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ALMOST SURE LARGE FLUCTUATIONS OF RANDOM
MULTIPLICATIVE FUNCTIONS

ADAM J HARPER

ABSTRACT. We prove that if f(n) is a Steinhaus or Rademacher random multiplicative
function, there almost surely exist arbitrarily large values of = for which | Y~ .. f(n)| >
Vz(loglog z)*/4te(M) | This is the first such bound that grows faster than ﬁ,;nswering
a question of Halasz and proving a conjecture of Erdés. It is plausible that the exponent
1/4 is sharp in this problem.

The proofs work by establishing a multivariate Gaussian approximation for the sums
Y n<s f(n) at a sequence of x, conditional on the behaviour of f(p) for all except the
larg;st primes p. The most difficult aspect is showing that the conditional covariances
of the sums are usually small, so the corresponding Gaussians are usually roughly
independent. These covariances are related to an Euler product (or multiplicative
chaos) type integral twisted by additive characters, which we study using various
tools including mean value estimates for Dirichlet polynomials, high mixed moment

estimates for random Euler products, and barrier arguments with random walks.

1. INTRODUCTION

There are at least two different models of random multiplicative function f(n) that
have attracted quite a lot of attention in number theory, analysis and probability. A
Steinhaus random multiplicative function is obtained by letting (f(p))p prime be a se-
quence of independent Steinhaus random variables (i.e. distributed uniformly on the
unit circle {|z| = 1}), and then setting f(n) := [[,., f(p)* for all n € N, where
p®||n means that p® is the highest power of the prime p that divides n. We obtain
a Rademacher random multiplicative function by letting (f(p))p prime be independent
Rademacher random variables (i.e. taking values £1 with probability 1/2 each), and
setting f(n) = ][, f(p) for all squarefree n, and f(n) = 0 when n is not square-
free. Rademacher random multiplicative functions were introduced by Wintner [21] as
a model for the Mébius function p(n). Steinhaus random multiplicative functions arise
as models for randomly chosen Dirichlet characters y(n) or “continuous characters”
n~" see e.g. section 2 of Granville and Soundararajan [5]. The introduction to [12]

contains a more extensive survey of the literature in this area.

Date: 17th September 2021.
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A fundamental type of result in the classical study of sums of independent random
variables is the Law of the Iterated Logarithm, which describes the almost sure size of the
largest fluctuations of those sums. For example, if (€,)% ; is a sequence of independent
random variables taking values +1 with probability 1/2 each, then Khintchine’s law of

the iterated logarithm asserts that almost surely, we have

€n <y €n
lim sup et =1 and liminf 2 =

z—oo 2z loglogx z—o0  4/2x loglog x -

See e.g. Chapter 8 of Gut [6] for much more discussion of results of this flavour.

—1.

Note that the largest fluctuations as x varies are significantly larger than the random
fluctuations one expects at any fixed point z. Indeed, for large x the sum ) _ €, will
have a roughly Gaussian distribution with mean zero and variance x, so will 7cypically
have size like a constant times \/x (rather than a constant times v/zloglogx). Thus
the Law of the Iterated Logarithm encodes information, not only about the distribution
at each fixed point, but about the interaction between the sums as x varies.

Random multiplicative functions cannot be studied using classical theory for inde-
pendent random variables, because the values f(n) are not independent (e.g. f(6) =
f(2)f(3) is entirely determined by f(2) and f(3)). However, much work has been done
developing alternative methods to study . __f(n). Wintner [21] analysed the con-
vergence of the random Dirichlet series and Euler product corresponding to f(n), and
deduced (in the Rademacher case) that for any fixed ¢ > 0, one almost surely has
< f(n) = O(x/27€) and one almost surely does not have Y, _ f(n) = O(x¥/?7¢).
In u_npublished work reported in his problems paper [4], Erdds provgd that the sum is al-
most surely O(y/z log” z) and almost surely not O(y/z log™? ). In the 1980s, Haldsz [7]
introduced several beautiful new ideas to make further progress. Thus he made system-
atic use of conditioning, coupled with hypercontractive inequalities (i.e. high moment
bounds) applied to the randomness coming from the large primes, to prove that almost
surely (in the Rademacher case) one has a bound O(y/we?Vicgloszlogloglosz) - [Jging the

classical connection between integral averages of > __ f(n) and of the random Euler

product corresponding to f(n), coupled with an ingenious special argument for studying
suprema of such products, he also proved that one almost surely does not have a bound
O(y/ze~BVieglogzlogloglog) (Tt is worth noting that the similar shape of Haldsz’s upper

and lower bounds is basically coincidental, as the methods involved are quite distinct.)

Most recently, Lau, Tenenbaum and Wu [14] (see also Basquin’s paper [1]) intro-
duced a splitting device into Haldsz’s upper bound argument. This significantly in-
creased the efficiency of the hypercontractive inequalities, yielding an almost sure bound
O(y/z(loglog z)?*). For the lower bound, Harper [8] introduced Gaussian process tools
to sharpen Haldsz’s analysis of suprema of random Euler products, establishing (again
in the Rademacher case) that almost surely > __ f(n) # O(v/z/(loglog x)>/2te),
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These results begin to resemble the Law of the Iterated Logarithm, but are still
rather far from that in terms of precision. In particular, the lower bounds do not ex-
clude the striking (and at first sight unlikely looking) possibility that one might almost
surely have Y _ f(n) = O(y/x), or even }_ _ f(n) = o(y/x). Haldsz posed this as a
question in the Steinhaus case (see the Unsolved Problems in Montgomery’s book [15]),
and it is given further credence by the recently proved fact that one does see better
than squareroot cancellation in low moments of random multiplicative functions (e.g.

E[> <, f(n)] < (bgb%, see Harper’s paper [12]). On the other hand, Erdds [4]
conjectured (in the Rademacher case) that almost surely - . f(n) # O(y/z), whilst
writing that “As far as I know nobody has a plausible guess for the true order of mag-
nitude of |} _. f(n)[”. In the Rademacher case, where f(n) was originally intended
as a model for the Mobius function p(n), one might also have in mind Gonek’s conjec-
ture (see Ng’s paper [17]) that the largest fluctuations of ) _ u(n) should have size

Vz(logloglog x)*/*. Existing results on > n<e J(n) are consistent with such behaviour.

In this paper we shall prove the following result, answering Haldsz’s question in the

negative and proving the conjecture of Erdds.

Theorem 1. Let f(n) be a Steinhaus or Rademacher random multiplicative function.
Then for any function V(x) tending to infinity with x, there almost surely exist arbi-
trarily large values of x for which

] R

n<x

As we will explain, it now seems plausible that a bound of the form /z(log log x)/4+°()
is sharp in this problem, and if so Theorem 1 is quite close to best possible.

Classically, to prove the “lower bound” part of a Law of the Iterated Logarithm (i.e.
that large fluctuations almost surely occur) one would construct a sequence of indepen-
dent events that force the sum under consideration to be large at different points z,
such that the sum of their probabilities diverges, and apply the second Borel-Cantelli
lemma to conclude that almost surely infinitely many of the events will occur. For

example, one might consider events that ) €, is large, for a suitable rapidly

z;_1<n<z;
increasing sequence z;. It seems difficult to ziplply_tkjlis strategy to random multiplica-
tive functions, because there is substantial dependence between the sums > _  f(n)
even for very widely separated x (although it is possible to understand the nature of
this dependence and remove some of it via conditioning, as we shall see). Instead we
shall organise our arguments differently, with most of our work going into proving the

following localised statement.
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Theorem 2. Let f(n) be a Steinhaus or Rademacher random multiplicative function.
Then uniformly for all large X and all 1 <W < (1/30)logloglog X, say, we have

1 (loglog X)/4
X8/7r£ra§x4/3 ﬁ‘; f 77/)’ 2 61'2W

with probability > 1 — O(e W),

Proof of Theorem 1, assuming Theorem 2. We may assume that V(z) < (loglog z)"/%°

for all large z, since the statement of Theorem 1 is stronger when V(z) grows more
slowly. Let us define W(X) := mm{M 1: X% < 2 < X¥3}, noting that
W(X) < (1/30)logloglog X for all large X, and that since V' (z) — 0o as x — oo we also
have W(X) — oo as X — oo. Theorem 2 then implies that the probability of not finding
a value X¥7 < & < X*3 for which |3, f(n)| > alale) L > valoslosa) 7 5

= V(x)
O(e™® WX ) Summing this up along a suitably sparse sequence of X-values (depending

on the size of W (X)), the sum will converge and so the first Borel-Cantelli lemma implies

that almost surely, only finitely many of these “failure” events will occur. O

Note that the deduction of Theorem 1 here only required the first Borel-Cantelli

lemma, which needs no independence assumptions.

To explain how Theorem 2 is proved, first recall how > __ f(n) behaves for fixed
x. As explored in the author’s paper [12], the size of \lf Y < f(n) for z around X

is closely related to the size of integrals like f_11/2 |F(1/2 + it)|*dt, where F(s) is the
random Euler product corresponding to f(n) on numbers with all their prime factors at
most X (so F(s) = [[,<x(1— %)_1 in the Steinhaus case and F'(s) := [[,x(1+ %)
in the Rademacher case). One can investigate the distribution of the random integral
fj{% |F(1/2 + it)|?dt using ideas from the theory of critical multiplicative chaos, as we
indicate later (and see section 2.4 below). In particular, one can compute moments of

such integrals, and deduce (see Corollary 2 of Harper [12]) that for all A > 2, we have

(IZ fn VT > o min{log), !W}

log log z)1/4 A

n<zx

Thus the sum will typically have size < and to prove Theorem 2 we must

v
(loglog x)1/4?
use the maximum over x to produce significantly larger values.

To achieve this, the first key idea is to exploit the randomness coming from f(p)
on “large” primes p to a much greater extent than previously. More precisely, for all

X8/T <2 < X*3 (say) we can use multiplicativity of f(n) to write

O UEE S SN{UI SRR D SO}

n<zx X<p<lz m<z/p n<z,
n is X smooth
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Recall that a number is said to be X-smooth if all of its prime factors are < X. In previ-
ous work (e.g. in Haldsz’s upper bound [7], and the moment results of Harper [12, 10]),
decompositions like this were used along with conditioning on the behaviour of f(p)
for “small” p (so the inner sums > . f(m) could be treated as fixed), and moment
bounds for weighted sums like > . f(p)ay, to ultimately deduce moment or large
deviation bounds for anx f(n). Here we instead prove a multivariate Gaussian ap-

prozimation for (the real parts of) the sums \/LE Yoxep<a f ()20 f(m), conditional

m<z/p
on the values (f(p)),<x, at a well spaced sequence of points X7 < z < X*3. In fact it

isn’t too difficult to obtain this much stronger information about the conditional distri-

bution, as after conditioning the inner sums \/LE Y m<a i (m) are fixed quantities with
typical size ~ Lp,
many independent random variables f(p) multiplied by various small coefficients. See

so we just need a multivariate Gaussian approximation for the sum of

Normal Approximation Result 1 in the Tools section (section 2 below) for the Gaussian
approximation theorem we use, which is applied in section 3.1.

The key advantage of passing to multivariate Gaussian distributions is that to un-
derstand their behaviour, including existence of large values, one only needs (in prin-
ciple) to understand their means, variances, and covariances. Here the means are al-
ways zero, irrespective of the values of (f(p)),<x on which we condition. The con-
ditional variance at each X%7 < z < X*3 may be shown, after a little calculation,
to be > @ 1X1/7
x, indicating some of the significant dependence between the corresponding sums ex-

| D m<s f(m)[*%. Note that one has the same integral for all such

tracted by conditioning on (f(p)),<x. After applying a form of Parseval’s identity, and
some further calculation, this scaled integral may be lower bounded by something like
@ 11/32 |F(1/2 + it)|?dt, where F(s) is the random Euler product. The size of this
integral certainly does depend on the (f(p)),<x, but one can show that with probability
1 — O(e7®™W) those f(p) will be such that @ 11/32 |F(1/2 + it)|*dt > W.
These calculations are similar to some performed by the author [12] when investigating
moments of ) _ f(n), but in the details a fair amount of new work is required to
obtain a lower bound that holds with probability close to 1 as opposed to positive prob-
ability. In particular, one needs a different treatment of the contribution to F(s) from
small primes, and one needs to work with the wvariance of the integral (with suitable
barrier conditions imposed) as opposed to its cruder mean square. See Multiplicative
Chaos Results 3 and 4 in section 2, which are applied in section 3.1.

