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Abstract

We construct a differential graded algebra (DGA) modelling certain A, algebras associated
with a finite group G with cyclic Sylow subgroups, namely H*BG and H*QBG;. We use
our construction to investigate the singularity and cosingularity categories of these algebras.
We give a complete classification of the indecomposables in these categories, and describe
the Auslander—Reiten quiver. The theory applies to Brauer tree algebras in arbitrary charac-
teristic, and we end with an example in characteristic zero coming from the Hecke algebras
of symmetric groups.
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1 Introduction

Our purpose is to study the singularity categories of certain A, algebras over a field k. We
were led to these examples from the representation theory in characteristic p of finite groups
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with cyclic Sylow p-subgroups, but our earlier work [9], on which we build, showed these
examples were members of a more general family of examples: the general case illuminates
those we first considered, and the other examples also occur elsewhere.

In fact the examples occur in Koszul dual pairs A and B. The BGG correspondence
shows that it is illuminating to consider both members of the pair together: the classical
example occurs with A an exterior algebra and B the Koszul dual polynomial algebra. The
singularity category of A is equivalent to the cosingularity category of B, which by a theo-
rem of Serre is the bounded derived category of quasicoherent sheaves on Proj(B). Since A
is finite dimensional, its cosingularity category is trivial; since B is regular, its singularity
category is trivial. In this case both A and B are formal as k-algebras.

We consider here a family of the next simplest cases consisting of a non-formal Ay
k-algebra A, usually with homology

Hy(A) = k[t] ® A(§)

where 7 has even degree 2b and £ has odd degree 2a — 1. The family of examples we
study is determined by a, b and two further parameters 4, £ > 2 related by ah — bl = 1.
The parameter / is the length of the shortest non-trivial Massey product (when & = 2 the
homology ring is a little different to that above, since £2 = —¢). We give a full description
of A in Section 4. It is shown in [23] that the BGG correspondence extends to a more general
A context, and it is again natural to consider the Koszul dual B. In fact B is of exactly the
same form as A but with different degrees, and the parameters 4 and ¢ exchanged. In most
cases it again has homology of form

Hy(B) = A1) ® k[x]

where x is of even degree —2a and ¢ is of odd degree —2b — 1. The parameter £ is the
length of the shortest non-trivial Massey product (when £ = 2 the homology is a little
different to that above, since t> = —x"*). We give a full description of B in Section 9. In this
case both A and B have singularity categories that are non-trivial and we are able to give a
complete description: they each have finitely many indecomposable objects and we describe
their Auslander—Reiten quivers. This behaviour is rather special. In general, even when the
singularity category of A has finitely many indecomposables, the singularity category of B
can have infinitely many. The behaviour of A and B is also quite different to the behaviour
of the formal algebras H,(A) and H,(B), whose singularity and cosingularity categories all
have infinitely many indecomposable objects.

Our first task is to describe a small and explicit DG algebra Q in the same quasi-
isomorphism class as A, with some good properties that make it suitable for both theoretical
and computational work. As a step towards Q, we first introduce an auxiliary DG algebra
R in Section 2, which embodies the algebra of an odd element all of whose Massey pow-
ers vanish: it is generated by elements &1, &, .. ., and has homology H.(R) = A(§). The
algebra Q can be viewed as a universal object for an algebra with an %-fold Massey power
of an element of odd degree which is an £th power of an element of even degree. It is gen-
erated by elements 7, &1, ..., §,—1, with T and &; representing elements 7, £ in H,Q = A.
Explicit formulas for the relations and the action of the differential d are given in Section 3.
The element 7 of Q is central, so Q may be regarded as an algebra over k[7]. Our principal
goal is to determine the structure of the singularity and cosingularity categories of A and B
(see Section 6 for definitions). Our main theorems classify the indecomposable objects in
these categories, see Theorems 9.3 and 15.3. The technical hypotheses for this theorem are
spelled out in Section 4, and we repeat them in condensed form here for convenience.
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The Singularity and Cosingularity...

Context 1.1 Let a, b, h and ¢ be integers with 4, £ > 2 and ah — b¢ = 1. Let A be
the Ao algebra with a second (internal) Z-grading, such that m> is the strictly associative
multiplication gives the ring structure of k[t] ® A(§) if h > 3 and k[7,&]/(& 24 ‘L'Z) if
h = 2, with |§] = (2a — 1,£) and |t| = (2b, h). All m; are zero except for mo and my,
which is determined by mp (€, ..., &) = (—=1)rh=D/2 £,

Let B be the Koszul dual Ay, algebra with the roles of @ and b replaced by —b and
—a, and the roles of & and ¢ replaced by —¢ and —h. Thus the ring structure is given by
k[x] ® A@r) if € > 3 and k[x,t]/(:> + x™) if £ = 2, with |t|] = (=2b — 1, —h) and
|x| = (—2a, —£). All m; are zero except m, and mg, which is determined by m,(¢, ..., t) =
(_I)K(K—l)/Z X

Theorem 1.2 Suppose that A and B are the Koszul dual A algebras as in Context 1.1.
The equivalence of triangulated categories D°(A) ~ DP(B) induces equivalences

Dosg(A) = DP(A[t']) = Dsg(B).

The latter categories satisfy the Krull-Schmidt theorem, and have |b|(h — 1) isomorphism
classes of indecomposable objects, in [h/2] orbits of the shift functor . The Auslander—
Reiten quiver is isomorphic to ZAy_1]) T\, where T is the translation functor 2%, This
is a cylinder of height h — 1 and circumference |b|. The functor ¥ switches the two ends of
the cylinder.

We give explicit descriptions of the indecomposable objects, both as elements of
Desg(A) =~ DP(A[r~!]) and as elements of Dsg(B). Reversing the roles of A and B, swap-
ping i and ¢, and replacing a by —b and b by —a gives us the structure of Dsg(A) =~
Desg(B), with |a|(€ — 1) isomorphism classes of indecomposable objects, coming in [£/2]
orbits of . We also give an explicit description of the Auslander—Reiten quivers of
these categories, and explain their position in the Amiot’s classification of finite triangu-
lated categories. This leads to some explicit models such as Dgg(B) =~ DP(Ap_1) /T'b l'in
Section 16.

Of course the simplicity of the A, structure is essential for explicit calculations, but key
structural features making a complete analysis possible are the t-periodicity and the Tate
duality of Theorem 10.8. The key ingredient for Tate duality is the fact that finitely gener-
ated modules are automatically dualizable, which we proved in this case using a Hochschild
cohomology calculation.

We are especially interested in the following occurrence of the A, algebras A and B.
Let p be an odd prime, let G be a finite group with cyclic Sylow p-subgroups P of order
p" and inertial index ¢ > 1, and let k be a field of characteristic p. Omitting notation
for coefficients in the field k, and writing QB G; for the loop space on the Bousfield—
Kan mod p completion of BG, we showed in [9] that the Ay, algebra structures on A =
H*QBG; and B = H*BG gave an instance of Context 1.1 witha = ¢, b = ¢ — 1,
h = p" — (p" — 1)/q, £ = p". Then the DG algebra Q describes a model for the DG
algebra C *QBG:, up to quasi-isomorphism, and by reversing the roles of A and B we obtain
a model for C*BG.

Theorem 1.3 Let h = p" — (p" — 1)/q, £ = p". Then the equivalence of triangulated
categories D*(C*BG) ~ Db(C*QBG;) induces equivalences

Desg(C+2BG ) = D°(C.QBG ,)[1 '] = Deg(C* BG).
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The latter categories are finite Krull-Schmidt triangulated categories with (g — 1)(h — 1)
indecomposable objects in [h/2] orbits of the shift functor. It also induces equivalences

Desg(C*BG) = D°(C* BG)[x '] 2 Dgg(C,Q2BG ).

The latter categories are finite Krull-Schmidt triangulated categories with q(p" — 1)
indecomposable objects in [ p" /2] orbits of the shift functor.

Other examples of the Ao, algebras A and B occur every time an algebra is described by a
Brauer tree of finite representation type. These occur throughout representation theory, both
in characteristic zero and in prime characteristic. For the sake of describing an example in
characteristic zero, we discuss the Hecke algebras of symmetric groups. Let H = H(n, q)
be the Hecke algebra of the symmetric group of degree n over a field k of characteristic zero,
where ¢ is a primitive £th root of unity withn = £ > 2. Then letting A be the principal block
of H and B be Ext?‘}c(k, k), we obtain an example witha =n—1,b=n—-2,h =n—1and
£ = n. We spell out the consequences of our main theorem in this case, in Theorem 18.3.

2 The DG Hopf algebra R

We begin by looking at the DG Hopf algebra R over a field k. As a graded algebra over &,

R is free with odd degree generators &1, &, &3, . . ., and the differential is given by
dE)= Y && (=1
k=i

Thus d(§1) = 0, d(&) = &7, d(&) = £162 + £2£1, and s0 on.

Remark 2.1 To motivate this, we factor out the differential ideal of R generated by &; for
i 2 h+ 1 and take the DG-subalgebra Rj generated by & for i < h — 1. The element
wn = d(&p) lies in Rj, and represents the h-fold Massey power of the homology class of
&1 up to sign. Thus a DGA map from 6: R, — C in which 6(§1) = c shows that the
h-fold Massey power of [c] is defined and gives an element [0(up)] € £([c], -, [c]).
Accordingly, in R itself, all Massey powers of [£]] contain zero.

The antipode S on R is the anti-automorphism of algebras given on generators by S(§;) =
—&;. The comultiplication A: R — R ® R is defined on generators by
A =5Q1+1®4.

Note that if &1 has degree 2a — 1 then &; has degree 2ia — 1. So R is either connected
or coconnected, according to whether 2a — 1 is positive or negative. We shall assume that
a # 0, so that |£(| # —1, which implies that each graded piece is finite dimensional.

Lemma 2.2 In R we have d* = 0.

Proof To show that d*> = 0, we note that dd(&;) has two terms for each way of writing i
as a sum of three positive integers. They have opposite signs, because the elements &; have
odd degree, so they cancel:

d*E)= Y dEpa—EdE) = Y (EjEk — &kig) = 0. O

k=i kb=
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Lemma 2.3 The map A: R — R ® R is a map of DG algebras.

Proof As an algebra, R is free, so specifying the map on generators gives a well defined
map of algebras. We must check that it commutes with the differential. Since the &; have
odd degree and are primitive, E} and & ;& +&;&; are also primitive. So d(§;) = ZHk:i &i&k
is also primitive, and hence dA(§;) = Ad(&;). O

Proposition 2.4 The definitions above make R into a cocommutative DG Hopf algebra.

Proof Lemmas 2.2 and 2.3 show that R is a DG bialgebra. It is easy to check that the
antipode satisfies the identity S(x(1))x) = x(1)S(x2)) = 0 in Sweedler notation, for ele-
ments of non-zero degree; this only needs checking on the generators, where it is clear.
Cocommutativity also only needs checking on generators. O

Lemma 2.5 H.R = A(&)).

