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Abstract

This thesis comprises three chapters:

In the first chapter, we consider an infinite analogue of the classical a-
Kakutani equidistribution problem, and under mild assumptions, we prove results
on uniform distribution and discrepancy, extending results of [34] and others.

In the second chapter, we provide explicit Ruelle resonances for three families
of Anosov diffeomorphisms on the two-torus, following and extending results of [88].

In the third chapter, we show that the Hausdorff dimension of the Rauzy
gasket is at most 1.7407, improving upon results of [10] and [47].
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Chapter 1

Introduction

This thesis follows the succinct adage,
“Three papers, a PhD”,

attributed to Chistopher Zeeman [94]. More explicitly, the main body of this thesis
comprises three chapters, representing expanded and expounded-upon versions of
three articles.

The aim of this chapter is to present a broad overview of these three chapters.

For more detail, we refer the reader to the chapters themselves.

1.1 Chapter 2: An infinite interval version of the a-

Kakutani equidistribution problem

The study of uniform distribution in the unit interval has been an important area
of interest for over a century. For example, it was shown by Weyl [100] that, for
any irrational a, the sequence z,, = an (mod 1) is uniformly distributed and Hardy
and Littlewood showed that, for almost all A > 1, the sequence x,, = \" (mod 1) is
uniformly distributed [54].

In chapter 2, we consider natural families of examples given by the endpoints
of successively refined partitions of the interval. The historical example, due to
Huzihiro Araki and Shizuo Kakutani, describes a process, for each « € (0, 1) (which
we will define more carefully below), in which one starts with the trivial partition
and, at each stage, divides all subintervals of maximal length into two in the fixed
ratio, a : 1 — a. For example, when o = %, the first seven partitions are depicted in
Figure 1.1.

In this setting, one has that the set of endpoints of the nth partition is uniformly

distributed as n — oo.
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Figure 1.1: The first seven partitions (P,)7_ of the $-Kakutani interval substitution
scheme.

More explicitly, in this chapter, extending a generalisation by Aliosa Voléic,
we consider an infinite analogue of this interval splitting process, where one inserts
infinitely many intervals at each stage. Taking a dynamical viewpoint inspired by
iterated function systems, under suitable hypotheses we prove results on equidistri-
bution and discrepancy of the endpoints of intervals which have been split. We also
provide examples for which these points do not equidistribute, and begin to consider

higher-dimensional analogues.

1.2 Chapter 3: Explicit examples of resonances for Anosov

maps of the torus

In the study of chaotic diffeomorphisms, a natural class of examples are Anosov dif-
feomorphisms. In fact, it is the principle of the Cohen-Gallavotti chaotic hypothesis
that chaotic behaviour can be understood through the dynamics of Anosov systems
[27].

The study of Anosov dynamics is advanced by understanding various dy-
namical quantities, including the entropy and the resonances.

Given a map T, its resonances (assuming they are well-defined) comprise a

sequence (either finite, empty, or converging to zero) of distinct complex numbers



(pn)n, which give all possible exponential decay rates for the correlation function

/fongdu—/fdu/gdu,

whenever f and g are suitably smooth observables, and where p is a particular mea-
sure (i.e., the absolutely continuous invariant probability measure in the expanding
case or the SRB measure in the Anosov case).

Numerous results concerning resonances of maps of the torus exist (see [48]
and references therein). However, there are very few examples of Anosov diffeomor-
phisms for which the resonances (p,,), are actually known. For the trivial case of

linear hyperbolic diffeomorphisms of the torus, such as the famous Arnol’d CAT

()= (20 () men

there are no (non-trivial) resonances. In the context of the two-torus,* one has only
the striking work [88] of Oscar Bandtlow, Wolfram Just and Julia Slipantschuk,
which provides a family of Anosov diffeomorphisms, B), perturbing the above CAT

map, for which the resonances (p,,), are infinite and explicitly known:
{pn} = {N",\" : n € Ng},

where A is an arbitrary complex parameter with |A| < 1.

The aims of chapter 3 are as follows:
e To broaden the number of examples of Anosov maps with explicit resonances.
e Moreover, to exhibit examples of resonances with more variety and structure.

e To give a simplification of the analysis of the above work, [88], by presenting

a different viewpoint.

1.3 Chapter 4: A simple approach to bounding the
Hausdorff dimension of the Rauzy gasket
The Rauzy gasket G is a self-projective fractal lying in a two-dimensional subset of

R3, which is an important subset of parameter space arising in various settings in

dynamics and topology (see [39] and references therein).

*On translation surfaces of higher genus, a complete description for resonances of linear pseudo-
Anosov maps was recently given in [48].



Figure 1.2: The Rauzy gasket, G. (A right-angled realisation.)

Up to a change of variables, it can be considered as the limit set of three

rational maps on the right-angled triangle, A’ = {(z,y) € [0,1]? | 2 +y < 1}:

1 Y T 1
Tl(xvy): (2—:3’2—:1:)’ TQ(%?/): <2—y’2—y)7

€T )
T: = .
3(@,) (1+x+y’1+x+y)

That is, G is the largest non-empty subset of A’ (by inclusion) such that G =
T1(G)UT2(G)UT3(G). See Figure 1.2 for a depiction. We will later consider a more

symmetric realisation: since these are bi-Lipschitz, they have the same Hausdorff

dimension.

Estimating the Hausdorff dimension of a set from above is typically quite
straightforward, since such estimates follow from presenting a well-chosen sequence
of open covers. However, in this case, because the fixed points of the T; (the vertices

of A’) are indifferent (i.e., the derivative is the identity matrix at the fixed point),



obtaining viable upper bounds on the dimension of G proves to be highly non-trivial.
The situation is further complicated by the system being non-conformal.

The two upper bounds known to date are those of Artur Avila, Pascal Hu-
bert and Alexandra Skripchenko [10] (dimg(G) < 2) and Charles Fougeron [47]
(dimg(G) < 1.825).

In chapter 4, using an elementary argument based on renewal theory, we give
1. a simple proof that dimy(G) < 2, and

2. a proof that dimy(G) < 1.7407.



Chapter 2

An infinite interval version of
the a-Kakutani equidistribution

problem

2.1 Introduction and history

Following the introduction in the previous chapter, we start with an important

definition.

Definition 1 (Uniformly distributed, equidistributed). We say that a sequence
(xr,)0% in the unit interval is uniformly distributed or equidistributed (as n — o)
if, for every 0 < a < b < 1,

%‘{nzl,Q,...,N:xne [a,b)}}%b—a

as N — oo, where |-| denotes the cardinality of a set. Equivalently, for all continuous
functions f : [0,1] — R,

N

1 1
N ) = [ fa)da
n=1 0

as N — oo. More generally, we say that an increasing sequence of finite subsets

(Er)o2; is uniformly distributed if

|En N [a,b)]

—b—a
| En



as n — 00, i.e., for any continuous f,

1 1
B 2 - | faya

Example 1. A small selection of examples are given in the introductory chapter.
In contrast, the sequence arlog(n + 1) (mod 1) is not equidistributed, for any o € R
[59].

As mentioned above, in this chapter we consider natural examples based on
subdividing partitions of the interval. Before introducing the original motivating

example, we first fix some terminology.

Definition 2 (Partition). A partition P is a set of closed, positive-length intervals,
which have pairwise disjoint interiors and cover [0, 1] up to a set of Lebesgue measure

Zero.

2.1.1 Equidistribution of a random interval-splitting process

In 1973, at a meeting in Oberwolfach, Huzihiro Araki posed the following problem

to Shizuo Kakutani. (For more detail on this historical background, see [2].)

Conjecture 1 (Kakutani, Araki). Let 1 be uniformly distributed in [0,1]. Given
(xk)i_y, let xppq be uniformly distributed in the largest of the n + 1 subintervals
into which x1, ...,z subdivide [0,1]. Then (x,)5% is uniformly distributed almost-

surely.

A realisation of this random process is given in Figure 2.1. This conjecture
was affirmed in 1978 independently by Jean-Claude Lootgier [65] and Willem Rutger
van Zwet [96], using the same methods.

The theme of their proof, which is highly analogous to ours below, is that
each interval appearing in the process (i.e., the interval between two adjacent xy) is
split according to the same law as the original interval, [0, 1].

This symmetry on multiple scales allows one to apply renewal theory to the
relevant statistical quantities. The flexibility of this method subsequently lead to
generalised results, where the maximal subinterval is split according to increasingly
general classes of non-uniform probability laws (see [66, 67, 89, 90]).

Another interesting generalisation is to randomly choose which interval to
split at each stage (then divide this interval uniformly). This was investigated in
[19, 20], where it is shown that the sequence is equidistributed when the probability

of choosing an interval is proportional to its length to the power a > 0.
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Figure 2.1: A sequence of partitions {P,}72,, where Py is obtained by splitting
the maximal subinterval in P,, randomly, uniformly along its length.

2.1.2 The original a-Kakutani equidistribution result

Kakutani’s contribution to the above was to prove an elegant equidistribution result
for a deterministic analogue of this random process. We give a description of this

process, which we generalise in the next section.

Definition 3 (a-Kakutani scheme). For a fixed 0 < a < 1, the a-Kakutani scheme

is a sequence of partitions (P,)22, defined inductively:
e Py ={[0,1]} is the trivial partition; and

e P,y is obtained from P, by taking each interval of maximal length and

subdividing it into two smaller intervals in the ratio v : 1 — a.

Example 2. Figure 1.1 in the introduction shows the first seven partitions for the
choice a« = 1/3. Notice that Pj is obtained by splitting two maximal length intervals
in P4 simultaneously (each of length 2/9). By contrast, the choice a = 1/2 gives
the trivial dyadic splitting.

Consider the set of endpoints at the nth stage of this process, Ey, = {J;cp, 01

Kakutani’s result is the following.

Theorem (Kakutani, [58]). For all a € (0,1), the set E, is equidistributed as

n — oo.

An alternative proof was given by Roy Adler and Leopold Flatto in [2].



The Kakutani-Fibonacci sequence

The choice of o« = ¢ := %(\/5 —1), the reciprocal of the golden ratio, is an interesting
one, which gives rise to the so-called Kakutani-Fibonacci sequence of partitions. This
particular instance of the above theorem itself received a recent, dynamical proof in
[25].

Indeed, for F}, denoting the nth Fibonacci number, a simple induction shows
that the nth partition in the ¢-Kakutani scheme comprises F),, “short” intervals
of length ¢"*!, and F,,; “long” intervals of length ¢", which, coding each short
interval with an S and an L respectively, are arranged according to the nth Fibonacci
word W,: Wy = L, W7 = LS, and, for n > 2, W, is the concatenation W,, =
Wi—1Wy_9; see Figure 2.2 for a depiction.

W, in particular comprises the first F, 11 symbols of the infinite Fibonacci
word. This is gives an example of a Sturmian word, an infinite sequence on finitely
many symbols of minimal complexity (see [46, Ch. 6] for a full definition, and the
historical connection to cutting sequences on the torus). In particular, analysis of
gap distributions for the nth set of endpoints corresponds to a study of subwords of
Wh.

Pol L j
P L ; S |
Pa L : 5 : L |
Ps L S L : L S
Py —= , 5, L , L S, L S, L |

Pl L LS LS L LS L LS

,L,sL,L,S LS L,LSL,L,SLSL,LSLSL,
7)6| T T T T T T T T T T T T T T T T T T T T 1

L,sL,LsSLSLLSL,LSLSL,LSLSL,LSL,LSL
P,Y:}}\\\\\\}}\\\\\\}}}}\}}\

SLSLLSL LS
T T LI I T L [ ——

Figure 2.2: The sequence of long and short intervals in the first seven partitions,

{73},71:0, of the ¢-Kakutani scheme, a.k.a., the Fibonacci-Kakutani sequence.

Besides from the trivial dyadic splitting, this gives the simplest example of
an LS-sequence, which we briefly introduce in the next subsection, and of rank one

examples, which shall be defined in section 2.3.



2.1.3 Interval substitutions using multiple intervals

A natural generalisation of the a-Kakutani scheme, introduced by Aliosa Vol¢i¢ in
[98], is to alter the above process by splitting intervals of maximal length according
to a fixed, finite partition comprising N > 2 intervals, say. That is, at each stage,
one splits all intervals of maximal length into N pieces whose lengths (arranged from

left to right) have a certain fixed ratio, aj : g : -+ - : ay, where the «; sum to 1.

Example 3. In Figure 2.3, we have the first seven partitions of the interval sub-
stitution scheme in which one splits maximal intervals according to the partition
{[0, %], [%, %], [%, 1]}, i.e., with ratio % : % : % By contrast, the a-Kakutani scheme
corresponds to splitting according to the partition {[O7 al, [a, 1]}

0 1
770}

-+ ol
- win

Pit

T =
- Wi

7321

T oot
T ©lco

Ps i — : :

Py ——+—+— : : ——

Ps ——t—+—————+—t+————

P —H—+—+—"F—F——H+—F—F++—"F—++—+—+—

Figure 2.3: The first seven partitions (P,)7_, of the interval substitution scheme

where one splits maximal-length intervals according to the partition P; =
{10,3): 13, 3. 15, 1]}

A special case which we have already mentioned is that of LS-sequences,
where for L, S € N the partition P; comprises L intervals of length x, and S intervals
of length 22, where 2 > 0 satisfies Lz + Sz? = 1.

These received a lot of recent attention [4, 21, 22, 23, 57, 99], particularly
in connection to low-discrepancy sequences and [S-adic van der Corput sequences
in particular. (We will describe this connection in more detail at the beginning of

section 2.4.)

10
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Figure 2.4: An illustration of (P,)7_, and (E,)7_, for the example generated by

n=0
the partition P = {[1,3]} u{[1 -3 -3 1-¢- 3*"]}20:0. Here the tick marks
(which accumulate on certain points in the interval) denote the elements of E,, and
the suspended yellow circles denote the elements of E,.

2.1.4 Interval substitutions using infinitely many intervals

In this chapter, we continue the process and ask in what way the result above still
holds if at every stage we insert an infinite partition P into each maximal-length
subinterval.

Consider E,, the (finite) set of endpoints of those intervals which have been

split up to the (n + 1)-st stage:

E, = {min(]), max([) : I € UPi \ Pn+1}.

1=0

Example 4. In Figure 2.4 we depict P,, and E, for the infinite substitution scheme
generated by P = {[0,3]} U {[1—-3 37,11 37"}

n=0"
Example 5. One can construct many more exotic examples. For instance, one

could let the intervals in P be the closures of the connected components of the

complement of the middle-third Cantor set.

For simplicity, we restrict our attention to the set of left endpoints, which we
shall denote by L,,, although we could equally well have chosen the right endpoints,
midpoints, etc.

Our main result is the following generalization of Kakutani’s equidistribution

11



theorem. Throughout this chapter, let ||| denote the length of an interval I.

Theorem 1. Let P be a countable partition. Then, provided that

= Ml log 1] < e,

IeP

the set L, is uniformly distributed as n — oo.

Finally, we note that our interest in this problem, and the starting point for

our analysis, began with the very elegant work of Yotam Smilansky [91].

Outline of the chapter

In section 2.2, we give a new dynamical viewpoint of the problem. In section 2.3, we
apply renewal theory to prove Theorem 1 in two cases (rank one and higher rank).
In section 2.4, we use a generating function to estimate the discrepancy in the rank
one case. In section 2.5, we use methods of analytic number theory to estimate the
discrepancy in the higher rank case, with a generic Diophantine-type assumption. In
section 2.6, we provide examples for which the assumption in Theorem 1 is false and
for which the conclusion is false and true, respectively. In section 2.7, we generalise
Theorem 1 to an abstract setting, which we apply to a two-dimensional example.

Finally, in section 2.8, we make some concluding remarks.

2.2 Partitions and similarities

Our approach to Theorem 1 is to express the elements of the partition P in terms
of the images of similarities. The refinements into finer partitions, P,, can then
be expressed in terms of words formed from the index set of P. That is, P =
{T;[0,1]};ez, where each T; : [0,1] — [0,1] is an orientation preserving similarity
with contraction ratio a; > 0. We see that P being a partition is equivalent to the

following:

e T;(0,1) NT;[0,1) = 0 for i # j; and
° Zai =1.

For illustration, we give the following example:
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Example 6. Given 0 = tg < t; < --- with (¢,) — 1, the partition {[t,—1,tn]}nen
is equal to {T,,]0, 1] },,en, where

n—1
To(z) = (tn —tn-1)T+ Y _tn.
k=0

Example 7. In particular, setting ¢, = 1 — %3_” for n > 1 gives rise to P; in

Figure 2.4.

We now explain how this can be used to give an explicit description of the

splitting process.

Definition 4 ((T;)-refinement). Given a partition P = {Si[0, 1]} where the {Si}
are orientation preserving similarities, and {7;}; a collection of orientation preserving
similarities of [0, 1] such that {7;[0,1]}; is a partition, the (7;)-refinement of P is
obtained by taking all intervals of maximal length in P and replacing them by
subintervals in the following manner: if S[0,1] € P has maximal length in P, then

it is replaced by the elements of the set
{So T;[0,1] | i € T}.

Definition 5 (Interval substitution scheme). The interval substitution scheme gen-

erated by {T;}iez is the sequence of partitions (P,)22, defined as follows:
e Py is the trivial partition, Py = {[0,1]}; and
e P41 is the (T;)-refinement of P,,.
This gives a convenient presentation of the partitions.

Example 8. The a-Kakutani scheme is the interval substitution scheme generated

by the pair 71 :xz— ax and Ty :z— (1 — )z + a.

Example 9. Similarly, the interval substitution scheme generated by the triple
Ty :xvw— x/2, Ty : x — (z+3)/6 and T3 :  — (z + 2)/3 gives the sequence of
partitions depicted in Figure 2.3.

We now associate to the sequence of partitions (P,)5 , a sequence of families

of left endpoints of split intervals, (Ly)32.

Definition 6 (L,). Given an interval substitution scheme (P,)°, generated by
similarities (7;);cz, we define the finite sets L,, (n > 0) to be

L,= U U min(7).

k=0 IePy \Pk+1

13



Remark 1. One can consider a generalisation of the above process by dropping the
assumption that the (7;); have to be affine. We will not consider this more general
setting, but note it is easy to give superficial examples where FE, and L, are not
uniformly distributed: take, for example, T (z) = /x/2, Ta(z) = (v + 1) /2.

Considering the interval substitution scheme generated by {T;};cz, it follows
inductively that an interval appears at some stage in the scheme if and only if it
is obtained by applying a sequence of maps from {7;}; to [0,1], and so each is
naturally described by a finite word in Z. It is convenient to introduce the following

notation.

Definition 7 (W (Z), *, o, Ty). Given a countable set Z, the word set W (Z) is the

semigroup consisting of all words in Z: i.e.,
w(z) = {0ru 1",
n=1

where ) denotes the empty word (unique word of length zero), and the semigroup
operation * : W(Z) x W(Z) — W(Z) denotes concatenation of words, for which {)
acts as the identity:

(n1,...,nk) * (ma,...,mj) = (N1, ..., 0, M1, ..., Mmj); vxl=0xv=n1.

Furthermore, for ease of notation, we extend the definitions of o; and T; to the
whole of W (Z): For the word v = (iy,...,ix) € Z¥, define

k
041;3:1_[04@']-, Ty: =T o0...0T;,
J=1

and also define ag =1 and Ty = Idjg ;.

To paraphrase the above, any closed interval I appears in the substitution
scheme if and only if I = T,]0, 1] for some word v € W(Z). It consequently has
length a,, and will be split between P,, and P41 (i.e., I € P, \ Pn_1) precisely
when n satisfies

O = max {111}

consequently, its left endpoint 7,,(0) will appear in L,, if not already present in
L, 1.
Rather than using { Ly, },>0 to parametrise this process, we want to reparam-

eterise this family to reflect the lengths of the maximal intervals, and rewrite it as

14



{X\} as follows.

Definition 8 (X,). For A > 1, let X, =0, and for A € (0,1], let
X = Ly, where  n(A):=max{n >0 : 3l € P,: |I| > A},

Le., given A < 1, P,(y)41 is the first partition in the process for which all intervals
have lengths strictly smaller than A. From the previous discussion, one obtains a

convenient, dynamical formula for Xy:
Xy ={T(0) : ve W(I), an > A}

As A — 0%, n(\) — oo and so the uniform distribution of L, as n — oo is equivalent
to that of X, as A — 0. This is in turn equivalent to the weak-* convergence of

the probability measure p) defined by

1
NA:WZ(SI’

zeX)

to the Lebesgue measure (henceforth denoted as Leb in this chapter) as A — 07,
where J, denotes the Dirac delta measure at z, and throughout, |X| denotes the

cardinality of a countable set X.

2.3 Proof of Theorem 1

This section is devoted to proving the main result, which we can conveniently

rephrase in the following way.

Theorem 1. Provided that — ) ;.p ||I||log||I|| < oo, the measure juy converges to
Leb in the following sense: for any interval J C [0,1], we have px(J) — ||J||.

We first prove the convergence for a given interval of the form 7,0, 1). For
each of these elementary sets, their py-measure is intimately related to the asymp-
totics of | X[ as A — 0T,

To proceed, we can relate the cardinality of X to that of the set of words,
Ay ={w e W(I) | aw > N},

and exploit a natural renewal equation involving |Ay]|.
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Lemma 1. One of the following two cases hold. FEither T1(0) = 0 for some (unique)
1 € Z, in which case, for all A > 0,

I Xl = [Ax] = [Ar/a, |5 (2.1)

or no element of {T;}icr fizes 0, and | X | = |Ax| for all A > 0.

Proof of Lemma 1. Let w,v € Ay satisfy Ty, (0) = T,(0). If w,v are both non-
empty, denote the first symbol by ¢,j € Z respectively (i.e., w = (i,...)). Then,

since
T;[0,1) 5 Ty (0) = T,(0) € Tj[O, 1),

the disjointness of {T;[0,1)}ier tells us that ¢ = j. Since T; is injective, we have

that, for w =i *w and v =i * v,
T (0) = T; ' Ty (0) = T; ' Ty (0) = T5(0),

and we can repeat the above process iteratively until w or v is empty. This implies,
without loss of generality, that w = v * 3. In particular, j € W(Z) satisfies T}(0) =

T, 1T (0) = 0. This gives rise to two cases.

Case 1: There is no symbol i € T for which T;(0) = 0. Since the T; are orientation
preserving, this is equivalent to 0 ¢ J,c7 73[0,1). By the above logic, j = i % § for
i € T gives the contradiction 0 = 7;(0) € 7;[0,1). Hence j = ) and w = v. In sum,
v — T,(0) is a bijection Ay — X).

Case 2: There exists 1 € Z be such that T1(0) = 0. We note that this must occur if
7 is finite, and in any case, 1 is unique by the disjointness property. Then, if j # 0,
writing j = i  J as before, one has 0 = T;(0) € T;[0,1), hence i = 1.

Reducing inductively as before, this shows that 7 is non-empty if and only if
it is a tuple of 1’s: j € {1}* C Z* for some k € N.

Applying the above gives that, for each y € X, there is a shortest word
vo(y) € W(Z) satisfying

° ,vo(y)(()) = Y3 and
o T,(0) =y = v =wg(y) 4, for some j € {#}U{1}*, k€N,

therefore, T3 (0) = y implies ay = iy o}, for some k € Ny.

Y)

In particular, y € X <= A < ay,(y), and in that case, there is exactly one

)
element of Ay\ A, ,, which gets mapped onto y. Therefore, v + T(0) this time is

a bijection A\ Ay, = Xi. (2.1) follows, completing the proof. O

16



To continue the proof of the theorem, we now use the same ideas to express
the py measure of a (half-open) interval appearing in the substitution scheme in

terms of a ratio involving | X, |.

Lemma 2. For allv € W(Z) and X € (0,1],
|T5[0,1) N X, | = | X4l (2.2)

In particular, for all X € (0, ay),

’X)\/Oév ’

:U'/\(T'U[O7 1)) = |X)\|

Moreover, for A > aw,

L if apy 2 A > aw;
0, if A > owy;

To[0,1) N Xy = {To(0)} N X, =

where vq is the shortest word in W(ZI) such that Ty, (0) = Ty (0). In particular, if
v=>0, orv=wxi with T;(0) # 0, vg = v and the previous expression is zero for

all A > ay,.

Remark 2. The last part of the lemma is necessary for when we later estimate the

discrepancy and does not play a role in the current proof.

Proof of Lemma 2. Fix v € W(Z) and A < 1, and consider (2.2). Suppose that
w € Aya, and Ty, (0) € T,[0,1) (i.e., Tyw|0,1) meets T3,[0,1)). From the argument
presented in the previous lemma, either w = v*j or v = w * j, for some j € W(Z).
The second option, v = w * 7, with j # (), gives a contradiction:
aw:%>av2)\av2aw.
Qj
Thus, the first option is necessary. It is also sufficient, since T, T;(0) € T,[0, 1) for
any j € W(Z). This gives the following equality of discrete sets.

TU[O, 1) N X)\av = {TvTj(O) tJ € A)\} = TU(XA).

By injectivity of T, this set bijectively corresponds to X, giving (2.2). Thereafter,
taking (2.2), with A/, in place of A, dividing through by |X,| yields (2.3).
To consider the last part of the lemma, now let A > 1. This time, for

w € Ay,, and T, (0) € T,[0,1) as above, the first option, w = v * j gives the
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contradiction, for any j € W(Z):
Qo = 0y < Qi < Aty < Q-

Hence, v = w x j, where j # (). In particular, To,(0) € T3, 75[0,1), so 0 € T;[0,1), or
equivalently, 75 (0) = 0. As in the previous proof, this implies that thereis 1 € Z with
T1(0) = 0, and that j € {1}* for some k. In which case, T,y (0) = TypT;(0) = T, (0).
Thus,

T,[0,1) N Xs0, © {To(0)}.

