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Abstract

In this thesis we consider theoretical and practical aspects of conduct-
ing inference on data coming from the Wright-Fisher diffusion, which
arises as the scaling limit of several discrete models used to describe
the way in which allele frequencies change over time. This diffusion
evolves on a bounded interval, and thus many standard results in dif-
fusion theory assuming evolution on the entire real line do not apply.

Conditions ensuring the 9-uniform ergodicity of positively recurrent
diffusions on bounded intervals with entrance or regular boundaries are
established, and used to prove uniform in the selection and mutation
parameters ergodicity for the Wright-Fisher case. The family of mea-
sures induced by the diffusion is further shown to be uniformly locally
asymptotically normal, and these results are used to show the uniform
(over compact sets in the parameter space) consistency, asymptotic
normality, convergence of moments and asymptotic efficiency of the
Maximum Likelihood and Bayesian estimators for the selection param-
eter in a continuous observation regime.

By appealing to a suitable state space augmentation and making
use of the exact algorithm for the Wright—Fisher diffusion, we propose
an exact Markov Chain Monte Carlo scheme which is able to directly
target the joint posterior of the allele age and selection parameter. The
method is subsequently tested on simulated data for a variety of prior
distributions on both parameters.

Finally, a brief sketch of how ¥-uniform ergodicity might be ex-
tended for the multidimensional Wright-Fisher diffusion is provided.
The main techniques granting control over the rate of convergence
in the ergodic theorem are developed, with a particular emphasis on
why establishing such control is particularly challenging in the Wright—
Fisher case.
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Chapter 1

Introduction

Over the past couple of decades, mathematical population genetics has
been one of the main driving forces behind research in numerous areas
of both mathematics and statistics. It primarily concerns itself with
the study of how populations evolve over time, offering viable models
to study how various biological phenomena such as selection and
mutation interact and shape the genetic profile of the population they
act upon. Many models have been proposed over the years to describe
inheritance mechanisms between parents and offspring, but perhaps
the most popular remains the Wright-Fisher model ([Wri31), [Fis99]).
In its simplest form, a haploid population of fixed size evolves in
discrete generations, where the offspring inherit the type of the parent
they choose uniformly at random from amongst the individuals present
in the previous generation. Generalisations allowing for mutation,
selection, migration, variable population size, overlapping generations,
and various other genetically relevant phenomena are relatively easy
to incorporate, making the process more realistic and thus appealing

to practitioners.

Whilst formulating the Wright-Fisher model with mutation and
selection is relatively straightforward, the granularity of the underly-
ing process means that calculating any quantities of interest quickly
becomes tedious and intractable. Thus it comes as no surprise that
performing inference in this context is not feasible, and an alternative

model approximating the original one needs to be sought. One way
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to do this is to resort to a diffusion approximation where one rescales
both space and time to recover a diffusive limit, commonly referred
to as the Wright—Fisher diffusion ([Fel51, Kim64], and Chapter 10
in [EK86]), and which will be the main focus of this thesis. The
Wright—Fisher diffusion is quite a robust process, in the sense that
a broad class of Cannings models ([Can74]) converge to it when
suitably scaled, thus making it an appealing process to study as it
can be used to approximate any such underlying model. Besides
taking values in the unit interval, it also has the favourable property
that the only contribution to the diffusion coefficient comes from
random mating whilst other mechanisms such as selection and mu-
tation appear solely in the drift coefficient. This particular feature
facilitates inference as it precludes any issues relating to identifying
any parameters in the diffusion coefficient via the quadratic variation
of the process. Thus one can concentrate solely on estimating the
drift coefficient, treating the diffusion coefficient as a known expression.

In this thesis we aim to both establish theoretical guarantees
for standard inferential techniques when applied to the Wright—
Fisher diffusion, as well as provide a practicable inferential
scheme with which to conduct exact inference. We start by
considering the one-dimensional process, which is already quite
well-understood ([Dur08, Chapters 7 and 8], [EK86, Chapter 10],
[EM10, [GJS18, [Gri80, [Gri79) [Tav84, BEGOQ]) and widely used in the
literature ([BYN, [KPR21l, [SBS14, [SES16, HDBY20b, MM13| [Mat20]).
However due to specific features of the process, standard results for
scalar diffusions are not directly applicable. One specific instance
of this is tackled in Chapter 3, where we show that the Maximum
Likelihood (ML) and Bayesian estimators for the selection parameter
have a set of desirable statistical properties in a continuous observation
regime. These properties have been shown to hold for a broad class of
diffusions defined on all of R in [Kut04], however the general theory
there fails to hold for the Wright—Fisher diffusion. The main reason
is the fact that the latter process has a diffusion coefficient which
dies out at the boundaries (and is in fact equal to 0 at both 0 and



1), whilst in [Kut04] the diffusions considered are assumed to have
a strictly positive diffusion coefficient everywhere. This assumption
particularly highlights the discrepancy between diffusions defined on
bounded intervals and those on all of R, as the latter need to have some
accompanying boundary behaviour ensuring that the process does
not “escape” the bounded state space as it approaches the boundary.
In the Wright-Fisher case, this is provided by the drift coefficient
which becomes positive (or negative) as the process approaches 0
(or 1), provided the mutation parameters are strictly positive, whilst
the diffusion coefficient vanishes sufficiently quickly to allow the
process to be reflected back into the interior of the unit interval. This
interplay between the drift and diffusion coefficient at the boundary
has deeper implications on inferring the mutation parameters as will
be highlighted in Chapter [3] Apart from the general case considered
in [Kut04], we mention the work done by Watterson in [Wat79], where
the maximum likelihood estimator (MLE) for selection in the absence
of mutation (which in particular implies that the diffusion is absorbed
at the boundary) is studied. By conditioning on absorption, the author
derives the moment generating function, hypothesis tests and proves
asymptotic normality, however these results do not extend to the case
when the mutation rates are strictly positive as the boundaries now
become reflecting.

To arrive to statements concerning the ML and Bayesian esti-
mator however, we first show that the underlying process possesses
certain properties which will be useful going forwards. To this end, in
Chapter [2| we start by considering the more general setting of scalar
diffusions defined on a bounded interval [l, 7], with —co <1 < r < o0
regular or entrance boundaries, and define the notion of ¥-uniform
ergodicity. This property extends the usual pointwise (in the param-
eter) ergodicity displayed by positively recurrent scalar diffusions to
compact sets in the parameter space by finding a least rate at which
the time averages of bounded measurable functions of the process
converge to the state space average. Through the use of quantities
that are very close to the ones used in classifying the boundary



behaviour of scalar diffusions, we provide verifiable criteria which
allow us to deduce Y¥-uniform ergodicity for the above considered class
of diffusions by making use of the regeneration arguments developed
in [LLL11]. We are further able to extend this notion of ergodicity
to a specific class of unbounded functions for the case of diffusions
having solely entrance boundaries. These two general results admit
the Wright—Fisher diffusion as a special case, as shown in Corollaries
and [2.6] and directly imply uniform local asymptotic normality for
the family of measures induced by the solutions to the corresponding
Wright—Fisher stochastic differential equations (SDEs), provided one
considers a suitable class of initial laws.

These results will prove to be crucial in establishing certain sta-
tistical properties for the ML and Bayesian estimators for selection
based on a continuously observed Wright—Fisher diffusion. As we
are now in the regime where our data is a particular realisation
from amongst the collection of all continuous functions mapping
[0,7] — [0,1], the likelihood ratio function is given by the Radon—
Nikodym derivative between the measures induced on this space of
functions by the corresponding solutions to the SDE for different
parameter configurations. This ratio can be analytically derived
(provided the mutation parameters are sufficiently large) by the
Girsanov transform, and shall be the main focus of Chapter [3] As
stated above, a broad class of diffusions has already been tackled in
[Kut04], establishing uniform (over compact sets in the parameter
space) consistency, asymptotic normality and convergence of moments,
together with asymptotic efficiency for a given set of loss functions.
The arguments developed there hinge upon the Ibragimov-Has minskii
conditions ([IH81, Theorems 1.5.1, 1.5.2, 1.10.1, 1.10.2]), which consist
of:

1. two bounds on the Hellinger distance of the likelihood ratio,

2. marginal convergence of the finite dimensional distributions of the

likelihood ratio to those of a suitable limiting distribution

3. the uniqueness of the maximum of this limiting distribution to-
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gether with that of the minimum of a particular function of this
limiting quantity.

We show that these conditions directly imply the above stated
properties for the ML and Bayesian estimators in Theorem [3.2] and
prove that they hold true for the Wright—Fisher case in Propositions
3.5 3.6}, 3.7 and Corollary [3.4] The corollary follows directly from the
previously proved uniform local asymptotic normality by considering
the marginal convergence of the finite dimensional distributions of
the associated likelihood ratio function, whilst Proposition holds
in general and is directly applicable for the Wright—Fisher diffusion.
Propositions [3.5 and require some more work. Extending this
framework to include the mutation parameters is only possible when
these are greater than or equal to 1 (to ensure that the Radon-Nikodym
derivatives and resulting likelihood ratios are defined), and is rather
delicate as illustrated in Section [3.4]

We point out here that the above described setup where we ob-
serve the whole path without error is clearly unrealistic, and thus
cannot lead to a practicable inferential scheme. Even if one had
access to the entire path, storing this infinite dimensional quantity
on a machine is not possible. To this end we emphasise that the
contributions developed in Chapter [3| are purely theoretical in nature
and serve to establish a baseline from which one could hope to
recover similar conclusions in the discrete observation setting, when
an additional source of error is introduced as one does not know what
happens to the path in between observations. As we show in Section
B.3] there is some empirical evidence which suggests that similar
results might still hold in the case when observation times approach a
densely sampled regime, however extending them formally for such a

scenario is outside the scope of this thesis.

Having established that the selection parameter can be inferred
from the data in this idealised setting, in Chapter [d] we proceed to
develop an inferential technique for conducting inference based on

noisy discrete observations coming from the scalar Wright-Fisher
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diffusion.  Recent developments in technologies relating to DNA
sequencing and ancient DNA (aDNA) retrieval has led to a rapid
increase in the amount of allele frequency times series datasets
([HSK™05, LPRT09, MM13|, SCWGSL17, Mat20] to name a few, but
we point out a growing repository of aDNA datasets at the Reich
Lab Websiteﬂ in Harvard consisting of data used in published studies)
which track the changes in allelic frequencies in a population across
time. Traditional methods used by geneticists to quantify the degree
of natural selection have relied solely on present day data, leading
to estimates with a limited amount of statistical power since they
depend only on a static snapshot of the population. In view of the
fact that selection is a mechanism which is continuously operating
on the population at hand, incorporating the temporal dimension
into the picture by stringing together several observations through
time (under the unifying assumption that all sampled individuals
derive from the same population), should lead to more informative
estimates. However, this approach does not come without its pitfalls.
Whilst in the continuous observation case, the likelihood ratio is given
analytically via the Girsanov theorem (with the nuisance there being
the infinite dimensional random integrands involved), in the discrete
observation case it is given by a product of Wright—Fisher transition
densities. As with most diffusions, these quantities are analytically
unavailable and cannot be computed exactly in finite time; in the
neutral Wright-Fisher case the transition density admits an infinite
series representation, whilst in the non-neutral case intractable terms
make the analysis much harder. Most of the techniques developed
thus far in the genetics time series literature have relied on some
form of discretisation to deal with this intractability; be it solving
the associated backward Kolmogorov equation via finite difference
schemes ([BYN, HDBY20b|), working with truncated eigenfunction
expansions of the transition densities ([SBSI4]), or approximating
Lebesgue integrals via Riemann sums ([SES16]). Such approximations
allow for access to estimates of the selection coefficient as well as
other genetically relevant quantities (such as allele age and effective

"https://reich.hms.harvard.edu/datasets
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population size), however the discretisations and approximations
employed introduce a bias into the inference which is impossible to

quantify.

Notwithstanding these problems, it was proved in [JSI17] that an
exact algorithm targetting the neutral and non-neutral Wright—Fisher
diffusion and bridge can be implemented in finite time, thereby paving
the way to embedding this algorithm within a Markov Chain Monte
Carlo (MCMC) framework to target the exact posterior of the allele
age and selection parameter. By exact here we mean that the method
suffers only from Monte Carlo (MC) and precision error as none of the
intractable quantities are computed via discretised approximations. By
relying upon a suitable state space augmentation, we gain access to a
more tractable form of the likelihood function, which therefore enables
us to construct a Gibbs sampler that alternates between updating the
parameters of interest and the auxiliary random variables. The end
result is a pseudo-marginal algorithm targetting the joint posterior of
the allele age tg, the selection coefficient o, as well as the auxiliary
variables which we can marginalise over to recover the posterior
distributions of interest. The method has been tested extensively on
simulated data (generated by means of the exact algorithm), and the
output obtained suggests that the method produces reasonable results
even when priors are somewhat mis-specified. The method developed
in Chapter 4] is currently being extended in several directions, namely
avoiding any pseudo-marginal updates, incorporating the mutation
parameters into the inference, accounting for demographic history and
allowing for selected alleles to arise from standing variation rather

than necessarily stem from de novo mutations.

Working in the one-dimensional case as above allows for a num-
ber of techniques and properties of one-dimensional processes to
be invoked, leading to simpler calculations and arguments. These
simplifications disappear when one moves to higher dimensions, as
several concepts such as point recurrence and the notions of speed
and scale do not extend. Thus establishing analogous results as in



the one dimensional case becomes much more intricate. In particular,
in Chapter [5| we illustrate how the results from Chapter |2 can be
extended for the K-dimensional Wright-Fisher diffusion with selection
and mutation when K > 2, starting with ©¥-uniform ergodicity. Whilst
extending the notion of ¥-uniform ergodicity is quite straightforward,
establishing it is rather more involved. The regenerative scheme
coupled with the ordinary differential equation (ODE) approach
used in Theorem is no longer suitable, as the hitting times of
sets (as opposed to points) do not offer the correct mathematical
framework within which to entertain regenerative arguments in higher
dimensions. Instead we show (following the approach in [LL13]) how
a richer stochastic process constructed out of the original one allows
for a suitable set of regeneration times to be defined, which in turn
allows for regeneration arguments similar to those used in Chapter
to be employed. We point out here that the techniques used in
[LL13] enable control over the rate of convergence in the ergodic
theorem first by means of the moments of these regeneration times
(via the arguments used in Theorem 5.2 therein) and subsequently via
a suitable Lyapunov function (by making use of Theorem 4.1 therein).
Whilst the results leading to the bounds involving the moments of the
regeneration times apply verbatim to the Wright—Fisher case, showing
how these can be controlled via Lyapunov functions remains an open
problem, as the results used for this last step need not apply to the
Wright-Fisher case. Nonetheless, we show how by considering the
hitting times of a particular set (together with a specific choice of
parameter configurations), standard multidimensional diffusion theory
coupled with a suitable choice of Lyapunov function allow for control
over the moments of said hitting time in terms of the Lyapunov
functions. We emphasise here that this chapter does not contain
original results, but rather provides a general overview of the problems
involved in establishing ¥-uniform ergodicity for the K-dimensional
Wright—Fisher diffusion. Once this last hurdle is cleared, then one
can start thinking about proving uniform local asymptotic normality
for the corresponding family of measures, and eventually also looking
into extending the results in Chapter |3|to the multidimensional setting.



The rest of this thesis is organised as follows: In Chapter [2] we
tackle the problem of deriving conditions which guarantee {¥-uniform
ergodicity for bounded scalar diffusions with entrance or regular
boundaries, and proceed to extend this notion for a specific class of
unbounded functions in the case when both boundaries are entrance.
We then use these results to deduce the uniform in the selection and
mutation parameters ergodicity of the Wright—Fisher diffusion together
with the uniform local asymptotic normality of the laws associated to
the solutions of this SDE. Chapter [3| then looks at proving uniform
(over compact sets in the parameter space) consistency, asymptotic
normality and convergence of moments, together with asymptotic
efficiency for the ML and Bayesian estimators for selection when
the entire diffusion trajectory is observed without error in Theorem
3.2 The results rely on the Ibragimov-Has 'minskii conditions which
are translated to our setting in Theorem [3.3) and proved for the
Wright—Fisher case in Section [3.2] Problems associated with extend-
ing the inferential framework to include the mutation parameters
are elaborated on at the end of the chapter. In Chapter {4 we then
turn towards devising a practicable way of performing inference on
time-series data driven by an underlying Wright—Fisher diffusion. Here
we develop an exact inferential scheme which allows us to directly
target the posterior over the allele age and selection parameter via a
suitable state space augmentation and access to the exact algorithm
for the Wright—Fisher diffusion. We give a thorough explanation of the
method, and proceed to illustrate its performance on simulated data
before closing off with some final remarks on extensions to the current
setup. We then move on to tackle the case of the K-dimensional
Wright—Fisher in Chapter [5, where we illustrate the steps necessary to
prove ¥-uniform ergodicity in this setting, and give a brief sketch of
how one might achieve this. In addition, we explain in greater detail
the main problems relating to controlling the moments of regeneration
times, and describe some preliminary attempts at solving this. We
conclude with a brief discussion in Chapter [0, where we survey the
results presented here and provide an outlook on related future work.



Chapter 2

Y-uniform ergodicity and

local asymptotic normality

In this chapter we focus on the scalar Wright-Fisher diffusion which
describes the allele frequency dynamics in a two-allele, haploid
population undergoing both selection and mutation. We start by
considering a general scalar diffusion taking values in an arbitrary
bounded interval [[,r], with —oo < | < r < oo being either regular
or entrance, and derive verifiable criteria to establish -uniform
ergodicity (as defined in Definition [2.1)). Subsequently, we introduce
the Wright-Fisher diffusion, and by making use of the previously
derived criteria, show that the diffusion is ergodic uniformly over both
the selection and mutation parameters, and that the associated family
of measures induced by the solutions to the corresponding stochastic
differential equations (SDEs) is uniformly locally asymptotically
normal (provided the mutation parameters are greater than or equal
to 1). The importance of these two properties (particularly uniform
local asymptotic normality) becomes more apparent in the next
chapter when we use them to analyse the statistical properties of the

Maximum Likelihood and Bayesian estimators for selection.
Using arguments developed in [LLLI1], we bound the rate of

convergence in the ergodic theorem for bounded positive recurrent

scalar diffusions having either boundary being entrance or regular,
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via moments of the hitting times of an arbitrary point in the interior
of the state space. By making use of recursively defined ordinary
differential equations (ODEs), these quantities can be bounded from
above in terms of the underlying parameter 9. Thus, the pointwise (in
the parameter) ergodicity is extended to arbitrary compact sets in the
parameter space by finding the least rate at which this convergence
occurs. We point out here that the general results we derive in Section
provide easily verifiable criteria with which to deduce whether
an arbitrary diffusion on a bounded interval with entrance or regular
boundaries displays ¥-uniform ergodicity. In particular, as seen in the
proof of Theorem [2.2] the criteria are closely linked to standard quan-
tities used to classify the boundary behaviour of scalar diffusions. We
further extend the notion of ¥-uniform ergodicity for a specific class of
unbounded functions when the diffusion has solely entrance boundaries.

Local asymptotic normality ([LC60]) is a particularly useful property
for a family of statistical models to possess, as it allows for the
log-likelihood ratio to be asymptotically viewed as a Gaussian random
variable. This concept turns out to be crucial in proving several
asymptotic properties of estimators such as consistency and asymp-
totic normality in the context of parametric models, and shall be one
of the central properties upon which our results in Chapter 3 rely.
Establishing uniform local asymptotic normality for a general class of
diffusions taking values on the entire real line is rather straightforward
given sufficient assumptions on the drift and diffusion coefficient (see
Lemma 2.9 in [Kut04]), by applying a uniform (in the parameter)
central limit theorem (Proposition 1.20 in [Kut04]) and a law of large
numbers (by making use of Proposition 1.18 in [Kut04]). The latter
proposition, however, holds only for SDEs for which the diffusion
coefficient’s inverse can be bounded from above by a polynomial, and
thus immediately excludes the Wright—Fisher diffusion. Nonetheless,
by resorting to ¥-uniform ergodicity, we are able to establish uniform
local asymptotic normality for the class of Wright—Fisher diffusions
parametrised by the selection and mutation parameters (provided the
latter are greater than or equal to 1) in Theorem .

11



The rest of this chapter is organised as follows: in Section
we derive the conditions which ensure that a scalar diffusion on a
bounded interval with entrance or regular boundaries is ¥-uniformly
ergodic (a term we define precisely in Definition , and extend this
property to a specific class of unbounded functions for diffusions with
solely entrance boundaries. Section then introduces the scalar
Wright—Fisher diffusion, together with some well-known properties,
before proving that the diffusion is uniformly in the selection and
mutation parameters ergodic in Subsection [2.2.1] and that the family
of measures (indexed by ¥ € ® C R x [1,00)? for ® open and
bounded) induced by the solutions to the corresponding SDEs are
uniformly locally asymptotically normal in Subsection [2.2.2]

2.1 Y-uniform ergodicity for scalar diffusions on

bounded intervals

We start by considering an arbitrary fixed interval [I, 7], with —oco <
[ < r < oo, on which we define the SDE

dY, = p(9,Y,)dt + a(Y)dW,, Yy~v, 9€@® CRY d>1 (2.1)

where v is an arbitrary initial distribution on [I, 7], (W}):>0 a standard
Wiener process defined on a given filtered probability space, p and
a are such that the SDE admits a unique strong solution which we
denote by Y 1= (Y})i>0, —00 < | < r < oo are both either entrance
or regular boundaries for Y, and the observation interval is fixed to
[0,7]. We denote by P{? the law induced on the space of continuous
functions mapping [0, 7] into [/, 7] (endowed with the Borel o-algebra,
and henceforth denoted by Cr([l,r])) by the solution to when
the true diffusion parameter is set to 1, and Yy ~ v (with dependence
on T being implicit). Furthermore we denote taking expectation with
respect to P by EY.

Assume further that Y 1is positive recurrent, then using stan-
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dard one-dimensional diffusion theory (see Theorem 1.16 in [Kut04]),

we get that the unique invariant density is given by

1 2 2le”‘wz)dz
Y
fﬂ (x):G_gag(I) ) S [l7T]7

r 2 2f13 u(9, Z)
Y. _ a2 ¥ . 2.2
G19 /l O[Q(ZL') L ( )

In what follows, we denote taking expectation with respect to f b

E®, where the omission of the subscript will indicate that we start
from stationarity, and henceforth always assume that & ~ f}.

In order to derive the results in Chapter [3, we will need a slightly
stronger notion of ergodicity which we now define. The idea here is
that we can extend pointwise ergodicity in the parameter ¥ to any
compact set K C O by finding the slowest rate of convergence which
works within that compact set. More rigorously, we introduce the
following definition.

Definition 2.1. A process Y is said to be ergodic uniformly in the
parameter ¥ (or Y-uniformly ergodic) if Ve > 0 we have that

T—o00 9ekC

lim sup P’ ”;/OTh(Yt)dt—]E(ﬂ) h (g)}‘ > g] =0 (2.3)

holds for any K compact subset of the parameter space, and for any

function & : [I,7] — R bounded and measurable, where & ~ f}.

In the context of scalar diffusions defined on a bounded interval [I, r]
with —oo < | < r < oo, where both boundaries are either regular or
entrance we have the following theorem:

Theorem 2.2. Let Y be defined as above as the solution to ([2.1)),

with boundary points | and r either entrance or reqular, and that the
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ETPTESSIONS

€ 2u(d) 4 3 2 n2u<19y)
W (a,b) = / oy / " 0 e
19( ) a l 042(77)

b e 2@ 9 n 2u(9.y) 4
wilo ) 1= [ T [ s, @

are bounded away from 0 on any compact set K C O, and any l < a <

b<r. Then'Y is uniformly ergodic in the parameter ¥ for any initial

distribution v.

Proof. We show ®-uniform ergodicity for scalar diffusions on the
bounded interval [I, 7] having entrance or regular boundary points by
making use of Theorem 3.2 in [LLLI11], which allows us to bound the
LHS of in terms of the moments of the hitting times of the process.
That result requires the diffusion coefficient to be positive everywhere,
and the drift and diffusion coefficients to be locally Lipschitz and to
satisfy a linear growth condition. These conditions however, are only
used to guarantee the existence of a unique strong non-exploding solu-
tion to the SDE in Theorem 3.2, which we are guaranteeing explicitly
in the statement of the theorem. None of these requirements on the
drift and diffusion coefficients are used in the proof of Theorem 3.2 in
[LLL11] when p € {2,3,...}, which allows us to employ this theorem
for such p. All that remains to prove then is that these moments can
be bounded in ¥ over compact sets in the parameter space, for then
holds. To this end, we introduce some notation from [LLLIIT],
namely let a,b € (I,r) be arbitrary fixed points such that a < b. Define
So =0, Ry =0, and

Spy1:=inf{t > R, : Y, = b}
Ry :=inf{t >5,,,:Y, =a}

for n € N, where we specify that here and throughout the rest of this
thesis N includes 0. By the strong Markov property, (R — Ry_1) keN\{0}

(9)

is an i.i.d. sequence with law under P, equal to the law of R; under

Péﬁ), where Pgﬂ) denotes the law of the process started from a. Related

14



to the process (R, )nen We have the process (Ny)i>o which we define as
N; :=sup{n: R, <t}

and for which we observe that {V; > n} = {R,, < t}. We also denote
by

T, :=inf{t>0:Y, =a}

the hitting time of a, and note that T, = S;. Furthermore, let £y :=
—1

E@[N,] = ES”[Ry]  (see Lemma 2.7 in [LLLIT]), and 7 := —(Rs —

Ry —{y"). Then Theorem 3.2 in [LLLI1] gives us that for p € {2,3,...}

1 T P
P H_ / h(Y;)dt — E® [h(g)]‘ >e] < K(9,Y,p)e”||nll5. T2,
0

K(9,Y,p) := 65E® [ng ] +12°CL 3 ED [|Ry — Ry|”]
+2(6°) Ly ED [RP] + 23 E(®) [|R1 — by~ ]

+ 2% C 3B (7 ]7),

and C), is a constant depending only on p. We point out here that The-
orem 3.2 in [LLL11] holds Vp € (1,00) under additional assumptions,
but for our case we need only p € {2,3,...}. Thus we are left with
showing these moments can be bounded from above in ¥ over compact
sets, for then follows. Now the only terms above that depend on
¥ are

EP [R],  GED[R—Rl],  GEP (R,

(S Bal VT i

EY ||R - 65" (S (1]

15



and in light of the following inequalities

ES [|ml*] < 2771 (BSV [|Ry — Ral”) + B [£57])
=2 (B[R] + B [R,)7)
E(®) [|R1 - ﬁ;lﬂ < 251 <IE,(]9) R?| +E® [&;])
_ 951 (Efj” R| +E® [Rﬁ) ,

EX (R, - Rilf] = B [R}] < 2" (B [17) + E” [17])

B [Rf] <287 (B 1] + B [17]).

14

EP [R)] =ED 1] + E [T.],

it suffices to consider only the terms £y and E”) [T}]. Thus we are left
with showing that these two terms can be bounded from above in 9
over any compact set K C ©. We further point out that we can reduce
our considerations in the expressions above to integer moments, for if

this is not the case then
E® [T7] < E®) [Tb(pq +ED [TprJ}
where [-] and [-] denote the ceiling and floor functions respectively.

We make wuse of the backward equation for the quantity
Upp(z) = Egﬂ)[Tf] for ¢ € {1,2,...}, to derive the ODE (as
can be found in [KT81] p. 203 and 210, and [WY0S])

o?(x)
2

Us () + n(0, 2)Upy(x) + qUprpla) =0 (25)

with boundary conditions U, ,(b) = 0 and

0
: ! -1 = —
lim 5°(y) 3y as(y) =0
when x < b, or
lim S'( )—1§U (y) =0
y—r Y ay a.b\Y
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when x > b, where

_ y2u(z dz
S(x) ::/ e dy.

Solving (2.5 for x < b leads to

3 2#(19 2p(9,y) 3 2 n 2p(dy) 4
Egzﬂ)[qu] :/ R /l 042(77) f %) quq 1o(n)dnd§, (2.6)

whilst for x > b we have that

€ 2(0.y) r o9 n 26(9.y) 4
By = [ [ g, s, (27)
b ¢ o (n)

We claim that for any z < b and any ¢ € {1,2,...},

2 .Y 3 n2 Y
Eéﬁ) [T7] < ¢! (/ -J* H(21(9y))d / 22 f ug?y)) ydndf)
l 1 o (77)

= q'kly(1,0)7 < 0. (2.8)

To see this, observe that

2p(9,y E n 2
EP)[T,] = / AT / 22 R Ydndg
x 1o 77)

(
< / "y / e
l L a2(n)"
— (D). >

and we observe that x4 (1,b) is finite for all ¥ € © in virtue of [ being
either an entrance or regular boundary (see Table 6.2 in [KT81, Chapter
15, Section 6] p. 234, and note that xl (I, b) here corresponds to N (1) as
defined in (6.19) there). Observe that the RHS of is independent
of x, so we can use the recursion in to conclude by induction that
holds for ¢ € {1,2,...} as required. Similar arguments to those
presented above coupled with the requirement that the boundary point

at r is either entrance or regular, allows us to conclude that for x > b

17



and ¢ € {1,2,...},

r r q
EOT < gt ([ TGy [ 2 G g g
@ - a?(n)
b 3

= qlky(b,r)? < 0. (2.10)

Both RHS of (2.8]) and (2.10) are independent of z, so trivially
E® [T7] < ¢! (/{ig(l, b)? + ky(b,r)?) . (2.11)

All the terms on the RHS of (2.8)), (2.10) and (2.11)) are finite for any

¥ € O, so we have our required bound when taking the supremum over
a compact set K C © for E [7}]. Tt remains to show that we can
bound £y from above. Observe that by definition

~1
to =B (R = (B (1) + BV [T.])

and recall that we will take the supremum in 9 over a given compact
set IC. Using and with ¢ = 1, coupled with , we deduce
that E” T3] and El()ﬂ) [T,] are bounded away from 0 for any compact
K C O, and thus we have the required upper bound on £y. n

Note that the definition of ¥-uniform ergodicity given above involves
only bounded functions h, however the result above can be extended to
a specific class of unbounded functions if one restricts their attention
to diffusions on [l,7] where —oo < [ < r < oo are both entrance
boundaries.

