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KODAIRA DIMENSIONS OF ALMOST COMPLEX MANIFOLDS II

HAOJIE CHEN AND WEIYI ZHANG

Abstract. This is the second of a series of papers where we study the plurigen-
era, the Kodaira dimension and the Iitaka dimension on compact almost complex
manifolds. By using the pseudoholomorphic pluricanonical map, we define the
second version of Kodaira dimension as well as Iitaka dimension on compact
almost complex manifolds. We show that almost complex structures with the
top Kodaira dimension are integrable. For compact almost complex 4-manifolds
with Kodaira dimension one, we obtain elliptic fibration like structural descrip-
tion. Some vanishing theorems in complex geometry are generalized to the almost
complex setting.

For tamed symplectic 4-manifolds, we show that the almost Kodaira dimension
is bounded above by the symplectic Kodaira dimension, by using a probabilistic
combinatorics style argument. The appendix also contains a few results including
answering a question of the second author that there is a unique subvariety in ex-
ceptional curve classes for irrational symplectic 4-manifolds, as well as extending
Evans-Smith’s constraint on symplectic embeddings of certain rational homology
balls by removing the assumption on the intersection form.
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1. Introduction

The Iitaka dimension for a holomorphic line bundle L over a compact complex
manifold is a numerical invariant to measure the size of the space of holomorphic
sections. It could be defined as the growth rate of the dimension of the space
H0(X,L⊗d), or equivalently the maximal image dimension of the rational map to
the projective space determined by powers of L, or 1 less than the dimension of the
section ring of L. When L is the canonical bundle KX , the corresponding Iitaka
dimension is called the Kodaira dimension of X.

In the first paper of this series [5], we have generalized the notions of the Iitaka
dimension and Kodaira dimension to compact almost complex manifolds using the
growth rate of the pseudoholomorphic sections of the corresponding complex line
bundle endowed with a pseudoholomorphic structure, or equivalently, a bundle al-
most complex structure.

More precisely, let E be a complex vector bundle over a connected compact almost
complex manifold (X, J). A bundle almost complex structure J on E is a special
almost complex structure on the total space of the E, see [5,6]. There is a bijection
between bundle almost complex structures and the pseudoholomorphic structures on
E. The (E,J )-genus is defined as PE,J := dimH0(X, (E,J )), where H0(X, (E,J ))
denotes the space of (J,J ) pseudoholomorphic sections. As shown by Hodge theory
in [5], PE,J is of finite dimension. The mth plurigenus of (X, J) is defined to be

Pm(X, J) = dimH0(X,K⊗mX ) where K⊗mX is endowed with a canonical bundle almost
complex structure induced from J (see Section 2.2 or [5]).

Definition 1.1. Let L be a complex line bundle with a bundle almost complex struc-
ture J over (X,J). The Iitaka dimension κJ(X, (L,J )) is defined as

κJ(X, (L,J )) =


−∞, if PL⊗m,J = 0 for any m ≥ 0

lim supm→∞
logPL⊗m,J

logm
, otherwise.

The Kodaira dimension κJ(X) is defined by choosing L = KX and J to be the
bundle almost complex structure induced by ∂̄.

In this paper, we will introduce the second version of the Iitaka dimension and
Kodaira dimension on compact almost complex manifolds which is the maximal
image dimension of the rational map to th projective space by holomormphic sections
of L⊗m. In the complex setting, important structural results and speculations were
obtained using this interpretation.

Assume that L is a complex line bundle over a compact almost complex manifold
(X, J) with a bundle almost complex structure J . As in complex setting, the map
ΦL,J : X \ B → CPN is defined as ΦL,J (x) = [s0(x) : · · · : sN (x)], where {si}
constitutes a basis of the linear space H0(X, (L,J )), and B ⊂ X is the set of the
base locus, i.e. the set of points x ∈ X such that si(x) = 0 for all 0 ≤ i ≤ N . When
L is K⊗mX with the standard bundle almost complex structure, ΦL,J is denoted by
Φm and called the pluricanonical map.
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We first show that ΦL,J is pseudoholomorphic between X \ B and the standard
projective space. Following the study of pseudoholomorphic maps from an almost
complex manifolds to a complex manifold, we prove that the image of ΦL,J (X \B)

is a locally closed but not necessarily closed analytic subvariety in CPN . As a result,
we define

Definition 1.2. The Iitaka dimension κJ(X, (L,J )) of a complex line bundle L
with a bundle almost complex structure J over (X, J) is defined as

κJ(X, (L,J )) =

 −∞, if PL⊗m = 0 for any m ≥ 0

max dimC ΦL⊗m(X \B), otherwise.

The Kodaira dimension κJ(X) is defined by choosing L = KX and J to be the
bundle almost complex structure induced by J .

It is a natural question (Question 2.8) to ask whether the two versions of Iitaka
dimensions κJ and κJ are equivalent.

We have shown that the plurigenera Pm(X, J) are birational invariants on com-
pact almost complex 4-manifolds in [5]. It follows that κJ(X) is also a birational
invariant in dimension 4 (Theorem 2.6).

We then apply the Kodaira dimension κJ(X) to study the properties of (X, J).
By definition, κJ(X, (L,J )) ≤ dimCX. When the top value dimCX is achieved, we
prove that J is integrable. The following is Theorem 2.4.

Theorem 1.3. Let (X, J) be a compact almost complex manifold and L be a complex
line bundle with a bundle almost complex structure J .

(1) If κJ(X, (L,J )) = dimCX, then J is integrable.
(2) If PL,J ≥ 2, then κJ(X, (L,J )) ≥ 1.

Although a non-integrable almost complex structure cannot have κJ being equal
to its complex dimension, the examples of compact 2n-dimensional nonintegrable
almost complex manifolds in Section 6.3 of our first paper [5] realize all the values of
{−∞, 0, 1, · · · , n−1} for κJ(X) (as well as κJ(X)) for any n ≥ 2. The examples are
based on a 4-dimensional example with Kodaira dimension 1, which is a deformation
of the product complex structure on T 2 × Σg≥2.

For almost complex manifolds with line bundles whose almost complex Iitaka
dimensions take value between 1 and n − 1, we expect that there are important
structural result of X. The following is such a result (Theorem 2.7).

Theorem 1.4. Let (X, J) be a compact almost complex 4-manifold. If the pluri-
canonical map is base-point-free and κJ(X) = 1, then X admits a pseudoholomor-
phic fibration with each fiber an elliptic curve and finitely many singular fibers.

The examples of almost complex 4-manifolds with κJ = κJ = 1 contain all
the smooth pseudoholomorphic elliptic fibrations over a Riemann surface of genus
greater than one with tamed almost complex structures.

In dimension 4, there is a version of symplectic Kodaira dimension κs [18], which
measures the positivity of the symplectic canonical class (see Definition 3.3). This
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Kodaira dimension is a diffeomorphism invariant of any symplectic 4-manifold loc.
cit., and it coincides with the complex Kodaira dimension if the symplectic 4-
manifold admits a complex structure [7]. The invariant provides a rough classifica-
tion scheme for symplectic 4-manifolds [18]. It is studied extensively in 4-manifolds
theory, e.g. its behaviour under various symplectic surgeries like fiber sum, Lut-
tinger surgery, and rational blowdown (see the references in [19]). It is also used to
show some smooth structures are exotic.

It is natural to ask the connection between the almost complex Kodaira dimen-
sions and the symplectic Kodaira dimension in dimension 4. We are able to bound
the Kodaira dimension κJ(X) from above by κs at least when the almost complex
structure J is tamed. Recall that an almost complex structure J is said to be tamed
if there is a symplectic form ω such that the bilinear form ω(·, J ·) is positive definite.
To establish this result, we introduce an intermediate Iitaka dimension κJW (X, e) for
tamed almost complex structure J and e ∈ H2(M,Z). The Weil divisor version
of Kodaira dimension is defined as κJW (X) := κJW (X,KX), where KX is the first
Chern class of KX . Roughly speaking, this version of Iitaka dimension measures the
growth rate of the numbers of all pseudoholomorphic curves in the multiples of the
class e. Among various estimates of this Iitaka dimensions in Section 3, we have the
following comparison results for Kodaira dimensions.

Theorem 1.5. Let (X, J) be a tamed compact almost complex 4-manifold. Then

κJ(X) ≤ κJW (X) ≤ κs(X).

As a corollary (Corollary 3.7), for any tamed almost complex structure J on a
compact complex surface (X, JX), κJ(X) ≤ κJX (X).

Theorem 1.5 is obtained through estimations of pseudoholomorphic curves in mul-
tiples of the canonical class using a very rough and “overdetermined” parametriza-
tion of the moduli space of pseudoholomorphic subvarieties in class mKX . These
points given by the parametrization fix a unique element in the moduli space and,
at the same time, the number of the points as m grows is bounded above by a
polynomial whose degree matches up with symplectic Kodaira dimension. This is
very similar to the style of estimates in probabilistic combinatorics.

We next study how the positivity of line bundles is related to the almost complex
Iitaka dimension. The relation between positivity/negativity of certain curvatures
and vanishing of groups of holomorphic sections has been an active topic in complex
geometry, at least dating back to Kodaira vanishing theorem. A negative line bundle
on a compact complex manifold, i.e. a holomorphic line bundle whose first Chern
class is a negative class, always has negative Iitaka dimension. Applying the inter-
section theory of almost complex manifolds developed in [41] and some Bochner-type
arguments on almost Hermitian manifolds, we prove the following theorem.

Theorem 1.6. Let (X, J) be a compact almost complex 2n-manifold and L be a
complex line bundle over X.

(1) If there is a J-compatible symplectic form ω such that [ω]n−1 · c1(L) <
0, then for any bundle almost complex structure J on L, PL,J = 0 and

κJ(X, (L,J )) = κJ(X, (L,J )) = −∞.
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(2) If X admits a Hermitian metric with positive Chern scalar curvature ev-
erywhere or a Gauduchon metric with positive total Chern scalar curvature,
then κJ(X) = κJ(X) = −∞.

It gives a generalization of results obtained by Yau in the Kähler case [37] and
by Yang in the Hermitian case [36]. Theorem 1.6 is proved by combining Theorems
4.2 and 4.3 later.

The last section of the paper contains some speculations and open problems gen-
erated from the study of almost complex Iitaka dimensions. It is divided into 5
subsections on different aspects. It seems that our paper is just a start of a vast
area with a rich source of interesting problems for almost complex manifolds. It
is related to many other fields such as Hodge theory, birational geometry, complex
geometry, and topology of manifolds. We expect Section 5 would provide the reader
with a glance of these interesting problems.

Finally, there is an appendix on the uniqueness of exceptional curves for irrational
symplectic 4-manifolds. Its main result gives an affirmative answer to a question of
the second author [39].

