Manuscript version: Author’s Accepted Manuscript
The version presented in WRAP is the author’s accepted manuscript and may differ from the
published version or Version of Record.

Persistent WRAP URL:
http://wrap.warwick.ac.uk/154991

How to cite:
Please refer to published version for the most recent bibliographic citation information.

Copyright and reuse:
The Warwick Research Archive Portal (WRAP) makes this work by researchers of the
University of Warwick available open access under the following conditions.

Copyright © and all moral rights to the version of the paper presented here belong to the
individual author(s) and/or other copyright owners. To the extent reasonable and
practicable the material made available in WRAP has been checked for eligibility before
being made available.

Copies of full items can be used for personal research or study, educational, or not-for-profit
purposes without prior permission or charge. Provided that the authors, title and full
bibliographic details are credited, a hyperlink and/or URL is given for the original metadata
page and the content is not changed in any way.

Publisher’s statement:
Please refer to the repository item page, publisher’s statement section, for further

information.

For more information, please contact the WRAP Team at: wrap@warwick.ac.uk.

warwick.ac.uk/lib-publications


http://go.warwick.ac.uk/lib-publications
http://go.warwick.ac.uk/lib-publications
http://wrap.warwick.ac.uk/154991
mailto:wrap@warwick.ac.uk

In-sample Asymptotics and Across-sample
Efficiency (Gains for High Frequency Data

Statistics”

Eric Ghysels! Per Mykland' Eric Renault}

June 8, 2021

Abstract

We revisit in-sample asymptotic analysis extensively used in the realized volatility litera-
ture. We show that there are gains to be made in estimating current realized volatility from
considering realizations in prior periods. The weighting schemes also relate to Kalman-Bucy
filters, although our approach is non-Gaussian and model-free. We derive theoretical results for
a broad class of processes pertaining to volatility, higher moments and leverage. The paper also

contains a Monte Carlo simulation study showing the benefits of across-sample combinations.
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1 Introduction

Substantial progress has been made on in-sample asymptotics, against the backdrop of
increasingly available high frequency financial data. The asymptotic analysis pertains to
statistics based on samples over finite intervals involving data observed at ever increasing
frequency. The prime example is measures of increments in quadratic variation, see Jacod
(1994), Jacod (1996) and Barndorff-Nielsen and Shephard (2002b) as well as the survey by
Barndorff-Nielsen and Shephard (2007) and monographs by Jacod and Protter (2012), Myk-
land and Zhang (2012) and Ait-Sahalia and Jacod (2014).! The empirical measures attempt
to capture volatility of financial markets, including possibly jumps. Moreover, a richly devel-
oped mathematical theory of semi-martingale stochastic processes provides the theoretical
underpinning for measuring volatility in the context of arbitrage-free asset pricing models

based on frictionless financial markets.

The aforementioned literature of measuring volatility has been the motivation for a now
standard two-step modeling approach. The first step consists of measuring past realizations
of volatility accurately over non-overlapping intervals - typically daily - and the second is to

build models using the so called realized measures.

While persistence in volatility has been exploited extensively to predict future outcomes,
it has not been exploited to improve upon the measurement of current and past realized
volatility. It is shown in this paper that the in-sample asymptotics can be complemented
with observations in prior intervals, that is in-sample statistics can benefit from across-sample

observations.

While volatility is a lead example, our theory applies to many empirical processes that are
important for financial analysis. First, we can easily extend our analysis to higher moments,
beyond realized variances, such as kurtosis-related quarticity. The latter is used for feasible
asymptotic distribution theory of high frequency data statistics. Since higher moments
are known to be less precisely estimated, our analysis becomes even more relevant with
finitely sampled data. Another prominent example is the estimation of realized betas. Our
simulation results indeed indicate that substantial improvements can be made - more so than

for realized volatility - by exploiting information about beta in prior intervals.

1Other examples include measure of bi-power and power variation as well as other functional transfor-
mations of returns sampled at high frequency (see again Barndorff-Nielsen and Shephard (2007), Jacod and
Protter (2012), Mykland and Zhang (2012) or Ait-Sahalia and Jacod (2014)for relevant references).



We derive conditional filtering schemes, dependent on the path of the volatility process. Our
filtering is therefore time-varying, meaning it is more efficient than unconditional filters, and
most importantly cannot be by-passed or absorbed as part of a fixed parameter prediction
model. Despite being conditional, our filtering scheme remains model-free and is based on
prediction errors, rather than linear combinations of past and present realized volatilities.
The model-free aspect is something our approach shares with Foster and Nelson (1996) and
Andreou and Ghysels (2002). The analysis in this paper is quite similar in spirit to Kalman-
Bucy filtering, with some important differences as we do not deal with a Gaussian system, yet
to remain model-free, use linear projections. Our analysis is also in the spirit of ideas having
to do with forecast combination for nested models, see in particular Clark and McCracken
(2009).

The paper is organized as follows. We start in Section 2 by deriving all our results using
a simple framework. The example is stylized for illustrative purpose - yet turns out to be
surprisingly comprehensive. Section 3 covers the asymptotic theory for a general setting.
Alternative weighting schemes are covered in Section 4. Section 5 reports simulation evi-
dence on the efficiency and forecasting gains in a controlled environment of stylized diffusion
processes and realized betas. Section 6 concludes the paper. Supplementary material is
provided in the Online Appendix. The Online Appendix (a) covers the proof of Proposition
3.1, (b) furnishes additional volatility examples as well as examples beyond volatility, (c)
provides insights on the connection of our analysis with the Kalman filter and (d) discusses

a forecasting example.

2 Derivations with a Simplified yet Comprehensive Ex-

ample

The purpose of this section is to start with a relatively simple example that contains the
core ideas of our analysis. Hence, the example is stylized for illustrative purpose - yet as
we will show later it turns out to be a surprisingly comprehensive example. We start with
a time index ¢, which we think of as daily, or weekly, monthly etc. For simplicity we will
assume a daily process, although the reader can keep in mind that ceteris paribus all the
derivations apply to any level of aggregation. Henceforth, we will use “day” and “period”

t interchangeably, although the former will only be used for convenience. Moreover, while



we consider exclusively equally spaced discrete sampling, one could also think of unequally

spaced data.

Within every period ¢, we consider returns over short equal-length intervals (i.e. intra-daily).

The return denoted as:
Xij = Die(G-1)/n = Pi—j/n (2.1)

where 1/n is the (intra-daily) sampling frequency and p,_(;_1y/» is the log price of a financial
asset at the end of the j* interval of day ¢, with j = 1, ..., n. For example, when dealing
with typical stock market data we will use n = 78 corresponding to a five-minute sampling

frequency. We start with the following assumption about the data generating process:

Assumption 2.1 Within a day (period) t, given a sequence 0'152’]', g =1, ..., n, the return

process in equation (2.1) is distributed independently Gaussian for allj =1, ..., n:
~N< aw). (2.2)

For every period ¢ the parameter of interest is:

n

m:Var(Z = - Z . (2.3)

J=1
and consider the following ML estimators for each ¢ :

n

or, =Y X7 (2.4)

j=1
Then conditional on the volatility path at% ;»J=1,...,n, we have, under Assumption 2.1, the
following properties for the ML estimators: E,[67 ] = o4, Vary[6h,] = (2/n*) Y7 0} =
(2/n)a§]t where ant =1/ny>7 o}, E,['| = E[|0};,Vj] and similarly Var,[-] = Var|-|o7;,Vj].

2.1 Optimal weighting scheme in finite samples

The ML estimator &, , of 7., defined in equation (2.4) is obviously endowed with several
optimal properties, both in finite samples and asymptotically when the number n of intraday

data goes to infinity. However, for a given sample size n, we may revisit the intuition



put forward by Barndorff-Nielsen, Nielsen, Shephard, and Ysusi (2004) that more precise
estimators could be obtained by pooling neighboring time series observations for realized

variances.

It is worth keeping in mind that our goal is to improve upon a conditional MLE &i,t of afm
given the volatility path and, therefore, the pooling issue must also be addressed given the
volatility path. In other words, even if we follow the linear filtering strategy of Barndorff-
Nielsen, Nielsen, Shephard, and Ysusi (2004), we will be looking for an estimator 572%t of
or, that would be an affine function of past and current realized volatilities: &, , = an; +
Ztho bn,t—h&i,tfh where the coefficients ay, ¢, by +—n, h =0, 1, ..., H are possibly functions of
the volatility path. In contrast, the filtering procedures put forward by Barndorff-Nielsen,
Nielsen, Shephard, and Ysusi (2004) only involve constant coefficients. Of course, it would
be an ill-posed problem to search for coefficients that would be arbitrary functions of the
volatility path as an obvious choice would certainly be: a,; = 02, b,;p, =0,Vh=0,1, ...,
H. The challenge is to look for functions a4, by —n, h = 0, 1, ..., H of the volatility path
which would yield feasible estimators of o7, knowing that the various realizations of the
volatility path, using their sample counterparts, leave some room for accuracy improvements
with respect to the naive estimator 6721715. In other words, some kind of shrinkage is called for
with respect to the aforementioned ill-posed problem. In the spirit of forecast combinations,
it is then natural to look for a convex combination of two possible “forecasts”: & ,(w;) =
(1-— wt)&fm + wt&i,t\t—l where only the weight w; would depend on the volatility path while
the alternative forecast &i,tl ., would be a feasible function of past observations (the use of
the index t[t — 1 will be explained shortly). The optimal weight w; ; should then be chosen

such that it minimizes the conditional mean square error of prediction:

wy, = ArgminE,[67(w) — 07 ,]* = Argmin MSE,(w,) (2.5)

_ . ~2 2 ~2 v 2 2
= Arg niltn E, {Un,t —Ont — wt(an,t - O-n,t|t71>} .

. 2 ) =2
Note that since o, , = E,(7,,,), we do not want Ottt

which explains why we index it by ¢|t — 1. To make it feasible, it is then natural to define

to be a forecast of o, | but of o7,

&Zt\t—l as a forecast of 6,2“ based on past return observations z,;, 7 < t,j =1, ..., n.
Many forecasting strategies may be worth considering, including MIDAS regressions to use
past high frequency information to "nowcast” the current realized volatility 672%# While these

relevant extensions would not introduce any specific difficulty for practical implementation,



we will stick, just for the sake of notational simplicity, to a more conventional linear projection

approach for the definition of &2

nt|t—1
H
2 ~2
Optlt—1 = Cn T Z PnhOp t—p (2.6)
h=1
where the coefficients ¢, ¢, h = 1, ..., H are defined as linear regression coefficients of &i,t
on H lagged values:
. -1 . .
P = (punhensu = (Var((a _phcn<n]) ™ Cov (67 )rcnsm, o7,]

H
¢ = (1 - Z%,h) E(62,). (2.7)
h=1
Note that formulas (2.7) implicitly involve a stationarity assumption:

Assumption 2.2 The n-dimensional process (Uzj)lgjgn,t € 7, is weakly stationary.

