IB1 and then in three in Sec. IB2. In Sec. II we
use a free-energy of the Swift-Hohenberg form to obtain the hydrodynamic equations for layered
states in two and three dimensions. We first consider it in a two-dimensional system in Sec. IT A
and obtain the hydrodynamic equations first starting from the conserved model in Sec. II A1 and
then from the non-conserved model in Sec. ITA2. We then consider a three-dimensional system
in Sec. IIB again first starting from the conserved order parameter in Sec. IIB1 and then from
the non-conserved order parameter model in Sec. IIB2. Then in Sec. III we demonstrate that the
effect of the achiral active stress in a layered state can be compensated by an external stress. In Sec.
IV we show that various distinct ways of introducing activity in a layered system are equivalent to
the theory we construct. In Sec. V we consider the linear theory of chiral, layered states in two
dimensions in Sec. V A ans in three dimensions in Sec. V B. Finally, in Sec. VI we demonstrate that
a three-dimensional chiral layered state can be used to controllably generate vortex lattice phases.

I. ACTIVE CHIRAL, SCALAR FIELDS IN MOMENTUM CONSERVED SYSTEMS

In this section, we construct the generic hydrodynamic theories of a conserved and non-conserved scalar order
parameter field in a chiral, momentum-conserved system. We start with the conserved case and then proceed to the
non-conserved one.

A. Conserved order parameter: Active model H*

For a conserved order parameter, our theory is an extension of the active model H (itself an extension of model
H in the classification of [S1] to active systems) [S2, S3] to include chirality and we dub it active model H*. Like
the usual model H, this will be characterised by a conserved density or order parameter field and an incompressible
velocity field. Just as model H describes binary phase separation in passive systems, active model H* may describe
binary phase separation in active, homochiral systems. We will construct two distinct variants of this model. For the
first variant, we consider a two-dimensional chiral suspension with a distinguished normal direction — i.e., a film that
breaks up-down symmetry. For the second variant we consider a three-dimensional momentum-conserved system.

1. Two-dimensional film

We first consider a suspended thin-film of chiral, active particles in a fluid which breaks up-down symmetry, i.e., has
a distinguished normal direction N which we take to be along the y direction. We further define a two-dimensional
antisymmetric tensor €;; = €1, Ny (i.e., €2, = 1 and €., = —1 and other components are 0). With these definitions,
the equation of motion for the two-dimensional concentration or conserved order parameter field of the chiral, active
particles ¥(r,t), where r = (z, 2), is

M}:_v-(¢v)+Mv25F7M+v-Ja+V-JC+§¢, (S1)

oy

where V = 0,X 4+ 0.z denotes the two-dimensional gradient, J, contains active achiral currents also present in active
model H and active model B [S2-S6], J. contains active and passive chiral currents, F[¢] is a phenomenological
free energy which would have governed the relaxation to the equilibrium state in the absence of activity and & is



a conserving, Gaussian white noise with the correlation (£, (r, )&, (x',t')) = —2DV2§(r — 1’)d(t — t'). The active,
achiral currents are

Jo = MYV (V) + X YV (Vh)?. (52)
To lowest order in gradients, the chiral current is
J. = w, bV (e : VV) + w1 V3e - Vi + warpe - V(Vh)2. (S3)

The first term is a chiral, reactive coupling to the velocity field which can exist even in passive momentum-conserved
systems. The second and third are chiral and active density currents which may be present even in active model B*.
The equation of motion for the two-dimensional in-plane Stokesian velocity field is

Vv = w‘”;y +Vp =V [(Cal+Cee) - (Vo)™ + wu(e - V)V - [wég[;“] + &, (S4)

where the superscript ST denotes symmetrisation and trace-removal, | is the two-dimensional identity tensor, p is
the pressure enforcing the incompressibility constraint V - v = 0, (g is the coefficient of the achiral active force
[S3, S7, S8], (. is the coefficient of a chiral active force whose form is similar to the ones in [S9-S12] and &, is a
conserving Gaussian white noise with the correlation (&, (r,t)€,(x',t")) = —21D,V25(r — r')5(t — t'). In the passive
limit, the noise strengths must satisfy the relation D/M = D, /5. The active forces with the coefficients ( and (. are
the only ones allowed at this order in gradients and fields. Eqs. (S1) and (S4) are the general dynamical equations for
active model H* in a two-dimensional up-down symmetry-broken film. Only the form of the free energy F[¢] needs to
be specified to complete the description. There is no explicitly chiral term in the free energy up to very high orders in
gradients and fields (the first explicitly chiral term contains nine gradients). Therefore, if we wish to describe classic
liquid-gas phase separation, a standard ¢* free energy is sufficient. In this paper we are concerned not with binary
phase separation but one-dimensional periodic states for which we will use a standard Swift-Hohenberg free energy
[S13-S15].

2. Three-dimensional systems

We now consider a bulk, three-dimensional system with three-dimensional density ¢(r,t) and velocity v(r,t) fields
where r = (x,y, z). The dynamical equation for

3t¢=—v(¢V)+MV26}(;[;M+VJ(1+VJL+E¢’ (85)

with (€4 (r, )&y (r', ') = —2DV25(r —r')8(t — t'), V being the three-dimensional gradient operator and
Jo = MY VYV + AtV (V)2 (S6)
having the same form as the two-dimensional model but the chiral current is fundamentally modified:
J. = Q, V3V x v). (S7)

This is a chiral coupling to the velocity also allowed in passive chiral systems and was discussed in [S16] (the other
chiral current discussed in [S16] is nonlinear in the velocity field and we don’t consider it in this paper). Note that
unlike in the two-dimensional films, here we have not introduced a chiral density current. The first such current
appears at sixth order in gradients. Finally, the constitutive equation for the Stokesian velocity field is

V20, = wal-(sg;p] + 0ip = 0;[C 001 + Ze0i (€1jp O Or)] — Queijp ;010 [w’“ 5?1[/)1#]

where (&, (r,t)&,, (x',t')) = —26;;D,V?6(r — r')6(t — ') and p is the pressure that enforces the three-dimensional
incompressibility constraint V - v = 0. In equilibrium, in addition to all active terms being 0, D/M = D,,/n. Unlike
in a two-dimensional film, the chiral active force, with the coefficient Z., appears at a higher order in gradients than
the achiral active force. This force has a form similar to the one used in theories of three-dimensional chiral nematic
[S17-S20] and the velocity field resulting from it can be shown to be divergence-free. Though this stress superficially
seems to be antisymmetric, it is allowed in angular momentum-conserved systems; in fact, an equivalent (up to a

] fe  (S®)



Belinfante-Rosenfeld tensor) explicitly symmetric stress can be constructed [S20, S21] which yields the same velocity
field:

Zc01(€ik Ok OIY) = Zc[€unO1(Ok0;¢) + €110, (0x0i0)]. (S9)

This completes the dynamics of three-dimensional active model H*. As in the two-dimensional case, the free energy
F[¢] may have a simple ¢* form if we use these equations to describe liquid-gas phase separation of chiral mesogens.
In this paper, however, we concentrate on layered states.