Now if the sums §R\/L5 > x<p<z /(D) 2o m<syp f(m), conditional on the values (f(p))p<x,
usually behaved roughly independently at the =< log X different sample points x =
X8/7e2™ (say) in the interval [X®/7) X%/3], then one would expect the maximum of those
sums to behave like the maximum of < log X independent Gaussians, each with mean

zero and variance > W. A standard calculation shows that the maximum of



6 ADAM J HARPER

n independent, mean zero, variance one Gaussians is ~ /2 logn with high probability,

. 1 (loglog X)1/4
so the maximum of our sums would be > /loglog X - 1/62‘2W\/10g10gx > T

with high probability, as desired for Theorem 2. The actual bound there is slightly

weaker because one needs to account for various constants and other minor factors.
And crucially, to assess whether multivariate Gaussians behave roughly independently
one only needs to know that their covariances are sufficiently small compared with their
variances. See Normal Comparison Result 1 in section 2, which we apply in section 3.1.
Thus the main technical work in proving Theorem 2 lies in bounding those covariances.

Similarly as above one can show that the conditional covariance at two points X%/7 <
ry < X3 is = logX f152 |F(1/2 + it)|*(z/y)"dt. In fact it requires quite a lot of
analytic work, using Perron’s formula and Dirichlet polynomial estimates, to bring the
conditional covariance into roughly this form. See section 3.2. In particular, if one
Te?™ and y = X8/7e?™ then the covariance has the rough shape
e X f152 |F(1/2 + it)|?e*>™(r=wdt, and one wants to show that for most pairs r # u

this will be smaller than our lower bound W for the variance. To achieve

looks at points r = X/

this, an initial idea is to seek strong upper bounds (holding with high probability over

2k
(f(p))p<x) for a quantity like Y )ng flﬁz |F(1/2 4+ it) |262m“tdt‘ . If one expands the

2k-th power and sums over the < log X values of u, one gets a big saving for all ¢, ..., tos
except where t1+...+t —tg1 — ... — Loy, is very close (within distance 1/ log?? X, say) to
an integer. These bad tuples form a small subset of [—1/2,1/2]?* and to conclude one
loglx |F(1/2 +it;)|? over this bad

set will itself be small (i.e. much smaller than (m)%) with high probability.

wants to know that the integral of the Euler products

But matters now become very subtle, because typically one finds significant contri-
butions to - f1/22 |F(1/2 +it)|?dt from large values of F/(1/2+ it) on small intervals
of t (much smaller than 1/1og”® X, say), and a careful analysis of the structure of those
contributions is required. To succeed we first show that with probability close to 1, we
may discard the contribution from points ¢ where |F(1/2 4 it)| or any of its sufficiently

long partial Euler products are within a factor ( 1000 of their mean square. Si-

loglong
multaneously considering partial products is heavily motivated by multiplicative chaos
ideas, and the proof that we may restrict their sizes ultimately relies on two random
walk calculations, one involving the maximum of the random walk and one connected
with the so-called Ballot Theorem. See Multiplicative Chaos Results 1 and 2 in the

Tools section (section 2), which are deployed for our main proof in section 3.3.

With this modification, after expanding out ), logX f1ﬁ2 |F(1/2 +it)]?e 27”“talt

one can distinguish two kinds of contribution: from tuples 4, ..., to, where many consec-

utive ¢; are close together, and from tuples where many of the gaps between consecutive
t; are fairly large. In both cases, to bound the contribution one first pulls out partial

Euler products over suitable ranges of primes, and uses our restricted upper bound for
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those. (One pulls out more primes for points ¢; that are more clustered together, so
that the products remaining are sufficiently decorrelated that taking expectations later
will yield reasonable estimates. This again is a typical multiplicative chaos style of ar-
gument.) If many ¢, are close together, this process extracts many long partial products

and so many saving factors which suffice for the final bound. In contrast, if

1
(log log X )1000 5
there are many large gaps then the condition that ¢t +... 4+t —tg1—... —tok is within dis-

213 X of an integer severely shrinks the corresponding set of ¢; (which it may

tance 1/ log
not in the case where many ¢; are already close together), and this saving suffices for the
final bound after taking expectations and applying Markov’s inequality. To implement
all of this we need, in particular, uniform bounds for very high moments of shifted Euler
products (as explained in section 3.4, one needs to take k£ < (loglog X)/(logloglog X)
in the above setup to deduce that the conditional covariance is small for sufficiently
many pairs of 7, u). See Euler Product Results 1 and 2 in section 2, which are deployed

for our main proof in section 3.4.

We finish with two remarks. Firstly, note that in the classical Law of the Iterated
Logarithm one obtains fluctuations of size < /xloglogz because the typical size of
> <y €n 18 < y/x, and taking a maximum over well spaced points z; (one must at least
have Tj1/x; > X > 1 for the sums up to z; to be sufficiently independent of one
another) multiplies this by a factor < y/loglogz. In the random multiplicative case

NG

the typical size of ) _ f(n) is < 7, and taking a maximum over similarly

(loglog x)

well spaced points again multiplies this by a factor ~ y/loglogz, as in Theorem 2.
This explains our earlier remark that a bound /z(log log z)'/4*°(\) is plausibly sharp in
Theorem 1. However, if that is true it remains a formidable task to prove it. As will

be seen in section 3.1, for our lower bound we can discard the sum >  n<z,  f(n)
n is X smooth

fairly trivially (using the fact that there usually won’t be many x where it is remarkably
large) and rely on the numbers with a prime factor > X to produce large fluctuations,
but for an upper bound one needs a good understanding of both sums for all x.
Secondly, one might ask whether it is possible to formulate, and hopefully prove, de-
terministic number theoretic statements corresponding to our Theorems. For Theorem
1 this isn’t so clear, since the notion of something happening almost surely for a class of
infinite sequences doesn’t translate very naturally to finitary number theoretic objects.
But for Theorem 2 the analogy is easier to draw: one should seek lower bounds for
MAX xs8/7< p< x1/3 w that hold for “most” (e.g. for 99% of) Dirichlet characters x
modulo a large prime 7, say. Although the distribution of character sums ) _ x(n)
has been extensively investigated (see [2, 5]), this problem of producing large values by
varying the endpoint in an interval (as opposed to varying the character y) seems rela-

tively unexplored. If X is small enough compared with r, one expects things to be well
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modelled by the Steinhaus case of Theorem 2, and to have similar behaviour as there.
On the other hand, we know that for most xy mod r one has maxen |, <, X(n)| < /1
(the proportion of x for which this holds can be made arbitrarily close to 1 by increas-
ing the implicit constant, see Bober, Goldmakher, Granville and Koukoulopoulos [2] for
the state of the art on this problem). Thus the direct analogue of Theorem 2 cannot
hold once X®/7 > r/\/loglogr, although one wouldn’t expect it to since for such X,
most of the range X8/7 < z < X*3 consists of values z > 2r that contribute negligibly
to the maximum due to periodicity of y mod r. It would be interesting to determine

3/4

whether a version of Theorem 2 does hold for character sums when X < r%/* say (so

that X*/3 < r), and to investigate the transition in behaviour as X becomes even larger.

1.1. Notation and references. We write f(z) = O(g(z)) and f(x) < g(z), both of
which mean that there exists C' such that | f(z)| < Cg(z), for all z. We write f(z) < g(x)
to mean that g(z) < f(x) < g(x), in other words that cg(z) < |f(z)| < Cg(z) for
some ¢, C, for all z.

The books of Gut [6] and of Montgomery and Vaughan [16] are excellent general

references for probabilistic and number theoretic background for this paper.

2. TooLs

2.1. Gaussian random variables. As discussed in the Introduction, and as in many
probabilistic problems, the basic structure of our proof will be to approximate our ran-
dom variables of interest fairly precisely by Gaussian random variables (after performing
a large amount of conditioning), at which point we can access some of the many special
tools available for studying Gaussians. We present suitable results here, for use later.
For the approximation step, we need a multivariate central limit theorem with quan-
titative error terms. By now this is fairly standard in the setting we require, with the

following result ultimately flowing from Stein’s method of exchangeable pairs.

Normal Approximation Result 1. Suppose that m > 1, and that H is a finite non-
empty set. Suppose that for each 1 < i < m and h € ‘H we are given a deterministic co-
efficient (i, h) € C. Finally, suppose that (V;)i1<i<m 1S a sequence of independent, mean
zero, complex valued random variables, and let Y = (Y )new be the #H-dimensional
random vector with components Yy, :== R (D", c(i, h)V;).

If Z = (Zp)new is a multivariate normal random vector with the same mean vector
and covariance matriz as Y, then for any v € R and any small n > 0 we have

P(maxYy, <u) < P(maxZ, <u+n)+
heH heH

1 mo _ Lo |
+0 o > ZIc(z,g)l2lc(z,h)l2EIW|4+$2E|m|3(2|c(z,h)|)3
=1

g.heH \ i=1 heH
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Proof of Normal Approzimation Result 1. This is a special case of Central Limit Theo-
rem 1 from Appendix B of Harper [9], which is itself an application of Theorem 2.1 of
Reinert and Réllin [18]. O

Using normal comparison tools (i.e. results such as Slepian’s Lemma, for comparing
the behaviour of weakly correlated Gaussian random variables with independent Gaus-
sians) one can readily establish the following assertion, that the maximum of n standard

Gaussians whose correlations are small is usually at least &~ /2 logn.

Normal Comparison Result 1. Suppose that n > 2, and that € > 0 s sufficiently
small (i.e. less than a certain small absolute constant). Let X, ..., X, be mean zero,
variance one, jointly normal random variables, and suppose EX; X; < € whenever i # j.
Then for any 100e < § < 1/100 (say), we have
P (maX Xl < (2 N 5) 10gn) < e—@(n6/20/‘/logn) +n_52/506.

1<i<n

Proof of Normal Comparison Result 1. This is a special case of Normal Comparison
Result 2 of Harper and Lamzouri [13]. O

2.2. Number theory and harmonic analysis. For our conditional variance and co-
variance calculations, we will need to introduce and analyse contour integrals involving
Dirichlet polynomials (both random and deterministic). Our first tool for doing this,
which is now widely used in problems involving random multiplicative functions, is the

following version of Parseval’s identity for Dirichlet series.

Harmonic Analysis Result 1 (See (5.26) in sec. 5.1 of Montgomery and Vaughan [16]).
Let (an);2, be any sequence of complex numbers, and let A(s) := Y- | % denote the
corresponding Dirichlet series, and o. denote its abscissa of convergence. Then for any
o > max{0,0.}, we have

o) 2 0 -\ |2
| |2y ol do =5 | ‘A(Uﬂt‘)‘ it
0

glt2o o7 o+t

—00

We will also need a mean value theorem for Dirichlet polynomials supported on fairly
large primes and prime powers. The following version is well suited to our application
(cruder versions would certainly also suffice, since this theorem is needed to control “off

diagonal” terms in a double integral in a part of the argument that isn’t too delicate).

Number Theory Result 1. Uniformly for any complex numbers (a,)s>, and any

T > 1, and with A(n) denoting the von Mangoldt function, we have

[

TLOl<p< g

2
2
pe 3 LA

n
TLOl< <y
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Proof of Number Theory Result 1. This follows in a standard way combining a Gallagher-
type upper bound for the integral (which ultimately comes from inserting a smooth
weight and expanding out, see e.g. Lemme 3.1 of Tenenbaum [20] for a suitable general
statement) with a sieve upper bound - . A(m) < n/T for primes in short
intervals (this is where the condition n > 7% in the sum is important). U

In various places we will require pointwise estimates for sums over primes p. We

record some useful statements in the following result.

