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“What is not surrounded by uncertainty cannot be the truth.”
—Perfectly Reasonable Deviations from the Beaten Track
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Abstract

Interacting particle methods are widely used to perform inference in complex
models, with applications ranging from Bayesian statistics to applied sciences. This
thesis is concerned with the study of families of interacting particles which present
non-standard interactions. The non-standard interactions that we study arise from
the particular class of problems we are interested in, Fredholm integral equations of
the first kind or from algorithmic design, as in the case of the Divide and Conquer
sequential Monte Carlo algorithm.

Fredholm integral equations of the first kind are a class of inverse ill-posed prob-
lems for which finding numerical solutions remains challenging. These equations are
ubiquitous in applied sciences and engineering, with applications in epidemiology,
medical imaging, nonlinear regression settings and partial differential equations. We
develop two interacting particle methods which provide an adaptive stochastic dis-
cretisation and do not require strong assumptions on the solution. While similar
to well-studied families of interacting particle methods the two algorithms that we
develop present non-standard elements and require a novel theoretical analysis. We
study the theoretical properties of the two proposed algorithms, establishing a strong
law of large numbers and L, error estimates, and compare their performances with
alternatives on a suite of examples, including simulated data and realistic systems.

The Divide and Conquer sequential Monte Carlo algorithm is an interacting par-
ticle method in which different sequential Monte Carlo approximations are merged
together according to the topology of a given tree. We study the effect of the addi-
tional interactions due to the merging operations on the theoretical properties of the
algorithm. Specifically, we show that the approximation error decays at rate N—1/2
in the number of particles, establish a strong law of large numbers and show that

the approximations of the normalising constant are unbiased.

xii



Introduction

1.1 Context and Motivation

Interacting particle methods refer to Monte Carlo methods which approximate
non-linear processes evolving in time. The non-linearity of these processes induces
a natural interaction in the evolution of the particle approximation models which
interact in a mean-field sense, i.e. the particle system acts over one fixed particle
through the empirical measure of the system only (Méléard, 1996).

The study of interacting particle systems originated in the field of statistical me-
chanics with the work of McKean (1966); finding its main application in the study
of the dynamics of gases. In the mid-1990s interacting particle methods were intro-
duced in the filtering literature as a powerful tool to perform inference in non-linear
settings (Del Moral, 1996; Gordon et al., 1993). Their applicability widened over
the subsequent years to include general inference for state space models (Chopin
and Papaspiliopoulos, 2020, Chapters 10, 12), approximation of Bayesian posteriors
(Chopin, 2002; Del Moral et al., 2006a), rare event simulation (Kroese et al., 2013,
Chapter 10), optimisation (Borovykh et al. (2021); Finke (2015, Chapter 15)), in-
ference for differential equations (Wang and Wang, 2020). In recent years families
of interacting particles have also been used to describe interactions between neurons
(Baladron et al., 2012), social and financial interactions (Carmona, 2016) and game
theory (Lasry and Lions, 2007).

The main objective of this work is to study families of interacting particles which
present non-standard interactions. The particular interacting particle methods that
we study in this work arise from two different perspectives: the need for stable
numerical methods to solve Fredholm integral equations of the first kind and the

merging of different particle populations which characterises Divide and Conquer
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sequential Monte Carlo (Lindsten et al., 2017).

Fredholm integral equations of the first kind are the prototypical example of
ill-posed linear inverse problems in the sense that the solution is often non-unique
and unstable to small changes is the observed data (Kress, 2014). These integral
equations are ubiquitous in applied sciences and engineering; they model, among
other things, density deconvolution (Delaigle, 2008; Ma, 2011; Pensky et al., 2017;
Yang et al., 2020) and image reconstruction (Aster et al., 2018; Clason et al., 2020;
Zhang et al., 2019), find applications in epidemiology (Goldstein et al., 2009; Gostic
et al., 2020; Marschner, 2020), statistics (Hall et al., 2005; Miao et al., 2018) and
naturally arise as a counterpart to partial differential equations (Colton and Kress,
2012; Tanana et al., 2016).

A common technique to overcome non-uniqueness and instability is to consider
regularisation. However, solving the regularised problem remains computationally
very challenging. In most cases, an approximate solution is obtained iteratively
using a fixed discretisation of its domain (Burger et al., 2019; Chae et al., 2018a;
Green, 1990; Yang et al., 2020) or by assuming that the solution can be expressed as
a linear combination of basis functions (Islam and Smith, 2020; Jin and Ding, 2016;
Kopeé, 1993; Mead, 1986). While these assumptions are common, they are rarely
satisfied in practice.

In this work we show that interacting particle methods offer a valuable alter-
native to standard discretisation schemes and basis expansion for the solution of
Fredholm integral equations. On one hand, Monte Carlo methods require less strin-
gent assumptions on the solution of the integral equation, on the other hand the
convergence rate of Monte Carlo does not depend on the dimension of the domain
of the solution and is therefore suitable to tackle problems in higher dimension than
those normally dealt by deterministic discretisation.

The Divide and Conquer sequential Monte Carlo algorithm introduced in Lind-
sten et al. (2017) is a natural extension of a particular class of particle methods,
sequential Monte Carlo methods, in which several particle populations are merged
sequentially. While some preliminary work was done in Lindsten et al. (2017), the
algorithm’s theoretical properties remain underexplored. We extend some of the

results of standard sequential Monte Carlo to its Divide and Conquer version.

1.2 Overview and Contributions

This thesis is divided into two parts: in Part I we explore the use of interacting

methods to solve Fredholm integral equations of the first kind, while in Part II we
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focus on the theoretical characterisation of the the Divide and Conquer sequential
Monte Carlo (DaC-SMC) algorithm proposed in Lindsten et al. (2017).

In Part I the non-standard interactions arise from the particular class of problems
we are interested in, Fredholm integral equations of the first kind. We propose two
interacting particle methods to solve Fredholm integral equations: the first one is
a sequential Monte Carlo (SMC) algorithm whose weights are intractable and are
approximated using the particle population itself, giving rise to an additional layer of
interaction with respect to standard SMC algorithms. In the second case we describe
the solution of the Fredholm integral equation as the law of a process satisfying a
a particular mean-field stochastic differential equation (SDE), by discretising this
SDE we obtain a family of interacting particles.

In Part II the non-standard interactions arise from algorithmic design: Divide
and Conquer SMC evolves populations of particles on a tree, with independent
populations merging whenever two branches of the tree coalesce. This coalescence
step introduces extra-interactions which are not found in standard SMC algorithms.

Chapter 2 is foremost an introductory chapter to two families of interacting
particle methods: sequential Monte Carlo (SMC) and interacting particle systems
for mean-field stochastic differential equations (SDEs). Both families can be thought
of Monte Carlo approximations of a limiting object, Feynman-Kac measure flows
and mean-field SDEs respectively. We discuss the numerical implementation and

theoretical properties of both families.

Part T In the first part of this thesis we introduce and study the properties of
two interacting particle methods for solving Fredholm integral equations and we
demonstrate their performances on a number of examples. The main contributions
are in Chapters 4-7.

Chapter 3 is a brief introduction to Fredholm integral equations of the first kind
and serves as motivation for the following chapters. Fredholm integral equations are
ubiquitous in science and engineering and in this chapter we list some of their appli-
cations and review standard regularisation techniques for their solution. Particular
emphasis is given to maximum likelihood methods and Expectation Maximisation
(EM) algorithms.

In Chapter 4 we introduce a continuous version of the Expectation Maximisation
Smoothing (EMS) of Silverman et al. (1990) and discuss its properties and limita-
tions. In particular, we show that the continuous EMS map admits a fixed point in
the space of probability measures under mild assumptions and extend the results on

uniqueness of the fixed point for the discretised EMS to smoothing matrices with
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positive entries.
Chapter 5 introduces a sequential Monte Carlo (SMC) algorithm to approximate

the continuous EMS recursion. Our contributions are three-fold.

o We show that the EMS recursion can be interpreted as a Feynman-Kac measure
flow and use this connection to build a novel particle version of EMS which

does not suffer from the limitations of the original scheme;

e Since standard SMC convergence results do not apply, we provide an original
theoretical analysis of the algorithm and show that this Monte Carlo scheme

enjoys the usual 1/v/ N rate of convergence;

o We demonstrate the algorithm on toy models as well as realistic image recon-

struction problems.

Chapter 6 introduces a penalised maximum likelihood estimator for the solution
of the integral equation and shows how to use a gradient flow construction to ob-
tain a partial differential equation (PDE) whose solution maximises the penalised
likelihood. In particular, we establish that the gradient flow PDE admits a (unique)
solution under the conditions we consider.

In Chapter 7 we connect the gradient flow PDE with its corresponding stochas-
tic differential equation (SDE), discuss the numerical implementation and present

results on both toy models and real data.

Part I The second part of this thesis is concerned with the study of Divide and
Conquer SMC (Lindsten et al., 2017). In Chapter 8 we describe the algorithm and
extend some of the standard results for SMC to this algorithm. In particular, we
show that DaC-SMC estimators of both the unnormalised and normalised targets
are consistent and satisfy L, inequalities. In the case of the unnormalised target,
we also show that the estimators are unbiased, while in that of the normalised one,
we show that the estimators’ bias decays linearly with the number of particles. The
study of DaC-SMC, and in particular of the merging operations necessary to combine
two particle populations into one, lead us to study a class of Monte Carlo estimators
for multi-dimensional targets that we named product-form estimators (Kuntz et al.,
2021b). While product for estimators heavily feature in DaC-SMC their use is not
limited to this setting, and we anticipate that they could be embedded within more
complicated Monte Carlo routines to tackle the aspects of the problem exhibiting

product structure.
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1.3 Notation

We collect in this section the notation which will be used throughout this work.
For easy reference, we also provide a list of frequently used symbols on page 192

along with a list of abbreviations on page 193.

Sets and Vectors Let us denote by N the set of positive integers, and by R the set
of real numbers. We endow any subset H of R? with the Borel o-algebra B(H) with
respect to the Euclidean norm, and we endow any product space with the product

o-algebra. For a vector z € H C R? we denote by

d d 1/2
2l := Z || and |zl == (Z m|2>

i=1 i=1

the I; and Iy norm, respectively. We denote by x%. := (z%,..., 2%).

Functions Let the Banach space of real-valued bounded measurable functions on
H, endowed with the supremum norm, ||¢|/cc = sup,cm |¢(u)|, be denoted by By (H).
We denote by Cyp(H) C By(H) the subset of bounded continuous functions and by
BL(H) C Cy(H) the subset of bounded Lipschitz continuous functions endowed with
the bounded-Lipschitz norm

r)— Py
lollzz = [@lloe + sup 12L& =W
T#Y |z — yll2

For a set A € B(H) we denote by I(A) the indicator function taking value 1 on

A and 0 otherwise.

Measures Let M(H) be the Banach space of signed finite measures on (H, B(H))
endowed with the bounded Lipschitz norm (e.g. Dudley (2002, page 394))

/H n(da)e()

For ease of notation, for every measure v € M(H) and every ¢ € By(H) we

B(n) = sup : (1.1)

llellBr<1

denote the integral of ¢ with respect to v by v(p) 1= [ v(du)p(u).
We denote by M™(H) C M(H) the set of (unsigned) measures of nonzero mass
and by P(H) C M™(H) the set of all probability measures on (H, B(H)). For every
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n € P(H) we have

< sup [[¢lleon(H) < 1.
llellzr<1

(n) = sup
lellpL <1

/H n(da)p(z)

The 8 norm induces a metric on M (H)

B(psm) = B(p—mn) = sup
llellr<1

/H/L(da;)go(a:)—/mdx%@(af)

H

for p,n € M(H). This metric metrises weak convergence (Dudley, 2002, Theorem
11.3.3) in M(X): for every p € M(H) and sequence {jp }n>1 taking values in M(H),
B(n, ) — 0 is equivalent to un(p) — p(p) for all continuous bounded functions
v € Cyp(H).

Let us denote the set of probability measures with finite second moment on H
by

Pa(8) = {1 € PE0): [ p(a)lel} < oo

and we define the 2-Wasserstein distance on this set

well(p,v

Wa(p,v) := ( inf )/Hx—yH%W (d(x,y))>1/2

where II(p,v) is the set of all possible couplings between p and v. We denote by
P4¢(H) C P2(H) the subset of these measures which is absolutely continuous w.r.t.
the appropriate Lebesgue measure.

For any v € M™*(H) and any positive function G which is integrable with respect
to v we denote by ¥¢(v)(dz) the Boltzmann-Gibbs transform

Va(v)(de) = G(z)v(dz).

v(G)

For each w € ), we obtain a realisation of the particle system with N particles
at time n and a corresponding random measure denoted by 7Y : w € Q — N (w) €
P(H)

1
M @)() = 5 D dxayien():

where we suppress from the notation the dependence of X! (w) and Y!(w) upon N,
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as we shall throughout in the interest of readability.

Operators For every operator O acting from M (X) into itself we define the op-

erator norm

BOv)
Bv)

101l =sup { 225 2 € ), 6109 20}

For bounded linear operators, we have the equivalent definition
| Ollop =sup{B(Ov):ve MX), B(v)=1}.

A Markov kernel M from H to H induces two operators. One acts upon measures
in M(H) and takes values in M(H) and is defined by

Wy e MH) vM() = /H v(du)M (u, )

and the other acts upon functions in B,(H) and takes values in By(H) and may be
defined as

VueH VoeBy,(H) M(p)(u)= /HM(u,dv)np(v).



Interacting Particle Methods

2.1 Introduction

Interacting particle methods are a family of Monte Carlo methods which approx-
imate a probability distribution through an interacting population of (weighted)
samples evolving over time. We focus here on particle systems interacting in a
mean-field sense, that is systems in which each sample interacts with the rest of the
population through the empirical measure of the system (Méléard, 1996).

We introduce two classes of interacting particle methods, sequential Monte Carlo
(SMC) and interacting particle systems for mean-field stochastic differential equa-
tions (SDEs). Broadly speaking, both classes are Monte Carlo approximations of
limiting processes, sequential Monte Carlo algorithms can be seen as mean field ap-
proximations of an appropriate Feynman-Kac measure flow while mean-field SDEs
are the population limit of a family of interacting particles.

Sequential Monte Carlo (SMC) methods allow to approximate distributions and
integrals with respect to those distributions through a population of weighted sam-
ples (or particles). After their introduction in the context of filtering for state-space
models in the seminal works of Gordon et al. (1993) and Del Moral (1996), SMC
methods have been growing in popularity and have found application in a wide
range of fields, including posterior approximation (e.g. Chopin (2002)), smoothing
for state-space models (e.g. Del Moral et al. (2009), Briers et al. (2010)), parame-
ter estimation (e.g. Kantas et al. (2015)), Bayesian model comparison (e.g. Zhou
et al. (2016)), maximum likelihood estimation (e.g. Finke (2015, Chapter 6) and
references therein). A book-length introductory treatment is given in Chopin and
Papaspiliopoulos (2020).

Mean-field SDEs are stochastic differential equations whose coefficients depend
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not only on the process itself but also on its distribution. The evolution of the process
solving the SDE is approximated by considering several copies of the SDE which
interact through their drift and diffusion coefficients where the empirical distribution
of the copies approximates the distribution of the solution. Originally introduced to
study the dynamics of gases (McKean, 1966; Méléard, 1996), mean-field SDEs also
find wide applications in the theory of mean-field games (Lasry and Lions, 2007)
describing large scale social and financial interactions (Carmona, 2016; Carmona
et al., 2016), in neuroscience, to describe the interactions between neurons (Baladron
et al., 2012) and in the analysis of the limiting behaviour of neural networks (e.g.
De Bortoli et al. (2020) and references therein).

In the first part of this chapter, we briefly review the fundamental ideas of
Feynman-Kac measure flows and their approximation via sequential Monte Carlo.
The connection with Feynman-Kac measure flows is particularly convenient, as it
allows to study the properties of a wide range of SMC algorithms (Del Moral, 2004,
2013). We present selected results on the convergence of these Monte Carlo algo-
rithms, and a number of algorithms which fall into the broader class of sequential
Monte Carlo methods, with particular focus on works related to the topic of this
thesis. In the second part of this chapter we introduce mean-field SDEs, their numer-
ical implementation and corresponding theoretical properties with particular focus

on the results which will be relevant in the development of this work.

2.2 Feynman-Kac Measure Flows

Feynman-Kac measure flows are a class of mathematical models used to describe
the evolution of a sequence of measures through time. These models can be defined
both in continuous and in discrete time, but, for the sake of brevity, we will only
discuss the discrete time formulation as this is the only one needed in the develop-
ment of this thesis. A comprehensive review of the discrete case can be found in
Del Moral (2004, 2013), while the continuous case is studied in e.g. Del Moral and
Miclo (2000).

Consider a collection of measurable spaces (H",H,), n € N. For simplicity,
we assume that H™ is endowed with a separable topology, so that we can select
H, to be the Borel o-algebras B(H"), n € N. Let us denote the set of signed
finite measures on (H", B(H")) by M(H") and the set of all probability measures
on (H", B(H")) by P(H") C M(H") for all n € N. Let the Banach space of real-
valued bounded measurable functions on H, endowed with the supremum norm,

ll¢lloo = sup,em |@(u)|, be denoted by By (H). For ease of notation, for every measure
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n € M(H) and every ¢ € B,(H) we denote the integral of ¢ with respect to n by

n() == Jgn(du)p(u).
A sequence of probability measures {1, (21.,,) }n>1 of increasing dimension defined

on the measurable spaces (H", B(H")),>1 follows a Feynman-Kac evolution flow if
N (A1) X 1 (dX1m—1) My (Xn—1, A2y ) Gp(xy) (2.1)
where M,, are Markov mutation kernels
M, :H x B(H) — [0,1], M, : (z1.m-1,A) — My (21.0-1, A)

and Gy, (z,) are non-negative potential functions which are integrable with respect
to 1y, for all n > 1 (Del Moral, 2004, 2013).

Recursion (2.1) can be decomposed into two steps. In the mutation step, a
new state is proposed according to M,,, the resulting distribution is the predictive
distribution. In the selection step, the proposed state is weighted according to the

potential function G, the weighted distribution is the updated distribution:

Prediction: M (dz 1) X Gp—1(dX10—1) My (T10—1, dy)
Update: N (dx1.) X N (dz1:0) Gr ().

It follows that the predictive distributions {n,(dz1.,)}n>1 satisfy the recursion

77n+1(dx1:n+1) X nn(dxlzn)Gn (l‘n)Mn+1 (xlzna danrl)- (22)

It is easy to show that (2.1) and (2.2) describe the same evolution model, and that
analysing (2.1) is equivalent to analysing (2.2) (Del Moral, 2004, Proposition 2.4.1).

Of complementary interest is the unnormalised flow of the updated distribution,
Yn € MT(H")

’A}/n(dxlzn) = /?nfl(dxlznfl)Mn(xlznfb dmn)Gn(wn) (23)

with 7, (dz1.,) = ﬁn(dxlm)/ZAn and Z,, = An(H™) denoting the normalising con-
stant of 7, (dz1.,). In particular, the integral of ¢(z1.,) = 1 with respect to the

unnormalised flow provides the normalising constant 2, = 4, (1).

Remark 2.1. Our notation slightly differs from that of Del Moral (2004, 2013) as
we denote the joint path-space distribution, i.e. the distribution of x1.,, by n, and

its unnormalised version by 7,. On one hand, this choice reduces the amount of

10
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notation introduced, on the other hand, in the remainder of this work we are mostly
interested in the marginal distribution at time n that we denote, with a slight abuse

of notation, by n,(dz,).

A wide class of models satisfy (2.1). We present here two classical examples, one

from statistical physics and the well-known filtering problem for state-space models.

Example 2.1 (Particle absorption models). Consider a particle evolving on the
measurable space (H", B(H")) to which a cemetery state {c} is added, so that when
the particle reaches the cemetery state it is killed. The evolution of the particle
is described by a Markov chain {X},>; with transition kernel M, and a killing
probability 1 — G, (z) with Gp,(x) € [0,1] for all z € H. Assume the particle is
at location X, at time n, then with probability 1 — G, (X,,) it is killed, otherwise
the particles moves to X,+1 ~ M,11(Xy,). If we denote by T the first time at
which the particle enters the cemetery state, then the law of (Xi.,) conditioned on
T > n is described by the Feynman-Kac flow (2.1) while the normalising constant
Z,, corresponds to P(T > n), the probability of the particle surviving up to time n
(Del Moral, 2013, Section 7.1.1).

Example 2.2 (Filtering for State Space Models). Consider a discrete-time Markov
process { X, }n>1 such that

Xp~ m (561) and Xn ’ (Xn—l = xn—l) ~ f(xn—l,in)a

where f(2/,x) is the probability density associated with moving from 2’ to z, and a

sequence of conditionally independent observations {Y;, }n>1

Yo | (Xn =) ~ g(yn | 2n),

where g is the likelihood of observation y, given the latent state x, (e.g. Doucet
and Johansen (2011)). The distributions of interest are the filtering distributions,
i.e. the laws of the hidden state, X, at time n, given observations y1.,, Mn(dz1.n) =
p(dxi.y | y1m) for each n > 1. These distributions satisfy the Feynman-Kac flow
in (2.1) with M,, = f and G,, = g. The unnormalised flow (2.3) describes the
evolution of the marginal likelihood Z, = P(Y1:n)-

2.3 Sequential Monte Carlo Methods

Sequential Monte Carlo (SMC) methods approximate 7, and 7, for n > 1
through a particle population. The population consists of a set of N weighted parti-

11
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o M, G
(X0, W) (K h) —— (X&) ———— (XL W)
o - M, Gy .
(Xioi W) 1( JH,%) s (X ) ——— (X0, W)
N My, N 1 Gn N 7N
(Xn 17Wn71)_ _(Xn 1 N) — (Xn 7N) E— (Xn an )
Resampling Mutation Reweighting

Figure 1: Evolution of the particle population in SMC.

cles {XI, WiN | evolved in time according to the dynamic in (2.2). The evolution
has two fundamental steps: mutation according to M,, and selection via the poten-
tial function G,, and a resampling mechanism In the mutation step, the equally
weighted population at time n — 1, { _1> N}Z 1, evolves into the population at
time n, {X}, %}, where M, (X

! _1,dzy) is a Markov kernel. In the selection step,

the fitness of the new particles is measured through G,,, which gives the weights
Gn(X})
3501 Ga(XHh)

T _
.=

(2.4)

The new particles are then replicated or discarded according to the Boltzmann-Gibbs

transform associated with the potential G,,

\I}Gn(nnxdxl:n) = Gn(xn)nn(dxlzn)~

nn(Gn)

The equally welghted population at time n, { L N}l 1, is obtained by resampling
from {X? Wil i-,. Resampling consists of selecting with replacement NN particles
from { X7} | to get N equally weighted new positions {)Z}l}fvzl There are a number
of options for the selection mechanism. We review some of them in Section 2.3.1.

Figure 1 gives a schematic representation of the evolution of the particle popula-
tion from time n—1 to time n. Iterating this simple mutation-reweighting-resampling
scheme gives Algorithm 1, often called sequential importance resampling (SIR). The
SIR strategy is the basis of every SMC algorithm.

At each time step n, the particle population provides estimators of both the
predictive distribution 7,, and the updated distribution 7,,. The predictive distribu-
tion n, is approximated through the distribution of the particle population after the

12
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Algorithm 1: Sequential Importance Resampling (SIR)
At timen =1
1 Given 7;: Sample X! ~n fori=1,...,N
2 Compute the the normalised weights (2.4) fori=1,..., N
At time n > 1
3 (Re)Sample {X{ |, W}} to get {Xln 1 N} fori=1,...,N

4 Sample X} ~ M, (X’ | -) and set Xi, = (X! ,, Xi)fori=1,...,N

n—1°

5 Compute the the normalised weights (2.4) fori =1,..., N

mutation step
T]n (dx1.g) = Z(SXZ (dx1.4),

while the updated distribution 7, is approximated by both the distribution after the
reweighting step
Sy Gu(X1)dxy (da1p)

N _ n
Ve, (V) (darm) = Y G (x) : (2.5)

and the distribution after the resampling step

dl‘ln = i dl‘ln (2.6)

ln

||M2

The approximation (2.5) is usually preferred to (2.6), as the variance of (2.5) is
smaller than that of (2.6) as a consequence of the Rao-Blackwell Theorem (Blackwell,
1947; Rao, 1992). Algorithm 1 also provides estimates of the normalising constant
Z,

n N
and of the corresponding unnormalised flow 4. (dx1.,) = ZA,]LV AN (dx1.0).

2.3.1 Resampling

Resampling is a key idea in SMC, since the introduction of a resampling step,
despite increasing the variance at time n, leads to more stable approximations in
the long run and avoids path degeneracy (Douc et al., 2005). Broadly speaking, a

resampling scheme is a selection mechanism which given a set of weighted samples

13
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{X Wi | outputs a sequence of equally weighted samples {)N( ¢ 1/N}Y, in which
foralli=1,...,N Xt = X for some j.

Several resampling mechanisms have been considered in the literature. We con-
sider the most widely used class of schemes, those in which the selection mechanism
is random and the expected number of copies of X is proportional to W; for each
i =1,...,N (Douc et al., 2005). In particular, we focus on multinomial resam-
pling (Gordon et al., 1993) and adaptive multinomial resampling (Liu, 2008, page
35). This choice is motivated by the following observations. First, many theoretical
results (e.g. the central limit theorem of Chopin (2004)) are obtained for multino-
mial resampling, as lower variance resampling strategies (e.g. stratified/systematic
resampling) can substantially complicate the theoretical analysis. Secondly, lower
variance resampling schemes could easily replace the multinomial scheme and would
be expected to improve performances. Douc et al. (2005) provides a comparative
survey of multinomial, residual, stratified and systematic resampling and Gerber
et al. (2019) analyses the consistency properties of resampling schemes.

In multinomial resampling (Gordon et al., 1993) the number of copies of particle
X! is a multinomial random variable with N trials and probabilities given by W}
for all particlesi=1,..., N.

In adaptive multinomial resampling the resampling step is performed only if a
given condition is satisfied. Following Liu (2008), we consider the effective sample

size (ESS)
2

ESS= Y W] (Z(W;F)
j=1 i=1

and we perform a multinomial resampling step only if ESS < N/2. Recently, Del

Moral et al. (2012) showed that this approach shares many favourable convergence

properties with its non-adaptive counterpart.

2.3.2 Convergence Properties of SMC

The particle approximations provided by SMC possess various convergence prop-
erties. A complete survey of the convergence results available in the literature is
beyond the scope of this work, for the convenience of the reader we present here
selected results and refer to e.g. Del Moral (2004, 2013) for a deeper discussion.

Our aim in presenting these results is twofold. On one hand, they provide formal
justification for the use of SMC methods, on the other hand the SMC algorithms

that we will study in the following are non-standard, and we will show how to extend
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some of these results to the particular non-standard cases at hand.

In the literature, two approaches have been widely used to establish convergence
results. As SMC methods are interpreted as mean field approximations of Feynman-
Kac measure flows (Del Moral, 2004, 2013), it is natural to use this connection to
analyse the particle approximations provided by SMC. Secondly, one could directly
analyse Algorithm 1 as in, e.g., Crisan and Doucet (2000), Crisan and Doucet (2002),
Miguez et al. (2013), Chopin (2004), Andrieu et al. (2010).

We only present results on the final time marginals

N
(o) = - 3 b5, (o),
i=1
of the updated distribution (2.6) because the final time marginals are the quantities
we will focus on the remainder of this work. In addition, when the potential functions
G, only depend on the terminal point z,, and not on z1.,—1 (as in the SIR algorithm
described above) the path measure 72 (dz1.,) and its marginal /2 (dz,) have the
same structure (Del Moral, 2004, Section 2.4.1) and the results below (with the
exception of Proposition 2.2) hold for 2 (dz1.,) too. Equivalent results hold for
the predictive distribution 7,, and its particle approximation (5) (Del Moral, 2004,
Section 2.4.1).
We begin by presenting those results concerning expectations with respect to ﬁé\] ,
N (p) == N~1 sz\il ©(X1), and its unnormalised version 4V, 4N () := ZNaN (),
for measurable bounded test functions ¢ € By(H). These results are presented under

fairly strong assumptions:

Assumption 2.1. The potentials GG,, are bounded for all n > 1 and positive every-

where, G,,(x,,) > 0 for every z,, € H.

This assumption is common in the SMC literature (Del Moral, 2004, 2013), in
particular G, (z,) > 0 for every z,, € H ensures that the system does not become
extinct (i.e. the weights have never all simultaneously taken the value zero), and
can be relaxed introducing stopping times (Del Moral, 2004) or considering local
boundedness (Whiteley, 2013).

The first result we present is the LL,-inequality,

Proposition 2.1 (L,-inequality). Under Assumption 2.1, for every time n > 1

and every p > 1 there exists a finite constant C),, such that for every measurable
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bounded function ¢ € By(H)

. 5 1/p |l
E |05 (¢) = in(@)P] " <Cpm Nk
where the expectations are taken with respect to the law of all random variables
generated within the SMC algorithm.

This result was established for p = 2 using the direct approach in Crisan and
Doucet (2000, 2002) and generalised to any p in Miguez et al. (2013) (under slightly
different assumptions). The mean field approximation approach is detailed in The-
orem 7.4.3 of Del Moral (2004).

This statement can be strengthened to a time uniform bound (Del Moral, 2004,
Theorem 7.4.4) under an additional mixing assumption on the Markov kernels M,
detailed in Del Moral (2004, page 116):

Proposition 2.2 (Time uniform bounds). Under Assumption 2.1 and additional

mixing assumptions on the Markov kernels M,,, for every p > 1

N N p11/P e lloo
sup sup K [[7),) (¢) — (o)’ <Cp—=,
n>1 e By (H) [ n()F] VN
where the expectations are taken with respect to the law of all random variables
generated within the SMC algorithm and the finite constant C, depends on the

mixing conditions on M, and on the boundedness conditions on G,,.
Closely related to the L, inequality is the strong law of large numbers (SLLN)

Proposition 2.3 (Strong law of large numbers). Under Assumption 2.1, for all

n > 1 and for every o € By(H), we have 7Y (0) 2% 7, ().

The SLLN can be obtained using a direct inductive argument as in Crisan and
Doucet (2000, 2002), the mean field approximation approach as in Del Moral (2004,
Corollary 7.4.2) or from the L, inequality using Markov’s inequality within a Borel-
Cantelli argument as shown in e.g. Boustati et al. (2020, Appendix D).

We then focus on the bias of the approximations. The approximations of the

unnormalised flow =, are unbiased:

Proposition 2.4 (Unbiasedness of unnormalised flow). Under Assumption 2.1, for

any N > 1, n > 1 and any ¢ € By(H) we have

E [ (©)] = An(e).
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In particular, the normalising constant estimate is unbiased: E [2,];7 } =Z,.

The unbiasedness result is given in Del Moral (2004, Theorem 7.4.2), while An-
drieu et al. (2010) obtain the same result by directly analysing Algorithm 1. Under
the additional assumption that the potential functions are bounded below for all
n, i.e. Gn(-) > 8 > 0 it is possible to obtain the following bias estimates (e.g.
Del Moral (2013, Proposition 9.5.6) and Olsson and Rydén (2004))

Proposition 2.5 (Bias estimate). Under Assumption 2.1, if the potential functions
are bounded below G, (-) > 8 >0, n > 1 and any ¢ € By(H) we have

. R Chlle
E [ (¢)] )] < e (27)
for some finite C,,. The expectations are taken with respect to the law of all random

variables generated within the SMC algorithm.

Similar bias estimates can be obtained without the additional assumption on the
lower bound of the potentials by considering stopping times as in Del Moral (2004,
Theorem 7.4.3) with the addition on the right hand-side of (2.7) of a term depending
on the properties of M,, which decays exponentially fast with N.

The last result on convergence of integrals that we present is the central limit

theorem

Proposition 2.6 (CLT). Under Assumption 2.1, for every time n > 1 and every
continuous bounded function ¢ € Cy(H)

VN [N () = i (9)] ~5 N (0,02 ()

for some finite positive o2 ().

The CLT is proven in Del Moral (2004, Chapter 9) using the mean field approx-

imation approach and in Chopin (2004) using the direct approach (for a wider class

2

~(p) is given as sum

of test functions). In the first case the asymptotic variance o
of integral expressions, while in the second case the ¢2(¢) is obtained recursively;
the two expression can be shown to be equal (see Chopin (2004) and Johansen and
Doucet (2007, Proposition A.1.1))

Among the results which do not involve expectations of test functions ¢, we

present the almost sure convergence in the weak topology of measures:

Proposition 2.7 (Almost sure convergence in the weak topology). Under Assump-
tion 2.1, HY converges almost surely in the weak topology to f,, #Y — 7, as N — oo
for all n > 1.
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This result is a corollary of the SLLN, as shown in Crisan and Doucet (2002)

and more recently in Schmon et al. (2021).

2.3.3 Some Examples of SMC Algorithms

This section provides some popular examples of SMC algorithms, making the
connection with Feynman-Kac flows explicit.

Consider the filtering problem for state space models described in Example 2.2
and the corresponding Feynman-Kac flow (2.1) with M,, = f and G,, = g. Then,
the SMC algorithm approximating this flow is the bootstrap particle filter of Gordon
et al. (1993).

The filtering problem has an intrinsic sequential structure. When this is not
the case, it is often possible to give a sequential structure to the problem at hand.
An excellent example is posterior estimation. In this context, one could sequentially
introduce the available data y;., in the likelihood evaluation (Chopin, 2002) or grad-
ually increase the influence of the likelihood over the prior (using for example the
geometric construction of Neal (2001)). SMC algorithms for these scenarios have
been considered in e.g. Chopin (2002); Del Moral et al. (2006a).

Often, in order to introduce a sequential structure in the problem, new parame-
ters influencing M,, and G,, have to be introduced. To improve algorithmic efficiency,
it is natural to choose the values of these parameters adaptively. This approach is
named adaptive SMC and has been recently shown to satisfy some of the conver-
gence properties of its non-adaptive counterpart, specifically, a weak law of large
numbers and a central limit theorem (Beskos et al., 2016).

Recently, SMC methods have also been implied to find eigenvalues and eigen-
functions of a given integral kernel (Whiteley and Kantas, 2017). This algorithm is
somewhat similar in spirit to the algorithms we will introduce in this thesis, as both

aim at finding a fixed point of a particular expression.

SMC algorithms for Fredholm Integral Equations

The use of SMC methods to solve Fredholm integral equations is not new. In
particular, sequential importance sampling (SIS), a version of the SIR algorithm
without resampling, has been employed to solve Fredholm integral equations of the

second kind:

f(1) = /X g, 22) f(@2)ds + h(zy), (2.8)
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where h : X - R and g : X x X — R are known functions on some space X and
f: X — R is unknown (Halton, 1994; Spanier and Gelbard, 2008, Chapter 2).

When the operator f — [y g(-, z2) f(x2)dx2 is a contraction (i.e. if maxyey [5 [g(y |
x)dz| < 1), the solution of (2.8) admits the following Von-Neumann series represen-
tation (see Kress (2014, Section 2.4) and Doucet et al. (2010) for details):

flar) =hlz1) + ) / T 9(@r—r, ) h(@n)das.n (2.9)
n=2"X

" g=2

and then use SIS to approximate the right-hand-side of (2.9).

We detail here the approach adopted in Spanier and Gelbard (2008, Chapter 2);
see also Doucet et al. (2010). The Feynman-Kac flow (2.1) is obtained by selecting
an initial probability distribution g such that p(dz) > 0 on X and a Markov kernel
M on X x X such that M(z1,z2) > 0if g(z1,z2) # 0 and with an absorbing state x®
such that M (z,xz%) = p for all x € X. At the first time step the mutation kernel M,
is given by p and the potential function G, is h(x1)/(pu(x1)) so that the product
of the two (conditional on no-absorption) gives the first term in (2.9).

Similarly, at following time steps, M,, = M and the potential functions are

g(xn—lv xn)
G =h _
nl@n) = M) 3 )
Then, the normalising constant of 7, in (2.1) corresponds to the integral in (2.9) at

given n.

2.4 Mean-Field Stochastic Differential Equations

Mean-field stochastic differential equations (SDEs), also known as McKean-
Vlasov SDEs, are stochastic differential equations whose coefficients depend on the

law p; of the process itself
dXt = b(Xt, pt)dt + S(Xt, Pt)qu (210)

with X; a d-dimensional process, W; a d-dimensional Brownian motion, Xg ~ pg
square integrable, b : R? x P(R%) — R? and b : R? x P(R?) — R¥*? where P(RY)
denotes the set of probability measures on R

These equations provide a probabilistic representation of non-linear partial dif-
ferential equations (PDEs) describing the limiting behaviour of a particle evolving

within a large system of particles interacting in a mean-field sense and where first
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studied by McKean (1966).

Example 2.3 (Burgers’ Equation). Burgers’ partial differential equation describes

the speed u(t, ) of a fluid with viscosity o>

Qu(t, ) = 10228 (t,x) —ult,x)9e(t, ),  in[0,7] xR, 211)
u(0,x) = up(x) ‘

As a consequence of It6’s Lemma (It6, 1951), the process X; with cumulative dis-

tribution function wu(t, ) satisfies

dXt = |:/ pt(dy)H(Xt - y) dt + O'th,
R
where H is the Heaviside function and p; is the law of Xj.

2.4.1 Numerical Implementation

Since mean-field SDEs have coefficients which depend on the law p; of the process,
the first step towards numerically approximating (2.10) is the introduction of a space
discretisation. This can be achieved by considering N copies of (2.10) and replacing
the non linearity of the coefficients by interaction (Bossy and Talay, 1997). Given
N copies (th’N, ...,XtN’N)7 at t = 0 sample i.i.d. Xé’N ~ po and then evolve each

particle according to the non-linear SDE
dx; ™ =o(x PN, o )dt + (XN, Y)Wy, (2.12)

where W} for i = 1,..., N are N independent d-dimensional standard Brownian

motions and p}¥ is the empirical measure given by the N particles

N
1
N o )
p; (dx) == N El 5X2,N (dx).

The limit behaviour of (2.12) as N — oo depends on the continuity properties
of the coefficients b, s, in particular we distinguish between the case in which b, s are
Lipschitz continuous which is widely studied and the general case for which fewer
results exist (see Section 2.4.2 below). Generally, we are interested in the propagation

of chaos result:

Proposition 2.8 (Propagation of Chaos). Under continuity assumptions on b, s

which will be made explicit in Section 2.4.2, for any 1" > 0 there exist C; < oo and
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~v > 0 such that for any N € N

. 2
N
sup ‘ng e
0<t<T

sup E
1<i<N

<IN, (2.13)

Intuitively, the results above tells us that if at time t = 0 the N particles are
iid. from pg, then the law of N fixed particles tends to the distribution of N
independent particles with same law p; when the size of the system goes to infinity
(Méléard, 1996). From a practical point of view, (2.13) justifies the use of Monte
Carlo methods to approximate the process X; solving (2.10).

Numerical implementation of (2.12) requires a time discretisation scheme. We
focus here on Euler type discretisations; schemes with higher order of convergence
exist (Bao et al., 2020; Kumar and Neelima, 2021) but require Lions derivatives on
measure spaces (Lasry and Lions, 2007) and are therefore not considered here. The

explicit Euler scheme for (2.12) with discretisation step At is
Yol = v o, of) At + (YN, o ) AW, (2.14)

where AW,i are independent centred Gaussian random variables with variance At
and pfqv is the empirical measure corresponding to the time-discretised N-particle

system

PN (dy) : = Z Oyin (dy). (2.15)

As for standard SDEs the time continuous interpolation of the Euler scheme with

time step At
N N N ,
PN = (Y:k ;Pi\k[) dt + s (YtllC ,pﬁ) dwy, ptk (dy) : = Z 5}” N

where W} for i = 1,..., N are N independent d-dimensional standard Brownian
motions and ¢ := max{k : k < t}, is then compared to the N-particle system (2.12)

to check its convergence properties:

Proposition 2.9 (Time Discretisation). Under continuity assumptions on b, s which

will be made explicit in Section 2.4.2, for any T' > 0 there exist § > 0 and a constant
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C5 > 0 independent on N and ¢ such that

. . 2
sup | XN — vV < ca(an)’.