B. Non-conserved order parameter

We now construct the dynamics of a non-conserved scalar order parameter in chiral, momentum conserved systems.
As in the conserved case, we first discuss a two-dimensional film with broken up-down symmetry and then a bulk,
three-dimensional system and again use a Swift-Hohenberg free energy.

1. Two-dimensional film

We consider a suspended thin-film of chiral, active particles in a fluid which breaks up-down symmetry, i.e. has
a distinguished normal direction N = y. We define a two-dimensional antisymmetric tensor €;; = €;;,N;. With
these definitions, the equation of motion for the two-dimensional non-conserved order parameter field m(r,t), where
r = (z,2),is

Hm +v-Vm = w,1 V(e : VV) + wpaVm - V(e : Vv) + w1 V(V2m) - e - Vm + waVim - € - V(Vm)? + A\ (Vm)?

+ X V2m(Vm)? 4+ X\3Vm - V(Vm)? + \ymV23(Vm)? + Asm(V2m)? + \gmVm - V(VZm) — rm(”;iq[:] + &, (S10)
where V = 0,% + 0,2, v(r,t) is the two-dimensional velocity field and &,,(r,t) is a non-conserving, Gaussian white
noise with the correlation (&, (r, )& (', t')) = 2D,,0(r —1')d(t —t'). The coefficients w1, wy2, w1, we and A1 can all
be functions of m. The first two terms are reactive couplings to the velocity field which are allowed in passive chiral
systems as well. The terms with the coefficients wy, we and A; in (S10) are active. We now display the equation of
motion for the two-dimensional, in-plane Stokesian velocity field:

092 = ~(Im) 2 P 9=V G+ - (mTmp 4 (e 9) |92 (o S ) < 9 {un(om) 2 v,
(S11)

where the superscript ST denotes symmetrisation and trace-removal, | is the two-dimensional identity tensor, p is
the pressure enforcing the incompressibility constraint V - v = 0, (g is the coefficient of the achiral active force
[S3, S7, S8], (. is the coefficient of a chiral active force whose form is similar to the ones in [S9-S12] and &, is a
conserving Gaussian white noise with the correlation (&, (r,t)€,(r',t")) = —21D,V25(r — r’')5(t — t'). In the passive
limit, the noise strengths must satisfy the relation D,,/T,, = D,/n. The active forces with the coefficients (z and (.
which are equivalent to the ones in (S4) are the only ones allowed at this order in gradients and fields even though m
is a non-conserved field. Egs. (S10) and (S11) describe the dynamics of a non-conserved order parameter in a chiral,
momentum conserved active system along with a definition for F[m]. To account for phase transition between a state
with m = 0 and m # 0, one would need to use a ¢* free energy. In this paper, we study a distinct question — the fate
of a layered state given (S10) and (S11) and for that, we will use a free energy of the Swift-Hohenberg form [S15].

2. Three-dimensional systems

We now consider a bulk, three-dimensional system with a three-dimensional non-conserved order parameter m(r,t)
and velocity field v(r,t) where r = (z,y, 2z). The dynamical equation for m is

om+v-Vm = Q,Vm - V3V x v) + A (Vm)? + X V2m(Vm)? + AsVm - V(Vm)?

+ AmV2(Vm)? + Asm(V2m)? + AgmVm - V(V2m) — rm%r[;”] +&m. (S12)



Here, V is the three-dimensional gradient operator, v(r,t) is the three-dimensional velocity field and and &,,(r, ) is
a non-conserving, Gaussian white noise with the correlation (&, (r, )&, (r',t')) = 2D,,,6(r — r')d(t — t’). We have not
included a chiral term involving only the gradients of m which appears at higher order in gradients. The first term of
the R.H.S. of (S12) is allowed even in passive systems while the terms with the coefficients \; are purely active and
the final term is the passive relaxation. The equation of motion for the velocity field is
0F[m OFm

’17V2’UZ‘ = —(&m)% + 61'}7 — Bj . [CH(almajm) + anl(eijkakmalm)] + 8j |:€ijkalal (Qvakm&[n])] + £vi7 (813)
where (&, (r,t)&,, (x',t')) = —26;;D,V?6(r —r')6(t — ') and p is the pressure that enforces the three-dimensional
incompressibility constraint V - v = 0. In equilibrium, in addition to all active terms being 0, D,,/T",, = D,,/n. This
completes the description of a chiral non-conserved order parameter in a momentum conserved system.

II. LAYERED STATES

In this section, we will consider layered states of both systems with conserved and non-conserved order parameters
and derive their dynamical equations. We will first consider a layered state in a two-dimensional film and then in a
three-dimensional system.

A. Layered states in a two-dimensional film

We will start with the dynamics described in Sections IA1 and IB1 and derive the dynamical equations for a
layered state — a positionally ordered array of lines — in two dimensions. We will first discuss this for the case of a
conserved order parameter (Sec. IA 1) and then a non-conserved order parameter (Sec. IB1). As expected, we will
demonstrate that in both cases, the hydrodynamic theory we derive for the layered state will be the same.