Theorem 2.3. Let Y be as in Theorem [2.9, and suppose that all the
conditions stated there hold, but that both | and r are now entrance
boundaries. Assume further that the function h is integrable with re-
spect to the invariant density f) but possibly unbounded, that for any
[ <a<b<r, supye,yh(y) < oo, and that for any x < b the following

18



hold

€ 2u(0) g §9p 2u(d.9)
sup/ A= y/ (n) " 20 ydnd§ < 0, (2.12)
vek 1

sup / g [ f 27“7 oI B
9ek l 042(77)

Ty
x ) [ /0 h(Yt)dt} dndé < co,  (2.13)

r Ty
sup/ E® [/ h(Yt)dt] v(¥,dx) < oo, (2.14)
ek Ji 0

for any compact set KK C O, and Ty := inf{t > 0:Y; = b}. Then (2.3)
holds for the function h.

Remark 2.4. Note that the above conditions imply that h is only
unbounded at the end points (because the supremum between a and
b of h is finite for any | < a < b < r), which in particular ensures
that all integrals of the form fo (Y;)dt above are well-defined as both
boundary points are unattainable (in view of them being entrance).

Proof. Recall the notation introduced in Theorem [2.2] namely the re-
generation times {.S,, R, }nen and the number of upcrossings up to time
t, {N:}>0. We want to prove that

lim sup P{Y H;/O h(Yy)dt — E® [h(&)]| >¢| =0 (2.15)

T—00 9ekc

holds for any compact set I C ©, with h as defined in the statement of
the theorem. The strategy here will be to decompose the sample path
of the diffusion into i.i.d. blocks of excursions as done in Theorem 3.5
in [LLL11]. However, we will deal with the resulting expectations in a
different way, namely by applying the ODE approach used in Theorem
to bound these quantities from above in ¥ over a compact set
K. To this end, fix ¢ € (0,E®[n(£)]) and choose § € (0,1) such
that ¢ = JE@[h(¢)], and set Qp = {|NyT~' — ly| < £95/4} for
o = ES”[Ry]~. Then as in the proof of Theorem 3.5 in [LLLII], we
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get the following decomposition

w0 ||z " h(vdt — B e[ > <]

T
<P { / h(Yt)dt‘ > —8}
0 4
[| [t Te
+r || [ e - NaE® e B (i) > T
LIJ Ry
[ T
+ PO | |N2E® (BB ] - TE® (We)] > 30
- Rn,+1 T
e || [ nd > T + P g
LIJT

= A+B+FE+C+D

Dealing with £ and D can be achieved as in equations (3.10) and (3.14)
in [LLL11], to deduce that £ = 0 and

D < LB ((e)] (2B [|Rs = £5'[] + 2CEL ("] 1),

for C'y the constant from the Burkholder-Davis-Gundy inequality. All
the above expressions are either constant or have been shown to be

bounded in ¥ over compact sets in the parameter space in Theorem
2.2] so it remains to deal with terms A, B and C' above.

Applying Markov’s inequality to A gives
A< Lo { / " h(Yt)dt}
—Te " 0
and we can decompose the above integral

E®) UOR h(Yt)dt] = E® [/OS h(Yt)dt] +E® MR h(Yt)dt]

<E{ { / ’ h(Yt)dt} + sup h(y)EL” [Ry]. (2.16)

y€la,b]

So it remains to prove that the first term on the RHS can be bounded
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from above in . It turns out that B and C' can be bounded by similar
quantities, so we do this first and subsequently show that the resulting

quantities can be bounded in ¥ too.

Indeed, set & = [ h(Y;)dt, My =0, and

M, =" (& —E [&]) .

T
B =P {\MNT] > —-QT} <P® sup | M| >
n<|Tle(145/4)] 4

4 2
< (T—g) V) [M7051+6/2))]

by the Kolmogorov inequality where V' denotes the variance with

)

respect to the measure P{”). Now observe that

[Tls(1+6/4)] )
VO [Miregussm] = . V2| (& —EP ()]
k=1

= [Tlo(1+6/4)|EP [(51 —-EY [51])2]
< |Tes(1+6/4)]2 (B [5] +E [&]°).

because the {&}72, are i.i.d., and moreover we have that under P
they are equal in distribution to &, under P, So

5 < Lles(1+6/4)]

< 2EP[GIHEP L) 217)

The second term of (2.17)) can be bounded in the same way as in ([2.16]),
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whilst for the first term we can use a similar decomposition to get

(o]

+ sup h(y)’EY [R?] ) : (2.18)

y€[a,b]

D] <2 (EE:”

Finally, for C' we use the same arguments as in [LLLI1] (just before
equation (3.13)) to get that

c< ) PP

k=1

[Tlo(1+5/4)] Rp+1 T
{ / h(Y;)dt > f}

(o),

- T2e2
4204(1 4 6/4 R 2
< et ([
0

and we can apply the same reasoning as in ([2.18)). It remains to show

that the terms
T, 2
( / h(mdt)
0

Ty Ty
E® { / h(Yt')dt] , EY) { / h(Yt)dt} . EY
0 0

can be bounded from above in 9. The same arguments used to derive
the ODEs in Theorem [2.2] can be used here to derive an ODE for
Up(x) := E;(Eﬂ)[( OTb h(Y;)dt)"] for the cases when = < b and x > b with
the same boundary conditions as in Theorem[2.2] Thus for n € N\ {0},
the following recursion holds for U, (z) when z < b

2u(9,y 9 n2u( y)
Un(q:):n/ — 2y / 2’;(”) "S55y, (n)dnde,  (2.19)
x ] @ (77)

and for x > b we have

z £2u(19y) "9 n2u(19y)
Un(a) = [ I [Py i (220
b ¢ o (n)
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Now for n = 1, we get that for x < b,

Ty € 2u(¥,y) 3 n 2#(19 v)
] [ [
0 T 1« (77)

which is bounded over any compact set K C © by (2.12). In view
of condition (2.14)), we get that IE,(P)[ OTb h(Y;)dt] is also bounded from
above in ¥ over compact sets K C ©, and finally, using the recursions
in (2.19), we get that for x < b,

([fr0)]

_ré 2! (19 y) ‘5 2 n 2u(9,y) Ty
—z [ [ s | [T 0] av
T 1 @ (77) 0

E®

which is bounded from above in 19 over a given compact set £ C O
by (2.13)), giving the required bounds for the quantities A, B, and C.
Combining these with the bounds for D and E we conclude that (2.15])
holds. O

2.2 The scalar Wright—Fisher diffusion

We now give a brief overview of the Wright-Fisher diffusion before
showing that the diffusion is ergodic uniformly in the selection and
mutation parameters, and subsequently use this to prove the uniform
local asymptotic normality (LAN) of the family of measures associated
to the solution of the SDE.

Consider an infinite haploid population undergoing selection and
mutation, where we are interested in two alleles A; and A,. Suppose
that 9 = (0,61,0;) € ©® =R x (0,00)? are the selection and mutation
parameters respectively, where o describes the extent to which allele
A, is favoured over A;, alleles of type A; mutate to Ay at rate /2,
and those of type As mutate to A; at rate 0y/2. Let X; denote the
frequency of Ay in the population at time t. Then the dynamics
of X; can be described by a diffusion process on [0, 1], which, after
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expressing the parameters on an appropriate timescale, satisfies the
SDE

dXt = ,U/WF(’I97 Xt)dt + OéWF(Xt>th
1
= 5 (O’Xt<1 — Xt) — 92Xt + 61(1 - Xt)) dt
X1 — X,)dWs, (2.21)

with Xy ~ v for some initial distribution v, and [0,7] the obser-
vation interval. We point out that with ¢ = 0 is commonly
referred to as the neutral Wright—Fisher diffusion, whilst ¢ # 0 is
known as the mon-neutral case. A strong solution to exists
by the Yamada—Watanabe condition (see Theorem 3.2, Chapter IV
in [TW89]), but weak uniqueness suffices for the results in Chapter
. In abuse of notation, we redefine PY”) to be the law induced on
Cr([0,1]) by the solution to when the true diffusion parameters
are ¥ = (0,01, 6,), and X, ~ v, and similarly for the expectation with
respect to IF’,(,ﬂ), E,(,ﬂ), and with respect to the stationary distribution,
E(® (the existence of which we discuss below).

We assume that 6,05 > 0, for if at least one is 0 then the dif-
fusion is absorbed in finite time and we are back in the regime studied
by Watterson [Wat79]. The boundary behaviour depends on whether
the mutation parameters are either less than, or greater or equal to
1, but in either case the diffusion is ergodic as long as 6;,60s > 0 (see
Lemma 2.1, Chapter 10 in [EKS86]).

Substituting pwr and awr into (2.2)) and simplifying terms leads to the
following density for the stationary distribution of the Wright—Fisher

diffusion ([2.21))

fo(z) = =271 (1 — 2)%71, z € (0,1), (2.22)
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where Gy is the normalising constant
1
Gy = / e 21 — )27 dr < max{e?, 1} B(01,0;) < 0o, (2.23)
0
with
1
B(6,,65) ::/ 271 — 2)%2 e (2.24)
0

the beta function. As above we will always assume that £ ~ fg.

2.2.1 Uniform in the selection and mutation parameters er-
godicity

To the best of our knowledge, it has not been shown that the Wright—
Fisher diffusion is ergodic uniformly in its parameters, which motivates
the following corollary to Theorem [2.2]

Corollary 2.5. The Wright-Fisher diffusion with mutation and se-
lection is uniformly in the selection and mutation parameters ¥ =

(0,01, 602) ergodic for any initial distribution v.

Proof. We show that the conditions of Theorem hold for the
Wright—Fisher diffusion. Positive recurrence follows immediately from
(2.23), whilst the existence of a unique strong solution is guaranteed
by the Yamada—-Watanabe condition. That the boundary points 0 and
1 are either entrance or regular is a consequence of the fact that the
mutation parameters are assumed to be strictly positive (see (6.18) and
(6.19) in [KT8I) Chapter 15, Section 6]). It remains to show that both
expressions in (2.4) are bounded away from 0 for any X C R x (0, c0)?
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compact. To this end let 6; := SUPyei 01, Oy := SUpyex 2. Then

b 13 QMWFW y)d 13 1 n 2NWF(19 y)
/ e -J ) / > J r) dndé
a o Owr(n)

b 3
— [eena-g / e (1 — )

a

> 2min{e™? 1}/ £ 91 _ 92d§/ 91— 1 92 Ydn

> 2min{e 7, 1}(b— OL)C;1 (1—a)!

b fs 2MWF(19 ) dy 1 1 K 2#WF((19 Y) dy
e aZop (V) ———¢€ ajyp (¥ d??df
a e 0 wr(n)

b 1
- / 2778 (1 - ) / e (1= )" dde

a

b
ZQmin{e”,l}/ 5—91(1_ 92d§/ 01— 1 92 Ldn

(1—b)*
0

3y

, (2.25)

> 2min{e”, 1}(b — a) byt (2.26)

which follows by observing that

EN1- ™ >1 V¢ € (a,b),V61,0, > 0,
(1=mn)=t>(1—a)! vn € (0,a),
nt >t vn € (b,1).

As the RHS of both ([2.25)) and (2.26]) are bounded away from 0 on &,
the result follows by applying Theorem O

For the remainder of this chapter we restrict our attention to the pa-
rameter space @ C R x [1,00)%, where © is open and bounded, for if
either of the mutation parameters were less than 1 then the measures
P{? within this region would be mutually singular with respect to one
another and thus their Radon-Nikodym derivative undefined. Restrict-
ing our attention to mutation parameters within the range [1, 00)? thus
ensures that the family of measures {IP,(P), ¥ € O} are equivalent, and
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we have that

sz(}g/)< T) — V(19/7X0)
AP v(9, Xo)

g ¥, X;) — pwr (9, X
Xexp{/ <uWF< X0) — e (9, o)th
0

awr(Xy)
_ %/OT <”WF("9/’§$F_<)‘(‘:)VF('9’X9)2dt} (2.27)

with IP’,(,ﬁ)—probability 1 when the true value is ¥, where we assume
that the initial distributions {v(1, ) }vce are mutually equivalent and
admit a density with respect to some common dominating measure
A(+), which (in abuse of notation) we denote by v(1,-). Proofs of the
above claims regarding the equivalence of the Wright—Fisher diffusion
and the form of the Radon—Nikodym derivative can be found in
[DMS93], Lemma 7.2.2 and Section 10.1.1. We emphasise here that we
have allowed the starting distribution v to depend on the parameters,
as is evident from the first ratio in (2.27). However if there is no

such dependence then this ratio is equal to 1 and our results still apply.

Furthermore, restricting to mutation parameters greater than or
equal to 1 ensures that the diffusion boundaries now become entrance
(see equations (6.18) and (6.19) in [KT81) Chapter 15, Section 6]), and
as done in Theorem , can be extended for a particular class of
unbounded functions. We focus on two such functions for this class of
diffusions, as they turn out to be an essential ingredient necessary to
prove the LAN property.

Corollary 2.6. For the Wright-Fisher diffusion with mutation and
selection parameters 9 € © C R x [1,00)? (for © an open bounded
set) with initial distribution v satisfying (which is defined in the
statement of Theorem @), Y-uniform ergodicity holds also for
the functions h(z) = (1 — z)x~" and h(z) = (1 — ) *x. The result
holds in particular for the case v = fg.

Proof. The result follows immediately if we show that all the conditions
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of Theorem are satisfied for the above functions. In particular, we
show that they hold for h(z) = (1 —x)z~!, as similar arguments apply
for the case h(x) = (1 — z)"'z. The conditions of Theorem have
already been shown to hold in Corollary 2.5 whilst integrability with
respect to the invariant density is guaranteed as we are considering
mutation rates (61,60s) € (1,00)%. That sup,c(,; h(y) < oo for any pair
0 <a < b<1isimmediate, so it remains to show , , and

(2.14). Observe that

Ty 1— X b
Ty
0 T

I3
x / 7" 2 (1 — n)*2dndg
0

< 2max(e",1} [ en g / " =dnde
0
= 2max{e ? 1}—/ ¢! €)%,

so (2.12)) holds as the RHS is continuous in ¥ and thus can be bounded
from above in 9 over any compact set  C ©. For x > b

Tb 1 _ X X
E® [ / Y tdt} =2 / et (1 — )70
0 t b

1
<[ e ) ng
3

< 2max{e?, 1} /x & max{01,2}(1 )t

' 1

" /5 (1 —n)"dnde
= Qma,x{e }9 + 1/ gfmax{Hl,Q}(l i f)df
/ f—max{ﬁl 2}d§

and thus (2.14]) holds in view of condition (2.31]). In the case when

<2 7
< 2max{e’, 0 +1
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v = fg, we get that

t

- X 1
E® {/ —tdt} < 2max{e 7,1}
0 X,

which follows from

[

0, —1

/ / 11— €) e fo )i

+ 2max{e’, 1}9 1

<[ [ ety

< 2maX{e l}m——lG / 1 _ 92d£

/ g— max{61, 2}d§

+ 2max{e’, 1} @ +1

220711 — 2)"  dEda

/ / e (1 - 2) A dde

<5/,

<_
=9,

591 1 92d£

ﬂ €)~"d¢
0

because 0,65 > 1, and

/b 1 /b T g (1) dedi = /b 1 /5 1 = max(002} 1 (0 e

1
S/ 5—max{91,2}d£.
b
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Finally, using the recursions in (2.19)) and ({2.20]), we get that for x < b,

=2y ] ot 1) [

< [ ena g

2(2max{e”?,1})* -0 /b 012
1—5b)"" v dry
017 (1-10) i

< [ en g
which follows from

/é "2 (1—n)™ /b 71— )" dydn

" b ! b

< [ren [ ) Sy
Ob n

S/O V(1L =) "y,

E(®

and again the corresponding RHS can be bounded from above over any
compact set L C © using continuity in 9, such that (2.13) holds and
so the result follows by Theorem [2.3] O

2.2.2 Local asymptotic normality

We end this chapter by introducing the concept of local asymptotic
normality and show that the corresponding family of measures associ-
ated to the Wright—Fisher diffusion is uniformly locally asymptotically

normal, which will be essential in the next section.

Definition 2.7 (Special case of Definition 2.1 in [Kut04]). The family
of measures {IP’I(,ﬂ), 9 € O} induced by the solution X7 to the SDE (2.1
is said to be locally asymptotically normal (LAN) at a point ¥y € O at
rate T~'/2 if for any u € R?, the likelihood ratio function admits the
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representation

dPl(/’ﬁo-i-%)

ZT,190 (u) = (XT>

Py
1
= exXp {<u7 AT(rl90> XT)> o 5 <I<190)u7 u> + TT(I&Oa u, XT)} )

where (-, -) denotes the Euclidean inner product on R?, and Ar(d¢, XT)

is a random variable such that
Ar(90, XT) S N(0,1(9)),

with I(1¥) the Fisher information matrix evaluated at 9y, i.e.

— E('ﬂo) [1(190, f)ﬂ(ﬁm €>T

0 e |

where f1(9,£)7 is the transpose of the vector of derivatives of u(9, )
with respect to 9. Moreover, the function r¢ (99, u, X7) satisfies

lim 77(9,u, XT) =0 in P%)_probability

T—o0

The family of measures is said to be LAN on © if it is LAN at every
point ¥y € ©, and further it is said to be uniformly LAN on © if either
convergence above holds uniformly in ¥ € K for £ C © compact, by
which we mean that for any compact  C O, and any measurable,
continuous and bounded function g,

lim sup !E&ﬂ) [g (AT(ﬁ, XT))] —E [g(C)H =0 (2.28)

T—o00 9ei
for ¢ ~ N(0,I(19)), and Ve > 0

lim sup P(¥) [|lrr(¥9,u, XT)| > €] =0. (2.29)

T—o00 yeic

Theorem 2.8. The family of measures {Pl(,ﬂ),’ﬁ € O} induced by the
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weak solution to with initial distribution satisfying

. v(¥+ex)
lel‘glo V<07x> , Vo € [O, ]7 ( 30)
ek 91 o
1
%/ g2 gey (9, dr) p < Cr (2.31)
y Ot 1

on any compact set K C © with C > 0 constant, is uniformly LAN on
©, with the likelihood ratio function Zrg(u) admitting the representa-

tion
Zrg(u) = exp {<u, Ar(9, X)) - % (I(9)u, u) + rp(Y, u,XT)}
foru€Urp ={u:9+ 7 € O}, where

(9, X
Ar(9,X7) = / (9 K1) 4y
\/_ OéWF Xt

In particular the result holds for v = fg.
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Proof. From ({2.27)), we have that the log-likelihood ratio is given by

l/(’l9 + %,X@)
V(’l9,X0)

T1( wy uy, [1—X,
+ [ S E2V/X01-X)+—=
|3 N Y, o )

us Xt > dW
t

log Zr9(u) = log

VTV 1-X,
L (M1 w uy [1-X,
-~ | | —=VX(1-X)+—=
7 4(@ A e
2
us Xt
- — dt
VT 1—Xt)
V(ﬁ—i_LT?XO) T 1
= log 9.0 + (u, Ar(9, X )>—§(I(19)u,u)
1 1 r <ua”WF(197Xt)>2
b3 @)~ o /0 e (232)
where
) §1-¢ 1-¢ ¢
I(9) = E® 2| ¢ =
—¢ -1 1€T£
Setting
v+ %, X
re(9,u, X7T) = log Wt O>+1<I(Q9)u>u>

V(ﬁ,Xo) 2

LT (9, X))
2T Jo aiyp (Xt)

t,

we show that (2.29) holds. The first term goes to 0 as T — oo by
(2.30)), and in particular v = fy as given in (2.22)) is continuous in .
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Thus we deduce that (2.29) follows if we can prove that for any € > 0

1 /T u, HWF<0’Xt)>2dt — (I(9)u,u)| > 8] = 0.

lim sup P
pal T O‘%VF(Xt)
(2.33)

T—00 9eiC

Observe that the expression inside the probability in is made
up of six distinct differences between the averages of the six distinct
entries of the Fisher information matrix with respect to time and the
stationary density. Thus if we are able to show that each individual
difference displays the same convergence as in , follows.

Now, as

(u,;;V%VFF(Z,)x»z:i<ulm+u2\/?_u3\/z>z

1
= — (u%x(l — ) + 2ugug(l — x) — 2uiugxr — 2ugug

4

1—
TRV R >
T x

using ([2.21]), we can apply Corollary [2.5]to the first four terms directly.
The remaining two differences involve the unbounded functions (1 —

)~ and z(1 — )7, for which (2.33) has been shown to hold in

Corollary [2.6| with v satisfying (2.31]). Thus (2.29) holds (we also show
in Corollary [2.6]that (2.31) holds in the case v = fy), and (2.28)) follows

from Proposition 1.20 in [Kut04] which we can invoke in view of the
above proved ([2.33)) and the fact that

sup v/ (I(9)u, u) < co.
dek

[]

We point out here that if the mutation parameters are known, condi-
tion (2.31) becomes redundant and Theorem [.§ holds for any initial
distribution satisfying lim._,ov(o + ¢,2)/v(o,2) = 1 for any = € [0, 1].
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Chapter 3

Properties of the ML &

Bayesian Estimators

Inference for scalar diffusions, particularly proving consis-
tency of estimators under specific observational regimes,
has generated considerable interest over the past few years
[GS12, [Kut04, NR20, NS17, [PvZ09, vdMvZ13, ~Z01, Wat79).
However, most of the work so far has considered classes of diffusions
which directly exclude the Wright-Fisher diffusion, for instance by
imposing periodic boundary conditions on the drift coefficients or by
requiring the diffusion coefficient to be strictly positive everywhere.
The asymptotic study of a variety of estimators for continuously
observed ergodic scalar diffusions has been entertained in great depth
in [Kut04]; see in particular Theorems 2.8 and 2.13 in [Kut04], which
are respectively adaptations of Theorems 1.5.1, [.10.1 and 1.5.2, 1.10.2
in [IH81]. However Theorems 2.8 and 2.13 in [Kut04] cannot be
applied directly to the Wright-Fisher diffusion as certain conditions
do not hold, namely the reciprocal of the diffusion coefficient does not
have a polynomial majorant. This discrepancy makes replicating the
results for the Wright—Fisher diffusion with selection and mutation

highly non-trivial.

In this chapter we show how the same set of desirable proper-

ties hold for the Maximum Likelihood (ML) and Bayesian estimators
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for selection in the continuous observation regime, by exploiting the
explicit nature of , as well as Corollary and Theorem from
the previous chapter. In particular, we show in Theorem [3.2] that these
estimators are uniform in the selection parameter over compact sets
consistent, asymptotically normal, display moment convergence, and
(for a specific class of loss functions) are asymptotically efficient. We
achieve this by showing that the conditions of Theorems 1.5.1, 1.10.1
and 1.5.2, 1.10.2 in [TH81] (which we have combined and translated
to the scalar Wright-Fisher setting in Theorem still hold for the
Wright-Fisher diffusion. We point out further that the uniformity in
our results is particularly useful as it controls the lowest rate (over the
true parameters) at which the parameters of interest are being learned
by the inferential scheme.

The Wright—Fisher diffusion with selection but without mutation
was tackled specifically by Watterson in [Wat79]. Having no mutation
ensures that the diffusion is absorbed at either boundary point 0 or 1
in finite time almost surely, and by conditioning on absorption, Wat-
terson computes the moment generating function, proves asymptotic
normality, and derives hypothesis tests for the Maximum Likelihood
Estimator (MLE). Watterson’s work however does not address the
Bayesian estimator, nor does it readily extend to the case when
mutation is present because then the diffusion is no longer absorbed
at the boundaries. In this sense, the results obtained in Theorem
are complementary to those obtained by Watterson under the
assumption that the mutation parameters are known. Although
this is a restriction, because we are observing the path continuously
over the interval [0,7] and subsequently sending T — o0, these
parameters can be inferred by considering the boundary behaviour of
the diffusion. In particular, when either mutation parameter is less
than 1, the diffusion hits the corresponding boundary in finite time
almost surely. Further, as the diffusion approaches the boundary,
the diffusion coeflicient (i.e. noise) vanishes, and in fact it vanishes
sufficiently quickly on the approach to the boundary that the mutation
parameters can be inferred without error as soon as the boundary
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is first hit. For mutation parameters greater than or equal to 1, the
corresponding boundary point is no longer attainable but the diffusion
can get arbitrarily close to it as T' — oo, and a similar argument
enables the mutation parameters again to be inferred (see [PY81], Re-

mark 2.2] for a related argument applied to the squared Bessel process).

For the rest of this chapter we shall always assume that obser-
vations are available as the entire trajectory (X;)I_, € Cr([0,1]) up
to some terminal time 7', i.e. a continuous mapping from [0,77] into
[0,1], which means that the paths are observed without error. We
point out here that this setup allows us to establish and explicitly
analyse the statistical error produced by an estimator based on
the whole sample path when sending 7' — oo, which then clearly
illustrates the statistical limitations of alternative estimators based on
less informative (e.g. discrete) observations. In a discrete observation
setting, in addition to the above mentioned statistical error, one also
has to deal with observational error. One certainly cannot hope for
an estimator that performs better in a discrete setting than in a
continuous one, so our analysis may be viewed as the ‘best possible’
performance for inference from a discretely observed model.

Apart from the theoretical guarantees that our results provide,
we also perform some simulations to illustrate the conclusions of
Theorem [3.2] In particular, by making use of the exact algorithm for
the Wright-Fisher diffusion ([JS17], see Section |4.2|in the next chapter
for a brief overview), we generate datapoints over a time grid, and
apply Riemann sum approximations to get an estimate of the MLE
(which cannot be evaluated exactly due to the intractable integrals
involved). The plots obtained provide empirical evidence that the
MLE is consistent, and displays both convergence in distribution and
convergence of moments, thereby not only reinforcing the theoretical
results derived in Section [3.2] but also suggesting that similar conclu-
sions might hold for the discrete observation case (outside the scope
of our results), as long as the sampling regime converges to densely
sampled data.
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The rest of this chapter is organised as follows: Section in-
troduces the relevant notation, defining both the ML and Bayesian
estimators, together with the likelihood ratio function which will be
the main object of interest. We also further explain why assuming
that the mutation parameters are a priori known is not as restrictive
an assumption as it might seem in view of the observational regime
entertained. In Section [3.2] we state the main result, Theorem [3.2]
guaranteeing a set of desirable properties for both the ML and
Bayesian estimators, and illustrate how it can be proved by appealing
to Theorems 1.5.1, 1.5.2, 1.10.1 and 1.10.2 in [IH81] in view of Proposi-
tions [3.5] [3.6] and Corollary [3.4] Simulations providing empirical
evidence of the results proved can be found in Section [3.3, whilst
Section briefly illustrates the difficulties involved in extending
the above framework to allow for the joint inference of selection and

mutation parameters.

3.1 Definitions and notation

We henceforth assume that the mutation parameters 6,05 > 0 are
known, and thus focus on conducting inference solely on the selection

parameter 0 € S C R with S open and bounded.

Remark 3.1. The continuous observation regime entertained here
would enable one to infer the mutation parameters: on 9 € R x (0, 1)?
this is immediate as the family of measures {]P’(Vﬂ) : 9 € R x(0,1)%}
are mutually singular. In particular, when either mutation parameter
is less than 1, the diffusion hits the corresponding boundary in finite
time almost surely, and as it does so, the diffusion coefficient (i.e. noise)
vanishes sufficiently quickly allowing the mutation parameters to be in-
ferred without error. Indeed, by looking at the integrands on the RHS
of , we observe that as the path approaches either boundary,
the likelihood ratio explodes. On ¥ € R x [1,00)? the family of mea-
sures {]P’(f) : 19 € Rx[1,00)%} are now mutually absolutely continuous,
with both boundary points unattainable. However, the process can get
arbitrarily close to either boundary as T — oo, and again the noise

38



vanishes sufficiently quickly that the corresponding mutation parame-
ters can be inferred to any required precision. In the case when one
mutation parameter is less than 1 and the other is greater than or equal

to 1, similar arguments apply.

Actually incorporating the mutation parameter into the inferential
setup below leads to some technical difficulties which we discuss
briefly at the end of this chapter in Section so we will henceforth
assume them to be known. Nonetheless all the notation and definitions
introduced in the previous chapter carry through by replacing ¥ by o.