0<t<T

sup E
1<i<N

Combining the two results above we obtain the rate of convergence of (2.14)

with respect to the time discretisation At and the number of particles N:

Proposition 2.10. Under continuity assumptions on b, s which will be made explicit
in Section 2.4.2, for any T' > 0 there exist §,y > 0 and a constant C' > 0 independent
on N and ¢ such that

sup E

. . 2
sup )X; YN )
1<i<N

0<t<T

<C (N*7 + (At)5) .

While results for general b, s require some continuity assumptions, it is possible
to obtain estimates like that in Proposition 2.10 also for models with discontinuous

b, s as the Burgers’ equation in Example 2.3 (Bossy and Talay, 1997):

Example 2.4 (Burgers’ equation). consider the model for fluid diffusion given by
the Burgers’ equation in Example 2.3. Burgers’ PDE can be solved numerically
through (2.14), Bossy and Talay (1997) show that the empirical distribution function
of the particles (2.14) satisfies an estimate like that in Proposition 2.10 with v =
5=1/2.

While in Example 2.4 we are interested in letting N — oo, At — 0 to obtain
a approximate solution for (2.11), in the theory of mean-field games the behaviour

of (2.12) for finite N is often more interesting (Carmona and Delarue, 2018):

Example 2.5 (A Toy Model of Systemic Risk; Carmona et al. (2015)). Consider a
toy example in which each particle X} represents the logarithm of the cash reserves
of bank ¢ = 1,..., N at time ¢. The following SDE describes a simple model for

borrowing and lending between banks
ax N = a(X, - X]"N)dt + 0dB!,  i=1,...,N
where for p € [-1,1]
dB! = /1 — p2dW} + pd W}

with W} for 0 = 1,..., N are independent one-dimensional Brownian motions, mod-

els the correlations between banks, a,oc > 0 and XtN denotes the sample mean at

22



2. INTERACTING PARTICLE METHODS

time t. The sample mean in the drift coefficient represents the interaction between
banks.

This model can be solved explicitly observing that the process X; is a Brownian
motion with diffusion coefficient o/ VN and thus in the limit N — oo each XZ’N

converge to independents Ornstein-Uhlenbeck processes.

2.4.2 Properties of mean-field SDEs

We collect here some results on mean-field SDEs (2.10) and their particle im-
plementation (2.12). We focus on existence and uniqueness results and convergence
results like those in Propositions 2.8— 2.9. First, we consider the case in which b, s
are Lipschitz continuous as this is the case for which the majority of the results hold,

then we move onto some results which require less stringent assumptions on b, s.

The Lipschitz Case

The case in which both b and s are Lipschitz continuous is well studied, and
one can establish existence and uniqueness for both the mean-field SDE (2.10) and
the particle system (2.12). Existence and uniqueness of a strong solution of (2.10)
can be obtained, under the assumption that X is square integrable, exploiting fixed
point arguments (e.g. Jourdain et al. (2008); McKean (1967); Sznitman (1991))
or considering (2.10) as the limit for N — oo of the particle system (2.12) and
exploiting the propagation of chaos result in Proposition 2.8 (Méléard, 1996).

In the case in which the drift can be decomposed into a term involving the

interaction and one which only depends on the process itself
b(Xt, pt) = b1(Xt) + eba (X, pr)

for € > 0 small (i.e. if the interaction term is small), a number of results on the uni-
form ergodicity of (2.10) have been established (Bogachev et al., 2019; Butkovsky,
2014; Eberle, 2016; Malrieu, 2001). Similar results also exists for mean-field SDEs
with unit diffusion coefficient (Benachour et al., 1998; Veretennikov, 2006) The gen-
eral case has been considered in Song (2020) under smoothness assumptions on b, s
involving Lions derivatives in measure spaces.

In the Lipschitz case, existence and uniqueness of a solution for the N-particle

system (2.12) carries over from the existence and uniqueness of (2.10) (e.g. Protter
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(2005, Theorem 7, page 259)). In the particular case

b(Xt, pt) Z/pt(dy)ﬁ(Xtvy) s(@, pr) = /pt(dy)U(Xtvy)

with 8, o Lipschitz, propagation of chaos results appeared early on in the literature,
in this case the rate in Proposition 2.8 is v = 1 (McKean, 1967; Sznitman, 1991).
The general case has first been addressed in Oelschlager (1984), in which convergence
of the left-hand-side of (2.13) is established without providing explicit rates. Under
strong integrability assumptions on Xy, Jourdain et al. (2008) and Carmona (2016,
Theorem 1.10) show that the rate deteriorates with the dimension d of Xy, v =
2/(d + 4), however, sharper results exist in particular contexts (e.g. convergence of
neural networks; De Bortoli et al. (2020)).

Given the generator of the N-particle system (2.12) for any twice-differentiable
function V : RY x R¢ — R with bounded derivatives

N .
ENV g Lz zbN ..,xZ’N,...,xN’N),

where L' ’N @) is the generator of the mean-field SDE (2.10) acting over any twice-
dlfferentlable function V : R? — R with bounded derivatives

d 1 o0*V
Z b(x c%zk )+ 5 Z Z (s(z, p)s(z, p)T) T (2.16)

k=1 k=11=1

applied to component ¢ of V| the superscript T denotes the matrix transpose and
PN (
properties of the particle system (2.12) can be established using standard Foster—

x) is the empirical measure associated with the particle system; the ergodic

Lyapunov conditions (Meyn and Tweedie, 1993).

The Euler scheme (2.14) is analysed in Bossy and Talay (1997) and, in the Lips-
chitz case, admits strong order of convergence 0.5 and thus 6 = 1 in Proposition 2.9.
As observed by the authors, this rate is sub-optimal; indeed Antonelli and Kohatsu-
Higa (2002) show that the rate can be improved to ¢ = 2. In the case of mean-field
SDEs, convergence of the empirical measure (2.15) to p; is also of interest. In partic-
ular, if b, s are bounded and sufficiently smooth, then p; € P(R?) admits a density
with respect to the Lebesgue measure for all ¢ (Antonelli and Kohatsu-Higa, 2002)

and smooth approximations of p; can be obtained from the particle system using

24
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standard kernel density estimator (KDE) procedures:

N
. 1 _ _ i
@)= g (z7200N - o))

where ¢ is the density of d-dimensional standard Gaussian and X is a bandwidth
matrix. In the one dimensional case, if H = At?> we have the following bound on
the error of the KDE estimator for any fixed ¢ € (0, 7]

JElln@ - @] do < D (N2 4 ar 4 N2A0)

where with a slight abuse of notation we denote by p; both the measure and its
density and D is a finite constant independent of N, At (Antonelli and Kohatsu-
Higa, 2002, Theorem 3.1). The generalisation for d > 1 follows straightforwardly.

Non-Lipschitz Coefficients

The case in which the drift and diffusion coefficients are not Lipschitz continuous
is less understood and fewer results exist. A complete review is out of the scope of
this thesis, however we collect here some recent results which extend the results
above to the non-Lipschitz case.

A case of particular interest is that in which b(z, p) is not Lipschitz continuous
with respect to the state x but is globally Lipschitz with respect to p. In this
setting, existence and uniqueness of strong solutions of (2.10) can be obtained if b
is locally Lipschitz continuous with polynomial growth in = (Dos Reis et al., 2019).
Propagation of chaos results have also been established with rate v = 1/2 in the one
dimensional case and with rate deteriorating with dimension for d > 1 (Dos Reis
et al., 2021).

When the coefficients of the SDE are only locally Lipschitz, the explicit Euler
scheme does not perform well (Hutzenthaler et al., 2012). Bao et al. (2020) study
tamed Euler schemes for (2.12)

iN
b(Xk ) P]kv)

Xz’,N 1,N
“wN N
1+ Atllb(X, ™ o) 2

k+1 = Mk

At + (XN, o AWE, (2.17)

and show that Proposition 2.9 holds with 6 = 1. This modification of the drift
guarantees that the norm of Atb(X,i’N, p)/(1+ AtHb(X,i’N, pi)|l2) is bounded by 1
for all k, At and therefore prevents the drift term from taking extraordinarily large

values. Additionally, the tamed Euler scheme (2.17) coincides with the explicit Euler
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method (2.14) up to terms of second order (Hutzenthaler et al., 2012).

2.5 Summary

We have introduced two families of interacting particle systems, sequential Monte
Carlo and systems approximating mean-field SDEs. Both classes allow us to approx-
imate a limiting object by evolving a population of N particles through time, as the
population size goes to infinity a number of convergence properties hold which guar-
antee the effectiveness of the Monte Carlo methods.

We have collected in this chapter all the definitions and results we rely on in the
development of this work. The algorithms proposed in Chapter 5 and 7 are non-
standard versions of those introduced in this chapter, thus their theoretical analysis

will exploit some of the results introduced here.
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Interacting Particle Methods for
Fredholm Integral Equations
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3

Fredholm Integral Equations of the First Kind

3.1 Introduction

Integral equations, in contrast to differential equations, is the name given by
du Bois-Reymond (1888) to a class of mathematical models in which the unknown
function appears within an integral sign. Integral equations gained popularity dur-
ing the 20th century, thanks to the work of Volterra (1913) and Fredholm (1903)
who started studying integral equations systematically. Their studies led to one of
the main results in the theory of integral equations, the Fredholm alternative, which
addresses the existence of solutions. Integral equations have been the topic of sev-
eral reviews and monographs over the years: an introduction to the origins of the
field is given in Michal (1950); Groetsch (2007) provides a short review of integral
equations of the first kind while a complete discussion is given in e.g. Kress (2014).
The series of publications Integral Equations and Operator Theory provides recent
developments in the field.

The particular type of integral equations considered in this work was first in-
troduced by Fredholm (1903) as a generalisation of linear systems of equations to
the infinite-dimensional setting. These equations arise in a variety of fields, ranging
from the study of partial differential equations (Colton and Kress, 2012; Tanana
et al., 2016) to image reconstruction (Aster et al., 2018; Clason et al., 2020; Zhang
et al., 2019) and density deconvolution (Delaigle, 2008; Ma, 2011; Pensky et al.,
2017; Yang et al., 2020).

In the last century, there has been a great interest in studying the existence of
solutions and solution methods for Fredholm integral equations of the first kind.
While existence theorems appeared early in the literature (e.g. Fredholm (1903);

Picard (1910)), finding good solution methodologies is an ongoing area of research.
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In fact, these integral equations are the prototypical example of ill-posed linear
inverse problems, as the solution is often non-unique and unstable to changes in
g. The lack of stability of (3.1) is the primary concern when attempting to solve
Fredholm integral equations: in practical applications we often only have access to
(noisy) observations from ¢ and not to its analytic form, and the instability of (3.1)
means that small errors in g do not necessarily correspond to small errors in the
recovered solution f (Groetsch, 2007).

A common technique to overcome non-uniqueness and instability is to consider
regularisation. Regularised solutions can be obtained by projecting the infinite di-
mensional integral equation onto finite dimensional spaces (Kress, 2014, Chapter
17) or by solving a minimisation problem associated with the integral equation (e.g.,
Tikhonov’s regularisation (Phillips, 1962; Tikhonov, 1963), maximum likelihood esti-
mation (Miilthei et al., 1989) and maximum entropy methods (Kopeé, 1993; Mead,
1986)). However, solving the regularised problem remains computationally very
challenging. In most cases, an approximate solution is obtained iteratively using
a fixed discretisation of its domain (Burger et al., 2019; Chae et al., 2018a; Green,
1990; Yang et al., 2020) or by assuming that the solution can be expressed as a linear
combination of basis functions. Common choices of basis functions are polynomials
(Mead, 1986), piecewise linear functions (Jin and Ding, 2016), B-splines (Islam and
Smith, 2020); wavelets are also widely used, as they lead to faster algorithms com-
pared to the other methods (Maleknejad and Sohrabi, 2007). While these approaches
are common, they have several drawbacks: using a fixed discretisation of the domain
leads to approximate solutions which are piecewise constant or linear; on the other
hand, in order to implement algorithms based on basis functions expansions, the
number of basis functions involved needs to be finite. In practice, the solutions of
(non-degenerate) integral equations are rarely given by a finite combination of basis
functions, nor can be expressed as piecewise constant or linear functions.

We briefly review Fredholm integral equations of the first kind in Section 3.2
and provide some examples of applications of Fredholm integral equations in Sec-
tion 3.2.1. A short summary of popular regularisation techniques is given in Sec-
tion 3.2.2. Section 3.3 focuses on the solution method of Kondor (1983), based on an
infinite dimensional expectation maximisation algorithm (Dempster et al., 1977), the
issues encountered by this method because of the ill-posedness of Fredholm integral

equations of the first kind motivate the following evolution of this thesis.
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3. FREDHOLM INTEGRAL EQUATIONS

3.2 Fredholm Integral Equations of the First Kind

Fredholm integral equations of the first kind
/f gly|z)dz  WyeY, (3.1)

with X, Y suitable subsets of R%, R% respectively, are inverse problems in which f

is the unknown object to be inferred and h, g are known functions.

Example 3.1. (Gaussian integral) Consider two one-dimensional Gaussian distri-
butions on X =Y =R

hy) =Ny, 0p), gy |z) = N(y;z,07),

such that o2 = a]%—l—ag. One can easily show that setting f(z) = N (z; p, UJ%) satisfies

equation (3.1) and the Fredholm integral equation can be solved analytically.

We now introduce the framework in which we will work for the remainder of this

thesis.
Assumption 3.1. The functions f, g, h and the sets X,Y in (3.1) satisfy

(a) X C R% and Y C R% are subsets of Euclidean spaces endowed with the Borel
o-algebras B(X) and B(Y) respectively.

(b) f and h are (Lebesgue) probability densities on X and Y, respectively, and
g(y | =) is the density of a Markov kernel from X to Y.

We distinguish two sub-cases of Assumption 3.1-(a), in Chapters 4-5 we take
X ¢ R% and Y ¢ R% compact subsets of Euclidean spaces, while in Chapters 6-7
we take X = R% and Y = R%. These two cases cover most applications of Fredholm
integral equations of the first kind, we give some examples in Section 3.2.1.

As observed by Chae et al. (2018a, Section 6), Assumption 3.1-(b) is not too
restrictive. Many applications of Fredholm integral equations are concerned with
the reconstruction of functions f that are a priori known to be non-negative (Clason
et al., 2020); in addition, a wide class of Fredholm integral equations of the first
kind can be cast into this framework: if f, h and g are positive and appropriately

integrable functions, using the following transformations

- h(y) 9y | =) 2o T(@) Jyg(y' | 2)dy
h(y) = fy 7 gyl z) = W fz) = fYYh(y’)dy’
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we obtain an integral equation
) = | F@ity | 2)ds vye.

involving densities as in Assumption 3.1-(b). If f,h are bounded below and g is
positive, the shifted functions f(x) +t, h(y) +t [ g(y | )dx are positive for some
appropriate ¢ > 0, and, assuming integrability, we can apply the normalisation de-
scribed above. Finally, if g is not necessarily non-negative, (3.1) can be transformed
into a non-negative integral equation by considering the positive and negative parts
of g (Chae et al., 2018a, Section 6).

In applications the analytic form of A is often unknown, and the available data
arise from discretisation of h over Y or from sampling. In the first case, the functional
representation of h is obtained by assuming that h is piecewise constant, so that h
takes constant values on a partition of Y, as in e.g. Vardi and Lee (1993). In the
second case, a functional representation of h can be obtained through an histogram
or a kernel density estimator, the latter is considered in, e.g. Ma (2011).

In the remainder of this thesis we do not consider degenerate kernels, g(y | z) =
Yoy an(z)by(y) for some n € N, as in this case solving the integral equation (3.1)
reduces to solving a finite system of linear equations (Groetsch, 2007). We point out
that there is another class of integral equations to which the algorithms developed
in this thesis could be applied: Volterra integral equations of the second kind, which
can be seen as a special case of Fredholm integral equations of the first kind for
which X =Y and g(y | ) = 0 for x > y. However, Volterra integral equations are
not ill-posed and can be efficiently solved using the Von-Neumann representation

discussed in Section 2.3.3.

3.2.1 Applications

Fredholm integral equations of the first kind are often used to model the task
of reconstructing a signal f from an observed distorted signal h when the type
of distortion ¢ is known. This is a common problem in engineering, science and
statistics.

The earliest applications of Fredholm integral equations arise in physics. For in-
stance, in potential theory, (3.1) relates the gravitational potential of an object to its
mass density (Joachimsthal, 1861). Often, integral equations arise as a counterpart
to partial differential equations (PDEs) with boundary conditions (Green, 1828). In

particular, inverse boundary problems are modelled through (3.1) (Tanana et al.,
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2016). An example of inverse boundary problem is the reconstruction of the shape
of an object from the diffusion of an acoustic/electromagnetic wave which hits the
object itself (Colton and Kress, 2012).

In image processing, (3.1) describes the deconvolution problem, i.e. the recon-
struction of images from distorted observations. Simple examples are motion de-
blurring, in which h represents a blurred version of the image f and g describes the
type of motion causing the blur (see e.g. Lee and Vardi (1994) for some examples)
and positron emission tomography (PET) (Phelps, 2000), in which reconstructions
of brain cross-sections are obtained from the radial data provided by the PET scan-
ner (Vaquero and Kinahan, 2015). 3-dimensional examples arise in e.g. electron
microscopy (Scheres et al., 2007).

From the statistical point of view, (3.1) describes the task of reconstructing the
density f from a set of observations from A (Laird, 1978). This problem is known as
density deconvolution or indirect density estimation (Delaigle et al., 2008; Ma, 2011;
Pensky et al., 2017; Yang et al., 2020); and appears in e.g., causal inference with
missing confounders, where the missing data mechanism has to be inferred from
the distribution of the non-missing observed data (Miao et al., 2018; Yang et al.,
2019), inference with spatially censored data (Fan et al., 2011) and estimation of
nonlinear regression functions (Hall et al., 2005). In epidemiology, these equations
link the unknown reproduction number of a disease to the observed number of deaths
(Goldstein et al., 2009; Gostic et al., 2020; Marschner, 2020).

Similar indirect density estimation problems also arise in stereology, when the
size distribution of a set of spherical particles has to be recovered from the distribu-
tion of the diameters of the section profiles (Wicksell’s corpuscle problem; Wicksell
(1925) and Silverman et al. (1990)).

3.2.2 Regularisation Methods

Since Fredholm integral equations of the first kind can be seen as an infinite

dimensional linear system, it is natural to consider least squares solutions

= argmin/
Y

over an appropriate set of functions f; Tikhonov’s regularisation (Phillips, 1962;

2
dy

h(y) — /X f(@)g(y | x)dz

Tikhonov, 1963) consists of approximating the solution of the integral equation with
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the least square solution of minimum L?-norm

f* := argmin /Y \h@)— /X F@)gly | 2)da] dy+a /X f@Pde  (32)

for some regularisation parameter a > 0. This regularisation is particularly con-
venient, as the regularised integral equation is a Fredholm equation of the second
kind, a well-posed problem for which stable solution methods exist (Kress, 2000,
Chapter 12-14). An iterative method to minimise the square loss has been pro-
posed in Landweber (1951). Alternatives to the Tikhonov regularisation for the
least squares problem include total variation regularisation (Rudin et al., 1992),
sparsity regularisation through the L; norm of the solution (Donoho, 1992) and
entropy regularisation (Amato and Hughes, 1991).

Maximum entropy methods (Jaynes, 1957a,b) have been widely studied; these
methods approximate f by finding a function maximising the differential entropy
subject to moment constraints obtained by integrating both sides of (3.1) with re-
spect to a set of basis functions (Beylkin et al., 1991; Islam and Smith, 2020; Jin
and Ding, 2016; Kope¢, 1993; Mead, 1986). Methods involving the Kullback—Leibler
divergence rather than the Lo distance have also been considered (Kondor, 1983;
Resmerita and Anderssen, 2007). This class of algorithms is particularly interest-
ing due to its link with maximum likelihood estimation and will be described in
Section 3.3.

Regularisation can also be obtained by discretisation, i.e. by projecting the
integral equation onto a finite dimensional space (e.g. Kress (2014, Chapter 17)). A
recent review of regularisation techniques for inverse problems is given in Benning
and Burger (2018), while the monograph Engl et al. (1996) focuses on classical
regularisation techniques. Yuan and Zhang (2019) provide a recent and extensive

review of numerical methods for integral equations.

3.3 Expectation Maximisation Algorithms

If we consider (3.1) as an indirect density estimation problem, it is natural to
consider maximum likelihood estimates for f. This can in principle be achieved by
maximising an incomplete data likelihood for f through the Expectation Maximisa-
tion (EM) algorithm (Dempster et al., 1977). Nevertheless, the maximum likelihood
estimator is not consistent, as the parameter to be estimated (i.e. f) is infinite
dimensional and the lack of continuous dependence on h of (3.1) discussed in the

introduction aggravates this problem (Laird, 1978; Silverman et al., 1990).
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To overcome these issues, several regularisation techniques have been proposed
in the literature. We briefly review a number of iterative schemes based on the EM
algorithm which aim to find approximate solutions of (3.1) through regularisation.

The starting point is the iterative method of Kondor (1983), an infinite dimen-
sional EM algorithm

fuer(e) = 1) [ by (33)

which minimises the Kullback—Leibler divergence

KL< /f |xdx> /h 10g<fX Jg()mdx)dy, (3.4)

with respect to f over the set of probability densities on X (Miilthei et al., 1989).

Minimising (3.4) is equivalent to maximising

A(f) = / log/ f(2)g(y | z)dzdy.

The functional A can be seen as a continuous or asymptotic version of the incomplete
data log-likelihood for the function f given a finite sample from h, y1,..., ¥y, in
fact, in the case of a finite number of observations the log-likelihood is given by
(Chae et al., 2018b)

M
L) =3 log /X o(ym | 2)f(2)dz,
m=1

and A(f) = limy; 100 MTTL(f).

The EM iteration (3.3) has a number of good properties: iterating (3.3) monoton-
ically decreases (3.4) (Miilthei et al., 1987, Theorem 7) and if the iterative formula
converges to a limit, then this is a minimiser of (3.4) (Milthei et al., 1987, The-
orem 8). However, the minimiser need not to be unique. Convergence of the EM
iteration (3.3) to a fixed point has recently been proved under the existence of a
sequence (f2)s>1 with h}(y) = [ f¥(2)g(y | x)dz, such that KL(h,h}) converges
to the infimum of (3.4) and some addltlonal integrability conditions (Chae et al.,
2018a).

In general, implementing the recursive formula (3.3) analytically is not possible
and approximations are needed. Under the assumption of piecewise constant signals

f, h and g, we can discretise the EM recursion (3.3) over a discretisation grid
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obtained by dividing X and Y into bins Xy,...,Xp and Yy,...,Yp

1 1 1
2 wde, ha= 2 [ hw)dy, gu= - / / oy | 2)dy,
SADIRA ¥l Ju, oYl Ju, J, 991

where |A| denotes the Lebesgue measure of set A, forb=1,...,Bandd=1,...,D.

In practice, for a large enough number of bins B, D and if the densities f, h, g

fo=

are continuous, we can approximate the value of each density on a given bin by its
value at the bin centre, e.g. f, &~ f(x3), where x, is the centre of bin b. With this
discretisation, the EM recursion (3.3) reduces to the EM algorithm for Poisson data
(Vardi and Lee, 1993), known as the Richardson-Lucy (RL) algorithm in the image
processing field (Lucy, 1974; Richardson, 1972), where the intensities of pixels are

modelled as Poisson counts,

n+1 fzfn) Z ( hagea ) (35)

Zk 1 fkn 9kd

The Iterative Bayes (IB) algorithm of Ma (2011) considers the case in which
only samples from h are available. These samples are used to build a kernel density
estimator (KDE) for h, which is then plugged into the discretised EM iteration (3.5).

Example 3.2. (Gaussian integral) Consider the Fredholm integral equation defined
in Example 3.1 with O'J% = 0.0432, 02 = 0.045? and X = Y = R (although note that
11— fo x)dr| < 10739 and restricting out attention to [0, 1] would not significantly
alter the results). We apply the EM iteration (3.5) for 100 steps with initial distri-
bution f; Uniform on [0, 1] and discretisation grid given by B = 100 equally spaced
intervals in [0, 1], noting that discretisation schemes essentially require known com-
pact support and this interval contains almost all of the probability mass (Figure 2).
Even for this simple one-dimensional example, the reconstructions provided by EM

are non-smooth and fail to recover the shape of f.

As discussed earlier, despite being popular and easy to implement, the EM al-
gorithm (3.5) has a number of drawbacks. In particular, after a certain number of
iterations the EM approximations deteriorate resulting in high variance estimates
that lack smoothness and give non-regular estimates of f (Nychka, 1990; Silverman
et al., 1990). Byrne and Eggermont (2015) emphasize that (3.4) does not deal with
the ill-posedness of the problem and further regularisation is needed.

A natural way to introduce regularisation is considering maximum penalised
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Figure 2: Reconstruction given by the EM algorithm. The target density is
N (x;0.5,0.0432).

likelihood estimation (MPLE)

N(f) = /Y h(y) log /X F(@)g(y | 2)dady — P(f),

where P is a penalty term (e.g. Green (1990)). Popular choices of P are Gibbs
smoothing, which penalises large differences in neighbouring values of f (e.g. Lange
(1990)), L; penalty of the first order derivative of f, leading to Total Variation
regularisation (Dey et al., 2004) and general roughness penalties (e.g. Good (1971)).

In most cases, an updating formula like (3.5) cannot be obtained straightfor-
wardly for MPLE because the derivative of P(f) usually involves several derivatives
of f (Green, 1990). A possible solution is to update the estimate of f from iter-
ation f, to fn+1 evaluating the penalty term at f,,, rather than at the new value
fn+1. This is known as the one-step late (OSL-EM) algorithm (Green, 1990). The
resulting update formula is usually easier to compute but there is no guarantee that
each iteration will increase the penalised log-likelihood. However, if convergence
occurs, the OSL-EM algorithm converges more quickly that the corresponding EM
for penalised likelihood.
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3.4 Connections with Other Works

Among the numerous solution methodologies for Fredholm integral equations the
two presented below share some connections with those that will be explored in this
work. Section 3.4.1 explores the use of divergences other than the Kullback—Leibler
divergence while Section 3.4.2 presents a particle method which performs Tikhonov

regularisation.

3.4.1 Alternative Divergences

In recent years, there has been an increasing interest in considering families of
divergences between probability measures which are more flexible than the Kullback—
Leibler divergence, examples of such divergences are a-, 8- and - divergences (Ci-
chocki and Amari, 2010). This direction has been explored in e.g., Bayesian in-
ference (Bissiri et al., 2016; Jewson et al., 2018), variational inference (Blei et al.
(2017, Section 5.4)), Knoblauch et al. (2019) and sequential Monte Carlo methodol-
ogy (Boustati et al., 2020). These families of divergences are very flexible, and, with
careful choice of the parameters «, 5 and -, allow to enforce desirable properties
such as robustness to outliers, ability to capture tail behaviour or to target the mode
and many others (Regli and Silva, 2018).

In the context of Fredholm integral equations, distances other than the Kullback-
Leibler divergence (leading to maximum likelihood estimation) and the Euclidean
distance (leading to Tikhonov’s regularisation) have been little explored. We sum-
marise here two examples of use of 8- and a-divergences; S-divergences guarantee
robustness to outliers, while a-divergences guarantee better coverage of regions of
small probability than the Kullback—Leibler divergence (Regli and Silva, 2018).

Pouchol and Verdier (2020, Section 4.2) consider [-divergences between two

density functions pi, pa
Ds(pr,pa) = / Wl_D (P1(®)° + (8 = Vpa(®)” = Bpr(pa(t) ) dt,

for 8 € [0,2], and propose to solve (3.1) by minimising Dg (h, [y f(z)g(- | z)dz).
Pouchol and Verdier (2020, Theorem 1.1) shows that in the high-noise regime (i.e.
when we only have access to a noisy version of h), which corresponds to the presence
of outliers in the standard statistical setting, the solution f obtained by minimising
the p-divergence will be sparse, an undesirable property for f which is usually ex-

pected to be smooth. This behaviour is closely related to the inconsistency of the
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maximum likelihood estimator minimising (3.4) and could be, in principle, addressed
by considering penalties such as those for maximum penalised likelihood estimation.

As in the case of the Kullback-Leibler divergence, it is possible to obtain an
iterative scheme which monotonically decreases Dg (Pouchol and Verdier, 2020,
Proposition C.1); this scheme admits the EM iteration as a special case, obtained
with 5 — 1. However, the iterative scheme of Pouchol and Verdier (2020) requires
the computation of the adjoint of the operator f — [ f(2)g(y | #)dz, which can
be rarely obtained in the continuous setting. The discretised version of the iterative
scheme for B—divergences only requires the adjoint of the matrix discretisation of
f— fx g(y | x)dx and is therefore easier to implement, but requires knowledge
of a functlonal form of h, a condition which is not generally satisfied (e.g. Delaigle
(2008); Hall et al. (2005); Marschner (2020)). In fact, most of this thesis is concerned
with algorithms which can be implemented when A is known only through a sample.

An alternative to S-divergences is given by a-divergences

(1) O

with @ € R\ {0,1}. These divergences provide generalisations of the KL divergence

which are more robust with respect to outliers (Cichocki and Amari, 2010) and
admit the KL divergence and the reverse KL divergence as special cases, obtained
for « — 1 and o — 0 respectively.

In the context of variational inference, Daudel et al. (2020) develop an itera-
tive algorithm, named (o, I")-descent, which minimises (3.6) when p; is a mixture

distribution

() = / u(d0)q (8, 1),

where p is a probability measure and ¢ is the density of a Markov kernel. The
(a, T')-descent algorithm can be seen as a generalisation of the EM algorithm (3.3)
for a-divergences.

We now derive the corresponding (v, I')-descent algorithm for the Fredholm in-
tegral equation (3.1). The (a,T')-descent algorithm for Dy (h, [ f(2)g(- | z)dz)

consists of an expectation step

o (B adoly ] asy !
Foe) = gy Lot o) (BREIEIE) )
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and an iteration step

r(
fnJrl(l') = fn(x)i (3'8)

where I' : R — (0,00) is a decreasing, continuously differentiable function which
satisfies a particular set of inequalities and Z is the appropriate normalising constant.
This scheme shares a number of properties with the EM algorithm: it monotonically
decreases D, (Daudel et al., 2020, Theorem 1) and, for a particular choice of T, if
a limit exists then this is a fixed point of the iterative map and a minimiser of D,
(Daudel et al., 2020, Theorem 4).

As for the EM scheme of Kondor (1983), the («,I')-descent iteration cannot be
implemented analytically. Daudel et al. (2020) propose a stochastic version of the
(v, T')-descent which requires sampling from [ fn(2)g(y | )dx at each iteration. To
simplify the algorithm, one can select the initial distribution f; to be a weighted sum
of Dirac Js, in this case the («,I')-descent corresponds to an update of the weights
of the mixture and the approximation f,, is a mixture of Dirac delta at each n. In
the case of Fredholm integral equations, a smooth reconstruction could be obtained
by, e.g., standard kernel density estimation procedures (Silverman, 1986).

The (o, I')-descent algorithm, although introduced in a different context, is sim-
ilar in spirit to the algorithms we study in this thesis. However, the EM algorithm
which minimises the Kullback—Leibler divergence does not require the specification
of the function I' (which guarantees that the iterates are non-negative and influ-
ences the resulting reconstructions; see Daudel et al. (2020, Section 5)) and the
additional normalisation in (3.8), as the iterates provided by (3.3) and its discrete
counterpart (3.5) are already normalised.

Since the EM algorithm seems the most appropriate in the context of Fredholm
equations, alternative divergences are not further considered in the remainder of this

work.

Remark 3.1. The p-divergence considered in this section addresses the noise in
the observations from h; however, there is another form of robustness which could
be considered when solving (3.1): the misspecification of the kernel g. In practical
applications the analytic form of ¢ will often be unknown, and it is necessary to
model g to fit the available information on the distortion process and taking into
account computational considerations as well (see, e.g, 7.4.2). To the best of our
knowledge, a systematic study of the effect of misspecification on g as so far not

been conducted; nevertheless, we believe it would be of great interest for the broader
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community working on integral equations.

3.4.2 A Particle Method for Inverse Problems

Fredholm integral equations (3.1) are one of the most popular examples of linear
inverse problems; in this section we make the connection with an interacting particle
method for generic (possibly nonlinear) inverse problems which is similar to the
particle methods that we will study in this thesis.

Consider the inverse problem of finding f € R® from h € R” where

h=G(f)+e, (3.9)

and G : R® — RP is a known non-linear forward operator. Under the assumption
of piecewise constant signals over a fixed grid with B equally spaced bins in X and
D equally spaced bins in Y, the linear Fredholm integral equation (3.1) is a special
case of (3.9) with G a D x B matrix

h = Gf,

where f = (fb)l?:l, h= (hd)g):l and G is the matrix with entries gpq for b=1,..., B
andd=1,...,D.

Garbuno-Inigo et al. (2020) propose an interacting particle method, called en-
semble Kalman sampler (EKS), to provide approximate solutions of (3.9) without
requiring the use of derivatives or adjoints of the forward model G. Consider the
following noisy version of (3.9) with additive Gaussian noise ¢ ~ N(0,T") with co-

variance matrix I,
h=G(f) +¢,

and adopt a Bayesian approach: given a Gaussian prior on f with covariance matrix
Iy :=T'g/a? for some a > 0 and Ty a positive-definite symmetric matrix, and using

the lo norm as loss function, one can obtain the posterior for f

1
() s oxp (-3 (I - GOIR + 112, (3.10
where for any positive-definite symmetric I'

€2 = (£,67) = (07126, 07127 = 0126 3
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with (-,-) denoting the dot-product and superscript 7' the matrix transpose. The
maximum a posteriori given by (3.10) corresponds to the solution of (3.9) obtained

by Tikhonov’s regularisation, i.e. minimising the discretised version of (3.2)
1 o
a(f) 1= 5 h— G+ IR,

To sample from (3.10), Garbuno-Inigo et al. (2020) propose an ensemble Kalman
sampler (EKS): take N particles £V ... V¥ ¢ RP and evolve them according to
a non-linear SDE with drift

N
(f”V ! Z(sfm> _ ! =GN - .6 —n) £V - oY

k:l
involving the covariance matrix of the particles and the average G

N N
1 i : 1 i - i *
Gi=5 D GE™), O™ =5 (B —f)eE" —1§)

i=1 =1

and diffusion coefficient o (ftZ N4 5f1 N> = /2C(fFN). The term G(ffV) -G
in the drift b is an approximation of the derivative of GG, which in the linear case
coincide with the derivative itself.

In the limit N — oo the particle system converges to a mean-field SDE whose
stationary states minimise a functional involving ®(f) (Garbuno-Inigo et al., 2020).

The EKS described above is similar in spirit to the mean-field SDE approach
we will introduce in Chapters 6-7, with two key differences. We are concerned with
linear operators for which computation of the derivative is straightforward and no
approximations are needed. This allows us to avoid the discretisation step in (3.9)
and to work directly with the densities f, h. To give some intuition on the difference
between the two approaches consider again the toy model in Example 3.1. As we did
for the EM algorithm discussed in Example 3.2 we fix the discretisation grid over
[0,1] and set D = B = 100, that is each particle £V is a 100-dimensional vector.
On the contrary, in Chapter 7 we do not introduce any discretisation of the integral
equation (3.1) and consider particles which are samples drawn from f. Thus, while
in the EKS approach the particle population at any given time can be stored in
a D x N matrix, in the case of the approach described in Chapter 7 this reduces
to a N dimensional vector. Since the memory cost of EKS is considerably higher
than that of the particle methods developed in this thesis, this approach will not be

further discussed.
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3.5 Summary

In this chapter we introduced Fredholm integral equations of the first kind and
the framework in which we will work (i.e. that of probability densities in Euclidean
spaces). Among the many regularisation techniques available in the literature, our
focus is on maximum-likelihood based methods; in the following development of this
work we will study two maximum penalised likelihood methods which aim at con-
structing smooth reconstructions of f. In Chapters 4-5 the penalty term is implicit,
as we directly modify the iteration (3.1) introducing a smoothing component; in

Chapters 6-7 we consider a maximum penalised likelihood with an entropic penalty.
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4

Expectation Maximisation Smoothing for
Fredholm Equations of The First Kind

A short version of this chapter is presented in (Crucinio et al., 2021b).

4.1 Introduction

As is the case for many inverse problems, Fredholm integral equations of the first
kind are ill-posed and some type of regularisation is needed. Maximum penalised
likelihood estimation (MPLE) is a natural way to introduce regularisation, but very
often leads to an iterative scheme which cannot be implemented in practice. An
easy-to-implement regularised version of the EM recursion (3.5) is the expectation
maximization smoothing (EMS) algorithm of Silverman et al. (1990), an EM-like

algorithm in which a smoothing matrix K is applied to the EM estimates at each

F Z (n) ZD hdglid
Klmf (4'1)
k=1

SA\Te 1fk Gkd

This algorithm has long been attractive from a practical point of view as the addition

iteration

of the smoothing step to the EM recursion (3.5) gives good empirical results, with
convergence occurring in a relatively small number of iterations (e.g. Li et al. (2017,
2020); Silverman et al. (1990)).

Example 4.1. (Gaussian integral) For the Gaussian integral Example 3.1 with
JJ% = 0.0432,03 = 0.045%2 and X = Y = R the EMS iteration for 100 steps with
initial distribution f; Uniform on [0,1] and discretisation grid given by B = 100

equally spaced intervals in [0, 1] gives smooth reconstructions (Figure 3).

The aim of this chapter is to introduce a continuous version of the EMS of

43



4. EXPECTATION MAXIMISATION SMOOTHING

Figure 3: Reconstructions given by the EM algorithm without and with smoothing
step. The target density is NV (x;0.5,0.043%), which solves the toy Fredholm integral
equation in Example 3.1.

Silverman et al. (1990), to study its properties and establish existence of a fixed

point of the corresponding iterative scheme.

4.2 Continuous EMS

In order to introduce a continuous version of the EMS iteration (4.1) we consider
the EM iteration (3.3) and smoothing operators Ok : f — Ok f, with Ok f(-) :=

fX u)du, rather than smoothing matrices. The resulting iterative scheme is

/

h
fn+1 / K :B y L f'rL / 33) y) dydx' (4'2)
fx (2)g(y | 2)
/
)h
/Km D) fulz )/ 9(y | 2) (y)dydx
hn(y)
where hy(y) == [x fa(2)g(y | z)dz.

A snmlar approach in which a non linear smoothing operator

Ox f := exp (Ox(log f))

is applied to f, both in the numerator and in the denominator of (3.3) has been

considered by Eggermont and LaRiccia (1995). In this case the fixed point of the
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iteration maximises the modified log-likelihood
[ nwos [ (Oxniiaty | oyndy — [ faja.

However, because of the non-linearity of the smoothing operator 6;;, the algorithm
of Eggermont and LaRiccia (1995) cannot easily be implemented without further
approximation and requires the knowledge of the analytic form of h.

In order to study the properties of the EMS recursion (4.2), we consider the
corresponding map from the set of unsigned measures of nonzero mass M™*(X) to
the set of probability measures P (X).

Hence, we consider the EMS map, Frys : MT(X) — P(X) such that

Fos -1 Fows 7= | nfd)K(',) gl | 7)h(dy) (4.3)

X v Jxn(d2)g(y | 2)

This map is the composition of the linear smoothing map Ok and the non-linear
Boltzmann-Gibbs transform corresponding to the EM iteration Fry : MT(X) —
P(X),

1

Frnm(n)(dz) = —==Gy(2)n(dz) (4.4)
U(Gn) !
associated with the potential function Gn
~ v [ 9| )h(dy)

@l = |, Jxn(d2)g(y | 2)’

where the normalising constant 1(G,) = 1 is introduced to highlight the connec-
tion with the SMC methods we will introduce in Chapter 5; so that Frpygn =

Ok (Fem(n)) = (Femn) K.
In order to prove that the Frymg admits a fixed point, a number of properties of
the EM map, Fgy, of the smoothing operator Ok and of the EMS map itself must

be established. To do so, we work with the following set of assumptions:
Assumption 4.1. In addition to Assumption 3.1-(b), the following hold:

(a) X C R% and Y C R% are compact subsets of Euclidean spaces endowed with
the Borel o-algebras B(X) and B(Y) respectively.

(b) The density of the positive kernel ¢g(y | ) is continuous, bounded and bounded
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away from 0

dmg > 0 such that O<m;1§g(y|x)§mg<oo V(z,y) e H=Xx Y.