Proof Define a linear map §: R — R sending a monomial of the form &&; f to & 41 f, and
sending all other monomials to zero. Then we have

3d&i&i f) = 6(=&11&i—1 + - +&E1ED f +&&idS)
—&&i-1+ -+ E&EEDf FEindf

ds&&if) =dEnfH=E&&+ - +&8)f —&ndf
(8d +dd)(&1&i f) = &i&i f,

while for j > 1 we have

déEjf) =d0)=0
SdEif) = 8(E1&j—1+---+&1&)f —&df) =& f
ds+dd)&;f) =& f.

Thus 8d 4 d4 is the identity on all monomials apart from 1 and &;, on which it vanishes. So
8 defines a homotopy from the identity map of R to the projection onto the linear span of 1
and &;. It follows that H,R = A(&}). O

Definition 2.6 The weight of a monomial in R is the sum of the subscripts (and zero for
constants). The height of a monomial in R is the number of generators &; that have to
be multiplied to give the monomial (we might call it degree, if that didn’t already have a
different meaning). Multiplication in R adds weights, and adds heights. If f(&;,...,&,) is
an element of R, we write f; (&1, ..., &) for the sum of the terms of f with weight i and

height j. Thus f =Y,  fi ;-

The differential d preserves weight, and increases height by one, so that d(f; ;) =
(df)i,j+1- Thus if df = O then each d(f; ;) = 0.

3 The DG Hopf Algebra Q

In this section, we let /2 and ¢ be integers > 2 and describe the DG Hopf algebra O = Oy, ¢.
In terms of the previous section, the idea is that Oy, ¢ is obtained from Rj by adjoining an
£th root to the element — . Thus a DGA map 6: Q¢ — C shows that the ~-fold Massey
power of ¢ = 6(&) is defined and contains an £th power of the adjoined variable.
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The generators for Q are &1, ..., &,—1 in odd degree and t in even degree. The relations
and differential are as follows:
& = &1 1<i<h-1
d(t) =0
dé) 1=<i<h-1
dYoggr=1{-1t" i=h
Jtk=i 0 h+1<i<2h-2.

The antipode is the algebra anti-automorphism given by S(§;) = —§&;, S(r) = —r, and the
comultiplication is given by

AE)=6R1+1QE, AD)=tQ1+1®T.

We write || = 2a—1, and we assume that a # 0. The relations imply that |&;| = 2ia—1
and |t¢| = 2ah — 2. So writing 2b for |t| we have 2b¢ = 2ah — 2, or equivalently

ah —bl = 1.

In particular, a and b are coprime, as are & and £.
As well as this homological grading, we give Q a second, internal grading by setting

& = Qia —1,i0), |T] = (2b, h).

It is easy to check that the relations, differential, and Hopf structure above respect this
second grading.

Example 3.1 If & = 2, the algebra Q is generated by &1 and t with relations

d(t)y =0 & =&7T
d) =0 g = -1

In this case the differential is zero, and Q is just the graded algebra k[z, ]/ (512 + 1.

Example 3.2 If & = 3, the algebra Q is generated by &;, & and t with relations

d(x) =0 té =§7 1<i<2
d@n) =0 E16) + 5ok = —1°
d(&) =&} C g =0
Example 3.3 If & = 4, the algebra Q is generated by &1, &, & and t with relations
d(r) =0 TE =§iT 1<i<3
d&) =0 5153+ & + &6 = 7'
d&) = & 56+ 865 =0
d(&) = &5 + && £ =0.

Lemma 3.4 In the algebra Q, every element has a unique expression of the form

fC .. &)+ E&18¢E1, .. E2)

with coefficients in k[t].
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Proof The algebra relations (ignoring the differential) can be rewritten in the form

b1 =191, ..., En—2),

with 1 <i < h — 1 (note that ¢,_; = 0). Thus all occurrences of &;,_1 may be moved to

the beginning, and {,-‘371 = 0. There are no relations among &y, ..., &,_>. O
Definition 3.5 We shall refer to a monomial in &1, ..., &,_, or &, times such a mono-
mial, as a standard monomial in the variables &1, ..., &,—1. The lemma shows that the

standard monomials form a basis for Q as a free module over k[t].

Lemma 3.6 In the algebra Q, we have d* = 0.

Proof The differential is given by
d(f +ép—18) = @f + E1&p—2 + - + Ep—251)8) — €p—1dg.

On the free subalgebra generated by &, ..., &>, the differential is the same as in the
algebra R above, and so by Lemma 2.2 we have d? = 0 on this subalgebra. Thus we have
d*(f +&n-18) =d@f + EEn+ -+ E2E))g — En1dg)
=d*f + (1 + -+ Ep2k)dg — (E1En—a + - + En—2E1)dg
=0. O

Lemma 3.7 The map A: Q — Q ® Q is a map of DG algebras.

Proof AsinLemma 2.3, foreachi > 0, ) =i & j& is primitive, so both the relations and
the elements d(&;) are primitive. Hence A takes relations to relations, and dA = Ad. O

Proposition 3.8 The definitions above make Q into a cocommutative DG Hopf algebra.

Proof The proof of this is similar to the proof of Proposition 2.4, but using Lemmas 3.6
and 3.7 in place of Lemmas 2.2 and 2.3. (]

4 The A, Algebras Aand B

In this section we introduce an A, algebra A which is quasi-isomorphic to the DG algebra
Q of the last section. We then describe the Koszul dual B of A. These are the A, algebras
discussed in our previous paper [9].

Let 7 and ¢ be positive integers with 2 > 3, and let k be a field. We are interested in the
following A, algebra A = Ay, ¢. The differential m is zero, m, is the strictly associative
multiplication giving A the ring structure of k[t] ® A(§), where |§] = (2a — 1, ¢) and
|T| = (2b, h), with ah — b¢ = 1. We have

mp(E, ... &) = (=)Dl @.1)
which implies
mp (leé, o, Tjhé—) — (_1)h(h*1)/2 lHiittin
for all ji,..., jn = 0. All m; fori > 2 on all other i-tuples of monomials give zero. We

allow the elements 7 and & to be either in positive or in negative degree, and we grade
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everything homologically. The relation (4.1) may be interpreted as saying that the Massey
product of k copies of & is equal to —t¢, the sign being the standard one relating Massey
products with A, structure; see [38, Theorem 3.1], [15, Theorem 3.2].

We extend the definition to 4 = 2 by letting A be the formal A, algebra k[t, £]/(£% +
h), with |€] = 2a — 1, 0), |t| = (2b,2),2a — bl = 1, a # 0, and with all m; apart from
my equal to zero.

We next show that the DG algebra Q (forgetting the Hopf structure) is quasi-isomorphic
to A as an A.-algebra. In other words, A = H,(Q), with the Ay structure given by
Kadeishvili’s theorem [28].

Theorem 4.2 There is a quasi-isomorphism from the DG algebra Q to the A, algebra A,
sending T to t and &1 to &.

Proof First, we show that H, Q is isomorphic to A as an algebra over k[t]. The proof is
similar to the proof of Lemma 2.5, but working over k[7] instead of k. Namely, we define
a linear map 6: Q — Q sending a monomial of the form &1&; f to &4 f for 1 < i <
h — 2, and all other standard monomials (see Definition 3.5) to zero. Thus §(f + &,-1g) =
8(f). The same computation as in Lemma 2.5 shows that §d + d§ is the identity on all
monomials except those in k[t] + &1 k[t], where it is zero. Thus & defines a homotopy from
the identity map of Q to the projection onto k[t]+&;k[7]. It follows that H, Q is isomorphic
to A as aring, with T and &; corresponding to T and &. The maps m; on H,Q are easy to
calculate using the elements &;, and give zero for i > 2 except in the case of my, where
it gives my (€, ..., &) = (= Dth=D/2 Using Kadeishvili’s theorem [28] completes the
proof. O

k[Tl ® A(§) h>2

Corollary 4.3 We have H,(Q) = {k[r, EE 1T h=2.

Let B be the A, algebra whose algebra structure is k[x] ® A(¢) with |x| = (—2a, —¥),

lt] = (=2b—1,—h),
my (le £, x-i‘t) — (_1)5@—1)/2 xh+j1+~-~+jz!
and all m; with i > 2 are zero on all other monomials. In the exceptional case where ¢ = 2,
we define B to be the formal A, algebra k[x, ¢]/ (t2 + xh). It was shown in [9] that A and
B are Koszul dual. Thus A is quasi-isomorphic to Endpp gy (k) and B is quasi-isomorphic
to Endpp 4y (k). Here, Endpp ) (k) denotes the A, endomorphism ring whose homology is
H*EndDb(B) (k) = EndDb(B) (k),

and so on.

5 Hochschild Cohomology

We will recall the definition of the Hochschild cohomology of an As-algebra and then
calculate it for the A, algebras A and B described in the previous section. The point of this
is that nilpotent elements in (for example) HH*(A) control certain uniform processes of
construction in the category of A-modules: we will make essential use of this in our proof
of Theorem 9.7.
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The bar resolution B(a) = P, a®" 2 of an A, algebra a is described in Section 3
of Getzler and Jones [20], see also Definition 12.6 of Stasheff [42]. The action of the
differential on a®"*2) in bar notation is

n
dix ® la1]...|lan] ® y) =Zimj+1()€,al»--~»aj)®[aj+1|--~|an]®y
j=0

+ Y =x@lal...lailmj@ipr. ... aiy)laipjol . laal ® y
0<i+j<n

n
+ Zﬂ:x® l[ail...|lan—jl @ mjt1(an—jt1, -5 an, y),
j=0

where the signs are determined by the usual sign conventions. It is explained in Section 3.6
of Keller [32] how to compute the signs by looking at the reduced tensor coalgebra of
the suspension. Taking a-a-bimodule homomorphisms to a bimodule M, we obtain the
differential on Hochschild cochains

Homg o (a®"2), M) = Homy (a®", M)

as follows:

dflail...lay] =d(flail...la,]) + Z Eflail... lailmj(@iy1, ..., aiv)laivjv1l- .- lanl,
0<i+j<n

see also Section 1 of Roitzheim and Whitehouse [41]. The cohomology of this complex is
HH*(a, M).If M = a, we write HH*(a) for HH*(a, a).