We start by defining the MLE 67 of ¢ in (2.21)) as

Py
Op = arg sup

T
ocs dPY) . 3

where 0y € § is arbitrary and its only role is to specify a reference
measure whose exact value does not matter. Observe that now ([2.27))

simplifies to

Py (x7) = U Xo)
dPl(,U) V(U7 XO)

X exp { /0 (o' — o) VX (1 — X,)dW,

B %/0 (0 — )2 X,(1 — Xt)dt}, (3.2)

with IP,(,U)—probability 1 when o is the true value, with initial distribu-
tions {v(o,-)}ses admitting a density (which, again in abuse of no-
tation, we denote v(o,-)) with respect to some common dominating
measure A(-). In order to be able to define the Bayesian estimator,
we introduce the class %), of loss functions ¢ : & — R, for which the
following stipulations are satisfied:

Al. ((-) is even, non-negative, and continuous at 0 with ¢(0) = 0 but

not identically zero.

A2. The sets {u € S : {(u) < ¢} are convex Ve > 0 (and thus £(-) is
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non-decreasing).

A3. ¢(-) has a polynomial majorant, i.e. there exist strictly positive
constants A and b such that for any u € S,

[e(u)] < AL+ |ul’)

A4. For any H > 0 sufficiently large and for sufficiently small ~, it
holds that

inf ¢(u) — sup £(u) > 0.

lul>H lu|<HY

As remarked above, we assume that S is an open and bounded subset
of R, and we denote by p(-) the prior density on S, which we assume
belongs to

P = {p() € C(S,Ry) : pu) < A1+ |u/’)Vu € S, /Sp(u)du = 1} ,

where A and b are some strictly positive constants, and S denotes the
closure of S. With p(-) € &, and {(-) € #,, we define the Bayesian

estimator o7 of ¢ in (2.21]) as

or = arg H_lin/ E() [6 (ﬁ(&T - 0’))] p(o)ds,
oT S
where the minimization is over estimators 1 = a7r(X7). We introduce
the last class of functions we will need, namely denote by ¢ the class
of functions satisfying the following two conditions:

1. For a fixed T' > 0, gr(+) is a monotonically increasing function on
[0,00), with g7(y) — oo as y — oo.

2. For any N > 0,
lim yNeng(y) =0.

T—o0
Y—00
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Observe that the likelihood ratio function is now given by

(0+2%)
_ & 7 (X7)
dpY)

B v(o+ il Xo)
V(J, XO)

. exp{ (i) [ v

“3(57n) [[wa-wf e

ZTJ('LL) .

for

uEUTJ::{uER:U—i-%ES}. (3.4)

3.2 Properties of the ML and Bayesian estimators
for selection in the scalar Wright—Fisher diffu-

sion

We now present the main result of this chapter which states that the
ML and Bayesian estimators for o have a set of desirable properties.
We prove this by showing that the conditions of Theorems 1.5.1, 1.5.2,
1.10.1, and 1.10.2 in [IH8I] are satisfied for the Wright-Fisher diffu-
sion. A similar formulation of the result below for the general case
of a continuously observed diffusion on R can be found in Theorems
2.8 and 2.13 in [Kut04], where the author proves that the conditions
necessary to invoke Theorems 1.5.1, 1.5.2, 1.10.1, and 1.10.2 in [IH&I]
hold for a certain class of diffusions. However, this class includes only
scalar diffusions for which the inverse of the diffusion coefficient has a
polynomial majorant. This fails to hold in our case, forcing us to seek
alternative ways to prove that the conditions of the above mentioned
theorems hold.

Theorem 3.2. Let ap be either the ML or Bayesian estimator for the

selection parameter o € S (for open bounded S C R) in the neutral
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or non-neutral Wright-Fisher diffusion with initial distribution
satisfying

lim v(o+e¢,x)

=1V 0,1
=0  v(o,x) , Ve el0.1),

and such that for any M > 2 and u € Uy,

=X

and for any R > 0 and u,v € Ur, with |u| < R, |v| < R

[llodn) (o)
vio+ —,% —v| o+ —,7

0 VT VT

for some constants Cy,Cy > 0, and \(-) common dominating measure

introduced below (3.2) (in particular these conditions hold for the case
v = f,, the stationary density). Then ar is uniformly over compact

2
Adz) < Cy|u —v]?

sets IC C S consistent, i.e. for any € >0

- CII o
:Flggoiggp” [|o7 — o] > €] =0;

it converges in distribution to a normal random variable
VT (57 — ) % N(0,1(0)7Y),
uniformly in o € K, where
1) = {E (60— £)];

and it displays moment convergence for any p > 0

lim E©) { VT (or - a)‘p] — E[ 1) %¢

T—oo

'
uniformly in o € IC, where ( ~ N(0,1), for any compact set K C S.

Furthermore, if the loss function ((-) € W, then ar is also asymptoti-
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cally efficient, i.e.

lim lim sup E{) [€ (\/T(ﬁT - 0))] =E [5 ([(Uo)_%Cﬂ ;

6—0T—00 oilo—o0|<6

holds for all oy € S, where { ~ N(0,1).

As mentioned above, the proof relies on Theorems 1.5.1, [.5.2, 1.10.1,
and 1.10.2 in [IH81], which for reference we combine together in our
notation into Theorem below. Establishing that the conditions of
Theorem hold for the Wright—Fisher diffusion is non-trivial as the
standard arguments found in [Kut04] no longer hold, and will thus be
the main focus of this chapter. The conclusions of Theorems 1.5.1 and
[.5.2 guarantee the uniform over compact sets consistency for the MLE
and Bayesian estimator respectively, and also give that for any ¢ > 0
and for sufficiently large T’

sup P\ H\/T(&T — a)‘ > 5} < e Por®)
ek

with «, § strictly positive constants, and gr € ¢4. On the other hand,
Theorems 1.10.1 and 1.10.2 provide the necessary conditions to deduce

the uniform in ¢ € K asymptotic normality and convergence of mo-
ments for compact I C S, as well as asymptotic efficiency.

Theorem 3.3 (Ibragimov—Has'minskii). Let 1 denote either the ML
or Bayesian estimator for the parameter o € S, for open bounded S C
R, in (2.21), with prior density p(-) € P., and loss function ((-) €
W,. Suppose further that the following conditions are satisfied by the
likelihood ratio function Zrq(u) as defined in (3.5):

1. VK C § compact, we can find constants a and B, and functions
gr(-) € 9 (all of which depend on K) such that the following two
conditions hold:

e VR >0, Yu,v € Ur, as defined in satisfying |u| < R,
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|v| < R, and for some m > q > 1

sup IEI(,”) HZTVG(U)% — ZTVU(U)i ‘m]

el

< B(1+ R"|u—v|%. (3.5)
o YVu € Z/{T,o

sup E() [th)%} < emor(ul),

oek

2. The random functions Zr ,(u) have marginal distributions which
converge uniformly in o € K as T — oo to those of the random
function Z,(u) € Cy(R), where Cy(R) denotes the space of con-
tinuous functions on R wvanishing at infinity, equipped with the

supremum norm and the Borel o-algebra.

3. The limit function Z,(u) and the random function

Zy(u)
Y(v :/E(v—u ———du
W= LT Z
attain their mazimum and minimum values respectively at a

unique point u(c) = u with probability 1.

Then we have that o is: uniformly in o € IKC consistent, i.e. for any
e>0

lim sup P [lor — o] > ¢] =0,

T—00 geiC
the distributions of the random variables iy = /T (7 — o) converge

uniformly in o € K to the distribution of u, and for any loss function
e W, uniformly in o € K

v
T—o00

lim E©) [e (\/T (77 — o))] — E© [¢(a)]. (3.6)

For the Bayesian estimator, the requirements for inequality (3.5) can
be weakened as it suffices to show that (3.5) holds for m = 2 and any
q > 0.
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Proof of Theorem[3.9. Our aim will be to prove that Conditions 1,
2, and 3 in Theorem hold for the Wright—Fisher diffusion, for
then the ML and Bayesian estimators are uniformly on compact sets
consistent. Below, Condition 1 is shown to hold in Propositions [3.5
and [3.6) Condition 2 is shown in Corollary [3.4 and Condition 3 is
shown in Proposition [3.7]

It remains to show how uniform in ¢ € K asymptotic normality
and convergence of moments, as well as asymptotic efficiency (under
the right choice of loss function) follow. Given Conditions 1, 2, and 3
of Theorem 3.2, uniform in ¢ € K asymptotic normality follows im-
mediately from Proposition 3.7} @ = I(0)*A(0), A(o) ~ N(0,1(0)),
and u7 converges uniformly in distribution to u. Moreover, as stated
in Remark I.5.1 in [IH81], the Ibragimov—Has minskii conditions also
give us a bound on the tails of the likelihood ratio, which can be
translated into bounds on the tails of |urp[? for any p > 0 (see the
display just below (2.27) in [Kut04]). Similar bounds on the tails of
|ar|P hold for the Bayesian estimator by Theorem 1.5.7 in [IH81], and
thus we have that the random variables |ty |? are uniformly integrable
for any p > 0, uniformly in ¢ € K for any compact £ C §. Uniform
convergence of the moments of the estimators follows from this and
the uniform convergence in distribution (by applying a truncation

argument).

For loss functions satisfying ¢(-) € #,, observe that the uniform
convergence in (3.6 allows us to deduce that

lim  sup E,(/") [€ <ﬁ<5’T — U))] = sup K [5 <I(0)7%<>}

T—0 5ijg—gg|<6 o:lo—og|<d

for ( ~ N(0,1). As I(o) is continuous in o, we have that

lim sup E [Z (I(a)’%g)} =E [5 (1(00)7%)} ;

60 o:|lo—op|<d
giving asymptotic efficiency. O
We proceed to show that Conditions 1, 2, and 3 in Theorem hold
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for the Wright—Fisher diffusion. Theorem [2.§] gives us that the Wright—
Fisher diffusion is uniformly LAN, which immediately gives the re-

quired marginal convergence of the Z7,(u) in Condition 2.

Corollary 3.4 (Corollary to Theorem. For any initial distribution
satisfying

lim v(o+e,)

—1 1
e—0 V(O-, x) vx e [07 ]7

the random functions Zr ,(u) given by
u r u?
Zra(w) = exp{ U [ RAT= X)dW, ~ B (1~ ©)
2v'T Jo 8
+ TT(O-u U, XT)}

2

—: exp {uAT(a) - %I(a) +rr(0,u, XT)} ,

where
X
rr(o,u, XP) o= log (”(UV;“;O) °)> + LB (1 - g)

- % (%)2 /OT Xi(1— X,)dt,

have marginal distributions which converge uniformly ino € K asT —
oo to those of the random function Z,(u) € Co(R) given by

Zo(w) = exp {u(o) - 1001}

where

A(o) := lim —/ VXi(1 = Xy)dW, ~ N (0,1(0)).

Proof. The result follows immediately from the uniform LAN of the
family of measures as shown in Theorem [2.8 see for illustration the
display just before Lemma 2.10 in [Kut04]. It is clear that Z,(u) van-

46



ishes at infinity and thus is an element of Cy(R). O

The next two results allow us to control the Hellinger distance of the
likelihood ratio function as required by Condition 1 in Theorem [3.3]

Proposition 3.5. Let the initial distribution be such that for any R > 0
and for u,v € Up, as defined in with |u| < R, |v| < R

[Jordas) (i)
vio+ —,x —v| o+ —,2

0 VT VT

for some constant ¢ > 0 with dominating measure A(-) as specified below
(3.2). Then for any IC C S compact, we can find a constant C' such that

for any R > 0, and for any u,v € Ur, as defined in satisfying
lu| < R, |v] < R, the following holds

Mdz) < clu—v|* (3.7)

sup E,(j’) UZTJ(U); — ZTﬁ(y)%

oekl

2
} < C(1+ RY)u—of.

In particular the result holds for v = f,.

Proof. In what follows we denote by C;, for i € N, constants which do
not depend on u, v, o, or T. Observe that for any o’,0* € S it holds

that
T 4
dt
/0 awr (X¢) ]
— R /T M 4dt
0

o — o* 4

< ( 1 ) T < o0,

v 2
and so we can use Lemma 1.13 and Remark 1.14 from [Kut04] (as done

R pwr (o', Xi) — pwr(o*, Xy)

v

Xi(1—-X,)
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in Lemma 2.10 there) to split the expectation in (3.5]) into three

2

A(dz)

T 2
+02/ () <N’WF(UU7X1$) _NWF(Uth)) dt
0 awr(X¢)
T . 4
—|—03T/ E) (MWF(Uu,Xt) MWF(O'vaXt)) it (3.8)
0 awr(X¢)

where we denote 0, = o + u/\/T and 0, = 0 + v/\/T The first term
on the RHS of (3.8) can be dealt with using (3.7]), whilst for the second
term observe that

T
[
0

(MWF(Uiu );'iiF—()/g)vp(av, Xy) > 2] dt

B lu — v|?

T
El) [X,(1 — X
- [ B -

< —|u—vlA

Therefore

T
Cg / E£Uv)
0

A similar calculation can be performed for the third term in (3.8]) to

<NWF(Uu7 i;iF_()/;gF(U”’ Xt))2] dt

< Cylu—v]?. (3.9)

get
g 4
CgT/ Elow) (NWF(UU, X)) — pwr(0y, Xt)) ”
o awr (X¢)
S C5|u — U|47

and thus the result holds in view of the fact that |u|, |v| < R.
It remains to show that (3.7)) holds for v = f,. To this end, observe
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that

/

Now we have that

1
Csmin{e?, 1} < G,, = / 2711 - x)(’?‘le(‘ﬂrﬁ)xdx
0
< Crmax{e?, 1},

where Cs = B(0y,0y)e"1S) O = B(6y,0,)e™®(S) are non-zero,
positive, and independent of ¢ and T, since we constrain u,v €
Ur, and we take diam(S) to mean sup, ,s|w — w'|. This al-
lows us to deduce that G' ~ 1/4/G is Lipschitz on the interval
|Cs inf,ec min{e?, 1}, C7 sup, ¢, max{e?, 1}] with some constant Cg >
0, i.e.

< Cy

Gou - GO'U

1 1
‘\/Ggu VG,

! 61—1 02—1 oz | *%= 2
=Cs [ 277 (1 —x)?  €7%|e2vT —e2VT | dx
0
ux v

1
< 0809/ 271 (1 - x)92_1 e’ dx

WT 2T

0

CsC L _

— 8 9|u—v|/ (1 — )"t e da
2T 0

C
< —11(1 max{e’, 1} |u — v|,

where in the second inequality we have made use of the fact that e*

is Lipschitz in z on [—diam(S), diam(S)] with some constant Cy > 0.
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Thus we deduce that

‘ 1 UL 1 VT

5

Ou

VT
uzx VT

enT | _uz 1 1
exvT — e2VT —
Gy, VG, VGo,
< C2x? 1 |
u—v
~ 4T Cgmin{e, 1}

+2

‘ 2

. o2
+ edlam(s)x$ max{e*, 1} ‘u — v’Q

ediam(S)z 0y Oor max{e”, 1}

2
—v| . 3.11
TV Cs min{e"/Q,l}}u v] (3:11)
Putting (3.11]) into (3.10) gives us the result
1 uxT vx 2
/:1;911(1—1')92_1 e’® ! evr — ! evrT | dx
0 Gou Gav
C
g Py
< ol
as
max{e®, 1}
C, = Chyel + C A+ Cy———
1€ + Crp max{e””, 1} + B e ?, 1}
is continuous in ¢ over any compact set K C S.
O

Proposition 3.6. Let the initial distribution be such that for any M >
2 and for v € Ur,,

0 llog <y<0+ﬁ,xo>>

V(O', Xo)
for some constant C' > 0. Then for I C & compact, there exists a
function gr(-) € 4 such that for any u € Ur, as defined in we

>E [¢(1-¢)] W] < % (3.12)
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have that

sup E(”) [ZTJ(U)%] < em9r(lud), (3.13)

cek
The result holds in particular when v = f,.

Proof. Assume for now that for any M > 2 we have that

PO | Zra(w) > exp { - BV -0l }| < S )

for some constant C, 5y > 0 depending on o and M. We show that if

holds, then follows. Indeed
E() [ZT,U(u)%:|
=E [ZT’U(“)%1{ZT,g(u)§exp{—%E<°>[&(1—£>]|u|2}}]
+E}7 [ZT,U(W%1{ZT,a<u>>exp{—%E<a> [s<1—5>}|u\2}}]
< exp { - B 60 - )

T E [Z1,(w)?

< B0 [Z1000) > ex0 { - B g1 - 1w}
< exp { 5= e - ) + 24

where in the first inequality we have made use of Cauchy-Schwarz, and
for the second inequality we have used (3.14]). Therefore,

sup]E,(j’) [ZT,U (u)%}

ge
< sup {exp {—3%1@(0) (1 — )] |u|2} i Ca,M}

M
ekl |u|7

SUP,ex Cont

Jul ¥

—exp {~ 35 it B e(1 - ]l | +

=:exp {—gr(|ul)}.
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It remains to ensure that gr(-) € ¢, that inf,ex EC[¢(1 — €)] >
k > 0 for some constant x, and that for any M > 2 it holds that
sup,cx Co,m < 00. Observe that

min{inf e’, 1} B(61,60,) < G, < max{sup e’, 1} B(61,6,).

gell e

Thus

(o) : "1 e 02
inf B [£(1 — 6)] = inf {/0 G -9 di}

oel

infyer { fy e6€" (1 - €)"d |

max {sup,cx e, 1} B(6;,62)

< min {inf e e, 1} B(61 + 1,05 + 1)
—  max{sup, e, 1} B(01,02)

A%

=K

and k > 0 because K is bounded, and thus both sup, ., €” and inf,cx e”
are finite and non-zero. We show that sup,cx Co s is finite VM > 2
in what follows. We now check that gr(|u|) as defined above is in the

class of functions ¢. To this end, observe that

1 . sup Conm
= — JRS— (O') _ 2 gek )
gr(Jul) log (eXp{ 55 I B (E(1 = &)] Jul } + —) :

Jul =

Indeed, for a fixed T" > 0, gr(|u|) — oo as |u| — oo, because we have
that inf,ex E@[E(1 — €)] > 0, and furthermore given any fixed N, we
can choose M large enough (note the way we phrased allows us
to choose our M arbitrarily large, say M > 2N) such that

lim yNe—gT(y)

T—00
Y—+00
1 0.
= lim y" | exp {—— inf E“) [¢(1 - )] IyP} 1 SWockc Conr ) _
Z:;gg 32 ge |y|7

where the order in which limits are taken is immaterial since our choice
of gr(|u|) is independent of T'. Thus we have proved that if (3.14)) holds,
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then

sup E©) [ZTJ(u)%} < o). gr() €9
oc

To show that (3.14]) holds, we make use of Markov’s inequality as well
as Theorem 3.2 in [LLLI1]. Indeed, observe that

PO | Zrotu) 2 exp { - 15B et - 11 |

v(o + \/LT,XO)
v (o, Xo)

<o { [N yRI=

(L s xgm -0 g0 - 0) )

> oxp { JGEOE( - O}

— plo)

v

16
(@) vo + J5 Xo) 1 m@re
< Pl [10g< o )| e - o
ve [l [ VRT R > Lo -]
v 2\/? 0 48
o I R CE@ g1 —
w0 | 2811 [ - ga - £ et - )
> ZEC(1 - 5)]|u|2]
= Al +A2+A3

The bound for A; follows immediately from (3.12)). For the particular

93



case when v = f,, we use Markov’s inequality:
G u
log ( z ) + Xo
Got 2 VT

48 M G u
< E | lo |+ —=X
(E@[m —5)]Iu|2> ° (Gf) T

A, =P [

> SEOE(1 - 6)]|UI2]

M

But

3=

1 _6,-1 o 02—1 _ox
! Go _1 Jo 227N (1 —x)% e dx -
*%\G A vy | S
o+ Jo 28711 — 2)P—te TV dy

so we have

A < ( 48 )ME(U) v
~ \E@[E(1 = ]ful? " IVT
48

M
E@ |14 ¢|M
(Ewwm—&)}mu\) el
48d0 M (o) M| . Otg,ll)\/[
S(E(C’)[E(l—@HUP) B [[1+6"] = o

where in the second inequality we made use of the fact that u € Uz,
and thus |u| < d,v/T where we define d, := sup,cys |0 — w| (which is
strictly positive and bounded as S is open and bounded). To see that

M

]1+X0\M]

SUD,cxc C’(Sl])w is bounded, observe that

) 48d M
o = __% ) RO |14 ¢M
e e [
< (96 B0 o, max{e’, 1} "
- B0, +1,05+1) e~ minfe’, 1} )

which is clearly finite because K is bounded.

For A, we use a similar argument, but now use the fact that we
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have a stochastic integral:

48

< (oo sqe)  |lave /) v

< (o amu\)M (G- ”)N;

T
x T-'E() [/ 1X,(1— X)|* dt]
0

< (s (Yor-v) =5

where the first line uses Markov’s inequality and the second inequality

)

uses Lemma 1.1 (equation (1.3)) in [Kut04]. That sup,.c C’f}w is
finite follows from arguments similar to those used for the respective

term in A;.

For A3 we make use of Theorem 3.2 in [LLLII], which gives us
that for M > 2

Py “% [ = g - B g1 - ]| > gB) et1 - 5)]]
(1 — )2

< K(o, X, M) —
B [e(1-8)]
(BT

(3.15)

For the RHS of (3.15)), we have that

(1 — )] 6)|2(1 — @)l ods \
K(o, X, M) (mw[fél—s)] ﬁ)M < Kl X, M) (E<") [€(1— 5)]IUI)

3
o,
Jul

where K (o, X, M) is a function that depends on M and on the moments
of the hitting times of X. Finally we deduce that sup,x C'(E,g])\/[ is finite
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by observing that

6)|2(1 — 2)laody \
¥ —sup K(o. X. M
sup Coar = sup K (0, X, >( E©@ (1 —¢€)]

oek

SSUP{K(O,X,M)

3 B(by,6y) max{e?, 1}\ "
x | = sup dy, — ,
2B(0, +1,0,+1) yex =~ min{e, 1}

which is finite since [|z(1 — z)||o = 1/4, K is compact, and K (o, X, M)
is bounded in ¢ over K (see Theorem and Corollary for the
corresponding details). [

Finally, we present the result which guarantees that Condition 3 in
Theorem holds, and thus that the Ibragimov—Has minskii condi-
tions hold for the Wright—Fisher diffusion.

Proposition 3.7. The random functions Z,(u) and

= v —U —ZU(U) u
wmféu AT

attain their mazimum and minimum respectively at the unique point
u=1u(o) =I(c) L A(o) with probability 1.

Proof. The first assertion follows immediately from Corollary [3.4] For
the second, a straightforward change of variable coupled with Lemma
I11.10.2 in [TH81] (which relies on Anderson’s Lemma (Lemma I1.10.1
in [[H81]) and guarantees the uniqueness of ¥ (v)) gives the result. A
more detailed proof can be found in Theorem I11.2.1 in [TH81]. O

3.3 Numerical Simulations

We illustrate the results proved in Section |3| by showing consistency,
convergence in distribution and convergence of moments for the MLE
when applied to data simulated from the Wright-Fisher diffusion. By
making use of the exact algorithm (see [JS17] for full details, or Section
for a brief review), we obtain exact draws from the Wright-Fisher
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diffusion. The generated paths are then used to calculate the MLE,
and subsequently kernel smoothed density estimates for the rescaled
MLE for various terminal times T are plotted against the density of
the limiting distribution. Using the definition in , the MLE for
the selection parameter is given by

_ Xr—Xo - I (=0:X; + 0,1 — X)) dt
[ X1 — X, )dt

or )
which is impossible to calculate exactly in view of the random infinite
dimensional paths involved in the integral. Instead we approximate
the MLE by using Riemann sums instead of Lebesgue integrals, which
gives rise to the approximation of 61 given by

_ Xr = Xo = 300 (=0 X,, + 61— X)) A
>y X (1= Xi)A

G (3.16)
where A; := t; — t;_; for a time discretisation grid {t;}¥, where
to=0and ty =T,and N € N\ {0}. In particular, {X;,}Y, denotes
the values of the Wright-Fisher path at the times {t;}Y,, which

corresponds to the output generated by the exact algorithm.

To simulate the Wright-Fisher paths, we set the selection parameter
o = 4, the mutation parameters 61,0, = 2, A; = 0.001, Xy, = 0.25
and varied the terminal time T € {1,2,10,50}. For each of the 10,000
simulated paths, we computed , and subsequently for each T
we obtained kernel smoothed estimates of the density of v/T'(6¢ — o)
which are plotted against the limiting N (0, 2E@[¢(1 — £)]7!) density
in Figure [3.3.1}
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Figure 3.3.1: Plots of the kernel smoothed density estimates for v/T'(57 — o)
for T = 1,2, 10,50, and of the limiting N (0, I(c)~!) density.

3.4 Extending the results to ¥ = (0,0, 0,)

As pointed out in Remark at the start of this chapter, assuming
that the mutation parameters are a priori known is not too restrictive
an assumption given the continuous observation regime. Nonetheless,
in this section we briefly explore the technical difficulties related to
extending the setup in this chapter to allow for the joint inference of
the selection and the mutation parameters.

First and foremost we point out that we can only entertain this
extension provided the mutation parameters are both larger than
or equal to 1, for as seen in the discussion directly preceding and
following (and further pointed out in Remark , the Radon—
Nikodym derivative can only be defined once we restrict our attention
to the parameter space R x [1,00)2. Given this restriction, we
observe that the likelihood ratio Zry would now be given by the
first expression on the RHS of , which implies (as illustrated
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in the proof of Theorem [2.8)) that we need to be able to deal with
the unbounded expressions appearing in the integrands there. It is

these extra terms which create problems in establishing Condition
1 in the Ibragimov-Has minskii conditions via Propositions [3.5] and [3.6]

Observe that Proposition relies on holding for any
M > 2, which when considering solely selection, follows directly from
the bounds derived in Theorem [2.2] However, the approach used in
Theorem relied on bounds involving M = 2 only. Extending the
underlying calculations to allow for M > 2 requires access to the M
moments of the random variable fOTb h(Y:)dt. Whilst deriving and
solving a recursive ODE for these quantities is possible, bounding
them from above in terms of ¥ over compact sets for arbitrary M
is non-trivial, as recursive bounds on the respective solutions are
no longer guaranteed in general. Moreover, observe that the proof
of Proposition would also require more delicate (and separate)
arguments for the ML and Bayesian estimators, particularly in view
of the fact that would be required to hold for m > ¢ > 3 for the
MLE (as the parameter 9 would now be three-dimensional).
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Chapter 4

MCMC Inference for the
Wright—Fisher Diffusion

Inferring genetically relevant features such as selection, allele age,
mutation and effective population size from population-wide data
has been a perennial problem for geneticists. Most of the traditional
methods used are based solely on present day genetic information
which greatly impairs inference as it constitutes a static snapshot
of the population being considered. Recent advances in gene se-
quencing as well as improvements in the technologies related to
ancient DNA (aDNA) retrieval from old remains such as fossils,
have allowed for the creation of genetic datasets spanning several
centuries ([HSK™T05, ILPRT09, SCWGSLI17, Mat20l [F719]). Such time
series data potentially holds a wealth of information with regards
to how several genetic factors and phenomena have influenced and
helped shape the population upon which they act, but eliciting such
information from the observations requires the development of more

intricate statistical procedures.

The previous chapter focused on theoretical guarantees associated with
the ML and Bayesian estimators in an idealised scenario when one
has access to the entire allele frequency trajectory. The results there
allowed us to conclude that in such a setting one can conduct inference

with the confidence that the estimators being used retain a set of desir-
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able properties. In turn, this also sets a baseline from which one could
hope to achieve similar guarantees in a discrete observation setting, as

observed empirically from the simulations conducted in Subsection [3.3]

In this chapter we develop a practicable inferential framework
with the aim of conducting exact inference (as given by Definition
on the Wright—Fisher diffusion from discrete noisy observations,
inspired by similar work done in the context of Brownian motion
([BPRF06, ISPRT13]) and in view of the availability of an exact
algorithm for the Wright—Fisher class of diffusions ([JS17]). The main
challenge faced here is that the likelihood is now no longer explicitly
given by the Girsanov theorem in an analytic form, but instead
involves a finite product of intractable transition densities.

A standard approach when faced with intractable likelihoods but with
access to exact simulation, is to resort to augmentation. By expanding
the state space with “extra” variates, the intractability present in
the original likelihood is subsumed into the simulation, resulting
in a tractable expression for the augmented likelihood. Employing
such an augmentation in turn leads to an augmented posterior (over
the parameters of interest, as well as the newly introduced auxiliary
variables), from which the original posterior can be easily recovered
by marginalising over the auxiliary variables through the use of Monte
Carlo techniques. In our case, we augment our state space with the
values of the latent diffusion path at the observation times and skeleton
points (which will be defined in Section , which in turn allow us
to construct a Metropolis-within-Gibbs sampler targetting the joint
posterior distribution of the selection parameter, the allele age, and the
aforementioned auxiliary variables. We marginalise over the auxiliary
variates by employing a combination of exact draws from the posterior
and pseudo-marginal Metropolis—Hastings updates as illustrated in
Subsections [4.3.1] and [4.3.3] We specify that in the case when
the allele age ty is known, the auxiliary variables can be simulated
directly from the posterior, however the inclusion of allele age into
the inferential framework makes the updating procedure slightly more
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intricate and requires a pseudo-marginal Metropolis-Hastings step.