(¢) The smoothing operator

Ok :n—nK := /Xn(dv)K(v, )

is such that, for any A € B(X),

Jarx T(u — v)du
v, A
K )= fX u' —v)du

where T is a bounded density in R% such that inf,cx fX T(u —v)du > 0.

It is easy to see that Assumption 4.1-(a) is satisfied by most of the examples
in Section 3.2.1. For instance, in image processing both X and Y are typically of
the form [—a,a] x [—=b,0] for a,b > 0, f and h are continuous densities on X and
Y respectively, and the available data are the values of h over the discretisation of
Y induced by the pixels of the image (e.g. an image with 10 x 10 pixels induces a
discretisation on Y in which the intervals [—a, a] and [—b, b] are each divided into 10
bins). Similarly, when integral equations arise in connection to PDEs with boundary
conditions (e.g. the Dirichlet problem for the Laplace’s equation first described by
Green (1828)) the domain on which the PDE is defined is bounded.

Assumption 4.1-(b) is a common assumption in the literature on Fredholm inte-
gral equations. In particular, if X is compact and g is continuous, then the integral
operator is compact in Lo(H) (Kress, 2014, Theorem 2.28), ruling out degenerate
integral equations which require special treatment (Kress 2014, Chapter 5). The
boundedness condition on g gives compactness of {hs : hy(y) = [y f(x)g(y | x)dx},
for f a probability density, in the set of continuous functlons endowed with the
supremum norm (Miilthei, 1992) and ensures the existence of a minimizer of (3.4)
(Miilthei, 1992, Theorem 1).

Under Assumption 4.1-(c), K is a Markov kernel on X which admits the following

density with respect to the Lebesgue measure

dK (v,-) (u) = T(u —v)Ix(u)
d\ S5 T (v —v)du'

(4.5)

Assumption 4.1-(c) on T is mild and is satisfied by most commonly used kernels for
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density estimation (Silverman, 1986) and implies that K (v, -) is a density over X for
any fixed v. We can draw samples from K (v, ), e.g. by rejection sampling whenever

T is proportional to a density from which sampling is feasible.

Remark 4.1. The choice of the smoothing kernel K is crucial for the EMS iteration.
A natural choice is to consider kernels K depending on a parameter £ which controls
the level of smoothing; a classic example is Gaussian smoothing, i.e. T(u —v) =
N(u —v;0,e?) with variance 2. As a rule of thumb, e should not be too small, as
arbitrarily small levels of smoothing would make the EMS recursion (4.2) collapse
onto the EM one (3.3). On the other hand, ¢ should not excessively large, as over-
smoothing results in flatter reconstructions of f which do not allow to recover e.g.
local maxima. A common approach to the selection of regularisation parameters
for Fredholm integral equations is cross validation (see, e.g. Amato and Hughes
(1991); Wahba (1977)). In the remainder of this chapter, we will consider K to
be given as we are mostly interested in the theoretical properties of the continuous

EMS recursion.

Remark 4.2. The theoretical results established in this chapter hold regardless
of the particular form of K (as long as Assumption 4.1-(c) is satisfied). In the
following chapters we will always consider K to be an isotropic Gaussian kernel
with marginal variance £2; however, non-isotropic kernels might be expected to lead
to better results when the smoothness properties of f vary between dimensions
(Genton, 2001).

4.2.1 Properties of the EMS map

This section summarises a number of properties of the EM map, Fgy, of the
smoothing kernel K and of the EMS map, Fgyg, which will be used to establish
existence of a fixed point. The results are obtained with respect to the the bounded
Lipschitz norm (e.g. Dudley (2002, page 394))

B(n):= sup / n(dz)e(x)|, (4.6)
lellpr<i|/H
where || - || g1, denotes the bounded Lipschitz norm for bounded Lipschitz functions

¥

lp(z) — (W)l

lellBL = llplloo + sup ;
ary T =yl
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this norm metrises weak convergence of measures and we will make often use of the
following equivalence (Dudley, 2002, Theorem 11.3.3): for every u € M(H), and
sequence {fin }n>1 taking values in M(H), B(n,p) — 0 is equivalent to py,(¢) —
w(p) for all continuous bounded functions ¢ € Cy(H).

The following properties of Fgy and Ok lead to compactness of Frys:

Proposition 4.1. Under Assumption 4.1-(a),(b), the Boltzmann-Gibbs transform
Fem in (4.4) is a continuous and bounded operator on M™(X) endowed with the

weak topology.

Proof. Let n € M™(X) and {n, }»>1 be a sequence of measures in M*(X) converging
to 7 in the weak topology as n — oco. For any ¢ € Cp(X) consider

/ Fint (1) (d2)p(z) — / Fen(n)(d2)p ()
X X

_ Dole) [ IWAdY) .
=| [t [ 2 L o) J

oy~ Ltanetn [ LA
n(dx dx
=| [, [ etieyn )[ n<(<yr?>> n?g((yl)))]
[ [ Ao ) 1 1. - <g<y|~>>1\

) p(x )g(ylfﬂ)h(dy)‘
n(gyl) |

where the second equality follows from Fubini’s Theorem since g, are bounded

IN

(N (dz) —n(dz
Y

functions.
The first term can be bounded by

1 ( dx x)g y\x)( y) W .
Lt ‘)) n(9(yl) nn<g<y|>>]\
)f

Xnn g(ylr)
Y)

< llelloo / ST <<\>> 17 (9(1)) — 1 (91
h(dy)
< Jllloo / oy 1) = e ().

Under Assumption 4.1-(b), g is bounded below by 1/my and we have

1 1
(o) = | @) = - [ n(de) = on) >0

g
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since n € M1 (X) is an unsigned measure with nonzero mass. Therefore we obtain

i dx y(l ()’%’F)C;y) 7 (9(yl)) = mn (9(y))]

h(dy) B .
llloo /Y s mo(ul) = e (9ol )

< lellorry | ) ol = m (o)

For fixed y, g(y|-) € Cp(X), and we have that

7 (g(]-)) — 1 (g(y]-))| =0

as n — oo since 7, converges to 7 in the weak topology. Since ¢ is uniformly bounded

by myg, the Dominated Convergence Theorem then gives

/Y h(dy) 11 (9(51)) — 1 (g(y]))] = O

as n — 0o, from which we obtain

T ( dx z)g(ylz)h(dy)
) (9(yl-)

[ (9(y[-)) = m (g(y[-)]| = 0 (4.7)

as n — oQ.

For the second term, consider the function

x >—>/ y‘x (dy), (4.8)

This function is bounded by mgHgoHoo /n(X); to see that it is also continuous, recall
that ¢, g are continuous functions while the continuity of y — 7 (g(y|-)) follows
from the continuity of g and the Dominated Convergence Theorem. The Dominated
Convergence theorem and the fact that g is continuous, bounded above and below
give continuity of (4.8).

Using Fubini’s Theorem, whose applicability is granted by the boundedness of

g, , we obtain

otde)) $@)9l2)h(dy)
X Y(nn(dx) () n(9(yl-)) ‘

_ ’/X(nn(dx)_n(dm))éw(w)g(ylw)?)(dy)‘ 0 (4.9)

n(g(yl
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as n — oo.

Combining (4.7) and (4.9) we obtain convergence of Fry 7, (¢) to Frmn(e) for
every ¢ € Cp(X), and thus convergence in the weak topology of Frn n, to Fpvmn
(Dudley, 2002, Theorem 11.3.3) whenever 7, converges weakly to 7, proving that
the EM map is continuous in M (X).

Finally, consider boundedness. A non-linear operator is bounded if and only if
it maps bounded sets into bounded sets (e.g. Zeidler (1985, page 757)). The EM
map maps the space of unsigned measures of nonzero mass M™(X) into the space
of probability measures P(X), whose elements have 5 norm uniformly bounded by
1; in particular Fgy maps any bounded subset of M™(X) into a uniformly bounded
subset of P(X), showing that Fgy is a bounded operator. O

Proposition 4.2. Under Assumption 4.1-(a),(c), the smoothing operator Ok is
compact on P(X) endowed with the weak topology.

Proof. To prove that Ok is compact we need to prove that it maps bounded subsets
into relatively compact subsets (Kress, 2014, Definition 2.17). It is sufficient to
observe that X is a complete subset of R% (as it is a compact subset of a metric
space) from which it follows that P(X) is complete by Prokhorov’s Theorem (e.g.
Dudley (2002, Corollary 11.5.5)). Completeness of P(X) implies that every sequence
in P(X) admits a convergence subsequence, using the fact that the S norm metrises
weak convergence and the equivalence of compactness and existence of convergent
subsequences in metric spaces we obtain that P(X) is relatively compact (Dudley,
2002, Theorem 11.5.4).

O

Given the two results above, compactness of Fryg follows straightforwardly:

Proposition 4.3 (Compactness of Fgyg). Under Assumption 4.1, the EMS map,
FEwms, is compact on M (X) endowed with the weak topology.

Proof. The EMS map is the composition of the continuous and bounded operator
Fgum (by Proposition 4.1) which maps bounded sets into bounded sets, with the
compact smoothing operator Ok (by Proposition 4.2) which maps bounded sets
into relatively compact sets. It follows that Fgyg is continuous and maps bounded
sets into relatively compact sets, hence Fgyg is compact (e.g. Zeidler (1985, page
54)). O
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4.2.2 Existence of the Fixed Point

Thanks to the properties of the EMS map established in the previous section, we
can show that the continuous EMS map admits a fixed point in the set of probability

measures:

Corollary 4.1 (Existence of Fixed Point). Under Assumption 4.1, the EMS map
Fgums admits a fixed point in P(X) endowed with the weak topology.

Proof. Since X is a compact metric space (and therefore complete), the set of prob-
ability measures P(X) € M(X) is complete by Prokhorov’s Theorem (e.g. Dudley
(2002, Corollary 11.5.5)) and therefore P(X) is closed. Moreover, P(X) is non-
empty, bounded (since all of its elements have 8 norm bounded by 1) and convex:
take p, v € P(X) and ¢ € [0, 1], then for every A € B(X)

tpu(A) + (1 —t)v(A) >0 tX)+ (1 -trX) =1

ast,1—t > 0 and P(X) C M*(X), showing that tu+ (1—¢)v € P(X) for all t € [0, 1]
and all p,v € P(X).

These properties and the compactness of the EMS map (Proposition 4.3) give
the existence of a fixed point by Schauder’s fixed point theorem (e.g. Zeidler (1985,
Theorem 2.A)). O

4.2.3 Towards Uniqueness of the Fixed Point

It is well known that the EM iteration generally does not admit a unique solution
(Dempster et al., 1977), the discretised EM for Fredholm integral equations (3.5) is
no exception (Latham, 1995, Remark 4). Silverman et al. (1990, Section 5.4) and
Latham (1995, Section 5.3) conjecture that the introduction of a smoothing step,
leading to EMS, guarantees existence of a unique solution of the EMS iteration.

Uniqueness of the fixed point can be obtained for analytic maps through the
following result (Zeidler, 1985, Theorem 14.B):

Theorem 4.1. Suppose that the compact mapping m : G — X is analytic on the
non-empty, open, bounded, convex subset GG of the complex Banach space S, and
that m(0G) C G. Then m has exactly one fixed point on G.

In this section, we establish that the Fgyg is analytic in M™T(X). However,
we have so far been unable to identify an appropriate open set G containing P(X)

which satisfies the conditions of Theorem 4.1 and over which the continuous EMS
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map is defined. Showing that the EMS is analytic over M (X) is a first step towards
establishing the uniqueness of the fixed point. We study the uniqueness of the fixed
point for the discretised EMS scheme (4.1) in Section 4.3.1.

Before showing that Fryg is analytic we prove the following two Lemmata, giving
a closed form expression its the Fréchet derivative of order k. Since the computation
of the derivatives is rather involved, we only give their expression here and postpone

the proofs to Appendix A.

Lemma 4.1 (First order Fréchet derivative). The first order Fréchet derivative of
Fems at n € M1 (X) is the bounded linear operator D,gl) Fems : M(X) - M(X)
which maps v € M(X) to

D,gl) Feums v(dz) :—/}gu(dx)K(w,x’)Ade' (4.10)
n [ 9y | z)h(dy) /
- [ ey [ 28T gty | ) aa
In particular,
m2
B (DS;I) Fewms V) < Qn(é)ﬁ(@- (4.11)
Proof. See Appendix A. O

A similar result for the EM map, Fgyy, is proved in Miilthei et al. (1987, Lemma
1); the first order Fréchet derivative is derived with respect to (L1, ||-||1) for positive
continuous functions. An analogous result for positive measures is obtained by
taking the smoothing operator Ok equal to the identity in (4.10).

As a consequence of Lemma 4.1 we can define the derived mapping D Frys :
MFT(X) - LIM(X), M(X)) which for each n € MT(X) gives the corresponding
bounded linear operator D,(,I) Feums. In order to show that the EMS map is analytic
we need to compute the derivatives of order k > 2, D®) Fpyg. These maps are
defined inductively: Fgyg is k times differentiable at n € M™(X) if DE=1 Fryg
is differentiable at 1 (Cartan, 1971, page 58). The map D) Fyyg maps each 7 €
MT(X) to the k-linear map Dqgk) Fgums (Cartan, 1971, page 63). Fortunately, to
show that Fgyg is analytic we only need to compute D7(7k)l/k = ng)l/' -~ v (Zeidler,
1985, page 362):

Lemma 4.2 (Higher order Fréchet derivatives of Fgyg). The Fréchet derivative of
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Fems at n € MT(X) of order k > 2 satisfies

D) Frys v* = (—1)k+lk:!/
X

y [ 9l ] 2)h(dy) k-1
Y R S AU IR E)
Y

U 4 k- D] @)K o) Wu<g<y )

Moreover, D%k) Frus vF is bounded for all k& > 2

8 (Dg’“) Frms u’f) < (k+1)m 2k+277é(§),1+1 WX) + X)), (4.13)

Proof. See Appendix A. O

The analyticity of Fryg is obtained showing that the Taylor expansion of Fgyg
at each n € M1 (X) is converging in a neighbourhood of 7.

Proposition 4.4 (Analyticity of Fgys). Under Assumption 4.1, the EMS map,
FEms, is analytic on M™(X) endowed with the weak topology.

Proof. The EMS map Fgys is analytic at n € M1 (X) if the series

o0
1
FEMS vV — kz_: ]{T FEMS vV — n)k (414)
is converging in a neighbourhood of n, {v : B(v,n) < r}, with r > 0 and v € M (X)
(Zeidler, 1985, page 362).

To show that the series above is converging we use
Fems(v —n) + Z 1 ) Feas (v — n)”
o

< B (Fems(v — Zkl ( ) Frms(v — 77)k> .
k=1

The definition of Fryg gives 8 (Frms(v — 1)) < 1. Then, we bound the derivative
of order 1 with (4.11) and that of order k with (4.13)

2

B (fo) Frms(v — 77)) < 277%2)/8@ — 1)

k
8 (DY Frvsv = 1)) < 20k + D222 CI (o) 4+ (0]
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4. EXPECTATION MAXIMISATION SMOOTHING

Therefore, the series (4.14) is bounded by

Frns (v — 1) + DY Fans(v — 1 +Z o ) Feas (v — )"

< BFpms(v—m)) + 8 ( Y Fens (v — 77)) +> %5 (D%k) Frms(v — ﬁ)k)
k=2
m? m2 ([v(X)] + [n(X)]) & m28w —1n)\"
9_B3(y — g g _
SL+ 2w 2 ke ( 50 )

The series on the right-hand side is a power series of the form > 72, (k+1)z*, which,

by the ratio test, converges when |z| < 1, thus

77”5276(”777) <1 = Blv—n) < M

B(n) mg
Hence, since S(v —n) = B(v,n), for any r € (O,ﬂ(n)/mg) and for any v such that
B(v,m) < r the series
=1
FEM3<I/ — 77) + Z ngk) FEMS(V - 77)k
k=1

is converging and the Fgyg is analytic at n € M™(X) (Zeidler, 1985, page 362). The
same argument applies to all n € M (X), hence Fgyg is analytic on M (X). ]

4.3 Additional Results for the Discretised EMS

After its introduction in Silverman et al. (1990), a number of properties of the
discretised EMS iteration

D
=1 d=1 Zk 1 fk Gkd

have been established. In the discrete setting, the set of finite measures with nonzero

mass coincides with the set of positive vectors with at least one non-zero entry

C:={feRP . f,>0 b=1,...,B}\{0} (4.15)
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and the set of probability measures with the set of positive vectors with sum equal
to 1, P := H N C where H is the hyperplane

B
H= {feRB : ||h|112fb:1}, (4.16)

b=1

where h := (hy,..., hp) is the vector obtained by approximating h with its value at
the mid-point of each of the D bins of the discretisation of Y and ||h||; :== Y27 |hql
(Latham and Anderssen, 1992). Existence of a fixed point for the discrete EMS
recursion (4.1) has been proved under mild assumptions on the smoothing matrix
Ok (Latham and Anderssen, 1992).

Nychka (1990) shows that with a particular choice of smoothing matrix, the
fixed point of the EMS recursion minimises a penalised likelihood with a particular
roughness penalty. With this choice of penalty, the OSL-EM and the EMS recursion
have the same fixed point (Green, 1990). The proof of Nychka (1990) does not
extend straightforwardly to the continuous case, since the smoothing operator O is
not invertible, a key feature of the smoothing matrix considered in Nychka (1990).

Fan et al. (2011) establish convergence of the discrete EMS recursion to local-
EM, an expectation maximisation algorithm for maximum local-likelihood estima-
tion, when the smoothing kernel K is a symmetric, positive convolution kernel with
compact support and with positive bandwidth . Under the same assumptions on
the kernel K, Fan et al. (2011) show that the spectral radius of the discrete EMS
mapping at the fixed point monotonically decreases below 1 as the bandwidth e
increases, giving local convergence to a fixed point. Moreover, if the space on which
the EMS mapping is defined is bounded, the discrete EMS mapping is globally con-
vergent when the bandwidth is sufficiently large. Unfortunately, the result of Fan
et al. (2011) does not give an estimate of the order of magnitude of the bandwidths
for which convergence occurs, clearly, if € — oo and the space is bounded, then the
EMS recursion will convergence to a Uniform distribution, regardless of h and g (see
Remark 4.1). If the discrete EMS iteration (4.1) converges, the convergence occurs
at a geometric rate, improving on the notoriously slow convergence of the EM algo-
rithm (Nychka, 1990). Convergence results for the continuous EMS iteration (4.2)

are not yet available.

4.3.1 Uniqueness of the Fixed Point

Silverman et al. (1990, Section 5.4) and Latham (1995, Section 5.3) conjecture

that the introduction of a smoothing step, leading to EMS, leads to existence of a
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4. EXPECTATION MAXIMISATION SMOOTHING

unique solution of the discretised EMS iteration.

We showed in Proposition 4.4 that the EMS map is analytic, we can now apply
the result above to obtain uniqueness of the fixed point for the discretised EMS (4.1).
In the discrete setting, the EMS map is a map from C in (4.15) into the set of
positive vectors with sum equal to 1, P; however, the set C' on which the EMS is
defined is not bounded. To circumvent this issue we restrict the EMS map to an
appropriate subset G of C' and assume that we are able to initialise the discrete
EMS iteration (4.1) at a vector f(1) = (fl(l), ce fg)) eqG.

To show that the fixed point of the discrete EMS map is unique, consider the

open (as intersection of open sets) set

€111
[l

G::{feRB:1—5< <1+5}ﬂ{feRB:fb>0,bzl,...,B}

whose closure

Gg{feRB:l—sg \‘\‘£||||1 §1+a}ﬂ(C’U{O})CC
1

is a subset of C', over which the EMS map is defined. We can then show the following

result using Theorem 4.1

Proposition 4.5. If Ok is a stochastic matrix with positive entries, and g is as in

Assumption 4.1-(b), then the discretised EMS map (4.1) has a unique fixed point in
PN{feRP:f,>0 b=1,....,B}.

Proof. Clearly, G is non-empty, bounded, and convex: take v,w in G and ¢ € [0, 1],
then

M=

”tV + (1 — t)WHl = |t’l)b + (1 — t)wb]

S8
Il
-

I
NE

tvp + (1 = wy = tf|v[lr + (1 = #)[[wlz

S8
Il
—

since t > 0 and v, w, > 0 for all b = 1,...,B. To show that for every f € G,
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Feums f € G consider (4.1). For every f € G, Frus f € H:

Hh||112 Frms ) ||h||1lzZKlmfnZ (hd”%d>

b=1 k=1 Zk lfkgkd
D
NI Z ) = S b=
k=1 k 1 Jk9kd d=1

and, since under Assumption 4.1-(b) each g4 is bounded below, each element Fryg f

is strictly positive

o 2 ~ hagka
(Fens ), = > Ko fu Y
k=1

d=1 Zk 1 fkGka

ha Il
QZKbn nZ(Zk 1f ) - mQZ bnfm |fH

ng

| \/

where the last inequality follows from the fact that Zle Kpi fo > 0 since K is a
positive matrix and at least one of the entries of f is strictly positive. Therefore
(FEmsf), >0forallb=1,...,B and

Feusf € PN{feR?: f,>0, b=1,...,B} CG.

Since the EMS map is analytic by Proposition 4.4, the discretised EMS map (4.1)
has a unique fixed point by Theorem 4.1. O

As discussed in Section 4.2.3, this result does not straightforwardly extend to the
continuous EMS iteration, as the space of probability measures P(X) is a manifold in
the Banach space of finite measures M (X) which is not contained in an open set on
which Fgyg is defined. However, in our experiments (see Section 5.5.1) we observed
that convergence occurs to a unique fixed point regardless of the initial distribution
f1, giving further evidence that the continuous EMS mapping (4.2) indeed admits a
unique fixed point. We conjecture that, as in the case of Proposition 4.5, uniqueness
of the fixed point is guaranteed under some assumptions on the smoothing kernel
K, in particular, it is well known that if the smoothing kernel K is close to a Dirac §
(e.g., if the bandwidth e — 0) the EMS iteration collapses onto the EM one, ruling

out the existence of a unique fixed point.
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4. EXPECTATION MAXIMISATION SMOOTHING

4.4 Summary

We introduced an EMS recursion on continuous spaces and studied its theoretical
properties showing the existence of a fixed point in the set of probability measures.
In the following chapter we will present a way to implement the continuous EMS
recursion which provides an adaptive stochastic discretisation of the domain of f,
does not require strong assumptions on the regularity of f and can be implemented

when only samples from h are available.
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Particle Implementation of Expectation

Maximisation Smoothing

A short version of this chapter is presented in (Crucinio et al., 2021b).

5.1 Introduction

The Expectation Maximisation Smoothing (EMS) algorithm provides an attrac-
tive approach to deal with the ill-posedness of Fredholm integral equations of the
first kind, unfortunately, the iterative scheme can rarely be implemented analytically
and some kind of discretisation is needed. The standard approach in the literature
requires discretisation of the domain, X, and the assumption that the signals h, f are
piecewise constant, which restricts their applications to low-dimensional scenarios
(Li et al., 2020; Silverman et al., 1990). Under this assumption, the support of h,
f is divided into bins and the value of the signal in each of those bins is obtained
by iterating the discretised version of the EMS scheme (4.1). This scheme has two
main drawbacks: the assumption of piecewise constant signals is rarely satisfied in
practice and a functional form of the observed signal h is needed for the implemen-
tation. If only observations from h are available, a functional representation can be
obtained by e.g., kernel density estimation, but this is not fully satisfactory.

In the previous chapter we introduced a continuous version of the EMS iteration,
and showed that a fixed point of the iterative scheme exists also in this setting.
We propose a stochastic discretisation of the continuous EMS recursion through
sequential Monte Carlo (SMC) which does not need the assumption of piecewise
constant signals, provides an adaptive stochastic discretisation of the domain and
outputs a sample approximation of f through which a smooth approximation can be

obtained via a natural kernel density estimation procedure. This approach naturally
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5. SMC-EMS

deals with observations from h, therefore we assume that

Assumption 5.1. The function g can be evaluated pointwise and a sample Y from

h is available.

The existence of a fixed point of the continuous EMS recursion (Corollary 4.1)
is established taking h to be any probability distribution over Y, and shows that a
fixed point exists both in the case in which h admits a density and that in which h

is the empirical distribution of a sample Y

Y]

|Y| Z Y (5.1)

where |Y| denotes the number of samples from h available. This setting is the most
common in applications, and is the setting we are concerned with.

The construction of this novel SMC scheme is based on the connection between
the EMS recursion and Feynman-Kac measure flows, which we make explicit in
this chapter. The resulting SMC scheme is not standard, thus we extend some of
the results known for standard SMC to this case (e.g. L, inequality, strong law of
large numbers, almost sure convergence in the weak topology and bias estimate).
Finally, we compare the novel method with alternatives using a simulation study and
present results for realistic systems, including motion deblurring and reconstruction

of cross-section images of the brain from positron emission tomography.

5.2 A Stochastic Interpretation of EMS

The EMS recursion

y|$ (y) /
n n dd,
Joi(@ /K”f fxgy\anZ) e

can be modelled as a Feynman-Kac measure flow by considering an extended state

space. Denote by n,(x,y) the joint density at (z,y) € H defined by n,(z,y) =

fu(x)h(y) so that fn(x) = nalx(z) = [y nn(z,y) dy. This density satisfies a recursion
similar to that above
/
x
12, Y) / /nn o',y ) K (2! fv)h(y)ggly (’ ; ) dy’ da’, (5.2)
where hy,(y') := [ 9(y' | 2) fn(z)dz. With a slight abuse of notation, we also denote

by 7, the Jomt densfcy of (1.m,Y1.n) € H™ obtained by iterative application of (5.2)
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5. SMC-EMS

with the integrals removed and consider the corresponding measure (also denoted
by 7).
The following result connects the augmented EMS recursion to the Feynman-Kac

measure flows introduced in Chapter 2:

Proposition 5.1. The sequence of measures {n,},>1 defined over the product
spaces H" by (2.2) with

Mn+1 ((xm yn)a d($n+17 yn-‘rl)) = K(l‘n, dxn-i-l)h(dyn-i-l) (53)

and

B 9(Wn | Tn)
Cnl@nstn) = T (@29 (um 17) (54)

satisfies, marginally, recursion (5.2). In particular, the marginal distribution over

Zp, of Ny,
Mlx(A) =, (X" x A) x Y") =1, (AxY), (5.5)
for all A C X, satisfies the EMS recursion if we make the identification f,(z) =

Mn|x(d).

Proof. Starting from (2.2) with M,,+1 and Gy, as in (5.3)-(5.4)

n (A(Z1:05 Y1:0)) Gr(Tn, Yn
TIn+1 (d(anrl)ynJrl)) = K ( ( 1 n 1(63)) ( )Mn+1 ((xn,yn),d($n+1,yn+1)),

(5.6)

where 1, (G,,) := fH M (d(1:0, Y1:0)) Gn(Tn, yn) = 1, and integrating out (1., Y1.n)

Tn+1 (d(xn+1a yn+1))

—/ - (d(“m’zﬁgl))(;n(xmyn)MnH ((@n, yn), d(@nt1, Ynt1))

:/in/Hn1 {nn (d(21:m, Y1:n))

% g(yn | xn) " .
T2l gy dons ) i)}

B " 9(Yn | Tn) o dr
= [ e @ ) I K, ) )

The above shows that the marginals of (5.6) at time n + 1 satisfy the augmented
EMS recursion (5.2).
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We can then compute the marginal over X, 7,41|x

P (s 1) = /Y Tt (A1, Yns1))

_ 9Wn | n)
Ah(dyn+1>4nn (d(xnvyn))fnn|x(dz)g(yn’Z)K(xnydxn-‘rl)

B . . . g(yn | xn)
= /Xnn!x(d n) K (2, d n+1)Ah(dy”)fnnlx(dZ)g(anZ)

which, with the given identifications, satisfies the EMS recursion (4.2). O

To facilitate the theoretical analysis we separate the contribution of the muta-
tion kernels (5.3) and of the potential functions (5.4), in particular, we denote the

weighted distribution obtained from 7, by

Ve, () (d(n, ) = — e (A0, )) G ).

nn(Gn

5.3 SMC Implementation of the EMS Recursion

Having shown that the EMS recursion describes a sequence of densities satisfy-
ing a Feynman-Kac flow, it is possible to use SMC techniques to approximate this
recursion. This involves replacing the true density at each step with a sample ap-
proximation obtained at the previous iteration, giving rise to Algorithm 2, which
describes the case in which only a fixed number of samples from h are available and
in line 1-2 we draw Y,! from their empirical distribution; when sampling freely from

h is feasible one could instead draw these samples from it.

Algorithm 2: Sequential Monte Carlo for Expectation Maximisation
Smoothing (SMC-EMS)
At time n =1
1 Sample X! ~ f1, Y{ from m(Y) fori = 1,..., N and set W/ = +
At time n > 1
2 Sample X} ~ K()Z'fl_l, ) and Y;! from m(Y) fori=1,...,N
3 Compute the approximated potentials GY (X, Y;?) in (5.8) and obtain the

n’ n
normalized weights W = GY (X}, V1) /SN, GN (X4, vi) fori=1,... N
4 (Re)Sample {(X},Y;}), Wi} to get {()Zjl,f/,f), %} fori=1,...,N

5 Estimate f,11(z) as in (5.10)

The resulting SMC scheme is not a standard particle approximation of Feynman-

Kac measure flows, because of the definition of the potential (5.4). Indeed, G,
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cannot be computed exactly, because f,(z) is not known. However, the SMC scheme
provides an approximation for f, at time n. Let us denote by nflv |x the particle

approximation of the marginal n,|x = f, in (5.5)

N L N T
¥l (4) = /A Y @)

for all A C X. We can approximate

9(Wn | zn) _ 9(Wn | zn)
P (Yn) fx Nnlx(d2)g(yn | 2)

Gn (SUm yn) =
by using the particle approximation of the denominator A, (yy)

WY () = / N 1x(d2)g(wn | 2) = 1 % (9o | ) (5.7)
X

to get the approximate potentials

N _ 9 | 2n)

G, (T, Yn) = W (o) (5.8)
The use of G within the importance weighting corresponds to an additional
approximation which is not found in standard SMC algorithms. In particular, (5.8)
are biased estimators of the true potentials (5.4). As a consequence, it is not possible
to use arguments based on extensions of the state space (as in particle filters using
unbiased estimates of the potentials (Del Moral et al., 2006b; Fearnhead et al., 2008;
Liu and Chen, 1998)) to provide theoretical guarantees for this SMC scheme. If G,
itself were available then it would be preferable to make use of it; in practice this
will never be the case but the idealized algorithm which employs such a strategy is

of use for theoretical analysis.

At time n + 1, we estimate f,+1(x) by computing a kernel density estimate
(KDE) of

N

Wen () x(dar) =

i=1

GN (X1, Y}

n)>.n

S G

n

where ‘I’Ggy is the Boltzmann-Gibbs transform associated with the approximated
N

n

potentials G;', and then applying the EMS smoothing kernel K. This approach
may seem counter-intuitive but the KDE kernel and the EMS kernel are fulfilling

different roles. The KDE gives a good smooth approximation of the density asso-
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ciated with the EMS recursion at a point in that recursion which we expect to be
under-smoothed and is driven by the usual considerations of KDE when obtaining
a smooth density approximation from an empirical distribution; going on to apply
the EMS smoothing kernel is simply part of the EMS regularisation procedure. One
could instead apply kernel density estimation after step 2 of the subsequent iteration
of the algorithm but this would simply introduce additional Monte Carlo variance,
with the described approach corresponding to a Rao-Blackwellisation of that slightly
simpler strategy. Using the kernel of Fredholm equations of the second kind to ex-
tract smooth approximations of their solution from Monte Carlo samples has also
been found empirically to perform well (Doucet et al., 2010). Depending on the
intended use of the approximation, the KDE step can be omitted entirely; the em-
pirical distribution provides a good (in the sense of Proposition 5.3) approximation
to that given by the EMS recursion but one which does not admit a density.

We consider standard dx-dimensional kernels for KDE with smoothing band-
width sy and bounded kernel S (Silverman, 1986), u — s;,dx x|-1/28 ((S?VE) 12 u)
To account for the dependence between samples, when computing the bandwidth,

sN, instead of N we use the effective sample size (Kong et al., 1994)

2

N -1 /N
s - (aton) (Yeodn) . oo
i=1 j=1
The resulting estimator,
N . .
GY (X0 Y0  —deyyy-
711\-71—1(517) = Z N (N 7 ) j SNdX‘E| 12

o1 2oj=1 G (Xa, Ya)

x / Kz, 2)S ((s%vz)‘” (X1 - x')) da’ (5.10)
X

satisfies the standard KDE convergence results in L; (Devroye and Wagner, 1979)
and in Ly (Silverman, 1986) (see Section 5.4.3).

As the EMS recursion (4.2) aims at finding a fixed point, after a certain number
of iterations the approximation of f provided by the SMC scheme stabilises. We
could therefore average over approximations obtained at different iterations to get
more stable reconstructions. When the storage cost is prohibitive, a thinned set of
iterations could be used.

In principle, one could reduce the variance of associated estimators by using

a different proposal distribution within Algorithm 2 just as in standard particle
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methods (see, e.g., Del Moral (2004, Section 2.4.2), Doucet and Johansen (2011,
Section 25.4.1)) but this proved unnecessary in all of the examples which we explored
as we obtained good performance with this simple generic scheme (the effective

sample size was above 70% in all the examples considered).

5.3.1 Algorithmic Setting

There are a number of algorithmic parameters which must be specified. The
initial density, f1, must be specified but we did not find performance to be sensitive to
this choice (see Appendix 5.5.1). We advocate choosing fi to be a diffuse distribution
with support intended to include that of f because the resampling step allows SMC
to more quickly forget overly diffuse initializations than overly concentrated ones.
For problems with bounded domains, choosing f; to be uniform over X is a sensible
default choice and the one which we use in Section 5.5.

We propose to stop the iteration in Algorithm 2 when the difference between
successive approximations, measured through the L2 norm of the reconstruction of

h obtained by convolution of f¥ with g

Wi (y) = /Xfév(w)g(y | z)da,

is smaller than the variability due to the Monte Carlo approximation of (4.2)

J

where ( is some function of the estimator f}, ; and we consider its variance over the

hYo(y) — ﬂﬁi(y)fdy <var (C(fi);k=n+1-m,..n+1), (5.11)

last m iterations. The term on the left-hand side is an indicator of whether the EMS
recursion (4.2) has reached a fixed point, while the variance takes into account the
error introduced by approximating (4.2) through Monte Carlo. For given N there is
a point at which further increasing n does not improve the estimate because Monte
Carlo variability dominates. We employ this stopping rule in the PET example in
Section 5.5.4.

The amount of regularisation introduced by the smoothing step is controlled by
the smoothing kernel K. In principle, any density 7" can be used to specify K as
in Assumption 4.1-(c); we opted for isotropic Gaussian kernels since in this case the
integral in (5.10) can be computed analytically with an appropriate choice of S. In
the case of isotropic Gaussian kernels the amount of smoothing is controlled by the

variance €2, if the expected smoothness of the fixed point of the EMS recursion (4.2)
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is known, e should be chosen so that (5.10) matches this knowledge. If no infor-
mation is known on the expected smoothness, the level of smoothing introduced
could be picked by cross validation, comparing, e.g., the reconstruction accuracy or
smoothness. In addition, one could allow extra flexibility by letting K change at
each iteration. For instance, allowing for larger moves in early iterations proves to
be beneficial in standard SMC settings to improve stability and ergodicity. Another
option is to choose the smoothing parameter adaptively using information on the
smoothness of the current estimate.

We end this section by identifying a further degree of freedom which can be ex-
ploited to improve performance. A variance reduction can be achieved by averaging
over several Y,! when computing the approximated potentials GY. At time n, draw
M samples Yéj for j =1,..., M without replacement for each particle i =1,..., N

and compute the approximated potentials by averaging over the M replicates V&

This incurs an O(M N) computational cost and can be justified by further extending
the state space to X x Y™. Unfortunately, the results on the optimal choice of M
obtained for pseudo-marginal methods (e.g. Pitt et al. (2012)) cannot be applied
here, as the estimates of Gy, given by (5.8) are not unbiased. In the examples shown
in Section 5.5 we resample without replacement M samples from Y where M is the
smallest between N and the size of Y, but smaller values of M could be considered
(see Section 5.5.1). This strategy yields an O(|Y|N) = O(N) cost for a fixed sample
Y from h, in contrast to the naive strategy of drawing NN times with replacement
which would yield an O(N?) cost.

5.3.2 Comparison of EMS and SMC-EMS

The discretised EMS (4.1) and Algorithm 2 both approximate the EMS recur-
sion (4.2). There are two main aspects under which the SMC implementation of
EMS is an improvement with respect to the one obtained by brute-force discreti-
sation: the information on h which is needed to run the algorithm and the scaling
with the dimensionality of the domain of f.

The discretised EMS (4.1) requires the value of h on each of the D bins of the
space discretisation of Y, when we only have a sample Y from h, as it is the case
in most applications (Delaigle, 2008; Goldstein et al., 2009; Gostic et al., 2020; Hall
et al., 2005; Marschner, 2020; Miao et al., 2018), h should then be approximated
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through a histogram or a kernel density estimator as in the Iterative Bayes algorithm
(Ma, 2011). On the contrary, Algorithm 2 does not require this additional approxi-
mation and naturally deals with samples from h. In Section 5.5.2 we show on a one
dimensional example that the brute-force discretisation (4.1) struggles at recovering
the shape of a bimodal distribution while the SMC implementation achieves much
better performances in terms of accuracy. In addition, increasing the number of bins
for EMS has a milder effect on the accuracy than increasing the number of particles
in the SMC implementation.

Similar considerations apply when XY are higher dimensional (i.e. dx > 2).
The number of bins B in the EMS recursion (4.1) necessary to achieve reasonable
accuracy increases exponentially with dx, resulting in higher runtimes which quickly
exceed those needed to run Algorithm 2. On the contrary the convergence rate for
SMC remains N~Y/2, and although the associated constants may grow with dx,
its performance is shown empirically to scale better with dimension than EMS in
Section 5.5.6.

5.4 Convergence Properties of the SMC Scheme

As the potentials (5.4) cannot be computed exactly but need to be estimated,
the convergence results for standard SMC (e.g., Chopin and Papaspiliopoulos (2020);
Del Moral (2004, 2013)) do not hold. For simplicity, we only consider multinomial re-
sampling (Gordon et al., 1993). Lower variance resampling schemes can be employed
but considerably complicate the theoretical analysis (Douc et al., 2005; Gerber et al.,
2019). We extend the L, inequality by analysing the contribution of the additional
approximation introduced by using G instead of G, and then combining the results
with existing arguments for standard SMC (Crisan and Doucet, 2000, 2002; Miguez
et al., 2013). As a consequence of the L, inequality for n)', it is possible to show
that the approximated potentials G converge almost surely to the exact ones G,
(Corollary 5.2).

The strong law of large numbers (SLLN) follows from the L,, inequality and leads
to the almost sure convergence of 72 to 1, as N — oo in the weak topology for
all n > 1 (Proposition 5.3). This result is particularly interesting, because it shows
that the empirical measures obtained with the SMC scheme described in Section 5.3
converge (almost surely in the weak topology) to those obtained by the measure
flow (5.6), whose marginal over z satisfies the EMS recursion (4.2).

Additionally, we extend the bias estimate for standard SMC algorithms showing
that the bias of 7Y () decreases with N at rate 1/N (see, e.g., Del Moral (2013,
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Proposition 9.5.6), Del Moral et al. (2007)). Finally, we provide theoretical guaran-
tees for the estimator (5.10).

5.4.1 L, Inequality, Law of Large Numbers and Bias Estimates

The SLLN is stated in Corollary 5.1. This result follow from the L, inequality in
Proposition 5.2, the proof of which is given in Appendix B and follows the inductive
argument of Crisan and Doucet (2000, 2002); Miguez et al. (2013). Both results are
proved for test functions ¢ in the Banach space of measurable bounded real-valued
functions on H, denoted by By(H), endowed with the supremum norm, |¢llec =
sup e [9(u)].

As a consequence of Assumption 4.1-(b), the potentials G,, and G¥ are bounded
and bounded away from 0 (see Lemma B.1), a strong mixing condition that is
common in the SMC literature and is satisfied in most of the applications which we

have considered.

Proposition 5.2 (L,-inequality). Under Assumptions 4.1 and 5.1, for every time
n > 1 and every p > 1 there exist finite constants 5’p,n,6p7n such that for every

measurable bounded function ¢ € By, (H)

E [ (0) - )] <Gl (512
and E [0y (1))~ Vo, )] <Gl as)

where the expectations are taken with respect to the law of all random variables
generated within the SMC algorithm.