1. Two-dimensional layered state in a system with a conserved order parameter

We consider a layered state that can arise in a two-dimensional film that break up-down symmetry, with a chiral,
conserved composition variable and derive its equation of motion starting from (S1) and (S4). We will consider the
effect of activity on a layered state of the composition field i) that may be realised in the absence of activity, i.e, when
A1, A2, wi, wa, ¢ and . in (S2), (S3) and (S4) are set to 0. The composition field 1) may have mean value ¢ about
which it has a periodic spatial modulation 91 (r) i.e, ¥ = ¥y + ¥1. The periodically modulated steady-state has no
flow and minimises the standard Swift-Hohenberg free energy i.e., F[¢)]/d¢ = 0 for

Flo] = Flonl+ 3 [ de [ -262(Fn + (P + S + S (s14

with ¢! being the periodicity of the layered state which is reached when the homogeneous state is destabilised for
a < 0. Without any loss of generality, we assume that periodic modulation of v is along Z i.e., 1 forms a state with
a uniformly spaced array of lines whose normals are along z. This implies that the steady state v, is

e O (S15)

where the amplitude ¥) = \/|a|/3 and the phase is ¢g = gsz. We now consider the hydrodynamic fluctuations of 1
about this passive steady-state in the presence of active forces. The fluctuations of the amplitude of 1, are massive
and relax to ¥ in a finite timescale. However, the phase fluctuations are hydrodynamic. We therefore take

¢ = o — QSu(xv Zat) = QS[Z - u(z, th)] (816)

where u is the Goldstone mode of the the broken translational symmetry and denotes the displacement of the periodic
array of layers from their steady state positions. Inserting

Y1 = PP’ + 7] (S17)

into (S14) we obtain a free energy purely in terms of u

Fy] = Flo] +27( ?QE)Z/ [{0:u — (1/2)(Vu)*}? + p*(V?u)?] (S18)
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where p oc g5t [S22]. We now define B = (4¢2¢9)?Y and K = (4¢%¢?11)?Y to obtain the standard free energy for a

layered state:
Flul = |

The first term in the free energy is the compression modulus and involves the covariant strain

g <8zu— (v;) ) + I;(V%)Q] . (S19)

E = <8zu - (v;)2> . (S20)

We now construct a dynamical equation for u from (S1) and write the velocity equation from (S4) in terms of u. The
phase gradient, which is along the normal to the layers, is gsn = V¢ (note that n is not a unit vector unlike in [S23]).
The time evolution of i reduces to

o) = —ip%q, (e — e )0 u. (S21)
The velocity coupling from (S3) V - [w,V (e : Vv)] yields a term
iw e’ — eV - V(e : Vv) = iw,)d¢s[e’® — e “n-V(e: Vv), (S22)
which enters the phase equation. Similarly, the achiral active terms (S2) also contribute to the phase equation:
iMIM[V - {pVpV2e}] = —ip? A\ V- V(Ve)2[el — ) = 2ip? g\ n - VE[e'® — e7i9] (S23)
and

NIV {V(V)?}] = =it N[V V (V)2 +2V2(V)?][e™ —e ™) = 20 g2 Ao VE—V-n(1-2E)] [ — ™).

(S24)
The chiral active term, woV - [the - V(V))?] = wae;;0;10;(9119y1b) has a term SiOJQZ/)?SEi]‘ [€ — e719)0;00;(0,0,0).
Using

810016 = ¢ (81, — D) (81 — Au) = (1 - 2E), (525)
we get
3iwzwgsgij €' —e719)0,00; (0,001 0) = Siwgw?B e —e e, n;0;(1-2E) = —6iw21/1(1)3 @3le"® —e e mi0;E. (S26)
Similarly, treating the achiral currents and putting all of these together, the displacement field equation is

S F[u)
ou

Ou=v-n—x,n-V(E:Vv)+Ain-VE+ AV -n(l —2F) — x(e:nV)E-T, + &y, (S27)

where we have defined y, = w,, A; = —Qw?zqf()\l + X)), Ao = 2w92q§/\2, X = w?zqf(%}l — bws), I, = —Mg? and
(&u(r, )& (r", 1)) = 2D, d(r — r')d(t — t'). We now consider the constitutive equation for the Stokesian velocity field.
For this, we consider the term

(Veve)ST = 200" [VeVo — 1(V6)?/2) = 20 ¢[nn — (1/2)In - ]
= 20" g2 [on + (B — 1/2)1] = 20" ¢2[(2 — Vuu)(2 — V) + HOou — (Vu)? /2 — 1/2}]
2 o (—(1/2) 4 Oyu — (0,u)2/2 + (Oyu)?/2 —(1 - 9,u)0u 2 4
=201 4 ( 12 7(17(82u))3/xu (O (1/2) fazu&(azu)g/zf (8xu)2/2> = ~207 giw. (528)

With this, (S4) becomes

nV3v = naz;iu} +Vp+V-[Cl—C(ee] - w + xo(e- V)V - {nﬂ;gu]] + &, (S29)

where ( = 2¢?2 q*Cg and (. = —21#?2 q*C.. Eqgs. (S27) and (S29) constitute a complete description of a layered state
formed by chiral components in a two-dimensional thin film.



2. Two-dimensional layered state in a system with a non-conserved order parameter

We will demonstrate that (unsurprisingly) the dynamics of a layered state formed by a non-conserved order param-
eter (Sec. IB1) is eactly equivalent to that formed by a conserved order parameter. We will closely follow the path
outlined in the last section and consider the effect of activity on a layered state of the field m in the absence of activity.
We will assume that m has a mean value mg about which it has periodic spatial modulations i.e. m = mg + my. As
in the last section we take the free energy to be

Fm] = Fmg] + g /dr {—zqﬁ(le)Q + (V2mq)? + %(m1)2 + g(ml)‘1 , (S30)

with ¢! being the periodicity of the layered state which is reached when the homogeneous state is destabilised for
a < 0. As earlier, we assume that periodic modulation of m is along z. The steady state m; is

m1|s.s = m(l)[ei¢0 + €7i¢0] (831)
where the amplitude m{ = \/|a|/B8 and the phase is ¢g = gsx. Considering the soft phase fluctuations,
(b = QSO - qsu(ya Z, t) =ds [Z - u(ya 2, t)L (832)

where u is the Goldstone mode of the the broken translational symmetry and denotes the displacement of the periodic
array of layers from their steady state positions, we get

my = mi[e" + e 7). (S33)
Inserting this into (S30) we obtain a free energy purely in terms of u:

Flm] = Flwo] + 2Y (%) / ({0 — (1/2)(Vu)*)? + 12(V2u)?] (534)

where p o< g7 [S22]. We now define B = (4¢2m9)?Y and K = (4¢2m{u)?Y to obtain the standard free energy for a
layered state:

B K
Flu] = / [21«72 + ?(V%)Q . (S35)
Writing the slow time evolution of m as
om = —im{q,[e’? — e ?)0,u, (S36)

and following the arguments of the last section we arrive at the equations of motion of w from (S10) and the constitutive

equation for v, depending on u from (S11):

O F'[u)
ou

Ou=v-n—x,n-V(E:Vv)+Ain-VE+ AV -n(l —2F) — x(e : nV)E -T, + &, (S37)

where x, = wy2, Ay = —2m§ g2 (A3 + 33X+ A6), Az = 2mY q2(—3Xa + A3 + 224 + 205 + A6), X = MY ¢2(2Cmer — 6Cme2)
and I'y, o« I';;,. The velocity field equation is

oF oF
nV2v = n% +Vp+ V- [Cl—C(e] - w+ x,(e- V)V - {n&[ﬁ]] +&,, (S38)
where ( = Qm?2 ¢*Cy and ¢, = 72m(1)2q§§_c. These equations are exactly the same as the ones derived in Sec. ITA1

with the difference being hidden in the relation between the phenomenological coefficients of the layered state and
those introduced in Sec. A1 and IB1.

B. Layered states in three-dimensional systems

In this section, we will start with the dynamics described in Sections IA2 and IB2 and derive the dynamical
equations for a layered state in three dimensions. We will first discuss this for the case of a conserved order parameter
(Sec. TA2) and then a non-conserved order parameter (Sec. IB2). As expected, we will demonstrate that in both
cases, the hydrodynamic theory we derive for the layered state are the same.



1. Three-dimensional layered state in a system with a conserved order parameter

In this section, we consider a layered state that can arise in a three-dimensional system, with a chiral, conserved
composition variable and derive its equation of motion starting from (S5) and (S8). As earlier, we will consider the
effect of activity on a layered state of the composition field i) that may be realised in the absence of activity. The
composition field ¥ may have mean value ¢y about which it has a periodic spatial modulation v (r) i.e, ¥ = g + 11.
The periodically modulated steady-state has no flow and minimises free energy

FlY] = Flibo] + g/dr [—2QE(V¢1)Q + (V1) + %(%)2 + §(¢1)4 ) (S39)

with ¢! being the periodicity of the layered state which is reached when the homogeneous state is destabilised for
a < 0. We take the periodic modulation of ¢ to be along Z i.e., ¥ forms a state with a uniformly spaced array of
layers whose normals are along Z. This implies that the steady state 1, is

P1]s.s = PP[e’?0 + e 7], (S40)

where the amplitude ¥) = \/|a|/B and the phase is ¢g = ¢sz. We now consider the hydrodynamic fluctuations of 1
about this passive steady-state in the presence of active forces. The fluctuations of the amplitude of 1, are massive
and relax to ¥ in a finite timescale. However, the phase fluctuations are hydrodynamic. We therefore take

(b = (bO - CIsU(%ya Z7t> = QS[Z - U(:L‘,y, Z7t)]7 (841)

where u is the Goldstone mode of the the broken translational symmetry and denotes the displacement of the periodic
array of layers from their steady state positions. Inserting

R g (542)
into (S39) we obtain a free energy purely in terms of w,
Fg) = Flon] + 20086)° [ [(0.u— (1/2(VaPP + w2(Tu)?] (543)

where 11 o g5t [S22]. We now define B = (4¢2¢9)?Y and K = (4¢%¢011)?T to obtain the standard free energy for a

layered state
Flul = |

The first term in the free energy is the compression modulus and involves the covariant strain

(Vu)?

e (- ). 15

2 2

B (azu B (VU)2>2 n I;(Vzu)z] _ (S44)

The normal to the layers is ¢;n = V¢ (note that n is not a unit vector unlike in [S23]). The time derivative of ¢
yields

o) = —ip%q,[e' — e )0, u. (546)
We construct a dynamical equation for w from (S5) and write the velocity equation (S8) in terms of u:

S F[u)
ou

Ou=v-n+Cm-[VX(VxVv)+An -VE+ AV -n(l-2E)-T, + &, (S47)
where Cy = — €y, Ay = =200 q2(A1 + A2), Ay = 209" g2\, Ty = —M g2 and (£,(x, )€, (v, 1)) = 2D, 8(x —/)8(t —t').
Using

(0200;) = 209 [9i90;6] = 201 a2 [niny] = 204 ¢2[(8i — D) (8 — D))
, (Opu)? Ozudyu —(1 = 0u)dyu ,
= 21/1? qf Oz udyu (82/“)2 -1~ 8zu)ayu = *2"/)? qng‘j (548)
—(1 = 0,u)0,u —(1 —0u)dyu (1 —d,u)?



we rewrite (S8) as

O F[u]
ou

0F[u]
ou

nV3v; = n; + 0ip + 0j[Cwij + (01 (€ijkwir)] + Cueijr050101 {nk ] + & (549)

where ¢ = 209" ¢2Cy and z. = 209 ¢2%.. Eqs. (S47) and (S49) constitute the complete description of an active, chiral
layered state.

2. Three-dimensional layered state in a system with a non-conserved order parameter

In this section, we consider a layered state that can arise in a three-dimensional system, with a chiral, non-conserved
composition variable and derive its equation of motion starting from (S12) and (S13). As earlier, we will consider
the effect of activity on a layered state of the order parameter field m that may be realised in the absence of activity.
The order parameter field m may have mean value mg about which it has a periodic spatial modulation m;(r) i.e,
m = mg + m1. The periodically modulated steady-state has no flow and minimises free energy

F[m] = F[mo] + g /dr {QqE(le)z + (V2m1)2 + %(m1)2 + g(m1)4 5 (850)

with ¢! being the periodicity of the layered state which is reached when the homogeneous state is destabilised for
a < 0. We assume that periodic modulation of m is along Z i.e., ¥; forms a state with a uniformly spaced array of
layers whose normals are along Z. This implies that the steady state m; is

mils.s = mi[e!?0 4 e 0], (S51)
where the amplitude m{ = \/|a|/3 and the phase is ¢g = ¢s2. Considering the fluctuations