We filter B(a) by number of bars, F; B(a) = @, _; a®®*+2)_ This gives a filtration on
Hochschild cochains, for which F; is formed by the cochains which vanish on F; B(a).
With this filtration, Fp is the whole complex and (); F; = 0. This leads to a spectral
sequence in which the differentials d,, are given by the terms involving £m, 4. Thus the
E! page is the Hochschild complex of H,a with coefficients in H, M, and the E? page is
HH*(H.a, H,M). So the spectral sequence takes the form

HH*(H.a, H.M) = HH*(a, M). (5.1)

We are numbering everything homologically, so the Hochschild degrees in HH* H,a are
negative, and the spectral sequence lives in the second and third quadrants.
Applying lim with respect to i to the exact sequences 0 — F; — Fy — Fy/F; — 0, we
<«
get
0=()F — Fo— lim Fy/F; > lim' F; — 0.

. <« <~

1
So the spectral sequence is conditionally convergent, and is strongly convergent if and
only if lim' F; = 0, which is equivalent to lim' E/ = 0 in the spectral sequence, see for

<« <«

example Theorem 7.1 of Boardman [10]. In particular, if each graded piece of E” is finite
dimensional for some r, then the spectral sequence (5.1) is strongly convergent.

Theorem 5.2 Given a map of exact couples (D, E) — (D', E'), where both spectral
sequences are conditionally convergent and live in the (homologically indexed) left half
plane, if the map E" — E'" is an isomorphism for some r then D — D' is an isomorphism
of filtered graded groups.
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Proof This follows from Theorem 7.2 of Boardman [10], since the hypotheses imply that
E® — E’®andlim' E' — lim' E'! are isomorphisms. See also Theorem B.7 of Greenlees
<« <~

and May [22]. O

We need to know that A, B and Q have the same Hochschild cohomology. Since our
equivalences are slightly indirect we need some machinery to see the isomorphism preserves
structure. Keller’s article [29] recalls the definition of B.,-algebras.

Proposition 5.3 There are isomorphisms in the homotopy category of B, algebras between
the Hochschild complexes of Q, A and B.

Proof For the algebras Q and A, we apply the main theorem in Section 3.2 of [29] to
the quasi-isomorphism Q — A of Theorem 4.2 to obtain an equivalence of Hochschild
complexes in the homotopy category of B, algebras.

Let C be the cobar construction on Q. This is an augmented DG coalgebra, which is
finite dimensional in each degree. As in Section 2 of Keller [36], this is the Koszul-Moore
dual of Q. Its graded k-linear dual C* is “the” Koszul dual of Q, and is quasi-isomorphic to
B. Using the fact that C is finite dimensional in each degree, the Hochschild complex for C
is isomorphic to that for C* as a By algebra. Applying Theorem 3.3 of [36], the Hochschild
complexes of Q and C are equivalent in the homotopy category of B, algebras. O

Certainly an isomorphism in the homotopy category of B, algebras induces an
isomorphism of cohomology rings.

Corollary 5.4 We have HH*Q = HH*A = HH*B.

Theorem 5.5 Suppose that h > 2 and € > 2. In the spectral sequence HH*H,B = HH*B
the E% page is given by

HH*H,B =~ H,A® H.B = k[x, 7] ® A(t, §)

where |x| = (0, —2a, —{), |t| = (0, —=2b—1, —h), |§| = (—1,2a, L), and |t| = (—1,2b+
1, h). The only non-zero differential is dy_1, and this is given by d¢_1(§) = +hxh—1¢¢
do_1(t) = 2x"t1, There are no ungrading problems in the spectral sequence.

Proof The element ¢ on the E2 page corresponds to the cochain 7: [ ] — ¢ in the Hochschild
complex (here, [] is the unique basis element in the bar complex of length zero). Applying
the formula for the differential, we have (again using the bar notation)

@nlt,...,t1 = me([1,t,...,0) +met, 11, ..., ) +---+me(t, t,...,1[])
-1
= tmy(t,..., 1) = x".

Using this, and the rather simple form of the A, structure on B, it is not hard to see that
di = +£x"7¢1 since the two cochains take the same value on all elements of the bar
resolution.
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The element § on the E? page corresponds to the cochain &: [x'] — ix'~!, [1x'] >
itx'~!. Then applying the formula for the differential, we have

dE)Nt,...,.t1=Emet,...,1) =EX") = hx"L.
14

Using this, again we find that d& = hx”~17¢ since both cochains take the same value on
all elements of the bar resolution.

Examining the locations of these terms in the filtration of the bar complex giving rise to
the spectral sequence, we deduce that these correspond to the differential dy— taking ¢ to
+0x" 7t~ 1 and & to £hx" 1<t

Next, we show that the possible values of n for which d,, is non-zero are very restricted.
The possible tridegrees (u, v, w) at the E2-term lie in three parallel planes. Take N =
(€ —2, £, —2a) as normal direction and consider the dot products N - (u, v, w) = (£ —2)u+
fv—2aw.Wehave N - [x| =0,N-|t|=2—¢, N -|§|=2—{,and N - |t] = 0. So the
only possible values of N - (u, v, w) on the E? page are 0, 2 — ¢, and 4 — 2¢. Furthermore,
the elements with N - (i, v, w) = 4 — 2¢ are multiples of ¢£.

The differential d,, decreases u by n, increases v by n — 1, and leaves w unchanged. It
therefore increases N - (u, v, w) by 2n — £. Since n > 2, we first deduce that all differentials
are zero on elements with N-(u, v, w) = 0, and hence on the polynomial generators x and 7.
Next, we deduce that the smallest value of n for which d,, # 0is when 2n—£)+(2—¢) = 0,
son = £ — 1. We computed above the value of dy_; on the exterior generators ¢ and &.
Finally, since / and ¢ are coprime, dy_1 is injective on elements with N - (u, v, w) = 4 —2¢,
and so there is no room for further differentials.

For the ungrading problem, we note that moving down one place in the filtration replaces
(u, v, w) by (u—1, v+1, w) and so the dot product with N increases by N -(—1, 1,0) = 2,
while w is unchanged. The relations 2x"~17¢ = 0 and ¢x"¢~! = 0 therefore have no
ungrading problems, and hold in HH* B. The relations £2 = 0 and > = 0 have no ungrading
problems, because there are no candidates with the correct value of w and with larger dot
product with N. O

Theorem 5.6 There are three cases for HH*Q = HH*A = HH*B, according to the
characteristic of the field k.

G) Ifp | hthen HH*B = k[x, t]/(x"t¢" 1) @ A(&).
(i) Ifp | € then HH*B = k[x, t]/(x" 119 ® A(1).
(i) Ifpthand ptlthen HH*B = (k[x, T] ® A(u))/(x" 1ot xhct=1 xh=11y),

Here, we have |x| = (=2a, —0), |t| = (=2b—1, —h), || = 2a -1, £), || = 2b, h), and
lul = (—1,0).

Proof If h > 2 and ¢ > 2 then this follows from Theorem 5.5, after checking that there are
no ungrading problems. The element u in case (iii) represents £ ax& & btt in E* (recall
that ah — b€ = 1). If h = 2 then B is the formal A, algebra k[x, t]/(¢> + x™), and we can
use the method of Buchweitz and Roberts [14] to compute HH* B. If £ = 2 then we can use
the same method on HH*A. O

Corollary 5.7 We have x"t¢ = 0in HH*Q = HH*A = HH*B.
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Proof This follows from Theorem 5.6: in all three cases we have x"t¢ = 0. Note that
if A > 2 and £ > 2 then we see directly that the differential dy_; in Theorem 5.5 takes
+a& =+ bt (with appropriate signs) to x”7¢. O

6 The Derived Category

Suppose first that a is a DG algebra. We write D(a) for the derived category of a. This
is the triangulated category having as objects the left DG a-modules, and as arrows the
homotopy classes of morphisms of DG modules, with the quasi-isomorphisms inverted. The
shift functor is the suspension ¥ defined by (¥ M), = M,,_1, so the triangles take the form
X—>Y—>Z7Z-—>¥X.

In the case where H,a is a Noetherian graded ring, we write DP(a) for the thick subcate-
gory of D(a) whose objects are the a-modules X such that H, X is finitely generated as an
H,a-module. We regard this as the analogue of the bounded derived category in this context;
an extended discussion motivating this can be found in Greenlees and Stevenson [23].

Definition 6.1 An a-module is homotopically projective if the functor Homg (X, —) pre-
serves quasi-isomorphisms, see for example Section 8.1 of Keller [30]. It is shown in
Theorem 8.1.1 of [30] that given any module X there exists a homotopically projective mod-
ule X’ and a surjective quasi-isomorphism X’ — X. We call this a homotopically projective
resolution of X.

Homomorphisms in D(a) may be described as follows. Given DG a-modules X and Y,
choose a homotopically projective module X’ and a quasi-isomorphism X’ — X. Then

Homp(a)(X, Y) = H,(Homq (X', ¥)).

It can be seen that X’ — X is a fibrant replacement with respect to the projective model
structure (see Hovey [27]) on a-modules, and D(a) is the corresponding homotopy category.

Next, we describe the derived category of an Ay, algebra. Suppose that a is an A
algebra. In this case, the modules do not form an abelian category, because of the defini-
tion of morphism of A, modules. This time, the derived category D(a) is the triangulated
category having as objects the left Ay, modules over a, and as arrows the homotopy
classes of Ay, morphisms. Unlike in the DG context, Ay, quasi-isomorphisms automati-
cally have A, inverses. This is again a triangulated category, with triangles of the form
X - Y - Z — X X. For details, see Keller [31, 32]. As before, in the case where H,a
is Noetherian, we write D?(a) for the thick subcategory whose objects are the modules with
finitely generated homology.

In the case where a is a DG algebra regarded as an A, algebra with m; = 0 fori > 2,
the two definitions agree up to canonical equivalences of triangulated categories. If X and
Y are DG a-modules, the homotopy classes of morphisms of A, modules from X to Y are
canonically isomorphic to the homotopy classes of morphisms of DG modules from X’ to
Y, where X’ is a homotopically projective resolution of X. A suitable set of details can be
found in Théoréme 2.2.2.2 and Sections 2.4 and 4.1 of the thesis of Lefevre-Hasegawa [37].
See also Theorem 4.5 of Keller [34].

In the case of the DG algebra Q of Section 3 and the A, algebra A of Section 4, we
have the following.

Proposition 6.2 The bounded derived category DP(Q) is equivalent to D°(A).
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Proof A quasi-isomorphim of A, algebras induces an equivalence of derived categories,
see for example [37], Section 4.1.3. So it follows from Theorem 4.2 that DP(Q) is equivalent
to D°(A). O

Remark 6.3 Although the Ay, algebras O, A and B carry an internal grading to make
them bigraded, we do not require that the objects in the derived category carry an internal
grading respected by the morphisms. Nonetheless, we shall make use of internal gradings in
identifying Auslander—Reiten triangles in Dsg(B) in Section 14. As we shall see, the reason
this works is that the duality established in Section 10 respects grading for objects that admit
one.