Now, if v = (i1,...,4n), then
vo = (i1, .., 0k), where k:= max{lgfcgn:i]%;él},

or () if no such maximum exists (or if v = )). Then, by the previous discussion, v is
the shortest word such that Ty, (0) = T5,(0), and this point lies in X precisely when
A < aw,. The final remark follows from the definition of vy: it equals v precisely

when 1 does not exist or i, # 1 (or v = (). O

The significance of relating |X,| to |Ax| will now become clear from the
following renewal equation. As we shall see subsequently, renewal equations are a

natural basis for establishing asymptotic formulae.

Lemma 3. The following holds for all A > 0.

’A)\| = Z ‘A/\/al‘ + X{/\gl}’ (24)
1€L
where x is the indicator function. FEquivalently, the following renewal equation ap-
plies, for all t € R, where (t) := e | A —¢|:

Y(t) = aith(t+log(ew)) + X no (2.5)

i€T

Proof of Lemma 3. We only prove (2.4), since (2.5) follows trivially. Partitioning
non-empty words in Ay according to their first symbol gives the following disjoint

union:

AN = {ixveW () |ve WD), aw < Moy}
i€l

in bijection with Ax/ai

The fact that the ith factor is in bijection with Ay ., gives rise to the sum in (2.4).
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Moreover since oy = 1, ) € A, if and only if A < 1, which gives rise to the indicator

term in (2.4) and completes the proof. O

To make use of this renewal equation, just as in [3, 34, 91], it is necessary to
consider two cases which behave somewhat differently. These cases correspond to,
for example, the a-Kakutani schemes for « = 1/3 and a = 1/2, as described in the

introduction.

Definition 9 (Rank). For n € N we will say the collection {e; }iez is rank n if the
smallest additive subgroup of R containing the set {—log(c;)}icz is isomorphic to
Z". If {a;}; is not rank n for any n € N we will say {«;}icr is infinite rank. Also,

whenever {«;}; is not rank one, we say it is higher rank.
Example 10. The following examples illustrate the different ranks:

1. {1/2"},en is rank one;

[\V)

. {1/2} U{1/3"},en is rank two;

w

A1/2u{1/3} U{1/7"},en is rank three; and

o

. {1/n®}5°, is infinite rank, where s ~ 1.728 satisfies ((s) = 2 (here ¢ denotes

the Riemann zeta function).

2.3.1 Uniform distribution in the rank one case

In this subsection, we concentrate on the rank one case, also known as the arithmetic,
rationally-related or commensurable case (see [3, 34, 91]). The characteristic feature
of this case is that the contraction ratios are all powers of a common number, x:
{ai}tier C {2"}nen. Thereby, fixing the minimal such = > 0, and writing Ny =
{i € T | a; = z¥}|, the renewal equation for z(n) := 2"|An| reads z(0) = 1 and,

for all n € N,
z(n) = Z Npaz®z(n — k).
k=1

To this sequence, one can apply the following renewal theorem, first proved in [41].
In chapter 4, we shall describe a more general renewal theorem by William Feller
[45, Theorem 1, p.330] which has a simple proof. That said, the following historical

version is sufficient here.

Lemma 4 (Erdés-Feller—Pollard renewal theorem). Suppose that (A\;)72, satisfies
A >0, Y02 A =1, and that the smallest subgroup of Z containing {k € Z | X\, >
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0} is Z itself. Then, for the sequence (up)ye defined by ugp =1 and

n
Unp = Z )\kun—lm
k=1

we have the limit .
(un )22y — (Z mk>
k=1

(by convention, if the sum on the right hand side is infinite, the limit is zero).

We apply this theorem to u,, = z(n) to give the following corollary. To quickly
check the assumptions: Firstly, if {k : Ny > 0} was supported on a subgroup nZ for
n > 2, it would follow that each «; is a power of 2", contradicting minimality of x.

Moreover, ), kA here equals
Z ENyzb = Z a;log, (o) = (— Zai log(ai)> /(—log(x)),
k=1 1€L €L

which is finite by assumption. Thus, the lemma applies to give the first part of the

following corollary.

Lemma 5. Suppose that {«;}ic1 is rank one, that x is the minimal positive number
for which {c;}icr C {x"}nen, and that H := =), a;log(a;) < oo. Then

—log()
™ Agn —_— 2.6
oA ] > (26)
as n — oo. Consequently, for all v e W(I),
o (1[0, 1)) = @ = [ Tu[0, 1) (2.7)

as n — 0.

Proof of Lemma 5. As shown in the preceding discussion, (2.6) follows from Lemma
4 applied to (z(n)) above. To show how the second limit (2.7) follows as a conse-
quence, fix v € W(Z) and let o, = ™. Also set C' = log(z)/H here for convenience.

We have the following two cases, which complete the proof:

Case 1: No T; fizes 0, for any ¢ € Z. Then, applying Lemma 2 followed by Lemma
1 gives, for all n € N,
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as n — Q.

Case 2: T1(0) = 0 for some 1 € T. Then, for a; = 27, the same lemmas apply to

give, for all n > m,

'u n(T [O 1)) _ ’Xxnfm‘ _ ’AmnfnL’ - |Axn—m—j‘ _ xn|Axnfm‘ - xn’AIn—m—j|
T | Xon ] |[Agn| = [Agn—i| 2 Agn | — 2" Agn—j |
Cx™ — Cx™tI
C —Cui
m

=" = Qy

as n — 00. O]

In sum, we have shown, under the assumptions of the theorem in the rank
one case, that one has the required equidistribution on intervals of the form 7,0, 1).
It is then a simple matter to conclude equidistribution (in this case) on an arbitrary

interval by packing it with subintervals of this form.

Remark 3. Considering the above proof, the same conclusion holds if

z(n+1)
z(n)

as n — 00, in the notation of Lemma 4. In section 2.6 below, we discuss various

—1

hypotheses which guarantee this condition, which (as we shall see) is sufficient to
give equidistribution.
The following conclusion to the proof of Theorem 1 will be written in the

continuous limit, A — 0T, so as to align it with the higher rank case. In this case,

since we naturally have
{ap v e W(T)} C {z" | x € N},

A — |A,| is necessarily constant on intervals of the form [z"*!, 2"), and hence the
discrete limits of the previous lemma ((2.6) and (2.7)) extend to a continuous limits,
e.g.,

A (T[0,1)) = aw

as A — 07T, so it makes no difference to this case.

Proof of Theorem 1. Let I C [0,1] be an interval, and let a, = max;ez(;). Fixing
n €N, let
Un :={U =T,[0,1) |veI", UcCI}.
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Since the {Ti[O, 1)}1 7 are pairwise disjoint, it follows inductively that the intervals

in U are pairwise disjoint. Therefore,

> mU) < (),

Uel,

with a similar equality for Lebesgue measure. We now show that

> L0, 1)) = (1] - 2 (2.8)

veEUy,
Let x € I'\ Uy, U. Then, one of the following two cases hold.

Case 1: z € K, := [0,1] \ Upezn Tw[0, 1). Then, since the Lebesgue measure of the

complement is given by
n n
S i= Y a= 3 Jlew=(Xa) =1
veI™ veEI™ (i1yeeeyin ) ELI™ k=1 ;
we have that Leb(K,,) = 0.

Case 2: z € T,[0,1) for some v € I". Then, since T,[0,1) ¢ I, it must meet
an endpoint of I. Hence, there are at most two v € Z™ (i.e., ap, < f) with this
property. Hence, the union over elements of this case is at most two intervals, each

with length at most a’. This proves (2.8).

Proceeding with the proof, since py(U) — ||U]|| for each U € U, the mono-

tone convergence theorem implies that

lim inf iy (1) > lim inf Ull > 1] — 20,
iminf oy (1) > Hminf > pa(U) = 3 [U]| = 1] - 207

veu veu

Repeating this argument for [0,1] \ I (i.e., considering an analogous collection of

intervals contained wholly in [0, 1] \ I) gives the converse inequality,

limsup px(I) =1 — hmlnf,uA([O UN\T) < ||| + 2ap

)
A—0+ A—07F max

and the proof is completed by taking n — oo. ]

2.3.2 Uniform distribution in the higher rank case

In the remaining, generic case, the proof is very similar to the above, but requires

a higher rank version of the renewal theorem. The first of its kind was proved by
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Blackwell in [17]. His, like most proofs, is of a probabilistic nature. The following
interesting two-sided version has an analytic proof in [80], attributed to Karlin. In
particular, it can be considered a consequence of the Ikehara—Wiener Tauberian

theorem.

Lemma 6 ([80, Theorem 9.15]). Suppose that ;1 is a discrete Borel measure on R
such that

1. p is not supported on k7, for any k;

2. / |z| dp(x) < oo; and
R

3. H:/Rxdu(a:);«éO.

Suppose also that f : R — R is integrable and satisfies f(x) — 0 as x — +oo, and

that ¢ : R — R is a bounded solution to the renewal equation

(z) = f(z) + /R (e — y) duy).

Then the limits limy_, 100 ¥(x) exist, and

lim () = lim_0a) = 5 [ ) dy

T—00 T—r—00

We now apply the lemma in our particular case. In view of Lemma 3, we
— —T —_ —x
have ¥(x) = e *|A.—|, f(z) =€ X (201" and

K= Z a;6_ log(a;)»
1€l

which is discrete, and evidently supported on a discrete lattice if and only if the «;

are rank one. Moreover,

[ kel dute) = [~ aduto) = - astoga)

B o 1€L

is finite and non-zero, and the conditions on f hold vacuously, with fR f = 1. Finally,
for boundedness of 9, since 1(z) = 0 for x < 0, it suffices to show that, recalling

o, = max;(a;), the sequence (M,,),, defined by

M, = max
[0,—nlog(ow))
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is bounded in n. This is a simple consequence of the renewal equation. Let x €
[-nlog(ax), —(n + 1)log(aw)). Then, for each i € Z, x + log(ay) < = + log(ax) <
—nlog(ay), and thus

Y(zx) = Z o) (z +log(ay)) +e*
i€
< ZaiMn + enlog(a*)
i€T
< M, + af.

Le., My < M, + . Therefore, M, is uniformly bounded:

1
1 — oy

n—1
M, < Za:} < < 00.
k=0

Lemma 6 thus applies to give the first limit of the following lemma. The second

limit then follows from this and Lemmas 1 and 2, just like in the proof of Lemma 5.

Lemma 7. Suppose that {c;}; is not rank one and that H = =), a;log(ay) is
finite. Then
1
AAN — =
[ AN = &

as A — 0. Consequently, for all v € W(Z),
x(T5[0,1)) = ap = || 750, 1)]]
as A — 0.
The conclusion of the proof of Theorem 1 in this case is as given previously
on page 21.
2.4 Discrepancy estimates

In [98], Vol¢ic both generalised the method used by Adler and Flatto in [2] to
general finite partitions, and posed questions which inspired various other papers.
Of particular interest here is the question of discrepancy.

Discrepancy of sequences and sets

The general study of discrepancies is of particular importance to numerical estima-

tion of intervals, particularly in high dimensions, of bounded variation functions.
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In one dimension, this can be seen from the important Koksma inequality:

For any function f : [0, 1] — oo of bounded variation, i.e.,

V(f) = sup {Z R

k=0

n €N, O:x0<x1<~--<xn+1:1} < 00,
and X C [0, 1] finite, one has that

1 1
mg{m - /0 f(x)da

where D*(X) is the (star-)discrepancy of X,

S V()D*(X),

D*(X) := X N[0,b)] —b|.
(X) = max |IX 1[0,0)] -]
(Remarkably, this inequality is sharp, even for smooth functions.)
In this one-dimensional setting, one has explicit lower bounds on discrepancy
[74]: for any X C [0,1], D*(X) > %\X|’1. Moreover, perhaps surprisingly, there

exists a universal constant C' such that, for any sequence (zy)r C [0, 1],

D* ((e)f) 2 20

for infinitely many n. Any sequence (z,,) for which the left hand side, D* ((zx)}_,),
decays at this optimal rate is known as a low-discrepancy sequence. Classical exam-

ples are given by van der Corput sequences [62, p.127].

Example 11 (van der Corput). Given b € N>g, let

K
:cg’) = de(n)b*kfl,
k=0
where di(n) € {0,...,b— 1} and we have the unique representation
K
n= Z di,(n)b*
k=0

For example,

22 =

2)_(113153719513 )

We note that there is an analogue, the §-adic van der Corput sequences,

where b = 8 > 1 need not be integer (see, e.g., [23] and references therein).
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Interval substitution schemes naturally provide increasing sequences of sets
E,, (of endpoints) which equidistribute. For the sake of numerical integration,
equidistributing sequences of points are a more natural object of study, and so
one might consider constructing such a sequence (x,) from the (Ej) by enumerating
the points in Fyyq \ Ej for each k. However, such enumerations do not always lead
to equidistributing sequences.* For example, the naive left-to-right enumeration of
new points (i.e., those in E, 41 \ E,) fails to be uniformly distributed, even for the

trivial dyadic splitting, as we now show explicitly:

(113135

Example 12. Let (z,);2 = (5,7, 7,5 55 - --) be given by

2(n —2F) +1 .
T, = (2k+1) if 28 <n < 281 ke Np.

Consider the proportion of x,, which lie in [0, %] Since x,, < % whenever k£ > 1 and
28 <p <ok 4 ohl =32k
and x, > % if 3-2F-1 <n < 2F; one has, for each N € N,

{1<n<3-2V71ig, <1} 1 {1§ < N+ xngl}’

3. 2N-1 T 32N

2

N |

{2k<n<2k2+1 Ty <

2N 1(
1+ 2k2 1>
M(
32 P

2
3. 2N1_§7L>

f)

1
2
This shows that (x,,) is not equidistributed.

On the other hand, there are positive results which indicate that the situation
is generically more favourable. Although it is not directly applicable, we cannot
help but mention a classical result of von Neumann, which says that any dense set
subset of the interval can be enumerated so that the resultant sequence is uniformly

distributed. In [98], Vol¢i¢ proves the following advancement of this result:

Proposition 1 (Volcic). Given any increasing sequence of finite subsets of the in-

terval (Ey,)02, which is uniformly distributed, the sequence (xy,)72, obtained by ran-

*Indeed, this is why one insists that maximal intervals are all split simultaneously in the definition
of interval substitution schemes.
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domly ordering the points in Ey \ Ex_1 is uniformly distributed as n — oo, almost-

surely.

Not only is this true, but in the very specific context of LS-sequences, Ingrid
Carbone in [22] shows that a van der Corput-style enumeration gives rise to low-

discrepancy sequences in certain cases, as per the following result.

Proposition 2 (Carbone). Given L,S € Ny, there exists an enumeration of the
endpoints appearing in the corresponding LS-sequence, (xy)n, with the following

discrepancies:

o If S < L, there exists C such that D*((z,)"_;) < Clog(N)/N for all N € N.

o If S = L+1, there exists C such that D*((z,)_;) < C(log(N))?/N for all
N eN.

o If S > L +2, there exists C' such that D*((z,)N_;) < Clog(N)N~og(5)-1

n=1
for all N € N, where x € (0,1) satisfies Sz*> + Lz = 1.

Beyond the very explicit structure exhibited by LS-sequences, Maria Rita
Iaco and Volker Ziegler in [57] provide more general classes of low-discrepancy se-
quences arising from (finite) rank one examples.

Naturally, our extension to the infinite setting is not necessarily applicable
to the applications-focused search for computable low-discrepancy sequences, and
we henceforth focus on the discrepancy of (X)) as a function of \.

To this end, the most general results to date are due to Michael Drmota and
Maria Infusino in [34], extending the work of Carbone in [21], which we paraphrase

with the following:

Proposition 3 (Drmota—Infusino). Suppose that P is a finite partition, correspond-
ing to the set of lengths {ay}y_,. Then, we have the following two cases:

If {ay }i is rank one, there exist C,3,d > 0 such that, for x > 0 the mazimal
value such that {1, ...on} C {2F 1 k € N},

Cnizfm,  ifn <1;
Cz", ifn>1;

D*(Xn) <

Moreover, these estimates are (generically) optimal: if n < 1 there exists a constant
C' such that D*(X ) > C'n%xP™ for infinitely many n.

If n =2 and {1, as} is higher rank and moreover if

_ log(an)
7 log(an)
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is Diophantine (a.k.a., 0-badly approzimable, as defined prior to Theorem 3 below),
there exists C' > 0 such that

—1g<A>>

D' (X)) < C < §

for all A\ > 0. Alternatively, if v is algebraic, one has an inequality like the previous,

with the exponent replaced with some positive, computable constant.

In this section, we in turn extend this result to the context of infinite interval
substitution schemes. As above the results obtained here are different, depending

on whether we are in the rank one case or the higher rank case.

Remark 4. An interesting connection between this chapter and chapter 4 is that the
7th volume of Uniform Distribution Theory (which we cite with [34]) is dedicated
to the life of Gérard Rauzy, after whom the Rauzy gasket is named, and contains

an article on his contribution to that field [64].

2.4.1 Discrepancy estimates in the rank one case

In this section, we extend the analysis of the rank one case to estimate the discrep-
ancy between the measure p) and the Lebesgue measure. More precisely, we have

the following result.
Theorem 2. Suppose that
1. {ajtieT is rank one,

2. x> 0 is the smallest number for which {a;}ier C {x"}nen, and

1—¢

3. there is some € > 0 for which ), . o; "% < c0.

Then there is an R* (made explicit in Lemma 8 below) such that, for all p €
(w/R*,l) C (z7%,1), there is a constant C' > 0 such that, for all n € N and all
intervals I C [0,1],

| o (1) = 11} | < Cp".
Le., D*(X;n) < Cp™ for all n € N.

The proof of Theorem 2 begins with the following lemma, which in particular

defines R* in terms of a generating function for |Azn|.

Lemma 8. Given {a;}icr as in Theorem 2, the function formally defined by

9(z) = (z = 2) Y [Agn 2"
n=0
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entends to a holomorphic function on the open disk of radius R* about 0, where, for

— n
o =2,

|2| =R = Zz”fyél

JET

R* :=max{ R € (v, min(z'"%,1)]

Therefore, writing
oo
n=0

for any R < R*, there exists C' > 0 such that, for alln € N, b, < CR™".

Proof of Lemma 8. From the renewal equation of Lemma 3, one has, for |z| < 2!7¢

and z # x,

(2:) 0o o9
S n=0 n=0 \jeZ
oo
1
S Yl
- 1—=2
n=0jeT
> 1
= Z an Z |Amn7nj ‘Znini + 1 —
JET n=0
) L
A z—x 1—2
JET

which rearranges to
z—x

9(z) = —
(z =1 jerz™ — 1)
Therefore, g has a meromorphic expansion on the disk of convergence of

fz)=>_2", (2.9)

JET

which has radius at least 2'~¢, since, by assumption

Zx(l_g)”]’ = Za}fs < o0.

jeT jez

We now consider the zeros of f — 1 (i.e., the poles of g not equal to one).
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Firstly, if |z| < 1, then

>

jeT

< Z]z]”f < Zx"j :Zaj =1,

jeT jE€T jeT

so that no z with |z| < z satisfies f(z) = 1. In this inequality, we also see that

f(x) = 1. Since this is a simple zero, i.e.,

F)y =2 nja"™ =3 ajlog,(a;) # 0,
jE€T je€T
it cancels with the simple zero in the numerator of g. Furthermore, suppose for
contradiction that there exists 6 € (0,1) with f(ze?™) = 1. Writing this as

§ :aj _ § :xnjeQﬂan _ § :Oéj€27mj9,

JET JjET JjET
this implies that 27" =1 for each j, i.e., On; € N, which in particular gives
aj = (x1/%)a,

contradicting the minimality of z > 2'/? assumed in the theorem.
In summary, g has no poles on the closed disk of radius z, and therefore is
holomorphic on the slightly larger disk of radius R* > x, where R* is the absolute

1—¢

value of the next smallest root of (2.9), or ¢ if no such root exists, which yields

the lemma. O

The final stage of the proof of Theorem 2 is similar to that of Theorem 1,
but the method of decomposing a general interval requires a little more care. We

use the following concept of itinerary.

Definition 10 (Itinerary). Given b € [0,1), we say v = It,(b) if v € Z" and
b € Ty[0,1) (this is unique by the disjointness of T;[0, 1)), and we let Ito(b) = 0.
If Tt,, (b) exists for all n € N, we say b has infinite itinerary. In which case

(by disjointness again), there exists (iy)32, € Z" such that
Itk(b) = (il,ig,...,ik) (2.10)

for all &k € N. Otherwise, we say b has finite itinerary, and for n = max{k :
Ity (b) exists} and It, (b) = (i1,...,iy), (2.10) holds for 0 < k < n.

Finally, for simplicity in later sums, we adopt the convention that oy, ;) = 0
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whenever Ity (b) does not exist.
We are now ready to prove Theorem 2.

Proof of Theorem 2. Let {«;}, z and p € (z/R*,1) be as in the statement of the
theorem. Fix b € (0,1) and consider I = [0,b) (i.e, ||I|| =b).

We consider a natural “greedy algorithm” for filling I with intervals of the
form 7,[0,1). First, we fill  with as many intervals as possible from the “first
generation”,

(0.1 i€},
then, in the remaining gap, as many from the “second generation”,
{Ti1Ti2 [0’ 1) | (ilvi?} € ZZ}’
and so on. Accordingly, let V; :={i € T |T;[0,1) C I} and for k > 2,

Vi = {wxieIl | (w,i) € ¥ x I, T,T;[0,1) C I, Ty[0,1) ¢ T }.

Notice that conditions @ and @ imply that T,[0, 1) is an interval which meets both
I and [0,1]\/. It thus contains b, so w = It;_1(b).
In this way, for k € N, Vj, = ) if Ttx_1(b) does not exist, and otherwise,

Vi C {Itkfl(b)} x T.
In any case, for V' := (J,cy Vi, the union

V=] 701
veV
is disjoint and wholly contained in I. To show that they have the same Lebesgue
measure, we note this construction by definition contains the construction from the
proof of Theorem 1 on page 21. That is, for U, := {v € I" | T,[0,1) C I}, and
arbitrary n € N,

Vo LnJ U o> |J U

k=1veV Ueln
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Therefore, (2.8) applies to give
b> > ay=Leb(V) 2Leb( U U) >b—2a”,
veV Uely,

for a,, = max;(a;). Hence, taking n — oo,

Zav:b.

veV

Unfortunately, the respective equality for p) does not necessarily apply
(specifically, in the case that no i € 7 fixes 0, i.e., 0 ¢ (J,; T3[0, 1)), but nevertheless

the difference decays in a favourable manner. Let
K :={T,(0)eI\V|veW(I)},

then ux(I) = pa(V) 4+ px(K) for all A > 0. Suppose that v € Z" has T,,(0) € T\ V.

Then T,[0,1) ¢ I, since otherwise we have the middle inclusion in

T,(0) € T,0,1) Cc | J UcV.
Uel,

Thus, T,[0,1) ¢ I which, by the above reasoning, implies that b € T,,[0,1), i.e.,
v = It,,(b). Hence, by Lemma 2,
pgn (K) < Mm”{TItk(b (0) | k € No, Itg(b) exists}

{k € No | i@ = 2"}

IAx |
|Axn|\{k€No|oz > 2"}
N IA;I (Logﬁa*)J * 1) 7 (2.11)

which is plainly O(y™) as n — oo for every y > x, since |Azn|™t ~ Ha"/log(z).

Moving forwards, we write (by disjointness)

veV
= ptan (K) + Y i (To[0,1)) — 0 .
veV

®
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We now consider the decay of @ in two cases.

Case 1: No i € 7 fizes 0. In this case, by Lemma 2, p,n(7[0,1)) = 0 whenever

Qp > x™, and therefore

X.on — Xyn
@: Z ‘ x/a,ﬂxxnofv‘ r’ B Z .

veV veV
Q> ap<a™

The second sum is simple to bound, using the fact that Vi C {Itx_1(b)} x Z if
Ity_1(b) exists, and is empty otherwise. This gives the inequality below, recalling
the convention that ar, ) = 0 if It,,(b) doesn’t exist (i.e., if b has finite itinerary):

E Oy < 2" E a}fﬁ

veV veV

<™
[eS)
__ ,En l1—e
AP IPIE

k=1veVy

o0
en l—e l—¢
x Z Z altk—1(b)ai

k=1 1€l

< gz i Z a}(klfi)kallfs

k=1 1€l

IN

which is a bounded multiple of z"¢ < (z/R*)"™ < p™.
To bound the remaining first sum, we consider the generating function, for

m € N, of [Ayn-m| — 2™|Azn|, which relates to g from Lemma 8 in the following
manner:

o0

D (IAgn-m| = 2™ Agn]) 2" = (27 = 2™) > |Agn 2"
n=0 n=0
LM pm
< <z—x> 9(2)
— (Zm—l +$Zm—2 4o +xm—1)g(2).

