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—— Abstract

In this work, we consider d-HYPEREDGE ESTIMATION and d-HYPEREDGE SAMPLE problem in
a hypergraph H(U(H), F(H)) in the query complexity framework, where U(#H) denotes the set of
vertices and F(H) denotes the set of hyperedges. The oracle access to the hypergraph is called
COLORFUL INDEPENDENCE ORACLE (CID), which takes d (non-empty) pairwise disjoint subsets of
vertices A1,...,Aq C U(H) as input, and answers whether there exists a hyperedge in H having
(exactly) one vertex in each A;,7 € {1,2,...,d}. The problem of d-HYPEREDGE ESTIMATION and
d-HYPEREDGE SAMPLE with CID oracle access is important in its own right as a combinatorial
problem. Also, Dell et al. [SODA ’20] established that decision vs counting complexities of a
number of combinatorial optimization problems can be abstracted out as d-HYPEREDGE ESTIMATION
problems with a CID oracle access.

The main technical contribution of the paper is an algorithm that estimates m = |F(H)| with m
such that
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by using at most Cylog?™2n many CID queries, where n denotes the number of vertices in the
hypergraph H and Cj is a constant that depends only on d. Our result coupled with the framework
of Dell et al. [SODA ’21] implies improved bounds for the following fundamental problems:

Edge Estimation using the BIPARTITE INDEPENDENT SET (BIS). We improve the bound obtained
by Beame et al. [ITCS ’18, TALG ’20].

Triangle Estimation using the TRIPARTITE INDEPENDENT SET (TIS). The previous best bound for
the case of graphs with low co-degree (Co-degree for an edge in the graph is the number of
triangles incident to that edge in the graph) was due to Bhattacharya et al. [[SAAC ’19, TOCS
’21], and Dell et al.’s result gives the best bound for the case of general graphs [SODA ’21]. We
improve both of these bounds.

Hyperedge Estimation & Sampling using COLORFUL INDEPENDENCE ORACLE (CID). We give an
improvement over the bounds obtained by Dell et al. [SODA ’21].
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1 Introduction

Estimating different combinatorial structures like edges, triangles and cliques in an unknown
graph that can be accessed only through query oracles is a fundamental area of research in
sublinear algorithms [13, 14, 11, 12]. Different query oracles provide unique ways of looking
at the same graph. Beame et al. [1] introduced an independent set based subset query
oracle, named BIPARTITE INDEPENDENT SET (BIS) query, to estimate the number of edges
in a graph using polylogarithmic queries. The BIS query answers a YES/NO question on
the existence of an edge between two disjoint subsets of vertices of a graph G. The next
natural questions in this line of research were problems of estimation and uniform sampling
of hyperedges in hypergraphs [9, 3, 4]. In this paper, we will be focusing on these two
fundamental questions, and in doing so, we will improve all the previous results [2, 9, 3, 4].

1.1 Our query oracle, results and the context

A hypergraph H is a set system (U(H), F(H)), where U(H) denotes a set of n vertices and
F(H), a set of subsets of U(H), denotes the set of hyperedges. A hypergraph H is said
to be d-uniform if every hyperedge in H consists of exactly d vertices. The cardinality of
the hyperedge set is denoted as m(H) = |F(H)|. We will access the hypergraph using the
following oracle! [6].

» Definition 1.1 (Colorful Independent Set (CID)). Given d pairwise disjoint subsets of
vertices Ay, ..., Aq CU(H) of a hypergraph H as input, CID query answers YES if and only
if m(Aq,...,Aq) # 0, where m(Ay,...,Aq) denotes the number of hyperedges in H having
exactly one vertex in each A;, where i € {1,2,...,d}.

Note that the earlier mentioned BIS is a special case of CID when d = 2. With this
query oracle access, we solve the following two problems.

d-HYPEREDGE-ESTIMATION

Input: Vertex set U(H) of a hypergraph H with n vertices, a CID oracle access to H,
and € € (0,1).

Output: A (1 =+ ¢)-approximation m to m(#H) with probability 1 — 1/n?().

Note that EDGE ESTIMATION problem is a special case of d-HYPEREDGE-ESTIMATION
when d = 2.

d-HYPEREDGE-SAMPLE

Input: Vertex set U(H) of a hypergraph H with n vertices, a CID oracle access to H,
and ¢ € (0,1).

Output: With probability 1 —1/ n™@)  report a sample from a distribution of hyperedges
in ‘H such that the probability that any particular hyperedge is sampled lies in the interval

[(1—2)L, (142)L].

This area started with the investigation of EDGE ESTIMATION problem by Dell and
Lapinskas [7, 8] and Beame et al. [1], then Bhattacharya et al. [3, 4] studied d-HYPEREDGE-
ESTIMATION for d = 3, and more recently Dell et al. [9] gave algorithms for d-HYPEREDGE-
ESTIMATION and d-HYPEREDGE-SAMPLE for general d. Beame et al. [1] showed that EDGE

! In [6], the oracle is named as GENERALIZED PARTITE INDEPENDENT SET oracle. Here, we follow the
same suit as Dell et al. [9] with respect to the name of the oracle.
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ESTIMATION problem can be solved using O 10ng

