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Abstract

In this thesis, we consider four optimal stopping problems with stopping
constraints. Chapter 2 introduces a new class of Dynkin games, where the
two players are allowed to make their stopping decisions at a sequence of
exogenous Poisson arrival times. The value function and the associated optimal
stopping strategy are characterized by the solution of a backward stochastic
differential equation. Furthermore, the chapter applies the model to study
the optimal conversion and calling strategies of convertible bonds, and their
asymptotics when the Poisson intensity goes to infinity. Chapter 3 generalizes
the work in Chapter 2 from the risk-neutral criteria and common signal times
for both players to the risk-sensitive criteria and two heterogeneous signal
times. Chapter 4 considers a two-player zero-sum optimal switching games
with stopping constraints. We prove the chain of inequalities involving the four
values of the game, and the values of both the static and dynamic games exist
in the case when the running and terminal rewards are separated. Chapter 5
studies a mixed stochastic control and constrained optimal stopping problem
which models rollover debt decisions in an incomplete market. In addition to
the rollover decisions, the creditor can also choose a control strategy to trade in
risky assets correlated with the fundamental assets. In the case of exponential
utility, we prove the complete characterization and obtain the exponential

indifference bond price and its associated optimal mixed strategy.
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Chapter 1

Introduction

Optimal stopping plays a classical and very important role in the field of
financial mathematics, due to its various applications in finance and economics.
The set-ups in the majority of previous works are either in continuous time
where stopping times take any value in a certain time interval, or in discrete time
where stopping times only take values in a pre-specified time grid. However,
both set-ups have their own limitations: in the former formulation, no restriction
is imposed on the class of admissible stopping times, which seems sometimes
unrealistic; in the latter setting, to the best knowledge of the author, it seems
impossible for us to obtain a closed form solution for optimal stopping in the
case of discrete time, which is sometimes valuable for subsequent analysis.

To overcome the aforementioned limitations in both models, in this thesis,
we consider a hybrid of continuous and discrete times and investigate some
constrained optimal stopping problems, where the player(s) is (are) allowed
to stop at a sequence(s) of random times generated by an exogenous Poisson
process(es) serving as a signal process(es), which can be regarded as exogenous
constraints on the players’ ability to stop. On the one hand, the constraints
may represent the liquidity effects, indicating the times at which the underlying
stochastic processes are available to stop. On the other hand, the constraints
can also be seen as information constraints. The player(s) is (are) allowed
to make stopping decisions at all times, but is (are) only able to observe the
underlying stochastic processes at Poisson arrival times.

This kind of constrained optimal stopping problems was first studied by
Dupuis and Wang [25], where they used it to model perpetual American options
exercised at exogenous Poisson arrival times. See also Lempa [55], Menaldi
and Robin [61] and Hobson and Zeng [39] for further extensions of this type
of optimal stopping models. From a different perspective, Liang [57] made
a connection between constrained optimal stopping problems with penalized
backward stochastic differential equations (BSDEs). The corresponding optimal

switching (impulse control) models were studied by Liang and Wei [59], and



by Menaldi and Robin [62] [63] with more general signal times and state
spaces. All of the aforementioned references are concerned with single-player
optimisation problems. To the best of our knowledge, multi-player optimal
stopping problems with this type of constraints on stopping times, the topics
under which Chapter 2-4 fall, have not been studied before. Chapter 5 studies
single-player mixed stochastic control and optimal stopping problems with
stopping constraints.

In this chapter, we first review constrained single-player optimal stopping
problems to fix ideas, and then conclude the chapter with a more precise outline

of the remainder of the thesis.

1.1 Constrained single-player optimal stopping prob-

lems

Let (W})¢>0 be a d-dimensional standard Brownian motion defined on a filtered
probability (Q, F,F = {F:}+>0, P) satisfying the usual conditions. Let {T;};>0
be the arrival times of an independent Poisson process with intensity A and
minimal augmented filtration H = {#;};>0. Denote the smallest filtration
generated by F and H as G = {G;}+>0, i.e. Gt = F+ V Hi. Without loss of
generality, we also assume that Th = 0 and T, = co. Let T be a fixed finite
horizon representing the terminal time of the game, and M : Q — N be an
integer-valued random variable such that T, is the next Poisson arrival time
following 7', i.e. M(w) =) ;5 il(7, , (w)<T(w)<Ti(w)}- Let f: 2 x[0,T] = R
be an [F-progressively measurable process, S : 2 x [0,7] — R be a continuous
F-progressively measurable process, and £ : 0 — R be an Fr-measurable
random variable (all of them satisfying suitable integrability conditions).

Consider the following constrained single-player optimal stopping problem

TAT
= sup E [/ fsds+ Srlrery + €l >y
’TERTl ()\) 0

where the control set of the player is defined by

R, () = {G-stopping time 7 for 7(w) = Ty (w) where i < N < M(w)}
(1.1.1)
for any integer ¢ > 0. Liang [57] proved that

o = Vo/\a
and the optimal stopping time is given by

T = inf{TN >1T7 V%N < STN} NTy,



where V? is the first component of the solution to the following BSDE

v?:§+/tT {fsm(ss—vjﬂ ds—/thgdWS (1.1.2)

with ™ denoting the positive part of any real number z, i.e. 7 = max{z,0}.

Compared to standard single-player optimal stopping problems, there are
two new features of the above constrained single-player optimal stopping
problems. First, there is a control constraint in the sense that only stopping at
Poisson arrival times is allowed. Second, the player is not allowed to stop at
the initial starting time. Instead, the player is only allowed to stop from the
first Poisson time onwards.

A natural question for this formulation is: how does it differ from a standard
single-player optimal stopping problem? Indeed, a connection can be established
between the constrained problem and the standard problem, where the set-up
is the same as above, except the control set is replaced with R, which denotes

the set of F-stopping times valued in [0, T7:

AT

vV = Ssup E |:/ fs ds + ST].{.,—<T} + 5]].{7—2’1“}:| .
TERO 0

El-Karoui et al [28] proved that v = Vj and the optimal stopping time is given

by 7" = inf{t > 0: V; = S;} AT, where V is the first component of the solution

to the following reflected BSDE with the reflecting barrier S:

T T T
V2=€+/ fsds+/ sz—/ ZsdW, (1.1.3)
t t t

for t € [0, 7], under the constraints (i) V; > S, for 0 <t < T (ii) fOT (Vi = S) dK; =
0.

An interesting observation is that BSDE (1.1.2) is often used to construct
the solution of the reflected BSDE (1.1.3). Intuitively, when V* falls below S,
there will be a penalty A (5’5 — VA) incurred, so BSDE (1.1.2) is also refereed

s

to as the penalized equation. Under suitable integrability conditions, El-Karoui
et al [28] proved that

lim E

T
li sup |W—w?+/ 2} = Zy? dt + sup |K{ — Ki*| =0
o0 0

te[0,7) t€[0,7]

where K} = fot A(Ss — VS’\)Jr ds, and thus, the values of the two single-player
optimal stopping problems are related by

v = lim ™.

Atoo



1.2 Outline of the thesis

Dynkin games, as a generalization of single-player optimal stopping problems,
are two-player zero-sum game on stopping times, where two players determine
their optimal stopping times as their strategies. In Chapter 2, we consider a
new class of Dynkin games, which we call as constrained Dynkin games, where
the two players are allowed to make their stopping decisions ¢ and 7 at a
sequence of exogenous Poisson arrival times, in order to minimize/maximize

the expected value of some payoff function R(o, 1), i.e.

7 = inf sup E[R(o,7)],
gE€RT (N) TERT, (N)
v = sup inf E[R(o,7)],

TeR7 () 9ERT (N)

where the control set R, (A) is in (1.1.1). The two value functions 7 and v*
are called the upper and lower value of the game, where the names are justified
by the following inequality

7 >0,

because, on the upper (resp. lower) value, the maximizing (resp. minimizing)
player is given an advantage by being allowed to look at the minmizing (resp.
maximizing) player’s stopping strategy before choosing his/her own. We prove
the value of the constrained Dynkin game exists (i.e. 7 = v*) and characterize
the value function and the associated optimal stopping strategy by the solution
of a penalized BSDE, which is widely used to approximate the solution of a
reflected BSDE with double obstacles and the corresponding continuous time
Dynkin game.

We also apply the constrained Dynkin game to study the optimal conversion
and calling strategies of convertible bonds. On the one hand, the bondholder
decides whether to keep the bond to collect coupons or to convert it to the
firm’s stocks in order to maximize the bond value. On the other hand, the
issuing firm has the right to call the bond, and presumably acts to maximize
the equity value of the firm by minimizing the bond value. This creates a
two-player, zero-sum Dynkin game.

Chapter 3 generalizes the above model of constrained Dynkin games in two
aspects: First, it takes into consideration of both players’ attitudes towards

risks by replacing the linear expectation E[-] with the nonlinear expectation

E[]:=g ' (Elg()])

for some strictly increasing function g as a risk-sensitive function. To the best

of our knowledge, the study of risk-sensitive Dynkin games is still lacking, no



matter with or without constraints on stopping time strategies. The current
chapter offers a first step to understand risk-sensitive Dynkin games. Second,
one limitation of the constrained Dynkin game model in Chapter 2 is that both
players face the same stopping constraint, which seems sometimes unrealistic.
In this chapter, the control constraints for both players are modelled to be
different in the sense that they are allowed to stop at two heterogeneous
sequences of Poisson arrival times. Due to the introduction of constraints on
stopping times and risk-sensitive criteria, we call this new class of Dynkin
games as constrained risk-sensitive Dynkin games. We prove the value of
the constrained risk-sensitive Dynkin game exists and characterize the value
function and the associated optimal stopping strategy by the solution of a
BSDE. Furthermore, the chapter establishes a connection of constrained risk-
sensitive Dynkin games with a class of stochastic differential games via Krylov’s
randomized stopping technique.

Optimal switching is a generalisation of optimal stopping, where one or
more agents determine their optimal sequence of times to switch a system’s
operational modes, with various applications in economics and finance. In
Chapter 4, we consider a new type of two-player zero-sum optimal switching
games, which we call as constrained optimal switching games, where two players
are only allowed to switch at two heterogeneous exogenous sequences of Poisson
arrival times, in order to minimise/maximise some payoff function. The payoff
function also includes the switching payments to the othe player when they
make their switching decisions. Similar to the Dynkin game setting in the
previous two chapters, to complete the description of the game, it is necessary
to specify the information available to each player.

The lower (resp. upper) static value of the game is defined by letting the
maximizing (resp. minimizing) player make the decisions first, followed by the
minimizing (resp. maximizing) player making the decisions. These two values
are called static, because one of the players is able to know the decisions of the
other player for the entire duration of the game, where some information about
the future is being revealed to the player given advantage. This motivates
us to define the dynamic version of the game by introducing the notion of
non-anticipating strategies, where one of the players is still given advantage but
the information about the other player’s decisions are revealed in a dynamic
way. The main result of this chapter is the chain of inequalities involving
the above four values of the game. We prove the values of both the static
and dynamic games exist in the case when the running and terminal rewards
are separated. At the end of the chapter, we apply the constrained optimal
switching games to study the duopolistic competition in resource extraction,
and give a complete description of the structure of switching regions.

Chapter 5 extends the theory of constrained optimal stopping problems



in a different direction: we study a mized stochastic control and constrained
optimal stopping problem which models a risk-averse creditor’s decisions, in an
incomplete market, over whether to roll over or to withdraw the funding at a
sequence of rollover dates, which are modelled by a sequence of Poisson arrival
times. In addition to the rollover decisions, the creditor can also choose a
control strategy to trade in risky assets correlated with the fundamental assets.
The first main result of this chapter is the verification theorem characterizing
the value function of the problem and its associated optimal mixed strategy
in terms of the solution of a penalized partial differential equation (PDE). In
the case of exponential utility, we prove the complete characterization and
obtain the exponential indifference bond price and its associated optimal mixed
strategy. Furthermore, we investigate the impacts of parameter values on the
bond price and conduct some numerical experiments to examine the shapes of
the stopping and continuation regions of the problem in an incomplete market.
An interesting observation is that both regions are swapped over for different

parameter values.



Chapter 2

Dynkin Games with Poisson

Random Intervention Times

2.1 Introduction

Dynkin games are games on stopping times, where two players determine their
optimal stopping times as their strategies. The game was first introduced by
Dynkin [26], and later generalized by Neveu [68] in 1970s. In this game, two
players observe two stochastic processes, say L and U, and their aims are to

maximize/minimize the expected value of the payoff
R(o, 1) = Lrﬂ{fga} + Ug]l{0<.,.}

over stopping times 7 and o, respectively. In a discrete-time setting, under the
assumption that U > L, Neveu proved the existence of the game value and its
associated optimal strategy.

Since then, there has been a considerable development of Dynkin games.
The corresponding continuous time models were developed, among others,
by Bismut [8], Alario-Nazaret et al [1], Lepeltier and Maingueneau [56] and
Morimoto [65]. In order to relax the condition U > L, Yasuda [80] proposed to
extend the class of strategies to randomized stopping times, and proved that
the game value exists under merely an integrability condition. Rosemberg et al
[71], Touzi and Vielle [78] and Laraki and Solan [52] further extended his work
in this direction. If the two players in the game are with asymmetric payoffs,
then it gives rise to a nonzero-sum Dynkin game. See, for example, Hamadene
and Zhang [33] and more recently De Angelis et al [19] with more references
therein. A robust version of Dynkin games can be found in Bayraktar and Yao
[5] if the players are ambiguous about their probability model.

The set-ups in all the aforementioned works are either in continuous time

where stopping times take any value in a certain time interval, or in discrete



time where stopping times only take values in a pre-specified time grid. In this
chapter, we consider a hybrid of continuous and discrete times, and introduce
a new type of Dynkin games, where both players are allowed to stop at a
sequence of random times generated by an exogenous Poisson process serving
as a signal process. We call such a Dynkin game a constrained Dynkin game.

The underlying Poisson process can be regarded as an exogenous constraint
on the players’ abilities to stop, so it may represent liquidity effects, indicating
the times both players are allowed to stop the game freely and at no other
time can they exit the game. In the case of hedging some derivative on a
thinly-traded asset, the adjustments to the hedge is only allowed when someone
in the market is willing to buy or sell the asset. To simplify the problem, we
model such a liquidation shock (someone is prepared to buy or sell the asset in
the above example) as the arrival times of an exogenous Poisson process, and
players only make their decisions when such a shock arrives. Moreover, the
Poisson process can also be seen as an information constraint. The players are
allowed to make their stopping decisions at all times, but they are only able to
observe the underlying stochastic processes at Poisson times.

Our main result is Theorem 2.2.4, which characterizes the value of the
constrained Dynkin game and its associated optimal stopping strategy in terms
of the solution of a penalized BSDE. The latter is widely used to approximate
the solution of a reflected BSDE with double obstacles and the corresponding
continuous time Dynkin game. The main idea to solve the constrained Dynkin
game is to introduce a family of auxiliary games (see (2.3.13)-(2.3.14)), for
which standard dynamic programming principle holds. Furthermore, following
from the convergence of penalized BSDE to reflected BSDE (see, for example,
[16]) and the penalized BSDE characterization (2.2.6) of the constrained Dynkin
game, we also make a connection with standard Dynkin games in continuous
time. That is, the value of the constrained Dynkin game will converge to the
value of its continuous time counterpart when the Poisson intensity goes to
infinity.

We then apply the constrained Dynkin game to study convertible bonds. In
a convertible bond, the bondholder decides whether to keep the bond to collect
coupons or to convert it to the firm’s stocks. She will choose a conversion
strategy to maximize the bond value. On the other hand, the issuing firm has
the right to call the bond, and presumably acts to maximize the equity value
of the firm by minimizing the bond value. This creates a two-person, zero-sum
Dynkin game.

Traditionally, convertible bond models often assume that both the bond
holder and the firm are allowed to stopped at any stopping time adapted to
the firm’s fundamental (such as its stock prices). In reality, there may exist

some liquidation constraint as an external shock, and both players only make



their decisions when such a shock arrives. We model such a liquidation shock
as the arrival times of an exogenous Poisson process, and thus the convertible
bond model falls into the framework of constrained Dynkin games. A similar
idea has first appeared in the modeling of debt run problems (see [58]), which
can be formulated as optimal stopping problems with Poisson arrival times.
Furthermore, in a Markovian setting, we derive explicitly the optimal
stopping strategies for both the bondholder and the firm. We show that the
optimal stopping rules of the two players depend on the relationship between
the coupon rate ¢, dividend rate ¢, interest rate r and surrender price K. For
the firm, its optimal stopping strategy depends on the relationship between
c, ZiﬁqK and 7K. If ¢ > rK, it is optimal for the firm to call the bond back
as soon as possible; if ¢ < Zi§

the bond as late as possible; if

qK, the firm will postpone the calling time of

r4+A
q+A

is determined by an optimal calling boundary, which is obtained by solving a

gK < ¢ < rK, the firm’s calling strategy

free boundary problem. In contrast, the investor’s optimal stopping strategy

depends on the relationship between ¢ and Zi§ gK. If ¢ > Zi§ qK, the investor

will delay her conversion time as late as possible; if ¢ < giﬁ

strategy is determined by an optimal conversion boundary.

qK, her conversion

Turning to the literature, the optimal stopping problem with constraints on
the stopping times was introduced by Dupuis and Wang [25], when they used
it to model perpetual American options exercised at exogenous Poisson arrival
times. See also Lempa [55] and Menaldi and Robin [61] for further extensions
of this type of optimal stopping problems. On the other hand, Liang [57] made
a connection between such kind of optimal stopping problems with penalized
BSDE. The corresponding optimal switching (impulse control) problems were
studied by Liang and Wei [59] and more recently by Menaldi and Robin [62]
with more general signal times and state spaces.

The study of convertible bonds dated back to Brennan and Schwartz [11]
and Ingersoll [44]. However, it was Sirbu et al [73] who first analyzed the optimal
strategy of perpetual convertible bonds (see also Sirbu and Shreve [74] for the
finite horizon counterpart). They reduced the problem from a Dynkin game
to an optimal stopping problem, and discussed when call precedes conversion
and vice versa. Several more realistic features of convertible bonds have been
taken into account since then. For example, Bielecki et al [7] considered the
problem of the decomposition of a convertible bond into bond component and
option component. Crepey and Rahal [15] studied the convertible bond with
call protection, which is typically path dependent. Chen et al [13] considered
the tax benefit and bankruptcy cost for convertible bonds. For a complete
literature review, we refer to the aforementioned papers with references therein.

The chapter is organized as follows. Section 2.2 contains the problem

formulation and main result, with its proof provided in Section 2.3. In Section



2.4, we establish a connection with standard Dynkin games. In Section 2.5,
we apply the constrained Dynkin game to study the convertible bonds in a
Markovian setting, and derive the explicit optimal stopping strategies and the
corresponding free boundaries under various situations. Section 2.6 carries out
an asymptotic analysis of the game values and the free boundaries when the

Poisson intensity goes to infinity.

2.2 Constrained Dynkin games

Let (W3)¢>0 be a d-dimensional standard Brownian motion defined on a filtered
probability space (Q, F,F = {F;}+>0, P) satisfying the usual conditions. Let
{T}}i>0 be the arrival times of an independent Poisson process with intensity A
and minimal augmented filtration H = {#;};>0. Denote the smallest filtration
generated by F and H as G = {G;}+>0, i.e. G = F¢ V H;. Without loss of
generality, we also assume that Ty = 0 and T, = o0.

Let T be a finite F-stopping time representing the random terminal time
of the game, and M : Q — N be an integer-valued random variable such that

Ty is the next Poisson arrival time following T, i.e.

M(w) = Zil{Ti_l(w)gT(w)<Ti(w)}'
i>1

For any integer ¢ > 0, let us define the control set of both players as follows
R, (A) = {G-stopping time 7 for 7(w) = Ty (w) where i < N < M(w)}

where the subscript 7; in Rr,(A) represents the smallest stopping time that
is allowed to choose, and A represents the intensity of the underlying Poisson
process.

Consider the following constrained Dynkin game, where two players choose
their respective stopping times 0,7 € R, (A) in order to minimize/maximize

the expected value of the payoff

oATAT
R(o,7) = / e " fsds
0

+e T gnrsmy + €Ll crrcoy + € Usl et oery  (2.21)

where r > 0 is the discount rate, and f, as a real-valued F-progressively
measurable process, is the running payoff. The terminal payoff is U if o
happens firstly, L if 7 happens firstly or ¢ and 7 happen simultaneously, and
& otherwise, where L and U are two real-valued [F-progressively measurable

processes, and £ is a real-valued Fp-measurable random variable.
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Let us define the upper and lower values of the constrained Dynkin game

Y .

v* = inf sup E|R(o,7)], 2.2.2
) s B (2.2.2)

= sup  inf E[R(o,7)]. (2.2.3)

TGRTl ()\) UERTl ()‘)

The game (2.2.2)-(2.2.3) is said to have value v* if v* = 7* = v*. It is standard
to show that if there exists a saddle point (0*,7*) € Rq, () X R, (A) such that
E[R(c*,7)] <E[R(c* 7%)] < E[R(0,7%)] for every (o,7) € Ry, (A) X Ry, (A),
then the value of this game exists and equals v* = E[R(c*, 7)].

There are two new features of the above constrained Dynkin game. First,
there is a control constraint in the sense that only stopping at Poisson arrival
times is allowed. Second, the players are not allowed to stop at the initial
starting time. Instead, they are only allowed to stop from the first Poisson
time onwards.

We also consider an auxiliary game related to the above constrained Dyknin
game by replacing the control set in (2.2.2)-(2.2.3) with Ry, ()), so the players

are also allowed to stop at the initial starting time. That is

7= inf sup E[R(o,7)], (2.2.4)
TERTH(N) TERT,(N)

oY .

N = 767821;];)0\) 067121;&)\) E[R(o,T)]. (2.2.5)
Note that the difference between (2.2.4)-(2.2.5) and (2.2.2)-(2.2.3) is that the
former is allowed to stop at the initial starting time Ty = 0, while the latter not.
In other words, the players in (2.2.4)-(2.2.5) first make their stopping decisions
and then move forward, while in (2.2.2)-(2.2.3) they first move forward and
then make their decisions. We shall show that if the game (2.2.2)-(2.2.3)
has value v, then the value of (2.2.4)-(2.2.5) also exists and is given by
o = min{Up, max{v}, Lo}}, so the key is to solve the game (2.2.2)-(2.2.3).

2.2.1 Main result of this chapter

To solve the above constrained Dynkin games, we introduce the following

BSDE with a random terminal time 7'

T

V{/\\TZS—F/

tA\T

[fs+/\(Ls —VS)‘)+ —)\<VS)‘—US>+ —TVS)‘] ds

T
—/ Z2dW, (2.2.6)
tAT
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for t > 0. And also we set V; = ¢ for t > T. Note that the above BSDE (2.2.6)
is often used to construct the solution of a reflected BSDE with two reflecting
barriers L and U (cf. (2.4.3)). Intuitively, when V* falls below L (or goes
above U), there will be a penalty A\(L —V?) (or A(V* —U)) incurred, so BSDE
(2.2.6) is also refereed to as the penalized equation.

For later use, let us introduce the following spaces: for any given a € R
and n € N,

o L2" : Fp-measurable random variables ¢ : Q — R™ with E [e2T]|¢]?] <

o0,

o H2" : [F-progressively measurable processes ¢ : [0,7] x Q — R"™ with
E [f) e llpsl2ds] < o,

e $2" : F-progressively measurable processes ¢ :[0,T] x Q — R" with
E [sup,eo.r €[] < o,

where || - || is the Euclidian norm and we denote ]L(Q)’n, IH%’" and Sg’" by L7,

H2" and $2" for the ease of notation.

Remark 2.2.1 For the convenience of the reader, we give a short introduction
of BSDEs, and refer to the lecture notes [9] by Bouchard for the general
theory and its details. These equations were first introduced by Pardoux and
Peng in their pioneering work [69]. On a Brownian filtered probability space
(Q,F,F = {F}i>0,P), given a R-valued random variable ¢ € L*! and g :
Qx[0,T] x R x RY (called the driver of the BSDE), a solution to the BSDE

T T
Yt=§+/ gs(Ys,Zs)ds—/ Zs dWy (2.2.7)
t t

is a pair of Fi-adapted processes (Y, Z), typically in $>' x H??, such that
(2.2.7) holds. As opposed to forward SDEs, we prescribe its terminal condition
Y = & rather than its initial condition Yy € $>1 x H24,

The key idea of the Z component of the solution is to ensure that the process
Y is adapted. For simplicity, let us consider the case g = 0. Then, a solution
(Y,Z) to BSDE (2.2.7) must satisfy

t
n:Emm=Em+Azwm,

where Z is uniquely given by the martingale representation theorem

T
¢ =E[¢] + /O Zy dW..
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Assumption 2.2.2 Fort € [0,T], Ly < Uy, a.s, and moreover, (i) when T is
an unbounded stopping time, the running payoff f and the terminal payoffs L,
U and & are all bounded; (ii) when T is a bounded stopping time, the running
payoff f € H>' and the terminal payoffs L € $%1, U € $*! and ¢ € L>1.

The assumption L < U is crucial to the existence of the game value. On
the other hand, the conditions (i) and (ii) are to guarantee the existence and
uniqueness of the solution to BSDE (2.2.6), which will in turn be used to

construct the game value and its associated optimal stopping strategy.

Proposition 2.2.3 Suppose that Assumption 2.2.2 holds. Then, there exists
a unique solution (V*,Z*) to BSDE (2.2.6). Moreover, (i) when T is an
unbounded stopping time, V> is continuous and bounded, and Z* belongs to

IH%,C}; (ii) when T is a bounded stopping time, the solution belongs to $%' x >4,

The proof essentially follows from Theorem 3.3 in [12] (when T" is unboun-
ded) and Theorem 4.1 in [69] (when T is bounded) , so we omit its proof and
refer to [12] and [69] for the details. We are now in a position to state the

main result of this chapter.

Theorem 2.2.4 Suppose that Assumption 2.2.2 holds. Let (V*,Z*) be the
unique solution to BSDE (2.2.6). Then, the value of the constrained Dynkin
game (2.2.2)-(2.2.3) exists and is given by v = v = v» = V;\. The corres-
ponding optimal stopping strategy is given by

{ oy, =inf{Ty > Ty : an‘N > Ury } AT (2.2.8)

7y, = inf{Ty > T : Vi < Ly} AT

Moreover, the value of the Dynkin game (2.2.4)-(2.2.5) also exists and is given
by o = min{Upy, max{v*, Ly}}, with the associated optimal stopping strategy

* *
o, and T,

2.2.2 Examples

Theorem 2.2.4 solves a wide class of problems in a unified manner, covering
from Markovian to non-Markovian situations and from fixed to random finite
horizons. In the one-dimensional homogenous Markovian setting, there usually
exists a threshold strategy. For this, we will discuss a specific convertible-bond
example in Section 2.5. In the rest of the section, we list several path-dependent
examples, which are difficult to dealt with under Markovian framework (at
least it needs a case-by-case study) but covered by Theorem 2.2.4.

(i) Path-dependent payoffs L and U. Let T be fixed so it is a constant
stopping time and S be a one-dimensional positive diffusion process adapted to

F. For § > 0, consider an Israeli option written on .S with maturity 7', where
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the holder may exercise to get a normal claim but the writer is punished by an
amount ¢S for annulling the contract early (see [49]). The payoffs L and U may
take the form L; = max{m, S}} and Uy = max{m, S{} + 4S; for m > Sy and
S{ = supg<y<¢ Su- This is so called Israeli Russian option. For L; = fg Sudu
and Uy = f(f Sudu + 0S¢, it is called Israeli integral option (see [4]). Under
mild integrability assumption on S as in Assumption 2.2.2, Theorem 2.2.4
shows that the values of both Israeli options exist and the associated optimal
strategies can be characterized via the solution to (2.2.6).

(ii) Path-dependent stopping time T. Stopping times are widely used in
insurance as indicators of a variety of risks. Let S be a one-dimensional positive
diffusion process adapted to F. We may consider the following stopping times
as the terminal time of the game: drawdown stopping time 7' = inf{t >
0:S5;— S > m} for m > 0; occupation stopping time 7" = inf{t > m :
fg lys,eaydu > m} for A C R;. Note that unlike the standard first-passage-
time (see 6 in Section 2.5), both types of path-dependent stopping times
need tailor-made analysis under Markovian framework, but can be covered by

Theorem 2.2.4 in a unified manner.

2.3 Proof of Theorem 2.2.4

We first give an equivalent formulation of the constrained Dynkin game (2.2.2)-
(2.2.3). Given the arrival time 7;, define pre-T; o-field

Gr,=<Ae\/G.: AN{T; < s} € G, for s >0

s>0

and G = {G71, }i>0. Let us define the following discounted processes

t
Lt = e_TtLt+/ e_rsfsds, (231)
0
t
Ut:e%m+/e%ﬁ@ (2.3.2)
0
5 T
£ = e_TTg—i—/ e " fsds, (2.3.3)
0

and thus, the upper and lower values of the constrained Dynkin game (2.2.2)-

(2.2.3) can be rewritten in the following form

A - . ~

v =¢q":= inf sup [E |R(o,7)|, 2.3.4
o€RT (A) 7R T, (A) { ( )] ( )

— g’\ ‘= sup inf E [R(J,T)] , (2.3.5)

TGRTl ()\) UERTl ()‘)
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where the modified payoff function is given by
R(o,7) = gﬂ{a/\TZT} + [~’TI]-{T<T,T§0'} + UO']]'{O'<T,O'<T}‘ (2.3.6)
Thus, to prove Theorem 2.2.4, it is equivalent to show that
Q=0=7=q"

and the optimal stopping strategy is given by

U;ﬂl = inf{TN > : Q%‘«N > UTN} N, (2 3 7)
5, =inf{Ty > Ty : Q) < Ly} AT,
where Q* is given by
tAT
Q="YX 4 / e " fsds, (2.3.8)
0

with V* being the first component of the solution to BSDE (2.2.6). Note that,
fort > T,

T
Qr=eTe+ / e fods = &, (2.3.9)
0

To prove the above assertions, we start with the following lemma.