Writing g(z) = Y,z bn2" (setting b, = 0 for n < 0), equating coefficients gives, for
all n € N,

| Agn—m| — & Agn| = bp—mi1 + Tbn-myz + - + ™ by
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By Lemma 8, since z/p < R*, there exists C1 > 0 such that |b,| < C1(p/x)" for all

n € Ny, which trivially applies for negative n also. Thus, we have

n—m—1 + pnfme 4+t Pn
xn—m—i—l

| Agnem| — 2™ Agn|| < C1 2

o (o)

< (@(G) )

where €7 = Caz(l — p). In particular, if 2™ = ay, then (z/p)™ < (R*)™ <
a™(17¢) < ol=¢ and, since "|A"| is bounded away from zero (since it is positive

and convergent to a positive limit), the previous inequality gives, for ™ < v,

|Am”/v| - av‘A:r:"‘
| Agn|

Co

< (0 = aw) < C3p" (ay ° — ),

for some constant C3 > 0. Summing over v thus gives

D

veV
Qi >x™

|Ax"/av| — Q| Agn |
‘Aw"|

< OBP” Z (a})—a - av)-

veV

The right hand side is a bounded multiple of p™, completing the proof in this case.

Case 2: There exists 1 € T such that T1(0) = 0. The proof here is similar to
the previous case, but with some necessary modifications. Firstly, since it is now
possible that p,n(T,[0,1)) > 0 if 2" > «a,, we bound

Z X (Tv [0, 1))

veV
<A\

as follows. As in the proof of Lemma 2, if ) (Tv [0, 1)) > 0 for A > a,, there exists
w € W(Z) and j € {1}* such that

T,[0,1) = TowT}5[0,1)

and 113 (T5[0,1)) = pa{T%(0)} = pr{Tw(0)}. Moreover, by construction, v € V
again implies that T,[0,1) ¢ I and hence that w = It,(b) for some n € Ny (i.e.,
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Ty(0) = T, 1) (0)). Therefore, similarly to pu)(K) considered above, one has

S pon (Tol0,1)) < pran {Tie, ) (0) | m € N} = O(y™)

for all y > x, as n — oo. Therefore, up to a quantity of this order, we may write

(1) — b again as

@: Z |Xx"/a1, Ol'v|X:c”‘ Z .

eV | Xon| ev
v v
ay >z Qp>T™

The second sum is O(x"€), by the argument in the first case. The first sum yields

to a similar treatment as before. For a, = 2™ and a; = 27, the numerator reads
’X:anm‘ - aﬁm’in‘ - ‘Aznfm‘ - xm|A$n’ - |Axn—m—j‘ - xm’Axn—j ’,

so that

m
X, n-m —xm Xl‘" = (z —$m_zm J me‘j g( )
T

z—XT

Equating coefficients as before and applying the inequalities at the end of the last

case (in particular that x/p < 2'7°) then gives

“Xxn_m’ N xm|an H < ‘ (bn*erl + bnfm+2x + -+ l’m_lbn)
+ (bnfmfjJrl +bp—m—ji2T + -+ l‘m_lbn,j)‘

@ () () )
<ar(2) (o -aes ()7 2).

Finally, as in the last case, dividing through by | Xn| ~ (1—a; ')Hz™"/log(z), and
summing over v € V, gives a bounded multiple of p”, completing the proof in this
case. O

2.4.2 Discrepancy estimates in the higher rank case

When the collection {e;}jer is not rank one, we require not only a strict decay

property on the {o;}, as assumed by Theorem 2, but also a kind of Diophantine
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condition, which is based on the following definition.

Definition 11 (r-badly approximable). For r € [0,00) we say a number v € R is
r-badly approximable if there exists d > 0 such that

k d
V(I k)YeZ? st 140 A S
(7 )E S ;é b ”Y l‘ > |l|2+7‘

Remark 5. Larger values of r correspond to more easily approximable numbers:

e For r = 0, the property is equivalent to « having bounded continued fraction
coefficients. (Such + comprise a set of measure 0 containing all quadratic

algebraic numbers.)

e For r > 0, the property holds Lebesgue almost-everywhere: the Hausdorff
dimension of the complementary set is 2/(2+r) < 1, by Jarnik’s theorem [42,
Theorem 10.3].

e Certain transcendental numbers (e.g., Liouville numbers) do not satisfy the

property for any r whatsoever.

We have the following positive result, using techniques of algebraic number

theory.
Theorem 3. Suppose that
o {«a;}icz is higher rank;
o > a7 < oo for some e > 0; and

e there is a pair o, B € {a;}tier with a < 8, such that log(a)/log(B) is r-badly
approzimable for some r € [0,1/2).

Then, for all positive P strictly less than

1-—2r

Pf=——
8(1+r)’

there exists C > 0 such that, for all intervals I C [0,1] and A € (0,1),

| ua(D) = 11| < C(—log(N) "
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The proof of Theorem 3 requires us to consider the Mellin transform of | A, /|,

o2 = [ A

The following lemma gives this an explicit form, as a consequence of the renewal
equation for |[Ay|. In the following, we let R(z), I(z) denote the real and imaginary

parts of a complex number z, respectively.
Lemma 9. For all R(z) > 1, the Mellin transform g takes the form
1 -1
g(z) = z(l - Zaf) .
JET

In particular, if € > 0 and Zj aj1_€ < 00, g has a meromorphic extension to the

half-plane {R(z) > 1 — e}.

Proof of Lemma 9. We compute directly. Since |A; /| ~ t/H, the dominated con-

vergence theorem implies that, for R(z) > 1,
> 1
oz = [ Al e
0

_ > —z—1
_/0 ' 2 X(tayz1y &

veW(T)
oo
= ) / 1t_z_1 dt
weW (7)Y %
o
= ) / 1t—2—1 dt
vew (1)’ %
1 z
Y
veW(T)
1 o0
= - <1 + Z a; og, afk)
k=1 (11, Zk)GIk
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the geometric series converging since

S ar <Y oY <N gy =1 (2.12)

jET JET JET O

As is well-known, one can obtain asymptotic information about a function
from the distribution of poles of its Mellin transform. In this case, these are given

by the zeros of the almost-periodic function

f(z) = Zajz -1

JET

There is a lot one can say straight away. By (2.12), f(z) = 0 implies that R(z) < 1.
Indeed, f(1) =0 and f/(1) = —1/H # 0, so f has a simple zero at 1. This is the
only zero of f on the line {R(z) = 1} since, if 6 # 0 satisfies f(1 + i) =1, i.e.,

14460 __ t0log(ay) )
E ;" = Zaje i) = aj,

jeT jeT jeT

we must have oz]He = ajy, ie, eiflog(aj) — 1 g0 that log(cy;) € %’rZ, which contradicts

the assumption that {c;}; is higher rank.

The role of the poles of the Mellin transform is illustrated in the proof of the
following negative result, which in particular shows that these poles must accumulate
towards the ends of {(z) = 1}.

Proposition 4. For any given collection of positive numbers {c;} ez which sum to

1 such that H = — %, ajlog(a;) < oo, there is no e > 0 for which

1
AN = oy + o (2.13)

as A — 0t

Proof of Proposition 4. Fix {a;}jer and assume for contradiction that there is an
¢ > 0 for which (2.13) holds. Taking the Mellin transform of (2.13) yields that

Z;(lz) =g(2) = H(Zl_ ) +/1 O(t*79) dt.

Since the integral converges absolutely for all z with R(z) > 1 —¢, the left hand side

has a meromorphic extension to the half plane H = {z € C | R(z) > 1 —¢} and H
contains exactly one pole at z = 1 (i.e., with only one zero of f). This leads to a

contradiction, via the theory of almost-periodic functions, which we now recall.
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Definition 12 (Almost-periodic). For f, a complex function defined on a half plane,
we say f is periodic if there exists L > 0 satisfying f(z) = f(z + L) for all z. More
generally, we say that f is almost-periodic if, for any & > 0, there exist infinitely
many L > 0 satisfying

(2 +iL) — f()] < 8

for all z.

From this point, we follow the proof of the corollary to [29, Theorem 3.6].
As the limit of a sequence of periodic functions, f is almost-periodic (see, e.g.,
the corollary to [29, Theorem 3.12]). Moreover, f is bounded on the half-plane
H' = {R(z) > 1 —e/2} since there one has

If(z) <1 —1—2041*5/2 < 0.
i€l
Since f(1) = 0, the definition of almost-periodicity provides an increasing sequence
of positive numbers ()5, with f(1 +iy,) — 0 as n — co. In other words, the

holomorphic functions

fn(z) = f(Z + iyn)

are each bounded on H', and f,(1) — 0.

Furthermore, fixing j € Z, we see that every interval of length L := —27/log(c;)
1+v

contains a v such that o = —ay, and hence

fA+)|>14+a;— > op=2a;>0.
KET\{j}

Thus, supjy<y, [fn(1 + 4v)| is bounded away from zero uniformly in n.

An application of Montel’s theorem on the rectangle (1 —¢/2,1 + ¢/2) +
i(—L, L) shows that ( f,,) uniformly converges (passing to a subsequence if necessary)
to an analytic function fo. From the previous two considerations, fo(1) = 0 and
foo is not identically zero.

Now, taking a circle about 1 in this rectangle small enough that f., has no
zeros on it, Hurwitz’s theorem applies to show that f,, has a zero inside this circle
for all n sufficiently large (which converge to 1 as n — o).

This gives a sequence of zeros of f, (z)n, such that R(z,) — 1 and J(z,) —
oo. Hence, there are infinitely many zeros of f in H, contradicting the assumption

that there is only one. d

Considering now the proof of Theorem 3, the following lemma is where we
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use the r-badly approximable hypothesis, after [34], to manage the rate at which
the zeros of f converge upon {R(z) = 1}.

Lemma 10. Suppose that (o;)jer satisfies the conditions of Theorem 3. Then there
exists C > 0 such that, whenever z =1 —u+iv € C\ {1} satisfies both f(z) =0
and u < C, then u > 0 and

’U|2+2r > g

u

The basic idea of the proof is the following. If f(z) =0, and R(z) ~ 1, then
a® and % need to be aligned, in the sense that a* ~ o and % ~ S (i.e., their polar
arguments lie close to the lattice 2nZ). This leads to a rational approximation of
log(a)/log(B). The badly-approximable hypothesis then forces the denominator,
which is roughly proportional to |v], to be relatively large, compared to the efficacy

of the approximation.

Proof of Lemma 10. The fact that u > 0 follows from the discussion preceding the
previous proposition. We first show, assuming that f(z) = 0, the argument of o is
O(y/u) as u — 0T. That is, for n, € (—m, 7] satisfying

z z

o (6%
|O[Z’ ol

ele —

there exists a constant C' such that || < Cy/u, for all u sufficiently small. This
uses the triangle inequality and some basic trigonometry, as we now detail. Firstly,

we have that

1-a =

E o —af

JEL

< Zalfu—ozlfu =1—oa+ H(u),
JET

where
H(u) := Za}f“ —alT 14
nel
In particular, since H is differentiable at 0 and H(0) = 0, we have H(u) = O(u)
as u — 0T. Therefore, for u sufficiently small, H(u) < «, which gives rise to the
picture in Figure 2.5(i). Consequently, |n,| < 6, where § = 0(u) is depicted in Figure
2.5(ii). By the cosine rule,
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ol H(U)—f—l—Oé

> al al—v Hu)+1-—« 1

Figure 2.5: (i) The region in which «* must lie to have f(z) = 0. (ii) The triangle
defining 6, the maximum possible value of |7,]|.

1+a* 2 — (1 -a+ H(u))2
2al—u
1

(al_“ —alt) — §a1_“H(u)(1 — o+ H(u))

cos(f) =

as u — 0o. Using, for example, that

1—
lim arccos(1 — y) =2, arccos : [—1,1] — [0, 7],
y—07F VY

one has that |[n,| <60 = O(y/u) as u — 07.
The above applies with « in place of 8 to show that 7 = O(y/u) as u — 07,
where 73 € (—m, 7] is the argument of 5.

We now apply the badly approximable assumption. To set this up, first write
vlog(a) = 27k + nq, and vlog(B) = 27l + ng,

for I,k € Z, and assume that —log(8)|v| > 27, so that [ and k are non-zero and

1 1
ol tog(@) 2 2t~ 7 > 2] + B o) > oy 4 O

ie, |I| < —3log(a)lv|. Similarly, |k| < —3log(B)|v]. The mean value theorem
provides A, such that 0 < |A| < |ng| and

27k B ﬁ I 27k
2nl+ng " (oml + 0%
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Now, applying this in the definition of log(a)/log(3) being r-badly approximable,
and subsequently using that ||, |na/, |ng| < 7, yields that

Na n 2rk k
27l + g 2rl+ng 1
el 2nlEllng
T 2rl gl (27l +N)?

d
2+ =

log(B) 1

27l +ng 1

log(a) K ’

21k 4 1q k:‘_

Ml |1, 1)t [Kkllngl AV
- 1428 1+
27|l + 27l + 27|12 + 27l
[nal , 2[Kngl
sl i?

Therefore, the previous asymptotics yield that there exists C' > 0 such that, when-

ever u is sufficiently small and —log(p)|v| > 2,
1
0 < d < = (malll/* +2mslklli") < Cul/2of*".

This yields the required inequality, since one can manipulate C' to cater for the

finitely-many zeros of f corresponding to 0 < —log(f)|v| < 27 and u < €/2, say. O

The next lemma is a variant on the last and allows us to estimate decay of

the Mellin inverse integral inside the zero-free region just constructed.

Lemma 11. Suppose (o);cz is as given in Theorem 3. Then there exists C' > 0
such that, whenever z =1—u+ 1w € C with u > 0 and o > 0 sufficiently small, the
inequality

[f()l <o

implies that either
—108;(5)’”| < 27T7

or

’2+2r >

v max(u, o)’

Proof of Lemma 11. The proof is an adaptation of that for Lemma 10. This time,
the distance of o to 1 is at most H(u) + 1 — o + o, which, for v and o sufficiently
small, gives rise to a similar triangle to Figure 2.5(ii). Correspondingly, for u,o

sufficiently small,

11+a? 2 —(1-a+ H(u)+o0)?
cos(m) >+ o

=1— O(max(u,0))
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as (u,0) — 0, which gives, as max(u,o) — (0,0),

Ml < 51— cos(8) = O(v/max(u,0)).

An analogous asymptotic formula holds for ng. The diophantine approximation
part proceeds verbatim, with the following ending: for —log(f3)|v| > 27 and (u, o)
sufficiently small, there exists C' > 0 such that

1
0 < d <~ (malll* + 2nglIklII") < € max(u, ) /2o,

which rearranges to an inequality of the required form. O
The next crucial lemma is the analogue of Lemma 8 in the higher rank case.

Lemma 12. Under the assumptions of Theorem 3,

A = g5+ OO (—log)F) A€ (0.1),

for any P € (0, P*), where P* is given in Theorem 3.

Proof of Lemma 12. The proof uses simple complex analysis to estimate the integral

-1 24400 tz+3
PO =2 ), e oG >0 (2.14)

which we relate to |A; /| in the following manner. On the line {R(z) = 2}, f is

uniformly bounded away from zero, since

If(2) =1 af >0,

JET

so F'(t) absolutely converges for all t > 0. Therefore, by the Mellin inversion theorem
[69, Theorem 8.11], the Mellin transform of t — F(t)/t3 equals

© B ~1 N 9(2)
/0 = e 919/ DG+ 3)
That is,
. 00 oo 33
/0 tz_1|A1/t| dt = (2 + 1)(z+2)(z+3)/0 AR () dt = _/0 %(tz_l)F(t) dt,

which, using integration by parts and the uniqueness of the Mellin transform, shows
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~(T) 2 +iT
I'r 1
X
=T b2 — T
(=T . i

Figure 2.6: The contour I'r used in the proof of Lemma 10.

that, for all x > 0,
F'(a) = [y at.
0

We now relate the integral in (2.14) to that over the contour I', parametrised
by
v:R—=C, y(v) = 1 +iv — Cmin(1, [v|27")

(see Figure 2.6). Here, C' > 0 is chosen sufficiently small so that the previous two
lemmas apply as follows: firstly, the only zero of f which lies on or to the right of
I' is at 1, and secondly, there exists D > 0 such that whenever z lies on or to the
right of T', R(2) < 1 and |3(z)| > —2n(log(B8)) ™!, one has

f(2)| = DIS(2)[ 77" (2.15)

Consider, for T" > 1, the contour I'r depicted in Figure 2.6. Cauchy’s residue
theorem gives, for F*(z) denoting the integrand of F(t),

2+4+1T 4
/ F*(2) ds = 2mim— + / F*(2)dz + / Fr2)de+ | F*(2)dz,
24T 24H  Jp, Up Ly

where H is recalled below.
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Note that Ur and L7 have bounded lengths. Thus, to show that

/UT F*(2) dz /LT F*(2) dz

as T — oo, since trivially

—0

*(2)]|dz -3 2)| 71 |dz
LJF(HMIST /Iﬂ)lldL

Ur

it suffices, for £(v) := min (1, [v[727"), to show that

sup  |f(t+iT)|" = oT?)
1—k(T)<t<2

as T' — oo. This we do in three cases. Firstly, for 1 — x(7T") <t < 1, (2.15) applies
to give
|f(t+4T)| > DT>,
Secondly, since H = — 3 a;log(a;) = max;<g(.)<2 | f/(2)], one has that, whenever
1<t< T 272 +1,
D
(0 +iT)] > DT

Finally, for all ¢ > %T’%% +1,

[f(t+iT)| > 1= o
JjET

2 —2—-2
2 T7272r 41

> - 7
JjET
2 2
~ H T—2—2'r‘ _ 7T—2—2’r‘
<DH ) D
as T — oo, using the limit definition of f’(1) = —H. Therefore in summary, there

is a constant C' > 0 such that for all T" sufficiently large,

sup |f(t+ Z'T)\_1 < C’(T2+27"),
1—r(T)<t<2

which yields the required decay of the integrals over Ur and Ly as T — oo. Thus,

in this limit, we have

t4 1 * —z—=3
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From this point, the proof follows along the lines of [40, Theorem 4.6]. Since t —

| A1 4| is non-decreasing, we have the following, for any positive ¢ and h:

F(t+3h)—3F(t+2h)+3F(t+h)—F(t) 1 [th
h3 ENA

1 t+h E+h A A R ~
= h3/ / F'"(t+h)— F"(t) dtdt
t t
1 [tHh pith pih A .
=13 / / |A;, | dedidi
t t t

1 t+h tA-‘rh A .
ZhQ/t /t A, | didi

1 t+h R

> Ayl

F'(t +2h) —2F'(t + h) + F'(t) di

AV

Similarly, for any ¢ > 0 and h € (0,¢/3), we have that

F(t —3h) — 3F(t — 2h) + 3F(t — h) — F(t)
_h3

< [Ay gl

Substituting (2.16) into the left hand side of these expressions yields

F(t+£3h) —3F(t£2h)+3F(t+h) — F(t)
+h3
t 3 1 (t £3h)*+3 — 3(t £ 2h)*3 + 3(t £ h)*F3 — 43

Sy P h F*(2)d
H 2" 2mi Jp 3 (2)dz,

which uses the marvellous equality,

(t +3Rh)* = 3(t +2h)* + 3(t + h)* — t* 3
24 =it gh

(which applies for all A € R). Thus,

t
|Ay/e] = T +O(h) +
(t 4+ 3h)* T3 — 3(t £ 2h)* T3 + 3(t £ h)*H3 — =13 1
(@] |dz| ) .
r zf(2)

+h3(z+1)(z+2)(z + 3)
From now on, let h = h(t) € (0,t/3) be a function of ¢ to be determined later. To
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begin to estimate the integral, consider |A4 (¢, h, z)| for t > 1 and z € I', where

(t £ 3R)7 — 3(t & 2h)* + 3(t + h)* — *

Ax(t by z) = B+ (2 +2)(2 +3)

We can bound A4 in two different ways. First, we express it as a series of nested
integrals (like with the fraction involving F') and use that 0 < R(z) < 1 for z € T,
ie., t — ™) ig increasing in t. That is,

t+h 1 i+h 1 t:th A
A Z
ALt h,2)| ih/ / / i af di af
t+h 1 t+h 1 t+h A
<= / / / 1R 4t df df
< (t + 3h)%
< 2™, (2.17)

An alternative bound is given by the triangle inequality. Namely,

(26)R()+3 4 3(2)R()43 4 3(24)R(2) 4 ¢R(2)+3
h3|z + 1|z + 2||z + 3]
113t§?(z)+3h—3
oz 1|z 4+ 2|z + 3]

’A:t(t7 hv Z)‘ <

(2.18)

Moreover, since R(y(v)) > 0 for all v (i.e., C' < ¢ < 1 necessarily), for all k € N, one
has that ) | |
+ |v
U+k§2 ’U2—|—k21/2 2+11/2 ,
)+ = (o4 £ 2 (of? + 1) > 220
where the last inequality is simply a rearrangement of (Jv| — 1)2 > 0. Applying this
in (2.18) and combining it with (2.17) thus yields

2261/2 13
< RO pip (2, Z2V2E )
AL (t, h,y(v)| <t min (2’ h3 (1 + |v|)3>

From (2.15), one can easily deduce that |y(v) f(v(v)) }71 = O((1 + [v])*27), for all

v € R. Combining the previous three inequalities and using the boundedness of

|7/ (v)] gives the following.

o0

|A1/t]:}tl+(’)(h)+(’)</

—0o0

t3
14+2r R(v(v)) 1
(T4 Jv|) ™"t min <1, a |v|)3> dv) .

Because the integral is symmetric in v, it suffices to estimate the integral from 0
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to co. Recalling x(v) = Dmin(1, |v|272"), the previous equation simplifies to the

following.
Al 1 * 1420 —r(v) - (t/h)?
” H—O( >+(9</0 (1+v) t m1n<1,(1+v)3>dv>

h
t
h
t

> +0 (/000(1 + )72+ =) i ((1 +v)3, <2>3> dv)
-0 <?> +0 (/100 v~ 22 =R min <v3, (2)3> dv> .

Now let § € (0,1 — 2r). For v,t > 1, we have, since & is decreasing on [0, o),

p2 2R =l) < =242 (V)
= 072 exp(—k(v) log(t))
= v 22 oy (— ki (v) log(t) — 6 log(v))
= p 2 oy (=Dv™2"* log(t) — élog(v)))

= v 2T exp(—&5(2)),
where

&(t) == inf (Dv™2"* log(t) + & log(v))

v>1

_ 2f2r (1 +log (D(2+2(;“)log(t)>> |

This last equality holds for all ¢ sufficiently large, by elementary calculus. Hence

‘Al/t‘ 1 h —&5(1) > oyors 3 (1 ’
" _H_O<t>+0 e /1 v min v,<h> dv | .

Now, writing w = vh/t and substituting, the integral becomes

t 2+2T+6 [ee)
() / w2 min(w?, 1) dw.
h ht

This last integral can be split into two parts,

1 00
/ wl+2’r+5 dew + / w—2+27’+§ dw,
h/t 1
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both of which are finite, since 2r + § € (0,1). Therefore, for all ¢t > 1,

|A1/t| 1 h et " 242r+0

—&5(1)
3+2r+6

magnitude. More explicitly, this gives the required expression:

Finally, choosing h(t) = £ exp( ) ensures both terms have the same order of

¢
_ —£5(8)/(342r+6)
Aipl = = +0 (e )

- +0 (t log(t)fp(’""s)) ,

H
where 5
0< P(r,0) = < P,
0= GraB e +9)
where, on account of P(r,d) increasing in 4,
1-—2r
P*:= sup P(r,d)=Pr1-2r)=——.
0<d<1—2r (r.9) ( ) 8(1+r)

O]

Remark 6. The above lemma is the only part of the proof of Theorem 3 that uses that
r < 1/2. Indeed, one can use the same method to prove an analogous asymptotic
formula for larger values of r. In this case, to ensure decay of the contour integrals
over Ur and Lp, and to guarantee the integrals at the end of the proof converge,

one should consider the following adaptation of the integrand of F(¢):

_tern

P& = ey e

where n = [2 4+ 2r].

The concluding stages of the proof of Theorem 3 are similar to those of

Theorem 2, but with some differences.

Proof of Theorem 5. Let A € (0,1) and I = [0,b), and recall V' = (J;>; Vi and
V C I from the proof of Theorem 2 (see page 29 onwards). Also recall that

>y =Leb(V) =b

veV
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and px(V) 2 pa(I) — pa(K), where
K = {T1,,)(0) | n € No, It,(b) exists}.
In particular, the proof of (2.11) from Theorem 2 shows that
1 log()) J >
K) < +1),
08 = 7 (ot

ie., un(K) = O(=Alog(N\)) as A — 0T, so decays much faster than required. We

now consider the familiar two cases.

Case 1: No i € T fizes 0. Recalling v, = max;(«;), we have the following decom-

position, accounting for the divergence of log(t)~! at ¢ = 1:

pn(D) = || = pa(K) = > pa(To[0,1) —

veV
1 X\ e | <|X,\/a | )
= k + 7 — — Q. 2.19
2 ot U ) op e @9
A<y <A/ ok >N/ ok Qp <A/ ok

We estimate each sum separately. The third sum decays favourably, as in the proof
of Theorem 2:

Z a, < <Oi)>6 Z ay

veV veV
ap< /o
a~¢
§ € * § :ail—a — O(}\E)
]-_ E
i€

as A — 0t.

Now, assuming that b has an infinite itinerary, recalling that V,, C {It,,—1(b)} x
T for each n, and exploiting the fact that |X,| =1 for a, < A <1 gives that

Z ROV {v eV iX<ay < Man}

veV
A<y <A/

:Z|{ueVn:)\§av<)\/a*}\
neN

< Z |{z €L: A< ag, (o< A/a*}‘
neN

(continued on next page)
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(continued from previous page)

=Y [ieT: Nan, ¢ < < M(awon, o)}
neN

< Z [{i € Z: N ay, @) <o < Mag,p)}
neN
= |[{ieZ: X<}

< Aol Z ailfs'
i€l

The finite itinerary case follows similarly, except that, after the first inequality,
the sum on the right hand side is finite, and hence leads to the same inequality.

