Manuscript version: Author’s Accepted Manuscript
The version presented in WRAP is the author’s accepted manuscript and may differ from the
published version or Version of Record.

Persistent WRAP URL:
http://wrap.warwick.ac.uk/163501

How to cite:

Please refer to published version for the most recent bibliographic citation information.
If a published version is known of, the repository item page linked to above, will contain
details on accessing it.

Copyright and reuse:
The Warwick Research Archive Portal (WRAP) makes this work by researchers of the
University of Warwick available open access under the following conditions.

Copyright © and all moral rights to the version of the paper presented here belong to the
individual author(s) and/or other copyright owners. To the extent reasonable and
practicable the material made available in WRAP has been checked for eligibility before
being made available.

Copies of full items can be used for personal research or study, educational, or not-for-profit
purposes without prior permission or charge. Provided that the authors, title and full
bibliographic details are credited, a hyperlink and/or URL is given for the original metadata
page and the content is not changed in any way.

Publisher’s statement:
Please refer to the repository item page, publisher’s statement section, for further

information.

For more information, please contact the WRAP Team at: wrap@warwick.ac.uk.

warwick.ac.uk/lib-publications


http://go.warwick.ac.uk/lib-publications
http://go.warwick.ac.uk/lib-publications
http://wrap.warwick.ac.uk/163501
mailto:wrap@warwick.ac.uk

HIGHER TEICHMULLER THEORY FOR SURFACE GROUPS
AND SHIFTS OF FINITE TYPE

MARK POLLICOTT AND RICHARD SHARP

ABSTRACT. The Teichmiiller space of Riemann metrics on a compact oriented
surface V' comes equipped with a natural Riemannian metric called the Weil-
Petersson metric. Bridgeman, Canary, Labourie and Sambarino generalised
this to Higher Teichmiiller Theory, i.e. representations of 71 (V') in SL(d,R),
and showed that their metric is analytic. In this note we will present a new
equivalent definition of the Weil-Petersson metric for Higher Teichmiiller The-
ory and also give a short proof of analyticity. Our approach involves coding
71 (V) in terms of a symbolic dynamical system and the associated thermody-
namic formalism.

1. INTRODUCTION

Given a compact oriented surface V' of genus g > 2, the classical Teichmiiller
space T (V) is the space of hyperbolic structures on V, i.e. Riemannian metrics of
constant curvature —1. Then 7 (V) is diffeomorphic to R%~6 and it supports a
number of natural metrics. One of the best known of these is the Weil-Petersson
metric, which is negatively curved but incomplete. Let I' denote the fundamental
group 71(V) of V. By the uniformisation theorem, each element of 7(V) can be
realised as H?/p(T"), where p : I' — PSL(2,R) is a discrete co-compact representa-
tion of I' into PSL(2,R) = Isom™ (H?) and where the action on H? is by Mdbius
transformations. In fact, Goldman [10] and Hitchin [11] showed that 7 (V) can be
identified with a connected component in the representation space

Rep(T', PSL(2, R)) = Hom(T, PSL(2, R))/PSL(2, R),

where PSL(2,R) acts by conjugation. (Some modification is needed to obtain a
Hausdorfl quotient space, see [2] or [9] for details. However this does not affect
the Teichmiiller component or the Hitchin components introduced below.) Another
(homeomorphic) connected component 77 (V) is obtained through the action of an
outer automorphism of PSL(2,R) (corresponding to reversing the orientation of V).

In 1958, Weil defined the Weil-Petersson metric on Teichmiiller space, using the
Petersson inner product on modular forms. An alternative definition of the metric
was introduced by Thurston, the equivalence of which to the Weil-Petersson metric
was shown by Wolpert in 1986 [31]. In 2008, McMullen gave a more thermody-
namic formulation, using the pressure metric [20]. In this note, we will consider
an extension of the definition of the classical Weil-Petersson metric on Teichmiiller
space to representations into the higher rank groups PSL(d,R), d > 3.

We begin by recalling another equivalent definition of the classical Weil-Petersson
metric from [24], based on [26]. Given an analytic family of representations

(—¢,€) — Rep(I', PSL(2, R)) = Hom(I", PSL(2, R))/PSL(2,R) : A+ py,
with expansion
pa = po + pPA+ o(N),
where tr(p(!)) = 0, it suffices to define the norm of the tangent p(*). (We assume
that the familiy is non-trivial and thus € > 0 can be chosen sufficiently small that

px 7 po for A #0.) One approach to doing this is given in Proposition 1.1 below.
1



2 MARK POLLICOTT AND RICHARD SHARP

For g € T, let [g] denote its conjugacy class and let C(I') denote the set of non-
trivial conjugacy classes in T'. To each conjugacy classes [g] € C(T') and X € (—e¢,¢€),
we associate the length [,, (g) of corresponding closed geodesic in H?/py(I"). We
recall that

tim - log #([g] € C(T) : lyy([g) < T) = 1.

T—+oo
The next result describes how the growth rate changes if, for a given A # 0, we
restrict to conjugacy classes [g] for which I,, ([g]) is close to l,,([g])-

Proposition 1.1 ([24, 26]). For each A € (—¢,¢) \ {0}, there exists 0 < a(A) < 1
such that

1
a() = %i—%TEToo — log # {[g] €CT) s lpy(g) <T and ;Z:gi €(1-4,1 +5)} .
(1.1)
Furthermore, if we define a : (—e€,€) — [0,1] by setting «(0) = 1 then the Weil-
Petersson norm s given by
o0l = g Z0
12r(g—1) X2 |_o

Indeed, [26] contains a stronger asymptotic result than (1.1), but the above
statement suffices for our purpose of studying the Weil-Petersson metric.