Lemma 2.3.1 Suppose that Assumption 2.2.2 holds. Then, for any 1 <n <
M+1, Q.

equation

_,» which is given by (2.8.8), is the unique solution of the recursive

Q1,_, =E |l >my +min{UTnvmaX{Q%’n’f’Tn}}ﬂ{Tn<T}‘ ng_l} :
(2.3.10)

Proof. It is obvious (2.3.10) holds for n = M + 1. In the following, we only

focus on the case when 1 < n < M. Applying Ito’s formula to a;Q;, where

At

ap = e~ M, we obtain that

T T

A AFs(Q)) ds — / s Z2 AW,
tAT

\ ~
ainTQinr = aré + / .
A

for ¢t > 0, where

FS(Q;\) = Q? + (i’s - Q2)+ - (Q? - ﬁs)+ = min{ﬁ87maX{Q;\7 Es}}
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under the condition L < U (so L < U). Consequently, for 1 < n < M,

Q. _, = ar ¢4 G /\FS(Q;\)ds—/ s 7 aw,
" aTn—l Thn-1 aT’n—l Th-1 aTn—l
T
= B|OTE [ T RQY ng-ll’
Tnfl

where the second equality holds by taking the conditional expectation with
respect to Gr,, .
On the other hand, we use the conditional density e **~Tn-1) dz of T},

to calculate the right-hand-side of (2.3.10):
ng_l] )
which proves (2.3.10) holds.
Since Q%n,l in (2.3.10) is solved recursively for n = M + 1, M,--- ;1 and

Ty is a finite G-stopping time, it is obvious that the backward recursive

E [éﬂ{TnzT} +min{Ur,, max{Q7, , Lz, }} 17, <1} ‘ QTTH}

T
ef)‘(TfT”’l)f + / e M= Tn-1) min{Us, maX{Qg‘, Lg}}ds
Tnfl

=E

equation (2.3.10) admits a unique solution, Q%nil, which is given by (2.3.8), is
then the unique solution of the recursive equation (2.3.10) for 1 <n < M + 1.
[

As a direct consequence of Lemma 2.3.1, Q/\, which is defined by

Q= gl{th} + min{U, max{Q", E}}]l{t<T}, (2.3.11)

where Q* is given by (2.3.8), satisfies the following recursive equation: For
1<n<M+1,

ng,l} L, }} Lz, _ <1}
(2.3.12)

which also admits a unique solution since we can calculate its solution backwards

Qéfnﬂ = g]l{TnflzT} + min {UTnil,max {E [Q%n

in a recursive way forn=M +1,M,--- , 1.
We will show that Q%ﬂ_l is actually the value of an auxiliary constrained

Dynkin game starting from 7,1, whose upper and lower values are defined as

5:)}”_1 = essinf  esssup [E [ﬁi(a, T)‘ng71:| , (2.3.13)
UGRTH71 N) TERTn71 )
Q,}n_l = esssup  essinf I [R(a, T)‘ng_1:| , (2.3.14)

TeRT, (N OERT, 1 (V)

where R(o,7) is given by (2.3.6). The auxiliary constrained Dynkin game
(2.3.13)-(2.3.14) is said to have value ¢}, if ¢ = qp,_, = @ , and
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(67 _1,7h 1) € R, (A) X Ry, _, (A) is called an optimal stopping strategy of
the game if

B |R(51.7|0r,. ] < B[R, 1.7 )(05,. | <B R, 70|07,

for every (0,7) € Rr,,_,(A) X R, _, (A).

When n = 1, (2.3.13)-(2.3.14) corresponds to the auxiliary constrained
Dynkin game (2.2.4)-(2.2.5). The difference between the auxiliary game and
the original game is that the players first make their stopping decisions and
then move forward in the former game, while in the latter game they first move

forward and then make their decisions.

Lemma 2.3.2 Suppose that Assumption 2.2.2 holds. Then, for any 1 < n <
M + 1, the value of the auxiliary constrained Dynkin game starting from T,,_1
(2.8.13)-(2.8.14) exists. Its value G, | satisfies the recursive equation (2.3.12),

namely,
(j%nil = é]l{TnflzT} + min {UTn—l , max {E [(j%n‘ ng—1] R ETn_l}} ﬂ{Tn,1<T}~

Hence, cj%%1 = Q%’nq’ where the latter is given by (2.3.11). The optimal
stopping strategy of the auziliary constrained Dynkin game (2.3.13)-(2.3.14) is

given by
5y = Inf{Tn > Ty : Q%N = UTN} AT (2.3.15)
A;:fl = lnf{TN > Tn—l : QA%N = LTN} A\ TM
Proof. Step 1. We first show that, for 1 <n < M, we have
ZA . 7 =A ~
an,1 = min {UTn71 Y max {E |:an ’ng,1:| Y LTn,1 }} . (2316)

Indeed, for 1 < n < M, taking conditional expectation on Gz, yields that

7>\ ~ ~
j = essinf esssup E €Ll + L ler <o
Ty = gesind TeRTn_RM [5 {orr>1} + Lrlir<r <o)

+ ﬁa]l{a<T,a<T} |ng—1:|

= essinf  esssup E[f/Tn Typ, = +Ur, Ay _
UeRTnfl()‘)TERTnil(A) ! {Tn 1 TSJ} 1 {Tn 1 O'<7'}

+ H{JATZTn}E [gﬂ{JATZT} + jJT]l{T<T,TSJ} + UU]l{J<T,U<T} |ng:| |ng1:|
. ] —A F
= min {[]TW_1 , Inax {E |:an |ng71:| y LTn71 }}

where the last equality holds since the operations ess inf(,eRTn (\) €SSSUD e (3)

and E ['|ng—1] are interchangeable, which will be proved in the next step.
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This proves (2.3.16) holds, and thus

A . T g =A ot
qr,_, — mn {UTwl , Iax {E |:£]]'{TnZT} + an:[]'{Tn<T} ’ng—l:| ) LTnfl }}

since 5;1\ ;= §~ , which follows from the definition of the upper value (2.3.13) of
the auxiliary constrained Dynkin game.

satisfies (2.3.12) for n = M + 1, and hence, it
satisfies the recursive equation (2.3.12) for 1 <n < M + 1. Symmetrically, we

. . A
It is also obvious that ¢, |

can obtain that Q;\“n_1 also satisfies the recursive equation (2.3.12). Since (2.3.12)
admits a unique solution, it is clear that 5%1_ = Q;nq = cj%n_l = Q%n_l, where
the latter is given by (2.3.11).

Step 2. In this step, we show the operations ess inerRTn (\) €SSSUD e ()) and
E [|Gr,_,] are interchangeable, i.e. (2.3.19) below holds. To this end, for any
1<n <M and o € Ry, (\), we note that the family

(IE [fz(a, ¢)|ng} T e RTH()\)> (2.3.17)
is an increasing directed set. Indeed, if we choose arbitrary 71,7 € Ry, (\)

and let X; :=E [R(a, Tj)’ng:| , for j = 1,2. Then, there exists 19 € R, (\),
>

which is given by 79 = 711 x,>x,} + T21{x,<x,}, such that |E {R(O’, To)\ng]
max{ X, Xo}. Likewise, we have, for any 1 < n < M, the family

esssup E {R(U,T)’ng} ,0 € Ry, () (2.3.18)
TET\’,Tn ()\)

is a decreasing directed set. Under Assumption 2.2.2, it is obvious that both

(2.3.17) and (2.3.18) are uniformly integrable, and therefore, by Proposition

VI-1-1 of Neveu [68], we obtain

essinf esssup E |:R(O’, T)’ng}
o€R1, (N 7eRp, ()

A
E |:an ng— 1 ]

ng_l} = E

esssup [E {R(U, T)’ng}
TERTn (A)

= essinf E
O’GRTn()\)

ng_1]

= essinf esssup E |E RJ,T gr,
UERTn(A)TERTn(I))\) [ { () T}

ng,l}

= essinf esssup IE RO’,T‘Q"_ . 2.3.19
oeRTn(A)TeRTn(I;) [ (7)) o 1] ( )

Step 3. In this step, we prove that (6)_;,7,_;), which is given by (2.3.15), is
indeed the optimal stopping strategy for the auxiliary Dynkin game starting
from T,-1 (2.3.13)-(2.3.14), i.e. for every (o,7) € Rz, ,(A) X Ry, ,(A), we
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have
E |R(o, 1.7)(0r, ] < B |RG; 1,7 1)I0r,. ] < B |Re. 7 1)Igr,

To this end, we claim the following results hold

A (A o . )

(i) (quA&:*lAﬁfl)mznq is a G-martingale;

(ii) <cj%m/\&* 1/\7) - is a G-supermartingale for any 7 € Ry, , (\);
n— m>n—

(iii) ((j%m/\m%;; 1)m>n_1 is a G-submartingale for any o € Ry, (\).

If the martingale property (i) holds, then, for 1 <n < M,

Cf%n,l = (f:)%n,l/\&;;flﬁ;,l
=E [51{&;_1A+;_12T} + d2;71A+;71]l{&;_l/\‘i',*l_1<T}‘ QTTH}
=E [51{&;_1A+;_1>T} + Lir_, Lger <rir <6 1}
+Uss | 1{&;1<T,&;1<%;1}|ng1:|
- B[R(6 50, (2:3.20)

where the second last equality follows from the definition (2.3.15) of (67, _;,7;i_;)-
Using the similar arguments, if the supermartingale property (ii) and the

submartingale property (iii) hold, then we can have, for any 7 € Ry, ,(A),
@ >TE|fly, + 2 1y, g
Tho1 = {67, _AT>T} qG’:Lil/\T {67 _AT<T}| YT
> E F]l{&;;_l/\r>T} + Lelrerrcss 3+ Usr Vo <rar_ <r}lGr,_,

=E [R(&;;_l,Tﬂngl], (2.3.21)

and, for any o € Rr, ,(N),

d%n—l S B |:R(U7 7/;;:71)’ng_1 . (2322)

As a direct consequence of (2.3.20)-(2.3.22), we can obtain (6} _1,7,_;),
which is given by (2.3.15), is indeed an optimal stopping strategy of the auxiliary
constrained Dynkin game (2.3.13)-(2.3.14).

Step 4. It remains to prove the martingale property (i), the supermartingale

property (ii) and the submartingale property (iii) in Step 3. Indeed, for
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m > n — 1, we have

E [(i%m+1/\&;_1ﬁ;_1 ng}
= [gﬂ{Tm+1/\&;_1/\ﬁ;_12T} + Cf%mHA&Z,I/\%;;,lH{Tm+1/\&fl_1/\%§—1<T}‘ ng}
-E [ﬂ{&;;_lm;_lqm} (ELiz iz + 8y e Vg sz 1<)
+ Lor_ nip_ 2T} <5I{Tm+12T} + ‘j%mﬂl{Tm*‘T}) ng}
= Lior Atz <Tim} <£1{&:71A*2712T} * 423—1”5—11{&2’”%1@})

+ Lo nvr  >Tmy} B |:£N]1{Tm+12T} +37, ., LT <T) !QTm] :

It follows from the definition (2.3.15) of (6} _,7

set {6 _y ANTr_1 > Tt} we have

) that, conditional on the

E [g]l{Tm-HZT} + 7 U<y !ng] = &Lyp,>7y + @0, Lz <1y

and thus

gr,, }

o
E |:QTm+1/\6;;71/\%;:71

; -\
= Lsr ner  <Tn} (511{&;;71/%* >} + Q&;_lmg_l]1{&;71/\+;71<T}>

n—1—= n—1=

+ L Atr_ >Tpia} (g]l{Tsz} + Q%m]l{Tm<T}>

— 4
= ATnex_(ATE_

n—

so the martingale property (i) has been proved.

To prove the supermartingale property (ii), for any 7 € Rz, , (), we have

g1, ]

E {ﬁ%mﬂm;;flm
= Lisr  Ar<Tin} (gﬂ{a—;_lsz} + (12—\;_1/\71{&;_1/\7<T}>

+ 1o A>T 0} B [gl{Tm+1>T} + Q:/)mﬂ H{Tm+1<T}‘ng]
< Lgos  Ar<Tn} (gﬂ{&n_lmz:r} + 42;71A71{62_1A7<T}>

+ Lo Ar>Tia} (éﬂ{TmZT} + ff%m]l{Tm<T})

_ A
= AT N6%_ AT

where the inequality follows from the fact that, conditional on the set {6} _; A
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T > Tm+1} N {Tm < T},

G7,, = max {E [5]1{Tm+12T} + c?%mﬂﬂ{:rmﬂd}) ng] ,iTm}

> E [él{TmHZT} + (j%m+1]l{Tm+1<T}‘ ng} :

This proves the supermartingale property (ii). Likewise, the submartingale
property (iii) can be proved in a similar way, and the proof of this lemma is
thus completed. m

We are now in a position to prove Theorem 2.2.4. By Lemma 2.3.1 and

Lemma 2.3.2, we have

QS =E _g]l{leT} + Q%l Il{T1<T}]

=E _gl{leT} + a7, 1{T1<T}}

=F |l smy + ]E[R(ffikﬁfﬂgﬂ] 1{T1<T}}

=E [R(&{,%f)] (2.3.23)

where (67,7) in (2.3.15) is the optimal stopping strategy of the auxiliary
constrained Dynkin game starting from 73. Similarly, we can obtain that, for
any 7 € Ry, (M),

Q) > E [3(617)} : (2.3.24)

and, for any o € R, (A),
Qy <E [R(a, %f)]. (2.3.25)
It follows from (2.3.24) and (2.3.25) that

Q) > sup E[R(&T,T)} > inf sup E{R(a, 7-)} =7,
TERT, (M) o€R (A) 7€R 7, (N)

and

Q) < inf ]E[]? o, T ] < sup inf E[R O’,T):| = ¢
0= oy BT reRe, (%) 7€RT; (V) ( -
It is obvious that g* > g)‘, and thus Q()\ = =7 = g)‘. As a direct consequence
of (2.3.23)-(2.3.25), we can obtain (67,7;) in (2.3.15) is indeed an optimal
stopping strategy of the constrained Dynkin game starting (2.3.4)-(2.3.5).

We conclude the proof by proving (67, 77) is actually (o7, ,77,) in (2.3.7).
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Indeed,

& = inf{Ty >T1:Q}, =Ury} AT
= inf{Ty >T1: Q7 > Ury} ATy =07y,

and, similarly, 7y = 77, .

2.4 Connection with standard Dynkin games

In this section, we make the connection between constrained Dynkin games
and standard Dynkin games. Let T be a fixed finite horizon. We show that,
when A — oo, the value v* of the constrained Dynkin game converges to the
value of the standard Dynkin game.

The set-up of a standard Dynkin game is the same as in Section 2.2 except
that the control set of the player is replaced with Rg, which denotes the set of
[F-stopping times valued in [0,7]. Define the corresponding upper and lower

values of the standard Dynkin game as

— inf E[R : 92.4.1
v= O'IGHRO Tseu']go [ ( )] ( )
v= sup inf E[R(o,T)] (2.4.2)

TERY 0€Ro

where the payoff function R(c,7) is given by (2.2.1). This standard game
is said to have value v if v = 7 = v, and (0*,7%) € Rg X Ry is called a
saddle point of the game if E[R(c*,7)] < E[R(c*,7*)] < E[R(o,7")] for
every (o,7) € Rog X Ryp.

Proposition 2.4.1 Suppose that Assumption 2.2.2 holds and, moreover, both
L and U are continuous and satisfy LT < & < Urp. Then, the value v of the
Dynkin game (2.4.1)-(2.4.2) exists and, moreover, limypoo v = v.

Proof. To solve the Dynkin game (2.4.1)-(2.4.2), we introduce the following
reflected BSDE defined on a finite horizon [0, T'):

T T T T
Vt:§+/ (fs—TVS)ds—i—/ dKj—/ sz—/ ZsdWs  (2.4.3)
t t t t

for t € [0,T], under the constraints (i) Ly < V; < Uy, for 0 < ¢t < T (ii)
fOT (V; — Ly) dK;” = fo — Vi) dK; = 0. By a solution to the reflected
BSDE (2.4.3), we mean a trlplet of F-progressively measurable processes
(V,Z,K), where K :== KT — K~ with Kt and K~ being increasing processes
starting from Ké" =K, =0.
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It follows from Cvitanic and Karatzas [16] that (2.4.3) is well-posed and
admits a unique solution. [16] shows that the value of the Dynkin game (2.4.1)-
(2.4.2) exists and is given by the solution of the reflected BSDE (2.4.3), i.e.
v=v=v=W.

To prove the second assertion, we note that BSDE (2.2.6) can be regarded
as a sequence of penalized BSDEs for (2.4.3), where the local time processes

K% and K~ are approximated by

KM= /Ut)\ <LS - 1/2)+ ds; KM = /Ot A (VsA - U5>+ ds,

with K* := KM — KA. Since limypoo Elsupyepo 7y [V — Vil?] = 0 (see, for

example, [16]), the second assertion follows immediately. ®

2.5 Application to convertible bonds with random

intervention times

In this section, using the constrained Dynkin game introduced in Section 2.2,
we study convertible bonds for which both players are only allowed to stop at
a sequence of random intervention times.

Traditionally, convertible bond models often assume that both the bond
holder and the issuing firm are allowed to stopped at any stopping time adapted
to the firm’s fundamental (such as its stock prices). In reality, there may exist
some liquidation constraint as an external shock, and both players only make
their decisions when such a shock arrives. We model such a liquidation shock
as the arrival times of an exogenous Poisson process. A similar idea has
first appeared in the modeling of debt run problems (see [58]), which can be

formulated as optimal stopping problems with Poisson arrival times.

Assumption 2.5.1 Let d = 1. The firm’s stock price S°, under the risk-

neutral probability measure IP, follows

t t
Sy =s+ / (r—q)S; du+ / oS, dW,, (2.5.1)
0 0

with S§ = s > 0, where the constants r, q, o represent the risk-free interest
rate, the dividend rate and the volatility of the stock, satisfying the parameter
condition:

r> 302 +q. (2.5.2)

Consider an investor purchasing a share of convertible bond, issued by a
firm as a perpetuity with a constant coupon rate ¢, at initial time ¢ = 0. By

holding the convertible bond, the investor will continuously receive the coupon
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rate ¢ from the firm until the contract is terminated. The investor has the
right to convert her bond to the firm’s stocks, while the firm has the right to
call the bond and force the bondholder to surrender her bond to the firm at a
sequence of Poisson arrival times {7}, },>1 with a constant intensity A > 0.

In this section, we further assume an automatic conversion is triggered as
soon as the firm’s stock reaches a set price. The firm will force a conversion of
the convertible bond to stocks at the first Poisson arrival time after the stock
price exceeds the set price 5 := K /. This additional term, on the one hand, is
motivated by real world financial contracts; on the other hand, it is critical in
ensuring the dominating condition is satisfied when applying the constrained
Dynkin game introduced in Section 2.2.

For later use, we define the first hitting time by an [F-stopping time
0 :=inf{u>0:S; > s},
and the first Poisson arrival time following 6 by a G-stopping time
Ty :=inf{Tny >6: N >1}.

Under the parameter condition (2.5.2), it is standard to prove @ is finite (see,
for example, Section 3.6 in [72]). In summary, there are three situations that
the contract might be terminated:

(i) if the firm calls the bond at some G-stopping time o firstly, the bond-
holder will receive a pre-specified surrender price K at time o;

(ii) if the investor chooses to convert her bond at some G-stopping time 7
firstly or both players choose to stop the contract simultaneously, the bond-
holder will obtain .S, at time 7 from converting her bond with a pre-specified
conversion rate v € (0, 1);

(iii) if neither the firm nor the investor stops the contract before 6, an
automatic conversion is triggered and the bondholder will obtain v.St,, at time
Ty from converting her bond with a pre-specified conversion rate v € (0,1).

From a perspective of the investor, the expectation of the discounted payoff

at initial time ¢t = 0 then equals, for o, 7 € Rz, (),

o ATNTyp
E[PA(S; g, T)] =E |:/ e "Medu+ eirTM’YSTM 11{7'/\0’29} =+ 67TT75‘;S-11{T<9,T§0}
0
=+ e_TUK]l{O'<9,O'<T}:|
oATNO
=E |:/ e Medu+ e_reLA(Sg)]l{T/\aZG} + 6_r778i1{7<9,7§0}
0

+ €TUK1{0<0,U<T}:| ) (253)
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where LA (s) := >t qJ%)\Vs.

Remark 2.5.2 For the convenience of the reader, we show the second equality

above holds. It follows from the tower property of conditional expectation that

oATNO Tm
EP o] =B [ emednt B[ e edut S )AL nos)
+ eiTTfyS"IS‘:[]‘{T<9,TSO’} + 6T0K1{0<9,U<‘r}:| .

Using the conditional density \e =9 dx of Thr, we can further simplify the

conditional expectation as follows

T
E[/ e "edu 4 e "My Sy )| Fo
0

o0 m
= E[/ )\e_A(m_G)(/ e "edu+ e "MyS)) dm|Fy)
0 0

= e "PLA(Sp).

The investor will choose 7 € Ry (\) to maximize the bond value, while
the firm will choose 0 € Ry, (A) to maximize the equity value of the firm
by minimizing the bond value. This leads to a constrained Dynkin game as
introduced in Section 2.2. The upper value and lower value of this constrained

convertible bond are

_\ . A
v (s) = inf sup E|P*(s;0,7)|, 2.5.4
@)=, ot s B[P0 (25.4)

v (s) = sup inf E |:P)\(S;O', 7')] . (2.5.5)
T€RT, (A) OERT (A)

By applying Theorem 2.2.4, we can obtain the existence of the value of
the convertible bond. In particular, for s € (0,5), we characterize the value
of the convertible bond and the corresponding optimal stopping strategy via
the solution of ordinary differential equations (ODEs) and the associated free

boundaries, respectively.

Proposition 2.5.3 Suppose that Assumption 2.5.1 holds. Define the infinites-
1mal generator Lo = %02828§5+(T—q)863—7“. Then, the value of the constrained
convertible bond, denoted as v*(s), exists: For s € [5,00), v*(s) = L*(s); For
s € (0,5), v (s) is the unique solution to the following ODE

— Lo =c+ Ays —oM)T = Ao = K)T (2.5.6)

with the boundary condition v*(5) = LA(3).
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Proof. For s € [5,00), it is easy to check v*(s) = L*(s). Indeed,

T
(s)=vs) = E [/0 e "edu+ e_rTlfyS{%l]

= E [/ Ae A </ e "edu + e_rm78;> dm]
0 0
= / )\e’\m/ e "cdudm + \E [/ e~ (rtAmgs dm]
0 0 0

& A A
= = L(s).
PR C A

For s € (0,5), we apply Theorem 2.2.4 with T'= 0, L, = vS;, U, = K,
fi = c and £ = LA(S}) to (2.5.4)-(2.5.5), and obtain the convertible bond
value is v’\(s) = VOA’S, where VM is the first component of the solution to the
penalized BSDE

0

Vie = LM(S) + / [c + 2 (785 - vu“)+ —a (v - K>+ _ T,Vux,s] du

tAO

0
_ / 2N AW, (2.5.7)
tAO

for ¢ > 0, and moreover, the optimal stopping strategy is

N

ot = inf{Ty > Ty : V;)»* > K} AT (25.8)
A = inf{Ty > T) : Vi < 7S5} A Tar o

By the Markov property of S, we can have VtA’S = v*(S7), where v* solves
ODE (2.5.6) (the connection between BSDE and ODE is quite standard in the
BSDE literature, and thus we refer to Section 4 of [12] and Section 5 of [40]

for rigorous proofs). m

Remark 2.5.4 In this Remark, we study the boundary condition at s = 0+.
Firstly, note that this game can be reduced to a one-player optimal stopping
problem in the case of s = 0+, considering it is never optimal for the investor

(mazimizer) to convert until Ty; because the stock is always worthless, i.e.

A . 7 —ru —ro
v (0+) = inf E[/ e ™Medu+e K]laoo]
( ) g€RT (N) 0 {o<co}

C
— : f _ 1_ —Tro 7TUK .
ot [La—er ek

If c > rK, we can have

A : —ro —ro
v (0+) >  inf K(l—e +e K| =K,
( ) oE€ERT, \) [ ( ) ]
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and similarly, v*(0+) < K if ¢ < rK. Intuitively, when s = 0+, the optimal
strategy of the firm would depend on the coupon rate c: the firm would prefer
calling the bond back in the case of a high coupon rate ¢ > rK, while would

prefer postponing the calling with a low coupon rate ¢ < rK.

As a direct consequence of Proposition 2.5.3 and Remark 2.5.4, we simplify
ODE (2.5.6) by breaking down the discussion into three situations, which is

motivated by the results from the maximum principle.

Corollary 2.5.5 Suppose that Assumption 2.5.1 holds. Then, for s € (0,5),
v*(s) is the unique solution to the following ODEs:

(i) If ZiﬁqK <c<rK, then v > ~vs, and

— Lo =c— A\ - K)F (2.5.9)

with the boundary condition v*(5) = LA(5).
(ii) If ¢ > rK, then v} > K > vs, and

— Lot = ¢ — A0 — K) (2.5.10)

with the boundary condition v*(5) = L(3).
(ii1) If ¢ < T+)‘qK then v < K, and

— Lov® = c+ A(ys — M)t (2.5.11)
with the boundary condition v*(5) = L(3).

Proof. To prove the first statement, it is sufficient to prove v* > vs. We
first show that ~s is a subsolution of (2.5.9) if T+)‘qK <c<rK,ie.

r+ A

C et Nys—K)t =gys—ec< (1 —
0(vs) —c+ Ays — K)" = qys —c < ( Y

JgK <0.

Together with the boundary conditions v*(0) = ¢ > 0 and v*(5) = L*(5) =
r_f_ st 3 i K > K, it follows from the maximum principle that v* > 7vs. The

second and third statements can be obtained by the similar arguments. m
Thanks to the above results, we focus our analysis to the domain s € (0, 3)
in the rest of this section. We characterize the optimal stopping strategy of

the constrained convertible bond via its associated free boundaries.

2.5.1 Case I: ”“’\qK <c<rK

It follows from Corollary 2.5.5 that v* > s if ’"Jr)‘ T9K <c<rK. As a direct
sequence of (2.5.8), we can conclude the optimal conversion strategy for the

investor is 7% = Ty, i.e. it is never optimal for the investor to convert until
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Tyr. Instead, the investor’s optimal strategy is to keep the convertible bond to
receive its coupons up to Thy.

Furthermore, following from (2.5.9), v* = v solves the following ODE

(2.5.12)

—LovN —c+ AP = K)T = 0, for 0 < s < 3;
¥ 35) = LA3).

Since v*(0+) < K, v*(3) = ot inK > K and v” is increasing in s, there

must exist #1* € (0,35) such that

b = inf{s € (0,5) : v1*(s) > K}, (2.5.13)

where by definition it is obvious that v** < K for s € (0,2'*) and v'* > K
for s € (z'*,5), and by the continuity of v"* that v'*(z™) = K. In turn,
(2.5.12) is equivalent to the following free boundary problem

—Lov —¢ = 0, for 0 <5<zl (2.5.14)

—Lov —c+ A0 —K) = 0, for 2} < s < 5 (2.5.15)
53 = LN3); (2.5.16)

Nzr-) = K; (2.5.17)

MatM) = K; (2.5.18)

(UA)/ Ay = (UA)/( LA4) (2.5.19)

The general solution of (2.5.14) has the form v'*(s) = A s*" + A_s* + ¢
for 0 < s < ', and the general solution of (2.5.15) has the form v*
B,s?" + B_sP + % for 1 < s < 5, where

(r—q—— :l:\/r—q—— + 2ro?
ot = , (2.5.20)

gt (r—q—— :l:\/'r—q )2+ 2(r + N)o?  2s21)

The boundary condition at s = 0+ and o~ < 0 impliy that

Al,)\ « c if 0 1A
v (s) :{ Sty ifs € (0,0 (2.5.22)

B BT LS e o9

where a = o in (2.5.20) and four unknowns (A, B_li_’)‘, B 21) are to be
determined. Using the continuity (2.5.17)-(2.5.18) and the smooth pasting
(2.5.19) across x'*, and the boundary condition (2.5.16) at s = 3, we obtain
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that 2 € (0,5) is the unique solution to the following algebraic equation

015UB+ + 02$B+_B_ +C3 =0,

with
Gr = (qﬁ — A
Cr = -4 (E5 - 2)(5)% (2.5.23)
Cy =—Fe (2 - 25)(5)%,

and the coeflicients are determined by

iy K—c/..1\\—a.
AIA r - c( ) a’

) K— — 1,0\ —
By = Bi—ﬁc,(% — @) o

1,2 — _8_
BIY = e (B - 2)(a!) P

Note that the existence and uniqueness of the solution to the algebraic equation
above can be verified by the following results: f(x) = C128" + 0P P + Cs
is increasing in « with f(0) < 0 and f(5) > 0.

The optimal calling time for the firm is therefore given as
* N s . Qs 1\
o"r =inf{Tn >T1: 57, 22"} ATy

In Figure 2.1, we plot the value function v'*(s). On the one hand, it
always lies above the lower obstacle s, which implies it is never optimal for
the investor to convert in the region s € (0,5). On the other hand, the bond
price crosses the upper obstacle K at 2'* € (0, 5), which thus can be regarded
as the optimal calling boundary for the firm: the firm should call the bond

back at the first Poisson time when the stock price exceeds .

2.5.2 CaselIl: c>rK

It follows from Corollary 2.5.5 that v > K > vs if ¢ > rK. As a direct
sequence of (2.5.8), we can conclude the optimal conversion strategy for the
investor is 7% = Ty, i.e. it is never optimal for the investor to convert until
Tas. On the other hand, since the coupon rate ¢ is too high, the firm would
prefer to convert as soon as possible to stop paying the bond coupons, i.e.
o N =T1.

Following from (2.5.10), we further calculate the convertible bond value

v* = v? by solving the following ODE explicitly

(2.5.24)

~Lov) —c+ Av* —K) = 0, for 0 < s < 3;
M 3) = L3).

The general solution of (2.5.24) has the form v>* = B+85+ + B_s? + %
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Figure 2.1: Illustrations of the value function in Case I: Ziﬁ gK <c<rK
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Figure 2.2: Tllustrations of the value function in Case II: ¢ > rK
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for 0 < s < 5, where 5% are given by (2.5.21). Since 3~ < 0, we obtain B_ = 0

by the boundary condition at s = 04. The boundary condition at s = 5 gives

c+ \K

2,1 2\ 8
=B +
vo7(s) s p

(2.5.25)

where 3 = 3% in (2.5.21) and B>} = (ﬁ% — TJIF)\))\K(E)’@

In Figure 2.2, we plot the value function v>*(s). The bond price always lies
above both the upper obstacle K and the lower obstacle s, which implies that
it is always optimal for the firm to call the bond back at the first Poisson arrival

time, and never optimal for the investor to convert in the region s € (0, 5).

2.5.3 Case III: ¢ < Zi—iq[(

It follows from Corollary 2.5.5 that v* < K if ¢ < Zii qK. As a direct sequence
of (2.5.8), we can conclude the optimal calling strategy for the firm is 0** = Ty,
i.e. it is never optimal for the firm to call back the bond until Th;. Instead,
the firm’s optimal strategy is to postpone the calling up to Tas in light of the

low coupon rate. Furthermore, following from (2.5.11), v» = v3* solves

{ —Lov* —c—Ays —vM)T = 0, for 0 < s < 5 (2.5.26)

PG = LME).