) BIS queries. Having estimated the
number of edges in a graph using BIS queries, a very natural question was to estimate the
number of hyperedges in a hypergraph using an appropriate query oracle. This extension is
nontrivial as two edges in a graph can intersect in at most one vertex but the intersection
pattern between two hyperedges in a hypergraph is more complicated. As a first step towards
resolving this question, Bhattacharya et al. [3, 4] considered d-HYPEREDGE-ESTIMATION in
3-uniform hypergraphs using CID queries. They showed that when co-degree of any pair of
vertices in a 3-uniform hypergraph is bounded above by A, then one can solve d-HYPEREDGE-

og'®n

2
ESTIMATION using O (A 154 CID queries. Recall that co-degree of two vertices in a

hypergraph is the number of hyperedges that contain both vertices. Dell et al. [9] generalized
the results of Beame et al. [1] and Bhattacharya et al. [3, 4], and obtained a similar (with
an improved dependency in terms of €) result for the d-HYPEREDGE-ESTIMATION problem
for general d. Apart from d-HYPEREDGE-ESTIMATION problem, they also considered the
problem of d-HYPEREDGE-SAMPLE. The results of Dell et al. [9] are formally stated in the
following proposition:

» Proposition 1.2 (Dell et al. [9]). d-HYPEREDGE-ESTIMATION and d-HYPEREDGE-SAMPLE
4d+8 4d+12

can be solved by using Oy (10((;67271) and Oy (log

£2

) CID queries, respectively. 2

Currently, the best known bound (prior to this work) for solving d-HYPEREDGE-ESTIMATION
problem, for general d, is due to Dell et al. [9], but note that for constant € € (0,1), Beame
et al. [1, 2] still have the best bound for the EDGE ESTIMATION problem.

Our main result is an improved coarse estimation technique, named ROUGH ESTIMATION,
and is stated in the following theorem. The significance of the coarse estimation technique
will be discussed in Section 1.2.

» Theorem 1.3 (Main result). There exists an algorithm ROUGH ESTIMATION that has
CID query access to a d-uniform hypergraph H(U, F) and returns m as an estimate for

m = |F(H)| such that
1

_ < Cyloghtn
Cylog?'n 8

<

3D

with probability at least 1 — 1/n¥ using at most Cy log?t?n CID queries, where Cy is a
constant that depends only on d and n denotes the number of vertices in H.

Coarse estimation gives a crude polylogarithmic approximation for m, the number of hy-
peredges in H. This improvement in the coarse estimation algorithm coupled with importance
sampling and the algorithmic framework of Dell et al. [9] gives an improved algorithm for
both d-HYPEREDGE-ESTIMATION and d-HYPEREDGE-SAMPLE problems.

» Theorem 1.4 (Improved bounds for estimating and sampling). d-HYPEREDGE-ESTIMATION
and d-HYPEREDGE-SAMPLE problems can be solved by using Oy (loglﬁ) and Oy (@)

5‘2
CID queries, respectively.

Dell et al. [9] studied d-HYPEREDGE-ESTIMATION and d-HYPEREDGE-SAMPLE where the probability
of success is 1 — § for some given § € (0,1), and have showed that d-HYPEREDGE-ESTIMATION and
4d+11

d-HYPEREDGE-SAMPLE can be solved by using O4 (10"’4;# log%) and Oy (@572" log %) CID
queries, respectively. In Proposition 1.2, we have taken § = n®@_ But both the results of Beame et
al. [1, 2] and Bhattacharya et al. [3, 4] are in the high probability regime.
In this paper, we work with success probability to be 1 — 1/nﬂ(d) for simplicity of presentation and
compare our results with all previous results in a high probability regime.

10:3
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The details regarding how Theorem 1.3 can be used together with the framework of Dell et
al. [9] to prove Theorem 1.4 will be discussed in Section 5.

Using Theorem 1.4, we directly get the following improved bounds for EDGE ESTIMATION
and d-HYPEREDGE-ESTIMATIONIn 3-uniform hypergraph by substituting d = 2 and d = 3,
respectively.

» Corollary 1.5.

(a) EDGE ESTIMATION can be solved using O (
SET (BIS) oracle.

(b) d-HYPEREDGE-ESTIMATION in a 3-uniform hypergraph can be solved using O (%#)

log11 n
2

) queries to BIPARTITE INDEPENDENT

CID queries.
The above corollary gives the best bound (till now) for the EDGE ESTIMATION. Recall that

Bhattacharya et al. [3, 4] proved that when the co-degree of a 3-uniform graph is bounded by

A then d-HYPEREDGE-ESTIMATION in that hypergraph can be solved using O (%)
CID queries. For fixed € € (0,1) and A = o(logn) the bound obtained by Bhattacharya et
al. [3, 4] is asymptotically better than the bound we get from Dell et al. [9], see Proposition 1.2.
Note that Corollary 1.5 (b) improves the bounds obtained by Bhattacharya et al. [3, 4] and

Dell et al. [9] for all values of A and ¢ € (0,1).

1.2 Fundamental role of coarse estimation

The framework of Dell et al. [9] is inspired by the following observation. Let us consider
t=0 (105%) independent subhypergraphs each induced by n/2 uniform random vertices.
The probability, that a particular hyperedge is present in a subhypergraph induced by
n/2 many uniform random vertices, is 2% Denoting X as the sum of the numbers of the
hyperedges present in the ¢ subhypergraphs, observe that %X is a (1 £ e)-approximation of
m. If we repeat the procedure recursively O(logn) times, then all the subhypergraphs will
have a bounded number of vertices in terms of d, at which point the number of hyperedges
can be determined exactly by using O4(1) CID queries. However, the number of induced
subhypergraphs in the worst case can become as large as 2 ((log n)l"g").