Proof. See Section 5.4.2 and Appendix B. O

The first inequality controls the error between the exact evolution of the measure

flow (5.6) at iteration n and the evolution given by the particle population with the
N

approximated potential G,

while the second inequality controls the error before

the resampling step at time n. The SLLN is a corollary to the L,-inequality:

Corollary 5.1 (Strong law of large numbers). Under Assumptions 4.1 and 5.1, for
all n > 1 and for every ¢ € By(H), we have almost surely as N — oo:

M (@) = ml(p)  and  Uen(n))(@) = Ve, (m0)()-
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Proof. For any continuous bounded function ¢ and Ve > 0 consider the probability
P (|2 (¢) — nu()|P > €). By Markov’s inequality and Proposition 5.2 with p > 2:

o0

S N E [ (¢) = ma(9) "]
S P (In) (9) — ()P =€) < Z
N=0
G, nl!@ﬁllp
< Z Np/25
Fix ¢ = 1/m for some m € N and apply the Borel-Cantelli lemma

P (1msup {12 - m()P = - ) =o.

It follows that limsupy |72 (¢) — ()| < 1/m almost surely.
Define B,, = {limsupy |7} (¢) — mu(¢)| < 1/m} and B = (,,cy Bm- The
previous statement implies P(B,,) = 1 and hence P(B) = 1. This is equivalent to

P <limsup 1N (0) = ma()| < 1/m Ym € N> =1
N
which gives almost sure convergence of 1Y (¢) to 1,(¢). An analogous argument
shows almost sure convergence of W (M) () to Ug,, (1,) (). O

The following properties of the approximated potentials GY are a direct conse-

quence of Proposition 5.2 and Corollary 5.1:

Corollary 5.2 (Properties of the approximated potential). Under Assumptions 4.1
and 5.1, for fixed (z,y) and for all n > 1, the potentials G (x,y) and G, (z,y)
satisfy

1. Forall N >1,n>1and every p>1

1 ~ 1
E [|GnN($7 y) - Gn(xa y)|p] /p S mgcp,nﬁv
with épm finite.
2. GN(x,y) = Gu(x,y) almost surely as N — oo.

3. If H is compact, then |GY — G|l — 0 almost surely as N — oc.

Proof. The first and second statements follow straightforwardly from Proposition 5.2

and Corollary 5.1 respectively. The pointwise almost sure convergence can be
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strengthened to uniform almost sure convergence exploiting the continuity of g and

the compactness of H as shown in Appendix B. O

Using standard techniques following Dudley (2002, Chapter 11, Theorem 11.4.1)
and Berti et al. (2006) and given in detail for the context of interest by Schmon
et al. (2021, Theorem 4), the result of Corollary 5.1 can be strengthened to the

convergence of the measures in the weak topology:

Proposition 5.3 (Almost sure weak convergence). Under Assumptions 4.1 and 5.1,
for all n > 1, nY¥ converges almost surely in the weak topology to 1,, 7Y — n, as
N — o0.

Proof. Consider BL(H) C By(H), the Banach space of bounded Lipschitz functions.
As shown in Schmon et al. (2021, Supplementary Material, Proposition 2) and Dud-
ley (2002, Theorem 11.4.1) BL(H) admits a countable dense subclass C' C BL(H).

For every ¢ € C define A, = {w € Q : n)(w)(¢) = Mu(p) N = oo}. Then
P(Ay,) =1 Vg € C by Corollary 5.1 and

P({we:n)(w)(p) = n(p) N> ooVpel})=P ﬂ A, | =1
pel

The result follows from the fact that C' is dense in BL(H) and the Portmanteau
Theorem (e.g. Billingsley (1995, Theorem 29.1), see also Schmon et al. (2021, Sup-
plementary Material, Theorem 1)). O

The following bias estimates shows that the use of approximated potentials rather

than exact ones does not increase the rate of convergence of the bias:

Proposition 5.4 (Bias estimate). Under Assumptions 4.1 and 5.1, for any N > 1,
n > 1 and any ¢ € By(H) we have

E [ (#)] — ()| < Callelloo

N
and
E [ (GY9)] — ma(Gu)] < Dolelles
for some finite C,, and D,,.
Proof. See Section 5.4.2 and Appendix B. O
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Figure 4: Schematic representation of the non-implementable standard particle ap-
proximation of the Feynman-Kac flow (5.6) (dashed) and of the SMC scheme in
Algorithm (2) (solid). Standard results in the SMC literature control the approxi-
mation errors for the dashed approximations (in blue), we provide a bound on the
error of the additional approximation of the weights (in red).

5.4.2 Method of Proof

The theoretical characterisation of the particle method approximating the EMS
recursion is carried out by decomposing Algorithm 2 into three steps: mutation,
reweighting and resampling. This decomposition is standard in the study of SMC
algorithms (Chopin, 2004; Crisan and Doucet, 2000, 2002; Miguez et al., 2013) and
allows us to examine the novelty of the particle approximation introduced in Sec-
tion 5.3 by directly considering the contribution to the overall approximation error
of the use of approximate weights G2

First, consider the following decomposition of the dynamics in (5.6) with po-
tentials (5.4) and Markov kernels (5.3). In the selection step, the current state is

weighted according to the potential function G,

1
77n<Gn)

ﬁn (d($1:n7 yl:n)) = \IJGn (nn) (d($1:n; yl:n)) = Gn(xna yn)nn (d(wlzna yl:n)) 5

then, in the mutation step, a new state is proposed according to My

Mn+1 (d(xl:n+17 yl:n—i—l)) X 7777, (d(xlzn’ yl:n)) Mn+1 (xn7 dxn-{—l).

Each step of the evolution above is compared to its particle approximation coun-
terpart: the weighted distribution ¥, (7)) is compared with ¥g, (7,) = A, the
resampled distribution 7Y is compared with 7, and finally 1) is compared with 7,

(see Figure 4).
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As the resampling step is not different from that of standard SMC implemen-
tation, we only consider the multinomial resampling scheme described by Gordon
et al. (1993). The convergence properties of alternative resampling schemes have
been considered in e.g., Gerber et al. (2019).

L, Inequality

The proof of the LL,-inequality in Proposition 5.2 follows the inductive approach
of Crisan and Doucet (2000, 2002); Miguez et al. (2013) and consists of 4 Lemmata.
Lemmata B.4, B.2 and B.3 in Appendix B are due to Crisan and Doucet (2000,
2002); Miguez et al. (2013) and establish Ly-error estimates for the mutation step,
the reweighting step performed with the exact potential G, (exact reweighting) and
the multinomial resampling step. Lemma 5.1 compares the exact reweighting with
the reweighting obtained by using the approximated potentials G and is the main

element of novelty in the proof:

Lemma 5.1 (Approximate reweighting). Assume that for any ¢ € By, (H) and some

finite constants épm

1 =~ e
E [0 (0) — m(@)P] 77 < G 12

for every p > 1, then

1/p .. @l
& (16 () (9) — W, )] " < 6

for any ¢ € By, (H) and for some finite constant C"p,n.

Proof. Apply the definition of ¥, and ¥y and consider the following decomposi-

tion

m (GYe)  ny (an)‘
(G ni(Gn)
Y (G o) ni (G ) ‘

Py (1 ) () = e, (1 ) ()| =

ny (GR) 0 (Gn)
m (GRe)  my (an)‘
Y (Gn)  ni(Gn) |

N
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Then, for the first term

m (GR) o (Gn)

m (Ghe)  m (Ghe) ‘ _

) (GY ) ‘ n) (Gn) — 0l (GY)
ny (GE) ny (Gr)

[l 0o AN
S G (Gn = Gal:

For the second term

m (GYe)  ny (an)‘ _ 1
ny (Grn) 0 (Gn) na (G|

1% N\ ~AN
Sinn Gn_Gn
G )

N (GY o) — 1 (Gry)|

Hence,

ey (7)) = Ve ()(0)] < 2R (16 — Gl

< 2mgllellocmy (1G5 — Gnl).

By applying Minkowski’s inequality and the decomposition of the potentials in

Lemma B.1

E [|n£¥<rG£¥ —Gnmp} v

pq1/p
z\aN V) — GalX0 )|
< —ZEUGN X5, Y,) = Gu(X5, Y, r/p
Yo GN(xd, v P "

< }VZE[ il (9% 1)) = n¥ L (9 | ) P

i=1

mlx (9(Yi [ )

N
< 7 Do b (905 19) =l (905 1) 1]
=1

Then, consider S} := o (Y, :i € {1,...,N}), the o-field generated by all the Y,! at
time n. By construction, the evolution of X! for i = 1,..., N is independent of S
(this is due to the definition of the mutation kernel (5.3)). Conditionally on S}, the
Y, are fixed for i = 1,..., N and we can use the fact that, for fixed y, 7, and n,|x
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coincide and so do nn and n,, \X

E [l (9(y | ) =015 (9w | ) P17 = E [l (a(y | ) =0 (9w | ) [7]"
mgép,n
N

where the last inequality follows the hypothesis of the Lemma because g(y | -) is a
bounded and measurable function for all fixed y € Y.

Hence, since Y,/ is S¥-measurable and independent of 1Y |, we have

E 12 16Y - ] ” <m*ZE b (a7 1) = (o3 1) P
N
Z E [lmlx (9 | ) = n|x (g(¥7 | )) P | SN]]7
m4Cp7n
STUN

Therefore, setting épyn = 2C~'p7nm2 we obtain

1/p . 0o
B {19y ()(e) = Oa, ) @)P] " < Cpn ”151”/2 -

Bias Estimate

The proof of the bias estimate is given in Appendix B makes use of Lemma 5.2,

which controls the bias introduced by the approximated potentials.

Lemma 5.2. Assume that for any ¢ € By, (H) and some finite constant C,,

IE [ (9)] = ma(p)| < a“’]\f||°°, (5.14)

then for any ¢ € By, (H) and for some finite constant D,,

|E [02(GR @) = m (Gg)]| < %.
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Proof. Take

’E[ N(GN

= (Gn@)]| = [E [ (G} = Gn)e)]| (5.15)

X;,Y,;)GN(X;,YJ) Ny i

[ o(X: YZ)GN(XZ Y}

n'-n n'- n

)
1 N
NZ XY — Go(XE, Y1) (X2, Y

n’-n n)»Tn

mlx (9(Y5 [ )

| /\

)

i

1 5 = nol) (97 | ~>)]

where we have used the decomposition of the potentials in Lemma B.1.

Let us denote by S := o (V)i :i € {1,...,N}), the o-field generated by Y;! for
alt=1,...,N, by o (Xfl), the o-field generated by the single particle X’ and by
HY = SN vo(X}).

By conditioning we can write the expectation above as

AR S .
(X Yg)GN(X’Z” Y.) _ i, N,
<EH malx (9(Y; | ) [E [l = mnlx) (Y | ) | Ha ]\]

< m3llloo E [|E [(n3 [x — 1nlx) (Q(Yni B

The conditional expectation can be decomposed as follows

[E [0 s = k) (9(¥; | ) | HY]| (5.17)
-1 N ) ) .- X
= B | 5 D9V | X0) | HY | =l (9(Y, 1))
= 1
1 ) . . 1 . ; ;
= B | DoVl |0 [ Y|+ gV | X0) = malx (9(¥; [ )
JF# i
1 ) ) ) X 1 ; ;
< B |5 D200 | XD T | = malx (9(Yia | 9)) | + wp9(Yir | X5).
J#i i
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The triangle inequality gives

E %Zg(YTf | X0) | 1A | =l (Ma (9(Y31 1))
J#i
< [B | oo Xl (o0 | ) | 2
J#
+ [ [0 | (0¥ 1) | 7] =il (Y | )]

The first term of this bound is equal to

1 , , . .
E NZQ(YTE | X3) — ' lx (9(Yy ) | 1Y

J#i
1 o 1 X o .
=B | S a ) - S e X 9
J#i Jj=1
1 [ [

The second one is bounded using the hypothesis (5.14) and observing that for every
fixed y e Y

IE [ I (9(y | )] =l (9(y [ )| = [E [0 (9(y | )] =1 (9(y )]
< Cpmyg
- N
since g(y | -) is a bounded measurable function for all y € Y.
Therefore the conditional expectation (5.17) is bounded by
N i Nii Comg | 2 i i
[E [ x = mmlx) (¥ 1) [ 1] < = + 9(Ya | X2) (5.18)
< Chmy 4 2my

- N N’
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Hence, using (5.15), (5.16) and (5.18) we have

B [0 Gy @) = 0 (Ggp)]|
1| [ VOGN (XA V) n i
< [ T e ) 1) |
N

1 i 7

< 37 2o il (8 [0 b = nabo) (0071 0) 1 762
N

1 C,m 2m
< — g 4+ 9
<y g||so\oo( e 2

Cn+2
mi oo Cn 2
with Dy, = m||¢[loc(Cr + 2). O

5.4.3 Convergence of Density Estimator

Using a version of the Dominated Convergence Theorem for weakly converging
measures (Feinberg et al., 2020; Serfozo, 1982), standard result on kernel density
estimation (e.g. Cacoullos (1966); Parzen (1962)) and an argument based on com-
pactness as in Newey (1991) we can establish the following result
Proposition 5.5. Under Assumptions 4.1 and 5.1, if sy — 0 as N — oo, the
estimator f2;(z) in (5.10) converges uniformly to f,41(z) with probability 1 for all
n>1.

Proof. Let us define for N € N
oN(t,z) = /XK(:E’,;,;)S;Vsz—lﬂs ((s?vz)—lﬂ(t - 33')) d!,

and note that the estimator (5.10) is given by fY ;(z) = Ve () (¢N (-, z)) for any
fixed x € X. Standard results in the literature on kernel density estimation show
that ™ (-, z) converges to K (-, z) pointwise for all # € X (e.g. Cacoullos (1966, The-
orem 2.1)). Because X is compact, Assumption 4.1-(c) ensures that K is uniformly
continuous on X (e.g. Rudin (1964, Theorem 4.19)), then, as argued in Parzen
(1962, Theorem 3.A), the sequence ' (-, z) converges uniformly to K (-, z) in X (see
also Cacoullos (1966, Theorem 3.3)). As a consequence, the sequence {p™ (-, )} yen
is uniformly equicontinuous and uniformly bounded (e.g. Rudin (1964, Theorem
7.25)). Tt follows that {¢™ (-, 2)}nen is (asymptotically) uniformly integrable in the
sense of Feinberg et al. (2020, Definition 2.6).
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Using an argument analogous to that in Proposition 5.3 we can establish that
Ve (nN) converges to g, (1,) almost surely in the weak topology, then using the
fact that the sequence {©"(-,2)}nen is asymptotically uniformly integrable and
equicontinuous with continuous limit K (-, z), the Dominated Convergence theorem
for weakly converging measures (Feinberg et al. (2020, Corollary 5.2); see also Serfozo
(1982, Theorem 3.3)) implies that

w1 (@) = ax () (0™ (5 2) = e, (1) (K(,2)) = fas (2) (5.19)

almost surely as N — oo for any fixed z € X.

To turn the result above into almost sure uniform convergence, i.e.

P (imsup { sup £ (0) ~ fusa(o)] > < ) =0
X

N—oo e

for every £ > 0, we exploit Assumption 4.1-(a) and the resulting continuity properties
of K.
Under Assumption 4.1, K is uniformly continuous and we have that for any £ > 0

there exists some d. > 0 such that

|[frs1(z) = a1 (@) = Ve, () (K (@) — K(, 2/

<sup|K(z,7) — K(z,2')] <
zeX

~—

)|

w| m

whenever ||z—1'||2 < 6.. Using the definition of ¢V and exploiting again the uniform

continuity of K we also have that for every ¢ > 0

¥ (ta) = ™ ()] < [ 1K) = Ky ((532)720 =) d
< ;/XsNdX]E\_l/QS (322 —w) du < £

if ||z — 2/[]2 < . It follows that f2, is uniformly continuous: for any ¢ > 0

(@) = @) = [Way () (07 (L 2) = ™ (- 2")) |

&
< sup | (z,2) — oV (2,2')| < 3
zeX

whenever ||z — 2/||2 < 0.
Let B(z,0.) := {2/ € X: ||z — 2/||]2 < d:} denote the ball in X centred around

x of radius d.. Under Assumption 4.1-(a), X is compact and therefore there exists
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a finite subcover {B(z7)}7 521 of {B(z,6:)}zex. Using the uniform continuity above
and the following decomposition, we obtain for all 2 € B(2/), j = 1,...,J and for
all N,

(@) = far @) < £ @) = @) + 1125 @) = fan )]
+ |fn+l(xj) - fn-&-l(x)’
< AN @) ~ funn @) + ¢

2
§€+ HllaX |fn+1( )_fn+1 $])|,

IN

from which follows

Sgglféil(w)—fm >\<76+ max \fn+1< ) = fara(a)].

Therefore, to obtain almost sure uniform convergence, it is sufficient to show
that
7j=1,...,

P({we s max 2@ - fral@)] 0N > o0o}) =1

Let us define 4; := {w € Q: fI;(w)(27) = fui1(27) N — oo}. As a consequence
of (5.19) we have P(A;) =1forall j=1,...,J and

J=L5

—P ﬂ

j=1,..,.J

P({we s max 170 - fral@)] 0N >} )

which gives the result. O
Proposition 5.5 implies convergence in L; and of the MISE for f2,,(x):

Corollary 5.3. Under Assumption 4.1 and 5.1, if sy — 0 as N — oo, fN ', 1 con-

verges almost surely to fnp41 in L; for every n > 1:
Jim [ 18240 = fua(@)lde 2 0 (5.20)
and the MISE satisfies

Jim MISE(fn+1 = Jim E[/ [N () = faga(2)]? da| =0. (5.21)
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Proof. A direct consequence of Proposition 5.5 is the almost sure pointwise conver-
gence of f(z) to fop1(z). As both fN | (z) and f,11(z) are probability densities
on X, we can extend them to R% by taking

N (x reX x zeX
) wd (o) = L)
0 otherwise 0 otherwise

%]y-s-l(x) =

respectively. Both .V +1(z) and ¥, 41(x) are probability densities on R and are
measurable functions. Moreover, 1} ; (z) converges almost surely to ¢,,41(z) for all
x € R%. Hence, we can apply Glick’s extension to Scheffé’s Lemma (e.g. Devroye
and Wagner (1979)) to obtain

[ 1) = )] do o

from which we can conclude

/ N () — fona(@)] do = / 0N, (2) — s (2)] de
X X
= [, 16(@) = bun(a)] dz -0

almost surely as N — oo.
Convergence of the MISE is a consequence of Proposition 5.5, Assumption 4.1-(a)

and the Dominated Convergence Theorem

[/ (@) = for (@) dx}<\xua[u N el de 0

as N — oo, where |X]| < oo denotes the Lebesgue measure of X. O

5.5 Examples

This section shows the results obtained using the SMC implementation of the re-
cursive formula (4.2) on some common examples. First, we consider a 1-dimensional
toy example in which the analytic form of both f and h is known and the EMS
recursion (4.2) can be solved analytically. We use this example to get some insights
on the convergence speed of the algorithm and the dependence on the smoothing
kernel K. Then, we consider a simple density estimation problem and two realistic

examples of image restoration problems, motion deblurring and positron emission
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tomography (Hohage and Werner, 2016). In the first example, the analytic form of
h is known and is used to implement the discretised EM and EMS. IB and SMC are
implemented using a fixed sample Y drawn from k. In the case of motion deblurring,
the RL algorithm (i.e. EM for Poisson counts) is implemented by considering the
data image as a discretisation of the unknown density h into bins. For the SMC im-
plementation we consider the observed distorted image as the empirical distribution
of a sample Y from h and resample from it at each iteration of line 2 in Algorithm 2.
In the positron emission tomography example we use synthetic data obtained from
the Shepp-Logan phantom (e.g. Shepp and Vardi (1982)), a simplified imitation of
the brain’s metabolic activity. We choose to work with synthetic data as a database
containing real data is not yet available (Whiteley et al., 2020).

A number of parameters have to be set in order to run EM, EMS, IB and SMC
implementation of EMS. For all algorithms we need to specify an initial density f;
and the number of iterations n. Unless otherwise stated, the number of iterations is
n = 100 (we observed that convergence to a fixed point occurs in a smaller number
of steps for all algorithms; see Section 5.5.1) and the initial distribution f; is uniform
over X.

For the EMS recursion, we use isotropic Gaussian kernels with marginal variance
2. The bandwidth sy is the plug-in optimal bandwidth for Gaussian distributions
where the effective sample size (5.9) is used instead of the sample size N (Silverman,
1986, page 45).

The deterministic discretisation of EM and EMS ((3.5) and (4.1) respectively) is
obtained by considering B equally spaced bins for X and D for Y and approximating
each density with its values at the centre of the bins. The number of bins, as well as
the number of particles, N, for SMC varies depending on the example considered.
In the first example, the choice of D, B and N is motivated by a comparison of error
and runtime. For the image restoration problems, D, B are the number of pixels in
each image. The number of particles IV is chosen to achieve a good trade-off between
reconstruction accuracy and runtime.

For the resampling step in Algorithm 2, we use the adaptive multinomial resam-
pling scheme described in Liu (2008, page 35). At each iteration the effective sample
size (5.9) is evaluated and multinomial resampling is performed if ESS < N/2. This
choice is motivated by the fact that up to adaptivity (which we anticipate could be
addressed by the approach of Del Moral et al. (2012)) this is the setting considered in
the theoretical analysis of Section 5.4 and we observed only modest improvements
when using lower variance resampling schemes (e.g. residual resampling, see Liu

(2008)) instead of multinomial resampling.
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The accuracy of the reconstructions is measured through the integrated square

error
2

SE() = [ (f@) = (@) de. (5.22)
To characterize the roughness of fé\ﬂrl, we evaluate both ﬁrl and f at the bin

centers z. and for each bin center we approximate (with 1,000 replicates) the mean
squared error (MSE)

MSE(z.) = E [(f(xc) - ,ﬁl(xc))z} . (5.23)

Although the density estimation example of Section 5.5.2 and the example con-
sidered in Section 5.5.1 do not satisfy the Assumption 4.1-(a) which has been as-
sumed for convenience throughout this chapter, or Assumption 4.1-(b) under which
our theoretical guarantees hold; we nonetheless observe good results in terms of
reconstruction accuracy and smoothness, demonstrating that Assumption 4.1-(b) is
not necessary and could be relaxed. We study the influence on the lower bound
on ¢ in Section 5.5.5. The subsequent examples do satisfy all of our theoretical
assumptions.

MATLAB (2018) code to reproduce all examples is available online'.

5.5.1 Analytically Tractable Example

Here we consider a toy example involving Gaussian densities for which both the
EM recursion (3.3) and the EMS recursion (4.2) can be solved at least implicitly.

The Fredholm integral equation we consider is
Ny p, 0} +0)) = /N(w; wo ) N(y;z,o0)de,  yeY (5.24)
X

where X = Y = R. The initial distribution fi(x) is N(x;u,a%MS’l) for some

O-JQEMS,l > 0.
The fixed point fgars of the EMS recursion (4.2) with Gaussian smoothing kernel

K,(2',z) = N(z;2',€?) is a Gaussian with mean p and variance 0%,,¢ solving

6 4 2 2 2 2 2 2 2
UEMS+UEMS(Ug _Uh) —QO'EM36 O'g — 2¢ O'g =0. (525)

'Link: https://github.com/FrancescaCrucinio/smcems
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Figure 5: Functional dependence of the variance of the resulting approximation
0%s (left) and the Kullback Leibler divergence (5.26) (right) on the smoothing
parameter €.

We can compute the Kullback—Leibler divergence achieved by frars:

1. ohys+o? o? 1
KL (b, [ Jeus(olaty | o) = plog PS04 T D (526)
X

2 Oh 2(01291\/[5 "'03)

as [y fems(x)g(y | -)da is the Gaussian density N (y; u, U%MS—I—O'E). The fixed point
for the EM recursion (3.3) is obtained setting ¢ = 0. The corresponding value of
the Kullback—Leibler divergence is 0. Figure 5 shows the dependence of 0129 Mg and
of the KL divergence on «.

The conjugacy properties of this model allow us to obtain an exact form for the
potential (5.4)

(yn | .%'n) . N(ymxnaag)

g
Gn(Tn,yn) = -
( ) hn(yn) N(yna L, 03 + U%MS,n)

(5.27)

where 0%, Ms.n 18 the variance of f,, ().

We use this example to show that the maximum likelihood estimator obtained
with the EM iteration (3.5) does not enjoy good properties, and to motivate the
addition of a smoothing step in the iterative process (Figure 6). The number of
iterations n = 100 is fixed for EM, EMS and SMC. The number of bins for both EM
and EMS is 100 while the number of particles for SMC is N = 10* and ¢ = 1072,
The smoothing matrix for EMS is obtained by discretisation of the smoothing kernel
Kn(z',2) = N(z;2',€%).

We do not include the approximation obtained with IB as this coincides with
that of EM. Figure 6 clearly shows that the EM estimate, despite identifying the

correct support of the solution, cannot recover the correct shape and is not smooth.
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Figure 6: Comparison of EM, EMS and SMC with exact potential G,, for the ana-
lytically tractable example.

On the contrary, both EMS and SMC give good reconstruction of f while preserving
smoothness.

Then we compare the deterministic discretisation (4.1) of the EMS recursion (4.2)
with the stochastic one given by SMC with the exact potential (5.27). To do so, we
consider the variance of the obtained reconstructions, their mean integrated square

error (5.22), the integrated square error for between h and
) = [ 1@l | 2)do

and the Kullback Leibler divergence KL(h,hLY +1) as the value of the smoothing
parameter ¢ increases (Figure 7). We consider one run of discretised EMS and
compare it with 1000 repetitions of SMC for each value of ¢ (this choice follows
from the fact that discretised EMS is a deterministic algorithm). The number of
particles for SMC is N = 103 and for each run we draw a sample Y of size 10%
from h and resample from it M = 10% particles in line 2 of Algorithm 2. Both
algorithms correctly identify the mean for every value of & while the estimated
variances increases from that obtained with the EM algorithm (e = 0) to the variance
of a Uniform distribution over [0, 1] (Figure 7 top left). Unsurprisingly, the ISE for
both f and h increases with ¢ (Figure 7 top right and bottom left), showing that

an excessive amount of smoothing leads to poor reconstructions. In particular for
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Figure 7: Estimated variance (top left), ISE(f) (top right), ISE(h) (bottom left) and
Kullback Leibler divergence (bottom right) as functions of the smoothing parameter
¢ for the analytically tractable example. The deterministic discretisation (4.1) (red)
and the stochastic discretisation via SMC with the exact potentials (5.27) (blue) are
compared.

values of € > 0.5 the reconstructions of f become flatter and tend to coincide with
a Uniform distribution in the case of EMS and with a normal distribution centred
at 1 and with high variance (> 0.08) in the case of SMC. This difference is reflected
in the behaviour of the Kullback Leibler divergence, which stabilises around 133 for
EMS while it keeps increasing for SMC (Figure 7 bottom right).

We now consider the effect of the use of the approximated potentials G2 in
place of the exact ones G,, in the SMC scheme. We compare the ISE for f given by
the SMC scheme with exact and approximated potentials for values of the number
M of samples Y drawn from h at each time step between 1 and 1000 with 1000
repetitions for each M. Through this comparison we also address the computational
complexity O(MN) of the algorithm, with focus on the choice of the value of M.
Figure 8 shows the results for N = 10% and ¢ = 1072, The behaviour for different
values of N and ¢ is similar. The plot of ISE(f) shows a significant improvement
when M > 1 but little further improvement for M > 10.

To further investigate the choice of M we compare the reconstructions obtained

using the exact and the approximated potentials for M = 10, M = 10? and
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twice the standard deviation of ISE(f).
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Figure 9: Reconstruction of f(z) = N (x;0.5,0.043%) from data distribution h(y) =
N(y;0.5,0.043% + 0.045%). The number of particles N is 103 and the smoothing
parameter ¢ = 1073. M = 10, M = 100 and M = N are compared through the
pointwise means of the reconstructions and the pointwise mean squared error (MSE).

M = N = 103. Figure 9 shows pointwise means and pointwise MSE (5.23) for
1,000 reconstructions. The means of the reconstructions with the exact potentials
(blue) coincide for the three values of M, the means of the reconstructions with
the approximated potentials (red) also coincide but have heavier tails than those
obtained with the exact potentials. The MSE is similar for reconstructions with ex-
act and approximated potentials with the same value of M. In particular, the little
improvement of the MSE from M = 10% to M = 102 suggests that M = 10? could
be used instead of M = N = 103 if the computational resources are limited. Using
M = 10? instead of M = 103 reduces the average runtime by ~ 80% for both the
algorithm using the exact potentials and that using the approximated potentials.

Silverman et al. (1990, Section 5.4) conjectured that under suitable assumptions
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N(a:;u,a?). The behaviour of EM (dashed lines), EMS (dotted lines) and SMC
(solid lines) is compared.

the EMS map (4.2) has a unique fixed point. This conjecture is empirically con-
firmed by the results in Figure 10. We run EM, EMS and SMC with approximated
potentials for n = 100 iterations starting from three initial distributions fi(z): a
Uniform on [0, 1], a Dirac § centred at 0.5 and the solution N (x; u, UJ%). The number
of particles is set to N = 10% and the smoothing parameter ¢ = 10~!; this value is
chosen for visualisation purposes as for smaller values of € the discretised EMS gives
values of KL divergence which are indistinguishable from those of the EM iteration.
Both EMS and SMC converge to the same value of the Kullback Leibler divergence
regardless of the starting distribution. The speed of convergence of the three algo-
rithms is similar, in each case little further change is observed once 4 iterations have

occurred.

5.5.2 Indirect Density Estimation

The first example is the Gaussian mixture model used in Ma (2011) to compare
the Iterative Bayes (IB) algorithm with EM. Take X = Y = R (although note that
11— fol f(z)dx| < 1073 and restricting out attention to [0, 1] would not significantly
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alter the results) and

f(x) = %N(o.:&, 0.015%) + %/\/(0.5, 0.0432),
gy | ©) = N'(x,0.045%),

1 2
h(y) = g/\/(0.3, 0.045% + 0.015%) + gN(o.5, 0.045% + 0.043%).

The initial distribution f; is Uniform on [0, 1] and the bins for the discretised EMS
are B equally spaced intervals in [0, 1], noting that discretisation schemes essentially
require known compact support and this interval contains almost all of the prob-
ability mass. We run Algorithm 2 assuming that we have a sample Y of size 103
from h from which we re-sample M = min(N, 103) times without replacement at
each iteration of line 2.

First, we analyse the influence of the number of bins B and of the number of
particles N on the integrated square error of the reconstructions, and on the runtime
of the deterministic discretisation of EMS (4.1) and on the SMC implementation
of EMS (Figure 11). We compare the two implementations of EMS with a class
of estimators specialised for deconvolution problems, deconvolution kernel density
estimators with plug-in bandwidth (DKDE-pi; Delaigle and Gijbels (2004)) and cross
validated bandwidth (DKDE-cv; Stefanski and Carroll (1990))2. These estimators
take as input a sample Y of size N from h and output a kernel density estimator
for f.

The discretised EMS has the lowest runtimes for fixed N, however ISE( fﬁi_l) is
the highest and finer discretisations for EMS do not significantly improve accuracy.
The runtimes of DKDE are closer to those of the SMC implementation, however, the
SMC implementation gives better results in terms of ISE( fl\frl) for any particle size
and, indeed, for given computational cost. We set ¢ = 1073, for both EMS and SMC,
somewhat arbitrarily, based on the support of the target in this example; where that
is not possible cross validation could be used — and might be expected to provide
better reconstructions — at the expense of some additional computational cost. We
did not find solutions overly sensitive to the precise value of ¢ (see Appendix 5.5.1).
A significant portion of the runtime of DKDE-cv is needed to obtain the bandwidth
through cross validation and in this sense the comparison may not be quite fair,
but the use of the much cheaper plug-in estimates of bandwidth within DKDE-pi
also led to poorer estimates at given cost than those provided by the SMC-EMS

2MATLAB code is available on the web page of one of the authors: https://researchers.ms.
unimelb.edu.au/~aurored/links.html#Code
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Figure 11: Average ISE( fj\fH) as function of the runtime for 1,000 repetitions of

n

discretised EMS, SMC and DKDE. The number of bins for EMS and the number of
particles/samples N for SMC and DKDE range between 100 and 10,000.

algorithm.

Next, we compare the reconstructions provided by the proposed SMC scheme
with those given by deterministic discretisation of the EM iteration (3.5), determin-
istic discretisation of the EMS iteration (4.1) and deterministic discretisation of the
EM iteration when only samples from h are available (IB).

Having observed a small decrease in ISE( ﬁrl) for large B, we fix the number
of bins B = D = 100. For the SMC scheme, we compare N = 500, N = 1,000 and
N = 5,000. We discard N = 10,000, as it shows little improvement in ISE( ,Jl\frl)
with respect to N = 5,000, and N = 100, because of the higher ISE( ,ﬁ_l) We
draw a sample Y from h of size 103 and we use this sample to get a kernel density
estimator for the IB algorithm, compute the DKDE and (re)sample points at line 2
of Algorithm 2.

We set ¢ = 1073 and we compare the smoothing matrix obtained by discreti-
sation of the Gaussian kernel (EMS (K)) with the three-point smoothing proposed
in Silverman et al. (1990, Section 3.2.2), where the value fb(nH) is obtained by a

weighted average over the values f,ﬁ") of the two nearest neighbors (the third point
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Mean  Variance ISE(f),;) MSE(z.) KL logyq
(95th) Runtime / s

EM 0.36667  0.010 3.26 16.32 2299 -6.01
EMS (K) 0.36646 0.012 2.41 8.20 2355 -5.90
EMS (3-point)  0.3668 0.011 1.58 13.04 2303 -5.88
IB 0.43304 0.011 1.71 10.17 2489 -5.29
SMC (500) 0.43303 0.011 0.90 3.42 2484 0.63
SMC (1000) 0.43302 0.011 0.78 3.33 2483 1.87
SMC (5000) 0.43302 0.011 0.55 2.17 2485 3.47
DKDE-pi 0.43288 0.012 0.96 3.38 2483 0.81
DKDE-cv 0.43287 0.014 1.50 4.76 2503 4.15

Table 1: Estimates of mean, variance, ISE, 95th-percentile of MSE, KL-divergence
and runtime for 1,000 repetitions of EM, EMS, IB, SMC and DKDE with N =
500, 1,000, 5,000 for the Gaussian mixture example. The mean of f is 0.43333, the
variance is 0.010196. Bold indicates best values.

is fb(")), with weights proportional to the distance |k — b|

K =277 (;-; —b i zsl— 1)/2)‘

The reconstruction process is repeated 1,000 times and the reconstructions are
compared by computing their means and variances, the integrated squared er-
ror (5.22) and the Kullback-Leibler divergence between h and the reconstruction
of h obtained by convolution of f2,, with g, [ f¥.(z)g(y | ) dz, (Table 1). To
characterize the roughness of f,ﬁl, we use the MSE (5.23). Table 1 shows the 95th
percentile w.r.t. the 100 bin centers x..

The discretised EM (3.5) gives the best results in terms of Kullback-Leibler
divergence (restricting to the [0, 1] interval and computing by numerical integration).
This is not surprising, as IB is an approximation of EM when the analytic form
of h is not known, and the EMS algorithms (both those with the deterministic
discretisation (4.1) and those with the stochastic one given by the SMC scheme)
do not seek to minimize the KL divergence, but to provide a more regular solution.
However, the solutions recovered by EM have considerably higher ISE than that
given by the other algorithms and are considerably worse than the other algorithms
at recovering the smoothness of the solution. The reconstructions given by IB are
also not smooth, this is not surprising as no smoothing step is present in the IB
algorithm.

SMC is generally better at recovering the mean of the solution p = 0.43333, the
global shape of the solution (ISE is at least two times smaller than EM and EMS
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(K) and about half than EMS (3-point) and IB) and the smoothness of the solution
(the 95th-percentile for MSE(x.) is at least two times smaller). For the discretised
EMS (4.1) and the SMC implementation the estimates of the variance are higher
than those of EM, this is a consequence of the addition of the smoothing step and
can be controlled by selecting smaller values of e. DKDE behave similarly to SMC,
however their reconstruction accuracy and smoothness are slightly worse than those
of SMC (even when both algorithms use the same sample size N = 1,000). In
particular, DKDE-cv has runtimes of the same order of that of SMC but achieves
considerably worse results.

IB, SMC and DKDE give similar values for the KL divergence. The slight in-
crease observed for the SMC scheme with N = 5,000 is apparently due to the
sensitivity of this divergence to tail behaviors; taking a bandwidth independent of
N eliminated this effect.

5.5.3 Motion Deblurring

Consider a simple example of motion deblurring where the observed picture h
is obtained while the object of interest is moving with constant speed b in the
horizontal direction (Lee and Vardi, 1994; Vardi and Lee, 1993). The constant
motion in the horizontal direction is modelled by multiplying the density of a uniform
random variable on [—b/2, b/2| describing the motion in the horizontal direction and
a gaussian N (v;y, 0?) with small variance (e.g. o2 = 0.022), describing the relative

lack of motion in the vertical direction

g(U, v ’ Z, y) - N('U, Y, 02)Unif0rm[asz/2,z+b/2} (’LL)

We obtain the corrupted image in Figure 12b from the reference image in Fig-
ure 12a using the model above with constant speed b = 128 pixels and adding
multiplicative noise as in Lee and Vardi (1994, Section 6.2). Figure 12b is a noisy
discretisation of the unknown h(u,v) on a 300 x 600 grid. The addition of multi-
plicative noise makes the model (3.1) misspecified, but still suitable to describe the
deconvolution problem when the amount of noise is low. For higher levels of noise,
the noise itself should be taken into account when modelling the generation of the
data corresponding to h.

We compare the reconstruction obtained using the SMC scheme with that given
by the deconvlucy function in MATLAB® (The MathWorks Inc., 1993), an efficient
implementation of the Richardson-Lucy (RL) algorithm for image processing.

The smoothing parameter is € = 1072, and the number of particles is N = 5000.
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(a) Original sharp image (b) Blurred image with 0.5% multi-
plicative noise

l'.

(c) Reconstruction with RL (d) Reconstruction with SMC

Figure 12: Reference image, blurred noisy data distribution and reconstructions for
the motion deblurring example. Each scheme used 100 iterations; the SMC scheme
used N = 5000 particles.

These values are chosen to achieve a trade-off between smoothing and accuracy of
the reconstruction and to keep the runtime under 2 minutes on a standard laptop.

The distance between the reconstructions and the original image is evaluated
using both the ISE (5.22) and the match distance, i.e. the L; norm of the cumulative
histogram of the image, a special case of the Earth Mover’s Distance for grey-scale
images (Rubner et al., 2000). SMC gives visibly smoother images and is better at
recovering the shape of the original image (ISE(f) is 1.4617 for SMC and 2.0863
for RL). In contrast, the RL algorithm performs better in terms of match distance
(0.0054 for RL and 0.0346 for SMC).

5.5.4 Positron Emission Tomography

Positron Emission Tomography (PET) is a medical diagnosis technique used to
analyse internal biological processes from radial projections outside in order to detect
medical conditions such as schizophrenia, cancer, Alzheimer’s disease and coronary
artery disease (Phelps, 2000). The data distribution of the radial projections h(¢, &)
is defined on Y = [0, 27| x [-R, R] for R > 0 and is linked to the cross-section image
of the organ of interest f(z,y) defined on the 2D square X = [—r,7]? for r > 0
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moo0

Iteration 1 Iteration 5 Iteration 10 Iteration 15
Iteration 20 Iteration 50 Iteration 100 Reference Image

Figure 13: Reconstruction of the Shepp-Logan phantom. The number of particles
N is 20,000, the smoothing parameter ¢ is 0.001. The stopping criterion (5.11) with
m = 15 is satisfied at iteration 15.

through the Radon transform (Radon, 1986)

h(¢,€&) = /+OO f(§cosg —tsing, Esin g + t cos ¢)dt, (5.28)

—00

where the right hand side is the line integral along the line with equation x cos ¢ +
ysing = . We rewrite (5.28) as a Fredholm integral equation (3.1) modelling the
alignment between the projections onto (¢, &) and the corresponding location (z,y)

in the reference image using a Gaussian distribution with small variance
h(6.6) = [ N (wcosot ysing - €0,0%) £z, y)dady.
X

The kernel g(¢,& | z,y) = N (:U cos ¢ + ysingp — &; 0,02) satisfies Assumption 4.1-
(b) but is not a Markov kernel (in the sense that it does not integrate to 1 for fixed
(x,y)), however, we can use the re-normalisation described in Section 3.2 to obtain
the Markov kernel

9(9,& | x,y)
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where C(z,y,0?) is the normalising constant for each fixed (z,y) € X

Cla,y,0%) = /Y 9(6.€ | 2, y)do de

_ [ R —1xzcos¢g —ysing R+ xcos¢ + ysing
_/0 2[erf( 3o >+erf( o ﬂ do

with erf the error function.

