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A Notation

For the convenience of the reader, we summarize the notation adopted in the following arguments. A
slightly more technical presentation is adopted than within the main manuscript as a little care is required
in order to obtain rigorous results.

We work on a probability space (£2,.4,P) rich enough to allow the definition of the particle system
introduced in Section 3 for all N € N. All expectations and probabilities which are not explicitly
associated with some other measure are taken with respect to P.

For any H C R%, we consider the Borel o-algebra B(H) with respect to the Euclidean norm, and we
endow any product space with the product Borel o-algebra.

Let the Banach space of real-valued bounded measurable functions on H, endowed with the supremum
norm, ||¢llec = sup, ey |¢(u)], be denoted by By (H).

Let M(H) be the Banach space of signed finite measures on (H, B(H)) endowed with the bounded
Lipschitz norm (e.g. Dudley (2002, page 394))

B(n) := sup / n(dz)p(z)], 25)
lellpr<11JmH
where || - [ denotes the bounded Lipschitz norm for bounded Lipschitz functions ¢
p\xr) — P
ez = l¢lloe + sup 2D = 2W,
oty |l =yl

For ease of notation, for every measure n € M(H) and every ¢ € B,(H) we denote the integral of ¢
with respect to 1 by n(¢) := [ n(du)e(u).

We denote by M*(H) C M(H) the set of (unsigned) measures of nonzero mass and by P(H) C
MT(H) the set of all probability measures on (H, B(H)). For every n € P(H) we have

/H n(dz)p()

The 8 norm metrizes weak convergence (Dudley, 2002, Theorem 11.3.3) in M(X): for every p €
M(H), and sequence {pp }n>1 taking values in M(H), B(pn, ) — 0 is equivalent to w, (@) — p(p) for
all continuous bounded functions ¢ € Cy(H).

For any n € M™(H) and any positive function G integrable with respect to n we denote by ¥ (n)(dx)
the Boltzmann-Gibbs transform

< sup  |l@floon(H) < 1.
lellr<1

B(n) = sup
lellBr <1

() (der) = %G(xwx).

A Markov kernel M from H to H induces two operators. One acts upon measures in M(H) and takes
values in M(H) and is defined by
i € MUE) 1)) = [ afdn)M ()

and the other acts upon functions in B,(H) and takes values in By(H) and may be defined as

VueH Vo€ By(H) M(p)(u) = /HM(u, dv)e(v).
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For each w € €2, we obtain a realization of the particle system with N particles at time n and a
corresponding random measure denoted by 7Y : w € Q — nN (w) € P(H)

M (W) (- NZ5(X (@)Y () ()

where we suppress from the notation the dependence of X/ (w) and Y,!(w) upon N, as we shall throughout
in the interest of readability.

B Existence of the Fixed Point

Let us formally define the EMS map as a map from the set of unsigned measures of nonzero mass to the
set of probability measures, Frys : MT(X) — P(X), such that

FEMS:nHFEMSUIZ/X (de) K (') m
X

and the EM map, Fry : MT(X) — P(X) as in (7), slightly more formally as:

1

Fem(n)(de) = 7 Gn)én(l’)ﬁ(dx)» (26)

where the normalizing constant 77((?,7) = 1 is introduced to highlight the connection with the particle
methods introduced in Section 3. We introduce the smoothing operator, K : P(X) — P(X), corresponding
to the smoothing kernel in (A2)

K:n—nK = /Xn(dv)K(v, ) (27)

and observe that Frvsn = K (Fem(n)) = (Frmn) K.

In order to prove that the EMS map admits a fixed point, a number of properties of the EM map,
of the smoothing operator K and of the EMS map itself must be established. We show that Fgyg is
a compact operator on M (X) (Corollary 2). To do so, we show that Fgy is continuous and bounded
(Proposition 6) then we prove that K is compact (Proposition 7). Compactness is needed to prove
existence of a fixed point.

B.1 Properties of the Continuous EMS Map

Proposition 6. Under (A0) and (A1), the EM map Fgy in (26) is a continuous and bounded operator
on M*(X) endowed with the weak topology.

Proof. Let n € MT(X) and {n,},>1 be a sequence of measures in M (X) converging to 7 in the weak
topology as n — oco. For any ¢ € Cy(X) consider

| P @e)e(o) — [ Foan)(da)ota)

=| it [ EHERGE - [amatn) [ LR
n (dx dx

- // )gly [ 2)h(d )[nnn(g((y )~)) - n(g((y I)-))H

(dz)p(x)g ylx) (dy)
< // L [n(g(y|~))—nn(g(y|'))]’
o(2)g(y | )h(dy)
(n(dz) = n(dz)) n(g(y|-) ’

where the second equality follows from Fubini’s Theorem since g, ¢ are bounded functions.
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The first term can be bounded by

7 dx y(l 8 |()§’) 9y |-) = na (9(y | )]

dy fxnn (dz)g(y | x) W '
<I¢loo / S () = (ol | )

h(dy)
gl\wIloo/Ym 19 (9 1) =1 9y | )]

Under (A1), g is bounded below by 1/my and we have

oty ) = [ ado)gty | 2) >~ [ n(da) = () >0

g9 g

since n € M1 (X) is an unsigned measure with nonzero mass. Therefore we obtain

h(dy) N ) my
Htplloo/yin(g(y‘.)) gy ) = (g(y | )] < ||<P||oon(X)

For fixed y, g(y | -) € Cp(X), we have that

In(g(y |-)) —nmn(g(y | )] =0

as m — oo since 7, converges to 7 in the weak topology. Since g is uniformly bounded by mg, the
Dominated Convergence Theorem then gives

/Y h(dy) [ (9(y | ) = 1 (g(y | )]

/Y h(dy) 1 (9 | ) — 1 (9(y | )] = 0

as n — oo, from which we obtain

DA LD by (g5 119) = oty | ]| 0 (28)
as n — oo.
For the second term, consider the function
y | z)h(dy)
x .—>/ DI (29)

This function is bounded by m2||¢| /7(X); to see that it is also continuous, recall that ¢, g are continuous
functions while the continuity of y — 7 (g(y | -)) follows from the continuity of ¢ and the Dominated
Convergence Theorem. The Dominated Convergence theorem and the fact that g is continuous, bounded
above and below give continuity of (29).