The above Assumption implies that the estimated process (47 ,),t € Z, is itself weakly
stationary. In particular:
E(‘ﬁ,t) = E(Uzz,t) =0’
Cov [672%157}17 a-r%,t] = COU[O-rQL,t—ha 0-72L,t] = /70<h)7 h>0

2 2
Var(&iﬁt) = Var(oi’t) + ﬁE (0&) =7,(0) + Vo

where Var(o7,) = 7,(0) and E (O’E{L) =V, 4, so that formulas (2.7) can be rewritten:

2
S = Var((og,_ph<n<n] + Voaldy
H
e = (1 - 90"”1) o,
h=1

2

Hence, we are interested in the minimization program (2.5) for the definition (2.6) of o, ;.



A straightforward derivation yields:

Covy |62,,6%, = 52 1,1 Var (62
w:;t _ n,t» Yn, n,t| _ 0’[ mt] . (28)

2
f2 w9 A9 w9
Ly [Jn,t Un,t\t71:| E, [Jn,t T tlt—1

To summarize, our preferred estimator is:

~2 * o * ~2 * w2

O-n,t(wn,t> =(1- wn,t)o-n,t + Wn 1O tft—1 (2.9)
) . . ) o H ~9

where: (i) O jt—1 18 defined by regression on H lagged values: 7, 1 = ¢, + > het POt h

and (ii) optimal weights wj, ; are computed according to (2.8).

2
n,t—h>

h =0, 1,2, ... are serially independent. This explains the second equality in (2.8) and will

It is worth keeping in mind that, given the volatility path, the consecutive estimators &

be repeatedly used in computations below. Note that w; , is in general smaller than the

conditional regression coefficient b, of (67, — o7 ,) on (67, — 72, 1), due to the fact that

the alternative estimator &7 ,, , for o7 , is biased:

)
Var, [On’t}

wn,t = 2 S bn,t

~9 9 w9 2 ~2 0 %2
V(ZTJ Ont — Un,t\tfl} + |:E0'(0-n7t‘t71) “ Ont Var” |:O-Tl7t O-n,t|t—1i|

52
Var, [an’t}

This shrinkage of the coefficients of control variables when they are biased is well-known
in the Monte Carlo literature (see e.g. Glynn and Iglehart (1989)) and easy to understand:
(1) on the one hand, we want to replace our initial estimator o;., = &, ,(0) by 67, ,(wns)
for some positive weight w,; because we think that some variance reduction is allowed by
it‘t_l, while (2) on the other
hand, the price to pay for this variance reduction is the introduction of some bias since our

; : £ 2 2 oy . £2 2 _ H 2 2
alternative estimator &, ,, ; of oy, , is biased: Ey(6;, ;1) - 05y = o+ 24—y PnhOn i — Oy

combining our initial estimator 62, for o2, with another one &

= ZhH:() ‘Pn,h(ai,ph — o), with ¢, o = —1, so that:

H

Ey (65 4(@ne)) = Ony = wnt ) oup(0n e — 0°): (2.10)
h=0

However, the optimal weight wy,, will become arbitrarily close to zero when the bias in

the estimator &2 ,, . is large. Hence, there is little cost to applying our optimal weighting
n,tlt—1



strategy since, if the bias is not as small as one may have hoped, the optimal weight brings
us back to standard MLE. It is actually worth noting that optimal weight wy, , is a decreasing

function of the variation coefficient k, ; of the estimation error (52 fi—1 o2 )

H
Var, [6721,t — 5-721,15\1&—1} = Var, [&i’t} + Var, [672m|t_1} = Var, [&i’t} + Z ¢i’hVarU [(ﬁi_h]
h=1
H
= |1+ Zwi,hvt Var, [&%J ,
h=1

~ A~ . H
whereas: wi,h,t = @i,h[vm’o[Ui,t—h“/varo[ai,t]- Letting %(Lt) = Wn,h,t)lghg]{ :

2
~2 22 22 2
Var, [Un,t O-n,t|t71] + |:E<7(O-n,t\t71) Jn,t]

1
Wy ¢ B Var(,[&%vt]
2
~2 2
gy R =
N .t Vara[&fm]
[Bo62 ) o2 [y~ 20
2 00,71_074 ["J,fl_aﬁt]
= 1+(1+ k?”) ‘ 1/1,(1}?“ where kfm = it I e -

5 = )
(H) N =2 _ 42
Ui || Vars [afm] Varg (0 i1 = s

[1

Through the underlying forecasting problem, parsimony matters. Increasing the number H
of lags in the regression (2.6) may allow to reduce the variation coefficient of the estimation
error of our alternative estimator 612%t|t_1 but will have a cost in terms of increasing the
norm of the vector Lb,(f? of (rescaled) regression coefficients. Note however that the initial
regression coefficients ¢, 5, h = 1,..., H have been rescaled to take into account the fact
that daily variance estimators may have different precisions. As always, the cost of lack
of parsimony will be magnified when it comes to feasible forecasting, that is when substi-

tuting estimators into theoretical formulas. Note that the theoretical gain in conditional

%
n,t

MSE provided by the replacement of &, , by 67 ,(w;, ) is given by: G, (wy,) = Var,[o},] -

n,t

E,[62 (wh,) =02 ,)* = (wi,)*Es [(6% — g2 t|t_1)2] . If we have to use an estimator @}, , of the

theoretically optimal weight wy, , instead of the optimal one, we will modify the quadratic
2 =

= (W;;,t

estimation error by an amount of: (&7 (&) ,) — on > [07 ,(wh,) — 07, — )0,

- 0% i) (62 (@r,) + 02 (wh,) — 202,) . Roughly speaking, the cost of estimation error will
not exceed the benefit in MSE as long as the estimation error (@}, — wy; ;) on the optimal

*

nt Will not exceed the level of this weight. In other words, the improvement pro-

weight w



posed in estimation of ait that we propose in this section will be real insofar as: (1) on the
one hand, the optimal weight wj, , to assign to past information (as conveyed by 5’72%15_1) is not
too small, in particular due to the bias in 7, ;, and (2) on the other hand, the estimation

Ak

error (wy ; — wy ;) on this optimal weight is not too large.

It is of course an empirical issue that will be properly assessed by our simulation study in
section 5. However, in the next subsection, we put forward a set of arguments, based on

asymptotic theory, that may enhance the likelihood of the required property.

2.2 Asymptotic feasibility of the optimal weighting scheme

Following the discussion in the previous subsection, we want to study asymptotic conditions
such that the optimal weight wy, , is not too small and the estimation error on this weight is
not too large, in order to leave room for a possible improvement. We will denote by w;, , 7, t =
1,2,... T, the estimated weights obtained from a time series &721,157t =1—-H,..,1,2,..T of
daily observations. We will consider that the above required conditions (optimal weight w;
not too small and estimation error not too large) may be fulfilled when these quantities are
bounded in probability. In other words, the purpose of this subsection is to provide primitive
assumptions ensuring the conjunction of the two following conditions: (a) 1/w; ;= Op(1),
and (b) |d);kz,t,T - w’;kl,t‘ = Op(1).

It is then worth rewriting the optimal weight as follows:

2
2 |:EU<5-721,t|t—1) - Ui,t}

1 0
1 ‘ ( 9211
Wt B 2 (s Var,[o 721t] ( )
_ a2 nBi.(t)  n[Bi,(t) - B, 1)
= 1|l + . ,
20n,t 20nt

)

where Bp,, and B, n stand respectively for feasible and infeasible bias:

H H
Banlt) — 02— pm? s - (1 3 go) 2
h=1 h=1

~ —1 ~ ~
o = (pnp)icncn = (Var((6 _p)i<n<n])  Cov (62 p)1<n<i, Ory)



while:

H H
Bult) — 02— 3 g0t - (1 S @z,h) ”
h=1 h=1

902(1{) - (902,h)1§h§H = (Var[( Ot h>1<h§H]) Cov [( O i— R)1<h<H) Zt} (2.12)

Note that we use the word " feasible” with some abuse of language since the formula above for
Br,,(t) still entails some unknown parameters that will have to be estimated. However, we

will note later on that this estimation part is stralghtforward. Moreover, standard regularity
Op(1).

Then, we deduce from the decomposition (2.11) that a pair of sufficient conditions for the

conditions will obviously ensure that: ‘
required property 1/wy ; = Op(1) is given by the following. First,

Bra(t) = Bra(t) = =Y (604 — enn)(0ny_p — 0°) = Op(1/v/n). (2.13)
h=1

Second:

Bra(t) = Op(1/v/n). (2.14)

Note that the conjunction of these two conditions implies in particular that:
B (t) — Bi () = (Bra(t) = Bra(t)) (2B1a(t) + Bra(t) — Bra(t)) = Op(1/n).

We know that by definition: ZmHgoT(lH) = Vo (MW))i<h<n, San = D(H) + 2v,41dy, T(H) =

[VCLT( nt h)lghSH}, and F(H)QO%(H) = [’Yo(hﬂlShSH‘ Similarly, fOI' QO(,)L’(H) = (¢9L,h)1ShSH'
Therefore, by difference:

2
F(H) [80( ) <,02(H)} 4+ = V SO(H)_

and hence 7 - oy = (—2/n)veq[l(H)] ! o) = = O(1/n) and by (2.13) the required
bound follows: By a(t) — Bra(t)] < 144" — 200 [ (02, — %),y _p | = Or(1/m).

Regarding the second condition (2.14), let us illustrate it in the case H = 1 : 07, = (1 — ¢9) 0

+ cpgai’t_l + By, (t). By definition: E[(Br,(t))?] = Var(Br,(t)) = [1 — (902)2]Va7“[07217t].
Therefore, we will ensure that By, = Op(1//n) if we assume that:



Assumption 2.3 Let H = 1 and ©°, defined in (2.12) satisfy:

1— (0)2 = O(1/n). (2.15)

Assumption 2.3 should be interpreted as a sufficient condition for B; = O,(1/4/n). According
to (2.11), a violation of this condition may imply that on some specific days, 1/w* is not
upper bounded, so that it will sometimes be optimal to overlook information about volatility
from previous days. There is widely documented evidence of the existence of days with jumps
in price and/or in volatility. Obviously, for these days, Assumption 2.3 is not realistic and
pooling information about the volatility process across past days might be inappropriate.
The logic for our belief that Assumption 2.3 should be relevant for most of days rests upon
the new framework of near integration as formulated by Phillips, Moon, and Xiao (2001)
(PMX hereafter) and described in the next subsection. Note that a similar conclusion would

be easily obtained for H > 1 at the cost of more complicated notation.