Next, we solve (2.5.26) explicitly. Since v* > vs at s = 0+ and v* < s at

s = 5, there must exist 23* € (0, 5] such that
3 = inf {s € (0,3] : v3M(s) < 'ys} . (2.5.27)

By definition it is obvious v3* > s for s € (0,2%), and by the continuity of
v3A that v32 (232) = 23, Let us at the moment assume that v3* < s for
s € (z**, 5], which will be verified later on. If this condition holds, (2.5.26) is

equivalent to the following free boundary problem

—Lov*—c¢ = 0, for 0 <s<a> (2.5.28)

—Lov* —c+ A0 —vs) = 0, for 23 < 5 < 5; (2.5.29)
N3E) = LAN3); (2.5.30)

Na3A=) = 42 (2.5.31)

N3 = a2 (2.5.32)

(v/\), (mg’)‘—) = (v?”)‘)/ (a;3’)‘+). (2.5.33)

We first observe that, with the boundary condition at s = 0+, ODEs (2.5.28)-
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(2.5.29) imply

(2.5.34)

2B (s) = Az’i‘\so‘j— € . if s € (0,23);
BYsPT 4 B2sPT +r+/\+q+)\’ys if s € (232, 3),

where a = o in (2.5.20), % in (2.5.21), and four unknowns (A3*, Bi’A, B3 432)
are to be determined. Using the continuity (2.5.31)-(2.5.32) and the smooth
pasting (2.5.33) across >*, and the boundary condition (2.5.30) at s = 3,

we obtain that 2} € (0, 5] is the (unique) solution to the following algebraic

equation
Dya? P4 4 DuaP P 4 Dz + Dy =0, (2.5.35)
with N
Dl (qi+§+ - Oé)’%
Dy = — -2y
2 C(ng,+A7’)’ - (2.5.36)
D3=(06—T,\_)( 5) . RE
Di=—e(2 ~ 23)(5) 7,
and the coeflicients are determined by
3N 3 _
A0 = (qu? ) )e ) ) )
BY = pelp(a— 240 e >1 = Gl o
3,2 )\ - -B-
B = ooy ey e Ty
(2.5.37)

3.

It remains to verify the condition v>* < s for s € (2>*,3]. Indeed, since

AP > 0,0 > 1, Bi’)\ <0, 8t >1and B* >0, 8~ <0, it is clear that v3* is

convex in the interval (0,2**) and concave in the interval (z>*

, §]. Moreover,
(037)‘)/ (3) < v, which verifies the required condition.

The optimal conversion time for the investor is therefore given by
A . Qs 3,
—1nf{TN >1T: STN > x> }/\TM.

In Figure 2.3, we plot the value function v (s). On the one hand, it always
lies below the the upper obstacle K, which implies it is never optimal for the
firm to call the bond back in the region s € (0,5). On the other hand, the
bond price crosses the lower obstacle vs at z3* € (0, 5), which thus can be
regarded as the optimal conversion boundary for the bondholder: the investor
should convert the bond to stocks at the first Poisson time when the stock

price falls below 237
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Figure 2.3: Illustrations of the value function in Case III: ¢ < Zi§ qK

2.6 Asymptotics as A — oo

We study the asymptotic behavior of the convertible bond price and its associ-
ated free boundaries when the Poisson intensity A\ — oo. Intuitively, they will
converge to their continuous time counterparts. We prove this intuition in this

section.

2.6.1 Review of standard convertible bonds

The setting is the same as in Section 2.5 except that

e both the investor and the firm choose their respective optimal stopping

strategies as F-stopping times taking values in [0, 0], and

e an automatic conversion is triggered as soon as the firm’s stock reaches a
set price 3, i.e. the firm will force a conversion of the convertible bond to

stocks at 0 rather than T, (the first Poisson arrival time following 6).

Then, the upper and lower values of the standard convertible bond are

defined by

v = inf sup E[P(s;o0,7)], (2.6.1)
067—0,9 7'676,9

v= sup inf E[P(s;o,7)], (2.6.2)
T€T0,0 o€To,0
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where the expectation of the discount payoff
oATNO
BIP(s;0,7)] = lim B[P (5;0,7)] = E[ /0 e du+ €S L gz
+ e_TT’YSqS—]l{T<9,T§cf} + 6_rchv]l{c7<6',c7<7—}

since L*(s) — s as A — oo, and the control set Tg g is defined by
To,0 = {F-stopping time 7 for 0 < 7 < 4}.

We say this game has value v if v = v = v, and has a saddle point
(0*,7) € Toe x Top if E[P(s;0*,7)] < E[P(s;0*,7")] < E[P(s;0,7")] for
every (0,7) € Toe % To,6-

The proof of the following result follows along the similar arguments in [79]
and is thus omitted. We refer to [79] for its further details.

Proposition 2.6.1 Suppose that Assumption 2.5.1 holds. Then, the value of
the standard convertible bond, denoted by v(s), exists: For s € [§,00), v(s) = vs;
For s € (0,5),

(i) Case I: ¢K < ¢ < rK,

vl(s) = Als® + g (2.6.3)

. . . 1 rK—c/=\— . .
with a = o in (2.5.20) and A' = "2=5(5)"%, where the optimal stopping
strategy is given by o* = 7" =4.

(ii) Case II: ¢ > rK,

v2(s) = K, (2.6.4)
where the optimal stopping strategy is given by o* =0 and 7" = 0.
(iii) Case III: ¢ < gK,

v3(s) =

{ A3s°‘+§7 if s € (0,23); (2.6.5)

vs, if s € [a%,5),

with a = o in (2.5.20), A® = (va® — €) (2®)~%, and the optimal conversion

boundary x> = min(ﬁ%, 5), where the optimal stopping strategy is given by

o* =0 and 7 = inf{t > 0: S; > 23}.

2.6.2 Asymptotics

We conclude the chapter by studying, when A — oo, (i) the convergence of
the constrained convertible bond price v* to its continuous-time counterpart
v; (ii) the convergence of the optimal conversion/calling boundaries for the

constrained convertible bond to its continuous-time counterparts.
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In the case when ¢ > rK, it is easy to check that B>* — 0 and % - K
by using the explicit form (2.5.25). As a consequence, we can have v>*(s) —
v%(s). Hence, we only need to establish the convergence results for Case I and
Case I1I. To this end, we first prove the limits of ' in (2.5.13) and z3* in

(2.5.27) exist as A goes to infinity.

Proposition 2.6.2 Suppose that Assumption 2.5.1 holds. Then, both ' in
(2.5.18) and 2> in (2.5.27) have limits, denoted by x', and x3, respectively,
as \ goes to infinity.

LA and 23 are bounded by 3, in order to prove their limits

Proof. Since z
exist, it is sufficient to prove they are increasing in A. By the definition of z3*
in (2.5.27) and the explicit form of v>* in (2.5.34), it is sufficient to prove v
is increasing in A.

Recall that v®} is the solution to the ODE (2.5.26) for s € (0,5). Let
us suppose A; < Ag, define the set N = {s € (0,5] : v¥*(s) > v¥*2(s)} , and

suppose that A/ # (). Then on N, we have

—Lov3M = ¢+ A (ys — 3T
~Lovde = e+ da(s — v,

which implies

_£O(U3,)\1 _ UB’/\Q) = M (ys — U3,)\1)+ — Xa(ys — US,)\Q)-i- <0; seN
v3A — A =, s € ON.

It follows from the maximum principle that v3* < v3*2 on N, which is in
contradiction with the definition of N.

LA is decreasing in A, and therefore, by the

Similarly, we can prove v
definition of z'* in (2.5.13) and the explicit form of v** in (2.5.22), we can
see 1) in (2.5.13) is also increasing in A. m

We are now in a position to establish the convergence results of z' for
Case I and z3* for Case III. As a direct consequence, the convergence of v!:

to v! and v®* to v3 follows immediately.

Asymptotics: Case 1

In this subsection, it is sufficient to prove the unique solution z'* € (0,5) to

the following algebraic equation

Clxﬁ+ + CQ$B+_B_ + C5 =0,
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where C1,Cy, Cs are given by (2.5.23), converges to 5§ as A — oo. By letting

Yyt = xf ;€ (1,00), we can see y'* solves the following algebraic equation

B+ oy - o B B, _ I'—4d (B+ — B-)A
(r+)\ r)y +(7“ r+)\)y CrK —c(g+A)(r+\)

Sending A — oo, we have

: B+ Q. g «a B B
1 _@ o v) =
)\1—{20((7‘-1—)\ r)y +(r r+)\)y 0

which forces y'* — 1. Indeed, if we assume limy_,o y"* > 1, then the left-
hand-side of the above equation would go to infinity, which provides the desired

contradiction.

Asymptotics: Case 111

In this subsection, it is sufficient to prove the unique solution z** € (0, 5] to

the following algebraic equation
D12 P 4 DoaP P 4 Dyx 4+ Dy =0,

where D1, Dy, D3, Dy are given by (2.5.36), converges to 22 as A — oco. By

letting y°* = :r?i)‘ € [1,00), we can see y'* solves the following algebraic

equation

v B g+ K a BT _ c qiK
W n - ZEERT o B =)

Sending A — oo, we have

: gr_p- _BTgHAKa BT _
tim | (y n[m P iy |

I7*

which implies I* and/or IT* has the limit 0.

e Ifc< O‘T_HK, we have

lim y37,\:%2i3:a—1g>1
A0 3, T a ¢
which thus forces limy_yoo II* = 0, i.e. limy_yo0o > = %%
o Ifc> O‘T_HK, we have
K K
lim [ =(a—1)———— —a° < (a—1)(———— — K) <0,
A—00 lim o0 32 lim o0 32
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where either limy_,o, 71" < 0 (which implies limy_,oo I* = 0) or limy_,oo I =

0 gives us limy_, y?”A =1.
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Chapter 3

Risk-Sensitive Dynkin Games
with Heterogeneous Poisson

Random intervention Times

3.1 Introduction

Risk-sensitive criteria constitute a genuinely interesting class of performance
criteria in optimization problems, in which the linear expectation E[] is replaced

by the nonlinear expectation

E[]:=g "E[g()]),

for some strictly increasing function g as a risk-sensitive function. The cor-
responding risk-sensitive control has been developed to reflect an optimizer’s
attitudes to risks. In particular, the risk-sensitive function g is chosen to
model the optimizer’s attitudes towards risks (e.g. strict concavity of g reflects
risk-aversion of maximization players or risk-seeking of minimization players).

In this chapter, we are interested in Dynkin games with risk-sensitive
criteria, by taking into account of both players’ attitudes to risks. Namely, the
two players aim to minimize/maximize some payoff functional R(c,7) under

the nonlinear expectation E[.]:
J(o0,7) =E[R(0,7)] =g~ (Eg(R (0,7))]).

where o and 7 are the stopping times to be chosen by the respective minimiza-
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tion/maximization players. It is called risk-sensitive because'

J(o,7) =~ E[R(0,T)] — élg (E[R(0,7)]) Var[R(o, T)],

9" (z)
g'(x)
The case g(x) = z corresponds to a risk-neutral attitude of both players since

where [4(z) = — is the Arrow-Pratt function of absolute risk aversion.
lg(x) = 0. For the case of an exponential utility g(z) = —e™?* with v > 0,
lg(x) = 7 is constant and the risk-sensitivity is only expressed through the
risk-sensitivity parameter ~.

The stopping time strategies of the two players are restricted to two
independent sequences of Poisson arrival times as the exogenous constraints
on the players’ abilities to stop. The constraints may represent liquidity
effects, indicating the times at which the underlying stochastic processes are
available to stop. Applications of such a liquidity model can be found in [58]
for bank runs and Chapter 2 for convertible bonds. The constraints can also
be seen as information constraints. The players are allowed to make their
stopping decisions at all times, but they are only able to observe the underlying
stochastic processes at Poisson arrival times. See [25] and [55] for applications
to perpetual American options. Due to the introduction of constraints on
stopping times and risk-sensitive criteria, we call the Dynkin games considered
in this chapter the constrained risk-sensitive Dynkin games.

We generalize Chapter 2 on constrained Dynkin games in two aspects:
First, it takes into consideration of both players’ attitudes towards risks via
the risk-sensitive function g; Second, there are control constraints for both
players and, moreover, the constraints are different in the sense that they
are allowed to stop at two heterogeneous sequences of Poisson arrival times.
Consequently, since the two players’ stopping time strategies are chosen from
two different sequences of signal times, the usual condition of the upper obstacle
U dominating the lower one L is not required. In Chapter 2, the risk-sensitive
function g(z) = z and both players stop at a single sequence of signal times
(so U > L is assumed therein).

New challenges arise from the above generalizations. Since the two players
stop at two different sequences of Poisson arrival times, the first step to solve the

constrained risk-sensitive Dynkin game is merging the two Poisson sequences

'Here we assume enough regularity of g. We first derive a second-order Taylor approxima-
tion of g(R) at IE[R], and taking the expectation for both sides gives us

Blg(R)] ~ g(E[R]) + 54" (BIR)) VarlR].
A first-order Taylor approximation of g~ *(E[g(R)]) at g(IE[R]) yields

9 (Elg(R)]) ~ E[R] + 7 [Elg(R)] — 9(E[R])] ~ E[R] — %lg(]E[R]) Var[R].

-
(E[R])
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together while still keeping track of their order. This is crucial when we
consider a family of constrained risk-sensitive Dynkin games (3.3.5)-(3.3.6)
starting from different signal times in order to apply the dynamic programming
principle. Note that the starting times of the games (3.3.5)-(3.3.6) may not be
the respective player’s own Poisson signal times; instead they could be from the
counterparty’s signal times. To deal with the nonlinear expectation |E arising
from the risk-sensitive function g, we introduce a new transformation resulting
in the auxiliary payoff processes (3.2.7)-(3.2.9), which enable us to rewrite
the payoff functional under the linear expectation E instead of the nonlinear
expectation E. For a special case of exponential risk-sensitive function g (see
Section 3.5.2), the representation formula (3.2.10) of the game value is closely
related to Cole-Hopf transformation in the BSDE literature, which is widely
used to linearize a class of BSDEs with quadratic growth (see [50]). Our
representation formula (3.2.10) can be regarded as a stochastic control version
of Cole-Hopf transformation.

We also make a connection of constrained risk-sensitive Dynkin games with a
class of stochastic differential games via Krylov’s randomized stopping technique
(see [51]). It is established in [51] that standard optimal stopping problems
(without constraints on stopping times) admit stochastic control representation,
which can be further solved via the so-called normalized Bellman equations.
The stochastic control representation of the corresponding constrained optimal
stopping problems has been established in [57] (see Section 4 therein). In a
constrained stopping game setting as considered in the current chapter, it is
natural to expect that a stochastic differential game representation should hold
accordingly. Indeed, we show that the two players in the stochastic differential
game choose their respective running controls and discount rates with binary
values 0 or the Poisson intensity A?, and the optimal control is the Poisson
intensity A\’ whenever the value of the game falls below the lower obstacle
process/goes above the upper obstacle process.

Turing to the literature of Dynkin games, there has been a considerable
development since the seminal works of Dynkin [26] and Neveu [68]. The
continuous time models were developed, among others, by Bismut [8], Alario-
Nazaret et al [1], Lepeltier and Maingueneau [56] and Morimoto [65]. In order
to relax the dominating condition U > L in those papers, Yasuda [80] proposed
the strategies of randomized stopping times, and proved that the game value
exists under merely an integrability condition. Rosemberg et al [71], Touzi
and Vielle [78] and Laraki and Solan [52] further extended his work in this
direction. The non-Markovian case was addressed in Cvitanic and Karatzas
[16] for a fixed horizon and Hamadene et al [31] for an infinite horizon using the
theory of reflected BSDEs. If the two players in the game are with asymmetric

payoffs/information, then it gives arise to a nonzero-sum Dynkin game. See, for
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example, Hamadene and Zhang [33], De Angelis et al [19] and, more recently,
De Angelis and Ekstrom [18] with more references therein. A robust version
of Dynkin games can be found in Bayraktar and Yao [5] if the players are
ambiguous about their probability model.

On the other hand, the risk-sensitive optimal stopping problems have been
studied by Nagai [67], Béuerle and Rieder [3], Bduerle and Popp [2] and, more
recently, Jelito et al [45]. For the risk-sensitive zero-sum and nonzero-sum
stochastic differential games, we refer to El-Karoui and Hamadene [27]. To
the best of our knowledge, the study of risk-sensitive Dynkin games is still
lacking, no matter with or without constraints on stopping time strategies. The
current chapter offers a first step to understand risk-sensitive Dynkin games,
in particular with constraints on the stopping time strategies.

The constrained optimal stopping problems was first studied by Dupuis and
Wang [25], where they used it to model perpetual American options exercised
at exogenous Poisson arrival times. See also Lempa [55], Menaldi and Robin
[61] and Hobson and Zeng [39] for further extensions of this type of optimal
stopping models. From a different perspective, Liang [57] made a connection
between such kind of optimal stopping problems with penalized BSDEs. The
corresponding optimal switching (impulse control) models were studied by
Liang and Wei [59], and by Menaldi and Robin [62] [63] with more general signal
times and state spaces. More recently, Liang and Sun (Chapter 2) introduced
the corresponding constrained Dynkin games (with the risk-sensitive function
g(z) = x), where both players were allowed to stop at a sequence of random
times generated by a single exogenous Poisson process serving as a signal
process.

The chapter is organized as follows. Section 3.2 contains the problem
formulation and main result, with its proof provided in Section 3.3. In Section
3.4, we establish its connection with a class of stochastic differential games, and
in Section 3.5 we further provide two examples. Finally, Section 3.6 concludes

the chapter.

3.2 Constrained risk-sensitive Dynkin games

Let (Wi)¢>0 be a d-dimensional standard Brownian motion defined on a
filtered probability (2, F,F = {F;}i>0,P) satisfying the usual conditions.
The probability space also supports two independent sequences of Poisson
arrival times T(1) = {T,gl)}nzo and T®?) = {Téz)}nzo with their respective
intensities AV and A and the minimal augmented filtration H = {H+}+>0,
satisfying Tél) = Té2) =0 and To(ol) = Téﬁ’
tion generated by F and H as G = {G:}s>0, i.e. G = F¢ V Hy, and write
A= (AW A,

= 00. Denote the smallest filtra-
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Let T be a finite F-stopping time representing the (random) terminal
time of the game. For each player i € {1,2}, let us define a random variable
M; : Q — N such that T}y, is the next arrival time in the Poisson sequence 7

fOHOWing 1_'7 i.e. MZ(W) = ZHZI n]l{T;l_l(w)gT(w)<Tfl(w)}
For any integer n > 0, we define the control set for each player i € {1,2} as

R = {G-stopping time o for o(w) = TJ(\f) (w) where n < N < M;(w)},
(3.2.1)
so the player 7 chooses from the Poisson arrival times T with intensity A,
and Ty(li) is the smallest stopping time allowed.
Consider a constrained risk-sensitive Dynkin game, where the two players
choose their respective stopping times o € Rgl) and 7 € RgQ) in order to

minimize/maximize the expected cost functional
J(o,7) = B[R(0,7)], (3.2.2)

where the nonlinear expectation | : R — R is defined via the risk-sensitive

function g, i.e.
E[]=¢"El())- (3.2.3)

The discounted payoff functional R(o,7) in (3.2.2) is defined by

oATNT
R(U7 7—) = / e_rsfs ds + e_rTg]l{a/\TZT} + e_TTLT]l{T<T,T§a}
0

+ e Ul peroery, (3.2.4)

where r > 0 is the discount rate, and f, as a real-valued F-progressively
measurable process, is the running payoff. The terminal payoff is U if o
happens firstly, L if 7 happens firstly or ¢ and 7 happen simultaneously, and
& otherwise, where L and U are two real-valued [F-progressively measurable
processes, and £ is a real-valued Fpr-measurable random variable.

Let us define the upper and lower values of the constrained risk-sensitve

Dynkin game

7 = inf sup J(o,7), and v* = sup inf J(o, 7). (3.2.5)

1 1
UERE ) TER?) TER?) UERg )

A:

The game (3.2.5) is said to have value v* if v* = 7* = v*, and a saddle point

(o*,7%) € Rgl) X RgQ) is called an optimal stopping strategy of the game if
J(o% 7)< J(o",7") < J(o,77),

for every (o,7) € Rgl) X 7?,52).
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Compared with the constrained Dynkin game introduced in Chapter 2,
there are two new features of the game (3.2.5): First, it takes into consideration
of the both players’ attitudes towards risks via the risk-sensitive function
g; Second, there are control constraints for both players and, moreover, the
constraints are different in the sense that they are allowed to stop at two
heterogeneous sequences of Poisson arrival times. As a consequence, since the
two players’ stopping time strategies are chosen from two different control
sets, the usual dominating condition U > L is not required. In Chapter 2, the
risk-sensitive function g(z) = x and both players stop at a single sequence of

Poisson arrival times (so U > L is a critical assumption therein).

3.2.1 Main result of this chapter

To solve the above constrained risk-sensitive Dynkin game, we introduce the

characterizing BSDE on a random horizon [0, T':

QtAATzf—i‘/

tA\T

T

0 (@ -T) 0 (L) @] 0

T A
—/ Zo dW,, (3.2.6)
tAT

for t > 0, where the auziliary payoff processes L, U and £ are given by

t
Ly = e”g(e”Lt—ﬁ—/ e " fudu), (3.2.7)
0
t
U, = e”g(ertU,ﬁ—/ e " fudu), (3.2.8)
0
3 T
£ = erTg(e_rTer/ e " fudu), (3.2.9)
0

respectively. And also we set @;\ = ¢ for t > T. Moreover, we introduce the

following spaces: for any given @ € R and n € N,

e 12" : Fp-measurable random variables & : Q > R™ with E [e2T|¢]?] <

o0,

e HZ" : F-progressively measurable processes ¢ : [0,T] x 2 — R"™ with
E [fy €[l ds] < oo,

o §2™ . F-progressively measurable processes ¢ : [0,T] x Q — R™ with
E [sup,cpor) 2 llgsl?] < oo,

where || - || is the Euclidian norm and we denote 12", Ho™ and $2" by L2,

H2" and $2" for the ease of notation.
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We impose the following assumptions on the risk-sensitive function g, the
running payoff f and the terminal payoffs L, U and £ in terms of the auxiliary
payoffs L, U and €.

Assumption 3.2.1 The deterministic risk-sensitive function g : R — R is
strictly increasing and, moreover, (i) when T is an unbounded stopping time,
L, U and & are all bounded; (i) when T is a bounded stopping time, L € $*!,
U € 8% and € € L?!, where L, U and £ are given by (3.2.7), (3.2.8) and
(8.2.9), respectively.

On the one hand, since the two players’ control sets are different, the usual
dominating condition U > L is not required. On the other hand, the conditions
(i) and (ii) in Assumption 3.2.1 guarantee the existence and uniqueness of the
solution to BSDE (3.2.6), which will in turn be used to construct the game
value and its associated optimal stopping strategy. Under Assumption 3.2.1,
the solvability of BSDE (3.2.6) follows from Theorem 3.3 in [12] (when T is
unbounded) and Theorem 4.1 in [69] (when T is bounded), and thus we omit
the proof of the following proposition and refer to [12] and [69] for the details.

Proposition 3.2.2 Suppose that Assumption 3.2.1 holds. Then, there exists
a unique solution (@A,ZA) to BSDE (3.2.6). Moreover, (i) when T is an
unbounded stopping time, @A 18 continuous and bounded, and Vi belongs to

H2<. (ii) when T' is a bounded stopping time, the solution pair (@A,ZA) belong

—r

to $>1 x H>4,
We are now in a position to state the main result of this chapter.

Theorem 3.2.3 Suppose that Assumption 3.2.1 holds. Let (@A,ZA) be the
unique solution to BSDE (3.2.6), and define the value process

tA\T
Qt)\ _ er(t/\T)gfl(efr(t/\T)QtA) - / efr(uft/\T)fu du, (321())
0

fort > 0. Then, the value of the constrained risk-sensitive Dynkin game (3.2.5)
exists and is given by
v =7 =0 = Q).

Moreover, the optimal stopping strategy of the game is given by
* (1) M. oA (1),
of =inf{Ty\’ >1T,": QT}\}) > UT;\})} NTyps

7 =inf{T? > 1@ . Qo < Ly} A TS,
N N

Remark 3.2.4 For a special case of exponential risk-sensitive function g

(see Section 3.5.2), the representation formula (3.2.10) is closely related to
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Cole-Hopf transformation in the BSDE literature, which is widely used to
linearize a class of BSDEs with quadratic growth (see [50]). Our representation
formula (3.2.10) can be regarded as a stochastic control version of Cole-Hopf

transformation.

3.3 Proof of Theorem 3.2.3

Since the two players stop at two different sequences of Poisson arrival times,
the first step to prove Theorem 3.2.3 is merging the two Poisson sequences
together while still keeping track of their order. To this end, for each T(}) and
T, we construct an increasing sequence of G-stopping times 6 = (Or)k>0 as

follows:

I A )
f1 = min (Tl(l), TI(Q)) ,

+ 7M1 71 + 71

05 = min <T1(1)]1 {T1(1)§61}, 1

{1{V>01} {(1{*>01} {Tf”sol}> ’

— i (1) (1) (1) (1)
f3 = min <T1 1{T1(1)>92} + T3 ]l{T1(1)§92}, T, 1{T2(1)>92} + T3 ]l{T2<1)§02},
(2) (2) (2) 2
h H{Tf2)>92} 1 H{Tf2)§92}’ & Il{Tzfz))>92} +1; 1{T§2)§92}> ’
f;, = min (
(1) 1) (1) (1)
W hrmsg o P Y ag T sg o P10 L <o 1y

7?1 + TP

. 7@ (2)
(T{?>0, 1} (TP <01}’ ’kal]l{T;éz,)1>9kf1} + T ]]-{T;i2)1<9k1}>’

In Figure 3.1, we illustrate the construction of the merged sequence 6, where
the top and the middle line are a realization of 7 and 73, and the bottom
line is the merged sequence 6. Intuitively, given any G-stopping time 6y _1,
k > 1, (to be used as the starting times for a family of constrained Dynkin
games (3.3.5)-(3.3.6) below), we find the first arrival time of each Poisson
sequence following 6;_1, say T,gll) and T,gj) for some k1, ko > 0, and then define
0, = min{T,gll),TIS)}. Moreover, given the stopping time 6, we define pre-0;
o-field:

Go, = A€ ng:Aﬂ{HkSS}EgsforSZO ,

s>0

and G = {Gy, }r>o0-
Next, we tackle the nonlinear expectation E associated with the risk-
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Figure 3.1: An illustration of a merged Poisson arrival sequence 6.

sensitive function g. To this end, introduce the discounted processes

t
Li=e "L, + / e " fu du, (3.3.1)
0
t
U =e U + / e " fu du, (3.3.2)
0
~ T
E=e"Te+ / e " f, du, (3.3.3)
0

and rewrite the discounted payoff functional R(co,7) as
R(Ua T) - g]l{o'/\sz} + ET]l{T<T,T§a} + 00]1{0'<T,0'<7'} = R(O’, T)- (334)

In turn, consider a family of constrained risk-sensitive Dynkin games starting

from 6;_1, for £ > 1, whose upper and lower values are defined by

qg‘k_l = esst}f ess sup]E [R (o,7) |ng71} , (3.3.5)
ceR) erid

gé\ = esssup essjnfﬂ:] [R (o,7) 199;%1} , (3.3.6)
o T TR Rl

ﬁgk = {G—Stopping time o for o(w) = TJ(\;) (w) where T](\;') (w) > Ok

and N < Mz(w)} (3.3.7)

Remark 3.3.1 Note that in the above definition of control set 7%52, 01 is not
necessary from the Poisson sequence T so 7@23 is in general different from
R,(f) in (3.2.1). However, they do coincide when k = 1: ﬁé? = Rgi).

On the other hand, thanks to the introduction of the discounted processes
L, U and & in (3.3.1)-(3.3.3), the payoff functional in (3.3.4) can be divided
into three disjoint sets and the risk-sensitive function g can be applied to each

of them separately. Thus, we can rewrite the payoff in (3.3.5)-(3.3.6) under
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the linear expectation E of the auziliary payoff processes L, U and € as

B [‘é (07 T) ’g9k71:| = gil <E[€TT§]]-{0'/\TZT} + 67TTZT]]‘{T<T,T§U}
+ 67TUU01{0<T,0<T} g9k1]) :
This motivates us to introduce the Cole-Hopf representation formula (3.2.10).

The constrained risk-sensitive Dynkin game (3.3.5)-(3.3.6) is said to have

. _ (1 = (2) .
value qg‘kil if qg‘kil = qg‘kﬂ = gg‘kil, and (o}, 7) € Rék) X Rék) is called an

optimal stopping strategy of the game if
B [R(ot, G0, | < B[R, 7100, | < B [R(o, )G, ]

for every (o,7) € 7@83 X ﬁéi). In particular, when k£ = 1, (3.3.5)-(3.3.6)
corresponds to the original constrained Dynkin game (3.2.5). Thus, to prove
Theorem 3.2.3, it is sufficient to show that

A = A _ A
Q0,1 = 90,1 = Qek,l - Qekfl’
and the optimal stopping strategy is given by

UZ = inf{T](Vl) >0 : Q%(VD > ﬁT](\,U} A Tlg/lh)’

@ s g oA < T @) (3.3.8)
T, = lnf{TN >0 : QTI(\72> < LTI(VQ)} A TMQ’
where Q™ is given by
Q} =g (e, (3.3.9)

with @A being the first component of the solution to BSDE (3.2.6). In turn,
the value process Q> in (3.2.10) is given via the discounted process Q™ via the

relationship

~ tAT
Q} = MDY — / e ") £ du. (3.3.10)
0

Note that, for ¢t > T,

T
Q? _ erTg—l<e—rTE) - / e—r(u—T)fudu _ 5

0

Remark 3.3.2 For the reader’s convenience, we recall the notations that
have been introduced thus far. For the payoff processes h = L, U, &, we have
defined the discounted processes hy = e_Tthﬁ—fg e~ "™ fu du, and auziliary payoff
processes hy = e’"tg(ﬁt). In terms of the value process Q*, likewise we have
Q) =e QX + f(f e "™ fudu, and @t)‘ = e"g(Q}), fort €[0,T).
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To prove the above assertions (and therefore Theorem 3.2.3), we start with

the following lemma.

Lemma 3.3.3 Suppose that Assumption 3.2.1 holds. Then, Qg‘kil given in

(3.3.9) satisfies the recursive equation

Qg\k—l =E [gﬂ{%ZT}

+ (min{Uek,Qa}ﬂ{akeTm} + maX{iek,Qg‘k}ﬂ{ekeﬂm}) 1{9,€<T}!Q(9k1}

(3.3.11)
for k> 1.

Proof. It is equivalent to prove that

Q(Qg‘k,l) =E g(g)l{esz}

+(min{g(Uy, ), 9(Q) Y1 (g, crvy+max{g(La, ), 9(Qp) } g, cr»y) Lo, <1150, |

(3.3.12)

where g(€) = e7"T€, g(L;) = e "Ly and g(U;) = e "U;. For k such that
Or—1 > T, it follows from (3.3.9) that g(Qg‘kil) = g(£), and thus (3.3.12) holds.
In the rest of the proof, we only focus on the cases where 6,1 < T.