Using Fubini’s Theorem, whose applicability is granted by the boundedness of g, ¢, we obtain

—itdey) P29 [ 2)h(dy)
Y(nn(dx) n(dz)) ngly|-)) ‘

- ' /X (1 (dz) — n(dz)) /Y pl2)g ((y(gLT) ‘—>0 (30)

as n — 0o.

Combining (28) and (30) we obtain convergence of Fry 7, () to Fem n(p) for every ¢ € Cp(X), and
thus convergence in the weak topology of Frym 1, to Frym n (Dudley, 2002, Theorem 11.3.3) whenever 7,
converges weakly to 7, proving that the EM map is continuous in M¥(X). Finally, consider boundedness.
A non-linear operator is bounded if and only if it maps bounded sets into bounded sets (e.g. Zeidler
(1985, page 757)). The EM map maps the space of positive finite measures M™(X) into the space of
probability measures P(X), whose elements have 5 norm uniformly bounded by 1; in particular Fgy
maps any bounded subset of M (X) into a uniformly bounded subset of P(X), showing that Fgy is a
bounded operator. O
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Proposition 7. Under (A0) and (A2), the smoothing operator K defined in (27) is compact on P(X)
endowed with the weak topology.

Proof. To prove that K is compact we need to prove that it maps bounded subsets into relatively compact
subsets (Kress, 2014, Definition 2.17). It is sufficient to observe that X is a complete subset of R% (as
it is a compact subset of a metric space) from which it follows that P(X) is complete by Prokhorov’s
Theorem (e.g. Dudley (2002, Corollary 11.5.5)) and therefore P(X) is relatively compact (Dudley, 2002,
Theorem 11.5.4).

O

Corollary 2 (Compactness of Fgygs). Under (A0), (A1) and (A2), the EMS map Fgyps is compact on
MT(X) endowed with the weak topology.

Proof. The EMS map is the composition of the continuous and bounded operator Fgy (by Proposition 6)
which maps bounded sets into bounded sets with the compact smoothing operator K (by Proposition 7)
which maps bounded sets into relatively compact sets. It follows that Fgyg is continuous and maps
bounded sets into relatively compact sets, hence Fgyg is compact (e.g. Zeidler (1985, page 54)). O

B.2 Proof of Proposition 1

The proposition may be established straightforwardly using the technical results obtained in the previous
section.

Proof. Since X is a compact metric space (and therefore complete), the set of probability measures
P(X) € M(X) is complete by Prokhorov’s Theorem (e.g. Dudley (2002, Corollary 11.5.5)) and therefore
P(X) is closed. Moreover, P(X) is non-empty, bounded (since all of its elements have 8 norm bounded
by 1) and convex: take p, v € P(X) and t € [0,1], then for every A € B(X)

tu(A)+ (1 —-t)v(A) >0 twX)+ (1 -HrX) =1,

showing that tu + (1 — t)v € P(X) for all ¢t € [0, 1] and all u,v € P(X).
These properties and the compactness of the EMS map (Corollary 2) give the existence of a fixed

point by Schauder’s fixed point theorem see, e.g., Zeidler (1985, Theorem 2.A).
O

C Convergence of the SMC Approximation

The theoretical characterization of the particle method approximating the EMS recursion is carried out
by decomposing Algorithm 1 into three steps: mutation, reweighting and resampling. This decomposition
is standard in the study of SMC algorithms (Crisan and Doucet, 2002; Chopin, 2004; Miguez et al., 2013)
and allows us to examine the novelty of the particle approximation introduced in Section 3 by directly
considering the contribution to the overall approximation error of the use of approximate weights G2¥.
First, consider the following decomposition of the dynamics in (8) with potentials (11) and Markov
kernels (10). In the selection step, the current state is weighted according to the potential function G,

1
man(:ﬂna yn)nn(xltna yl:n)a

then, in the mutation step, a new state is proposed according to M, 1

ﬁn(xltnaylzn) = \I]Gn (nn)(mlzn; yl:n) =

7]n+1(x1:n+1; yl:n-i-l) X ﬁn(xl:n7y1:n)Mn+1(xn+l | xn)

Each step of the evolution above is then compared to its particle approximation: the weighted distribution
Ve, (nY) is compared with ¢ (n,), the resampled distribution 72 is compared with #,, and finally 12
is compared with 7,,.

The proof of the LL,-inequality in Proposition 3 follows the inductive approach of Crisan and Doucet
(2002); Miguez et al. (2013) and consists of 4 Lemmata. Lemmata 2, 4 and 5 are due to Crisan and Doucet
(2002); Miguez et al. (2013) and establish L,-error estimates for the reweighting step performed with the
exact potential G,, (exact reweighting), the multinomial resampling step and the mutation step. Lemma 3
compares the exact reweighting with the reweighting obtained by using the approximated potentials G
and is the main element of novelty in the proof.

In the following we commit the usual abuse of notation and we denote by 7, both a measure and its
density with respect to the Lebesgue measure.
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C.1 Proof of Proposition 3

Before proceeding to the proof of Proposition 3 we introduce the following auxiliary Lemma giving some
properties of the approximated potentials G2:

Lemma 1. Under (A0) and (A1), the approximated and exact potentials are positive functions, bounded
and bounded away from 0

Galloo < my < d  inf [Galz,y)| > — >0
[Gnlloo < my < o0 an Lr}y)| (2,9)| > mg
1
HGT]YHOO < mz < 00 and inf |GnN(x’y)| > — > 0.
(z,y) mg

We have the following decomposition

Mlx(9(y [-) —nn Ix(g(y | )
i 1x(g(y | )
mlx(g(y | ) =i 1x(g(y | )
Mlx(9(y | -))

Gizv(xvy) - Gn(xay) = Gn($,y)

=Gl (z,y)

for fixed (x,y) € H.