7 A Spectral Sequence

In this section, we give a brief reminder of the construction and convergence properties of
the spectral sequence for computing Homs in the derived category D(a) of an A, algebra a:

EXt’;Za(H*X, H.Y) = Homp(q) (X, ¥). (7.1)

We shall make use of this in Section 12 to compute some endomorphism rings, as a prelim-
inary to applying Auslander—Reiten theory. The construction is taken from Adams [1], and
a discussion of convergence may be found in Boardman [10].

Let a be an A, algebra. If X is an A-module, then taking homology gives isomorphisms

Homp(q) (A, X) = Homy, o (Hya, H. X) = H. X.

Choosing a set of generators of H, X, we obtain a morphism Fy — X, where Fj is a direct
sum of shifts of a, with the property that H, Fp — H, X is surjective. Setting Xo = X, we
complete to a triangle

Fo 5 X0 5 x, 5 2F,

in D(a), and the map i: Xo — X is zero in homology. Repeating this construction, we
obtain a sequence of triangles

XU 7 X1 7 XZ I3
DN NN
Fy F Fy

where the maps marked j involve a degree shift. This has the property that the resulting
sequence

X

(k) (o8 (k)
s

ks
> 2H.F 2 s 'H P 5 HUFy S H X — 0
is a free resolution of H, X as an H,a-module.
Lemma 7.2 We have li_r)n X; ~0.

l

Proof Any map /a — ligl X; factors through some X;, and then the composite
i

g — Xi — Xit1
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is zero. Thus H, 1i_r>n X; =0and so li_r)n X; ~0. O

i i
If Y is another a-module, then taking Homs in D(a) from the above resolution of X to Y,
we obtain a diagram of long exact sequences
LN Homp(q)(Xa, Y 4> Homp ) (X1,Y *> Homp ) (X0, Y).

N N

Hompa) (F2,Y) Homp o) (F1,Y Homp o) (Fo,Y")

The direct sum of all these long exact sequences is an exact couple

Homp(q) (X, Y) ——— Hompq) (X.,Y).

N

Hompq) (F%,Y)

The spectral sequence of this exact couple has as its E! term
Homp(q) (Fy, Y) = Homq (Hy Fy, H,Y).

The differential is the composite

k*
Homp ) (F}, Y) —— Homp(q)(Fj11,Y),
and so we have
E? = Extjf ((H,X, H,Y),
and the abutment of the spectral sequence is Hompq) (X, Y). Thus we have a filtration
Fj Homp(q)(X, Y) = Image of (Homp(a)(X;,Y) — Hompa)(X, Y)) .

and

Fj Homp(a) (X, ¥)u/ Fj+1 Homp(a) (X, ¥), = ET5,_
In this filtration, Fp is the whole thing, and by Lemma 7.2 we have

j

ﬂ Fj HomD(a)(X, Y) = li(I_l’l Hom(Xj, Y) = HomD(a) (l1_r)n Xj, Y) =0.
j J J
As in the spectral sequence for Hochschild cohomology described in Section 5, the spec-
tral sequence is conditionally convergent, and strongly convergent if and only if 1131 F; =0,
i
which is equivalent to ligl E' = 0.In particular, if each graded piece of E' is finite

]
dimensional, the the spectral sequence is strongly convergent.

8 Inverting

The advantage of the explicit model Q is that the element 7 is represented by a central cycle,
so it is elementary to invert it.

Definition 8.1 We write K for the graded field k[, 771, and we define
Ot~ =K & 0.
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as a DG algebra over K. If X is a DG Q-module, we write
X[t =K @ X
as a DG Q[r‘l]—module.

Lemma 8.2 If X and Y are objects in D (Q) then
Home(Q[‘[_I])(X[TilL Y[til]) =K ®k[‘[] HOme(Q)(X, Y),

which we write as Hompe o) (X, [z 1.

Proof This follows from the fact that 7 is central in Q with dt = 0, together with the fact
that H,(X) is finitely generated over Hy(Q). O

Similarly, we write A[t™!] for K Qk[r] A as an Axo-algebra, and we have a quasi-
isomorphism Q[t~!] ~ A[r~'] coming from Theorem 4.2. If X is an A-module, we write
X[t ™11 = K ®;-1; X as an A[r~!]-module.

Proposition 8.3 We have an equivalence of bounded derived categories
D°(Qlz '] = D°(A[r™']).
If X and Y are objects in DP(A) then
Hompo -1 (X[t 7'], Y[£7']) = K ®k(z) Hompo 4 (X, ¥) = Hompo 4 (X, ¥)[77'].

Proof This follows from Proposition 6.2 and Lemma 8.2. O

9 Koszul Duality and Singularity Categories
We recapitulate the development of [23] in our more concrete setting.

Definition 9.1 Let a be an augmented A, algebra with Noetherian homology.
(1) The singularity category Dsg(a) is the quotient of DP(a) by Thick(a).
(ii) The cosingularity category Desg(a) is the quotient of DP(a) by Thick(k).

Lemma 9.2 Suppose that a is an A algebra such that H.a is local with residue field k. If
M is an a-module such that H, M has finite length, then M is in Thick(k).

Proof A copy of k of lowest degree in H, M lifts to a map k — M. Completing to a triangle
k — M — N, the length of H,N is one less than the length of H,M. So by induction on
length of H, M, it follows that M is in Thick(k). O

For the Ay, algebras Q and A introduced in Sections 3 and 4 and the Ay, algebras
QO[t '] and A[r~!] described in Section 8 we have the following calculation.

Theorem 9.3 We have equivalences of triangulated categories

Dosg(Q) 2 DP(Q[r']) = D°(A[r™']) = Desg(A).
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Proof By Propositions 6.2 and 8.3, we have compatible equivalences D°(Q) ~ D°(A) and
Db(Q[r_l]) ~ Db(A[r_l]). Since K is flat over k[ 7], we have a functor

K @z} —: D°(Q) — D°(Q[r']).

Using Lemma 9.2, it Kkills exactly Thick(k), and therefore induces an equivalence
Desg(Q) — D°(Q[r ™). Similarly,

K ®ijr) —: D°(A) - D°(A[r ™))
kills exactly Thick(k), and therefore induces an equivalence D¢sg(A) — DP(A[r1]). O

Theorem 9.4 The functor Homy (k, —) induces a triangulated equivalence of derived
categories

D°(A) = D°(B),
that sends A to k and k to B. It induces triangulated equivalences

Dsg(A) — Desg(B),  Dgsg(A) — Dsg(B).

Proof This follows from Greenlees and Stevenson [23, Theorem 9.1]. We need to show that
If A and B come as part of a symmetric Gorenstein context so that the hypotheses of the
theorem are satisfied. If A and B come from groups, this is explicit [23, Example 10.6].
However, even in that case the following proof is more elementary.

Since A and B are Koszul dual to each other, they are both dc-complete. It remains to
show that A has a strongly Gorenstein normalisation in the sense of [23, Definition 6.3]
since then by [23, Proposition 6.4] we have a symmetric Gorenstein context as required
in the hypothesis of [23, Theorem 9.1]. We claim that the composite k[t] - Q — A
is a strongly Gorenstein normalisation. It is obvious that k[t] is regular and Gorenstein.
Since H.(A) = k[t] ® A(§) we see that A is small over k[7] so that k[t] — A is reg-
ular. Indeed A ~ k[r] ® =22k[t] as k[t]-modules, and hence we have an equivalence
Homg(:1(A, k[T]) =~ »~20 A so that k[t] — A is relatively Gorenstein. Thus k[t] — A is
a strongly Gorenstein normalisation as required. Finally, we note that the normalisation of
A is polynomial, as is the Koszul dual one of B. This shows the bounded derived categories
in the sense of [23] agree with the concrete definition of objects with finitely generated
homology as we have used here. O

Corollary 9.5 We have an equivalence of categories Dgg(B) = DP(A[z!)), taking k to

Endp,yp) (k) = A[r71].

Proof This follows from Theorems 9.3 and 9.4. O
Thus we can regard the central element 7 of A as a periodicity operator on Dgg(B) of

degree 2b, namely a natural isomorphism from the identity to $2?. In Section 13, we shall

see explicitly how to interpret this element in terms of resolutions.

Corollary 9.6 If X and Y are objects in DP(B) then
Homp,,(z) (X, ¥) = Homps () (X, V)[7 1.
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Proof This follows from Proposition 8.3 using the equivalence of categories given in
Corollary 9.5. O

The A algebras Alt~!] and Q[r‘l] are regular, in the following sense.

Theorem 9.7 Every object in D?(A[t ') is in Thick(A[z~']).

Proof Consider the element x € B. For any B-module M with H, M finitely generated, the
fibre F of x: M — X72¢M has the property that H, F has finite length. So by Lemma 9.2,
F is in Thick(k). Now under the equivalence DP(B) ~ DP(A), the image of k is A. So
regarding x as an element of HH*B = HH™ A, we have an action of x on DP(A), and for
any A-module N in D°(A), the fibre of x: N — > 24N is in Thick(A). So we have a

triangle F — N 5 »-2N with F in Thick(A). Inverting t, we have such a triangle in
DP(A[t~!]) with F in Thick(A[z ~']). Now by Corollary 5.7, we have x" ¢ = 0 in HH*A.
Since 7 is an isomorphism in DP(A[t™']), it follows that x" acts as zero on DP(A[r1Y]).
Therefore the fibre of x": N — 72/ N is N @ £ 2eh—1N It is also in Thick(F), and
therefore in Thick(A[t~']). Hence so is N. O

Corollary 9.8 Every object in DP(Q[t~1]) is in Thick(Q[t ~1]).

Proof This follows from Theorem 9.7, using the fact that the equivalence D°(A[r~!]) ~
DP(Q[t~!]) of Theorem 9.3 sends A[r~!]to Q[t1]. O

Corollary 9.9 If X and Y are objects in D®(Q[t~']) then we have natural equivalences

(i) Homps (1)) (X, Y) =~ Hompo o-1)) (X, Q[r ') ®pr-17 Y,
(ll) HOme(Q[.[—l])(Home(Q[T—l])(X, Q[Tﬁl]), Q[Tﬁl]) ~ X.

Proof These hold for X = Q[z~!], and hence for every object in Thick(Q[z~']), which by
Corollary 9.8 is every object in DP(Qr~1)). O

10 Duality for Q[ ~"]-modules

Let O[t~!] be the algebra described in Section 8. In this section, we prove a form of Tate
duality for the bounded derived category of Q[r~!1-modules, see Theorem 10.6. This com-
bine the dualities Homg (—, K) (Brown—Comenetz duality) and HomQ[fl](—, Q[r’l])
(Spanier—Whitehead duality). The proof makes essential use of Corollary 9.9.