¢ = do — qsu(,y, 2,1) = sz —u(z,y, 2,1)], (S52)

where u is the Goldstone mode of the the broken translational symmetry and denotes the displacement of the periodic
array of layers from their steady state positions, and inserting

my = mi[e'® + e~ (S53)

into (S50) we obtain a free energy purely in terms of w:
Flm] = Flmo] + QT(m?CI?)Q/ [{0au — (1/2)(Vu)*}? + p?(V?u)?] (S54)

where g o< g7! [S22]. We define B = (2¢2m?)?T and K = (2¢2m%u)%Y to obtain the standard free energy for a

layered state:
Pl = [

The normal to the layers is gsn = V¢@. The time derivative of m yields

g@ﬂ“@ff+fwwﬂ/[§ﬁ+fw%f. (555

om = —im¥q,[e’® — e 10, u. (S56)
We now construct a dynamical equation for v from (S12) and the velocity equation from (S13) in terms of w:

O F[u)]

du=v-n+Cm-[VX(Vxv)+An-VE+ A,V -n(l—-2E)-T, 5

+ &us (857)

where C, = —Q,, Ay = —2m% ¢2(As + 3Xs + Ag), Ay = 2mY ¢2(—=3X3 + A3 + 20 4 2X5 + Ag), Ty o T, and

dF[u)
ou

0F u
+ 0ip + 0 [Cwi; + CO(€ijkwri)] + Cu€ii0;0,0; {nk &E ]] + &, (S58)

nV2v; = n;

where ( = 2m(1)2 q*Cy and 2z, = 2m(1)2 q?Z.. As expected, these are exactly the same equations as those obtained in the
last section.



III. EQUIVALENCE OF ACTIVE STRESS AND EXTERNAL STRESS

In this section, we will demonstrate that the influence of the achiral active stress in a layered state in an incom-
pressible system is equivalent to an externally imposed stress. To demonstrate this, we introduce an external stress
through the additional term in the free energy

Flu] — Flu] + F*'[u] = Fu] + / ooE. (S59)

The force in the momentum density equation due to the external stress is,

5Fext
erxt __ A R
SFert OF
Su = —aoéjﬁju = —aoaj(éjz — 8Ju) (861)
This implies that
ext __ . A. — A . _A. — _ . -
i = =5 i = 0w = 000 55 (93 = D) = 0 <881-u) % (aaju)
OF OF OF OF
=y (gara) (330~ (ar0) % (3o 59
Using
oF oF
(aw> v (aw) = —V[0.u — (1/2)(Vu)?] = —-VE, (S63)
we get
E FE

The isotropic part of o¢*!

pressure and

is, of course, unimportant in an incompressible system since it can be absorbed in the

Opu)? O udyu —(1 = 0,u)du
(W> (av) — |  .udu @u)?  —(1—d.u)d,u | . (565)
w u —(1=0,u)0,u —(1—0u)dyu (1 —0,u)?
This is ezactly equivalent to the active stress in (S48). This implies that the active stress in (S49) is indistinguishable
from an external stress, with og = (, up to an irrelevant, isotropic piece. This further implies that all effects of the
achiral active stress in a layered system can be eliminated by exerting an external stress such that o9+ = 0 — such an
externally stressed active layered state would be indistinguishable from a passive layered system without an external
stress.
Exactly the same calculation can be carried out for a two-dimensional layered state. In this case,

ot = —0g [(aavli) (;VEU) + E'} =00 (@u —E%uféju-;ai%uyﬂ 1—-0.u J_r<(182_u(?§7;aﬂz@xw2/2) -+ (566)

This differs from the two-dimensional active stress (w in (S28) by an isotropic piece o« —1/2l, when og = ¢ which is
independent of u. Therefore, in both three and two dimensions, an achiral active stress can be compensated by an
external imposed stress.

Of course, from (S47) and (S49) we find that the free energy enters both in the u equation, with a permeative
coefficient T',, and the velocity equation. Therefore, in passive, externally stressed layered systems, oy also enters
(547) through du —T',o0V2u. There is no obligation for a term o« V2u in the @ equation to have the same
coefficient as the active stress (. Therefore, strictly speaking, the equivalence between an externally stressed layered
state and one with an achiral active stress is only valid for impermeable systems i.e., one in which Ay = A, =T, = 0.
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IV. EQUIVALENCE OF DIFFERENT ACTIVE MODELS FOR LAYERED STATES

In this paper, we have introduced activity via “active” terms in the equations of motion (see, for instance, (S5)
and (S8) in Sec. TA 2 or the corresponding equations in Sec. TA1, IB1, IB2). However, the same energy function
F[¢] appears in both (S5) and (S8). That is neither necessary nor inevitable in active systems. We will now show
that taking two different free energies, Fi[¢] in (S5) and Fa[¢)] (S8) would not have led to any qualitatively new effect
in the layered state. Since we are interested in the phase dynamics, we assume both the free energies have the same
preferred ). We take

Fafin] = 5 [ |—22(9002 + (V)2 + S0t + (567)
and
Fafin] = 52 [ | 2639002 + (V)2 + 507 + S (568)

to be the two free energies. Further, as discussed earlier, the wavevector of the layered pattern in an active system
need not be (and, in general, will not be) the one that would be selected in a passive system. In particular, this means
that the selected wavelength of the pattern

Y = yRle’® + 7], (569)

where ¥ = /|a|/B and ¢y = ¢sz, need not be equal to either q; or ¢o i.e. qs # q1 # g2, in general. Inserting the
form of ¢4 in (S67) and (S68), we obtain

2 — 2
Rl =20 () | [w{azu 2V} + (0 — (1/2)(Vu)’} + u%<v2u>2] (s70)
and

@2 — 2
Falu] = 20(04%)? | ["’qf{azu (2} + {0 — (1/2)(Vu)?)? + u§<v2u>2] . (s71)

S

Writing o1 = 271 (7q.)*(¢7 — ¢3), B1 = 4T1(y0q2)?, K1 = AY1(1q)’i, o2 = 2Y2(4q:)*(a3 — ¢3), B2 =
475 (10q%)?, Ko = 405 (19q%)?u3, these free energies can be written in the form

1
Filu] = / 20\ E + B E? + K (V?u)? (S72)
and
1
Fylu] = 5 / 209F + By E? + Ko (V2u)?, (S73)

The dominant effect of the two free energy picture arises from the effective “excess” stress terms o; and oy. As
discussed in the last section, oo essentially amounts to a shift of the achiral active stress in (S49). Similarly, oy
would induce a permeative term with 8, o I',o1V?u in (S47). Thus, since (S47) already contains active permeative
terms oc V2u, neither o; nor oy leads to any qualitatively new dynamics beyond those captured by (S47) and (S49).
Similarly, since (S47) already contains active permeative terms proportional to n- VE, the difference between B; and
By also doesn’t lead to any qualitatively new effect (beyond a trivial shift of an active permeative coefficient). The
same conclusion can be drawn about the bending free energies. This implies that i. no qualitatively new phenomenon
can be expected if, in addition to the active terms we have introduced, we also allowed for the possibility of distinct
free energies in different equations and ii. though, in general, the ordering wavevector in an active system is different
from its passive counterpart, this difference only leads to a simple shift in the achiral active stress and implies that
our conclusions, obtained by examining the effect of activity on a passive steady-state, is valid more generally.