Proof. The boundedness of G,, and G2 follows from definitions (11) and (15) and the boundedness of g.
The second assertion is proved by considering the relative errors between the exact and the approximated
potential:

Gy (x,y) = Gu(z,y) _ ha(y) {g(y [2) gy x)}
Gn(z,y) gyl =) Lhi(y)  haly
~ h(y) I ]
"N @) hay)

Mlx(9(y [ ) = n 1x(9(y | )
N lx(g(y | -))

and

GY(@,y) = Gulz,y) _ malx(g(y | ) —m lx(9(y | )
Gl (x,y) mlx(9(y | -)

respectively.

Lemma 2 (Exact reweighting). Assume that for any ¢ € B, (H) and for some p > 1

1/ =~ Plloo
E [[n) (¢) = m(@)[P] 7" < Cpm @vl“/z

holds for some finite constant épm, then

1/ ~ Plloo
E [0, (1)(9) - ¥, (@) 7 < 6, L2

for any ¢ € By, (H) for some finite constant Cj, .

Proof. The proof follows that of Crisan and Doucet (2002, Lemma 4) by exploiting the boundedness of
Gy. O
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Lemma 3 (Approximate reweighting). Assume that for any ¢ € By, (H) and for some p > 1

p _ & llells
E [[n' () = m(@)I"] 7 < ConTm g

holds for some finite constant C,,.,,, then

1/ A Plloo
E [[ay (1))(9) — T, )] < 6, 150

for any ¢ € By, (H) and for some finite constant C,, ,,.

Proof. Apply the definition of ¥, and ¥g~ and consider the following decomposition

[Wen (ni) (@) — Ya, (n)) ()] =

m (GRe) nflV(Gnso)’
iy (GY) i (Gn)
Y (GYe)  nY(GY o) ’

IN

ny (GY) N (Gr)
m (GRe) mﬁV(Gn@)‘
777]L\’(Gn) ﬂiV(Gn)

Then, for the first term

m (Gie) mﬁV(Gﬁw)‘ _ niV(Gévw)‘ 1 (Gn) —mﬁv(Gf)’
na (GI) i (Gr) na (GY) na (Gn)
¢ lloo N
< A e (1Gr — Gy
G D
For the second term
(Gl o) n) (Gup) 1

— N N
i (Gn) Y (Gy) ‘ |,7£V(Gn)‘|m (Gn @) =, (Gap)|

¢l oo N (| ~N
™ D

Hence,

Wy 12)(9) ~ Vo, (1)) < 2= (16 = Gul) < 2l (G — Gl

By applying Minkowski’s inequality and the decomposition of the potentials in Lemma 1

E [l (6 - ca] "

N pq1/p
N; |G (X0, Y,0) = Gu(X, Y1)
N
1 N i ’L % 7 1/p
S N g [ G XnaYn G (Xnﬂyn)| :|
N 1/p
1 GN XZ,Y,; ? ; ;
1 o 3 i N i p11/P
<5 Z E [l (9(Yi 1)) =l (9 [ ) P17

1

.
Il

Then, consider S := o (Yg e d{l,..., N}), the o-field generated by all the Y,/ at time n. By con-
struction, the evolution of X! for i = 1,..., N is independent of SY (this is due to the definition of the
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N, the Y,! are fixed for ¢ = 1,..., N and we can use the fact
that the integrals of functions from X to R with respect to 7, and 7,|x coincide as do their integrals with
respect to 7Y and 0l |x, thus for fixed y:

1/ 1/
E [Inalx (9(y | ) = na e (9(y | NPT =E [Ina (9(y | ) =03 (aly |- D7)
mgépyn
- N1/2
where the last inequality follows from the hypothesis of the Lemma because g(y | -) is a bounded and

measurable function for all fixed y € Y.
Hence, since Y;! is S2-measurable and independent of 1Y |x, we have

mutation kernel (10)). Conditionally on S

N
2 [ln 16y -] < mgﬁzﬁ (el (90t 1)) =l (92 ) 1]

i 1/
<m ZE [Inal (9(¥;i 1)) = b (g ¥;i 1)) 1PISY] ]
m‘;C’pm
- NL/2 °
Therefore,
1/ ~ [€lloo
E [[Wey (1)(#) = Yo, ) (@) P] " < 26, nmi 53
with the constant C,,, = 25p7nmg. O

Lemma 4 (Multinomial resampling). Assume that for any ¢ € By, (H) and for some p > 1

E [y (0)(#) — (@) = E [Way ))(9) — ¥, (1) (@)] 77 < Gy WoDee

holds for some finite constant 6’1,7”, then after the resampling step performed through multinomial re-
sampling

« . 1/ Plloo
E [[7Y () = in(@)[?] " < Cpom ”N1H/2

for any ¢ € By, (H) for some finite constant C, ,,.

Proof. The proof follows that of Crisan and Doucet (2002, Lemma 5) using the Marcinkiewicz-Zygmund
type inequality in Del Moral (2004, Lemma 7.3.3) and the hypothesis.
O

Lemma 5 (Mutation). Assume that for any ¢ € B,(H) and for some p > 1

E (1 (¢) ~ iale)l]” < Gyl

holds for some finite constant C), ,,, then, after the mutation step

lloll oo
N1/2

p _ ~
E [[nY1(9) = nas1(@)P] 77 < Cpnta

for any ¢ € B,(H) for some finite constant ép,n-‘rl'

Proof. The proof follows that of Crisan and Doucet (2002, Lemma 3), where after applying Minkowski’s
inequality

E [N, 1(0) = a0 = B [[nN () — fin Mo ia () 7] /7
<E [|n1(0) = 23 Mot ()] e
+E |3 Mot (9) — i Masa (9)7] 7

we can bound the first term with the Marcinkiewicz-Zygmund type inequality in Del Moral (2004, Lemma
7.3.3) and the second term with the hypothesis.
O
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The proof of the LL,-inequality in Proposition 3 is based on an inductive argument which uses Lem-
mata 2-5:

Proof of Proposition 3. At time n = 1, the particles (X%, Y{)N | are sampled i.i.d. from 7; = 7j; thus
E [(p(X{,Yf)] =m(p) fori = 1,...,N. We can define the sequence of functions A} : X x Y + R for
i=1,...,N | o

Ai(:ﬂ,y) = QD(’JZ,:(/) —-E [@(Xi,Yf)]

so that,

n () — AL(XT, YY),

HMZ

and apply Lemma 7.3.3 in Del Moral (2004) to get

& [l () — m()P)""” < 2b(p) e 120

with b(p) < oo, for every p > 1.
Then, assume that the result holds at time n: for every ¢ € By(H), every p > 1 and some finite

constant Cp

r o & llelle
)‘p} < prn N1/2 .