The remainder of this chapter is organised as follows: Section
gives a brief overview of the current state of the art in terms of
inference for selection from time-series data in population genetics,
whilst Section is a summary of the exact algorithm developed for
the Wright—Fisher diffusion (see [JS17] for more details) in both the
neutral and non-neutral case. Section then focuses on developing
the mathematical framework within which we can embed the exact al-
gorithm into a Markov chain Monte Carlo (MCMC) sampler, allowing
us to target the posterior of interest. The method was subsequently
applied to simulated data, and the resulting output together with
details pertaining to the implementation and computational consid-
erations are presented in Section [£.4] The chapter then concludes
with Section which highlights some extensions that are being
looked into, namely developing a suitable proposal kernel to avoid the
aforementioned pseudo-marginal update, extending the inference to
account for demographic history and include the mutation parameters,
and allowing for alleles to emerge from standing variation rather than
requiring them to be the result of a de novo mutation.

4.1 Time series inference in population genetics

The lack of a tractable expression for the transition density of a
non-neutral Wright-Fisher diffusion has lead to a number of methods
in the literature which in some way or another rely on some form of
discretisation. This allows for the intractable terms to be suitably
approximated, and thus inference can be conducted on the parameters
of interest. Although the discretisations and approximations employed
vary from one method to another, a common problem faced by all
is the fact that it is very hard (and indeed impossible) to quantify
the error and bias they introduce into the estimates. In this section
we provide a brief (and selective) overview of work that has been
done on inferring selection from time-series data, however a more ex-

haustive and informative review on the subject can be found in [D720).
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Amongst the first concerted efforts at addressing the problem of
inferring selection (as well as effective population size) from noisy data
driven by a Wright-Fisher diffusion, we mention the method developed
in [BYN|] which extends the framework first introduced in [WS99].
In the absence of recurrent mutation, the authors gain access to an
approximation of the transition density by discretising space and time,
and solving the Kolmogorov backward equation numerically via finite
differences. Subsequently they employ numerical integration coupled
with dynamic programming to approximate the likelihood function,
and then conduct inference based on the resulting discretised likelihood
surface obtained by repeating the above procedure for each point
in the discretised parameter space. In an effort to make this setup
less computationally onerous, the authors in [MMES12] approximate
the Wright—Fisher diffusion by a discrete time, discrete state space
Markov chain which is only allowed moves to adjacent states. This
additional approximation avoids any need for numerical integration,
as now the transition density is given by matrix exponentiation of
the corresponding infinitesimal matrix generator. We point out that
the authors here allow for the allele age to be inferred jointly with
the selection coefficient and effective population size, however the
resulting likelihood function does not allow for an analytic derivation
of the MLE. Thus the authors resort to making use of the discretised
likelihood surface (as in [BYN]) to obtain estimates of the parameters

of interest.

The approach proposed in [MMESI2] however still requires a
significantly large number of latent states for the underlying process,
once the population scaled selection parameter grows. To deal with
this computationally infeasible scenario, the authors in [FALJWI6],
consider an alternative approximation for the Wright—Fisher diffusion
by appealing to a discrete state, continuous time process constructed
by defining the process’s rate matrix in terms of the mean holding
times for each state under the original diffusion’s dynamics. Although
numerical integration becomes necessary to compute the associated
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transition densities, the authors are able to derive a forward recursion
to compute the associated likelihood and further implement a MCMC
scheme targetting the selection parameter, dominance parameter
and effective population size. A similar approach was adopted in
[IMM13] where the underlying Wright-Fisher model dynamics are
approximated over a discretised unit interval by integrating the
density of a Gaussian (whose mean and variance match those of the
true Wright—Fisher process) over subsequent increment mid-points.
The authors then analytically derive the MLE for selection for a
single population and for a structured population, and make use of
the hidden Markov model framework coupled with an expectation
maximisation algorithm to compute the MLE. The setup was further
generalised to allow for time-varying selection in [Mat20]. Along a
similar train of thought, [PSB19] consider (truncated) Gaussian and
beta distributions (as well as versions of these with points masses at
0 and 1) as approximating mechanisms for the Wright—Fisher model,
again setting the parameters of these parametric distributions by
matching their moments to those of the true process. These are then
directly used to construct a transition kernel which is subsequently
employed within a hidden Markov model framework to obtain an
approximation to the likelihood over the discretised parameter space.

Instead of approximating the diffusion process by a simpler one,
the approach adopted in [SBS14] is to exploit a spectral decomposition
of the non-neutral transition density by looking at the generator of
the process directly. In particular, by adopting a suitable basis for the
space of square integrable functions (with respect to the stationary
density of the diffusion) and considering the eigenfunction expansion
of the generator, the authors were able to express the transition
density of the non-neutral diffusion in terms of an infinite sum
involving computable terms (first developed in [SS12]). Furthermore,
they also obtained a dynamic programming algorithm for computing
the emission and transmission probabilities of the underlying hidden
Markov model setup, allowing for inference to be conducted via a
grid search over the likelihood surface generated. Nonetheless as the
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transition density is expressed as an infinite series, all computations
required a truncation threshold to allow for the quantities involved
to be computable in finite time. We mention that this setup was
generalised further to allow for varying population sizes in [ZSSS15].
The last article we mention that explicitly relies on numerically
solving the quantities at hand is [HDBY20b], where by making use of
filtering recursions, and numerically solving the Kolmogorov backward
equation, the authors were able to approximate the likelihood function.
Inference for the selection coefficient, dominance parameter and allele
age is once again performed via a grid search over the discretised
likelihood surface.

A central theme prevalent in all of the above discretisation-based
methods is the fact that all the procedures and calculations need to
be re-run from scratch for each point in the discretised parameter
space. In contrast, in [KPR21] an exact filtering algorithm for the
neutral Wright—Fisher diffusion is developed by making use of its dual
process, and subsequently inference is conducted via a MCMC scheme.
Here the authors are actually interested in estimating the mutation
parameters from noisy observations of the diffusion, and rely on the
fact that the dual of the neutral Wright-Fisher diffusion is a pure
death process, ensuring that all the relevant calculations translate
into finite sums. The dual process for the non-neutral Wright—Fisher
diffusion however turns out to be a birth and death process, so the
associated calculations no longer involve finite sums and thus this
approach cannot be extended for this case. Another article focusing
on the neutral Wright—Fisher diffusion and inference for the mutation
parameters is [GaR17] where the authors make use of Barker’s algo-
rithm, Poisson coins and Bernoulli factories to perform exact inference.
The former is an alternative to the Metropolis-Hastings algorithm,
making use Barker’s acceptance probability where instead of taking
the quotient of the product of the prior and proposal kernel densities,
one considers the ratio between this product evaluated at the proposed
value and the sum of the product evaluated at both the proposed and
current value of the chain. Although the resulting algorithm produces
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a Markov chain with the desired stationary distribution, Barker’s
acceptance probability leads to a higher asymptotic Monte Carlo
variance in comparison to the standard Metropolis-Hastings choice
(which minimises this quantity over the space of square integrable
functions with respect to the stationary distribution), see Theorem
4 in [aR11] for a formal statement. For more details on the Barker
algorithm see [Bar65] or [GaR17, Section 2]. The idea of using Barker’s
algorithm in [GaR17] is somewhat close to the setup we entertain, with
the exception being that the authors make use of a layered Brownian
bridge (a Brownian bridge which is simulated jointly with either its
maximum or minimum value over the simulation time interval), thus
allowing for a Barker’s acceptance probability, which can be targetted
via a combination of Poisson coins and Bernoulli factories. One
downside of this particular approach is that the authors condition on
the event that the diffusion avoids the boundary entirely, and secondly,
from a computational point of view, the method is quite inefficient
as it relies on simulating layered Brownian bridges. This simulation
procedure is already known to be quite inefficient in the general case
([PROg]), and will be even more so in the case of a Wright-Fisher
diffusion as we require the proposed paths to remain within the
interval [0,1]. In [HDBY20a], a sequential Monte Carlo method
making use of a particle marginal Metropolis—Hastings algorithm is
used to estimate the conditional density of the observations given a
particular parameter configuration. One crucial assumption in this
setup is that the underlying diffusion is conditioned on avoiding the
boundary, thereby allowing the particle filter bootstrap employed to
make use of an Euler—-Maruyama scheme to simulate the latent path
instead of the more computationally intense process of numerically
solving the Kolmogorov backward equation.

We conclude this brief overview of time-series inference for pop-
ulation genetics by reviewing the setup and method used in [SESI6],
as it is perhaps one of the closest to the method we describe in Section
[4.3] Here the authors implement a Metropolis-within-Gibbs sampler
to sequentially update the selection coefficients (assuming a diploid
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population), allele age, and underlying latent path. By augmenting the
state space with the latter and choosing a suitable reference measure,
the intractable likelihood now becomes amenable to a MCMC scheme.
In contrast to the layered Brownian motion used in [GaR17], the
authors here make use of the Bessel(0) process as a reference measure,
which is particularly suitable for the Wright-Fisher diffusion as it
displays a similar behaviour at the 0 boundary. However, the Bessel(0)
process is unbounded from above unlike the Wright—Fisher diffusion,
and thus this discrepancy ultimately manifests itself in the integrands
in the exponent of the corresponding Radon-Nikodym derivative
between the two processes being unbounded from below. As will be
made clearer in Section [£.2] this means that an exact sampler cannot
be entertained as the resulting acceptance probability cannot be
associated with a corresponding Poisson point process. This, coupled
with the fact that any Lebesgue integrals are necessarily evaluated
via Riemann sums, means that the resulting inferential technique is
no longer exact. In Section we adopt a similar approach, where
we make use of a Metropolis-within-Gibbs Sampler to sequentially
update the selection coefficient, allele age and latent path, however
we advocate for the neutral Wright-Fisher diffusion as being the right
reference process to consider in order to obtain an exact inferential
scheme. Whilst the resulting likelihood function still involves Lebesgue
integrals which cannot be evaluated exactly, they can be associated
with a corresponding Poisson point process and thus need not be
computed.

4.2 Exact Algorithm for the Wright—Fisher diffu-

sion

The Exact Algorithm, first introduced in [BR05] (commonly termed
EA1), and generalised further in [BPRO6] and [BPROS] (which are
referred to as EA2 and EA3 respectively), allows for the exact
simulation from the law of a diffusion by generating candidate paths
from the law of a Brownian motion (or Brownian bridge if considering

bridge diffusions), followed by a simple accept-reject step. The key
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insight into this method is that although the associated acceptance
probability is in general intractable due to the presence of Lebesgue
integrals involving an infinite dimensional random path, it can be
unbiasedly estimated via a Poisson point process provided the resulting
terms in the exponent can be bounded from below. Simulation of
the Poisson point process is straightforward and allows for a simple
rejection routine to return values from the target distribution. The
class of diffusions for which this method is applicable is quite large
(the most general being the class described in [BPROS§]), however
an essential feature present in all three variations is that the target
diffusion needs to be absolutely continuous with respect to Brownian
motion. This is particularly problematic for diffusions which do not
share the same underlying state space as Brownian motion (i.e. all of
R), for then the laws are not mutually absolutely continuous (unless
one conditions on the diffusion avoiding the boundaries), and the
Radon—Nikodym derivative is undefined. Although this has been
somewhat mitigated by the layered Brownian motion developed in
EA3, the approach is very inefficient (it is roughly 10 times slower
than EA1 as reported in [PR08]), as any path that crosses a boundary
is necessarily discarded. Moreover it is not always the case that the
exponents in the Radon—Nikodym derivative can be bounded from
below, and thus the link with the Poisson point process breaks.

Rather than pressing on with Brownian motion as a reference
measure, perhaps a better candidate would be the measure associated
to a process that displays similar behaviour to the target diffusion
at the boundaries, retains mutual absolute continuity over the entire
state space, and can be simulated exactly reasonably efficiently. Since
we are interested in the scalar Wright—Fisher diffusion which has two
boundaries at 0 and 1, one natural candidate (as pursued in [SES16])
is the Bessel(0) process which does indeed display similar behaviour as
the Wright—Fisher diffusion at 0. However the resulting exponent in
the Radon—Nikodym derivative is unbounded from below precluding
the use of Poisson point processes to deal with the intractable integrals,
and furthermore problems with absolute continuity creep in once the
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path exceeds 1 (with the acceptance probability deteriorating once
the path gets arbitrarily close to 1). Naturally one might condition on
the paths avoiding the upper boundary, however a routine simulating
Bessel bridges conditional on their maximum is (as yet) not available,
and moreover the problem with bounding the terms in the exponent
of the Radon—Nikodym derivative persists.

In [JS17], the authors proved that simulating exact draws from
the law of a neutral Wright-Fisher diffusion can be achieved in finite
time using the alternating series trick, and subsequently proposed
this law as a suitable candidate measure with respect to which one
can perform rejection sampling to target a non-neutral Wright-Fisher
path. We give a brief description of how exact simulation of the
neutral paths can be achieved, before moving on to explain how to
relate the acceptance probability to a corresponding Poisson point
process in order to target non-neutral paths.

4.2.1 Neutral Wright—Fisher simulation

Although the neutral Wright—Fisher diffusion has a transition density
which cannot be evaluated exactly, it can be written in infinite series
form as follows (see [Gri79, [Tav84, [EG93, [GS09])

o m

pg (tv xz, y) = Z qg@(t) Bm,x(l)D91+l,92+mfl(y)7 (41)
m=0 =0

> 02k —1T(m+10] +k — 1) —rterioi-o
£t =3 (-1l (m + 18 ) et ) o)

ml(k—m)  T(m+ 6]

0] = 0, + 0, for 0 € R, z,y € [0,1], By, is the probability mass
function for a binomial random variable with parameters m,x, and
Dy, +1,0,+m—1 is the probability density function for a beta random vari-
able with parameters 6; + [,02 + m — [. We mention here that
defines a probability mass function on N, and is a manifestation of

the duality between the Wright—Fisher diffusion and the Kingman co-
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alescent as it describes the number of lineages still alive at time ¢ in a
Kingman coalescent started from infinity at time 0. The decomposition
into a mixture of beta and binomial random variables in allows for
a rather simple routine to return draws from the neutral Wright-Fisher

diffusion via augmentation:
1. Draw M from (4.2)
2. Conditional on M = m, draw L ~ Bin(m, x)
3. Conditional on M = m, L = [, draw Y ~ Beta(0; + 1,05 + m —[)

Steps 2 and 3 are straightforward, however step 1 requires some more
work because the probability mass function given in is an infinite
series and thus cannot be evaluated pointwise. However, as shown in
[JS17], one can make use of the alternating series trick (see Chapter 4 in
[Dev86| for more details) to return exact draws from this distribution.
We point out here that the above decomposition suffers from a numeri-
cal instability whenever ¢t < 0.06, and thus some form of approximation
is required to deal with such instances. In particular, [JS17] advocate
using a discretised normal distribution to sample from in view of
Theorem 4 in [Gri84] (note that the statement there is missing a factor
(72) which gives that as ¢t — 0, the number of lineages that survive up
to time ¢ is given by a normal distribution with parameters

m () (14 ) 540
t 2 if B=0

3t

(4.3)

eﬁﬁ;l 1f 5 % O
1 B=0.

Using the decomposition in (4.1)) as well as the fact that the density of
a point y € [0, 1] sampled at time s from a Wright—Fisher bridge going
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from z at time 0 to z at time ¢ (with s < t) is given by

yis) = po(s, ., y)pf(t — 5.y, 2)
’ py(t, z, 2)

thZ(

P , (4.4)

we get that

o oo m k
0 ac,t,z (0,z,t,z,s) D
E E E E pm Klj 01 +14§,02+m—1+k—5 (Y)

m=0 k=0 |=0 j=0
where

; (3) Pt —s)
p ,lL’,Z Bm x(l)D91+jﬂ92+k—j(’Z>

( )B@l+l+j,02+m—l+k—j)
01+]792+k_]>

(0.x,t,25) _ m
Prktg =

for m, k1,7 € N with [ € {0,...,m},7 € {0,...,k}, and B(-,-) as
defined in . The alternating series method can be applied here
once again as the mixture weights {pgg,flt ’f’s) :m,k,l,j € N} define
a probability mass function on N*, with the only extra complication
being the presence of the neutral transition density in the denominator.
However, by exploiting the following alternative decomposition of the

transition density

po (t,z,z) qu E [D, 1 1y 03 +m— L (2)] (4.5)

where L, ~ Bin(m, z), [JS17, Proposition 3] shows that can be
targetted via the alternating series method, and thus exact draws can
be obtained from the law of a bridge diffusion going from x to y in time
t, at time s via the following procedure:

1. Simulate (M, K, L, J) ~ {pn(jlf’lt”;’s :(m,k, 1, j) € N*}

2. Conditional on (M, K, L, J) = (m, k, [, 7), simulate Y ~ Beta(#;+
l+j,(92+m—l+k—j).
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4.2.2 Non-neutral Wright—Fisher simulation

The above alternating series trick cannot be directly extended to the
non-neutral case as the quantities involved are no longer tractable. In-
stead, [JS17] propose the neutral Wright-Fisher diffusion and bridge
as candidates in a rejection sampler to return draws from the corre-
sponding non-neutral process. Let WIFE% denote the law of a neutral
Wright-Fisher diffusion started at z with mutation parameters set to
0, and let W]F[(fg, be the non-neutral counterpart with selection coeffi-
cient equal to 0. Mutual absolute continuity between these two laws
(provided they share the same start point Xy = x and mutation pa-
rameters @ = (6;,6,) € RY) is guaranteed (see the paragraph just
below for references regarding this claim) and in particular the
Radon-Nikodym derivative at time ¢ > 0 is given by

where X' := (X,)§,

o (x) = % (—%mQ + (% - |9|) T+ 91> , x € [0,1],

and the term §(X;—Xj) corresponds to the quantity A(X;) in equation
(24) in [JS17]. In view of the fact that ¢, (x) is quadratic in z, we can
always find ¢, ¢ such that ¢, < ¢, (z) < ¢ for x € [0, 1], and thus

we can re-write (4.6)) as

70 (X*!) o exp {% (X, —1)— /Ot (0o (Xs) — ) dS}- (4.7)

The fact that ¢, () can be lower bounded implies that the right-most
term above can be viewed as the probability of a unit rate Poisson
point process having no points in the epigraph of ¢ — ¢, (X;) — ¢ .
Simulating an event with this probability is straightforward; we
simulate the associated Poisson point process and check that the

resulting points satisfy the given condition.
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To see this, suppose that we simulate the endpoint at time ¢
from (4.1]) using the procedure described in Subsection , and as-
sume that the algorithm returned a value y which was accepted by the
ez~ coin-flip (the first term on the RHS of (4.7)). Then conditional
on y, we generate a Poisson point process (¥, T) of rate \, := ¢} — ¢
on (0,t) x [0,1], so k ~ Pois(A\st), ¥ = {t;}}; ~iiq Unif((0,¢)) and
I'= {7:}5, ~iia Unif(]0, 1]). We then associate a corresponding path
W ~ W]Fg’;’y), by simulating the value of the path at the time stamps
given by ¥, i.e. we draw wy, for ¢ =1, ..., x from the finite dimensional
distributions of WIFgg”’y) at the collections of times W. If k = 0, we
accept the draw y as coming from the target distribution, otherwise
we check whether the generated points are suitable by setting

K
=11 N
w(wwi)—s@a )
i=1 {+<V}

If I =1, we accept y as a draw from the corresponding non-neutral pro-
cess, whilst if not we discard it and re-draw y from the neutral diffusion,
as well as a corresponding Poisson point process (W, I') until / = 1. The
main draw back of this method is that it relies on a rejection sampler,
and thus acceptance rates depend greatly on the mismatch between
the proposed and target distributions. In the case of a non-neutral
Wright—Fisher diffusion, it comes as no surprise that the acceptance
rate plummets as the selection coefficient grows. Non-neutral paths
with high selection coefficients (both negative and positive) will spend
less time in the interior of [0, 1] and more time at the boundaries, when
compared to their neutral counterparts. We summarise the procedure
described above with the following algorithm
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Algorithm 1: Generating a path from WIE“((;C; over the time interval

[0,¢] (Algorithm 7 in [JS17])

repeat
repeat
| Draw X, ~ WE{’ and U ~ Unif([0, 1]);
until U < exp{§ (X; — 1)};
Conditional on X; = y, simulate a Poisson point process
(U, T) of rate A, on (0,t) x [0, 1], with x ~ Pois(\,t);

fori=1,....,xkdo
‘ Simulate wy, ~ WFéfg’y’wi)
end
if % <~ foralli=1,...,x then
Set g = 0, Vg1 = t, Wy, = T, Wy, ., = X3

return (v, wy, )=

end

until false;

The above rejection sampler can be suitably tweaked to allow for gener-
ating samples from a non-neutral diffusion bridge. Let WF&g’y) denote
the law of a neutral Wright—Fisher bridge going from x at time 0 to
y at time ¢ with mutation parameter set to 8, and let W]Fff”g’y) be
the non-neutral counterpart when the selection parameter is set to o.
Then by conditioning on the endpoint X; = y, re-arranging and ap-
plying Girsanov’s theorem we get that the Radon—Nikodym derivative

between these two laws is given by

t,x, T
dWEy ;) po(t, =, y) aWE,

o exp {— /Ot (¢o(Xs) = ©;) dS} (4.8)

and thus the same procedure as above can be executed to return a path
according to the law of a non-neutral Wright—Fisher diffusion bridge,

which we summarise into the following algorithm
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Algorithm 2: Generating a path from W}Fff’g’y) over the time
interval [0, ¢] (Algorithm 8 in [JS17])

repeat
Simulate a Poisson point process (W, I") of rate A,

on (0,t) x [0,1], with £ ~ Pois(A\,1);

for:=1,...,kdo
‘ Simulate wy, ~ WF&HE:WQ
end
if % < foralli=1,...,k then
Set Yo = 0,01 =, Wyy = T, Wy yy = U;

return (¢, wy, )=y

end

until false;

We now introduce the setup within which we want to embed the above
exact sampling algorithms in order to devise a suitable MCMC scheme
with which to conduct joint inference on the selection coefficient and
the allele age based on allele frequency time-series data.

4.3 Exact MCMC Inference for Selection & Allele

age

We start this section by defining precisely what we mean when we say

“exact inference” by means of the following definition:

Definition 4.1. An inferential scheme shall be referred to as being
exact if the only errors present in the method are Monte Carlo or

machine precision errors.

Using this definition, it becomes apparent that none of the methods
reviewed in Section are exact as the discretisations and subsequent
approximations used there result in the inferential procedure targetting
some approximation to the true model, and thus the inference suffers
from model error too. In this section we show how by considering
a suitable state space augmentation and by resorting to the exact

algorithms described in the previous section we can develop an exact
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MCMC scheme targetting the joint posterior of the allele age ¢, and

the selection coeflicient o.

We are interested in conducting inference on the selection pa-
rameter and allele age given that the underlying allele frequency
dynamics are driven by a non-neutral Wright-Fisher diffusion, so
the main problem is once again the intractability of the transition
density which leads to an intractable likelihood. Assume that our
observations are given by binomial draws Y = {Y;,}I | at observation
times t = {¢;}7, with known sample sizes n := {n;, }! ;, and success
probability driven by the underlying Wright—Fisher diffusion (Xt)ig
satisfying the same SDE as in ([2.21]), where ¢, is the birth of the allele
such that X, =0 Vs < ¢y, and

1
ax, = 5 <0Xt(1 X)) = 6X, 4O, (1 — Xt)>dt VX (1 = X)dW,

holds Vt > ty. Such a setup is rather natural when considering aDNA
datasets (see for instance [BYN| SBSI14, [ZSSS15, [GaR17, [KPR21,
SES16] amongst others); the underlying allele frequency dynamics are
driven by a process which is well-approximated by the Wright-Fisher
diffusion, and the binomial sampling encodes the noisy observations of
the latent path coming from the samples collected from the archaeo-
logical remains. In such a setting, a straightforward expression for the
likelihood of the data Y given the selection coefficient ¢ and the allele
age tg is

(Yo, t0) = / HBnti,mi (V) p2(t; — tic1, mim1, ) dx
[0,1]"

=1

where we are marginalising over the latent diffusion values at the
observation times. As previously mentioned, the transition density
pO(t; — ti_1,7;_1,7;) is intractable, and thus so is the posterior of in-
terest. In view of the fact that we can simulate draws from the non-
neutral Wright—Fisher diffusion and diffusion bridge, one could aug-
ment the state space with the values of the diffusion at the sampling
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times X = { X}, }1, leading to the following augmented likelihood

E(Y|O-7 tU7X) = HBnti7Xti (Yti)pg(ti - ti_l?Xti—l’Xti)7

=1

and then apply a Metropolis-within-Gibbs scheme which sequentially
updates the underlying path and the parameters of interest. The main
difficulty in such a setup is the evaluation of the acceptance probabili-
ties for the updates involving the selection coefficient and the allele age,
as the Metropolis—Hastings acceptance probability would involve an in-
tractable ratio. To see this, recall that the Radon—Nikodym derivative
between the law of a neutral and non-neutral Wright-Fisher bridge
sharing the same mutation parameters and endpoints is given by .
Re-arranging and integrating both sides with respect to the bridge

measure WF ((]fg’y), we get that

o - ot — o= )ds
Py (t, @, y) = po(t, . y)es VT By ) [e Jo (1o (X2) %)d}

= pi(t,x,y)ez V"7 q(t, 2.y, 0). (4.9)

Note that whilst the first two quantities on the RHS can be dealt
with, the term a(t,x,y,0) is intractable in view of the Lebesgue
integral involved and the fact that it is an average over the space
of continuous functions with respect to the measure WFg;gj’y). Thus
if we were to augment our state space solely with the values of the
latent diffusion at the observation times, the acceptance probabilities
for the selection coefficient and allele age updates would involve ratios
of these intractable terms. The above decomposition also sheds
light on why extending the alternating series method from Subsection
does not extend to the non-neutral case, as the a(t, z,y, o) terms

cannot be targetted via (eventually) monotone upper and lower bounds.

We point out here that one could make use of a pseudo-marginal
algorithm at this point, where instead of the quantities a(t,x,y, o),
unbiased estimates could be used (which are readily available by

making use of the Poisson estimator, which will be discussed in more
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detail in Subsection [4.3.3). However, pseudo-marginal algorithms
tend to lead to sticky behaviour in the chain updates (see [AR09]),
and more importantly augmenting our state space further leads to a
tractable expression for the likelihood. The augmentation we consider
is inspired by the one used in [BPRF06] and [SPR*13] where the
authors respectively embed EA1 and EA3 into a MCMC scheme.
The crux of this augmentation is the fact that the intractable terms
described above turn out to be the normalising constants of the
extra random variates introduced, allowing for a tractable expression
of the likelihood to be derived. These extra variates are related to
the procedure described in Subsection [4.2.2] in particular they are
the time stamps ¥ and associated values of the path w at these
times (together with an extra variate which will be described more
precisely later), collectively termed the “skeleton points”, which
one generates when deciding whether or not a generated proposal
comes from the target non-neutral distribution. We give a detailed
derivation of the likelihood contribution stemming from these terms,
but emphasise here that the main difference between our setup and
that in [BPRF06] and [SPRT13| is that location invariance does not
hold for the Wright—Fisher diffusion. Indeed this property is exploited
quite heavily in [BPRF06] and [SPR™13] to decouple the dependence
of the dominating measure from the values of the diffusion at the
sampling times. This is particularly important in their setting in
view of the Lamperti transform they use which leads to the endpoints
of this transformed diffusion being informative about the parameter
being inferred. In view of the fact that we are making use of a pseudo-
marginal Metropolis-within-Gibbs scheme, the choice of a dominating
measure is a significantly more involved task for the Wright-Fisher
case as we do not have access to location invariance, but at least we
need not worry about the diffusion values at the observation times
being informative for the parameters of interest. Furthermore, the
above also implies that our setting requires a carefully chosen updating
procedure which allows for the auxiliary quantities to be updated

without running into problems relating to mutual absolute continuity.
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We now derive the likelihood contribution these skeleton points
generate and show how this leads to a tractable likelihood which
can be targetted via a MCMC procedure. To this end, suppose, for
illustrative purposes, that we only have one observation interval given
by [0, ¢], and that at the current iteration the latent diffusion takes the
values Xg = = and X; = y. Let (U,T',Z) define a unit rate Poisson
point process on (0,t) x [0,1] x (0,00), such that for any bounded
A C (0,00), the restriction of this process to (0,¢) x [0,1] x A (which
we denote (U, T', Z)|4) gives that W|4 := {¢; : § € A} ~yq Unif((0,1)),
Da={y:& € A} ~ Unif([0,1]), Z[a = {§ : & € A} ~jiq Unif(A).
Further let w ~ WF gf’gx’y) denote a neutral path from a Wright-Fisher
bridge going from x to y in time ¢t. The role of the extra variate = here
is to allow for a non-centred re-parametrisation of the problem, where
the Poisson point process is decoupled from the parameter of interest
(in this case o). If we omit =, the Poisson point process we generate
would depend on o through its rate A\,(= ¢} — ), thus leading to
a less efficient sampler. The main idea is that by including = we can
precompute any additional points needed for the proposed value of
the selection coefficient by simulating a Poisson point process whose
rate is given by the maximum between the rate under the current
value of ¢ and the proposed one. So, if ¢ is the current value of
the selection coefficient and ¢’ is the proposed value of a selection
coefficient update, then we set Apax := max{\,x), Ao }. The thinning
property of the Poisson point process then implies that we can invoke
the “correct” points only when required whilst retaining the structure
of the Poisson point process. For more details refer to Section 4 in
[SPR*13].