By applying Itd’s formula to ayg(Q7), where a; = e_()‘<1>+’\(2))t, we can

obtain that

i ) T
ainrg(Qinr) = arg(§) +/

tA\T

. [ A + XD)g(@) = A (9(@2) - 9(0)
T

X (oL - @) | ds = [ oz,

AT

2 (g(Ls) — g
~ T ~ ~
—arg(@+ [ A min {o(0).9(G2)}
T
A® max { g(Ly), g(O* ]d - TN AW,
A max {g(E). 0@ } [ ds = [ a7

for t > 0. By choosing t = 61 and taking the conditional expectation with

respect to Gy, |, we further have

T
9@, ) =E {e—<“1’+“2>><T—9k—1>g<s> + / e~ (ADFAD)(5=01)

Or—1
()\(1) min {g(ﬁs)mg(é?s)\)} + 2@ max {g(f)s),g(QS)‘)}> ds|ggk_1] , (3.3.13)

for any k > 1.
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On the other hand, by defining Tt(i) as the first arrival time in 7 following
any fixed time ¢, i.e. Tt(z) = inf{TJ(\;) > Tl(l) : T](\;) > t}, we can rewrite the
right-hand-side of (3.3.12) as

: A
B 10 o+ i o ) 9@ 2} ey, ey

Op_1 -1 Ok 1

Qek_l] :
(3.3.14)

L 2 L, )
e {otly 0@ )P o <,

Or—1

Indeed, applying the joint probability density function of (Te(il,f’e(le) condi-

tional on Gy, |,
Doy (8,1) = AV A0 \ 2N W=11)

yields that

= o0, om
E [9(5) //SMDTPGM(S, U) deU‘ gekl]
- E[g(g) / /U o AD AV E=00-1) \@) AP WU=6-1) 45 g7

@
—I—lE[g(g) // AD = AV (S=01-1) { (2) .= AB U —~0k-1) 45 d17
S>U>T

g9k1:|

g9k1:|

ggk—1:|7

(IT)

where the first integral

(1 = A /OO e_)‘U)(S—@k—l)(/OO A2) g~ AP (U—0i-1) dU)ds
T S

AL 4+ A 7

and, similarly, the second integral

A(2)

e e
NOFY

(1) =

In turn, we obtain

E 19150 N2 1)

Or—1

ggk_l] —E [6—(/\(1)+)\(2))(T—0k71)g(£)‘ gek_l} ‘
(3.3.15)
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Similarly, we have

]E[min{g( (1) ) (Q (1) )} {T“) <TT(1) Tg(z) }‘(]0;”]
_ k—1

Or—1 Gk 1 Ok—1

=1 // min {g(ﬁS)ag(Qg)}p9k71 (Sv U) dS dU g@kl]
0k_1<S<T,S<U
T
—E / AW = HRADNS—00-1) iy {g(Us),g(Qé)} ds 99“] 7
Orp—1
(3.3.16)
and
A
E [max {g(LTé? 1)’9(QT§§>_1)} 11{@( ) < <i) gekl]
T (D) 4A@) = ~
—E| [ A 0N wmax {g(L), (@)} dU| G|
Or—1
(3.3.17)

It follows from (3.3.13), (3.3.15), (3.3.16) and (3.3.17) that (3.3.12) holds
for any k£ > 1. Hence, Qg\k—l’ which is given by (3.3.9), satisfies the recursive
equation (3.3.11), for k> 1. m

As a direct consequence of Lemma 3.3.3, we deduce that ng—l defined by

Qé‘k,l = éﬂ{ek_lzT}

+ ( min{Uek,la Q?k_l }]'{Ok_leT(l)}—i_maX{‘E@k—l ) Qé\k_l }:ﬂ'{ek—l eT<2)}> Lo, <1y
(3.3.18)

where Qg‘kil is given by (3.3.9), satisfies the recursive equation

Qg\k—l = é]]‘{@k_lzT} + (mln{Uek—l’fE[Qg\k |g9k—1]}]]‘{9k,1€T(1)}
+ maX{i@kfl J E[Qg‘k |g9k1]}ﬂ‘{9k_1€T<2>}> 11{9;€,1<T}7 (3.3.19)

for k£ > 1.
We will show that Qé\k_l in (3.3.18) is actually the unique solution of the
recursive equation (3.3.19). The uniqueness is proved by showing that Qg\k—l is

the value of an auziliary constrained risk-sensitive Dynkin game starting from
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011, whose upper and lower values are defined by

EQH = ess ilnf ess sup E [R(O’,Tﬂggk_l} , (3.3.20)
UERék)_l Teﬁéi)_l
Qg‘kﬂ = esssup essinf E [R(a, 7')|Q9k_1} , (3.3.21)

Teﬁéi)_l 067%5)2)71
where the payoff functional R(c,7) is given by (3.3.4) and the control set 7@32_1
is given by (3.3.7).
The auxiliary game (3.3.20)-(3.3.21) is said to have value g3 if gy =
=A ~ A% A% 5(1
q9k71 = g;‘k717 and (Gk—l’ Tk‘—l) € Rék)_l
strategy of the game (3.3.20)-(3.3.21) if

X 7%?_1 is called an optimal stopping

B |R(oi1.7)(0s,, | < B R(of 1.7 1)IG, ] < B|Rlo.71)(Go, . |

for every (o,7) € 7%1) X 7%2) .
k—1 k—1

The difference between (3.3.20)-(3.3.21) and (3.3.5)-(3.3.6) is that the

players first make their stopping decisions and then move forward in the former

game, while in the latter game they first move forward and then make their

decisions.

Lemma 3.3.4 Suppose that Assumption 3.2.1 holds. Then, for any k > 1, the
value of the auxiliary constrained risk-sensitive Dynkin game (3.3.20)-(3.3.21)
starting from 0,_1 exists. Its value q“g‘kil 1s the unique solution of the recursive
equation (3.5.19). Hence, (jg‘k_l = Qg‘k_l, where the latter is given by (3.53.18).
The optimal stopping strateqy of the auxiliary constrained risk-sensitive Dynkin
game (3.3.20)-(3.3.21) is given by

. . 1 A - 1
O’Z_l = lnf{T](V) >0k Q;<1> = UTJ(VD} A ng/h)’ ( )
N - 3.3.22
Sk (2) e _ (2)
Tr_y =inf{T\’ > Op_1: Q;J(VQ) = LT](\I2>} NTyp,-
Proof. Step 1. Let Qg\k—l be a solution of the recursive equation (3.3.19)
for £k > 1. We claim the following martingale properties hold:

(i) <Q§‘m Ao Af}:—l)m>k71 is a G-martingale under the nonlinear expectation
E;

ii) (Qg\m/\&;—l/\‘r)m>k_1 is a G-supermartingale under E, for any 7 € ﬁéi)_l,

(

o (AN L= . = = (1)

(iii) (Qem/\a/\ﬁ_l)m%_l is a G-submartingale under E, for any o € Re, .-
If the martingale property (i) holds, then, for k > 1,

o[ AX

A AA
Ry = Qop_inor nip, =B 5’2_1/\’f'g_1|g0k711| ;
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and the definition of (6;_,,7;_;) in (3.3.22) further yields that

Qg‘k_l =B [éﬂ{&};l/\fﬁ:lZT} + Qﬁz_lﬂ{%zf1<Tﬂﬁ1:71§&1:—1}
+ Q3 ]1{&;1<T,&;1<+;1}|99k1]

=E [gﬂ{&;_lA%,j_lzT} + Eﬂ;‘_lﬂ{f:_1<Tf£_1§f}Z_1}
+Usr_, 1{&;1<T,a;;1<+,j1}|gek_1]

— B|R(0f 17100 (33.29)

Using the similar arguments, if the supermartingale property (ii) and the

submartingale property (iii) hold, then we have, for any 7 € ﬁéi)_l,

AN =1 Ax
Q9k71 > B Q&ZIAT‘g0k1:|
=k 511{&;;_1AT2T} + Qf—‘]l{mT,Tg&;;_l} + Q?};;_l ]1{&,:_1<T,&,:_1<T}|99k_1]

> E gﬂ{&,’gil/\TET} + lﬁ/rﬂ{-r<T,Tgazfl} + f’é,zll{&;l<T,&;l<r}|gek1]

=B R(&Zlﬁ)!gekl]v (3.3.24)
5(1)
and, for any o € R9k71’
0., < B|Ro.i )G (3325)

It follows from (3.3.24) and (3.3.25) that

Qék_l > esssup E[R(&,*;_l,rﬂggk_l]
rer{)
k—1

Y

. =~ 5 A
ess(n)lf €ss sup IE[R(U, T)yg(,k_l} =Gy, .-
S U g -
TRy TERéi)_l

and

A)\ . = ~ ~
Qp._, < ess (lgf E [R(J, Tzl‘l)lgek_l]
0€R9k71

IN

ess sup ess(ir)lf E[R(U, T)]ng_l} = qg‘k )
- ~ (1 20,1
"'GRE)?_I TERo s
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. =A A .. .
It is clear that g, |, > qg‘k , and therefore the value of the auxiliary constrained
- 201

risk-sensitive Dynkin game (3.3.20)-(3.3.21) exists, i.e.
AX 5N ZA A
Q9k71 =40, = 90,1 = gek_l'

This also implies the recursive equation (3.3.19) admits a unique solution.
Furthermore, since Q;‘k_l given by (3.3.18) satisfies the recursive equation
(3.3.19), it is actually the unique solution of (3.3.19). As a direct consequence
of (3.3.23)-(3.3.25), we can obtain that (67_,,7;_;), which is given by (3.3.22),
is indeed an optimal stopping strategy of the auxiliary constrained risk-sensitive
Dynkin game (3.3.20)-(3.3.21).

Step 2. It remains to prove the martingale property (i), the supermartingale
property (ii) and the submartingale property (iii) in Step 1.

Indeed, for m > k — 1, we have

gem}

=AM

E [Q9m+1/\&z_1/\ﬁj_l
p— IE ]]_ A~k Ak Q% A +:[]_ A~k A % QAA |g

{67 AT SOm PRy ATy {65 N1 20m41} Oy [FOm

_ AA = A
= Yoy nip y<om¥Qo;_ ez, + Lop  nip 1204} ElQ,, ., 196,
_ AN AA
= Lior nip 1<0.3Q5; i T Loz nir 120,130,
_ Q)\
= W@b,.ne7_ A7,

where the second last equality follows from the definition (3.3.22) of (6} _,,7;_,),

and thus the martingale property (i) has been proved.
)

| we have

To prove the supermartingale property (ii), for any 7 € ﬁ,éi

~ T Aax AN o AA
E [Qemﬂwg_lm gem} = 11{&;1AT§0m}Q&;_1AT+1{&;1A729m+1}E[Qem+1\gem}-

Conditional on the set {6;_; AT > 0,41} N {6y, < T}, we have

-0},

> Q)

Om+1

ggm} ]l{QmET(l)} + max {E@m,ﬂé [Qé‘erl

gem} ;

gﬁm] } ﬂ{emeT@)}

and thus

Qem}

I AN
B [QQMHA&;_IAT
< 1{&:_1AT§9m}Q2;71AT + Lot Ar>0m41} (él{esz} + Qg‘mll{em@})
AN
= Qb n67_ Aro

which proves the supermartingale property (ii). Likewise, the submartingale
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property (iii) can be proved in a similar way, and the proof of this lemma is
thus completed. =
We are now in a position to prove Theorem 3.2.3. Let Qg\k—l be a solution

of the recursive equation (3.3.11), and in turn,

Qek 1 = gﬂ{ekZT} + Qg‘k]]‘{ek<T}’ gek,1:|

|
el

{lgory + B [R(&Z7 ﬁi)\gek] Lig, <1}

ngl]

g9k—1]

Il
ek

i [éﬂ{w} 1 R, ﬂ;‘)n{ek@ugek}

E[f (1{9k>T} + ]l{ok/\Tk>T}]l{0k<T}) + L s Lirecm <oy Lo <1y
+ Ua;; ]1{&;<T,&;<+;}]1{9k<T}!gek1} -

Using the relationship {6, > T} C {6y, A7 > T}, {7 < T,7; <5} C {0 <
T} and {6; < T,6; <75} € {0r < T}, we can further obtam that

Q. =B |:£]1{&,’;/\7”'Ij2T} + Lz Lier crsr<ony + Usp Lior <rom <7} Goy
=E [R(a;;,%gng@“], (3.3.26)

where (67, 7;) is the optimal stopping strategy of the auxiliary constrained
risk-sensitive Dynkin game starting from 6 given in (3.3.22). Similarly, we

can obtain that, for any 7 € R

O
Q2 E [ (%> 7)1G0, 1]7 (3.3.27)
5 (1)
and, for any o € Ry,
@, , < E[fé(m ﬂl‘)gok_l}. (3.3.28)

It follows from (3.3.27) and (3.3.28) that

Qek | > ess sup B {R(&k, 7)|Go,,_ 1] > essinf esssup E [R(U, T)]ggkl} = qg‘k_l,
TeRG oeRy) TeRG

and

ngf < essinf E [R(a 71)|Go,_ 1} < esssupessinf [R(a, T)]ggkl] = qg‘ .
seRy) reR( oeR) Tkt
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It is clear that qg\k—l > gg‘k K and therefore the value of the constrained
risk-sensitive Dynkin game starting from 601 (3.3.5)-(3.3.6) exists, i.e.

AN A = A
Q9k71 =40, = 90, = Qek_l'

This also implies the recursive equation (3.3.11) admits a unique solution.
Furthermore, since Qg‘k_l given by (3.3.9) satisfies the recursive equation
(3.3.11), it is actually the unique solution of (3.3.11). As a direct consequence
of (3.3.26)-(3.3.28), we can obtain that (6}, 7}), which is given by (3.3.22), is
indeed an optimal stopping strategy of the constrained risk-sensitive Dynkin
game (3.3.5)-(3.3.6).
We conclude the proof by proving (65, 7;) are actually (o}, 7;) in (3.3.8).
Indeed,
ot = mf{TV >0, : Q;}v” = U} A ')

1

= nf{Ty) > 0 : Q) > Uy} A Ty, = of,
N

and, similarly, 7} = ;.

3.4 Connection with stochastic differential games
via randomized stopping
In this section, we connect constrained risk-sensitive Dynkin games with a class
of stochastic differential games via randomized stopping first introduced by
Krylov (see [51]). In particular, we generalize the optimal control representation
of constrained optimal stopping problems in [57] (see Section 4 therein).
Let us introduce the basic idea of randomized stopping in a two-player

setting as follows. Consider a nonnegative control process (at):>o (resp. (bt)i>0),

and let Player I (resp. II) stop with probability
Pir<t+Alr>t)=1- o= JiT asds aA

(resp.
A
Pir<t+Alr>t)=1—eJ b:ds np,A)

in an infinitesimal interval (¢,t + A). Then the probability that Player I (resp.

IT) does not stop before time ¢ is
e fot ay du (resp. e fg b du) ,

and the probability that both players do not stop before time t and Player I
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(resp. II) does stop in the infinitesimal interval (¢, + A) is
e fot(““er“)d“atA (resp. e~ f()t(a“+b“)d“btA).

Recall that T is a finite F-stopping time representing the (random) terminal
time of the game, and r > 0 represents the discount rate. The discounted
payoff is assumed to be e~"tU, if Player I stops firstly at time t < T, e "L,
if Player II stops firstly at time ¢t < T, and e "7¢ if neither players stop in
the time interval [0, 7], where the auxiliary payoff processes U, L and ¢ are
given in (3.2.8), (3.2.7), and (3.2.9), respectively. Thus, the discounted payoff

functional associated with the control processes a and b is given by
T . B B ; B
J(a7 b) — / e~ fo (au+bu+r) du (atUt + tht) dt + e~ fO (au+bu+r) dué-’
0

or in terms of the original processes L, U and &,

T ¢

J(a’ b) e / e fot(au“!‘bu)du |:atg(e—7"tUt + / e—’!”Lqudu)
0 0

t . T
+ btg(e—rtLt _|_/ €_rufudu):| +e Jo (au+by) dug(e—rTg +/ e fudu).
0 0
We define the control set AAM) (resp. B(A?))) for Player T (resp. II) as
AMD) = {F-adapted process (as)¢>o : a; = 0 or AV}

(resp.
B(A?) = {IF-adapted process (b;);>0 : by = 0 or AP},

and the upper and lower values of the stochastic differential game as

PC = inf  sup gL (E[J(a,b)]), (3.4.1)
ac AN beB(A2)
oMPY = gup inf ¢! (E[J(a,b)]), (3.4.2)

beB(A2) a€AND)

1

where g~ is the inverse function of the risk-sensitive function g. The game

(3.4.1)-(3.4.2) is said to have value v™»3PC if pASPE = GASDE — ASDG
and (a*,0*) € AAD) x B(A?) is said to be an optimal pair of controls if
VASDE = g1 (B (", b)),

We are now in a position to present the main result of this section.

Proposition 3.4.1 Suppose that Assumption 3.2.1 holds. Let (@A,ZA) be the
unique solution to BSDE (3.2.6). Then, the value of the stochastic differential
game (3.4.1)-(3.4.2) exists and equals the value v* of the constrained risk-
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sensitive Dynkin game (3.2.5), i.e.

pMSDG _ GASDG _  ASDG _ A -1 <@3\> . (3.4.3)

Moreover, the optimal pair of controls is given by

af =M1 b =221 (3.4.4)

@) >TU) (@<L}

fort > 0.

Proof. Following the similar arguments to the proof of Lemma 3.3.3,
it can be shown that, for any pair of controls (a,b) € A\D) x B(A®),
E[J(a,b)] = Vi)(a,b), where the latter is the first component of the unique

solution to the following BSDE with a random terminal time 7"
T

Vt?\\T(av b) = €+/

[au (Uu—VMa, b)) +by(Ly — VMa, b)) — V2 a, b)} du
tAT

T
— / ZMa, b) dW,,
tAT

for £ > 0. On the other hand, recall that @)‘ is the first component of the
solution to BSDE (3.2.6):

Qor =€+ / ' [—A(” (@-7.) 2@ (T -q)) —TQZ] du

tAT
T
— / 7 dW,,
tAT

for ¢ > 0. By letting b} = A1 we obtain the inequality

{@?Sft}’
AD@ T )+ AT, - Q) —r Q) < au(Tu— Q) +b5(Tu— Q) —r Qs

holds for any control a € A(AY), and thus, the BSDE comparison result (see
Corollary 4.4.2 in [17]) yields that

—\ .
Qt/\T < V;fi\\T(a7 b )7 (345)
for t > 0 and any control a € A(AY). Similarly, by letting af = A1 A |
{Q; >2U+}
we obtain
—\ .
Qinr > Vir(a®,b), (3.4.6)

2 : * (1
for t > 0 and any control b € B(A®), and by letting a} = A )1{6?2@} and
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by = 221 we obtain the equality

(@ <Ly’
Qonr = Vir(a®,b). (3.4.7)

It follows from (3.4.5) that

9! (@3) < inf g7! (V&(a, b*))

ac AM)

= inf ¢ Y(E[J(a,b*
et 9 (E[J(a,b%)])

< sup inf g7 (E[J(a,b)))
beB(A®) a€AAD)

Q)\,SDG.
Likewise, (3.4.6) yields that g—* (@3\) > 7M5PC - Hence, it follows from
TMIDE > yASDG that (3.4.3) holds. As a direct consequence of (3.4.5)-(3.4.7),

we can obtain (a*,b*) in (3.4.4) is an optimal pair of controls. m

3.5 Examples

3.5.1 Example I: Constrained risk-neutral Dynkin games

As the first example, we take the risk-sensitive function to be g(z) = z. This
means both players are risk neutral and, therefore, the corresponding games are
called constrained risk-neutral Dynkin games. In this case, the cost functional

in (3.2.2) is evaluated under the linear expectation IE:

E[R(o,7)] = E[R(0,T)]

with the payoff functional R(o,7) given by (3.2.4). Hence, the upper and lower

values of the constrained risk-neutral Dynkin game are defined as

@A’RN = inf sup ]E[R(U7 T)]a and QAJ:{N = Ssup inf E[R(U7 7—)]
aeRgl) TEREQ) TG'R(12) JeRgl)
(3.5.1)

X\RN ARN _ =A\RN _ ,A\RN
=7 = pH

The game (3.5.1) is said to have value v if v and

(o BN rBNY ¢ Rgl) X R?) is called an optimal stopping strategy of the game
if

E [R(O'*’RN, 7_)] < E [R(O'*’RN, T*,RN)] < E [R(O’, T*,RN)]

for every (o,7) € Rgl) X REZ).
Recall

s tAT
QtA — Qt o / e—r(u—t/\T)fu du
0
in (3.2.10), where (@A,ZA) is the unique solution to the characterizing BSDE
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(3.2.6). Thus, we deduce the so-called penalized BSDE with double obstacles

on a random horizon [0, 7] (see [16] for the case of a fixed terminal time 7T'),

T

Qr=e+ [

tA\T

[fs (@ -0 A (@) - rQi} ds

T A
_ / 2N, (3.5.2)
tAT

and Qt)\ =£— fOT €7T(“7T)fu du=¢fort>1T.

Assumption 3.5.1 The risk-sensitive function g(z) = x. Moreover, (i) when
T is an unbounded stopping time, f, L, U and § are all bounded; (ii) when T
is a bounded stopping time, f € H>', L € >, U € $%! and € € L>!.

Note that the above assumption implies Assumption 3.2.1 and, therefore,
it follows from Theorem 3.2.3 that BSDE (3.5.2) admits a unique solution
(QA,ZA). Moreover, the value of the constrained risk-neutral Dynkin game

(3.5.1) exists and is given by

oMEN _ pARN _ ARN _ QD}\'

The optimal stopping strategy is given by

o RN —inf{Ty) > TV QA = Uz} A T!);

N
N N

Remark 3.5.2 The special case g(x) = x generalizes the results obtained in
[57] and Chapter 2. To be more specific, when XV =0 (resp. X&) =0), Player
I (resp. II) is with a zero intensity control set and is never allowed to stop,
so the value of the constrained risk-neutral Dynkin game (3.5.1) equals the
value of the one-player optimal stopping problem with Poisson intervention
times introduced in [57]. On the other hand, when the two intensities coincide,
i.e. A1) =X the value of the constrained risk-neutral Dynkin game (3.5.1)
equals the value of the Dynkin game with Poisson intervention times introduced
in Chapter 2 (i.e. the game (2.2.2)-(2.2.8) introduced in Section 2.2).

3.5.2 Example II: Constrained Dynkin games with exponential
utility

The second example for the risk-sensitive function g is an exponential utility:

g(x) = —e™7* for v > 0. In this case, the cost functional in (3.2.2) becomes

E[R(o,7)] = _,1y In E [exp(—yR(0,T))]
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with the payoff functional R(o,7) given by (3.2.4). Hence, the upper and lower

values of the constrained risk-sensitive Dynkin game are defined as

1
MY = inf sup —= InE[exp(—vyR(o,7))], (3.5.3)
oer() er®
1
y)‘vEU = sup inf —7IHE[€XP(—’YR(U;T))]- (3'5'4)
TER?) UERSI) v

The game (3.5.3)-(3.5.4) is said to have value v»FU if MU = gAEU = pAEU
and (o*FV 5BV ¢ Rgl) X R?) is called an optimal stopping strategy of the

game if
fE [R(J*’EU,T)] < E [R(O'*’EU,T*’EU)] < E []%(0_7 T*’EU)]

for every (o,7) € Rgl) X RgQ).
Recall

A L renr) —r(IAT) AN N taT)
p=——e In(—e Q) —/0 e fudu (3.5.5)

in (3.2.10), where (@A,f)‘) is the unique solution to the characterizing BSDE
(3.2.6). By applying Itd’s lemma to Q7 in (3.5.5), we can deduce the following
BSDE with quadratic growth on a random horizon [0, 7] (see [50] for the case
of a fixed maturity T):

T )\(1) —ru A —ru
Qr=+ [ [f- et ae ) e
tAT v

A(z) —Tru —ru
(1= ATl - S IZP |
T
- / TZ;\qu, (3.5.6)
tA

for t > 0, where Z} = —67“72/(7@2)& € 10,7, and

1 B T
Q} =T (=g — [N i = ¢
0

for t > T. Note that @t)‘ < 0 for t € [0,T], and therefore Z is well-defined.
Indeed, L,U < 0 by the construction of the risk-sensitive function g(z) =
—e 7" which implies the driver of BSDE (3.2.6) satisfying

2D (0 -T)" + AP (T,—0)" —r-0<0.

for t € [0,7]. Given the terminal condition £ < 0 by construction, it follows
from standard comparison results that @t)‘ < 0 holds for t € [0,T7.
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Assumption 3.5.3 The risk-sensitive function g(x) = —e~ 7" for v > 0, and
f, L, U and & are all bounded.

Note that the above assumption implies Assumption 3.2.1 and, therefore,
it follows from Theorem 3.2.3 that BSDE (3.5.6) admits a unique solution
(Q*, Z*). Moreover, the value of the constrained risk-sensitive Dynkin game
(3.5.3)-(3.5.4) exists and is given by

WNEU — GAEU — g NEU _ oA

The optimal stopping strategy is given by
«EU _ - (1) 1) . Hx (1).
o = 1nf{TN >1T0 QT](Vl) > UT](VI)} A TM1’

. . 2 2 2
TP = inf{ T > T QX < Ly} A Ty
N

3.6 Conclusion and future work

In this chapter, we have solved a new class of Dynkin games with a general
risk-sensitive criterion function g and two heterogenous Poisson arrival times
as the permitted stopping time strategies for the two players. Moreover, we
have made a connection with a class of stochastic differential games via the
so-called randomized stopping technique.

The approach and the results herein may be extended in various directions.
First, one may consider stochastic intensity models, an undoubtedly important
case since the two players’ signal times may affect each other’s intensities. For

)

example, for ¢ € {1,2}, if the player ¢’s first signal time Tl(i occurs, it will have

an impact (either positive or negative) on the other player’s intensity:

NSRS |

—(1
/\ﬁl) =AM + )\( )]l{Tl(z)St}a t

{r{V<ty

for some constants A%, 2 such that the process ()\gi))tzo is always nonnegative.
However, various nontrivial technical difficulties arise. In particular, the
resulting characterizing BSDEs will become a family of recursive equations,
whose solvability is far from clear yet.

Second, one may consider that the two players have different attitudes
towards risks and are associated with different information sets. For example,
one player is risk-neutral with g(l)(x) = x and the other has an exponential
utility with ¢g(®)(z) = —e~7®. This leads to heterogenous payoff functionals and,
therefore a nonzero-sum constrained Dynkin game arises. The corresponding
characterizing equations will become a BSDE system. Both extensions will be

left for the future research.
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Chapter 4

Optimal Switching Games
with Poisson Random

Intervention Times

4.1 Introduction

Optimal switching is a generalisation of optimal stopping, where one or more
agents determine their optimal sequence of times to switch a system’s opera-
tional modes. Optimal switching has various applications in economics and
finance, in particular for real options (see, for example, Brekke and (Dksendal
[10] and Duckworth and Zervos [24]). In the literature, there are mainly two
ways to solve optimal switching problems: either an analytical one using PDE
(see, for example, Bensoussan and Lions [6] and Tang and Yong [76]) and
a probabilistic one using martingale approach and BSDE (see, for example,
Djehiche et al [23] and Hu and Tang [42]).

Unlike single-player optimisation problems, which all of the aforementioned
references are concerned with, multiple-player optimal switching games did not
attract much interest in the literature. Two-player zero-sum optimal switching
games with strictly positive switching costs for deterministic systems were
first considered and solved by Yong ([81] in a finite horizon case and [82]
in an infinite horizon case) using a viscosity solution approach. Tang and
Hou [77] formulated and solved a similar game in a stochastic setting. Hu
and Tang [43] proved the existence of the solution to a system of reflected
BSDESs with interconnected obstacles, which were claimed to be associated to
two-player zero-sum optimal switching games. In the case when the running
and terminal rewards are separated (see (4.5.4)), Djehiche et al [22] made a
connection between the game value and the system of reflected BSDEs with
interconnected obstacles. To the best of our knowledge, the existence of the

value of a two-player zero-sum optimal switching game, without additional
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conditions on the running and terminal rewards (for example, (4.5.4)), is still
an open question.

In this chapter, we consider a new type of two-player zero-sum optimal
switching games, where two players are only allowed to switch at two hetero-
geneous exogenous sequences of Poisson arrival times. We call this kind of
optimal switching games as constrained optimal switching games.

Our main result is Theorem 4.2.5, providing the chain of inequalities (4.2.8)
involving the lower and upper static values (4.2.4), the lower and upper dynamic
values (4.2.5) of constrained optimal switching games and the solution of a
BSDE system, where the latter can be regarded as a “penalized version” of
a system of reflected BSDEs with interconnected obstacles. The basic idea
comes from the Dynkin game representation for one dimensional penalized
BSDEs (see Section 4.4.2). Under some additional conditions on the running
and terminal rewards, as imposed in [22], we show the value of constrained
optimal switching games exists and equals the solution of the above BSDE
system, and establish its connection with constrained single-player optimal
switching problems.

Finally at the end of this chapter, we study the duopolistic competition in
resource extraction when the resource price follows a one-dimensional geometric
Brownian motion. Both producers are allowed to either open a field for
producing at most a given amount of resource or close down a field at Poisson
arrival times, aiming to maximise/minimise the difference of their expected
profits. This creates a constrained optimal switching game, whose structure
of switching regions can be fully described. The problem we solve is closely
related with the classical model imposed by Brekke and @Qksendal [10].

The chapter is organized as follows. Section 4.2 contains the problem
formulation and main result on the chain of inequalities involving the game
values and the solution of a BSDE system, whose solvability is proved in Section
4.3. Section 4.4 provides the proof of the main result. In Section 4.5, under
some additional conditions on the running and terminal rewards, we show the
game has a value and establish a connection with constrained single-player
optimal switching problems. In Section 4.6, we apply the constrained optimal
switching games to study the duopolistic competition in resource extraction,

and give a complete description of the structure of switching regions.

4.2 Constrained optimal switching games

Let (W3)¢>0 be a d-dimensional standard Brownian motion defined on a filtered
probability (Q, F,F = {F;}¢>0, P) satisfying the usual conditions. Let T(1) =
{T,(Ll)}nzo and T(?) = {T7§2)}n20 be two sequences of the arrival times of

independent Poisson processes with intensities AV > 0 and A?) > 0, and
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minimal augmented filtration H* = {Ht}‘}tzo given the parameter pair A =
(AW X)), Denote the smallest filtrations generated by F and H* as G* =
{G} >0, ice. G = F;VH). Without loss of generality, we follow the convention
that Tél) = Téz) =0and To(g) = To(g) = 00. Moreover, for each player k € {1,2},

given the stopping time Ty(Lk), define pre—Ték) o-field:

g;<k): A€ \/gsiAﬂ{Ték)SS}EgsforSEO
" 5>0

for n > 0. Let T € [0,400] be a fixed horizon, representing the terminal time
of the game.

Let AF := {1,---,m;} denote the set of switching modes for each player
k€ {1,2}, and A = A! x A? with cardinality |A| = m = m x may. Given my
(resp. mg) switching modes, player I (resp. II) starts in mode i € A! at time
0, and makes his (resp. her) switching decisions sequentially at a sequence of
Poisson arrival times 7'(") (resp. T?)) until the terminal time 7" of the game.

Let us define individual admissible switching controls for both players as

follows.

Definition 4.2.1 An admissible switching control for Player I (resp. II) is
defined to be a pair of sequences o = (0p, an)n>0 (resp. B = (Tn,bn)n>0) such
that

1. for alln >0, o, € TW such that o, < Ont1 P-a.s. (resp. 1, € 7(®)
with 7, < Tpy1 P-a.s.),

2. for alln >0, a, is a ggn -measurable A -valued random variable (resp.

by, is a g&n -measurable A2-valued random variable),

3. for alln > 1, on {o, < T} we have a,, # an—1 while on {0, > T} we
have ay, = an—1 (resp. on {1, < T} we have by, # b,_1 while on {1, > T}

we have by, = by_1).

Let A (resp. B) denote the set of controls for player I (resp. II), and A® (resp.
BY) denote the set of controls a € A (resp. 3 € B) satisfying oo = 0 and
aop=1¢€ A" (resp. 7o =0 and by = j € A?).