The L,-inequality in (19) is obtained by combining the results of Lemma 2 and Lemma 3 using
Minkowski’s inequality

E |70 (¢) = na(e

1/ _ . ©|| 0o
E [ Bay (1)(9) = U, ) (@)P]77 < Cpn+ Cpn) 'ﬁvl”/z

for every ¢ € By(H) and some finite constants C,, ,,, Cp. Thus, C, = Cpn + Cpop
Lemma 4 gives

« A 1/ Plloo
E (|55 (¢) = in(@)[P] 7" < Cpm ”N1H/2

for every ¢ € By(H) and some finite constants C), ,,, and Lemma 5 gives

U _ & l[oll o
E [1251(2) = s (D] < Comin 53
for every ¢ € By(H) and some finite constant 5,,7”“.
The result follows for all n € N by induction. O

C.2 Proof of Proposition 4

Using standard techniques following Dudley (2002, Chapter 11, Theorem 11.4.1) and Berti et al. (2006)
and given in detail for the context of interest by Schmon et al. (2021, Theorem 4), the result of Corollary 1
can be strengthened to the convergence of the measures in the weak topology.

Proof of Proposition 4. Consider BL(H) C B,(H), the Banach space of bounded Lipschitz functions. As
shown in Dudley (2002, Theorem 11.4.1), see also Schmon et al. (2021, Proposition 5) for a more accessible
presentation, BL(H) admits a countable dense subclass C' C BL(H).

For every ¢ € C define A, := {w € Q: nY (w)(¢) = Nu(¢) N — co}. Then P(A,) =1V € C by
Corollary 1 and

P({weQ:n)(w)(p) = m(p) N 2ooVoeCl =P| ()4, ] =1L
pelC

The result follows from the fact that C' is dense in BL(H) and the Portmanteau Theorem (e.g. Dudley
(2002, Theorem 11.1.1)). O
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D Convergence of Density Estimates

D.1 Auxiliary Results

Using a version of the Dominated Convergence Theorem for weakly converging measures (Serfozo, 1982;
Feinberg et al., 2020), standard results on kernel density estimation (e.g. Parzen (1962); Cacoullos (1966))
and an argument based on compactness as in Newey (1991) we can establish the following result

Proposition 8. Under (A0), (A1) and (A2), if sy — 0 as N — oo, the estimator f},;(z) in (17)
converges uniformly to f,+1(x) with probability 1 for all n > 1.

Proof. Let us define for N € N
o (t, 1) = / K(2',z)sy|s|~1/28 ((sivz)*lﬂ(t - z’)) da’,
X

and note that the estimator (17) is given by f.;(z) = Wen (n)) (™ (-, x)) for any fixed 2 € X. Standard
results in the literature on kernel density estimation show that ¢ (-, 2) converges to K (-, r) pointwise for
all z € X (e.g. Cacoullos (1966, Theorem 2.1)). Because X is compact, Assumption (A2) ensures that K is
uniformly continuous on X (e.g. Rudin (1964, Theorem 4.19)), then, as argued in Parzen (1962, Theorem
3.A), the sequence o (-, z) converges uniformly to K (-, z) in X (see also Cacoullos (1966, Theorem 3.3)).
As a consequence, the sequence {p (-, z)} yen is uniformly equicontinuous and uniformly bounded (e.g.
Rudin (1964, Theorem 7.25)). It follows that {p™V (-, )} yen is (asymptotically) uniformly integrable in
the sense of Feinberg et al. (2020, Definition 2.6).

Using an argument analogous to that in Proposition 4 we can establish that W~ (nN) converges
to Ug, (n,) almost surely in the weak topology, then using the fact that the sequence {¢” (-, 7)}nen
is asymptotically uniformly integrable and equicontinuous with continuous limit K (-, z), the Dominated
Convergence theorem for weakly converging measures (Feinberg et al. (2020, Corollary 5.2); see also
Serfozo (1982, Theorem 3.3)) implies that

w1 (@) = Yan () (¢ (- 2) = Ve, () (K(,2)) = fata(2) (31)

almost surely as N — oo for any fixed z € X.
To turn the result above into almost sure uniform convergence, i.e.

P (imsup { sup £21(0) = frn ()] > ¢ ) =0

N—o00 zeX

for every e > 0, we exploit assumption (A0) and the resulting continuity properties of K.
Under (A0)-(A2), K is uniformly continuous and we have that for any € > 0, there exists some d. > 0
such that

(o1 (@) = fara (@) = [Pa, () (K (-, 2) = K(, 2!

<sup|K(z,z) — K(z,2")| <
zeX

~—

)|

w| M

whenever ||z — 2'||s < d.. Using the definition of ¢V and exploiting again the uniform continuity of K
we also have that for every € > 0

oV (t0) — ¢V (ta) < [ K (ug) = K)oy |5 28 (532) 72 - ) du
X
3

e — _ £
< g/XSNd 91728 (39) 72— w)) du < 5

if ||z — 2'||2 < d.. It follows that f},, is uniformly continuous: for any & > 0

|
A\

2
QH\

[ (@) = fala (@) = Yoy () (07 (2

IS
< suplp (2,2) — 5
zeX
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whenever ||z — /|2 < de.
Let B(x,0.) := {2’ € X : ||z — 2'||]2 < J.} denote the ball in X centred around z of radius J..
Under (A0), X is compact and therefore there exists a finite subcover {B(x7)}7_, of { B(x, 0c)}rex. Using

the uniform continuity above and the following decomposition, we obtain for all x € B(z7), j =1,...,J
and for all N,

250 (@) = Fanr @] < 1N @) = £ @)+ 150 @) = far @)+ [ fasa (@) = Faga (@)
< S+ @) ~ fana @)+ 5