Now we discuss a second possible distinction between the model we introduce here and other models of active
layered states. In this work, we construct active stresses out of the dyadic V¢V ¢. However, other works on active
layered systems (for instance, [S23, S24]) introduce an active stress proportional to mm where m, distinct from our
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n = (1/gs)V, is the unit normal m = V¢/|V¢|. We now show that this doesn’t lead to any physics unaccounted for
within our treatment. To demonstrate this, we first calculate the form of the “director active stress”:

O'zdjir = (mm = (ﬁ@l¢@¢ = (ﬁ(éw - &u)(éj — 8]’&) ~ C(l + 2E)(6iz — &u)(éj — Oju), (874)

where we have used the relation
IVo|? = ¢Z[(1 — 0.u)* + (Viu)?] = 2 (1 + (Vu)® — 20.u) = ¢Z(1 — 2E), (S75)

and where the last approximate equality in (S74) is for small layer deformations. This demonstrates that at small
deformations, the director form of the active stress leads to an extra term oc 2(E(d;» — O;u)(0;. — Oju). We will
now show that this can be absorbed into a redefinition of the free energy in the velocity equation (but without any
equivalent redefinition in the @ equation, for permeative systems). To demonstrate this, we closely follow (III) to
calculate the stress due to the compressive free energy:

oF OF BE? BE?
elas _ — _ L= P . P . — ..
0;;"*=—-BE <68¢U) <68ju> 5 dij BE(d;, — 0;u)(0; dju) dij- (S76)

Thus, up to the isotropic piece o« BE? /2l which can be absorbed into a redefinition of the pressure, the form of (S76)
is exactly equivalent to the extra term o< 2(E(d;, — 0;u)(d;, — Oju) (for small deformations) that using the director
form of the active stress leads to. This part of the “active stress” can therefore be absorbed into a redefinition of the
compression modulus of the layered sate, but only in the velocity equation. Crucially, therefore, in a layered state
in which permeation is allowed, this amounts to a description with two distinct free energies. However, as discussed
above, such a discussion is not qualitatively distinct from one which starts from (S47) and (S49) — the “different free
energies” can be reconciled with our description with a single free energy via a further shift of an active permeative
coefficient. This implies that, at least for small deformations, our description and one with an active stress o« mm
are equivalent up to a redefinition of phenomenological coefficients.

V. LINEARISED THEORY OF CHIRAL LAYERED STATES

We will now consider the linearised theory of chiral layered states. We will first consider a layered state in a
two-dimensional thin film (see Sec. IT A) and then a three-dimensional layered state (see Sec. IIB). We first consider
a two-dimensional layered state discussed in Sec. ITA

A. Linear theory of two-dimensional, chiral layered states

In this section we will examine the theory of linearised fluctuations about a layered state implied by (S27) and
(529) in Sec. ITA 1 or equivalently, (S37) and (S38) in Sec. I A 2. The linearised equations of motion are

O = v, + X002 (0,0, — Opv,) + Alazu — AoV2u + x0,0,u + I‘uBf)gu — T KViu+¢&,, (S77)
V20, = 0,p — (VU — x02(BO?u — KV*) + £, (S78)

and
V2, = —(BO2u — KV*u) + 0.p + (V?u + x,0,0. (BO*u — KNV*u) + &, (S79)

Before analysing these equations of motion, a few comments are in order. The chiral active stress implies that a
curvature, in addition to exerting a force along the normal to the layers (due to the achiral active force), can also
exert a force transverse to the layers. This crucially requires the breaking of up-down symmetry. The term with
coefficient x, in (S77) implies that a z gradient of the two-dimensional vorticity leads to a translation of the layers.
This is a chiral velocity coupling that is present even in equilibrium. This implies that creating a Poiseuille profile of
the velocity transverse to the layers leads to a motion of the layers. That is, unlike in achiral layered states, a flow
transverse to the layers leads to a drift of the layers in chiral layered states. The chiral, active permeative term with
the coefficient x that tilting a configuration of the layers with a uniform gradient along the layer normal direction
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leads to a drift of the layers. We now embark on an analysis of the linearied dynamics implied by (S77), (S79) and
(S78). Using incompressibility to eliminate the pressure and solve (S79) and (S78) in the Fourier space and inserting
into the Fourier-transformed version of (S77), we obtain to O(q"),

—iwu = T] [{BQZQz (qu + Cc(Iqu)q2}u + Cﬁgvz - QZ(]zgvm]v (S80)

where the noise &, originally in the J,u equation is subdominant to the noise appearing through the coupling to the
velocity field. In the absence of chirality, the achiral active force ¢ leads to an effective layer tension [S23, S24] which
is stabilising when ¢ < 0 and destabilises the layered state when ¢ > 0. However, (S80) implies that the layered state
is unstable for any value of (. — that is, chiral layered state do not exist in two dimensions. To see this more clearly,
we rewrite the dispersion relation implied by (S80):

w= —# (Bq;qw N — chqu> = —% {f sin?(26,) — (sin® 0, — %sin(%'q) , (S81)
where 0, is the angle between z and the wavevector direction. It is then clear that the relaxation rate is negative,
implying an instability for any sign and value of (.: for (. > 0, this instability happens for 6, 2 0 while for ¢. < 0,
the relaxation rate is negative for 6, < 0. Since the chiral layered state is generically unstable at small wavenumbers,
the coefficient of the O(g?) term controls the stability at larger wavevectors and is required to obtain the lengthscale
of the patterned state beyond the generic instability. We therefore expand the equation for u to O(¢?):

qz qgc

1
—iwu = —T{quqx (Cq2 + €eq2q2)q° Yu — p (in + 2By — XoCeqs — Xv(%%:) u

1
- [(FuB + Al)qz + X929 — A2q2] u— W(qggvz - QzQvax)~ (882)

The nonlinear equation of motion of the displacement field, explicitly writing the wavevector index, and retaining
only the lowest order nonlinearities, is

i 2 phkikl 2 klks
Oug + 77? Cekrky +Cky; — B 2 (q—k), — | (ks + Ckoky — 12 (¢ —Fk)e| urtg—k

qz ql

= [77 — B¢ — (@ + Cet:0:)0°} + = (qu + 2Bx.