Definition 10.1 We write Q[t~']* for the dual of Q with respect to K, Homg(1(Q, K).
Left and right multiplication make Q[t~']* into a Q-bimodule, and simultaneously a K -
module with compatible actions of 7, and hence a O[t~!]-bimodule. Note that

O[t'T* = Homy(71(Q, K) = Homy(;1(Q, Homk (K, K))
= Homg (K &) . K) = Homg (Q[r '], K),

so we can equally well regard Q[r_l]* as HomK(Q[r_l], K).
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Similarly, if X is any K-vector space (i.e., graded K-module), we write X* for
Homg (X, K). In particular, if X is a left O[r~!]-module then X* is a right Q[r‘l]—module
and if X is a right Q[t~']-module then X* is a left [t ~!']-module.

Proposition 10.2 There is a quasi-isomorphism of Q[t~'1-bimodules Q[t~'] —
sElgr =1

Remark 10.3 For brevity, we have recorded the shift as |§;] = 2a — 1, however in the
presence of the t-periodicity, this is only well defined modulo 2b. It is more helpful to say
that the shift in Tate duality is one less than the Gorenstein shift (2a — 2b in this case) of A
as in [24, Proposition 4.1].

We should also keep track of the internal degrees, and write

Q[T_l] :) 220—1,@ Q[f_l]*.

Proof The standard monomials of Definition 3.5 form a K -basis for O[r 1. We construct
a K-module homomorphism ot~ 1 —» E‘§1|Q[r_1]* as follows. It takes all standard
monomials to zero except 1 and &;. It takes 1 to the element of Q[T_l]* taking value 1
on & and value zero on all other standard monomials, and it takes &; to the element of
ol * taking value 1 on 1 and value zero on all other standard monomials. It is easy
to check that this is a map of Q[z~']-bimodules, and using Corollary 4.3 that is a quasi-
isomorphism. O

Proposition 10.4 If X is a left Olt~Y-module and Y is a right Q[T_l]—module, then there
is a natural isomorphism of K -vector spaces

HomQh_lj(X, Homg (Y, K)) = Homg (Y ®o[r-1] X, K).

IfY is a Q[t~"1-bimodule, this is an isomorphism of left Q[t~']-modules.

Proof This is standard. (|

Corollary 10.5 If X is homotopically projective then we have a quasi-isomorphism

Hom pp,—11(X, Q[r~']) ~ ZF1Homg (X, K).

Proof Using Propositions 10.2 and 10.4, and the fact that X is homotopically projective,
we have

Homppe-11(X, Q[r™']) = Hom -1 (X, = Q[ ~'T%)
= E‘EllHOmQ[T_I](Xy HomK(Q[Til], K))
= E‘SllHomK(Q[t_l] ®Q[-[71] X, K)
= E‘gllHomK(X, K) -
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Theorem 10.6 Ler X and Y be objects in D°(Q[t~1). Then there is a functorial duality of
graded K -modules

Home(Q[‘r*I])(Xs Y)* = Home(Q[T—l])(Y, Z_E]IX)_

Proof We may replace X and Y by homotopically projective resolutions and work with
Q[r~!]-module homomorphisms. Combining Corollary 9.9 (ii) with Corollary 10.5, we
have

Hom g, -11(X, Q[z ™' D* = 57 F1lx.
Hence using Proposition 10.4 and Corollary 9.9 (i), we have
Hom,-1)(X, Y)* = Homg (Homg,-1;(X, Y), K)
~ Hom (Hom p(,—11(X, Q[ ') ® -1 Y. K)
= Hom [, -1 (Y, Homg (Hom p,—13(X, Q[r '), K))
~ Hom (-1 (Y, =711l x). O

Corollary 10.7 Let X and Y be objects in DP(A[t~']). Then there is a functorial duality of
graded K -modules

HOme(A[.[—I])(X, Y)* = HOme(A[-L-—]])(Y, Zl_zaX).

If X and Y carry an internal grading, the shift is £172¢—¢,

Proof This follows from Theorem 10.6, using the equivalence of categories described in
Proposition 8.3. O

Theorem 10.8 Let X and Y be objects in Dsg(B). Then there is a functorial duality of
graded K -modules
Homp,,(s)(X, ¥)* = Homp,,(s) (Y, B! 72 X).

If X and Y carry an internal grading, the shift is 1724 ¢,

Proof This follows from Corollary 10.7 using the equivalence of categories given in
Corollary 9.5. O

11 A Tour of the Two Worlds

Our aim is to understand the singularity category of B, and in particular to construct inde-
composable objects. In this interlude we give a topological account of the strategy before
returning to give an elementary implementation in algebra. The section can be entirely
ignored by those with a strong algebraic compass.

Bearing in mind that B itself is trivial in the singularity category, it is natural to start with
X1 = k and then construct objects from that. Since HomDsg(B)(k, k) = A[r~1] it is natural
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to focus on &, which supplies a map %~k — k, with mapping cone X, with cells in
degree 0 and 2a. We then attempt to iterate this construction by forming

X =k Ug e,%“ Ug - -+ Ug ez(‘vil)g.
In fact X exists if and only if the (s — 1)-fold Massey product (£, &, - - - , &) exists and con-
tains zero. In our case the indeterminacy is always zero. We may thus construct X1, ..., Xp,

but not X1 since the h-fold Massey product is nonzero. One may also check inductively
that these complexes are unique up to equivalence. Our main result will show that up to
suspension this does give all indecomposables.

The counterparts Yy = Homp (k, X;) in A-modules will have a cell structure

Yy =AU ei” Ug -+ - Ug ei(‘V7l)a.

Under the derived equivalence between finitely generated B-modules and A-modules,
small B-modules (i.e., modules in Thick(B)) correspond to A-modules with finite dimen-
sional homology, and vice versa. Thus a B-module N is small if and only if [k, N]5 is finite
dimensional. Similarly, N corresponds to a small A-module if and only if H,(N) is finite
dimensional.

Exchanging the roles of A and B, we may construct A-modules

‘/S =k U[ elzb Ul s U[ ei(s_l)b.

for s = 1,2,...,¢ but not Vyyy since the £-fold Massey product is nonzero. These
correspond to the small B-modules
WY =B U[ e%b Ul cee U[ eé(.&‘—l)b.
Our actual method will take full advantage of the explicit and easily described models,
and give concrete representatives for the objects W;.

Remark 11.1 For the graded rings H.(A) with h > 2 and H.(B) with £ > 2 (i.e., the
formal case where the algebras are polynomial tensor exterior and all products m; are zero
for i > 2) the singularity and cosingularity categories are well understood, for example
through the theory of maximal Cohen—Macaulay modules. See for example Proposition 2.6
of Ene and Popescu [17], which discusses modules over the ungraded completion, but the
modules over the graded ring are very similar. In that case the objects X, Y5, Vi, Wy exist
for all s > 0 and the terms in each sequence are inequivalent. By contrast with our case, the
singularity and cosingularity categories for H.(A) and H,(B) each contain infinitely many
indecomposable objects.

12 The B-modules W; in Thick(B)

Following the pattern set out in Section 11 we will construct explicit small B-modules (i.e.,

modules in Thick(B)) Wi, W, ..., W, starting with W; = B, and we will do so in a

bigraded fashion. Background on modules over A..-algebras may be found in [34].
Consider the map ¢: ¥ ~20~1L="B —» B = W,. Complete this to a triangle in D (B),

y2-l-hp Low s W,

Then using the long exact sequence in homology, as a module over H,B = k[x] ® A(t) we
have
H Wy = k[x].up @ k[x].vy,
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where k[x] = H.B/(t), |lu2| = (0,0) and |vy| = (—4b — 1, —2h). The A structure is
given by
m3(t,t,up) = v
me1(t, ... 1) = (=)D,
The element v, defines a map £ ~*~1B — W,, which we complete to a triangle
T-1-2p B W, s W,
We have
H, W3 = k[x].uz @ k[x].vs,
with |u3| = (0, 0), |[v3| = (—6b — 1, —3h). The A structure is given by
my(t, t,t,u3) = v3
mea(t, ..., t,v3) = (=D)ETVED 2y,
Continuing this way, we construct objects W; in DP(B) (1 < s < 0), finitely built from B,
with
H,W; = k[x].u; @ k[x].v;,
with |u;| = (0, 0), |v;| = (=2ib — 1, —ih), and
mip1(t, ..., 0, u;)) = v
— —
i copies
Me—ip1(t, .. b v) = (=)EHTDED2 0y,
———
£ — i copies
and v; defines a triangle
- 2b=lmihp Xow s Wi,
The second to last stage of this process is a module W,_; with
me(t, ..., t,ug—1) = Vg1
tog—y = mo(t, ve—y) = (DD 2y,
Then something different happens. The map ¥ ~2¢—Do-L=(=Dhp _ W, | still defines a

triangle
$20=Db-1.-(t=Dh g _, Wi — Wy,

but the long exact sequence in homology now gives H, W, = k[x]/(x"), and the process
cannot be continued any further. The composite B = W; — W, — --- — W, shows
that W, is equivalent to the quotient of B by the ideal (x”, r). What we have seen is the
following.

Theorem 12.1 The B-module k[x]/(x") = B/(x",t) is in the subcategory Thick(B) of
DP(B). It is built from £ shifts of copies of B.

13 Indecomposable objects in Dgy(B)
In this section, we discuss the indecomposable objects which we eventually wish to show

form a complete list in Dgg(B). They come with an internal grading, which we keep track
of. The ideal in B generated by x” and  is a bigraded A, ideal, and the quotient

B = B/(x", 1) = k[x]/(x")
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is a formal A, algebra with |x| = (—2a, —£). In other words, the only non-zero operation
m; on the quotient is the multiplication m>. We begin with a discussion of B-modules. The
indecomposable modules are the shifts of the quotients M; = k[x] / (x) forl <i < hof
B.Fori < j we have short exact sequences of B-modules

0— S72eN, > M; — M; — 0. (13.1)
We also have almost split sequences of B-modules

0— 32~ M — My > M; - 0
0— 2_2“’_£M2 — E—Za,—IZMl (&) M} — Mz — 0

0— E_za’_th,I — Z_za’_th,Q (&) Mh — Mh,1 — 0.

This comes from the theory of almost split sequences for the Nakayama algebra k[x]/(x"),
see for example Proposition 4.12 of Auslander and Reiten [6].

Pulling back the k[x]/(xh)—module M; (1 € i < h)to B, we obtain a B-module M;
and a map B — M;. In particular, M is the field object, with H, M| = k. We shall write
k for the B-module M;. By Theorem 12.1, M}, is in the subcategory Thick(B) of D°(B),
and therefore vanishes in Dgsg(B). We write X; for the fibre of B — M;. Applying H.
to the triangle X; — B — M;, we see that H,X; is the ideal generated by ¢ and x'in
HyB = k[x] ® A(t). In Dsg(B), we have £ X; >~ M; and X >~ 0.

The exact sequence (13.1) of B-modules gives rise to triangles in D°(B)

E—Zia,—iKXj_l_ N X] — Xl — El—2ia,—i€Xj_l_.