His (resp. her) switching decision at any time ¢ > 0 can be represented as

a(t) = aolipg}(t) + > an-11(, ;0 (t) (4.2.1)
n=1
(resp.
b(t) = bol i} (t) + D bn1lir,, 7(1))- (4.2.2)
n=1
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4.2.1 Static version

Let (i,7) € A be the initial state and consider the following static version
of constrained optimal switching game, where player I and II choose their
respective admissible switching controls @ € A’ and 8 € B’ in order to

minimise/maximise the following payoff

T )
J(Ck, 6) _ E|:/ €_thta(t)7b(t) dt — Z (e—rrnlgz_l,bn - e—rankgz_l,an>
0

n=1

where r > 0 is the discount rate. For (i,j) € A, f* defines a running reward
paid by player I to player II and h*J defines a terminal reward paid by player
I to player II, when the active modes of both players are ¢ and j respectively.
For i1,i9 € A!, k"2 defines a payment from player I to player II when the
former switches from mode i; to 5. For ji,jo € A%, 17172 defines a payment
from player II to player I when the former switches from mode j; to jo.

For the initial state (i, 7) € A, let us define the lower and upper values for

the static game as follows

v = sup inf J(a,f) and 77 = inf sup J(a,p), (4.2.4)
BeBi acA’ acA' ge Bi

and the static game (4.2.4) is said to have a value v* if v/ = v/ =757, We
call v*J and 7%/ as the lower static value and upper static value, respectively.
Clearly, on v*J (resp. ©“/), player I (resp. II), the minimizer (resp. the
maximizer), is given an advantage over player II (resp. I) because he is able to

look at the other player’s control before choosing his own.

4.2.2 Dynamic version

Both v*/ and 7"/ are called static because on each of them, one of the players
is given advantage by being allowed to know the control of the other player
for the entire duration of the game, i.e. [0,7]. In static games, clearly some
information about the future is being revealed to the player with advantage.
This motivates us to introduce a dynamic version of constrained optimal
switching game, where no information about the future is revealed. One of
the players will be given a limited advantage in the sense that the information
about the other player’s control is revealed in a dynamic way, as time goes by.
This is achieved by introducing non-anticipating strategies for both players.
Before that, we first define equivalent admissible controls. Let 0 < ¢t <

s < T, two controls a!,a? € A (resp. !, 8% € B) with o! = (¢}, al),>0 and

n»'n
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a? = (02,a2)n>0 (resp. Bl = ( ! bl)nzo and 32 = (72,b2),>0) are said to be

n»'n 7’L’ n n’ n

equivalent, denoting this by a! = a? (resp. 8! = 3?), on [t, 5] if we have
ag 11y (u +Za 1l 1y(w) = afliga (u +Zan 112 | o21(u)
(resp.
bO]l{Tl} + an 111 _1 T ( ) - b(]ﬂ{Tz} +an 1]l n 1,7'2]( ))

for u € [t, s] P-as..

Definition 4.2.2 A non-anticipative strategy for player I (resp. 1II) is a
mapping @ : B — A (resp. B: A — B) such that if 3! = B? (resp. o' =a?)
on [t,s], we have a(B') = a(B?) (resp. B(at) = B(a?)) on [t,s]. Let A (resp.
B) denote the set of non-anticipative strategies for player I (resp. II), and A’
(resp. B7) denote the set of non-anticipative strategies @ € A (resp. B € B)
satisfying oo = 0 and ag = i € A' (resp. 7o =0 and by = j € A?).

For the initial state (i, 7) € A, let us define the lower and upper values for

the dynamic game as follows

V4 = inf sup J(@(B),) and v = sup inf J(a, B(a)) (4.2.5)
acA e B Beps acA’

and the dynamic game (4.2.5) is said to have a value V% if Vi = VI = v
We call V¥ and V' as the lower dynamic value and upper dynamic value,

respectively.

4.2.3 Main result of this chapter

To solve the above constrained optimal switching games (4.2.4) and (4.2.5), we
introduce the following BSDE system defined on [0, T7:

L] .. T .. .. .. .. ..
Y, = hi L{7< o0} +/ [f;] +2® (LZSJ _ YSZ,J)JF M (st _ U;J)Jr
t
- rYS”] ds — / 259 AW, (4.2.6)
t
for ¢t € [0,T] and (i,7) € A, where
L = max{ Y — 37} and Up/ o= mind Y7 + 407} (4.2.7)

For later use, let us introduce the following spaces: for any given a € R
and n,n € N,
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e L2™: Fp-measurable random variables & : Q —» R™ with E [e2T|¢]?] <

o0,

o HZ™ . F-progressively measurable processes ¢ : [0,T] x Q + R"*"

with -
B[ [ elipas] <,
0

e $2" : F-progressively measurable processes ©:[0,T] x Q— R™ with

E | sup e®||ps|?| < oo,
s€[0,T]
where || - || is the Euclidian norm and we denote ng’n, ]H?;"Xﬁ and Sg’n by L2",

H27>*" and $2" for the ease of notation.
In order to solve (4.2.6), we impose the following assumptions on the
running reward function f, the terminal reward function h and the switching

cost functions k£ and I.

Assumption 4.2.3 1. Forie A' and j € A%, k" =0 and I} = 0 P-a.s.
fort>0.

2. For (i,§) € A, i1,ia € A and j1,j2 € A%, (i) when T = oo, fiI, kiviz
and 1192 are all bounded; (ii) when T < oo, f49 € H®! pJ € L2!,
kiviz ¢ §21 gnd 17192 ¢ 21,

The last condition is to guarantee the existence and uniqueness of the
solution to BSDE system (4.2.6), which will be used to construct the game

values and associated optimal switching strategies.

Proposition 4.2.4 Suppose that Assumption 4.2.3 holds. Then there exists a
unique solution (Y, Z) to BSDE system (4.2.6). Moreover, (i) when T' = oo, Y
is bounded and Z € H>™ . (ii) when T < oo, (Y, Z) € §2m x H2mxd,

Under Assumption 4.2.3, the solvability of BSDE system (4.2.6) on a finite
horizon essentially follows from Theorem 3.3 in [69], and thus we omit its proof
and refer to [69] for the details. We only provide the proof of Proposition 4.2.4
on an infinite horizon in the next section.

We are now in a position to present the main result of this chapter.

Theorem 4.2.5 Suppose that Assumption 4.2.83 holds. Let (Y, Z) be the unique
solution to BSDE system (4.2.6). For every initial state (i,7) € A, the following

chain of inequalities hold:
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and moreover, there exists a pair of controls (a*,*) € A" x B’ and non-

anticipative strategies o* € A' and B* € B? such that

Yol = (0", 5%) = swp J(@(5). ) = inf (o F(e)
Remark 4.2.6 Note that the admissible switching controls o, 3* and non-
anticipative strategies o*,B3* are related by o* = o*(*) and B* = B*(a*).
When Player II uses the non-anticipative strategy B*, then o* by Player I gives
the minimum possible value for the upper dynamic game over all controls a.
Symmetrically, when Player I uses the non-anticipative strategy o, then S* by
Player II gives the mazimum possible value for the lower dynamic game over all
controls B. In Section 4.5, we will show that, under some additional conditions
on the running and terminal rewards, (a*, 5*) is indeed a Nash equilibrium in

this constrained optimal switching game.

4.3 Proof of Proposition 4.2.4 on an infinite horizon

The proof is based on the multidimensional comparison result, which was first
established by Hu and Peng [41]. In this section, we use a slightly different
but more general version, which was provided by Hu et al [40]. We omit the

proof of the following lemma and refer to [40] for the details.

Lemma 4.3.1 Let deterministic terminal time T > 0 be fized. Consider a
system of BSDE(£M, G with the terminal data €9 and the driver G* :

. . .. T . . o . . . T ..
Y =gy [y i ds - [ Ziaw,,
t t
where

Yo = (Y Y e YR yRme Lyl yRat Ly mme)
Let (?i’j,f’j) be the solution of another system of BSDE(Ei’j,éi’j). Suppose
that

"L"

1. €4 ¢ J € L2 and satisfying £+ < Ei’j for (i,7) € A;

2. GY (y9,y=79) is Lipschitz continuous iny = (y»,y~5=7) for (i,j) € A,
and nondecreasing in y'I' for (i',j") € A\{(4,5)}:

Z'7

3. the following inequality holds: G%’ (?i’j,?;"”j) < éi’j (Yﬁ,?;iﬁj) for
(i,5) € A.

Then, Yt” < ?;J fort €1]0,T] and (i,7) € A.
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The idea of the proof of Proposition 4.2.4 is as follows. We construct a
solution to BSDE system (4.2.6) by following an approximation procedure.
For fixed m > 1 and t € [0, m], we consider the following finite horizon BSDE

system
y;m) / " [ £ 42O (i) ysi,j,<m>)+ A (v Ug,j,(m)*
t

ryg"ju(m)} ds — / Zm qw, (4.3.1)
t

for t € [0, m], and Yf’j’(m) = Zti’j’(m) = 0 for t > m, where

L) = max{ V70" — 129} and UM = min{y? 70" 4 g2}
J'#] Vi

Note that (4.3.1) is a finite horizon BSDE system with Lipschitz continuous
driver, so it admits a unique solution (Yi’j’(m)7 Z"’j’(m))(i,j)e A- We will show
the pair of processes (Y570 z43:(m)) , form a Cauchy sequence in an
appropriate space, whose limit provides a solution to the infinite horizon BSDE
system (4.2.6). Moreover, the uniqueness of the solution follows from the
comparison result in Lemma 4.3.1.

We are now in a position to prove Proposition 4.2.4 in the infinite horizon
case.
Step 1. A priori estimate: We show that (Yi’j’(m))(i,j)em which is the first
component of the solution to the finite horizon BSDE system (4.3.1), has the
following estimate

|yz}j,(m)| < K,,

where the constant K, is independent of m. Since f*, k"> and /12 are
all bounded, then there exist the constants K¢, Kj, K; such that |f%/| < Ky,
k2| < K and |7172] < K. Let

+
G (™) = £+ AP (ma}i{yﬁﬂ’ -~ 1y - y)
3'#3
.. A Yy + ..
— 2@ <yw _ myién{yl Sy }) — pyhd,
i/ #i

Note that G%’ (y*,y~%7) is Lipschitz continuous and nondecreasing in yi/’j'
for (¢/,7") # (i,4). Moreover,

+

; ; .. Y .y + —
GV V5 = £33 ({127} ) =0 (“min{h) ) = o7
J'#i i'#
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where V77 .= (Y, --,Y) and Y solves the ODE
——
m—1

m
Y, = / [Kf AR+ ADOE, - r?s} ds.
t
Then it follows from Lemma 4.3.1 that
Y‘Z%(m) < ?t < Ky

for t € [0,m] amd (4, j) € A, where K, := L [K; + A\@ K, + A\DK,]. Likewise,

T

we can prove Yti’j’(m) > —K,, and thus \Yti’j’(m)| < K.
Step 2. Existence: We first prove that (Yi’j’(m))mzl is a Cauchy sequence. For
m>n>1andt e [0,m], let

5}/?7‘7'7(7”7”) = }/;Zvjv(m) _ YtZ7]7(n) and 5Zt7'7_77(m7n) = ZZ?]?(m) _ ZZv]v(n)

Then we have (5Yf’j ’(m’n), 6ZZ’j ’(m’n)) is the unique solution to the following
BSDE system

sy mn) _ / Gid (g, gy i)y g / 525mm) gy
t t
(4.3.2)

where

Gy, y ™) = [ oy + AP [(I;}%{yi’j' — gyt Y Iy Yy
(L) _ ysz',j,(my] O [(y;,j,(n) — in{y" - 49
Ly iy (i) U;'J}(n))Jr] oy

for y = (y*/,y~77) € R™ with (i,j) € A. Moreover, Gi’j(YS,YS_i’_j) —
f;’jll{szn} — 1Y, where Y solves the ODE

?t = / [Kfl{szn} - T?S] ds.
t
It follows from Lemma 4.3.1 that
5Y2@'J7(m,n) <Y, = Kf/ 6_r(s_t)ﬂ{52n} ds
t

< Ky /m e~ Tt g — Kfert(efrn — ™)
T
n

fort € [0,m] amd (,j) € A. Similarly, we can prove (5Yf’j’(m’n) > —?e”(e*’"”—
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—rm)

e , SO

|5Y%i,j,(m,n)’ < ?ert(e—rn — ™).
Sending m,n — oo, we can obtain that, for any 7' > 0, sup;¢jo 7 |5Ytl
0, and therefore there exists a limit process Y/ such that YtlJ (m) Yt” with
V| < Ky,
We next prove that (Zi’j’(m))mzl is also a Cauchy sequence. By applying
—2rt |5Yti’j’(m’n) ‘2

)j)(mun) ‘ —

Ito’s formula to e and using (4.3.2), we can obtain that

/ 672r3|6Z;‘,j,(m,n) ’2 ds
0

_ ‘5YgJ7(m,n)|2 +/ 2672r55}/tsi,j,(m,n) (f;',j]lszn + G"«é,j,(m,n)) ds

0
- / 2e Y I (mn) § 73 mm) gy (4.3.3)
0

where

G mn) . \@) (( Lim) _yidm)y+ (g Y;M”w)

Taking expectation on both sides of (4.3.3) and using the boundedness result
of Y%5(M) yields

E |:/ 672r3|5Z§,j,(m,n)‘2 d8:| < CZ]E |:/ 672rs(5}/;i,j,(m,n) d8:|
0 0

where the constant C; = 2 [Ky + 222K, + K;) + XD (2K, + Ky)]. Tt follows
from the dominated convergence theorem that §Z%5(™") — ( in IH%’,‘%, and
therefore there exists a limit process Z*/ such that Z%(™) — Z4J in le_f

It is standard to check the pair of limit processes (Y7, ZZ'J')(Z-J)e A satisfy
the inifinite horizon BSDE system (4.2.6) (see, for example, Section 5 of [12]).
Step 3. Uniqueness: Suppose (Yi’j,Zi’j)(i7j)eA and (Vi’j,ﬁ’j)(ivj)e/\ are two
solutions to (4.2.6). For ¢t > 0, we define

(5Yf’j = efrt(Y;i’j — ?i’j) and (5ZZ’j = efrt(ZZ’j — Zi’j).

For T > t, we have (5Yf’j, 5Zz’j)te[0ﬂ is the solution to the following BSDE

System:

SV =6+ [ Gy sy s [ sziaw. (s
t t
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where
Gl (yid y=id) = 7 A2) (mix{erﬁ;(ym/ — gt Jr?i,j’ B lg}j/} B Yi,j)+
J'#7
_ )\(2) (fimj _ ?1;7j)+ . )\(1) (Yid . min{ers(yi/’j _ yi,j)

s s S
i £

YL R AT T

S

with
41";7'

LS

. h
R N o j,j/ T78J
= Irllazg{Ys 27} and U,

A = min{V,” + K7}

It is easy to see that G (y,y~%77) is Lipschitz continuous and therefore
(0Y%,5Z%7) is the unique solution to (4.3.4).

Let Yy = 2K,e~"T. Since |0Y}| < Y7 and G (V.. Y. 7)) =0, it follows
from Lemma 4.3.1 that |6Yt”| < Y7. By sending T — 0o, we can obtain
5Yti’j = 0, and therefore SZZ’j =0.

4.4 Proof of Theorem 4.2.5

4.4.1 Coupling of controls

In order to prove Theorem 4.2.5, we first give an equivalent formulation of
the constrained optimal switching games (4.2.4) and (4.2.5), by defining the
coupling of two controls a € A and § € B, where the latter is inspired by [32].

Definition 4.4.1 Given admissible switching controls o € A and 5 € B,
define the coupling y(c, B) = (0n, cn)n>0, where {0y }n>0 is the merged arrival
sequence such that

On =0, NTs,
with g =s9=0,r1 =81, =1 and forn > 2,

T, = Tn_1+ﬂ{0rn,1<7'sn,1}’ (441)

Sy = Sn_1+ﬂ{UTn712TSn71}, (442)

and ¢, s a g,,*n -measurable A-valued random variable such that co = (ag, bp)
and forn > 1,

(G/Tn7 6512—)1)7 /Lf O-Tn < TSn’ O—Tn < T7
Cn = (cn1)7c£12)) = (C(l) b )7 Zf Ton < Oppy sy < T,

n—17"Sn

Cn—1, if oy, NTs, > T.

Let C denote the set of couplings v(c, B) for both players, and C*I denote the
set of couplings y(«, B) € C satisfying 0y = 0 and co = (i,j) € A.
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The coupling switching decision at any time ¢t > 0 can be represented as

c(t) = (M (t), (1)) = colygey () + > cn11(p,_, 0,)(1), (4.4.3)

n=1
and thus, we can rewrite the payoff (4.2.3) as

T o(t) e JCORCY @ 2
J(a,m:J(v(a,ﬁ»:E[ / e dt =y e (lgz“" —kez“")
0

n=1

+ e peT) 11{T<Oo}} . (4.4.4)

4.4.2 Constrained Dynkin game representation

The proof of Theorem 4.2.5 crucially depends on the constrained Dynkin game
representation for BSDE system (4.2.6). The new feature of this kind of Dynkin
game is that there are control constraints for both players, in the sense that
both players are only allowed to stop at two heterogeneous exogenous Poisson
arrival times 7" and T,

For each player k € {1,2}, define a random variable M, : Q — N :=
N U {+o0} such that M :=>">7, n]l{Tka_)IST<T£k)} if T'< oo and My, := oo if
T = co. For every TW and T®, we can construct a merged Poisson arrival
times 0 = (0, )n>0 such that

b = T AT

with rg = s9 =0, r1 = s1 =1 and for n > 2, r, and s,, are given by
o= Tt g @y

o= ot g sy

and define a random variable M : © — N such that M := Yo nls, <1<}
if T <ooand M :=00if T = o0.

Remark 4.4.2 The merged Poisson arrival times 0 = (0n)n>0 constructed
above is exactly the increasing sequence of stopping times 6 = (0 )k>0 construc-
ted in Section 3.3. The idea is nothing but to merge the two Poisson sequences
together while still keeping track of their order, but here we use a different
definition in the spirit of Definition 4.4.1.
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For any integer n > 0, let us define the control set for both players:

RESIZ) = {G—stopping time o for o(w) = T](f) (w) where T](\;ﬂ) (w) > 6,

and N < Mk}

for k € {1,2}. In the following constrained Dynkin game, two players choose
their respective stopping times o € Rgi) and T € R((;i) in order to minim-

ize /maximize the cost functional

. oATAT o o o
ng,zj—1 (U’ T) =E [/5 e_rsf;’] d8+6_TTLzTJ 1{T<T,T§U}+€_TUU;] 1{0<T,a<7’}

n—1

+ e T i 1{T<OO} ]]-{a'/\TZT} |g§;—1

for (i,7) € A and 1 <n < M, where f* h¥J L» U% are the data in BSDE
system (4.2.6).
For (i,7) € A and 1 <n < M, let us define the lower and upper values of

this auxiliary constrained Dynkin game with starting time é,,_; and starting

mode (4, 7):
yg’j | = esssupessinf jg’j (0,7) and yg’j , = essinfesssup jg’j (o,7),
ZO0p— 1 n— n— 1 n—
" rer? o€RSY oeRSY rer{)
(4.4.5)
where the constrained Dynkin game (4.4.5) is said to have value yg’ if
/L‘?j

Y5 | = ygil = gg’zil a.s., and it is standard to show that if there exists a

saddle point (02’3_1,7';5_1) € Rgi) X Rgi) such that

JNg’J (03’3_ ,T) < j;;f_l(ag’j_ljgj_l) < Jg;f_l(o', ng_l) a.s. (4.4.6)
for every (o,7) € Rgi) X Rgi), then the value of the Dynkin game (4.4.5) exists
and equals

Ly T 1,J 1,J
Ys, = J‘Snfl(aén_l’Tén_l) a.s..

Remark 4.4.3 Although O'(is’njil and T;;il belong to Rgi) and Rgi) respectively,
the subscripts 6,_1 in the optimal stopping strategies represent the starting

time of the constrained Dynkin game.

Proposition 4.4.4 Suppose that Assumption 4.2.3 holds. Let (Y, Z) be the
unique solution to BSDE system (4.2.6). For (i,j) € A and 1 < n < M,
the value of the constrained Dynkin game (4.4.5) with starting time 6,—1 and
starting mode (i,7) exists and is given by

i’-j — Z?] J— 77’1.7 J— ¥ 'L:]
y(;nfl - Q5n71 - yénfl - Yénfl G/'S.,
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and moreover, the optimal stopping strategy of the game is given by
), 1 5 s 1
06371 1nf{T( ) > 5, (jl) > U (1>} /\T( )

" ; )
) =f{Ty >, 7{2) <L vﬂm} A TjﬁJg

(4.4.7)

where Y7 := e L = e L and U} = e U for t € [0,T).

This proposition, when T is finite, essentially follows from Section 3.5.1.
For completeness and readers’ convenience, we provide the proof of Proposition

4.4.4 on an infinite horizon in the Appendix (see Section 4.A).

4.4.3 Main part of the proof

For the ease of notation, let us define the following discounted processes
£1,J _ ,-Ts 4,J 7,3 _ TS 4,J 7.6,J _ TS ,J
il =ef7 LY =e LY, k) =e TRy,

for t € [0,T], and h¥J = e~"Thid, for (i,§) € A. Then, the orginal payoff (4.4.4)

can be rewritten as

D (1) 2 () -
/ LD (l“ R >+hC<T>ﬂ{T<m}],

(4.4.8)

J((

and we are now in a position to prove Theorem 4.2.5.
Step 1. Let us construct a sequence (6, ¢, )n>0 such that 6y =0, co = (i,5) € A
and for n > 1,

Cn—1

On = 09" L ATy (4.4.9)

1

where agz: and 7‘9 , defined by (4.4.7), are the optimal strategy of the

constrained Dynkin game (4.4.5) with starting time 6,,_; and starting mode

Cn—1, and
. i’ 512)1 ~Cn 1Z (2) Cn—1 Cn—1 _Cn—1
argmin, , () {Y +ko T by ), oy T <7t og T < T,
D 2
— 1 n— -7 7Cn—1+J : n— n— n—
n c;_)l,argmax kel {Y R M }) . if Tg o< J; 71,7(5 711 <T,
Cn—1, if UC” ! /\TG” >,
(4.4.10)
and define sequences a* = (0}, a;,)n>0 and §* = (757, b}, )p>0 such that of =

5 =0, (af, b5) = (i,7) € A and for n > 1,

o =nf{Ty) > o5y - OTY) # g J ATy, oy = Do),
{T*—mf{T}VQ’>T;z_1:c<2><T}€>> Vi AT, by = (i),
(4.4.11)
where ¢(-) in (4.4.3) is defined by (4.4.9)-(4.4.10). By the construction of
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o, a’ is G\ -measurable since G* is right-continuous, on {o% > T'} we have
n

ay = a;_;, and hence a* € A’. Similarly we can verify that 8* € B/, and

hence v(a*, B*) € C*.
We now prove the following equality

Yo7 =y’ = J(v(a”, 8%)). (4.4.12)

Indeed, it follows from Proposition 4.4.4 that

. INTGIAT .
i _ J i.J
Yo _E|:/0 ft dt+L ]l{T”<TT”< ”}+leJ {O’OJ<TO'OJ<7'8]
Ly ]l{T<oo}11{Ué,j/\Té,j ET}}

where aé’j and Té’j are defined in (4.4.7). By the deﬁnition of aj, on {O'é’j <

T, UO’J < TO’J }, it is obvious that 6; = o N 7'0’3 =0y’, and then
sig o _ ety wad | et pial
U.._mm{Yiyj—i—kUé,j}_Yl + kgt

Similarly, by the definition of b}, on {Té’j <T, Té’j < Jé’j }, we have f,:f ;=
0

;""" Then,

ol [P B
Yoo = E[/o ft dt"‘ ]1{91<T} <l 0, - kel )
+ Bcon{T@o}ﬂ{ngT}] : (4.4.13)
On the other hand, we also have, conditional on {#; < T'},
f/ecll = Yp,

Ugi/\T(91 AT et
=E P ft dt + L C1 ]l{T 1<T7'01<a'cl} + U 61]1{091<T0'91<7'9 }
1

+ I L ooy ]l{a;; Aot >T} ‘geAl:|

O2NT - (2) (2) (1) (1)
:E[/e Fi dt+ Vg - ( Cok )

1

+ h L {peooy 1 {92>T}|g@*1] : (4.4.14)

76



By plugging (4.4.14) into (4.4.13), we can obtain

,J b2 Fe(t) 7 C2 2 *0(2,)170;2) ~C(121 7053)
yd =E |:/0 ft dt + Y92 ]]'{92<T} o Z <l9n o ken >

n=1

2
+ Z hfr=t ]l{T<oo}]l{9n_1<T§9n}:| .

n=1
We can repeat the above procedure M times, since 6y > 37 > T, we have
00 AT M /s 2 @ W
iJ 7e(t) > =, 1,Cn ~Cp L 1:Cn
v’ = E[/O FE dt+ Y Ligyery — ) (lon T kg )
n=1

M
+ Z hfn=t 1{T<oo}1l{9n1<T§9n}:|

n=1

T X /@ @ m o\
/0 fOdt - Z (%Z‘l —kp ! > +h (T)]l{T<oo}]

n=1
= J(v(a", 87)).

=E

Step 2. For any given 3 = (T, bp)n>0 € B, define o*(B) = (07, a’,)n>0 such
that of =0, aj =i € A' and for n > 1, o}, = inf{T](Vl) >op g C(l)(TJ(Vl)) #+
ar_i} /\T(ll)7 a’, = ¢ (ok+), with ¢(-) is defined using the sequence (6,,, ¢, )n>0

such that 6y =0, ¢o = (4,7) € A and for n > 1,
On =0’ AT, (4.4.15)

where ang, defined by (4.4.7), is the optimal strategy for Player I of the
constrained Dynkin game (4.4.5) with starting time 6,,_; and starting mode
Cp—1, and

~ i 6(2)1 - (1)1 i @) - Cno1
. Cn— n—1 s n— n—
arg mmz’/;ﬁcgﬂl{Y@n +ko 7 Y Moy T <70y < T,

’» “n—1 1
Cp = (1) b f < Cn—1 T
Cn,p Sn 9 1 Tsn —= Uen_l)TSn < 9
Cn_1, if a(j:j ATs, > T,
(4.4.16)

with the sequence {sy}n>0 defined iteratively by so = 0, s; = 1 and for n > 2,

Sn = Sn—1 ﬂ{TsnA Sgg"’_i}'
e

By the construction, it is obvious o € A'.

We now prove the following equality

Vol =5’ = sup J(v(a¥(8), 8)). (4.4.17)
peB’
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Indeed, it follows from Proposition 4.4.4 and (4.4.6) that

1,7
{7'1<T'rl<00]} + U LJ {0'0‘7<T0'(Z)]<7'1}

O'OJ/\Tl/\T . .
y0]>]E[/ ft”Jdt—i—L’T’lJ]l
0
+ hZ7]]]‘{T<OO}]]‘{O—évj/\T12T}] .
By the definition of a] and fﬁrf , we obtain
i AT <2 2 ) M)
Yo~ = E /0 ft dt —|— ]1{91<T} — 19(1) Lo— k@? !
+ iLCO]].{T<OO}]].{912T}:| .

We can repeat the above procedure M times, since 0y; > dyy > T, we obtain

g OuAT M <@ @ )
o’ > E[/O Fdt+ Y g, cry =Y <l:: ~ kg )
n=1
M
+ Zh " rcccy Lo, 1<T<0n}}
I I O DR CY 3
= ]E[/ ft ) dt — (l S > + hC(T)]l{T<oo}:|
= J(v(a*(B),8))

for any 3 € B’. This implies (4.4.17), since

W' 2 sup J((@(6), ) 2 TO(@(5), %) = T(r(e, 59) = i’
where §* is given in Step 1 (i.e. (4.4.11)) and the last equality follows from
(4.4.12).

Similarly, for any given a = (0, an)n>0 € A, define B*(a) = (7%, b%)n>0
such that 7§ = 0,05 = j € A2 andforn > 1, 7 = inf{T](\,2) > 75 el )(T](V2)) #

A T]S) b, = ¢ (7¥4), with ¢(-) is defined using the sequence (6,,, ¢, )n>0
such that g = 0, co = (4,7) € A and for n > 1, 6, = o, A7," "', where 7," 1,
defined by (4.4.7), is the optimal strategy for Player II of the constralned

Dynkin game (4.4.5) with starting time 6,,_; and starting mode ¢,_1, and

2 .
(aTn, cfl_)1> , if o, < 7'9 Yo, < T,
1 (2)
o (1) CnZ15] 7Cn15J Cn—1 Cn—1
Cn = <cn1, arg maxj,#fll{Y@n — 1y ), oif Ty S Op,, Ty < T,
Cn—1, if o, A 7'9" >,
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with the sequence {ry,},>0 defined iteratively by 7o =0, 71 = 1 and for n > 2,

By the construction, 3* € B?, and using the similar arguments, we can have

Yl =y’ = inf J(y(a, (@), (4.4.18)

Step 3. Finally, using (4.4.17) and (4.4.18), we can have

Eivj = lIlf sup J(’Y(aa B))
acA' gcBi

sup inf J(v(, B(a)) = V7
Bepi acA?

inf‘i J(y(a, B*(a))) = ?J’j = sup J(v(a*(B),B))
a€ peBI

Jinf sup J(v(@(B),B)) =V
acAl BeBI

sup inf J(y(,B)) = 0"
BeBI acA’

Y

v

AV

v

which completes the proof of Theorem 4.2.5.

4.5 Connection with constrained single-player op-

timal switching problems

In this section, we will show, under some additional conditions on the running
reward f%/ and terminal reward h%/, the values of both the static game (4.2.4)
and the dynamic game (4.2.5) exist. The relationship of (4.2.4)-(4.2.5) and the
value of a constrained single-player optimal switching problem is also studied.

Constrained single-player optimal switching problems were first introduced
in [59]. The setup is the same as in Section 4.2 except that there is only a single
player in the problem, Player I (resp. II) chooses his (resp. her) admissible
switching controls a = (0, an)n>0 € A (resp. B = (Tn,bn)n>0 € B?) in order

to maximise the following payoff functional

J(l)(a) E /OT e,rtft(l),a(t) dt — i e =1 | erTh(l),a(T)]l{T<oo}]
! (4.51)
(resp.
T 0
JD(B) = E /O et FB) gy 221 ¢ Tt =TT (2T {T<Oo}] )

(4.5.2)
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where a(-) (resp. b(-)) is given by (4.2.1) (resp. (4.2.2)). For i € Al (resp.
j e A?), fOiand KM (resp. f)7 and h(?) define a running reward and a
terminal reward received by the player, whose active mode is i (resp. j). For
i1,i9 € A' (vesp. j1,j2 € A%), k%2 (resp. 17172) defines a payment from the
player, who switches the active mode from mode i (resp. j1) to ia (resp. j2).

Let us define the value of the constrained single-player optimal switching

problem for Player I (resp. II), with the initial mode i € A (resp. j € A?), as

oM = sup J(l)(a) (resp v@I = gup J )(6)> , (4.5.3)
acA’ BeBI

and o* € A’ (resp. 8* € B’) attaining the supremum in (4.5.3) is called his
(resp. her) optimal switching strategy.
We impose the following additional condition on the running and terminal

rewards.