Theorem 1.7. Let M be a compact symplectic 4-manifold which is not diffeo-
morphic to CP 2#kCP 2, k ≥ 1. Then for any tamed J , there is a unique J-
holomorphic subvariety in any exceptional curve class E, whose irreducible com-
ponents are smooth rational curves of negative self-intersection. Moreover, this J-
holomorphic subvariety is an exceptional curve of the first kind when M is also not
diffeomorphic to S2 × Σg#kCP 2.

On the other hand, as noticed in [39, 40] as a somewhat surprising result, there
are many integrable complex structures on rational surfaces where this statement
does not hold. The link of the appendix with this paper is through Proposition
A.5, which says that there is a unique J-holomorphic subvariety in any positive
combination of exceptional curve classes for any tamed almost complex structure J
on a symplectic 4-manifold which is not diffeomorphic to a rational or ruled surface.
It is used in the proof of Theorem 1.5 when the symplectic Kodaira dimension is
zero.

As a by-product of the proof of Theorem 1.7, we are able to improve the result
of [9] on the symplectic version of the upper bound of Wahl singularities by removing
their assumption on the dimension of self-dual harmonic forms.

The first author is partially supported by NSFC grant (11901530) and Zhejiang
Provincial Natural Science Foundation (LY19A010017). He would like to thank
Professors Kefeng Liu, Xiaokui Yang and Fangyang Zheng for their helpful conver-
sations. The second author would like to thank Giancarlo Urzúa for his interest and
discussion on Theorem A.3.

2. Pluricanonical maps

In this section, we will give another definition of Iitaka dimension for almost com-
plex manifolds. The corresponding version of Kodaira dimension is the maximum
dimension of the image attained by a pluricanonical map. For this sake, we first
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derive some general properties of the image of a pseudoholomorphic map onto a
complex manifold in Section 2.1. These are used to establish structural results for
pluricanonical maps.

2.1. Pseudoholomorphic subvarieties. In [41], we give a definition of pseudo-
holomorphic subvarieties for an arbitrary even dimension. A J-holomorphic subva-
riety Θ of an almost complex manifold (M,J) is a finite set of pairs {(Vi,mi), 1 ≤
i ≤ m}, where each Vi is an irreducible J-holomorphic subvariety and each mi is
a positive integer. Here an irreducible J-holomorphic subvariety is the image of a
somewhere immersed pseudoholomorphic map φ : X → M from a compact con-
nected smooth almost complex manifold X. When each Vi has complex dimension
one, we call Θ a complex 1-subvariety.

When (M,J) is a complex manifold, the source (X, JX) could still be an almost
complex manifold. Hence, it seems there are more J-holomorphic subvarieties than
complex analytic subvarieties at a first glance. However, we observe that when
(M,J) is a complex manifold, a J-holomorphic subvariety is exactly a complex
analytic subvariety.

Proposition 2.1. If there is a somewhere immersed pseudoholomorphic map φ :
X → M from a compact connected smooth almost complex manifold (X, JX) to
a complex manifold (M,J), then JX is integrable. Therefore, a finite set of pairs
{(Vi,mi), 1 ≤ i ≤ m} on (M,J) is a J-holomorphic subvariety if and only if it is a
complex analytic subvariety.

Proof. We will use a similar method as for Theorem 5.5 of [41]. However, since
dimX might be different from dimM , we will need to do extra projections. We can
cover M by complex coordinate patches. Hence, we can assume our target is an open
subset U ⊂ Cn, with coordinates (z1, · · · , zn). Since φ is somewhere immersed, we
have dimCX = m ≤ n. Let {σ1, · · · , σm} be a choice of m elements in {1, · · · , n}.
Denote the image of projecting U to the subspace spanned by zσ1 , ...zσm coordinates
by Uσ1,··· ,σm or simply UCm if there is no confusion. Also denote the projection of
φ|XU to Cmzσ1 ,··· ,zσm components by prσ1···σmφ.

For each such choice of {σ1, · · · , σm}, we look at the projection from Cn to m
coordinates (zσ1 , · · · , zσm). This gives us a complex vector bundle over XU × UCm

whose fiber over (x, prσ1···σmφ(x)) is the complex vector space of all complex linear
maps Lσ1···σm : TxX → Cm. Here XU is the set φ−1(U) ⊂ X. By taking fiberwise
complex determinant, we have a complex line bundle Lσ1···σm over XU×UCm , whose
fibers are detLσ1···σm : ΛmC TxX → ΛmC Cm ∼= C. Its total space has a standard almost
complex structure, see the proof of Theorem 5.5 in [41].

Then the pseudoholomorphic map φ induces pseudoholomorphic maps φLσ1···σm (x) =

(x, φ(x), det(d(prσ1···σmφ)x)C) from XU to Lσ1···σm . Hence, the singularity subset of
φ (in XU ) is the intersection of φ−1

Lσ1···σm
(XU × UCm × {0}) for all possible subsets

{σ1, · · · , σm}. Applying Theorem 3.8 of [41], we know each φ−1
Lσ1···σm

(XU×UCm×{0})
is a subset with finite 2(m− 1)-dimensional Hausdorff measure if it is not the whole
XU . Since φ is somewhere immersed andX is connected, there must be {σ1, · · · , σm}
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such that φ−1
Lσ1···σm

(XU ×UCm×{0}) is not the whole XU (but possibly it is empty).

It implies the singular subset Sφ has finite 2(m−1)-dimensional Hausdorff measure.
In particular, the closure of X \ Sφ is X.

On X \ Sφ, the map φ is an immersion. In particular, it is local diffeomorphic to
its image and thus the complex coordinates of (M,J) could be pulled back by φ. It
implies the Nijenhuis tensor NJX |X\Sφ = 0. Since the closure of X \ Sφ is X, we
know NJX = 0. That is JX is integrable.

The second statement follows from a theorem of Remmert [26] which says that
the image of a proper holomorphic map between two complex manifolds is a complex
analytic subvariety of the target. Hence, it implies that if {(Vi,mi), 1 ≤ i ≤ m} on
(M,J) is a J-holomorphic subvariety, then it is a complex analytic subvariety. The
reverse direction follows from Hironaka’s resolution of singularities. This completes
the proof of the lemma. �

This proof also shows that the image of the singularity subset φ(Sφ) is a complex
analytic subvariety assuming a positive answer to Question 3.9 of [41], and thus a
J-holomorphic subvariety of M . When φ is a general proper pseudoholomorphic
map, we can still have a similar conclusion as Proposition 2.1, although we only
have a less precise description of the image of the singularity subset.

Proposition 2.2. Let φ : X → M be a proper pseudoholomorphic map from a
closed almost complex manifold (X, JX) to a complex manifold (M,J). Then the
image of φ is a complex analytic subvariety.

Proof. We look at the differential of dφ : TX → TM and view it as a linear
transformation at each point of X. Since φ is a pseudoholomorphic map, the
rank of this linear transformation at each point is an even integer no greater than
min{2 dimCX, 2 dimCM}. Define the rank of φ by rk(φ) = 1

2 supx∈X rk(dφx). We

call any point x ∈ X with rk(φ) = 1
2 rk(dφx) a regular point and any other point a

critical point.
We apply a result of Sard [27]: If f : N1 → N2 is a Ck map for k ≥ max{n−m+

1, 1} and if Ar ⊂ N1 is the set of points x ∈ N1 such that dfx has rank no greater
than r, then the (r + ε)-dimensional Hausdorff measure of φ(Ar) is zero, for any
ε > 0.

In our setting, we choose r = 2 rk(φ)− 2. Thus Ar is the set of critical points. In
particular, the above version of Sard’s theorem implies that the Hausdorff measure
H2 rk(φ)−1(φ(Ar)) = 0.

On the other hand, the set of regular points is an open dense subset in X. The
openness is apparent and the denseness means X \Ar = X. To show the denseness,
we look at the rk(φ)th wedge product of both the complex vector bundles TX and

TM , denoted by Λ
rk(φ)
C TX and Λ

rk(φ)
C TM . Then the 1-jet bundle E = J1(X,M)

induces a complex vector bundle Erk(φ) (over X × M) whose fibers are induced

complex linear maps from Λ
rk(φ)
C TxX to Λ

rk(φ)
C Tφ(x)M . Its total space inherits a

standard almost complex structure from the standard almost complex structure J
of J1(X,M). The pseudoholomorphic map φ induces a pseudoholomorphic section



8 HAOJIE CHEN AND WEIYI ZHANG

(x, φ(x), (dφx)C) of J1(X,M) and in turn a pseudoholomorphic section of Erk(φ).
The zero locus of this section is just Ar. By the extension of unique continua-
tion for pseudoholomorphic submanifolds, i.e. Proposition 2.3 of [41], we know
Ar cannot contain an open subset of X since it is the intersection of two almost
complex submanifolds, i.e. the image of the zero section and the induced section

(x, φ(x),Λ
rk(φ)
C (dφx)C). Since X is a manifold, we have X \Ar = X.

Applying the rank theorem (see e.g. [17]), we know the image of an open neigh-

borhood of x ∈ X \ Ar is diffeomorphic to R2 rk(φ) = Rr+2. Since φ is pseudoholo-
morphic, the image of the open neighborhood is an (almost) complex submanifold

of M . Hence, it is Crk(φ). In particular, the image φ(X \ Ar) is a complex analytic
variety. Then Lemma 2.2 follows from a theorem of Shiffman [28] (see also [16]) by
taking k = rk(φ).

Theorem 2.3 (Shiffman). Let U be open in Cn and let E be closed in U . Let X be
a pure k-dimensional complex analytic subvariety in U \E, and let X̄ be the closure
of X in U . If H2k−1(E) = 0 then X̄ is a pure k-dimensional complex analytic
subvariety in U .

�

If we study a rational map from a closed almost complex manifold (X, JX) to a
complex manifold (M,J), i.e. a proper pseudoholomorphic map φ : X \ B → Y
where B has Hausdorff codimension at least two, we know the image φ(X \B) has
the structure of analytic subvariety locally near any point in the image following
from the argument of Proposition 2.2. By abuse of notation, we call the image an
open analytic subvariety.

2.2. Pseudoholomorphic structures. In this subsection, we recall the one-to-
one correspondence of pseudoholomorphic structures and bundle almost complex
structures on a complex vector bundle E over the almost complex manifold (X, J)
as established in [5, 6].

A pseudoholomorphic structure on E is given by a differential operator ∂̄E :
Γ(X,E)→ Γ(X, (T ∗X)0,1 ⊗ E) which satisfies the Leibniz rule

∂̄E(fs) = ∂̄f ⊗ s+ f∂̄Es

where f is a smooth function and s is a section of E. A particularly important
pseudoholomorphic structure is the natural one ∂̄m : Γ(X,K⊗mX ) → (T ∗X)0,1 ⊗
Γ(X,K⊗mX ) for m ≥ 2 on the pluricanonical bundle K⊗mX induced from the ∂̄ operator
inductively by the product rule

∂̄m(s1 ⊗ s2) = ∂̄s1 ⊗ s2 + s1 ⊗ ∂̄m−1s2.