To have the number of subhypergraphs bounded at all point of time, they use importance
sampling. It is about maintaining the weighted sum of some variables whose approximate
value is known to us. The output will be a bounded number of variables and some weight
parameters such that the weighted sum of the variables estimates the required sum. The
objective of the importance sampling procedure in Beame et al. [1, 2] and Bhattacharya et
al. [3, 4], are also the same 3. However, Dell et al. improved the importance sampling result
by the use of a particular form of Bernstein inequality and by a very careful analysis.

To apply importance sampling, it is required to have a rough estimate (possibly with a
polylogarithmic approximation factor) of the number of hyperedges in each subhypergraph
that are currently present for processing — this is what exactly coarse estimation does. The
objective of coarse estimation in Beame et al. [1, 2] and Bhattacharya et al. [3, 4] are also the
same 4. But all these frameworks have a commonality. The approximation guarantee and
the query complexity of the coarse estimation has a direct bearing on the query complexity
of the final algorithm.

3 In fact, Bhattacharya et al. [3, 4] directly use the importance sampling developed by Beame et al. [1, 2]

* Note that the main merit of the framework of Dell et al. [9] over Beame et al. [1, 2] and Bhattacharya
et al. [3, 4] is not only that it generalized to hypergraph, but also the dependence on ¢ is 1/52 in Dell et
al. [9]’s work as opposed to E% in Beame et al. [1, 2] and Bhattacharya et al. [3, 4].
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Therefore, any improvement in the coarse estimation algorithm will directly improve
the query complexities of d-HYPEREDGE-ESTIMATION and d-HYPEREDGE-SAMPLE. In this
paper, we focus on improving the coarse estimation algorithm.

1.3 Setup and notations

We denote the sets {1,...,n} and {0,...,n} by [n] and [n*], respectively. A hypergraph H
is a set system (U(H),F(H)), where U(H) denotes the set of vertices and F(#H) denotes
the set of hyperedges. The set of vertices present in a hyperedge F' € F(H) is denoted
by U(F) or simply F. A hypergraph H is said to be d-uniform if all the hyperedges in H
consist of exactly d vertices. The cardinality of the hyperedge set is m(H) = |F(H)|. For
Aip,...,Aq CU(H) (not necessarily pairwise disjoint), F(A1,...,Aq) C F(H) denotes the
set of hyperedges having a vertex in each A;, and m(A4;, ..., Aq) is the number of hyperedges
in |F(A1,...,4q)].

Let E[X] and V[X] denote the expectation and variance of the random variable X. For an
event &, the complement of € is denoted by £. The statement “a is a (1 & &)-approximation
of b” means |b —a| < e-b. For x € R, exp(x) denotes the standard exponential function e*.
In this paper, d is a constant, and Og4(-) and Q4(-) denote the standard O(-) and €(-), where
the constant depends only on d. We use log® n to denote (logn)*. By polylogarithmic, we

o(d)

mean Oy (%) in this paper.

1.4 Paper organization

In Section 2, we describe the notion of an ordered hyperedge, and define three other query
oracles that can be simulated by using O4(logn) CID queries. The role of ordered hyperedges
and these oracles are mostly expository purposes, i.e., they help us to describe our algorithms
and the calculations more neatly. Section 3 gives a brief overview of the proof of our main
technical result. In Section 4 we give the proof of our main result (Theorem 1.3). We describe
in Section 5 implications of our main result and how Theorem 1.3 can be used to prove
Theorem 1.4. The equivalence proofs of the CID oracle and its variants are discussed in
Section 2. Some useful probability results are given in Appendix A. Since we use different
types of oracles in the calculations, we have recalled all their definitions in Appendix B
for the ease of reference. Proofs omitted are marked with x, and can be found in the full
version [5] of this paper.

2  Preliminaries: Ordered hyperedges, CID oracle, and its variants

Ordered hyperedges

We will use the subscript “o” to denote the set of ordered hyperedges. For example, H, (U, F,)
denotes the ordered hypergraph corresponding to H (U, F). Here F,(H) denotes the set of
ordered hyperedges that contains d! ordered d-tuples for each hyperedge in H(U, F). Let
mo(Ho) denotes |Fo(H,)|. Note that mo(H,) = dlm(H). Also, let F,(Aq,. .., Aq) denotes
the set {F, € F,(H) : the i-th vertex of F, is in A;,Vi € [d]}. The corresponding number
for ordered hyperedges is m,(Aq, ..., Aq). Note that F,(U(H),...,U(H)) = F,(H).

CID oracle and its variants

Note that the CID query takes as input d pairwise disjoint subsets of vertices. We now define
two related query oracles CID; and CID, that remove the disjointness requirements for the
input. Then we extent CIDs to the ordered setting. We show that both query oracles can be

10:5
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simulated, with high probability, by making O4(logn) queries to the CID oracle. The oracles
CID; and CID4 will be used in the description of the algorithm for ease of exposition.
CIDq: Given s pairwise disjoint subsets of vertices Ay,..., A; C U(H) of a hypergraph H

and a1, ...,as € [d] such that Y ;_, a; = d, CID; query on input A[lal], A[2a2], o, Al
answers YES if and only if m(A[lal], ceey AL“S]) # 0. Here Al9 denotes the set A repeated
a times.