Therefore, dividing both sides by | X,|, we see that the first sum is also O(\?).
It thus remains to bound the first sum of (2.19), using the asymptotics for
|Xx| = |Aa| provided by the previous lemma. More explicitly, given P as in the
statement of the theorem, there exists C' such that, for any v € V' with ap, > A/«

the following holds (in particular, the leading order terms cancel):

1] = a0l X5 = 52 (= Tog(aw)) ™" + (~1og(0) ")

SCav(—log()\))_P<1+ max (bgm)y)

A<y log()\/av

In fact, for A < a,an, (since ax > ay),

log(}) _ log(aw) . log ()
log(\/aw) 1 log(\) — log(aw) =1 log(cv) =2

Therefore, summing the previous inequality over v € V, one bounds the second
term above by an expression of the order of (—log()))~*. This completes the proof

in this case.

Case 2: There exists 1 € T with T1(0) = 0. As in the corresponding case in the
proof of Theorem 2, this case is similar to the above, with some modifications. As

in the previous proof,

> a(Tu[0,1)) < pa{The,)(0) | n € No, Tty () exists}

veV
Qp >N

= ux(K) = O(Alog(N)),

where K is recalled from the start of the proof. Thus, up to a expression of the
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order A\*, we may write, similarly to the previous case,

| X\ /a0| | X /aw| — aw] XA\
J25\ I —b: + — (6%
@ D TR > ey 2 o
Q] O <A<y A<y s A> iy ] Qs

(2.20)
—o| X Wyt X Wyal-wll]- T

veV veV veV

Qo ox<A<aw A<y ok A> a1 Qi

By an analogy with the previous case, we have

> ay =0,
veV
A> Q] Qs

and also that, for m € N such that o~ ! < i, assuming that b has an infinite

itinerary,
§ |X)\/o¢v| < § ’X(oqocv)’1|
veV veV
Qs <A Oy 0 <AL Oty

oo
= |X(a1av)—1’2 Hv € Vi | apaias < A < ay}
k=1

oo
<X (aran)-1] YV € Vi [ apal < X < )|
k=1

o
< X (oot D i € T | ag gaai < A < agg, i}
k=0

oo

< | X(aan)-t1 D i € T | any i < A < agg i}
k=1
oo

<X arap)-1| D min(k,m)[{i € T |y, s < A < g, v}
=1

< M| X (ayan)t [ {i €T [ i > A}
S (m!X(alav)ll Za}_s) AL
€L

the finite itinerary case is again similar (with a finite sum) and yields the same
result.
Therefore, the first and third sums in (2.20) are O(\®) and it remains to esti-

mate the first using the asymptotics of Lemma 12. Considering a typical summand,
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we have, by Lemmas 1 and 12, given P as in the latter, there exists C' > 0 such
that, for all A < a,aq .,

1 X2 /awl = @l XAl = [Ax/au| = AN/ (apar) | — Qo] AN] + @] Xy /0, |

= 1i O (- Toa(h/aw))™7) = S + O (T oy (awan)) ")
(22— log) )+ 24 0 (20 og( ) )
< Cf . <(— log(A/a)) ™" + (= log(A/(awen))) ™"

T (—log(W) "+ (- logwao)—P)

TC oy _
S A (_ ]_Og()\)) P7

the last inequality following by a similar argument to that in the previous case.
Hence, summing over v gives that the second term of (2.20) is O((—log(\))~F) for
A € (0,1), completing the proof of this case. O

2.5 Examples and non-examples in the infinite mean

case

The previous theorems all explicitly depend on summability conditions on {«;}iez

in their proofs, i.e.,

—Zai log(a;) < oo or Zoz%fg

i€l €T

for some € > 0, suggesting some connection between the discrepancy, or more gen-
erally equidistribution, and these summability properties of the «;.
In this section, we begin to investigate this connection by going in the oppo-

site direction, by considering examples for which

— Zai log(a;) = oo
€L
in the rank one case. Since the left hand side corresponds to the mean of the
measure appearing in the renewal equation (2.5) for e~|A,:|, or the measure-
theoretic entropy of the original partition P = P; with respect to the Lebesgue
measure, it is natural to refer to this setting as the infinite mean or infinite entropy

case.
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Firstly, following a construction of Erdés and De Bruijn [31, §4] gives rise
to the following negative result. We expect that a more conscientious adaptation

should provide examples for which the discrepancy decays arbitrarily slowly.

Theorem 4. There exist partitions P such that the corresponding set of lengths

{ai}ier is rank one and X is not equidistributed as X — 0.

Proof of Theorem 4. The construction above hinges on the following two observa-

tions, given (Ax)reny and ug := 1, Uy ==Y ;_; Agun—g (i-e., as in Lemma 4):
@ The value of u,, depends only on Aq,...,A,, for each n € N.
) If Ay > 0 and Y peq A < 1, then (uy) — 0.

The first point is obvious, and the second follows from a basic inequality: Since

A > 0 implies uy > 0, we have

Zuk—l—i-ZZ/\ Upe— 3_1+Z)\ Zuk<1+2/\ Zuk,
k=0 j=1 k=0 j=1 k=0

k=1 j=1

which rearranges to
-1

m m
Suce(1-30)
k=0 k=1

i.e., taking m — oo, the series on the left is bounded, hence convergent.

Applying these two points repeatedly, we construct (A;)72, such that
e )38 €N, for each k € N;

e > 2 A=1;and

. (un+1/un) _ is unbounded.

To construct this sequence, we define A\;, > 3% inductively (i.e., one index
at a time), with the occasional boost when u; becomes small.

First, iteratively defining A, (and thereby ug) by A\ = 37F, by @, there
exists K; > 1 such that ug, < %, and we set Ag, 11 = 3—Ki-1 4 %

More generally, given (K;)7_; and ()\k)K"H satisfying

e Kji1 > Kj for all j <n (in particular, K; > j);
e Forall k < K, +1and j <k,
37k 4377, k=K;+1;

Ak = (2.21)
37k, otherwise;
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® ug, < 9=J for each j < n;

we continue to set A\, = 37% for k > K, + 1, up to the first index K, > K,

satisfying ug, ,, < 9~"~1. This index exists, because if one extends this definition
indefinitely, @ applies to show that (uz) — 0. One puts A, 41 = 37k 4371,
By induction, this gives rise to the sequences (A ) and (Ky,), satisfying these
last three bullet points for arbitrarily large n. From these, we derive the desired
properties of (\r) mentioned above, as follows:
Firstly, since (K, is strictly increasing, K, > n and hence, looking at (2.21),
M:3% € N for each k. Secondly, it should be clear from (2.21) that > 70, Ay =

23772137 J = 1. Finally, since ug, < 97" and Ay, 1 > 37" for each n,

UKnt1 o AR 37T

> — =37,
UK, UK, 9

and hence (uy+1/uy,) is unbounded.

Now to derive the result. Let P be any partition comprising A, 3" intervals of
length 37" for each n, and assume for simplicity that these intervals accumulate at
0, so that none of the similarities corresponding to P fix 0. In the earlier notation,

we have {a;}ier C {37 "}nen (ie., {a;} is rank one), such that
i € T:a;=3""} = M\3™

In particular, the renewal equation (2.4) for z(n) = 37"|A3-n| reads z(n) =1 and

a;z(n + logsz () . (Ax3%) — k)= . Apz(n — k),
k=1 g k=1

1€T

ie., 37" Az-n| = u, above.
Let I = [a,b) denote a half-open interval in P of length # (which exists since
A1 > 0). Then, by Lemmas 1 and 2, its measure is given by

‘A317'n‘ 1 Up—1
pz—n(l) = =3
’ |[Agn|

3 u,

if n > 2. This, by construction, has a subsequence converging to 0. Hence p3-n(I) /4
3 = ||I|| and thus, L, (i.e., X)) does not equidistribute, as required. O

Contrary to the previous result, as mentioned in a prior remark, numer-
ous simple criteria exist which guarantee, in the general language above, that

(Un+1/un) — 1. Whenever this is satisfied for u,, = 2™|Azn|, we have that pin(I) —
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|I1]| for all intervals I appearing in the substitution scheme, which extends to equidis-
tribution on the whole interval (see the following proof for details).
The simplest criterion, given by Garsia, Orey and Rodemich [52], is

A
limsup ~-tL < 1, (2.22)

k—o0 k

or more generally, for some N € N,

A1+ F AN+l <1

lim sup
koo Akt ApgN
Other, weighted versions of this are also given in [50] and alternative (albeit un-
wieldy) necessary and sufficient conditions are discussed in [31].
On a different note, the Garsia—Lamperti renewal theorem [51] yields that,
if D> 0and k € (3,1) exist such that

Z A~ Dn™",

k>n

then
n® 1 sin(mk)

D  sin(w)’

Upy ~

which would also lead to the required equidistribution.
We now use the first and simplest of these criteria, (2.22), to provide families

of equidistributing examples in the infinite mean case.

Proposition 5. There exist partitions P with {«; }iez rank one, such that

— Z a;log(a;) = oo,

€L
and for which Xy is uniformly distributed as X — 0.

Proof of Proposition 5. Fix x > 0 and a € (1,2), and let D~! = > n™ For
k € N, we define N, € Z as follows:

and given Ny,..., N, set

N1 =

k+1 .— k i
{DE]‘LJ “—EjleijJ

Tkt
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That is, Z;?:l Njz/ approximates DZ§:1 7% up to a difference of at most z¥.
More precisely, by induction, for all £ € N,

k k
D> j*=) Nl €0,a%),
j=1 j=1

which has the following easy consequences:

e N, >0forall keN.

e 9] (o.9)
. Zkak = DZj_“ =1.
k=1 k=1

o |Npa¥ — Dk < 2% + 271 and thus, NjzF ~ Dk~

In view of the second bullet point, take any partition P comprising Ny in-

tervals of length z*. In which case, one has that
= ailog(as) = —log(x) Y _ kNpz",
1€L k=1

and since kNyz* ~ Dk'~®, this series diverges to +oc.

The renewal equation for z(n) = 27" Azn| from Lemma 3 reads z(0) = 1 and

z(n) = Z Npzkz(n — k).
k=1

By the third bullet point above,

N k+1 a
k+1T - k S,
Nk (k+ 1)

and hence the criterion (2.22) applies to give (z(n + 1)/2(n)) — 1. Thus, by the
product rule, for any k € N,

At zln—k)
| Agn| z(n) .

Therefore, by Lemma 2.1, either for all n € Ny, one has

X e A e
‘ x k’ _ | x k| —)J?k,
| Xz | | Agn |
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or for a; = 27 (corresponding to the interval 77[0,1) 3 0), and for all n > j + k,

[ Xan-i| _ [Agni| = [Agnoios| _ [Agn-rl/|Aan] = [Agn-ssl /|Aan| _ &* — 2+
| Xon | |[Agn| = [Agn—i] 1= [Agn—s| /| Agn] 1—a

Thus, by Lemma 2, whenever I appears as an interval in the substitution scheme,
ux(I) — ||I]]. The proof of equidistribution of X as A\ — 07 then follows precisely
along the lines of Theorem 1, from page 21. O

2.6 Higher-dimensional considerations

2.6.1 Extensions of the a-Kakutani scheme into higher dimensions

In comparison to the one-dimensional setting, higher-dimensional analogues of the
a-Kakutani scheme are relatively undeveloped, perhaps because there is no obviously
canonical way to extend the original definition. On the other hand, this is somewhat
surprising, particularly in regard to discrepancy theory, since quasi-Monte Carlo
methods (i.e., numerical integration using low-discrepancy sequences, see [35] and
[74]) are all the more important in higher dimensions.

We briefly recount the work done by so far, which is limited to three papers:

Voléie and Carbone consider in [24] an analogue of the a-Kakutani scheme
on the hypercube [0,1]™. In brief, at each stage, starting with {[0,1]"*}, one splits
each cuboid of maximal volume into two, along its longest side in the fixed ratio
« : 1 — «. If there are multiple such edges, the one with minimal index is chosen.
See Figure 2.7 for a depiction in two dimensions with a = ¢, the reciprocal of the
golden ratio. In this setting, the “left-endpoints” (i.e., those closest to zero) are
proven to be uniformly distributed.

Christoph Aistleitner, Markus Hofer and Volker Ziegler consider in [4] an-
other multidimensional generalisation, this time of LS-sequences of points (i.e., par-
ticular enumerations of the sequence of endpoints of the LS-sequences, which are
low-discrepancy), on the m-dimensional hypercube. Their motivation is the Halton

sequences: the Halton sequence corresponding to b € Ny, is simply given by

(flfgzbl)a xgzbg)a cee 7‘7;£me))71 - [0’ Hm’

recalling the definition of the van der Corput sequences (x%bk))n C [0,1]. These

sequences equidistribute if and only if the by are coprime (and indeed, if they do,
they exhibit the [conjectured] optimal decay rate of discrepancy). The authors

of [4] consider a similar coupling of (enumerated) LS-sequences, and obtain some
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preliminary negative results analogous to the non-coprime case for Halton sequences.

Since the rectangles for the example depicted in Figure 2.7 admit only finitely
many base-to-height ratios, and the manner of which these rectangles are split is
dictated precisely by this ratio, this instance of the Carbone—Voléi¢ construction is
a particular instance of a prototile substitution scheme, as considered by Smilansky
[91], which we now describe in more generality.

Broadly speaking, given

e a finite collection of subsets of R™ (typically polygonal, but can be more

exotic) known as prototiles, { Py, ..., Py}; and

e a set of substitution rules, which describe a tiling of each P; (i = 1,...,k) by

scale copies of the k prototiles;
this defines a tile substitution scheme, a sequence (P)52, of tilings of P, as follows:
e Py is the tiling of P by itself.

e Given P, a tiling of P, by tiles which are scale copies of the F;, P,11 is
obtained by subdividing all tiles of maximal volume in P, into smaller tiles

according to the corresponding substitution rule.

A very simple example of a substitution rule on two prototiles is shown in Figure
2.8, and the subsequent tile substitution scheme is depicted in Figure 2.9.

The main result of [91] states that, for any tile substitution scheme satisfying

00
n=1»

n € N and tile T € P, [T N E,| = 1; the set E,, is equidistributed as n — oo.

a natural irreducibility assumption, any sequence of sets (Ey,) such that, for each

2.6.2 An abstraction of Theorem 1

Our first contribution to the higher dimensional setting is to simply generalise the

proof of Theorem 1 to the following result.

Theorem 5. Suppose that v is a probability measure on the set X, and there is a

collection {T;, o; }ier such that
a) foralli € Z, T; : X — X is injective;
b) for alli,j € T distinct, T;(X) N T;(X) = 0;
c) for allm € W(I), Tn(X) is v-measurable and v(Tn (X)) = an;

d) ;>0 forallie€l and ) ;.70 =1; and
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Figure 2.7: The first 6 partitions of given by Carbone—Vol¢i¢’s generalisation of
the a-Kakutani scheme, when the dimension is two and o = ¢ is the reciprocal of
the golden ratio. Here, the inset numbers denote areas and the circled vertices are
uniformly distributed as n — oo.
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— A— A

Figure 2.8: A simple example of a tile substitution rule on two prototiles.

e) — > icr ilog(ay) < oo.

Then, for any x € X\ U;c7 Ti(X), and for any v-measurable set S expressible as a

disjoint union of sets from {Tn(X) | n € X} or, more generally, satisfying

1/< U T,,(X))—m (2.23)

veEI™:
To(X)Z S, X\S
as n — oo, then
S N Xx\(2)]
pA(S) = ————— — v(S9),
O Y

as A — 01, where X)(z) = {Tn(z) : n € W(Z), an > A}

Remark 7. The limitations of the theorem as given stem from two of the hypothe-
ses. Firstly, assumption c), which constrains either v or the T;, and secondly, the
requirement that x lies outside the images of the T;, so that no combination of the
T; fix x. If v corresponds to the Lebesgue measure, the former naturally forces the
T; to be affine.

Before we illustrate the theorem with an example, we sketch its proof.

Proof of Theorem 5. The proof precisely mirrors that of Theorem 1. Firstly, our
assumption on the basepoint x ¢ |J, T;(X) together with the injectivity of 7; and
the disjointness of T;(X) allow us to conclude that, for all m,n € W(Z),

o Tn(z) =Ty(x) <= m =mn;and
o Th(z) € Th(X) <= m =mn=xj, for some j € W(Z).

Thereby, one obtains analogues of Lemmas 1 and 2 in their simplest form: i.e., for
all A > 0 and n € W(Z), we have

[Xa(@)] = [Axl,  and [T (X) N Xyan (2)] = [Xa(2)],

where, as before, Ay = {n € W(Z) | an, < A}. |A,| satisfies the renewal equation

in Lemma 3, and the renewal theory of that section applies verbatim to show that
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Figure 2.9: The first five tilings, {P,}>_,, in the tile substitution scheme given in
Figure 2.8.
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A|A)| converges to a positive limit as A — 0F. Hence, for each n € W(Z),

_ ‘X)\/an(l‘)‘ _ ’A/\/an’
m(In®0) = =67 = T4

= ap = pu(Th(X)).

The extension to any S C X satisfying (2.23) follows as in proof of the original

theorem. That is, considering unions over
{Th(X) | neZ" T,(X)CS}, {T(X) | nel" T,(X)CcX\S}

gives, for each n € N,

limsup,u,\(S)—l/(S)SV< U TU(X)>,

A0+ vel™:
Ty (X)ZS,X\S
and
T < '
) ~tmint ) <v( U T00)
veEI™:
T (X)ZSX\S
Taking n — oo thus yields the required convergence, uy(S) — S. O

To demonstrate Theorem 5, we apply it to a novel self-affine example in
the plane, inspired by a geometric progression with similar triangles (note that the

corresponding maps will not be similarities, unless h = 1).

Example 13 (The Shark’s Teeth). Let ~ > 0, and consider the triangle with one
side removed: X = {(x,y) € R?|0 <z < 1, 0 <y < ha}, equipped with normalised
area, v = (2/h) Leb. For n € N, we define T}, : X — X to be the unique, orientation-

(1,h)

X ®
® 2)

x = (0,0) (1,0)
Figure 2.10: Depiction of the triangle X, and the images T, (X) for n =1,...,6.

preserving affine map taking X onto the triangle labelled n, and taking the line

63



{(1,%) | 0 <t < h} onto the hypotenuse of this triangle. From these requirements,

the maps can be calculated explicitly:

h? —h
(1+ h2)_"/2< 01 (zyy) + (1, 0)), if n is even;
To(z,y) =
o0
(1+ h2)("+1)/2< | (x,y) + (1,h)), if n is odd;
—h 1+4+h

(2.24)
where we denote (294) - (z,y) = (az + by, cz + dy).

By construction, the triangles T},(X) are pairwise disjoint and (J,,cy Tn(X) =
X\{(0,0)}. Furthermore from (2.24), for each n € N, T}, is an affine map which
scales area by a factor of

an = h2(14+rH™,

from which it is easy to check that assumptions a)—e) of Theorem 5 hold. The
theorem thus applies to show, for z = (0,0), that the measure u) converges to v on
every Borel set S satisfying (2.23). (For an illustration of X (z) when h = 1, see
Figure 2.11.)

We now claim that (2.23) is satisfied whenever S is Borel and its topological

boundary, 0.5, has zero measure. Consider, for each k € N,
By := {m € " | T},,(X) meets both B and X\B},

let & =U Tm (X), so that (2.23) can be written equivalently as limy_, o (&) =

meE, -m
0. Since (&), is a decreasing sequence of sets, this limit exists:

kli)ngo v(&) =v (}pl 8k> .

We now show that the intersection on the right hand side lies in dS and thus has
zero v-measure, as required. This uses that every p € X either has finite itinerary,
or

diam (T, () (X)) = 0 (2.25)

as n — oo (this last property holding v-almost everywhere would also suffice). If
p lies in ();—; &k, it must have infinite itinerary, and in particular, It;(p) € Ej for
all k € N. That is, Ty, () (X) meets both S and X\ S for each k, and thus (2.25)
implies that p € 9S.

Finally, to prove (2.25), observe that, considering the matrices above, T}, is
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(c) A=29 (d) =21

Figure 2.11: X(z), for z = (0,0) and various values of A, in the case h = 1.

a strict contraction for n > 2, and 7} does not increase distances. Thus, given
p € X with infinite itinerary, it suffices to show that, for the sequence (i,)nen such
that It,(p) = (i1,...,in) for each n, that i,, # 1 infinitely often. Suppose for
contradiction that this is not true, i.e., there exists n € N such that i, = 1 for all
k > n. Then,

P =T, ) '(p) €X

is a point with itinerary (1,1,...), i.e., p’ € TF(X) for every k € N. But, as shown
by the first coordinate of the formula

h2x hx )

Ti(1 =1 —
1( +$,y) ( +h2+17y h2+1
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Ty contracts points towards the line L = {1} x R. Le., for all (z,y) € R?,

h2

d(T1($,y),L) S 1 +h2

d(Tl(x7 y)a L),

where d((z,y),L) = |z — 1] is the distance from (z,y) to L. Hence,

N TFX) cL,
k=1

which is disjoint from X. Thus, p’ cannot exist, and one thus obtains (2.25). In
summary, we have shown that 5 (S) — v(S) whenever S is Borel and its topological

boundary has zero area.

2.7 Conclusions and further work

There are plenty of potential avenues left to explore. The most pertinent of these
is to expand Theorem 5 to a more comprehensive theory in multiple dimensions.
Our viewpoint seems particularly applicable to equidistribution on fractal examples,
namely iterated function schemes (such as the examples presented later in section
4.1.2).

One a more superficial level, it would be interesting to estimate discrepancy
of the higher dimensional analogues of the Kakutani-Fibonacci sequence (as depicted
in Figure 2.7 in two dimensions), for example.

Returning to one dimension, one possible generalisation would be the natural
extension of the following result of Aistleitner and Hofer [3], which appears to follow

from a simple consideration of the proof of Theorem 1.

Proposition 6. Suppose that one has a sequence of intervals (Py)32,, for which
Pt is the (T3)7, refinement of Py. Then, letting E,, denote the endpoints of P,

we have the following, for a; > 0 corresponding to T;:
o If {oy}l" | are higher rank, then E, is equidistributed as n — oo.

o If{a;}7 | are rank one, then E, is equidistributed if and only if, for x > 0 the

minimum number such that {a;}} | € {xk | k € Ng}, we also have
{I1]| : T € Po} C {a" | k € No}.

More significantly, in all of the above proofs it is clear that it is the «y,

and not the T;, that determine equidistribution. Therefore, one should be able to
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conclude equidistribution for generalised interval substitution schemes, in which a
maximal interval is split according to an arbitrary partition (one is tempted to say
“random partition”), obtained by permuting the intervals in P. This should be
quite simple; whether such a generalisation affects the proofs of discrepancy is much
less clear.

Other natural questions exist, such as “What happens if you alter the refine-
ment at each stage?” (for example, if one alternates between splitting according to
two different partitions).

There is no shortage of questions one can ask. This is perhaps one of the main
advantages of considering low-dimensional problems which have a strong, visual

component.
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Chapter 3

Explicit examples of resonances

for Anosov maps of the torus

3.1 Introduction to resonances

The general study of resonances is thought to originate with the article [81] of David
Ruelle in 1976, who considered the zeros of a dynamical zeta functions corresponding
to expanding maps on manifolds, although the term “resonances” first appears ten
years later, in another article of his [82].* For our purposes, it is instructive to

consider the particular case of expanding maps on the circle.

3.1.1 Resonances of expanding maps on the circle

The simplest example of an expanding map on the circle is the doubling map 75 :
R/Z — R/Z:
To:x+— 2x mod 1.

More generally, a continuously differentiable map T of the circle is expanding if there
exists A > 1 such that, for all x € R/Z,

IT'(2)] > A > 1.

Assuming that an expanding map 7" is C", for some r > 1 (here, fractional r
indicates that the |r]-th derivative of T" exists and is (r— |r])-Holder), there exists a
unique invariant ergodic measure, u say, which is absolutely continuous with respect

to the Lebesgue measure (acim). The acim p satisfies a host of properties. Our focus

*Resonances are often referred to as Ruelle resonances for this reason.
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Figure 3.1: Graph of the doubling map, 7% as a map on [0, 1).

is the following result, which is stated in more generality (i.e., for expanding maps

on manifolds) as [12, Corollary 2.6].

Proposition 7. Given a C" expanding circle map T with acim p, such that |T'| >

X > 1; then, for any 0 < B < r —1, and any 8 > X\ P, there exists N € Ny and a

N

collection of N distinct complex numbers {pp},_1,

non-increasing in modulus, such
that 0 < |p,| < 1 for each k, and, for every pair f,g of CP functions on the circle,
there exist (explicit) polynomials (c,)N_,, for which we have the following asymptotic

formula for the correlation function:

/foT’"g dp = /fdu/gdu +§:cn(m)pﬁ”‘+0(9m) (3.1)

n=1

as m — Q.

Remark 8. This result is very strong, in particular implying exponential decay of

correlations, i.e.,
/fong du—/fdu/gdu=0(nm)

as m — oo, for all n > |p1]. This in turn implies the famous Birkhoff ergodic
theorem, and a host of statistical properties pertaining to u. For example, for each
f:S' — R which is C? for 3 as in the proposition, we have the following central

limit theorem: for the random variable = distributed with law p, the sequence of
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random variables )
1 — .
7 2 () - Vit [ £ du

converges in law to a centred normal distribution as n — oo (see the introduction

to [12] and references therein for more details).