In particular, taking j = h, we obtain the following, critical in linking odd and even
suspensions.

Proposition 13.2 There is an equivalence X; ~ sl-Zia—ity, .in Dsg(B).
Similarly, the almost split sequences of B-modules give rise to triangles in D°(B)

2T > Xy > X - BT
R, 5 T e X - X > BT,
(13.3)
T > T X @ Xy > X —> 2T

Bearing in mind that X}, is zero in Dgg(B), the last of these becomes
272a,7£Xh_1 — Ziza’iexh_z — Xp_1 — 2172a,7£Xh_1.

We shall eventually see that these are almost split triangles in Dgg(B).
Next, we compute the spectral sequence (7.1)

Exty" s (Hi Xi, Hi X j) = Hompp ) (Xi, X ). (13.4)

@ Springer



The Singularity and Cosingularity...

We first assume that £ > 2, and later describe the modifications necessary for the case
£ = 2. Resolving H, X; as a module over Hy B, we obtain the sequence

(5

E_4b_2’_2h H*B @ E—Zia—Zb—l,—h—iKH*B
(6+))
_—

Thus H,X; is a maximal Cohen—Macaulay H,B-module corresponding to the following
matrix factorisation of the relation > = 0.

(05)(6%)="(07)

If X; and X; are B-modules of this form, we take homomorphisms from the resolution
of H,X; to H,X; to obtain

] (xt’ i)r)

(t.x")

»2b-l-hg pgy-2e-itg p "% H.X; — 0.

t 0
24b+2.2h H*Xj @ EZia+2b+1,h+i(H*Xj <X' *f) 22b+1,h H*Xj @ EZia,iZH*Xj < 0.

The differential sends
0
)~ (%)

13.0.1 (i) The Casej > i:

(%)~

(%) =

The kernel is generated by ((z)) and

i—i (t 0\ _ (tx/7t
x! (0)+(x.i)_<xxj )
The image contains ¢ times these and x’ times these.

We write « for the element of the kernel represented by the first of these elements (?)

and B for the element represented by the second (’ xxi /.7" ) Thus as a module over H, B, the

degree zero homology of the above complex is Homp, g (H, X;, H, X j), and is generated by
o and B with relation x/a = ¢8. Recalling that Hy(A) = Hompo(5)(X1, X1), the periodicity
element of degree (—1, 2b+ 1, ) in the above resolution represents the element 7 € Hop A,
so we shall call it T by abuse of notation. As a module over H, B[t] we have

Extyy s (Hi X, HoX ) = (@, B)/(tat, x o — 1B, 178, x'Tp)
with « in degree (0,2ja — 2b — 1, j¢ — h) and B in degree (0, 0, 0).

13.0.2 (ii) The Casei > j:
The kernel is generated by (9) and
il
() +x 7 (5) = ().
The image contains ¢ times these, and xJ times these.

We again write « for the element of the kernel represented by the first of these ((t)) and
B for the element represented by the second (j, ) This time,

Extys (H Xi, Hy X)) = (o, B)/(tee, x'a — 1B, 17, x )
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with « in degree (0, 2ia — 2b — 1, i¢ — h) and B in degree (0, 0, 0).
13.0.3 (iii) The Casei = j

The cases i = j in (i) and (ii) coincide, but there is one extra piece of structure to deter-
mine, namely the ring structure. This is determined by the statements that 8 is the identity
endomorphism of X;, and « is the endomorphism sending x’ to 7 and 7 to zero. So the extra
relations are o2 = 0 and B = 1. Thus xla = t, so t is a redundant generator, and the
presentation becomes

Exty;p (HuX;, HyX;) = k[x, T, 0]/(0%, x'7). (13.5)
For the computations above, we assumed that £ > 2. We now explain the modifications
necessary for the case £ = 2. In this case, the matrix in the resolution of H, X; is (xh’_,- ilz )

This corresponds to the following matrix factorisation of the relation 12 + x" = 0.

roxl toxtN o an (10
G D)

Taking homomorphisms into H,X;, the matrix for the differential is the transpose,
( 5 S ) The differential sends
0 h+j—i
(2)= ().

W= @)= () O ()

There are more cases this time, but we content ourselves with computing Ext”;{’:‘B (Xi, X;)in

the case i = j < h/2, which is all we need. In this case, the kernel is generated by the ele-

ment o representing ( —Xth*" ) and 8 representing ( [ ). Again f is the identity endomorphism

of X; and « is the endomorphism sending x’ to # and  to —x"*~/, so &2 is multiplication by
—x"=2 This time the presentation becomes
Exty s (H, X, HuX;) = klx, 7, 0] /(% + x"7% x'7). (13.6)

Theorem 13.7 If2i < h, we have
Endpsp) (Xi) = klx, 7, a]/(e® + Ax" 27572 x7)
with |x| = (=2a, —¥), |t| = 2b, h), |¢| = ia —2b — 1, i€ — h), and A some scalar in k.

Proof First assume that £ > 2. We have to show that there are no non-zero differentials in
the spectral sequence

Exty;s (Hx X, H,X;) = Endpog)(X;)

(see Section 7) whose E2 page is given by Eq. 13.5, and we then have to address the ungrad-
ing problem for the E* term. This is easier if we take into account the internal degrees,
which have to be preserved by the differentials. So elements in the spectral sequence are
triply graded, with |x| = (0, —2a, —¢), |t| = (-1, 2b+1, h), || = (0, 2ia—2b—1,il—h).
As in the proof of Theorem 5.5, the possible tridegrees (u, v, w) at the E2-term are
very restricted. This time they lie in two parallel planes. We use the same normal vector
N = ({ —2,¢, —2a), and consider the dot products N - (u, v, w) = (£ —2)u + v — 2aw.
We note that N - |x| = O, N - |t] = Oand N - |o] = 2 — £. Hence N - |xi7/| = 0 and
N - |x't/a| = 2 — ¢, and these are the only possible values of N - (u, v, w) for degrees of
elements at E2.
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The differential d,, decreases u by n, increases v by n — 1, and leaves w unchanged. It
therefore increases N - (u, v, w) by 2n — £. Since n > 2, we deduce that either d,, = 0 or
2n—£0)+2—¢) =0,so0n = £ — 1. In the latter case, dy—; sends x and t to zero, and « to
an element of degree (—¢ + 1, 2ia —2b + € — 3, i€ — h). There is only one such monomial
in x and 7, namely x"~¢¢~!. The assumption that 2i < & implies that this is zero, since
xit =0.

For the ungrading problem, since o2 has even degree it cannot involve ax’! t/2. If o2 has
the same bidegree as x’! 7?2 then equating bidegree and solving, we find that ij = h — 2i,
i» = £ — 2. So we have that o is a multiple of xh=2ipt=2

The element x' 7 has degree (—1, 2b—1—2ia, h—it). There are no non-zero monomials
in E° with this internal degree, so x’7 ungrades to zero.

Finally, in the case £ = 2, B and X; are formal, and the E? page (13.6) of the spectral
sequence computes Endpp p)(X;) with no non-zero differentials or ungrading problems.

O

Remark 13.8 If £ > 2 and i < h/3 then the element x"=2174=2 i5 zer0, so the value of A
only matters when k/3 < i < h/2. Using the models we produce in Section 16, it turns
out that A = 1 always holds, as we saw above in the case £ = 2. We shall not need this
information in what follows.

Theorem 13.9 We have

K|x, oc]/(oz2 + Axh—2igt=2 xi) 20

<h
End X;) = ‘ ‘
Deo(B) (XD = ) e a1 a2ty 20 s

(recall K = k[t, t=11). This has finite length over K, and in particular, it is an Artinian
local graded ring. The (homological) degree zero part is k[x'?1719]; note that x"Plzlal js
nilpotent, and often zero. As a module over Endp,(B) (X)), HomDsg(B)(Xi, X ;) has finite
length. The Krull-Schmidt theorem holds for finite direct sums of shifts of the objects X;.

Proof By Corollary 9.6 we have Endp,,s)(X;) = EndDb(B)(Xl-)[r’l], so if 2i < h it fol-
lows from Theorem 13.7 that this is isomorphic to K[x, a]/(a?® + Ax2"=i7t=2 xi). The
structure for 2i > h then follows from the isomorphism X; = X!72¢X,_; given in
Proposition 13.2.

Next we compute the homological degree zero part. The degree of « is 2ia — 2b — 1,
which is odd, while the degrees of x and 7 are even. If x/ ¢ has degree zero then ja = mb.
Since a and b are coprime, this implies that j is divisible by b, m is divisible by a, and the
element is a power of x'bl¢lal (note that ah — b¢ = 1, and h and £ are positive, a and b have
the same sign).

The E? page of the spectral sequence (13.4) is finitely generated over k[t], and therefore
Homp,y () (Xi, Xj) = Hompo ) (X;, X ;)[r '] has finite length over K .

The final statement about the Krull-Schmidt theorem follows from the fact that the
endomorphism rings of the X; are local rings. O

Corollary 13.10 The socle of the homological degree 2a — 1 part of Endpy()(Xi), as a
module over the degree zero part, is spanned by the element ax' 't in degree (2a — 1, £).
None of the other monomials of homological degree 2a — 1 has internal degree £.
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Proof Using Theorem 13.9, the monomials of homological degree 2a — 1 in Endpg, () (Xi)
are the elements ox!~!1=/1PIz1=7lel in degree 2a — 1, £+ j(£|b| — hla])) = Qa —1,£+
7. O

Corollary 13.11 The socles of the homological degree 2a — 1 parts of Endp,()(X;) for
1 <i < h are represented by the triangles (13.3) coming from the almost split sequences of
B-modules.

Proof The connecting homomorphism for the triangle (13.3) for X; is a non-zero element of
degree (2a — 1, £) in Enstg(B)(Xi). By Corollary 13.10, it is therefore a non-zero multiple
of ax’~!r. O

Remark 13.12 The images in D°(A) of the objects X; of DP(B) are, up to shifts, the
analogues of the modules W; described in Section 12.

Write ¥; = Homp (k, X;) for the image of X; in D°(A). Then Y is a free k[t]-module on
two generators, u; of degree 2a — 1 and v; in degree —2(i — 1)a. The action of £ is given by

mip1(§,....,8 u;) = v,
——
i copies
h—2i+2)(h—1)/2_¢
mp—iz1(§, .. 5 v) = (=)ITHERATDEL,
h — i copies

and the remaining m ; vanish.

14 Auslander-Reiten triangles

For background on Auslander—Reiten triangles in triangulated categories, see Happel [25,
26]. We shall construct them in the category Dsg(B) and use them to classify the inde-
composables. Although we make use of the internal grading to identify these triangles, the
grading does not interfere with their existence and use for classification.