CID5: Given any d subsets of vertices Ay,..., Ay C U(H) of a hypergraph H, CIDs query
on input Ay,..., A4 answers YES if and only if m(A4q,...,Aq) # 0.

CID3: Given any d subsets of vertices A;,...,Aq C U(H,) of an ordered hypergraph H,,
CIDj query on input Ay, ..., Ay answers YES if and only if m, (A1, ..., Aq) # 0.

Observe that the CIDy query is the same as the CID query without the requirement
that the input sets are disjoint. For the CID; query, multiple repetitions of the same set is
allowed in the input. It is obvious that a CID query can be simulated by a CID; or CID4
query. Also, CIDj] is the ordered analogue of CIDs . Using the following observation, we
show how a CIDg, CID; , or a CIDy query can be simulated by a polylogarithmic number
of CID queries.

» Observation 2.1 (x, Connection between query oracles). Let H(U,F) denote a hypergraph
and Ho(U, F,) denote the corresponding ordered hypergraph.
(i) A CID; query to H(U, F) can be simulated using Oq(logn) CID queries with probability
1—1/n%d),
(ii) A CIDy query H(U,F) can be simulated using Oq(1) CID; queries.
(iii) A CIDq query H(U,F) can be simulated using O4(logn) CID queries with probability
1—1/nd),
(iv) A CIDg query to Ho(U, F,) can be simulated using a CIDs query to H(U, F).

3 Overview of the main structural result

To prove Theorem 1.3, we first consider Lemma 3.1, which is the central result of the paper
and is the ordered hypergraph analogue of Theorem 1.3. The main theorem (Theorem 1.3)
follows from Lemma 3.1 along with Observation 2.1.

» Lemma 3.1 (Main Lemma). There exists an algorithm ROUGH ESTIMATION that has
CIDS query access to a d-uniform ordered hypergraph Ho(U,F,) corresponding to hypergraph
H(U, F) and returns m, as an estimate for m, = |Fo(Ho)| such that

with probability at least 1 — 1/n™D using at most Cy logdtin CIDS queries, where Cq is
a constant that depends only on d.

At a high level, the idea for an improved coarse estimation involves a recursive bucketing
technique and careful analysis of the intersection pattern of hypergraphs.

To build up towards the final proof, we need to prove Lemma 3.1. Towards this end, we
first define some quantities and prove Claim 3.2. For that, let us think of partitioning the
vertex set in Uy = U(H) into buckets such that the vertices in each bucket appear as the first
vertex in approximately the same number of hyperedges. So, there will be at most dlogn + 1
buckets. It can be shown that that there is a bucket Z; C U; such that the number of

hyperedges, having the vertices in the bucket as the first vertex, is at least For each

Mo
dlogn+1"
vertex z; € Z1, let the number of hyperedges in H,, having z; as the first vertex, lie between

24 and 2+ — 1 for some suitable ¢;. Then we can argue that
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| > - :
201t1(dlogn + 1)

|Z1

Similarly, we extend the bucketing idea to tuples as follows. Consider a vertex a; in a
particular bucket of U; and consider all the ordered hyperedges in F,(a1) containing a; as
the first vertex. We can bucket the vertices in Uy = U(H) such that the vertices in each
bucket of Us are present in approximately the same number of hyperedges in F,(a1) as the
second vertex. We generalize the above bucketing strategy with the vertices in U;’s, which is
formally described below. Notice that this way of bucketing will allow us to use conditionals
on sampling vertices from the desired buckets of U;’s.

For ¢; € [(dlogn)*], let U1(¢q1) C Uy be the set of vertices in a; € Uy such that for each
ay € Ui(q1), the number of hyperedges in F,(H,), containing a; as the first vertex, lies
between 29* and 29T — 1. For 2 < i < d—1, and ¢; € [(dlogn)*] for each j € [i — 1],
consider a; € Ui(q1),a2 € Ua((q1,01),42)s---, ai—1 € Ui—1((q1,a1),- -, (¢i—2,ai—2), Gi—1)-
Let U;((¢1,61),-.-,(gi—1,a;-1),¢;) be the set of vertices in U; such that for each u; €
Ui((g1,u1),-..,(gi—1,@i—1), ¢i), the number of ordered hyperedges in F,(#,), containing u;
as the j-th vertex for all j € [i], lies between 29 and 2971 —1. We need the following result to
proceed further. For ease of presentation, we use (Q;, 4;) to denote (g1, a1),- .., (qi—1,a;—1)
for 2 < i <d— 1. Informally, Claim 3.2 says that for each i € [d — 1], there exists a bucket
in U; having a large number of vertices contributing approximately the same number of
hyperedges..