We would like to emphasize that volatility jumps may come in the form of many small jumps,
possibly of infinite activity. See, in particular, Jacod and Todorov (2010), Todorov and
Tauchen (2011), Jacod and Protter (2012), and Ait-Sahalia and Jacod (2014). This situation
represents an intermediate scenario between a single jump and a continuous volatility process.
As shown in Zhang (2007), there may be contiguity between the probability distribution of
a continuous (in this case volatility) process and one that has infinite activity jumps, thus
strengthening the idea that such frequent jumps may in many cases be more like continuous
evolution that the situation of a single free-standing jump. A proper characterization of this

problem would be of substantial interest but is beyond the scope of this paper.

Regarding the estimation error, we have: |(1}:;t7T — w;‘m| = (w;t)(cb;’tjﬂ(w;t)_l — (LD:’LT)_”

* )\ — Ak — : * \— H v ~
< J(wp )t = (@)Y Since: (wp) 7t =1+ [P 12 + (B, (62, ) — 02 J2/Var,[62,] =

n,t

1+ waﬁ)HQ + [Ztho gon,h(af%t_h — 02)]2/[(2/71)05]75], we will define an estimator as:

2
A~ H ~ ~92 ~92
2 [Cn,T + D h—1 PrhTOp s p — O-n,t}
+
[4]
n,t

1 7 (H) H) |2 Zre
=14 ||[Uner = U |[Ynar|| + 2 A
n,t

(2.16)

~yk

u}n,t,T

25
n

. . ~ . N ~(H .
where, from a time series (62,)1_g<i<7, we can compute the OLS estimator (&, 7, %(q,T)) in

10



the regression equation:

H

~2 ~92
Ont =Cp + E Qpn,hgn7t_h+vn7t,t: 1,2,...,T
h=1

and Dy p = 62, - Cor — S opy Punr02,_p, stands for the residual of this regression. Note
that we never assume in this section that the processes o7 and 67 are AR(H) processes. The
error term v, is not assumed to be a white noise, but only the residual of a regression of
Ath on H lagged values. We will discuss later the way to efficiently compute an estimator

~[4]

Opy Of a , but obviously, the corresponding estimation error will be Op(1/y/n). Note

that this estimation strategy Will also be relevant to compute the coefficients of the vector
¢ntT7h_]— H 7v/}nh,t,T ( nt h/o-nt)(pnhT

The key issue is now to assess the long-range asymptotics estimation error ‘(IJ;‘I’LT — w;;’t| as
a function of the sample size T. By an argument similar to the one used to get (2.11),
we can write with obvious notations: (Wf;)™" = 1+ ||@ZA)7(1]?T||2 + nBInT( )/(20[4]) and
therefore: (&7,1,7) ™ ~(wi) ™ = G000 - 1902 1P + B (1)) (20,%) - nBE(1)/ (20)
n (B3 (1) — B, (0] /2015

From long range asymptotics: |||¢ntT||2 ||w || | = Op(1/T)+Op(1/n). In order to control
the difference [nB Tnr(t) —nBi,(t )], we will refer again to the near integration argument
(as we did for condition (2.14)), with the illustrative case H = 1 : By, p(t) = ooy - Cn -
@n,T&ﬁﬁt_l, SO that:|BI7n7T(t) — Br,(t)] = Op(l/\/T) + Op(1/4/n). Moreover: |£§1,n7T(t) +
Bra(t)| = 12B1u(t) + Brnr(t) = Bra()| < 2|Bra(t)] + [Brax(t) = Bra(t) = Op(1/VT)
+ Op(1/y/n). Hence: n|B},, 1 (t) — B ,(t)] = n|Braz(t) = Bra()||Braz(t) + Bra(t)| =
Op(1) 4+ Op (n/T) + Op <\/_/\/T) . Therefore, if we assume n = O(T'), we will obtain the
required condition:

n| Bt = B,(0)] = Op(1).

In other words, if one uses five-minute returns in a 24-hour financial market (n = 288), we

assume that more than 288 observation days are available.

11



2.3 A block local to unity framework for volatility

For the sake of expositional simplicity, we focus in this subsection on the case where only
H =1 lag is used to compute the forecast ., ; and the weighted estimator. The goal is
to show that a natural block-local-to-unity framework for volatility in the spirit of PMX
allows us to see the daily volatility persistence parameter ©° as a function of n, such that
the wished condition (2.15) is fulfilled:

n[l = (¢)*] = O(1). (2.17)

To get the main intuition, let us imagine that within each “block” or “day” t, the volatility
process O'Z ;»J =1,...,n, can be embedded into a continuous time diffusion process with linear
drift:

do? =k [02 - Uf] dt + v dWy, k>0

where W, is a Wiener process and the length of a block (a day) is one unit of time. Note
that an Ornstein-Uhlenbeck-like process as put forward by Barndorff-Nielsen and Shephard
(2001) would also do the job. Indeed, our argument of embedding a discrete time volatility
process of interest into a continuous time one is only for the purpose of studying second
order moments when the sampling frequency n goes to infinity. It does not depend on
higher order characteristics of the underlying stationary continuous time process. In par-
ticular we can apply formulas (44) and (45) of Barndorff-Nielsen and Shephard (2001) to
conclude that the correlation coefficient between [ 2(u)du and ftt__; o?(u)du is given by:
51 —exp(—k)]* / [exp(—k) — 1 + K] . Note that by a Riemann integration argument: or, =
D DR — [, o*(u)du. Therefore, under standard regularity conditions, we have for
large n (see e.g. Andersen, Bollerslev, and Meddahi (2004)): ¢ = Corr [o2,,02, 1] = 0.5
[1 — exp(—k)]?/[exp(—k) — 1 + £]. The idea of block local to unity is that within each day,
volatility is highly persistent so that the mean reversion parameter  is close to zero that the
n daily observations can hardly detect its discrepancy from zero: k =~ ¢/n, ¢ > 0. In other
words, the correlation coefficient between two values of the (squared) volatility process sepa-
rated by A units of time is equivalent to exp(—cA/n) &~ 1 - (¢A/n). Then, the correlation be-
tween two consecutive daily integrated variances will be: 0.5 [1—exp(—«)]?/[exp(—k) —1+K]
~ [1 — g}z ~ 1 — £. Then we obtain the result put forward in equation (2.17): ¢ ~1— £
= 1— () ~1—[1- %}2 ~ 2¢ = n[l —(¢9)*] = O(1). Therefore, our maintained as-

sumption appearing in equation (2.15) is implied by the block-local-to-unity assumption of
P ppearing in eq ( P y y p
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PMX. Note however an important difference between the original local-to-unity asymptotics
and our use of it which is conformable to PMX. While the former near-to-unit root literature
(see Bobkoski (1983), Chan and Wei (1987), Phillips (1987), Elliott, Rothenberg, and Stock
(1996), among others) focuses on persistence parameters going to one at rate 1/T', where T'
is the length of the time series, the rate of convergence in (2.17) is governed by n, i.e. the

number of intradaily data. In this respect, what is really required for our approach is in fact:

[1—(¢n)?] = O, — ¢n) (2.18)

where the notation O(.) must be understood as an upper bound. Note that [1 — (¢2)?] and
(0% — ) are two different objects and there is no obvious reason why they would converge
at the same rate. In the sequel, the rate of convergence of (¢ — ,) will sometimes be
slower than 1/n. It will notably depend on the quality of the volatility process estimator
which may for example be corrupted by exogenous phenomena such as microstructure noise.
The key assumption driving equation (2.18) is that, roughly speaking, the level of volatility
persistence is at least as good as the quality of our intradaily volatility estimator. It ensures

that the squared infeasible bias:

B ,.(t) = O([1 = (¢3)°]) = O(¢y, — ¢n) (2.19)

does not dominate the conditional variance Var, (67, — 62 t‘t_l). Note also that for given n,

2

the time series (o7,

) and (67,) are still stationary processes, albeit highly persistent when
n is large. In particular, a long time series (672171&),25 =1,...,T allows to consistently estimate
(at standard rate /T the unconditional mean o2 and the correlation coefficient ¢,. We
will always consider that the time span is large enough to make (1/7") small compared to
(1/n) (or at least O(¢Y — ¢,)) in order to make negligible the time series estimation error
in the parameters o? and ¢,. For all practical purpose, our Monte Carlo experiments have
confirmed that the time series estimation error on the parameters o2 and ¢, is negligible in

front of O(¢Y — ).

2.4 Estimating Optimal Weights

(4]

The optimal weighting scheme w;, , depends on o,; and ¢,. Because of the maintained

practical assumption discussed above, we do not need to worry about the latter, hence our
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(4]

nt> the so-called realized quarticity

focus will be on the former. The sample counterpart of o
(see below), is known to be a very noisy estimator and therefore, albeit root-n consistent,

may be detrimental regarding our search for efficiency gain.

Following a suggestion by Mykland and Zhang (2009), we rather consider the MLE estimation
of Varg; , = 20,[147 ) /n where: J,[i ) = 1 >y 04, and efficiency gains are made possible by the

following assumption:

Assumption 2.4 Assume that n is a multiple of m > 1, and for (i — 1)m < j < im, we

have:
oy, = 0y, i=1,...,n/m
Given Assumption 2.4 the MLE &7, i of opis: Opy= 2 Z;Tl:im(iq)ﬂ X?;. Then the MLE
of O';tyt’[i] is such that:
&ﬁ,t,[i] 1 n Z;‘n:zm(ifl)Jrl Xt2,j}2 [x%(m)]?
O'4t[.] T om2 a4t[.] T

with expectation (1 + 2/m). Hence, an unbiased estimator of 07[147 ) is defined as:

2
njm 4 nfm m

”\[4] _ E O-nvtv[i] — n 2
Int = 2 1+2/m  m+2 2| 2 X (2.20)

i=1 i=1 | j=m(i—1)+1

whereas an estimator not taking advantage of m > 1 would be the realized quarticity:

n

_[4 n n Xt 1
07[1,]1: = 3 E Xf,j = 3 E Uﬁ,t,[i] § ( ’ )4 e 3n O—i,t,[i] E (X2<1))2- (2.21)
( J

0' .
j=1 i j n,t,[l]

4

n.t» Showing that when

In Appendix A we compare the efficiency of the estimators &i,t and &
m > 1, the former will be more efficient. This efficiency gain by grouping has a much
more general validity (see Mykland and Zhang (2009)) and has been shown to be arbitrarily
close to semiparametric efficiency in a very general setting (see Renault, Sarisoy, and Werker

(2017)).