Number Theory Result 2. For any 100 < x <y (say), any |o| < 1/logy, and any

|t <1/logy, we have 3, ., m = loglogy — loglogz + O(1).
Furthermore, for any t # 0 we have

1
Z pltit

<p<y

3

< Toge * O F D),

Proof of Number Theory Result 2. The first statement follows by writing —1 e =
Llo=2(c+it)logr — 11 1 O((|o _|_ th lo for r < < and applying the stan-
5 ; gp p <y, pplying

dard Mertens estimate <p<y ’

> e < Jogy (see e.g. Theorem 2.7 of Montgomery and Vaughan [16]).

z<p<y p
The second statement can be deduced by applying partial summation to the Prime

= loglogy — loglog z + O(1) and Chebychev estimate

Number Theorem with classical error term. O

2.3. Moments of random Euler products. As in many other works involving ran-
dom multiplicative functions, having passed to studying contour integrals and Dirichlet
polynomials we will require estimates for moments of random Euler products. Unlike in
previous works (see e.g. section 2 of Harper [10], or the closely related computations of
shifted moments of L-functions by Chandee [3] and Soundararajan and Young [19]), in
places we will need to deal with products of a very large (growing) number of different
Euler factors, with good explicit dependence on the number of terms. The following

results will provide sufficient uniformity.

Euler Product Result 1. If f is a Steinhaus random multiplicative function, then
uniformly for any k € N, any real oy, ..., o, any real 100(1 + (Z?Zl lo|)?) <z <y,
and any real o > —1/logy and ty, ..., t;, we have

) —2a;
EH H 1/2+0’+th
j=1z<p<y
— exp{ Z =1 a + 221<]<l<k ajoy cos((t — ¢;) logp) + O M 1
P ot p1+20 \/Elog T )

where M = M (on, ..., op,) = max{>"_, |oy], (X5, o))}
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In particular, for any real 200 < x <y, any real o > —1/logy, and any real t1,1s
(possibly equal), we have

-1

f(p) ‘ f(p) 1+ cos((t1 — t5) logp) 1
E 1l— ———— — s = exp +0
E) p1/2+o'+zt1 p1/2+a'+1t2 {; 2p1+2cr ( \/E lOg €T )}
<y <y

2 —
< logy | + min logy’ 1 N log*(2 + [t; — t2]) .
log x logz’ |t; — to] logx log x

We remark that the explicit final bound here is included for ease of reference later,

but will not be sharp if ¢ is large.

Proof of Fuler Product Result 1. The proof is conceptually the same as for other re-
sults of this kind, developing each term ij:l ‘1 — z%‘ " as a series expansion,
carefully computing its expectation, and then multiplying together the contributions
from different primes using independence. Since the uniformity of the result will be
important later, we will briefly present the main steps.

Using the Taylor expansion of the logarithm, we may rewrite

s k
flp) |7 f(p)
|t - rmemm| = o2 aRlog(l - )y
=1 j=1
k it k — %t k
_ 2 Zj:l aRf(p)p~ ijl a; R f(p)*p~2 0 Zj:l ||
= exp{ p1/2+g + pl+2o + ( p3/2+3cr )}

Andify>p>ax > 100(2?21 |aj|)?, then each term in the exponential here has size at
most 2(2?:1 |la;|)/pt/?He = 2(2;?:1 laj|)e=o18P /pt/2 < /5. Therefore we may apply
the series expansion of the exponential function, finding the above is

k it k — it k it
. 2> Rf(p)p~™ S aRf(p)PpT 20300 RS (p)pT)? oM
=1+ p1/2+a + p1+20 + p1+2cr + (p3/2+30)'

Using the fact that (by symmetry) we have ERf(p)p~ " = ERf(p)*p~** = 0, as well
as ERf(p)Rf(p)p~™ = cos(tlog p) /2, we find the expectation of the above expression is

k
Zj:l O‘? +2 Zl§j<l§k e718%) cos((t; — tj) log p) O M

= 1+ plt2o (p3/2+3a>
k
> o1 of + 23 <k @jaucos((t — t;) logp) M
= exp{ pi+o +0( p3/H3o )}

The first part of Euler Product Result 1 follows on using independence to multiply

M

together the contributions from all primes < p < y, noting that ) __ <p<y PP <

e*M Zz<p§y ﬁ < % in the “big Oh” terms.
For the second part of Euler Product Result 1, the expression as an exponential of a

prime number sum is just a special case of the first part of the Result, taking kK = 2 and
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a1 = ap = 1/2. Furthermore, if we temporarily set X' := max{e!/lt1 2l ¢Clog®(@+|t1—t2])}
where C' is a suitable large constant, then the second part of Number Theory Result 2

(coupled with Abel summation to remove the factor p=27) implies <p<y % <

1+1PSX +
x<p§y 2p1+20

O(1) <> cpey 2;;212% + O(1), where 1 denotes the indicator function. Applying the
first part of Number Theory Result 2 to estimate this yields the final bound of Euler
Product Result 1. U

1. So we can upper bound our overall sum over primes x < p < y by >

Euler Product Result 2. If f is a Rademacher random multiplicative function, then
uniformly for any k € N, any real o, ..., ag, any real 100(1 + (Z?Zl lo;)?) <z <y,
and any real 0 > —1/logy and ty, ..., t;, we have

205 k 2 k 2
! M D105+ 20 (0f — ay) cos(2t; log p)
IEHH . _ exp{o<—>+z< B RPMEICH N
/2+0+zt 1420
j= 1:r:<p \/Elogx x<<p p
<y
2 Zl§j<l§k a;ay(cos((t; — tj) logp) + cos((t; + t5) logp))
+ p1+20 }7

k k
where M = M(au, ..., ap) = max{} 7, |ay|, 377, [ey])*}
In particular, for any real 200 < x <y, any real ¢ > —1/logy, and any real t,ty
(possibly equal), we have

f(p) f(p)
E H 1+ p1/2+a+z't1 1+ p1/2+a+it2
T<p<y
1+ cos((t; — t2) log p) + cos((t1 + t2) log p) — 2 (cos(2t; log p) + cos(2ts log p))
< eXp{ Z Iplt2o : }
r<p<y P

lo 1 1 1 log?(2 + [ta| + |t
< &Y (1 ¢ min [ 1089 N +0g( +laf+[t) 1)
log x logz’ |ty — to|logx |t + to|log log x

Proof of Fuler Product Result 2. The proof works in the same way as for Euler Product
Result 1. Again, we outline the main steps.

Using the Taylor expansion of the logarithm, we find

k o k
H 1—1—&2 = ex {2204?)?10 (1+Lp>)}
11 pl/2totit; Pz, 1 79108 pl/ZFotit;
j= =
9 ]?, R —it; ]?, R 2, —2it; ’?, )
— expd 2 Rfp™™ 3, R (p)p +O<Z§/21+I§égl)}_
p ag

p1/2+0 p1+20'
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As in Euler Product Result 1, using the series expansion of the exponential we can
rewrite this as

L2 RO S R AT RO M

1 p1/2+a p1+2U p1+2a +O(p3/2+30 )

In the Rademacher case we have f(p)? = 1, but we still have ERf (p)p~ = Ef (p)Rp~* =

cos(tlogp)Ef(p) = 0, so a little calculation shows the expectation of the above expres-

sion is
_ 35— @ cos(2t; log p)
- o plt2o +
2(2?:1 O‘JZ cos” (tjlogp) +2 Zl§j<l§k ajay cos(t;log p) cos(tlogp)) 0 M
+ I + O ),

Using the trigonometric identity cos(t;logp) cos(t;logp) = (1/2)(cos((t; — t;)logp) +
cos((t;+t;) logp)), and then multiplying together the contributions from different primes
using independence, the first part of Euler Product Result 2 follows.

For the second part we proceed similarly as in Euler Product Result 1, first taking
k =2 and ay = as = 1/2 in the preceding calculations. If we now temporarily set
X = max{el/li—tl ¢l/ltitta] (Clog®@Hnlti)}  where C is a suitable large constant,

then the second part of Number Theory Result 2 (coupled with Abel summation to

remove the factor p~>7) implies that ), _ . COS((tl_tQ)bg;p)ﬁ%is((tﬁtz)logp ) < 1 and that
—1 -
> wep<y p (cos(2h lgiﬂ;rfos(% ©eP) ig qt most a large constant. (Note that if |¢1] or [ta] is

small, in particular if e!/!l > X or e/2l > X', then the second sum might be large and
negative, but it is always bounded above by a constant.) Meanwhile, using the identity
1(cos(2t1 log p) + cos(2tz log p)) = cos((t1 — t2) log p) cos((t1 + t2) log p) we see that the

numerator of the whole prime number sum in the exponential may be rewritten as

2 — (1 —cos((t; +t2)logp))(1 — cos((t1 — ta2) logp)),

1+1p§/y _|_
:c<p§y 2p1+2cr

o) <> p<x 1 O(1), for which the first part of Number Theory Result 2

x<p<ly 2pl—2/logy

which is clearly < 2. So once again we can upper bound that sum by >

yields an acceptable bound. 0

2.4. Multiplicative chaos. As remarked in the Introduction, it is now understood
that the distribution of > __ f(n) is closely connected, via integrals of random Euler
products, to the probabilisti;: theory of (critical) multiplicative chaos. See the introduc-
tion to the author’s paper [12] for a detailed discussion of this. Here we develop some

key points of the theory in a form suitable for our current purposes.
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Let X be large. For each 0 < k < loglog X and complex s with R(s) > 0, we
shall write Fy(s) for the partial Euler product corresponding to our random multi-

plicative function on X¢ "-smooth numbers. More explicitly, if f (n) is a Steinhaus
£p)y-1
pS
Rademacher random multiplicative function (so only supported on squarefree numbers)
then Fi(s) = [ < xe+(1+ f(p)) For concision we usually write F'(s) in place of Fy(s).
To understand the typical or the distributional behaviour of integrals like f 1o |F(1/2+

it)|?dt, the most fundamental insight from critical multiplicative chaos is that one should

random multiplicative function then Fj(s) = J] _ .-+ (1 — , whereas if f(n) is a

restrict to the case where the partial products Fj(1/2 4+ it) (or closely related objects)
satisfy certain size bounds at a net of points ¢, and moreover that one can choose these
bounds so that it is highly probable they will be satisfied. More explicitly, for each t € R
we create a sequence of increasingly coarse approximations to ¢, by setting t(—1) = ¢
and then (for each 0 < j <loglog X — 1) setting

n
((log X)/7) log((log X)/c7)

These t(j) will provide our net of points, and one can readily prove the following.

t(j) =max{u <t(j—1):u=

for some n € Z}.

Multiplicative Chaos Result 1. Let f(n) be a Steinhaus or Rademacher random
multiplicative function. Uniformly for all large X, all N € R, and aoll W > 0, we have

(|F<1 Fag) < ©

> 1-0(?").

X
(loglog X — j)%" V0 <j<loglogX — 1,V |t — N| < 1/2)

Proof of Multiplicative Chaos Result 1. This is essentially a more straightforward ver-
sion of the proof of Key Proposition 2 of Harper [12]. By the union bound, the proba-

bility that the given event fails to occur is at most

3 Zp (\F (1/2+it()] > 2

0<j<loglog X—1 ¢(j

X
(loglog X — j)%e W) ,

where the inner sum is over all possible values #(j) that can arise for |t — N| < 1/2 (of
which there are < ((log X)/e’)log((log X)/e?)). By Chebychev’s inequality, this is all
1 1
< — E|F;(1/2 + 1t
e Z Z ((log X)/e7)?(loglog X — j)* IE5(1/2 + it ()

0<j<loglog X—1 t(yj

Finally, since we have E|F;(1/2 + it(5))]* < log X (by the second part of Euler Product
Results 1 and 2) the result follows on performmg the sums over ¢(j) and over j. O

For our work in section 3 here (and unlike in the paper [12]), we need to upgrade the

bound 1°§jX (loglog X — j)%e" permitted by Multiplicative Chaos Result 1 to something

stronger, showing we can disregard values of | F/(1/24it)| even where the partial products
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logX(

are a bit less than loglog X —7)2. To do this we shall use the following expectation

estimate, which encodes the fact that the most typical way for all the partial products

ogX<

to remain below loglog X — j)? (in fact for simplicity we work with a larger barrier

log X (loglog X)?) is for them to evolve on a “path” that is significantly below this.