It is natural to consider the generalisation of this approach to representations
in the higher rank group PSL(d,R) (for d > 3). As we discuss in section 2, there
is a natural representation from PSL(2,R) to PSL(d,R) (induced by the action
on homogeneous polynomials in two variables of degree d — 1) and a representation
R :T — PSL(d,R) is called Fuchsian if it is obtained from a representation in 7 (V)
or T'(V) by composition. Unlike the d = 2 case, the Fuchsian representations do
not fill out a whole connected component of the representation space

Rep(T', PSL(d, R)) = Hom(T", PSL(d, R))/PSL(d, R)

but a component containing a Fuchsian representation is called a Hitchin component.
Such a component is an analytic manifold diffeomorphic to an open ball of dimension
(29 — 2) dim(PSL(d,R)) [12].

Let ‘H be a Hitchin component. The natural problem of defining an analogue of
the Weil-Petersson metric on H has already been considered by Bridgeman, Canary,
Labourie and Sambarino (in the even more general setting of Gromov hyperbolic
groups) in [3]. We start by defining a numerical characteristic called the entropy of a
representation. Representations in the Hitchin component have the key proximality
property that for g € I'\ {1r}, the matrix R(g) (which we can think of as lifted to
SL(d,R)) has a unique simple eigenvalue A(g) which is strictly maximal in modulus,
satisfies |A(g)| > 1, and which only depends of the conjugacy class [g]. This then
allows us to define the entropy, h(R), of a representation R € H by

M(R) = lim_log (#{1g] € C(T) = dn(lg)) <T)),

where dg([g]) = log|A(g)|. Bridgeman, Canary, Labourie and Sambarino have
shown that the entropy is analytic on H:

Theorem 1.2 (Bridgeman, Canary, Labourie and Sambarino [3]). The map h :
H — R is real analytic.

In the particular case d = 2 then, as noted above, we always have that h(R) = 2
and the result is trivial. (This is because, in this case, we have A(g) = exp(l([g])/2),
where [([g]) is the length of the unique closed geodesic in the free homotopy class
determined by the conjugacy class [g], the claim then following from the Prime Ge-
odesic Theorem of Huber [13]. This is closely related to the geodesic flow which has
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entropy one, the factor of two coming from the normalization.) In [3], Bridgeman,
Canary, Labourie and Sambarino introduced a generalised Weil-Petersson form and
a generalised Weil-Petersson norm on H.

Definition 1.3. The Weil-Petersson form is defined on the Hitchin component by
dr, (l9])

foy 2y (aD=T dng(lg)
T—+oc #{[g] € C(T) : dr([g]) < T}
The normalised Weil-Petersson form is then defined by
h(R1)
h(Ro)
Given an analytic family of representations Ry € H, A € (—¢, €), with expansion

Ry = Ry + ARM + O(/\),
one can define the Weil-Petersson norm of the tangent R(Y) by
9?J(Ro, Ry)
2% A0

A key property of the Weil-Petersson norm is the following.

I(Ro, R1) =

‘](R07 Rl) =

I(Ro, Ry).

|RO)? =

Theorem 1.4 (Bridgeman, Canary, Labourie and Sambarino [3]). The form J and
the norm || - || are real analytic.

We will present short proofs of Theorem 1.2 and Theorem 1.4 in section 5.
Our main result is the following new equivalent definition of the Weil-Petersson
norm, which is inspired by Proposition 1.1.

Theorem 1.5. Let Ry € H, A € (—¢,€) be a (non-constant) analytic family of
representations. Then for each A € (—¢,¢€) \ {0}, there exists 0 < a(N\) < h(Ryp)
such that

a(N) =
. , an dr, (l9]) h(Ro) ¢ h(Ro)
fmy i o #{ )< () < 7 and G400 < (00 o Jrpt o) |

Furthermore, if we define o : (—e, e) — [0, h(Ry)] by setting «(0) = h(Ry) then the
Weil-Petersson metric is given by

4 J%a(N)
h(Ry) ON?

|RO =

A=0

The approach of Bridgeman et al in [3] is to use the thermodynamic approach
of McMullen [20] (involving the pressure metric). In the present note, we will
also use the thermodynamic approach, but we introduce two new ingredients which
help simplify the analysis. Firstly, we introduce the thermodynamics directly via
the strongly Markov structure of I" and an associated one-sided subshift of finite
type, rather than more indirectly via the construction of a flow and the associated
symbolic dynamics for that flow. Secondly, we will bypass many of the complica-
tions associated with studying the analyticity properties of pressure using Banach
manifolds by the introduction of a suitable family of complex functions.

2. REPRESENTATIONS AND PROXIMALITY

In this section we discuss the generalisation of the classical Teichmiiller theory
of representations into PSL(2,R) to PSL(d,R) (for d > 3). In particular, we dis-
cuss the Hitchin components and the associate proximality property introduced in
the introduction. We then describe the key ideas that link the geometry of the
representation space to a readily analysed dynamical system.
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There is an irreducible representation of ¢ : PSL(2,R) — PSL(d,R), induced by
the natural action on the space of homogeneous polynomials of degree d — 1,

(Z‘ 2) P(X,Y) = P(aX +bY,cX +dY),
and representations of the form R = to p, with p : T' — PSL(2,R) in 7(V) or
T'(V), are called Fuchsian representations. More generally, a representation of
R : T' — PSL(d,R) is said to be in a Hitchin component H if it is in the same
connected component of the representation space

Rep(T', PSL(d, R)) = Hom(T, PSL(d, R))/PSL(d, R)

as a Fuchsian representation. (If d is odd there is a single Hitchin component but
if d is even there are two Hitchin components.)

For future use, we note that a representation in the Hitchin component can be
lifted to a representation over I' in SL(d,R). To see this, note first that since I is
torsion free, a discrete faithful representation p : I' — PSL(2,R) can be lifted to
a representation p : I' = SL(2,R) [6]. Furthermore, ¢ is actually obtained from a
representation 7 : SL(2,R) — SL(d,R) and Z o p is a lift of ¢ o p. Finally, Theorem
4.1 of [6] tells us that any representation in a Hitchin component also has a lift
to SL(d,R). We will use the same symbol to denote both the original and lifted
representations.