The values p,, (which we henceforth consider to include 1 and 0), are called
the resonances. Note that, if T is smooth, there can be infinitely many such reso-
nances, which necessarily converge to 0, and the size of 6 in (3.1) is limited only by

the smoothness of the observables f and g.

Relationship to composition and transfer operators

In principle, the resonances are calculated as the eigenvalues of the composition

operator, Cp(f) := f o T or its dual, the transfer operator,

@)=Y

T(y)==

acting on a suitable Banach space of functions, B say.! More explicitly, if £ is
quasicompact on B, in the sense that there is some 6 < 1 such that £ is the sum
of a finite rank operator and one of operator norm at most 6, then the generating

function of the correlation function (3.1) for each fixed f,g € B,

G ,(2) </fong dﬂ>

is meromorphic on the disk of radius #~!, and within this disk, poles can only occur
at the reciprocals of eigenvalues of £, with the degree of the pole not exceeding the
size of the largest Jordan block of the corresponding eigenvalue (see [12, Ch. 2] for
more details).

More explicitly, writing these eigenvalues as {p1,...,pn}, and writing i, as
the size of the largest Jordan block of £ corresponding to p,,, there exist constants

an i and by, such that

@.

Gl

59

an

1—pz —i—mez

*In this expanding case, B can simply be the completion of the set of C* functions (with 3 as
above) with respect to a suitable norm, e.g. the Sobolev norm.
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and b, = O(0™) as m — oo. Applying Newton’s formula, namely
(1—pp2)t £ k)

=1

to the first sum, we recover (3.1) with the p,, given by the above eigenvalues of L,

and '
in
m
cn(m) = a
n( ) Z n,k<k>
k=1
In particular, if p, is a semi-simple eigenvalue of £ (i.e., if i, = 1), then ¢, is
constant.

A lack of explicit examples

Unfortunately, there are very few examples of expanding maps for which the reso-
nances are known. The doubling map (or more generally, the m-tupling map) has
only the trivial resonances, 0 and 1.

In contrast, Frédéric Naud proved in [72] that generic real analytic expanding
maps have infinitely many non-trivial resonances, and gave lower bounds on the rate
that these resonances converge to zero. More explicitly, given such a generic map,

the resonances (py,)o2 ; satisfy
lim inf |p,|e"(17%) > 1
n—o0

for each € > 0. Indeed, this complements a general upper bound for real analytic
expanding maps given by Oscar Bandtlow and Oliver Jenkinson in [14]: namely,
there exists a > 0 such that

sup |pnle® < oco.
neN

Moreover, Bandtlow and Naud in [16] show that, for a dense subset of the collection

of expanding maps analytic on an annular neighbourhood of the circle,

lim sup |pn]e”1+5 >0
n—oo
holds for every € > 0. (The proof in fact uses the result of [87, 15] below.)
Critically, in spite of the great deal of work in this area, the only explic-
itly known examples of resonances remained those of the trivial case above, until
the breakthrough articles [87, 15] of Oscar Bandtlow, Wolfram Just and Julia Sli-

pantschuk, which provide families of expanding maps on the circle for which the
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resonances are explicit:
{pn} = {0, 13 U {N™,A\™ : m € N}, (3.2)

where A is an arbitrary complex parameter with |[A| < 1. Their examples are given
by families of Blaschke products on the circle, which we now describe.
Blaschke products on the circle

Historically, Blaschke products play an important role in one-dimensional complex
dynamics. They are known to be the only holomorphic maps on the open unit disk
which extend to a continuous map on the unit circle, and map this circle into itself
[26]. Moreover, it follows as a simple consequence of the Riemann mapping theorem
that any meromorphic map whose Julia set bounds a simply connected invariant set
is conjugate to a Blaschke product which is expanding on the unit circle [78].

We first make some simple definitions.

Definition 13. In this chapter, we consider the circle and the torus to be embedded

in complex one- or two-space respectively. Let
={z€C:|z| =1}, T? =T! x T! c C?,
and also let
D={z€eC:|z| <1}, Do ={2€C:|z| >1}U{o0},

considered as subsets of the Riemann sphere, C U {oo}.

Remark 9. Regarding changes of coordinates: whenever we need to translate be-
tween T? as above and R?/Z? (e.g., to show hyperbolicity), we use the natural
conjugation

(€201 2102) s (9),05) mod 1.

We define Blaschke products as maps on the Riemann sphere.

Definition 14 (Blaschke product). A Blaschke product is a holomorphic map B :
CU {oo} — CU {oo} of the following form, for A1,..., A\, € D and § € T

Z+)\k
B : z»—>9H1+)\kZ (3.3)

where )\, denotes the complex conjugate of \j.
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For any a Blaschke product B, as noted above, B(D) = D and B(T!) = T!.
(Also, B(Ds) = Dwo.) In particular, B restricts to a degree m map of the circle.

Resonances of expanding Blaschke products

Following [30] and [15], we now present an informal description of the resonances
of B, under the assumption that B is a Blaschke product which restricts to an
expanding map on T'. More explicitly, we show that this restriction has resonances
as given in (3.2), where A is the multiplier of the unique fixed point of B in D. This
will inform our calculations in the Anosov case.

So as to not overly complicate the analysis here, we assume that Cp acts
compactly on a suitable Hilbert space H of functions which has the set of mono-
mials {e, : z — 2"},cz as an orthogonal basis (a family of such spaces is noted
below). Acting on such a space, the spectrum of Cp can be derived quite simply, by
considering its action on the subspaces spanned by {e, : n > 0} and {e,, : n < 0}
respectively.

We first apply the following result of [95].

Lemma 13. A Blaschke product B restricts to an expanding map on T' if and only

if m > 2 and z — aB(z) has a fized point in D for every a € T*.

Remark 10. An example of a non-expanding Blaschke product for m > 2 is given
by

32241 (z_%) (ZJFﬁ)
B =g = <1+%Z) (1_%2)

which has an indifferent fixed point at 1 € T, i.e., B(1) =1 and B/(1) = 1.

)

By the lemma, if B is expanding then, up to conjugation by a Moébius map,
we can assume that it has a fixed point at 0: i.e., B(0) = 0. That is, without loss

of generality,

To consider the action of Cp on the subspace with basis {e, : n > 0}, one

formally takes a Taylor expansion about 0, exploiting the assumption that B(0) = 0:

(B(2))" = (B'(0)z+ 0(z%)" = (B'(0))"2" + ) anpz"*,
k=1
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for some coefficients a,, ; € C. That is, we can formally write

Calen) = (B'(0))"en + > anpntr. (3.4)
k=1

This leads to the following infinite lower-triangular matrix representation for Cp:

1 0 0 0
0 B(0) 0 0

A=0 ay (B©)* 0
0 as  as1  (B(0)’

where A,, is the nxn truncation of A and || Dy, ||op — 0 as n — oo, by the compactness
of Cp, for || - ||op the appropriate operator norm.*
Now, given a non-zero eigenvalue A of C}; (i.e., Cp), assume that n is large

enough that || Dyllop < |A|. Then, the eigenvalue equation for v = (v, v2) reads
Avy = (An)*vl + Cpv2 and vy = Dypvs.

However, since ||Dy|lop < |A|, the second equation implies vy = 0, and thus Av; =
(An)*v1. That is, A is an eigenvalue of A,, for all sufficiently large n. Since A,
is a triangular matrix, these eigenvalues are given by the entries on the diagonal,
i.e., the non-negative powers of B’(0). Moreover, since these values are distinct
(i.e., |B'(0)] < 1, by the Schwarz—Pick theorem [26, p.13]), these eigenvalues are all
simple.

As for the action of Cp on the complementary subspace spanned by {e_,, :

n € N}, one can exploit the following symmetry of B:

B(="H)7! = (B(2)),

#That is, in this case, the operator norm on the codimension-n subspace H, with basis {er |
k > n} (see the proof of Lemma 18 for more details).
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or, expressed more explicitly (and using (3.4)),

m—1 —1\n m—=1 _1 , 3y \n
—n -1 — +)\k - z +)\k
B — (p~1,1 ]I Z A _ 1 H
(B(2)) <0 -l <1+)\kz> ) (ez - 1+Akz_1>

k=1
— (B’(O))z_”—i—Zan’kz n—k
k=1

Therefore, Cp(e_y,) = (B’(O))ne_n + > 00 Gnke—n—k, and the action of Cp on the

subspace with basis {e_, }nen is represented by the matrix

B'(0) 0 0

a

1
2 a1 (B’(O))3

)

a

Since Cp is compact and this matrix is lower triangular, by the above reasoning, the
restriction of the operator to this space has simple eigenvalues consisting of positive

integer powers of B’(0).

Summary: Whenever there exists a Hilbert space of functions H which has {e;, }nez

as an orthogonal basis and on which Cp acts compactly, its spectrum is given by
{0,1} U {(B'(0))", (B'(0))" : n € N}.

Moreover, each non-zero eigenvalue is simple, unless B’(0) has a rational argument.
In the latter case, coincidences in value occur when (B' (0))” = (B’ (0))” for some

n, and this eigenvalue has algebraic and geometric multiplicity 2.

Remark 11. Note that we more generally call any eigenvalue which has the same

algebraic and geometric multiplicity semi-simple.

Examples of such a space, for each ¢ > 1, are given by

H= {f D2 i anz" i |an |20~ 1" < oo},

n=—oo n=—odo

equipped with the natural inner product

<Z anz", Z bnz”> = Z anEdf'”‘.

(That Cp acts compactly on H is shown in detail in [15], and can also be derived
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using the elementary arguments of [84, p.23].)} Then, the transfer operator £ (i.e.,
the dual of Cp : H — H, which has the same spectrum) acts compactly on the dual
space

H*:{f:z»—> i apz"

n=—oo

Z |an|2¢|n‘ < OO} )

n=—oo

which contains all functions analytic on a neighbourhood of the annulus

1
ZGC:§|2]§\/$}.
tee
Therefore, given any pair of functions f, g on T which extend analytically to some
neighbourhood of the torus, ¢ can be chosen sufficiently close to one so that f,g €
H*. By the discussion in the preceding subsections, this shows that there exist

constants ¢, d,, such that, for any N € N, and p the acim corresponding to B|r1,

N
/ foBMgdu= / fd,u/ g(2)dp + chAnm +d A"+ O(ANTY,
T! T1 T! el
i.e., the non-zero eigenvalues in the spectrum of C are all resonances of B. By
the density of analytic functions (i.e., of polynomials), there can be no further
resonances.

As a final note, since, for any A € D,

Z+ A
z —
14+ Xz

B(z) =

has B'(0) = A, B'(0) can take any value in D. In particular, we can choose the
“exponential rate of mixing” |p;| = |A| to be arbitrarily close to the unit circle, i.e.,

arbitrarily slow.

3.1.2 Resonances of Anosov diffeomorphisms

The situation governing resonances of Anosov diffeomorphisms is highly analogous
to that of expanding maps.

We first give the definition of an Anosov diffeomorphism, which makes con-
crete the informal description that such a map is characterised by “locally contract-

ing in some directions and expanding in others”.

$In brief: decomposing this space into two, corresponding to negative and non-negative n, each
corresponds to the Hardy-Hilbert space of one of two disks (one based at zero, and one based at
infinity). Then, since B can be shown to map these disks into their interiors, it follows that the
composition operator acts compactly on each.
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Definition 15 (Anosov). Given a compact connected manifold M, we say that
the diffeomorphism T : M — M is Anosov if it is differentiable and there exists a
continuous splitting of the tangent bundle, 7,(M) = ES © E¥, and constants C > 0
and A € (0,1) such that the following hold for all x € M:

e D,T(ES) = E3, ., and D, T(EY) = EY

(z)’
o | D,T™v| < CA*'||v| for all v € EZ.

()

o | DT ™| < CA*'||v| for all v € EY.

We also say that a diffeomorphism 7" : T? — T? is area-preserving if it leaves

the normalised Lebesgue measure (i.e., unit volume measure) invariant: that is,

/Mfonu:/Mfd,u

for all Borel functions f on M, and u the unit volume measure on M.

One can show, by an easy proof, that any continuous map which has a fully
supported, ergodic measure is transitive. Thus, in view of the following result, the
resonances for T are well-defined. Note that, if T is area-preserving, the measure p
below is simply the unit volume measure on M. (For a gentle introduction to SRB

measures in general, see [101].)

Proposition 8 ([12, Theorem 7.11]). For r > 1, suppose that T is a C" transitive
Anosov diffeomorphism on a compact connected manifold M. Then there erists a
unique probability measure p (the SRB measure corresponding to T') such that, for
X as in Definition 15, for any 0 < B < r—1, and any 6 > \~P, there exists N € Ny
and a collection of N complex numbers {pn}_, with 0 < |p,| < 1 for each k, such
that, for every pair f,g of C® functions on M, there exist (explicit) polynomials
(cn)22 such that

N
/fong dp = /fdu/gdu+ch(m)p?+0(9m) (3.5)
n=1

as m — Q.

Remark 12. Note that, since we need not reference the measure p in what follows,

we abuse notation and later use p also as a complex parameter.

As in the expanding case, there are very few examples of Anosov diffeo-

morphisms for which the resonances are known. Until recently, the only known
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examples were given by the trivial examples of linear hyperbolic diffeomorphisms,
which represent all hyperbolic diffeomorphisms up to isotopy (see [43] for a proof of
this fact):

Definition 16. Given any matrix M € Z™" such that det(M) = £1, we say that
R"/7" — R"/Z", v—=M-v modl

is a linear (toral) diffeomorphism. Note that if M is a hyperbolic matrix (i.e., it has

no eigenvalues on T!), then the map is hyperbolic.

These examples, including the Arnol’d CAT map of [5] mentioned above,
have only 0 and 1 as resonances, similarly to the doubling map above.

More generally, Alexander Adam [1] proved that generic small perturbations
of linear diffeomorphisms yield at least one non-trivial resonance (i.e., not equal to
0 or 1). However, the only explicit non-trivial examples known to date are those
provided by the authors of [87] and [88]. In particular, given B) as defined below,

it has the following resonances:
{pn} = {0, 1} U{A™ A : m € Ny}

(where A € D is again an arbitrary parameter). These B) are given by so-called
two-dimensional Blaschke products, introduced in more generality by [78] (see also

[77]). More explicitly, they are given the following definition in [88, p.2669]:

Definition 17 (B)). For A € D, let By : T?> — T? be given by

<<z—|—)\> <z+)\> )
By : (z,w) — — | 2w, — Jw .
14+ Az 1+ Az

This family of maps smoothly perturbs the Arnol’d CAT map, represented (on T2
and R?/Z? respectively) by

By : (z,w) — (22w, zw) or (;) — (i 1) (;) mod 1.

In comparison to the previous setting of expanding maps, results such as

those alluded to above pose much more of a technical challenge. This is partly due
to the fact that constructing a space of functions (or more generally distributions)
on which the composition operator (or transfer operator) of a hyperbolic map is

quasicompact is a non-trivial matter.
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Such Banach spaces exist specifically for this purpose, known as anisotropic
spaces. In each case, these have to be tailored to the diffeomorphism itself, to exploit
the fact that, locally, it is expanding in some particular directions and contracting
in others.

There is no canonical way to construct these spaces. A rough classification
of the three main varieties of anisotropic spaces seen in the literature are given a
light overview in [36] and are given a more thorough account in the survey [13] (see
also references therein).

In considering families of maps such as the above, by analogy with the ex-
panding case, it is natural to consider the composition operator acting by formal
Taylor expansion on spaces comprising sums of monomials {e;, ,, : T2 — T}(m,n)€Z27
defined by

emn(z,w) = 2"w".

More explicitly, it is natural to consider the composition operator acting on an-
isotropic Hilbert spaces which have {ey, »}mn as an orthogonal basis. As we shall
describe later in more detail, such a space is completely determined by the norms
given to the individual e, . The particular anisotropic space used in [88], following
a construction in [44], consists in weighting the norms of the e,,, according to
the eigenvectors of the CAT map (we will describe this in more detail in the next
section).

In this chapter, following [88], we give a new account of the resonances of B).
In particular, we introduce new families of Hilbert spaces which allow us to simplify
the analysis substantially. These spaces weight the norms of the e,, , according to
a degree function (broadly speaking, a signed [! norm).

This approach also allows us to prove new results on the resonances of two
other families, (T)) and (T o T,,). In particular, the resonances of the latter are

studied empirically in [87, 2683—-2685], and we give a rigorous proof.

Remark 13. In a related account, the resonances of all linear pseudo-Anosov maps
acting on translation surfaces of genus at least 2 were recently made explicit in [48].
Contents of this chapter

In summary, to prove their result on the above resonances of B, the authors of [88]

take the following, important steps (as illustrated in the expanding case above):

e Providing a Hilbert space of distributions (with {e,, »} as a a basis) on which

the composition operator of B) acts compactly.
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e Providing an ordering of the basis such that the matrix of the composition
operator is lower-triangular, allowing the eigenvalues to be simply read off the

main diagonal.

e Showing that this space can be chosen to contain any given pair of functions

analytic on a neighbourhood of the torus.

In each of the sections 3.2, 3.3 and 3.4, we follow this general strategy for three
different families of maps ((B)), (T) and (T o T},) respectively):

e We first prove that the maps considered are Anosov and area-preserving, so

that the resonances are well-defined.

e We then exhibit a corresponding family of anisotropic Hilbert spaces, and
show that these can be chosen to contain any pair of functions analytic on a

neighbourhood of the torus.

e We also show that the composition operator acts compactly on this space (so

that the eigenvalues of this operator give the resonances of the map).

e Finally, we calculate the spectrum of the operator using a convenient, block-

triangular matrix form.

Finally, in section 3.5, we make some closing remarks.

3.2 The spectrum of Cp,

In this section, we prove the following result on the resonances of By. As mentioned
above, this result and its proof are entirely analogous to the main result of [88], and

we provide a new, simplified perspective.

Theorem 6. There exists a Hilbert space, Hq, consisting of distributions on the
torus, on which, for each A\ € D, the composition operator Cp, : f — f o By acts

compactly and has spectrum given by
{0, 13 U{\"", \™ : m € N}.

Moreover, each non-zero value is a simple eigenvalue, up to coincidences in value.

Remark 14. Note that, by “up to coincidences in value”, we mean that A and A"
are distinct for each n € N; i.e., the argument of A is an irrational multiple of .

Otherwise, whenever A" = X", we will see that it is semi-simple, of multiplicity 2.
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Remark 15. The methods of this section naturally extend to the following families
of diffeomorphisms, indexed by K € N and A € D:

2+ A\ K(z—i—)\)K
B : ) |_) 3 ) ~ b
A (2 w) <(1+)\z) v 1+ Az v

considered, for each K, as a perturbation of the hyperbolic linear toral automorphism

K? K
Bok : (z,w) — (zKszK,sz) — (:v) — ( ) (m) mod 1.
Y K 1) \y

This being said, since the resonances of B) i equal the resonances of Byx,

these families contribute nothing new to the variety of spectra presented here. We
note however, that the same space, H,, can be used successfully for each family,
without needing to know anything additional about the eigenvectors of each matrix

(compare with the construction (3.7) below).

Figure 3.2: The spectrum of Cp, , for A = 0.99¢37im/50
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3.2.1 Hyperbolicity of B)

Before we prove Theorem 6, we first show, for each A € D, that B) is an Anosov,
area-preserving map of the torus. Since B) is smooth, by Proposition 8, this shows
that the resonances of B) are well-defined.

We prove the Anosov property in a standard way, using expanding and co-
expanding cone families, as per the following definition (which we have made specific

to the torus, following the terminology of [73]).

Definition 18 (Cone family, (co-)expanding). We say that C C R?, is a cone if it

is proper, non-empty and can be written as
C={veR’|Q(v) >0}

for some real quadratic form Q. In this case, we call Q~!(—o0, 0] the complementary
cone (to C). We call a collection {C, },enr, where C;, is a cone in the tangent space
of x € T? (which we naturally identify with R?) for each € T?, a cone field, and
we say it is expanding with respect to the diffeomorphism f : T? — T? if

Dmf(Cx) C int(cf(x)) U {0};

we say it is co-ezpanding with respect to f if the cone family {C”}.crr, where C

is complementary to C,, is expanding with respect to f~1.

The standard proof of the Anosov property alluded to above simply uses the
following fact, after [73, Theorem 1.4].

Fact 1. A diffeomorphism f of T? is Anosov if and only if there exists a cone field

which is expanding and co-expanding with respect to a power of f.
This leads naturally to the following.
Proposition 9. For each A € D, By, is an area-preserving Anosov diffeomorphism.

Proof of Proposition 9. This is a simple consideration of the tangent map D, B) in

standard coordinates. In these coordinates, we have that By(z,y) = (2/,1), where

(627ria:” eQm‘y’) _ B}\(€2m’x’ e27riy)

1+ Ne2miz )’ 1 + Ne2miz
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To focus on the inner brackets: writing A = |\|e?, let 2z € R satisfy

i e )\ B 1+ ‘)\‘ei(Gfx) B (1+ |>\‘ei(0—m))2
1+ Xeir 1+ |\eil==0) 1+ |)\|ei(x—0)|2 '

iz

The polar argument of e%? is therefore twice that of
1+ |Alef0==),

Dividing imaginary by real components, this gives

tam (Z) ~ 2[A]sin(f — )

2) " 1+ |\ cos(d —2)

Adapting this argument (i.e., replacing x with 27z), we obtain
By(z,y) = (22 +y +¢(x), z+y+1(z)) mod1,

where ¢ : R\Z — R\Z is given by

_ 2[A[sin(2mz —0)
1+ |\ cos(2mz — 6)

tan(mi)(z)) = (3.6)

Differentiating both sides of this expression gives, for all z € R,

B 2|A|(cos(2mz — ) + |A]) o 2|\ o
A2+ 2|\ cos(2mz —0) +1 — [N\ +1 '

v(e) =

Thus, the tangent map takes the form

where e(z) :=¢/(z) +1 > ;—I;\\} > 0.

Obviously, det(D(,,)Bx) = 1 for all (z,y) € T2, which shows that B) is
area-preserving (i.e., via the integration by substitution formula).

To prove that B) is Anosov, one can simply show that the cone given by the
positive quadrants

Ct ={(u,v) € R* | uv > 0},

is mapped strictly inside itself under D, By, and that the complementary cone
C™ ={(u,v) € R? | uv < 0}

83



is mapped strictly inside itself by (D(%y)B)\)_l, for each (z,y) € T2. The first is
clear from the fact that D(,,)Bx has all entries positive for all z € T2, and the

second follows since, for Q(u,v) := uv, we have that the inequality
Q © Dy, Bx(u,v) = (e(z)u+v)((1 +e(z))u+v) <0

prescribes a cone contained strictly within C~, since e(x) > 0. Therefore, by Fact

1, By is Anosov as required. O

3.2.2 The Hilbert space H,

As mentioned in the introduction, all of the Hilbert spaces discussed in this chapter
can all be described with the following general construction:
Suppose we want to construct a complex Hilbert space H which has {€m n} (m,n)ez2

as an orthogonal basis, recalling the notation
emn : (2, w) — 2Mw".

Given such a space H, for (-,-) and | - || denoting the inner product and norm on #

respectively, we can write

< Z bm,nem,na Z Cm,nem,n>: Z bm,ncm,nHem,nH2

(m,n)ez? (m,n)€Z? (m,n)€Z2
and
2 2 2
H E bm,nem,n = E |bm,n Hem,nH :
(m,n)€Z? (m,n)€Z?
Moreover, we can define H set-wise to comprise series which have finite || - ||, norm:
) p

H= Z bm,nem,n

(m,n)€Z?

bm,n e C, Z |bm,n|2||6m,n||2 < o0
(m,n)€Z?

In this way, the nature of the space H is completely characterised by the values of

|lém.nll, which we call the weights.

Remark 16. For any a > 0, classical examples of such spaces include the Sobolev
space of a-times weakly differentiable functions, with weak derivatives in (?(T?) [93,
p.42], which can be defined by

lemnll = min ((Im] + [n]), 1);
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or the Hardy-Hilbert space of functions analytic on the polydisk e~*(D x D) (see,
e.g., [85]), where

e~a(m+n) - if m.n > 0;

lemnll =
00, otherwise.

To obtain quasi-compactness (or more strongly, compactness, as is required
here) for the composition operator acting on H, one is required to define the weights
in an anisotropic manner. In particular, taking limits along rays based at the origin,
the weights decay to zero in some directions and diverge to infinity in others.

For example, in [88], the authors base these weights on the eigenvectors of

the CAT map By: i.e., for a > 0,
) : (3.7)

These are a particular instance of the anisotropic spaces introduced in greater gen-

V541
9

1-V5
2

n|+a

m m-+n

leumnll = exp (—a

erality by Frédéric Faure and Nicholas Roy in [44] and also used by Alexander Adam
[1] to show his result on generic resonances.

We stress that the usefulness of the thus-obtained Hilbert space in [88] is
principally that the composition operator Cp, acts compactly on this space, and
that @ > 0 can be chosen so that the space contains any given pair of functions
analytic on a neighbourhood of the torus.

Contrastingly, assuming it acts compactly, the spectrum of the composition
operator acting on H as above is independent of the weights used (provided that
they are all finite). We therefore propose simple alternative weightings, yielding new
families of anisotropic Hilbert spaces. These spaces will be particularly simple for
(B)) below; but will need a small adjustment when we later come to consider (7).