The data used in this work are obtained from the reference image in the final
panel of Figure 13, a simplified imitation of the brain’s metabolic activity (e.g.
Vardi and Lee (1993)). The collected data are the values of h at 128 evenly spaced
projections over 360° and 185 values of £ in [—92, 92] to which Poisson noise is added.
In this case, R = 92 and (x,y) € [-64,64]? (i.e. we want to reconstruct a 128 x 128

pixels image) and selecting o = 0.02 gives

’1 [erf<R—mcos¢—ysm¢> +erf<R+mcos¢—|—ysm¢>] B 1’ <1017
2 V20 V20

for all ¢ € [0,2n] and (x,y) € [~64,64]. The above shows that, for o2 sufficiently

small (e.g. 02 = 0.022 as we use in our experiments), i.e. if the Gaussian distribution

appropriately describes the alignment onto x cos ¢ + ysin ¢ = £,
|C(z,y,0°%) —2n| < 10717

for all (x,y) € X. Therefore we obtain, up to a negligible approximation, an integral

equation satisfying Assumption 4.1 dividing h by 27:

h@,€) _ / N (wcos(@) +ysin(@) ~60.0%) o4
X

27 2T

Figure 13 shows the reconstructions obtained with the SMC scheme with smooth-
ing parameter ¢ = 1072 and number of particles N = 20, 000. Convergence to a fixed
point occurs empirically in less than 100 iterations, in fact the criterion (5.11) with
C(N) = Jx IfY (z)|?dz and m = 15 stops the iteration at n = 15. The ISE between
the original image and the reconstructions at Iteration 50 to 100 stabilises below
0.08. Figure 14 shows relative error and ISE for the reconstructions in Figure 13.

The stopping criterion (5.11) is a trade-off between Monte Carlo error and con-
vergence to a fixed point. In particular, when ( is the variance of the reconstructions,
larger values of N will make the r.h.s. of (5.11) which corresponds to a smaller tol-

erance to assess the convergence to the fixed point. On the other hand, small values
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Iteration 1 Iteration 5 Iteration 10 Iteration 15
ISE = 0.4428 ISE = 0.1194 ISE = 0.0548 ISE = 0.0755

Iteration 20 Iteration 50 Iteration 70 Iteration 100
ISE = 0.0747 ISE = 0.0797 ISE = 0.0751 ISE = 0.0801
1 1 1 1 ]
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 14: Relative error for the reconstructions in Figure 13. The ISE at each
iteration is given in the captions and stabilises below 0.08.

of N will give poorer reconstructions and might require more iterations n to satisfy
the stopping criterion (5.11). For instance, for N = 1,000 the stopping criterion is
not satisfied in 100 iterations despite the r.h.s. of (5.11) being of order 10~ against
the 5 - 107° order of the r.h.s. of (5.11) when N = 20, 000.

The results above show that the SMC implementation of the EMS recursion
achieves convergence in a small number of steps (&~ 12 minutes on a standard
laptop) and that, contrary to EM (Silverman et al., 1990, Section 4.2), these re-
constructions are smooth and do not deteriorate with the number of iterations. In
addition, contrary to standard reconstruction methods, e.g. filtered back-projection,
ordered-subset EM, Tikhonov regularisation (see, e.g., Tong et al. (2010)) the SMC

implementation does not require that a discretisation grid is fixed in advance.

5.5.5 Influence of the Lower Bound on g

Assumption 4.1-(b) and in particular the lower bound on g might seem very
restrictive. However, considering lower bounded gs is common in the literature on
Fredholm integral equations and is often assumed to establish theoretical results on
the EM iteration (Clason et al., 2020; Resmerita et al., 2007) We explore here the
influence of this assumption for the Gaussian mixture example in Section 5.5.2 in

which g is not lower bounded on X =Y = R.
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Instead of defining the integrals on X =Y = R take X =Y = [04 — @,0.4 + d]

with @ — oo so that we obtain the integral equation

/f 9y | z)d

with
h(y) = ")
1C(a,0.3,0.0452 + 0.0152) + 2C(a, 0.5,0.0452 + 0.0432)
_ _ 9yl
IW 1) = o 2,0.0459
fla) = f(x)C(a,x,0.0452)
~ 10(a,0.3,0.045% + 0.0152) + 2C(a, 0.5, 0.0452 + 0.0432)
where

0.44a
C(a,p,0) = / N (z; p, 0%)dz
0

A—a

= (o ()~ (M)

In any of the intervals [0.4—a, 0.44+a] Assumption 4.1-(b) is satisfied, in particular
g is bounded below. We study the behaviour of the reconstructions as a — oo to
check the influence of the lower bound on ¢ on the accuracy of the reconstructions
measured through the average ISE in (5.22) over 100 repetitions.The algorithmic
set up is the same of Section 5.5.2. Figure 15 show that for a € [0.2,1] (which
corresponds to X =Y = [0.2,0.6] to X =Y = [-0.6, 1.4]) the average reconstruction
error is not influenced by the lower bound on g, the behaviour for larger values of a
is equivalent since |1 — f_l'é(s f(x)dz| < 10730,

5.5.6 Scaling with Dimension

To explore the scaling with the dimension dx of the domain of f of the discretised
EMS (4.1) and the SMC implementation of EMS we revisit the Gaussian mixture

model in Section 5.5.2 and extend it to higher dimension

1
f(z) g/\/(gc 0.3 14,,0.07%14,) + = N(x 0.7 14,,0.1%I4,),
g(y|z) =N(y;2,0.15%14,),
1
h(y) gJ\/(y,o 314, (0.07% + 0.15%) 14,) + = /\/(y,o 714y, (0.12 4+ 0.15%)14,),
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Figure 15: Influence of the lower bound (LB) on g on average reconstruction accuracy
over 100 repetitions. The solid lines represent the average ISE(f2, ) for a = oo while
the dashed lines the average ISE(f2 ) for finite a.

where X = Y = R% and 14,, I, denote the unit function in R% and the dx x dx
identity matrix, respectively. In particular, note that for dx up to 5 at least 97% of
the mass of f is contained in [0, 1]%.

As a first comparison we take dx = 2 and investigate the minimum number
of bins/particles necessary to achieve reasonably good reconstructions. We consider
three particle sizes N = 102, 502, 100% and set the total number of bins B ~ N so that
we obtain ~ N1/2 equally spaced bins for each dimension. We stop iterating after 30
steps since we observed that convergence occurs within 30 iterations, the value of € =
1073 is fixed and used for both the smoothing kernel and the smoothing matrix. The
initial distribution is a uniform over [0, 1] and we assume we have a sample Y of size
10% from h, so that M = N. This corresponds to the highest computational cost for
Algorithm 2 but as observed in Section 5.5.1 smaller values of M could be considered
and would reduce the computational cost of running the SMC implementation of
EMS. For small values of B the runtimes of EMS and SMC are similar, however
the reconstructions obtained with EMS are poor and low resolution due to the very
coarse discretisation (Figure 16-left panel); on the contrary, the presence the kernel
density estimator (5.10) guarantees smooth reconstructions even when the particle
size is small (Figure 16-middle panel). In addition, as the number of particles N
increases the accuracy of the reconstructions provided by SMC keeps increasing,
while the EMS reconstructions do not improve as quickly, a phenomenon we already
observed for the one-dimensional example in Section 5.5.2. For N = B > 100 the
runtime of SMC is roughly 30% less than that of EMS with the accuracy of SMC
being always larger than that of EMS.

Since the accuracy of kernel density estimators decreases when the dimension
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EMS SMC Truth

102
0 02 04 0.6 08 1 0 02 04 06 08 1 0 02 04 06 08 1
runtime < 1s, ISE = 0.56 runtime < 1s, ISE = 0.73
502
o 02 04 os o8 1 o 02 04 o5 o8 1
runtime ~ 1m, ISE = 0.39
1002

0 02 04 06 08 1 0 02 04 06 08 1

runtime &~ 7m, ISE = 0.65 runtime &~ 5m, ISE = 0.27

Figure 16: Reconstructions of a 2-dimensional mixture of Gaussian obtained with
EMS and SMC. The number of bins/particles increases from 102 to 100?. Runtime
and accuracy are reported too.
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increases (Silverman, 1986) and is primarily used in this work for visualisation and
human interpretation (which becomes less informative in higher dimension, with the
exception of low dimensional projections), to compare the performances of EMS and
SMC in dimension dx > 2 we focus on approximating expectations w.r.t. 7,41 of
appropriate test functions ¢, in this case, in fact, Proposition 5.2 gives the rate of
convergence in terms of the number of particles N. In particular, we consider mean,
variance, the probability of the region [0,0.5]% and the probability of a hyper-
sphere of radius 0.3 around the mode at (0.3,...,0.3). We compare three particle
sizes N = 102,103, 10* and obtain the number of bins for each dimension as [ N1/x]
so that the total number of bins, B = [NY/%]%  where [-] denotes the ceiling
function, roughly matches N. This choice allows us to compare EMS and SMC
reconstructions which require roughly the same runtime (Table 2).

The SMC implementation in generally better at recovering the variance and the
probability of the region [0,0.5]%. For small values of N, B, both SMC and EMS
have larger errors with discretised EMS achieving better crude estimates. However,
as IV, B increase SMC is consistently better at approximating the four quantities
considered, in particular, in the case of mean and variance the estimates are at least
one order of magnitude more accurate. This is achieved at a computational cost
which is always smaller than that of EMS and that could be in principle reduced by

considering smaller values of M.

mean variance P(O) P(O) logo(runtime / s)

dx =2

EMS - B = 10? 1.38e-04  4.96e-05 5.30e-02  7.04e-03 -1.71
SMC - N = 10? 3.87e-04 1.26e-05 4.90e-02  1.02e-02 -2.02
EMS - B = 322 1.42e-04 9.31e-05 5.17e-02  5.86e-03 1.28
SMC - N =10® 4.29e-05 5.81e-06 4.69e-02  6.14e-03 0.94
EMS - B =100% 1.42e-04 5.38e-05 5.15e-02 6.11e-03 5.31
SMC - N =10* 3.84e-06 4.51e-06 4.67e-02 5.68e-03 5.11
dx =3

EMS- B=5  2.53e-04 126e-04 1.46e-01  8.59¢-03 -1.47
SMC - N = 10? 3.76e-04  3.23e-05 7.19e-02 3.92e-03 -2.06
EMS - B =103 2.00e-04 5.75e-05 9.00e-02 2.42e-03 1.40
SMC - N =10° 4.62e-05 8.50e-06 8.24e-02 1.36e-03 1.08
EMS - B =223 2.04e-04 6.12e-05 8.83e-02 1.64e-03 5.66
SMC - N =10* 3.53e-06 6.68e-06 8.23e-02 9.24e-04 5.30
dx =4

EMS - B =44 1.98e-04 1.55e-05 1.22¢-01 1.16e-03 -0.65
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continued from previous page

mean variance P(0) P(O) logo(runtime / s)

SMC - N =102  4.77e-04 9.77e-05  7.35e-02  4.41e-03 -2.08
EMS - B = 6* 2.43e-04 4.02e-05 1.09e-01 7.80e-04 1.70
SMC - N =10% 3.45e-05 1.80e-05 9.13e-02 5.47e-04 0.95
EMS - B=10*  2.60e-04  6.59e-05  1.03e-01  5.54e-04 5.32
SMC - N =10* 4.10e-06 8.58¢-06 9.45e-02 2.38e-04 5.12
dx =5

EMS - B=3° 5.66e-05 2.67e-04 2.12e-01  1.27e-02 -0.56
SMC - N =10%> 6.59¢-04 1.34e-04 5.10e-02  1.10e-02 -1.96
EMS - B =45 2.42e-04  2.08e-05  1.29e-01 7.59e-04 1.51
SMC - N =10° 5.57e-05 4.54e-05 7.84e-02 4.49e-04 1.14
EMS-B="1° 2.82e-04  5.71e-05  1.36e-01  2.09e-04 6.63
SMC - N =10* 3.39e-06 1.27e-05 9.57e-02 7.43e-05 5.36

Table 2: Runtime and mean squared error over 100 repetitions for mean, variance,
probability of the lower quadrant and probability of a circle around the mode for
the dx-dimensional Gaussian mixture model. Best values are in bold.

5.6 Summary

We have identified a close connection between the continuous EMS recursion and
a Feynman-Kac flow in the space of probability measures. This connection allows
us to propose a novel SMC algorithm which approximates this flow and provides a
stochastic discretisation of the EMS recursion which can be naturally implemented
when only samples from the distorted signal h are available. This stochastic discreti-
sation of the EMS recursion does not require the assumption of piecewise constant
signals common to deterministic discretisation schemes.

We studied the asymptotic properties of the proposed SMC scheme, extending
the results on L, convergence of expectations, the strong law of large numbers and
the bias estimate for standard SMC. As a consequence, we establish almost sure
weak convergence of the SMC approximations to the EMS recursion as the number
of particles N goes to infinity. We also provided theoretical guarantees on the
proposed estimator for the solution f of the Fredholm integral equation.

An extensive empirical study has demonstrated the good performance of the pro-
posed method on a suite of illustrative examples, showing that the proposed method
is competitive in terms of reconstruction accuracy with state-of-the-art algorithms

for image reconstruction.
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6

Wasserstein Gradient Flows for Fredholm
Equations of the First Kind

An extended version of this chapter is in preparation in collaboration with Dr
Valentin De Bortoli (Crucinio et al., 2021a).

6.1 Introduction

The EMS recursion discussed in the previous chapters is a natural way to con-
struct smooth approximations of the solution of Fredholm integral equations, how-
ever, in its continuous formulation, the connection with maximum penalised likeli-
hood methods is not clear. In particular, we have so far been unable to show that the
fixed point of the EMS iteration minimises a particular functional; as a consequence,
our convergence checks in Section 5.5 have been based on the Kullback—Leibler di-
vergence, since we expect that for sufficiently low levels of smoothness the EMS
recursion still moves the iterates towards approximate solutions which have small
Kullback—Leibler divergence.

In this chapter, we go back to the minimisation problem defined by the Kullback—
Leibler divergence (3.4)

. (1 [t i) = oo - )

and consider explicit penalties which enforce smoothness of the approximate so-

lution. A standard way to measure the smoothness of a function f is through its
derivatives, however, this choice requires the approximate solution f to be expressed
in parametric form or as a combination of differentiable basis functions (Good, 1971)

and is not suitable for approaches based on interacting particle methods.

101



6. WASSERSTEIN GRADIENT FLOWS

In the image processing literature, a common alternative to penalties involving
derivatives of f is the entropic penalty (e.g., Molina et al. (1992)) given by Shannon’s
differential entropy (Jaynes, 1957a,b)

ent(f / f(x)log f(x (6.1)

The remainder of this chapter focusses on the following minimisation problem

Ea(f) KL( /f (| 2) dx) ~ aent(f) (6.2)

obtained by adding the entropy penalty (6.1) to the Kullback—Leibler divergence.
The choice of an entropic penalty is particularly convenient: on one hand it addresses
the inconsistency of the maximum likelihood estimator by imposing a smoothness
constraint on f, on the other hand it leads to an easy-to-implement numerical scheme
as we will see in Chapter 7.

The use of entropy regularisation is not new in the literature on Fredholm inte-
gral equations; Amato and Hughes (1991) propose a variant to Tikhonov regularisa-
tion (3.2) in which the Lo norm penalisation is replaced by an entropic penalty, an
iterative method performing Tikhonov regularisation with entropic penalty is pre-
sented in Burger et al. (2019). The one-step late expectation maximisation (OSL-
EM) of Green (1990) gives an iterative scheme to minimise a generic penalised KL
divergence, but it is not suitable for an entropic penalty, since the resulting algo-
rithm might give negative estimates for f. Considering (6.2) as a Lagrangian form

of the minimisation problem

maxent(f)  st. KL< /f |xdx> 0, (6.3)

connects (6.2) with maximum entropy methods (Jaynes, 1957a,b). A number of
maximum entropy approximations of solutions of Fredholm integral equations have
been proposed in the literature, most of which maximise the entropy subject to
moment constraints obtained by integrating h and [y f(2)g(- | #)dz with respect to
a set of basis functions (Islam and Smith, 2020; Jin and Ding, 2016; Kopeé, 1993;
Mead, 1986).

The constraint in (6.3) cannot be obtained as integral with respect to basis
functions and direct minimisation of (6.2) is usually not feasible; we propose to follow
a Wasserstein gradient flow approach. This approach stems from the connection

between minimisation of functionals in the space of probability measures and partial
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6. WASSERSTEIN GRADIENT FLOWS

differential equations (PDEs) pointed out in Jordan et al. (1998); Otto (2001) and
allows us to transform the minimisation of (6.2) into a Fokker-Plank PDE whose
solution is a minimiser of F,,.

After recalling the fundamental ideas of Wasserstein gradient flows, we show
how this construction can be applied to E,, and identify conditions under which the

gradient flow PDE admits a unique solution.

6.2 Wasserstein Gradient Flows

Gradient flows, or gradient descent, is a classical method to find minima of a
function F : R? — R by looking at curves z(t) which follow the direction of steepest
descent of F', given by —VF. Given an initial point xy, the curve satisfies the
differential equation

2 (t) = —VF(z(t)) (6.4)

which, provided F' is smooth enough, admits a unique solution that is a minimum
of F.

Wasserstein gradient flows are the natural extension of gradient flows in R? to
the space of probability measures on R?. This extension has been introduced in
Jordan et al. (1998) and Otto (2001) and fully developed in Ambrosio et al. (2008).
We briefly recall the key ingredients for the definition of Wasserstein gradient flows
below. We denote the set of probability measures with finite second moment on R?
by

Po(e?) = { € PRS- [ olButan) < o

and we define the 2-Wasserstein distance on this set

1/2
Wat) = (_nt [ lle = ulin @) (6:5)
rell(p,v)
where II(u,v) is the set of all possible couplings between p and v. A minimiser
of (6.5) always exists but might not be unique, each minimiser is called an optimal
transport plan (Ambrosio et al., 2008, Theorem 6.2.4). We denote by P$¢(R?) C
P2(R%) the subset of these measures which is absolutely continuous with respect
to the appropriate Lebesgue measure. For every pair p,v € ch(Rd) there is a
unique 7 attaining the minimum of (6.5), 7 = (Id,t},)4u, where T denotes the
push-forward measure, Tuu(A) = p(T~'(A)), and ¢/, is the unique transport map
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6. WASSERSTEIN GRADIENT FLOWS

between p and v (see, for example, Ambrosio et al. (2008, page 150)). It is easy to
check that for all v € P§¢(R?) we have ent(r) < +oc.

To define gradient flows on (ch(Rd), Wg) we need a notion of curves; among the
several definitions proposed (Ambrosio et al., 2008, Chapter 7) we consider constant

speed geodesics with respect to W, i.e. curves ps € P2(R?), s € [0, 1], such that
Waps, ) = (t — 8)Wa(po, 1) VO<s<t <1

For p,v € P§¢(R?), the constant speed geodesic originating from yx and with end-
point v is
ps s €[0,1] = (1 —s)Id+ sty,)up (6.6)

where ¢} is the unique optimal transport map between p and v. Constant speed
geodesics are usually preferred to other families of geodesics due to their easier
formulation as they only require the transport map ¢, (Ambrosio et al., 2008, page
11), in addition, the notion of convexity along constant-speed geodesics introduced
at the end of this section is intuitively closer to the notion of convexity in standard
Euclidean spaces than that of convexity along generalised geodesics.

We then consider functionals F : P§°(R?) — R defined on (P§(R%), Ws) and

build a gradient flow solving the minimisation problem

min  F(p). (6.7)
pEP3C(RY)

The construction of a gradient flow equation for F' allows us to transform the min-
imisation problem (6.7) into a PDE whose solution is a density p solving (6.7). We
will restrict our attention to functionals which are proper (i.e. F(p) < +oo for
some p € P§¢(R?)), continuous with respect to the Wo metric (which metrises weak
convergence, Santambrogio (2017, Theorem 4.4)) and coercive. Following Ambrosio
et al. (2008, Definition 2.1b), a functional F defined on (P$¢(R%), W>) is coercive if
there exist 7 > 0 and v € P$¢(R?) such that

1
inf  —W2(v,p)+ F(p) > —oc. 6.8
e S WE )+ F() (63)
Intuitively, (6.8) means that the functional F' decays more slowly than the squared
Wy distance grows as we move away from the centre of the space.
Since we are dealing with an optimisation problem, it is natural to assume that
the functional F' is convex in an appropriate sense to guarantee existence (and

uniqueness) of the minimisers; in P$¢(R?) the standard notion of convexity in RY
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corresponds to convexity along geodesics: for all v,y € ch(Rd) take a geodesic

connecting p to v, then the functional F' is A-geodesically convex if
A
F (1= s)Id+ st)gp) < (1= 8)F(p) + sF(v) = Zs(1 = )W5 (v, )

for some A\ € R. It is easy to see that when A = 0 the above corresponds to standard
convexity, in this case the functional is called displacement convex, if A > 0 the
above is stronger than convexity, and for A < 0 is weaker (Ambrosio et al., 2008,
page 202). In the case of A-convex functionals, coercivity (6.8) is equivalent to the
existence of some 7 > 0 such that F admits a minimiser on the subset of P2(R%) in
which [ ||lz[|3p(dz) < r (Ambrosio et al., 2008, page 295).

The last ingredient in the definition of a gradient flow for functional F on
(Pg°(R?), Ws) is a notion of gradient for F. As standard definitions of deriva-
tives do not apply outside vector spaces, the gradient in (6.4) is replaced with the
sub-differential of F'; OF (u). For any proper, continuous functional F' defined on
Pge(R?), € belongs to the sub-differential OF (1) if

L FW) - F(p) — (.4%(x) — z)
R W, p) =0

(6.9)

for all v € Py(RY) (Ambrosio et al., 2008, Definition 10.1.1). Equipped with this
notion of gradient, we can now define the gradient flow equation for a functional F

on (ch(Rd), Wg): pt is a solution of the gradient flow equation for F' if
atpt =-V. (,Ot’Ut) (610)

with v; € —0F(p:) (Ambrosio et al., 2008, Section 11.1.2). Existence of solutions
of (6.10) given an initial condition py € P$¢(R?) is ensured for sufficiently regular
functionals (e.g (Ambrosio et al., 2008, Theorem 11.1.6 and Theorem 11.3.2). The
solution of (6.10) with initial condition pg is unique for A-convex functionals with
A > 0 (Ambrosio et al., 2008, Theorem 11.1.4). In particular we have the estimate

Wa(pi, pi) < e Walpg, ) (6.11)

for all ¢ > 0, for p! solution of the gradient flow equation with initial condition pf,
1 = 1,2, which shows that the gradient flow is contractive w.r.t. Wy when A > 0
and non-expansive when A = 0.

In this section we reviewed the essential tools to develop our methodology, how-
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ever the literature on Wasserstein gradient flows is much vaster and allows for gen-

eralisations of most of the ideas introduced above (Ambrosio et al., 2008).

6.3 Wasserstein Gradient Flows for Fredholm Integral
Equations
In order to apply the gradient flow construction described above to (6.2) it is

necessary to consider the probability measures p corresponding to the density f and

w corresponding to h, respectively. Thus, we write (3.1) as

u(y) = /X p(dz)gly ), Wy (6.12)

and (6.2) as
Ea(p) = KL(, pg) — cvent(p) (6.13)

where pg(y) = [y p(dz) g(y | z).
For the remainder of this chapter and the following one we assume the following;:

Assumption 6.1. u and p are probability measures absolutely continuous with
respect to the Lebesgue measure with finite second moment (i.e. p € Pe(R%¥),
p € P§¢(R¥*)). In addition, g is the density of a Markov kernel from R% to R4
such that

(a) is bounded above, g(y | ) < my for all z,y, and A(y)-concave in z for all
y € R

Ay)

9(y | sz + (1= s5)a') = sg(y [ ) + (1= s)g(y | 2) + =Fs(1 = 5)|z = 2'|I3

with s € [0,1] and A(y) € R;

(b) there exist ® : R% — [0, +00), such that ®(z) < al|z||? +b, and a p-integrable
function ¥ : R% — [0, +00) such that

(00 )
(z,y) ERIX xR g(y ’ I’)

< +00;

(c) is differentiable with respect to 2 with bounded gradient with respect to the
first argument V,g(y | ), [|[V.9(y | 2)||2 < B;

(d) can be evaluated pointwise and a sample Y from h is available.
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Under Assumption 6.1-(a) we can show existence (and uniqueness) of the solution
of the gradient flow PDE. The A-concavity assumption is rather strong and rarely
satisfied in practice; however, every twice continuously differentiable function is A-
concave on any bounded set for some A < 0 (Santambrogio, 2017, page 91). In
the experiments that we will present in Chapter 7 this assumption is not satisfied,
and the kernels g that we consider are twice-differentiable and therefore only locally
A-concave; however, we observe that the gradient flow construction provides good
results. As this is a very active area of research, there are directions to relax the
A-concavity assumption to weaker moduli of convexity (e.g. Craig (2017)).

Assumption 6.1-(b) controls the behaviour of the tails of g, imposing a constraint
to how quickly they can decay to 0. Assumption 6.1-(c) implies that ¢ is Lipschitz

continuous in z, uniformly in y, with Lipschitz constant B
lg(y | @) =gy | 2')ll2 < Bl —a'lla V(z.y), (a',y) € R¥ xR, (6.14)

and is one of the key assumptions to ensure that the drift of the SDE corresponding

to the gradient flow PDE introduced in Chapter 7 does not explode.

6.3.1 Properties of the Functional E,

Under the assumptions above, we can show that the functional F, in (6.13) de-
fined on Pg° (R9) is proper, coercive, lower semi-continuous and geodesically convex;

as a consequence we can build a gradient flow targeting the minimum of (6.13).

Proposition 6.1. Under Assumption 6.1, the functional F,, is proper, lower semi-

continuous and coercive in (P§¢(R%), Ws).

Proof. First we show that and that E,(p) = KL(y, pg) — aent(p) is proper. Under
Assumption 6.1-(b) there exists C' > 0 such that g(y | #) > C~texp (—®(x) — ¥(y))
for all (z,y) € R% x R then, using Jensen’s inequality,

log (/p(dw)g(y | w)) > log (C‘lfp(dw) exp (—@(z) — ‘If(y))>
> 105! = [ pldo)b(a) - ().

From the above we obtain, as ®(x) < a||z||2 4+ b and p € P(R%*),

- /u(dy) log pg(y) < —log C~" + p(®) + u(¥) < oo.
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Because p € P(R%*) and p € P§(R%) their entropies are finite and therefore
E,(p) < 0.

To check continuity, recall that Ws metrises weak convergence and take a se-
quence {pn}n>1 C PI(R™) converging weakly to p. Lower semi-continuity of
—ent(p) follows from standard arguments (e.g. Santambrogio (2015, page 331)).

Under Assumption 6.1, z +— g(y | ) is a continuous function for all y € R% and
weak convergence implies p,g(y) — pg(y), additionally the functions y — png(y)
and y — pg(y) are continuous as a consequence of the continuity of y — g(y | ) and
the Dominated Convergence Theorem. The continuity of the logarithm then gives
log png(y) — log pg(y) for each fixed y.

Under Assumption 6.1-(a) and (b) there exists C' > 0 such that g(y | x) >
C~lexp (—®(x) — ¥(y)) for all (z,y) € R%* x R¥ and we have that

| 1og png(y)| < max (myg, |log C™" = pn (@) — ¥(y)]) . (6.15)

Using the fact that U is p-integrable and that ®(z) < al|z||3 + b we obtain
[ 1o 0 = (@)~ ¥)| < [10g €7+ a [ pulda) ol + b+ u(¥) < o,

for all n € N since {pp}n>1 C PE(R%¥), which shows that the right-hand-side
of (6.15) is uniformly p-integrable.
Then, Vitali’s Convergence Theorem (e.g., Dudley (2002, Theorem 10.3.5)) en-

sures that
] [ tas) 108 paty) ~ 108 pug(w)] =0,

as n — oo. This gives continuity of — [ u(dy)log pg(y), from which follows conti-
nuity of KL(u, pg) = —ent(p) — [ pu(dy) log pg(y) as the first term does not depend
on p. Combining this with the lower semi-continuity of the entropy we obtain the
result.

Coercivity follows straightforwardly from the definition of E,: since the KL

divergence is non-negative and Wy is a metric we have that for all 7 > 0,

1 1
3 W3 (. p) + Ealp) = 5-W3 (v, p) + KL(i, pg) — cvent(p)

> —aent(p);
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recalling that p € P§¢(R%), we obtain

1
inf W3, p)+ Ea(p) > —a inf  ent(p) > —oc.
PG’P%C(RdX) 2T pefpgc(Rdx)

O]

Finally, we show that when g is A(y)-concave with A\(y) > 0, E, is displacement
convex, ensuring that, given an initial condition py € P§¢(R%), the gradient flow

equation has a unique solution:

Proposition 6.2. Under Assumption 6.1, if g is A\(y)-concave with A\(y) > 0 for all
y € R the functional E, is displacement convex in (PSC(R”ZX), Wg).

Proof. We have

Ea(p) =KL(u, pg) — acent(p)

= —/u(dy) log pg(y) — aent(p) — ent(u).

The entropy ent(u) is constant with respect to p and ent(p) is displacement convex
in p (Santambrogio, 2017, page 130).

Let us define the functionals Gy, : p — pg(y) = [p(dz)g(y | =) and F(p) =
— [ u(dy)log Gy(p). Under Assumption 6.1-(a), for fixed y € R%, g is A(y)-concave

in z and Gy, is A\(y)-geodesically concave; in particular, we have that for all s € [0, 1]

Gy (((1 —s)Id+ stZ)#p) > (1 —5)Gy(p) + sGy(v) + )\(Qy)s(l — 8>W22(I/, )

infyeRdY /\(y) s

9 (1 _3)W22(V>p)

> (1= 8)Gy(p) + sGy(v) +

where ¢ is the unique transport map between v and p (Carrillo et al., 2006, Lemma

5). Because inf, cgay A(y) > 0 we then have
Gy (1= $)Id + s15)4p) > (1 - )Gy (p) + 5Gy ()
and, since — log x is a convex decreasing function,

—log (Gy (((1 —s)Id+ stZ)#p)) < —log ((1 —5)Gy(p) + sGy(v))
< —(1—s)log (Gy(p)) — slog (Gy(v)),

the same inequality holds after integration w.r.t. u showing that F' is displacement
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convex. This result and the convexity of the entropy give convexity of Fj,.
O

When the kernel g is only weakly concave (i.e. A(y) < 0 for some y € R%) the
functional F' = — [ p(dy)log pg(y) is generally not geodesically convex; in this case
the construction of a gradient flow for E,, is still possible and follows the same steps as
those for the convex case, however, the solution of the gradient flow equation (6.10)

need not be unique.

6.3.2 Gradient Flow for F,

The last step towards the definition of the gradient flow equation (6.10) for the
functional E, consists of finding the quantity v; which belongs to its (negative) sub-
differential. A good candidate is the gradient of the first variation (or functional

derivative) of E,, % (z), the unique (up to additive constant) function such that

li (Bl + )~ Ealp) = [ x(d0) 52 (2)

for every signed measure y such that p+ey € Po(R%) for some € > 0 (Santambrogio,
2017).

Given the functional E,,

Eo(p) = / p(dy) log pg(y) — ccent(p) — ent(p),

the last term, ent(u), does not depend on p and does not contribute to 66@ The
p

first variation of the entropy functional is

—dent
op

(x) =1+ logp(z) (6.16)

and its gradient with respect to x is a sub-differential for ent(p) (Ambrosio et al.,
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2008, Chapter 10). Then, let us define F(p) := — [ pu(dy)log pg(y), and

lim ¢! (F (p+ ex) — F(p))

e—0
= lime <— n(dy) log ((p+ €ex) g (y))+/ﬂ(dy) logpg(y)>

e—0
1u(dy) log ( 9(y ))
X

= lime*
e—0

< a2 [ (s

= / (dy)ﬂ

9(y)’

where the third equality follows from the Taylor expansion of the logarithm as e — 0
and the last inequality from the Monotone Convergence Theorem. Applying Fubini’s
Theorem gives

x)

L 9(y |
tim ! (P o +e) = F(p) = = [ x(ao) [ () &L

showing that

dp p9(y)
and 5F V.oly | )
_ zg\Y | T

where we can apply the Leibniz integral rule for differentiation under the integral
sign (e.g. Billingsley (1995, Theorem 16.8)) because g is bounded and differentiable
by Assumption 6.1-(a),(c).

To show that (6.17) is a sub-differential for F, take p,v € P$¢(R%), the unique

transport map between p and v, ¢}, and use the definition of sub-differential in (6.9):

Fw) - F(o) - [ plaa) (9.5 @) 2500 )

—/u(dy> [~ logvg(y) +log pg(y) +/p </ dy) 2= (ygx),tZ(:v)—x>

(
Z/udy —logvg(y) + log pg(y +/P;g((5)/p ) (Vag(y | ), t)(z) — x)

/(dy)[ gi‘z pgty /,0( Vag(y | @), t(x —:v>]

Since g(y | -) is A-concave (with A depending on y), —g(y | -) is A-convex and
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Ambrosio et al. (2008, Chapter 10) show that —V,g(y | -) is a sub-differential for
pg(y) and

—vgl) + p0(0) + [ (00 Tagly | 0).050) — ) > 2 LW ) (618)
and
Fw) - Fo) - [ ptan) (V.5 @) i) - o)
> / p(dy) [— log Zgg‘z; —pg(pz](—; )Vg(y)] + W3 (v, p) / u(dy)kgy)
N /M(dy) [_ o Z% pggyi } W p)(2)'
The first order Taylor expansion with Lagrange remainder —logz = —log1 — (x —

1) + (z — a)?/(2a®) with a between x and 1 gives

e YW vely) 1 L (vgly) ?
[ o2 o) T pg(w) 1]‘2a<y>2 <pg<y> @)) =0

with a(y) a value between vg(y) and pg(y). Therefore

Pw) - 7o) - [ pta) (V.50 @)t ) 2 WG

from which follows

F(v) = F(p) = [ p(da) (V2 5E (2) , t5(a) =)

as W2(v, p) — 0, showing that VI%—I; (x) is a sub-differential for F.
Putting (6.16) and (6.17) together we obtain the sub-differential for E,

0Eq . B gyl=z) e
v @ =V - a9
Z—/u(dy) (EJ’) )+avxlogp($)-

Proposition 6.3. Under Assumption 6.1, if there exists an absolutely continuous
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map t — p; € P§E(R¥*) such that

ng(y ‘ m)
ptg(y)

QMZ—Vw<m/M@w >+aﬁwu

then {pt}+>0 is a Wasserstein gradient flow for E,; in particular, if g is A(y)-concave

with A(y) > 0 for all y € R such gradient flow is unique.

Proof. Observing that
V- (ptvx log pt) =V Vapr = Dapy,
where Af =3, 02 fi is the Laplacian, the PDE in (6.10) becomes

vzg(y ‘ J")
ptg(y)

Opr = — Vg - (Pt/ﬂ (dy) ) + al\gpy.

Since E, is proper, continuous and coercive (see Section 6.3.1) the result follows
from Ambrosio et al. (2008, Definition 11.1.1 and Theorem 11.1.4). O

The PDE in Proposition 6.3 is a Fokker-Plank equation, thus we can write a
corresponding stochastic differential equation (SDE) for a process X; whose marginal

law at time ¢ is exactly p;. This will be the focus of the next chapter.

Remark 6.1. Even if Assumption 6.1 does not rule out kernels g which are constant
with respect to z, it is clear that when that is the case the drift coefficient of the
PDE in Proposition 6.3 will be 0 and the PDE reduces to the heat equation

Oipr = alNgppy

with corresponding SDE dX; = v2adW;, where W; is a d-dimensional Brownian
motion Thus neither the PDE nor the corresponding SDE will target a minimiser
of (6.13). Indeed, if g is constant with respect to =, V,g(y | ) = 0 and (6.18)

becomes

02¥?Wﬂ%m

which is satisfied only when A(y) = 0 for all y.
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6.4 Summary

Starting from the penalised Kullback—Leibler divergence E,, in (6.2) we have used
a Wasserstein gradient flow approach to obtain a PDE whose solution is a minimiser
of E, in the space of absolutely continuous probability measures with finite second
moment. The properties of the functional E,, guarantee that the PDE has a solution,
which is unique whenever the kernel g is strongly concave. Linking the minimisation
of E, to a Fokker-Plank PDE leads to the particle system described in the following
chapter.
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A Mean-Field SDE Approach to Fredholm

Integral Equations

An extended version of this chapter is in preparation in collaboration with Dr
Valentin De Bortoli (Crucinio et al., 2021a).

7.1 Introduction

The Wasserstein gradient flow construction discussed in the previous chapter

allowed us to express a minimiser of the regularised Kullback—Leibler divergence

Eo(p) = KL(u, pg) — acent(p)

as a solution of a Fokker-Plank PDE

Vag(y | )

Opr == Ve <pt/ () = o)

> + OZA;E,Ot, (71)

in the space of absolutely continuous probability measures with finite second mo-
ment, P$¢(R%), endowed with the 2-Wasserstein distance.

While a number of schemes to solve (7.1) have been proposed in the literature
(see e.g., Risken (1996) for a book-length treatment and Xu et al. (2020) for recent
developments) we focus on the well-known connection between Fokker-Plank PDEs
and stochastic differential equations (SDEs) given by It6’s Lemma (It6, 1951): if X

is a process satisfying

vacg(y | Xt)
ptg(y)

with W} a standard dx-dimensional Brownian motion, then the law p; of X; satis-

dx; = /u(dy) dt + vV2adWi,  Xo ~ po, (7.2)
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fies (7.1).

The SDE (7.2) is a mean-field SDE (also known as McKean-Vlasov; Lasry and
Lions (2007); McKean (1966)), since the drift coefficient involves the distribution
pt of X;. This chapter is devoted to the numerical implementation of (7.2), which,
as discussed in Section 2.4, requires introducing both a space discretisation and a
time discretisation. The space discretisation of (7.2) leads to an interacting particle
system whose distribution at the final time step provides an approximation to the
law of X; in (7.2). Since the regularisation imposed by the entropic penalty depends
on «, we discuss possible choices of this parameter in Section 7.3. We conclude with

a number of applications to both toy models and realistic problems.

7.2 Numerical Implementation

In order to approximate numerically (7.2) we introduce both a space discretisa-
tion and a time discretisation. The space discretisation is necessary since McKean-
Vlasov SDEs present a dependence on the distribution p; of X; (Bossy and Talay,
1997; McKean, 1966) and is obtained by considering N copies (th’N,...,XtN’N)
of (7.2) such that, at ¢ = 0, we sample i.i.d. particles XS’N ~ po and then evolve

them according to the non-linear SDE

N Vagly | XiY) .
dX; = /u(dy) N—tdt + V2adW/{ (7.3)
Py 9(y)
where W/ for i = 1,..., N are N independent dx-dimensional standard Brownian

motions and p}¥ is the empirical measure given by the N particles

1 N
N _ )
e = NZ 15XZ’N‘
1=

In most applications p is not known, but the available data are samples drawn
from it (Delaigle, 2008; Goldstein et al., 2009; Gostic et al., 2020; Hall et al., 2005;
Ma, 2011; Marschner, 2020; Miao et al., 2018; Pensky et al., 2017; Yang et al.,
2020). Thus the integral with respect to p in the drift coefficient of (7.3) cannot be

computed analytically, but can be approximated through the sample average

/ M :cg(y|XlN)

1 M
, with /LM = — Oyjoa
oV g(y) PR
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where YJM for j = 1,..., M arei.i.d. samples from p. The corresponding non-linear
SDEisfori=1,...,N

i,N,M M Vz9(y | Xti7N’M) i
dX; " = [ p (dy) T dt + v2adW; (7.4)
Py 9(y)
where
L
N,M
Py = N '_E 1 5th:,N,M. (7.5)

The space discretisation of (7.2) introduced above leads to an interacting particle
system in which each copy i of (7.4) interacts with the other copies through the
empirical average (7.5).