We next discuss the notion of a hyperconvex representation and describe how
it relates the boundary of the group I' to something akin to a limit set in RP4~1,
The boundary of I', denoted 9T, is the well-defined topological space obtained from
the set of (one-sided) infinite geodesic paths in the Cayley graph of T by declaring
that two paths are equivalent if they remain a bounded distance apart. In the case
where I is the fundamental group of a compact surface, O is homeomorphic to S*.

We recall that a flag space F for R? is a collection of subspaces V; C Vo C --- C Vj
of R? with dim(V;) = i. There is a natural linear action of each R(g) € SL(d,R) on
R? which induces a corresponding action on the vector subspaces, and thus on the
flags.

Definition 2.1. A representation of R : I' — SL(d,R) is hyperconvex if there
exist D-equivariant (Holder) continuous maps (£,6) : ' — F x F such that for
distinct z,y € F the images &(z) = (Vi(x))L, and O(x) = (Wi(x))L, satisfy
Vi(x) @ Wy_i(x) =R%, fori =0,--- ,d.

By I'-equivariance we mean that R(g){(x) = £(gx), where R(g)&(x) is the image
under the linear action of R(g) for g € T".

The following fundamental result of Labourie tells us that the representations in
a Hitchin component are hyperconvex.

Proposition 2.2 (Labourie [17]). If R € H then R hyperconvex.

For our purposes it suffices for us to focus on one component of £ : II" — F,
say, and furthermore take the one dimensional subspace Vi (z) in the flag given by
&o(z) = Vi(x), say. This corresponds to a point in projective space and thus we
have a Holder continuous I'-equivariant map from OI' to RP4 1.

Let R € H. An important consequence of the hyperconvexity of R is that, for
each g € T'\{1r}, the matrix R(g) € SL(d, R) is proximal, i.e. it has a unique simple
eigenvalue A(g) which is strictly maximal in modulus (and which only depends on
the conjugacy class [¢]) [17], [25]. Since det R(g) = 1, we have |A(g)| > 1. As above,
we will write dgr([g]) = log|\(g)| > 0.

It will prove important to characterise dr([g]) in terms of the action that R(g)
induces on projective space. We can consider the projective action E(g) :RPI-1
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RP41 of the representation R(g) € SL(d,R) defined by R(g)[v] = R(g)v/||R(g)v2
(where v € R?\ {0} is a representative element).

The proximality of R(g) ensures that ﬁ(g) : RP¥! — RP?! has a unique
attracting fixed point &, € RP41. We can use the following simple lemma to
relate the weight dr([g]) to the action of R(g) on RPI~1.

Lemma 2.3. If g € I'\ {Ir} and £, € RP?! is the attracting fived point for
R(g) : RP4=1 — RPY1 then

~

dn(lg]) = - log det(Dg, R(9)).

Proof. We can consider the linear action of R(g) on RY, then the fixed point cor-
responds to an eigenvector v and the result follows from a simple calculation using
that the linear action of R(g) € SL(d,R) preserves area in R?. More precisely, &,
corresponds to an eigenvector v for the maximal eigenvalue \(g), with |A(g)| > 1,
for the matrix R(g). We can assume without loss of generality that ||v|]| = 1 and
then for arbitrarily small § > 0 we can consider a d-neighbourhood of v which is the
product of a (d—1)-dimensional neighbourhood in RP4~! and a §-neighbourhood in
the radial direction. The effect of the linear action of R(g) is to replace v by A(g)v,
and thus stretch the neighbourhood in the radial direction by a factor of |A(g)].
Since R(g) has determinant one, the volume of the (d — 1)-dimensional neighbour-
hood contracts by |A(g)|~!. To calculate the effect of the projective action R(g), we
need to rescale A\(g)v to have norm one, which corresponds to multiplication by the

diagonal matrix diag(|A(g)|7%,...,|A(g)|™!). In particular, the (d — 1)-dimensional
neighbourhood in RP?~! shrinks by a factor of approximately |\(g)|~%, giving the
result. O

3. SYMBOLIC DYNAMICS

The structure of the group I' allows us to code it in terms of a symbolic dynamical
system, namely a subshift of finite type. We will describe this and then discuss
how the geometric information given by the numbers dgr([g]) may also be encoded.
This in turn enables use to use the machinery of thermodynamic formalism to
define a form of pressure function and hence an associated metric on spaces of
representations.

As the fundamental group of a compact orientable surface of genus g > 2, I' has
the standard presentation

g
= <a1,...,ag,b1,...,bg | [Tlas bi] = 1>.
i=1
We write Ty = {a7!,- - ,a;“7 bEL - ,bjl} for the symmetrised generating set.
The surface group I' is a particular example of a Gromov hyperbolic group and
as such it is a strongly Markov group in the sense of Ghys and de la Harpe [8], i.e.,
they can be encoded using a directed graph and an edge labelling by elements in
T'g. In the particular case of surface groups, the coding follows directly from the
work of Adler and Flatto [1] and Series [27] on coding the action on the boundary
and the associated shift of finite type is mixing.

Lemma 3.1. We can associate to (I',Tg) a directed graph G = (V, E), with a
distinguished vertex x € V, and an edge labelling p : E — 'y, such that:
(1) no edge terminates at *;
(2) there is at most one directed edge between each ordered pair of vertices;
(3) the map from the set finite paths in the graph starting at * to I'\ {e} defined
by
(61, ren) =5 pler) -+ plen)
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is a bijection and |p(e1) -+ p(en)| = n;

(4) the map from closed paths in G (modulo cyclic permutation) to C(I") in-
duced by p is a bijection and for such a closed path (eq,...,en,e1), n is the
minimum word length in the conjugacy class of p(e1) - p(en); and

(5) a conjugacy class in C(T) is primitive (i.e. it does not contain an element of
the form g™ with g € T and n € Z\{—1,1}) if and only if the corresponding
closed path is not a power of a shorter path.

Furthermore, the subgraph obtained be deleting the vertex x has the aperiodicity
property that there exists N > 1 such that, given any two v,v’ € V' \ {x}, there is a
directed path of length N from v to v'.