Given a realisation of (¥,I',Z) and w, one checks that the gen-

erated points lie below the epigraph of the function s — % as

in Subsection [4.2.2 and if this is the case, one defines w¥ := {wy, }

¥ corresponds to the values of the path w at the timestamps

(i.e. w
given by W), and stores the generated points by setting ® = (¥, =, w?)

which will be henceforth termed the skeleton points. An accepted
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configuration (¥, T, =, w¥) has density given by

H 1 o
LPU(“%L; )—¥o
{ : <,Yj}

{jfj S)\U} s

Y5 —Po
a(t,z,y,o)

with respect to PPV WIFg’g:’y), where PPV denotes the law of a
unit rate Poisson point process on (0,¢) x [0, 1] x (0, 00). Marginalising
over the uniform marks {v;}, gives that the skeleton points ® have

density

H ‘Pj - %(ij)
gy T TP

o(t.5.9.0) (4.10)

with respect to PPY @ WFéfbx’y), where PP® denotes the law of a unit
rate Poisson point process on (0,t) x (0,00). It is clear now that the
denominator in (4.10)) will cancel out with the same term appearing in

the numerator of (4.9).

The last thing to note is that we need to ensure that the domi-
nating measure used above is independent of the quantities we will
be updating in our Metropolis-within-Gibbs sampler. There are two
potential problems with the dominating measure PP® WIngg}’y) we
derived for : the diffusion bridge endpoints and the time interval
t. The latter will only be problematic when ¢, is involved as all other
timestamps t; for i € {1,...,n} will be fixed, and can easily be tackled
by considering a “bigger” Poisson point process and invoking Poisson
thinning. For the time interval whose left endpoints is given by tg,
we consider a unit rate Poisson point process on (0,00)?. We denote
the law of this process by PP, and use it as a dominating measure for
the skeleton points over this interval such that the resulting density
of the accepted skeleton points is analogous to the quantities derived
in (4.10) with the only difference being an additional condition in
the product’s running index given by {t; < t; — to}, which allows for

the “correct” points to be invoked and retains the correct Poisson
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structure in view of the thinning property of the Poisson point process.

To deal with the dependence of the reference diffusion bridge
measure on the endpoints, we consider changing the dominating
measure from that of a diffusion bridge to that of a diffusion. Indeed

observe that by conditioning on the endpoint X;, we have that

dWEFy 5™~ 1
dWFO,H pO (ta z, t)

and thus by multiplying by the resulting Radon—Nikodym deriva-
tive we get that the dominating Wright-Fisher measure for is
now WIF&),. This still depends on the left hand bridge endpoint z, how-
ever as these measures will be sequentially chained to one another, we
will ultimately end up with the dominating measure WIF(()?‘?, as shown
shortly. Note further that the joint density of X; and the skeleton
points ® is now given by

+
S (Xi—2)—pot Py — Polwy;)
{7:§;<A0} g 7
with respect to PP ® W]Fgfg ® Leb([0,1]), where the intractable
a(t,r,y,0) and non-neutral transition density pf(¢,z,y) cancel out

when combining (4.9)), (4.10) and (4.11]).

Now denote by ®; = (¥, Z;,w) the skeleton points over the
time interval [t;_;,t;] for ¢ = 1,...,n. Putting all of the above
together, and assuming for the moment that Y;, > 0, we can formulate
the joint density of the data Y = {Y;,},, the selection coefficient

o, the allele age ty, the value of the diffusion at the sampling times
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X = {X;,},, and the collection of skeleton points {®;} ; as

y4! (O-)pQ (to) H Bnti,Xzi (Y;fz) G%th_%; (tn—to)

=1

n +
% H H Po — @U(wiﬂﬂi,j)
=1 {j:&i,;<A, Yo = Yo
P1,;<ti—to}

with respect to the dominating measure
PP ® PP~ @ WF) ® Leb (£} ) ® B(0n,),

where we set E' := [0,1]" x R x (—00,t1), p1,p2 represent the prior
densities on ¢ and ty respectively with respect to Lebesgue measure,
WF (()(2, denotes the law of a neutral Wright—Fisher diffusion started
from 0, PP ") is the law of a unit rate Poisson point process on
(t1,t,) % (0,00), PP is the law of a unit rate Poisson point process on
(0,00)?, and X(®!_ ny,) is the counting measure over @7, {0, ..., n, }.
Note that we applied the following change of measure to ensure that
the dominating measure for the skeleton points does not depend on the

values X

(ti—ti—1,X¢

d (é WF.:
i=1 ’

il’Xti))

dW]FéOZ) (X))
i 1

i—1 pg(ti = ti-1, Xtiq ) Xti) .

(2

which follows by iterating (4.11) over the values of the diffusion
at subsequent observation times and deriving the corresponding
Radon-Nikodym derivative.

Although it is possible to update all the auxiliary variables in
one go, the resulting acceptance probability would be quite low,
and would require a pseudo-marginal Metropolis—Hastings step
in view of the more problematic updates involving the allele age.
Instead, we propose splitting this update into several subroutines
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which consider individual path segments in such a way that the
dominating measure remains independent of the simulated quan-
tities and the updating procedure retains a reasonable acceptance
rate. To this end, we calculate the likelihood contribution for each

path segment separately below, starting with an interior path segment.

Take i € {2,...,n — 1}, fix X}, |, = ;-1 and Xy, = x;41, and
denote by ®;, ®;,; the collection of skeleton points over the time
intervals [t;_1,%;], [t;, tiv1] respectively, such that the joint density of
the data Y}, the selection coefficient o, the value of the diffusion X,

and corresponding skeleton points ®;, ®,,; is given by

P1(0)By, x, (¥i) 3T bty
i+1

% H H ij - Qpcr(wh@bk,j) (4‘12)

JF_ —_
k=i {j:€r ;<o } Yo = ¥o

with respect to the dominating measure
PP+~ @ WESS " @ Leb ([0, 1] x R) ® X(ny,),

where WIF((%*) denotes the law of a neutral Wright-Fisher diffusion
started from z;_q, PP¢+1~%-1) {5 the law of a unit rate Poisson point
process on (t;—1,t;+1) x (0,00), and X(ng,) is the counting measure
on the integers {0,...,n,}. Note that the fact that we considered
two neighbouring time intervals and conditioned on the left-most
and right-most endpoints allows us to use the law of a diffusion as a
reference measure. In this manner, the dominating measure for such
a local update does not depend on any of the parameters of interest
nor on the auxiliary variables within the time interval (¢;_1,%;41).
Moreover, all of the terms on the RHS of are computable in
finite time, suggesting that we have derived the correct augmentation
within which to frame our MCMC scheme.

We note that the above only applies for what we call interior path
segments, that is intervals of the form [¢;_1,t;41] withi € {2,...,n—1}.

83



A similar approach gives us that fixing X; , = x,_1, the joint density
of the data Y, the selection coefficient o, the diffusion endpoint X,
and corresponding skeleton points ®,, is given by

D1 (U)Bntnthn (Y;fn) e%(Xt" —Tn—1)=¢o (tn—tn—1)

+
Py — Po(Wn,yn;)
X | | T ! (4.13)
{j:£7L,jS)\a} 4 e

with respect to the dominating measure
PPt~ @ WS~ @ Leb ([0, 1] x R) ® S(ny, ).

where WFéxg’l) denotes the law of a neutral Wright-Fisher diffusion
started at z,_1, PP -1 ig the law of a unit rate Poisson point

process on (t,_1,t,) X (0,00), and ¥(n,,) is the counting measure on
{0, [N ,'I’Ltn}.

The last section of path we need to tackle is the initial one,
where (as mentioned earlier) we need to be slightly more careful in
the choice of the dominating measure for the Poisson point process.
Fixing the right endpoint X;, = x5, the joint density of the data Y} ,
the selection coefficient o, the allele age t(, the diffusion value at the
first observation time X;, and corresponding skeleton points ®;, ®, is
given by

P1(0)pa(t0)Bu,, xi, (Vi) 372 %2 (12700)

) ﬁ H 0F — o (Wiy,,) (4.14)

=1 {j:& ;<As, Yo = ¥o
P1,;<ti—to}

with respect to the dominating measure
PP @ PP">™") @ WF{, ® Leb (E}) ® S(ny,),

where we set B} = [0,1] x R x (—00,ty), WIF(()% denotes the law of a
neutral Wright—Fisher diffusion started at 0, whilst PP is the law of a
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unit rate Poisson point process on (0,00)* and X(ny, ) is the counting

measure on {0,...,ny }.

In light of the above we have found an augmentation which
grants us access to an expression for the likelihood which we can
evaluate pointwise, and that admits a dominating measure which
is independent of the parameters and the auxiliary variables being
used. We are now left with the task of devising an appropriate
proposal mechanism which does not lead to any extra intractable
terms cropping up in the acceptance probabilities or dominating
measures. As mentioned earlier, in [BPRF06] and [SPRT13] the
authors exploit location invariance of Brownian bridges to ensure
that the dominating measure is that of a Brownian bridge starting
and ending at 0. This allows for the decoupling of the dependence
between the bridge measure and its endpoints (which is necessary
in their setting due to the Lamperti transform they employ), and
for a straightforward proposal mechanism. In our case, we propose
a piecewise path updating procedure which ensures that locally the
updates can be executed without any of the aforementioned problems
relating to mutual absolute continuity, retaining reasonable acceptance
rates, and ensuring that the global dominating measure does not
depend on any of the parameters or auxiliary variables.

The Metropolis-within-Gibbs Sampler we employ is essentially
split into two main update steps: updating the selection parameter
conditional on the allele age, latent values of the diffusion at the
observation times, and skeleton points; and updating the allele age,
latent values of the diffusion at the observation times and skeleton
points conditional on the selection parameter. The former is a simple
Metropolis—Hastings step (necessarily so because the resulting poste-
rior is not amenable to any standard simulation techniques), whilst
for the latter we split the global update into several local piecewise
updates to improve mixing. In principle one could update the entire
path in one go, however in view of the pseudo-marginal step required
for the initial path segment, there would be long runs where the chain
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would remain stuck at the same values. Instead, we split the path into
an initial segment, several interior segments and an end segment, and

subsequently:

1. Fix the diffusion value at t,, propose an allele age ty together with
associated latent path value at the first observation time X;, and
skeleton points @1, Py, and run a pseudo-marginal step,

2. Forv=2,...,n— 2, fix the diffusion values at ¢;,_; and ¢;,1, and
update X;, and ®;, ®;; by directly sampling from the posterior,

3. Fix the diffusion value at ¢,,_;, and update X;, and ®,, by directly

sampling from the posterior.

Figure[4.3.]below illustrates one sequential run of the algorithm, where
one starts from the first segment A and performs step 1 in the above
list. The algorithm then moves on to the first (left-most) of the blocks
labelled B, and updates each segment using step 2 above. Once all of
the interior segments labelled B are updated (going from left to right),
the algorithm updates the end segment C' as detailed in step 3. Note
that by using bridge proposals and imposing overlapping segments in
subsequent update steps, we allow for the whole path to be updated in
one iteration. We point out here that the last segment C' is updated
via a diffusion update rather than a bridge update to allow for the
terminal diffusion value X; to be updated. Note further that whilst
the interior and end path segments can be updated without an accept-
reject step, the initial segment requires a pseudo-marginal Metropolis—
Hastings step due to the dependence on the allele age of the proposed
path. The precise details for each step above can be found in Subsection
for the interior path segment, for the end path segment and
for the slightly more intricate initial path segment. The selection
parameter update is illustrated in Subsection [£.3.4]
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Figure 4.3.1: Diagram illustrating the update procedure. The latent path at
the current iteration is in orange, crosses denote the values of the latent path
at the observation times. The update procedure starts with the segment
A which is the initial path segment, then proceeds to update the interior
segments B sequentially from left to right and finishes with updating the
end segment C.

Note that in the above we have assumed that the first observation
Y;, > 0, which restricts the range of values ¢, can take to (—oo,t;).
However there is no a priori reason why this should be the case, and
in general, if we set ¢ := min{i : Y;, > 0}, then ¢, should be able
to assume any value in the range (—oo,t.). This setting however re-
quires a more careful proposal mechanism for the initial path segment,
because if for instance t. = t5, we need to have two separate initial
path segment proposal methods - one for when ¢ty < ¢; and one for
the case ty € (t1,t2). The sampler needs to be able to switch between
and compare these two path segments when computing the acceptance
probability, and thus we need to extend the initial path segment to
include the observation interval [to, t3]. If we have ty € (t1,t2), then we
set X;, = 0,®; = ) and use the same update procedure as above, using
a bridge proposal over the interval [to, t3]. If however ¢ty < ¢, then we
need to first simulate the value X;, using a diffusion proposal, and then
for the remaining time interval [¢, 3] we use a bridge update as above

conditional on the output generated via the diffusion proposal. This
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construction easily extends to accommodate an arbitrary ., however
the larger the time interval over which the initial path segment is de-
fined (it will necessarily be equal to [to,?.11]), the sharper the fall in
the acceptance probabilities in virtue of the increase in time interval
length which leads to larger numbers of Poisson points being favoured.
In what follows we therefore allow for at most t. = t3 (which is in line
with what we observe in real datasets such as the one in [LPRT09]),
however below we illustrate our method for the case t. = ¢; for ease of
exposition. The update procedures for when t. =ty (or t. = t3) follow
the same pattern, with the only difference being the inclusion of one
(respectively two) “extra” diffusion proposals at the start, which we
have therefore moved to Appendix [A] together with the relevant calcu-
lations of acceptance probabilities. Algorithm |3 summarises the above
discussed update procedure, where each of the individual latent path
updates are explained in more detail in the following subsections.

4.3.1 Updating an inner path segment

To update the path segment over the observation interval [t;_1,%;.1],
we first fix X;, | = x;_; and X,

values:

.1 = Tiy1, and conditional on these

1. DraW U ~ Unlf<[0’ 1])7 and
Xti ~ WFSZFl7ti*17xi7171i+1,ti7t¢,1)

(i.e. draw X;, from the law of a non-neutral Wright—Fisher bridge
going from x;_; to x;4q in time ¢;,1 — t;_1, sampled at time t; —
ti—1), and check whether

1
U< —X, Yi(1— X, )" Y 4.15
N ( t;) (4.15)

where M; := sup,¢(g 1) 2" (1—2)™: 4. If (@.15]) holds, we proceed
to 2, otherwise we keep drawing X;, and U as above until (4.15)

1s true.
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2. Conditional on X;, = x, draw

Ki ~ Pois(Apax (t; — ti—1)
{hi g}ty ~iia Unif((ti-1, 1)
)
]

),
),
{&i}521 ~iia Unif((0, Amax)),

{vig Y ~aia Unif([0, 1])

Y
t7t7777
w; ~ WLt i)

and
Rit+1 ™~ POiS()\max( i+1 tz))7
{15550 ~iia Unif((ti, tig1)),
{£i+1,j};i:+l ~iid Unlf((o /\max))7
{yir1g}iis ~ia Unif([0, 1]),
lerl ~ W]F 7,+1 tzax xz+l)
3. If

i+1

H H 1{ (eo@rpy )=¢7) <%’j} =1

k=i {ji€r; <o} -

set W = {Uni}i%0, Bx = {&hyditn, Wi = {Whu, bt P =
(Ug, Zg, w)) for k=1i,i+ 1, else go to 2.

A proposal (X;,, ®;, ;1 1) generated by the above mechanism has den-
sity given by

e5 (@iv1—mi-1)—¢s (tit1—ti-1)

| ;—Ye;
X (1= X))

t; ( tl) pg(tiJrl — tifl, Ti—1, a:iJrl)
i+1

y H H 90; - (IDO'(Wk_vwk,j) (4.16)

+
k=i {j:gkng)\o-} SOU gpa’

with respect to PP+ ~t—1) @ W w’ YR Leb([0, 1]), which is the same
dominating measure as that for 1} The only problematic term in

(4.16)) would be the non-neutral transition density appearing in the
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denominator, however this quantity does not depend on any of the
simulated quantities. Comparing with , we thus conclude
that we have access to exact updates for the interior path segments
without need to pass a Metropolis—Hastings step. Note that despite
the fact that we are taking a unit rate Poisson point process on an
unbounded space as reference measure (which therefore has infinitely
many points and cannot be simulated using finite computation), we
only ever require computing finitely many points in view of Poisson

thinning.

4.3.2 Updating an end path segment

The end path segment over the observation interval [¢,_1,t,] can be
updated in a similar manner, however instead of bridge updates we
make use of diffusion proposals. In particular, fix X; , = z,_; and

1. Draw U ~ Unif([0, 1]),
X WF xn 1,bn—tn— 1)

(i.e. draw X;, from the law of a non-neutral Wright-Fisher
diffusion started from x, 1, sampled at time ¢, — ¢, 1) and

check whether U < MLnth"(l — X3, )Y with M, =

—Yi,

Sup,eo,2 (1 — z)™n . If it is, then proceed to 2, otherwise

keep drawing X;, and U until it is.

2. Conditional on X;, = x, draw

K ~ Pois(Apax (tn — ta_1)
{Wns}i21 ~iia Unif((tn-1, )
)
]

),
),
{&n}5my ~iia Unif((0, Amax)),

{¥n.j 521 ~iia Unif([0, 1])

Y
(tn—tn—1,Tn—1,
Wo ~ WYy~ on=10)
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H 1 eo(Wn .y, ;) =P =1
T o <y

{7:€n, <0 } od 5

set \I/n - {¢n,j}a En - {gn,j}a w;f - {Wn,wn,jh (Pn - (\IImEmwg>7
else go to 2.

A proposal (X, ®,) generated by the above procedure has density

Xtytn (1 - X, )ntn—Ytne%(th —Tp—1)—¢s (tn—tn—1)
n n

T — oo (Wno
> H Po fU( n_ﬂﬁn,g) (417)
{jzfn,jg/\a} e SDO-

with respect to the dominating measure PPtn—tn-1) & WIF(%“I) ®
Leb([0, 1]), where WIF((fg‘l) is the law of a Wright-Fisher diffusion
started at x,_;. Note that this dominating measure is the same one as
for , and upon comparing and we deduce that we
can update the corresponding auxiliary variables from their posterior
distribution directly.

4.3.3 Updating the initial path segment

Updating the initial path segment is slightly more involved due to
the dependence on both the allele age and the timestamp associated
to the first non-zero observation in the generating mechanism. In
particular, we first draw a proposal for the allele age, conditional on
this draw generate proposals for the value of the diffusion at the first
sampling time, and subsequently draw skeleton points conditional on
both the allele age and the diffusion value. The length of path being
proposed depends on t.(= min{t; : Y;, > 0}), as does the proposal
mechanism, however for simplicity we outline the procedure for the
case when t, = t1, and defer the cases t. = ty and t. = t3 (with
the relevant calculations and computations of associated acceptance
probabilities) to Appendix . Naturally ¢. can take on any value out
of the observation times, however as pointed out previously, the later

t. appears, the longer the proposed path needs to be and the less effi-
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cient the algorithm becomes due to significantly lower acceptance rates.

So assume that t. = t;, and thus the initial path segment is set

to be over the observation interval [to, t5]. Fixing X;, = x4, we

1. Draw ty ~ go(+) for some proposal distribution having density g,
with respect to Leb((—o0, 1))

2. Conditional on ty = t, draw U ~ Unif([0, 1]),
X W]th t,0,z2,t1—t)

(i.e. draw Xy, from the law of a non-neutral Wright—Fisher bridge

going from 0 to x5 in time ¢, — ¢, sampled at ¢; — t), and check
Y: n

whether U < MilX H(1=Xy,)" Y0 with My = sup,¢gq) 2" (1

z)"1~Ya If it is, then proceed to 3, otherwise redraw X;, and U

as above until the condition holds.

3. Conditional on tg =t, Xy, = x, draw

K1 ~ Pois(Apax (1 — ¢

)
{wu}'?l ~iig Unif((¢, 1)
)
]

);
);
{&15}5L1 ~iia Unif((0, Amax)),

{71515 ~aia Unif([0, 1]),
wy ~ WE tl £,0,)
and

Ko ~ Pois(Amax (t2 — 1)),
{25152 ~iia Unif((t1, )

{€2,1521 ~iia Unif((0, Amax)),
{'7273'}]' 1 ~iia Unif([0, 1]),

(to—t1,x,x
wy ~ Wy 15e)

)
),
)
)
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2
H H 1 %Wz‘,wij)—%’r? =1
o= i

=1 {j:& <o,
Y1,5<t1—t}

P

proceed, else go back to 3.

5. Compute « as in (4.19), and run a Metropolis-Hastings accept-
reject step. If we accept, set Wy, = {¢x;}, Zx = {& ) wi =
{wiwe, b Pr = (Wi, B, wy) for k = 1,2, else keep the old values.

A proposal generated according to steps 1-4 above has density

e5T2—¢q (t2—to)
pg(tQ - t07 07 x2>

% ﬁ H 90;_ - Soa(wiwi,j) (4.18)

i=1 {j:& ;<Ao, Yo = Yo
P1,5<ti—to}

Yiy

B (t0) X, (1 — Xy, )"0

with respect to
PP @ PP">~") @ WE{) ® Leb((—o0, ) x [0,1]),

where PP is the law of a unit rate Poisson point process on (0,00)?,
and WIF(()?; is the law of a Wright—Fisher diffusion started from 0, and

again the dominating measure used here matches that for (4.14)).

Combining (4.14) with the above (4.18]), we get that if the cur-

rent values of the chain are t(()k),Xt(f), @gk) and @ék), then a proposal

(to, Xi,, @1, P2) leads to the acceptance probability to be computed in
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step 5 above to be given by

o ((to, iy, @1, @,)| (00X, 09, 0))

— min {1 p(to, X¢,, D1, P2]Y, o), X(_k1)a ‘I’(_k1):2)
p(td, X o oMy, o, X &%)
k k k k
L alte?. X[ oY, @ )>|<to,th,¢1,q>2>>}
(k) (k) 5 (k) &(k)
q((t()?Xtm(I)la(I)Q)‘(tO vX (I)l >CI)2 ))

t1

k k k
pa(t$) o (1§ [t0) POty — 57,0, 5)

X a(tQ - t07 07 X2, O(k)>
CL(tQ — ték), O, T2, O'(k))

(k)
= min {1, P (to)) a(tolto )6—%? <t(()k)—to) pg (ta — 10,0, z2)

(4.19)

where <I>(_ki):j means the vector ®* excluding the ™ up to the ;™
entries, p(to,th,q)l,<I>2|Y,a(k),Xg€1),<I>g€1):2) denotes the conditional
density of (ty, X;,, @1, ®s) given Y, o®), X(fl), ‘I>(f1):2, pa(to) is the prior
on the allele age, ¢ (to\t(()k)) is the proposal kernel for the allele age,
and the remaining terms in the last expression on the RHS of
arise due to the ratio of non-neutral transition densities which have
mismatching start times ¢, and t(()k) in the denominator of (4.18)).
The problematic term here is the ratio of intractable quantities of
the form a(t,x,y,o) which cannot be evaluated exactly, whilst the
ratio of neutral transition densities can be easily targetted via a
refinement scheme. In particular, one can show that for a sufficiently
large number of terms, there exist monotonic upper and lower bounds
on this quantity which converge to the true value (for exact details
see Proposition 4 in [JS17]), and thus one can keep on adding terms
to either bound until a decision can be made on whether to accept
or reject the proposed move. All other terms are all computable
(subject to choosing a suitable prior and proposal density for the
allele age), and thus the final task is to deal with the intractable ratio

a(t2—to,0,x2,0)
a(tz—t(()k) ,0,22,0) ’
for this update, where we replace the intractable terms with unbiased

To this end, we make use of a pseudo-marginal step

estimators provided by the Poisson estimator.
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We now provide some detail on how the Poisson estimator for
the quantity a(¢,x,y,o) will be implemented in the above MCMC
scheme. We start by introducing the quantities x ~ Pois(At),
7 = {7} ~ia Unif((0,%)) and ¢ ~ WFéfg’y), which we combine
together to obtain an unbiased estimate for a(t, z,y, o) given by

-] (C— (%@An) - so;)) |

j=1

where A € R,c¢ > 0 are two arbitrary constants. The estimator is
unbiased and has second moment given by

¢ \2
A—2c (c— o (Xs) — 900)
el )tIEW]F&,;,y) [exp {/0 3 ds p |, (4.20)

which makes choosing a pair (A, ¢) which minimises the variance non-

trivial due to the associated Lebesgue integrals being incomputable.
Instead, as discussed in Section 7 of [BPRF0G], we upper bound the
integrand in (4.20) and minimise the resulting quantity to get A =
oF —w,, and ¢ = \. Setting (; := {(;,}}_,, this choice leads to the
unbiased estimator

_ T (%5~ %e(Cr)

a(t,x,y,o,7,() = ]1:[1 ( o ) : (4.21)
It now remains to detail how and when we employ the above unbiased
estimate. As illustrated in [AR09, Bea03] (see in particular Table 1
in [ARQ9)]), if one re-estimates a(t,x,y, o) using each time the
quantity needs to be evaluated, the resulting MCMC scheme does not
target the correct posterior of interest. Instead, if the estimator is re-
calculated solely when a new proposal is introduced with the resulting
estimate being stored for an accepted proposal to be used in the subse-
quent iterations (so we augment the state space with the corresponding
7 and (; and recycle these in the next iteration), then the resulting
pseudo-marginal scheme does indeed target the correct distribution.
By making use of this pseudo-marginal formulation and expression for

a(t,z,y,o,7,(.), the pseudo-marginal Metropolis—Hastings acceptance
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probability becomes computable:

pa(t$) o (to]t57) POty — t9.0, 2,)
é(tz — to, O, ZEQ, o,T, CT)
)

") = (4 O(t, —
o= min{ p2(to) q2(to |to)67% (199 —10) Py (ta — 0,0, 22)

(4.22)

a(t2 - ték)a 07 X2, 0, T(k)7 Cﬁ%
where 7,(, are the variables generated jointly with the proposals
to, Xy, ®1 and Py to unbiasedly estimate a(ty — to,0, 22, 0), whilst
7, Cgf,z) are the stored values which were used in the previous itera-

tion. So replacing the acceptance probability (4.19) by (4.22)) leads to

an implementable pseudo-marginal Metropolis—Hastings update over
the initial path segment.

A full detailed account of the proposal procedures for the cases
when t. = ty,t3 together with associated computation of acceptance
probabilities can be found in Appendix [A] but regardless of the value
of ty and t. the above illustrated problem involving intractable terms
persists and we resort to a pseudo-marginal Metropolis—-Hastings
update.

4.3.4 Selection coefficient update

Finally, we illustrate the selection coefficient update which is a straight-
forward Metropolis—Hastings step, with the joint density of the data,
selection coefficient, allele age, latent path at the observation times,

and skeleton points in this case being given by

p1(0)pa(to) H Bo,, x, (Vy,)e2Xtn—¢0 in=to)

i=1

% ﬁ H 90;_ - @U(wiywi,j)‘

o
i=c+1 {j:& ;<o g 7
P1,5<ti—to}
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with respect to the dominating measure
PP @ PP""~') @ WEF) ® Leb(E}') ® £ () n,)

where we recall that Ef' = [0,1]" x R x (—o00,%;). On the other hand,
we propose new values of the selection coefficient according to some
proposal kernel having density ¢; with respect to Lebesgue measure
on R, such that the acceptance probability for a proposed move to o’
given that the current value of the selection coefficient is o evaluates
to

o = min 17MMe%)@n—(tn—to)(@;—gp;)
q1(0’|o) pi(o)

+
n Par = Por (Wi ;)
I1 1T d

i=c

{7:€,5 0, Yo = Por
- <ti—t
x —teasshzlol (4.23)
n P — Po(Wiy: ;)
Hi:c H of — 80_
{7:€:,7 <0, g 7
e, j<ti—to}

where all the terms involved are computable, and p; (o) is the prior we
impose on the selection coefficient.
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Algorithm 3: Metropolis-within-Gibbs Sampler to conduct exact
inference on o, ty given noisy observations Y

Initialise o(©), t(()o), X0 ) 70) Cﬁo)
repeat
Draw o ~ ¢, compute Amax := max{\, &), Ao}
repeat
repeat

Propose (tg, Xt,, {®i}2 1,7, () conditional on
a(k), Amaxs Xt(f), Ny, , Yz, as in Section .4.3.3
Compute « as in (4.19)), draw U; ~ Unif([0, 1])

if a < Uy then

(t(()k""l) k+l) {(ﬁ (k+1) ) — (tO7Xt17 {(1)1}12:1)
(T(k+1),g§’“+1) — (7 ,CT)
else
(t(k-H) X (k+1) {(I)(k'H )+
(t(k) tl ’{(I) )
(7D, () (718,
end

fori=2,...,n—1do
Update (Xy,, {®}i=¢ ) conditional on
X(kﬂ) Xt(j ,)\max,a( ) , Ny, Yy, as in Section |4.3.1

end
Update (X%, ,®,) conditional on
Xt(fjll), Amaxs a(k), Ny, , Yz, as in Section |4.3.2

Compute a(o’|c®) as in ([@#.23), draw U ~ Unif([0, 1])
if a(o’|c®)) < U then

| oD o’
else

| gktl) o 5(k)

end

until convergence
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4.4 Simulation results

The inferential framework presented above has been implemented in
C++ E], and tested on simulated data for the case when t. = t;. By
making use of the exact algorithm, we were able to simulate a non-
neutral Wright—Fisher diffusion and superimpose binomial sampling to
create a synthetic dataset. We tested our method on a set of different
prior distributions for both the selection coefficient o and the allele age
to, whilst maintaining the same simulated data as input, in order to
better assess the influence of the prior on the inferential results. In
simulating the data, we set the following parameters:

Datapoints‘ o ‘ 0, ‘ 0, ‘ to ‘ t ‘ti—ti,l ‘ N,
6 (1001 jo1]o2][05] 01 |20

Table 4.4.1: List of the parameter configurations for the simulated dataset.

where the small number of datapoints and sample sizes n;,, as well
as the order of magnitude of the mutation rates was chosen to
be in line with similar datasets in the literature (see for instance
[LPR709, BYN, W™16, [FT19]). In choosing the observation time
spacing, a big discrepancy was noted in the effective population
size ranges used in different studies for the same dataset (see for
instance the horse coat colouration dataset from [LPRT09] where
suitable ranges for the effective population size vary from (103, 10°)
in [LPRF09)], to (2500,10%) in [SBS14], to (200,5000) in [MMES12]).
In view of the fact that this directly affects the diffusion time scaling
(which is recovered by dividing time in years by a factor of 2N.g,
where N, is the effective population size and g is the generation gap),
we chose a spacing of 0.1 such that the resulting observations are not
spaced too far apart, nor too closely together. As for the choice of
selection coefficient, we wanted to emulate the case when the selection
coefficient is significantly different from 0, but not too large such that
a diffusion approximation is no longer an appropriate model for the
underlying dynamics. We envisaged that there would not be sufficient
signal in the data to allow for the allele age to be accurately picked

! Available for download from https://github.com/JaroSant/MCMCAWF
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Figure 4.4.1: The blue circles denote the exact draws from the Wright—
Fisher diffusion, whilst the red crosses are the binomial draws obtained.
The straight lines in between observations are a linear interpolation.

up on, and thus chose a value which was relatively close to the first

sampling time.