For any Hermitian bundle (E, hE) with a pseudoholomorphic structure ∂̄E , there

is a unique Hermitian connection ∇ so that its (0, 1)-component ∇(0,1) = ∂̄E (see
Lemma 3.3 in [5]).

We can define a unique dual pseudoholomorphic structure ∂̄E∗ : Γ(X,E∗) →
Γ(X, (T ∗X)0,1⊗E∗) on the dual bundle E∗: for any section s∗ ∈ Γ(X,E∗) and any
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section s′ ∈ Γ(X,E), let

(∂̄E∗(s
∗))(s′) = ∂̄(s∗(s′))− s∗(∂̄E(s′)).(1)

It is easy to verify that ∂̄E∗ satisfies the Leibniz rule, giving a pseudoholomorphic
structure.

On the other hand, a bundle almost complex structure as in [6] is an almost
complex structure J on TE so that

(i) the projection is (J , J)-holomorphic,
(ii) J induces the standard complex structure on each fiber, i.e. multiplying by i,

(iii) the fiberwise addition α : E ×M E → E and the fiberwise multiplication by a
complex number µ : C×E → E are both pseudoholomorphic.

It is shown in [6] that a bundle almost complex structure J on E determines a
pseudoholomorphic structure ∂̄J , and the map J 7→ ∂̄J is a bijection between the
spaces of bundle almost complex structures and pseudoholomorphic structures on
E. Furthermore, it is shown as Corollary 2.4 in [5] that ∂̄J s = 0 if and only if s is
(J,J ) holomorphic for any s ∈ Γ(X,E). We denote this space of pseudoholomorphic
sections by H0(X, (E,J )). In particular, the space of pseudoholomorphic sections
of (K⊗mX , ∂̄m) is denoted by H0(X,K⊗mX ).

These two equivalent ways of description of a pseudoholomorphic section have
their respective use. The PDE description was used to show the dimension of pseu-
doholomorphic sections is finite, while the geometric description bridges to the in-
tersection theory of almost complex submanifolds [41]. In particular, when E is a
complex line bundle over 4-manifold (X, J), the zero locus of a pseudoholomorphic
section s is a J-holomorphic 1-subvariety in class c1(E).

2.3. Pluricanonical maps. One can still define pluricanonical maps for a compact
almost complex manifold (X, J). More generally, for any complex line bundle L with
a bundle almost complex structure J , ΦL,J : X → CPN is defined as ΦL,J (x) =
[s0(x) : · · · : sN (x)], where {si} constitutes a basis of the linear space H0(X, (L,J )).
When L = K⊗mX and J = JJ induced by ∂̄m, ΦL,J is denoted by Φm and called
the pluricanonical map. This map is well defined because the transition map for a
complex line bundle takes value in GL(1,C). Hence, changing the local coordinates
would lead to a common multiple of all si.

Furthermore, ΦL,J is a pseudoholomorphic map from (X, J) to (CPN , Jstd). It

can be seen from each map Φij
L,J (x) =

sj
si

(x). Each Φij
L,J is a section of the trivial

bundle over X \{s−1
i (0)}. The map 1

si(x) is a pseudoholomorphic section of the dual

bundle L∗ over X \ {s−1
i (0)} with respect to the pseudoholomorphic structure on

L∗ dual to ∂̄J , by applying (1) to the relation 1 = si · 1
si

. By applying (1) again,

we deduce that Φij
L,J is a pseudoholomorphic section of the trivial bundle over

X \ {s−1
i (0)}. Hence, it implies that ΦL,J : X \B → CPN is a pseudoholomorphic

map. Here B ⊂ X is the set of the base locus, i.e. the set of points x ∈ X such
that si(x) = 0 for all 0 ≤ i ≤ N .
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We are able to use the image ΦL(X \B), in particular its dimension, to study the
almost complex manifold (X, J). By the argument of Proposition 2.2, we know the
image is an open analytic subvariety. Clearly, dimC ΦL(X\B) ≤ dimCX. Moreover,
we have the following.

Theorem 2.4. Let (X, J) be a compact almost complex manifold and L be a complex
line bundle with a bundle almost complex structure. If dimC ΦL(X \ B) = dimCX,
then J is integrable. If PL(X, J) = dimH0(X, (L,J )) ≥ 2, then dimC ΦL(X \B) ≥
1.

Proof. If ΦL(X \B) is the set of finitely many points, then we know that for any two
pseudoholomorphic sections s1, s2 of L, we have s2 − ks1 = 0 in an open subset of
X for some constant k. However, it implies s2 − ks1 ≡ 0 by Proposition 2.3 of [41].
Hence if PL(X, J) ≥ 2, the image has dimC ΦL(X \B) ≥ 1.

When dimC ΦL(X \ B) ≥ 1, by the unique continuation for pseudoholomorphic
submanifolds, Proposition 2.3 of [41], both the base locus B and the singularity
subset of ΦL cannot contain an open subset of X. Moreover, since the singularities
of the image ΦL(X\B) has complex codimension at least 1 in ΦL(X\B), its preimage
also does not contain an open subset of X. We now look at the complement of these
subsets of X, which is called the regular part Xreg by abuse of terminology.

When dimC ΦL(X \B) = 2, we know the pseudoholomorphic map ΦL maps Xreg

diffeomorphically to its image. Hence J |Xreg is integrable, which in turn implies J

is integrable on whole X since X = Xreg. �

As a result, we can define another version of Iitaka dimension for almost complex
manifolds.

Definition 2.5. The Iitaka dimension κJ(X, (L,J )) of a complex line bundle L
with a bundle almost complex structure J over (X, J) is defined as

κJ(X, (L,J )) =

 −∞, if PL⊗m = 0 for any m ≥ 0

max dim ΦL⊗m(X \Bm,L,J ), otherwise.

The Kodaira dimension κJ(X) is defined by choosing L = KX and J to be the
bundle almost complex structure induced by J .

In Theorem 5.3 of [5], we have proved that there is a one-to-one correspondence
between elements of H0(X,K⊗mX ) and H0(Y,K⊗mY ) when there is a pseudoholomor-
phic degree one map between closed almost complex 4-manifolds (X, J) and (Y, JY ).
Moreover, these elements coincide at an open subset of each X and Y whose com-
plements are proper subvarieties of X and Y respectively. Hence, it follows that
κJ(X) is a birational invariant.

Theorem 2.6. Let u : (X, J) → (Y, JY ) be a degree one pseudoholomorphic map
between closed almost complex 4-manifolds. Then κJ(X) = κJY (Y ).

It essentially follows from Theorem 6.10 in [5] that all the values {−∞, 0, 1, · · · , n−
1} could be realized by κJ(X) when (X, J) is non-integrable. It is clear for values
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−∞ and 0. For examples with κJ ≥ 1, we look at the non-integrable almost complex
structures on T 2 × S in Section 6.3 of [5]. By Lemma 6.5 in [5], the pluricanonical
maps are base-point-free and have the same image as that of a Riemann surface S
with g ≥ 2. In particular, it has dimension 1. By taking product of this T 2 × S
with other Riemann surfaces T 2 and Σg, we know the image of pluricanonical map
is the product of Riemann surfaces by the Künneth formula, Proposition 6.8 in [5].
This gives us all the possible values of κJ .

Below is a structural result for almost complex 4-manifolds with κJ = 1. It shows
that these manifolds are in fact generalizations of elliptic surfaces.

Theorem 2.7. Let (X, J) be a compact almost complex 4-manifold admitting a base-
point-free pluricanonical map. If κJ(X) = 1, then X admits a pseudoholomorphic
fibration with each fiber an elliptic curve and finitely many singular fibers.

Proof. Let Φm be the base-point-free pluricanonical map. Then by Proposition 2.2,
the image Φm(X) is a projective curve in a projective space. Notice the intersection
number argument to prove Theorem 1.2 of [41] still works when the target space
is a pseudoholomorphic curve. Hence the preimage Φ−1

m (p), p ∈ Φm(X), is a J-
holomorphic 1-subvariety. Then Φm(X) is in fact a Riemann surface since otherwise
at a singular point p ∈ Φm(X), a point where the fiber Φ−1

m (p) is smooth is a singular
point of X.

By the argument of Proposition 2.1, the set of critical values of the map Φm is
an analytic subvariety of Φm(X) of (real) codimension at least 2. In our situation,
it has to be a set of finitely many points.

For a fiber Cp = Φ−1
m (p), it is the zero locus of a pluricanonical section. Hence

[Cp] = mKX . Moreover, because Φm is base-point-free, any two fibers are disjoint.
Hence, [Cp]

2 = 0 = KX · [Cp]. By adjunction formula, Cp is a J-holomorphic 1-
subvariety whose connected components are possibly multiple elliptic curves. More-
over, for generic p, Cp is a disjoint union of smooth elliptic curves.

We look at the collection of all connected components Cp,i of all the fibers Cp. It
is given the natural topology by Hausdorff convergence. It could also be endowed
with a natural Riemann surface structure. Without loss of generality, we can assume
a generic fiber has multiplicity one. If a connected component Cp,i has multiplicity
one, then choose a holomorphic disk intersecting it transversely at a smooth point.
It will intersect at nearby fibers Cp′ uniquely at one point and hence it is locally
homeomorphic to Φm(X) near p. If the connected component Cp,i has multiplicity
l > 1, we know for any nearby q, there will be l smooth elliptic curves in Cq
approaching to (|Cp,i|, l) since critical value p is isolated. Hence any disk intersecting
Cp,i transversely at a smooth point will also intersect transeversely the l smooth
elliptic curves in Cq approaching to (|Cp,i|, l) for any nearby q. Hence, the local

model is a covering of disk over disk branched at origin, i.e. z 7→ zl.
In summary, we have a Riemann surface Σ and a branched covering π : Σ →

Φm(X) such that the pluricanonical map Φm is factored through Σ as π ◦ Φ′m.
Moreover, each fiber of the pseudoholomorphic map Φ′m : X → Σ is a (connected)
elliptic curve. �
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This result is complementary to Theorem 6.7 in [5]. We expect to classify almost
complex 4-manifolds with κJ(X) = κJ(X) = 1.

The two versions κJ and κJ are equal to each other and equal to the original
Iitaka dimension when J is integrable and L is a holomorphic line bundle.

Question 2.8. Is κJ(X, (L,J )) = κJ(X, (L,J )) for a complex line bundle L with
bundle almost complex structure J over (X, J)?

In general, we even do not know whether κJ is an integer. In dimension 4,
Question 2.8 is equivalent to: if κJ(X, (L,J )) = 1, is it true that κJ(X, (L,J )) = 1?

As in the complex setting, we could also study the canonical model of an almost
complex manifold by the graded ring construction. When ΦL,J is base-point-free,
we know ΦL,J (X) is an analytic subvariety of the projective space P (H0(X, (L,J )))
by Proposition 2.2 and hence a projective subvariety by Chow’s Theorem.

When ΦL,J has base points, we are able to show that it is still true in dimension
4.