We now introduce a dynamical system. We can associate to the directed graph
G a subshift of finite type where the states are labelled by the edges in the graph
after deleting the edges that originate in the vertex *. In particular, if there are k
such edges then we can define a k x k matrix A by A(e,e’) = 1 if ¢’ follows e in the
directed graph and then define a space

S ={z=(22)0 €{l,...,k}* : A@n,xns1) =1,n >0},

where for convenience we have labelled the edges 1, ..., k. This is a compact space
with respect to the metric

o

d(z,y) = Z W
n=0
The shift map is the local homeomorphism ¢ : ¥ — ¥ defined by (o), = xn11.
By Lemma 3.1, A is aperiodic (i.e. there exists N > 1 such that AV has all entries
positive) and, equivalently, the shift o : ¥ — ¥ is mixing (i.e. for all open non-
empty U,V C X, there exists N > 1 such that c™™(U) NV # @ for all n > N).
The periodic orbits for o correspond exactly to the conjugacy classes in C(I') and
they are prime if and only if the corresponding conjugacy class is primitive.

There is a natural surjective Holder continuous map « : ¥ — OI" defined by set-
ting m((2,)%2 ) to be the equivalence class of the infinite geodesic path (p(z,))52,
in JT.

However, the shift o : ¥ — 3 only encodes information about I' as an abstract
group. In order to keep track of the additional information given by the representa-
tion of " in PSL(d, R) we need to introduce a Holder continuous function r : ¥ — R.

Definition 3.2. We can associate a map r : ¥ — R defined by
1 ~
r(z) = ~J log det(Dz(4) R(9z,)),

(i.e., the Jacobian of the derivative of the projective action) where E = £, o 7 and
where g, = p(zo) is the generator corresponding to the first term in © = (2,,)22, €
3.

Given 7 : ¥ — R and = € ¥ we denote r"(z) := r(z) + r(cz) + -+ r(c" ')
for n > 1. We now have the following simple but key result.

Lemma 3.3. The function r : ¥ — R is Hélder continuous, and if c™"x = x is a
periodic point corresponding to an element g € I' then r"(x) = dgr([g]).

Proof. The Holder continuity of r follows immediately from the Holder continuity
of &y, which in turn comes from Proposition 2.2. The second part of the lemma
follows from the equivariance and the observation Z(cx) = R(gs,)Z(x). Moreover,

that the periodic point # has an image Z(x)(= §,) which is fixed by R(g) and the
result follows from Lemma 2.3. O

The next lemma shows how the analytic dependence of the representations trans-
lates into analytic dependence of the associated function 7.
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Lemma 3.4. For a C¥ family (—e, ) 3 X\ — Ry of representations, the associated
maps ry have a C¥ dependence.

Proof. The proof is very similar to Proposition 2.2 in [14], which is in turn based
on the classical approach of Mather, and the refinement of de la Llave-Marco-
Moriyén [7], to showing the existence of, and analytic dependence of, a conju-
gating (Holder) homeomorphism between nearby expanding maps on a manifold
(i.e., structural stability). Given this similarity, it suffices to only outline the
main steps in the proof. The main objective is to construct a natural family
f (Holder) continuous equivariant maps Zy : ¥ — RP971 that is a family of
(Holder) continuous maps satisfying R (gz,)Za(z) = Ex(ox), for x € X. Given
any 0 < a < 1, we let C*(X,RP?"1) denote the Banach manifold of a-Holder
continuous functions on ¥ taking values in the projective space RP4~1. We can
now consider the family of maps Hy : C*(3,RP?1) — C%(X,RP?"!) defined by
H\(2)(x) = RA(9;,))E(ox), for x € ¥ with first symbol zo, and Z € C*(X,RP41).
In particular, providing 0 < a < 1 is sufficiently small then one can show that for
each \ € (—¢,¢€) there exists a unique continuous family =) which is a fixed point
(i.e., Hyx(Z)) = Z,) and, moreover, the maps (—¢,€) € A = Zy € CY(X,RPI1)
are analytic. This follows from an application of the Implicit Function Theorem.
More precisely, in order to apply the Implicit Function Theorem we first observe
that we can identify the tangent space T,RP4~! at v € RP?! with R, We
can then consider the derivative DH, : C%(Z,R?"1) — C%(X,R4"1) which can
be defined by DH,(II)(z) = Dy, 'T(z), for II € C*(S,R*"!) and # € X. For
0 < a < 1 sufficiently small the hyperbolic nature of Ek(g; 01) ensures that the op-
erator (DHy — 1) : C*(3,R?~1) — C%(X,R?"1) is invertible. (This is more readily
seen in the case of (DHy — I) : C(X,R?!) — C(Z,R%1) on continuous func-
tions, the setting of Mather’s original proof, but then the result extends to Holder
functions providing « is sufficiently small, as in the article of de la Llave-Marco-
Moriyén [7]). It then follows from the Implicit Function Theorem that there is a
unique fixed point Zy and also that this depends analytically on A € (—¢, €). Finally,
writing 7 (2) = logdet(Rx(gz,))(Ex(2)) we see that this too depends analytically
on A € (—¢,e€). O

4. THERMODYNAMIC FORMALISM

In this section we discuss the thermodynamic formalism associated to the map
o : ¥ — ¥ and, subsequently, to an associated suspended semiflow. (We refer
the reader to [22] for a more detailed account.) We say that two Holder continuous
functions f1, fo : ¥ — R are cohomologous if f; — fo = uoo —u, for some continuous
u: 3 — R. Then f; and f5 are cohomologous of and only if f1*(z) = f3'(x) whenever
c"r=x,n>1.