Multiplicative Chaos Result 2. Let f(n) be a Steinhaus or Rademacher random
multiplicative function. Then uniformly for all large X and all W <t <
log™® X | say (this restriction ont is only needed in the Rademacher case), the following

is true: if we let D(t) denote the event that

lo X
|[F5(1/2 +it(5))] < ——(loglog X)* V0 < j <loglog X — 1;

and let A(t) denote the event that
log X

. 1
= o {log log X)1000 vV j <0.99loglog X, and |F( +it)| <

By (5 +if)] <

say; then (with 1 denoting the indicator function) we have

, log log log X)”
E]F(1/2—|—Zt)\QID(t)IA(t)faﬂs<<10gX( 8log log X)

log log X

log X

The key feature of this bound is that it is rather smaller than Toslog X

the rough

size of the Euler product integrals we shall deal with later.
Proof of Multiplicative Chaos Result 2. Firstly we note the upper bound
E|F(1/24it)|*Lpwy L aw) tais < E|F(1/2+it)|* Ly 1o 1) taitsHE[F (1/24t) " 1o L A1) tailss

where D*(t) is the event that

lo X
<|Fj(1/2 +it)] < (loglog X)® V0 < j <loglog X — 1.

loglog X
Now if D(t) holds but D*(t) fails, then there must exist some 0 < j <loglog X — 1 for
which |F;(1/2 + it(j))| < 2% (loglog X)® but either |F;(1/2 + it)| > 2% (loglog X),
or |Fj(1/2 +it)| < 1/loglog X. Thus we have an upper bound

|F;(1/2 +it)|?

X
(loglog X)°

3 ;MF( +it)2

E|F( +it)|? 1p)1p= (1) tails (loglog X')?
0<j<loglog X—1 * &8

IN

|F5(1/2 +dt(5))[?
1 |F(1/2 + it)]?
+ 2 (oglog X2 |E,(1/2 + i)’

0<j<loglog X —1

. . 1 i log X
and the second sum here is easily seen to be < 3 ;100106 X1 Togtog 7€ < (og Ls X
using Euler Product Results 1 and 2.

It will also be fairly straightforward to handle the first sum in the previous display.

First writing the argument in the Steinhaus case, using the independence of the f(p)

v
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for different primes p we can factorise

. f(p) |—4
1o IFG+iD)P /) - I~ gm
E‘F(§ * Zt)‘ E; t 2 =E H - 1/2+z’t’ “E H pf(p) 2’
| ( + it (j))] XeI ep<X p p<Xe 11— p1/2+z‘t(j>|

and by Euler Product Result 1 this is < exp{3_ .~ _ < x %+ZP<X6_J- 5_4C°s((t;t(j)) logp)y —

exp{ngxé + O <xe %ﬁlogz’)} Here by construction we have |t — ¢(j)| <

Toe ) /ej)log((log 7 SO Chebychev’s bounds imply the “big Oh” term is < (¢ —
t(7))*( long) < 1, and the Whole exponentlal is < log X. Overall we deduce that

E|F<1/2+Zt)|2lp(t)]—D*( t) fails <
case, one obtains the same bound after applying Euler Product Result 2, noting that

bg log ~» Which is an acceptable bound. In the Rademacher

2 cos(2t log p) and 2 cos(2t(j)

the contribution from all the terms 987) there cancels (up to an

—4 cos((t+t(5)) log p) '

overall O(1) term) with the contribution .
Next, if D*(t) holds but A(t) fails then there must exist some J < 0.99loglog X for
which | F;(1/241t)| > ——1eX___ Thus we can upper bound E|F(1/2+it)[*1p+ 1) 1.aq) taits

e’ (loglog X)
by ZO§J§0.99loglogXE‘F(1/2 + it)[*1 4,118, (), where A;(t) is the event that
1 1 X 1 log X
< |Fy(5+ib) < 18X 1oglog X)® V< and |Fy(itit) > °8

loglog X 2 e’ (log log X)1000°

and where B (t) is the event that (writing the Euler products for the Steinhaus case)

(logX>1 1 < H 11— fp) 1 < ¢’ (loglog X)0% w0 << 1.
e’ (loglog X)" = | y pl/2+it
xe <p<xe
Note that the lower bound in By(t) is imposed by the fact that |F;(1/2 + it)| >
1/loglog X for all j and |F;(1/2 4 it)| < % (loglog X)¢, whenever D*(¢) holds.
Since the events A, (t) and B;(t) involve the f(p) for disjoint sets of primes p, they are
independent and in the sum Y ;<0 9910g10¢ x B (1/2+it)[*1 4,115, (1) we can factorise

|1_ f(),Z

p1/2+zt

BIF(1 /20 Laor L o = EIF1/2+ 0P Lo B ]

Xe~ <p§X

By(t):

Now in the Steinhaus case, combining the second part of Lemma 4 of Harper [12] (with
the length z'/¢ of the Euler product there replaced by X, with ¢ = 0, and with ¢
shifted to zero using translation invariance in law for Steinhaus Euler products) with
Probability Result 1 of Harper [12] and then Euler Product Result 1 yields that

fp) -2q log log log X fp) >  logloglog X ;
E H ‘1_p1/2+zt’ By(t) K 147 E H ‘1_p1/2+zt’ 1+vJ €

Xe T ep<X Xe T ep<X
(We remark that the lower bound condition in the definition of B, (t) is only important
here so that the size conditions in Lemma 4 of Harper [12] are satisfied, and after that

can be discarded since we are just seeking an upper bound for the expectation.)
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To handle the event A, (), we need one final technical manipulation to remove the
smallest primes so that Lemma 4 of Harper [12] will again be applicable. Thus we let
Jo := |loglog X — (logloglog X)2], so that e(oslsloaX)* < l‘fTOX < ellogloglog X)*+1 oy

we have E|F;(1/2 + it)[*14,4) < E|F;(1/2+ it)|*1c, @), where C,(t) is the event that

1 f) logX .
e(logloglogX)2+1(1Og 10gX)7 < H |1_p1/2+it| (loglogX> vJ < J < k70_17
Xe_JO <p§Xe*j
_ log X
and 1_[Xe_‘7O <p§Xe_J |1 - plf/(Zszit ! > eJ+(logloglogX)2g+1(loglogX)1006' (These bounds are ob-

tained by comparing the A;(t) restrictions on |F;(1/2+it)|, on |Fz(1/2 +it)|, and on
|F;(1/2 4+ it)| for general J < j < Jy — 1.) Now Lemma 4 of Harper [12] may be used,

since the upper and lower size bounds in C,(t) satisfy the relevant conditions in terms

it)|2 . :
of Wg—J-X, and it implies that the ratio Eng‘%(Q;;L:)‘CQJ @ is at most a constant times
k Jo—
kgbax < (logloglog X)?*4+O(logloglog X ), and Z G > —1006 logloglog X —0O(1)),
0
m=1 m=1

where the G, are independent Gaussian random variables with mean zero and variance
ZXE_JO+m_1<p§X(JO+m 2lp = 1/2 + o(1). Using a suitable form of the Ballot Theorem
on Gaussian random walks, e.g. Probability Result 1 of Harper [11], one finds this
probability is < (ogloslos X)* ((logloglog X)%)2 - (logloslog X)° 1) 4 56 gyerall

VIo—J VIo—J (loglog X)3/2 1
, log log log X6 , (logloglog X )% log X
E|F;(1/2 +it)]*1 ( E|F;(1/2 +it)|? :

Putting things together, we have shown that E|F/(1/2 + it)[*1p« s 1.aq) faiss i

< Z (logloglog X )% log X logloglog X < (log log log X)7 g X,

e
0<J<0.99 log log X (loglog X)3/2 e’ 1++J loglog X

which is acceptable.

In the Rademacher case, one proceeds in the same way to analyse the Rademacher
Euler products (and with the events A;(t), B;(t),C;(t) now defined in terms of the
Rademacher products). The term E [[y .-y [1+ 1f/(2p+)it 15, (1) may be bounded using

Lemma 5 and Probability Result 1 of Harper [12], yielding the same bound %e‘]

as in the Steinhaus case. Our condition that W < |t] < log" X is used
here (although at this point much weaker conditions would suffice), along with the
observation that X¢ ~ > elos””' X , to satisfy the assumptions of Lemma 5. Similarly,
the term E|F;(1/2 + zt)|21AJ may be upper bounded by E|F;(1/2 + it)[*1c, ), and
then bounded using Lemma 5 of Harper [12] and the Ballot Theorem. Again, one

needs the condition W < |t| € 10g" X here, along with the observation that
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— O, O, O, 2 . . .
X0 > eEEE0T ) satisfy the assumptions of Lemma 5. One obtains the same

log log log X) . .
bound {egloeles X2 log X oo 4y the Steinhaus case, and so the same overall result. O
(loglog X)3/2 e ’

1/22 |F(1/2 + it)|*dt for events G of the form

discussed above (that restrict the size of partial products), and then applying Holder’s

By calculating quantities like Elg [~

inequality to interpolate, one can prove bounds like the following.

Multiplicative Chaos Result 3. Let f(n) be a Steinhaus or Rademacher random
multiplicative function. Then uniformly for all large X, all0 < q <1, all —1/log X <
o < 1/10g" X (say), and all |N| < 1og" X (say), we have

1+ (1 —-¢q)vloglog X

In the Steinhaus case, the factor (loglog(|N| 4+ 10))? may be omitted.

N-1/2

E(/N+1/2 |F(1/2 g —{—Zt)|2dt) < (loglog(|N| + 10))q< min{logX, 1/|0’} ) .

Proof of Multiplicative Chaos Result 3. We shall make some fairly simple reductions,
and then the claimed bound will be read quite directly out of the author’s paper [12].

In the Steinhaus case, the distribution of the sequence (f(n)n="),cn is the same
for any fixed ¢t € R, so the distribution of F(1/2 + ¢ + it) is invariant under shifts
in ¢t and we only need to handle the case N = 0. Furthermore, if we temporarily let

E() denote expectation conditional on the values (f(p))p<min{x 111y and let F)(s) :=

[p<mingx et ( e )) ! then using (the conditional form of) Holder’s inequality we
find E( fj{j2 |F(1/2 + o+ it)[2dt) = EE©)( f_l{jQ |F (L + 0+ it)|dt)? is
1/2 1 . a 1/2 1 ‘ f(p) B g
S E / E(U)‘F<§+U+Zt)‘2dt =K / ’F(U)(§+U+Zt>’2E H |1—m‘ th .
—1/2 —-1/2 ; 1/lo| p
min{X,e }
<p<X

Using Euler Product Result 1, the expectation of the second product here has size
<L exP{d_ in(x e/l <p<x #} And under the assumptions of Multiplicative Chaos
Result 3, this sum over primes is empty unless 1/log X < o <1/ log®?! X', in which case
the sum is Y- /6, x plTlQ(, <O /ocpex pﬂ% < Uf:f/g =dt < 1 by Chebychev’s
estimates for primes.

It will now suffice to establish the claimed bound for E(f_liz |F)(1/2 40 +it)|?dt)?.
In fact it will suffice to do this for 2/3 < ¢ < 1, since the result for smaller ¢ then follows
by using Hélder’s inequality to compare with the case ¢ = 2/3. This bound follows as
in the proof of the upper bound part of Theorem 1 of Harper [12], taking k = 0 there
and with the length z/¢ of the Euler product replaced by min{X, e!/I?/} (note that the
shift ¢ now makes no difference to any of the calculations, since the logarithm of the

length of the Euler product F(@)(s) is < 1/|a]|).
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In the Rademacher case we cannot restrict to N = 0, but can perform the same ma-
nipulations as before to replace F(s) by F(°)(s). The desired bound for E( ]{[lel//; |F@)(1/2+
o+it)|*dt)? again follows as in the proof of the upper bound in Theorem 2 of Harper [12],
noting that the restriction to |N| < (loglogz)? imposed there may be relaxed to

IN| < 1og' X (and in fact relaxed much more) without changing the proofs. O

The key feature here is the denominator 14 (1—¢q)+/loglog X. A direct application of
Holder’s inequality, upper bounding the ¢g-th moment of the integral by the ¢g-th power
of the first moment, would produce an analogous bound but without this saving.