Proposition 2.9. Let φ be a pseudoholomorphic map from X\B to a closed complex
manifold (M,J), where (X, JX) is a closed almost complex 4-manifold, B ⊂ X is
the intersection of ψ−1

i (Zi) for pseudoholomorphic maps ψi : X → Mi where Zi is

an almost complex submanifold of Mi. Then φ(X \B) is an analytic subvariety of
M .

Proof. When dimC φ(X \ B) = 0, since X \ B is connected, it will be mapped to a
single point. Thus its closure is itself and there is nothing to prove.

When dimC φ(X \ B) = 2, we know the pseudoholomorphic map φ maps Xreg

diffeomorphically to its image. Hence J |Xreg is integrable, which in turn implies

J is integrable on whole X since X = Xreg. Hence, it is reduced to the classical

complex setting, and the closure φ(X \B) is an analytic subvariety, thus a projec-

tive subvariety of CPN . Moreover, the set φ(X \B) \ φ(X \ B) is a collection of
subvarieties.

When dimC φ(X \ B) = 1, we need to show φ(X \B) is an analytic curve in

CPN . We have shown φ(X \ B) is an open analytic curve. If φ(X \B) \ φ(X \
B) 6= ∅, choose a point p from it. Suppose a sequence of points pi approach to
p. Since critical values are isolated points, we can assume pi are regular value.
Hence, the inverse image φ−1(pi) are almost complex submanifolds of X \B. Since

p ∈ φ(X \B) \ φ(X \ B), all limiting points of these fibers φ−1(pi) belong to B.
Since B is a union of pseudoholomorphic 1-subvarieties and finitely many points
by Theorem 1.2 of [41] and positivity of intersection of pseudoholomorphic curves,
we can choose a pseudoholomorphic disk that intersects B only at such a limiting
point. Because p ∈ φ(X \B) \ φ(X \ B), the disk will be mapped to a punctured

disk in φ(X \B) around p. In particular, it implies the set φ(X \B) \φ(X \B) has
Hausdorff dimension 0.

Now φ(X \B) defines a rectifiable current in M . The boundary ∂(φ(X \B)) ⊂
K ∪ A, where A is the set of critical points and K = φ(X \B) \ φ(X \ B). Since
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H1(K ∪ A) = 0, we know ∂(φ(X \B)) = 0 by Support Theorem ( [10] p. 378).

Hence, φ(X \B) is an analytic curve of M by Theorem 5.2.1 of [16]. �

We believe that a more careful analysis of the neighborhood of the base locus and
the points in the closure would lead us to the same statement for higher dimensions.

Corollary 2.10. Let B be the set of base locus of a complex line bundle (L,J ) over

an almost complex 4-manifold (X, J). Then the closure ΦL,J (X \B) is a projective

subvariety of CPN , where N = dimH0(X, (L,J )).

Proof. It is an analytic subvariety of CPN by Proposition 2.9, and hence a projective
subvariety by Chow’s Theorem. �

As remarked above, we expect ΦL,J (X \B) to be a projective subvariety of CPN ,
where N = dimH0(X, (L,J )) for any almost complex manifold (X, J).

Given a complex line bundle L with a bundle almost complex structure J . It
determines a pseudoholomorphic structure ∂̄J and thus induces that on L⊗m,m > 0.
For any two complex line bundles L1, L2 with bundle almost complex structures
J1,J2, we can define a pseudoholomorphic structure on L1 ⊗ L2 by Leibniz rule.
In turn, it determines a bundle almost complex structure J1 ⊗ J2 on L1 ⊗ L2.
Moreover, pseudoholomorphic sections s1, s2 of (L1,J1) and (L2,J2) give rise to
pseudoholomorphic section s1 · s2. We define the section ring of (L,J ) to be

R(X,L,J ) = ⊕∞d=0H
0(X,L⊗d).

When L = KX and J = JJ , we will call the section ring the canonical ring and the
corresponding scheme Proj(R) the canonical model of X.

When (X,J) is a complex manifold, the Iitaka dimension is also equal to the tran-
scendental degree of the quotient field of the section ring. For projective varieties,
the canonical ring is finitely generated [1]. Moreover, it is isomorphic to the closure
of the image of Φm when m is large. We expect these also hold for a general almost
complex manifold (X, J). However, we remark that the section ring need not to be
finitely generated even for holomorphic line bundles over projective manifolds.

3. Bounding κJ by symplectic Kodaira dimension

We have seen that the Iitaka dimensions of a non-integrable almost complex
4-manifold are usually very small. This could be interpreted as saying that we
do not have many Cartier divisors for a non-integrable almost complex structure.
Meanwhile, we can also look at the growth rate of the dimension of the space of Weil
divisors, i.e. the moduli space of the J-holomorphic subvarieties Mme in positive
multiple of a class e ∈ H2(M,Z). In this section, we will give another generalization
of Iitaka dimension by assuming the almost complex structure is tamed. We will
show this corresponding version of Kodaira dimension is in general greater than the
previous two versions κJ and κJ , but is bounded above by the symplectic Kodaira
dimension.

When e is a spherical class, we have shown in [40] that, for any almost complex
structure, Me behaves like linear system in algebraic geometry. However, for a
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general class e and a general almost complex structure, the moduli space is very
complicated. We suggest the following way to estimate (an upper bound for) its
dimension. Recall there is a natural topology onMe defined in terms of convergent
sequences (see e.g. [32]). A sequence {Θk} inMe converges to a given element Θ if
the following two conditions are met:

• limk→∞(supz∈|Θ| dist(z, |Θk|) + supz′∈|Θk| dist(z′, |Θ|)) = 0.

• limk→∞
∑

(C′,m′)∈Θk
m′

∫
C′ ν =

∑
(C,m)∈Θm

∫
C ν for any given smooth 2-

form ν.

If for any element x ∈Me, there is a open neighborhood U ⊂Me and a continu-
ous map from a complex manifold XU onto U , we would say the local dimension of
Me at x is bounded above by dimCXU . The manifold XU is called a local parameter
space. We can define dimMe to be the infimum of the dimensions of all the possible
parameter spaces.

We can thus define

κJW (X, e) =


−∞, if Mme = ∅ for all m ≥ 0

lim supm→∞
log(1 + dimMme)

logm
, otherwise.

When e is the canonical class, we will simply write κJW (X) for this Weil divisor
version of Kodaira dimension.

Lemma 3.1. When (X,J) is a compact 4-dimensional tamed almost complex man-
ifold, κJ(X, (L,J )) ≤ κJW (X, c1(L)).

Proof. It follows from two facts. First, the zero locus of sections s ∈ H0(X, (L⊗m,J ))
is a J-holomorphic subvariety in class mc1(L) by Corollary 1.3 of [41].

Second, if two non-trivial pseudoholomorphic sections s1, s2 of (L,J ) have the
same zero locus Z (counted with multiplicities), then s1 = ks2 for a nonzero constant
k. If it is not true, then there is a point x /∈ Z such that s1(x) = ks2(x) for some
constant k 6= 0, but s1 6= ks2. By the definition of bundle almost complex structure,
s1 − ks2 is also a pseudoholomorphic section of (L,J ). However, its zero locus
contains Z ∪ {x}. In particular, the homology class of the zero locus is different
from c1(L) since any J-holomorphic subvariety has non-trivial homology when J
is tamed. This contradiction implies that the zero locus of (L,J ) determines the
pseudoholomorphic section up to a nonzero constant.

These two facts together imply that PH0(X, (L⊗m,J )) is embedded inMmc1(L).

Hence dimMmc1(L) ≥ PL⊗m,J , and thus κJ(X, (L,J )) ≤ κJW (X, c1(L)). �

In general, κJW is greater than κJ .

Proposition 3.2. Suppose (X, J) is a compact tamed almost complex 4-manifold
with b+ = 1. Let e ∈ H2(X,Z) be a class in the positive cone with e · e > 0. Then
κJW (X, e) ≥ 2.

Meanwhile, κJ ≤ 1 for non-integrable J as shown in Theorem 2.4.
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Proof. We let ιe = e · e − KJ · e. By Seiberg-Witten wall crossing formula and
SW=Gr [20,31], then for any sufficiently large integer n, there is an element inMne

passing through any given 1
2 ιne points if b1 6= 2. If b1 = 2, there is an element in

Mne passing through any given 1
2 ιne − 1 points and intersecting each of the chosen

generators of H1(X,Z)/torsion (see e.g. Proposition 1.1 in [33]).
We first choose an element in Mne, say Θ. Choose 1

2 ιne points xi (or 1
2 ιne − 1

points when b1 = 2) on the smooth part of |Θ|. Choose the same number of (J-
holomorphic) disks Di containing these points and transverse to |Θ|. We assume
Di ∩ |Θ| = xi. When we choose the disks small, the corresponding elements inMne

passing through one point in each disk would intersect Di only once. Hence, the
elements determined by elements in D1×· · ·×D 1

2
ιne

(or D1×· · ·×D 1
2
ιne−1 and two

circles) are different. Hence, dimMne ≥ 1
2 ιne − 1. This implies κJW (X, e) ≥ 2. �

If e is the class of a symplectic form tamed by J , then by the argument of Theorem
3.6, we have κJW (X, e) = 2.

We can bound κJW (X) from above by the symplectic Kodaira dimension [18],
whose definition is recalled in the following.

Definition 3.3. For a minimal compact symplectic 4-manifold (X,ω) with symplec-
tic canonical class Kω, the Kodaira dimension of (X,ω) is defined in the following
way:

κs(X,ω) =


−∞ if Kω · [ω] < 0 or Kω ·Kω < 0,

0 if Kω · [ω] = 0 and Kω ·Kω = 0,

1 if Kω · [ω] > 0 and Kω ·Kω = 0,

2 if Kω · [ω] > 0 and Kω ·Kω > 0.

The Kodaira dimension of a non-minimal manifold is defined to be that of any of
its minimal models.

Here Kω is defined as the first Chern class of the cotangent bundle for any almost
complex structure compatible with ω. We remark that κs is independent of the
symplectic form ω and thus a smooth invariant.

First, we need a lemma. This is an adaption of Lemma 2.5 in [40]. Here, we no
longer assume e is J-nef and Θ ∈Me is connected. However, we fix more points on
each irreducible components.

Lemma 3.4. Let J be an almost complex structure on a compact smooth 4-manifold
X4 and x1, · · · , xk ∈ X. Let Θ = {(Ci,mi), 1 ≤ i ≤ n} ∈ Me be a subvariety passing
through these points such that there are at least max{e · eCi + 1, 0} points in this set
with multiplicities mi on the smooth part of each irreducible component Ci. Then
there are no other such subvarieties in the class e.

Proof. Suppose there is another subvariety Θ′ ∈ Me passing through this set of
points with multiplicities.