> Claim 3.2 (%).
(i) There exists ¢; € [(dlogn)*] such that

mo(Ho)

U :
U] > 20+ (dlogn + 1)

(i) Let 2 < ¢ < d—1 and ¢; € [(dlogn)*] Vj € [i —1]. Let a1 € Ui(q1), a; €
U;j((Qj-1,Aj-1),q;) Vj #1 and j < i. There exists ¢; € [(dlogn)*]| such that

24i-1
(dlogn+1)

|Ui((Q’ia A1)7 Q1,)| > 2(11"'1‘1

4 Proof of Lemma 3.1

We now prove Lemma, 3.1 formally. The algorithm corresponding to Lemma 3.1 is Algorithm 2
(named ROUGH ESTIMATION). Algorithm 1 (named VERIFY-ESTIMATE) is a subroutine of
Algorithm 2. Algorithm 1 determines whether a given estimate R of the number of ordered
hyperedges is correct up to Od(lodef3 n)
needed to prove Lemma 3.1; they bound the probability from above and below, respectively
of VERIFY-ESTIMATE accepting the estimate R.

factor. Lemma 4.1 and 4.2 are intermediate results

» Lemma 4.1. If R > 20d%7=34% m,(H,)log>* % n, then

P(VERIFY-ESTIMATE (H,, R) accepts the estimate R) < 2098

10:7
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Algorithm 1 VERIFY-ESTIMATE (Ho, R).

Input: CID query access to a d-uniform hypergraph H,(U, F) and a guess R for the
number of hyperedges in H,,.

Output: ACCEPT R or REJECT R.

Let

Uy =...=U;=U(H) for (j; =dlogn to 0) do

find B; C U; by sampling every element of U; with probability p; = min{%, 1}
independently of other elements.

for (jo = dlogn to 0) do

find By C U, by sampling every element of Us with probability

P2 = min {2j2_j1 -dlogn, 1} independently of other elements.

for (jg_1 = dlogn to 0) do

find By_1 C Ug_1 by sampling every element of Uy_; with probability
p4—1 = min{2Ja-1=Ja-2 . dlogn, 1} independently of other elements.

Let j = (j1,--.,ja—1) € [(dlogn)*]?~1

Let p(i,j) = pi, where 1 <i<d—1

Let B(i,j) = B;, where 1 <i<d—1

find B(d,j) = Bq C Uy by sampling every element of Uy with probability
Ppg = min {Q_jdfl, 1} independently of other elements.

if (mo(Bl,j, ey BdJ) 75 O) then
| AcCEPT /*[Note that CID$ query is called in the above line.]*/

end
end
end
end
REJECT

Proof. Counsider the set of ordered hyperedges F,(#H,) in H,. Algorithm VERIFY-ESTIMATE
taking parameters H,, and R and described in Algorithm 1, loops over all possible j =
(j1,---,Ja-1) € [(dlogn)*]?~1 5. For each j = (ji,...,7a-1) € [(dlogn)*]%~!, VERIFY-
ESTIMATE (”Ho,ﬁ) samples vertices in each U; with suitable probability values p(4,j), de-
pending on j, ]/%\, d and logn, to generate the sets B;; for 1 < i < d. See Algorithm 1
for the exact values of p(i,j)’s. VERIFY-ESTIMATE (H,, R) reports ACCEPT if there exists
one j € [(dlogn)*]?~1 such that m, (Bij,..., Baj) # 0. Otherwise, REJECT is reported by
VERIFY-ESTIMATE (H,, R).

For an ordered hyperedge F, € Fy(H,) = Fo(Us,...,Uyg) and j € [(dlogn)*]*"". Note
that

Up=...=U;=UH).

Let Xi}, denote the indicator random variable such that X%ﬂ = 1 if and only if F, €
}—O(Bl,j; ey dej). Let

X; = Z X3

Fo€Fo(Ho)

% Recall that [n]* denotes the set {0,...,n}.
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Note that m,(B1,...,Baj) = X;. We have,

P@£=Q=ﬁwm»

i=1
Jji - 9J2 2Jd—1
< —= Qleogn X oo X 2jdileogn X 2
d*21og??*n
R
Then
E[X;] < O(AHO)dd‘Ql ,
R
and since Xj > 0, we have
. I 1o Mmo(Ho) 4o
P(X; #0) = P(; 2 1) < E[Xj] < P2 )t og

Now, using the fact that R > 204243 - 49 . m(H, )log?? 3 n, we have

1
20dd=1 . 44 . Jog? 1 n

P(X;#0) <

Recall that VERIFY-ESTIMATE accepts if and only if there exists j such that X; # 0 6.
Using the union bound, we get

P (VERIFY—ESTIMATE (Ho, R) accepts the estimate fi) < Z P(X; #0)
j€[(dlogn)*]a=1
(dlogn +1)d-1
— 20-49- (dlogn)d-1
< b
— 2024

<

» Lemma 4.2. IfR < Zld"l(H o) P(VERIFY-ESTIMATE (Ho,R) accepts the estimate R) > >

Proof. We will be done by showing the following. VERIFY-ESTIMATE accepts with probability
at least 1/5 when the loop variables ji, ..., jq—1 respectively attain values qi,...,gq—1 such
that

mo(Ho)
2atl(dlogn + 1)

|Ur(q1)| >
and

|Ui((Qs, Ai), qi)| >

24qi—1
29:+1(dlogn + 1)

for all i € [d — 1] \ {1}. The existence of such j;s is evident from Claim 3.2. Let q =
(g1,...,9a—1). Recall that B; ¢ C U, is the sample obtained when the loop variables
J1y---,Jd—1 attain values ¢i,...,qq—1, respectively. Let &;, i € [d — 1], be the events defined
as follows.