Finally, let us recall that we try to improve the estimation of afm using prior day information,
and in particular using 627t_1. This argument is not confined to volatility measures. In par-

ticular, we can use the arguments spelled out so far to improve upon &T[ﬁ ]t by using estimates

14



from prior observation intervals. Namely, we can also consider the correlation coefficient 1,

N 4
of 0'7[1}t on a?[I ]t_lz

_ Cov(Gy1 6,0y 1)

Var(&lf}t)

(2.22)

and develop a filtering procedure for 0,[14’ ]t similar to the one proposed above for afm.

Finally, it should also be noted that our way to take advantage of past information is quite
similar in spirit to the Kalman-Bucy filter but with a couple of important differences which

are explained in Online Appendix Section OA 4.

3 Asymptotic Analysis for General Estimators

The example in the previous section - where we started with a relatively simple case of a
piecewise constant volatility process - is surprisingly comprehensive. The purpose of the

present section is to aim for generality.

3.1 The case of no leverage and drift

We start by replacing the specification of the data generating process in Assumption 2.1
with:

Assumption 3.1 We suppose that X, is an Ito-semimartingale, either without jumps
dXs = p(s)ds + o(s)dW(s),

or with jumps that are removed (see Footnote 2). We also assume for the moment - but relax
later - that u(s) = 0 and that the volatility o(s), is independent of the Brownian motion
W(s).

In the case of jump diffusions, we will leave unspecified how a researcher goes about removing

jumps.? Next, we consider the generic setting examined by Mykland and Zhang (2017),

2 Such as, for example, by (1) using bi- and multi-power methods (Barndorff-Nielsen and Shephard
(2004b, 2006), Mykland, Shephard, and Sheppard (2012), or (2) by truncation (Mancini (2001), Ait-Sahalia
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namely one seeks to estimate:
t
O, = / 0(s)ds, (3.1)
t—1

where {(s)} is a spot parameter process, such as squared spot volatility, leverage, an in-

stantaneous regression parameter, among others.

Similar to the analysis in the previous section, we have n discretely sampled data points

which yield an estimator (L)m, for which we have the following properties:
Assumption 3.2 Asn — oo :

(i) The estimator én,t s consistent

(ii)) A CLT applies, namely no‘(@n,t — 6y) A th/QN(O,l) in law, conditionally on the

process o(s), and V; is a measurable function of the process (0(s))i—1<s<t-

In the remainder of this section we consider various estimators @n,t proposed in the literature,
which we intend to generalize to estimators of the type appearing in equation (2.9), denoted
(:)n,t (wy), using the arguments advanced in the previous section. In addition to Assumptions
3.1 and 3.2, we also need an assumption akin to the block local to unity framework discussed
in section 2.3. Because the generic setting for ©; covers a wide variety of cases, we cannot
state this as a generic assumption. For example, in the case of volatility related applications,
it will require that the volatility process is sufficiently persistent (not specified in Assumption
3.1). In other applications, such as leverage, the persistence actually applies to u(s) in

Assumption 3.1.3

Throughout, we study the case of equidistant sampling, t; —t;_y = A t; = 1/n. We may ob-
serve Xy, at times ¢;, ¢ = 0,--- ,n spanning (¢ —1,¢].* Alternatively, if there is microstructure

noise, the observations are of the form

}/;i = Xti + €y (32)

and Jacod (2007, 2008, 2009, 2012), Jacod and Todorov (2010), Lee and Mykland (2008, 2012), Jing, Kong,
Liu, and Mykland (2012)), or (3) with the help of the empirical characteristic functions (Jacod and Todorov
(2014, 2018)).

3For specific cases we will discuss the equivalence of equation (2.18). See for example equations (3.9)
(3.24) and later in this section.

4Note that henceforth we use notation slightly different from equation (2.1) and the previous section - as
it is more convenient to do so henceforth.
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where the noise is either i.i.d., or is stationary with fast mixing dependence.

To provide a few initial examples of estimators satisfying Conditions [i], and [ii], consider

the following (non-exhaustive list of) volatility estimators. Here, (s) = 02(s).

EXAMPLE 1 (REALIZED VOLATILITY, NO MICROSTRUCTURE NOISE) The convergence
rate is @ = 1/2. If X is continuous case, the baseline estimator for the ftt_1 0(s)ds is the
standard realized volatility (RV), -, |, < (Xe,, — X:,)? (Andersen, Bollerslev, Diebold,
and Ebens (2001), Andersen, Bollerslev, Diebold, and Labys (2001), Barndorff-Nielsen and
Shephard (2002a)). The consistency and stable convergence has been shown by Jacod and
Protter (1998) using discretization. O

EXAMPLE 2 (BIPOWER VARIATION, NO MICROSTRUCTURE NOISE) The bipower varia-
tion ©,,; = 32 t1et,<t |AX,_|]AXG,| (and more generally, multipower variation, Barndorff-
Nielsen and Shephar& (2004b), Barndorff-Nielsen and Shephard (2006)) estimates the inte-
grated volatility in a way that is robust to jumps (where we specify that dX, = u(s)ds +
o(s)dW (s) + dJ(s), where J(s) is a pure jump semimartingale). The convergence rate is
a = 1/2. Consistency and stable convergence has been shown in the papers by Barndorff-
Nielsen and Shephard (2004b), Barndorff-Nielsen and Shephard (2006), Barndorff-Nielsen,
Graversen, Jacod, Podolskij, and Shephard (2006a), and Barndorff-Nielsen, Graversen, Ja-
cod, Podolskij, and Shephard (2006b). O

Starting with Example 1, when the sampling frequency increases, i.e. n — oo, then the
realized variance converges uniformly in probability to the increment of the quadratic varia-
tion i.e. lim,,_, én,t —P ftt_l 0(s)ds. The criterion to minimize will be the conditional mean

squared error:

2

By [6uil) ~ 0] g, {61061~ (00~ Ouin) } (3.3)

Then, the problem to solve is obviously nearly identical to the one considered in Section 2,
so that:

én,t<w:,t) = én,t — Wyt <én,t - én,th‘,fl) (3.4)

will be an optimal improvement of én,t if wy, , is defined according to the following control

17



variable formula:

Covg én,t, én,t — én,ﬂt—l V 6
w:;,t = [ ] = ar@[ n’t] . (3-5)

~

A o 2 o 2
Bo [Ont=Onn1|  Fo |Oni—Gup]

Note that wy,, has been shrunk with respect to the conditional regression coefficient Ops

%

on (ént - @n7t|t_1). This is due to the need to take into account the non-zero mean of

(©n,t — Opne—1) given the volatility path.

Proposition 3.1 For Example 1, the standard realized volatility (RV), obtained by summing

squared intra-daily returns, yielding the so called realized variance, namely:

Oni= > (X, —X,)" (3.6)

t—1<t;41<t

Then, under Assumptions 3.1 and 3.2, in analogy with equation (2.11), the optimal weight

can be written as:

—

= l—i-goi +n
t Vi Vi Vi n

t) = 0, —¢"0,1 — (1-¢")E[O]

Cov [@t, ®t—1] 1
0o _ _ _
7S Ve, tO <¢ﬁ>

where V; = 2ftt_1c7(s)4ds is called (twice) the integrated quarticity and Bpn(t) = Oy -
201 — (1= ) B [04] with g = Cov(©n1,0,, 1)/ Var(@p, 1), in the case of an AR(1)
prediction model. For Example 2, using bi-power variation (BPV) defined as:

W,
By

Vot Bl B0 B0 (1) (5.7

qs *

S

én,t<k) = g Z ‘Xn,tjl }Xn,tj,;J ) (38)

j=k+1

without loss of generality, setling k = 1, it will be an optimal improvement of én,t when
wy is again defined according to the control variable formula (3.5) where QV is replaced by
BPV. Note that we do not assume the same temporal dependence for QV and BPV, as the
projection of QV on its past (one lag) and that of BPV on its own past (one lag) in general

do not coincide.
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Given the similarity with the analysis in the previous section, we skip the details here, as
they appear in the Online Appendix. In order to estimate volatility on day ¢, we attach
a non-zero weight w; to volatility information on day ¢ — 1. This weight increases as the
relative size of the asymptotic variance V;/n of ©, is large in comparison to both (1) the
asymptotic variance V;_; /n of (:)m,l as well as (2) the squared forecast bias B%’n (t). However,
for a given non-zero asymptotic bias Bj(t), the term n B#(t) goes to infinity when n goes to
infinity, likely pushing to zero the optimal weight w;, ;. The reason is fairly straightforward:
since ©,,, is a consistent estimator of ftt_l 0(s)ds, forecasting ftt—1 0(s)ds from ©;_; becomes
irrelevant when n becomes infinitely large: even a small forecast error has more weight than
a vanishing estimation error. However, in practice, n is never infinitely large and there likely
is a sensible trade-off between estimation error as measured by the asymptotic variance V,
and the asymptotic bias By(t). Similarly to the formal analysis developed in subsection 2.3,
we can capture this trade off by considering that volatility is so highly persistent that a block

local to unity model may be relevant. In this case, as seen in subsection 2.2, we will have:

Bi(t) = Op (1/v/n) (3.9)

so that 1/wy , = Op(1).

So far we presented the limit theorems and main results in terms of the infeasible estimators.
There are various ways this can be converted into a feasible limit theory. For example, in the
absence of jumps a feasible asymptotic distribution is obtained by replacing V; with a sample

A

equivalent, namely, V,,, =23, | _— (Xt — X))t Improved estimation of integrated

it

quarticity can be derived in the spirit of section 2.4 (see Mykland and Zhang (2009)).?