The variance of the noise in this equation diverges at small ¢ as 1/¢?. This nonlinear equation of motion needs to be
solved, perhaps numerically, for obtaining the steady state in the presence of chirality and activity.

As with the Simha-Ramaswamy instability [S25] however, this instability can be made to acquire a finite threshold
by bounding the system in the y direction. Take ¢, = w/d i.e., consider a layer of width d along the y direction and
consider a non-permeative state with ¢ < 0 for simplicity. Also, assume that y, = 0. In this case, for ¢, < 1/d,

2
(%) —c-c <qu)] (s81)
™ T
which is stable at small g.. Unlike the Simha-Ramaswamy instability of active nematics whose threshold vanishes as
1/d?, the threshold for this instability vanishes as 1/d.
The generic, chiral instability is not eliminated for non-permeative layers even when they are placed in contact
with a substrate which acts as a momentum sink. The results for this case can be obtained by replacing nV? in (S78)

and (S79) by the wavevector-independent friction —I" (and a corresponding non-conserving noise) and yields (without
permeation)

w=——

Ui

, 1 vz — )
—wu = T ( qqu qu Cc%v‘h) U= %v (585)

which is clearly unstable at small wavevectors with a growth rate that now vanishes as ~ ¢?. Note that in (S85),
&,(r,t) is a nonconserving noise (since the momentum density is not a conserved quantity) whose correlator is

- XUchs - XvC%%) + {(FuB + Al)q,z + X429z — A2q2} Ugq-

(983)
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(&, (r, )€, (v, 1)) = 2D,16(r —1')d(t — t'). However, this active chiral instability can be prevented by permeation. In
this case, the equation of motion for w is

. 1 242 2 vz = YzYzxSvzx
—wwu = _f (qugm - (qg - CCquz> Ll [(FuB + Al)‘]i + Xq2qz — A2q2] U= % + Suv (886)

which is not generically unstable (it may, however, be unstable for certain values of the active parameters). When
the active, chiral layered state with permeation is stable, the static structure factor of displacement fluctuations is

Dv(qg/‘f) + D,

2\ _
i) = BB — ¢~ e /a0 + TITCB + A0E T xtote — Aad?)

(S87)

This static structure factor diverges as 1/¢* along all directions of wavevector space. This implies that this phase
has quasi-long-range order in two dimensions. Moreover, in this case, it can be easily checked that there is no
relevant nonlinearity. Therefore, within a pure phase description, permeative two-dimensional chiral layered states on
a substrate can have quasi-long-range order.

A two-dimensional chiral layered state, with an in-plane incompressibility constraint, at the interface of two three-
dimensional momentum conserved fluids is also generically unstable. The calculation for this case is similar to the
one for the Stokesian momentum conserved with the only difference being the form of the mobility: instead of 1/ng?,
it is 1/2n]q| [S26] and the dispersion relation is

. 2 2 .
7 qzqz 2 7’|q| |:B -2 2 CC .
w=— B —(q; — Ceq2qs | = ——— | —sin“(26,) — (sin“ 0, — = sin(26,) | . S88

While unlike a two-dimensional system in which the momentum is completely conserved in the plane, the growth
rate of the instability vanishes linearly with the wavevector in this case, the instability cannot be stabilised by the
permeative terms which appear at subleading order O(¢?) in wavevectors.

The more realistic case with a three-dimensional incompressibility constraint i.e., V- v = 0 where v = (v, vy, v,)
and V = (0;, 0y, 0.) are the three-dimensional velocity field and gradient operator respectively, (but where the pattern
and the active and passive forces are still purely confined to the plane) is more interesting. The force balance equations
in this case are

V20, = 0zp — (V2ud(y) — X002 (BO2u — KV u)6(y) + &ua (589)
nV20, = 0yp + Euy, (S90)

and
V2, = —(B*u — KV*)3(y) + 0.p + CV2ud(y) + x00:0-(BO?u — KNV*u)6(y) + o, (S91)

where 7 is the three-dimensional viscosity (we assume that the fluids are viscosity-matched) and p is the pressure
that enforces the three-dimensional incompressibility constraint. Using the three-dimensional transverse projector to
solve for the velocity field and integrating it over all g,, we obtain the dispersion relation for u to lowest order in
wavevectors:
; 2.2, 4 :

- ' |-B (20:4: +¢:) +C(q? +2¢2) + chqu} = al [—B cos® 0,(1 +sin6,) + ¢(1 +sin6,) + E(C sin(26y)

4nlq| q° B 4n 2

(592)

This is not unstable for 8, — 0. That is, the instability of the two-dimensional Stokesian layered state is eliminated
when the layered state is formed at the interface of two three-dimensional fluids with three-dimensional momentum
conservation and, crucially, three-dimensional fluid incompressibility.

Finally, if we consider a two-dimensional momentum-conserved system beyond the Stokes regime, we have to replace
the nV?2 on the R.H.S. of (S78) and (S79) by inertia —pod;v, and —pod;v. respectively, where pg is the total mass
density field (which is incompressible). This then yields a pair of sound waves with w = %¢(6,)q

w

o(6,) = \/ Bsin® (20,) — ACsin? 6, — 2, sin(26,) (93)

4po
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FIG. S1. The flow field due to the chiral, active force for a distortion of a two-dimensional layered state purely along the normal

direction.

As expected, the sound speed turns imaginary for 6, < 0 when (. < 0 and 6, 2 0 when (. > 0.