N

2 , ,
ge+ max [fl (@) = fari (@),

from which follows
2 . )
sup | f1(2) = frar (@)] < 36T max a1 (27) = faga(27)].
zeX j=1,....,J
Therefore, to obtain almost sure uniform convergence, it is sufficient to show that
P ({w €Q: rrllaxJ|fT]LV+1(w)(xj) — far1 (@) -0 N — oo}) =1
j=

Let us define 4; := {w € Q : fN (w)(27) = fay1(27) N — co}. As a consequence of (31) we have
P(A;)=1forallj=1,...,J and

P({w € ]_rrllaxJ|ffl\ﬂr1(w)(:rj) — far1(@)] - 0N — oo}) =P ﬂ Aj | =1,

G=1,...,J

which gives the result. O

D.2 Proof of Proposition 5

Proof. A direct consequence of Proposition 8 is the almost sure pointwise convergence of f, ‘1 to fryr
As both n+1( x) and f,11(x) are probability densities on X, we can extend them to R% by taking

N (z) .:{ 1 () reX and i (x) = {fn+1( r) z€X
et ' 0 n+1

otherwise 0 otherwise

respectively. Both ¢2,,(z) and v, 11(z) are probability densities on R% and are measurable functions.
Moreover, Y +1(x) converges almost surely to 1,41(x) for all z € R% . Hence, we can apply Glick’s
extension to Scheffé’s Lemma (e.g. Devroye and Wagner (1979)) to obtain

/ .1 (@) — o (2)] do 23 0
from which we can conclude
L 12@) = fra@) de = [ 0@ =@l do < [ () = @) dr 0
X

almost surely as N — oo.
Convergence of the MISE is a consequence of Proposition 8, (A0) and the Dominated Convergence
Theorem

E [ [ 15526 = Fuss(o) dw} SAX)E [N — faal] de = 0

as N — oo, where A(X) < oo denotes the Lebesgue measure of X.
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Figure 3: Functional dependence of the variance of the resulting approximation oZq
(left) and the Kullback-Leibler divergence (33) (right) on the smoothing parameter e.

E Additional Examples

E.1 Analytically tractable example

Here we consider a toy example involving Gaussian densities for which both the EM recursion (2) and
the EMS recursion (6) can be solved at least implicitly. The Fredholm integral equation we consider is

N(y;p, 0% +0)) =/XN(I;M,U?)N(y;x,G§) dz, yeY

where X =Y = R. The initial distribution f1(z) is N (2; p, 0 ) for some ofyg , > 0.
The fixed point fzass of the EMS recursion (6) with Gaussian smoothing kernel K (z/, z) = N (z; 2/, €2)
is a Gaussian with mean y and variance o&);q solving

6 4 2 2 2 2 2 2 2
UEMS+UEMS(Ug _o-h)_QO-EMSS O’g — 2¢ Ug =0. (32)

We can compute the Kullback—Leibler divergence achieved by fgass:

1. opus to; o !
KL ( A, z Jdz ) ==1lo + X 33
( /XfEMS( )9y | ) ) 2 8T 2 2(0kms +037) 2 o

as fx fems(x)g(y | -) dz is the Gaussian density N(y; u, ooyg + 03). The fixed point for the EM
recursion (2) is obtained setting ¢ = 0. The corresponding value of the Kullback—Leibler divergence is 0.
Figure 3 shows the dependence of O']%:MS and of the KL divergence on ¢.

The conjugacy properties of this model allow us to obtain an exact form for the potential (11)

9(yn | zn) N (Yn; Tp, 07)
Gn TnyYn) = = 34
(%0 yn) hon(Yn)  N(Yns 02 + 0fnis ) (34

where ofyg ,, i the variance of f,(x).

We use this example to show that the maximum likelihood estimator obtained with the EM itera-
tion (4) does not enjoy good properties, and to motivate the addition of a smoothing step in the iterative
process (Figure 4).

Taking 0% = 0.043* and o, = 0.045* we have |1 — fol f(z)dz| < 10739 thus we can restrict our
attention to [0,1] and implement the discretized EM and EMS by taking B = D = 100 equally spaced
intervals in this interval. The number of iterations n = 100 is fixed for EM, EMS and SMC. The number of
particles for SMC is N = 10* and £ = 10~2. The smoothing matrix for EMS is obtained by discretization
of the smoothing kernel K (z/,2) = N (x;2’,¢2).

Figure 4 clearly shows that the EM estimate, despite identifying the correct support of the solution,
cannot recover the correct shape and is not smooth. On the contrary, both EMS and SMC give good
reconstruction of f while preserving smoothness.
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Figure 4: Comparison of EM, EMS and SMC with exact potential G, for the analytically
tractable example.

Then we compare the deterministic discretization (5) of the EMS recursion (6) with the stochastic
one given by SMC with the exact potential (34). To do so, we consider the variance of the obtained
reconstructions, their integrated square error (23), the mean integrated square error for between h and

WY () = / Y@y | 2)de

and the Kullback Leibler divergence KL(h, hY 1) (restricting to the [0, 1] interval and computing by
numerical integration) as the value of the smoothing parameter € increases (Figure 5). We consider one
run of discretized EMS and compare it with 1,000 repetitions of SMC for each value of e (this choice
follows from the fact that discretized EMS is a deterministic algorithm). The number of particles for SMC
is N = 103 and for each run we draw a sample Y of size 10* from h and resample from it M = min(N, 10%)
particles in line 2 of Algorithm 1. Both algorithms correctly identify the mean for every value of ¢ while
the estimated variances increase from that obtained with the EM algorithm (¢ = 0) to the variance of
a Uniform distribution over [0,1] (Figure 5 top left). Unsurprisingly, the ISE for both f2., and hY ,
increases with ¢ (Figure 5 top right and bottom left), showing that an excessive amount of smoothing
leads to poor reconstructions. In particular for values of € > 0.5 the reconstructions of f become flatter
and tend to coincide with a Uniform distribution in the case of EMS and with a normal distribution
centered at p and with high variance (> 0.08) in the case of SMC. This difference reflects in the behavior
of the Kullback—Leibler divergence, which stabilizes around 133 for EMS while keeps increasing for SMC
(Figure 5 bottom right).