Assumption 4.5.1 For (i,5) € A, the f* and h'J are separated with respect

totv and j, i.e.
fid = @7 g Wi gpg pid = p 27— p (i (4.5.4)

and moreover, (i) when T = oo, fM and f*I are bounded; (ii) when T < oo,
FOA @ € B2 and B p2)T € 121,

Proposition 4.5.2 Suppose that Assumption 4.2.83 and 4.5.1 hold. Then,
there exists a unique solution (Y1), Z(1)) to the following BSDE system defined
on [0,T]:

. . T . ., .. . +
Y;(l)’l _ h(1)72ﬂ{T<oo} +/ |:fs(1),z + )\(1) <H}2X{}/S(1),z o k;,z } - Yg(l),z)
t (2 3

T
—rYS(l)’i] ds — / ZM aw (4.5.5)
t

fort € [0,T] and i € A', and a unique solution (Y, Z?)) to the following
BSDE system defined on [0,T]:

. , T , - AN
Y;(Q)J _ h(z)’]ﬂ{T@o} +/ [f8(2),y +2®@ (maX{Y(Q - YS(2)J)
t 3'#7

T
_ rYS(Z)’j] ds — / Z2 aw, (4.5.6)
t

fort €10,T] and j € A2. For every initial state (i,7) € A, the values of both
the static game (4.2.4) and the dynamic game (4.2.5) exist, i.e.

DI = il = T = i = @ () YE)(Z)J _ Yo(l)’i, (4.5.7)
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and the optimal pair of controls (*, 3*) € A' x BY of the constained optimal
switching games (4.2.4) is the sequences a* = (o}, a})n>0 such that of =
0,ap =1, and forn > 1,

o* = inf {T](Vl) >0k Yﬁfja;* < maxjzor | {Y( Mk ’glf g }} AT
N ;

. -/
x (1), a1t
Oy, = AXGMAX; Lo {YUZ — kg

(4.5.8)
and B* = (17,0} )n>0 such that 75 = 0,b5 = j, and forn > 1,

n»'n

75 = inf {T}ﬁ) ST Y (3) < maxgigy {YT@) - zT(Q; 7 }} AT

Tn

bj, = argmax - {Y(*2 ngfl’] }
(4.5.9)

Proof. Since f*/ and h*J are separated with respect to i and j, for any

pair of controls (a, 3) € A® x B7, we have
J(a,8) = JP(B) — JV(a)
where JM)(a) and J®)(B) are given by (4.5.1) and (4.5.2). Thus, we have

peB’ acA’

where the last equality follows from BSDE characterization (4.5.5)-(4.5.6) of
the constrained optimal switching problems (4.5.3) (see [59] for more details),
ie.

Yo(l),i — i = JW (%)
with the optimal switching strategy a* given by (4.5.8), and

Y29 — @ — 7@ ()

with the optimal switching strategy §* given by (4.5.9). It remains to prove
that («*, 5*) is the optimal pair of controls of the constained optimal switching

games (4.2.4). Indeed, for any pair of controls (o, 3) € A x B’, we have

JO(B7) = T (a)
= J(a",5")
< JOE) = I (@) = J(o, ).

=
Q

- *
=
I

<
®
=
|

S
=
B
=
IA
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4.6 Application to the duopolistic competition in

resource extraction

In this section, we study the duopolistic competition in resource extraction for
which both producers are only allowed to make their decisions at Poisson arrival
times. The problem is adapted from the classical model imposed by Brekke
and Oksendal [10], where they considered the case of a single producer without
any switching constraints. Traditionally, duopolistic competition models often
assume that both producers are allowed to make decisions at any stopping time.
In reality, there may exist some liquidation constraint as an external shock,
and both players only make their decisions when such a shock arrives. We
model such a liquidation shock as the arrival times of two exogenous Poisson

processes.

4.6.1 Problem formulation

There are two large producers in the market. We assume that the price P; at
time ¢ per unit of the resource follows a geometric Brownian motion starting

from Py = p € RT with constant drift b and constant volatility o > 0:
dPt = th dt + O'Pt th

For producer k € {1,2}, let ng) denote the stock of remaining resources in
the field . We assume when the field is open, extraction rate is proportional to

the amount of remaining reserves. In other words, Q*) follows
k k) ~(k
QM = —n®x QM at

where n*) > 0 is a constant, Q(()k) = ¢® and X% is a G*-adapted, finite

variation, caglad process with values in {0, 1}, i.e.

0 _ 1 if the field is open at time ¢
£ ) 0 if the field is closed at time t.

At time 0, we assume X(()k) =z ¢ {0,1}. The extraction can operate in
two modes, open and closed. The transition from one operating mode to the
other is immediate and the management is only allowed to make decisions at
a sequence of Possion random intervention times T*) = {T, r(Lk)}nzo with the
constant intensity A*) > 0. Let A’ (resp. B’) denote the family of X (resp.
X @) satistying 2(1) =i (resp. 23 = j).

We assume that, when the field is open, there is a constant profit rate
constraint M*) > 0 per time unit, which is imposed by the government to

avoid the producers obtaining supernormal profits. We also assume there is
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a constant standby cost C*) > (0 per time unit resulting from a closed field.

Then the net profit rate for each producer k is given by

f(k) (t,p,q,z) = et (min{n(k)pq, M(k)}x — C'(k)(l — x))

where r > max{0, b} is the discount rate.

We further assume that the constants K(()k), K {k) > 0 represent the positive
costs resulting from switching the extraction mode from the open to the closed
mode and vice versa.

We model the duopolistic competition between two large producers, whose

performance can be measured by the difference of their expected profits, i.e.
J(p,qM,q@, X X)) = J@(p, ¢, x@) — JW(p, M, XMWy (4.6.1)
where the individual performance criterion .J*) (p, ¢®. X (k)) is given by

T (p, g™, xR

- ]E[/ FO P, QW xFydt -3 e (K{’”(AX,S’“)W+K(§’“)(AX,£’“))—>]

0<t

with AXt(k) = Xt(Jkr) = Xt(k), for each player k € {1,2}.

For the initial state (i,7) € {0,1}2, producer II will choose X € B7 to
maximize the profit difference (4.6.1), while producer I will choose X @) e A
to minimize the difference. Either in positive or negative direction, the large
difference means one large producer dominates the market and wins the game.
This leads to an aforementioned constrained optimal switching game with
separated running and terminal rewards.

Let us define the upper and lower value of this constrained duopolistic

competition as follows

ﬁi,j(p’qu),q(z)) _ inf  sup J(p7q(l)’q(2)’X(1)’X(2)), (4.6.2)
XMeA® x2)cps
v (p,qM,¢®) =  saup  inf J(p,qV,¢?@, XD x®). (4.6.3)

x@cpi X(MWeA!

Applying Proposition 4.5.2, we obtain this constrained duopolistic compet-

ition has value
79(p, g, ¢®) = v (p, g, ¢P) = 0" (p, ¢V, ¢®) = 7 — v

where Y1)+ (resp. Y (2)J) is the first component of the solution to the following

83



infinite horizon BSDE system:

vV = / min {nVP,QM, MBI} i — (1 — i) - ry
t

. N+ 9) )
+A® (YS“%H iKY — (1 - i)KW - YS(W> ds — / ZWs qw,
t
(4.6.4)

(resp.

y @ _ / " min [®PQPI M) j— 0P (1~ j) v
t

£2® (v R (1 P v P9) ds - / 204 aw,)
t

for t > 0 and i € {0,1} (resp. j € {0,1}), with Q) (resp. Q?) following
dQEl),z‘ _ —n(l)iQﬁl)’i dt, Qél),z‘ _ q(l)

(resp.
4Qi = —n i@ at, @ =¢®).

Moreover, the optimal switching strategy (a*, 5*) € A’ x B’ of this constrained
duopolistic competition (4.6.2)-(4.6.3) is given by the sequence o* = (o7, a’)n>0
such that o = 0,af =1 € {0,1}, and for n > 1,

n

oF = inf {T](Vl) >oF Y(l)’a:;*1

]- 70’2 * ]- * ].
n—1"° ¥ < Y:,EQ)) - anflK(() ) (1-a 71)K§ )} .
N N 9

ay, =1—-a;_,
(4.6.5)
and 3* = (7, b} )n>0 such that 7§ = 0,b5 = j € {0,1}, and for n > 1,
7 = inf {T](\?) S YO <y @ e K (1 - b;;_l)Kf)}
TN TN
bl =1-0bf_4
(4.6.6)

4.6.2 The structure of switching regions

In the rest of this section, we investigate the structure of switching regions of
both players. By the results (4.6.4)-(4.6.6), we can observe both players will
make similar optimal switching decisions and their decisions are independent
from each other. We only study Player I’s switching regions since the other
player’s counterparts follow immediately.

To ease the notation, we omit the superscripts (1) from now on. By
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observing P; and @y only enter the performance criterion as P;();, we define
'y = PQy
which satisfies the SDE
dl'y = (b —nXy)ydt + oLy dWy, Ty = pq:= z.
As a direct consequence of the previous subsection, for i € {0, 1}, we have

vi(z) = sup J(z, X) =Y
XeA

where the modified cost functional is given by
J(z,X)=E [/ e "™ (min{nTy, M} X, — C(1 — Xy)) dt
0

=Y e (K (AX)T + Ko(AX)7) (4.6.7)
o<t

and Y is the first component of the solution to the following infinite horizon
BSDE system:

o
Y = / min {nrzs, M} i—C(1—i)—rY +A (}/;1_7’ —iKo— (1 —i)K; — }/;Z)+ ds
t

— / ZLdW,  (4.6.8)
t
for t > 0, with I'? following
dT% = (b —ni)Ti dt + oTLdWy, Tf = 2.

By the Markov property of I'Y, we can have Y = v*(T%), where v = (v°, v!)

solve the ODE system

—L0%0 70 = X (vl - K — vo)+ - C, (4.6.9)
—L 4+t = A (0 - Ky - vl)+ + min{nz, M }, (4.6.10)

with the operator £¢ = 3622292, + (b — 1i)z0, (the connection between BSDE
and ODE is quite standard in the BSDE literature, and thus we refer to Section
4 of [12] and Section 5 of [40] for rigorous proofs).

For later use, we define the stopping region (S?) and the continuation region
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(CY) as

St = {z € RT: Ui(z) < vl_i(z) —iKo— (1 —1i)Ky},
ct o= {z € RT: vi(z) > vl_i(Z) — 1Ko — (1 —14)K1},

for i € {0,1}. Furthermore, we define
2" =infS" € [0,00] and Z' = sup S’ € [0, 7]

with the usual convention inf () = oo and sup () = 0.

The main result of this section is the following characterization of the
switching regions of the above constrained duopolistic competition problem
(4.6.2)-(4.6.3).

Theorem 4.6.1 Suppose the assumptions in this section hold, and that the
value function v = (v9,vl) is twice continuously differentiable in z. Then, we

have the following structures of the switching regions S° and S':

0, 00), if —rKy>-C
S¥ =< [29 00) for some 20 € (0,00), if —rK; < —-C <M —rK; |,
0, if M —rK; < —C
and St = 0.

The economic intuition behind Theorem 4.6.1 is as follows. Firstly, note
that the open mode (mode 1) is more favorable than the closed mode (mode
0). Since the switching cost from open mode to closed K is always positive,
then one has no interest to switch to closed mode from open. On the other
hand, if the switching cost from closed to open K7 is less than the standby cost
resulting from a closed field, i.e. —rK; > —C, the producer would switch to the
open mode (higher regime) as soon as possible; if the switching cost can never
be compensated by the net running profit, i.e. M — rK; < —C, the producer
would never switch to the open mode; if the net running profit may exceed
the loss due to the switching cost in some state, i.e. —rK; < —C < M —rKj,
then one may switch to open mode when the net running profit rate reaches
some level at Poisson arrival times. The various structures of the switching

regions are demonstrated in Figure 4.1.

4.6.3 Proof of Theorem 4.6.1

Step 1. We first prove that S' = (). By picking X'=1¢ A', we have

ol(z) > J(2, X1 > J(z, X)
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open continue open continue
mode z mode z
close A A A close A A A
T T T T T T
mode switch 2 mode|  continue  2° switch z
(a) —rK; > —C (b) —rK; < —C <M —rK;
open continue
mode z
close
mode continue z

(¢) M —rK; < —C
Figure 4.1: The various structures of the switching regions.
where J is given by (4.6.7), for any X € A°. This implies
vl (2) > 0%(2) > 0%(2) — Ko

for Vz € (0,00), i.e. St =10.

Step 2. In this step, we show the following priori results on v!:

(4.6.11)

2ot <o, (4.6.12)

and v! has the explicit form

M
vl(z) = <A+zo¢+ + 74_71;’_’_77,2) 1 Z<M}+ (BZO‘ + 7’> ]l{z>M} (4.6.13)
=T

n

where A, B_ are given by (4.6.16) and a4 are given by (4.6.15).

As a direct consequence of step 1, we have
(o]
vi(z) = E {/ e~ min{nl';*, M} dt]
0
where T'y% = zexp((b — n — $02)t + oW;) with the initial value [y” = 2.

For any z > z > 0, we have Fth > F;’z for all ¢t > 0, and therefore
v!(z) > v!(Z), which proves the first inequality of (4.6.11).
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For any z,z € R*, we have

o
0! (2) —v1(2)| < ]E[/O e "t
0 —
< E|:/O e—Ttn ‘F%’Z _ Fi,z
[e.e]
= / e G L P
0
n

= 1.y,

r—b+n

min{nT'}"*, M} — min{nT'}*, M}‘ dt}

.

which proves the second inequality of (4.6.11).
For any 2,z € Rt and k € [0, 1], we have

m)l_(z) + (1 — k)v'(2)
=E _/000 e "t (/@ min{nFi’z, M}+(1—k) min{nfi’g, M}) dt}

= e )
<E / e "t min{n(lif‘i’z +(1- R)F%’Z), M} dt]
LJO

=E / e min{nF;’mHl_H)z, M} dt]
LJO
= vl (kz 4+ (1 - K)2),

which proves (4.6.12).
As another direct consequence of step 1, (4.6.10) is reduced to the following
equation
— L' + vt = min{nz, M}. (4.6.14)

Standard calculations yield that

M) = (A Az 4+ — 21
v (2) ( +z2 T+ Az +7‘—b+772 {ZS%}
M
Bzt +B 2%+ — |1
+< +2 T+ bz + 7“) {Z>%}

where a; and a_ are the two roots of the following quadratic equation

1, b—n 1 r
504 +<0_2 —2>Oé—0_2:0

(1 b—n 1 b—n 2 o
ai<2— 2 )i\/<2_0'2> +p, (4615)

satisfying ay > 1 and a— < 0. The boundary conditions imply that

i.e.

A_:B+:O.
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Indeed, as z — 0, we have I['}"* — 0 for any ¢ > 0, then v!(0+) = 0, and as

z — 00, we have I'}”* — oo for any ¢ > 0, then v!(c0) = M

Moreover, using the continuity of v*(z) and (vl)/ (z) across the point z = %,
we can determine the two unknowns Ay and B_, i.e.
(0. —1)AL Mo (ay — 1)~ Mg,
A, = r=btn v and B_ — r-bin v (4.6.16)

(ap —a) ()™ (o —a) ()"

Step 3. We next prove S° = (0,00) if —rK; > —C.
Define Go(z) = v°(2) — v!(z) + K1, then the switching region

SY={z€R":Gp(z) <0}.
We can then obtain Gy is the solution to the following ODE:
— LGy — 0200t + Gy = MN(—Go) T — min{nz, M} —C +rK;. (4.6.17)

Because the terms on the right-hand-side of (4.6.17) are not continuously dif-
ferentiable, in order to prove G{(z) < 0, we construct a penalty approximation
of (4.6.17). Suppose Gy satisfies

—LﬁoGo,6 - nz@zvl +7rGo.e = )\(—Go,e)+ —7me(nz—M)—M—-C+rK; (4.6.18)

where 7¢(z) satisfies that 7 (z) € C*, 0 < 7l(z) < 1, 7. (0) > T_ZJFU, 7l (z) <0,

lime_04 7e(2z) = min(z,0), and

zZ, 2z < —¢,

T‘-E(z) = /(7 ’Z‘ S 67
0, z2>e

Differentiating both sides of (4.6.18) yields that

1
— 50%2832(}6,6 — (b+0%)20.Gf .+ (r — b+ AH(—Go,))Gj

=1 (8zv1 —7l(nz — M) + z@fzvl)

where H(z) = ljg)(x). Using the priori results (4.6.11)-(4.6.13) on v'
obtained in Step 1, we can prove that the right-hand-side of the above equation

is no greater than 0. Indeed, for z < %, we have

n (00" — 7l(nz — M) + 202,0") < (9.0" — 7L(0) + 202,0") <0 (4.6.19)
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by (4.6.11)-(4.6.12), and for z > %, we have

n (azvl —7l(nz— M) + zﬁzzvl) <n (azvl + zagzvl) =nB_z*"1a* <0
(4.6.20)
since B_ < 0. Thus, it follows from the comparision results (see, for example,
Section 4.4 in [70]) that Gj () < 0. By letting € — 0, we have a continuous
limit (of a subsequence if necessary) Gy (z), that is, Gp (2) — Gg(z) uniformly
in C(R™"), and then we obtain the required result (see, for example, Proof of
Lemma 5 in [14]).

Given the boundary condition
v?(0+) = max <IE[/ e "H(—0)dt],
0
T 0o
IE[/ e "(=C)dt +/ e ™. 0dt — eTT1K1]>
0

T
< C C—i—)\Kl)
= max | ——,————

9

r A+
we can compute that, in the case of —rK; > —C),

—rK
Go(0+) = v°(04) — v' (04) + K1 = _CAL«l <0.

This proves that S = (0, 00) if —rK; > —C.
Step 4. We now prove S? = [20,00) for some 2" € (0,00) if —rK; < —C <
M —rKyand 8 =0 if M —rK, < —C.

Note that G{j(z) < 0, and for both cases, we have —rK; < —C, and then

C—rK
Go(04) = v°(0+) — v (04) + K7 = —# > 0.

In the case of —rK; < —C < M — rK;, we only need to prove that 20 # co.
If not, then Go(z) > 0 for Vz € (0,00), and then (4.6.17) is reduced to

*EOGO +1rGy = F[)(Z)

where Fy(z) := n20,v* —min{nz, M} — C'+rK;. Feynman-Kac formula implies
that

Go(z):]E[ / e T Fy (T dt| .
0
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Using Fatou’s lemma and the explicity form (4.6.13) of v!, we have

Go(0) = ligisogplE [/0 e T E (1)) dt}
< E [/ e " Fy(o0) dt}
0
B -M—-C+ T'Kl
B r
< 0

which provides the desired contradiction.

In the case of M — rK; < —C, we need to show that z° = oco. If not, then
0 < 2% < co. Due to the continuity of Go(z), we have Go(z") = 0. Then it
follows that Go(z) < 0 for z € (2", 00), and therefore, (4.6.17) is reduced to

—L%Go + (r+ N Go = Fy(2)

on (2%, 00). If we can show Fy(z) > 0, then it follows from the comparison

results that Go(z) > 0 on (2°,00), which provides the desired contradiction.
Indeed, it is straightforward to prove Fy(z) > 0 since we have Fjj < 0 by
(4.6.19)-(4.6.20), and Fy(c0) = —M — C + K7 > 0.

4.A Proof of Proposition 4.4.4 on an infinite hori-

z0on

The proof is adapted from the proof of Section 3.5.1, where a finite horizon
problem was considered.
We first give an equivalent formulation of the problem. We define the

following processes:
i g i i, |
T —rt e, — 0sJ J _ _—rtrre, — L,
L, :eTLt]—f—/e "ol du, U, —erUt]—l-/emf;]du,
0 0

and the lower and upper values of the revised auxiliary constrained Dynkin

game with starting time d,,_; and starting mode (4, j):

gg’j_l = esssupess ir}f]E [R” (o,7) \Q(;n_l} , (4.A.1)
" TERg2> UERESn)

gs) | = essinfesssupE RY (o,7) \Q(;nfl} , (4.A.2)
" oeR) L cr®
Sn TeRén

where the revised payoff function is given by

R (o,7) = fij]l{’r<oo,’rS<7} + Uf;jﬂ{a<°oﬂ‘7<7}'
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Thus, to prove Proposition 4.4.4 on an infinite horizon, it is equivalent to prove
that g5/  =7q5/ =gq5 = ?f;’j_l, and the optimal stopping strategy of the
game is given by
W =BT\ > 6, Y > U
o5, =inf{Ty" > T(l) 1>}

ij . (4.A.3)
) =f{Ty >0,:7, 7@ < LT<2>}

where ¥ is given by ?i’j = e Y 4 fot eI du, for t > 0.
We are now in a position to prove Proposition 4.4.4.

Step 1. We first show that YS’Z, , satisfies the following recursive equation:

y5 C  =E mln{U5 ,Y }11{5 <00,6, €T}

+maX{L5 Y }]1{6n<oo sner}195, 1] (4.A.4)

for n > 1. On the one hand, applying It6’s formula to at?i’j, where oy =
e_()‘(l>+’\(2))t7 yields that

t
- / ase—TSZ?j dWs;
t

and thus, by choosing ¢t = §,,_1 and taking the conditional expectation with

respect to Gg we further have

n—17?

Fi E[/OO —(AD AP (56, DD min{U Y’]}
anil 5 Sy
n—1

+ AP max{L,,Y ’]}] ds

g9k 1:|

for any n > 1. On the other hand, by applying the probability density function
of §,, conditional on Gs, ,, we can also obtain the right-hand-side of (4.A.4)
equals the right-hand-side of the above equation (see the proof of Lemma 3.3.3).
This proves that ?f;’g_l satisfies the recursive equation (4.A.4) for n > 1.

Step 2. As a direct consequence, we deduce that f’g’nj_ , defined by

% BN = |
Yy = min{Us? Y5 1}]1{5n 1 <00,6n_1€TM}
+maX{L5n_ 5n 1}]‘{5n 1<00,0n—1E€T 2>}
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satisfies the following recursive equation:

Y(;f_l = miﬂ{ﬁf{] ’E[Y:j’g(sn—l]}1{5n_1<m,6n_1€T(1)}
+ max{Ly’ B[V}’ 195,113 45, -1 <008, 167} (4.A.5)
for any n > 1. In this step, we will show that anj_ , Is actually the value of an

auxiliary constrained Dynkin game starting from §,,_1, whose lower and upper

values are defined by

ij;’j = esssup essinf E [Rm (o,7)|Gs,, } (4.A.6)
n—1 TE’R,(2> O'GR(I)
5571 = essinf esssup E [R I (a,7) G5, } (4.A.7)
oeR)  rer®
- dn—1

with the optimal stopping strategy of the auxiliary game is given by

6;’7{71 = inf{T](Vl) > Op—1: ?i’jl) - T(l)} (4.A.8)
o . . A
S T )

Using the similar arguments as in the proof of Lemma 3.3.4, it is easy to

show the following martingale properties hold:

@ (Y™ .. is a G-martingale;

< Om /\053 /\T‘Snj 1/ m>n—1 ’

(ii) (Yé '7j/\A,L i > is a G-supermartingale, for any 7 € Réi{l,
" -1 m>n—1

(iii) <Y” ” > is a G-submartingale, for any o € Rgi{l
m>n—1

SmATATS?

It follows from the martingale property (i) that

viio _yid
On—1 Sn-1n657_ AF5T

=E |V i 1Gs
21, i,] 1
0'5n /\T5n n

=E|YY 1,
~%,7 ~7,7 ~%,] ~2,7
T5n71 7% <OO’T5 ISU‘;n 1}
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and using (4.A.8), we can obtain

[ () )

Likewise, it follows from the supermartingale property (ii) and the submartin-

gale property (iii) that
B[ o) 0] <72, <[ () ]

for any (o,7) € Rg}ll X R((;i)il. It then follows that the value of the auxiliary
game (4.A.6)-(4.A.7) exists, i.e.

u Zhi i
Vil =dy  =ds, = s .

and (&g’nj %g’j ) in (4.A.8) is indeed an optimal stopping strategy of the
auxiliary game (4.A.6)-(4.A.7). The uniqueness of the solution to the recursive
equation (4.A.5) is an immediate consequence.

Step 3. Let ?f;’j_ . be a solution to the recursive equation (4.A.4), and in turn,
Y5, = B [?ggj!gan_l}
_E [E [R“ (af;jﬁ;f) |95n] IQJH}
B[ (o) ],
and similarly,

{RW (Aw ) ’génq} < ?gjq <E [Ri’j (0, 72;3) |Q5n,1]

for any (o,7) € Rgi) X Rgi). It then follows that the value of the game
(4.A.1)-(4.A.2) exists, i.e.

77"] —_— 17]
Y(Sn 1 q5n 1 qé.nfl - gﬁnfl’

and (c}g’i,%g;f) is indeed an optimal stopping strategy of the game (4.A.1)-
(4.A.2). Tt is immediate to verify (657, 757) are indeed (o7 757 ) in (4.A.3).
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Chapter 5

Pricing Rollover Debt in an

Incomplete Market

5.1 Introduction

Short-term debt has often been blamed for triggering the financial crisis of
2007-2008. However, several reasons support the use of short-term borrowing
in addition to its cost advantage. Diamond and Rajan [20] argue that the
direction of causality is the opposite to the one traditionally suggested, and
that a ban on short-term financing may cause a more serious crisis. Moreover,
He and Xiong [34] argue that, as a disciplinary device for firms, short-term
financing can be used to alleviate adverse selection problems and to reduce the
cost of auditing firms. In reality, those firms, which finance their long-term
fundamental assets by short-term debt contracts, typically spread out their
debt expirations over time to reduce liquidity risk. This realistic staggered
debt structure motivates the study of rollover debt.

Rollover debt was first introduced by Leland [53] and Leland and Toft [54],
with Hilberink and Rogers [38] providing further technical details. The idea is
to assume a random duration of debt to reflect the maturity mismatch between
the assets and the liabilities sides. Recently, a similar idea has appeared in the
modeling of debt run problems to capture this kind of liquidity constraints
(see, for example, [34] and [58]), where debt maturities are modelled as arrival
times of a Poisson process. Once a creditor lends money to the firm, the debt
contract lasts until the arrival of an independent Poisson shock. The creditor
can decide, at each rollover date, whether to roll over or to withdraw her
funding.

In this chapter, we study this kind of rollover debt in incomplete market
environments. Incompleteness comes from the fact that the fundamental assets
might not be freely traded or their payoffs might not be perfectly spanned by

other assets. The creditor can at best trade in risky assets correlated with the
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fundamental assets. This provides a hedging opportunity for the creditor, but
she still faces the idiosyncratic risk, which is unhedgeable. We use a utility
maximization framework in which the creditor chooses her withdrawal time
and a hedge position to maximize her expected utility of wealth, which comes
from her bond payoff and hedge portfolio. We investigate the creditor’s rollover
decisions and price rollover debt in an incomplete market.

Turning to the literature, the impact of incomplete markets on investment
timing was first considered by Miao and Wang [64] in a model with consumption
and portfolio. Henderson [35] examines the impact of market incompleteness
and values the option to invest using a model closer to the canonical complete
real option model of McDonald and Siegel [60] and Dixit and Pindyck [21].
Although different kinds of real options are considered, our set-up still relates
to Henderson’s.

The key contribution of this chapter is to provide a rigorous formulation for
a class of rollover-decision and rollover-debt-pricing models in an incomplete
market, by introducing a new class of mized stochastic control and constrained
optimal stopping problems (see (5.2.3)). Standard mixed stochastic control
and optimal stopping problems were first studied by Karatzas and Kou [46] to
price American contingent claims under constraints. More examples include
Karatzas and Sudderth [47], Karatzas and Wang [48], and Henderson and
Hobson [37].

Compared to standard mixed stochastic control and optimal stopping
problems, the new class of problems has a stopping constraint in the sense that
the player is only allowed to stop at a sequence of exogenous Poisson arrival
times (in the current set-up, the creditor is only allowed to withdraw her funding
at a sequence of rollover dates generated by an exogenous Poisson process). The
optimal stopping problem with stopping constraints was introduced by Dupuis
and Wang [25] to model perpetual American options exercised at exogenous
Poisson arrival times. See also Lempa [55], Liang [57], Liang and Wei [59],
and Menaldi and Robin [61]-[62] for further extensions of this type of optimal
stopping problems. Recently, Liang and Sun (Chapter 2) introduce the Dynkin
games with constaints on both players’ stopping times and apply it to model
perpetual convertible bonds with liquidation constraints.

Our first main result is Theorem 5.3.1, the verification theorem, charac-
terizing, under some assumptions, the value function of the problem and its
associated optimal control / stopping strategy in terms of the solution of a
penalized PDE, where the latter is widely used to approximate the solution of
a variational inequality (VI).

The second main result is Theorem 5.4.4, which gives the complete charac-
terization in the case of exponential utility. Theorem 5.4.4 also characterizes

exponential indifference bond price and its associated optimal control / stop-
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ping strategy, both of which are proved to be wealth independent. Thanks
to the above results, we further investigate the impact of parameters on the
bond price. Furthermore, following from the convergence of penalized PDEs to
VIs, we make a connection with mixed stochastic control and optimal stopping
problems without stopping constraints (see (5.5.1)). That is, the value func-
tion of the problem with stopping constraints will converge to that without
stopping constraints when the Poisson intensity goes to infinity. Inspired by
the theoretical analysis of exponential indifference bond price in a complete
market, we conduct some numerical experiments to examine the shapes of the
stopping and continuation regions of the problem in an incomplete market,
and observe that both regions are swapped over for different parameter values.

The chapter is organized as follows. Section 5.2 contains the problem
formulation. Section 5.3 presents the verification theorem. In Section 5.4, in the
case of exponential utility, we verify the assumptions imposed to the verification
theorem for the complete characterization and obtain some properties of
exponential indifference bond price. In Section 5.5, we establish a connection
with standard mixed stochastic control and optimal stopping problems and
solve in closed form both the price and optimal stopping strategy of a rollover
debt without stopping constraints in a complete market. Section 5.6 concludes

the chapter by some numerical results for optimal stopping strategies.

5.2 The model

Let W = (W', W?2) be a 2-dimensional Brownian motion on a filtered prob-
ability space (Q, F,F = {F;}+>0, P) satisfying the usual conditions, where F;
is the augmented o-algebra generated by W. Let (7;);>0 be the arrival times
of an independent Poisson process with intensity A and minimal augmented
filtration {#H¢}+>0. Denote the smallest filtration generated by F and H as
G = {Gt}+>0, 1.e. Gy = F V He. Without loss of generality, we assume that
Ty = 0 and T, = oo. For a finite horizon T' < oo representing the terminal
time of the problem, there exists an interger-valued random variable M < oo
such that Thy—1 < T < Ty, ie. M(w) =3, 51 217, ()<T<T (W)}

Consider a finitely-lived, risk averse credit(;r, who purchased a rollover bond
issued by a firm with fundamental asset value V', at initiation time O until
maturity 7). The face value of the debt is K'. At T}, the bond matures, and
the creditor can decide to whether withdraw her funding receiving Ke™’', the
sum of the face value and accrued interest payments, or successively roll over
until the next rollover date, where the constant r is the spread rate (either

positive or negative), representing the yield difference between this bond and

"We express all amounts in discounted units or equivalently take the risk-free bond as
numeraire.
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risk-free bond, and the maturity dates (or rollover dates) are modelled by the
aforementioned independent Poisson arrival times (75);>1.