6 Note that j is a vector but Xj is a scalar.
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& U1(Q1) n Bl’q 75 0.

57', : Uj((Qj—l;Aj—l)an) N Bj,q 7£ (Z), where 2 S 1 S d—1.
As noted earlier, Claim 3.2 says that for each i € [d — 1], there exists a bucket in U; having
a large number of vertices contributing approximately the same number of hyperedges.
The above events correspond to the nonempty intersection of vertices in heavy buckets
corresponding to U; and the sampled vertices B; j, where ¢ € [d — 1]. Observe that

o 21 |U1(q1)]
P(&) < (1 - A)
R

2‘11
< exp (—ﬁ |U1<q1>|)

<ex —E o (Ho)
S 2611 (dlogn + 1)

<exp(-1).

The last inequality uses the fact that R < le(jé‘;), from the condition of the lemma. Assume

that & occurs and a1 € Ui(q1) N B1,q. We will bound the probability that Us(Q1, A1), g2) N
By q =0, that is &. Note that, by Claim 3.2 (ii),

2d1
(dlogn+1)

U2(Q1, A1), @2)| 2 505

So,

242 [U2(Q1,A1),q2)|
) < exp(—1)

P(?g\é’l) < (1—2mlogn

Assume that &,...,&_1 hold, where 3 < i € [d —1]. Let a; € Ui(q1) and a;—1 €
Ai—1((Qi—2,U;—2),¢i—1). We will bound the probability that U;((Q;—1,Ai—1),¢:;) N Biq =0,
that is £. Note that

24i-1

(dlogn+1)

Ui((Qi-1, Ai-1), a0)| 2 5545

So, for 3 <ie[d-1],

o 2ai Ui(Qi—1,Ai-1),a:)|
P (52- | &1y ,Sz-,l) < <1 ~ e logn> <exp(-1)
Assume that &1,...,E4-1 hold. Let a; € Uy(¢q1) and a;—1 € A;—1((Qi—2,4;-2),q;—1) for all
i €[d\{1}. Let S C Uy be the set of d-th vertex of the ordered hyperedges in F,(H,)
having u; as the j-th vertex for all j € [d — 1]. Note that |S| > 2%-1. Let 4 be the event
that represents the fact SN By q # 0. So,

qd—1
P&y | &1yevi€amn) < (1 - > <exp(-1)

29d—1

Observe that VERIFY-ESTIMATE accepts if m(Bi g, ..., Baq) # 0. Also,

d
mo(Bi,q,.-.,Baq) # 0 if ﬂ &; occurs.
i=1
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Hence,

d
P(VERIFY-ESTIMATE (H,, R) accepts) > P <ﬂ &)

i=1

d i—1
= P(&1) H]P’(&- N 5j>

(Y

1
>27. <

Now, we will prove Lemma 3.1 that will be based on Algorithm 2.

Algorithm 2 RoUGH ESTIMATION(H, (U, F,)).

Input: CIDS query access to a d-uniform hypergraph H, (U, F,).
Output: An estimate m, for m, = m,(H,).
for ( ﬁ:nd,nd/Q,...,l) do
Repeat VERIFY-ESTIMATE (H,, R) for I' = d - 47 - 2000 log n times. If more than

VERIFY-ESTIMATE accepts, then output m, =

R
10- 2d d4-2.2d.(logn)d—2"

end

Proof of Lemma 3.1. Note that an execution of ROUGH ESTIMATION for a particular R
repeats VERIFY-ESTIMATE for I' = d - 4¢ - 2000 logn times and gives output R if more than
10.2d VERIFY-ESTIMATE accepts. For a particular R, let X; be the indicator random variable
such that X; = 1 if and only if the i-th execution of VERIFY- ESTIMATE accepts. Also take
X = Zl 1 X;. RouGH ESTIMATION gives output Rif X > o 2d

Consider the execution of ROUGH ESTIMATION for a particular R. If R > 2042?34 .
mo(Ho): log??~3 n, then we first show that RoucH ESTIMATION does not accept with high
probability. Recall Lemma 4.1. If R > 20424344 . mo(Ho )lode S, P(X; = 1) < 50, 2d
and hence E[X] < 5 24 By using Chernoff-Hoeffding’s inequality (See Lemma A.2 (i) in
Section A),

r r r 1
P(X =P(X <
( ~10.24 2d) ( >20-2d+20~2d>_n10d

Using the union bound for all 7/@, the probability that ROUGH ESTIMATION outputs
some M, = 2557 such that R > 20d29-344 . my(H,)log?? > n, is at most diflgo”. Now
con81der the instance when the for loop in the algorithm ROUGH ESTIMATION executes for

a R such that R < le(gén)' In this situation, P(X; = 1) > 4. So, E[X] > ;. By using

Chernoff-Hoeffding’s inequality (See Lemma A.2 (ii) in Section A),

r r 47T 1
IP)<X§10-2d)SP(X<2d5'2d>§n100d

By using the union bound for all 7% the probability that ROUGH ESTIMATION outputs

some M, = 7§ —a such that R < 4d1( o) , is at most dlﬁ%?. Observe that, the probability that

RoUGH ESTIMATION outputs some i, = ddj%_zd such that R > 20d24-349m,,(H,) log?* > n

or R < le(g;jl), is at most

10:11
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dlogn  dlogn 1
nlod nl00d = p8d°
Putting everything together, RouGH ESTIMATION gives some m, = W as the

output with probability at least 1 — n% satisfying

mo(Ho)