We rewrite two subvarieties Θ,Θ′ ∈ Me, allowing mi = 0 in the notation, such
that they share the same set of irreducible components formally, i.e. Θ = {(Ci,mi)}
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and Θ′ = {(Ci,m′i)}. Then for each Ci, if mi ≤ m′i, we change the components to
(Ci, 0) and (Ci,m

′
i −mi). At the same time, if a point x, as one of x1, · · · , xk, is

on Ci, then the weight is reduced by mi as well. Similar procedure applies to the
case when mi > m′i. Apply this process to all i and discard finally all components
with multiplicity 0 and denote them by Θ0,Θ

′
0 and still use (Ci,mi) and (Ci,m

′
i) to

denote their components. Notice they are homologous, formally having homology
class

e−
∑

mki<m
′
ki

mkieCki −
∑

m′lj
<mlj

m′ljeClj −
∑

m′qp=mqp

m′qpeCqp .

There are two ways to express the class, by taking e = eΘ or e = eΘ′ in the above
formula. Namely, it is∑
mki<m

′
ki

(m′ki −mki)eCki + others = eΘ′0
= eΘ0 =

∑
m′lj

<mlj

(mlj −m
′
lj

)eClj + others.

Here the term “others” means the terms mieCi or m′ieCi where i is not taken from
ki, lj or qp.

Now Θ0 and Θ′0 have no common components. By the process we just applied,
counted with weight, there are at least e · eΘ0 +

∑
i:Ci∈Θ0

mi points on Θ0. These

points are also contained in Θ′0 with right weights. Hence Θ0 and Θ′0 would intersect
at least e · eΘ0 +

∑
i:Ci∈Θ0

mi points with weight.
We notice that e · eΘ0 ≥ eΘ0 · eΘ′0

≥ 0. In fact, the difference e − eΘ0 = e − eΘ′0
has 3 types of terms, any of them pairing non-negatively with the class eΘ0 . For
the terms with index ki, i.e. the terms with mki < m′ki , we use the expression of

eΘ0 =
∑

m′lj
<mlj

(mlj −m′lj )eClj + others to pair with. Since the irreducible curves

involved in the expression are all different from Cki , we have eCki ·eΘ0 ≥ 0. Similarly,

for Clj , we use the expression of eΘ′0
=

∑
mki<m

′
ki

(m′ki−mki)eCki +others. We have

eClj · eΘ′0
≥ 0. For Cqp , we could use either eΘ0 or eΘ′0

. Since eΘ0 = eΘ′0
, we have

(e− eΘ0) · eΘ0 ≥ 0.
Since Θ 6= Θ′, we know

∑
i:Ci∈Θ0

mi > 0. Hence e · eΘ0 +
∑

i:Ci∈Θ0
mi > eΘ0 · eΘ′0

.

This inequality e ·eΘ0 > e2
Θ0

implies there are more intersections than the homology

intersection number e2
Θ0

of our new subvarieties Θ0 and Θ′0. This contradicts to the

local positivity of intersection and the fact that Θ0,Θ
′
0 have no common component.

The contradiction implies that Θ is the unique such subvariety as described in the
statement. �

We are ready to prove the main result of this section.

Theorem 3.5. Let (X, J) be a compact tamed almost complex 4-manifold. Then

κJW (X) ≤ κs(X).

Proof. For any pseudoholomorphic section s ∈ H0(X,K⊗mX ), it is a (J,JJ)-holomorphic

map from X to the total space of K⊗mX endowed with the standard bundle almost



KODAIRA DIMENSIONS OF ALMOST COMPLEX MANIFOLDS II 17

complex structure induced by ∂̄m. Hence, by Corollary 1.3 of [41], we know the zero
locus is a J-holomorphic 1-subvariety in class mKX .

When κs(X) = −∞, the canonical class is not effective, so MmKX = ∅, ∀m > 0.
Hence, κJW (X) = −∞.

When κs(X) = 0, then KX = KXmin +
∑
Ei, where nKXmin = 0 for n = 1 or 2.

Moreover, by Proposition A.5, there is a unique J-holomorphic representative for
positive linear combination of −1 classes, for any tamed J . This shows MmKX is a
single point. Hence, κJW (X) = 0 = κs(X).

When κs(X) = 1 or 2, we know MKX 6= ∅ when b+ > 1 and M2KX 6= ∅ when
b+ = 1. Hence, we will estimate the elements in MmKX or M2mKX respectively.
For simplicity of notation, we will only deal with the case when MKX 6= ∅ and
estimate MmKX . The other case (i.e. when M2KX 6= ∅) is almost identical.

When κs(X) = 1, KX = KXmin +
∑
Ei, where K2

Xmin
= 0. Let us first assume X

is minimal. Then KX = KXmin is J-nef by Lemma 2.1 of [39]. Hence KX · [Ci] = 0
for any irreducible component of a J-holomorphic subvariety Θ = {(Ci,mi)} in class
mKX . In particular, each connected component of Θ has square 0. Moreover, by
Theorem 1.4 of [23], each irreducible component is a torus with square zero or a −2
sphere.

In fact, choose a J-tame symplectic form ω with integral cohomology class, we

know there are at most mCKX := md [ω]·KX
infC [ω]·[C]e irreducible components (counted

with multiplicities) for any elements in MmKX . Here, we take the infimum over all
non-trivial J-holomorphic curves C, which is non-zero by our our assumption that
[ω] is an integral class. For any Θ ∈ MmKX , choose a point on the smooth part
of each irreducible component Ci with multiplicity mi. By Lemma 3.4, there is a
unique J-holomorphic subvariety in MmKX passing through these points. Hence,
XmCK contains a parameter space of MmKX . This tells us that dim(MmKX ) ≤
mCKdim(X), so limm→∞

log(1+dim(MmKX
)

log(m) ≤ limm→∞
log(1+mCKdim(X))

log(m) = 1, which

implies κJW (X) ≤ 1.
If X is non minimal, for any element Θ ∈MmKX , by Theorem 3 of [29] (also see

the proof of Proposition A.2), there exists another tamed almost complex structure
J ′ for which Θ is J ′-holomorphic and J ′ is integrable on a neighborhood of |Θ|. By
Corollary 2.10 of [39], we always have a smooth J ′-holomorphic −1 rational curve.
SinceKX ·E = −1 < 0 for any−1 classes, we know this rational curve is a component
of Θ. We blow it down, and change the configuration of Θ correspondingly. Keep
doing so until we get a minimal manifold X ′, i.e. a manifold containing no smooth
spheres of self-intersection −1. Hence, Θ changes to a pseudoholomorphic subvariety
Θ0 in the nef class mKmin. In particular, we know each irreducible component
of Θ0 is a torus with square zero or a −2 sphere. This implies each component
in original Θ has non-positive self-intersection. Then we choose a point on each
irreducible component Ci of Θ with multiplicity mi, we know there is a unique J-
holomorphic subvariety in MmKX passing through them. Since there are at most
mCKX irreducible components for any elements inMmKX , we know XmCK contains
a parameter space of MmKX . This implies κJW (X) ≤ 1.
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Let us look at the case of κs(X) = 2. We also first assume it is minimal. Again,
KX is J-nef by Lemma 2.1 of [39]. Then we can choose mKX · [Ci] + 1 points with
multiplicities mi on the smooth part of each irreducible component of an element
in MmKX , we know there is a unique one passing through these points by Lemma
3.4. These points vary in a family of dimension at most 4

∑
mi(mKX · [Ci] + 1) ≤

4m2K2
X + 4md [ω]·KX

minC [ω]·[C]e. In other words, dimMmKX ≤ 4m2K2
X + 4md [ω]·KX

minC [ω]·[C]e.
Hence κJW (X) ≤ 2.

Now we assume X is not minimal. By Lemma 2.1 of [39], if KX · [C] < 0 for an
irreducible curve C, then C is a −1 rational curve. Hence, for any Θ ∈ MmKX ,
we can choose mKX · [Ci] + 1 points with multiplicity mi on the smooth part of
each irreducible component Ci which is not a −1 rational curve. By Lemma 3.4, we
know there is a unique such element in MmKX passing through these points with
multiplicities. Now these points vary in a family of dimension at most 4

∑
mi(mKX ·

[Ci]+1). Notice for any Θ ∈MmKX , the sum of the multiplicities mi for components
of Θ is bounded from above by mCKX . Hence, we have

dimMmKX ≤ 4
∑

Ci /∈EKJ

mi(mKX · [Ci] + 1)

= 4m2K2
X +

∑
Ci∈EKJ

4mi(m+ 1) +
∑

Ci /∈EKJ

4mi

≤ 4m2K2
min − 4km2 + 4m2CKX + 4mCKX

= (4K2
min − 4k + 4CKX )m2 + 4mCKX

where k is the number of −1 classes in X. This implies κJW (X) ≤ 2. �

Proof of Theorem 1.5. It follows from Lemma 3.1 and Theorem 3.5. �

The estimates in the above proof might remind the reader about estimates in
probabilistic combinatorics. The coefficients of the polynomials in our estimates are
not optimal.

Remark 3.6. In the proof of Theorem 3.5, we have shown that κJW (X) = κs(X)
when κs(X) ≤ 0.

Moreover, when (X,J) is a compact tamed almost complex 4-manifold with b+ = 1
and κs(X) = 2, the equality also holds. The result follows from applying Proposition
3.2 to e = KXmin.

Corollary 3.7. Let J be a compact tamed almost complex structure on a complex
surface (X, JX). Then

κJ(X) ≤ κJX (X).

Proof. By [7], κJX (X) = κs(X) for any 4-manifold admitting both complex and
symplectic structures. Then the result follows from Theorem 1.5. �
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4. Vanishingness of plurigenera

A negative line bundle on a compact complex manifold is a holomorphic line
bundle whose Chern class is a negative class. The Iitaka dimension of a negative line
bundle is always negative infinity by the positive intersection of complex manifolds.
On an almost complex 4-manifold, we have the following.

Proposition 4.1. Let L be a complex line bundle over a compact almost complex
4-manifold (X, J). If there is a J-tamed symplectic form ω such that [ω] · c1(L) < 0,
then for any bundle almost complex structure J on L, we have PL,J = 0 and

κJ(X, (L,J )) = −∞.

Proof. If PL,J > 0, then there is a nonzero section in H0(X, (L,J )). By Corollary
4.2 in [5] and Corollary 1.3 in [41], its zero locus is a J-holomorphic 1-subvariety in
class c1(L). Then the tameness of J implies that [ω] · c1(L) ≥ 0, a contradiction.

Similarly PL⊗m,J = 0 for m > 1 and κJ(M, (L,J )) = −∞. �

In particular, if there is a J-tamed symplectic form ω on an almost complex
4-manifold (X, J) such that [ω] = −c1(L), then for any bundle almost complex
structure J on L, PL,J = 0 and κJ(M, (L,J )) = −∞. As a specific example, any
tamed J on CP 2 has the plurigenera Pm = 0,m > 0, and the Kodaira dimension
κJ = −∞ (this also follows from Corollary 3.7).