For any ¢ > 0, let us define the creditor’s withdrawal control set R%L_ as
R%Z = {G-stopping time 7 for 7(w) = Ty (w) where i < N < M},

and the payoff of this bond would be delivered at either the withdrawal time
TE R%l if 7 happens before the terminal time 7', or T' otherwise.

Moreover, the cash flow at the time of delivery ¢ is assumed to be in the
following form

o(t, Vi) := min{V;, K}

where K; = Ke™. This means, at the time of delivery ¢, the creditor will collect
K, if the firm is solvent. However, if the firm fails to repay the creditor, i.e.
Vi < K, it has to prematurely liquidate the fundamental asset at a fire-sale
price, which, for simplicity, we assume equals its fundamental value.

The market consists of risk-free bonds and a traded risky asset S, where
the latter is correlated with V. We assume the risky asset value S and the

fundamental asset value V follow from geometric Brownian motion processes:

d
a3 _ os(Edt + dW}),
St
and v
7t = oy (ndt + pdW} + /1= p2dW?), (5.2.1)
t

where Sharpe ratios £, n and volatilities og, oy are constants.

This bond is exposure to the traded or market risk, represented by Brownian
motion W1, and the non-traded idiosyncratic risk, represented by W?2. When
correlation is one, the model is complete. However, one faces idiosyncratic risk
and incomplete markets if |p| < 1. The creditor invests in the risky asset S so
that she can, to some extent, hedge the market risk, represented by W1

Let 7 denote the holdings in the risky asset S, resulting in X™, the total
wealth invested in the risky asset and risk-free bonds. Then X™ has the
following dynamics:

dX] = m‘? = mog (Edt+ dW}). (5.2.2)
A R-valued FF-predictable process m = (m)o<t<7 is called a self-financing
trading strategy if 7 satisfies the integrability condition E| fOT |42 dt] < 0.
This integrability condition ensures the existence and uniqueness of a strong
solution to stochastic differential equation (SDE) (5.2.2).

The creditor chooses her withdrawal time 7 and admissible self-financing
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trading strategy 7, in order to maximize her expected performance from both
investing in the market and receiving the bond payoff. This leads to the

following mized stochastic control and constrained optimal stopping problem:

YAN@,v)=  esssup  E[U(r AT, XZg+ 6(r AT, Vorr))| X5 = 2,Vo = 1],

TGR%I 77r€uO,-r/\T
(5.2.3)
where U is the admissible control set which will be defined in Definition 5.2.1,

and U(t,z) is a time-dependent deterministic utility function satisfying

e for each t > 0, the mapping = — U (t, x) is increasing and strictly concave
in x € R and

e for 0 <t < s < oo, we have

U(t,X]) =esssupE [U (X])| F] .
TEUL s

Note that, in related literature, this time-dependent utility function U can
be regarded as a deterministic case of forward performance processes in [66]
and the second condition is also referred to as the horizon-unbiased condition
in [36].

A pair (7%,7%) € 7?,:/},1 X Up -7 1s called an optimal control / stopping
strategy for the problem (5.2.3) if

Y Nz,0) = E [U (T* AT, X" o+ ¢(7* AT, VT*AT)> ) X7 =, Vy = ’U} .

In order to solve the main problem (5.2.3), we choose an admissible set from
which we can select the optimal trading strategy. Note that the integrability
condition in the following definition guarantees that there is no arbitrage, while

the class (D) condition is technical.

Definition 5.2.1 The set of admissible trading strategies U consists of all R-
valued F-predictable processes 7 satisfying the integrability condition: | fOT |2 dt] <

oo, and the class (D) condition:
{U(v, X)) : v is a stopping time taking values in [0,T}

is a uniformly integrable family. We denote by U,y, the set of admissible
strategies over the period [a,b], for 0 <a <b<T.

We are now ready to provide the definition of the creditor’s indifference
bond price with stopping constraints. The creditor’s indifference bond price

is defined as the cash amount such that the creditor is indifferent between
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two positions: (i) optimal investment with the bond, (ii) optimal investment

without the bond but instead with extra initial wealth.

Definition 5.2.2 The creditor’s indifference bond price with stopping con-
straints PM(x,v) is defined by the equation

YMx,v) = U(0, 2 + Pz,v)), (5.2.4)

where Y is given by (5.2.3), provided it exists.

5.3 Verification theorem for Y*

Theorem 5.3.1 Let y be a function in C+%2([0,T) x R x RT) N C([0,T] x
R x RY), satisfying

- aty(t7 z, ’l)) — Sup [’71ry(t7 z, U) —A (U(t7 T+ ¢(t7 ’U)) - y<t7 z, U))+ = 07
TeR

y(T,xz,v) =U (T, z+ ¢(T,v)), (5.3.1)
where

1 1
LT = 50‘2/1)2831} + oynud, + iagﬁr?&%x + 105(£0x + poyvvd2,).

Suppose that

o {y(v, X, V,) v is a stopping time taking values in [0,T]} is uniformly
integrable for any ™ € Uo T,

o for all (t,z,v) € [0,T) x R x R™, there exists a measurable function
7 :[0,T) x R x Rt — U such that

7 (t,z,v) € argmax LTy(t, x,v), (5.3.2)
TeR
o the SDE
dX; =" (t, X}, Vi)os ((dt + dW}), Xj=uz (5.3.3)

admits a unique solution,

e and the process (7*(t, X}, V4))g<s<1 € Uo,T;
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then Y (x,v) = y(0,z,v) for (z,v) € R x R*, and (7%,7*) is an optimal
control / stopping strategy, where

7" = inf {TZ >Ty:y(Ti NT, X 07, Vo)
< U(TZ AT, Xi/\T +o(T;NT, VTM\T))}- (5.3.4)

Proof. In this proof, we denote by {Xﬁ’x’ﬂ,t < s < T} the solution of
(5.2.2) with control process 7 and initial condition X} = z, and denote by
{V&¥ t < s < T} the solution of (5.2.1) with initial condition V,*" = v.

Step 1. Let m € Up T be an arbitrary control process, and define the stopping

time
0p = (T —n" ) Adnf {s > 0: [ XD"T — 2|+ |V — 0| > n}.
By It6’s formula, we have
y(0, z,v)
= ey (O, X", V) — /O " e (9 + LT — Ny(s, X0=, VIY) ds

On
—/ e M meo50,y (s, X0BT YO gt
0

0, 3
_ / Ny VO, (s, XOOT VOV) dTi2
0

where W2 := pW' + /1 — p2W? is a Brownian motion. Since both stochastic

integrals are martingales on [0, 6,], a consequence of the continuity of 9,y and
Oyy, we then take expectation on both sides

y(0,z,v)

On
= B [y 0, X027 VR = [ N0 LT = N X057,V s
0

On,
> E [ewny(ﬁn,ng’w,Vézv)—i— / e)‘s)\g(s,Xg’x’”,Vf’”)ds] (5.3.5)
0

where we define 4(¢, z,v) := max{y(t, z,v), U(t,x + ¢(t,v))}. By the uniform
integrabilities of y(-, X¥*™, V") and U(-, X**™ + ¢(-, V")), and then by

taking the limit as n — oo, it follows from the dominated convergence theorem
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that

y(0,2,v)

r T
> B e My(T, X357, V) + / e’\s)\gj(s,Xg’x’“,V;O’”)ds]
0

=B |U(T, Xp"" + (T, V") gr sy + (10 X7, V)1 {T1<T}}

=B |[§(Ts AT, X305, VTO;”;T)} (5.3.6)

where the second equality holds by applying the probability density function
of T1. If we can claim the following inequality

J(TIAT, Z,7) > E [U (7‘ AT, XTATET | G(r AT, VTT;;”)) ’ ngAT} (5.3.7)
holds for any (7,7) € R%l X U aT,+a7- By plugging (5.3.7) into (5.3.6), we
can obtain

y(0,2,0) 2 E U (7 AT, XS + 61 AT, V)|
for 7 € Rr}l. Since the above inequality holds for any (r,7) € R%l X Uy AT
this gives
y(0,2,v) > Y (z,0).

It remains to prove (5.3.7) holds. Indeed, using the similar arguments to

prove (5.3.6), we have

y(Ty AT, Z,0) > E [Q(TQ AT, X%//\\%,E,W, VTT;AATTJ)

ngAT] (5.3.8)
for any m € U ar a7 The definition of § and (5.3.8) give that

§(TL AT, 7,7) > E [Q(Tg AT, XTTER T

ngAT] . (5.3.9)

Likewise, we can have

§(T ATET) > B [ §(Ts AT, Xp AT, Vi)

gTQAT} (5.3.10)

for any m € Up,ar 57 By plugging (5.3.10) into (5.3.9), we have

J(TAT,2,0) 2 B [ §(Ts AT, XA V)

ngAT} (5.3.11)

for any m € Up a1 myar. From (5.3.9) and (5.3.11), it is easy to see the following
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inequality holds:

Q(Tl A Ta j) 6) >

. TIANTZ,m , TAAT,T
[3r AT X TGTET VIT)

gr, /\T}

E
> B0l AT KB 4 ofr AT VIR Gy

for any (7,7) € R%z X Ur, aT 7T, and hence, together with the definition of g,
(5.3.7) follows.
Step 2. In order to prove the reverse inequality, let us introduce the following

auxiliary problem associated with (5.2.3):

YNTy AT, Z,7)
= essuyp B [U (7‘ AT, XTUTET 4 o(r AT, VT%”)) ( ng/\T} :

TER%I S TEUT AT, 7 AT

(5.3.12)

and (7%,7%) € R%l XU, a7 7+ a7 18 called an optimal control / stopping strategy
if

VAT AT,2,5) =B [U (7 AT, XENP™ 4 6(+* AT VET™)) | Grinr ] -

Note that the difference between (5.3.12) and (5.2.3) is that the former is
allowed to stop its corresponding initial starting time, while the latter not.

In this step, we aim to show that
G(TL AT, Z,7) = YNTL AT, Z,7), (5.3.13)
and the optimal control / stopping strategy (7*,7*) is
7 = inf {T > Ty (T AT, X o™ VELE)
= U(T; AT, X700 + ¢(Ti AT V%kATT’”))} (5.3.14)
7 =m, i NT <t<T

where XT1"T:%* is defined in (5.3.3) with initial condition X%Q;CE* =T.
To this end, it is sufficient to prove that
(9" AT AT XN VIS . (5.3.15)
i>

THNLNT Y V7 NT;NT

is a uniformly integrable martingale. Indeed, if this is true, then it follows from
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the optional sampling theorem that

Y AT,T,75) = E [Q(f* AT, X I0m VI ng/\T}
- E [U (%* AT, XT3 L g(#* AT, Viﬁﬂ) ( ng/\T}

< YNMTU AT, Z,0),

which, together with (5.3.7), implies (5.3.13) holds and (7*,7*) defined in
(5.3.14) is the optimal control / stopping strategy to the auxiliary problem
(5.3.12).

Now, it remains to prove that (5.3.15) is a uniformly integrable martingale.
The uniform integrability property is obvious, and the martingale property can
be proved as follows. Using the similar arguments as in step 1, we can observe
the control 7* achieves equality at the crucial step (5.3.5), and therefore,

— ~ T, 1N\T,z, TiaNT 0
y(j—lifl A Ta €, U) =E [y(j—‘l A T’ XTi/\%A ’ *7 VTi/\Y{/\ ”)

gTi_lAT} (5.3.16)

for any 1 <4 < M. Then we have, for 2 <¢ < M,

~/ Ak TiNT, T ,* TiNT v
E [Q(T NI NT, X o)nrs V%*/\Ti/\T)‘ gTHAT}

_ oarak TINT T, TINT v
= y(T aXf-* ’V;-* )]]'{’?*<Ti/\T}

R TIATZx 1, TIATT
+ B [y(Ti AT, XT;/CT’J:’ 7VTZ-1AAT )

gTHAT} Ui TinTy- (5.3.17)

Conditional on the set {7* > T; AT}, we have

~ TWANT T ,* VAV )
B [ZI(TZ N, Xpar ™ Vi ) gTi—lAT}
T1 AT, T, * TWAT o
_ IE . T T XTi_l/\T7XTi171/\T ok VTi_l/\T’VTilfl/\T
= gl Li AL Xpap » VI AT g1, AT
_ ] T1 AT,z ,* TiANT,v
- y(irzfl A T’ XTifl/\T ) VTifl/\T)
N TiNT,x,* TiNT v
- y(ﬂ_l N T’ XTifl/\T ’ VTifl/\T)

where the second equality follows from (5.3.16), and the last equality follows
from (5.3.14). By plugging the above equation into (5.3.17), we obtain the
required martingale property of (5.3.15).

Step 3. Now, we are in a position to prove the main result. Since (5.3.16) and
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(5.3.13), we have

y(0, z,v)
- E :y(Tl AT, X355, Vr_ﬁ’l’iT)}
_E|E [U < AT, XTJAA;FX%%’ + (7" AT, VTIAATT Vﬁl%)) ng/\T:|:|
_E[v ( NT, XZ + ¢ AT, V*AT)H

This gives y(0,x,v) = Y (x,v) and (7%, 7*) is the optimal control / stopping
strategy. Finally, we conclude the proof by proving 7* is actually 7* in (5.3.4).
Indeed,

AT XEE5 «  TYAT, VS
= inf{ﬂ > T g(T; AT, XTAT AT Vponr T“T)

= AT X g v )
— inf {T > Ty §(Ty AT, Xpi Vinr)

= U(Ty NT, X350 + ¢(T; AT, Vq%’XT))}
— inf {E > Ty y(T; AT, X957 Virir)

< U AT, X+ o(T AT Vﬁ;XT))}

5.4 Exponential indifference bond price

In the remaining of the chapter, we model the creditor’s risk preferences via

horizon-unbiased exponential performance utility
Ult,z) = —e 1"T38, (5.4.1)

where v > 0 is the creditor’s risk aversion parameter. This horizon-unbiased
exponential performance utility has been widely used in the related literature,
see, for example, [35] and [14].

Using the analytical properties of exponential utility, we can eliminate
wealth-dependence and reduce to a one-spatial-dimensional free boundary
problem. The benefit is we can easily obtain the existence of optimal trading

strategy, and then verify the assumptions imposed to Theorem 5.3.1 for the
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complete characterization. Other utilities could be studied, though the solution
would be less tractable due to an increase in spatial dimension.
In the case of exponential utility, we present the following verification

theorem for indifference bond price P*(x,v).

Proposition 5.4.1 Let p be a function in CH2([0,T) x RY)NC([0,T] x RT),
satisfying

—9yp(t,v) — Lap(t,v) + Ayt min{e_7(¢(t’”)_p(t’”)) -1,0} =0,

(5.4.2)
p(T, U) = ¢(T7 U)

where
1 1
Ly = S o0y, + ov(n = p&)vdy — 5y(1 = p)aiv?(9,)%,

and if moreover, both p(t,v) and vO,p(t,v) are uniformly bounded, then PDE
(5.8.1) is uniquely solvable in CY22([0,T) x R x RT) N C([0,T] x R x R™),
y(-, X7, V.) is uniformly integrable for any m € Uy, there exists a unique
pair of (7*, X*) satisfying (5.3.2) and (5.3.3), and ™ € Uy . As a result,
PMa,v) = p(0,v) forv € R*, i.e. PMx,v) is independent of the initial wealth

x, and moreover, the control / stopping strategy given by

{T* =inf{T; >T1 : p(Ti NT,Vrar) < (T AT, Var) } (5.4.3)

T =E&(vos) ! — povog' Vidup(t, V)

is optimal of the mized stochastic control and constrained optimal stopping

problem (5.2.8) with exponential performance utility.

Proof. Let y(t,z,v) = U(t,z + p(t,v)), we have y € C?2([0,T) x R x
RT)NC([0,T] x R x R*). By the boundedness of p(t,v) and the definition of
the admissible control set, we can have y(-, X™, V.) is uniformly integrable for

any m € Uy . Since 92,y(t, z,v) = y?y(t,z,v) < 0, then

gl 8;3/(15,16,1}) _po_vo_glvazzvy(tvxvv)
02.y(t,x,v) 02 y(t, z,v)

= 5(705)*1 - pavaglvf)vp(t,v)

™ (t,x,v) = —Eo

which is well defined, attains the maximum of £7. Note that 7* is independent

of x, we can rewrite 7* (¢, z,v) in the following form
7 (t,v) = E(yog) L — pavoglvavp(t, v).
Then we can define the optimal trading strategy n* as follows
i =1 (t,V,) = E(yos) " — povog Videp(t, Vi)
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for ¢t € [0,7T). Since the optimal trading strategy 7* is independent of X*, SDE
(5.3.3) admits a unique solution.

We can also verify that 7* is an admissible strategy, i.e. 7* € Up 7. Indeed,
7* is bounded due to the boundedness of vd,p(t,v), and hence satisfies both
the integrability condition and the class (D) condition.

As a a result, the conditions of Theorem 5.3.1 are all satisfied, which implies
YA(iL‘,’U) =y(0,z,v) =U(0,z + p(0,v)),

and therefore P*(x,v) = p(0,v) by (5.2.4). Moreover, 7* can be rewritten as

follows
™ = inf {TZ > Ty y(T; AT, Xqypr, Viyar)
S UTNAT, Xior + (T AT, VTZ'/\T))}
—inf {:/; > Ty :U(T; AT, Xg 0 + p(Ty AT, Virar))
S UGN, Xpr + 0(T AT, VTZ-/\T))}

=inf {Tz >Ty:p(Ti NT, Vrar) < ¢(T; AT VTi/\T)}-

The above verification proposition only gives the conditional characteriz-
ation of mixed stochastic control and constrained optimal stopping problem
(5.2.3) with exponential performance utility. The complete characterization,
however, is based on the solvability of PDE (5.4.2) and the uniform boundedness
of p(t,v) and v9,p(t,v), which will be studied in the following lemma.

For the convenience in the analysis, we let § =T — ¢, z = Inv, u(,z) =
p(t,v) in (5.4.2), then

£2p(t7 'U)
1 1
= 500 0,p + ov(n = p&)vdep — 51(1 = p*)oiv* (up)”

1 1 1
= 5ot 0% u+ov(n— pt — 5ov)du — 5(1 = p*)op (9:u)* = Lu(d, 2),
and therefore, u(0, z) satisfies

Agu(0, z) — Lu(B, 2) + Ay~  min{e V(@I =0e)~ul0:2)) _q 0} =0,
u(0,2) = ¢(T,e*), (5.4.4)

on (0,7] x R.

107



Remark 5.4.2 For the convenience of the reader, we recall the definition of
viscosity sub-and supersolutions for later use. Consider a non-linear second

order degenerate partial differential equation
F(z,u(z), Du(z), D*u(z)) = 0 for z € O, (5.4.5)

where O is an open subset of R and F is a continuous map from O x R x

R? x S; — R satisfying the so-called ellipticity condition:
F(x,r,p,A) < F(x,r,p, B) whenever A > B

for all (xz,r,p) € O x R x R and A, B € S,.

Let u : O = R be a continuous function:

1. We say that u is a viscosity supersolution of (5.4.5) if
F (w0, u(wo), Dip(o), D*p(w0)) = 0

for all pairs of (xg,¢) € O x C%(O) such that xg is a minimizer of the
difference (u — @) on O.

2. We say that u is a viscosity subsolution of (5.4.5) if
F($0,U(I’0), DSO(xO)’ DQQD(.ZU())) <0

for all pairs of (zg,p) € O x C?(0) such that xq is a maximizer of the
difference (u — @) on O.

3. We say that u is a viscosity solution of (5.4.5) if it is both a viscosity

supersolution and subsolution of (5.4.5).

Lemma 5.4.3 Suppose that there exists a solution u(f, z) € CY2((0,T] x R)N
C([0,T] x R) to PDE (5.4.4). Then, u(0, z) satisfies

0<wu(f,z) < Ke''T, (5.4.6)
0<du(f,z) < Ke 7. (5.4.7)

Proof. We prove both estimates (5.4.6)-(5.4.7) using the comparison
principle. Firstly, the estimate (5.4.6) follows immediately from the observation
that w; = 0 and wy = Ke™ T are the subsolution and supersolution of (5.4.4).

Secondly, the estimate (5.4.7) can be verified by constructing a penalty
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approximation of (5.4.4). Suppose u (0, z) satisfies

Aguc(0, 2) — Luc(8, 2) + Ay ‘me (e Vel Kro)+ Kr—p—uc(0:2) _ 1) — q,
ue(0,2) = me(e* — Kr) + Kp, (5.4.8)

where 7. (2) satisfies that 7 (z) € C°,0 < 7l(2) < 1,7/ (z) <0, lime_04 7e(2) =
min(z,0), and
z, z< —¢€,
me(2) =9 |z <
0, z2>e

If we differentiate (5.4.8) w.r.t. z, then w(6, z) := 0 uc(6, z) satisfies

1 1
pw — oy 02w — oy () — p& = Sov)dw + (1 = p*)ojwd.w

+ Ami(e¥ — 1)e¥ (w — 7L(e* — Kr_g)e®) =0, (5.4.9)

where y = —y(mc(e* — Kp_g) + Kr—g — uc(0,2)), with the initial condition
w(0, z) = wl(e* — Kp)e®.

Since w1 =0 and wy = K et T + € are the subsolution and supersolution of
(5.4.9), we can obtain

0 < 0yuc(h,2) < KT +e

by the comparison principle. By letting ¢ — 0, we have a continuous limit (of a
subsequence if necessary) d,u(0, z), it follows from Arzela-Ascoli Compactness
Criterion that d,u.(0, z) — 0,u(0, z) uniformly in C((0,7] x R), and thus we
obtain the required result (see, for example, Proof of Lemma 5 in [14]). =
We are now in a position to present the complete characterization of the
value function Y of mixed stochastic control and constrained optimal stopping
problem (5.2.3) with exponential performance utility (5.4.1), and exponential
indifference bond price P*. Applying Theorem 5.3.1, Proposition 5.4.1 and

Lemma 5.4.3, we can conclude the following Theorem 5.4.4.

Theorem 5.4.4 Suppose that there exists a solution u(f,z) € CH2((0,T] x
R)NC([0,T] x R) to PDE (5.4.4). Then, the following statements hold.

1. Ezxponential indifference bond price with stopping constraints PA(a:, v),
which is defined in (5.2.4) with exponential performance utility (5.4.1), is
independent of the initial wealth x, and P*(x,v) = p(0,v), where p(t,v)
is the unique CH2([0,T) x RY) N C([0,T] x R*) solution to (5.4.2);

2. The value function Y*(x,v) of the mived stochastic control and con-
strained optimal stopping problem (5.2.8) with exponential perform-
ance utility (5.4.1) has the form Y z,v) = U(0,x + P x,v)), and
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YMz,v) = y(0,z,v), where y(t,z,v) is the unique C»>2([0,T) x R x
RT)NC([0,T] x R x RT) solution to (5.5.1); and moreover, the corres-
ponding optimal control / stopping strategy is given by (5.4.3).

5.4.1 Properties of exponential indifference bond price

In this subsection, we investigate the impact of parameters on exponential
indifference bond price as a consequence of the complete characterization
Theorem 5.4.4.

Proposition 5.4.5 Ezponential indifference bond price P(x,v) is increasing
w.r.t. m, r and X\, decreasing w.r.t. v, and increasing w.r.t. £ if p < 0 and

decreasing w.r.t. € if p > 0.

Proof. Step 1. Suppose that 11 > 12, and u(;) (6, z) is the solution to the
following problem on (0,7] x R,

1 1 1
Dptie(iy — 50\2/3222%(2') —ov(m — p€ = 5ov)dzuciy + 5y (1 — p*)ot (Due)?

+ )\7_17-‘-6(e_'Y(We(ez_KT—0)+KT—9_ue(i)) _ 1) =0,

with the initial condition u) (0,2) = me(e* — Kr) + Kp. Then w(f, z) :=
Ue(1) (0, 2) — u2)(0, 2) satisfies

1 1 1
Dow — 50\2/33zw—0\/(7}1 —pE—5ov)dw+or(1 —0?) o (D:te(1)+ Oz Ue(2) ) Oz w

+ Al (Ve Tw = oy (n — N2)0:uUe(2) = 0.

Combined with the initial condition w(0, z) = 0, we have uc(1)(0, 2) > u2)(0, 2).
By letting € — 0, we obtain u(#, z) is increasing w.r.t. 7.

Similarly, we can prove the monotonicities wr.t. A and &.
Step 2. Suppose that 71 > 72, and u(;(0, ) is the solution to the following
problem on (0,7] x R,

1 1 1
Dpe(s) — 50\2/33zue(i) —ov(n—p€ = 5ov)d:uc + 5y(1 = p*)ot (Due(p))?

+ )\7717-‘-6(ef’y(ﬂ.e(ez7K§"_9)+K§"_97Ue(i)) _ 1) — 07

with the initial condition u(;)(0, 2) = mc(e* — K4) + K%, where Kj = Ke"i'.
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Then w(0, 2) 1= ue1)(0, 2) — ue(2)(0, 2) satisfies

1 1
Jpw — 50‘2/83210 —oy(n—p€ — 50\/)8210

511 = 210 Gettqry + Doty + A (e T
— )\’fl[Tre(677(”5(EZ’K%—GHK%—@*"E(?)) -1)— Tre(677(”5(627K%—9)+K%—97u5(2)) —1)]
= Ame(-)e ™" [me(e” — Kp_g) = me(e” = K7_g) + Kp_g — K7_4)
= Ame()e " (1= m(-))(Kp_g — K7_) > 0.

Combined with the initial condition
w(0, 2) = me(e” — Kp) = me(e” — K7) + Kp — K = (1 —7.())(Kp — K7) > 0,

we have ue(1) (0, 2) > uc2)(0, 2). By letting € — 0, we obtain (6, 2) is increasing
w.r.t. 7.

Step 3. Suppose that 1 > 72, and u.(;)(6, 2) is the solution to the following
problem on (0,7] x R,

1 1 1
OpUe(iy — 50\2/(932“5@) —ov(n—p€— §0v)0zue(i) + 5%(1 — p2)o (D))

+ )\/_y’i_]_ﬂ_e(ef'yi(WE(GZ*KTfe)JFKTfQ*uE(i)) — 1) = 07

with the initial condition Ue(s) (0,2) = m(e* — K1) + Kp. Then w(0,z) :=
Ue(l)(9, z) — ug2)(0, z) satisfies

1 1
Dpw — §U%/a§zw - O—V(T/ - pg - EJV)azw

1
+ 571(1 — ,02)0"2/(8Zu6(1) + Oxte(2)) 0w + Arl(e™ M w

1 P
= 501 = 1)1 = )7t (Dzue(z))® — My Me(e 7 T RT ) E R0 @) )

+ )\72_17-[-6(6772(#6(627KT79)+KT797UE<2)) —1)

< 5 6n = )1~ )} e)* < 0
where the second inequality holds since it is easy to prove that the mapping
v = vyt (e7 — 1) is increasing w.r.t. v for any y € R. Combined with the
initial condition w(0, 2) = 0, we have u.(1)(0,2) < ug2)(0, ). By letting e — 0,
we obtain u(#, z) is decreasing w.r.t. v. =

The intuition behind the impacts with respect to n and £ is that greater
chance of the bond providing better opportunities will impact on its value in
the same direction, where “better” is in the sense of a greater payoff in the
future. This happens more frequently with the greater Sharpe ratio of V' or

the lower relative Sharpe ratio of S, where the correlation p palys a role in the
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relativity.

With higher spread rate r, the creditor will benefit from receiving more
interest payment from the firm, which therefore makes the bond more attractive.
The higher intensity of the signaling Poisson process A will also impact on the
bond value in the same direction, since the higher A provides more flexibility
for the creditor. In the extreme situation of A — oo, where the creditor is
allowed to withdraw her money at any time, the original problem (5.2.3) is
reduced to a standard mixed control and stopping problem, where the creditor
is not exposed to stopping constraints. This will be further discussed in the
next section.

The higher risk aversion v will impact on the bond value in the opposite
direction. Waiting involves facing random fluctuations in V', which can only
be partially hedged away by trading in incomplete markets. If the creditor is
more risk averse, she will less appreciate this bond with idiosyncratic risk. In
the extreme case of one correlation, the market is complete, and there is no
idiosyncratic risk, and hence the value of v will have no impact on the bond
value.

However, the general monotonicity with respect to the correlation p is
uncertain due to the role of the Sharpe ratio of S, i.e. £. p will impact on
the bond price in two ways. Since V' can only be partially hedged, the higher
|p| implies the less idiosyncratic risk she is exposed to, which resultis in the
higher bond price. This is the first way. The second way is through the relative
Sharpe ratio of S, i.e. p£. As explained earlier, the higher relative Sharpe ratio
will impact on the bond price in the opposite direction. These two ways might
lead the bond price into opposite direction, and hence we can only obtain the
conditional monotonicity, in the case where these two ways have the same
direction.

The following proposition gives the conditional monotonicity of exponential

indifference bond price with respect to the correlation.

Proposition 5.4.6 Ezponential indifference bond price P*(x,v) is increasing
w.r.t. pif p>0and & <0, and decreasing w.r.t. p if p <0 and & > 0.

Proof. Suppose that p1 > pa > 0 with £ <0, and u(;)(6, 2) is the solution
to the following problem on (0,7] x R,

1 1 1
Dpe(s) — 50\2/8321&5(1') —ov(n = pif = 50v):uc) + 571~ )0t (021 (s))”

17_‘_6(e—’y(ﬂe(ez—K)—FK—ue(i)) _ 1) — 0’

+ Ay~

with the initial condition wu;(0,2) = 7m(e®* — K) + K. Then w(0,z) :=
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Ue(l)(9, z) — ue(g)(ﬁ, z) satisfies

1 1
Dpw — 50\2/53zw —ov(n—pi€ = gov)ozw

1 _
+ 57(1 - p%)g\%(azue(l) + azue(Q))azw + )\'7 !

(- )w
1
= ov(p2 — p1)€0:uc(2) + 57(/)% — p3)07 (D:te(2))* > 0.

Combined with the initial condition w(0, z) = 0, we have u1)(0, 2) > uc(2)(0, 2).
By letting € — 0, we obtain u(#, z) is increasing w.r.t. pif p > 0 and £ < 0.

We can prove the second statement using the similar arguments. =

5.5 Asymptotics as A — o0

A relevant question for the problem (5.2.3) is the following: what is the cost of
having such constraints on the stopping times? In other words, how does this
problem differ from standard mixed stochastic control and optimal stopping

problem, which can be regarded as the limiting model when A\ — oo.

5.5.1 Review of standard mixed control/stopping problems

Let Tj;,77 denote the collection of all F-stopping times with values in [t,T].
Define the following standard mized stochastic control and optimal stopping
problem corresponding to the mixed stochastic control and constrained optimal

stopping problem (5.2.3):

Y(z,v) = esssup  E[UTAT,XI x4+ o(t AT, Vipr)),  (5.5.1)
T€To,1),mEUD, AT

and (7%, 7*) € Tjo, 7] X Up7+ar is called an optimal control / stopping strategy
for the problem (5.5.1) if

Y(z,v)=E [U (T* AT, X o+ (" AT, VT*AT))] .