We now consider the effect of the use of the approximated potentials G¥ in place of the exact ones G,
in the SMC scheme. We compare the ISE for f., ', 1 given by the SMC scheme with exact and approximated
potentials for values of the number M of samples Y, drawn from h at each time step between 1 and
10® with 1,000 repetitions for each M. Through this comparison we also address the computational
complexity O(MN) of the algorithm, with focus on the choice of the value of M. Figure 6 shows the
results for N = 10 and & = 1072, The behavior for different values of N and ¢ is similar. The plot of
ISE(f}. ;) shows a significant improvement when M > 1 but little further improvement for M > 10.

To further investigate the choice of M we compare the reconstructions obtained using the exact and
the approximated potentials for M = 10, M = 10> and M = N = 103. Figure 7 shows pointwise
means and pointwise MSE (24) for 1,000 reconstructions. The means of the reconstructions with the
exact potentials (blue) coincide for the three values of M, the means of the reconstructions with the
approximated potentials (red) also coincide but have heavier tails than those obtained with the exact
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Figure 5: Estimated variance (top left), ISE(f).,) (top right), ISE(RY ;) (bottom left)
and Kullback—Leibler divergence (bottom right) as functions of the smoothing parameter
e for the analytically tractable example. The deterministic discretization (5) (red) and
the stochastic discretization via SMC with the exact potentials (34) (blue) are compared.

potentials. The MSE is similar for reconstructions with exact and approximated potentials with the same
value of M. In particular, the little improvement of the MSE from M = 102 to M = 10% suggests that
M = 10% could be used instead of M = N = 103 if the computational resources are limited. Using
M = 10? instead of M = 103 reduces the average runtime by ~ 80% for both the algorithm using the
exact potentials and that using the approximated potentials.

Silverman et al. (1990, Section 5.4) conjectured that under suitable assumptions the EMS map (6)
has a unique fixed point. This conjecture is empirically confirmed by the results in Figure 8. We run
EM, EMS and SMC with approximated potentials for n = 100 iterations starting from three initial
distributions fi(z): a Uniform on [0, 1], a Dirac § centered at 0.5 and the solution J\f(x;,u,aj%). The
number of particles is set to N = 103 and the smoothing parameter ¢ = 10~!. Both EMS and SMC
converge to the same value of the Kullback—Leibler divergence regardless of the starting distribution. The
speed of convergence of the three algorithms is similar, in each case little further change is observed once
4 iterations have occurred.
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Figure 6: Dependence of runtime and ISE(f2,;) on the value of M, the number of sam-
ples drawn from h at each iteration, for the SMC scheme run with the exact potential

(blue) and the approximated potential (red). The error bars represent twice the standard
deviation of ISE(f2, ).

o = M w A O O N © ©
— T T T T T T

0 0.1 02 03 04 05 06 07 08 09 1 0

T T

Figure 7: Reconstruction of f(z) = N(x;0.5,0.043%) from data distribution h(y) =
N (y;0.5,0.043% 4 0.045%). The number of particles N is 10® and the smoothing pa-
rameter ¢ = 1072, M = 10, M = 10? and M = N are compared through the pointwise
means of the reconstructions and the pointwise mean squared error (MSE).
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E.2 Motion deblurring

Consider a simple example of motion deblurring where the observed picture h is obtained while the
object of interest is moving with constant speed b in the horizontal direction (Vardi and Lee, 1993;
Lee and Vardi, 1994). The constant motion in the horizontal direction is modeled by multiplying the
density of a uniform random variable on [—b/2,b/2] describing the motion in the horizontal direction and
a Gaussian, N (v;y,0?), with small variance, 02 = 0.022, describing the relative lack of motion in the
vertical direction

g(u,v | z,y) = N(v;y, 02)Uniform[x,b/2,z+b/2] (u).

We obtain the corrupted image in Figure 9b from the reference image in Figure 9a using the model
above with constant speed b = 128 pixels and adding multiplicative noise as in Lee and Vardi (1994,
Section 6.2). Figure 9b is a noisy discretization of the unknown h(w, v) on a 300 x 600 grid. The addition
of multiplicative noise makes the model (1) misspecified, but still suitable to describe the deconvolution
problem when the amount of noise is low. For higher levels of noise, the noise itself should be taken into
account when modeling the generation of the data corresponding to h.

We compare the reconstruction obtained using the SMC scheme with that given by the deconvlucy
function in MATLAB® (The MathWorks Inc., 1993), an efficient implementation of the Richardson—
Lucy algorithm (i.e. EM for Poisson counts) for image processing which considers the data image as a
discretization of the unknown density h into bins. The same image is used to draw the samples necessary
for the SMC implementation.

The smoothing parameter is ¢ = 1072, and the number of particles is N = 5,000. These values
are chosen to achieve a trade-off between smoothing and accuracy of the reconstruction and to keep the
runtime under three minutes on a standard laptop.

The distance between the reconstructions and the original image is evaluated using both the ISE (23)
and the match distance, i.e. the IL; norm of the cumulative histogram of the image, a special case of the
Earth Mover’s Distance for gray-scale images (Rubner et al., 2000). SMC gives visibly smoother images
and is better at recovering the shape of the original image (ISE( TJLVH) is 1.4617 for SMC and 2.0863 for
RL). In contrast, the RL algorithm performs better in terms of match distance (0.0054 for RL and 0.0346
for SMC).
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(a) Original sharp image (b) Blurred image with 0.5% multi-
plicative noise

(¢) Reconstruction with RL (d) Reconstruction with SMC

Figure 9: Reference image, blurred noisy data distribution and reconstructions for the
motion deblurring example. FEach scheme used 100 iterations; the SMC scheme used
N = 5,000 particles.