To generalize the above to higher dimensions, one effective way is to prove a
result similar to Corollary 1.3 in [41] for almost complex submanifolds with any
codimensions. Another way is to apply the analytic method. We prove the following
result which only uses Theorem 3.8 in [41] and a Bochner type formula on almost
complex manifolds.

Theorem 4.2. Let L be a complex line bundle over a compact almost complex 2n-
manifold (X, J). If there is a J-compatible symplectic form ω such that [ω]n−1 ·
c1(L) < 0, then for any bundle almost complex structure J on L, PL,J = 0 and

κJ(X, (L,J )) = κJ(X, (L,J )) = −∞.

Proof. We prove it by contradiction. Assume that s ∈ H0(X, (L,J )) is a nonzero
section. Denote V = {x ∈ X|s(x) = 0}. By Theorem 3.8 in [41], V is a closed set
with Hausdorff dimension 2n− 2 (if nonempty). In particular, V has measure zero
and the complement U = X \ V is a dense open set.

Assume that h is an arbitrary Hermitian metric on L with |s|2h = h(s, s) ≥ 0.
Let g be the almost Kähler metric on X determined by ω and J , and denote ∇ the
unique Hermitian connection on L such that ∇0,1 = ∂̄L (see Lemma 3.3 in [5]). On
U , we have ∇s = ∇1,0s = ξ ⊗ s, for some ξ ∈ Λ1,0(U). From

d|s|2h = ∇|s|2h = h(∇s, s) + h(s,∇s) = ξ|s|2h + ξ̄|s|2h,

we get that ξ =
∂|s|2h
|s|2h

= ∂ log |s|2h.
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Denote the curvature form of h on L by Θ. Then Θ|U = dξ = d∂ log |s|2h. By the

Chern-Weil theory, we have c1(L) = [

√
−1

2π
Θ]. Also, on U , we have

√
−1 trω(∂̄∂ log |s|2h) =

√
−1(

trω(∂̄∂|s|2h)|s|2h − trω(∂̄|s|2h ∧ ∂|s|2h)

|s|4h
)

=
√
−1

trω(∂̄∂|s|2h)

|s|2h
+ |ξ|2,

where trω · denotes the contraction operator on a (1, 1) form by ω−1. So we get the
identity

−
√
−1 trω(∂̄∂|s|2h) = |∇s|2h −

√
−1 trω(∂̄∂ log |s|2h)|s|2h.(2)

For any function f , since d∂f = −d∂̄f , we have ∂∂̄f = −∂̄∂f . Denote ∆ω =
−
√
−1 trω ∂̄∂ =

√
−1 trω ∂∂̄ acting on smooth functions of X. It is an elliptic

operator which differs from the Levi-Civita Laplacian by some first order terms (see
Lemma 3.2 in [34]). So the maximum principle also holds in this case. Extend trω
to any 2-form φ by defining trω φ = trω φ

1,1, where φ1,1 is the (1, 1) component of φ.
From (2) and the density of U , we obtain the Bochner type formula on X (in the
integrable case, see [35] for example):

∆ω|s|2h = |∇s|2h −
√
−1 trω Θ|s|2h(3)

Now by assumption, we have

0 > [ω]n−1 · c1(L) =

∫
X

√
−1

2π
Θ ∧ ωn−1 =

∫
X

√
−1

2π
Θ1,1 ∧ ωn−1

=

∫
X

√
−1 trω Θ1,1

2nπ
ωn =

∫
X

√
−1 trω Θ

2nπ
ωn

This gives that the average of
√
−1 trω Θ is negative. Next, we do a conformal change

of the metric h to make it to be a negative constant (see similar arguments in [11,35]).
To obtain this, for any smooth real function ϕ on X, h′ = eϕh is also a Hermitian
metric on L. The Hermitian connection of h′ has connection one form ξ′ = ξ + ∂ϕ
and curvature form Θ′ = Θ + d∂ϕ. Then on X,

√
−1 trω Θ′ =

√
−1 trω Θ − ∆ωϕ.

Let k =
∫
X

√
−1 trω Θ

2nπ
ωn < 0. Since ω is closed (a Gauduchon metric is sufficient),∫

X ∆ωfω
n = 0 for any smooth function f . By the Hodge decomposition of smooth

functions with respect to ∆ω, the Poisson equation ∆ωϕ =
√
−1 trω Θ− 2nkπ∫

X ω
n

has

a smooth solution. Choosing this solution ϕ, we get that

√
−1 trω Θ′ =

2nkπ∫
X ω

n
= k1,

where k1 is a negative constant.
Return to the Bochner formula for the Hermitian metric h′, we have

∆ω|s|2h′ = |∇s|2h′ − k1|s|2h′ .
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Since X is compact, there is a maximum point p of |s|2h′ with |s|2h′(p) > 0. By the
maximum principle, ∆ω|s|2h′(p) ≤ 0, but (|∇s|2h′ − k1|s|2h′)(p) > 0, a contradiction.
Therefore, H0(X, (L,J )) = 0.

As c1(L⊗m)·[ω]n−1 = mc1(L)·[ω]n−1 < 0, we similarly get thatH0(X, (L⊗m,J )) =
0 and κJ(X, (L,J )) = −∞. �

From the proof above, we also prove the following vanishing of plurigenera, which
is a generalization of the known results in the complex setting (in the Kähler case
by Yau [37] and in more general Hermitian case by Yang [36]).

Theorem 4.3. Let (X, J) be a compact almost complex manifolds. If one of the
following is satisfied:

(1) X holds a Hermitian metric with positive Chern scalar curvature everywhere,
(2) X holds a Gauduchon metric with positive total Chern scalar curvature,

then κJ(X) = κJ(X) = −∞.

Proof. Let ω be an almost Hermitian metric on X. It naturally induces a Her-
mitian metric on the canonical bundle K as discussed in Section 3. The unique
Hermitian connection ∇ on K is induced by the Chern connection (see e.g. Re-
mark 3.4 in [5]). Denote Θ to be the curvature 2-form. It is well known [34] that
−
√
−1 trω Θ = sC where sC is the Chern scalar curvature of the Chern connection.

Let σ ∈ H0(X,K⊗mX ). The same calculation as above gives that

∆ω|σ|2 = |∇σ|2 +msC |σ|2.
If sC > 0, using the maximum principle again, we derive that σ = 0.

Next, assume that the total Chern scalar curvature k =
∫
X s

Cωn > 0 with ω

being a Gauduchon metric, i.e. ∂∂̄ωn−1 = 0. Denote ∆ω =
√
−1 trω ∂∂̄ to be the

generalized Laplacian. For any smooth function f , as∫
X

∆ωfω
n =

∫
X

√
−1n∂∂̄f ∧ ωn−1 =

∫
X

√
−1nf ∧ ∂∂̄ωn−1 = 0,

where we use the Gauduchon condition in the last step, the Poisson equation
∆ωϕ = −sC + k∫

X ωn
has a smooth solution ϕ. Define a Hermitian metric on K⊗m

by h′ = eϕhω, where hω denotes the Hermitian metric induced by ω. Then the
curvature form Θ′ of h′ has

√
−1 trω Θ′ =

√
−1 trω Θ − ∆ωϕ = − k∫

X ωn
< 0. Let

σ ∈ H0(X,K⊗m). The Bochner formula with respect to h′ then reads:

∆ω|σ|2h′ = |∇σ|2h′ +
k∫

X ω
n
|σ|2h′ .

Therefore, the maximum principle gives that σ = 0. The proof is finished. �

5. Further discussion and open problems

In this last section, we would discuss some speculations and open problems gen-
erated from this series of papers. For more discussions and in particular the relation
with the intersection theory of almost complex manifolds and other aspects of almost
complex geometry, we recommend [42].
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5.1. Hodge theory. It would be very interesting to compare the cohomology group
H0(X,KX) ∼= H2,0

∂̄
(X) with the J-anti-invariant cohomology H−J (X) defined in [21]

when dimX = 4. Both are birational invariants [2, 5]. The zero loci of elements in
both groups support J-holomorphic subvarieties in the canonical class. For H−J (X),
both statements are shown in [2]. The non-integrable almost complex structures
of Section 6.3 of [5] on T 2 × S have dimH0(X,KX) ≥ g − 1. On the other hand,
Conjecture 2.5 in [8] says the dimension of the J-anti-invariant cohomology H−J (X)

is greater than 2 only if J is integrable. It would be interesting to calculate H−J (X)
for these examples explicitly.

In higher dimensions, we could similarly define a cohomology group MH−J (X) (M

stands for middle). We look at the bundle of real parts of (n, 0) forms Λn,0R where n =

dimCX, whose space of sections is denoted by Ωn,0
R . The almost complex structure J

on X induces a complex line bundle structure on Λn,0R . It can be described concretely
by its action on a section β as Jβ(v1, v2, · · · , vn) := −β(Jv1, v2, · · · , vn). We define
MH−J (X) to be the subgroup of Hn(X,R) whose element has a representative in

Ωn,0
R . For any Riemannian metric g compatible with J , Λn,0R is a subbundle of Λ+

g .

Hence, a closed form in Ωn,0
R is a self-dual harmonic form. As discussed in [2],

any representative of any element in MH−J (X) corresponds to a J-holomorphic
subvariety of complex dimension n − 1 in the canonical class up to Question 3.9
in [41]. It would be interesting to compare H0(X,KX) ∼= Hn,0

∂̄
(X) with MH−J (X).

It would be great to understand more about the groups H(p,q)

∂̄E
(X,E). When E

is a holomorphic bundle over a complex manifold X, they are isomorphic to the
Dolbeault cohomology groups of holomorphic bundles by Hodge theory. Especially,
when E is the trivial line bundle, these are just the classical Dolbeault cohomology
groups. When q = 0 or dimCX, the groups depend only on J and ∂̄E [5], in
particular, it is independent of the defining Hermitian metric. Whether its dimension
is also an invariant of the almost complex structure J when E is a trivial bundle
and 0 < q < dimCX is a famous question of Kodaira-Spencer in Hirzebruch’s 1954
problem list [13], which is answered negatively recently by Tom Holt and the second

author [14]. The method works very effectively to compute H(p,q)

∂̄
(X) explicitly for

nilmanifolds. It would be appealing to apply the techniques to compute general

H(p,q)

∂̄E
(X,E).

Many aspects of Dolbeault cohomology groups for complex manifolds extend

to our setting. For example, it is clear from the definition that H(n,q)

∂̄E
(X,E) ∼=

H(0,q)

∂̄E
(X,KX ⊗ E). When q = 0 and E is the trivial line bundle, it is equal

to H0(X,KX). We also have Serre duality for the groups H(p,q)

∂̄E
(X,E), namely,

H(p,q)

∂̄E
(X,E) ∼= (H(n−p,n−q)

∂̄E∗
(X,E∗))∗ (see Proposition 3.7 in [5]).