Let M, denote the set of o-invariant probability measure on Y. For a Hoélder
continuous function f : ¥ — R, its pressure P(f) is defined by

P)= s rot+ [ ran),

where h, (1) denotes the measure-theoretic entropy, and its equilibrium state py is
the unique o-invariant probability measure for which the supremum is attained. If
f is not cohomologous to a constant then

zf)={ [ rau ne Mo

is a non-trivial closed interval and, for & € int(Z(f)),

sup{h(u):ue./\/lg and /fdu:§}>0
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The following result is standard (see [22]).
Lemma 4.1. The map ¢t — P(tf1 + f2) is real analytic on R and satisfies

dP(tfi + f2)
= dus,.
—o /fl M fo

dt
We will also need some material about suspended semi-flows over o : ¥ — 3.
Let f: X — R be strictly positive and Holder continuous.

Definition 4.2. We define
»={(z,8):2€%, 0<s< flx)}/ ~,
where we have quotiented by the relation (z, f(z)) ~ (oz,0). The associated sus-

pended semiflow of : £ — %f ¢ > 0, is defined by o/ (z,5) = (z,s + t), modulo
the identifications.

Let M, s denote the set of of-invariant probability measure on ¥/. Each m €
M, s takes the form dm = (du x dt)/ [ f dp, where p € M, and their entropies are
related by
ho (1)
hgf (m) = .

[ fdu

For a Hoélder continuous function G : ¥/ — R, its equilibrium state m¢ is the
unique o/-invariant probability measure for which

hys(mea) +/deG =P(G):= sup {haf(m) +/de}.

mEMa‘f

Then dmg = (dpg—pyr X dt)/ [ fdug—pc)s, where g : ¥ — R is defined by

f(=)
g(x) = / G(z,s) ds.
0
In particular, o/ has a unique measure of measure of maximal entropy mg for o7,

i.e. a unique measure mg such that

hoi(mo) = sup  hys(m).
meM ¢

Furthermore, h,s(mg) is equal to the topological entropy
1 oo
h(a”): Th_l)T;oTlog (ngl#{o x=x: ["(z) T}) .

This measure is given by dmqg = (dp_p(osys X dt)/ [ fdpu_psrys and we have
ho(H—h(ot)s)
[ fdu_nony

The topological entropy is also characterised by the equation P(—h(af)f) = 0. We
have the following analogue of Lemma 4.1 (see Lemma 1 of [28]).

h(Uf) = hgs(mo) =

Lemma 4.3. The map t — P(tG1 + G3) is real analytic on R and satisfies
dP(tG1 + G
dP(tGi +Go) | _ / G dc,.
t=0

dt
If G is not cohomologous to a constant then

T,(G) = {/de . me Mg,”}

is a non-trivial closed interval. Furthermore,

{/detg te R} — int(Z,, (@),
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We use the following large deviation type result.

Lemma 4.4. Let fy, fo : ¥ — R be strictly positive Holder continuous functions
such that 0 € int(Z, (f1 — f2)). Then

B(f1, f2) =
lim limsupllog (i# {O’nl' =z : f{'(z) <T and fQZ(x) e(1-94,1 +5)}>
n=1

60 Tyoo T fl (Jj)

satisfies

B(f1, f2) = sup { fhjfl’“gu CpeM,, /f1 dj = /f2 du} |

In particular, 0 < B(f1,f2) < h = h(c’) and B(f1,f2) = h if and only if
[ frdp—np = [ fadp—ny,, where p_py, is the equilibrium state for —hf.

Proof. We apply results about periodic orbits for hyperbolic flows, which also apply
to suspended semiflows over subshifts of finite type. We have that

Zl#{cr”x =z: f{'(z) <T and ;j:igg e(1 5,1+5)}

:#{T: I(7) <T and /deTE(l—(S,l—i—(S)},
where 7 denotes a periodic orbit of the suspended semi-flow o/t with least period
I(T), m, is the corresponding orbital measure (of total mass /(7)) and F': 1 — R

satisfies [ F'dm, = f2(z). Using Kifer’s large deviations results for hyperbolic
flows [15], we have

1 1
1 — : < N —
Thm Tlog#{T I(t) <T and o) /deT €1 6,1+6)}

:sup{h(m) tm € Mgs and /dee(l—é,l—l—é)}

_ h(p) [ f2dp B
_Sup{fﬁdu : € M, and TFn el 5,1+5)}
= sup H(E),

£€(1-6,149)

where

d
H(¢) :Sup{fhf(lu;u i € M, and fﬁdl/ﬁ 25}.

Since H () is analytic, letting § — 0 gives the required formula for B(f1, f2). That
B(f1, f2) < h is immediate and 3(f1, f2) > 0 follows from 0 € int(Z, (f1 — f2)), since

[ fadu/ [ frdu =11is equivalent to [ fi — fodu =0. If [ fidu_png, = [ fodp—ny,
then it is clear that B(f1, f2) = h. On the other hand, if

ho (1)
J frdp

h=B(f1,f2) =
for some p € M,, then

ho(p) — h/f1 dp=0=P(—hfi)

so uniqueness of equilibrium states gives yt = p—_pr,. This completes the proof. [
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5. ANALYTICITY OF THE METRIC AND THE ENTROPY

In this section we will establish the analyticity of the metric and the entropy.
We will do this by considering certain complex functions, which provides a fairly
direct proof avoiding the use of Lemma 3.4. We want to establish analyticity of the
Weil-Petersson form and metric by using the analytic function 7(s, Ry, R)) defined
below, where R, depends analytically on .

We begin by establishing the analyticity of individual weights dg, ([¢9]) as func-
tions of A.

Lemma 5.1. For each [g] € C(T'), the weight dr, ([g]) € R has a real analytic de-
pendence on A € (—¢,€). Moreover, we can choose an open neighbourhood (—¢, €) C
U C C so that we have an analytic extension U > X — dg,(lg]) € C for each

[g] € C(I").