The drift coefficient of (7.4) is not globally Lipschitz, in particular the denomi-

nator in

vxg(y | Xt)
ptg(y)

b(Xe, pr) = / 4 (dy) (7.6)

can be arbitrarily small if p; assigns low probability to regions where g is appreciable.
In this setting, the standard Euler scheme (2.14) is unstable and lacks convergence
(Hutzenthaler et al., 2012), therefore, we consider the tamed Euler scheme described
in Bao et al. (2020) which guarantees non-explosion of the drift term,

iN.M N,M
b(X, 0

L+ Ao ™M, o )2

1 N
N,M )
P = — E 6X;,N,M,
=1

i, N,M i,N
X77 _X7

o =X At + V22 AW, (7.7)

where AW,ﬁ are centred Gaussian random variables with variance At. This scheme
coincides with the higher order Milstein scheme since the diffusion coefficient is
constant.

A smooth estimator of the density of p(z) is obtained by standard kernel density

estimation (Silverman, 1986)

N
1 - - i\N,M
PN (@) i= 5 SIS (2 AGNY - ) (7.8)
=1
where ¢ is the density of a dx-dimensional standard Gaussian distribution and %
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is the bandwidth matrix. This approach has been shown to have good convergence
properties in the one-dimensional case for McKean-Vlasov SDEs with Lipschitz drift
(Antonelli and Kohatsu-Higa, 2002; Bossy and Talay, 1997).

Remark 7.1 (Stability and Convergence Properties). As discussed above, the lack
of Lipschitz continuity of the drift of (7.2) prevents us from using the standard
results summarised in Chapter 2 to characterise the solutions of (7.2) and of its cor-
responding particle system (7.3). In particular, the drift coefficient is not Lipschitz
continuous with respect to the measure component and therefore the results estab-
lished in Dos Reis et al. (2019, 2021) do not apply. Under appropriate assumptions
on the tail behaviour of g we conjecture that it would be possible to obtain local
Lipschitz continuity for the drift and therefore exploit some of the results established
in the literature; alternatively, it would be possible to consider a slight modification
of the functional E, which guarantees that the denominator in (7.6) is bounded
below and, as a consequence, Lipschitz continuity of the drift. We further discuss

these future work directions in the closing remarks.

7.3 Choice of «

As the parameter v > 0 controls the amount of regularisation introduced by the
entropic penalty, its value should be chosen to give a good trade-off between the
distance from the data distribution p, KL(u, pg) and the smoothness of the solution
p measured by ent(p). In principle, one could use a generalised cross validation
approach (Wahba, 1977) as detailed in Amato and Hughes (1991) for Tikhonov
regularisation with entropic penalty; however this approach relies on a deterministic
discretisation of u, g, p which is not feasible when only samples from p are available.

Since the case in which g is not known but a sample drawn from it is available is
the most likely in applications, we propose the following approach to cross-validation:
to estimate the value of a we divide the original sample into L subsets (which of
course could contain one sample only, in a bootstrap-like framework) and find the

value of o which minimises
CV(a) = Ea(p™) (7.9)

where p™+! is obtained as in (7.8) using the samples from g which are not in group
[. The value of E, is approximated by numerical integration over the support of u

using the kernel density estimators for p.
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As an alternative to cross validation, one could use an empirical Bayes approach
as advocated in Vidal et al. (2020) in the context of image reconstruction; however
this usually requires assuming a parametric form for the solution p, e.g. through
a variational family (Blei et al., 2017) or normalising flows (Papamakarios et al.,
2021).

If some prior information on the smoothness of the solution p is known (e.g. its
variance), one could chose a so that the entropy of the approximate solution matches
the expected smoothness of p. If no prior information on the solution is available,
the value of E, for the approximate solution gives some intuition on appropriate

values of «:

Example 7.1. Consider the toy Fredholm integral equation
N(y;m,op = 0p +03) = /N(w;m,ffﬁ)/\f(y;x,aﬁ)dﬂf

where N (x;m,0?) is a Gaussian distribution with mean m and variance o2.
Under the assumption that the minimiser p is a Gaussian distribution, pg(z) :=

N (z;m, ), the functional E,(pg) can be computed exactly

1 B+ o2 o2 1
Ealpg) = =1 94 B~ gent
a(pp) 5 log o2 26 1+07) 2 aent(pg)

1 1
ent(pg) = 3 + 3 log(273).

For this simple toy example we can obtain the § minimising F, as a function of «,

2 2 2 4 4 2452
—(0y — 0, — 2a0y) + 4 [og + 0, —20505(1 — 2a)

Bla) = 31 —a) ;

(7.10)

clearly when o« = 0 (no entropy constraint), § = 03, while @ > 1 give negative

variance.

Example 7.1 shows that the value of E, depends continuously on a € [0,1]
through the variance f(«). Continuous dependence of on « is a desirable property
for the functional E, since it guarantees that the cross-validation function (7.9) is
continuous too, meaning that we can approximate C'V'(«) numerically and hope to
find a minimiser.

In general, finding an analytic expression depending only on « for F,, is not pos-
sible. However, we can check the sensitivity to the choice of a by approximating the

value of F, through numerical integration; when only samples from u are available
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500 [~

300

200 [~

0.00 0.25 0.50 0.75 100

(07

Figure 17: Approximation of E, (averaged over 100 replications) as a function of «
for Example 7.2. The functional depends continuously on « and achieves a minimum
at a ~ 0.08.

and even an approximate computation of F, at each iteration is not feasible or too
expensive, the entropy can be used as a proxy for E,, since once a minimiser of E,

has been reached, the entropy will not change.

Example 7.2. Consider the Gaussian mixture model
u(dy) = [ plde)gly | )
with

2
N(x;0.3,0.015%) + §/\/(:c; 0.5,0.043%),

W =

p(z) =
g(y | ) = N(y; z,0.045%).

2
N (y;0.3,0.045% 4 0.0152) + g/\/(y; 0.5,0.045% + 0.043%)

W=

wy) =

(where with a slight abuse of notation we denote both a measure and its density
with the same symbol) (Ma, 2011). In this case a minimiser of (6.13) cannot be
computed analytically, but it is possible to approximate the value of E, numerically
(Figure 17). This shows that E, is a continuous function of o with a minimum at
~ 0.08; therefore we expect the value of o chosen by cross validation to be close to

this value.
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7.4 Examples

We test the performances of the proposed method on a number of examples of
Fredholm integral equations (6.12). First, we use the toy Fredholm integral equa-
tion in Example 7.1 to explore the influence of the initial distribution pg on the
reconstructions and speed of convergence. This empirical study shows that light tail
initial distributions give better performances, as already observed by Antonelli and
Kohatsu-Higa (2002); Bossy and Talay (1997) for discretisation of generic McKean-
Vlasov SDEs. We also exploit the analytic tractability of this example to compare
the reconstructions obtained by implementing (7.7) with the exact minimiser.

We then use the toy model we introduced in Section 5.5.2 and Example 7.2 to
compare the method proposed in this chapter with the SMC-EMS algorithm in-
troduced in Chapter 5 and with deconvolution kernel density estimators (DKDE;
Delaigle (2008)). We also study two realistic examples of deconvolution: recon-
struction of the concentration of the enzyme sucrase in intestinal tissues from noisy
measurements and reconstruction of the incidence profile of a disease from the ob-
served number of cases. Finally, we consider applications to medical imaging.

In order to implement (7.7) a number of parameters have to be selected. The
initial distribution pg is chosen in such a way to encapsulate any available information
on the solution p of (6.12), for example, for deconvolution problems the initial
distribution is pu, since we expect the density p to be a noise-corrupted version of
p. In most of the examples considered the value of « is selected using the cross
validation approach in Section 7.3, occasionally we will use different values to allow
comparison with other methods (e.g. Section 7.4.2) or to study the sensitivity of
the reconstructions to this parameter (e.g. Section 7.4.1).

As observed in Section 7.2, often g is only known through a sample and it is
necessary to approximate the integral with respect to p as in (7.4). Under the
assumption that a sample from p is available and following the same considerations
in Chapter 5, we propose the following strategy: at each time step approximate the
integral with respect to p using M samples where M is the smallest between the
number of particles N chosen for the particle system (7.3) and the total number of
samples available from p; if N is larger than the total number of samples from u
then the whole sample is used at each iteration, if N is smaller we resample without
replacement M times from the empirical measure of the sample. This amounts to
a maximum cost of O(M N) per time step. The choice of N largely depends on the
dimensionality of the problem, for one-dimensional examples we observe that values

between N = 200 and N = 1000 achieve high enough accuracy to compete with
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specialised algorithms (see Section 7.4.2). For image reconstruction problems, the
number of particles IV should be increased to account for the resolution of the image
(see Section 7.4.3).

Similar considerations apply to the choice of the time discretisation step At.
In particular, this should be chosen taking into account the order of magnitude of
the gradient, to give a good trade-off between the Monte Carlo error and the time
discretisation error. In practice, we observed good results with At between 10~! and
10~3. The number of time steps necessary to give convergence of (7.2) is determined
through FE,, once the value of F, stops decreasing, a minimiser has been reached.
When computing F, is prohibitively expensive we propose to use the entropy of the
solution as a proxy.

The kernel density estimator in (7.8) is obtained using isotropic Gaussian kernels
and plug-in bandwidths (Wand and Jones, 1994). As in the case of SMC-EMS the
particles are not independent and therefore the plug-in bandwidth for standard
kernel density estimation might provide undersmoothed reconstructions; however,
while the SMC-EMS algorithm outputs a weighted particle population from which
an indication of the effective sample size is easy to obtain, see Section 5.3, this is
not the case for the mean-field SDEs studied in this chapter, the choice of standard
bandwidths is not optimal, but common in the literature on approximation of mean-
field SDEs (e.g. Bossy and Talay (1997)).

Although the A-concavity Assumption 6.1-(a) is not satisfied by any of the exam-
ples below, we nonetheless observe good results in terms of reconstruction accuracy.
We conjecture that local A\-concavity (which is satisfied by all the kernels ¢ consid-
ered) is enough to guarantee good performances. Julia code (Bezanson et al., 2017)

to reproduce all examples is available online .

7.4.1 Analytically Tractable

To analyse the influence of the initial distribution pg on the reconstructions, we

consider the toy Fredholm integral equation

R

N(y;m,o? = 02 + Ui) = //\/(x, m,az)./\/'(y;x, ag)d:v

where N (x;m, 0?) is a Gaussian distribution with mean m and variance 0. We set
m = 0.5, 02 = 0.043%, 02 = 0.0452, with this choice |1 — [} p(x)dz| < 1073* and

take 6 initial distributions (where with a slight abuse of notation we denote both a

'Link: https://github.com/FrancescaCrucinio/entropy_regularisation
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Figure 18: Effect of initial distribution on FE, for the Gaussian toy example with
N = 1000, At = 1073, = 0.05.

measure and its density w.r.t. Lebesgue with pg) and for each of them we compute

the W distance from the solution p,(z) = N (z;m, c2):

Wa(pa, N(m, 02 +¢)) = e Wa(pa, U(0,1)) = 0.021
Wa(pa,dzy) = 0.252 for all zg € R

Despite having the highest distance from the solution, Figure 18 shows that

better results are obtained when pg is a point mass centred at 0.5 than in the

1000

true density
~—— alpha — 0.01
—— alpha — 0.1

—— alpha — 05 0
——alpha — 1
—— alph

;ﬂ
s S .
& S

250

000 025 050 075 100 0 50 100 150 200

Iteration

Figure 19: Reconstruction of the solution and corresponding value of E, for the
Gaussian toy example with o = 0.01,0.1,0.5,1,1.1. and 1.5.

123



7. MEAN-FIELD SDE

true density

8F — exact minimiser
—— WGF reconst

0.00 025 0.50 075 100

X

Figure 20: Comparison of the exact minimiser p,, for & = 0.1 with the corresponding
WGF reconstruction with N = 1000, At = 10~2 and 100 iterations.

case pg ~ U([0,1]) and that initial distributions concentrated in the centre of the
support of p achieve smaller values of FE,. This is more likely an effect of the
numerical implementation of McKean-Vlasov SDEs, in fact Antonelli and Kohatsu-
Higa (2002); Bossy and Talay (1997) observe that the Euler scheme for McKean-
Vlasov SDEs benefits from light tail initial distributions as particles are more easily
diffused from the centre of the space rather than moved towards it.

Knowing that for o > 1 the functional E, does not admit a minimiser, we study
the behaviour of the numerical reconstruction and of the corresponding value of E,
(Figure 19). While for o < 1 the value of E, decreases with the number of iterations
and eventually stabilises, for o > 1 the value of E, keeps increasing; this observation
can guide the selection of o when exact computation of a minimiser of F, is not
feasible: if for given « the value of F, increases with the number of iterations, then
FE, might not admit a minimiser and smaller values of a should be considered.

For this simple toy model the unique minimiser of E, can be computed exactly
for any given « € [0, 1]; by taking ps(z) = N(z;m, B(a)) with B(«) in (7.10) the
functional FE, achieves its minimum. For « > 1 the functional does not admit
a minimum. We use this toy model to empirically check that once convergence
of (7.7) is reached the distribution of the particles approximates the minimiser of
E, (Figure 20).

7.4.2 Indirect Density Estimation

The focus of this section is on deconvolution problems, in this case, g(y | z) =
g(y — z) and the corresponding integral equation models the task of reconstructing

the density of a random variable X from noisy measurements Y. This particu-
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lar type of Fredholm integral equations has been widely studied (Delaigle, 2008;
Delaigle and Gijbels, 2004; Stefanski and Carroll, 1990) and a specialised class of es-
timators, deconvolution kernel density estimators (DKDE), achieving optimal rates
of convergence exists (Carroll and Hall, 1988).

We compare the proposed method with DKDE on a simulated dataset and on
a dataset containing noisy observations of the sucrase concentration in intestinal
tissue of 24 patients (see Delaigle (2008) and references therein for model details).
Then we consider a particular instance of the deconvolution problem, in which the
kernel g(y — x) describes the delay distribution between time of infection and time
of death or hospitalisation. Deconvolution techniques have been used to infer p in
the case of HIV (Becker et al., 1991) and influenza (Goldstein et al., 2009) and have
been recently applied to estimate the incidence curve of COVID-19 (Chau et al.,
2020; Marschner, 2020; Miller et al., 2020; Wang et al., 2020).

Gaussian Mixture

Consider again Gaussian mixture model described in Example 7.2 and used to
compare SMC-EMS with EMS in Chapter 5:

1 2
plx) = gN(z; 0.3,0.015%) + 5/\/(:1;; 0.5,0.0432),
g9(y | ) = N(y; z,0.045%).

1 2
u(y) = gN(y; 0.3,0.045% 4 0.015%) + g/\/(y; 0.5,0.045% + 0.043?%).

We use this example to compare the performances of the mean-field SDE approach
studied in this chapter with those of SMC-EMS and of deconvolution kernel den-
sity estimators (DKDE). As we did in Chapter 5, we measure the accuracy of the

reconstructions through the integrated square error

ISE() = / (p(z) — pla))? e,

where p is any estimator of p (and we commit the usual abuse of notation of denoting
both a measure and its density with the same symbol). Even if p is known, we
assume that we only have available a sample of size 10® and we use this sample
for both the SMC-EMS estimator and (7.8). The initial distribution is u for both
algorithms and we fix the number of iterations to 100 as we observed convergence in
less than 100 iterations for both SMC-EMS and WGF with At = 1073. The SMC-
EMS estimator is obtained using the algorithmic setting described in Chapter 5: the
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Figure 21: Comparison of WGF with SMC-EMS and DKDE. The number of parti-
cles N ranges between 100 and 10,000 and the smoothing/regularisation parameters
are chosen so that WGF and SMC-EMS give reconstructions with the same entropy.

smoothing kernels are zero-mean Gaussian distributions with variance £? and the
kernel density estimator is obtained using Gaussian kernels with plug-in bandwidth
(Silverman, 1986) in which we use the effective sample size instead of the actual
number of particles N. For (7.8) we use Gaussian kernels with plug-in bandwidth
(Wand and Jones, 1994). To choose the smoothing parameter ¢ for SMC-EMS and
the regularisation parameter o for WGF we fix e = 1072 for all N (as this provided
good results in the experiments in Chapter 5) and find the corresponding as giving
reconstructions with roughly the same entropy.

We consider different particle sizes (from 100 to 10,000) and compare the re-
construction accuracy with the total runtime of SMC-EMS, WGF and DKDE (Fig-
ure 21). In particular, we compare the cost per iteration since we run both algorithms
for a fixed number of steps. The computational cost could of course be reduced by
considering stopping criteria like that in Section 5.3.1. For small N the SMC-EMS
approach performs better than the other algorithms both in terms of runtime and in
terms of accuracy. For larger N, accuracy and runtime of SMC-EMS and WGF are
similar, with the latter only slightly outperforming the former in terms of accuracy.
As already observed in Delaigle and Gijbels (2004) and in Chapter 5, DKDE-cv
provides very unstable reconstructions and has the highest runtime for any particle
size. The DKDE-pi estimator has runtime comparable to that of SMC-EMS and

WGF, but performs worse in terms of accuracy.
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Figure 22: Distribution of MSE as a function of runtime (in log seconds) for WGF,
SMC-EMS and DKDE. The number of particles N ranges between 100 and 10,000.

As both SMC-EMS and WGF are regularised versions of the inconsistent max-
imum likelihood estimator for p, it is natural to compare the smoothness of the
reconstructions. To characterise the smoothness, we take 100 points x. in the sup-

port of p and approximate (with 100 replicates) the mean squared error (MSE)
MSE(z.) = E [ (p(ze) — plae))?]

The distribution of the MSE over the 100 points (Figure 22) shows that DKDE-
pi, SMC-EMS and WGF achieve average MSE of the same order (10~2) but the
maximum MSE is at least one order of magnitude smaller for SMC and WGF.
Generally, SMC-EMS and WGF achieve smaller MSE, showing that the smoothness
of the reconstructions provided by these two methods is closer to that of the true
density p. As the number of particles NV increases, the distributions given by SMC-
EMS and WGF become left-skewed showing that increasing the number of particles
leads to a better exploration of the space. In particular, in the case of SMC-EMS the
increase in N forces the particles to explore not only the centre of the distribution

but also the tails, which are under-explored for lower particle sizes.
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Figure 23: Reconstruction of sucrase concentration for 24 noisy observations. Com-
parison of kernel density estimator for the noisy observations Y (gray), the decon-
volution kernel density estimators for X (red and orange) and WGF reconstruction
(blue).

Sucrase Concentration

Next, we consider the one-dimensional density deconvolution problem of Delaigle
(2008, Section 4.2) in which the concentration of the enzyme sucrase in intestinal
tissues of 24 patients has to be inferred from noisy observations. We reconstruct the
density of X from the 24 observations of Y = X 4 U under the assumption that U
follows a Gaussian distribution with variance such that the signal-to-noise ratio is
1/3 (see Delaigle (2008) and references therein for model details).

We compare the reconstructions obtained by our method with the DKDE and
the standard kernel density estimator obtained from the observations of Y. For the
WGF implementation we use N = 200 particles, At = 107!, o = 0.3 chosen using
the cross validation approach in Section 7.3 with L = 24 (i.e. leaving one sample
out for each repetition) and iterate until convergence (= 20,000 iterations). Given
the low number of observations from Y (only 24) we set the initial distribution pg
to be a Gaussian density with mean and variance given by the empirical mean and
variance of the sample from Y

Figure 23 shows the reconstructed densities for X as well as the kernel density
estimator for Y. The three estimators have similar runtimes (between 1 and 10 sec-
onds), and their reconstructions are similar, with DKDEs giving slightly smoother

reconstructions; as observed in Delaigle (2008, Section 4.2) the reconstructed den-
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sities for X are bimodal and suggest the presence of two groups of patients for
which the concentration of sucrase significantly differ. This difference is much less
evident in the kernel density estimator for u, since the convolution with the error

distribution g smooths out the two modes.

Epidemiology

To test the mean-field SDE based approach in this context, we use data from
the spread of the pandemic influenza in the city of Philadelphia between September
and December 1918 (Goldstein et al., 2009). The count of daily deaths and the
distribution of delay between infection and death are available through the R package
incidental (Miller et al., 2020).

To obtain a parametric form for g we fit a mixture of Gaussians to the delay

data using the expectation maximisation algorithm (normalmixEM function in R)
g(y | 2) = 0.595 N (y — 2 8.63, 2.562) + 0.405 N (y — x; 15.24, 5.392).

Although this choice assigns ~ 1072 mass to the negative reals, we found that a
mixture of Gaussians fits the observed delay distribution better than other com-
monly used distributions (e.g. Gamma, log-normal, see Obadia et al. (2012)) and
has the additional advantage of having bounded derivative and therefore satisfies
Assumption 6.1-(c).

We compare the reconstructions obtained through WGF with the robust inci-
dence deconvolution estimator (RIDE) of Miller et al. (2020) and the Richardson-
Lucy (RL) deconvolution described in Goldstein et al. (2009), which corresponds to
the expectation maximisation algorithm for Poisson data in (3.5). Figure 24 shows
the incidence curves and the reconstructed death counts obtained with the three
methods. Following Goldstein et al. (2009), for both the RL algorithm and the
WGF approach we set the initial distribution to be the death curve shifted back
by nine days. The number of iterations for RL is 200. To implement the recon-
struction process via WGF we set N = M = 500, At = 10~! and iterate until
convergence (approximately 3,000 steps), the value of o = 0.009 is selected using
the cross validation approach (7.9) with L = 5 groups.

The three methods provide similar shapes for the incidence curve, with the peak
of the incidence around day 30 (i.e. early October). The RL algorithm gives the
best fit the the observed death counts and has the lowest runtime (< 1 seconds),
however the reconstruction of the incidence curve is not smooth and sensitive to

noise (Miller et al., 2020). This is a well known weakness of the RL algorithm and
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Figure 24: Incidence curve and reconstructed deaths count for the 1918 influenza
pandemic in Philadelphia. Comparison of RL (gray), RIDE (red) and WGF (blue).

is related to the inconsistency of the maximum likelihood estimator in the infinite
dimensional setting discussed in Chapter 3. Both RIDE and WGF address the
lack of smoothness by introducing regularisation, this increases the runtime (= 90
seconds for RIDE and 132 seconds for WGF') but provides smoother reconstructions
while preserving the shape of the incidence curve. The fit of the reconstructed death
counts to the reported one is less accurate, with WGF providing a slightly better fit.
This is not unexpected, as the reconstructions provided by WGF are a regularised

version of the measure p minimising the KL divergence (3.4).

7.4.3 Positron Emission Tomography

As pointed out in Chapter 5, medical imaging is one of the main applications
of Fredholm integral equations; in this context the integral equation models the
reconstruction of cross-section images of the organ of interest from the noisy mea-
surements provided by PET scanners (Webb, 2017).

PET scanners provide noisy measurements by mapping each point of the organ’s
cross-section p(z,x) onto its radial projection p(¢,&) where ¢ denotes an angle
between 0° and 360° and £ denotes the depth at which the projection is taken
(Vardi et al., 1985). We model the alignment between (x,y) and the projections
(¢, €) through a Gaussian kernel with small variance o2 ~ 0.02

N(zcos¢ +ysing — £;0,02)

9(9,¢ |, y) = o :

We consider again the 128-pixels Shepp-Logan phantom reference image (Shepp
and Vardi, 1982) and obtain the corresponding data as projections over 128 equally
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Figure 25: Reconstruction of PET reference image via mean-field SDE with N =
20,000 and At = 10~2. Convergence is reached in less than 100 steps.

spaced angles ¢ in [0, 27] and at depths & € [-92,92].

We implement (7.7) with initial distribution py an isotropic Gaussian distribution
concentrated at the centre of the image, N = 20,000, At = 10~2 and iterate until
convergence (measured by approximating F, and reached after ~ 100 steps). In
Figure 25 we compare the reconstructions obtained by setting o = 10~2 to match the
entropy of the reconstruction given by SMC-EMS shown in Figure 13 (= 0.18) and
a = 107* chosen by cross validation over L = 5 repetitions (which gives entropy=
0.17). The entropy of the reconstructed images is higher than that of the original
image (= 0.12); larger values of « result in higher values of the entropy while smaller
values of o do not lead to entropy smaller than 0.17. Even if the two reconstructions
have similar entropies, the accuracy of the reconstruction obtained with o = 1074
chosen by cross-validation is higher than that obtained with o = 1072. In particular,
the former more accurately identifies the profile of the skull (see the relative errors

in Figure 13).
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7.5 Summary

Starting from the gradient flow PDE obtained in Chapter 6 whose solution is a
minimiser of the penalised Kullback—Leibler divergence (6.13), we exploited standard
results in stochastic differential calculus to obtain the SDE associated with it. This
is SDE is of the mean-field type and its numerical approximation is obtained by
considering a population of particles interacting in a mean-field sense.

We tested the performances of the proposed method on a number of toy and
real-data examples showing that this method has comparable performances to stan-
dard and novel estimators for density deconvolution and density reconstruction from
epidemiological data, while enjoying wider applicability. In particular, we showed
that the algorithm proposed in this chapter outperforms the SMC-EMS algorithm
introduced in Chapter 5; however SMC-EMS requires less stringent assumptions on
the function ¢, and, as mentioned in Remark 6.1 can be implemented also when g
admits a Uniform distribution as marginal, a case which is common in deblurring

problems.
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Proofs of the Results for Continuous EMS

A.1 Auxiliary Results for Analyticity

This Appendix is concerned with the derivation of the Fréchet derivatives of order
k of the EMS map. First we derive the first order Fréchet derivative in Lemma 4.1
then we obtain the formula for the derivatives of order k in Lemma 4.2 inductively.
In the following arguments, we make extensive use of Fubini’s Theorem, whose
applicability is granted by the boundedness of all quantities involved. Additionally,
we exploit the fact that S-norm defined in Section 4.2.1 metrises weak convergence

and that for any bounded measurable function ¢ € By(X)

< NlellooB (1, m), (A1)

[[1n = 0] (P)] < llelloo ‘/[nn — n}(dz)

where the last inequality follows from the fact that the unit function ¢ : z +— 1 is

bounded and Lipschitz on X with Lipschitz norm |[[¢| gz, = 1.

Proof of Lemma 4.1. Recall the expression in Lemma 4.1

D,gl) Feums v(dz) ::/Xu(da:)K(a:,x/)/Yg;y(gfy)}f(‘()i)y)dx/

_ K () [y o g
[ nean [ 48 D (ot ) as

(1)

and consider the definition of Fréchet derivative: Dnl

that for a sequence {n,}n,>1 C M (X) with 8(n,,n) — 0 as n — co

Frwms is a linear operator such

y B <FEMS M, FEMS 77 + D7(71) Fems(mn — T]))
1m

=0.
B(nsn)—0 B(1n,m)
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Using the definition of 3, take ¢ € BL(X) with ||¢|/pr < 1 and consider

‘FEMS () — Fenms n(w) — DY Fus (1, — )(@)‘

, o [ ol | DY)
/X (') /X () K (2, 2') /Y —(gy| o

(

e [ [ o k()
[ et [ ek [ ¢ (g 1)

2)h
|

jy)da:

o) [m @z [ 201

)

- |
X
9y | z)h(dy) /
+/ /K z,2')n (da:)/YW[ﬁn nl(g(y | -))dz

Exploiting the boundedness of all functions involved and Fubini’s Theorem we obtain

‘FEMS nn(p) — Frms n(p) — D(l) Fems (mn — 77)(90)‘ (A.2)
[ [ wete
nn (da) N (d) [ —nl (9w | )
[ 1) 1T ) T ) ”

For the expression between square brackets the following identity holds

oy =1l gy | ) A
‘ n(g(y | ) (45)

1 1
= [ — n](dx) [nn 9wl nigyl -))}

1 B 1 [ —n) (g |-)
*"(dx)[nn@(ym) 16T T ey ) ]

Then, consider the Taylor expansion of u + 1/u as u — ug # 0

1 1 1 1 ) ~
u_uo U(2)(u UO)+U8(U uO) +0((u UO) )’

if [, —n] (g(y]-))| — 0 we have the following approximation of the expression

between square brackets

1 - 1
m(g(y ) nlgy|-)
—_ . J— . 2
B b P o )
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Because g(y | -) € Cyp(X) for all fixed y € Y, (A.1) gives |[n, —n] (g(y | )| <
mgB(1n,n), and, if B(n,,n) — 0, we have

Lt mnl(e) | =l ] )

m (g 1)  ngyl-) n(g(y | ) n(g(y | )

[ —ml (g(y | -))
n(g(y | )

= — [ — n)(dz) i — 1] 9y L')) +0(B(nm,m)?)
n(g(y|-))

G o 1)

+ n(dz)

+ 1 (d) [[77"

Going back to (A.2), using the triangle inequality we find that

‘FEMS () — Frms n(w) — DY Fems (nn 77)(90)‘

ey =l gy [ )
/KQO [ i = () n(g(y )’
N U LI R) 2
+1a(d )( A CLU) ))]
[ [ K@ty | 2l — nan) 2100 L)
n(g(y | )’
/m h(dg)na (dz) ([nn 0l (g(y | ))? +0(5(W)2)>'.
n(gy|)?

We will consider the two terms separately. For the first one,

= [77" h(dy) / Ko(x —n)(dz)

/' dy‘/Kso 9y | )l — n)(dz)

(9(y | )| h(dy) ‘/Kw o(y | )l — n)(da)

where the first equality is a consequence of the boundedness of ¢, g and Fubini’s

Theorem and 7(X) > 0 since 1 has nonzero mass. Using the boundedness of K¢
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and (A.1), we obtain

\ [ Kolegty ] a)bm = n0)] < ey, 1)

for every fixed y. Then we have that the first term in bounded by

‘A{AK@(w)g(y ‘ x)h(dy)[nn _ n](d.’ﬂ) [nn — 7]] (g(y ‘ ))

mgllelleo
g ( 2
= Ui 777) .
n(X)? "

Similarly, for the second term, using the boundedness of g and || K¢||co < [|¢]loo <1

and recalling that n, 7, are finite measures with nonzero mass we obtain

/Kcﬂ h(dy)nn (da) (m —ulloly] )" +O(ﬁ(77n777)2)>‘
n(9(y | )
2
<||K90Hoo// (y | z)h(dy)nn(dz) I (Z](;ﬂ(:y))g)) +0(ﬁ(nn,n)2)‘

2
[ —ml (9(y | -)) + 0 (Bsm)?)

< Jlllso /Y h(dy)m (9(y | )

<l 25 [ hia)

< il 255 (3?40 (3010,1)].

[ =01 (9(y | ))* + 0 (B0, 77)2)‘

Putting the two terms together we obtain

B (FEMS s FEMS 17 — D(l) Fems(mn — 77))
77717

dy) [ —n

/ Ko()g(y | 2)h(dy)(dz) (“7” il
(w!-))
)

mg||@lloo
- on(X)?

B, )+ s 253 3002 + 0 (5.

which tends to 0 as B(n,,n) — 0, showing that Dg,l) Fems(nn, — 1) is the Fréchet

derivative of order one of Fgyg at 7.
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To show that, for fixed n € M™(X), D7(71) Fgums is bounded, take a bounded and
Lipschitz test function ¢ € BL(X) with ||¢| gz < 1 and consider

x/)/K(x,x/)I/(dx)/ g(y(| ?)h(d;y)dx/

)
9(y | z)h(dy) '
_/ /Kxx) (da:)/YWV(g(y"))dx

DY Fems v(e)]

(y\ﬂﬁ)(y)
/K*O (o) ‘

(y\x)(y)y ,
/Kw @) (9(y | ))'

where we have used Fubini’s Theorem and the boundedness of g, p. Using the fact

that ¢ is bounded by my and ||[K¢||« < [|¢]l < 1 we have

2
DY) Fyis v(g)] < 9 \ [ Ketawtas
K — n(X) | /x

fXU r)g(y | =)
+HK¢”°°/Y 77(9(y|))2
2

<2 Tl [ vian

2

<2, G 80),

h(dy)v (g(y | -))

where the last inequality follows from (A.1). O

The derivation of the Fréchet derivatives of higher order is carried out by induc-
tion and follows the same structure of the proof of Lemma 4.1. In particular, we

combine the Taylor expansion of u +— 1/u™ as u — ug # 0

1 1
u*m*@—mugwl( uo) + o ((u—uop))
for all m € N and the fact that for fixed y, |[n, — 7] (9(y | -)) < mgB(nn,n) as shown
n (A.1), to obtain

1 1 [0 =1l (9(y | )

Mm@ aGw I e ) 0 (B(1ns1)) (A.4)

for every sequence {n,} such that 8(n,,n) — 0 as n — oo, and use this Taylor
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expansion as approximation as we did in Lemma 4.1.
The proof proceeds by induction on the order k of the derivative. In particular,
we show that the Fréchet derivative of Fgyg at n € M™(X) of order k > 2 satisfies

D Fens(v, ..., v,p) = (—1)F (k= DI(k — 1) /Xz/(dx)K(:z, ) (A.5)
9(y | z)h(dy) N (] )2
></Y PG nlgy |- viglyl))
L 1) 4oV K (x. gylo)hdy) ket
1) [ G [ SRy iyl)

+(—1)’%!/X[n+u+(k—2)u] (d2) K (, )

AWV(Q(Q\'))klﬂ(Q(y')),

and then obtain the expression in Lemma 4.2 setting ;1 = v in the above expression.

Proof of Lemma 4.2. Let k = 2. For D7(72) Fgms, we have to show that for {n,} with
B(Mn,n) — 0 as n — o0

lim ID5Y) Frnis —DY Frats — Dy Fionis (1 — 0)llop

—0. A6
B(nn.m)—0 B(1ns1) (4.6)

(2)

Because Dy’ Fgus is a bilinear operator, we have that the operator norm in (A.6)

is equal to the supremum over {v € M(X), B(v) = 1} of
B (DT%) Feus v, DY Fens v — DS Feus (v, 7 — 77)) ;

therefore we will focus on bounding the § norm in the numerator of the fraction
above. As for (A.2), take ¢ € BL(X) with ||¢||pr < 1 and consider

( ) [D(l) FEMS vV — D,Sl) FEMS vV — D1(72) FEMS(”: Tin — 77)} (dxl)

v(dz) nn(dz)v (9(y | 7))
/K¢ 9 1 DR T T e | )
s (oly 1) . w1l (oo | )
um»* T6w 1 T 0wl P
L oty 1) zawmn1@<mwwwum
) |
n(g(y ) n(g(y|-))
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Applying the triangle inequality gives

/ch(x’) |:D7(71) FEMS vV — D,gl) FEMS vV — D7(72) FEMS<V7 T — 77)] (d.%',)

‘/Ksﬁ ) [ ot 2mtayuas)

1
{ BRI ))*P7 gn]y(fm ))H
‘/ Kol / w1 =)h ) [ (g %(ZST)-»Q
() (@)l ] o(y ] ) ”
< ()’ (9| )

Using (A.4) with m = 1 and the boundedness of g and || K¢||c < [[¢]lco < 1 we find
that for the first term

z V(da 1 1 [ — ] (9(y | -))
forota) o amianntan |t = S+ 109y ] ) ”

=0 (B("% nn)) :

Similarly, using (A.4) with m = 2 for the second term gives

'/ Ko(x / 9(y | z)h(dy)v (g9(y | -)) [_nn N (dz) 4 n(da)

(gy | ) n(aly|)?
[nn— ]<dx> ()l — 1) (9w | )
Pl L newl )P ”
' / Ke(w) [ ol | M oty ] ) me)
o e — 1 9y | )
[ <<yr>> new ) ngly ) H
=0 (5(7% nn)) .

Plugging the above into (A.6) we obtain

HD%) Fewms _D7(71) Fems —D1(72) Fems (M — 1) |op
B(n,nmn)

=o0(1) =0
as n — 0o, showing that for k = 2 the expression in (A.5) is the Fréchet derivative

of Frmg. To show that D7(72) Fpeums v? satisfies (4.12), take g = v in D,(72) Frums(v, 1).
Then, assume (4.12) is true for k. To show that D,ng) Fewms is as in (A.5) take
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{nn}n>1 with B(n,n,) — 0 as n — oo and consider

K
lim HD7(7]Z) Frwms *Dr(;k) Frwms *Dg ™ Fans (o — 77)\\0?,
B(1,170)—0 B(n,nn)

Using again the definition of operator norm for linear maps we only need to bound
B (Dgi) Feus v*, DI Feus vF — DY Fys (8 — 77))

for {v € M(X),B(v) = 1}. Take ¢ € BL(X) with ||¢|| gz < 1 and consider

90(:70/) [D( ) Fns v* = DY Fens v* = DY) Frus (v, -+ vy — 77)} (da')

’/Kw / )h(dy)

PDH%,<> <@|»“ﬂ+¢4fmmruk_n4mmy@@|wk
(9(y | )" |

) ' m (g(y | )t
e D e (= ey (gl | )"
= Gl Y oty | )

k2 (o |yt (D) =] (g (yl-))__[nn-—7ﬂ(d$)V(g(y|-))>
Ot [ ( I 1y | )M

kel (= DUl ><<|ofmn—m@@|w]«
R 1oty [P

Applying the triangle inequality gives

80( ) {D(k) Fys v — D) Feyg vF — D) Feas(v, -+ v, — 77)} (dz)

\/k@ 2)h(dy) (— 1) R (da)w (gly | )
1 M —n] (9(y | -))
- k
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We treat the two terms separately as we did for £ = 2. Using (A.4) with m = k and
the boundedness of g and || K¢||c < ||@|lcoc < 1 we find that the first term

\ / Kola / h(dy) (—1)FH Ru(da)o (g(y | )F!
1 1 M —n] (9(y | -))
_ k
[ R ID R T ID s ”
/ Ko / Vh(dy)kly(dz)w (g(y | )F"
1 [ — ]l (g(y | -))
_ k
[n<g<yr W nlw T ngw] ”
:0(/6(77777n))'

Using (A.4) with m = k + 1 we obtain the same result for the second term

‘/Kw h(dy)(—=1)*klv (g(y | )"
[77n + (k—Dvi(dz) [n+(k—1v](dz)  [n, —nl(dz)
m (g(y | )" Ny | N ey | )T
[ + (K — Dv](dz)[n, —n) (g(y | -))
k1
D 1oy | )7

\ [ Kote) [ oty @t oty | 9+ (6~ 1)

1 [ — 1] (g(yl-))
- k
[n<g<y|>>’““ G T G ”

=0 (6(777 nn)) :

It follows that

1D Frais =D Fras =D Fanis (-, - 1 — 1) lop
B(n, 1)

=o0(1) -0

as n — oo, proving (A.5). To show (4.12) take pu = v in (A.5)

Vo) () [ Wuww Bk
(

1))
Kz, [ AW Dhdy) e
)/Yn(g(y\‘))k+1 !

D) Frys v* = (1)k+1k!/
X

+(—1)’“k:!/X[n+(k:—1)u] (dz)
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To show that D%k) Fems vF is bounded, take ¢ € BL(X) and apply the triangle

inequality

/ go(a:’)D%k) Feus V¥ (dz)
X

N [ sy [ Sl T vlde) | [+ (e D)
[ oty [ X8I ) + ]
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We can bound the first term using Assumption 4.1-(b) and || K¢||c < [|¢|loc <1

n (gl N
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< k2 100 | [ wtao) pte)

v k
< k!m;w?'? gg;zg 7+ 2]

o [ anKpta) [ LML (o )ty 40 <g<yr->>‘ (A7)
X Y

k+2

[ @ (ot 19 i+ 0t ->>]
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Similarly for the second term

v(g(y|-)" (A.8)

9y [ 2)h(dy)
& /x[n hidn et /Y n(gly | )"

/m+kwmmKw@
X

2k+2 (X )|k
< klmy n(X)k+1
v(

< w2 O 1+ o)

Putting (A.7)—(A.8) together gives

/ ga(x/)ng) Feus vF(dz)
X

v k 14 k
< w2+ B 4001 00 4 w2 B 4 o)

< w2 B o) 4 06+ o)

v k
< k- D22 I (00 + o),

recalling that Ix € BL(X) we obtain

v k
5 (D4 Prowis v*) < (b + 1)t 2 né(@l)m (n(X) + (X))

for all n € M*(X). O
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Proofs of the Results for SMC-EMS

B.1 Proof of the L, Inequality

Before proceeding to the proof of Proposition 5.2 we introduce the following

auxiliary Lemma giving some properties of the approximated potentials G :

Lemma B.1. Under Assumption 4.1-(b), the approximated and exact potentials

are positive functions, bounded and bounded away from 0

1
1Gnlloo < mz < 00 and inf |Gy (z,y)| > — >0
(z,y) mg
GVlloe <m?2 < d inf |GN(z,y)] > — > 0.
H n HOO — mg o0 an (;I}y)’ n (.1‘ y)| - m{g}

We have the following decomposition

Nig o) () — (o E W 1) = 19y ] )
Ny W ) = [x(9(y [ )
= Cn(@0) nl2 (@ )

for fixed (z,y) € H.