— Tl <, < 20d%7120  mg (Ho) log? i n
8dd—12d10g? 1y = 7 T o(Ho) log

From the pseudocode of VERIFY-ESTIMATE (Algorithm 1), we call for CIDs queries
only at line number 12. In the worst case, VERIFY-ESTIMATE executes line number 12 for
each j € [(dlogn)*]. That is, the query complexity of VERIFY-ESTIMATE is O(log? ' n).
From the description of ROUGH ESTIMATION, ROUGH ESTIMATION calls VERIFY-ESTIMATE
Oq(logn) times for each choice of R. Hence, ROUGH ESTIMATION makes O4(log®™ n) CIDS
queries. |

5 Proof of Theorem 1.4

Before getting into the reasons why Theorem 1.4 follows from Theorem 1.3, let us first review
the algorithms for d-HYPEREDGE-ESTIMATION and d-HYPEREDGE-SAMPLE by Dell et al. [9].

Overview of Dell et al. [9]

Dell et al.’s algorithm for d-HYPEREDGE-SAMPLE make repeated calls to d-HYPEREDGE-
ESTIMATION. Their algorithm for d-HYPEREDGE-ESTIMATION calls mainly three subroutines
over Oy(logn) iterations: COARSE, HALVING, and TRIM. HALVING and TRIM calls COARSE
repeatedly. So, COARSE is the main building block for their algorithms for d-HYPEREDGE-
ESTIMATION and d-HYPEREDGE-SAMPLE.

COARSE algorithm

It estimates the number of hyperedges in the hypergraph up to polylog factors by using
polylog queries. The result is formally stated as follows, see [9, Sec. 4].

» Lemma 5.1 (COARSE ALGORITHM by Dell et al. [9]). There exists an algorithm COARSE,
that has CID query access to a hypergraph H(U, F), makes Oq4 (10g2d+3 n) CID queries, and
finds m satisfying

1 m
Q < — <04 (log?
d<logdn) —m d<0g n)

with probability at least 1 — 1/n ).

» Remark. The objective of COARSE algorithm by Dell et al. is essentially same as that our
RouGH ESTIMATION algorithm. Both of them can estimate the number of hyperedges in any
induced subhypergrah. However, note that ROUGH ESTIMATION (as stated in Theorem 1.3)
has better approximation guarantee and better query complexity than that of COARSE
algorithm of Dell et al. (as stated in Lemma 5.1).

The framework of Dell et al. implies that the query complexity of d-HYPEREDGE-
ESTIMATION and d-HYPEREDGE-SAMPLE can be expressed by the approximation guarantee
and the query complexity of the COARSE algorithm. This is formally stated as follows:
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» Lemma 5.2 (d-HYPEREDGE-ESTIMATION and d-HYPEREDGE-SAMPLE in terms of quality
of COARSE algorithm [9]). Let there exists an algorithm COARSE, that has CID query access
to a hypergraph H(U,F), makes ¢ CID queries, and finds m satisfying % < % < b with
probability at least 1 —1/n¥ . Then

(i) d-HYPEREDGE-ESTIMATION can be solved by using

v? log?
Oq4 (log2 n (log nb + z;gn) q)

CID queries.
(ii) d-HYPEREDGE-SAMPLE can be solved by using

b? log?
Oq (log6 n <10g nb + 02gn> q)
£

CID queries.

Why Theorem 1.4 follows from Theorem 1.37
Observe that we get Proposition 1.2 (the result of Dell et al.) from Lemma 5.1 by substituting
b= 0y (logd n) and ¢ = Oy (logzd+3 n) in Lemma 5.2. In Theorem 1.4 we improve on the
Proposition 1.2 by using our main result (Theorem 1.3), and substituting b = Oy <log‘7l_1 n)
and g = Oy <logd"’2 n) in Lemma 5.2.

The main reason we get an improved query complexity for hyperedge estimation in
Theorem 1.4 as compared to Dell et al. (Proposition 5.2) is our ROUGH ESTIMATION

algorithm is an improvement over the COARSE algorithm of Dell et al. [9] in terms of
approximation guarantee as well as query complexity.

How our ROUGH ESTIMATION improves over COARSE of Dell et al. [9]?

At a very high level, the frameworks of our ROUGH ESTIMATION algorithm and that of Dell

et al.’s COARSE algorithm might look similar, but the main ideas involved are different.

Our RoucH ESTIMATION (as stated in Lemma 3.1) directly deals with the hypergraph
(though the ordered one) and makes use of CID$ queries. Note that each CIDJ query
can be simulated by using O4(logn) CID queries. However, COARSE algorithm of Dell et
al. considers Og4(logn) independent random d-partite hypergraphs by partitioning the vertex
set into d parts uniformly at random, works on the d-partite hypergraphs, and reports the
median, of the O4(logn) outputs corresponding to random d-partite subhypergrahs, as the
final output. So, there is O4(logn) blowup in both our ROUGH ESTIMATION algorithm and
Dell et al.’s COARSE algorithm, though the reasons behind the blowups are different.