We shall also require lower bounds for quantities like f_IﬁQ |F(1/2 + it)|*dt. The
upper bound in Multiplicative Chaos Result 3 is sharp (see the author’s paper [12]),
so comparing the order of the moments with ¢ = 1/2 and ¢ = 3/4 (say) implies that
fjﬁQ |F(1/2 + o + it)|*dt > % with positive probability. But we need a
lower bound that holds with probability very close to 1, and deducing that will require
more work. To avoid technical irritations that would arise in the Rademacher case when
handling ¢ close to zero (because in that case the distribution of (f(n)n=%),cy is not the
same for all ¢ € R), we shall actually focus on lower bounding fll/; |F(1/2+ o +it)|?dt.
Multiplicative Chaos Result 4. Let f(n) be a Steinhaus or Rademacher random
multiplicative function. Then uniformly for all large X, all —1/log X < o < 1/1og”" X

(say), and all 1 < W < (loglog X )1 (say), we have

1/2 1 min{log X, 1/|o|}
P F(1/2 ) |dt > ’ >1—0(e ).
(/1/3 P12+ 0 i)t > B 0 ) 51— et

Proof of Multiplicative Chaos Result 4. To obtain a probability bound that is close to
1, the key issue is to first extract the contribution to F(1/2 + o + it) from “small”
primes, which doesn’t vary much as t varies so shouldn’t be analysed in the same
way as the large prime contribution (which “averages out” more over the integral).
Simultaneously, we will extract the contribution from any primes larger than e/l
which is insignificant (killed off by the shift by ¢ in the real part) as in Multiplicative
Chaos Result 3. Following these reductions, we will be able to analyse the contribution
from the remaining “medium” primes by adapting the proof of Key Proposition 5 of
Harper [12].

More precisely, let B denote a suitable large constant, and let us temporarily set
X := min{X,el?l}. Then we let A/ denote the largest natural number for which
x> e qoting that log(X¢ ™) < eV and that N = loglog X — W — B+ 0(1) =
loglog X. Finally, in the Steinhaus case we define F™d(s) := [Tvenpen(l— 1@)y-1

pS
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and define £ to be the random subset of [1/3,1/2] consisting of points ¢ for which

log X\ " flp) . _logX R .
(ej+W) < H |1—#] 1§W(loglogX—j—W) 2 V0<j<N-L

Xe*N <p§X€7j
Then by the Cauchy—Schwarz inequality, ff/; |F(1/2 + o +it)|*dt is always

([ |[Fmed(1/2 + o + it)|*dt)?

T FE 124 o+ it)2 T _n 1= A Pt
or X<p<X

/\F 1/2 4 o + it)|?dt >

(2.1)

(Notice the exponent of the extra Fuler factors in the denominator is 2, rather than -2.)
The definition of the random subset £ only involves the f(p) for primes occurring in
Fmed)(5). Thus by independence of the different f(p), the expectation of the denomi-

nator in (2.1) is = fll/; Elcp| F™eD(1/2+ 0 +it)]? 'EHp<X€_N |1— 1/2”(+’j,+lt 2dt, which
. or X<p<X
is
1/2
< / Bl | FOeY(1/2 + o +it)|? - exp{ Z 1+20
1/3 ety
or X<p<X
v 12 1 1/2 1
< log(xe ™) / E1t€£|F<med>(§ + o +it)|2dt < ¥ / E1t€£|F<med>(§ + o + it)|?dt.
1/3 1/3

So by Markov’s inequality, that denominator will be less than eV 11/32 Elyep|Fed (1/2+

o +it)|2dt with probability > 1—O(e %!W). We also note, for use in a short while, that

1/2 1 1 1 log X
Elep| F®™V (= + o+ it)|Pdt < ——e = &
/1/3 t€£| (2 0Tt )| \//\—[ Xp{ Z p1+20} W lOg IOgX,

xe N op<x

which follows by combining Lemma 4 of Harper [12] (with the length x'/¢ of the Euler
product there replaced by X, and with ¢ shifted to zero using translation invariance in
law for Steinhaus Euler products) with Probability Result 2 of Harper [12].

To obtain a lower bound for the numerator in (2.1), we shall compute the variance

2
E(/ |F(med)(1/2+a+it)|2dt—]E/ |F(med)(1/2+a+z’t)|2dt>
L L

2 2
= E(/|F(med)(1/2+a+it)|2dt) — (]E/|F(med)(1/2+a+it)|2dt>
L L

1 , 1 ‘
= //Elte£|F(med)(§ +o +zt)|21ue£|F(mEd)(§ + 0 + du) |*dtdu —

1 2
— (IE/ |F(med)(—+o+it)|2dt> :
c 2
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When [t — u| > e”"/4, the second part of Lemma 7 of Harper [12] (applied with z'/¢
replaced by X', and t replaced by t — u, and combined with the slicing argument from
Lemma 4 of Harper [12]) implies' that EL;es| F™D (1 40 +it)|?Lye |F™Y (L + 0 +iu)|?
is

=(1+ O(eW/4))E1t€£|F(med)(% + o +it))?- Eluel;]F(med)(% + o+ iu)|?.

(This decorrelation estimate is where the fact that F(™9(s) only involves primes larger

UVlu=tlis crucial.) Meanwhile, working

than e ', ie. significantly larger than e
through the proof of Key Proposition 5 of Harper [12] (with the length = of the Euler
product there replaced by X, and with V' =1 and ¢ = 2/3 say), systematically extract-
ing the part of |F(med)(% + o 4 iu)|? involving primes < e'/I*~ and bounding this using

the definition of the random subset £, we find the contribution to the double integral

from points ¢, u with |t —u| < e”"/* is
1/2 log? X 1
< / / min{log X', —— }du +
1/3 ( lu—t|<1/log/3 X e3W (log log X)* { lu — t|}
2 2/ 2 2 2/ 2
+/ log® X - log*(.27) et log® X - log (m)du o
1 4 _
e ¢*" loglog X - |u — t| log" (Gwriy=) chuew € loglog X
log? X log® X - W? logx  W? log?x  W?

<

e3W (loglog X )3 + e3W log log X + e2W loglog X eW/4 < e2W log log X eW/4’

So combining all the above calculations with the fact that fll/; Elep|F™D (1 + 0 +

it)|2dt < m}%’ we have shown that the variance of [, [F(™d(1/2 + o + it)|?dt is

logx  W?
e2W loglog X eW/4

1 2
< WA (E/ ’F(nﬂed)(5 + o0+ it)|2dt> +
L

W2 me 1 . ?

Combining this good variance bound with Chebychev’s inequality, we deduce that
J [P (1/2 + o 4 it)[2dt will be > (1/2)E [, [FED(1/2 + 0 + it)|*dt > 52—
with probability > 1 — O(W2e=W/4).

Inserting our bounds for the numerator and denominator into (2.1), we conclude as
desired that with probability > 1 —O(e=%W) — O(W?2e="/*) = 1 — O(e=*W), we have

1/2 (e l/i?g)f X>2 log X
|F(1/2 + o +it)[Pdt > ——=55 = :
/1/3 e lﬁc%g/fog)( e21W/loglog X

IStrictly speaking, to obtain the exact decorrelation estimate claimed here one should slightly change
the definition of the random set L, so that the event ¢ € £ can be exactly sliced up into events of the
form treated in Lemma 7 without any error at the boundaries. Making this boundary change wouldn’t
affect any of our other calculations, but would make the definition of £ much messier to write, so we
leave this to the careful reader.
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In the Rademacher case, one performs the analogous calculations with the Rademacher

Euler products Hp(l + Lf)) When computing the expectation of the denominator in

p
the analogue of (2.1), one obtains a factor exp{} e %@ﬁogm} from Euler

or X<p<X
Product Result 2 in place of eXp{ZpSXE_N7 Iﬁ} However, when 1/3 <t < 1/2
or X<p<X
the second part of Number Theory Result 2 (along with Abel summation to remove

cos(2tlogp) -

~27) implies the sum of all the terms =z 18 O(1), which doesn’t alter

the factor p
anything. The other calculations also go through (using e.g. Lemma 5 of Harper [12]
instead of Lemma 4), up to changes of the same kind.

O

3. PROOF OF THE MAIN RESULT

We are now ready to prove our main result, Theorem 2. The proof is in four parts:
firstly we shall use our Gaussian approximation and comparison tools, together with
some of the multiplicative chaos calculations already performed in section 2, to com-
plete the proof except for obtaining suitable bounds for the covariances of our random
variables; then we shall use our analytic number theory tools, and a little calculation
with random Euler products, to find a more convenient expression for those covariances;
thirdly we shall use more of our multiplicative chaos calculations to show that (with
high probability) we can impose a strong “barrier” condition inside the covariance ex-
pression; and finally we obtain acceptable covariance bounds by combining the barrier

condition, moment estimates for random Euler products, and some new arguments.

3.1. Reducing the proof to covariance estimates. Firstly we work in the Steinhaus
case. We are going to investigate the distribution of the sums > __ f(n), for numbers
z of the form X%7e?>™ and 0 < r < 2(log X)/(217). Thus all of these z-values satisty
X8 < g < X8/TH4/20 — X4/3 and using multiplicativity we can break up the sums as

dfm)y= > f) > fmy+ > fn).

n<x X<p<z m<z/p n<ax,
n is X smooth

We do not wish to work much with the part of the sum over X-smooth numbers (i.e.

numbers with all their prime factors < X'). To remove this, we simply note that

2log X
E#{O <r< 201g | Z f(n)] > VX872 (log logX)O‘Ol}
T

7’L<X8/7627TT7
n is X smooth
| anXsﬁeQ’"7 f(n>|2 IOgX
< Z E n is X smooth < ’
- X8/7e277r (log IOg X)0.02 (IOg lOg X)0.02

0<r<2(log X)/(217)
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using linearity of expectation and an easy second moment bound. So by Markov’s
inequality, with probability > 1 — O((loglog X)~%%) there will exist a random set R C
{0 < r < 2(log X)/(217m)}, with cardinality at least 2(log X)/(227) = (log X)/(117)
(say), such that

| Z f(n)| < VX872 (loglog X)) VreR.

TL.SXS/7627TT7
n is X smooth

Note carefully that the sums over X-smooth numbers only depend on the random
variables (f(p))p<x. Thus the probability 1 — O((loglog X)~%%2) is over all realisations
of (f(p))p<x, and the random set R only depends on (f(p)),<x (and in particular is

independent of (f(p))x<p<xis3).

Now we condition on the values (f(p))p,<x, and for z = X®¥7e>™ and r € R we
consider the distribution of > _ . f(p) >_,.<,/, f(m). To simplify the analysis, we
shall only investigate the real parts of these sums (if we can find a sum with real part
significantly larger than y/z(loglog X)*°!, then " __ f(n) will have large real part and
so large absolute value). Note also that x/p < X473/X = X'/3 in the inner sums, so
having conditioned on (f(p)),<x these inner sums become fized.

To simplify the writing, we let P denote probabilities conditional on the values
(f(p))p<x, and let E denote the corresponding conditional expectation, and let X :=
{X8/Te2™ . r € R} (so X is a random set, but only depends on (f(p)),<x and be-
comes fixed having first conditioned on those values). Then applying Normal Ap-
proximation Result 1 to the sums %ﬁ > x<p<e f(P) D<) f(m) under the measure
P, we find that for any v € R and any small n > 0, the conditional probability

Blmasyex RE Yy ey S(0) Sy Sm) < 0) i

< p@gzzgwn)m(% )DNEDIEE-DINITIEDS f(m)|2>

zYEX \| X<p<X4/3 m<x/p m<y/p

+o(% > <Z%| 3 f(m)|)3>- (3.1)

U X<p<X4/3 zeX m<z/p
Here the Z, are jointly normal random variables, each having mean value EZ, :=

IEER\% > xep<a F(P) X<y f(m) = 0 (since the (f(p)),>x have mean zero and are
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independent of the conditioning), and with variances

2
EZ? = <§R— S fp) > f(m)>
X<p<lzx m<z/p

( Xx<p<a [(P) ZmS% f(m) + ZX<p§xﬁZ <z (m)
E N

X<p<z mS%

and with covariances EZ,Z, = #@ DX <pe XA/ %(ngﬁ f(m))(ZmS% fm)).

We would like to show that with high probability over realisations of the (f(p))y<x,
the “big Oh” terms in (3.1) will be small. To do this, we can first upper bound the
sums over X’ there by sums over all points z = X®7e?™ with 0 < r < 2(log X)/(217).
Then using Hoélder’s inequality and bounds for integer moments of Y f(m) (see e.g.
Theorem 1.1 of Harper [10], although weaker and simpler bounds would suffice here),
and the fact we sum over < log X values of x, we find the expectation of those “big
Oh” terms is

Sy - JEI D FamIEl 3 fm |4+—Zlog X2 Bl Y fm)
" Ty X<p m<z m<y X<p m<z
<x4/3 P <Xx4/3
i ifg il 3/2 1/4 w
< Q;y Xz@a:yppl o X + Xz@log XZ 3/2 log'* X <« s
\SX4/3 <X/

This is extremely small, in particular Markov’s inequality now implies that with proba-
bility > 1 — O(X_O ?) over all realisations of the (f(p)),<x, the “big Oh” terms in (3.1)
will be < lo%xOS < 3;1/4a say.