The definition of the spaces H,, pertaining to (B)), make use of the signed

degree function deg;, which we now present:
Definition 19 (degy, || - [la, Ha)- Let deg; : Z? — Z be given by
deg; : (m, n) — sign(mn) (|m| + |n|),

where

1, ifk>0;
1, ifk<O0.

sign(k) =
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(Figure 3.3 shows some level sets of deg;.) We define, for a > 0,

—adeg(m,n)

Hem,nHa =e

Extending this norm in the manner above, we let H, be the vector space of series

in ey, ,, with finite || - |, norm, i.e.,

bmn €C, [|flla < o0,

Ho=(f= Z bm,n Em,n

a (m,n)€Z?

(m,n)€Z?
where, more explicitly, the || - || norm to
2
H S b | = 3 a2 20t
(m,n)eZ?

Figure 3.3: The level sets of deg; : Z?> — Z. Here, for each n € {—4,...,4}, D,
denotes deg; ~}(n).

The benefits of using H, (and later H, ) over the family of anisotropic spaces

defined by (3.7) are as follows:

e The proofs for compactness and the inclusion of analytic functions are simpler
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and more direct.

e The construction permits more flexibility (considering, e.g., By x mentioned

above).

e There is a clearer link between the structure of the space and the simple form

for the matrix of the operator (block-triangular).

The following result shows that any pair of analytic functions on a neighbour-
hood of the torus will be contained in some H,, allowing us to equate the resonances

of T\ with the spectrum described in Theorem 6.

Proposition 10. Let a > 0 and suppose that f is an analytic function on a neigh-

bourhood of the poly-annulus
P, = {(z,w) € C? e <z <€ e <|w|<e}.

Then f € H,. In particular, every function analytic on a neighbourhood of T? is

contained in Hq for all sufficiently small a.

Proof of Proposition 10. Fix a > 0 and f analytic on a neighbourhood of P,. By
construction, the Laurent series for f converges absolutely on P,. In particular,

writing this expansion as

f(za w) = Z bm,nzmwn7 (38)
(m,n)€Z2
we have, by definition of || - |4,
I£112 = Z (b |2 e~ 20 dega(mn) < Z Iy |2 €201+,
(m,n)eZ? (m,n)EZ2

which we want to show is finite. Note that

> [bmnleUmERD <Ny, ) (e“(”””) + ealm=n) 4 galn—m) e*“(m”))
(m,n)€Z? (m,n)€Z?

is finite, since (3.8) converges absolutely for all (z,w) € P,, i.e., the sums

Z |bm7n|ea(m+n)’ Z |bm’n|ea(m—n)’

Z |bm7n|ea(n—m)’ Z |bm7n|e—a(m+n)
m,n m,n
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are each finite, since (eia’,ei“) € P,. In particular, the left hand side is square-

summable, and hence f € H,, as required. ]

3.2.3 (g, is Hilbert-Schmidt

To prove compactness of the composition operator acting on H,, we need to estimate

the Taylor coefficients of arbitrary powers of a given Mobius function.

Estimates on the Taylor coefficients of a simple Blaschke product

In view of the definition of By, the action of Cp, on H, involves formally expanding

(i:g>m (3:9)

as Taylor or Laurent series, depending on the sign of m € Z. To this end, we

functions of the form

introduce the coefficients oy, 1, = aum x(A), which we use throughout this chapter.

Definition 20 (o). For m € Ny, since (3.9) is analytic on C\ {—A"'}, the
following expansion is valid for |z| < |A|~! (and converges uniformly on every closed
disk of radius strictly less than |A|71):

zHA\" & &
— = Am k2", 3.10
() =% 619
where the complex coefficients o, ; are given by the Cauchy integral equation
m
O e = i Palany (m) ds,
271 s|=1 1+ As

or alternatively, via Newton’s identity,
min(m,k) .
k—j—1 — s ,
= (m) (m Tk >(—>\)’€‘J>\m‘9.
— \J k=
J_
Explicitly, we have oy, 0 = A" for all m € Ny, and ag = 0 for all k£ € N.

Reciprocating the above Mdbius function, one also obtains a related Taylor

expansion about oo: if m < —1,

z4+ A mn Z_1+X - > —k
(i15) = (i) = @ (311

For simplicity, we adopt the notation that a_,, ; = @, for all m and k.
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The proof of compactness of Cp, (here and in [88]) reduces to estimating

00
Z ’Oém7k|26_2ak
k=0

for each m € Z, where a > 0 is fixed, and the oy, are given by (3.10) and (3.11).

sums of the form

To this end, the authors of [88] decompose the sum into two and apply the following

estimates, derived from the Cauchy integral formula for o, .
Lemma 14 ([88, Lemma 2.3]). For all A\ € D,
1. |ami| <1 for all m, k € Np.
2. For all N
ve (o 55)
there exists v > 0 such that for all m, k € Ny satisfying k < Bm,

| | < VEFL=Em), (3.12)

We now present an alternative result, which has the advantages of being
direct, simple and more explicit. There is also clear scope for improvement if needed
for later applications. This emerged by considering the proof of the following neat

formula, which implies |ay, x| < 1.

Fact 2. For any A €¢ D and m € Z,

o
Z ’Odm’k 2 =1.
k=0
Proof of Fact 2. Since |apm, k| = |o—m k|, we may assume that m > 0. Recalling the

following basic cancellation fact for Lebesgue integrals,

i k—j - i o i(k—j5)0 _
o /TIZ ldz] := 27r/0 ¢ 40 = X h=j)

(where x again denotes the indicator function), one writes

o 00 0

2 _
E |04m,k = 5 E Om kOm,j X{k:j}
k=0 k=0 j=0

(continued on next page)
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(continued from previous page)

1 oo o
= — g amkzk E am 2 7 |dz|
27T T1 -
k=0 7=0

1 (z—i-/\)m(z—i-)\)_m )
C 2w S \ 1+ Az 1+ X2

1
= — 1 |dz|
2w T1

=1 (3.13)

In particular, both Taylor expansions on the fourth line converge uniformly on T,

which allows for the interchange of sum and integral. O
The method of proof generalises to give (the second part of) the following.

Lemma 15. For all A € D and a > 0,

z4+ A
M, = ‘erilgz(% T < 1. (3.14)
Moreover, M, \ satisfies, for all m € Z,
oo
Z |Oém7k|2€_2ak < MJ:}J
k=0

Proof of Lemma 15. We again assume that m > 0. Repeating the argument (3.13)
above, this time also using that (3.10) converges uniformly on e~2¢T! C D, gives

the following:

00
2> lam,
k=0

oo [e.e]
Ze—2ak S Z Z O kOmg | (ze72)F277 |dz|
27.(. ) )

k=0 j—=0 T!

_ 1 (ze‘2a—l—>\>m(z+)\>_m ]
T 271 Jp \ 1+ e2az 1+ Az '
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In particular, a uniform estimate on this integral gives

0o —%2a m -m
Z |t 1|26 2% < max il A - +3\
— 2€TH |14+ Xe 20z |14+ Az
=1
A m
= max |— L = M,
|ze2e|=1|1 4+ Az ’

which proves (3.14). Finally, given a > 0, the M&bius function

Z+ A
— _
1+ Az

takes I into itself, and hence maps the circle e 2*T! to one strictly contained in D,
which is thus bounded away from T!. Hence, the maximum modulus obtained on

this circle is strictly less than 1, giving M, \ < 1. O

Application to Cp,
The above estimates suffice to prove the following property for Cp, .

Definition 21 (Hilbert-Schmidt, |- ||us). The Hilbert-Schmidt norm of an operator
C : H — H acting on a separable Hilbert space H takes the following form, for a

given orthonormal basis {é;};c7 of H:

IClfs =D c(@)®.

1€L
We say that C is Hilbert-Schmidt if it has finite Hilbert-Schmidt norm.

Well-known properties of Hilbert-Schmidt operators (see [28, p.267]) include
that they are compact and that their singular values are square-summable (respect-
ing multiplicity). Every trace-class operator is Hilbert-Schmidt, and an operator is
trace-class if and only if it is the composition of two Hilbert Schmidt operators. (We
say that a compact operator is trace-class if its singular values are summable.)

The Hilbert-Schmidt property is relatively easy to verify. In particular, the

norm equivalently reads as

IClfs = <HC(ei)y>2

S\ ledll

for any orthogonal basis {e; };cz of H, and it is therefore natural to prove the Hilbert-

Schmidt property by estimating these summands. This is indeed how we prove the
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following lemma.

Lemma 16. For all A € D and a > 0, the composition operator Cp, : Ho — Hq i
Hilbert-Schmidt.

Remark 17. Since By = Ty o Ty, we will later see that Cp, is in fact trace-class
(which we recall is a stronger property than being Hilbert-Schmidt) as an operator

on the related space H, 4.

The proof of Lemma 16 uses the following simple lemma.

Lemma 17. For all (m,n) € Z? with n # 0,
deg,(m + sign(n),n) > deg,(m,n) + 1, (3.15)

and similarly, deg;(m,sign(m) + n) > deg;(m,n) + 1 if m # 0.

Although the statement of the lemma is somewhat terse, an intuitive descrip-
tion may suffice to convince the reader of its correctness in advance of the formal
proof: Broadly speaking (considering deg; as a signed I'-norm) the lemma states
that, starting from a lattice point in the positive quadrants, {(m,n) € Z? | mn > 0},
moving to an adjacent point further from an axis increases the value of deg; (since
it increases the [! norm), whereas starting from a lattice point in the negative quad-
rants, {(m,n) | mn < 0} and moving to an adjacent point closer to the axis increases
the value of deg; (since it decreases the {! norm). The previous depiction of level
sets in Figure 3.3 may be helpful for the reader’s intuition. Also, in Figure 3.4 below,
(3.18) corresponds to the fact that all horizontal arrows point right for n > 0 and
left for n < 0.

We now give an algebraic proof, whose three cases correspond to the shaded

regions in Figure 3.4.

Proof of Lemma 17. We only prove the first equality, since the second follows by

symmetry. Considering the two factors of
deg; (m + sign(n), n) = sign (m + sign(n), n) (|m + sign(n)| + |n|),
we first observe that

) either mn >0,
(m + sign(n))n =mn+ |n| >0 <
or mn < 0 and |m| = 1.
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Figure 3.4: Increments in value for deg:
e The arrows indicate the directions in which deg; is increasing.

e The numbers show the differences in value between adjacent points.

Moreover, since n # 0, trivially

. |m|+1, if mn >0;
|m + sign(n)| =

|m| —1, if mn <O.
Applying these two equations in order gives three cases:

|m + sign(n)| + |n|, if mn > 0;
deg; (m +sign(n),n) = |m + sign(n)| + |n|, if mn <0 and |m| =1,
—|m +sign(n)| — |n|, if mn <0 and |m| > 1;

(continued on next page)
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(continued from previous page)

+1
+1

Im| + |n| + 1, if mn > 0;
=4 Iml+[n|=1=|n|, ifmn<0and|m|=1;
1 —|m| —|n], if mn < 0 and |m| > 1;
deg; (m,n) + 1, if mn > 0;
= q deg;(m,n)+1+2/n|, if mn <0 and |m| = 1;
degl(mv n) if mn <0 and \m| > 1;
(m,n)

> degy(m,n

which proves (3.15). In particular, the third equality for the middle case follows

since, for mn < 0 and |m| =1, deg;(m,n) = —1 — |n|. O
We now apply this lemma to prove that Cp, is Hilbert-Schmidt.

Proof of Lemma 16. Fix A € D and a > 0 above, and consider Cp, (€, ). Using the
earlier Taylor expansions of (3.10) and (3.11) gives

ot~ ((52)) (52

N (Z+A>m+nzm m-+n

= = w
14+ Az
(0]
Z am+n7kzm+kwm+”, ifm+4+n>0;
k=0
= ZMq™m if m+n=0;
(o]
Z am+n7k2m_kwm+”, ifm+mn<0.
k=0
That is,
[o¢]
Z Umtnk Emtk,m4n, if m+n> 0;
k=0
Ci,(Emn) = Em,mt+n = €m0 if m+n =0; (3.16)
(o]
Z Otk €m—k,m4n, if m+n <O0.
k=0
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Consider first the case that m +n # 0, and let ¢ = sign(m + n). To estimate

HCBkem,nHa 2_ > 2 Hem—o—ak‘,m—&—n”a 2
- Z |a\m+n|7k’ T TR ) (317)

llem,nlla =0 [em,nlla
we first bound the ratio
lem+okm-nlla = exp [—a(deg,(m + ok,m + n) — deg,(m,n))] , (3.18)

lem,nlla
for each k£ € Ng. To this end, we apply Lemma 17 in two different ways. First, since
m +n # 0, applying the lemma k times gives

deg;(m + ok, m + n) = deg; (m + sign(m + n)k,m + n) > deg,(m,m +n) + k.

Second, applying the lemma |m| times to the term on the right hand side gives

degy (m, m +n) = degy (m, |m| sign(m) +n) > deg; (m, n) + |m|
(if m = 0, the inequality is trivial). That is,

deg,(m + ok, m +n) > deg;(m,n) + |m| + k. (3.19)

Thus, by (3.18),
lemtokminlla . —a(jml+k)

lem.nlla

We can now bound (3.17) with a straightforward application of Lemma 15:

2 [ee} 2
<||CBxem,n||a> _ Z|a N k’2 <H€m+ak,m+nHa>
= m+n,

lemnlla 2 lemnlla

oo
—2alm 2 _—2ak
<e fml E ’aern,k’ €

k=0
S e—2a‘m‘M(LTY;+n‘

< 20 (Im-+nl+Im])

e~ (imi+int) (3.20)

IN

where § = min(—% log M, x,a) > 0. The last inequality in particular follows from
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the reverse triangle inequality:

ml, if [m| > |n 1
lm +n|+ |n| > ‘ > 5(]m|+\n|).
2ln| —|m|, if |n| > |m|

(3.20) also extends to the complementary case of m +n = 0. That is, using that
degl(m7 _m) - _2‘m’ and degl(mvo) = ‘m’7

—e —6a|m|

= = =€
Hem,—mH?L

2
<HCB>\€m,—mHa> _ ||6m70HZ 2a deg; (m,0)—2a deg(m,—m)
lem,—mlla

_ e—Sa(|m|+\—m|)
< o~ (Iml+1-ml)

This inequality is sufficient to finish the proof, recalling the expression for the

Hilbert-Schmidt norm in terms of an orthogonal basis:

2
ICallfis = Y (HCBA‘ET”””> < 3 et < o,

(m,n)€Z? ||€m,n ||a (m,n)€Z?

Therefore Cp, is Hilbert-Schmidt, as required. O

3.2.4 The spectrum of Cp,

As mentioned above, the calculation of the eigenvalues of the composition operator
is independent of the weights ||y, n|lq, provided that they are all finite.

It is useful to think of Cp, as bi-infinite matrix. In view of this consideration,
we present the following notion of a block-triangular form, which generalises that of

a block-triangular matrix, i.e., a matrix of the form

Ay 0 O 0
x Ay 0 0
A= * x  Ag 01,
x ok % A,

where the Ay are square matrices.
The results of this subsection in particular generalise the basic fact that the
eigenvalues of A are simply those of the “blocks” Ay, whose algebraic multiplicity

is obtained by summing the respective multiplicities over each block.
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Remark 18. This generality, although it is not required for the family B), is con-
venient for when we later consider the family (7)), and is particularly so when we
extend the analysis to (7 o T},).

Block—lower triangular form for compact operators

We now give a useful definition.

Definition 22. [Block-triangular form] We say that a linear operator C, acting on

a Hilbert space H with orthogonal basis B = {e;};cz, has a block-triangular form

" =P Dx

kEZ

(with respect to B) if one has

such that, for each k € Z,
e Dy has a basis consisting of a finite (non-empty) subset of B, and

o C(Dx) C D)2, D;j.

We now state the following result which reduces eigenvalue computations of

block-triangular operators to those of their finite-dimensional blocks.

Lemma 18. Suppose C and Dy are as in Definition 22, and suppose further that
C s Hilbert-Schmidt. Then its non-zero eigenvalues are precisely the union of the

eigenvalues for each finite rank operator Cy, (k € Z):
Crp =1p, o Collp,,

where I1p denotes the orthogonal projection onto the subspace D.
Moreover, if a given non-zero eigenvalue of C is an eigenvalue of only one

Ck, then its algebraic and geometric multiplicities for these two operators coincide.

Because this result is quite intuitive (in view of the finite dimensional case)
and admits an elementary but long proof, we defer this proof to appendix A.
Now, to apply this result, each of the composition operators in this chapter

will be block-triangular with respect to (€m,n)m,n, With the subspaces Dy, given by
Dy, = Span{ep, n | deg;(m,n) = k}. (3.21)

Since |deg;(m,n)| = k <= |m|+ |n| = k, each Dy, is finite dimensional, and the
above lemma applies to any Hilbert-Schmidt operator that increases deg;, in the

following sense.
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Definition 23 (Increase). If H is a Hilbert space which has (€mn)mn)ez2 as an
orthogonal basis, we say the endomorphism C : H — H increases deg, if, for each

(m,n) € Z%, C(emn) lies in the closure of
Span{en v | degy (m',n') > deg, (m, n)}.
Le., C(Dy) C ®j>1 Dy for each k € Z, where the Dy, are given in (3.21).

Application to the spectrum of Cp,

We apply the above machinery to obtain the following important result, completing

the proof of Theorem 6.

Lemma 19. For all a >0, Cp, : Hy — Hq has spectrum
{0, 1 U{\*, NF | ke N}

where each non-zero eigenvalue has algebraic and geometric multiplicity equal to the

frequency with which it appears in the above (in particular, they are all semi-simple).

The proof of this result is a straightforward application of Lemma 18.

Proof of Lemma 19. We first show that Cp, increases deg;. Recalling the expansion

oo
Z Am4n,k Em+-k,m-+n, ifm+n> 0;
k=0
CBy(emm) = €m,0; if m+4+n=0; (3.22)
0o
Z Om+4n,k Em—k,m+n ifm+n< 0;
\ k=0

consider first the case that m +n # 0. Then Cp, () is a linear combination of

{em—i-ak’,m—i-n | ke NO}a

where o = sign(m + n). Recall (3.19), which shows that the index of each of these
terms in (3.22) take a higher value of deg; than (m,n):

deg,(m + ok,m 4+ n) > deg;(m,n) + |m| + k. (3.23)
Similarly, in the case that m 4+ n = 0, one has, from the definition of deg;,
deg;(m, 0) = deg;(m, —m) + 3|m|.
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Thus, Cp, increases deg;. Furthermore, recalling the notation used in Lemma 18,
for each j € Z, the form for (Cp,), : D; = Dj,

(CB)\)j =1Ilp, oCg, ollp,,

can be obtained quite simply from (3.22). For e, € Dj, ie., deg;(m,n) = j,
(C Bx)j(em,n) is obtained by removing all terms from the right hand side except for
those for which the index of the basis vector (i.e., €mtok m+n) has the same value
of deg; as (m,n). In view of (3.23), one sees that the only possible term that can
remain in the m + n # 0 case is the one corresponding to & = 0, and this remains
only if m = 0. Similarly, in the m + n = 0 case, the (single) term survives only if
m = 0.

Indeed, setting m = 0, the zeroth term of Cp, (ep ) in (3.22) is a multiple of

€o,n- More explicitly,

Aegn, if n>0;

(CBA) €on = Qn,0€0,n =
In| n :
Aegn, ifn <O0.

In other words, for k < 0, (Cp, ), is the zero map, and for k£ > 0, it is the diagonal
operator
)\kemm, (m,n) = (0, k);
~k
(CBA)]C (emn) = ¢ X emmn, (m,n)=(0,—k);
0, otherwise.
Therefore, if & > 0, (Cp,), contributes two non-zero eigenvalues, N and N¢, and
(CB,), contributes the eigenvalue 1.
Finally, since |A| < 1, these eigenvalues are distinct, except for when \¥ = \*,
i.e., when ¥ is real. In any case, it is clear that these eigenvalues are semi-simple

(because they appear on the diagonal of (Cp, ),, which has all other entries equal to

zZ€ero). O

This completes the proof of Theorem 6.

3.3 The spectrum of Cr,

In this section, we consider a family of Anosov maps which give a richer, more varied

resonances. This time, they will be perturbations of the orientation-reversing square
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root of the CAT map, Tp:

Ty : (z,w) = (2w, 2) —> (;) > (1 (1)> (i) mod 1.

Definition 24. For A € D, consider

e ((52)09)

There are two minor differences between the argument presented in this

section and the previous:

1. It is necessary to use a slightly more complicated family of Hilbert spaces,

Ha,4, depending on a generalisation of deg;.

2. The cone families used to show that T is Anosov must vary as |A\| — 1 (but

the cones will still be independent of the basepoint).

The main result of this section is the following, which gives resonances for
each T).

Theorem 7. For each A € D, there exists a Hilbert space Hq 4 of distributions on
T2, such that the composition operator Cr, : Hap — Hap given by f— foTy is

compact and has spectrum as follows: for \1 a square root of A,
{0,1} U {wAT' A" | myn € Ng, m+n > 1, w==+1}. (3.24)

All non-zero eigenvalues have algebraic multiplicities as given in Lemma 21. More-
over, if the argument of A is not a rational multiple of w, then all non-zero eigen-

values are semi-simple (i.e., their algebraic and geometric multiplicities coincide).

Remark 19. In this section, one could again extend the analysis to related families
of examples: i.e., for K € Nand A € D,

Z+ A K
T : ) H S M M
K (z,w) <<1+)\z> w z>

perturbing, for each K, the hyperbolic linear automorphism

Tox : (z,w) — (sz,z) — (Z) — <11( ;) (jj) )
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Figure 3.5: A plot of the spectrum of Cr,, for A = 0.8e

the orientation-reversing square root of By x. However again, we would find that
that the spectrum of T)\  equals that of Tyx, so these families again contribute

nothing extra in variety.

3.3.1 Hyperbolicity of T

As before, we first show that T) is area-preserving and Anosov.

Proposition 11. For all A € D, Ty is an area-preserving Anosov diffeomorphism
of T?.

Proof of Proposition 11. Fix A € D. Considering the proof of Proposition 9, one has
the following form for T} in standard coordinates:

Tx(z,y) = (x+y+¢Y(z),2) mod 1,
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where ¢ : R/Z — R is defined by (3.6) on page 83. This gives

where e(z) = 14+¢/(z) > };—RI > (0 is as before. Because this matrix has determinant
minus one, T) is an area-preserving (and orientation-reversing) diffeomorphism.

To show that T) is Anosov, it again suffices to provide a cone family which
is expanding and co-expanding with respect to this map. To this end, given A € D,
fix k such that

i:i: = max ((e(2)) ') >0, (3.25)

and consider the cone C* defined by Q(u,v) := v(ku — v):

Clayy = {(0,0) € R € Ty (T9) & Qulus0) 2 0},

(x7

(See Figure 3.6.) Considering C* as a subset of T,.(T?) by the standard coordinates,
we show first that {C"}, is expanding with respect to T), one considers the action

of D(;4)(T)) and its inverse on the vector (1,7), where n € [0, x]:

() - ()77

lies on the line with gradient 0 < (e(x) +n)~! < (a(az))_l < k. By linearity, one
sees that each line in C* is mapped to a line in the interior of C*, i.e., {C"}, is
expanding.

For co-expansiveness of {C"},, it suffices to consider the action on the bound-

K

ary of C(I ”

X i.e., the lines spanned by (1,0) and (1, k):

(- )00

and (D, (T,\))_l(l, k)T =(k1- ne(a:))T. Since both of these vectors lie outside
of the closure of C*, the situation is as depicted in Figure 3.6.
Therefore the cone family {C*},cr is expanding and co-expanding with re-

spect to T, and hence T is Anosov by Fact 1, as required. ]

102



(1,r) (e(x),1)

ON

o (e(x) + K,y 1)

(k,1 —e(z)K)

CH

Figure 3.6: The cone C* (light blue) and its images under D, ,(T)) and its inverse
(deeper shade of blue and yellow, respectively), showing that C* is expanding and
co-expanding with respect to T». To have these inclusions, the constant x is chosen
to satisfy (3.25).

3.3.2 The Hilbert space H, 4

The space H, 4 is defined analogously to H,. The weights here, ||€y; nllq,¢, depend

on the following convenient generalisation, deg,, of deg;.

Definition 25 (degy, || - [la,¢, Ha,p)- For ¢ > 1, let

i m| + -1 n if mn > O7
deg¢(m,n) = degl(m’ ¢— 51gn(m,n)n) _ | | d) | | >

—|m| —¢ |n| if mn <O.

For a > 0, one has

||6m,n Ha@) = ¢ deggy(m,n) .

This norm extends to arbitrary linear combinations of the e, , as before:

H § bm,nem,n = § ‘bm,n
m,n ¢ mn

2

2||6m7n‘|3,¢7
a,
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which gives rise to the Hilbert space (with an implicit inner product)
Ha,¢ =4q/= Z bm,n bm,n € C, ||f||a,q5 <0
(m,n)eZ?

The following result shows that, like H,, H,,4 can be chosen to contain any

pair of functions analytic functions on a neighbourhood of the torus.

Proposition 12. Fora > 0 and ¢ > 1, suppose that f is an analytic function on a

neighbourhood of the poly-annulus
Poy={(z,w) €C? | e < |z| <€, e < |w| < e},

Then f € Hap- In particular, every function analytic on a neighbourhood of T2 is

contained in Heq g, for all (a, ) such that a¢ is sufficiently small.
The proof of the proposition is very similar to that of Proposition 10.