Besides the estimation of integrated quarticity, we face another problem, namely the esti-
mation of the forecast bias. We do not only observe the infeasible bias Bj(t) , but we even
do not observe the feasible bias Bp,(t). The only thing we can actually compute is the

following sample counterpart of B, (t):

BF,ﬂ(t) = én,t - @n,Tén,tfl - én,T (310)

5Tt should also parenthetically be noted that V; can be estimated via several methods, including bootstrap
proposed by Gongalves and Meddahi (2009), subsampling by Kalnina and Linton (2007) and Kalnina (2011),
or the observed AVAR approach of Mykland and Zhang (2017) as well as the examples discussed in section
7 of the latter paper.
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~ ~

where ¢,, v and ¢, p are OLS estimators in the time series regressions: 0,,; = ¢, + ©,0n1-1
+Un,t,t: 1, ey T

Note that the estimator (3.10) is essentially identical to the estimator considered in subsec-
tion 2.2, which implies that our implied estimated optimal weights w;, ; should be of sensible
use, under similar assumptions regarding sample sizes n and T" as well as volatility persis-
tence (block local to unity). Strict application of the formulas developed in subsection 2.2

suggests the following natural sample counterpart of (3.7): (&f,)™' =1 + [@fﬂffm_l] Vi

n,t
~ 2 .
+n [Bpn(t)} /Vnt. However, it is worth keeping in mind that our block local to unity

framework leads us to consider that:

1—(¢°)* =0(1/n).

In these circumstances, there is no point to use the estimator gbin for the estimated optimal
weights since the associated estimation error is of the same order of magnitude as the dis-

tance to unity. This is the reason why our preferred (approximated) optimal weight will be

throughout:
. 2
| s — Ve |Bral®)]
R L : (3.11)
wn,t Vn,t Vn,t

As noted before, the optimal weights are time varying. This sets our analysis apart from
previous work only involving time invariant, or unconditional weighting schemes.® The
comparison with unconditional schemes will be discussed at length in the next section. The
fact that V; is a stationary process implies that w; is stationary as well. It is also worth
noting that the weight increases with V; (relative to V;_;). This is also expected as the
measurement error is determined by V;. High volatility leads to high V; in fact. Hence, on

high volatility days we expect to put more weight on the past to extract volatility.

To conclude, it should be noted that so far we confined our analysis to projections on one
lag. We may consider higher order projections. In particular, it may be useful to think of
the Beveridge-Nelson representation to accommodate the local-to-unity asymptotics (see e.g.

Phillips and Solo (1992, Lemma 2.1) among others). We leave this for future research.

Finally, in Online Appendix Section OA.2 we discuss some additional volatility estimator

6In the context of volatility forecasting, Bollerslev, Patton, and Quaedvlieg (2016) have recently proposed
time-varying weights that are pretty much conformable with our strategy of increasing the weight wy, ; of
past observation when current estimation error V; is high with respect to the former one.

20



examples, including Two-Scales Realized Volatility and Multi-Scale and Kernel Realized
Volatility, among others. Moreover, in Online Appendix Section OA.3 we discuss a set of
examples which go beyond measures of quadratic variation, in particular: (a) estimation
of Covariance from Asynchronous Observations, (b) block estimation of higher powers of

volatility, and high frequency regression, and ANOVA.

3.2 The case with leverage effect, and nonzero p

We consider the question of how to build a theory in the case where there is leverage effect.
This means that the caveats at the beginning of Section 3.1 can be removed. In particular

Assumptions 3.1 and 3.2 are replaced by:

Assumption 3.3 We suppose that X, is an Ito-semimartingale, either without jumps
dXs = p(s)ds + o(s)dW(s),

or with jumps removed (see Footnote 2 in Section 3.1). The drift pu can vary quite freely (see
Remark 1 below), and we allow for dependence between o(s) and (a) the jump sizes on the

one hand, and (b) the driving Brownian motion and Poisson process on the other.

Assumption 3.4 Asn — oo :

(i) The estimator ©,, is consistent;

(ii) A CLT applies, namely n®(0,, — ©,) 5 V,51/2N(0, 1) stably in law, where V; is a

(potentially random) asymptotic variance, and where V; is adapted to the filtration F;,

which represents the history of underlying processes, including X, o and 6.

In the no-leverage case, i.e. under Assumptions 3.1-3.2, one can condition on the o, process
and then find the optimal estimator in terms of mean squared error. In the case with
leverage, i.e. under Assumption 3.4, there is no general way of doing the conditioning for a
fixed sample size. However, we show below that the asymptotic MSE (conditionally on the
data, where the conditioning is done after the limit-taking) only depends on the o, process.

The post-limit conditioning, therefore, gives rise to exactly the same formula that comes out
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of the quite different procedure used in the no-leverage case. Therefore stable convergence

saves the no-leverage result for the general setting.

The approach below can be used in many other settings, see, in particular, the results on

estimation of the leverage effect in Example 4.

REMARK 1 (Nonzero u.) Once one is in the domain of stable convergence, all arguments go
through for locally bounded drift process p(s), cf. Mykland and Zhang (2009, p. 1407-1409).

We can therefore assume that p = 0 in Assumption 3.1. U

To proceed without conditioning, the point of departure is that the convergence in Assump-
tion 3.2 remains valid even under leverage effect, as documented in our examples in Section
3.1. The underlying filtration is generated by a p-dimensional local martingale (yV,
x®). Tt is then the case that

n2(On, — 01) > Z,\/ Vi, (3.12)
where Z; is standard normal, and the convergence is joint with (x(!), ..., x?)) (where this is
a constant sequence). Z; is independent of (x(V), ..., ) (the latter also occurs in the limit,

since the sequence is constant as a function of n). This is known as stable convergence, see
the papers cited, and also Rényi (1963), Aldous and Eagleson (1978), and Hall and Heyde
(1980). It permits, for example, V; to appear in the limit, while being a function of the data.
As discussed in Section 5 of Zhang, Mykland, and Ait-Sahalia (2005), the convergence also
holds jointly for days t =0, ..., T In this case, Zy, ..., Zr are i.i.d.

With the convergence appearing in (3.12) in hand, one can now condition the asymptotic
distribution on the data (i.e., (x(V), ..., x®) ), and obtain that Z,1/V; is (conditionally)
normal with mean zero and variance V;. One can then develop the further theory based on
asymptotic rather than small sample variances and covariances. Recall that it is convenient
to make the persistence a function of n, hence ¢(n) (cf. equation (2.17) and the analogy
with PMX). To distinguish small sample and asymptotic results, let us denote U; by U;(n)

as well and write:

Or = ¢hOi-1 + V1 = (00)2Ui(n) + (1 — ¢)) E(Oy). (3.13)

~

One supposes that in the limit as n — oo, 6,1 and Ui(n) are uncorrelated. A similar,
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feasible, equation is then written as

O1 = 9(n)Oni-1 + V1= (n)?Ts(n) + (1 — () E(6y). (3.14)

Specifically, in analogy with (2.17),

n(1—(¥5)?*) =75 and n*(1 — p(n)?) = 7. (3.15)
Note that .
L= p(n) = n7 521+ 0,(1)) = Op(n~®). (3.16)

Under the stationarity assumption, both U;(n) and U,(n) have limits in law, which we denote
by U; and U,. If one subtracts (3.13) from (3.14), and then multiplies by n®/2, (3.12) yields

na/Q(ént - @ ) = PN O1/2(ént 1~ @n,tfl) + na/Q(SDn - Qpn n,t—1 + n \/ 1— Qannt

2\ /1 — (0)2Ups — n?(pn — @C)E(Ony) = Vi1 Zio1 + 4Ty — vUs,  (3.17)

whence
’YUt +/Vic1Zio1 = U + \/thtu (3.18)

hence U, is not even asymptotically observable. Under this setup, from (3.16),

(Ot — 9(n)Ons-1) = 7T (3.19)

N %

Consider the best linear forecast of én,t using (only) ©p;—1 @ Opy—1 = @nén,t—1 + (1 —
©n)E(©), so that from (3.16)

na/z(ém - én,t|t71) — ’YUt~

A

The final estimate is now (;)m(wt) =0 — wt(@n,t — én7t|t_1), hence

v

na/Z(én,t(wt) - @n,t) = na/z(én,t - ®n,t) - wtna/2<én,t - ®n,t|t71) (3-20)

— \/VtZt - wt’YUt =(1- Wt)\/tht — Wy [—\/ Vie1Zi—q1 + ”YOUt}

by (3.18). Hence, the asymptotic mean squared error (AMSE; conditional on the data; the

conditioning is done after taking the limit, which is the sequence consistent with stable
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convergence) is AMSE = (1 — wy)?V; +w? [Vi_1 +12U2] .

The stable convergence (3.12) remains valid even in this triangular array setup (where ©,,;
depends on n). For realized volatility, this is explicitly proved in Mykland and Zhang (2006,
p. 1951-1952). For our other examples, the validity in the triangular array setting follows
because all the cited papers use martingale central limit theorems which remain valid for

triangular arrays.”

Using equation (3.13), one can therefore do the same calculations as before, but on asymp-
totic quantities. The asymptotic mean squared error (conditional on the data) of the overall
estimate QV;(w;) is minimized by wf = V;/[V; + Vi1 +72U2]. This is the same expression as

equation (3.4). The further development is the same as in the no-leverage case.

3.3 Realized Betas

Another application of our theory would be to the case of realized betas, see in particular
Barndorff-Nielsen and Shephard (2004a), Mykland and Zhang (2009, Section 4.2), and Alt-
Sahalia, Kalnina, and Xiu (2020). To streamline the discussion we assume that there are
equidistant synchronous observations, no microstructure noise, and no jumps (hence no need
for truncation). Absent jumps, the methodologies of the two latter papers are similar; both
use non-overlapping blocks, the former fixed size blocks, the latter asymptotically increasing
size blocks. We here use a fixed block size M.® Mykland and Zhang (2009) provides a small

sample interpretation under a contiguous probability distribution.

We are concerned with processes Xt(’?, - Xt(? and Y; ; observed on each day ¢ at equidistant

times 0 =t,0 <tp1 < .. <t,n =T, and related through

\S

p
Yo =Y BNAxX") +dz,,, with (X®), Z),, =0 for all ¢, s and k, (3.21)
=1

where we let s be time s on day t. To relate to the notation of the current paper, the

"See, for example, Theorem 1X.7.19 or Theorem 1X.7.28 of Jacod and Shiryaev (2003), Theorem B.4
of Zhang (2001) or Theorem 2.28 of Mykland and Zhang (2012). See also the books by Jacod and Protter
(2012), and Ait-Sahalia and Jacod (2014). A summary discussion of technical tools can be found in Mykland
and Zhang (2017, Section 7.2).