F Additional Results for PET Example

The reconstruction of cross-sectional images from projections given by PET scanners is modeled by the
Radon transform (Radon, 1986)

+oo
h(p,§) :/ f(&cos g — tsing, Esin g + ¢ cos ¢)dt, (35)

— 00

for (¢,€) € Y = [0, 27] x [—R, R|, where the right hand side is the line integral along the line with equation
x cos p+ysin ¢ = £. We rewrite (35) as a Fredholm integral equation (1) modelling the alignment between
the projections onto (¢, &) and the corresponding location (z,y) in the reference image using a Gaussian
distribution with small variance (in the experiments we use o2 = 0.022)

h(g,€&) = /X/\/ (2 cos(¢) + ysin(p) — 5;0,02) f(x,y)dzdy,

where X = [—r,7]%. The kernel g(¢,¢ | ,y) = N (zcos(¢) + ysin(@) — &0,0?) is not a Markov kernel
(in the sense that it does not integrate to 1 for fixed (z,y)), however, we can use the re-normalization
described in Chae et al. (2018, Section 6) to obtain the Markov kernel

§(6,¢ | 2.y) = gé‘?fy' f,f))

where C(z,y,0?) is the normalizing constant for each fixed (z,y) € X
Clano®) = [ 9(6.€ | a0 dg

B 27T R —xcos¢p —ysing R+ xcos¢+ ysing
i) g

with erf the error function. Recalling that R = 92, ¢ € [0,27] and (z,y) € [—64,64]? (i.e. we want to
reconstruct a 128 x 128 pixels image) and selecting o = 0.02 gives

'1 [erf<R—xcos¢—ys1n¢> +erf(R+xcos¢+ysm¢>} - 1‘ < 10-17
2 V20 V20
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for all ¢ € [0,27] and (x,y) € [—64,64]2. The above shows that, for o2 sufficiently small (e.g. o = 0.022
as we use in our experiments), i.e. if the Gaussian distribution appropriately describes the alignment
onto xcos ¢ + ysing = &,

‘C(Jc,y,a2) - 27T| <1017

for all (z,y) € X. Therefore we obtain, up to a negligible approximation, an integral equation satisfy-
ing (A0)—(Al) dividing & by 27

he.€) _ / N (wcos(9) +ysin(9) = &0,0%) oy
X

2 21

Figure 10 shows relative error and ISE for the reconstructions in Figure 2; the ISE between the original
image and the reconstructions at iteration 50 to 100 stabilizes below 0.08. The stopping criterion (18)
is a trade-off between Monte Carlo error and convergence to a fixed point. In particular, when (( f,iv )=
Jx | fN (x)[?dz, larger values of N will make the r.h.s. of (18) smaller which corresponds to a smaller
tolerance to assess the convergence to the fixed point. On the other hand, small values of N will give
poorer reconstructions and might require more iterations n to satisfy the stopping criterion (18). For
instance, for N = 1,000 the stopping criterion is not satisfied in 100 iterations despite the r.h.s. of (18)
being of order 1072 against the 10~° order when N = 20, 000.
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Iteration 1 Iteration 5 Iteration 10 Iteration 15
ISE = 0.4432 ISE =0.1131 ISE = 0.0708 ISE = 0.0807

Iteration 20 Iteration 50 Iteration 70 Iteration 100
ISE = 0.0755 ISE = 0.0822 ISE = 0.0782 ISE = 0.0748

L R 1 1 1 1 ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 10: Relative error for the reconstructions in Figure 2. The ISE at each iteration
is given in the captions and stabilises below 0.08.
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G Effect of Lower Bound on Gaussian Mixture Ex-
ample

Consider the example in Section 4.1 and instead of defining the integrals on X =Y = R take X =Y =
[0.4 — a,0.4 + a] with a — oo so that we obtain the integral equation

h(y) = / F(@)ily | 2)de

with
h(y) = ")
10(a,0.3,0.045% + 0.0152) + 2C(a, 0.5,0.0452 + 0.0432)
_ gyl
W12 = G 20,0059
Fla) = f(x)C(a, x,0.045?)
~ 10(a,0.3,0.0452 4 0.0152) + 2C(a, 0.5,0.045% + 0.0432)
where

4—a 20’2

Cla, o) = /00'4“]\/(3;;#,02)(13; - % <erf<(“+0'4_“)> _ erf<(0'4‘a‘“))> .

In any of the intervals [0.4 — a, 0.4+ a] assumption (Al) is satisfied, in particular g is bounded below.
We study the behaviour of the reconstructions as a — oo to check the influence of the lower bound on
g on the accuracy of the reconstructions measured through the average ISE in (23) over 100 repetitions.
The algorithmic set up is the same of Section 4.1. Figure 11 show that for a € [0.2, 1] (which corresponds
to X =Y =[0.2,0.6] up to X =Y = [-0.6, 1.4]) the average reconstruction error is not influenced by the
lower bound on g, the behaviour for larger values of a is equivalent since |1 — f_l‘éﬁ f(z)dx| < 10730,

H Scaling with dimension

To explore the scaling with the dimension dx of the domain of f of the discretized EMS (5) and the SMC
implementation of EMS we revisit the Gaussian mixture model in Section 4.1 and extend it to higher
dimension

1 2
f(z) =3 N(z;0.3-14,,0.07%14,) + 3 N(z;0.7-14,,0.1%14,),
9yl x) =N(y;2,015%14,),

2
h(y) == N(y;0.3 - 14, (0.07% 4+ 0.15%)1,,) + gJ\/(y; 0.7 14y, (0.1% +0.15%)14,),

w| =

where X = Y = R%* and 14, and I, denote the unit function in R% and the dx x dx identity matrix,
respectively. In particular, note that for dx up to 5 at least 97% of the mass of f is contained in [0, 1]%*.
We do not consider DKDE as these estimators approximate each marginal of f separately and then use
the product of the marginals as approximation for f. In the particular mixture model we consider, this
results in reconstructions with additional modes due to the underlying independence assumption (e.g.
reconstructions of the 2-dimensional model in Figure 12 present two additional modes at (0.7,0.3) and
(0.3,0.7)).