Next we want to use Normal Comparison Result 1 to understand P(max,cy Z, <
u+n) in (3.1). To do this effectively, we require more explicit estimates for the variances
EZ?2 and covariances EZ, Z,. We can obtain the first of these relatively straightforwardly

by combining known arguments with calculations we have already performed.

Proposition 1. Let f(n) be a Steinhaus or Rademacher random multiplicative function.
Then uniformly for all large X and X®" < x < X*3 we have L Do x<p<a | Zmzs f(m)]? >
- -p

10$X 1 ‘Zm<z ( )2%

Furthermore, for any 1 < W < (loglog X)) (say) we have

X7
1
2d >1- —0.1Wy
<logX/ |Zf ) 22 - 62 2VVVloglogX) Ofe )

m<z

> fm)?
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Proof of Proposition 1. The first statement, which is completely deterministic, follows

by an argument from the proof of Proposition 4.3 of Harper [10]. Notice first that

SO sk Y Ing S fm

X<p<z m<z/p X<p<x m<a:/p

2

- log:z:
r<(5%-1) z/(r+1)<p<z/r m<r

Here we have r < 2/X < x/2%* = 24 andso z/r—z/(r+1) = z/(r(r+1)) > (z/r)*?
and a Hoheisel-type prime number theorem in short intervals implies the above is

1 /vz/r ) 1 T 2
> 1dt fm)]? = / f(m)|?dt.
logxr§1< 2/ (r+1) >|Z ) logz Ju x/XJl 2

m<r m<z/t

Making the usual substitution z = a:/t this is all = 2= fltx/XJ | > <. f(m) 2L >

XHT-1 2dz z 2dz :
oex J1 | o FM) 5 > % 1 |Zm<z (m)[*%, and the claimed bound
follows on dividing through by z.
For the second statement, we can first lower bound log < 1 ]Zm<z f(m)|*% by

x1/7
xS 12 m<, f(m)PMW, which is

m is X smooth
dz
log X 22+42W/ logX |°

dz
WZ; flm S2+84W/log X 6W /X " Z fm
X smooth X smooth
Using Harmonic Analysis Result 1, we can further lower bound all this by
1 /1/2 1 /°° F(1/2 +21W/log X + it)
2mlog X'\ Ji/3 e J_o| 1/2421W/log X + it
where F'(s) is the Euler product corresponding to f(m) on X-smooth numbers. Now
the first integral is > fll/; |F(1/2 4 42W/log X + it)|* dt, and Multiplicative Chaos Re-
sult 4 implies that with probability > 1 — O(e~*'") this will be > - log X

2.1W42W /loglog X *
Furthermore, applying Multiplicative Chaos Result 3 with the choice ¢ = 2/3, say,

F(1/2+42W/log X + it)|?
1/2 + 42W/log X + it

(along with Hélder’s inequality to handle the tails of the integral,) we obtain that

2
oo | F(1/2421W/ log X +it) 2/3 -
E(f oo‘ 1/2421W/ log X +it dt) /3 s

2
dt) |

> > logpl Y f(m)P

S & /N+v2 PG+ a% P\ (o / PG+ A% i\
< +
N-1/2 1+ N2 |t|>log X t2

|N|<[log X

2/3 2/3
< Z (log log(|N| + 10))*/* log X < log X
|N|<[log X (1+ N2)28 Wy/loglog X W/loglog X ’

Then Markov’s inequality applied to the 2/3 power implies that with probability >

1 — O(e™2V), the subtracted integral [~ ’ f/ﬁﬁ%{é‘fg :Z;t) dt will be < —3WF1;E) ?X
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Finally we obtain, as desired, that -+ [; ] > o J(M)PE > %W\/ﬁ)g logX(42621'1W -
=) > W with probability > 1 — O(e7*"W) — O(e™) = 1 — O(e7 ") (as-
suming without loss of generality that T is large enough). U

Over the course of the next three subsections, we shall prove the following proposition

allowing us to handle the covariances.

Proposition 2. Let f(n) be a Steinhaus or Rademacher random multiplicative function,
let X be large, and for each v = X®/7e*™ with 0 < r < 2(log X)/(217) set

2log X 1 Z 1 _
L . 8/7 2mu . <
B, :={y=X""e" u< oNr | Ty Z <Zf( fm loglogX)OG}

X<p<X4/3 m<o m<¥

Then with probability > 1 — O((loglog X)~*1), we have max, #B, < log"” X.

Assuming the truth of Proposition 2, we now finish the proof of Theorem 2 in the
Steinhaus case. We assume, without loss of generality, that W < (1/30) log log log X is
large. We take u = Q(h)gelf—%()l/‘l in (3.1), with 1 a small fized constant, and seek an upper
bound for P(max,cy Z, < % +n). Recall that the variances and covariances
of the Gaussian Z,, as well as the set X', depend on (f(p)),<x-

If we let V := mingex EZ2 (which again depends on (f(p)),<x), we certainly have
At 0 <oy = L ). 02

TEX /EZ2

By Proposition 1, with probability > 1—0O(e” %) over all realisations of (f(p)),<x we

log 1 1/4
have V' > W, and so ﬁ(% +n) < v/0.5Ioglog X, say. Furthermore,
the Z,/+/EZ2 are mean zero, variance one, jointly normal random variables.

Plmax Z, < —— 5w

Now by Proposition 2, with probability > 1 — O((loglog X)~%!) over all realisations
of (f(p))p<x we have max, #B, < log”” X. If we have this bound, then we can greedily

select a subset X' C X, of size at least T@rx > (1+ 0(1))10g , such that
Zy Z 1/2)(loglog X)~96 2.2
Y < ( / )( 0g 10g ) < € < 1074 vx’y c X/, T 7£ v,

V < (loglog X)01 —

E

JEZ2 JEZZ| "
say. Here we used our lower bound #X > (log X)/(117) (holding with probability
1—0O((loglog X)~2) over realisations of (f(p)),<x), along with the fact that EZ,Z, =

#@ > xepextis RO ez f(M))(X2,,<u f(m)), and our upper bound assumption W <
(1/30) logloglog X. Once again, the set &’ depends on (f(p)),<x but is fixed having

conditioned on those values. Inserting all this into Normal Comparison Result 1, noting
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0.5loglog X < 1/1.99log(#AX"), we see the right hand side of (3.2) will be

Z, .
<P (Q%(x N7 < 1/1.99 1og(#2(/)> < e O™ X) (") ~1/50 « (log X)~3/500,

Collecting together the probability bounds for our various events, we have shown

1 2(log log X)'/4 0.01
P max R——— n) < — (loglog X )™
(OSTSQIQOEFX /X 8/Tg2mr KX;(#M f(n) < ol2W (loglog X)

1 2(log log X)/4 1
< PlmaxR——m— > flp) > flm)< +0
(TGR v/ X 8/7e2mr = sl el2w
Sx8/7627rr m—f
1 n 1 n 1 n 1 n 1 n 1 < 1
(loglog X)002 X027 00W T (loglog X)01 | XA 1og¥50 x 0 AW
which implies Theorem 2 since Z(h)gelf—%(w — (loglog X )00t > (logi‘;g#. O

In the Rademacher case, the argument is identical until the calculation of the vari-

ances and covariances. One finds (since taking the real part is now redundant) that

EZ% = % ZX<p§x(ZmS% f(m))? and EZ.2, = \/Lfy ZX<p§X4/3(Zm§% f(m))(ZmS% f(m)),

i.e. differing from the Steinhaus case by a factor of 2. This is unimportant in all the
subsequent calculations. The only other difference comes when taking the expectation
of the “big Oh” terms in (3.1), where one ends up with slightly different powers of
logarithms because the Rademacher moments involve different logarithmic terms than
the Steinhaus ones. This is also unimportant compared with the power saving one has

there, so the proof goes through in the Rademacher case as well. U

3.2. Manipulating the covariances. Our goal now is to obtain a more tractable

expression for the sums \/%Ty ZX<p§X4/3(Zm§% f(m))(ngg (m)) arising in our co-
variances, where X®7 < z,y < X*3. Unlike with the variances in Proposition 1, we
don’t have positivity here so there seems no obvious direct way to relate these sums to
an infinite integral average (to which we could apply some version of Parseval’s identity).

Instead, using the truncated Perron formula (see e.g. Theorem 5.2 and Corollary 5.3
of Montgomery and Vaughan [16]) we can write

1 144X3/4

s X1/2 loo X
5 210 =553 [ PO (2 S s X+

S

where F'(s) is the finite Euler product corresponding to our random multiplicative func-

tion f(m) on X-smooth numbers (say), and g(z/p) is 1 if the distance from z/p to

the nearest natural number is < X ~1/2

x, note that the “big Oh” term is < g(\%—f) + \/1&0401' Next, using Cauchy’s Residue

, and is zero otherwise. On our ranges of p and

((log log X)0-02

)



28 ADAM J HARPER

1+ X3/4
! x/p ds as

Theorem we move the line of integration and rewrite - f Ji s

1 /2+zX3/ 4 e

271—2\/_ 1/2—iX3/4
Y & 11 VE !

- ds + 0 =t / Flo+iXY| + |F(o —iX**")|)do),
27?2\/_ L2 ix3/4 Sp (X3/4(\/_ p> 1/2(| ( )| | ( )|> )

where the second line follows after upper bounding (z/p)? by 1+ (x/p). The integral

ds+0(\/_X3/4/ (IF(o +iX*) + \F(a—z‘X3/4)])(%)"da)

remaining inside the “big Oh” term, which doesn’t involve x or p, has expectation
< f11/2 VE|F (0 +iX3/4)|2do < /log X, so by Markov’s inequality it will be < log X
with probability > 1 — O(log’l/ X ) If this event occurs, then this entire “big Oh”
term will be < ﬁ%fi(\% + \F) < \[XO oT

Inserting the above expression for the sums up to z/p and y/p and summing over p,

we deduce that (with probability > 1 — O(log™*? X)) we have

%x_y S fm) (Y Fom) (3.3)

X<p<X4/3 m<2 m<¥

for all z and p.

X3/4 /X3/4 1/2+w> wm —it Z ot +
= ——dv
47?2 xS _xsa /24100 1/2 — it s 1+i(v—t)
o ¥ (g(§)+g(§) L1 )/X3/4 IF(} +zt)|dt+g(§)+g(1%) L1
X<p<X4/3 VAP pXO0O0L7 [ vsa |1/2 +it| X pX0-02

for all X¥7 < z,y < X*3. Again, the integral inside the “big Oh” term doesn’t depend

3/4 ./ i
on x or y, and has expectation < fXX3/4 Elﬁ/(;fl:r' OF ¢ < log3/2X so by Markov’s

inequality it will be < log? X with probability > 1 — O(log™"/? X ). If this event occurs,

then the “big Oh” term in (3.3) will be < log X > xep<xu3(9(x/p) +9(y/p)) + % <

log;X g;z + lg(goz,o)f < 1;%%0)5 (which is negliglbly small) for all X3/7 <z y < X*/3.