8The extension of the estimator to rolling blocks is straightforward, but would complicate the presentation
given the already complex nature of the current setup.
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integrated Bt(k;) is @,Ek) = ftt—1 ﬁg? Blocks are defined by 7,,-1 < t,,; < Tni,, Where the Tn,i
correspond to every M™ observation time ¢, 5. The estimator (Bt(’ln)ﬁmfl, o 53‘;’2% ) of

(ﬁt(le)n,i— s 5t(,pr)n,i, .) is the the regular least squares estimator (without intercept) based on
the observables (AXt(Vln)th’j, s AXt(fjn)vtn’j, AYinyt, ) inside the block from 7,; 1 to 7,;. The

overall estimate of the vector of @ffg’s is then

)

o) =3 "Bl MAL (3.22)

The asymptotic covariance matrix is given by V; = Mﬂf—L OT<Z, ZY (X, X))"tdt, for s-
values on day t (so Z = Z;., and similarly for X'), and where 7T is the notional length of the
time period from ¢ — 1 to t, often one day. This is from Mykland and Zhang (2009, eq. (72),
p. 1426). It is consistent with Ait-Sahalia, Kalnina, and Xiu (2020, Theorem 2, p. 91), with

correction for fixed M and for normalization by n'/? rather than At=1/2.

Depending on taste (and with the same outcome), the estimator of covariance is obtained
from regression considerations, or as approximations to the asymptotic values. Let RSS;,,
be the residual sum of squares in the (no-intercept) regression in block 7 on day ¢ with sample
size n, 1.e.,

RSSn; = S (AZis,,)

Tr,i—1<tn,;j <Tn,

Similarly, let RV; be the realized volatility (sum of squares) matrix in block # 4. Since

—_— —_—

RSStyn»i ~ <Z7 Z>t,7’ni o <Z7 Z)t,Tn i—1 and R‘/t,n,i ~ <X7 X>t,‘l'ni o <X7 X)t,Tn i—1 (Or fOIIOWIHg
the cited papers),

~ MT _1

Vip = M_—p_lMAtzi: RSS iRV .

Once again, recall that there is a different block ¢ for each time period ¢. The remaining

coeflicients follow from equations (3.10)-(3.11), where we recall that ¢, r and &, r are OLS

A ~

estimators in the time series regressions: ©,,;: = ¢, + YpOn—1 + Up, t =1, ..., T

90n each day t. We have not marked the dependence of Tn,i—1 and t, ; on day ¢, to reflect an idealized
situation where the times are the same on each day. In a more realistic situation, these quantities depend

also on day number; we have avoided this here in the interest of simplicity of notation. On the other hand,
5(1)

tm,Thi—1

will differ depending on day ¢t and sample size n, and is marked accordingly.
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3.4 1Ill-Posed Estimation Problems

We have so far considered the relatively well-posed problem of estimating volatility from
high frequency data. The use of multi-day data, however, really comes even more into play

when trying to estimate less well-posed quantities. In particular, we consider:

the volatility of volatility: ©; = (0,0); — (0,0)11
the (instantaneous) leverage effect: ©, = (p, o) — (p,0)¢_1. (3.23)

Estimators of the volatility of volatility have been proposed by Mykland, Shephard, and
Sheppard (2012), whereas instantaneous leverage effect estimators are covered by Wang and
Mykland (2014). Such estimators can account for leverage effects at multiple horizons, and
are closely related to news impact curves (Engle and Ng (1993), Chen and Ghysels (2011)).
Nonparametric estimation of the leverage effect is developed in Wang and Mykland (2014).1°

For brevity, we give a summary account of how our theory extends to such situations. The
generalization is straightforward but the details would be notationally heavy. For simplicity,
we consider the no-jump case, which can be undone as in Ait-Sahalia, Fan, Laeven, Wang,
and Yang (2017). Specifically, dW;, = p,dWy, + degt, and the system is given by dp;
=udt + o;dW; and do? = vydt + v dWy;.

To define estimators for the parameters in (3.23), we need a block size M,,, determined
by the econometrician, held to satisfy n=Y/2M, — ¢, as n — oo. Let 7; = 7,4, be the
iM,th observation time on day ¢. The number of blocks on the form (7;,_1,7;] is given by
ny = [n/M,|. For each block, define a local realized volatility as RV; = > <t; < (Apy)?,
i =1,..., ny. In the absence of microstructure noise, 62 = = [M, x At]"'RVj is a consistent
estimator of spot volatility (Foster and Nelson (1996), Comte and Renault (1998), Mykland
and Zhang (2008)).

EXAMPLE 3 ESTIMATION OF VOLATILITY OF VOLATILITY (NO MICROSTRUCTURE NOISE)
We follow Mykland, Shephard, and Sheppard (2012) (MSS), in particular their Section 6.1

10The concept of leverage effect is used to cover several concepts, cf the review in the Introduction to the
cited papers.
1 An alternative estimator can be found in (Vetter 2015).
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Define blocked bipower variation and edge corrected realized volatility as, respectively,

nn

n
B — E - )1/2
Vn CIVEEY) (E(X?\/j J172)2 2 (RV;_1RV;)
ny—1

ECRV? = —va + Z RV; + RVnM

where X3, is a x? random variable with M degrees of freedom. Define the intra-day based
estimator as én,t = m(n) = c*1r nt/? (EC’RV BVM’n) . Following Corollary 2 (Sec-
tion 6.2) in MSS, (3.12) is now valid with o = 1/4 and V= Z [* =3 (202 + (o, a)ls)2 ds.
The discussion in MSS also extends to estimators of (o,0) based on multipower variation.

0

EXAMPLE 4 ESTIMATION OF LEVERAGE EFFECT (NO MICROSTRUCTURE NOISE) We fol-
low Wang and Mykland (2014) (WM) in particular their Sections 2.2-2.3.'2 Define the intra-

. = M,,—2 A A

day based estimator as 6, = <X a} =230 (X — X, (02, )V = (62 )7).
Following Theorem 1 (Section 2.3) in WM, (3.12) is now valid with o = 1/4 and V; =
%ftt | ordt + Cft 19 44ft 332g?)dt where f, = yip, and g, = v,(1 — pj)"/%. O

EXAMPLE 5 ESTIMATION IN THE PRESENCE OF MICROSTRUCTURE. We refer to the more
complex discussions in Sections 6.1.3-6.1.4 of MSS (Volatility of Volatility) and Section 4.1
of WM (Leverage Effect). With suitable definitions of ©; and V4, (3.12) remains valid with
a=1/8. O

As seen from our examples, the following is typically the case. When there is no microstruc-
ture, variances, covariances, regression coefficients, etc, can be estimated as rate a = 1/2,
whereas more ill-posed quantities (such as leverage effect and volatility of volatility) will at
best be estimable at rate & = 1/4. When there is microstructure noise, both of these rates

are halved, to @ = 1/4 and a = 1/8, respectively.

Recall that « is the convergence rate in Conditions [ii] in Assumption 3.2 and [ii] in Assump-

tion 3.4. The closer « is to zero, the more ill-posed the problem, and hence the greater the

12WM’s F function is here chosen as F(x) = 2'/2. Other choices of F provide estimators of skewness
(F(z) = x) and regression of 62 on X (F(x) = log(z)). In both these cases, our theory of across-day
estimation remains valid.
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gains of our proposed procedure. To see this replace Assumption (2.18) by
n(1 = (¢p)%) =75 and n*’(1 — p(n)?*) =%, (3.24)

where we can think of § as measuring the persistence of the underlying system. Note that

so far we have identified the two rates to get a balanced asymptotic expression.

As documented in our simulations, there is gain for volatility estimation from across-day
inference, and so the choice f§ = 1/2 is meaningful for the most well-posed case when
a = 1/2. For the estimators with slower convergence, v < 1/2, and with the same choice
f = 1/2, the across-day information dominates the intraday information. Therefore, for ill-
posed estimators, our theory is at its most effective. This is consistent with the comment in
Wang and Mykland (2014, p. 205-207), to the effect that a day was thought to be a slightly

too short time period to estimate leverage effect.

4 Alternative Weighting Schemes

The topic of this paper was originally considered in earlier work by Andreou and Ghysels
(2002) who tried to exploit the continuous record asymptotic analysis of Foster and Nelson
(1996) for the purpose of improving realized volatility measures. At the time the paper
by Andreou and Ghysels (2002) was written the in-sample asymptotics was not taken into
account by the authors, as their paper was concurrent to that of Barndorff-Nielsen and Shep-
hard (while the early work of Jacod was discovered only much later). Therefore Andreou
and Ghysels (2002) failed to recognize that increased accuracy of in-sampling will diminish
the need to use past data. This does not occur in the context of Foster and Nelson (1996)
who study instantaneous or spot volatility. In the latter case persistence will remain relevant
to filter current spot volatility, which is the key difference between continuous record and
in-sample asymptotics. An early draft of Meddahi (2002) included a section which discussed
the same question and where it was recognized that optimal filter weights should depend on
the in-sample frequency and ultimately become zero asymptotically. There are many impor-
tant differences between the analysis in the current paper and the filtering approach pursued
by Andreou and Ghysels and Meddahi. The most important difference is that we derive con-
ditional filtering schemes, dependent on the path of the volatility process, whereas Andreou

and Ghysels and Meddahi only consider unconditional, that is time-invariant, filtering.
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In this section we walk step-by-step from the unconditional to the optimal model-free weight-
ing scheme we introduced in the previous section. We start by noting that equations (3.10)-
(3.11) suggest two feasible weighting schemes: (w?,)™! =2 + .5[n2aVar(ét — én,t|t—1)]/‘7n,t

vt

~

+ Wit = Vil [Vor = 2 4 5[n2*Var(U)]/Vie + Vaio1 — Visl/Vis, where we use the v
subscript to refer to the unconditional variance of U, and the subscript u relates to the actual
value of Uy, yielding: (w?,)™' =2 + .5[n2a(@t — én7t\t71)2]/‘7n,t + [ant_l — Vn,t]/f/n,t =2+
.5[n2°‘(Ut)2]/Vn,t+ [Vm_l — Vnt]/f/m When o = 1/2, in the case of quadratic variation, we
have:

~ ~ ~

* \—1
Wy, = 2+ - + —— 4.1
(wit) o 0 (4.1)
n én - én - 2 Vn -1 = Vn
W)™ = 2+ Ons = Oniii-1) 4oomtml Tt (4.2)

where ant = n(mr/2)? >y | Xt Xty Xty o Xnt;_s| in the case of BPV. The distinction
between (4.1) and (4.2) will be important when we turn to processes with leverage effect, as

will be discussed in Online Appendix Section 3.2.