Another interesting direction is to show the dimension ofH(p,0)

∂̄
(X) := H(p,0)

∂̄O
(X,O)

is a birational invariant, namely it is invariant under degree 1 pseudoholomorphic
maps. It is shown in Theorem 5.5 in [5] for dimX = 4.
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5.2. Comparison of Iitaka dimensions. We have defined three versions of Iitaka
dimension for almost complex manifolds. The versions κJ and κJ are defined for
arbitrary almost complex structure J . The last version κJW is defined for tamed
almost complex structures on 4-manifolds. One is able to formulate a similar defini-
tion of κJW in higher dimensions. Generalization of positivity of intersection in [41]
to singular subvarieties should lead to similar results as in dimension 4.

Question 2.8 asks whether κJ(X, (L,J )) = κJ(X, (L,J )). On the other hand,
κJW (X, c1(L)) is in general larger. By definition, κJ takes value from −∞ and
integers 0, 1, · · · , n. However, we do not know whether κJ(X, (L,J )) ≤ dimCX and
whether it always takes integer values, although we expect these are true because
of Question 2.8. We also would like to show κJW (X, e) ≤ 2 in general. By Theorem
3.5, It is true for the corresponding Kodaira dimension, i.e. when e = KX . In
particular, it implies κJ(X) ≤ 2 when (X, J) is a tamed almost complex manifold.

The second version of our Kodaira dimensions κJ is the simplest invariant pro-
vided by the image of ΦL,J . We would like to know more about this image. It has
been shown that ΦL,J (X \ B) is an open analytic subvariety. It is believed to be

true that ΦL,J (X \B) is a projective subvariety, as shown in Corollary 2.10 when
dimRX = 4.

The study of this problem would also tell us what a rational map in almost
complex setting should be like, as we have shown in Proposition 2.9 for dimension 4.
In general, the study of pseudoholomorphic rational maps, i.e. pseudoholomorphic
maps defined on the complement of a pseudoholomorphic subvariety in an almost
complex manifold, is very important. The fundamental question is whether the
closure of its image and the complement of the image in it are pseudoholomorphic
subvarieties in the target almost complex manifold.

In addition, we would like to know whether the transcendental degree of the
quotient field of the section ring is equal to κJ . In particular, we expect (the closure
of) the image of the pluricanonical map Φm would be stable for large m, and equal
to Proj(R(X,KX)).

5.3. Extension of pseudoholomorphic sections. Hartogs type extension is very
important in studying our Kodaira dimensions. For example, we would like to know

Question 5.1. If (L,J ) is a pseudoholomorphic bundle over (X,J) and B ⊂ X
is a pseudoholomorphic subvariety of complex codimension at least two, does any
pseudoholomorphic section of (L,J ) over X \ B extend to a pseudoholomorphic
section over X?

Theorem 5.2 in [5] establishes this Hartogs extension when dimX = 4. In general,
Question 5.1 would help to prove the invariance of κJ and κJ under degree 1 pseu-
doholomorphic maps, i.e. the birational invariance of κJ and κJ , in all dimensions.
It would be helpful in obtaining other results, e.g. Question 2.8. It would also help
to answer the following question.

Question 5.2. Let f : X 99K M be a generically surjective pseudoholomorphic
rational map such that dimX = dimM . Do we have κJ(X) ≥ κJ(M).
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This answer is even not known when f is defined on whole X. Notice we do not
have the generalization of Iitaka conjecture. For any pseudoholomorphic surface
bundle over surface f : X → M whose total space X is not complex and both
base and fiber have genus greater than one, we have κJ(F ) + κJ(M) = 2 > κJ(X).
Hence, the additivity of Kodaira dimension, as explored in [22, 38] for other kinds
of Kodaira dimensions, would not hold for almost complex Kodaira dimensions.

Another important type of extension result in complex geometry is the extend-
ability of analytic subvarieties, for example Theorem 2.3. We expect it also holds for
pseudoholomorphic subvarieties. More generally, we would like to study the extend-
ability of pseudoholomorphic maps between almost complex manifolds, generalizing
the classical Picard theorem.

5.4. Examples. We would like to calculate more examples. We are particularly
interested in finding more or even obtaining structural results for non-integrable
almost complex structures with large Kodaira (or Iitaka) dimensions. For instance,
do we have a version of Iitaka fibration? Do we know κJ = n − 1 only when the
manifold is a pseudoholomorphic elliptic fibration over a complex manifolds? In
dimension 4, we have the second part of Theorem 1.4.

In Section 6.3 of [5], we have examples of non-integrable almost complex struc-
tures with large Kodaira dimension. These examples are deformations of complex
structures. It would be very interesting to know some non-integrable almost com-
plex structures on symplectic non-Kähler manifolds with large Kodaira dimension.
Some special pseudoholomorphic elliptic fibrations might work.

The values of Kodaira dimensions and dimensions of holomorphic p-forms for some
special ambient space are also very interesting. In particular, we are interested in
almost complex structures on CPn and S6. On S6, there is a standard non-integrable
almost complex structure denoted by J. In Section 7 of [5], we compute Kodaira
dimensions of J (and then −J) as well as the value of the Hodge numbers h1,0, h2,0.
Similar results are proven to hold on strictly nearly Kähler 6-manifolds (see [4]). It is
known that there are two connected components of all the almost complex structures
on S6 [3], containing J and −J respectively. We would like to know whether our
calculation would help to compute Kodaira dimension for other almost complex
structures on S6 and almost complex structures on other homogeneous spaces.

We would like to calculate examples of the Iitaka dimension for a general com-
plex line bundle. For example, we are interested in the following almost complex
structures on homogeneous spaces.

Assume that G is a compact connected semisimple Lie group and T ⊂ G a
maximal torus. Let g and t be Lie algebras of G and T respectively. The set of all
roots R is by definition constituted of all elements α ∈ it ⊂ t ⊗ C such that there
exists a nonzero X ∈ g⊗C with [H,X] = 〈α,H〉X for all H ∈ t, or equivalently, the
characters of the corresponding irreducible representation of T , if we identify the
character group Hom(T,C∗) with (C∗)dimT ⊂ t ⊗ C. The eigenspaces are denoted
gα.
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The tangent space of G/T at the coset eT decomposes, in terms of Lie algebra,
as

(g/t)⊗ C = ⊕α∈Rgα.
By left action, such a decomposition induces a decomposition of T ∗(G/T )⊗ C. By
choosing a regular element H0 ∈ it, we have the decomposition of R = R+ ∪R− to
positive and negative roots. Notice R+ = −R− as α ∈ R if and only if −α ∈ R. We
have

(4) [gα, gβ] ⊂ gα+β

for any positive roots α, β.
In fact, the decomposition R = R+ ∪ R− is a decomposition T (G/T ) ⊗ C =

T1,0(G/T ) ⊕ T0,1(G/T ), thus gives rise an almost complex structure on G/T . The
relation (4) is the integrability condition. This is the well known complex structure
on G/T .

We can modify this construction a bit such that R is decomposed as a disjoint
union of two sets R1 and R2, with the relation R1 = −R2. But we do not require
the condition (4). This gives different choices of non-integrable almost complex
structures on G/T . What is the Iitaka dimension of the anti-canonical bundle, or
some other complex line bundle?

5.5. Symplectic and almost contact invariants. We can define symplectic in-
variants by

κ̃s(X,ω) = sup
J tamed by ω

κ,

where κ could be either κJ , κJ or κJW . We would like to explore more about it.
In particular, whether these symplectic invariants are diffeomorphism invariants in
dimension 4? The version for κJW is better understood and studied in Section 3.
One can also define symplectic invariants in a similar manner for hp,0.

We are also able to define invariants for almost contact structures in the following
way. For any almost contact manifold (M2n−1, J), the product M2n−1 × S1 admits
a natural almost complex structure. Then our almost complex invariants κJ , κJ ,
κJW and hp,0 on M × S1 would induce almost contact invariants on (M,J). It is
particularly interesting to study them for all 3-manifolds.
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Appendix A. Uniqueness of exceptional curves for irrational
symplectic 4-manifolds

In this appendix, we would give an affirmative answer to the following question,
which is Question 4.18 in [39].

Question A.1. Suppose M is symplectic 4-manifold, which is not diffeomorphic to
CP 2#kCP 2. Let E ∈ EKJ . Is it true that for any subvariety Θ = {(Ci,mi)} in
class E, i.e. E =

∑
mi[Ci], each Ci is a smooth rational curve?

Here, a class E ∈ EKJ (called an exceptional curve class) is a KJ -spherical class
such that E2 = KJ ·E = −1, where KJ is the canonical class of J and a KJ -spherical
class is a class e which could be represented by a smoothly embedded sphere and
gJ(e) := 1

2(e · e+KJ · e) + 1 = 0. For a generic tamed J , any exceptional curve class
is represented by a unique embedded J-holomorphic sphere with self-intersection
−1.

The answer to Question A.1 was known to be true for irrational ruled surfaces [40],
and there are even many integrable complex structures on rational surfaces where
the statement does not hold [39,40].

Before answering Question A.1, we first prove the following result, which is es-
sentially Proposition 2.11 of [9].

Proposition A.2. Suppose that (M,ω) is a non rational or ruled symplectic 4-
manifold and J is an ω-tame almost complex structure. If Θ ∈ ME for a class
E ∈ EKJ , then Θ is an exceptional curve of the first kind.

Recall that a J-holomorphic subvariety Θ is called an exceptional curve of the first
kind if there exists a neighborhood (N, J ′) of Θ where J ′ is an integrable complex
structure with J ′||Θ| = J|Θ|, an open neighborhood N ′ of 0 ∈ C2, and a holomorphic
birational map π : N → N ′, such that Θ is a J ′-holomorphic 1-subvariety and
π−1(0) = Θ.

Proof. We first show that there exists a tamed almost complex structure J ′ for which
Θ is J ′-holomorphic and J ′ is integrable on a neighborhood of |Θ|. It essentially
follows from Theorem 3 of [29], with a couple of remarks. By Theorem 1 of [29],
there exists a complex structure J1 on a neighborhood U0 of Sing(|Θ|) coinciding
with J on Sing(|Θ|) and such that |Θ| ∩U0 is a J1-complex curve. The first remark
is that we can choose J1 and U0 such that it is arbitrarily close to J in the C0 norm.
This follows because it is clear from original construction of Micallef-White [24] that
the C1-diffeomorphism of U0 and a neighborhood of the origin in the complex plane
has Jacobian the identity matrix at the singular points. Hence, by choosing U0

small, J1 is C0 close to J in U0. We then extend J1 to M as an almost complex
structure so that J1 is close to J on a neighborhood U of |Θ| and the regular part C1

of |Θ| is still J1-complex. We can assume that C1∩U0 is a finite union of punctured
disks Dk.

As in [29], we can assume Sing(C) meets every component of C. Then C1 has
no closed component, thus its normal bundle is trivial as a complex bundle. Thus
we can find a tubular neighborhood T1 and a diffeomorphism τ : (T1, C1) → (C1 ×
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C, C1 × {0}). We transport the structure J1 to obtain τ∗(J1) = J2 on C1 × C such
that C1 × {0} is J2-complex.