Next we want to clean up (3.3) further by restricting the ranges of integration. By

symmetry between v, ¢, the part of the double integral where max{|v|,|t|} > log® X is

XUR(1)2 4 i) |F(1/2 + iv)] 1
<</ i — " > W’dvdt-

_xsa Lt /max{t|,1og2x}g|vgx3/4 1+ |v] X< /3

As in all our earlier calculations, the expectation of this expression is crudely <«
X3/4
log X [ s/ 777 Jmaxithtog? x)<jui<xs/s T | 2ox<pextss preto=p | dvdt. Furthermore, ap-

plying the Cauchy—Schwarz inequality followed by Number Theory Result 1 (with a,
chosen to be n/logn when n is a prime between X and X*/®, and chosen to be zero

otherwise) and standard Chebychev-type prime number estimates, the inner integral
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over v here is at most

/ dv /X3/4 ‘ Z 1 2y < 1 1
- ) .
|v|>max{|t|,log? X} (1 + |UD2 —X3/4 leﬂ v) max{|t\, 10g2 X} lOgX

X <p<X4/3

log? X
Integrating over ¢, we obtain log X [ Ofog < W + log X f|t|210g2X Mﬁ <

loghl)%g)?. So by Markov’s inequality, with probability > 1 — O(log_l/ * X) we can restrict

the range of integration in (3.3) to max{|v|,|t|} < log? X, at the cost of a negligible

error term O(i’j}i}j’fi)

Finally we will show that with high probability, we can restrict the range of inte-
gration in (3.3) to the “near diagonal” portion where |v — t| < (log;gg—;()m, say. Using
Number Theory Result 2, the complementary portion of the double integral contributes

F(1/2 + )| |F(1/2 + it 1
< ol Je<log? X, | <1/—i— |v] Al (1/+ || ! v —t| longUdt'
jo—t|> gl X)

log X
In the Steinhaus case, the second part of Euler Product Result 1 implies this has ex-

pectation

1 1 1 1,41
, . — + log(2 + |v — t|) | dvdt.
\/—log // l‘\ lt(\ljglligmo L Jof 1+ Jt] v — 1] ( v — ] 2 D)

If |[v —t| <1 then 1 + |v| < 1+ [t], so the corresponding contribution to the integral is

log? X
< \/W folgog « HM)Q f(loglogx>1oo o Sh v < W Crudely, the double integral of

log? X log? X
log(2+|v—t|) is < k\)fl(l)og%( Oig X 1+\v\ fﬁozigxﬂoo Dy < % In the Rademacher

case, the expectation calculations are very sumlar except that the second part of Euler

Product Result 2 produces an additional term % inside the bracket in the double
v

integral. Again, if |[v +¢| < 1 then we have 1 + |v| < 1 + [t|, so the extra contribution
to the integral is

log? X log X

—d
¢—10g </ oy 1+|v / mm{!2|v| Al Toglog X)) 5™

Switching the order of the integrals, this is readily seen to be < %. So finally

in both the Steinhaus and Rademacher cases, Markov’s inequality yields that with
probability > 1 — O((loglog X)~?°), we can restrict to the near diagonal portion at the
cost of a negligible error term O((loglog X)~2).
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3.3. Inserting a strong barrier condition. Recall that in view of the calculations
performed in section 3.2, with probability > 1 — O((loglog X)~2°) the covariance ex-

pression \/%Ty ZX<p§X4/3(Zm§% f(m))(ZmS% f(m)) is equal to

1 F(% + 1v)z™ F(% + it)y "
) ———dvdt+0O((loglog X )~2°
472 |v|7|t(\1§1?g2;§7100 1/2+iv 1/2 —it 24 \ 1io—) WY +0((loglog X)™™)
lv—t| < B RE e — X<p<X4/

for all z,y as in Proposition 2. For orientation, we note that since v,t are so close and

since )y x/s m also decays in size quite rapidly once |v — t| > 1/log X, this

1 log? X |F(1/24it)|?

a X Jlog? x TI/2rap? (z/y)"dt, similarly as in

expression is (heuristically at least) ~
the discussion in the Introduction.

Our next objective is to edit the double integral even more, in preparation for our
final proof of Proposition 2. Unlike in section 3.2, which was mostly of a general complex
analytic flavour and where we had much room to spare with most estimates, these final
edits will invoke multiplicative chaos machinery from section 2.4 and be more delicate.

Applying Multiplicative Chaos Result 1 with the choice €' = (loglog X )3, say, we
find that for any given N € R we have

ng
el

. log X
[F5(1/2 +it(j))] < 5~ (loglog X — j)*(loglog X)* < =2~ (loglog X)°

for all 0 < j < loglog X —1 and all |t—N| < 1/2, with probability > 1—0O((log log X)~5).
Recall here from section 2 that Fj(s) denotes the partial random Euler product over
X¢7_smooth numbers, and t(j) denotes the sequence of increasingly coarse approxi-
mations to t. In particular, if we let D(¢) denote the event that |F;(1/2 + it(j))] <
logX(log log X)° for all 0 < j < loglog X — 1, and let D be the event that D(t) occurs
for all |t| < (loglog X)? (say), then the union bound implies that D holds with proba-
bility > 1 — O((loglog X)™*). Furthermore, the contribution to our covariance double

integral from those v, ¢ with max{|v|,|t|} > (loglog X)? is always

F(+iv)] 1 |
< —|F(z+1t ———|dtdv,
/(;Oglogx)2<|v|<log2X /|;)t|<(10gico’§))§)loo |]_/2 + /LU|2 | (2 )|| Z p1+’b v— |

X<p<X4/3

which crudely (and using Number Theory Result 2 to bound the prime sum by min{1, |v—t\+gX})

log log log X
has expectation < log X - W f|h|§(1°g112§§)100 | 3 x cpexiss yrimldh < Tl 52 -
Applying Markov’s inequality to this and using our bound for P(D holds), we find that

with probability > 1—0((loglog X)), the sum \/% ZX<p§X4/3(Zm§% f(m))(zmg% f(m))

Lpw) F (3 + iv)a™ 1pw F (3 + it)y " 1 log log log X
[v],|t|<(log log X)? . : E 1 d dt+ O(—)
(log 1 X)IOO 1/2 +w 1/2 —al X p +Z( log lOgX
ju—t|<dog e <p
°g §X4/3
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for all z,y as in Proposition 2. Here 1 as usual denotes the indicator function.

Finally we use Multiplicative Chaos Result 2 to strengthen the barrier condition
D(t). To ensure this result is applicable (and to guarantee that v,t always have the
same sign, which will slightly simplify matters in the next section), we note that the

portion of the double integral where min{|v|, |t|} < m (say) has expectation <

logloglog X logloglog X
lOgX 10glogX) meM ‘ ZX<p<X4/3 pltik |dh < (loglog X)2 so will be < loglog X

with probability > 1 — O((log log X)~1) by Markov’s inequality. Then if A(t) denotes
the event that

log X
~ e¥(log log X)1000

with probability > 1 — O((loglog X)™!) we have

%m_y S (S He) (S Fm) (3.4)

1 1 lo X
|F( +it)| < vV j <0.99loglog X, and |F( +it)| < (loglog X)° V j,

X<p<X4/3 m<% m<¥
Law) F (5 +iv)z™ L F(5 +it)y 1
= — //v| [t]<( loglogX - — Z —1+i(v—t) dudt +
AT ol > (log log X) - 1/2+ v 1/2 =P
|U t‘<(loglogX)100 §X4/3
L0 // 1p) L aw) faﬂS|F( + iv)| \F + it)| | Z dvdt + logloglogX
11/2 + iv| |1/2 it| pltitv=1) “loglog X

<X 4/ 3
for all x,y as in Proposition 2. Here the range of integration inside the “big Oh” term is
as in the main term, and we were free to omit the indicator functions 1p(,), 1p() from the

main term because when D holds, they are both identically 1. Again using the Cauchy—

Schwarz inequality, and the fact that f i< Gestog )10 |Z<)§(<17 |t < %
and f i< egtos 100 1> x<p m(v 5ldv < % (which follows by bounding the

<X4/3
prime number sums with Number Theory Result 2), we deduce that “big Oh” integral

1S

————dt.

log loglog X 1p() L aw) faI]S|F + 1) \// log log X)? +zt)|2

loglog X )2 2 _it2
IOgX S|E}|§g(logglo?g;X)2 |1/2 + ZU' (loglog X)2 |1/2 Zt|

By Multiplicative Chaos Result 2 and linearity of expectation we have

1oy L A@w) fails| F' (5 + 20) | log log log X )"
E/ D(v) LA() fails| (2 IE gy < 10g x (0glogloz X)
(loglog X)—2<|v|<(loglog X )? ‘1/2 + Z/U‘ IOg IOgX

Lp(w) law) sl F(3+0)* ;.
—2<w[<(log log X)2 |1/2+iv]2 dv is <

log X(l('ffgkl’f% with probability > 1 — O((loglog X)~!). Also, Multiplicative Chaos

so Markov’s inequality implies that f (log log X)
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. 0.9
ResultBimpliesE(f(loglogx)2 Mdt) < 3 Nl log )41 (fN“/QMdt) <

(loglog X)2 |1/2—it|? 1/2  |1/2—it|?

o : loglog X)2 |F(5+it)|? o . .. _
( /7li)gglg{gX) , SO f((lfglig)g ) —‘|1/2 Zt|2|, dt < —(1ogllo§))§)0-35 with probability > 1-O((loglog X )™

Overall we find that with probability > 1 — O((loglog X)~%1), the “big Oh” term in

log log log X log logX (log log log X)7 log X log log log X 1
(3 4) s < IOgX (log log X)0-9 (log log X )0-35 + log log X < (loglog X)0-61>

say.

3.4. Proof of Proposition 2. Using display (3.4) and the subsequent discussion, the

proof of Proposition 2 is reduced to proving an analogous statement for the double

. lA(U)F(%-l-’i’U)CCiv lA(t)F(%—H't)y*it 1
integrals [ [, =425, et o x<pexi/s pr—ndvdt, where

(log log X)1%0 !
log X '

In fact, for these integrals we will be able to prove something much stronger. However,

A= {(v,1) : (loglog X)™2 < [o]. || < (loglog X%, [v—t] <

due to the error terms already accumulated in proving (3.4), this does not lead to a

stronger statement of Proposition 2.

Proposition 3. For any large X and any natural number k < log"/* X (say), and with
the event A(t) and the set A defined as above, the following is true. With probability
> 1 — (loglog X) =2 we have

1A(v + iU) w 1A(t)F(% + it)y_it 1
max // : Z Tdvdt
o X8/ 7 o2 7X8/7 - 1/2 + v 1/2 —it T 1+i(o—t
2%
1 1 C'logloglog X L.
< logX <—1/3 Z T ( gI; gX & |F(§ + zt)‘th> +
log™/” X N|<(logTog X)241 + og N<t<N+1

1 k29
]{729 1 1 X 17\2k 2k
* logl/3 X (k™ (loglog X)) + ( (loglog X)989) ’

where the mazimum is over all 0 < r < (2log X)/(217) and the sum is over 0 < u <
(2log X)/(217), and where C' is a certain absolute constant.

Proof of Proposition 2, assuming Proposition 3. Using linearity of expectation and Fu-
ler Product Results 1 and 2, for all N we have E [,y [F(1/2 +it)]*dt < log X.
So by Markov’s inequality, for any given N we have fN§t§N+1 |F(1/2 + it)|?dt <
log X (loglog X)? (say) with probability > 1 — O((loglog X)™3), and by the union
bound this holds for all |[N| < (loglog X)? + 1 simultaneously with probability >

— O((loglog X)™1). Thus with probability > 1 — O((loglog X)~!), the left hand
side in Proposition 3 will be

<L log X
& (log (loglog X

1 k’291 1 X17 2k k29 2k
TX( (loglog X)™") +(—)989) ;

.1).

2k
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and so the maximal number of y for which the double integral is > Toglog X 10g + will be

1 k,29
< log X (W(k%(log log X)'*)* + (- )988)%)'

og (log log X

Choosing k = L%J to roughly balance the size of the terms in this bound,
og log log

we conclude that with probability > 1-0((loglog X)~') the maximal number of y with

the double integral > ; 1 + Wwill be < log”" X, say. Combining this with (3.4) and the

subsequent dlscusswn, Proposmon 2 follows. 0

Note that to obtain a strong bound for #B, in Proposition 2 (saving a power of
log X, as required to obtain large sets X’ in the subsequent deduction of Theorem 2), it
was crucial to take a high power 2k in Proposition 3. As the reader will see in the proof
of Proposition 3, this high power has the effect of boosting the saving produced by the

barrier conditions A(v), A(t) relative to the number of y values being summed over.