It is known that the Simha-Ramaswamy instability of a polar, inertial fluid can be eliminated for sufficiently high
motility [S27]. Can an array of motile lines in a chiral active system also escape the chiral generic instability? If
we consider a layered state which is polar in addition to being chiral, the lines will move in the direction of the
polarisation field, which we take to be slaved to the normal to the layers. In this case, d;u in (S77) should be replaced
by Opu+[0.u— (Vu)?/2] [S28] where 7 is a phenomenological coefficient which carries information about the polarity.
Considering only its linear part, the characteristic equation is then modified to

Bsin?(20,) — 4¢ sin® 0, — 2¢. sin(2
sin“(26,) (11;10 g — 2Ccsin( QQ)qQ:O. (S94)

w? — ywcos O,q —

This has the solution
_1 1 2 a2 .
w=g ycosf, £ 5 ~v2 cos? 0, + Bsin®(20,) — 4¢sin” 0, — 2. sin(26,) | . (S95)
0

It is clear that when ¢ < 0 and (. is sufficiently small, the angular factor under the square root is not negative for
any 6,. Indeed, it is not negative for small 6,, since 2 cos® 6, ~ 7? > 0, thus eliminating the generic instability.
Therefore, inertia always suppresses the instability of polar chiral layered states which would be present in Stokesian
fluids (for a strictly Stokesian fluid, the 7 term would only contribute at subleading order in wavenumbers).

B. Linear theory of three-dimensional, chiral layered states

In this section we will examine the theory of linearised fluctuations about a layered state implied by (S47) and
(S49) in Sec. IIB1 or equivalently, (S57) and (S58) in Sec. IIB2. The linearised equations of motion are

O = v, + C,V*(0yvy — Oyvy) + A102u — Ao V?u + T, (BO2u — KV*u) + &, (S96)
V20, = 0pp + (0,0,u + 2.0,V*u — C,0,V*(BO?u — KV*u) + &y, (S97)
nV20, = yp + (0,0,u — 2.0, V?u + C,0,V*(BO?u — KV*u) + &,, (S98)

and
V2, = —(BO*u — KV*) + 0.p + ((VZ + 0H)u + &, (S99)
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The C,, coupling which is allowed even in passive layered chiral systems, such as cholesterics, implies that the Laplacian
of an in-plane vortical flow leads to motion of the layers. This is in contrast to achiral layered systems, such as smetics
and lamellar phases, in which in-plane flows do not lead to any displacement of layers within the linear theory. This
implies that while the hydrodynamics of passive smectic and cholesteric phases are equivalent to the leading order,
a distinction between them arises at a subleading order. The active permeative terms in (S96) are both achiral and
are, in principle, present even in active smectics [S23]. The only other effect of chirality arises through the chiral
active stress which, unlike in two dimensions, is nominally subdominant to the achiral active stress. However, we will
demonstrate in this section, and in greater detail, in the next one that this nevertheless has important qualitative
consequences. Before embarking on that, we briefly comment on the leading order displacement field dynamics which
is indistinguishable from an achiral layered state. eliminating the pressure using the constraint of incompressiblity
and eliminating the pressure, we obtain the Fourier-transformed equation of motion for the displacement field which,
to the lowest order in wavenumbers is

) 1 q2 q2
—WWu = _77? |:<B Z;_ - qu u— QZ(Q:cgvx + ngvy) + qafvz ) (SIOO)
where ¢2 = qi—l—qg. The layered state is stable only when ¢ < 0. In this case, the static structure factor of displacement
fluctuations is simply
D,
(Jul?) = 5", (S101)
n[Bq? — (g’
which diverges as 1/¢? in all directions of the wavevector space. Therefore, in three-dimensions, chiral, active layered
states, in common with their achiral counterparts, but unlike passive layered states, have long-range order.
We have shown that chirality doesn’t modify the small wavenumber theory of layered states. However, it has a
crucial effect nevertheless. From (S97) and (S98), we see that the chiral active force (which is divergence-free) implies

a vortical flow due to a curvature of the layers. To demonstrate this more clearly, we calculate the z component of
the vorticity field 2, = v, — dyv, from (S97) and (S98):

V3 Q, = —2.V?V3iu+ C,V?*V2 (BO*u — KV*u), (S102)

with V2 = 92 —|—8§, where, as expected, only the chiral active force and the chiral passive coupling to the displacement
field appear. The passive coupling is subdominant to the active one and to lowest order,

Q. ~ f%Viu. (S103)

As advertised earlier, this implies that a curvature of the layers lead to in-plane vortical flows. This is a unique feature
of chiral and active layered states.

VI. BEYOND LINEAR THEORY: SPONTANEOUS VORTEX LATTICE STATES

In the last section we demonstrated that a curvature of layers must, inevitably lead to in-plane vortical flows in chiral,
active layered states in three dimensions. In this section, considering non-permeative layered states for simplicity,
we will demonstrate that the achiral active force can lead to a spontaneous formation of state with periodic layer
undulations in the x — y plane. Then, the effect of the chiral active force would be to create an in-plane vortex lattice
state with counter-rotating fluid vortices. As discussed in the last section, the layered state in an infinite system
is unstable for ¢ > 0. Further, we demonstrated in Sec. III that a state with an active stress ( is equivalent to a
passive layered system under an ezternal stress og = (. Therefore, the threshold-free instability of an active layered
state for ¢ > 0 maps onto the Helfrich-Hurault instability of an externally stressed layered state, the threshold for
which vanishes with the sample size. In this case, when the layered state is destabilised, a square undulated pattern
(an egg-crate-like structure) is realised. Based on the equivalence of external stress and the achiral active stress, we
therefore argue that a similar pattern should be realised beyond the active instability as well. The wavelength of the
undulations have to be g, o 1/(/K. Therefore, a displacement field just beyond the instability of the form

U = U COS gp& COS ¢pY (S104)
leads to an in-plane vorticity pattern in a chiral active system from (S103) of the form

2
Q, x @ cosgp(z + v)]. (S105)
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FIG. S2. The active chiral flow field due to one dimensional undulations in three dimensional layered states

This is the vortex lattice depicted in the main text. Crucially, this vortex lattice state arises spontaneously from the
active instability. In the main text, we discuss how to control the structure of the vortex-lattice using the mapping
between the active and the external stress. The vortex lattice discussed in the main text results from a distortion
of the layered state in a square, egg-crate-like pattern. However, other distortions are possible; for instance, a one-
dimensional undulatory pattern which we take to be along Z. In this case, the vortices will get infinitely stretched
along the y direction. We display the flow field generated in that case in Fig. S2.
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