Using the setup in Table [4.4] the path generated is given in
Figure in blue, whilst the superimposed binomial sampling
is given by the red plot. Tables 4.4.2| and [4.4.3 lists the different
configurations of priors imposed on the selection coefficient and allele

age respectively. Gaussian distributions were chosen as priors for the
selection coefficient, whereas for the allele age we made use of suitably
transformed exponential and gamma distributions. In view of the fact
that the allele age cannot take on values later than the first non-zero
observation time t., we set to = t. — e — z, for £ a small tolerance
parameter (in the simulations this was set to 0.05 to ensure that the
method does not run into computational issues - see Subsection
for more details) and z the random variable which takes on either an

exponential or gamma distribution.

100



Case | o Priors Case | ty Priors
A | N(-10,10) E Exp(3)
B N(-5,10) F Exp(1.5)
C N(0, 10) G I'(2,0.2)
D N(5,5) H | I'(1.5,0.5)
Table 4.4.2: Priors for the selec- Table 4.4.3: Priors for the allele
tion coefficient for each different age for each different case.

case.

With regards to proposals, we used a Gaussian proposal centred at
the previous value with a standard deviation of 10 (which was chosen
after some tuning) for the selection parameter, whilst for the allele
age we made use of a truncated Gaussian proposal (again centred at
the previous value) with standard deviation 0.25 (with the truncation
threshold being set to a small value just below the first non-zero
observation t. — €, where the ¢ was chosen small enough such that no

computational issues would hamper the inferential scheme - refer to

Subsection {4.4.3)).

Parameter Proposals
o N(-, 10)
to tN(+,0.25,t. — €)

Table 4.4.4: Proposal distributions for the selection coefficient and allele
age, where tN denotes a truncated normal distribution.

Convergence was monitored by checking whether the maximal differ-
ence in the value of the mean (correspondingly standard deviation) of
the generated samples in the last k iterations fell below a user specified
threshold level €, ,, (respectively &, ) for both the selection parameter
and allele age. So at iteration NN, say, we checked whether

max ’5'1 — 5']" < Eo,m,) max ‘(5’1 — @] < Egys (424)
i je{N—F,..,N} i je{N—F,.,N}

where ; := i ! Z;‘:l o) and 6; = \/(z -t Z;zl(a(j) — ;)2 the
sample mean and standard deviation, with a similar criterion in place

for the allele age. In our runs, we required k& = 10,000 iterations,
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€om = 0.01, g5 5 = 0.1, €4ym = 0.001, and €4, s = 0.01. We found these
bounds to be quite stringent and several of the runs plotted here had
still not converged according to the above criteria, however the output
seems to indicate that the draws are indeed coming from (a reason-

able approximation to) the stationary distribution of the Markov chain.

We now proceed to consider the performance of the method when
varying the prior for the selection parameter through cases A to D
in Subsection [4.4.1] and then do the same with the allele age by
considering cases E through to H in Subsection [£.4.2l Throughout
Subsection 4.4.1 we assume that the prior on the allele age is an
Exp(3), whilst in Subsection we set the prior on the selection
parameter to be N(—5, 10).

4.4.1 Different priors for the selection coefficient

As evidenced in Figure [£.4.2] the selection parameter is mixing
relatively well with an acceptance rate in the range (0.3,0.4) across
all test cases, with the autocorrelation plots in Figure further
confirming a sharp decay in the autocorrelation between returned
samples within a relatively short time lag.

By comparing the kernel smoothed posterior (black line), the
prior (red dotted line), likelihood evaluations (orange circles) and
truth (magenta) in Figure 4.4.4] we conclude that the method seems
to be doing reasonably well in detecting signatures of selection even
in cases when the prior assigns most of its mass away from the truth.
The posterior is concentrating around the true value despite having a
relatively diffuse prior, and thus seems to suggest that the influence of
the data (via the likelihood) is filtering through. We point out that the
smoothed posterior and prior are plotted against the left axis, whilst
the likelihood points (i.e. the contributions to the likelihood which
depend on o) are plotted against the right axis. Note that comparing
all three on the same axis is infeasible due to the normalising constant
for the likelihood evaluations being intractable and hard to estimate

via Riemann sum type approximations, as it is very noisy in view of
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Figure 4.4.2: Traceplots for o for the 4 cases

its dependence on X, ® and ty;. Finally, the plots for the mean and
standard deviation of o over the last 10,000 iterations are presented
below. Although they did not fall below the user specified threshold
, they seem to display sufficiently constant behaviour to indicate
that convergence may have been reasonably achieved.

4.4.2 Different priors for the allele age

We now inspect the output obtained for the allele age t(, by first looking
at the traceplots and autocorrelation functions. In this case the accep-
tance rates are relatively high at roughly 0.65 across all test cases, and
the ACF plots indicate that any autocorrelation is decaying reasonably
quickly for cases E and G. We point out that cases F and H have more
diffuse priors, leading to values of the allele age straying further into
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Figure 4.4.3: Autocorrelation plots for ¢ for the 4 cases

the negative values (as evidenced in Figures 4.4.7 B and D). This in
turn leads to a larger number of Poisson points being favoured in the
simulations, and thus the algorithm in these two cases resulted to run
significantly slower than in cases E and G, explaining the higher auto-
correlations observed in Figure [£.4.8,  Turning to the comparison of
priors, likelihood evaluations and smoothed posteriors in Figure 4.4.9]
the situation is quite interesting - for relatively restrictive prior dis-
tributions that concentrate most of their mass around the true value,
the kernel smoothed posterior (black line) concentrates well around the
truth but is also quite close to the prior distribution (red dotted line).
On the other hand, the likelihood evaluations (orange circles) seem to
suggest that the likelihood does not die out the further back in time
the allele age is. This apparent flatness in the likelihood comes as no
surprise, as one would expect there to be relatively little information
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10.015
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Figure 4.4.4: Plots of the prior (dotted red line), likelihood (orange circles),
kernel smoothed posterior (black line) and the truth (magenta). The prior
and smoothed posterior are plotted against the left axis whilst the likelihood
is plotted against the right axis.

in the data about the allele age to start with. However the persistence
displayed by the likelihood could potentially be explained by the fact
that the transition density for the diffusion gets arbitrarily close to
the invariant density (which is independent of 5 and thus contributes
towards the observed invariance in time). It also suggests that hav-
ing relatively diffuse priors on the allele age is not necessarily the best
option, as for a sufficiently large time increment, the diffusion might
well have been started from stationarity. In light of this, perhaps a
better strategy would be to restrict the state space for the allele age
to a finite continuous range immediately before the first non-zero ob-
servation time, say [t. — ,t. — €], for some threshold value §, together
with some state A which will capture all the time before t. — ¢, i.e.
to € AU [t. — d,t. — €]. Naturally the threshold § would need to be
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Figure 4.4.5: Plot of the mean of ¢ for the last 10,000 iterations

chosen large enough to allow the diffusion to reach equilibrium within
this time interval, such that allele ages that reach further back in time
lead to a time homogeneous diffusion. By appealing to the duality be-
tween the neutral Wright—Fisher diffusion and the Kingman coalescent
(IGri79, IGri80l [Tav84]), a first approximation for § would be the value
2 as it turns out to be the expected time it takes for the Kingman co-
alescent to get to the most recent common ancestor, thereby ensuring
that the diffusion is at equilibrium. We point out however that these
considerations only apply for the neutral Wright-Fisher case, so the
appropriate dual process for the non-neutral Wright—Fisher diffusion
(that is, the ancestral selection graph [KN97, INK97]) would need to
be consulted for a more appropriate choice of §. As done in the case

of selection, convergence was diagnosed by checking whether the quan-
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Figure 4.4.6: Plot of the standard deviation of o for the last 10,000 iterations

tities (4.24)) (suitably translated for the allele age) fell below the user
specified thresholds. Figures [4.4.10| and [4.4.11| again suggest that the
samples being returned can be treated as coming from the invariant

measure, despite the fact that the convergence criteria set out have as
yet not been met.

4.4.3 Computational considerations

The algorithm was implemented in C++ and run on an Intel Xeon
E5-2670 v2 CPU with a dual multithreaded deca-core and 64GB
of memory. Runtime lasted roughly 28 days which is quite a long

time, however the convergence criteria we set were quite strict, and

one could reasonably argue (based on Figures 4.4.5) 4.4.6, 4.4.10| and
4.4.11)) that samples are coming from the posterior distribution despite
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Figure 4.4.7: Traceplots for ¢y for the 4 cases

the chain not having formally converged. The main bottleneck in
the updating procedure is the simulation making use of non-neutral
bridge proposals together with the skeleton point proposals, in virtue
of the rejection sampler being used there. With larger selection
coefficients, the non-neutral bridge sampler becomes less efficient
because the neutral proposals become less suitable candidates in
comparison to the target paths. To this end, we decided to test
our method on simulated data where the selection coefficient was
not too large but also significantly different from 0, thereby ensuring
that there was sufficient signal in the data for the method to pick up on.

Although the proposed method is computationally demanding,
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Figure 4.4.8: Autocorrelation plots for tg for the 4 cases

we emphasise that when dealing with aDNA time series data we are
not in the standard statistical setting where we need to devise efficient
statistical techniques which can both produce reliable results and deal
with thousands of datapoints. On the contrary one can only hope for
a handful of readings and a limited number of sampling times, as these
aDNA datasets rely on sufficiently well-preserved fossils and remains
found in archaeological excavation sites, which further need to be
amenable to the extraction of genetic material. In addition, although
advances in aDNA extraction techniques have lead to a significant
increase in the number of such datasets over the past decade or so,
this has not been accompanied by a considerable improvement in the
number of observations being recovered or an increase in the number
of sampling times. In this context, one should therefore concentrate on
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Figure 4.4.9: Plots of the prior (dotted red line), likelihood (orange circles),
kernel smoothed posterior (black line) and the truth (magenta). The prior
and smoothed posterior are plotted against the left axis whilst the likelihood
is plotted against the right axis.

developing statistical procedures which elicit as much information as
possible from the few available datapoints at the cost of entertaining

inferential schemes which are more computationally onerous.

As mentioned at the end of Subsection the exact algorithm
runs into some computational issues whenever the time increment
becomes smaller than 0.06. To account for this and to ensure that no
numerical instabilities are present in the method, we employed the
approximations in , such that a discretised Gaussian is used in
the exact simulation approach as detailed in [JS17]. We point out
here that this approximation is not being applied to the underlying
diffusion itself, but rather to the ancestral block counting process
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Figure 4.4.10: Plot of the mean of ¢y for the last 10,000 iterations

of the dual process to the neutral Wright-Fisher diffusion (i.e. the
Kingman coalescent). Although this approximation does well for time
increments between (0.01,0.06), further computational issues arises if
the time increment goes significantly below 0.01 in the bridge sampler.
Observe that p in grows proportionally to ¢!, thus for very
small time increments the approximating discretised Gaussian returns
a very large value which we need to sum over twice in the bridge
simulation. In turn, whenever the allele age being proposed was very
close to the time corresponding to the first non-zero observation t., the
resulting algorithm would spend a large amount of time computing
the corresponding sums. To avoid this computational bottleneck, and
speed up the approximation procedure, we allow the allele age to vary

within the interval (—oo,t. — ¢) for some small tolerance parameter
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Figure 4.4.11: Plot of the standard deviation of ¢y for the last 10,000 itera-
tions

¢ which ensures that the approximation in does not lead to a
blow up in the algorithm’s run time. For the above simulations we
set € = 0.05. For the case when such small time increments presented
themselves in the simulation of the skeleton points, we made use of a
diffusion approximation (conditioning only on one of the endpoints).

4.5 Extensions

The results reported here are restricted to simulated data, when the
underlying dynamics are given by the Wright—Fisher diffusion. We are
currently looking into applying the method to the horse coat coloura-
tion dataset in [LPRT09], such that we can compare our scheme’s
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performance vis-a-vis the other methods applied to this same dataset,
thereby providing a verifiable benchmark which can be used to com-
pare the efficacy of our approach. The dataset in [LPRT09] however
requires update procedures for the initial path segment that account
for the cases when t. =ty and ¢, = ¢3 for the MC1R and ASIP alleles.
As detailed in Appendix [A] the proposal mechanisms for such cases
lead to significantly more intricate updating procedures in compari-
son to the straightforward setup adopted in the above simulation study.

In our analysis, we restricted ourselves to inferring the popula-
tion rescaled selection parameter and allele age, i.e. o and ¢y, whilst
assuming a constant demography for the population being considered.
It would be desirable to incorporate the latter into our scheme as
it would allow for the possibility to correctly decouple the influence
of changes in effective population size on the corresponding allele
trajectory from those induced by selection (see for instance [SEST6]
where the authors compare the result for when demography is, and is
not accounted for). In essence this can be straightforwardly achieved
by introducing a scaling function p(¢) which measures the size of
the current population relative to the size at some reference point in
time, say at the allele birth t,, such that p(t) = N(t)/N(ty). The
mathematical formulation and implementation used above can easily
be amended to incorporate relatively simple changes in demography
given by deterministic functions p.

The main drawback of the approach presented above is the fact
that the initial path segment update relies on a pseudo-marginal step.
This however is an unfortunate by-product of the updating procedure
we use, namely the fact that we are as yet not able to jointly simulate a
time increment ¢ and an endpoint y from the bridge transition density
pE,"’”*“’t’Z)(y; s) (see for the analogous neutral bridge density) of
a Wright—Fisher diffusion. Although this might seem infeasible, we
are currently looking into developing a technique which would allow
us to simulate the allele age according to a distribution which is

-1

proportional to the intractable a(ty — to,0,z2,0)"" appearing on the
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RHS of (4.18]), which would then enable us to construct an appropri-

ate proposal mechanism in order to forego the pseudo-marginal update.

Throughout this chapter we have assumed that the mutation
parameters were known a priori and thus fixed throughout. In reality
this is seldom the case as often the mutation parameters for certain
organisms are unknown and thus estimated using the parameters
observed and documented for other species (see for instance [MMEST2]
where the authors use human mutation rates for horses). It thus would
be natural to extend our framework to allow for the mutation param-
eters 0 to be jointly inferred with selection and allele age, however as
is evident throughout Section [£.2] all the densities derived there are
with respect to a product measure involving a neutral Wright—Fisher
diffusion with fixed mutation parameter 6. To allow for varying
mutation parameters, we would need to decouple this dependence
in the dominating measure by finding a common reference measure
independent of the mutation parameter @, and with respect to which
all relevant laws admit a density. This is relatively straightforward
for the case when the mutation parameters are assumed to be greater
than or equal to 1 (see the discussion just before and after equation
(2.27)) as the corresponding laws of Wright—Fisher diffusions are
mutually absolutely continuous with respect to one another and admit
a Radon—Nikodym derivative which is readily available via Girsanov’s
theorem. However, when either mutation parameter is less than 1,
the above is no longer true, and thus the above inferential scheme
can only be extended for mutation parameters 6 € [1,00)2. There
is no real biological reason why this should be a priori true for any
organism considered, and thus the method would be much more useful
and realistic if one could instead allow for any strictly positive value
of the mutation parameters. Note further that even when 6 € [1,00)2,
the resulting Radon—Nikodym derivatives will feature unbounded
functions (from both above and below) in the exponent, such that the
link with the Poisson point process is lost.

Whereas extending the methodology to allow for inferring muta-
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Figure 4.5.1: Plots of the invariant density for the scalar Wright-Fisher
diffusion with parameter setups given in Table

tion would be beneficial from a biological and modelling perspective,
one particular caveat presents itself: non-identifiability. By increasing
the number of parameters to be inferred, one needs to keep in mind
that the resulting method might not be able to distinguish between
different parameter setups which produce very similar output. To
illustrate this point, consider the following three cases:

Plot | o | 8; | 6
Red 0 10| 4
Blue [ 10| 4 | 4
Yellow | -4 | 12 | 4

Table 4.5.1: Three parameter setups for (o,61,62) used to illustrate the
problem of non-identifiability once the analysis is extended to include the
mutation rates.

The resulting invariant density plots for the Wright-Fisher diffusion
are illustrated in Figure £.5.1] Given just a dataset and without
access to informative priors, any algorithm would struggle in deciding
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which setup from the three above is most adequate, and the resulting
procedure would most likely keep switching between the three config-
urations (as well as other configurations giving rise to similar density
plots). Of course the above plots are only meant as an illustration
of a potential issue as they depict the diffusion’s invariant density
rather than the transition density, but the fact that we are dealing
with temporally spaced draws can at most only partially mitigate
this non-identifiability. One possible way around this problem would
be to obtain separate estimates or bounds on the distributions of
the mutation parameters independently of the data collected, and
subsequently reflect these estimates into the priors used for the MCMC
implementation, however obtaining such estimates for aDNA data is
not so straightforward and would require further investigation.

Lastly, as alluded to at the end of Subsection [4.4.2] if the allele
age reaches far back in time, then it might be conceivable that the
allele was present in the population for some time before it started
being selected for. Thus the allele would be present in a proportion of
the population which is distributed according to the invariant measure
of the neutral diffusion when the selective switch occurs, enabling it
to arise from standing genetic variation. This change (which might
be induced for example by changes in the environment) is commonly
referred to as a ‘soft sweep’ and is well studied in the biology literature,
see for instance [HP0S, [PHO6D, [PHOGa]. The setup presented above
could be easily amended to allow for this phenomenon by changing
the initial path dynamics. Instead of necessarily relying on de novo
mutations to give rise to a selected allele, we would allow for the case
when alleles rise from standing variation by sampling the initial value
of the diffusion at the time at which the selective pressures shifted
in its favour from the invariant measure of the diffusion. One way
to allow both de novo mutations as well as soft sweeps is to adopt
A U [t. — 0,t. — €] as potential values for the quantity t,, such that
if tg € [t. — d,t. — €], then the allele arose as a de novo mutation
(and therefore X;, = 0 and we proceed as described in Section [4.3]
with ¢, retaining its interpretation as the time at which the allele was
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born), whilst if ¢y € A, then the allele rose from standing variation
(and we model X;, as a draw from the invariant density fy given in
(2.22)). One would then be interested in estimating both the selection
coefficient and the time ty at which the switch from neutral to selected
happened (note that we can no longer treat ¢y, as the birth time of
the allele), as this might help shed light on to why the change in
selectiveness occurred if other information related to the organism is
available. We point out however that the method would still require a

pseudo-marginal step for the initial path segment update.
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Chapter 5

Extending Y-uniform
ergodicity to the
Multidimensional
Wright—Fisher Diffusion

Thus far we have concerned ourselves solely with the one-dimensional
Wright—Fisher diffusion which allows for the frequency of a single
allele to be tracked over time. This scalar setting is particularly
neat as a number of properties of one-dimensional diffusions (such
as point recurrence and the notions of speed and scale) allow for the
calculations involved to be significantly simplified. In this chapter
we present a brief overview of how the results derived in Chapter
can be extended for the K-dimensional Wright—Fisher diffusion,
in particular we provide a rough sketch of the first steps towards
proving J-uniform ergodicity (as given in Definition [2.1)).  This
property is a key ingredient in establishing uniform local asymp-
totic normality for the family of laws induced by the solutions to
the associated SDEs, which in turn unlocks the door to deriving re-
sults similar to those in Chapter [3|for the ML and Bayesian estimators.

The main challenge now is that it is no longer straightforward
to decompose integrals similar to those on the LHS of (2.3)) by making
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use of the hitting times of sets (as opposed to points as done in
the scalar case). Whilst the hitting time of a set is well-defined
and can be controlled sufficiently well via Lyapunov functions (see
Subsection , it does not offer the correct framework within
which the diffusion path can be split into i.i.d. chunks as in the scalar
case. Instead, we show how Nummelin splitting can be applied in
the continuous time setting (via the construction first presented in
[LLOS8]), to assemble a richer stochastic process which allows for a set
of suitable stopping times to be defined. These times (referred to as
regeneration times) then provide the natural generalisation for the
hitting times used in Theorem [2.2] and thus allow us to perform the
necessary path decomposition in such a way that the LHS of
(which is the multidimensional analogue of ) can be bounded
from above by the moments of these regeneration times. The above
detailed technique was successfully employed by [LL13] for a general
class of Harris recurrent processes with general state space in their
Theorem 5.2, where one can explicitly control the rate of convergence
in the ergodic theorem in terms of the initial starting point x via a
suitable Lyapunov function. The key to achieving this final bound
in terms of Lyapunov functions is Theorem 4.1 therein, where results
from [DFMS04, [DFGO09] for the modulated moments of the resolvent
chain under the drift condition implied by Assumption 2.2 in [LL13]
(which we reproduce below for reference and also guarantees Harris
recurrence) allow for the moments of the regeneration times to be
bounded from above.

Assumption 5.1 (Assumption 2.2 in [LL13|). There exists a closed
petite set B, a continuous function V : Ag +— [1,00), an increasing
differentiable concave positive function ® : [1,00) — (0,00), and con-
stant b < oo such that Vs > 0

Ex [V(X,)] +EQL [ / do V(Xu)du]
0

< V(x) + EQ) UO 1B(Xu)du] . (5.1)

We further present bound (2.5) in [LL13] which can be shown to imply
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the above assumption:
GV (x) < —PoV(x)+ blp(x). (5.2)

Verifying Assumption (or indeed ) for the K-dimensional
Wright—Fisher diffusion is non-trivial and remains an open problem.
We note that it might indeed be the case that these conditions are
not achievable for the Wright—Fisher case much in the same way that
standard drift conditions for scalar diffusions in the literature fail for
the analogous Wright—Fisher diffusion. For instance, Assumptions
5.1 and 5.2 in [LLLII] guarantee the existence of (and allow for
bounds on) the moments of hitting times of scalar diffusions, but
they immediately fail to hold for the scalar Wright—Fisher diffusion as
the diffusion coefficient is zero at the boundaries. Nonetheless, as we
have seen in Corollaries and these quantities can be bounded
through alternative techniques, which however do not extend for the

multidimensional case.

In light of the above, whilst we pursue the approach presented
in [LL13] to decompose the the LHS of , we stop one step short
and present all bounds in terms of the moments of the regeneration
times. At the end of this chapter, we point out how the moments
of hitting times of a specific set for the original diffusion can be
controlled via standard multidimensional diffusion process theory and
a suitable choice of Lyapunov function (for a certain set of parameter
configurations) by means of Theorem 3.9 in [Khal2]. Whilst this
does not necessarily offer a direct way with which to tackle the above
mentioned problem, it does offer some insight in the way of choosing
the correct Lyapunov functions and serves to highlight particular
features pertinent to the specific case of the Wright—Fisher diffusion,
thereby providing some insight into how a result similar to Theorem
4.1 in [LL13] might be derived for the Wright-Fisher case.

The rest of this chapter is organised as follows: In Section

we give an overview of the K-dimensional Wright-Fisher diffusion,
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illustrating several known properties of the process. We then introduce
the necessary notation and quantities to construct the richer stochastic
process via Nummelin splitting in Section [5.2], and use it to define the
regeneration times. We subsequently outline how these allow for the
diffusion to be split up into i.i.d. segments such that the LHS of
can be bounded from above by the moments of these regeneration
times. We end the chapter by focusing on how to handle these
moments of the regeneration times, giving an overview of the approach
adopted in Theorem 4.1 in [LL13] and how it relies on Assumption 2.2
therein, before showing how standard multidimensional theory and
Lyapunov functions allow us to control the hitting times of sets for
the Wright—Fisher diffusion.

5.1 The K-dimensional Wright—Fisher diffusion

The K-dimensional Wright—Fisher diffusion is defined on the K — 1

dimensional simplex A = {x € [0, 1]X : 32K #; = 1}, with generator

& given by
K
1 0?
73 20 g,
K /K K K 5
+ WL+ T i — T 5.3
;(;% i <;03 i k,;lakl K l)) o (5.3)

where (v;;)f_; is the infinitesimal matrix of mutation parameters,
and (aij)fszl is a real symmetric matrix describing the selection
parameters. Note in particular that the above framework allows for
both haploid (0;; = 0; + 0;), as well as diploid selection patterns.
The domain of ¢ is the space of all twice continuously differentiable

functions defined on the K — 1-dimensional simplex with boundary

K
ij=1-

behaviour depending on the values of the mutation matrix (v;;)
We point out further that one could express the multidimensional
diffusion X7 as the solution to a corresponding multidimensional SDE,
however such a formulation is rather cumbersome and offers little

in the way of insight or techniques in comparison to the generator
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approach adopted here.

If one assumes parent independent mutation (PIM), that is when
the mutation parameter is independent of the parent’s type, leading
to v;; = 2716, for §; > 0, then we have that the multidimensional
non-neutral Wright-Fisher diffusion admits a stationary distribution
(see [Wri49, BEGO0]), whose density is given

K

1 .
fol) = oeBmewme T L, (54)
=1

where Gy is a normalising constant such that

K

K oo .
Gy =/ e2ini=1 i fo lix.
Ak

i=1

We point out the slight abuse of notation above, as we have redefined
our parameter of interest ¥, invariant density fy and normalising
constant Gy. In particular 9 is now set to be both the selection
matrix and mutation vector, i.e. 9 = (0,0) = ({(04)55-1,(0;)11})
(assuming PIM), in contrast to the selection coefficient and mutation
parameters (9 = (o,0;,605)) used in Chapter |2l Note that from now
on we shall always assume PIM, such that whenever we say mutation

it is understood that we are referring to PIM, unless otherwise specified.