Proof. We need only modify the approach in Proposition 1.1 of [14]. For each
generator gg € I'g we can consider the image X4, C RP41 of the corresponding
lI-cylinder [zo] C X, say. In particular X, is a compact set in RPI1. Since
RPI1 is a real analytic manifold it has a (local) complexification and we can then
choose a (small) neighbourhood U, D X, in this complexification of RP?~1. We
will still denote by Rj(go)~! the unique extension of the action of R(go)~! to the
neighbourhood Uy, D X,,. Providing the neighbourhoods Uy, are sufficiently small
we have by continuity of the extension Ry(go)~* that Rx(go) ‘U, D U,,, for
A € (—¢,¢€), where g1 € Ty satisfies Rx(go) ' X,, D Xg,, since we know that the
restriction Ry (go) !X, is a contraction. Moreover, by continuity and by choosing
U,, smaller, if necessary, we can assume that the inclusion Ry(go)~'U,, D Uy, also
holds for each g¢ for the complexification of Ry for A lying in a suitably small open
subset C D V D (—e¢,¢€), say.

The key observation now is that when we extend these inclusions to conjugacy
classes of more general elements g € T'\ {1r} without further reducing the neigh-
bourhood (—¢,¢) C V' C C. More precisely, for each reduced word g = g;, - - 9i,_,
(where gi, -, 9i, , € o) we have from the above construction that Ry(g)~*U,, D
Uy, _, for X € V. Moreover, writing £} € RP*~! for the fixed point for Rx(gx) ", we

see that V'3 X — & is analytic and V 3 A — dg, ([g]) = —3 log det(Dgél?iA(g)) eC
is analytic as the sum of analytic terms. In particular, these functions are analytic
on the region V. ]

We now define a complex function using these weights.

Definition 5.2. We can associate to the two representations Ry, Ry € H a complex
function

n(s,Ro, Ry) = > _ dp, ([g])e ™o (l)
9]

which converges for Re(s) sufficiently large.
From now on, we shall write h(Ry) = h.

Lemma 5.3. The function n(s, Ry, Ry) is analytic for Re(s) > h. Moreover, s = h
is a simple pole with residue equal to

f7”>\ d“*hro

Jrodp—nr,’

where ro, 7y correspond to Ry, Ry using Lemma 3.8. In particular, n(s, Ry, Ro) has
a simple pole at h(Ry).
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Proof. We will write C'(I") € C(T') for the set of primitive conjugacy classes in T
We can associate to Ry and Ry a zeta function formally defined by

-1
((s, 2, Ro,Ry) = H (1 — e*SdRO([Q])“dRA([g])) , for s e C,z € R,
lglec/(T)

which converges for Re(s) sufficiently large and |z| sufficiently small (depending on
s). We can rewrite this in terms of the shift o : ¥ — ¥ and the functions rg,r) as

> 1 n n
C(S,Z, R07R)\) = exp (Z g Z e STo (m)—sz(;c)> )
n=1

or=x

(Here we use the fact that primitive conjugacy classes correspond to prime peri-
odic orbits for the shift map and then there is convergence to an analytic function
P(—Re(s)rg — zrx) < 0 [22].) Using the analysis of [22], we see that ((s, z, Ro, Rx)
converges for Re(s) > h. Furthermore, for s close to h and z close to zero,

A(s, 2)

C(sa z, Ro, RA) = W’

where A(s, z) is non-zero and analytic and ef (=sr0+273) ig the standard analytic
extension of the exponential of the pressure function to complex arguments (ob-
tained via perturbation theory applied to the maximal eigenvalue of the associated
transfer operator cf. [22]).

It is easy to show that

0
n(s, Ry, Ry) = 72 log ((s, 2z, Ro, R»)

where ¢(s) is analytic for Re(s) > h/2, while, for s close to h,

z=0

OP(—sro+zry)

0 0A(s,2)/07|,_, BE 0
1 — zZ= z=
02 0g (s, 2, Ro, R») - A(s,0) + 1 — eP(=sr0)
dpi—pr
_ I ndioi 1 g

~ [rodp—pr, s—h

where B(s) is analytic in a neighbourhood of s = h. The final statement follows by
reversing the roles of Ry and R). O

We have the following result (which implies Theorem 1.2)
Lemma 5.4. The function (—€,€) 3 A+ h(R)) is real analytic.

Proof. By Lemma 5.1, the function 1/¢{(s, A), where ((s, ) := ((s,0, Ry, R»), has
an analytic dependence on A € (—¢,¢) for Re(s) sufficiently large. It follows from
[23] that, for each A € (—¢,€), 1/((s,A) has an analytic extension to a half plane
Re(s) > v(A), where v(A) < h(R,) depends continuously on A\. We can therefore
find a common domain D, containing |J_,_,..{s € C: Re(s) > h(Ry)}, such that
1/¢(s, A) is separately analytic for s € D and A € (—¢,¢). We may then apply
Theorem 1 of [30] to conclude that (s, ) — 1/{(s, \) is real analytic on D x (—¢,€).
Finally, we can use the Implicit Function Theorem to show that A — h(R)) is real
analytic. |

In order to establish further analyticity results, we need to show that the inter-
section I(Ry, Ry) is equal to the residue of n(s, Ry, Rx) at s = h. To do this, it will
be convenient to use the following technical result.

Lemma 5.5. Let R € H. Then there does not exist a > 0 such that {dr([g]) : g €
L\ {1lr}} C oZ.
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Proof. Let g,h € T'\ {1r} be two distinct elements of the group. For any N > 0
we can consider gV, h" € I'. The linear maps on R? for the associated ma-
trices R(g"), R(h™) € SL(d,R) can be written in the form A(g)Vm, + Uy~ and
A(R)N 7y, + Uy, respectively, where A(g), A(h) are the largest simple eigenvalues,
Tg, Th * R? — R? are the eigenprojections onto their one dimensional eigenspaces,
Hmsup 4 o0 [Ugn [[YY < A(g) and limsupy_, o [[Unn |1/~ < A(R).