First, we take dx = 2 and investigate the minimum number of bins/particles necessary to achieve
reasonably good reconstructions. We consider three particle sizes N = 102,502, 100% and set the total
number of bins B ~ N so that we obtain ~ N'/2 equally spaced bins for each dimension. We stop iterating
after 30 steps since we observed that convergence occurs within 30 iterations, the value of ¢ = 1073 is fixed
and used for both the smoothing kernel and the smoothing matrix. The initial distribution is a uniform
over [0, 1]2 and we assume we have a sample Y of size 10° from h, so that M = N. This corresponds to the
highest computational cost for Algorithm 1 but as observed in Appendix E.1 smaller values of M could
be considered and would reduce the computational cost of running the SMC implementation of EMS.
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Figure 11: Influence of the lower bound (LB) on g on average reconstruction accuracy
over 100 repetitions. The solid lines represent the average ISE(f}Y.,) for a = oo while the
dashed lines the average ISE(f}\.,) for finite a.

For small values of B the runtimes of EMS and SMC are similar, however the reconstructions obtained
with EMS are poor and low resolution due to the very coarse discretization (Figure 12-left panel); on the
contrary, the presence the kernel density estimator (17) guarantees smooth reconstructions even when
the particle size is small (Figure 12-middle panel). In addition, as the number of particles N increases the
accuracy of the reconstructions provided by SMC keeps increasing, while the EMS reconstructions do not
improve as quickly, a phenomenon we already observed for the one-dimensional example in Section 4.1.
For N = B > 100 the runtime of SMC is roughly 30% less than that of EMS with the accuracy of SMC
being always larger than that of EMS.

Since the accuracy of kernel density estimators decreases when the dimension increases (Silverman,
1986) and is primarily used in this work for visualization and human interpretation (which becomes less
informative in higher dimension, with the exception of low dimensional projections), to compare the
performances of EMS and SMC in dimension dx > 2 we focus on approximating expectations w.r.t.
Nn+1 of appropriate test functions ¢, in this case, in fact, Proposition 3 gives the rate of convergence in
terms of the number of particles N. In particular, we consider mean, variance, the probability of the
region [0,0.5]% and the probability of a hyper-sphere of radius 0.3 around the mode at (0.3,...,0.3).
We compare three particle sizes N = 102,103, 10* and obtain the number of bins for each dimension as
[N'/dx] 5o that the total number of bins, B = [N1/4]% where [-] denotes the ceiling function, roughly
matches N. This choice allows us to compare EMS and SMC reconstructions which require roughly the
same runtime (Table 2). The SMC implementation in generally better at recovering the variance and
the probability of the region [0,0.5]%. For small values of N, B, both SMC and EMS have larger errors
with discretized EMS achieving better crude estimates. However, as N, B increase SMC is consistently
better at approximating the four quantities considered, in particular, in the case of mean and variance
the estimates are at least one order of magnitude more accurate. This is achieved at a computational
cost which is always smaller than that of EMS and that could be in principle reduced by considering
smaller values of M.
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EMS SMC Truth

102
0 0.2 0.4 0.6 08 1 0 02 04 0.6 08 1 0 02 04 06 0.8 1
runtime < 1s, ISE = 0.56 runtime < 1s, ISE = 0.91
502
0 0.2 0.4 0.6 08 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 06 0.8 1
runtime < 1m, ISE = 0.65 runtime < 1m, ISE = 0.33
1002

0 02 04 06 08 1 0 02 04 06 08

runtime =~ 7m, ISE = 0.69 runtime =~ 5m, ISE = 0.32

Figure 12: Reconstructions of a 2-dimensional mixture of Gaussian obtained with EMS
and SMC. The number of bins/particles increases from 10? to 100%. Runtime and accuracy

are reported too.

Table 2: Mean squared error over 100 repetitions for mean, variance, probability of the
lower quadrant and probability of a circle around the mode for the dx-dimensional Gaus-

sian mixture model. Runtimes are reported too. Best values are in bold.

mean variance P(0O) P(O) log;y(runtime / s)

dx =2

EMS - B = 102 1.38e-04 4.96e-05 5.30e-02 7.04e-03 -1.71
SMC - N =102 3.87e-04 1.26e-05 4.90e-02 1.02e-02 -2.02
EMS - B = 32° 1.42e-04 5.31e-05 5.17e-02 5.86e-03 1.28
SMC - N = 102 4.29e-05 5.81e-06 4.69e-02 6.14e-03 0.94
EMS - B = 1007 1.42e-04 5.38e-05 5.15e-02 6.11e-03 5.31
SMC - N = 10* 3.84e-06 4.51e-06 4.67e-02 5.68e-03 5.11
dx =3

EMS - B =53 2.53e-04 1.26e-04 1.46e-01 8.59e-03 -1.47
SMC - N = 102 3.76e-04 3.23e-05 7.19e-02 3.92e-03 -2.06
EMS - B =103 2.00e-04 5.75e-05 9.00e-02 2.42e-03 1.40
SMC - N =103 4.62e-05 8.50e-06 8.24e-02 1.36e-03 1.08
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continued from previous page

mean variance P(0O) P(O) log(runtime / s)

EMS - B =223 2.04e-04 6.12e-05 8.83e-02 1.64e-03 5.66
SMC - N =10* 3.53e-06 6.68e-06 8.23e-02 9.24e-04 5.30
dx =4

EMS - B = 4% 1.98e-04 1.55e-05 1.22e-01 1.16e-03 -0.65
SMC - N = 102 4.77e-04 9.77e-05 7.35e-02 4.41e-03 -2.08
EMS - B = 6% 2.43e-04 4.02e-05 1.09e-01 7.80e-04 1.70
SMC - N =10% 3.45e-05 1.80e-05 9.13e-02 5.47e-04 0.95
EMS - B = 10% 2.60e-04 6.59e-05 1.03e-01 5.54e-04 5.32
SMC - N =10* 4.10e-06 8.58e-06 9.45e-02 2.38e-04 5.12
dx =5

EMS - B = 3° 5.66e-05 2.67e-04 2.12e-01 1.27e-02 -0.56
SMC - N = 102 6.59e-04 1.34e-04 5.10e-02 1.10e-02 -1.96
EMS - B =4° 2.42e-04 2.08e-05 1.29e-01 7.59¢-04 1.51
SMC - N =10% 5.57e-05 4.54e-05 7.84e-02 4.49e-04 1.14
EMS-B =1 2.82e-04 5.71e-05 1.36e-01 2.09e-04 6.63
SMC - N =10* 3.39e-06 1.27e-05 9.57e-02 7.43e-05 5.36
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