Denote by p9(t,x,y) the transition density associated with the
neutral multidimensional Wright-Fisher diffusion having generator
(5.3) (i.e. with o;; = 0 for all 4,5 € {1,...,K}), and by p&(¢,x,y)
the corresponding non-neutral transition density (note that the bold
subscripts are used to differentiate from the scalar transition densities
introduced in Chapter . Then we have the following transition
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density expansion for the neutral case (see [Shi76, [Gri79, [GL83| Tav84])

PRt x,y) ;O;n Ii!'z%ﬂz)llw &’Tiﬁ;”{ 1)
xe Y MuxWDonly),  (5.5)
1=m
where | - | here denotes the L'-norm, and M., (-) denotes the proba-

bility mass function of a multinomial distribution with parameters m
and x. We can derive a decomposition for the non-neutral transition
density much in the same way as done in by conditioning and
using Girsanov’s theorem. Let WF&% and WIF&’;”') denote the law of
a K-dimensional neutral Wright-Fisher diffusion started at x and with
mutation parameter set to the vector 8, and the law of a K-dimensional
neutral Wright-Fisher diffusion bridge started at x and ending at y in
time ¢ respectively. Further let WIFS‘Z) and Wngg’y) denote the laws of
the corresponding non-neutral processes. Then by conditioning on the
endpoint X; =y and re-arranging we get that

dWFL5Y) 0(t,x,y) AWF,
e (xt = BUXY) T ey (5.6)
dWFy 5™ Pe(t, X, y) dWFG,

and the multidimensional Girsanov theorem gives us that

)

1 _ _
—5/ (oD 1y — o= 1) (Xy) dt}
0

t
= €xp { / (1o — HO)T Il (X¢) AW,
0

- %/0 (Mo = t0)" =7 1y — po) (X2) dt}’
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when p is the true parameter with WFgZathbf *)_probability 1, where

we define
0, K K
5 T Zj:l 01525 — Zk,l:l Okl Tk 04
) K K
T T re (s 0% — Dm TmTkT 16
I-‘l’o- = . 9 “0 = 5 . )
0 K K 0
5t (Zj:l OKTj = D k=1 Uszkaﬁl) K
.’L’l(]_ —,Il) —T1T2 — 1T K
—Tor1  xa(l — x9)
=
tr1(l —2x1) —TraTk
—T KT —TK-1TK ZEK(l—ZEK>

and take pu! to mean the transpose of p. Taking expectations with re-
spect to WIFg’Z,(’y) on both sides of (5.6, and re-arranging the resulting

terms gives

dWEY)
T);)(X )| - (5.7)

pg’ (t7 X, Y> - pg (t7 X, Y)EWFS,GXJ) [
’ 0,0

As the K — 1 dimensional simplex is a closed subset of the compact
set [0, 1], the multidimensional process also lives in a compact state
space, and thus it is natural to expect the concepts of ¥-uniform ergod-
icity and local asymptotic normality introduced in Chapter [2| to hold.
The catch is of course that now the calculations will be more involved
and proofs cannot rely on either point recurrence nor on the notions of
speed and scale. In this chapter, we set out to outline how one might
go about proving uniform in the selection and mutation parameters
ergodicity of the Wright—Fisher diffusion in the multidimensional case,
which would subsequently be useful when proving uniform local asymp-
totic normality, as well as generalising the results obtained in Chapter
for this setting. To this end, recall that ¥-uniform ergodicity in the

context of the K-dimensional Wright-Fisher diffusion means showing
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that Ve > 0,

1

T
I Py —/ h(X,)dt — EY [h
Hm sup Py, HT X x [1(&)]

>e|l =0 5.8
| (53)

holds for any bounded measurable function A : Ax — R, and any com-
pact L C O, where ng 2, denotes the measure induced on the space of
continuous functions mapping the interval [0, T'| to Ag, Cr(Afk), by the
process X corresponding to the generator when the selection and
mutation parameters are set to 9 = (o,0) and the process is started
from the initial measure v. E§'§ ) then denotes taking expectation with
respect to the invariant density given in (5.4)).

5.2 Regeneration times & speed of convergence

We now introduce the notation present in Section 3 of [LL13], suit-
ably translated to the setting of the multidimensional Wright—Fisher
diffusion. To this end, we set X := (X});>0 to be the process associ-
ated to the generator (5.3)), (F;)i>o the filtration generated by X, and
p%(t,x,y) the associated transition density of going from point x to y
in time ¢ when the selection matrix is set to o and mutation parameters
are set to 6. Furthermore, let IP’()z L denote the law of X when started
from x. Define the resolvent kernel as

Ul(x,dy) = / e 'l (t,x, dy)dt,
0

(note that in our case Assumption 2.1 in [LLI3| follows immediately
using Lebesgue measure as the reference measure), and observe that
U'(x, dy) is the one step transition kernel associated with the resolvent
chain of the original process given by (X7 )nen, where (), — T}, —1)nen
is a collection of i.i.d. Exp(1l) waiting times. Furthermore, X being
ergodic ([EK98, Theorem 5.5]) with invariant density fy implies (by
Proposition 6.7 in [HLO3|) that we can find a compact set C' C Ag
such that fy(C) := [ fo(x)dx >0 and

U'(x,dy) > ale(x)A\(dy), (5.9)
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for some a € (0,1], and A(-) = fo(- N C). Note that by restricting
our attention to exponential time increments as above, we are able to
shift from continuous to discrete time, which coupled with the Doeblin
type condition ([5.9)), allows us to apply a Nummelin splitting to the
resolvent chain. For two points x,y € Ak, we set

ul(x,y) = / e Pl (t,x,y)dt,
0

and define the splitting kernel Q((x, u), dy) mapping Ag x [0, 1] to Ak

as follows
A(dy) if (x,u) € C x [0,q]
Q((x,u), dy) = § LX) ¢ (x ) € ' x (a,1]  (5.10)

Ul(x,dy) x ¢ C.

Observe that integrating out u in Q((x,u),dy) recovers the resolvent
kernel U'(x,dy). We now make use of the above to construct the en-
riched stochastic process Z := (Z;);>o taking values in Ag x [0, 1] X A k.

Starting from Zo = (Xo,up,x1), where Xy = =xg is the initial
value of X, ugp € [0,1] and x; € Ak, set Ty = 0, n = 1 and proceed as
follows:

1. Simulate the new jump time

_tpg- (tv Xn—1; Xn)
ul (Xn—h Xn)

dt

Th ~ €

and set T, :=T,,_1 + 7.
2. Set ZF . =tu,1,and Z3 . =x,, Vs [0,7,).

3. Fill in the path (Z})."; | via a non-neutral Wright-Fisher bridge

going from x,,_; to x, in time 7,, i.e. Vs < 7,, sample

7} 7}
n—1, o-t_ y Y ) n
Do (8, Xn—1,¥)P5( SYX)dy'

Zl
P,G; (ta Xn—1, Xn)

Th_1+s ~

4. At T, take Z}, =73  =x,, Zz ~ Unif([0,1]) independently

1
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of Z with s < T),, and choose Z3, ~ Q((x, Z7 ), dy).

5. Set Zy, = (Zy,, ZF ,Z3 ), increment n by 1 and go back to step
1.

Note that the above construction is such that the first co-ordinate of
the process (Z¢)i>0 obeys the dynamics of the original process via the
use of the bridge measures in step 3. The second co-ordinate is an
independent uniform random variate which tells us how to simulate
the next value of the resolvent chain via . We store the latter in
the third co-ordinate of (Z;);>o. In particular, whenever we enter C
and the coin flip returns heads, we regenerate the path by drawing the

next bridge end point from the minorising measure .

We point out that in contrast to the general construction in
[LLOS], we have omitted the case pY(t,x,y) = 0, as the non-neutral
transition density is always strictly positive in view of the process hav-
ing invariant density (5.4), for which fy(y) > 0 for y € Ag \ 0Ak (ie.
y in the interior of Ag). On the boundary 0Af, the invariant density
fo is equal to 0 (if the corresponding mutation parameter is greater
than or equal to 1, and in this case the boundary is inaccessible) or it
tends to oo on approach of the boundary (if the mutation parameter
is less than 1). The strict positivity of the transition density also
follows directly from - the only way the RHS can be zero is if
p8(t,x,y) = 0, which fails to hold for any x € A and y € Ag \ 0Agk
in view of the expansion (}5.5]).

If we denote by IED(Z'?{ the law of Z when started from the initial
measure dx ® Unify qj(du) ® Q((x,u), dy), then the above construction
ensures that Z((Z})i>0|Z = x) = Z((X4)i>0/Xo = x) (see Proposi-
tion 2.8 (c) in [LLOS]). We further denote by E(Zﬂ))( taking expectation
with respect to IP’(ZT?})(, and note that although Z retains the Markov
property with respect to the filtration it generates (see Theorem 2.7
in [LLOS]), it is not in general strong Markov, but by construction it
is strong Markov for the times T,,. The additional variates (Z2, Z?)>o

allow for a sequence of regeneration times of Z to be introduced as
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follows. Set A :=C x [0,a] x Ak, So = Ry = 0, and define

Sp1 i =1nf{T,, > R, : Zr, € A}
Rn+1 := inf {Tm 21, > Sn+1} (511)

for n € N. The sequence (R, ),en is the natural generalisation for the
corresponding quantities we used in Theorem [2.2}

1. Under IP’(Z’?,)( the sequence of jump times (7},),en is independent of
(Z%)t207 Wlth (Tn — Tn—l)nEN\{O} ~iid. EXp(l) fOI' n e N

2. At each R, we have that Zp, ~ A(dx) ® Unifjqj(du) ®
Q((x,u),dy) ¥n > 1, which ensures that Z is regenerated at these
times and implies that Zg, . is independent of .Zg, . (which we
recall is the filtration generated by the original process X).

3. The sequence (Zg, )n>1 are i.i.d.

All three statements follow immediately from steps 1 and 4 in the
construction of Z, coupled with the definition of R, and S,, (formal
proofs can be found in Propositions 2.6 and 2.13 in [LLO0S]).

The process Z admits an invariant distribution which we denote

by P(Zﬂ), and whose projection onto the first co-ordinate is denoted

IP’(Z?). The latter measure is such that for any measurable function h

integrable with respect to ]P’(ZIZ), we have that

R
EY) [h(n)] = to EY) [ /R

1

2
hizias),
ly =ED@ [Ry — R, ' =EJ) [R)] ", (5.12)

where IE(ZIZ) denotes taking expectation with respect to the measure
P(le), and n ~ ]P’(Z’Z) (see Proposition 3.4 in [LLI13]). We point out
that the superscript in the expectation defining ¢y is included to make
explicit the dependence of these terms on the underlying parameter 1.

(9)
1

Furthermore, P,

coincides with the invariant measure of the original
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process X (by construction), thus allowing us to deduce that

EP [h(&)] = ES [h(n)] = €o ES) { /R " h(Zi)ds] |

The above allows us to re-write
o [|1 /" (9)
P, [ = / B(X,)ds — B [h(g)]’ > g}
0

o |17 o [ [
=Py, HT/ h(Z})ds — Ly E, [/ h(Z!)ds
0

R1

>el, (5.13)

where IP)(ZQ?I), here denotes the law of Z when the first co-ordinate Z' is
started from the distribution v. The final quantity we shall require
prior to tackling the RHS of (5.13), is the counting process (N;);>o
defined by

Ny :=sup{n: R, <t},Ny:=0.

We can now deal with the RHS of in the same way that
the corresponding probability in Theorem was bounded from
above using Theorem 3.2 in [LLLII]. We emphasise that rather than
apply Theorem 5.2 in [LL13] for p € {2,3,...} directly, we use the
arguments there to explicitly track the dependence of the resulting
moment bounds in terms of the parameter of interest v, and thus
briefly summarise the arguments used there in what follows. Note
further that in Theorem 5.2 in [LL13|, the authors are interested in
controlling the rate of convergence in terms of the initial starting
point x, and thus first bound the relevant probability in terms of the
moments of the regeneration times, and subsequently use Theorem 4.1
therein to bound these moments by a suitable Lyapunov function. In
our setting it might not necessarily be the case that Theorem 4.1 is
applicable (in view of Assumption 2.2 in [LL13], which still needs to
be shown to hold for the Wright—Fisher diffusion), and thus we stop
one step earlier and bound all the relevant integrals in terms of the

moments of these regeneration times.
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Following the arguments in Theorem 5.2 in [LL13], we decompose the

path into the following chunks

1 T
Py Téhamwmgmmn>4
Rl_ T
gpgﬂy{/ h(ZY)ds >—5]
5 0 3
BNyt
+IP(Z‘?Z[/ " (2ZYds| > —,QT}
R1
RNp+1 T
cr [ [ ] > ]
T
) c
+ Py [94)]

= Ay + Ay + Az + Ay,

where we define

N €
QT = {‘TT—gﬁ

IRl

h=h—Eg [h(n)].

geﬁ(s}, 5

As in the proof of Theorem 5.2 in [LL13], each term is tackled

separately.

For A;, a simple Markov inequality together with the fact that
12|00 < 2R leads to

6(| o \”
e (P i

For A,, the Fuk-Nagaev inequality given in Theorem A.1 in [LLI13],
implies that

(15 v 1)

9
it (ZEV (R — Ry

4+ 4 1E®) [<R2 _ R1)2:|p_1),
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For A3 the same argument as the one used to deal with term C' in the
proof of Theorem allows for the bound

6P ||h||2 20
< PlBl20s
tp—lgp

E@ [(Ry — Ry)"].

Finally for A4, following the arguments in Theorem 5.1 in [LL13] for
p€{2,3,...}, leads to

22(r—1) £ )
A< oo (BSD (R + )
(0571 L) o
O R (VO P+ E [fanp)),
where 77 ;== —(Ry — Ry — 61_91), and V¥ denotes the variance.

In view of the following relations,

ly =E@ Ry — R, ",
DmP) <227 (EP [(Ry — R)P+ED [Ry — Ry 7P),
VO ] = E® [7],

we get that the only terms we need to bound from above are
9
By (R, E) [(Ry = Ru)’].

for p € {2,3,...}, whilst we need to bound E®[R, — R;] from below to
deal with £y. It now remains to show how to deal with these quantities
in a way that allows us to track their dependence on the parameter 9.
In the next section we illustrate how this is achieved in Theorem 4.1 in
[LL13] by resorting to their Assumption 2.2, explaining the difficulty
involved in verifying this assumption in our case, and briefly showing
how the moments of hitting times of sets can be controlled via stan-
dard multidimensional diffusion theory and Lyapunov functions for the
Wright-Fisher case. We point out that in [LL13|] the authors are solely
interested in controlling the resulting quantities in terms of the initial
starting point x, and thus they treat £y as a constant. In contrast, in
our setting we need to be able to bound this quantity from above in
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terms of ¥, which will not readily follow from Theorem 4.1 nor any of
the techniques present in [LL13] as these consider upper bounds of the
moments as opposed to the lower bounds we require here, in virtue of
(15.12]).

5.3 Controlling the moments of regeneration

times

We end this chapter by discussing the unsolved problem of control-
ling the moments of the regeneration times which we have used to
bound the LHS of (5.8)). Once suitable control over these components
in the parameter 19 is obtained, uniform in the selection and mutation
parameter ergodicity for the multidimensional Wright—Fisher diffusion
follows, and thus one might start looking into extending Theorem [2.8
from Chapter 2 for this case, to establish uniform local asymptotic
normality. We start by giving a brief overview of how Theorem 4.1 in
[LL13] grants control over the moments of the regeneration times via
Lyapunov functions, whilst along the way illustrating precisely where
this method hinges upon their Assumption 2.2. We then end this sec-
tion by showing how standard multidimensional diffusion theory cou-
pled with the right choice of Lyapunov function enables one to control
the moments of the hitting times of the K-dimensional Wright—Fisher
diffusion (for a specific set of parameter configurations).

5.3.1 Theorem 4.1

The crucial quantity necessary to establish control over the moments
of the regeneration times defined in Section is the drift condition

(5.1)) of Assumption [5.1]

The calculations in Section lead to bounds that depend on
the quantities E®[(Ry — R;)P] and ]E(Zﬂz [R}]. To control these, the au-
thors in [LLI13] concentrate on expressions of the form E(Zﬁ,)([ ORl r(s)ds]
in Theorem 4.1, where r(-) is some rate function which allows access
to the desired moment. The proof of Theorem 4.1 is split into 3 parts;
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the first establishes that

/051 r(s)ds

for a,b positive constants (in the remainder of this section we shall

Egx

<aV(x)+b, (5.14)

reserve a, b to mean some positive constants whose exact values do not
need to be tracked), and the stopping time in the limit of integration
is the resolvent chain’s hitting time of the set C' used to construct the

regeneration times, i.e.
Sy = inf{7T,, : Zle e C}, S, = inf{T,, > S Z%pm e C},

for n > 2. The second part of the proof uses and extends to the
case when the upper limit of integration is S; as defined in , and
similarly the third part to the case when the upper limit is R; as given
in (5.11]). Proving relies on results for the resolvent kernel found
in [DFMS04] and [DFG09], whilst the extensions leading to similar
bounds for S; and R; rely on and exploiting the structure
introduced by the Nummelin splitting scheme used to construct the
process Z. Thus in what follows we focus on how to prove .

To this end, observe first that Assumption above is a drift
condition for the continuous time process, however as shown in
Theorem 4.9 in [DFG09|, this same assumption induces a similar
drift condition on the resolvent chain, with a different petite set and
functions ®, V' (which turn out to be very similar to the ones for the
continuous times process), but with the same rate function r. As given
in the aforementioned theorem, we have that ®(¢t(1 + ®'(1))) ~ ®(t)
as t — oo (where ~ in this context means that the two quantities are
asymptotically equivalent), and ||V — (14 ®(1))V || < o0, such that

V(x) <aV(x)+b.

The above, coupled with Proposition 2.2 in [DFMS04], implies that for
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measurable A € Ay with f9(A) > 0, and Ty := inf{n > 1: Xy, € A}

Ta—1
Eg) | > r(k)| <aV(x)+b<aV(x)+0, (5.15)
k=0

which allows bounding the moments of the regeneration times from
above by a suitable Lyapunov function (and we emphasize here that
in (5.15) we have viewed X7, as the first co-ordinate of Zg,). Note
that finding the correct set B and functions ®,V such that the drift
condition holds for a given diffusion is rather hard to verify
in practice, however if the function V' belongs to the domain of the
generator ¢4 of X, then Theorem 3.4 in [DFG09] gives that
implies Assumption [5.1] which is an easier bound to get to.

In [LL13], the authors show how standard norm-like Lyapunov
functions (for instance V(x) = ||x||™ for suitably chosen m) verify
for general multidimensional diffusions outside a ball of specific
radius. Considering functions which display an analogous behaviour
at the boundary O0Ag for the Wright-Fisher diffusion (such as
V(x) = —logz;, [Buzl9, Section 4.4.3], or V(x) = z;'(1 — x1))
does not lead to bounds similar to , and thus Theorem 4.1
cannot be directly applied. It is also not a priori clear whether such
a bound is indeed feasible for this case and thus remains an open
problem. In a first attempt to gain a better understanding of what
a bound of the type implies for the Wright—Fisher diffusion,
in the next section we tackle the slightly easier problem of dealing
with moments of the hitting times of a specific set by making use
of standard multidimensional diffusion theory. Note however that
whilst this might provide some intuition on how these moments of the
regeneration times can be tackled via Lyapunov functions, it does not
offer much in terms of gaining control over the term /g, for which we
shall require a separate approach altogether.

We summarise the above described proof of Theorem 5.2 in [LL13] via
the schematic diagram in Figure [5.3.1]
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5.3.2 Controlling the moments of hitting times

Suppose now that we are interested in controlling the moments of the
hitting times of the multidimensional Wright-Fisher diffusion X in
terms of the parameter 9. In the one-dimensional case, we exploited
the notions of speed and scale to derive relatively simple recursive
second order ODEs, whose solutions we could bound from above in
¥ relatively easily, leading to the desired bounds as seen in Theorem
[2.2] Directly extending this method to the multidimensional setting is
not feasible as these notions do not extend to higher dimensions, so

instead the approach here will be to appeal to Lyapunov functions.

Below we quote the second part of a more general result (Theo-
rem 3.9 in [Khal2]) for multidimensional diffusions where Lyapunov
functions are used to ensure that the underlying process is recurrent,
as well as provide simple upper bounds on functions of the hitting
times of specific sets. We have suitably translated the result for
the K-dimensional Wright—Fisher diffusion with generator ¢ given
in (5.3), and omitted the first part of said theorem (as we already
have that the multidimensional Wright—Fisher diffusion with PIM is

recurrent).

Theorem 5.2 (Theorem 3.9 in [Khal2] for the Wright-Fisher diffu-
sion). Let X be the K-dimensional Wright-Fisher diffusion with gen-
erator ¢, and denote by G := % + . If there exists a non-negative
function V(t,x) which is twice continuously differentiable with respect

to x and continuously differentiable with respect to t, such that
GV (t,x) < —a(t) (5.16)

holds ¥t > 0 and x € D C Ak, where a(t) > 0 is a function such that

p(t) = /Ot a(s)ds — oo, as t — o0,
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then Egz) [B(Tpe)] exists and satisfies the inequality

EQ [B(To)] < 5(0) + V(0,%),
where D¢ = Ag \ D and Tpe := inf{t > 0: X, € D°}.

We point out here that the above theorem is phrased in [Khal2] in
terms of the random variable 77 which is defined as the first time for
which the process exits the set U, as opposed to the way in which
we phrased the above theorem in terms of first hitting time of a set.
This theorem gives us a precise control on the desired functions of
the hitting times provided we can find a suitable candidate function
V(t,x), a suitable function «(t), and a suitable set D. The choice
of function «f(-) is dictated by what function §(-) of the hitting time
we wish to control, so if we want to deal with moments, a natural
candidate would be «a(s) = sP~! where p is the desired moment
(however we opt for a slightly different function as detailed below).
The choice of V' and D is somewhat more involved and depends on the
process X; below we give the details pertinent to a special case to show
the technicalities involved in choosing V' and D, as well as the fact that
such a technique is practicable for the Wright—Fisher diffusion, however
we emphasise that this special case is rather restrictive and further
work is necessary for this approach to be applicable in the general case.

In what follows we consider a general mutation structure, i.e.

we do not assume PIM and instead deal with the infinitesimal
: . 1P

mutation matrix given by (yi;)f5-;. Set V(t,x) = %(—log(xl))

and a(t) = (t + 1)P~! (the reason behind this choice over #*~! becomes

clearer in the calculations below), then we have that

ov _ ov (t+1)P 1
i — p—1l/_ - — _
S0 = (19 logn), 5 = S (L2,
ov 0*V t+1)7 (1
a_xj(tax) - 07 a_x%(tax) — D (E) 5
0*V 0*V
m(@x) =0, 8—:%2(75,?() =0,
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where 7 # 1. Substituting the above into the expression for the gener-

ator as given in (5.3), we get that

1« %
=(t+ 1) 1(_ logzy) + B 2]21 z; (5ij — x]) D0, (t,x)
K K K K 9
+ Z (Z Vi + Ti (Z Oijj Z Uklwkxl>> 0z, (t, X)
=1 \j=1 j=1 kl=1
t+1)P |1
= (t+ 1P (—logz) + ) —ay (1 —a1) =
j% 2 2
K K K )
T (Z V1% T+ T (Z 015T5 — Z Ukl$k$z)> (——) ]
j=1 j=1 k=1 !
t+1|1(1—
=(t+ 1) 1{ —logx; * (1—-z1)
p |2 m

Comparing this last quantity with the RHS of (5.16]), we deduce that
it suffices to show that

t+1]|1(1—
— log x; i —( )
2 T
K . K K
- (Z %1117_1 + (Z 01525 — Z Ukﬂkﬂﬁl)) } < -1
j=1 7j=1 k,l=1

holds on some subset D C Ak, Vt > 0. Note that had we set a(t) =
t?~1 then we would not be able to find a set D C Ay for which the
above would hold for any ¢ > 0. Taking a(t) = (¢ + 1)P~! ensures that
such D can be found (indeed we could have chosen a(t) = (t+¢)P~* for
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any € > 0). If we let v, = minje(1,. K} Vit ot = maxg ie{1,...,. K} Okl;

and o) = minjeq,. K} 014, then
1(1— t+1
2 x P
K K K
T, t+1
+ (—Z%‘lgj—i - (Z O1jtj — Z Ukmm)) T
j=1 7j=1 k=1
1(1-— t+1
S _ log T + _ﬂi
2 p

t+1/1  \(l—z L t+1
——logx1+7(——%)qu(U—%)—,

where we set ¢ = ot — o7, and have used the identities ZjK:l ;=
1= Zsz:1 xrrr; as we are working on the K — 1 dimensional simplex.
Using the above, we are left with finding a set D C A such that

t+1 /1 \1—-= N N+
—10gx1+—(——71)u+(0—71)—<—1
P \2 Ty p

holds ¥Vx € D and Vt > 0. If 29; > 1, then the term (1 — z;)z, " goes
to —oo as x1 goes to 0, and indeed it does so fast enough to offset
the fact that the log term goes off to co. Note in particular that we
cannot accommodate the case when 27; < 1 with the current choice
of Lyapunov function, for then the LHS above will always remain
positive. Whilst this means that the result we derive here is only
applicable to a subset of the cases of interest (namely those with a
high enough mutation parameter), finding a Lyapunov function for
which a bound of the type holds for all possible values of the
mutation parameters is a non-trivial task in view of the change in the
diffusion’s boundary behaviour at the first co-ordinate when v, < 1/2
and when v, > 1/2.

With the above restriction on «;, we now characterise the set
D explicitly by making some further assumptions on . To this end,
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define

t+1/1  NQQ-2) . _ t+1
tx)=—1 (== ) ——
f(t, ) 08T+ — (2 %) — +(0-m) ,

and observe that for f(t,z) to be non-increasing in ¢ we need

- 1
M1 T3
~ 1 0

0
— < <
(,%f(t,m)_o — <

[\

and since x € [0, 1], this will only be possible if & > 1/2. So for

7,7, > 1/2, if we choose x smaller than 7(;__11//22, f(t,x) < f(0,z) and

now it suffices to find a set on which f(0, ) is bounded from above by
-1.

Observe that f(0,z) has a maximum at .. = —p (1/2 — 1),
f(0,2) - —o0 as x — 0, and a%J"’(O,x) > 0 for all x € (0, zax). If
f(0, zpmax) < —1, then we can set

. —1/2
D = {XEAKil'lS%}, (517)

and then (5.16]) holds on (0,00) x D as required. Otherwise, we are
guaranteed that 37 € (0, Zpax) for which f(0,2) < —1 Vz € (0,2) in
light of the fact that f(0,z) is non-decreasing over (0, Zmax). Thus if

-_1

D = {XGAKZ(El € (0, (i/\’)i1 12>)}, (518)
O'__
2

then we have that (5.16]) holds on (0, 00) x D as required.

we set

Thus by setting D to be (5.17) or (5.18) (depending on p,~y;
and o, but regardless observe that D will always be non-empty and
open), taking V(t,x) = @(—logml), and «a(t) = (t + 1)P71, by
Theorem [5.2] we get that

By [T5] < Ex [(1+ Tpe)?] < p(B(0) + V/(0,%)) = 1 — log zy.
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In addition, we get that for any initial distribution v on Ay for which
fAK —log zyv(dx) < oo,

B, (T < B (Tor 1) = | Bul(1+ o0 v(ax

< 1+/ — log z1v(dx)
Ak
is finite.

Despite the fact that we can control these moments in terms of
1, there is no straightforward way in which we can relate them to
the regeneration times introduced in Section [5.2] In particular, the
regeneration times are defined at the resolvent chain’s times {7}, }nen
whose underlying dynamics are driven by an exponential random
variable, and are “blind” to what happens to the process in between
the exponential time increments. Thus obtaining control over these
regeneration times by appealing to the more granular hitting times
used above does not seem to be feasible.

Nonetheless the above calculations offer some hope that Lya-
punov functions might be a useful tool in obtaining upper bounds
over the regeneration times for some parameter configurations, besides
serving as a suitable testbed through which certain properties of the
generator can be brought to light. In particular, the above
imposed restriction on the mutation parameters suggest that different
Lyapunov functions will be necessary to reflect the change in boundary
behaviour as the mutation parameters cross the threshold value of
1/2. However, it might equally be the case that these Lyapunov type
arguments are not the right tool to use for the low mutation regime,
as there is no guarantee that a suitable Lyapunov function exists.

To illustrate this heuristically, assume PIM and that 6, < 1 for
all « = 1,..., K. The invariant density fy is strictly increasing on
approach of the boundary 0Af, and is trough shaped as can be
seen in Figure (where we have plotted the invariant density
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for a neutral three-dimensional Wright-Fisher diffusion, which is
different to the one corresponding to the non-neutral process, but

the general shape of fy at the boundary 0Ak is the same in both cases).

In comparison, the bound can be interpreted as finding a
set D whose probability of being visited is strictly decreasing in
time, which would be impossible to find given that no such set exists
for the invariant density. Of course this is far from being a valid
formal statement, but it offers a clear visual representation of the
potential limitations of Lyapunov type arguments. As mentioned
earlier, independently of the above one would need to devise a way to
control £y from above, which coupled with the necessary bounds for
the above moments, enables uniform in the parameter ¥ ergodicity to
be established for the multidimensional Wright-Fisher diffusion.
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Figure 5.3.1: Flow chart illustrating the proof structure for Theorem 5.2
in [LL13]. Arrows and statements in black represent quantities and argu-
ments that can be entertained for the K-dimensional Wright—Fisher diffu-
sion, whilst quantities in orange represent statements or results that are
used in Theorem 5.2 in [LL13] but have not been proved to hold or apply
in the Wright-Fisher case
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Figure 5.3.2: Plot of the invariant density for a neutral three-dimensional
Wright—Fisher diffusion with mutation parameter 8 = (0.5,0.5,0.5). The
figure on the left is a three-dimensional rendition of the resulting invariant
Dirichlet density fg, whilst the plot on the right is the resulting contour
plot
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Chapter 6

Discussion

In this thesis we have derived readily verifiable criteria to establish
Y-uniform ergodicity for bounded scalar diffusions with either entrance
or regular boundaries, and extended this result for a specific class of
unbounded functions in the case of a diffusion with solely entrance
boundaries in Chapter 2. These conditions were subsequently used
to deduce the uniform in the selection and mutation parameters
ergodicity of the scalar Wright—Fisher diffusion, as well as the uniform
local asymptotic normality of the family of laws induced by the
solutions to the corresponding SDEs. In Chapter 3 we then utilised
these two properties of the Wright—Fisher diffusion to show that the
ML and Bayesian estimators for selection have a desirable set of
properties in the continuous observation regime, where the results

hinged on the classical Ibragimov-Has minskii conditions.

Apart from the theoretical guarantees proved for this limiting
observational regime in the one dimensional case, a practicable
MCMC scheme to conduct exact inference on the allele age and
selection coefficient was proposed in Chapter [} The method was
applied to simulated data and the output obtained suggests that
it performs reasonably well even when a limited amount of data is
available and priors are mis-specified. We concluded this thesis by
considering the challenges involved in extending the results present in
Chapter [2[to the multidimensional case, providing a brief sketch of how
this might be achieved via regeneration arguments, and highlighting
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the remaining open problems.