These two weighting schemes will be compared with unconditional schemes at first and a
conditional scheme, while sub-optimal, provides a natural link between the unconditional
and conditional schemes (4.2) and (4.1). To discuss unconditional weighting schemes we
drop time subscripts to the weights w; in equation (3.4) and consider the generic class of

estimators:

A

Ont(w) = én,t - W(én,t - én,t|t—1)- (4.3)

Recall that ftt—1 0(s)ds - Oyp—1 = WUt and that the relevant trade-off is captured
by the product n®(1— (¢©%)?), which resulted in the local-to-unity asymptotics. The analysis
of Andreou and Ghysels (2002) did not recognize these trade-offs and it is perhaps useful
to start with their rule-of-thumb approach which consisted of setting ¢y = ¢ = 1, de facto
a unit root case, and therefore (:)n,t‘t_l = én,t_1- Moreover, their approach is unconditional
and therefore overlooks the difference between V; and V;_;. The unit root case yields the
weighting scheme w™™* = 5 (substituting ¢y = ¢ = 1 in equation (4.2) with V; = V,_,),

and the rule-of-thumb estimator:

én,t@drith) = -5én,t + .5(;)”7,5,1. (44)
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This is the first of two unconditional weighting schemes. Unlike Andreou and Ghysels (2002),
Meddahi recognized the trade-off captured by the product n®(1 — (©?)?), and constructed

C

a model-based weighting scheme, denoted by w"™¢ and which is characterized as w"™® =

2 + 2] 7! with:
VCLT[@t|t_2] - fvar[gt\t—l]

EV) 4 EWV)

It should be noted that Meddahi used the unconditional variance of the estimation error

A=nl -]

n

(4.5)

of quadratic variation, that is using our notation E(V;/2)/n®*.!* Moreover, he assumed an
explicit data generating process to compute the weights, hence a model is needed to be
specified (and estimated) to compute the weights.!* To obtain a feasible scheme, we will use
unconditional sample means of ©; and V;. In this respect we deviate from the model-based
approach of Meddahi, namely we do not use any explicit model to estimate the weighting
schemes. The above derivation suggests the second unconditional scheme:

nVar(©; — Oy_1) o Var[Uy]

T TTEW MRECTI AR

unc)—l

(w

which again does not depend on ¢, and where in practice the term (v*Var[QV])/E(Q) will
be computed as the ratio of (1 — ¢*)Var[QV] and the asymptotic (unconditional) variance

E(Q/(n®)) of the estimation error for integrated volatility.

To appraise the differences between conditional and unconditional weighting schemes we also

compare:
_ Va?“[Ut]
unc)—1 ~ 9 27 AU 4.6
with our optimal estimator slightly rewritten as:
Var(U,
™ = 242 ) g, (47)
t

where HV, = (Vn,t—1 — Vnt)/ ant which we referred to as a heteroskedasticity correction. An

approach intermediate between (4.7) and (4.6), that is unconditional up to heteroskedasticity

131t should be noted that Andersen, Bollerslev, and Meddahi (2005, footnote 9) provided a solution for a
model-free estimation.

14To clarify the difference between our model-free approach and Meddahi, it should be noted that the
weights in our analysis are not based on a specific model. Moreover, the prediction formula in our analysis
is nothing but a projection and does not involve any AR model.
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Table 1: Inverse weighting schemes

QV BPV
(wunc>—1 9 +”)/2 ‘gg&[‘gt)] 9+ nVaT[@Vng(;/gn,ﬂtfl]
(wthc)_l 9 _i_HV; +,y2‘;z‘72[‘(/i3] 2+ nV@T[@VnE,t(:/gn,ﬂtfl] + Vn,t;/l_t‘/n,t
(w:t)—]_ 2 + H‘/; +,}/2 VC;T&Ut] 2 + nvar[g’f;,‘;ft@n,ﬂtfl] + Vn,t;/l:‘/n,t
_ 9 nAn—A’_Q A,—Ay
(wi)™' 2+ HVi+ 975 2 4 MOnDnsiot), g Voot o

Notes: In addition to the above weighting schemes w” " = 1/2. Moreover, in the above U, = Ot - On 1.

correction yields:

~

_ Vi1 — Vi Var|U] Var[U,]
hey—1 _ 9 )t } it 2 ¢ =9 HV, 2—. 4.8
(wh®) + o "m0 +HV A+ om (4.8)

The above weighting schemes provide a progression towards the optimal (conditional) weight-

th

ing scheme. Starting with the rule-of-thumb scheme w" ™", we progress to w*"® where uncon-

ditional moments are used, followed by the heteroskedasticity correction embedded in we.
To summarize, we have five possible weights, focusing only on QV and BPV appearing in

Table 1.

From the above analysis we can make several observations:

e The unconditional formula of Meddahi gives a weight to past realized volatility smaller
than the rule-of-thumb weight of (1/2).'

e This unconditional formula does not take into account the conditional heteroskedastic-
ity that is due to the (asymptotic) estimation error of realized volatility. For instance,
when Vn,t > Vn,t,l that is a larger estimation error on current integrated volatility esti-
mation than on the past one, we may be led to choose a weight larger than (1/2) for past
realized volatility. Typically, taking the term HV; into account should do better in the

same way WLS are more accurate than OLS in case of conditional heteroskedasticity.

I5Moreover, as noted before, the weight diminishes with n.
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e Besides the heteroskedasticity correction HV; we also observe that Var[U;]/E(V}) is
replaced by Var[U;]/V; in optimal weighting schemes.

Finally, in the same spirit as the rule-of-thumb approach we also consider a common industry

practice, known as RiskMetrics, which is characterized as:

N ~

O (W™) = w™O; + (1 — w™)Ops1 (4.9)
where |w™™| < 1. Note that the Andreou and Ghysels rule-of-thumb estimator is a special

case with w™ = .5. We will consider w™ = .9 in our analysis, although we also experimented

with slightly higher and low values in the [.8,.95] range.

5 A simulation study

The purpose of the simulation is two-fold. First, we want to assess the efficiency gains of
the optimal weighting schemes. This will allow us to appraise how much can be gained from
filtering. Second, we would like to compare the feasible optimal weighting schemes w; with

C

the rule-of-thumb scheme w"~**, the unconditional scheme w“"* and the heteroskedasticity
correction embedded in w!. This will allow us to appraise the difference between conditional
and unconditional filtering as well as the relative contribution of the natural progression
towards the optimal (conditional) starting with the rule-of-thumb scheme w™" ™", to w¢,
followed by the heteroskedasticity correction embedded in w!. Finally, we also consider the
RiskMetrics approach featuring w™™ discussed in equation (4.9). While the simulations used
empirically plausible data generating processes, we also conducted a small empirical study
that yielded similar results. An extensive empirical study is beyond the scope of the present

paper and left for future research.

5.1 Simulation design

We consider 1,000 replications of samples each consisting of 500 and 1,000 ’days’ with in-
sample (intra-daily sampling) sizes n = 288 and 144 (following a first 500 days burn-in
pre-sample). These correspond to the use of five-minute and ten-minute returns in a 24-hour

financial market. We treat the one-minute quantities as the “truth”, hence they provide us
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with a benchmark for comparison. Every simulation has a 1000 days burn-in pre-sample

period to eliminate starting value problems.

The simulations pertain to respectively (a) volatility and (b) betas. A subsection is devoted

to each separately.

5.1.1 Volatility

The first class of models we simulate is based on Andersen, Bollerslev, and Meddahi (2005)

and consists of:

dlog Sy = pdt + oy | prdWyiy — pedWoi + 1/ 1 — pf — p%dW3t:| ) (5.1)

When p = p; = py = 0, we obtain:
leg St = O'tdW;gt. (52)

The dynamics for the instantaneous volatility is one of the following (with the specific pa-

rameter values taken from Andersen, Bollerslev, and Meddahi (2005)):
do? = .035(.636 — o2)dt + .14402dW,, (5.3)
which is a GARCH(1,1) diffusion, or a two-factor affine model:

dol, = .5708(.3257 — o?))dt + .22860%,dW,, (5.4)
do3, = .0757(.1786 — 03,)dt + .109605,dWo;,

with o7 = o3, + 03,. All of the above models satisfy the regularity conditions of the Jacod
(1994) and Barndorff-Nielsen and Shephard (2002b) asymptotics. We also considered cases
with nonzero p, p;, and/or py. Hence, these are diffusions with drift and leverage. We do

not report those results as they were similar to the no-drift /leverage results.

We also include a third class of processes involving jump diffusions based on Huang and
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Tauchen (2006). They analyze a stochastic volatility jump diffusion model, labeled as SV1FJ:

dlog S; = pdt +exp (Bo + Bror)(pdWiy + (1 — p)dWo; + d Ly, (5.5)
dUt = O{Udt + dWQt,

where L, is a Compound Poisson Process with constant jump intensity A and random jump

size distributed as N (0, af-mp). The model SV1FJ has one stochastic volatility factor and a

jump, hence the acronym. The parameter values are taken from Huang and Tauchen (2006,
Table 1) and are based on prior empirical results, most notably Chernov, Gallant, Ghysels,
and Tauchen (2002) and Andersen, Benzoni, and Lund (2002). In particular, we select the
empirically most plausible values from Huang and Tauchen (2006, Table 1), and set a, =
—0.1 and A = 0.058 and J?mp

described in Huang and Tauchen (2006).'6

= 1.50. The simulation of the jump process is exactly as it is

For the continuous-path process simulations we consider weights for QV, with (w,)~! appear-

*

ing in equation (4.1), (w?,)~* appearing in equation (4.2), and (w}¢)~! from equation (4.8),
and (w*)~! from equation (4.6). For the jump diffusion we consider the BPV weighting

schemes as specified in Table 1.

Finally, for the purpose of constructing the weights, AR(1) prediction schemes are used.
Hence, all our simulations consider looking at the previous day’s @V only. To assess esti-
mation uncertainty we also consider cases where (w?,)™%, (wP¢)~! and (w“"¢)~! are based on

sample moments which are perturbed by extra noise.

5.1.2 Betas

Our final simulation design pertains to CAPM betas. We start from equation (3.21) and
assume that the single factor is the market return process which we assume to obey the law
of motion of the process appearing in equation (5.2) with instantaneous volatility dynamics

appearing in (5.4).

To complete the model we need to specify the beta dynamics. Here we follow Ait-Sahalia,
Kalnina, and Xiu (2020) and use an Ornstein-Uhlenbeck process for the time variation of
the market betas, namely:

dfr = k(p — Br)dt + opdWy, (5.6)

16We are grateful to Xin Huang for sharing the simulation code with us.
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where we take the parameter values similar to those in Ait-Sahalia, Kalnina, and Xiu (2020,
Table 1). In particular, we take for DGP1 x = 2, u = 1.0, with 0, = 3, for DGP2 k = 2,
p = 0.10 and o, = 0.03, for DGP3 k = 1, x = 1.0 and o, = 0.03. The DGPs are different
with respect to (a) persistence, i.e. k, (b) unconditional betas, i.e. u and (c) noise of the
innovations represented by o,. The CAPM equation has no intercept, meaning it pertains
to excess returns, and the idiosyncratic error variance equals one. All returns are sampled
at 1 and 5 minute intervals with sample size 7' = 500.7 The weighting schemes are those

appearing in Table 2.