NhN €T and and associated matrix R(g™Vh™V). The asso-
NpNymgnpy + Ugnpn where A(gVhY) is
the largest simple eigenvalue, monpn R? — R? is the eigenprojection onto their
NhN)

Let us now consider g
ciated linear map will be of the form A(g

one dimensional eigenspaces, and limsup y_, , o Uy~ [[7Y < A(g . However,
since we have the identity R(¢™Vh™) = R(g")R(g") for the matrix representations
we can also write the corresponding relationship for the linear maps:

/\(gNhN)ﬂ'gNhN +Ugnpn = (/\(gN)TrgN + UqN) ()\(hN)TrhN + UhN) . (5.1)
In particular, we see that as N becomes larger
tim_exp ((dellg™h"]) — dills™) - du(W]) = tim S )
N P (g gD e Nroo A(gN)A(RN) T

where (mp,, ;) is simply the cosine of the angle between the eigenvectors associated
to A(g) and A(h), respectively. However, if we assume for a contradiction that
the conclusion of the lemma does not hold, then the right hand side of (5.1) must
be of the form e™®, for some n € Z. However, the directions for the associated
eigenprojections form an infinite set in RP%! and have an accumulation point.
Thus for suitable choices of g, h we can arrange that 0 < (7, my) < e®, leading to
a contradiction. This completes the proof of the lemma. O

Corollary 5.6. Apart from the simple pole at s = h, n(s, Ry, Rx) has an analytic
extension to a neighbourhood of Re(s) > h.

Proof. Given Lemma 5.5, it follows from the analysis of [22] that (s, z, Ro, Rx) has
an analytic and non-zero extension to a neighbourhood of each point s = h + it,
t # 0, for |z| sufficiently small depending on s. Using again that

0
n(87R07R)\) = &IOgC(S,Z,RmR)\) +¢(s)7

where ¢(s) is analytic for Re(s) > h/2, we obtain the result. O

We now have the following result which characterises the intersection number of
I(Ro, Ry).

Lemma 5.7. We can write
_ Jradp—nr,
Jrodp—nr,

Proof. Recall from Lemma 5.3 that the right hand side in the statement is the
residue of n(s, Ry, Ry) at s = h. In view of Corollary 5.6, we can apply the Tkehara
Tauberian theorem to 7(s, Ry, Rx) to deduce that

I(Ro, R»)

dpo—pyr
S i) ~ FR T s 7,
drg (g <T 0 GHi=hro

Moreover, upon taking Ry = Ry, we deduce that

Z dr,([9]) ~ €T, as T — +oc.
dry ([9)<T
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An elementary argument given in [21] shows that

dr, (l9])
fo dny (aDST gl _ (o oy (g)<T Ui (19)
Totoo Y@<t !l T7F% L (a<r Ro([9])
so that
S radp—nr,
I(Ry, Ry) = Trodu_m
hro
as required. O

We can now use the characterisation of I( Ry, Ry) in terms of a complex function
to deduce the following.

Lemma 5.8. The function (—e,e) — R : A — I(Ryg, Ry) is real analytic.

Proof. By Lemma 5.1, (s, Ro, Ry) has an analytic dependence on A € U. More
precisely, it is a uniformly convergent series with individually analytic terms in
A € U for Re(s) > h and thus bianalytic for A € U. Moreover, by Hartogs’ Theorem
for functions of several complex variables [16], 1/n(s, Ry, Ry) is bi-analytic for s in
a neighbourhood of h and A € U. Thus the residue of (s, Ro,Ry) at s = h
is analytic. Thus, using the residue theorem, I(Rg, Ry), which is the residue of
n(s, Ro, R»), depends analytically on A. a

Since h(Ry) and I(Ro, Rx) both depend analytically on A, we have the following.
Corollary 5.9. The function (—¢,e) = R: A — J(Ro, Ry) is real analytic.

92J(Ro,R»)

e we have the

By differentiating twice and using that |RM||? =
A=0

following result.

Corollary 5.10. The function (—e,e) — R : X |RYV)|| is real analytic.

6. PROOF OF THEOREM 1.5

The first part of Theorem 1.5 will follow from Lemma 4.4 once we formulate
things appropriately. Given an analytic family of representations A — R, we de-
fine strictly positive Holder continuous functions ry : 3 — R as in section 3 so that
if o™z = x corresponds to a conjugacy class [g] then dg, ([g]) = r¥(z), using Lemma
3.3. By Lemma 3.4, ) depends analytically on A. We then have h(c™) = h(Ry) and
h(c™) = h(Ry). We now define fo = h(Rp)ro and fx = h(Rx)ry, so that, in partic-
ular, P(—fo) = P(—fx) = 0. Since periodic point measures are dense in M,, it is
clear that 0 € int(Z,(fo— f»)) if and only if there exist two conjugacy classes [¢g] and
[¢'] such that A(Ro)dr,([g]) < h(Bx)dn, ([g]) and h(Ro)dr,([g']) > h(Bx)dn, (I9']):
We will show that this latter condition holds provided the representations Ry and
R are not equal up to conjugacy.

Lemma 6.1. If Ry and Ry are not conjugate then there exist two conjugacy classes
lg] and [¢'] such that we have h(Ro)dg,([g]) < h(RA)dRr,([g]) and h(Ro)dr,([g']) >
h(Rx)dr,([g'])-

Proof. We will prove the contrapositive. Without loss of generality, suppose that
h(Ro)dr,([9]) < h(R1)dg,([g]) for all [g] € C(T), ie. that (fo — fa)"(z) < 0O
whenever 0"z = z. Then [(fo — fr)dp < 0 for every p € M,.

Now consider the real analytic map @ : [0,1] — R defined by Q(t) = P(—fo +
t(fo—fx). This has derivative Q'(t) = [(fo—fx) due < 0, where p; is the equilibrium
state for —fo + t(fo — f). Since Q(0) = Q(1) = 0 we deduce that Q(t) = 0
for all t € [0,1] and then the strict convexity of pressure implies that fo — fx is
cohomologous to a constant. Since P(fy) = P(—f\), the constant must be zero
and so fi(x) = f{(x), whenever ¢”z = x. This implies that h(Ro)dr,([g]) =
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h(Ry)dR, ([g]) for all g and hence that J(Rg, Ry) = 1. It then follows by Corollary
1.5 of [3] that the representations are equal up to conjugacy. O

Write h = h(Rp). We may now apply Lemma 4.4 to show that, for each A €
(—e€,€), the limit
a(A)

—lm lm . dr,(lg]) _ (h(Ro) h(Ro)
—(}g%TgI}rlooTlog#{[g] t dp,([g]) < T and o) © (h( 0, h(Ri) +6>}

:(%imlimsup%log (Z#{g”xz; f(?}gfﬂ) < T and fA:(z) IS (15,1+5)}>

-0 T

= hB(fo. f2)
exists and satisfies 0 < a()\) < h. (Here we have used that h(c/0) = 1.) The next
result shows that we have a strict inequality when X\ # 0.