Proof of Proposition 12. Fix a, ¢ and f as above. By construction, the expansion

flz,w) = Z b 2" W™ (3.26)

converges absolutely for all (z,w) € P, 4. Also, one has the following bound from
the definition of || f|l4,¢, using that —degy(m,n) < |m| + ¢|n|:

Hf“?z,d) — Z ’bm,n‘Q e—2adeg¢(m,n) < Z |bm,n’2 eZa(\m\+¢|n|)_ (3'27)
(m,n)ez? (m,n)€Z?

Considering the right hand side, one bounds a related sum

D T e S S LGt O R W | Sl

(m,n)eZ?) (m,n)eZ?) (m,n)eZ?)
D D L S N | P
(m,n)€Z?) (m,n)€Z?)

each of which is convergent by the absolute convergence of (3.26) for all (z,w) €
{(e**,e*%)} C P, 4. In particular, the sum on the left is square-summable, i.e.,
the sum on the right hand side of (3.27) is finite. Thus, f € H, ¢ as required. O
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3.3.3 Cr, is Hilbert-Schmidt

To motivate the use of H, 4, we now provide the following negative result, which in
particular shows that C7, does not act compactly on either H, or the anisotropic

space used in [88] (i.e., defined by (3.7)), for any non-zero \.

Proposition 13. Suppose that H is a Hilbert space which has {€mn}tmn as an

orthogonal basis, and satisfies, for all (m,n) € Z2,

lemnll = llenmll-

Then, Cr, is not compact on H, for any X € D\ {0} (and may even be unbounded).

Proof of Proposition 13. Fix m € N and X # 0. Then, one writes

2+ A\ >
em.n (T,\(z, w)) =w™ (1 —|—)\z> 2" = Zamkzm'kwm,
k=0

where the a,, ; are the Taylor coefficients defined in §3.2.3. That is,

00
CT)\ (em,n) = Z Am, kCntk,m-
k=0

In particular, by orthogonality,
€7, (emn) I 2 lem,olllenml® = X ||em,nll*. (3.28)

Now assume for contradiction that Cr, is compact. Let €m0 = €mn/|l€mnll

for each n. Then (CTA(ém,n))zO:1

this subsequence must be zero since, for each y € H and for (-, -) denoting the inner

must have a convergent subsequence. The limit of

product on H,
(y,Cry (€n)) = ((C1,)" (y), n) — O,

by Bessel’s inequality [28, p.15]. But by (3.28), Cr, (ém.n) > |A[*™ for each n, a

contradiction. Therefore C7, is non-compact on H, as required. O

To begin the proof of Theorem 7, we now give the appropriate positive result.
Note that, fixing ¢ and A\ below, the hypothesis of this lemma is be satisfied for all
¢ sufficiently close to 1.

105



Lemma 20. Given A €D, a >0 and ¢ > 1, if
2a(¢p — 1) < —log M, »,

the composition operator Cr, : Ha,¢ — Ha,e is Hilbert-Schmidt.
The proof of this result is analogous to that of Lemma 16.

Proof of Proposition 20. Formally expanding

emm(T,\(z,w)) =w™ < Ztw ) 2",

14wz

we have the following:

%)

Z Om k €nt+km, > 0;

k=0

CTA (emm) = €n,m; m = 0; (329)

00
§ Omk En—km, M < 0.
k=0

First consider the case that m # 0. For o = sign(m), one has

2 &) 2
<||CT)\ (em,n)Ha,qﬁ) . Z |a . 2 <||€n+ak,m”a,¢>
- o 7P = m, - —m o

Hem,nHa,qﬁ =0 ”em,nHa,cf)

o0
Dl

k=0

2€2a ( deg, (m,n)—deg, (n+ak,m))

00
_ e2a(deg¢(m,n)fdeg¢,(n,m)) Z ’am’k’262(1(deg¢(n,m)fdeg¢(n+ok,m)) ]

k=0

First considering the prefactor, for all (m,n) € Z2, one writes

—1 _ -1 . )
I(m,n) := degy(m,n) — degy(n,m) = ml + ¢~ n| = (Inl + ¢~ ml), if mn > 0;
—[m| = ¢|n| = (= |n| = ¢ml), if mn <0;
¢~ o — 1) (Im| = |nl), if mn > 0

(¢ —1)(Im| — |n]), if mn < 0.
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Also, as in the proof of Lemma 17, one has three cases for deg(n+o, m)—deg,(n, m):

In+al+ ¢~ m|—n| — ¢~ ml|, if mn>0;
degy(n +o,m) —degy(n,m) = < |n+a| + ¢~ m| + |n| + ¢|m], if mn <0, |m|=1;
—|n+ o| — ¢|m| + |n| + ¢|m], if mn <0, |m|>1;
In| +1—|n, if mn > 0;
=qIn| =1+ (¢t + @) |m| + |n], if mn <0, |m|=1;
1 —|n|+|n|, if mn <0, |m|> 1,
> 1.

Therefore by induction, for all k € N, deg,(n + ok, m) — deg,(n,m) > k. Thus, for
all (m,n) € (Z\{0}) x Z (applying Lemma 15),

< IC1y (em,n)]

2 e
a7¢> < 62a[(m,n) Z ‘am k‘2672ak'
[€mnllae =0 7

< eQaI(m,n) M(|Z77;b\|

€2a¢71(¢*1)(|m|*‘"|)M!’;‘, if mn > 0;

62“(¢71)(|m|7‘"|)M(‘$‘, if mn < 0.
Considering the exponents on the right hand side, if

2a(¢p — 1) = 2amax (¢ — 1, (¢ — 1)) < —log(M,,»),
then & := min (2a¢~(¢ — 1), 2a(1 — ¢) — log(M,,3)) is positive and satisfies

<W>2 < =0 (Iml+n1)
a

lem.n

whenever m # 0. This inequality also applies in the m = 0 case:

2 2
(||CTA(€0,n)||a,¢> _ (Hen,oHa,¢> _ 2000) < o~2067H(G=Dln| < o—lnl.
lle0,nlla.e leon ‘a,tﬁ

Thus, one has

2
Ienlis = 3 (”CT(m)M) T S L

e
(m,n)eZ2 H mon lla,¢ (m,n)€Z?
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i.e., Cr, is Hilbert-Schmidt, as required. ]

Remark 20. In the vein of Proposition 13, the smallness of a(¢ — 1) is necessary for
the boundedness of Cr, on H, 4: Briefly speaking, let m > 0 and fix n < 0. Then,

considering the first term of the expansion in this case gives
HCT)\ (em,n) Ha,¢ > |>\|m Hen,mHaKI5 — |)\‘m€a1(m,n) — ’)\|mea(¢fl)(m+n)‘

||em,nHa,¢ Hem,nHa,d)

Thus, if —log|A| < a(¢ — 1), this expression is unbounded in m.

3.3.4 The spectrum of Crp,

We now give the following conclusion to Theorem 7.

Remark 21. Note that by “up to coincidences in value”, we mean under the assump-
tion that (m,n,w) — wA*A] is injective (i.e., if the argument of X is not a rational
multiple of 7). Whenever this is not the case, one simply sums the respective mul-
tiplicities.

Lemma 21. For X\, a and ¢ as in Lemma 20, the spectrum of Cr, : Hap — Ha,g 5

as follows, where A1 is a square root of \:
{0, 1} U {wATA] |w = +£1, (m,n) € N2\ {(0,0)}}.

Up to coincidences in value, the eigenvalues w)\]f, wA; have algebraic multiplicity

and all other non-zero eigenvalues are simple. Moreover, if the argument of \ is not

a rational multiple of w, the above eigenvalues are all semi-simple.

The proof of this lemma is analogous to the proof of Lemma 19.

Proof of Lemma 21. Recalling that oy, o = A" for m € N, the expansion (3.29) for

Cr, (em,n) reads

0o
AT en,m + E Am,k Entk,m if m > 0;
k=1

CT/\ (67”771) = En,m, if m = 0;

(o ¢]
X|m|en,m + Z Ok n—km,  if m < 0.
\ k=1
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Recalling Lemma 17, one has that, for any m # 0 and k € N,
deg;(m,n) = deg;(n,m) < deg; (n + sign(m)k, m).

Since the first equality applies for m = 0 also, it follows immediately, considering
the above expansion, that Cr, increases deg;, and moreover that (CTA)k(emyn) is

obtained by eliminating the sums from the right hand side, for k = deg;(m,n). Le.,

Aepm, if m>0, deg;(m,n) = k;
(CT)\)k = ]-_-[Dk © CT)\ o ]-_-[Dk P €mn = X‘m‘enm@, if m < 0, degl (m,n) = ]C,

0, otherwise;

where Dy, := Span{e,, , | deg;(m,n) = k} as before. Thus, pairing up the e, ,, and
en,m for m # n, one recovers the following block-diagonal matrix representation of

(CTA) x» depending on the value of k:

;

( 1 ), k= 0;
(k—2)/2 n an
0 A 0 A _
e|_ e (W) @ (W?), keoN;
—o )\k—n 0 )\k—n 0
cn)y =4 N2 0 0
Cr P o , ke oN—1;
e /\kfn 0 )\kfn 0
R 0o A"
_ ) k <O0.
et )\k—n 0

By Lemma 18, the non-zero eigenvalues of Cz, correspond precisely to those of the
above matrices.

More explicitly, every non-zero eigenvalue is a square root of A™\" for some
(m,n) € (Ng)2. Counting the algebraic multiplicity, the square roots of A™A" are
simple eigenvalues unless mn = 0; otherwise, for A2 = A, the multiplicity of w/\’f
and wA¥ equals N (k,w), where N(2k,1) = k+1, N(2k,—1) = k and N(2k—1,1) =
N2k — 1,—1) = k. This agrees with the formula given in the statement of the
lemma:

+1, fw= 1;

|5, ifw=-1

Finally, since the (CTx)k are diagonalisable, if A is non-zero and its argument is an
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irrational multiple of 7, the (CTA) , do not share any eigenvalues, which implies that

every non-zero eigenvalue is semi-simple, completing the proof. O

3.4 The spectrum of Cr,.r,

Having established the machinery for T}, the following result for Ty o T), (A, u € D)
will be very easy to prove. Again, we note that this family of examples appears in
an appendix of [88], where their resonances are announced and numerically studied.

We here provide a rigorous argument, as per the following result.

Theorem 8. For A\, € D and H, 4 defined as above, if a > 0 and ¢ > 1 satisfy
2a(¢ — 1) < —log (max(Mg, Ma,y)), (3.30)
then Cryor, = Cr, o Cr, acts compactly on Ha g and has spectrum
{0, 1} U LA™, R XTER A | (m,n) € NG\ {(0,0)} ]

Moreover, all non-zero eigenvalues are simple, up to coincidences in value.

3.4.1 Hyperbolicity of T o T,

As before, we relate the spectrum above to the resonances by showing that the

underlying map is Anosov and area-preserving.

Proposition 14. For all (A, u) € D x D, T\ 0T}, is an area-preserving Anosov map
of the torus.

Proof of Proposition 14. This is a simple consequence of the statement and proof of
Proposition 11. Firstly, the composition of two area-preserving maps is obviously
area-preserving. Secondly, recalling the cone family {C*},cr from the earlier proof,

we recall it is expanding and co-expanding with respect to T, T}, respectively if

1+ A ﬁ>1+|,u|
L—|A] 1 — [ul

That is, one can easily take x large enough that {C"}.cr is expanding and co-
expanding simultaneously with respect to both maps. It then follows trivially that
it is expanding and co-expanding with respect to T o T},, and hence by Fact 1, this

map is Anosov. O
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Figure 3.7: The spectrum of Cr,o7,, for A = 0.9¢77/4, w= 0.65e%7/5,

3.4.2 Cror, is trace-class

To begin the proof of Theorem 8, one has the following simple corollary of Lemma
20.

We first recall from [28, p.267] that a compact operator is trace-class if its
singular values are summable, that being trace-class is a stronger property than
being Hilbert-Schmidt, and that an operator is trace class if and only if it is the

composition of two Hilbert-Schmidt operators.
Lemma 22. For A, u,a,¢ as in Theorem 8, Cryo1, : Hap — Ha,p 5 trace-class.

Remark 22. Again, since By = Tp o T} for all A, this shows that Cp, is trace-class

as an operator on H, 4.

Proof of Lemma 22. By the hypothesis (3.30), Lemma 20 applies twice to show
that Cr, and Cr, are both Hilbert-Schmidt on H, 4. Thus Cr o7, = C1, o Cr,, is the

composition of two Hilbert-Schmidt operators, hence trace-class as required. O
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3.4.3 The spectrum of Cr, o CTM

The calculation of the spectrum likewise follows simply from the corresponding
calculation for C7,. This uses the following lemma, which is again an extension of a

corresponding intuitive result in finite dimensions:

A, 0 0 - 0 B, 0 0 --- O A1 B 0 0
* A2 0 cee 0 * BQ 0 cee 0 * AQBQ 0
* x A -+ 0 x * Bg .. 0 ]|= * * A3Bs3
x % % A S B, * * *

where A and By are square matrices with the same dimensions, for each k.

Lemma 23. Let H be a Hilbert space such that {emm}(m’n)ezg s an orthogonal basis,

and let C1,Co : H — H increase deg,. Then C1 o Cqy increases deg; and satisfies, for
each k,

(Cl 9] Cg)k = (Cl)k 9] (CQ)k' (3.31)

Proof of Lemma 23. Recall that an equivalent way to write that C; (i = 1,2) in-
creases deg; is the following, for Dy, = Span{e, ,, | deg;(m,n) = k}:

Ci(Dy) ¢ @ Dy (3.32)
Jjzk

It is then immediate that C; o Cy increases deg;:
Cio CQ(Dk) cC <@D]> C @Dj.
izk Jjzk

To prove (3.31), let v € Dy. Also let Ca(v) = v1 + v2, where vy = IIp, Ca(v).
In particular, v2 € @, D; by (3.32), and hence

Ci(v2) € B D,

J>k
also by (3.32). Therefore, IIp, o Ci(v1) = 0 and
HDkocl OCQ('U) = HDkocl(’Ul)—l-HDkOCl(Ug) = HDkocl(vl) = HDkocloHDkOCQ(v).

That is,
(Cl ° CQ)k(v) = (Cl)k o (Cg)k(v).
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The arbitrariness of v € Dy completes the proof. O

We now apply this lemma to give the resonances of T o T},, following the

earlier proofs.

Lemma 24. For each (A, ) € D?, the spectrum of Cryo1, 18 given by
{0, 13 U {A™p, XPE, NI, A | (myn) € N3\ {(0,0)}}. (3.33)

Moreover, each non-zero eigenvalue has algebraic multiplicity equal to the frequency

with which it appears in (3.33).

Proof of Lemma 24. Applying Lemmas 23 and 18 reduces the proof to a considera-
tion of the eigenvalues of (CTAOTu)k = (CTA) % © (CTM) & We recall from the proof of
Lemma 21 that, for & = deg;(m,n),

1" enm, if m>0;

(CT) (ém.n) =Ip, oCr,(emn) =
SN * e ﬁ|m|en7m, if m < 0.

Thus, for k = deg;(m,n) = deg;(n,m),

A" emn, ifm >0, n>0;

olm| \n if 0, n>0;
7 emn, Um<U, n=U;
(CT/\OTM)k(em,n) = _ )
um A'"'em,n, ifm>0, n<O0;

ﬁ'mﬁ'”'em,n, ifm<0, n<O.

That is, each (CTAOTu)k is diagonal. Since the prefactor of e, , is unique (up to

coincidences in value), this shows that the spectrum is given by
{0, 1} U {Xmpn, A, X, Xt | (m,n) € N2\ {(0,0)}},

and that the non-zero eigenvalues are simple, up to coincidences in value (e.g. if A,

wand p/X are non-zero and have arguments which are irrational multiples of ). [

This completes the proof of Theorem 8.

3.5 Conclusions and further work

The arguments used in the preceding section leave many questions for the reader.

For example:
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e Does the method apply to give other families of examples?

e In particular, can one produce examples in higher dimensions or with more

intricate structure?

e How representative are these resonances of the general picture?

To begin to answer these questions, we propose the following generalisation

of By and T to maps on the n-torus,
T" :={z=(21,...,2n) € C" i |2| =1 for all k}.

Definition 26. Given the matrix A = (A1), € Z™", and n-tuples b,r € Z", let
Sy : T" — T™ be given by

b T n
Sx(z) = (zA‘vk <Z t/\ > k> )
1 + )\Zb k=1

where we denote

k k N
b. .
20 = H 2z and Ak = H 20k
j J
=1 j=1

Denoting B € Z™" as the rank one matrix given by Bj ; = b;ry, Sy is a perturbation
of

So 2 (2B,
which in standard coordinates is the linear toral map given by A + B, i.e., v —
(A+ B)v (mod 1).

Example 14. As mentioned, this family generalises (B)) and (7)) above:
e B, corresponds to A = (1), b=(1,0) and r = (1,1).
e T corresponds to A = (}), b=(1,0) and r = (1,0).

In view of this definition, we conclude this chapter by alluding to future work
regarding S). This we do with two remarks. The first remark considers obstacles
to the method presented above, in the context of attaining new examples.

Remark 23. By assuming hypotheses on S}, its composition operator Cg, and the
spectrum of CSA,’I we obtain the following obstructions to the above method, ex-

pressed as linear algebraic conditions on A, B, b and r:

INamely, that a) So is hyperbolic and area-preserving, b) the composition operator is compact on
a suitable space and admits a block-triangular form with respect to an ordering of {e, : z — 2" }yezn,
and c) the spectrum is non-trivial and computable from the first term of the formal Taylor expansion
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e det(A + B) is hyperbolic matrix which has determinant +1.
e A has an eigenvalue which is a root of unity.

e There exists deg : Z" — Z, such that | deg™(m)| < oo for each m € Z, and
for each v € Z"™,
deg(A"v) > deg(v)

and, whenever r - v #£ 0, for all £ > N,

deg(ATv + (—1)"Vkb) > deg(v).

The second remark is more positive: assuming the method applies, we can

make certain structural statements about the spectrum.

Remark 24. Assuming the composition operator Cg, acts compactly on a suitable
Hilbert space with orthogonal basis {e, : z +— z"},eczn and satisfies the conditions

of the previous remark, we have the following:

e Each non-zero eigenvector of Cg, can be written as a multiple of non-negative
powers of the mth roots of A and ), where m is the maximum period of a

periodic orbit of the linear action of A on Z™".
e If o is an eigenvalue of Cg,, then so too is @ and ok, for every k € N.

It is our expectation that if there are more examples to be derived from
the method of this chapter, the family S is a natural place to begin to search.
However, the conditions in the first remark have so far proven to be quite exclu-
sive. Simultaneously, proving that candidate examples do not satisfy these criteria,
mainly showing the non-existence of the function deg above, has proven to be quite
involved, especially when one leaves the comfort of two dimensions. To simplify

these conditions would make an interesting technical challenge in its own right.
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Chapter 4

A simple approach to bounding
the Hausdorff dimension of the

Rauzy gasket

4.1 Introduction

4.1.1 A brief history

The Rauzy gasket (after Gérard Rauzy), named by Pierre Arnoux and Stéphan
Starosta in [7],* has a long and varied history, appearing multiple times in different
contexts in dynamical systems, topology and combinatorics on words.

In each case, the gasket, denoted G, represents an important subset of two-
dimensional parameter space A, the standard two-simplex, corresponding to exotic

and rare behaviour (for more details, we refer the reader to [39]):

e In 1993, Gilbert Levitt in [63] considers a pseudogroup of partially defined
rotations of the circle, indexed by A, where minimal elements (i.e., those
having no non-empty, proper and closed invariant subset) are those indexed by
G, which is shown to have zero two-dimensional Lebesgue measure, attributed

to Jean-Christophe Yoccoz.

e Arnoux and Rauzy in [6], generalising a construction by Arnoux—Yoccoz in [8]

of a minimal interval exchange transformation,’ produce a family, indexed by

*It is also referred to in [32] as the Levitt—Yoccoz gasket, in honour of those who first described
the gasket’s properties.

fTheir construction (and its generalisations) permute intervals which have rationally dependent
lengths, so their minimality is not covered by the classical results of M. Keane [60].
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A of interval exchange transformations (on six or seven intervals), which are

minimal precisely when the index lies in G.

e In connection to Novikov’s problem, regarding the connectivity of intersections
with triply periodic surfaces in R? with families of planes orthogonal to some v,
Roberto De Leo and Ivan Dynnikov in [33] investigate the case of a particular
piecewise linear surface, {4, 6 | 4}. For this surface, the v € A which admit
so-called chaotic behaviour are precisely those which lie in G. The authors give
an independent proof that G has Lebesgue measure zero, and also empirically

estimate the box-counting dimension of G (see section 4.1.3 below).

e The above work of Arnoux—Rauzy in fact focuses on a natural class of Sturmian
words (sequences of minimal complexity on finitely many symbols, again see
[46] for a definition and the historical connection to cutting sequences), known
as episturmian words or Arnouz—Rauzy words. Arnoux and Stépan Starosta
in [7] show that all such words on three symbols are indexed by G. Also, by
relating G to the set of vectors in A for which the fully subtractive algorithm
(a particular generalisation of the continued fraction algorithm in two or more
dimensions) converges, the authors give yet another proof that the gasket has

zero Lebesgue measure, using a result originally due to Meester—Nowicki [71].

e Finally, Pascal Hubert and Olga Paris-Romaskevich in [56] recently proved, in
the context of triangular tiling billiards, that the triangles exhibiting “chaotic
behaviour” (which is analogous to the Novikov case above) are those whose

angles, after a simple transformation, lie in G.

Before mentioning the results pertaining to the Hausdorff dimension of the
gasket, we compare G to two related (and better-known) gaskets.

We note here that the term “gasket”, in the context of engine design, refers
to seals which fill the space between distinct (non-mating) parts of an engine, which
typically have holes of many different sizes. Indeed, the fractals considered below
can be naturally thought of as the limit of a process of iteratively excising triangular

or circular holes of decreasing sizes from a region in the plane.

4.1.2 Three related fractals

To illustrate the difficulty in considering the Rauzy gasket, we consider two related

fractals, which are mutually homeomorphic [7].
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Figure 4.1: The Sierpinski gasket, S.

The Sierpinski gasket

The Sierpinski gasket, S, introduced by Wactaw Sierpiriski in a 1915 paper [86], is
the familiar fractal example seen in first courses in fractal geometry. It is the limit
set of the three similarities x — 3(z + ex), where (ej)3_, denote the vertices of a
triangle in the plane. See Figure 4.1 for an equilateral realisation.

Owing to the rigidity of these maps, it is simple to deduce from the defini-
tions that this gasket has Hausdorff dimension (and indeed box-counting and other
dimensions) precisely equal to

_ log(3)

dimp (S) = sl = 1.5849. . ..

Finally, we note that although quite a stock example, there are interesting connec-
tions to, for example, cellular automata and Pascal’s triangle (see the Wikipedia
page for more details).

The Apollonian gasket

For more details on the following history, see [76]. The Apollonian gasket is named
after the Greek geometer Apollonius of Perga (ca. 200BC), who first studied the

118



geometric problem of constructing circles tangent to three given circles. In particu-
lar, he proved that, given any three mutually tangent circles, there exist two circles,

known as Apollonian circles, which are tangent to all three (see Figure 4.2). Observe

Figure 4.2: The two Apollonian circles (blue) which are tangent to Cy, C2 and Cs.

in Figure 4.2 that one may continue this process by adding an Apollonian circle in-
side each of the six grey curvilinear triangles, creating six new curvilinear triangles,
and so on indefinitely. For each choice of C'i up to Cjs, this defines a packing of
the larger blue circle by infinitely many Apollonian circles, known generally as an
Apollonian circle packing.

Returning again to Figure 4.2, suppose that Cy is an Apollonian circle tan-
gent to C1, Co and C5 (which are mutually tangent), and denote the radii of Cj by
L, with the convention that the sign of r; is reversed if C}, contains the other three
circles (i.e., in this case the radius of Cj is —r). Then the following famous formula

relates these radii (a simple proof is given in [83]):

2(12+12+12+12> - (1+1+1+1>2.

Tt T2 T3 Ty

This formula was originally proclaimed by the philosopher Rene Descartes in a 1643
letter to Princess Elizabeth of Bohemia, who gave an independent proof. The Nobel
laureate Frederick Soddy, upon rediscovering this formula, published it in the poem,
“A Kiss Precise”, in a 1936 edition of Nature [92]. For this reason, the circles in the
Apollonian packing are sometimes known as “Soddy circles”.

Enumerating the radii of the Apollonian/Soddy circles by (ry)3,, this se-
quence satisfies some very interesting number-theoretic properties (see e.g., [49]).
For example, if the reciprocals r; L Ty L and Ty ! (corresponding to the circles Cf,
Cy and C5 above) are integer, then rlgl is integer for all k£ € N.

One may also consider the rate at which the radii converge to zero. The

following is a result of Alex Kontorovich and Hee Oh [61]:
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Proposition 15. For T > 0, let N(T) = [{k € N : 7, > T~'}| denote the number
of circles in a given Apollonian circle packing which have radii at least 1/T. Then

there exists C, d > 0 such that
N(T)
Td

as T — oo, where d is independent of the radii of the original three circles.

—C

This value d is known as the packing exponent. As we shall see, it is strongly

related to the Hausdorff dimension of A, the Apollonian gasket.