5.2 Simulation results

Table 2 reports the first set of simulation results. The table consists of three panels, corre-
sponding to respectively the GARCH diffusion, two-factor SV diffusion and Jump diffusion.
For each we report the mean of the gains in MSE relative to a standard QV or BPV estimator
using the same frequency data. The results in the table pertain to 5 and 10 minute sam-
pling. We focus our analysis in particular on the 10 minute sampling as this is arguably the

most relevant one regarding across-sample efficiency gains. We consider three time-varying

*

., wr and whe, and the fixed weighting schemes,

weighting schemes, namely those driven by w

namely w"™¢

and w™™. We also report the mean and variance of the weights obtained from
the simulations. We report the results for 7" = 500 as they are representative for the two

sample sizes (7" = 500 and 1000) we considered.

We observe that overall the weighting schemes based on w;, and w;, appear to be consistently
among the best weighting schemes in terms of MSE improvement across all three DGPs
considered and the difference between schemes w;, and wj, is insignificant. It is worth

recalling that w;, is more closely related to what would be the Kalman filter weights.

The results for the GARCH diffusion indicate that the optimal weighting scheme is the
best, in terms of average MSE improvements. The two-factor diffusion and jump diffusion
cases yield less impressive MSE gains for the optimal weighting schemes, and the latter
are particularly challenged by the RiskMetrics approach which in both cases does either
marginally better (two-factor DGP) or substantially better (jump-diffusion). The other
weighting schemes do not perform very well in comparison to the optimal and the RiskMetrics

one.

1"We also considered T' = 1000 but are not reported due to the similarity to those reported here.
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Finally, we turn to Table 3 where we report the results pertaining to realized betas. The
entries are the ratios of MSE of the various estimators vis-a-vis the MSE of a standard
realized beta and the mean of the weights. The gains in terms of MSE improvements are
much more substantial this time compared to the volatility examples - particularly the two-
factor SV and jump diffusion cases. Starting with the 5 minute sampling we see gains of
about 25 % for the first DGP and 20 % when we look at the high volatility of beta innovations
in the third GDP. Not surprisingly, we note from the second DGP that the level of beta has

very little impact. Among the weighting schemes we note that w;, appears to be consistently

*

., wiesand w. Tt is interesting to note that

the best, with only small differences between w
even at the 1 minute sampling scheme we still see gains that are substantial. The mean of
the weights are as high as 20%, as reported in Panel B of the table, for the 5 minute sampling

scheme.

6 Conclusions

We revisited the widely used in-sample asymptotic analysis extensively used in the realized
volatility literature and showed that there are gains to be made in estimating current realized
volatility from considering realizations in prior periods. The main focus on the paper was
establishing the theory and showing its potential importance. There are still many implica-
tions of our results for hypothesis testing which were not covered in our paper. In particular,
discriminating between jumps-diffusions and diffusions, i.e. testing for the presence of jumps
is an important example. Since such tests rely on various data-driven high frequency statis-
tics, including higher order moment-based ones, there is scope for improving their sampling

properties with our approach. We leave this topic for future research.
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Appendix

A A Comparison of Two Estimators

The unbiased estimator defined in equation (2.20) can be rewritten as,

m/n a4 n/m j=mi

~l4] M Un,t,[i] . n 2 12
Ont = n Zl+2/m_m—|—2 Z[ Z Xt,j] . (Al)

t=1 i=1 j=m(i—1)+1

The above estimator can be compared with the naive estimator appearing in (2.21). To do so we
(4]

n.t- Note that we can rewrite the estimator (2.20) as:

need to derive the conditional variance of &

<14 1 4 Xtj 212 _ 1 4 2 2
Ont = (m+ 2)n Zo-n,t,[i] [Z(Un,t,[z}/\/ﬁ) ] - (er 2)1’L Zi:o-n,t,[i] [X’L (m)] :

J

Since E [[x2(m)]P/?] = 2P/2T((p +m)/2)/T(m/2), therefore E[x?(m)]* = 2* T'(4+m/2)/T(m/2) =
21 (3+m/2) (2+m/2) (1+m/2) m/2. Consequently, E[x?(m)]* = (m+6)(m+4)(m+2)m. Along
similar lines, one has E[x?(m)]> = m(m + 2). Therefore, Var[x?(m)?] = (m +6)(m + 4)(m +2)m
- m2(m + 2)? = 8m(m + 2)(m + 3). This yields:

A4l _ 1 8 _ 8m(m +3) 8
Varg|o,,] = 20 £ 2)? ZZ: Ot 8mm +2)(m +3) = 2(m 1 2) Z Ot Ji]-

We now turn our attention to the naive estimator written as in equation (2.21):

S 1 4 Xej a1 4 2 2
Opt = %zi:an7t,[i] zj:(w) = :,mzi:on,t,[i] zj:(x (1))

Therefore, Var(&,[i]t) = 9# > O‘i,nm Var((x*(1))?) xm = ?;)QT"; Z-afl’t’m. From these results we can

deduce that there will be efficiency improvements provided that (m +3)/(m+2) < 4/3, or 3m+9
< 4m + 8, that is m > 1.

To conclude, we compute the unconditional variance of (}f;,t. First, note that

m/n

1

5 - = 4 2
Ont = n(m + 2) ; Un,t,[i}gi <A2)
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with €2 ~ x2?(m). Therefore the unconditional variance of &ﬁ’t can be written as:

9 m/n

o7z 2 Varlon (B + 2(Var[2) Lol ). (A.3)

Varlg? | = ————
wlond = L 2y 2

Given the definition of €2, we have that Ee? = 1 + 2/m, and Var[e?] = 8 m (m + 2)(m + 3)/m?

Therefore,

m2 m/n m/n
. Sm(m +3)
4 o 8
V‘““[Un,t] = Z Var[o nt [z] n2(m 12) ; E[Un,t,[i]]
m/n
8m (m+3)
_ 4
= Varlo, ]+ n2 (m+2) Z Elo | (A4)

m/n Elo8 | ..
and hence, 1) = g/ [1 4 16 mgn”f;’) 2i VaT([o";L)’t’[l]}] .

B Supplementary Material
Eric Ghysels, Per Mykland and Eric Renault (2021), In-sample Asymptotics and Across-

sample Efficiency Gains for High Frequency Data Statistics, Econometric Theory Supple-
mentary Material. To view, please visit: https://doi.org/XXXXXX
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Table 2: MSE improvements and weights for GARCH, Two Factor and Jump Diffusion
Models

The design is detailed in section 5. The data generating processes appear in equations (5.1) through (5.4). More specifically,
they are respectively referred to as a GARCH diffusion, two-factor SV diffusion and Jump diffusion. For the former two, the
entries pertain to QV, with (w,)”! appearing in equation (4.2), (w?*,)~! appearing in equation (4.1) and (w}°)~! taken from
equation (4.8), whereas (w“"¢)~! is taken from equation (4.6). For the data generating process involving jumps the entries
pertain to BPV and the weighting schemes appear in Table 1. The entries in the top panels are the ratios of MSE of the
various estimators vis-a-vis the MSE of a standard RV/BPV estimator using the same frequency data. The lower panels report
statistics of the weighting schemes (inverse to be more precise).

GARCH Diffusion

w*t w*t whc wunc wrm wrfth

u v

Mean

MSE Impr.

5 Min 0.87 085 095 0.95 0.86 0.87

10 Min 0.82 0.82 093 0.93 0.83 0.83

w

5 Min

Mean 0.04 0.05 0.17 0.01 - -

Ave. Var 0.02 0.01 0.01 0.00 - -

10 Min

Mean 0.07 0.07 0.23 0.01 - -

Ave. Var 0.03 0.01 0.03 0.00 - -
Two-factor SV model

Mean

MSE Impr.

5 Min 091 091 096 0.96 0.88 1.13

10 Min 0.87 0.87 094 094 0.85 1.19

w

5 Min

Mean 0.03 0.02 0.14 0.11 - -

Ave. Var 0.01 0.00 0.01 0.00 - -

10 Min

Mean 0.06 0.06 0.19 0.18 - -

Ave. Var 0.01 0.00 0.03 0.02 - -

Jump Diffusion

Mean

MSE Impr.

5 Min 099 099 099 0.9 0.89 0.94

10 Min 0.98 0.98 0.99 0.99 0.87 0.89

w

5 Min

Mean 0.01 0.01 0.04 0.03 - -

Ave. Var 0.00 0.00 0.00 0.01 - -

10 Min

Mean 0.01 0.01 0.08 0.07 - -

Ave. Var 0.00 0.00 0.02 0.01 - -
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Table 3: MSE improvements and weights for Realized Betas

The design detailed in section 5 pertains to CAPM betas as in equation (3.21) with the market return process
according to equation (5.2) with instantaneous volatility dynamics appearing in (5.4). The betas follow an
Ornstein-Uhlenbeck process as in equation (5.6). We consider three DGPs. In particular, we take for DGP1
k=2, u = 1.0, with o, = 3, for DGP2 x = 2, 4y = 0.10 and o, = 0.03, for DGP3 k =1, 4 = 1.0 and 0}, =
0.03. The weighting schemes are those appearing in Table 2. All entries pertain to 1 and 5 minute sampling
schemes with sample size 7" = 500. The entries are the ratios of MSE of the various estimator vis-a-vis the
MSE of a standard realized beta. In Panel B we report the mean of the weights.

* hc unc

*
ot w w

ut

m

w w w

Panel A: MSE improvements

DGPs Sampling

1 1 min 0.82 0.75 0.80 0.80 0.83
5 min 0.74 0.71 0.74 0.75 0.82

2 1 min 0.82 0.75 0.80 0.79 0.80
5 min 0.77 0.71 075 0.76 0.81

3 1 min 0.81 0.75 0.80 0.80 0.83
5 min 0.80 0.72 0.75 0.75 0.82

Panel B: Mean weighting schemes

1 1 min 0.16 0.11 0.12 0.13 -
5 min 0.21 0.13 0.15 0.15 -
2 1 min 0.17 0.11 0.11 0.12 -

5 min 0.20 0.13 0.14 0.15 -
3 1 min 0.18 0.10 0.11 0.11 -

5 min 0.20 0.13 0.14 0.15 -
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