Proof. The boundedness of G, and G2 follows from definitions (5.4) and (5.8) and
the boundedness of g. The second assertion is proved by considering the relative
errors between the exact and the approximated potential, using the definition of G,

and G and the fact that the denominator of G,, and G¥ can be seen as the integral
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of g with respect to a particular measure:

Gﬁ/(‘%y) _Gn(xvy) hn(y [9(
Gn(z,y) 9(y | x)
(

_ mlx(g(y | ) =y Ix(9(y | 1))
m Ix(g(y [ -))

and

Gy (2,y) — Gal@,y) _ malx(9(y | ) — nlx(ay | )
Gl (z,y) Mlx(g(y | -))

respectively.
O

We collect here three auxiliary Lemmata due to Crisan and Doucet (2000, 2002);
Miguez et al. (2013) which establish L,-inequalities for the mutation step, the
reweighting step performed with the exact potential G, (exact reweighting) and

the multinomial resampling step.

Lemma B.2 (Exact reweighting). Assume that for any ¢ € B, (H), for some p > 1

and some finite constants and C),

1/ =~ Plloo
E [Iny (¢) = ma(@)P] " < Cpn ‘Lvl”/Q )

then

E [0, (1) (#) — ¥, (m)(@)P] 7 < Gy E1e

for any ¢ € By, (H) and for some finite constant C, ,.

Proof. The proof follows that of Crisan and Doucet (2000, Lemma 2) and Crisan
and Doucet (2002, Lemma 4) by exploiting the boundedness of G,, (Lemma B.1).
Apply the definition of V¢, to get the following decomposition

Nyoy _ 1) (Gap)  a(Gu)
Ve, (0, )() — Ya, () (@) = N (G )

nn(Gn
i (Grp) ) (Grg) |y (Gag)  n(Gp)

TG Gn) @) (G
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For the first term

m (Gng) (an)’ | (an)’ Mn(Gn) — 11 (Gn)
Ur]y(Gn) nﬂ(Gn) nrjy(Gn) nn(Gn)
< mmm — ¥ (Gl

For the second term

Y (Gup)  m(Gnp)| 1 N )
nn(Gn) nn(Gn) ' B |77n(Gn)‘ |77n (Gngo) n”(G”QO)"

Applying Minkowski’s inequality and the hypothesis,

E[[We, )(0) — Ve, (m) (@) ] < m”f'g’ﬂ E [ (G) — 7Y (Ga) ] 7

1 1/p
+ ey B 103 (Gn) — 1 (Gp) [P
2Cpnmg ||l
= mn(Gn)| N2

Hence, C’p,n = 25p,nmf}/]nn(Gn)] < 26p7nm3. O

Lemma B.3 (Multinomial resampling). Assume that for any ¢ € By, (H), for some

p > 1 and some finite constant ép,n

E [[Way (n)(0) ()] "

then after the resampling step performed through multinomial resampling

) ) 1/ ¢l
E (153 (#) = n(@)P] " < Cpm szym

for any ¢ € By, (H) and for some finite constant Cj, .

Proof. The proof follows that of Crisan and Doucet (2000, Lemma 4) and Crisan
and Doucet (2002, Lemma 5) using the Marcinkiewicz-Zygmund type inequality in
Del Moral (2004, Lemma 7.3.3) and the hypothesis.

Divide into two terms and apply Minkowski’s inequality

E (3 () — ()] " <E [10 (¢) = Tay () (o)P

+E | [9ay (02)(9) = i)
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Denote by F2 the o-field generated by the weighted samples up to (and includ-
ing) time n, FY := Vp_10 (X;),Y; cie{l,... ,N}) and consider the sequence of
functions AL : X x Y= R fori=1,..., N

Ah(@,y) = (o, y) — E [o(X5, V) | FY].

Conditionally on FY, A? (X}l, Yrj) , = 1,..., N are independent and have expecta-
tion equal to 0, moreover
| N
i () = ey (o)) NZ( (X0 V) — B [o(X0, V) | 7))

1
1N
By the Marcinkiewicz-Zygmund type inequality in Del Moral (2004, Lemma 7.3.3),

VNE[ () ~ Bay P | 7]

< b(p)l/p\/lﬁ <

WE

1/2
(sup(A},) — inf(A;>>2>

=1

1/2
<ot (s

N 1/2
< b(p)'P = <Z 6Hs0\|2>

< 4b(p)"/?[|¢p |
where

b(2n) := (2n),27" (B.1)
(27”L + 1)("""1) 2—n+1/2

Vvn+1/2

Since 7jn,(¢) = ¥, (n) (@), this result combined with the hypothesis yields

b(2n+1) := with (m+n), = (m+mn)!/nl

“ ~ 1 0o o 00
E [ (¢) — im(@)P] 77 < 2ppy/ollllee @ ol

N1/2 nN1/2
Plloo
< @7 + G F]
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Thus, Cp, = 2b(p)Y/? + Cp.p. O

Lemma B.4 (Mutation). Assume that for any ¢ € B(H), for some p > 1 and some

finite constant C,,,,

A A 1 Plloo
E (11 (¢) = in(@)P] " < Cpa ’L\HH/z

then, after the mutation step

el
N1/2

1 o~
E [0V (0) = 1 (@)1P]V? < Cpmia

for any ¢ € By(H) and for some finite constant Cp, 1.

Proof. The proof follows that of Crisan and Doucet (2000, Lemma 1) and Crisan
and Doucet (2002, Lemma 3).

Similarly to Lemma B.3, divide into two terms and apply Minkowski’s inequality

E [[nY1(0) = i1 (@)1P] 77 = E [[nY11(0) = Mo (9)P] 7

N 1
<E [N (0) — 3 My (0) 1)

~ N 1
+E |5 My 1(2) — iin Moy ()] 7

Let GY denote the o-field generated by the particle system up to (and including)
time n before the mutation step at time n+1, GY = Vp_10 ()?f,, f’pi e d{l,..., N})
and consider the sequence of functions A?, 1 XxY=Rfori=1,...,N

A%H(fﬁ,y) = o(z,y) —E [‘P(X:L—H:Yg—&-l) ’ grjzv] :

Conditionally on G2, A? (X!, 1, Y7, ), i = 1,...,N are independent and have

expectation equal to 0, moreover

777]:[+1(‘P) - ﬁqlvanH(SO) =

2|~

-
Il
A

|(Xii1, Yit) = Map(X5, V1)

Aiwrl (Xrizﬂ, erﬂ)-

I
2|~

@
I
—

Conditioning on G2 and applying the Marcinkiewicz-Zygmund type inequality in
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Del Moral (2004, Lemma 7.3.3)

VNE [[nY1(0) = i Mysa (9)P | G4 ]
N

1/2
< b(P)l/p\/lN (Z (sup(AL,,) — lnf(AnH))Q)

=1

N 1/2
< b(p)l/p\/lﬁ (Zél (sup !AZHDQ)

=1

1/2
<b(p)/P— (Z 16]| 12 )

< 4b(p)"? o]l

where b(p) are as in (B.1). Combining this result with the hypothesis yields

E [‘77711\[—&—1(90) - 77n+1(90)|p] 1/p < (Zb(p)l/p +C Jl) HSOHOO

and the result holds with Cp,, 41 = 2b(p)/? + Cp. O

The proof of the LL,-inequality in Proposition 5.2 is based on an inductive argu-

ment which uses Lemmata B.2-B.4 and Lemma 5.1:

Proof of Proposition 5.2. At time n = 1, the particles (X?, Y{) | are sampled i.i.d.
from m = 7 thus E [p(X{,Y)] = m(p) for i = 1,...,N. We can define the
sequence of functions A : X x Y= R fori=1,..., N

so that,

' () —

2 \

N
Z X17Yi

and apply Lemma 7.3.3 in Del Moral (2004) to get

1 Plloo
E [ (¢) — m () "] < 2b(p)'/? HN1H/2 :

with b(p) < oo, for every p > 1 Then, assume that the result holds at time n: for
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every ¢ € By(H) and some finite constant ép,n

1 ~ Plloo
E [|n) (¢) — (@] "" < Gy HN1H/2 :

The L,-inequality in (5.13) is obtained by combining the results of Lemma B.2

and Lemma 5.1 using Minkowski’s inequality

E 163 (0)(#) W6, ) (@P] " < (Cp+ Gy 12N

for every o € By(H) and some finite constants Cj, ,,, Cp,. Thus, ép,n = Cpn+Cpon.

Lemma B.3 gives

~ A 1 Plloo
E (17 (9) (@) "]"* < Cpn |LV1H/2

for every ¢ € By(H) and some finite constants Cp p,, and Lemma B.4 gives

[elloo

p =~
E [‘771]:[+1(90) — nt1(0)[P] P< Cpnt1 N1/

for every ¢ € By(H) and some finite constant 5p7n+1. The result follows for all n € N
by induction. O

B.2 Proof of Corollary 5.2

The results in Corollary 5.2 can be straightforwardly obtained from Proposi-
tion 5.2, Proposition 5.1 and an argument exploiting the compactness of H as in the

proof of Proposition 5.5:

Proof of Corollary 5.2. 1. Using the definition of the potentials in (5.4)-(5.8) and
Proposition 5.2,

E[|GY (z,y) — Gu(z, )P/

B ol (g | ) = n [ (a(y | ) [P
=F ['g(y o e G T ) (9w ) }

< m3E [alx (9(y | ) = n|x gy | ) 7] 7

< miGi ”g(%”m

Sméépvn\/lﬁ.
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B. PrROOFS OF THE RESULTS FOR SMC-EMS

2. For fixed (z,y), g(y | ) is constant, thus

Ny o) — gy | x) glylz) .
Cn @) = N Gl ) el (g ) oY)

almost surely as a consequence of Proposition 5.1, the continuous mapping

theorem and the boundedness of g.

. The previous result can be strengthened to uniform almost sure convergence
using the continuity of ¢ and the compactness of H following the same construc-
tion of Newey (1991). Given the following bound on the difference between
the potentials

IGR = Gulloe = sup |G (2,y) — Gulz,y)|

(z,y)
_ o[l (9 1) = na'lx (g(y | )
= s gty |2)| |7 T T o T)

Smgszp!(nn\x—ng\x) (9y 1))

it is sufficient to prove that sup, |(nn|x — nNlx) (g(y | ) | — 0 almost surely.

First, notice that since H is compact, the Heine-Cantor Theorem (Rudin, 1964,
Theorem 4.19) implies that g is uniformly continuous: for any given € > 0,

there exists a d. > 0 such that

9y |2) = 93 | #)] <

if ||y —gll2 + ||z — Z[]2 < 0 for all (z,y),(Z,7) € H. As a consequence, the

sequence (1,|x —15'[x) (9(y | ) is equicontinuous:

|1l = 73 1) (9(y ) = (malx = 1) (9 (5 | ) |
|
|

!
< lmalx (g | ) —g@ N1+ N |x (9w ) —a(@ )]
<malx (lg(y | ) = 9@ | ) +nl1x (g(y | -) — 9@ | )])
<221€1§|g(y|x)*g(z)|x)|§§~

if |ly — gll2 < d for all N.
Let B(y) :={g € Y : |ly — gll]2 < 0-} denote the ball in Y centred around y of

radius 0. and use compactness of H (and hence of Y) to extract a finite open

subcover {B(y’ )}3-]:1 of {B(y)}yey. As a consequence of the equicontinuity of
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B. PrROOFS OF THE RESULTS FOR SMC-EMS

the sequence we have that, for all y € B(y’), j = 1,...,.J and for all N,

|(alx — 70 %) (9(y | ) |

< (mlx =03 Ix) (9(u | -) = 9@ | ) |+ 1(alx = 10 1) (97 | 2)) |
<5+ max [l = o) (967 | ) |

from which follows

+jirilaxJ|(77n\X - TITJLV‘X) (g(yj | )) E

geeey

| ™

sup | (nalx — 0 [50) (g(y | )| <

we find that sup, |(n.]x — 7Y %) (9(y | -))| — 0 almost surely if for all € > 0

P (tmsup {5+ max linle — 1) (o7 1) > <})

N—o0 =L

= (tmsup { o (b~ 1) (o7 1)1 > 5 }) =o.

N—=oo 7j=1,...,

The results follows using the almost sure pointwise convergence in point 2 since
¢ is arbitrary.
O

B.3 Proof of the Bias Estimates

Before proceeding to the derivation of the bias estimates, we state and prove the

following auxiliary result, which is a direct consequence of the Ly-inequality (5.12).

Lemma B.5. Under Assumption 4.1 and 5.1, for every n > 1 and every p > 1
there exists a finite constant A, , such that, for every measurable bounded function
p € By(H)

N[ ~N Ny AN 7 (2] P llelloo

Additionally, for all ¢, € By(H) and for integers 0 < I,m < oo

[E (I (@Y e) ~E Y @Yo I (@)~ B [ @ )] ||

l+m
l )
< !\wllwllwllﬁm'
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Proof. To prove the first assertion, apply Minkowski’s inequality

E [0 (@) B G a)[!] " <Y (6Ye) - miGuol] "
+E [\E (1 (Gn) — nn (G ¢)] \p]
<2E [\mﬁv(GiVsO) - nn(Gn@”p} .

1/
<2E[|n) (GNe) - Gup)l']
1/p

i

1/p

+2E [\néV(GnsD) — 1 (Gnp)

where the second inequality follows from Jensen’s inequality applied to the second
expectation in line 1. Since

1Y (GN ) — 0l (Gry)| < le!oonév(lGN — Gnl)

= l[#lloo57 Z\GN (X0, V) = Gu(X,, Y1)

n)-n

)

Minkowski’s inequality gives

1/p

E [0 (G~ Gup)l] " < eloo ZE[|GNX,2,Y; -Gyl

n'-n

and using the decomposition of the potentials in Lemma B.1

E[|GY (X5, ) = Ga(X, V)| T/p (B2
(2 'L 1/p
- W\ [l (90 1)) = 0¥l (9(¥;i | ) \”]

<3 [Jal (9% 1)) = 0¥l (9% | ) 7).

Then, consider 82 := o (Y,! :i € {1,...,N}). Conditionally on SY’ the Y;! are fixed
fori=1,...,N and ) |x is independent on SY (this is due to the definition of the

153



B. PrROOFS OF THE RESULTS FOR SMC-EMS

mutation kernel (5.3)) thus
1/p
E ([0 (GY¢) = nb (Gus)[|

N
< ol Somy b (o0 1) =l (o0 1) 1)

gmgnsouoo ZE [l (9% 1)) =01k (g(¥i | ) P | SN]]P

4
mngm

< ol 22

where the last inequality follows from (5.12) for all n > 1 since g(y | -) is a continuous

bounded function for all fixed y € Y and

E [Jnalx (9(y | ) =¥l (9w | ) P77 =B [Ina (9w | ) =0 (aCy | ) 17]"
L%

VN

Combining this result with (5.12) for the bounded measurable function G yields

4~ 2,7
mngm + mngm

VN

giving A,, = 2(m§35p7n + mgépm) for all n > 1. This result and the Cauchy-

Schwarz inequality give

1/p
E|[n¥(GYe) B G| < 2ol

[E [[nY (o) ~E [N (@NO)][ [nY (G v) —E [ @Y w)]|"]|

m1/2
<E (@Yo ~E [ @] E [l @) - B [ @) ]
Ammn
< llels ||w||oo]§l;;—ﬂf)/2.

O

We can now move onto the proof of the bias estimates in Proposition 5.4. Sim-
ilarly to the proof of the LL,-inequality, the bias estimates are obtained using an
inductive argument considering both statements at the same time and starting from

n = 1.

Proof of Proposition 5.4. At time n = 1, the particles (X{, Yf)f\;l are i.i.d. samples
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from 7y = 71, thus

and

|E [n1' ()] —m(e)|=0< lileo (B.3)

for every ¢ € By(H) with Cy = 0.

To argue the second statement we observe that at time n = 1 the particles
(X4, Y])N | are i.i.d. samples from 7; = #);, and therefore the potential function at
time n = 11is GY(z,9) = G1(z,y) = 1 for all (z,y) € H:

E [n) (GY )] —m(Grp) = E [0 (9)] — m(p) = llello

for every ¢ € By(H) with D; = 0.

For n > 1, assume that both statements hold at time n. Then consider the two
statements at time n + 1 separately.

Statement 1 First, by conditioning on the o-field generated by the particle
system up to (and including) time n, GY := Vp_10 ()2;,}7; 1 edl,... ,N}), we

have

E [0 1(0)] = ns1(0)| = |E [E )1 (0) | GY]] =t ()]
= [E [ (Myp11(0))] = fin (My11(0))] -

Then, the proof of statement 1 follows that of Olsson and Rydén (2004). By condi-
tioning on F.¥, the o-field generated by the particle system up to (and including)
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time n — 1 and by (V;}, X?) for i = 1,..., N, and defining 1) := M, 11(p) we have

E [32 ()] — iin(¥)| = [E[E ) () | FN]] = iia(¥)] (B.4)

|
e [1hG)] _ B[ (G ‘ B3

E [nY(GH)]
E [nY(GY¥)]  na(Gnt)
E [nY(GH)] M (Gn) |

The second term is bounded as in Lemma 2.3 of Olsson and Rydén (2004):

E [ (G| nu(Gat)

Em(GD1 (G

E[m (GY)]  na(Gay)

EmY (G ERY(GY)]

T ’ nn(an) . nn(an)
EnY (G nn(Gy)

E [0y (GY)] = nu(Gny))

E [n)(GR)]

M (Gn) —E [0} (G))]
E [} (GI)] nn(Gr)
<m |E [0y (GY9)] = na(Gut))|

=+ m52;||¢||oo |77n(Gn) —E [nvjz\[(szV)] ‘ .

+ |1 (Gntb)

The induction hypothesis gives

Dal[#]loo

[E [ (G )] = m(Gn)| < =5

and

D,
1 (Gn) —E [0y (GI)]] < N
Therefore,

m oo 22
ERYCN)]  m(G) | =M N glPllee Ty

Dal[9]lo
N

_ 2
= 2mg
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For the first term in (B.4), consider a two-dimensional Taylor expansion of the
function (u,v) — /v around (ug,vp) with a second order remainder of Lagrange
form

u UuQ

1 U
o= (u—ug) — (v —vo) +

Vo Vo ) 03

u

(v — v0)2 — 9—12(1) — o) (u — up)

v

where (6, 6,) is a point on the line segment between (u,v) and (ug, vp).
Applying the Taylor expansion above to 1) (GN)/n (GY) around the point
(E [0 (GY9)] ,E [nY(GY)]), as in Lemma 2.4 of Olsson and Rydén (2004), gives
M (Ga) _ Elm (Gad)] |
m (GY)  ERY(GY)] E
E [ (GR )]
E [nY(GY))*

[an(GN)] (nT]LV(GnN?/)) -E [ﬁff(nyi/})]) (B.G)
N

(' (GY) = E [nY (G)]) + RY (6, 6,)

where the remainder is a function of (,,6,), a point on the line segment between
() (G'),my (G)) and (E [ (GYw)] L E [ (G)])

RY(0,6,) = 92 (1 (@) B [ (@)’

(2

— o (N (@YY~ E [ (@Y 0))) (Y (ON) ~ B [ (@)

Taking the expectation of both sides of (B.6) yields

E [%V(GW)] _Em Gl | g rang, 0]

m (GY) E [y (G)]
Since one of the extremal points of the segment is random, (6,,6,) is random too;
because we have my? < GY <m2 (see Lemma B.1) it follows that

0 (@Y ) <2l i (@) > my>

from which follows [6,,| < mgHz/)HOO, 16,1 > mg_2 almost surely.
By Lemma B.5 withl=m=1and ¢y =1

I [RY (62, 60,)] | < mSllloe E [0 (GY) ~ E [ (G2)] ]

+myg |E [l (GR'4) —E [n (G o)]| [m (GR) = E [y (G)][]]
[Wlee 4 it ag, [O0ee

8 42
< mgA2,n
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Hence,

[ ] - nn T;Z))‘

[nN (GYv) } E [n) (GY )]
ny E [n) (GY)]

E [ (G| na(Gnt))

Eny (G m(Ga)

mg(ZDn + mgAgyn(mg +1)——

E [7011(0)] — tas1(p)| = |E

< |E

_l’_

< m2(2Dy, + m2A3 ,(my + 1))

giving C,, = mg(QDn + m?]A%’n(m;} +1)).

Statement 2 The following decomposition

‘E [nrijrl(Gr]erl(p)] - 77n+1(Gn+1§0)‘ < ‘E [775+1(G£LV+180) - 777]:]+1(Gn+180)] ‘
+|E 7)1 (Grs19)] = st (Grrr9)|
Dy +Cy
— N )
where the first term is bounded using Lemma 5.2 and the second term is bounded

using Statement 1, shows that the result holds with D,, = l~)n + Cy,.
O
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Interactions Between Families of

Independent Particles
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8

Some Properties of Divide and Conquer

Sequential Monte Carlo

The work presented in this chapter and particularly Sections 8.2, 8.4.1 and 8.4.2
s the result of a collaboration with Dr Juan Kuntz Nussio. An extended version of

this chapter is in preparation (Kuntz et al., 2021a).

8.1 Introduction

In recent years there has been a growing interest in particle methods which allow
for parallel and distributed implementation (see, e.g., Chopin and Papaspiliopoulos
(2020, Chapter 19) and references therein); most of the effort has been concentrated
on parallelising the resampling step, as this is the only step in which the particles
interact in the SIR Algorithm 1. Divide and Conquer SMC is an extension of
SMC algorithms proposed in Lindsten et al. (2017), which generalises the classical
SMC framework from sequences (or chains) to trees. On one hand, the extension
of the SMC methodology to trees results in algorithms which and naturally lends
themselves to distributed computing allowing to perform inference on bigger models
than those usually dealt with standard SMC, on the other hand, many statistical
models can be naturally represented by trees rather than sequences (e.g. Bayesian
hierarchical models).

Following the divide-and-conquer computational paradigm, divide and conquer
SMC (DaC-SMC) decomposes large inferential problems iteratively into smaller,
more manageable ones. Each smaller problem is approximately solved using SMC
steps, then the sub-problems are merged following the classical fork-and-join ap-
proach. These additional merging steps introduce non-standard interactions between

families of particles in the DaC-SMC algorithm.
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(= )

(=) (=0 (7<)
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Figure 26: (a) Bayesian hierarchical model of Example 8.1. (b) Corresponding tree
decomposition of the posterior mg.

This chapter is concerned with the theoretical characterisation of DaC-SMC,
which is obtained by combining the convergence results for standard SMC sum-
marised in Chapter 2 with results on products of empirical measures which exploit
the independence between two families of empirical measures to control the error of
their products.

As in the case of SMC, DaC-SMC can be employed to sample from models with
an embedded tree structure (Jewell, 2015; Paige and Wood, 2016), alternatively,
one could build an artificial tree decomposition to sample from a given target 7 for
computational convenience (Ding and Gandy, 2018) in the spirit of Chopin (2002);
Del Moral et al. (2006b) for standard SMC.

Example 8.1 (Bayesian Hierarchical Model). Consider the simple Bayesian hierar-
chical model in Figure 26 with three observations y;.4 and seven latent variables x.7.
The target distribution is the posterior p(x1.7 | y1.4), or, in the notation that we will
adopt to describe DaC-SMC, m(xy) = 7g(xy) = p(x1.7 | y1.4), where gy = x1.7.
We can obtain a tree-like decomposition for this target using the tree structure
embedded in this model.

Starting from the first level of the hierarchical model we define m4(x4) = p(z1 |
y1), mB(xB) = p(x2 | ¥2), mo(xc) = p(xs | y3) and Tp(xp) = p(x4 | ys), where x4 =
x1,Xp = T9,Xc = 3 and xp = 4. Following the topology of the tree in Figure 26(a)
the distributions at the leaves are merged pairwise to obtain 7g(xg) = p(z1.2 | y1:2)
and mp(xp) = p(r3.4 | Y3.4), where xp = x1.2 and xp = 234, respectively. Repeating

this procedure we obtain mg(xg) = p(x16 | y1.4), where xg = 1.6, and, finally,
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T (xH) = p(@1:7 | Y1:4), where xg = 1.7.

The collection of target distributions {m,(x,) : v € T}, where T is the tree in
Figure 26(b), is a tree decomposition of the posterior p(x1.7 | y1.4)-

The tree decomposition {7, : u € T} is often non-unique, for instance, an alter-
native tree decomposition for this model can be obtained by removing the root of the
tree in Figure 26(a) and defining the distributions 7, over each sub-tree recursively
as described in (Lindsten et al., 2017, Section 3.1). In this case each distribution of
the decomposition is indexed by the tree obtained by removing the leaf nodes (i.e.

those corresponding to the observations y.4) from the tree in Figure 26(a).

Example 8.1 shows how to construct tree decomposition of the posterior of in-
terest for a model with an obvious hierarchical structure, however, the tree decom-

position might also be completely artificial:

Example 8.2 (Undirected Graphical Models). Consider a simple Ising model de-
fined on a 4 x 4 lattice. A spin variable z; € {1, —1} is associated with each node
and the target distribution is the probability of a given configuration logm(x) =
-5 Z(k,l)eE i), where S > 0 is the inverse temperature and E denotes the set of
edges of the lattice. To construct the tree decomposition of m we iteratively split

the 4 x 4 lattice into two sub-lattices until each node is isolated.

We briefly recall the generic DaC-SMC algorithm introduced in Lindsten et al.
(2017), in particular, the algorithm introduced in Section 8.2 is referred to as ‘mix-
ture resampling DaC-SMC’ in Lindsten et al. (2017); we choose to work with this
formulation since the linear-cost version of the algorithm which was the focus of
Lindsten et al. (2017) is a special case of the mixture resampling one. We then
move onto the theoretical characterisation of DaC-SMC. We introduce two auxiliary
results for independent sequences of random measures in Section 8.3 and then use
these results to obtain L, error estimates and bias bounds. From the L, error esti-
mates we extract a strong law of large numbers and show almost sure convergence
in the weak topology. Finally, we show that, equivalently to standard SMC, the esti-
mates of the normalising constants provided by DaC-SMC are unbiased and discuss
how they can be employed in particle MCMC methods (Andrieu et al., 2010).

8.2 Divide and Conquer Sequential Monte Carlo

To introduce the algorithm, we consider the case in which we are given a proba-

bility measure 7 defined on a measurable space (E, €) and our goal is to approximate
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integrals with respect to m. We assume that 7 := /2 arises from normalisation of
a (finite) target measure v which can be computed pointwise, whereas evaluating
the normalising constant Z := ~(FE) is computationally challenging. In the case
in which the problem of interest is endowed with a tree topology that allows for
model decompositions based on the tree structure (e.g. phylogenetic models; Jewell
(2015)) the sequence of distributions building up to 7 is not an artificial construct
introduced for computational convenience, but arises from the particular model at
hand.

To approximate 7, instead of building a sequence of measures {7, },>1 evolving
on a line, as we would do for standard SMC (Chopin, 2002; Del Moral et al., 2006b),
we consider sequences of measures {m, },crv defined on measurable spaces (E,, €,)
of increasing dimension indexed by a set TY obtained by removing the root node t

from a finite tree T:

E=]] E.. £=1]]¢%. (8.1)

ueTY =uN4

The sequence of distributions {m,},c7v is used to decompose the task of sampling
from 7 into simpler problems, then, similarly to standard SMC, a particle population
is evolved from the leaves of the tree to its root using a sequence of mutation,
reweighting and resampling steps to which, whenever the branches of the tree merge,
a coalescence step is added.

Ideally, one would like to use the marginals

m(A):=m(Ax EY) VAc€E,, withE¥:= [[ E., VueT, (8.2)
vETATY

where T, denotes the sub-tree of T rooted at u (obtained by removing all nodes
from T except for u and its descendants) and TV = {v e T, :v+#u}, to construct
the sequence {m, },crv. However, these are seldom available in practice and, instead,
we settle for approximations (my,),crv ~ (7"),eTv, With the only constraint that the
approximation indexed by the root node coincides with the target (i.e. 7, = v and
m = 7). In addition, we assume that each m, is obtained by normalising a (finite)

measure 7, defined on (E,, &,):

E,:= [[ Bo. &.:=1]] 5%, (8.3)

veTg ve’]l‘f
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where
_ Tu

with 2, := v, (E,), YueT. (8.4)

Ty
(7

8.2.1 Notation

To facilitate the description of the tree T, we employ the notation summarised

here.

Trees We define T to be a rooted directed tree, a directed acyclic graph in which
each node has a parent, except the root t. We label the root of our tree T by
vt and we use T, to denote the sub-tree of T rooted at wu, i.e. that obtained by
removing all nodes from T expect u and its descendants. We denote the number
of children of a node u as ¢,, refer to them as ul,u2,...,uc,, and denote the set
{ul,... uc,} by Cy. We use T? := {v € T : ¢, = 0} to denote the set of T’s leaves
and T? := {v € T : ¢, > 0} that of all other nodes and similarly for any sub-tree
T,. We use [¢,] to denote {1,2,...,¢c,}, |A| to denote the cardinality of any subset
A of T and A€ to denote its complement, A°:= T\ A.

Auxiliary Spaces In addition to the sets E and E, and their corresponding
o-fields &€, &, defined in (8.1) and (8.3), respectively, we define

E,=B,UE,= [[ B,, Eu=E,0&=]] &,
UETu ’UETu

the extensions of E, and &, to include u itself. We denote elements in E,,, E,, and
E, by xy, &, and x,, respectively. Out of notational convenience, we set the empty

product of spaces to be the empty set (e.g. Ey = Ey =&y = Ep =0).

8.2.2 The Algorithm

Similarly to standard SMC, DaC-SMC approximates the sequence {m,},ctv
through a population of weighted particles which evolve from the leaves of the tree
to the root. In doing so the algorithm provides an approximation of {m,},cpv and
their normalising constants {2, },crv-

Algorithm 3 describes the basic instance of DaC-SMC, to make the connection
with the divide-and-conquer paradigm evident we describe DaC-SMC as a recursive
algorithm, which, when called at the root t of the tree, recursively calls itself until
it reaches the leaves. As in the case of the SIR algorithm (Algorithm 1) introduced
in Chapter 2, Algorithm 3 is a prototypical algorithm which can be modified and

164



8. DIVvIDE AND CONQUER SMC

extended to more complicated instances, e.g. including tempering in the spirit of
SMC samplers (Del Moral et al., 2006a) or swapping the order of the steps when this
is more convenient, e.g., with the alternative decomposition described in Example 8.1

the mutation step naturally occurs between steps 12 and 13 of Algorithm 3.

Algorithm 3: DaC-SMC(u) for u in T?.
1: for v in C, do
2:  if v is a leaf (i.e. v € TY) then

3: Propose: for all n < N, draw X,, N independently from K, and set
XN = XN and ZN = 1.

4: else

5 Recurse: set (v, 7)) := DaC-SMC(v).

6: forn=1,...,N do

7: Resample: draw Xy independently from V.

8 Mutate: draw XN independently from KU(XZ}’N, -) and set XN

via (8.6).

9: end for

10:  end if

11: end for

12: Merge: combine X, Nofor v e C, into the unnormalised product-form
estimator (8.10).

13: Correct: compute the weights (8.11) and return (v, 7Y) where 7Y is as
in (8.13) with Z¥ defined by (8.9), and 7 := Y /7Y (Eu).

As discussed earlier, DaC-SMC operates in a recursive manner, when called at

a node v € T the algorithm obtains the particle populations at the children of wu,

v € Cy, evolves them through the classical SMC steps — resampling and mutation

— and then combines them and weights them to obtain the particle population at
node u.

9 . . 1,N N,N .

At each leaf v € T a population of N independent samples X, ,..., X, " is

obtained from a proposal distribution K, and the corresponding empirical distribu-

tion is computed

If v € Cy, is not a leaf, the weighted particle population at v, ’yév , is obtained

recursively by calling DaC-SMC(v). Normalising v we obtain an approximation

N
m, of m,:
N .= gy ~ v 7, where ZV = ’yN(Ev), (8.5)
v Z{,V Zu v v
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for each non-leaf child v.

Following the SMC paradigm, at each v € C, the particles are resampled, this
reduces degeneracy in the weights but also contributes to keeping the computational
cost of DaC-SMC under control: at each v € C, the particle population is of size N,
where ¢, is the number of children of v; without the resampling step the population
size would therefore increase exponentially with the number of nodes in the tree,
making the computational cost unmanageable The empirical distribution of the

particles X4 ’N, ey XN resampled from 7Y approximates 7, and is denoted by

6X;L,N ~ T

=
e

We then extend the path of each resampled particle from E, to E, using a Markov
kernel K, : E, x &, — [0, 1]:

XN = (XN XYY where XY ~ K (XN L) (8.6)

v

and obtain the empirical distribution of the mutated particles

I
M= D O
n=1

N

and its unnormalised version o) := ZNAN. Permuting and concatenating these

particles across u’s children, we obtain an approximation

N
= 2= NCUZ Z ROV grew), (8.7)

VEC,, ni=1 w=1
of the normalised flow A\, := A¢c, = HvECu v, where )\, := K, if v is a leaf and,
otherwise,
Ao (dZy) == (7, ® K,)(dZ,) = 7y (dxy) Ky (2, dy). (8.8)

Multiplying A by the product Zé\fl of the normalising constant estimates,

=II 2 =[] » &) (8.9)

vGCu ’UECu
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(where Z¥ := 1 if v is a leaf), we obtain an approximation to the unnormalised flow

= Z0N ~ Ze = [] 2oho = v, =t v, (8.10)
VECy,

where U, := K, if v is a leaf and U, = v, ® K, otherwise.
As in standard SMC, this mutation step is followed by a reweighting step which

corrects the errors introduced by approximating -, with v,: if

dyu
duy,

(8.11)

Wy 1=

denotes the Radon-Nikodym derivative of ~, with respect to v,, then ~,(dz,) =

Wy (X ) Uy (d,,) and we obtain the particle approximation of v, as

AN (day) = wy () 0N (day) ~ wy () vy (de,) = Yo (day,). (8.12)

Because 7)Y may be expressed as

111'\7 NCu Z Z wu an’ ng:t7 )5()_("17]\] X;’«Cc;,:,N), (813)

ul oo
ni=1

we say that 77 is a product—form estimator for 7, (Kuntz et al., 2021b). Similarly
in the cases of A\, vV, and 7} := 4N /ZN where ZY := yN(E,).

Of course, for this approach to work, we must choose the unnormalised approx-
imating distributions (y),ero and proposal kernels (K,),crv such that the Radon-
Nikodym derivatives in (8.11) exist. To simplify the treatment, we further assume

that the derivatives are positive everywhere:

Assumption 8.1. For all v in T, =, is absolutely continuous w.r.t. v, and the

weight function w,, in (8.11) is positive everywhere: wy(x,) > 0 for all x,, in E,.

This assumption is equivalent to those usually found in the SMC literature (e.g.
Assumption 2.1) and ensures that the weights never simultaneously take the value
Zero.

We briefly describe how Algorithm 3 would operate on the simple Bayesian
hierarchical model in Example 8.1. To simplify the presentation we describe the

DaC-SMC procedure starting at the leaves and progressing towards the root:

Example 8.3 (Bayesian Hierarchical Model). Consider the simple Bayesian hierar-

chical model in Example 8.1 and assume that we want to approximate the posterior
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w(xg) = p(r1.7 | y1.4). For simplicity we assume that we can sample from the

marginals p(zs | 1.2, y1:2), P(T6 | T3.4,Y3:4) and p(x7 | T1:6, Y1:4)-
At the level of the leaves we obtain particle approximations 7l ,ﬂg ,wg ,Wg .

Following Algorithm 3 the particle approximations Ter ,wg are merged to obtain

vg = 771]4}[ X Wg and reweighted with weights given by wg(xg) = p(x1.2 | y1:2)/p(x1 |
y1)p(x2 | y2) to obtain the particle approximation 7g(xg), and similarly for 7p(xp).

At the successive level of the tree, resampling is performed separately at node
E and F. The states xpg,xp are extended to (z5,xg), (¢, xpr) by drawing zs, g
from p(zs | x1.2,y1:2) and p(z¢ | x3.4,Yy3:4), respectively. Then, the particle pop-
ulations at nodes E, F' are merged and reweighted to obtain an approximation of
Te(x¢) = p(z1:6 | Y1:4). At the root level, after resampling from 72, the new particle
population is extended by drawing x7 ~ p(- | z1:6, y1.2) and reweighting according

to wy (no merging occurs since H has only one child G).

8.3 Products of Independent Random Measures

As a first step towards providing a theoretical characterisation of DaC-SMC,
we consider two sequences of independent random measures (11" )3, defined over
(S1,81) and (ndY)S_, defined over (S2,S2) approximating the probability measures
m and 72, respectively. We will show that, if both (p)¥)_; and (n5')3_, satisfy an
L, inequality and a bias estimate, then so does the product measure n{v X 775\7 .

We endow the product S = S; x.S3 of two measurable spaces (S1,S1) and (S2, S2)
with the product sigma algebra S; x Sa. Given any finite measure 77 on (S1,S1)
and measurable test function ¢ : S — R such that (-, z2) is n1-integrable for each

x2 in Sy, we use 71(p) to denote the measurable function on S defined by

(@) () = / (w1, w2y (dey) Vs € 5.

In the case of the empirical measures 77,75, we occasionally make the dependence

on a particular realisation w explicit
N o N
m' (w, ¢)(z2) == /90(961,»”02)771 (w,dz1) Vi € 5.
The results for the product measures are obtained exploiting the decomposition

(Y x my = x ) () = —m) x m2(e) +m x () —n2)(p) (8.14)
+ (' —m) x (" —m2)(e),
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whose first two terms can be controlled via the individual results for (n]¥)%_, and

(nY¥)3%_; and the third one using their independence.

Lemma 8.1. Suppose that (7¥)%_; and (nd)3_, are independent sequences of
random probability measures on some measurable spaces (S1,S1) and (S2, S2) that,
for every N € N, ¢ € By(Sk), for k € {1,2}, satisfy

1/ C 00
P17 < ol 1)

E [\n;ﬁv(w) — k(e <P

for some p > 1 and C), ;, finite constants. Then, for every N € N, ¢ € By(S1 x S2).

Yr _ Cpllelles

E{|orY x ) (0) = m x m)(@)| " < 2 (8.16)

Proof. Fix any N € N and ¢ in By(S7 x S2). Minkowski’s inequality and the decom-
position in (8.14) tell us that

E ([ nd —mxm)@] " <E [0l —m) x o~ 317
FE [0 (m(e)) ~ m ()] "

VE [} on ()~ mlm ()]

Because ¢ is bounded and 7; and 7, are probability measures, n1(p) and n2(yp)
are measurable functions bounded above by ||¢|/s. Hence, we can apply the L,

inequalities in (8.15) to control the rightmost two terms in (8.17)

l/p C o0 C o

& [ (o))~ mm(enff] " < Gelelloe  Cotleloe - g 1)
Up _ Cp2llm(o)lls _ Cpa2llells

E 108 ()~ mm ()] < Gr2lnlElle  Coalle] (819)

where [[71(¢)[[oc < [|¢]loo and [[72(#)[lcc < [|@]loc because 71 and s have mass of
one. To control the leftmost term in (8.17), let Fy := o({n)'}3_,) denote the o-
algebra generated by the n)'s. Because, for each w, x1 — 7" (w, ) (w1) — n2() (1)
is a bounded function on S, (8.15) and the independence of (71¥)3_, and (n)¥)%_,
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imply that

T (320

E [\(W{V —m) x (3 —m)(p
= [|n (0 () — () — m (1 () = ()]

=E[E [ (' (¢) - m(#) =m0 () = (@) | ]

1
< O E 172 () = m2(0)[B] 7
- N1/2
2Cp1ll¢lloo
N1/2 ’

1/p

1/p

IN

Putting (8.17)-(8.20) together, we obtain the L, inequality (8.16) for the product.
0

Similarly, by using the independence of (nI¥)3_; and (75')%_, we can show that

the bias of the product measure decays at rate 1/N:

Lemma 8.2. Suppose that (7V)_, and (7)%_, are independent sequences of
random probability measures on some measurable spaces (S1,S81) and (S2,S2), re-

spectively, satisfying bias estimates:

Crllenlloe

|E [0 (er)] — mi(eow)| < N

(8.21)

for every N € N, ¢ € By(Sk) and k € {1,2}, with C} finite positive constants
independent of ¢ and N. The sequence of products (n¥ x nl¥ )3, satisfies a bias

estimate:

E [(ni" x ) ()] = (m x m2)(p)] < C”;@H"" (8.22)

for every N € N, ¢ € By(S1 x S2), with C' a finite positive constant independent of
@ and N.