Lemma 6.2. For A € (—¢,¢€) \ {0}, a()) < h.

Proof. By Proposition 4.4, we will have a(\) < h unless [ fodp—g, = [ frdp—g,.
The latter condition may be rewritten as

ff)\d:u—fo — 1= h(gfo) _ ho(p—f,) ff)xd:u—fx'

[ fodp—g, he) [ fodp—gy ho(p-g,)
Rearranging, this becomes

n=1

hU(/L*fA) _ hﬂ(:u‘*fo)

[fxdp—y [ fadp—yg,
which, by uniqueness of the measure of maximal entropy for o/>, forces p_s, =
p—g,. The latter equality implies that fo — f\ is cohomologous to a constant

and, since P(—fy) = P(—f)), the constant is necessarily zero. This means that
h(Ro)dr,([9]) = h(Rx)dg, ([g]) for all [¢] € C(T"), contradicting Lemma 6.1. O

‘We now complete the proof of Theorem 1.5 by establishing the characterisation of
the Weil-Petersson metric in terms of the growth rate «(A). It is more convenient to
work with 8(\) := B(fo, fn) = @(A)/h. For t € R, consider the pressure P(—tfo— f))
and define x(t) by the equation P(—tfo — xa(t)fa) = 0. We trivially have xo(t) =
1 —t but we are interested in the function when A # 0.

Lemma 6.3. For each X € (—¢,¢€)\ {0}, the function x(t) is well-defined and real
analytic. Furthermore,
lim xa(t) = Foo.

t—+oo

Proof. That x(t) is well-defined and real analytic follows from the Implicit Func-
tion Theorem. Suppose lim; o xA(f) # —oo. Then there exists a sequence
t, — 400 and a constant A > 0 such that y,(t,) > —A for all n. We have

_tnfO - X)\(tn)fA < _tnfO + AHfAHOO

and so
0= P(=tnfo — xa(tn)fr) < P(=tnfo+ Al fallec) = P(—tnfo) + Al fa]| = —o0,

as n — 00, a contradiction. A similar argument show that lim;_, . xa(t) = +o0.
O

We want to show that there is a unique number 0 < ¢5 < 1 for which x} (¢t,) = —1.
To do this, it is convenient to use the following alternative characterisation of x(t)
in terms of the semiflow ofo. Let Fy : /0 — R be a Holder continuous function
such that, for a periodic ofo-orbit 7 corresponding to a periodic o-orbit o™z = x,
J Fxdm, = f{(x). Here, as above, m, is the associated periodic orbit measure of
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total mass (1) = fi(z). It is easy to construct such an F) and this also satisfies
J Fxdm > 0, for every m € M, s,. We then have that x(¢) is defined by

P(=xa(t)Fx) =t.
It is then easy to calculate that
_ —1
[ Exdm_y wr,

In particular, xx(t) is strictly decreasing. By Lemma 6.3, x, takes all real values
and so

{/F)\dﬂ%_)ﬂ(t)pA : tER} = {/1‘71)\61771,51:*A : tER} :int(ZofO).

However, by Lemma 6.1, we can find periodic o/0-orbits 7 and 7/ (corresponding to
conjugacy classes [g] and [¢]) such that

1 1
— | F 1 — | F < 1.
I / Ndm, > and i) / N dm, <

Hence, in particular, for X # 0, there exists a unique ¢ such that x (¢t,) = —1.

Lemma 6.4. We have S(\) =ty + xa(t).

XA(t)

Proof. By Proposition 4.4, we have

B(A>=sup{h”(”> . ;e M, and /fodMZ/fAdu}

J fodp
Let v denote the equilibrium state of —ty fo — xa(tA)fr. By the definition of ¢y,
ff)\ dv
ffo dv = /F)\ dm*XA(tA)F,\ =1
Thus
0= P(—txfo — xa(tr)fr) = ho(v) — tA/fO dv — X/\(t/\)/fA dv
= holt) ~ (s + xa(12)) [ fod
so that ho(0)
o (v
tx + xa(ty) =
A X)\( )\) ff() dl/

and [ fodv = [ fyxdv. On the other hand, if p € M, p # v satisfies [ fodp =
J frdu then

0 = P(—tafo — xa(tx)fx) > ho(p) — tx/fo dp — XA(tA)/fA dp
= ho(p) = (tx + xa(tr)) / Jodp,

so that ho ()
o (v
t t .
Combining these two observations shows that ¢y + xa(tx) = S(N). O

Since A — ry and A — h(R)) are analytic, we can write f\ = fo + fél))\ +

DX2/2 4 0(A2). It follows from the definition of the Weil-Petersson metric in
terms of J(Rp, Ry) and Lemma 5.7 that

2
jrop = LA s
f Jo d,u—fo
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We may then use the calculation in the proof of Lemma 4.2 of [24] to show that

32X>\
oz D)

= t(t — DR
A=0
The next lemma establishes the final part of Theorem 1.5.

Lemma 6.5. The function o : (—e, ) — (0, h(Ryp)] satisfies

9?B(\ 4 ()
HR(1)||2:_4 B( ) - _ a( ) )
o) S N h(Ro) 0N |,_,
Proof. This follows from the calculations in the proof of Theorem 4.3 of [24], once
one replaces the function D) there with 8()\), combined with Lemma 6.4. O
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