Suppose that X is an indecomposable, internally gradable object in Dgg(B) with local
endomorphism ring Endp,(p) (X). A map from another, not necessarily internally gradable
object Y to X has a right inverse (i.e., induces an isomorphism from a direct summand of Y
to X) if and only if the induced map Homp, (p) (X, ¥) — Endp,(p)(X) is surjective.

Using Theorem 10.8, the dual Homp, () (X, »1-2¢x) has a simple socle as a module
over Enstg(B)(X), and the socle is a map from X to »1-2a.=L ¥ For the objects X;, this
socle is identified in Corollary 13.10. Choose a non-zero morphism ay : X — £!72¢—tx
in this socle. This has the property that a map ¥ — X has a right inverse if and only if the
composite ¥ — X 2, »1-2a ¥ is non-zero.

Complete to a triangle

gty 7z 5 x 55 pltlety
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in DP(A[z~!]). This then has the following lifting property. If a map ¥ — X does not have
aright inverse, then it lifts toamap ¥ — Z.

Y

/]

y-2ex VA X 2 yi-ay

Similarly, if »~2aX _5 Y does not have a left inverse, then it extends to a map Z — Y.

six TN gy g Xy

These are the defining properties of an Auslander—Reiten triangle, sometimes also called an
almost split triangle.

Theorem 14.1 The Auslander—Reiten triangles in Dsg(B) for the objects X; are the

triangles (13.3), and the Auslander—Reiten translate is »-2a.—t,

Proof This follows from Corollary 13.11. O

If Z’ is a direct summand of Z then the composite Z' — Z — X is called an irreducible
morphism if it has the property that it is not an isomorphism, but for any factorisation Z’ —
U — X, either Z' — U has a left inverse or U — X has a right inverse. This property is
symmetric, so that if Z’ is a direct summand of Z then the composite sy 57 5 7
is also an irreducible morphism.

The Auslander—Reiten quiver is the quiver (directed graph) whose vertices correspond to
the isomorphism classes of indecomposable objects and whose directed edges correspond
to the irreducible morphisms. This comes with a translation £ ¢ with the property that
there is an arrow from Z to X if and only if there is an arrow from £ ~2¢X to Z.

For the objects £/ X;, the Auslander—Reiten quiver has the following form.

- 2aX1 EQGXI
\ / \22‘1)( s
/ N ~

EMX3 Z4a)(3

\/ ~ 7

This wraps round to form a cylinder, since £’ X; is isomorphic to X; via 7. Since a
and b are coprime, the circumference of the cylinder is b. The heightis 2 — 1, and X}, =
»2¢=1 X is in the bottom row. This gives a total of b(h — 1) isomorphism classes of objects.
In the usual language of translation quivers, we therefore have the following.
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Theorem 14.2 The objects £/ X; in Dsg(B) form a connected component of the Auslander—
Reiten quiver, isomorphic to ZAy_1] T, where T is the translation functor.

For example, ifa = 6, h = 6, b = 5, £ = 7, we get the following quiver isomorphic to
ZAs/T>.

X 22X, X ¥0X, X,

N
YAX,

1
™~
2 X,

/
/

¥0X, YR X, X

X
/
™~

N
N
N

X.

YEX, Y2 X5

~
e e o
2 X, TiX, 20X, 3
~ ~ ™~ A
Y7 X, Y9X, 35X,
A e ~ A ~
X, Y7X, X, ¥ X, X, X,

ZXQ ZBXQ

LN
\
VRN
N\
NN
LN

Here, the left and right ends are identified along the dotted lines to form a cylinder of
height 5 and circumference 5, for a total of 25 isomorphism classes of objects. Note that in
this example we have X; ~ »10X; for each i, and also for the middle row X3 ~ ¥5Xs.
In general, £? acts as a reflection on the quiver, about the horizontal line going through
the middle. There are [//2] orbits of the shift functor. If / is odd, they all have length 2|b|,
while if % is even there is just one of them with length |b|, namely the middle one, and the
rest have length 2|b|.

15 Classification of Indecomposables

The goal of this section is to show that every indecomposable object in Dgg(B) is isomorphic
to some =/ X;, so that the Auslander—Reiten quiver is that given in Theorem 14.2.

The following proposition plays a role analogous to that of the Harada—Sai lemma in the
representation theory of finite dimensional algebras, see for example Lemma 4.14.1 of [7].

Propositi(_)n 15.1 The composite of any h composable irreducible morphisms between the
objects ¥/ X; is equal to zero.

Proof For each i and j, the sum of the composites £/ ~X; — /X, | — X/X;
and /72, - 22X, | - /X, is the composite of two adjacent maps in an
Auslander—Reiten triangle, and therefore equal to zero. Using these relations, any com-
posite of 7 composable irreducible morphisms can be rewritten as a composite involving
»/724x, — %/X, — /X, which is zero. In other words, we can deform any path of
length & so that it hits the top edge of the cylinder, without moving the ends of the path. [

Proposition 15.2 If X is any non-zero object in Dsg(B) then for some n € Z there is a
non-zero morphism X" X; — X.

Proof By Corollary 9.6, the image of X| = k under the equivalence Dgg(B) =~ Db(A[‘L'_l])
is A[t~']. So if Y is the image of X in D®(A[t~!]) then

Homp,,(5) (X1, X) = Hompo -1, (Alz 71, ¥) = H,Y.

if there is no non-zero morphism from any ¥"X; to X then H,Y = 0, so Y is quasi-
isomorphic to zero in DP(A[r~1]) and hence X is quasi-isomorphic to zero in Dgg(B). [
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Theorem 15.3 Every indecomposable object in Dsg(B) is isomorphic to some >J X; with
1<i<h 0<j<|bl

Proof First we note that the set of SiX; withl <i <hand0 < J < bis the set of vertices
in the Auslander—Reiten quiver described in Section 14.

Let X be an indecomposable object. Then by Proposition 15.2 there is a non-zero mor-
phism X" X; — X forsome n € Z. Since X is indecomposable, if this has a left inverse then
it is an isomorphism, and we are done. Otherwise, it factors as X" X| — srtlay, X If
»rtlay 2 — X has a left inverse, again we are done. Otherwise, we obtain a factorisation

EnX1 — zi’l-‘rzaxz - Zn+2aX] o Zn+4aX3 - X.

Since the composite £"X| — %"T2¢X, — %"T24X | is zero, it follows that the com-
posite £"X| — Y"t24X, — ¥rH4Xs 5 X is non-zero. If ¥4 X3 — X is not an
isomorphism, then at the next stage, we obtain a statement that a sum of two composites is
non-zero, so at least one of them has to be non-zero. Continuing this way, we obtain either
an isomorphism %/ X; — X for some i, j, or a factorisation through a composite of at least
h irreducible morphisms between the objects X;. In the latter case, by Proposition 15.1, it
follows that X" X| — X is the zero map, contradicting the way it was chosen. O

Corollary 15.4 The Auslander—Reiten quiver of Dsg(B) is isomorphic to ZA;,q/T'b‘.

Proof This follows from Theorems 14.2 and 15.3. O

Corollary 15.5 The Krull-Schmidt theorem holds in Dsg(B).

Proof This follows from the last statement of Theorem 13.9 together with Theorem 15.3.
O

Remark 15.6 In Remark 11.1 we noted that for the formal graded rings H,(B) the objects
X, exist for all s > 1 and are inequivalent. The singularity category retains the 7-
periodicity, since Dgg(Hy(B)) = Desg(Hy(A)) = DP(H,(A)[1/7]), but now (in the absence
of Proposition 13.2) the Auslander—Reiten quiver consists of two semi-infinite cylinders of
circumference |b|, one containing the even suspensions of the X; and one containing the
odd suspensions of the X;.

16 Models for Dgq(B)

In this section we exhibit some more familiar looking categories that are equivalent as
triangulated categories to Dsg(B).

Theorem 15.3 gives us a presentation for the category Dsg(B) in terms of the mesh cate-
gory of the quiver. The definition of the mesh category k(I") of a translation quiver I comes
from Riedtmann [40] (see also Bongartz and Gabriel [12]), and can be found in Section 1.5.6
on pages 54-55 of Happel [26].

In the case of the Auslander-Reiten quiver ZAj_/T'?! of Corollary 15.4, the genera-
tors for the morphisms in the mesh category are the irreducible morphisms between the
3/ X;. The mesh relations come from the Auslander—Reiten triangles, and say that for each
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i and j, the sum of the composites £/ 72X, — %/X;;; — %/X; and X/~2X; —
»itlayx, | $iX;is equal to zero. At the boundaries, i = 1 and i = h — 1, only one
of these composites makes sense, and the corresponding relation says that this composite is
equal to zero.

The classification of Krull-Schmidt triangulated categories with finitely many iso-
morphism classes of indecomposables is described in Section 6 of Amiot [3], see also
Chapter 2 of Amiot [4] and the paper of Xiao and Zhu [43]. Let I" be the translation
quiver ZAj_1/T'®!. Then it is shown in Theorem 6.5 of [3] that given a triangulated cat-
egory T with Auslander—Reiten quiver I', we have an equivalence of k-linear categories
between the full subcategory ind (7) of indecomposables in T and the mesh category k(T").
This induces an equivalence between 7 and the additive closure of k(I"). Applying this to
Dsq(B), we obtain a k-linear equivalence k(ZA;—1/T!"!) — ind Dsg(B), the full subcate-
gory of indecomposables, which then extends to an equivalence from the additive closure
of k(ZAp—1/T'""") to Dsg(B).

There is another triangulated category with the same Auslander—Reiten quiver. Let
DP(kAj_1) be the bounded derived category of modules for the quiver A;_; over k. The
Auslander—Reiten quiver of DP(kAj_1) is the quiver ZAp—1. The translation T of this quiver
lifts to the translation T of DP(kA;_1). It is shown in Keller [33] that the orbit category
Db(kAh_l)/T“", whose Hom sets are by definition

@ Home(kAh_l)(X’ Tn‘bl (Y)),

nez

is a triangulated category in such a way that the canonical functor
D°(kAj—1) — D°(kAp—1)/T"

is a triangle functor. The Auslander—Reiten quiver of the orbit category D°(kA;,_1) /Tl s
isomorphic to ZAy—1/ T2, So Theorem 6.5 of [3] shows that there is a k-linear equivalence

Dsg(B) =~ DP(kAj_1)/T"!

inducing the isomorphism of Auslander—Reiten quivers. We would like to know that this
is an equivalence of triangulated categories. This proves to be more delicate, but another
theorem of Amiot comes to our rescue.

Theorem 16.1 There is a triangulated equivalence Dgg(B) =~ Db(kAh,l)/TW.

Proof We would like to apply Amiot [3, Theorem 7.2]. This states that given a finite tri-
angulated category T which is connected, algebraic, and standard, there exists a Dynkin
diagram T of type A, D or E, and a self-equivalence ® of DP(kI"), such that T is triangle
equivalent to Keller’s orbit category DP (kI")/®. To apply the theorem, we need to check the
conditions.