Proof of Proposition 3. Firstly, if we let Ay denote the subset of A for which N <
max{t,v} < N +1, then using Holder’s inequality we can upper bound the 2k-th power
in Proposition 3 by

- 2k
Z 1 // (V1 1) Law) F (5 +i0)a™ L F(5 + it)y Z 1 dodi
N2 +1 An 1/2 + 1/2 — 1t N p1+z(v7t)
- 2k
1 1A(v)F(l + iU)atiU lA(t)F(l —+ Z‘t)yfit 1
%]\D—l—l An 1/2 4w 1/2 —it X<z§(4/3pl+w t)

where the sums are over all —(loglog X)*>—1 < N < (loglog X)?, and C'is an absolute
constant (actually one can take C' = > y_ N++1 at this point). We will mostly
concentrate on bounding the contribution from N = 0. The treatment of all other N is
very similar, noting that the factor N2 + 1 inside the absolute values is the same size,
up to a constant factor, as the denominator (1/2 + iv)(1/2 — it).
Observe that for any tq, ..., 9, € R we have
1
I|t1 4+ oo+t — tpyr — o — tor] b

Z €2ﬂiu(t1+~~-+tk7tk+l7-~~7t2k) < mln{log X’
0<u<(2log X)/(21m)
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where || - || denotes distance to the nearest integer. So expanding the 2k-th power (in

the N = 0 case) and then performing the outer summation over y, we obtain a bound

1 1 2k 1 1
< 4%/ / / / F(= +t;)|Law,)|F (5 + v
0 0 |v17t1|§(10g12§§)100 ‘U2k7t2k|§(10g¥;§§)100 ]g t )| ( )| ( ])| ( J)|
2k
1 1
. E —— | - min{log X dvy...dvy,dty...dt
111 i) {log ’|]t1+...+tk—tk+1—...—t2k||} Lo BT T2k

J=1 X<p<Xx4/3

1 1
[1/2+iv] [1/2—it] "

Note that the dependence on z has already disappeared here, so the maximum over x

where the factor 4%* bounds the contribution from all the denominators

in Proposition 3 becomes irrelevant.
Now we take a fairly crude approach to simplify this complicated expression. In
the part of the multiple integral where ||t; + ... + tx — tpy1 — ... — tog|| > 1/log2/3X,

23 X Also discarding the indicator

say, we shall upper bound the minimum by log
functions 144, 14,;), and using the fact that H?il |[F(1/2 + it))||F(1/2 + iv;)| <
H?L |F(1/2 + it))|* + Hfil |F(1/2 + iv;)|?, and using the symmetry between the ¢

variables and v variables, we can bound this piece of the integral by

2%k
1
1
< 4% 10g?? X / / P2+ Y g ldvdt |
0 ‘1}—t|§ (logllog );)100 . p l v
og X<p<X /3
By Number Theory Result 2 we have |}y _ _xus m| < min{l,‘v_ﬂ+ogx}, SO

inserting this and integrating we can bound the above piece of the multiple integral by
2k

< log?? X Clofﬁz# fol |F(1/2+it)|?dt | . Summing the contributions of this kind

for all N produces the first term in the Proposition 3 bound.

It remains to work with the piece of the integral where ||t; 4 ...+t —tg11— ... —tog|| <

1/1og*3 X. On this portion we shall upper bound min{log X, L }

|‘t1+...+tk7tk+17..‘7t2k‘|
trivially by log X, but shall retain the information that we are only integrating over

a small subset of the range of integration. Since —k < t; + ... + & — tgp1 — .. —

tor < k, on this part of the integral we must have [(t; + ... + tx — tpo1 — ... — tog) —
m| < 1/ logz/ 3 X for some integer —k < m < k. Furthermore, since the v; must be
very close to the ¢; we also have |(v; + ... + vy — Vgy1 — ... — Vo) — M| < logQ%X +
2k (log log X)100 . .

( ig%{ )" < o 2/3X So upper bounding H L | F(1/2 4 1t) |1 g0 [ F(1/2 4 1v;)|

by HJ L Lagy) | F(1/24it; )|2+H 1A(v].)|F(1/2+wj)]2 similarly as before, and applying

the bound | ZX<p§X4/3 m\ < min{1, m}, and using the symmetry between
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v and t, we can upper bound this portion of the integral by

C'logloglog X o 9
logX( o X ;l;k/ HlAt)|F 1/2 +it)[*dty..dty,  (3.5)

where (for N = 0) I,,, is the subset of [0, 1]** where |(t; +... +tg —tgy1 — ... —top) —m| <
log22/3X‘

Since the behaviour of Hjil Law,)|F(1/2 + it;)|* depends on the distance between
the points t; (see e.g. Euler Product Results 1 and 2), we shall rewrite each integral

J;in (3.5) to make that information easier to extract. Thus we have

/ HlA |F 1/2+Zt )l dty...dty, = Z / HlAt)|F 1/2—}—@1& )|2dt1 dtgk,
I

o€Sym(2k) © "™ j=1
where I, ,, denotes the subset of I,,, for which t,) < t52) < ... < ty2r). And for each
o € Sym(2k), we can further rewrite

|loglog X | |loglog X |

/ HlA [ F( +zt)| dty.dty,= > Y / HlA(t |F( +zt)| dt;...dto,

Iom j— h1=0 hop_1=0 7 Lonm j=1

where I, n,, denotes the subset of I, ,, for which log 7 < to@r1) — to() <5 i
1 <i < 2k —1 (with the convention that, whenever h; = 0, the condition is instead
simply that to(it1) — tos) < @).

Next, for ease of writing let a(h) equal W if 0 < h < 0.99loglog X, and
equal (loglog X)® if h > 0.99loglog X. Then applying the definition of A(t) from

section 3.3, we can upper bound each integral f ;. by

|loglog X | |loglog X | 2k—1

> Y

h1=0 hor_1=0 j=1

2k—1

logX ~ |F(1/2 +ity(p)|?
hi))? toar))|? dty...dt
a(hy)) /Ia,h, | F( ‘H k)] H |F~ 172 + ity 1..-dlog,

where E] := min{hy, [loglog X —2logloglog X |}, say. (The introduction of f?] in place
of h; is a technical manoeuvre simply to ensure that we always have X e > elloglog X)*
which in particular is > 1000k°, so we can efficiently control some error terms in the
forthcoming calculation.)

Thus far all of our calculations have been deterministic, but now we shall exploit the
randomness of the Euler products. For definiteness we work first in the Steinhaus case.

We have
2%k—1 2%—1

—|— uf f(p) -
2 | | -2 |72
|F( "Ht (2k) )| I [ + Zt =7 l/2+zt 2%) - H H - 1/2+it (5 I

p<X p

Xe " <p<X
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and here the primes smaller than 1000k® only feature in the product corresponding to
to2k)- So using the independence of the f(p) for distinct primes p, together with the
fact that (by the second part of Euler Product Result 1) ETT ;o056 |1 1/2+—t0<2k)| R

log(1000%%), we deduce that the expectation of the products is

2k—1
6 _9 fp) =
< log(1000%°)E H - 1/2+zta(2k) N H H 1= 1/2+ito(j) I~

1000k <p<X h; p
Xe <p<X

Now we shall apply Euler Product Result 1 (and the independence of different f(p))
again to bound the expectation, this time exploiting the full uniformity of the result
and using the fact that all the primes involved are > 1000k° to control the “big Oh”

terms there. We obtain that the overall expectation is

2%—1
cos((ty) — to(y) 1o
< log(1000%°) exp{z Z +Z +2 3 S (o) — to() gp)}’
100213? 1<j<I<2k max{Xe_;L; ey p
Mex s Cpek

with the convention that when [ = 2k the term X e~Fak is omitted from the maxima.
Note that we can also omit all terms j,[ from the double sum for which h; = 0 or
h; = 0, since for those the inner sum over p is empty. Using both parts of Number
Theory Result 2, noting that all the differences t,(;) — t5(;) here are < 1, we can further
bound this expectation by

2k—1
1
< %% log X | | eli - exp E — — ;
{ , (tory — to(;)) max{ehilog X, e~ log X'} }

1<j<I<2k,
hj,hi#0

say, with the convention that ¢—har log X is omitted from the maxima when [ = 2k.
Continuing with our analysis, using the facts that max{e " log X, e " log X} >
max{e " log X,e " log X} and that t € I,1,, (so whenever h; # 0 we have to(iv1) —

hy;
to@i) = kfgx), we get a bound
2k—1 e
minye”s, e™
j=1 \<jareor, €70 T 1n, 20€"40 + o4 1y, 0€0
hj,hi#0

In the double sum, for fixed j we can break the sum over those j + 1 < [ < 2k with
h; # 0 into blocks, each containing as few consecutive terms as possible such that the
sum of e™ over each block is at least es. Then the total contribution to the l-sum from
the i-th block of terms is < 242 < 2 /i, so (since there are certainly at most 2k blocks)
the sum over [ is < 2 log(Qk) + O( ), and the full double sum is < 4klog(2k) + O(k).
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Note that although we wrote out the foregoing expectation calculations in the Stein-
haus case and for N = 0, things proceed exactly similarly in the Steinhaus case
for general N. In the Rademacher case, using Euler Product Result 2 in place of
Euler Product Result 1 one obtains the same terms along with an additional sum

2 Zl<g<l<2k > xe e Ty cpex COS((t”(”JF;”(”)lng) in the exponential. Applying Num-
]’hl max € , X € <p<

ber Theory Result 2 to this, recalling that we always have |t,) + t,)| < |N| +
1 < (loglog X)? and X > eloglogX)’ this additional sum may be bounded by

7> 1<j<i<or, _1}7 — . And since all of the ¢ variables have the
hj,hi#0 [to () +to(s)| max{e i log X,e" M log X'}

same sign (note that to ensure this when N = 0, we made a little use of the fact that
|t], [v] > (loglog X)~* in the definition of Ay), we always have [t,q) + to(j)| > tow) —to()

and this can be estimated in the same way as the existing sum in the exponential.

Putting things together, we have shown that the expectation of (3.5) is

C'logloglog X 2k
log X
< lopx (CEERES) Y

|m|<k o€Sym(2k)

|loglog X | loglog X | 2k—1 log X ~ 2k—1
Z Z H g (h]))Q/ eBleog(Zk)-l—O(k) IOgX H Ghjdtl...dtgk
h1=0 hop_1=0 j=1 I nm j=1

[loglog X| 2k—1

= log X (Ck*logloglog X)? Z (H

hi,...;hog—1=0 j=1

lOg X ~ Z Z dt2k

e |m|<k o€Sym(2k) Ionm

Note that the letter C' denotes different absolute constants on the first and second

lines. When estimating the inner sums here, recalling the definition of I, C I,

we always have the easy bound [, Lty dtﬂC < H% I(TOJ ;) Alternatively, for any

given 1 <[ < 2k we can upper bound fI _dty...dty, by

}7

h i+1 9
meas{t € [0, 1] oG —lo) < V] #1-1,1, |(ti+..+tp—tp1—...—top)—m]| < —
log log™° X
which (regarding the final inequality as a condition on t,(;) is all < o2 —— ~ H% ! (i;; ).
—1,

)

Combining these bounds, noting that summing over m and o produces another factor
k(2k)! < (2k)?* and that % < e(loglog X)? for all h; as well, we deduce that the
expectation of (3.5) is

loglog X| 2k—1

~ 1 log’ X
< log X (Ck*(loglog X )?loglog log X )?* Z (H a(h;)?) min {1, o8 }.

1<I<2k 2/3 v ehi—1t+h
hiyohae—1=0 j=1 log™" X

In the minimum here, we apply the convention that when [ = 1 or [ = 2k, the term

1 log? X . 1 log X 1 log X
og2/TX it 1 replaced by —— and o/ TX ant

m respectlvely.
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Finally, note that if h is a tuple in the multiple sum for which there exists some 1<
[ < 2k with logX < logl/GX and logX < logl/GX then min;<;<ox{1 } <

’log;QTX hl 1+hl
T?»X In thls case we can just apply the trivial bound HQZI a(hy)? < (loglog X )24
Alternatively, if h is a tuple for which no such [ exists then for at least half of all
1 <1 < 2k—1 we certainly have hy < by < 0.99loglog X, and so sz Ya(hy)? <
(W) (loglog X)12(+=1) < (W)%. Overall, noting also that the total
number of tuples h is ([loglog X | + 1)1 < (2loglog X)*, we deduce that the expec-
tation of (3.5) is

Ck**logloglog X
(CE*(loglog X ) logloglog X )?* + ( (Tog log X% )21<;) . (3.6)

Llog X | ——=—

s (logl/ 3X
One obtains a comparable bound for all —(loglog X)? — 1 < N < (loglog X)?, and so
527 S0 by Markov’s
inequality, with probability > 1 — (loglog X)~2* the part of our original integrals where
[ty + ..+t — tppq — ... — tog|| < 1/10g?? X will be at most (loglog X)?* multiplied by

(3.6), which (after simplifying the fractions a little) finishes the proof. O

a comparable bound when summing over N with the prefactor
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