Let J0 = J |C1 × i on C1 × C. Let Ak ⊂ Dk be annuli (with respect to J1), and
A be the union of Ak. Denote A′ and A′k respectively for those J0-holomorphic
curves that are (J0, J1)-biholomorphic to A and Ak on C1 and Dk respectively. The
map could be chosen arbitrarily close to the identity by our construction. We then
apply the extension lemma used in [29] to A,A′ to get a diffeomorphism ψ between
neighborhoods N and N ′ of A and A′ that extends the previous one between A and
A′, such that ψ∗(J0) = τ∗(J1). We impose that it extends to a self-diffeomorphism
(still denote ψ) of C1 × C, such that it is arbitrarily close to identity at C1 × {0}.

Since the restriction of τ−1
∗ ◦ ψ∗ on C1 is the identity, by choosing the tubular

neighborhood T1 smaller, we can get τ−1
∗ ◦ ψ∗(J0) arbitrarily C0 close to J . Hence

the complex structure

J̃ =

 τ−1
∗ ◦ ψ∗(J0), on T2 \ U0

J1, on U0

defined as in [29] (extend to whole M by a cutoff function) is arbitrarily C0 close
to the original tamed J . Hence, it is tamed.

We then prove the proposition by induction on the number of irreducible compo-
nents of Θ. Let Θ = {(Ci,mi), 1 ≤ i ≤ n} ∈ ME , where each Ci is an irreducible
J-holomorphic curve. We have

−1 = K · E = K ·Θ =

n∑
i=1

miK · [Ci].

Hence, there is some i such that K · [Ci] < 0. By Lemma 2.1 of [39], we know Ci is
a smooth rational −1-curve. We write π : M →M ′ for the blowing down map with
respect to the above chosen J ′ that is integrable on a neiborhood of |Θ|.

We notice that if π∗(Θ) is not a point, then KM ′ · π∗E = −1. It follows from the
calculation of Lemma 2.13 in [9] or the combinatorial blowdown calculation in [39]
as the classes of in EKJ are orthogonal when M is non rational or ruled. Then by
induction, Θ can be blown down to a point. Therefore Θ is an exceptional curve of
the first kind. �

By the above understanding of Sikorav’s result, the argument of [9] would lead
to the following more complete version of their main result.

Theorem A.3. Let X be a symplectic 4-manifold with KX = [ω]. If there is a
symplectic embedding of rational homology ball ι : Bp,q → X, such that the rational
blow-up of ι(Bp,q) is non-rational, then

l ≤ 4K2
X + 7,

where l is the length of the continued fraction expansion of p2

pq−1 . When, p = n, q = 1

(then l = n− 1), we get the stronger inequality l ≤ 2K2
X + 1.
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In particular, it would lead to the same bound of the length of Wahl singularities
(i.e. cyclic quotient singularities of type 1

p2
(pq− 1, 1)), for which an optimal bound

is obtained in [25].

Proof. As remarked in [9], by Proposition A.2 and the above understanding of Siko-
rav’s result, their argument is able to obtain the above statement when the rational
blow-up of ι(Bp,q) is non-ruled, by appealing to Lemma 2.1 of [39] instead of their
Corollary 2.2.

We can show that the rational blow-up of ι(Bp,q), denoted by W , cannot be
irrationally ruled. If it were, we blow down the exceptional curves k times to get
a minimal model S. We have K2

S ≤ 0 since W is irrationally ruled. We have the
relation K2

S − k = K2
W = K2

X − l. As in [9], the number l is also the number of
(negative) spheres {C1, · · · , Cl} in the chain of exceptional divisor of the singularity
of type 1

p2
(pq− 1, 1). We can choose a tamed almost complex structure J such that

each Ci is J-holomorphic. By Theorem 1.2 of [40], each negative rational curve
is an irreducible component of the finitely many (disjoint) reducible subvarieties
in the fiber class T . We can further choose this J such that it is integrable in a
neighborhood of the union of these reducible subvarieties. When W is symplectically
non-minimal, or equivalently, there is at least one reducible subvariety in the class
T , by Corollary 2.10 of [39], we know there is at least one smooth J-holomorphic −1
rational curve (which must be an irreducible component of a reducible subvariety
in the class T ). Blow it down and continue this process, we known each reducible
subvariety in the class T can be reduced to a smooth sphere of square 0 by blowdown.
Hence, in particular, we know l ≤ k. Since K2

X = [ω]2 > 0, we have K2
S = K2

X +
(k − l) > 0, which is a contradiction. �

We will now give an affirmative answer to Question A.1 also for other symplectic
4-manifolds. More precisely, we have the following.

Theorem A.4. Let M be a symplectic 4-manifold which is not diffeomorphic to
CP 2#kCP 2, k ≥ 1. Then for any tamed J , there is a unique J-holomorphic sub-
variety in any class E ∈ EKJ , whose irreducible components are smooth rational
curves of negative self-intersection. Moreover, this J-holomorphic subvariety is an
exceptional curve of the first kind when M is not ruled.

Proof. When M is an irrational ruled surface S2×Σg#kCP 2, g ≥ 1, it follows from
Theorem 1.1 of [40].

We now prove the theorem when M is neither rational nor ruled. In this situation,
there is at lease one J-holomorphic subvariety in class E which is an exceptional
curve of the first kind as explained in the following. For generic tamed almost
complex structure, E is represented by a smooth rational curve. By Gromov com-
pactness, we have a J-holomorphic stable map representing E. By Proposition A.2,
this is an exceptional curve of first kind. We call it Θ0. In particular, there is a
smooth rational −1-curve E′. For convenience, we also call its homology class E′.
Since M is not rational or ruled, we know E · E′ = 0.
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Then we prove the uniqueness. Suppose there is another J-holomorphic subvari-
ety in class E, say Θ = {(Ci,mi)}ni=1. By Theorem 3 of [29], there exists another
tamed almost complex structure J ′ for which Θ0 and Θ are both J ′-holomorphic
and J ′ is integrable on a neighborhood of |Θ0| ∪ |Θ|. We may therefore assume
without loss of generality that J = J ′ in the following.

There are two cases of blowdowns. If there is some Ci with E′ = [Ci], then
we simply blow down E′ by π1 : M → M ′ and π1∗([Θ]) = π1∗([Θ0]) become an
exceptional curve class π1∗E in M ′.

If E′ is not an irreducible component of Θ, we have E′ · [Ci] ≥ 0,∀i. Since

E · E′ = 0, we have E′ · [Ci] = 0,∀i. We blow down the curve E′ by π2 : M → M̃ .
Now πj∗(Θ0) and πj∗(Θ) are still πj∗J-holomorphic subvarieties representing πj∗(E)
for j = 1, 2. By induction and Lemma 2.13 of [9], we can continue blowing down
Θ0 to a smooth point. Call the composition of the sequence of (first and second
types of) blowdowns by π : M → M0. We have π∗([Θ]) = π∗([Θ0]) = 0. Since J is
tamed, we know π(|Θ|) = {pts}. In other words, we have proved that the support
|Θ| ⊂ |Θ0|. In other words, Θ and Θ0 share the same irreducible components, but
their multiplicities (nonnegative, but could be zero) might be different.

Now we show that these multiplicities are in fact the same. For doing so, we
rewrite the homology classes of each Ci. Since Θ0 is an exceptional curve of first
kind, each Ci corresponds to a −1-rational curve in each blowdown. In other words,
there are n second cohomology classes E1, · · · , En which can be represented by
embedded symplectic spheres with E2

i = −1, i = 1, · · · , n, and Ei · Ej = 0 for
i 6= j, such that [Ci] = Ei−

∑
j>imijEj . Here (mij)

n
i,j=1 is a strict upper triangular

square matrix whose entries are 0 or 1. In particular, E = E1 and E′ = En = [Cn].
Thus [Ci], i = 1, · · · , n, are linearly independent. Hence there is a unique way to
represent the class E by the linear combination of [Ci]. This implies each irreducible
component of Θ and Θ0 has the same multiplicity, i.e. Θ = Θ0. Hence, we finish the
proof of uniqueness when M is neither rational nor ruled, and thus all the statements
in the theorem. �

The result of Theorem A.4 is sharp. When M = CP 2#kCP 2 with k ≥ 1, a
J-holomorphic subvariety in class E need not to be an exceptional curve of the first
kind.

If M = CP 2#CP 2, we look at a Hirzebruch surface F3. It contains a −3-curve in
class 2E1 −H. Then along with a fiber, it constitutes a J-holomorphic subvariety
in class E1 = (2E1 −H) + (H − E1) which is not an exceptional curve of the first
kind.

For k = 2, we blow up at a point not on the −3-curve of F3. If we call the blow
up divisor E2, then the subvariety {(2E1 −H, 1), (H −E1 −E2, 1), (E2, 1)} ∈ ME1

is not an exceptional curve of the first kind. For k > 2, we can continue this process
by blowing up points outside the support of this subvariety.

When S2 × Σg#kCP 2, g ≥ 1 and k > 1, there are also examples of integrable
complex structure J such that a subvariety in class E ∈ EKJ is not an exceptional
curve of the first kind. We first blow up a fiber to get two exceptional rational curves
in classes E1 and T −E1 respectively. Then we blow up the intersection of these two
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rational curves. The subvariety {(T − E1 − E2, 1), (E2, 1), (E1 − E2, 1)} ∈ MT−E2

is not an exceptional curve of the first kind. This phenomenon is the essential
underlying reason for the totally different proofs of Question A.1 for the irrational
ruled case in [40] and the non ruled case in this paper.

When M = CP 2#kCP 2 with k ≥ 8, even the statement of Question A.1 is not
true, see [40].

The argument of Theorem A.4 could be used to prove other uniqueness results of
subvarieties. The following is used in our proof of Theorem 3.4. We will skip some
steps appeared in the proof of Theorem A.4.

Proposition A.5. Suppose M4 is not rational or ruled, and J is a tamed almost
complex structure. Let {E1, · · · , En} be the set of exceptional curve classes. Then
there is a unique J-holomorphic subvariety in any class k1E1 + · · ·+ knEn where ki
are non-negative integers.

Proof. First, there exists a J-holomorphic subvariety Θ0 in any class k1E1 + · · · +
knEn provided by a combination of J-holomorphic subvarieties in classes Ei.

Suppose there is another, say Θ = {(Ci,mi)}ni=1. As in the proof of Theorem
A.4, we may assume J is integrable on a neighborhood of |Θ0| ∪ |Θ|. We keep
blowing down Θ0 to a smooth point, and denote the composition of the sequence of
blowdowns by π : M →M0. We have π∗([Θ]) = π∗([Θ0]) = 0. Since J is tamed, we
know π(|Θ|) = {pts}. In other words, we have proved that Θ and Θ0 share the same
irreducible components. We can apply the same argument to show the multiplicities
are the same. Hence, we have shown Θ = Θ0. �
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