To say that T is connected means that the Auslander—Reiten quiver is connected, so we
have already established that Dsg(B) is connected. To say that T is standard means that it
is equivalent to a mesh category as a k-linear category, so we have also already established
that Dgg(B) is standard.

To say that T is algebraic means that there is a Frobenius category € such that 7 is triangle
equivalent to the stable category €, see Keller [35, Section 3.6]. By Proposition 8.3 and
Corollary 9.5 we have D°(Q[t~']) =~ D°(A[t~!]) ~ Dsg(B), and D°(Q[z 1) is algebraic
by [35, Lemma 3.3 and Theorem 3.9]. It follows that Dgg(B) is algebraic.
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We have therefore checked the conditions for applying the theorem of Amiot. Since the
Auslander—Reiten quiver of Dgg(B) is ZAh,l/T‘“, we have ' = A,_; and ® = T!, and
the theorem now follows. O

There is another category that looks very similar, and we apply similar techniques to
make the comparison. We write B for the formal Ao algebra k[x]/(xh) where |x| = —2a.
Thus there is an obvious map B — B sending x to x and ¢ to zero. We consider the
bounded derived category DP(B) and its quotient, the singularity category Dsg(é) formed
by quotienting out all objects finitely built from the ring. We have objects M; = k[x]/(x?) in
this category for 1 <i < h, and Mj, is zero. The analogue of Corollary 10.7 in this situation
says that HomDsg(g)(X, Y) is the graded vector space dual of HomDsg(B)(Y, »1-2ax), and
hence we have Auslander—Reiten triangles

2_2aMi — E_zaMi,1 @MH»I — Ml‘ — EI—ZaMi.
However, in contrast to the situation for Dgg(B), the periodicity is given by
M; = 2200,

since Q*M; = 2" M;, and 2ha — 2 = 2¢b. The Auslander—Reiten quiver again consists
of the X/ M;. It is in the form of a cylinder, and again the height of the cylinder is & — 1,
but the circumference is £|b| instead of |b|. The generators and relations for this category
are given in the same way as that of Dgg(B) in terms of the irreducible morphisms and the
Auslander—Reiten triangles.

Theorem 16.2 There is a triangulated equivalence Dsg(é) ~ Db(kAh_l)/Te”".

Proof This is proved in the same way as Theorem 16.1, using Amiot [3, Theorem 7.2]. O

The functor Dsg(B) — Dgg(B) sends M; to £X; and irredu(_:ible morphisms to irre-
ducible morphisms. It wraps the Auslander-Reiten quiver of Dsg(B) around that of Dgg(B)
exactly £ times. Thus it corresponds to the functor on orbit categories

D°(kAp_1)/TH! — D°(kA,_p)/ T

There is another way to achieve this wrapping around. Namely, instead of consider-
ing differential Z-graded modules for B, we consider differential Z/2|b|-graded modules.
Let us write Db(B,Z/2|b|) for this bounded derived category Dsg(E,Z/Zb) for the
corresponding singularity category.

Theorem 16.3 There is a triangulated equivalence Dsg(t_?, Z]2\|b|) =~ Db(kAh_l)/T”".
There is an equivalence of categories Dgsy(B, Z/2|b]) — DP(B) making the following

diagram commute.
Dsg(B) ——— Dy (B)

| <~

De (B, 7Z/2[b])

Proof Again, this follows by applying Amiot [3, Theorem 7.2]. O
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We put all these equivalences together in the following theorem.

Theorem 16.4 We have equivalences of triangulated categories
D (kAp—1)/T" = Deg(B, Z/2[b]) = Dsg(B) = Desg(A) = D°(A[z~']) = D°(Q[z '),

Each of these is a finite Krull-Schmidt category with |b|(h — 1) isomorphism classes of
indecomposable objects, in [h /2] orbits of the shift functor. The Auslander—Reiten quiver is
ZAp-1/ yuLd

17 H*BG and H.2BG,

In this section, we apply our main results to the A, algebras H* BG and H*QBGIA, for G
a finite group with cyclic Sylow p-subgroups. It is shown in [9] that these give an instance
of Context 1.1.

We are interested in the following occurrences of the A, algebra A of Section 4. Let p
be an odd prime and k a field of characteristic p. Let G be a finite group with cyclic Sylow
subgroup P of order p" and inertial index ¢ = |[Ng(P):Cg(P)| > 1. Let C*BG be the
cochains on the classifying space BG with coefficients in k, and C *QBG?, be the chains on
the p-completed loop space of BG, again with coefficients in k.

The Ao algebra structures on H*BG and on H*QBG; coming from the DG algebras
C*BG and C*QBG; are described in [9]. They are Koszul dual, and we can apply the
results of this paper either with A = H*BG, B = H,QBG,, or with A = H,QBG, and
B = H*BG.

In the case of A = H*QBG;, wehavea =q,b=q—1,h = p" — (p" — 1)/q and
¢ = p", and we must assume that ¢ > 1. In the case of A = H*BG (homologically graded
in negative degrees), the roles are reversed and we havea = —(¢ — 1), b = —q, h = p",

and¢ = p" — (p" — 1)/q.

Proof of Theorem 1.3 By Proposition 6.2, the bounded derived categories of the DGA
algebras C*BG and C*QBG;7 are equivalent to those of the A, algebras H*BG and

H*QBG:,. The equivalences of categories follow by applying Theorem 9.4 to the A

algebras H*BG and H*QBG;. The classification of the indecomposable objects in these
categories follow from Theorem 16.4. O

18 Brauer Trees and Hecke Algebras

In this section, we describe what our main theorem tells us about Brauer tree algebras. In
general, a Brauer tree algebra is described by a planar embedding of a tree with e edges
corresponding to the simple modules. The vertices are assigned multiplicities, which are
all equal to one with the possible exception of a single vertex of multiplicity A > 1; oth-
erwise we set A = 1. This parameter A is called the exceptional multiplicity, even when it
equals one. These data are sufficient to describe the algebra up to Morita equivalence, and
an algorithm for computing projective resolutions was described by Green [21]. Brauer tree
algebras were first introduced in order to describe blocks of defect one in the representa-
tion theory of finite groups by Brauer [13], and the analysis was extended to all blocks of
cyclic defect by Dade [16]. A nice treatment in this context may be found in the book of
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Alperin [2]. They also appear in many other contexts in representation theory, and we shall
give an example of this in characteristic zero below.

We say that a simple module is a leaf module if it corresponds to an edge one end of
which has valency one and multiplicity one. The leaf modules are all syzygies of each other,
so they have isomorphic Ext algebras.

Theorem 18.1 Let A be a Brauer tree algebra with e > 1 edges and exceptional multiplicity
A, and let M be a simple leaf module for A. Then the A algebra Exti(M, M) is the
algebra B described in Section 4, with parameters a = e, b = e — 1, £ = e + 1 and
h=10—X=A(e — 1)+ 1, giving an instance of Context 1.1.

The singularity category of Exty (M, M) has finite representation type, with X(e — 1)?
isomorphism classes of indecomposable objects, in [(A(e — 1) + 1)/2] orbits of the shift
Sfunctor . The Auslander—Reiten quiver is isomorphic to ZA,\(E,l)/Te_l, where T is the
translation functor ¥ 2.

The cosingularity category of Exty (M, M) has finite representation type, with re? iso-
morphism classes of indecomposable objects, in [(Ae + 1) /2] orbits of the shift functor X.

The Auslander—Reiten quiver is isomorphic to ZA./ T¢, where T is the translation functor
5 —2(—1).

Proof Tt was shown by Gabriel and Riedtmann [18] that all Brauer tree algebras with
e edges and exceptional multiplicity A are stably equivalent (indeed, even more is true:
Rickard [39] showed that these are all derived equivalent, but we don’t need to go that far).
In particular, they are all stably equivalent to the Brauer star algebra which has e vertices
of valency one and multiplicity one, surrounding the one remaining vertex in the middle,
which has multiplicity A. The Brauer star algebras have exactly the same presentation as
the algebras in Section 2 of [9], except for the change of characteristic. In more detail,
the projective indecomposables are uniserial, and the radical filtration is isomorphic to its
associated graded. Some readers may find it helpful to refer to the paper Bogdanic [11]
which recalls details of Brauer tree algebras and shows that the stable grading comes from
a grading of the Brauer tree algebras themselves.

Under such a stable equivalence, the leaf modules correspond to simple modules or first
syzygies of simple modules, for the corresponding Brauer star algebra. It follows that we
may compute the A, structure on these Ext algebras using exactly the same computation
as in [9] and the result is as stated in the theorem.

Theorem 1.2 now describes the singularity and cosingularity categories. O

Remark 18.2 In the remaining case e = 1, a Brauer tree algebra is Morita equivalent to a
truncated polynomial algebra, so the Ao structure on the Ext ring of the simple module is
just like that of a cyclic p-group.

As an example, let H = H(n, q) be the Hecke algebra of the symmetric group of degree
n over a field k of characteristic zero, where ¢ is a primitive £th root of unity with £ >
2. This has generators T1, ..., T,—; satisfying braid relations together with the relations
(T; + 1)(T; — q) = 0. The cohomology H*(XH, k) = Ext}(k, k) was computed by Benson,
Erdmann and Mikaelian [8].

In the case where n = £ > 2, H*(H, k) has the form k[x] ® A(t) where |x| = —2n + 2
and |t| = —2n 4 3. This corresponds to the fact that in this case the principal block of H
is a Brauer tree algebra for a tree which is a straight line with n vertices, n — 1 edges, and
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A = 1, with the trivial module k at one end as a leaf module. In particular, we can apply
Theorem 18.1 in this context. So the Massey product of n copies of 7 is equal to —x"~!, and
writinga =n—1,b=n—2,f{ =n,h = n—1, we have Ext’gf(k, k) = B as an A algebra.

Theorem 18.3 Let H = H(n, q) be the Hecke algebra of the symmetric group of degree
n over a field k of characteristic zero, where q is a primitive Lth root of unity. In the case
n = £ > 2, the singularity category of the Ax algebra Extiy (k, k) has finite representation
type, with (n —2)* isomorphism classes of indecomposables, in [(n— 1) /2] orbits of the shift
functor. The Auslander—Reiten quiver is a cylinder of height n — 2 and circumference n — 2.

The cosingularity category of the Axo algebra Exti (k, k) also has finite representation
type, with (n — 1)* isomorphism classes of indecomposables, in [n/2] orbits of the shift
Sfunctor. The Auslander—Reiten quiver is a cylinder of height n — 1 and circumference n — 1.

Other examples of Hecke algebras described by Brauer trees may be found in Geck [19],
Ariki [5].
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