Proof. Recall the decomposition in (8.14). Because ¢ is bounded, n1(¢)(x2) =
[ (@1, z2)ni(dzr) and na(@)(x1) := [ p(x1, 22)n2(dxs) define bounded measurable
functions on S7 and Sy, respectively. Hence, we can apply the bias estimates in (8.21)

to control the rightmost two terms in (8.14):

£ [ ((0))] — mm(e))| < CHEE e o Clleloe — g 99
E [0 (m(9)] ~ mlm(e)] < I o Blloloe g5y
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To control the leftmost term in (8.14), let F := o ({nd}%_,), the o-algebra gener-
ated by the n)'s. Because, for each w, z1 — 15 (w, ©)(x1) — n2(¢)(1) is a bounded
function on S, (8.21) and the independence of (ni¥)%_; and (n3)%_, imply that

E [(n —m) x (02 —m2)(9)]|
= |E [0 (3 (¢) = m2()) — m(n3' () — m2(0))]

T |
= |E [E [l (0 () — m2(9)) — m (15 () — () | F]]|
<E[|E [m' (0 (¢) = m2(2)) = m(m3' (¢) — ma(9)) | Fo|]
_ CLE[I1(9) = m(@)lloc]
= N
_ 2l
STN

Putting the above and (8.23)—(8.24) together, we obtain the bias estimate (8.22) for
the product. ]

8.4 Theoretical Characterisation of DaC-SMC

The theoretical characterisation of DaC-SMC is obtained under the following
assumption, which is analogous to those under which the results for standard SMC
hold (Assumption 2.1):

Assumption 8.2. For all u in T, w, in (8.11) is bounded and measurable.

The main difference between DaC-SMC (Algorithm 3) and standard SMC (Algo-
rithm 1) is the merging step: in the former case, the particles on different branches
are merged through the product-form estimator (8.7) while, in the latter, the particle
population evolves on a line and no merging occurs. Because the particles evolving
on different branches at the same depth of the tree T are independent, the empirical
measure (8.7) is a product of ¢, independent empirical measures. Thus, we use the
results in Section 8.3 to obtain L, inequalities and bias estimates for (8.7) and incor-
porate these results into the well-known methods used to establish L, inequalities
and bias estimates for standard SMC (Crisan and Doucet, 2000, 2002; Miguez et al.,
2013; Olsson and Rydén, 2004).

8.4.1 L, Inequality and Strong Law of Large Numbers

To obtain the L, inequalities we follow the iterative approach taken in Crisan
and Doucet (2000, 2002); Miguez et al. (2013): we first obtain L,, inequalities for
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the empirical distributions of the particles indexed by the tree’s leaves, then we
inductively show that the steps of Algorithm 3 preserve the inequalities. The re-
sampling and mutation steps follow from arguments analogous to those in Crisan
and Doucet (2000, 2002); Miguez et al. (2013). For the merging step, we use the L,
inequality for product measures in Lemma 8.1 to show that the error introduced by
multiplying the approximations over different branches as in (8.7) is also of order
O(N -1/ 2). To complete the argument for the correction step, we then resume with
the approach of Crisan and Doucet (2000, 2002); Miguez et al. (2013) and show
that the re-weighting in (8.13) preserves the inequalities. Since the proof of the L,
inequalities stated below requires additional results controlling each one of the steps

described above, we postpone the proof to Section 8.4.2.

Proposition 8.1 (L, inequalities). If Assumptions 8.1-8.2 hold, then, for each
p > 1, there exist constants C,, p, 6’%],, 6u,p> C,.p < 00 such that

E [ (0) —vu@)f]” < oWl 5[]V (0) - aioff]” < Cerltlee,

v éu [l oo v _ Cupllello
E [hiv(w) —%(@)\p} T E [\ﬁ(s@) —m(sO)\p} B
for all N > 0, all ¢ in B,(E,) and every u € T. In particular, E HZ&V — Zu‘p]l/p <
Cup/NY2 for all N > 0.

A direct consequence of Proposition 8.1 is the following strong law of large num-
bers, which shows that Algorithm 3 produces strongly consistent estimates of the
unnormalised and normalised targets v and 7 V() and 7V (y) are consistent
estimators for 7w () and (), respectively. This also holds all approximating distri-

butions and their estimators:

Corollary 8.1 (Strong laws of large numbers). If Assumptions 8.1-8.2 are satisfied,
u belongs to T, and ¢ belongs to By(E,), then

Jim v (9) =vale),  lim AT(p) = (@),

—00 N—oo

Jim () =qule),  lim 1 (0) = mu(9),
—00 N—oo

almost surely. In particular, Z{LV — Z, as N — oo with probability one.

Proof. The result follows from the L, inequalities in Proposition 8.1 using a Borel-

Cantelli argument as shown in the proof of Proposition 5.1. 0
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If the underlying spaces possess nice enough topological properties, the above
almost sure pointwise convergence can be strengthened to almost sure convergence

in the weak topology:

Corollary 8.2 (Almost sure weak convergence). If, in addition to Assumptions 8.1
8.2, the spaces (Ey),c7v are Polish and (&,)yer are the corresponding Borel sigma

algebras, then

]\}im U’l],LV(SO) = Uu(@)a lim )‘uN<90) = )\U(QO),

—00 N—oo

Jim () =qule),  Jim 1 (@) = mu(e),
—00 N—oo

for all bounded continuous functions ¢ on E, and u in T, almost surely.

Proof. Because the space of continuous bounded functions on E, has a countable
dense (w.r.t. || - [|so) subset if E, is Polish (c.f. Berti et al. (2006, Theorem 2.2)) and
the product of finitely many Polish spaces is Polish, this follows from Corollary 8.1
and the Portmanteau Theorem (Billingsley, 1995, Theorem 29.1), as shown in the
proof of Proposition 5.3. O

8.4.2 Proof of Proposition 8.1

To argue Proposition 8.1, we follow an approach similar to that taken in Crisan
and Doucet (2000, 2002); Miguez et al. (2013) for standard SMC. In particular, we
derive an I, inequality for the empirical distributions of the particles indexed by
the tree’s leaves and show that each step of the algorithm preserves this inequality.
Recall that at the leaves of the tree, u € T? the particle are sampled i.i.d. from
K, then, Del Moral (2004, Lemma 7.3.3) shows that, for any p > 1, there exist
C_'u,p < oo such that

L
- - s Oy o _
E [\A{X(@) — Au((p)‘p} P < M VN >0, ¢ € By(E,). (8.25)

Taking the product of A over all children v of a node u to obtain AY in (8.7)
preserves (8.25):

Lemma 8.3 (Product step). If, in addition to Assumptions 8.1-8.2, (8.25) is satis-
fied for each child v (i.e. it holds with v replacing u therein) of a node u in T? and
some p > 1, then there exist C,,, < co such that

L
P Cu 00
E [\A{f(go) — Au(tp)‘p} P < }J\DM VN >0, ¢ € By(E,). (8.26)
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Proof. Because (A)))¥_q,..., (ALY

wew )31 are independent sequences of probability

measures by construction, so are (Xiv[k])]ovo:l and (Xiv(k Jrl))‘]’\,oz1 for all £ < ¢, where
ul[k] ;== {ul,...,uk} denotes the set containing the first k children of u and 5‘%@ =
Hveu[k} ;\fjv the corresponding product of j\fjv s. The Lemma’s premise requires that
each child satisfies its own L, inequality and, consequently, (8.26) follows from re-

peated applications of Lemma 8.1. ]

Emulating the approach of Crisan and Doucet (2000, Lemma 2) and Miguez

et al. (2013, Lemma 1), we find that the correction step also respects the inequality:

Lemma 8.4 (Correction step). If, in addition to Assumptions 8.1-8.2, (8.26) is
satisfied for some u in T? and p > 1, then there exist Cup < 00 such that

1
P Cu, 0o
B[l () ~mulo)f]” < P2l v o pemm). 21

Proof. Fix any N > 0 and ¢ in By(E,). Recall the definitions in Section 8.2:

N NN N N N ’Yiv(dwu)
v, (dzy) = Ze Ay (dzy), 7y, (dzw) = we(Tw)vy, (day),  m, (dzy) = W
Hence,
7TN( ) = '75(90) _ Uiv(wmo) _ )‘{Lv(wuso)
“ YV (E.) vl (wy) AV (wy)
Similarly, because w, = dv,/dv, and v, = v¢, @ K¢, = Z¢, A\,
Yu(p) Uy (W p) A (W)
7‘(’u = = _= .
W =B ™ ulwd)  Aalw)
Hence,
A (wap)| |2 (wap) — Au(wup)
No) = mu(o)] < |7 (p) — Dt uwurl _swurh o (8.28
To control the first term on the right-hand side, we use
TrN(go) . quj(wu@) < ’mﬂv(@)‘ P‘u(wu) - Ag(“’U” < ol oo ‘)‘U(wu) - )‘q]y(wu)‘
“ A(wy) |~ Ay (wy,) - A (W)
(8.29)

Because, Ay (wy,) = Zc_ulvu(wu) = Zc_ulfyu(Eu) = Zgulzu > 0, the desired LL,, inequal-
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ity (8.27) follows from (8.26),(8.28),(8.29) and Minkowski’s inequality:

2[|(p) - mlo)']”

< |l E H)‘u(wu) - )‘uN(wu)‘ ]p +E H)‘ (wusp) — Ay (wu@)m7

[

Au(Wy)
C ||80H<>0kuHoo+C [0y pl] 0o < 2C’uZCu||wuHoo ll©llco
- N1/2), (wy,) - Z. N1/2
with Cy,p = 2Cyp2c, | Wallso/ Zu- O

To show that the resampling step also preserves L, inequalities, we use the

argument of Crisan and Doucet (2000, Lemma 3) as for the proof of Lemma B.3:
Lemma 8.5 (Resampling step). If, in addition to Assumptions 8.1-8.2, the inequal-
ity (8.27) holds for some u in T? and p > 1, then there exist C,,, < 0o

o
P Cu 00
B[l (o) - mu(@f]” < Clél ynso pemm).  30)

Proof. Fix any N > 0 and ¢ in By(E,). If F := o(X™N, ..., XN

s ) denotes

n=1

the o-field generated by the particles prior to resampling, then
E [@(X;L’N)\}"] = 7N (p) almost surely, for all n < N.
Let us define, for n = 1,..., N, the functions A" : E, — R
ALY () = p(a) — E [o(XN)|F] .

Conditionally on F, AP (XYY n=1,..., N are independent, have expectation
equal to 0, and

N
1
o) =) = 5 A

Conditioning on F and applying the Marcinkiewicz-Zygmund type inequality in
Del Moral (2004, Lemma 7.3.3) shows that

‘p] . _ 4b(p)" 7|0l

E|lod(0) -l )| " < =

with b(p) as in (B.1). Inequality (8.30) then follows from the above, Minkowski’s
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inequality, and (8.27). O

For the mutation step, we follow Crisan and Doucet (2000, Lemma 1) as in

Lemma B.4:

Lemma 8.6 (Mutation step). If, in addition to Assumptions 8.1-8.2, (8.30) is sat-
isfied for some w in T? and p > 1, then there exist C’u,p < 00

3 3 » _ Cupllelloo =
B[ (0) - M(o)]” < ZLTTE YN >0, p € By(E.).
Proof. Fix any N > 0 and ¢ in By(E,). Minkowski’s inequality implies that

u(w)\p]; <E |3 (p) - Vév(sa)\p]’l’ +E v () = Xl g
(8.31)

=
i
i
s
|
>|

where v 1= pY ® K,. Because A\, = m, ® K, and || Ky ¢|loo < [|¢lloc as Ky is a
Markov kernel, (8.30) implies that

E v () = Mul@)]” < ’p]”w/Q o f\’)’l/zu . (8.32)

To control the other term in (8.31), let F := 0((X3’N)7]¥:1) denote the sigma algebra
generated by the resampled particles and note that
E [p(XM)|F] = (Kup)(X3Y) Yn < N.
Let us define, for n = 1,..., N, the functions AN B, R
AN (z) = p(z) = E [p(X3N) | F].
Conditionally on F, AZ’N(XLL’N), ¢ =1,..., N are independent, have expectation
equal to 0, and
N
M (@) = vy () = N > AN,
n=1

Conditioning on F and applying the Marcinkiewicz-Zygmund type inequality in
Del Moral (2004, Lemma 7.3.3) shows that

e _ 4b(p)"/?| ||
@I < =, (8.33)

&=
S
|
£z

176



8. DIVvIDE AND CONQUER SMC

with b(p) as in (B.1). Combining (8.31)—(8.33) completes the proof. O

The proof of Proposition 8.1 then follows applying Lemmata 8.3, 8.4, 8.5, and 8.6

within an inductive argument:

Proof of Proposition 8.1. Repeatedly applying Lemmata 8.3, 8.4, 8.5, and 8.6 start-
ing from (8.25), we obtain the inequalities for \)Y and 72¥. Suppose that we are able

to argue that for some 6u,p < 0

) _
N ply _ MaxXgzace,, 24:Cap
E DZCu B Zcu} } =< Nl/p2

Cup
- N1/2

VYN >0, ueT, p>1, (8.34)

3=

E[\zf—zu}p} YN >0, ueT, p>1, (8.35)

where 5,471; = HUGA év,p and Zye := Hvecu\A Z, for all A in C,. Then, the inequal-

ities for v and v~ would follow from those for AY and 7V because

[on () — vu()| = | 282 () — Ze,Mulp))|
< W @IZE — Zeu| + Zeo W) (0) = Mulo)
< llelloo |28, = Zeu| + Ze, [N () = Jul9)]
for all N > 0, u in T?, and p > 1, and similarly for v, ZN and 7¥. In the case of

a leaf u, (8.35) is trivially satisfied because Z¥ = Z, = 1 by definition. Suppose,
instead, that u is not a leaf and that (8.35) holds for each of its children:

L~
E [{Z{,V - zv\”] "< ](51/’; YN >0, veCy, p>1. (8.36)

Using a multinomial expansion of the product of normalising constants we obtain

=T zY=JllIEY-2)+2]= > (H(zﬁ-z@) Zxe VYN >0,

VECy, VECy, ACC, \veA

where Z4e = [, e\ 4 2o The independence of (XN (XN and

n=1> n=1
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Minkowski’s inequality imply (8.34):

1 Py
E[\Zé\i —Zcu\p]” < Y E([EN-2)] | 2a
PAACC, vEA
1 _
: C
= Y zeJlE2V -2l < ¥ 2] 3%
P#£ACC, vEA 0#ACCy, vEA
maxgp.ace, ZAcaA,p YN > 0

- N1/2
where 5A,p = Ilven év,p for all A in C,. Given the above and
1Z) = Zu] = |28 AL (wa) = Ze, Au(wi)]

< ‘)‘iv(WU)’ }Zé’\; - ZCu} + Ze, ‘)‘iv(WU) - )\u(wﬂJ)|
< lwuloo }Z(J,’i - ZCu} + Ze, /\iv(wu) - Au(wu)| )

(8.35) follows from the inequality for A)Y and Minkowski’s inequality. O

8.4.3 Bias Estimates

The key result to obtain the bias estimate is Lemma 8.2 which controls the bias
introduced by the product step, armed with Lemma 8.2 the remainder of the proof
follows the approach of Olsson and Rydén (2004): we show that the bias bound
holds for the leaves of T and inductively move towards the root of the tree showing
that the bias bound is preserved. In particular, we will make us of the following

auxiliary result:

Lemma 8.7. Under Assumptions 8.1-8.2 we have that for every [,k € N such that
I+ k > 1, there exist finite A, , Ay; >0

E [\ (o) ~E DY @) WY @) - E DY @)]]']

_ 2 A Aol 11
< N @02

for all N > 0, all ¢ € By(E,) and every u € T.

Proof. As argued in the beginning of Proposition 8.1, the AY satisfy the L, inequality
in (8.26). Armed with (8.26), the proof consists of applying Jensen’s inequality and
the Cauchy-Schwarz inequality as in the proof of (Olsson and Rydén, 2004, Lemma
2.2) and Lemma B.5. O
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Combining the above Lemma with the bound on the bias of product of measures

in Lemma 8.2 we obtain the following bias estimate:

Proposition 8.2 (Bias estimates for (AY),er and (7))yuer). If Assumptions 8.1-
8.2 hold, the weight functions are bounded below for every u € T, w,, > 8 > 0, then

there exist finite constants C,, éu < 0o such that

Cullpll oo

B ()] = dle)] < =57 B m(9)] = mule)] < Cullolle

for all N > 0, all p € By(E,) and every u € T.

Proof. First, let us consider the leaves of T: take any u € T?, then, since the particles

are sampled independently from K, we have that

E[AY(¢)] - Rule)| = 0 < ”90]\‘;00 UN >0, peBy(E).  (3.37)

Then, take 7Y, u € T. As shown at the start of Lemma 8.4’s proof,

Wy qu

= (i) m, = AN (wa) VN > 0,

and using the triangle inequality

A (wap)]  E M (wup)]
|E [y (#)] = mulp)] < |E Af(wu)} Y ()] (8.38)
+ E [/\Juv<wu90)] ( )
E [AY (wy)] Au(Wa)

As we did for the proof of the bias estimates in Proposition 5.4, to control the first
term, we consider a two-dimensional Taylor expansion of the function (u,v) +— u/v

around (ug,vg) with a second order remainder of Lagrange form

u U 1 U 0. 9 1
. + U—O(u — ug) — v—g(v —vg) + @(v —vp)” — e—%(v —vp)(u — up),

where (6, 6,) is a point on the line segment between (u,v) and (ug, vg).

Applying the Taylor expansion above to AN (w,p)/AN (w,) around the point
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(E MY (wup)] ,E [AY (wy)]) we obtain

A (wup) _ BN (wup)] | AT (wap) = B A (wagp)]
M(w) — EN(wa] E Y (w,)) (8.39)
(wyep
- W (A0 (wa) = E [A) (wa)]) + Ry (61,62)

where the remainder is a function of (61,62), a point on the line segment between

between (A (wup), A (wy)) and (E [AY (wap)] ,E [AY (wy)])

RY(61,02) == b (A (wy) —E [)‘fy(wu)])Q

Taking expectations of (8.39), we find that

A (wy E AN (wy
‘E [ Auff( (wﬁ)} - E[[Agy(mﬁ] ‘ = [E[R) (61, 6)] |

<E [ % (A (w) — E [AY (w,)])” ]
+B | O ) — B [ )] (4 )~ 2 Y )

Under Assumption 8.2 we have that 61 < ||¢||oo||wulleo for all u € T. Since we
assumed that w, is bounded below, i.e. w, > § > 0 for all © € T, we also have that

Ay (wa) = AL (1) = B> 0
E [\ (wa)] = BE [N ()] 28>0
from which 02 > 8 > 0 follows straightforwardly. Lemma 8.7 then gives

2 2
N [ olloollwallds 44uz 1 4A5llellocllwalls
|E [R)(61,62)]] < 5 Nt ¥ . (8.40)
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For the second term in (8.38) apply the triangle inequality:

E [)\{LV (quO)] Ay (Wi )

EDNY (wy)]  Au(wy) (8.41)
E MY (wap)] — Au(wup)| A (wup) ) ¥
ST RN Kol BN (] )~ E ]
N
< ElwCup] “dulwndll | el ), ) B [ (],

- E A (wa)] E A (wu)]
If u is such that C, C T?, i.e. all the children of u are leaves, then

EN@] - M) < “P yy oo pemm) )

follows from (8.37) and repeated applications of Lemma 8.2, because the sequences
(ADX_1s -+, (A )X, are independent by construction, so are (S\ﬁk])?\?:l and
(;\uj\f(kﬂ))‘j\,":1 for all k& < ¢, where ulk] := {ul,...,uk} denotes the set contain-
ing the first k children of v and j\i\f[k} = Hveu[k,] AN the corresponding product of
AyS.

Otherwise, AN (p) = [Tocc, MV (p) and A\, (p) = [loec, Ao(p) with A\y(p) =
Ty (Kypp). Repeated applications of conditioning give

EN (9)] =E[E N () [ o(X)5m)]]

1 N
= & SR [(Kp) (X))

- }ViE B | (Kup)(XY) [ oK, X5
E

and thus

‘E [5‘1]1\[“0)] - j‘v((p)‘ = ‘]E [Wy(Kv(P)] - ﬂ-’U(K’ng)‘

< Collollse
- N

for all v € C, by the induction hypothesis on the children of u. Repeated applications
of Lemma 8.2 give (8.42) for all u € T?. Putting (8.41) and the above together and
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recalling that E [)x{y (wu)} > B >0, gives

E M (wup)]  Ma(wap) Cullllos
E[/\uN(wu)] — )\u(wu) < 26ku”OOT

which combined with (8.38) and (8.40) gives

CuH‘PHoo
[E [ ()] = mule)| < =5

with Cy = 28wy ||ecCu + 4Au2

lwa|2,/83 + 4A12L71ku|]go/ﬁ2 for all u € T. d

8.4.4 Unbiasedness of Unnormalised Flow

To prove the unbiasedness of vV (¢) and vV (¢) (Theorem 8.4), we generalise
the argument given in Lindsten et al. (2017, Appendix A.1) for binary balanced
trees, which itself builds on the approach taken in Andrieu et al. (2010) to prove
the analogous results for standard SMC. In particular, we write the expectations in
Theorem 8.4 as integrals with respect to all the variables generated when running
Algorithm 3 and then use a change of measure to show that this integral corresponds
to an integral with respect to .

First, emulating the approach of Andrieu et al. (2010) for standard SMC, we
introduce additional random variables describing the child/parent relationship be-
tween particles at nodes in the same sub-tree, which we call ancestors. Appendix
A.1 in Lindsten et al. (2017) provides the construction for binary balanced trees.
Through the definition of ancestors we can write the law of all the random variables
generated during the running of Algorithm 3 from which the unbiasedness of vV (¢)
and vV () follows using routine arguments (e.g. Andrieu et al. (2010), Ala-Luhtala
et al. (2016, Theorem 2) and Naesseth et al. (2019, Appendix 4.A)).

Let us denote the set of all the particles simulated during the running of the
algorithm up to node v € T by (iZjN)veT , where for each n = (n,)yec, in [IV],

:EguN .= (21" )yee, denotes the corresponding particle and :EZJN =z ifvisa

leaf. To keep track of the relationship between particles induced by the resampling

step, we introduce a set of ancestor variables for all the interior nodes, (aZ’N> ”
v JweT

N N N o N . N
We denote by a; = (ay; ", ..., a, ) the indices of the ancestors of @y, i.e. &y’
an,UN an,N n.N
is a copy of (&,}" ,...,%ve," ); by extension these are also the ancestors of Z," . In

particular, whereas in standard SMC each particle has only one ancestor particle,

in DaC-SMC each particle has one ancestor particle for each of its child nodes in
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the tree topology. As in Andrieu et al. (2010), for each node v € T,, we describe
the resampling step through a family of probability distributions on {1,..., N }N ,
{r(-| W),W € [0,1]¥} where W is a collection of weights, so that we can describe
most standard resampling schemes through 7.

With this notation we can write the joint distribution of all the variables simu-

lated during the running of the algorithm on the sub-tree T,:

Proposition 8.3. The joint law of all the random variables generated during the

running of the Algorithm 3 on the sub-tree T, is

UG RREICSY I 42
N N n,N
= II II xo@zz™) | { I r@a&™ 1wy | { T1 1] Eo(@e dat™)
veTy n=1 veT? veT? n=1

Proof. Starting from line 2 of Algorithm 3: if v is a leaf, i.e. v € T, then a particle
N = 2V s proposed independently from K, for each n < N and each of the

leaves in T,,

N
11 II Ko(azp™). (8.44)

veTI n=1

If v is not a leaf, i.e. v € ’]I‘Z, then the resampling step in line 7 defines the ancestors

of each particle, aaN = (aa}N, .. ,aé\L’N) through the density r

I r(dag™ | w¥™). (8.45)
veTZ

The ancestors are obtained given the normalised importance weights W™ =
{Wf’Nﬂz c{1,...,N}Nv }, where

wy (@)

wnhl = (8.46)

me{l,..,. N}V
Finally, in the mutation step (line 8) the new particles xﬁ’N are obtained from K,
N

n,N
I K@, dap™) (8.47)

n=1
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and then concatenated with their ancestors as in (8.6)

n,N n,N

zoN = (N, 2o ) where @t = (@Y )ec,.
Putting (8.44), (8.45) and (8.47) together gives (8.43). O

Using the construction of ancestral lineages and the joint law in (8.43) we can
establish unbiasedness of integrals w.r.t. the unnormalised measures v by showing
that the ratio ZL]LV /2y is the Radon-Nikodym derivative of an appropriate extended
target measure (extended to include the ancestral lineages) with respect to the law

underlying all sampled variables during the running of the algorithm.

Proposition 8.4 (Unbiasedness of (v ),er and (v )yer)- If Assumptions 8.1-8.2
hold, then

E[vl (@] =vu(e),  E[(©)] =wle),

for all N > 0, all ¢ € By(E,) and every u € T. In particular, E [Z)'] = Z, for all
N >0and uvin T.

Proof. We start by considering the integrals w.r.t. ~2 in (8.13). Since Y is a
function of (X'"“N, .. .,XSEZ’N) and given that K, is the distribution of all the

ul

variables simulated while running Algorithm 3 on the sub-tree rooted at u, we have

E [vo (9)] =Eg, [ (¢)] (8.48)

_ 1 al al k d -n,N d n,N z n,N -n,N

~ Ncu Zl : Zl u (mCU )veil‘u’ ( Co )UEW w Wu (T )90(336“ )s
ni= Ney =

where Zﬁv denotes the map from a particular realisation (a‘cc ) T (ac )
v vET, v

to the corresponding normalising constant

2=y X w@)

vET, ’I‘LE{L...,N}NCU’

where the weights w,, are the Radon-Nikodym derivative of ~, = Z,m, with respect

10 Uy,

dmy
w, (EpN) Zu—dw &™),
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In particular, it is sufficient to compute the integral in the right-hand-side for a given
particle A to compute the expectation.

In order to compute the integral in (8.48), we introduce ancestral lineages for
the particles, describing all the ancestors of particle n at the root u of tree T,. The
ancestral lineage is described through a set of variables {b]' : v € T,} giving the
indices of the ancestors of particle :f:guN at each node in T,:

bpy, (V)

7 __ — n __ P
by =n=(ni,...,ne,) and by =ag”

(8.49)

where p,, denotes the parent of u, p, := {v € T : u € C,} and b} (v) is the component
of by corresponding to child v. Each particle n at node u has an ancestral lineage,
described by the construction above, associated with it.

Then, we introduce a categorical random variable A taking values on 1,..., N
such that A = n = (ny,...,n.,) with probability wu(i"g;N), i.e. A describes the
selection of one of the weighted particles at node u out of the N possibilities. The

joint distribution of :E{TV:“ , aqlriév and A is
u

ko (a(az?)  a(a), ) (8.50)
— K, <d (&) d(ag” )vew> WA,

where with a slight abuse of notation we allow dA to denote the counting measure on
{1,..., N}°. It is straightforward to check that for a given particle A the right-most
integral in (8.48) satisfies

Bz, [Ziv wu(jélNW@élN)] =Eg, [Ziv p(za™ )} : (8.51)
Our aim is now to show that for all ¢ € By(E,)

Eg, [2)e(@™)] = (o)
or equivalently,

zy
B, | 2ol = mule)

To obtain this result, we show that given a particle A with corresponding ancestral
lineage described by {b:} : v € T,} in (8.49), the ratio ZY/Z, corresponds to the

Radon-Nikodym derivative of an appropriate distribution 7, w.r.t. K, and that 7,
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admits m, as marginal:

-1
zN 1 dmy ,_AN
Z, Iy X o(@g) <H wi(ad) ) v, e )

OISV ne{L”qN}N“L veTy,
1 a
- pA Tu , AN
= N7 (H va> T (mcu )
veTy w

-1

1 cv dTru AN
= NITd| WJLN H T(bgl ‘ szv ) du, ( Cu )

vGTZ

where the second equality follows from (8.46).
We can then define an extended target measure 7, over all the sampled variables

which takes into account the ancestral lineage corresponding to A

u <d (22"), - (at™), ., dA> = W (8.52)
Ky <d <jglzN>v€’]Tu d ( Z”N>v611‘(7>

(Tuerg Ko0a)) (I, i | W) (TLeng Kol ) )

X

)

which can be straightforwardly shown to be a normalised probability measure. Re-

calling (8.50), it is easy to see that

dmy —-n,N n,N
dK, <<xc1’ )ve’ﬂ‘u ’ (acv >veTa’A>
A,N Cv -1
(@) (W™ g (0 | WN™))
X
NITul _pA _pA pA
(Moeng Ko(@)) <HUETZ LICARSED)
-1

_ 1 AN A | v New dmu, _an,  Z
= NITal Wi Hr(bv|Wv ) dv( u) ?

veTg
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from which follows

Eg, [“sO(fé‘;N)} (8.53)

dmy, —n N) ( n N) _AN
_ ) ) A )
AR, ((ajcv ver, T\ ) pera” w(@e,)

= / Tu (d (@Z;N)vem d <ag;N)v€W,dA> p(z0N),

Marginalising over the variables not involved in the ancestral lineage of particle Jzé ;N

~ —n,N n,N ANy _ = - _
[ (d () a(as™) ,dA) P(@l") = [ mldza)pl@e.) = mlo)
Putting (8.48), (8.51) and (8.53) together shows that

E [ (9)] = Eg, [Ziv @(iﬁ;N)] = () Zu = Yu()-

Taking ¢ = 1 gives E [Z]Y] = Z,,, while the same argument above with wu(:i'guN)

in (8.48) gives E [vl (¢)] = vu(p).

1

O]

Connections with Other Work

The results in this section show that, as its standard counterpart, DaC-SMC
can be used to build approximations of proposals for MCMC algorithms (Andrieu
et al., 2010). In particular, Theorem 8.4 guarantees that any Metropolis-Hastings
algorithm using {m,},crv as proposals is a valid algorithm since the acceptance
probability is obtained by taking the ratio of unbiased estimators of Z, in a pseudo-
marginal fashion (Andrieu and Roberts, 2009). These particle Metropolis-Hastings
algorithms can be seen as standard Metropolis-Hastings algorithms targeting the
extended distribution (8.52) with proposal (8.50) (Andrieu et al., 2010, Theorem 2,
Theorem 4).

The construction of ancestral lineages in (8.49) is key to the definition of con-
ditional SMC, a particular class of SMC algorithms in which the resampling step

is performed in such a way that a prespecified path from the leaves to the root of
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the tree {X&’N}uew with given ancestral lineage {b! },eT is ensured to survive all
the resampling steps (Andrieu et al., 2010). The conditional SMC update was origi-
nally proposed by Andrieu et al. (2010) to perform the updating step within particle
Gibbs sampling, where at each iteration one particle and its corresponding ancestral
lineage are kept fixed and the remaining particles are updated conditionally. More
recently, the conditional SMC update has been employed to approximate smooth-
ing distributions for state space models (Jacob et al., 2020; Karppinen and Vihola,
2021) since the conditional SMC update defined a Markov kernel which leaves the
smoothing distribution invariant (Andrieu et al., 2010).

In the standard SMC setting the construction of ancestral lineages has been
exploited to build consistent variance estimators which only require one run of the
SIR algorithm (Lee and Whiteley, 2018); similar arguments could be explored to
build variance estimators for DaC-SMC using the construction of ancestral lineages

described above.

8.5 Summary

In this chapter we studied the theoretical properties of the DaC-SMC algorithm
introduced in Lindsten et al. (2017) combining the well-known results on standard
SMC summarised in Chapter 2 with results on product of empirical measures.

In particular, we showed that the additional interactions due to the merging of
different branches of the tree over which DaC-SMC is defined do not influence the
rates of convergence of the algorithm, allowing us to extract L, inequalities and a
strong law of large numbers. These results show that DaC-SMC is a valid algorithm
and has some of the standard convergence properties one might expect from a Monte
Carlo algorithm, e.g. the mean squared error decays at rate N~1/2 as established
in Proposition 8.1. In Proposition 8.4 we established that the estimates of the
normalising constants given by DaC-SMC are unbiased, showing that DaC-SMC

can be used within particle MCMC algorithms as its standard counterpart.
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Closing Remarks

This thesis is concerned with the study of families of interacting particles which
present non-standard interactions, in particular their numerical implementation and
theoretical properties. In Part I the non-standard interactions arise from the partic-
ular class of problems we are interested in, Fredholm integral equations of the first
kind. In Part II the non-standard interactions arise from algorithmic design.

In Chapters 4-5 we introduced a continuous version of the Expectation Max-
imisation Algorithm (EMS) for solving Fredholm integral equations and proposed
a sequential Monte Carlo (SMC) algorithm which provides an adaptive stochastic
discretisation of EMS. This algorithm outputs smooth approximations of the solu-
tion of the integral equation and achieves good performances in applications from
statistics and image reconstruction. Because of the additional approximation of the
weights, the sequential Monte Carlo implementation of EMS (SMC-EMS) does not
fall within the standard class of SMC algorithms, therefore we also provide a novel
theoretical analysis and prove error estimates (which decay at the standard Monte
Carlo rate N~/ 2), a strong law of large numbers and convergence of the estimator
given by SMC-EMS.

In Chapters 6 we studied approximations of the solution of integral equations
obtained by minimising a penalised Kullback—Leibler divergence. After introducing
a gradient flow construction for minimising functionals over the set of probability
measures, we established conditions under which the gradient flow equation admits
a solution. In Chapter-7 we used the connection between the gradient flow equation
and mean-field stochastic differential equations to introduce an interacting particle
system arising to approximate the solution of the minimisation problem and showed
the performances of this method on a number of examples.

In Chapter 8 we focused on the Divide and Conquer SMC algorithm and showed
that some of the standard theoretical properties of SMC algorithms are preserved
despite the additional interactions present in DaC-SMC. In particular, the rate at

1/2

which the error decays is N~"/“ in the number of particles and the estimates of the

189



CLOSING REMARKS

normalising constants are unbiased.
We devote the final part of this thesis to suggesting directions for future theo-

retical investigation and areas in which the proposed algorithms could be employed.

Future Directions

The theoretical results in Chapter 5 show that the SMC-EMS algorithm is well-
founded, however they do not provide an easy way to quantify the increase in vari-
ance caused by the additional approximation step needed to compute the weights.
Obtaining estimates of non-asymptotic variances of SMC is usually quite challenging
and the estimators available in the literature (Cérou et al., 2011; Du and Guyader,
2019; Lee and Whiteley, 2018) do not apply to SMC-EMS because of the additional
approximation in the weight computation. It would therefore be interesting to es-
tablish a central limit theorem for SMC-EMS and compare the asymptotic variance
with that of the standard SMC algorithm that we would implement if the weights
were known. These results would shed light on the increase in variance caused by
the use of the approximated weights instead of the unknown exact weights.

Similar results exist for random weight particle filters, in which the unknown
weights are replaced by an unbiased estimator (Fearnhead et al., 2008). However, the
case in which the approximate weights are biased but consistent has not been studied
yet. There is a number of algorithms using biased estimators of the true unknown
weights (Everitt et al., 2017; Klaas et al., 2012; Salomone et al., 2018), establishing
a central limit theorem for the general class of random weight particle filters with
biased weights (to which SMC-EMS belongs) would therefore be of broader interest.

Since typical applications of Fredholm integral equations are low-dimensional,
mostly one to three dimensional with some notable exceptions (Signoroni et al.,
2019), an improvement over the proposed SMC-EMS algorithms could be given by
employing sequential quasi-Monte Carlo (SQMC) ideas (Gerber and Chopin, 2015).
Indeed, SQMC tends to significantly outperform SMC in low-dimensional settings
(Chopin and Papaspiliopoulos, 2020).

The mean-field particle system introduced in Chapter 7 aims at approximating
the law of the mean-field SDE linked to the gradient flow equation of the regularised
Kullback—Leibler divergence studied in Chapter 6. Having obtained the gradient
flow equation for the regularised Kullback—Leibler divergence considered, it would
be of great interest to check if the corresponding SDE admits a unique solution
and to study the convergence properties of the corresponding particle system. Un-

fortunately, these results cannot be straightforwardly obtained from the available
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theory on mean-field SDEs since the drift coefficient of the particle system we con-
sidered is not Lipschitz. Recently, we have been looking at approximate solutions
minimising a closely related regularised Kullback—Leibler divergence, in which a rel-
ative entropy term is used as regulariser instead of Shannon’s differential entropy.
This minimisation problem can be considered as the probabilistic counterpart of
Tikhonov regularisation and preliminary results suggest that the corresponding par-
ticle system satisfies most of the theoretical results presented in Chapter 2 (Crucinio
et al., 2021a).

In this thesis we focused on providing reconstructions of the solution f of Fred-

holm integral equations

h(y) = / f(@)aly | 2)dz,

however there are scenarios in which we are interested in recovering the function
g giving rise to h, the distorted version of f. In particular, in the image process-
ing literature we are often interested in estimating the point spread function (PSF)
associated with a specific microscope (Buddha and Boruah, 2020; Li et al., 2018),
telescope (Long et al., 2019) or spectrometer (Semenov et al., 2011) from the dis-
torted version h of a reference image f. We believe that the algorithms studied in
this thesis could be well-suited to tackle these problems since in the applications
listed above g(y | z) = g(y — =) and one can easily swap the role of f, g.

Finally, in Chapter 8 we showed that Divide and Conquer SMC possesses some
of the theoretical properties of SMC, however there are other results that one might
wish to obtain for DaC-SMC, in particular, central limit theorems like those in
Chopin (2004); Del Moral (2004, Chapter 9) and summarised in Chapter 2. These
results can be obtained by extending the characterisation of products of two families
of independent random measures in Chapter 8 to show that the approximation error
of the product of k£ independent families of particles, each one having approximation
error of order O(N~1/2), is of order O(N~*/2) (Kuntz et al., 2021a).
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List of Symbols

B(H) Borel o-algebra on H

By (H) set of measurable and bounded real valued functions on H
Cy(H) set of continuous and bounded real valued functions on H
O Dirac measure/point mass centred at x

I(A) indicator function of set A

ent entropy function

ESS effective sample size

E expectation under P

ISE integrated squared error

KL Kullback—Leibler divergence

M(H) set of finite measures on H

MISE mean integrated squared error

MSE mean squared error

N Normal distribution

P(H) set of probability measures on H

Pse(H) set of probability measures on H with finite second moment and

absolutely continuous w.r.t. the Lebesgue measure

R set of real numbers

|-l I~ [z I1,l2 norm

B(+) Bounded-Lipschitz norm for measures
|- [loo supremum norm

|- |lBL Bounded-Lipschitz norm for functions
=, = 'is defined as’

~, X ‘is distributed according to’, ‘is proportional to’
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List of Abbreviations

DaC-SMC
DKDE

EM
EMS

iid.
IB

KDE

MCMC
MPLE

OSL-EM

PDE
PET

RL

SDE
SIR
SIS
SLLN
SMC

Divide and Conquer sequential Monte Carlo

Deconvolution kernel density estimator

Expectation Maximisation

Expectation Maximisation Smoothing

independent and identically distributed

Iterative Bayes

Kernel density estimation

Markov Chain Monte Carlo

Maximum penalised likelihood estimation

One-step-late expectation mamimisation

partial differential equation

Positron Emission Tomography

Richardson-Lucy

stochastic differential equation
sequential importance resampling
sequential importance sampling
Strong law of large numbers

sequential Monte Carlo
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LIST OF ABBREVIATIONS

SMC-EMS sequential Monte Carlo expectation maximisation smoothing

WGF Wasserstein gradient flow
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