Our ROUGH ESTIMATION calls repeatedly (O4(logn) times) VERIFY ESTIMATE for each
guess, where the total number of guesses is Oy4(logn). In the COARSE algorithm, Dell
et al. uses repeated calls ((’)d <longrl n)) times to an analogous routine of our VERIFY
ESTIMATE, which they name VERIFY GUESS, O4(logn) times. Their VERIFY GUESS has
the following criteria for any guess M:

IftM > %m, VERIFY GUESS accepts M with probability at most p;

If M <m, VERIFY GUESS accepts M with probability at least 2p;

It makes Oy (logd n) CID queries.

10:13
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Recall that the number of CIDy queries made by each call to VERIFY ESTIMATE is
(’)d(logd_1 n), that is, Oy (logd n) CID queries. So, in terms of the number of CID queries,
both our ROUGH ESTIMATION and COARSE of Dell et al. have the same complexity.

The probability p in VERIFY GUESS of Dell et al. [9] satisfies p a4 log#dn
used suppress the terms involving d. So, for each guess M , their COARSE algorithm has to
call Oy (% log n) =0y (longr1 n) times to distinguish decide whether it is the case M < m

, where = is

or M > %m, with a probability at least 1 — 1/n*(?. So, the total number of queries
made by the COARSE algorithm of Dell et al. [9] is

O4(logn) - O4(logn) - Oy <longr1 n) <Oy (1ogd n) =04 (10g2d+3 n) .

The first O4(logn) term is due to the blow up incurred to convert original hypergraph to
d-partite hypergraph, the second Og4(logn) term is due to the number of guesses for m, the

third Oy (logd+1 n) term is the number of times COARSE calls VERIFY GUESS, and the last

term Oy <logd n) is the number of CID queries made by each call to VERIFY GUESS.

As it can be observed from Lemmas 4.1 and 4.2, p in our case (VERIFY ESTIMATE) is
24(1). So, it is enough for ROUGH ESTIMATION to call VERIFY ESTIMATE only O4(logn)
times. Therefore, the number of CID queries made by our ROUGH ESTIMATION is

Oa(logn) - Og(logn) - Og(log? ' n) - Og(logn) = O4(log?2n).

In the above expression, the first O4(logn) term is due to the number of guesses for m, the
second Oy (logn) term is the number of times ROUGH ESTIMATION calls VERIFY ESTIMATE,
the third O (logdf1 n ) term is the number of CIDs queries made by each call to VERIFY
ESTIMATE, and the last O4(logn) term is the number of CID queries needed to simulate a
CID, query with probability at least 1 — 1/nf(4),

We do the improvement in approximation guarantee as well as query complexity in ROUGH
ESTIMATION algorithm (as stated in Theorem 1.3), as compared to COARSE algorithm of
Dell et al. [9] (as stated in Lemma 5.1), by a careful analysis of the intersection pattern
of the hypergraphs and setting the sampling probability parameters in VERIFY ESTIMATE
(Algorithm 1) algorithm in a nontrivial way, which is evident from the description of
Algorithm 1 and its analysis.
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A  Some probability results

» Lemma A.1 (Chernoff-Hoeffding bound [10]). Let Xi,..., X, be independent random

variables such that X; € [0,1]. For X = > X; and p = E[X], the followings hold for any
i=1

0<6< 1.

P(IX — p| > op) < 2exp (—pd®/3)

» Lemma A.2 (Chernoff-Hoeffding bound [10]). Let X;,..., X, be independent random
variables such that X; € [0,1]. For X = > X; and u; < E[X] < up, the followings hold for

any § > 0. =
(i) P(X > pp +6) < exp (—26%/n).
(i) P(X < —0) < exp(—26%/n).

B Oracle definitions

» Definition B.1 (Independent set query (IS) [1]). Given a subset A of the vertex set V of a
graph G(V, E), IS query answers whether A is an independent set.

» Definition B.2 (Bipartite independent set oracle (BIS) [1]). Given two disjoint subsets A, B
of the vertex set V' of a graph G(V, E), BIS query reports whether there exists an edge having
endpoints in both A and B.

» Definition B.3 (Tripartite independent set oracle (TIS) [3]). Given three disjoint subsets
A, B,C of the vertex set V of a graph G(V, E), the TIS oracle reports whether there exists a
triangle having endpoints in A, B and C.
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» Definition B.4 (Generalized d-partite independent set oracle (CID) [6]). Given d pairwise
disjoint subsets of vertices Ay,...,Aq C U(H) of a hypergraph H as input, CID query
answers whether m(Ay, ..., Aq) # 0, where m(Ay,..., Ay) denotes the number of hyperedges
in H having exactly one vertezx in each A;, Vi € {1,2,...,d}.

» Definition B.5 (CID; oracle). Given s pairwise disjoint subsets of vertices Ay, ..., As C
U(H) of a hypergraph H and ai, ..., as € [d] such that >.;_, a; = d, CIDy query on input
A[lall,A[zag], e 7ALGS] answers whether m(A[lal]7 ... ,ALGS]) # 0.

» Definition B.6 (CID; oracle). Given any d subsets of vertices Ay,...,Aq CU(H) of a
hypergraph H, CIDs query on input As,..., Aq answers whether m(Ay,...,Aq) # 0.

» Definition B.7 (CID] oracle). Given any d subsets of vertices Ay, ..., Aq C U(H,) of
an ordered hypergraph H,, CIDg query on input Aq,..., Ay answers YES if and only if
mo(Alv s 7Ad) # 0.
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