Whilst the results in Chapter imposed no undue restrictions
upon the mutation parameters (other than requiring them to be
greater than or equal to 1 to allow for the Radon-Nikodym derivative
to be defined in Corollary and Theorem , Chapter |3| considers
inference for the selection parameter ¢ when the mutation rates are
known. Although this assumption is a limitation on the study, we
emphasise that in the continuous observation regime considered in
Chapter [3| these can be inferred directly once the diffusion gets arbi-
trarily close to either boundary (see Remark for the corresponding
details).  Nonetheless, extending this work to include mutation
parameters greater than or equal to 1 would be of great interest,
and proves to be rather challenging using the setup of Chapter [3]
as illustrated in Section 3.4l The likelihood ratio function in this
case would involve expressions featuring the unbounded functions
(1 — z)27! and z(1 — )~ (as witnessed in Theorem [2.8), which
require much more delicate arguments (if not an entirely different
approach) to proving Propositions and , in order to establish the
same conclusions as in Theorem These observations suggest that
perhaps a better way of tackling inference for the mutation parameters
is to directly analyse the boundary behaviour of the diffusion rather
than extend the approach adopted in Chapter 3. By understanding
this boundary behaviour, characterising it precisely, and relating it
explicitly to the mutation parameters, one might be able to devise a
suitable statistical framework within which to phrase and prove re-
sults similar to those present in Chapter [3|for the mutation parameters.

On a similar note to the above, extending the framework devel-
oped in Chapter [4| to accommodate for the mutation parameters is
rather tricky. The main issue here is finding a suitable dominating
measure which is independent of the parameters of interest and with
respect to which all the quantities involved admit a tractable density.
As is evident throughout this chapter, the mutation parameters appear
in all the dominating measures via the laws of the underlying neutral
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Wright-Fisher diffusion, and thus this dependence needs to be tackled
for a Gibbs sampler to be viable. One way around this would be to
fix a specific value for the mutation parameters and use this as the
reference measure, however as pointed out in Section [£.5] this would
only be feasible for mutation parameters greater than or equal to 1,
for otherwise the Radon-Nikodym derivative between the laws of the
Wright-Fisher diffusions with differing mutation rates need not be
defined. In addition, the inclusion of the mutation parameters trans-
lates into the presence of unbounded functions in the exponent of the
resulting Radon—Nikodym derivatives, and thus the Poisson point pro-
cess construction utilised in Chapter [4] breaks down. It is evident that
further work is required before one can entertain the idea of conducting
joint inference of allele age, selection and mutation. We point out
however that other extensions such as accounting for historical demo-
graphic changes, and allowing for soft sweeps are more straightforward.

The conclusions obtained in Chapter [3| offer a certain degree of
confidence that standard inferential schemes for the selection pa-
rameter will return reliable results, at least in the limiting regime of
continuous observations. Whilst this is a rather favourable starting
point, it does not guarantee that these same schemes will return simi-
lar results in the discrete observation setting. The empirical results
present in Section do suggest that this might be the case when the
observation regime converges to densely sampled data, however this
is yet to be formally proved. Moreover, the techniques used here do
not provide much in terms of insight on how the corresponding results
could be addressed since the likelihood ratio would now be given by
a product of transition densities, and as illustrated in Chapter [4]
dealing with the latter is rather delicate in view of the intractable

terms involved.

The arguments illustrated in Chapter [5| shed light on the increased
difficulty in proving similar results to those obtained in Chapter [2| for
the multidimensional diffusion setting. Figure [5.3.1] provides a brief
recap of the techniques used in [LLI13|] to obtain bounds on the rate
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of convergence of time averages to state space averages for a class
of multidimensional diffusions, whilst also illustrating which parts of
the proof hold for the Wright—Fisher case. The main problem here
was verifying Assumption or bound via a suitable choice of
Lyapunov function for the Wright-Fisher case. In particular, as seen
in the calculations in Section [5.3.2] the results might only apply to a
subset of the cases of interest (i.e. when the mutation parameters are
sufficiently large), whilst the remaining cases (i.e. smaller mutation
parameters) might require a different technique all together as the
Lyapunov function theory seems to fall short.
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Appendix A

Proposal updates for when
le = t27 t3

Here we illustrate the update procedures for when t. = t5 or t, = t3. In
these cases, the update procedure is split into separate cases depending
on where the proposed allele age falls in relation to the first couple
of observation times. We point out that the update mechanisms
illustrated below account only for updating the latent path at the
observation times and skeleton points once a proposal for ¢y is drawn
as in Step 1 in subsection In an actual initial path update we
would need to first propose an allele age and then apply the correct
procedure depending on the proposed value for .

Note that proposed latent path values at the observation times
and skeleton points will be denoted with a tilde, whilst (in slight abuse
of notation) the same quantity without a tilde will denote the current
value of the chain. So for instance th will denote a proposed value
for the latent diffusion at time ¢;, whilst X;, will mean the value the

latent diffusion at time ¢; admits in the current iteration of the chain.

Al t.=1t

Assume now that X;, = x5 is fixed, and observe that in this case the
time interval we need to consider is [to, 3], and that we need to consider
separately the cases when ¢, € (—o00,t1) and when ¢y € (1, t2).
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A.1.1 Proposal mechanism and likelihood contribution when
ty € (—OO,tl)

In this case, using the same calculations as those used to derive ,
we have that the joint density of the data Yy, .,, the allele age ¢y, the
latent path values at the observation times Xy, ., and corresponding
skeleton points {®;}?_, is given by

n to Nty — Yt
pa(to)(1 — X¢,)™ (YtQ>XtZ (1—X,,) =

t2
W 230 (t3—to)

% ﬁ H 90;_ - ¢G<wi,¢¢,j) (Al)

i=1 {]gl,]SAOW (pa N (pO'
P1,5<ti—to}

with respect to the dominating measure
PP © PP 1) @ WEY) @ Leb((—o00, t.) x [0,1]%) @ (22 ,n,,)

where as before PP is the law of a unit rate Poisson point process
on (0,00)?, PP*~") is the law of a unit rate Poisson point process
on (ti,t3) x (0,00), WIF&% is the law of a neutral Wright-Fisher
diffusion started from 0, and X(®2_,n;,) is the counting measure on
{0,...,n4} ®4{0,...,m4,}.

Given the above likelihood contribution, we employ the follow-

ing procedure to generate a proposal:

1. Conditional on ty = t, draw U; ~ Unif(]0, 1]) and
th ~ WFg?glit)v

(i.e. draw X;, from the law of a non-neutral WrightFisher dif-
fusion started at 0, sampled at time ¢; — ¢) and check whether
Uy < (1 — X,,)™ . If this is true, proceed to 2, otherwise redraw.
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2. Conditional on X;, = z, draw U, ~ Unif([0, 1])
Xy, ~ W tvaante=h),

(i.e. draw X,, from the law of a non-neutral Wright-Fisher diffu-
sion bridge starting at x and ending at z3 in time t3 —t;, sampled

at time ¢ty — t1) and check if Uy < MLXYtQ(l — X,,)"2 Y2 with

My = sup,¢o 2Y2 (1 — z)™2Ye2 . If this is true, proceed to 3,

otherwise redraw.

3. Conditional on ty =t, th =z

K1 ~ Pois(Amax (t1 — 1)),
{1/;1,3'}"7”1 ~iig Unif((t, 1)),
{E15 1581 ~iia Unif((0, Amax)),
(A5 1521 ~aia Unif([0, 1]),

& ~ WE t1 £,0,)

4. Conditional on th =z, th =y, draw

Ko ~ Pois(Amax (t2 — 1)),
{,3}521 ~iia Unif((t1, 1)),
{&2,51721 ~iia Unif((0, Amax)),
{'~727j}j 1 ~iia Unif([0, 1]),
@y ~ Wy t2 f1,2.y)

5. Conditional on X,, =y, draw

K3 ~ Pois(Amax (t3 — 2))
{123,;'}'?3 ~iiq Unif((t2,13)),
{534'};3 ~iig Unif((0, Amax)),
{¥s,51521 ~iia Unif([0,1]),

Dy ~ WE(5 297

)
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e j
=156, <,

L o —ps
Y1,;<t1—t}

3
I e =
po (@, 7 )=vo )
(i)
set W = {3} B = (G} @F = (Db B = (Ug, B, )
for k =1,2,3 and proceed, else go back to 3.

7. Compute « as in (A.5)), and run a Metropolis—Hastings accept-
reject step. If we accept, set ¥, = Uy, S = =y, wy = &,
P, = Cﬁk for k =1,2,3 and X, = th,th = th, or else retain
the old values.

A proposal generated via the above mechanism has density given by

o503 (t3—1)
pg<t3 — ty, th ) .1'3)
3 + ~
Pr — Po(@; 5. )
X H H i (A.2)

- : Yo — Po
i=1 {7:6i,;< A0, 7 7
P1,5<ti—to}

Yi,

QQ<t)(1 _ th)nthtQ (1 - XtQ)ntQ_YtQ

with respect to the dominating measure
PP @ PP") @ WF{, ® Leb((—00,t.) x [0,1]?).

A.1.2 Proposal mechanism and likelihood contribution when
to € (t1,t2)

We now derive the proposal mechanism for when the allele age falls in
between the first and second observation time. So assume that now ¢y €
(t1,t5), which implies X;, = 0,0, = Z) = w) =0, &; = (¥}, =, wy),
and leads to the following expression for the joint density of the data

Y:,, the allele age tj, the latent path value at the second observation
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time X, and corresponding skeleton points {®;}3_,

to

% H H g0$ - Qpa(wi;wi,j) (A3)

+
=2 {j:& <o, Yo Yo
o, j<ta—to}

with respect to
PP ® PP~ @ WF{') ® Leb((—oc0, t) x [0,1]) ® Z(ny,).

In this case, we generate a candidate path via the following procedure

1. Conditional on ty = t, draw U ~ Unif([0, 1]) and
XtQ -~ Wlﬁxéfz—t,o,x;g,tz—t)

and check U < - XYt2 (1=X,,)™2 =2 with M := sup,joq 272 (1—
Z)M2 Ve If thls last condition is true, proceed, else redraw.

2. Conditional on ty = t, XtQ =z, draw

Ko ~ Pois(Amax (t2 — 1)),

{1;2,]'}'?2 ~iia Unif((t, £2)),
{52,3'};"2 ~iia Unif((0, Apax) ),
{24121 ~iia Unif([0, 1])

Dy ~ WEZ 0%
and

K3 ~ Pois(Amax (t3 — t2)),
{35521 ~iia Unif((ta, t3))
{5373'};3 ~iid Unif((0, Amax))
{¥3,5 1721 ~iia Unif([0,1]),

s ~ WIF t3 to,1,23)

Y

Y
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. J
=2 {j:&i,; <o,

1 i
g, ;<ta—to}

3
H H 1 o (@, 5. )95 =1
— " <Fi;

then set Uy = {¢ng}, Zx = {&s}, & = {5, & =
(Uk, Zg, 0F) for k = 2,3 and proceed, otherwise return to 2.

4. Compute « as in (A.5), and run a Metropolis—Hastings accept-

reject step. If we accept, set Wy = Uy, 5 = =4, wf = 0¥, &, =

®y for k= 2,3, and X, = th, otherwise retain the old values.
The above generated proposal has density

o Saa—ps (ts—1)
pg (t3 - ta 07 .ZU3)

] f[ 1 0 — 0o(@izi,) (A.4)

+ _ —
. . 2
=2 {7:6i.5 <X, 7 7
o, j<ta—to}

o Yig v\, —Y:
(1) X2 (1 — Xy, )2 e

with respect to
PP ® PP~ @ WE{') @ Leb((—o0, t.) x [0,1]).

A.1.3 Acceptance probabilities

Putting (A.1)), (A.2), (A.3) and (A.4) together gives the following ac-
ceptance probabilities depending on the current and proposed values
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of the allele age

\

min {
min {
min {

? p2(to) q2(tolto)

)
min { 1. p2(0) a2(tolto) e%(th ~Xuy)

if to, L:() <t

a(t3—t1,Xt1 ,Z3,0) Pg(ts—thf(tl ,3)
a(tz—t1,Xt,,43,0) p8(t3—t1,X¢,,x3)

1 p2(t~0) QZ(EO‘EO)e%XtI —QD; (t1—£0>
? p2(to) gz (tolto)

a(t3—fo,07ac3,a) pg(t3—fo,0,1‘3) .
if
a(tz—t1,Xt,,43,0) p8(t3—t1,X¢,,x3) to <t1,

and ty € (t1,t
0 € (h,t2) (A.5)
1. p2(fo) 2(tolto) ,—§ Xe) —5 (to—t1)
? pa(to) g2(tolto)

a(ts—t1,Xe, ,x3,0) p§(ta—t1,Xe,,23) | -
X a(ts—to,0,23,0)  p§(t3—to,0,x3) if to € (t17t3)7

and tN() <t
1. p2(to) g2(tolto) .~ (to—io)
? p2(to) g2(tolto)
a(t3—£0,0,z3,a) pe (t3—£07071'3) : ny
X a(tz—to,0,x3,0) P% (t3—t0,0,3) } if to, to € (tl’ tz)

As in subsection [4.3.3] the problematic terms are the intractable terms

of the form a(t, z,y, o), as the neutral transition densities can be dealt

with using a refinement scheme. Using a pseudo-marginal implementa-

tion, we need only estimate these quantities unbiasedly via the Poisson
estimator (4.21]) for a new proposal, whilst the old estimates are stored
and recycled as detailed in the discussion following (4.21]). In this case

we draw

POiS()\U(tg — tl)) if tN() <t
POiS(/\J(tg — f())) if f() S (tl, tQ)

KR ~
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Unif((tl, tg)) if t~0 <ty
Ul’lif((go, tg)) if tN() S (tl, tg)

T ~

WES ™) i gy <t

CN o F - g
WFéfg—tO,OvafJ) if to € (tla t2)

and then compute

d(tg — tl,th,l'g,O', T, CT) if 2?0 <t

- N A6
d(tg-to,O,I‘g,O',T,CT) if ty € (tl,tg). ( )

We replace the terms of the form a(t,x,y,0) in (A.5) by the corre-
sponding a(t, x,y, o, 7,(;) term from (A.6)), and accordingly store

(1,¢r) if we accept the corresponding proposal

(T(k—H), C(k:-i-l)) _
(), ék)) otherwise.

T

A.2 Procedure when t. = t3

Finally we fix X;, = x4, and set [to,t4] as the initial path segment
observation time interval. We now have three separate cases we need
to consider: when ty € (—00,t1), to € (t1,t2), to € (t2,t3).

A.2.1 Proposal mechanism and likelihood contribution when
to € (—OO,tl)

For ty < t;, we have that the joint density of the data Yy, .., the allele
age 1o, the latent path at the observation times Xy, .;, and corresponding
skeleton points {®;}1_, is given by

3
o T [ (1) 000 = ] s

=1
4 +
Po — @0<wi,¢i,j)
<IT 11 o (A7)
=1 {j:& ;<Ao, g i
P1,;<ti—to}
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with respect to
PP © PP~ @ WEL) © Leb((—o0, t.) x [0, 1]*) ® (&%,n,,),

where we have that ¥ (®3_,n;) denotes the counting measure over
®13:1{07 e ,nti}.

The proposal mechanism for this case is as follows

1. Conditional on ty = ¢, draw U; ~ Unif(]0, 1]) and
Xt ~ WF(O,Btl*t)

(i.e. draw X,, from the law of a non-neutral WrightFisher dif-
fusion started at 0, sampled at time t; — ¢), and check whether
Uy < (1 —X,;,)™ . If this is true we continue, else we redraw.

2. Conditional on X;, = , draw U, ~ Unif([0,1]) and
XtQ ~J W]Fl(j.x’étz_tl)

(i.e. draw X;, from the law of a non-neutral Wright-Fisher dif-
fusion started at x, sampled at time ¢ — 1), and check whether

Uy < (1 — X,,)™2. If this is true we continue, else we redraw.

3. Conditional on X,, =y, draw Us ~ Unif([0, 1]) and
X o Wyttt

(i.e. draw X,, from the law of a non-neutral Wright-Fisher diffu-
sion bridge started at y and ending at x4 in time t4 — t5, sampled
at time t3 — t3), and check whether Us < M%)X'f;f” (1 — X, )™V
with Ms := sup, o) 2"% (1 — 2)™s Y. If this is true we continue,

else we redraw.
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4. Conditional on ty =t, th = x, draw

K1 ~ Pois(Amax (t1 — 1)),
{Y;l,j}’?1 ~iig Unif((Z, 1)),
{E15 1551 ~iia Unif((0, Amax)),

{'~717j}j 1 ~iia Unif([0, 1]),
By ~ WIF t1 £,0,@)
5. Conditional on X;, = z, X;, =y, draw

)

Ko ~ Pois(Amax (t2 — 1))
{122,3'}'?3 ~iiqg Unif((t1,12)),
{&2,}52) ~iia Unif((0, Amax))
{F2,5}321 ~iia Unif([0,1]),
Dy ~ WEy3 15

6. Conditional on XtQ =, X’t3 = z, draw

kg ~ Pois(Amax (t3 — t2)),
{?/;3,3‘}’?3 ~iiq Unif((t2,13)),
{&.51521 ~iia Unif((0, Amax)),

{3,521 ~iia Unif([0,1]),
D3 ~ WEy3 292
7. Conditional on X, = z, draw

Ky ~ Pois(Amax (t4 — t3))
{Da )52y ~isa Unif((3, t4))
{€03}581 ~iia Unif((0, Amax))
{:Y4,j}j 1 ~iia Unif([0,1]),

(ta—t
Dy ~ Wy o5

)
)

Y
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e J
=1 i]zgi,jSAUu «p;_—cp;
P1,j<ti—to}

4
H H 1 o (@, 5. )95 =1
— " <Fi;

set Ug = e}, Bk = {6y} OF = {Dpg b B = (W, B, )
for k =1,2,3,4 and proceed, otherwise go back to 4.

9. Compute « as in (A.14)), and run a Metropolis—Hastings accept-

reject step. If we accept, set ¥, = U, =, = = wy = &,
®, = Oy, for k=1,2,3,4, and X;, = X, for i = 1,2, 3, otherwise

retain the old values.

The resulting proposal has density given by

v\t T\, vt " \ntg —Y:
q?(t)(l_th) 1(1_Xt2) Qthg(l_Xta) s Vs

e5T4—ps (ta—t)
X =
pg (t4 - t27 th; fL'4)

1 = 0o (@, g
0TI Pg — Po(@; g, ) (A8)

+ _ —
I ¥
=1 {7:€i.5 <X, 7 7
P1,j<ti—to}

with respect to
PP @ PP~ @ WEF(') ® Leb((—o00, t.)) x [0, 1]%).

A.2.2 Proposal mechanism and likelihood contribution when
ty € (tl,tg)

In the case when ty € (t1,ts), we set X;, = 0,¥; = Z; = wf = 0,
¢, = (¥, 2, w)), and observe that the joint density of the data Yy, .4,
the allele age ty, the latent path at the observation times X,., and
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corresponding skeleton points {®}}_, is given by

pa(to)(1 — Xi,)"2 (T;S)Xt??’ (1= Xy, Yisgztameo (to)
t3

4 +
Po — @U(Wiﬂm,j)
X H H e (A.9)
=2 {j:& ;<s, o i
o, j<ta—to}

with respect to

PP @ PPU~'2) @ WEF() ® Leb((—o00, t.) x [0,1]?) ® £(®%_,ny,).

[1]:

To generate a candidate path, we set X;, = 0, U, =2, = of =10, P, =

(U1, 21, @Y), and then

1. Conditional on ty = t, draw Uy ~ Unif(]0, 1]) and
Xy ~ WEOy2 0

(i.e. draw X;, from the law of a non-neutral WrightFisher dif-
fusion started at 0, sampled at time t5 — t), and check whether
Uy < (1 — X,,)™=2. If this is true, we proceed, else we redraw.

2. Conditional on t, = t, X;, = x, draw Us ~ Unif([0, 1]) and
XtS ~ WF&;*I?Q,I,Iz;,tgftQ)

(i.e. draw X,, from the law of a non-neutral WrightFisher dif-

fusion started at x and ending at x4 in time t4 — t5, sampled at
ts — to), and again check that Us < MLBXB/;B(I - th)”thtS, with

_)/153 )

M3 1= sup,¢j g 23 (1 — 2)™s Proceed if true, else redraw.
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3. Conditional on tg = t, X’tQ =z, draw

Ko ~ Pois(Amax (t2 — 1)),
{7;273'}’?2 ~iig Unif((Z,12)),
{&251721 ~iia Unif((0, Amax)),

{'~727j}j 1 ~iia Unif([0, 1]),
By ~ WIF tg £,0,@)
4. Conditional on X;, = x, X;, = y, draw

)

K3 ~ Pois(Amax (t3 — t2))
{123,;'}'?3 ~iig Unif((t2,13)),
{€s3}5%1 ~iia Unif((0, Amax)),
{¥3,5521 ~iia Unif([0,1]),
D3 ~ Wy 259

5. Conditional on f(t3 =y, draw

Kyq ~ Pois(Amax (t4 — t3)),
{tha i}ty ~iia Unif((ts, ta))
{Ea 154y ~iia Unif((0, Amax))
{Fa5 3521 ~ia Unif([0,1]),

~ t t77
4 ~ Wy 20

i

)

4
11 ey
— <%

=2 :{jigi,jﬁz\m
o, j<ta—to}

oF vy

set Uy = {dn;}, Ex = {Gi}h OF = {@rw, b O = (U, Zi, @)
for k = 2, 3,4, and proceed. Otherwise go back to 3.

7. Compute « as in (A.14]), and run a Metropolis—Hastings accept-
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= v o_ U
|_4]€, wk —wk,

reject step. If we accept, set U, = Wy, Sy
O, = ®y for k = 2,3,4, and Xi, = Xti for © = 2,3, otherwise

retain the old values.
A proposal generated according to the above leads to the following

e FTa—pg (ta—to)

density

~Y; ~ T —
Xt33(]- - th) 3 Yt3 pe(t4 _ t2 Xt $4)
ag Y 29

4 + ~
()00' - gpo’("di,’l;i’j)
g el
=2 {jzéi,j§A07 7 7
Yo, j<ta—to}

@(t)(1— Xp,)"e
(A.10)

with respect to
PP ® PP~ @ WE{) @ Leb((—o0, t.) x [0,1]%).

A.2.3 Proposal mechanism and likelihood contribution when

ty € (tg,tg)
The final case to consider is when ¢y € (ta,t3). We set X;, = 0,V =

Ep = wy = 0,8, = (U, Zg,w)) for k = 1,2. The joint density of the
data Yy, ., the allele age ¢y, the latent path at the observation time

X;, and corresponding skeleton points {®;}¢_, in this case is now

(1 - th)ntg,*ytgegmfso;(mfto)

nt3 Yi
pa(t X,.?
) (3e) X
4 +
— P Wiy,

y H H Po :0_(%0,1/}1,]) (A.ll)

1=3 {j:£;,;<\o, g 7
3 j<tz—to}
with respect to
l—lnti)

PP ® PP“~%) @ WEF(') ® Leb((—c0, ) x [0,1]) ® (@
We generate a proposal by setting th =00, =5, = oy =0 for

k=1,2 and
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1. Conditional on ty = t, draw U ~ Unif([0, 1]) and
th ~ WF((jtféft,U,le,tgft)

(i.e. draw X,, from the law of a non-neutral Wright Fisher dif-
fusion started at 0 and ending at x4 in time ¢4 — t, sampled
at t3 — t), and check that U < iXYt3(1 — Xy, )M ¥s with
M := sup,¢oq) 2" (1 — 2)™s ™%, If this condition is met, pro-
ceed, else redraw.

2. Conditional on ¢ty =t and Xt3 = x, draw

K3 ~ Pois(Amax (t3 — 1)),
{3552 ~ia Unif((t, t3)),
{51521 ~iia Unif((0, Amax)),
{3,521 ~iia Unif([0,1]),

Gy ~ WF t3 —t,0,2)

3. Conditional on X,, = z, draw

Ky ~ Pois(Amax (t4 — t3)),
{&4,;’}'3 ~iia Unif((t3,14)

{€as}5ts ~ia Unif((0, Amax)),
{77473'}]' 1 ~iia Unif([0, 1]),

(ta—t
(g ~ Wy #5)

)
),
)
)

=3 {5:€ii <, T oo
3,;<tz—to}

4
H H 1{%(%@“)% }:1
— <Yy

then set ‘ifk = {ll;kj}, ék = {gkg} (:)];II = {a)k71/;k,j}’ Ci)k =
(Uk, B, @Y) and proceed, else go back to 2.

5. Compute « as in (A.14]), and run a Metropolis—Hastings accept-
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reject step. If we accept, set ¥, = \i’k,Ek = ék,“}? = @;\3 for

k=3,4 and X,, = X,,, otherwise retain the old values.

A proposal generated according to the above has density

g

e2$47§0;(t4*t0)
pg (t4 - ta 07 I4)
4 + ~,
()00' - SDU(W’L,TZh )
X H H - (A.12)

=3 ~{jigi,j <o, Yo Yo
)3 j<tz—to}

()X (1 — X, )isYis

t3

with respect to
PP ® PP~ @ WE{) @ Leb((—o0, t.) x [0,1]).

A.2.4 Acceptance Probabilities
Putting (A.7), (A.g)), (A.9), (A.10), (A.11)) and (A.12) together we get

that the corresponding acceptance probabilities for this initial path

update, which can be found on the next page. Again we resort to the
Poisson estimator which we compute by drawing

POiS()\O—(t4 — tg)) if 7?0 <ty or f() S (tl, tg)

KR~ ~ ~
POiS()\U(t4 — to)) if to € (tg, tg)
Unif((tg, t4)) if t~0 <t or 1?0 S (tl, tQ)
T ~ ~ ~
Ul’lif((to, t4)) if to € (tz, t3>
: WE, 2™ i < 1 or fy € (t1, 1)

WF[()Ifzg—imovﬂl) if 2?0 S (tZa t3)
and then compute

a(ty — t27)~(t2,9€470, 7,() if g <ty or tg € (ty,ty)

~ - A.13
&(t4 — 1o, O, T4,0,T, CT) if ty € (tg,tg). ( )
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We replace the terms of the form a(t,x,y,o) in (A.14) by the corre-
sponding a(t, x,y, o, 7, () term from (A.13]), and accordingly store

(1,¢r) if we accept the corresponding proposal

(b4 (1)
(r®, %)) otherwise.
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/ - ~ ~
a2(tolfo) p2(to) .G (Xey—Xiy)
q2(tolto) p2(to) ~ )
a(tsa—t2 Xty T4 ,0) Pg (ta—to Xty ,T4)
a(t4_t27Xt2 ,24,0) pg (t4—t2,Xt2 ,T4)

a2(tolto) p2(to) LG (Xey—Xiy)

q2(tolto) p2(to) ~ B
a(t4—t2,Xt2,x4,0') pg(t4—t2,Xt2,$4)
a(ta—t2,Xty,04,0) p§(ta—ta, Xi,,x4)

a2(tolto) p2(to) )
a(ta—t0,0,24,0) P (ta—1t0,0,z4)
a(ta—t2,Xy,x4,0) p§ (ta—t2,Xt,,24)

g2 (tolfo) p2(to) , 5 (Xt, ) —0o (t2~to)

q2(tolto) p2(to) .5 (Xt2 _Xt2>

q2(tolto) p2(to) ~ ~
a(t47t2,Xt2 ,L4,0) pg (t47t2,Xt2 ,T4)
a(ta 7t2,Xt2 \L4,0) pg (ta—t2 ,Xt2 ,T4)

a(tolto) pa(to) , 5 (Xep—Xi,)
q2(tolto) p2(to)

a(ta—t2,Xty,x4,0) p§(ta—ta, Xey,x4)

a‘(t4_t2)Xt2 ,14)0—) Pg (t4_t21Xt2 1:134)

a2 (to|to) p2(to) e3Xta %o (ta—to)
a2(tolto) p2(to)

a(ts—t0,0,24,0)  p§(ta—t0,0,4)

a(t4_t27Xt2 71:470-) pg (t4_t27xt2 7$4)

~ ~ - (L (k
ax(tolio) pa(io) ,~§ Xta—¢a (16 —t2)
q2(tolto) p2(to) ~ y
a(ta—t2,X1y,x4,0) p§(ta—t2, Xty ,24)

a(ta—to,0,x4,0)  p§(ta—to,0,4)

ax(tolio) p2(to) ,— § X1~z (167 ~t2)

q2(tolto) p2(to) :
a(ta—t2,X1y,24,0) p§(ta—t2, Xty ,24)

a(t4—t0,07$470') pg (t4_t07071}4)

_ . (k)

g2(tolto) pa(to) ,—¥o (t(() )*to)

q2(tolto) p2(to) .
a(ts—10,0,24,0) pf (ta—t0,0,x4)

N a(ta—t0,0,xa) p§(ta—to,0,24)
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if t(),go <t

if tg < tq,
to € (t1,t2)

if tg < tq,

to € (Lo, t3)

if tg € (t1,t2),

£0<t1

if to,to € (t1,12)

if ty € (tl, tg),

EO € (tg, tg)

if ty € (tg,tg),

£0<t1

if to € (tg,13),
to € (t1,t2)

if 19,9 € (ta,t3).

(A.14)
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