The corresponding creditor’s indifference bond price without stopping constraints

P(z,v) is defined by the following equation
Y(z,v) =U(0,x + P(x,v)) (5.5.2)

where Y is given by (5.5.1).

Similar to Theorem 5.4.4, in the case of exponential performance utility
(5.4.1), the following theorem gives the complete characterization of the value
function Y and indifference bond price without stopping constraints P. What’s

more, we also make the connection between the problems with and without
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stopping constraints.

Before stating the main theorem of this section, we introduce the following
two Sobolev spaces with certain regularity: for any p > 1,

(i) W,2([0,T) x R*) is the completion of C*°([0,T) x R*) under the norm

1/p
HUHW;}’Q([O,T)XIRH - [/ (Jul? + [0pul? + |0pul? + [Oppul?) dt dv] .
[0,7) xR+

(i) Wy ([0, T) x R x R*) is the completion of C*([0,T) x R x R*) under

the norm

HUHWPLQ([()’T)XRXR-%) = |:/ (|u? + |Opul? + |Opul? + [Oyul?
[0,7)xRxR+

+ [Ozou|’ + |Ozzu|’ + |Oppul?) dt dv dx

1/p

Theorem 5.5.1 The following statements hold.

1. Ezponential indifference bond price without stopping constraints P(x,v),
which is defined in (5.5.2) with exponential performance utility (5.4.1), is
independent of the initial wealth x, and P(z,v) = p®(0,v), where p°(t,v)
is the unique W, *([0,T) x RT)NC([0,T] x Rt) solution to the following

equation:

min{_atpc(t7 U) - £2pc(tv U)7pc(tv U) - ¢(t7 U)} = 07

(5.5.3)
pc(Tv U) = (;S(Ta U);

2. The value function Y (x,v) of the mixzed stochastic control and optimal
stopping problem (5.5.1) with exponential performance utility (5.4.1) has
the form Y (z,v) = U(0,z + P(x,v)), and Y (z,v) = y(0,z,v), where
Ye(t, 2, v) is the unique W >2([0,T) x R x RT) N C([0,T] x R x R*)

solution to the following equation:

imin {—atzf(t,x,v) — sup Lyt ),y (s 2 0) — Uty + (t, v>>} o,
TeR

y(T,z,v) =U(T,z+ ¢(T,v)); (5.54)

and moreover, the corresponding optimal control / stopping strategy is

given by

{T* =inf{t > 0:p°(tAT,Viar) = 6t AT, Virr)}, (5.5.5)

T = E&(yos) "t — povog' Vidp“(t, Vi);
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3. As X goes to infinity, we have the following convergence results

P(z,v) = /\li_)rgoP)‘(x,v),
Y(z,v) = Ali_}n;OY’\(x,v).

Proof. The proof of the first two statements follows along the similar
arguments in [14] and is thus omitted. To prove the convergence result for Y,
we note that PDE (5.3.1) can be regarded as a sequence of penalized PDEs for

(5.5.4) (see, for example, [28]), then the convergence follows. m

5.5.2 A complete market model

In this subsection, we consider a rollover dedt without stopping constraints in
a complete market, where we can solve in closed form both the bond price and
optimal stopping strategy. The set-up is the same as in Section 5.5.1 except for
p = 1. For later use, we define the stopping region (S) and the continuation

region (C) for this problem as

= {(t,v) €[0,T) x R* : p°(t,v) = ¢(t,v)}
C = {(t,v) €[0,T) x R : p°(t,v) > #(t,v))}

where p© is the solution to (5.5.3), and therefore, the optimal stopping strategy
7*, given by (5.5.5), has the following representation

™ =inf{t >0:(t,V;) € S} AT.

Theorem 5.5.2 In the complete market where p =1,
(a) if r <0 andn <§, then S=10,T) x Rt and P(x,v) = min{v, K};
(b) if r <0 andn > &, then S = {(t,v) € [0,T) x RT : v > K;} and

p°(0,v) v< K
P(‘T’U):{ K v K

where P is the classical solution of

—0 ¢ — Lap* =0 on[0,T) x (0, K;)
p(T,v) =v on (0, K] (5.5.6)
pe(t, Ky) = Ky on [0,7T)

with Ly = 5080202, + av(n — €)vd,.
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(c) ifr >0 andn <&, then S = {(t,v) € [0,T) x RT : v < K;} and

) v< K
Pla,w) = 5(0 K
p(0,v) v>

where p¢ is the classical solution of

—0ip¢ — Lopt =0 on [0,T) x (Ky,0)
p(T,v) = Kp on [Kp,00) . (5.5.7)
Pt Ky) = Ky on [0,T)

(d) if r >0 and n > &, let us define the auxiliary function

£(t) = @ <0v(77 —g - o%/2> o (am I e m)

0%/2 oy

1.2
b v =T <Uv(77 —8) - 7”+03'/2> P (_“V(” Al (AT o

05/2 oy
(oy (n—8§)—r—$0¥)?
8 - T—t
__s v 7 N (5.5.8)
Vamoy

where () is the cumulative distribution function for a standard normal distri-

bution,

e and, moreover, if f(0) >0, then S = {(t,v) € [0,T) x R* : v = K;} and
P(z,v) = p°(0,v), where the latter is given by

() = { Pt:v) v Ky (5.5.9)

e otherwise, then S = {(t,v) € [t5,T) x R" : v = K;}, where
to:=inf{t >0: f(t) >0} >0, (5.5.10)

and P(z,v) = p°(0,v), where p°(t,v) = p°(t,v) in (5.5.9) fort € [t$,T],

and p° is the classical solution of

(5.5.11)

—0° = Lap" =0 on [0,#5) x (0,00)
ﬁc(tiav) :ﬁc(ti7v) on (0,00)

fort €[0,t5).
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5.5.3 Proof of Theorem 5.5.2

By Theorem 5.5.1, P(x,v) = p°(0,v), where p° is the solution to the following

equation:

min {—atpc(t7 U) - ﬁ2pc(tv v),pc(t, ’U) - ¢(ta U)} =0,
p(T,v) = (T, v).

(5.5.12)

Case (a).

If r <0 and n <&, both p{ = K; and p§ = v are the supersolutions of (5.5.12),
using the comparison principle, we can obtain that p¢ < ¢(t,v), and therefore
p¢ = ¢(t,v). This implies

S=10,T) xR,

i.e. 7" = 0; and moreover, P(z,v) = p°(0,v) = min{v, K'}.

Case (b).

If r <0 and n > &, we prove that p°(¢,v), which is given by

)

. ) p(t,v), on[0,T) x (0, Ky)
o) = { K, on [0,T) x [K¢,00)

is the viscosity solution of (5.5.12), where p° solves (5.5.6). Indeed, since
p{ = K; and p§ = v are the supersolution and subsolution of (5.5.6), using
the comparison principle, we can obtain that v < p¢ < K; on [0,T) x (0, K}),
which implies that

Bup©(t, Ki—) > 0. (5.5.13)

It is sufficient to prove that p® is a viscosity supersolution of the equation
—8p° — Lap° = 0.

Since p° is a classical solution except on the curve v = Ky, it is sufficient to
focus on the equation on this curve. Thanks to (5.5.13), there are two following

cases.

o If 0,p°(t, Ky—) = 0, then 9,p°(t, K;) = 0. For all ¢ € C'? such that
pe(t,v) — @(t,v) > 0 and p(to, Kt,) — ¢(to, Kt,) = 0, and therefore we

have

avpc(t(], Kto) = 8v<p(t0, Kto) and 8tpc(t0,KtO) > 3,5(,0(150, Kto)- (5.5.14)
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We claim the following inequality
v (to, Kiy—) — Ouvip(to, Kiy) 2 0 (5.5.15)
holds, and by (5.5.6), (5.5.14) and (5.5.15), we can obtain that
—0p(to, Kiy) — Lop(to, Kiy) >0

which completes the proof. Indeed, in order to prove (5.5.15), we as-
sume Oy (to, Kty—) — Ouuip(to, Kiy) < 0, then 9,p°(to,v) — dp(to,v)
is decreasing in the left neighbourhood (K, — d, Ky,). This implies
Opp©(to,v) — Oypp(to,v) > 0 for v € [Ky, — 9, K], and thus p®(tg,v) —
©(to,v) is increasing in the left neighbourhood (K, — ¢, K,), which

contradicts the assumption that p® — ¢ attains its minimum at (to, K3,).

o If 0,p°(t, K;—) > 0, the supersolution property is obviously satisfied since

there is no smooth function ¢ € C1? satisfying the minimum condition.
This implies that
S={(tv)€[0,T) x R" : v > K},
and moreover, we solve PDE (5.5.6) in Appendix 5.A.1 and obtain that

p(0,v) v< K

P(:L’,’U):pc(o,l})Z{ K 0> K

where D is given by (5.A.3).

Case (c).

If r > 0 and n < &, we prove that p°(¢,v), which is given by

Y

(o)=Y on [0,7) x (0, K]
pe(t,v) {ﬁc(w% on [0,T) x (Ky,00)

is the viscosity solution of (5.5.12), where p¢ solves (5.5.7). Indeed, since
p{ = v and p§ = K are the supersolution and subsolution of (5.5.7), using
the comparison principle, we can obtain that K; < p¢ < wv on [0,T) x (0, K}),
which implies that

Bup©(t, Ky+) < 1. (5.5.16)

It is sufficient to show p° is a viscosity supersolution of the equation

—9p° — Lap® =0,
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which can be proved using the similar arguments of Case (b). This implies that
S={(t,v)€[0,T) x R" : v < K;},
and moreover, we solve PDE (5.5.7) in Appendix 5.A.2 and obtain that

) v< K

where p° is given by (5.A.4).

Case (d).
If r > 0 and n > &, we can see p{ = K; is the subsolution of of (5.5.12) on
[0,T) x (0, K;) and p§ = v is the subsolution of (5.5.12) on [0,7) x (K}, 0).
Using the comparison principle, we can obtain that p¢ > v on [0,7") x (0, K;)
and p® > K; on [0,T) x (K;,00). This implies that the possible set in S is the
curve v = K;.

The key point to prove whether S is the whole curve v = K; (i.e. p°
in (5.5.9) is the solution of (5.5.12)) is the sign of the function f in (5.5.8).
Thanks to the explicit form of p° and p°, which are given by (5.A.3) and (5.A.4)

respectively, standard calculation shows that
f(t) = 0up°(t, Ki—) — 0up“(t, Kyt ). (5.5.17)

In other words, if f(t) > 0 for all t € [0,T], p° is concave at (¢, K;), and
then p¢ in (5.5.9) is the solution of (5.5.12). To this end, we start with the

following lemma on the monotonicity property of the auxiliary function f.
Lemma 5.5.3 f(t) in (5.5.8) is increasing with f(T') = 1.
Proof. By the transformation

w(r,w) = e "TTIN(T — 7, Kp_re®) — K, (5.5.18)
it follows from (5.5.6) that u(7,w) satisfies

ou— Lot 02,u— (ov(in—&) —r—3Lot)du—ru=rK on (0,T] x (—o0,0)
u(0,w) = K(e¥ —1) on (—o0,0]
u(1,0) =0 on (0,7

and it is easy to prove that 0,u > 0. Thus, for any 0 < t; < to < T, by the
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definition of left derivative and the fact that 8,p°(t, K;—) = %0, uc(T —t,0-),

8’[}?0(2517 Kt1 7) - a’l}ﬁc(t27 th 7)

L i 1[(uC(T—tl,e)—uC(T—tl,O))—(uC(T—tQ,e)—uC(T—tQ,O))

K e—0— €

==

1
- lim - {UC(T —t1,€) =TT — tg, €)

e—0— €

<

o=

)

which proves 9,p(t, K;—) is increasing in t. Likewise, we can prove 9,p°(t, Ki+)

is decreasing in ¢. Using (5.5.17), we have f(¢) is increasing in ¢, with

f(T) =0T, Kp—) — 0,p° (T, Kr+)=1—-0= 1.

As a direct consequence, by the definition (5.5.10) of t$, we have f(t) > 0
for t € [t5,T]. We are now in a position to prove Case (d).

On the one hand, if f(0) > 0, it follows that 92,5°(t, K;) < 0 for any
t€[0,7), by (5.5.6)-(5.5.7), and thus

— ¢ — Lap® > 0

on [0,7T) x (0,00). Moreover, we have p¢(¢,v) > ¢(t,v), where the equality only
holds on the curve v = K;. This gives that S = {(t,v) € [0,T) x R* : v = K}

On the other hand, if f(0) < 0, then t§ € (0,7). It is clear that p° is the
solution of (5.5.12) on [t$,T]. To prove p° is the solution of (5.5.12) on [0,¢),
we only need to prove that p¢ > ¢(t,v). Indeed, note that

O (ts, Kie) = 0 (ts, Ky ) and 0,p°(t5, Kye—) = 0up°(ts, Kic+),

and thus 02,p°(t¢, Ko —) = 02,p°(t$, Kie+) by (5.5.6)-(5.5.7), which implies

02,p°(t¢, Kye) exists. Again, using the transformation

a(r,w) = e " T pT — 7, Kp_re®) — K, (5.5.19)

we can have 0,4°(7,w) satisfies

0, (0,1°) — ~0% 92, (0-1°) — (av(n —&) —r— ;a%) Ow(070°) — r(0;u°) =0

on (T —t,T] X (—00,00), with the initial condition

0,1 (T — 12, w) = 9,a(T — t¢,w) > 0,
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and it follows from the comparison principle that d,a¢(m,w) > 0 on (T —

t$, T] x (—00,00). In turn,
w’(r,w) > u (T —t5, w)
for (r,w) € (T —t5,T] x (—o0,0), or equivalently,
POt 0) > e (g, ey > gt v)
for (t,v) € [0,t$) x (0,00). Also, this gives p°(t, Ky) > K, for t € [0,¢¢), i.e.
S={(tv)e[ts,T) x R" :v = K;}.

The proof of Theorem 5.5.2 is now completed.

Different optimal stopping strategies of the rollover debt without stopping
constraints in the compelet market, where p = 1, are depicted in Figure 5.1.
The theoretical analysis in Theorem 5.5.2 shows that the form of the stopping
and continuation regions (at least excluding the curve v = K}) is determined
by the signs of r and 7 — €. An interesting observation is that both regions are
swapped over for different parameter values. The financial intuition behind it

will be further discussed in the next section.

Stopping Region

Stopping Region

Stopping Region

Continuation Region

T
(a)r<0,m<¢
Continuation Region

K
Stopping Region

T

(c)r>0,n<¢

T
(b) r <0,n>¢
Continuation Region
Continuation Region

T

(d) r>0,n>¢

Figure 5.1: Different optimal stopping strategies of the rollover debt without
stopping constraints in a compelet market.
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5.6 Numerical results for optimal stopping strategy

In this section, we investigate the optimal stopping strategy of the mixed
stochastic control and constrained optimal stopping problem in (5.2.3) with
exponential performance utility (5.4.1). Similar to Section 5.5.2, we define the
stopping region (S*) and the continuation region (C*) for the problem:

S = {(t,v) €[0,T) x RY : p(t,v) < p(t,v)} (5.6.1)

Cr = {(t,v) €0, T) x R : p(t,v) > ¢(t,v)} (5.6.2)

where p is the solution to (5.4.2), and therefore, the optimal stopping strategy
7*, given by (5.4.3), has the following representation

= inf{Ti > Ty (T3, V) € 5*} AT

Inspired by Theorem 5.5.2, we can expect the form of the stopping and
continuation regions depends on parameter values. The following corollary
gives some parts of the stopping regions for different parameter values, and

this result is consistent with what was obtained in Section 5.5.2.
Corollary 5.6.1 If r <0, the following statement holds

{(t,v) € [0,T) x R* : v > K;} ¢ S
If n < p€, the following statement holds

{(t,v) €[0,T) x R* : v < K;} ¢ S*.

Proof. In the case of r < 0, we can see p; = K is the supersolution of
(5.4.2). Using the comparison principle, we can obtain that p < K;. This
implies p < ¢ on {(¢t,v) € [0,7) x R* : v > K}, and therefore, the first
statement holds. Similarly, we can prove the second statement using the fact
that po = v is the supersolution of (5.4.2) if n < pé. m

The financial intuition behind this corollary is as follows. On the one hand,
with a nonpositive spread rate (i.e. r < 0), the creditor should withdraw
her money as soon as the firm has enough debt-paying ability to cover its
debt obligations. On the other hand, when the bond fails to provide better
opportunities than the risky asset S to obtain a greater payoff in the future
(i.e. n < p€), given the firm’s weak debt-paying potential, it is unwise for
the creditor to wait for the firm to improve its value, and therefore, her best
interest is to withdraw her money as soon as the firm is insolvent.

At the end of this chapter, we conduct some numerical experiments to

examine the shapes of S* (the stopping region) and C* (the continuation
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region), which are defined by (5.6.1) and (5.6.2) respectively, for different
parameter values, where a numerical algorithm to approximate the solution of
PDE (5.4.2) is provided in Appendix 5.B.

The structure of S* in the case of r < 0

If n < p€, as a direct consequence of Corollary 5.6.1, we can obtain
S*=1[0,T) x R™

which means the creditor should withdraw her money as soon as possible. As
shown in Figure 5.2a, with three simulated firm value paths and three (given)
Poisson times T7=.15, T5=.5 and T3=.8, she should choose to withdraw her
money at time .15 for all the paths.

However, with higher value of n — p¢ (other parameters being fixed), the
bond starts to provide better opportunities than the risky asset S, then the
creditor’s best interest is to continue to roll over the debt, even when the firm
is currently insolvent, to wait for the firm to improve its value in the future.

In Figure 5.2b, we can observe that
{(t,v) €[0,T) x Rt : v > K;} C St = {(t,v) €0, T) x RT : v > v*(t)}

where v* : [0,T7) — R* is the optimal withdrawal boundary. With three
simulated firm value paths and three (given) Poisson times T1=.15, Tp=.5
and 73=.8, she should choose to withdraw her money at time .15, .8 and 1,

respectively.

The structure of S* in the case of r > 0

If n < p€, Corollary 5.6.1 gives that
{(t,v) € [0,T) x RY : v < K;} € S8,

which implies that the creditor should withdraw her money if the firm is

insolvent. In Figure 5.2¢, numerically, we can observe
{(t,v) €[0,T) x R : v < K;} € S* = {(t,v) € [0,T) x R : v < v*(t)}

where v* : [0,7) — R™ is the optimal withdrawal boundary. The creditor
should choose to continue when the firm value exceeds than the boundary v*.
This makes sense since, with a high firm value, the creditor is always better off
by not withdrawing her money and continuing to receive positive interest rate

spread. With three simulated firm value paths and three (given) Poisson times
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T1=.15, T5=.5 and T5=.8, she should choose to withdraw her money at time
.15 for all the paths.

Similar to the case of r < 0, by increasing the value of n — p€ and keeping
other parameters constant, we can observe, in Figure 5.2d, there exist two

seperate continuation regions and one stopping region, i.e.
{(t,v) € [0,T)xR* : v =K;} € 8* = {(t,v) € [0, T)xRT : v*(t) < v <T*(t)}

where v* : [0,7) — R* and v* : [0,T) — R are the lower and upper optimal
withdrawal boundary, respectively. It is in her best interest to continue to roll
over the debt when the firm value falls below the lower boundary or above
the upper boundary. The creditor will choose to withdraw her money when
the firm value is relatively close to the sum of its debt obligations K}, since
the gamma at K7 is minus infinity at T, which means extremly serious loss
will happen. With three simulated firm value paths and three (given) Poisson
times T7=.15, T5=.5 and T5=.8, she should choose to withdraw her money at
time .15, 1 and 1, respectively.

However, if we continue to increase the value of n — p&, we can observe, in
Figure 5.2e, there are only one continuation region and one stopping region,

{(t,v) € [t*, T)xR" : v = K;} ¢ 8 = {(t,v) € [t*, T)xR" : v*(t) < v <T*(t)}

where t* € [0,7) is the optimal withdrawal temporal boundary satisfying
v*(t*) = v*(t*), and v* : [t*,T) — RT and v* : [t*,T) — R" are the lower
and upper optimal withdrawal boundary, respectively. Up to the optimal
withdrawal temporal boundary ¢*, she should continue to roll over the debt
regardless of the firm value. After t*, it is in her best interest to withdraw
the money when the firm value lies between the lower and upper boundaries.
With three simulated firm value paths and three (given) Poisson times 77=.15,
T»=.5 and T3=.8, she should choose to withdraw her money at time .8, 1 and
1, respectively.

If we further increase the value of n — p€, in Figure 5.2f, we can observe the

stopping region disappears and the whole region is the continuation region, i.e.
S*=10

which means the creditor should continue to roll over the debt regardless of the
firm value. With three simulated firm value paths and three (given) Poisson
times T1=.15, T5=.5 and T5=.8, she should never choose to withdraw her

money until time 1 for all the paths.
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Figure 5.2: Scenario simulation. These figures show the shapes of the stopping
and continuation regions of a rollover debt with different parameter values.
Three firm value paths in the model are simulated. The initial firm value is set
to be v = .9 and other parameter values are 0g=.2, n = .67, oy = .3, p = —.5,
vy=1,A=5, K=1and T = 1. The red curves and shaded areas describe
the optimal withdrawal boundaries and the stopping regions for each cases.
Three Poisson times (marked by the asterisks) is given by 77 = .15, T, = .5
and T3 = .8, and the optimal withdrawal strategies for the creditor are marked
by the black squares.
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5.A  The explicit solutions of PDEs (5.5.6) and (5.5.7)

5.A.1 PDE (5.5.6)

By the transformation

K,
w(t,v) =In < t> , () =T —t, u(r,w)=e"p(t,v) — K,
v
the problem (5.5.6) is reduced to
Oru— 10202 u+ (ov(n—&) —r—30}) dpu—ru=rK on (0,T] x (0,0)
u(0, w) =K(e"-1) on [0, 00)
u(r,0) =0 on (0,7].

We define (7, w) by

u(r, w) = a(r, w)e Y
where
1 1 ,)\? 1 1
a=r—goz (vln=0=r=30t) . 8= (vtr-9-r—5et).
(5.A.1)

and thus u(7,w) satisfies

o-u— 30202 ,u=rK on (1,w) € (0,77 x (0, 00)

(0, w) = ( ~A+Bw _e=Bw)  on w € [0, 00)

u(r,0) = on 7 € (0,T7.

Using the fundamental solution to heat equations, we can have

<w y)? <w+y>2

whr e 2097 ) (Ke (1+8)y _Ke—ﬁy) dy

= [ (¢
]

Standard calculations yield that
00 1 _(w=y)?® _ (wiy)?
/ e 20%7 —e 20‘2/7 65y dy
0 1/20‘2/7”'

1,262 [ sw w + 0‘2/57' 5w —w + 0‘2/57'
= S| —— | — | —F— A2
e2"V <e ( O'Vﬁ (& O'V\E ) (5 )

__(w—y)? _ (w+y)?

e PV ¢ 2"%/(7‘3)> rK dyds.
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and then we can obtain that
a(r,w) = elr—a)T=Pup | @ (Jl) + 2P (Jg) — 1+28) (5ot THu) g (Jg)

+ 6%0‘2/(1+2B)77w® (654) + 7,e(roz)ﬂ'Jrﬁw/ o (sz,) _® (CZG) ds
0

where ®(-) is the cumulative distribution function for a standard normal

distribution, and

- w— o BT

d = ————
ov\/T

dy = —di—20vBVT

d3 = dy—oyVT
di = di—oyVT

d W
T oy —s
d¢e = —ds.

After rearranging the equations, we can obtain

pe(t,v)
,Uv(gfé) r
— K, — Kr® (dy) + " Ty (;) T (dy)
t
—ovn=8)or
- KteUV(n_g)(T_t) (fz(}> v P (d3) + velV (ﬁ—ﬁ)(T—t)(I) (d4)
¢
_(gvm_g)_T_%a‘z/)Q(T—t) v _gvm_i—_“%a‘% T—t
+rKre 203, <> v / ® (ds) — ® (dg) ds
K; 0
(5.A.3)
where
di(t,v) = I (%) = (ov(n =8 —r = 50%) (T 1)
’ oy T —t
dao(t,v) = —In (&) — (ov(n—& —r—J03) (T - 1)
7 oyVIT —t
ds(t,0) = — In (£8) — (ov(n—&) —r+407) (T —1)
’ oy T —t
dy(t,v) = In (5t) = (ov(n =& —r+50%) (T~ 1)
’ oyVT —1
In (&)
d )ta - N S R —
Y S
—In (&t
dﬁ(s’t”[]) = n(v)

aV\/T—t—s'
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5.A.2 PDE (5.5.7)

By the transformation

w(t,v) =In <[z > r(t,w) =T —t, u(t,w)=e"p(t,v) — K,
t
the problem (5.5.7) is reduced to

Oru — %J\Q/ag)w“ - (UV(U —&)—r— %0\2/) Opu —ru=rK on (0,7] x (0,00)
u(0,w) =0 on [0, 00)
u(r,0) =0 on (0,7].

We define u(7, w) by

u(r,w) = ﬂ(T,w)ea‘TJrﬁw
with @ = o and 3 = —f3, where a and 3 are given by (5.A.1), and thus (7, w)
satisfies

Ori— 30t 0k, u=rK on (t,w) € (0,T] x (0,00)
u(0,w) =0 on w € [0, 00)
a(r,0) =0 on 7 € (0,77

Using the fundamental solution to heat equations and (5.A.2), we can have

(w=1)2 _(wty)?

20‘2/(7——3) —e 20%(7—3)) TKdy ds

u(r,w) =

Wk ﬁ(
:rK/ (ds) ds

where d; = av\l/”a and dg = —dy. After rearranging the equations, we can
obtain that

P (t,v)
o —&)—r—50 2 oy (n=§)—-r 1o
. p (ovn 52)”2 3o%) 0 (v _\/"0—2‘/7\/ Tt )
= Kt +rire v K (I)(d7) ‘I’(dg) ds
t 0
(5.A.4)
where
In (KL>
d7(s,t,v) = — Y
7( ) O'V\/T—t—s
—In (KL>
dg(s,t,v) = _
8 ) oyvI —t—s
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5.B Numerical approximation of the solution to PDE
(5.4.2)

We now use finite difference method to numerically solve PDE (5.4.2).
By letting a := %0‘2/, b:=oy(n—p€) and ¢ = —%7(1 — p?)od, we can
rewrite (5.4.2) as

—0yp—av?92 p—bvdyp—cv? (Qyp)?+ Ay min{e VPP 1 0} =0 (5.B.1)

with the terminal condition p(T,v) = ¢(7T,v). In order to solve (5.B.1) nu-
merically, it is necessary to impose the boundary conditions at v = 0+ and
v = +00. When v = 04, the payoff at withdrawal time is expected to be
negligible, which gives the boundary condition at v = 0+:
Jim p(t,0) = 0.

When v = +o00, the payoff at withdrawal time 7 is expected to be K, which
is increasing with time if » > 0 and decreasing with time otherwise. This
motivates the creditor to postpone her withdrawal until time 7" if » > 0, i.e.

lim p(t,v) = Kr (5.B.2)

V—+00

in the case of r > 0. However, it is in her best interest to withdraw her money

as soon as possible if r < 0, this gives that

lim p(t,v) = E[Kpar|Vi = v]

v——400

where T; is the first arrival Poisson time after time ¢, i.e. T; 1 <t < T;. By

applying the probability density function of T;, we can obtain

AN — Tei)‘(Tit)KT
A—r

lim p(t,v) = K/ Ae A ers T g — (5.B.3)
t

v—+00
in the case of r < 0. In the following, we only consider the algorithm in the
case of r > 0 for simplicity, since the algorithm for r < 0 follows immediately
by replacing the boundary condition (5.B.2) with (5.B.3).

In order to remove the square term in (5.B.1), we define

p(t,v) := eaP®BV) = o= (1=p?)p(t,0)

which satisfies the following equation

op 282]5 p 2\ - —yptw) o - _
a—{—av w—#—bv%—#—)\(l—p)mln{e p 1-r —p70}—0,
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with correponding terminal and boundary conditions.

We choose v is a very large constant and v is a very small constant such
that realization of v outside the region [v, 7] occurs with negligible probability.
By defining

w=In@/v), r=T—-t, W(r,w)=7p(t,v),

we can have

ow W oW ST U
E—aw—F(b—a)aiw—i—/\(l—p)mm{e W 1-p

—w, 0}
(5.B.4)

with the initial and boundary conditions

W(O, w) = 6_7(1_02)¢(T&€w)
W(T, ln(@/g)) = 6_7(1_p2)KT.

In the following, we derive the implict finite difference equation for PDE (5.B.4).
Let A7 denote the step size between two updates of the value function W in the
time dimension, and Aw denote the step size between grid points in the space
dimension of W. The range of two variables is taken to be (7, w) € [0,T]x [0, w],

where w = In (v/v). At each grid point, we define
W(l,]) = W(ZAT,]A’U)),

for 0 <¢< % =N,and 0 < j < Aﬂw := Ny, satisfying the implicit finite

difference equation

Wi+t — Wiy
AT
Wiit1,j+1) = 2Wiis1,j) + Wis,-1) Wi+ = Wiit1,j-1)
=a Aw? +(b—a) 2Aw
_ 1
+ A(1— p*) min {e‘”‘lS(T_T’”e]Aw)VV(z’Jri_jf)J2 = Wiis1y), O}

which can be written as the following nonlinear algebraic equation

1

_ -1,
AWit1 — min { (7%“7 Wi+11_p2) — Wiy, 0} = C; (5.B.5)

where the constant £ := A\(1 — p?)Ar, the vectors of N, — 1 elements

T
W; = [W(i,l)aw(i,2)a e aW(z‘,Nw—l)}
T
Ci = Wi— [aW(i11,0):0,--.,0,8Wis1 N
M1 = [e—"/é(T—iAﬂyel'Aw), . ’G—W(T—iAﬁye"Aw)’ .. ’e—W(T—iAT,ye(N’”*”'A’”)}T
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and A is a (N, — 1) x (N, — 1) tridiagonal matrix

6 B 0 0
a 6 p 0
A= ) (5.B.6)
0 0 B
0 a 0
with a := —Zﬁ; + (bgg)wAT, B = —% — (b;X)wAT, and 0 :=1—«a — . The
corresponding initial and boundary conditions of (5.B.5) are
_ _ 52 j Aw
W, = e Y(A=p*)$(Twe? 2)
Wi, = e 1077k,
Finally, for ¢ = 0,1,--- , N, we use the standard Newton method to solve

(5.B.5) as follows:
Step 1. Set Wy = W;;
Step 2. For m =0,1,2,---, solve Wm+1 recursively by the following equation

1

~ _ ~ 1— ~
AW,, — Emin { <ni+1,Wm Hz) - Wm,O} + Bpy(Winy1 — W) = Ci,

which is equivalent to

- - - _ 11 -
W1 = Wi + Bgf <C’i — AW, + £ min { <77i+1, W 1_"2> — Wm,0}> ,

until sup |[Wn41 — Wm] < eps, where

By,
Illin(m_:,_l,lW(ml’I)p —1, 0) AR 0
=A-¢ 0 e 0
B
0 e min(ni+1’Nw_1W(ml,;V2—l) —1, 0)

Step 3. Suppose the above loop runs M times, then set W; 11 = W
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