Figure 4.3: The Apollonian gasket, A

Up to a conformal change of coordinates, the Apollonian gasket A is the
restriction of the Apollonian circle packing to a single curvilinear triangle. It also
admits a convenient description as the limit set of three Mdbius maps, (fg)i_;.
More explicitly, considering its vertices to be at +1 and ¢, as depicted in Figure 4.3,
these maps are given by

z—1 z+1 1

m, fa(z) = 3_ 2’ and fa(z) =

fi(z) =

z— 2

Unlike the case of the Sierpinski gasket, these maps are not contractions, in the
sense that they each have Lipschitz constant equal to one. More precisely, the fixed
points are indifferent: each fi fixes a corner of A, z say, and f'(zx) = 1.

Visually, this fact corresponds to the “slow decay” seen in the size of the
circles approaching one vertex: For example, starting with the central circle in
Figure 4.3 and considering the chain of circles proceeding towards minus 1, the nth
circle encountered (i.e., f1 applied n— 1 times to this central circle) has radius equal

to (n +2)72. In contrast, the corresponding triangles of the Sierpinski gasket have
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diameter proportional to 37".

That the fj are not contracting makes estimating the dimension of A much
more difficult than the Sierpinski gasket. The redeeming feature of these maps is
their conformality, which corresponds visually to the fact that the Soddy circles are
all circular, irrespective of their size. In particular, this leads to the following precise
formula relating the Hausdorff dimension to the packing exponent d, due to David
Boyd [18].

Proposition 16.

dimp(A) = inf {t >0: Zr}; < oo} =d,

k=1
where (ry)r and d are as above.

Despite this convenient formulation for the Hausdorff dimension, its exact
value is not known. We have rigorous bounds due again to Boyd, 1.300197 <
dimp(A) < 1.314534 [18], and an estimate of Curtis McMullen in [70] gives dimy (A) ~
1.30568. . ., which is in accordance with more recent empirical estimates for the di-

mension (see [11] and references therein).

The Rauzy gasket

The Rauzy gasket in the fractal geometry sense represents the worst of all worlds, in
the sense that its three attracting maps are neither conformal nor strict contractions.
Visually, not only do the triangles in Figure 1.2 decay in size polynomially as they
approach the corners, but also show signs of being highly distorted or sheared (e.g.,
close to the bottom edge in the figure).

These phenomena make a study of the Hausdorff dimension of the gasket
even more difficult than that of the Apollonian gasket, particularly in regard to

lower bounds. We now present what is known so far in the literature.

4.1.3 Results on the Hausdorff dimension of the Rauzy gasket

Since, in the contexts in which it appears, the Rauzy gasket parametrises exotic
behaviour that goes “unseen” (particularly in relation to Novikov’s problem, which
corresponds to real-world experiments), it is a natural expectation that the gasket
has zero two-dimensional Lebesgue measure. A stronger conjecture (now affirmed)

is the following, a particular case of an open conjecture of Novikov and Maltsev.
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//

Figure 4.4: The Rauzy gasket, G.

Conjecture 2 (Novikov-Maltsev, [75]). The Rauzy gasket has Hausdor(f dimension
strictly between 1 and 2.

Perhaps motivated by this conjecture, there have been several recent at-
tempts to study the Hausdorff dimension of G (including a contribution from the
Fields Medallist Artur Avila):

e As mentioned above, De Leo and Dynnikov in [33] also provide non-rigorous
estimates for the box-counting dimension, giving dimp(G) &~ 1.72, which sug-

gests this figure as an upper bound for dimH(g).i

e Artur Avila, Pascal Hubert and Alexandra Skripchenko in [10] rigorously
showed that dimg(G) < 2. Although their method does yield a precise bound,
they suggest that it would not be worth the effort to calculate it.

e With respect to lower bounds on the dimension, a recent publication of Rodolfo
Gutérrio-Romo and Carlos Matheus [53] showed dimg(G) > 1.19, completing
the proof of Conjecture 2.

#The authors state that these estimates suggest dimpg (G) to lie between 1.7 and 1.8, but it is
not clear why.
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e In [32], De Leo advances a conjecture, supported by numerical evidence, which
would imply that dimg(G) > 1.63.

e Finally, and most recently, a preprint [47] of Charles Fougeron shows that
dimg(G) < 1.825, as a consequence of a more general theory involving sus-

pension flows and thermodynamic formalism.

It is worth emphasising, with the two works, [10] and [47], which rigorously
bound the dimension above, that the methods used therein are long and complicated.
As mentioned in the introduction, the aim of the present chapter is to provide
a simple proof that dimg(G) < 2, and to prove stronger bounds for dimg(G). In

summary, our best bound is the following, rounded upwards to four decimal places.
Theorem 9. dimpy(G) < 1.7407.

This bound can be improved upon with greater computational power, subject
to limiting returns. The above figure was confirmed in 180 seconds on Mathematica
11 on the author’s laptop (we give more details in subsubsection 4.6.4 below), with
memory seemingly being the limiting factor.

The method of proof in both cases is quite elementary, relying on ideas from

Markov theory and the renewal theorem.

Contents of the chapter

On the way to proving Theorem 9, we prove four results which each give upper
bounds on the dimension, of increasing complexity and efficacy; this allows us to
build up the method in a gradual, systematic way. These results, corresponding to
the contents of sections 4.3-4.5 and 4.7 below, are based on a key lemma (Lemma

25). In more detail, we have the following sections:

e In section 4.2, after giving some necessary definitions and prerequisites, we
prove Lemma 25 which, by providing a sequence of open covers, allows us
to bound the Hausdorff dimension in terms of parameter values for which
the sequence (Y},), whose definition involves areas and diameters of “level n

triangles”, converges to zero.

e In section 4.3, by eschewing the diameter factors in (Y},), we obtain a related

sequence (X,,), with X,, > Y,,, and we give it an explicit formula.

e In section 4.4, we give a simple proof that dimy(G) < 2, using the renewal

theorem to give parameter values for which (X,) — 0.
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e In section 4.5, we refine the method of section 4.4, to give a decreasing sequence

of upper bounds for the dimension, showing that dimy(G) < 1.8203.

e In section 4.6, taking a break from upper bounds, we apply the methods of
the preceding two sections to give lower bounds for the limit inferior of the

above sequence of upper bounds.

e Finally, in section 4.7, we apply the methods of sections 3-5 to the original
sequence, (Y;,), to obtain a sequence of upper bounds which are more effective

still; in particular, proving Theorem 9.

4.2 Prerequisites and a preliminary result

4.2.1 Definition of the Rauzy gasket

(0,0,1)

(0,1,0)

(1,0,0)

Figure 4.5: The two-simplex A and the projection 7 : (z,y,2) +— (z,y), used in
section 4.3.

We begin in earnest by defining the Rauzy gasket G as the attractor of three maps
on the standard two-simplex, A (depicted in Figure 4.5)

A= {(;U,y,z) € [0,1]3 x4yt z= 1},
as follows.

Definition 27 (G). The Rauzy gasket G is the limit set of (¢;)?_;:

Ni'ZL‘
oi: A=A, §i(x) =
@) = 8 =]
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(i.e., G C A is the largest set [by inclusion] such that G = ¢1(G) U ¢2(G) U ¢3(G),

where ||z|| := (1,1,1) -  denotes the ['-norm of z, and the N; are as follows:
1 1 1 1 00 1 00
Ni=]1010 |, No=|111],Ns=|01 0 |,
0 0 1 0 0 1 1 1 1

which we consider to act by left multiplication: i.e.,

Nl'(x,y,Z) = ($+y+27yaz)a NQ'(‘%.vyaz): (x737+y+272)7
N3'($7y7z) = (xayvx—i_y—i_'z)

Remark 25. An explicit formula (see, e.g., [42]) is the following:

g: ﬂ U ¢i1 O¢i2o"'o¢in(A)' (4'1)

neN4e{1,2,3}"
Note that, in view of this, we will informally call the elements of
{diy 0 di0---0¢;,(A)i€{1,2,3}"}
level n triangles for each n € N.

Definitions of Hausdorff and box-counting dimension

First, recall that the diameter of a subset A of a metric space (M, d) is given by
diam(A) := sup{d(z,y) | z,y € A},

and that a collection U comprising open subsets of M is an open cover of A if

Ac U

veu

This leads to the following standard definition for the Hausdorff dimension.

Definition 28 (dimy). Given a closed subset A of a metric space M, its Hausdorff

dimension is given by

dlmH(A) = inf{t >0 | Ht(A) = 0},
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where

Hi(A) = lim inf { > diam(U)’

0
= Ueu

U is an open cover of A, sup (diam(U)) < 5} .
Ueu

Since the estimates of [33] are in terms of the box-counting dimension, we
define it for completeness.

Definition 29 (dimp). Given a closed subset A of a metric space M, its (upper)

boz-counting dimension (also known as Minkowski dimension) is given by

_ L —log (N(A,¢))
dmald) =hasge ( log(e) ) |

where N (A, ¢) is defined by
N(A,¢e) := min{|U| : U is an open cover of A by balls of radius ¢},

where |U| denotes the cardinality of U.

It is well-known that dimpy(A) < dimp(A) for any A, which can be deduced
from the definitions. To show that the difference can be quite pronounced, consider

the following example: if o > 1, then
A={0yu{n" "},

satisfies dimpy (A) = 0 and dimp(A) = a~!. (These equalities can be deduced simply
from the definitions.)

For other definitions of dimension (e.g., topological dimension and Assuad
dimension, satisfying similar inequalities), and proofs of the above statements, see
[42].

4.2.2 Upper bounds on the Hausdorff dimension via a sequence of

covers

Throughout this chapter, we adopt an analogue of the convenient notation for the

indices of compositions and products used in Chapter 2.
Definition 30. Given i = (i1,12,...,i,) € {1,2,3}", we denote

° AQZZf%lAQ2“-f%n.
AQ-%

L ¢i:¢ilo¢i20..'o¢in:x’_> ”NZ'xH’
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o Aj:=0¢i(A) =iy 0 000, (A).

As mentioned in the introduction, our upper bounds for dimg(G) are all

based on the following simple lemma.

Lemma 25. Let § > 0. Assume the sequence

Yo=Y area(A) diam (A;)' " =0 (4.2)
1€{1,2,3}n

asn — oo. Then dimy(G) < 1+94.

Proof of Lemma 25. This is based on some simple bounds. Fix § > 0 satisfying
(4.2). Referring to the definition of dimgy above, it suffices to provide a suitable

sequence of open covers U, of G such that, as n — oo,

sup {diam(U)} — 0 and Z diam(U)'*° — 0
U€tn Uelty,

(note that the second implies the first). Here, we exploit the following fact, viewing

a triangle in R? as the convex hull of its three vertices.

Fact 3. For each i, the image A; = ¢;(A) is a triangle with vertices

QSZ(LO;O)? ¢1(07 170) and d)Z(O?Oa 1)

Proof of Fact 3. The fact follows inductively from the assertion that each ¢; (j =1,
2 or 3) maps triangles onto triangles (and vertices onto vertices). For this purpose,
considering the definition of ¢;, it is sufficient to consider how the projection map
v = v/|lv||, with ||v|| = (1,1,1) - v, acts on triangles, since the linear action of N;
obviously maps triangles in A onto triangles in [0,00)3 \ {0}3.

Consider the projection of a linear parametrisation: for w,v € (0,00)%\ {0}?

and t € [0, 1], one directly computes that

d (tw+(1—t)v> 7

dt \Jtw+ @ -t )~ Jtw+ 1 — )02’

where ¥ € R3 is constant and non-zero.
As the derivative is a multiple of a fixed vector, the projected parametrisation
prescribes a line segment between ¢;(w) and ¢;(v); moreover, because the multiple

is strictly positive for all ¢, the parametrisation is bijective (i.e., monotonic). In
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other words, for any ¢ € [0, 1], there is an s € [0,1] (with s strictly increasing in ¢)

such that
tw+ (1 —t)v w v

=s +(1—s)—.
[tw + (L =t)ol| ]l o]

Le., if z is a convex combination of w,v in R3, then x/||z|| is a convex combination
of w/||w| and v/[|v||. An analogous statement follows for convex combinations of 3

(or more) points in R\ {0}3, which precisely shows that the projection, and hence

¢, maps triangles onto triangles (and vertices onto vertices), as required. O
2area(Ai) N a 7 1 e
diam(A,)

Figure 4.6: Left: covering A; by a rectangle. Right: covering a rectangle by open
disks.

Returning to the proof of the lemma: Given i € {1,2,3}", since A; is tri-
angular, it is wholly contained in a rectangle as depicted in Figure 4.6. Moreover,
any rectangle with base b and height a < b can be covered naively by [2b/a| disks
of diameter 2a, with centres spaced evenly at distance a/2 along the line at height
a/2 and parallel to the b-length sides, as depicted in Figure 4.6. Combining these
two facts, with a = 2area(4A;)/diam(A;) and b = diam(4;), shows that A; can be
covered by (the floor of)

20 diam(Ai)2

a area(4;)
open disks of diameter
4 area(A;)
2a - -
diam(A;)

Taking the union of the disks for each ¢ € {1,2,3}" to get a collection U,,, we see

that U, is an open cover of the union

U Ai:

i€{1,2,3}n
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which contains G by (4.1). Moreover, U,, satisfies, for any ¢ > 0,

S diam(0) < 0 Y diam(AiP(area(Ai))l”

= ie{imsn area(4;) \ diam(A;)
=411 Z area(A;)? diam(A;) 0.
ie{1,2,3}»
=410y,
which, by assumption, converges to zero as n — 0o, as required. O

4.3 Proof that dimy(G) < 2: an explicit form for X,

We have just related bounds on the dimension to the convergence of (Y,,). For
the time being, we restrict our attention to a simpler sequence, (X, ), where X,
presented below, is obtained by dropping the diam(A;)' ¢ factor in the summands
of Y,,.

Definition 31 (X,,0). Let

X, = X,(8) = Z area (Ai)(;
i€{1,2,3}n

and let

— 0},

§:=inf {6 €[0,1] | (Xn)>,

Since diam(A;) < diam(A) = /2 for each i, we have that X,, > ﬂl_éYn if
9 < 1. In particular, if § <1 is such that (X,,) — 0, then dimy(G) <1+ . Thus,
assuming that 6 < 1 (as we shall prove below), dimg(G) < 1+ 6.

Why should one consider this simplified sequence (X,,)? Principally, it sim-
plifies the following proof that dimgy(G) < 2, and also allows us to build up our
methodology in a gradual fashion.

Furthermore, (X,,) is arguably an interesting object in its own right, and
since it is easier to be precise about the areas of the A; (indeed, we present a simple
formula in terms of the N; in the next subsection) than the diameters, the value of
§ can be estimated with much more accuracy.

In fact, estimates on é alone already offer a mild improvement on the best
upper bound for dimg(G) known previously (1.825, by Fougeron). This is seen by

the following result, which is the culmination of sections 5 and 6.

Theorem 10. 0.8095 < § < 0.8203. Consequently, dimy(G) < 1.8203.
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In these sections we in fact obtain a sequence of upper and lower bounds
for & (6™ and 6,,), which appear to be monotonic towards § (see Figure 4.14 on
page 168). Assuming these sequences converge to 3, sequence acceleration (i.e.,
numerically estimating the limit) gives a heuristic estimate of 6 ~ 0.8135 (i.e.,
dimg(G) < ~1.8135).

The discrepancy between the values in Theorem 10 and the estimated value of
1.72 from [33] perhaps unsurprisingly shows the importance of the diameter factors
that we have eschewed. Indeed, the sequence of bounds we give in section 4.7,
incorporating a naive estimate of these factors, quickly surpass the values above.

Our first step in considering (X,,) is to give it the following explicit form.

Lemma 26. For alln € N, up to a constant factor,

Xn= > |INi-ex] N - ea] O|IN; - es
ie{1,2,3}n

where, for k = 1,2,3, e, denotes the kth standard basis vector of R3, i.e., e; =
(1,0,0), ez = (0,1,0), etc., and || - || again denotes the I* norm.

Remark 26. Note that each ej is a vertex of A, and the unique fixed point of ¢y.
Also, note that the coordinate permutations, interchanging the e, are symmetries
of A.

Proof of Lemma 26. For a given triangle A C A, let area’(A) = area(w(A)), where

7 is the simple projection map
T A AN ={(r,y) € 0,1 |[z+y<1},  w(zy,2) = (),

depicted in Figure 4.5 on page 124. Since 7 is linear and bijective, there exists C' > 0
such that
area(A) = C area’(A)

for all A C A. In fact, putting A = A shows that C' = /3. To consider area’(A;)
for i € {1,2,3}", integrating by substitution we have (in the abridged notation

introduced as the beginning of this section)

area’(A;) = [ Jacr,(z,y) d(z,y), (4.3)
A/

L and

where T; :=mog;om™
Jacr,(z,y) := | det D, T3],
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where D, yT; is the Fréchet derivative of T; at (x,y). More explicitly, for i = 1,2, 3,

the T; are as in chapter 1:

1 Yy Yy 1
Ti(z,y) = <2_$7 5 x) ; Ty(z,y) = (2—2;72—y> ;

T 1
T: = .

In regards to the Jacobeans,

! 0
Jacy (z,y) = det <(2_yx)2 L= (2 — )73,

(2—z)?2 2—z
similarly, Jacr,(z,y) = (2 —y) 3, and
vt e 3
Jacy, (x,y) = det < SR ) =(l+z+y) =2-(1-2-y) .
(z4y+1)?  (a+y+1)?

In other words, for all v € A, Jacy, (7(v)) = (2 — vg)™® = || Nk - v ™. This last

equality follows from the definition of Nj: for example, if v = (z,y, 2),
[N (2,9, 2)| =l +y+2y.2)|=2+2y+2:=2—a.

The formula relating Ny, to Jacr, in fact extends to arbitrary combinations of the T},
by the chain rule. That is, for any v € A and i € {1,2,3}", we have the telescoping
product

Jacy, (m(v)) = H Jacr, (Tiyyy -+ T3y (m(0)))

=TT IV, - (Si0ss - b, ()11

k=1
Nipoy o Niy v > -3
kHl ' (llNz‘kH"'Nz’n |
- ﬁ HNikNikH - Ni, 'UH73
k=1 HNikJrl EPA UH_S
= | NiyNiy -+ Ny, -] 72 = || N; - o[ 72
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More explicitly, writing v = (z,y, 2),

Ja‘CTi(‘T7y) = ((17 1, 1) - N; - (‘Taya Z))_3
= (@(1,1,1) - N;-ea +y(1,1,1) - N - ez + 2(1,1,1) - Ny - e))
= (M2 + Aoy + A32) 72,

where A\ = \i(7) is the sum over the kth column of N;:
A = (1,1,1) - N; - e, = || N; - eg]|-

Inserting this into (4.3) yields a simple formula for area’(A;):
area’ (A;) = / Jacr, (z,y,1 —x — z) d(z,y)
A/

1 1-y
:/ / ()\190+/\2y+)\3(1—x—y))_3dxdy
0 0
1 1

T 2N Ao)s

Raising to the power ¢ and summing over ¢ € {1,2,3}" with the above values for

A then gives the required expression for X,,, up to a constant factor:
6 3
V3 _
%o S st = (F) S Tl
i€{1,2,3}n 1€{1,2,3}" k=1
O

Definition 32. For economy of space and simplicity, we will often write F'(i) for
the ith summand of X,,:

F(i) == ||N; - ex]| 2|V - e2]| 72| N - es]|°.

4.4 Proof that dimy(G) < 2: a renewal method to show
(X,) =0

Continuing with the simple proof that dimg(G) < 2, we now provide a (partial)
decomposition of X, as follows. The following definition is combinatorial, but its

dynamical relevance will soon be made clear.

Definition 33 (A, 1, X, ). Given n,k € N such that 1 < k < n, let A, ;, denote
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the elements of {1,2,3}", for which the first entry is repeated exactly k times: i.e.,
An,k = {Z S {1,2,3}” ’il =iy = =1 75 ik+1}.
Accordingly, let

Xog = 3 Fi) = 3 [INi-ex| N - eaf N - esl| .

ieAn’k iEAn’k

It should be clear from the definition of the A, that we have the following

disjoint union, for each n > 2:

n—1
{1,2,3}" = | Anp U{1}" U {2}" U {3}, (4.4)
k=1
i.e., the decomposition of X,, into the X, ; leaves out three terms. Since they play
a tangential role, it is convenient to define the following terminology.

Definition 34 (Constant). For each n € N, call the three sequences in {1}"U{2}"U
{3}" (which don’t lie in any A, i) constant.

The following simple but important lemma relates the symbolic partition in

(4.4) to a geometric partition of A.

Lemma 27. For alln > 2 and n < k, given i € {1,2,3}", the following are

equivalent:
e iC A
e A; C Ry.
e ¢;(ex) € Ry for each k € N.

where, for k € N,

3
R=c | | ba)\ ot (a) |,
j=1

where cl denotes the topological closure. This gives the partition of A depicted in

Figure 4.7, which partitions each Aj into “strips”.

Remark 27. The fact that no analogue of the above lemma holds for constant se-
quences (more explicitly, for each j, ¢7(A) meets every Ry with k > n) is the precise

reason for not defining A, ,,, to maintain a distinction.
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Py Rye.

Figure 4.7: The sets Ry, for k=1,...,5.

Proof of Lemma 27. The equivalence of the second and third bullet points is evident
from the fact that A is the convex hull of {eg}3_,.
Consider the equivalence of the first and second bullet points. Ifi € {1,2,3}"

is not constant, then i € A,, 5, where

In particular,
Ai = ¢i€1 ¢ik+1 (A(ik+2,-" ,Zn)) C ¢)i€1 (Alk-l»l)

Since Aj, Ay and Az have pairwise disjoint interiors, gble(A) = gbfl(Ail) and
k ( A

i ) also have disjoint interiors, and thus

Tk41
(b?l (Aik+1) Cdl ((bfl (A) \ ¢fl (Au)) - Rk-
Now consider the converse implication. Supposing that ¢ € {1,2,3}" is not

constant and does not lie in A,, i, then by (4.4) it lies in A,, ;s for some k' # k. Thus,
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the above proof shows that A; C Ry, and hence A; ¢ Ry (since A; has positive
area and Ry, Ry can only meet at their boundaries). ]

Using the above partition, we bound {X,,11 s }r<n in terms of a linear com-
bination on {X,, ;}k<n, as per the following lemma. To express its result in matrix
form, extending X, = 0 for K > n to make an infinite vector, we have, for the

functions ay, by, and ¢, of § defined below,

Xnt1,1 ap az az as as -\ [Xna Cn
Xpi12 bb 0 0 0 0 X 0
Xpios 0 b, 0 0 0 X 0
< + (4.5)
X1 0 0 b3 0 0 X 0
Xnt1p 0O 0 0 by O Xn5 0

for any n > 2, where
I Y1

IN

Tk Yk

here means that zj <y, for each k& > 1.

Remark 28. For visual intuition: if the ¢, were all equal to zero, this in particular
would bound X, ;, in terms of the sum, over all edge paths from node 1 to node
k of length n — 1 in the graph depicted in Figure 4.8, of the product of the edge
weights along that path. Practically, the ¢, will have a negligible effect, so this is
a reasonable consideration. In particular, the fact that all closed loops go through
the node 1 is a precursor to the renewal equation that will be a natural consequence

of the lemma.

We now state the anticipated lemma.

Lemma 28. For each k,n € N, we define the following maxima on Ry N A; =

ST(A)\ G FH(A):

. N . —30 N . —30
ag = max, [No - v 7% + || N3 - v

— 92 _ —34 9 _ —34
oo, (2= v2) ™+ (2 vs)
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a bl b2 b3 b4 b5
a2
as
a4

as

Figure 4.8: The edge-weighted graph corresponding to (4.5). Here, the edge from
r to s indicates that there is a contribution from X, , in the bound of X, s, and
the edge labels show the proportions.

b = Ny -0~
e ey, 1Nl

_ 9 _ )30
ver}gggAl( v1) 0,

and
eni=6-49(n+1)"°2n+1)7".

then, For all n > 2 and k < n, we have the following inequalities:

n—1

Xop11 <) a;Xpj+ cn, (4.6)
j=1

Xnp1kr1 < X (4.7)

Remark 29. The definitions of aj and by (and our subsequent proofs) exploit the
symmetries between the different N;, i.e., that these definitions are still valid if one

permutes the subscripts 1, 2 and 3 therein.

Remark 30. In our proofs, we will only need to know that ¢, > 0 for each n and
that > >° ¢, < oo if and only if § > %, which are both clear from the definition.

Its exact value can be forgotten.

Before proving the lemma, we define some useful terminology.

Definition 35 (Successor). We say, for j € {1,2,3}, that (j;i) := (J,i1...,in) €
{1,2,3}"*! is a successor of i = (i1, ...,i,), and more precisely, the j-successor of

i. Moreover, if j = i1, we say it is the principal successor.
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Proof of Lemma 28. We first note, from the definition of A, 1, that if i € A, for

some k,

e the principal successor of ¢ lies in A, 1 41, and

e the other two successors lie in A, 41 1.

Similarly, if i € {1}"U{2}"U{3}" is constant, its principal successor is also constant,
and its other two successors lie in A, 41 1.

We now prove (4.7). From the above bullet points, i’ € A, 41 +1 if and only
if 7' is the principal successor of a unique i € A, ;. That is, for each i' € A,41 441,

there exists a unique i € A, such that i’ = (i1;7) = (i1,41,...,1,). Consequently,

Xni1 k1 = Z F(i') = Z F(i1;1). (4.8)

€A1 k1 €A &

Applying Lemma 27, we now bound the ratio F(i1;4)/F(i):

. . 3
F(i1;1) HHNilNi.ejH_é

F@) g [INiel™
T
e R ]
3
-5
= [LIN: - giten) =
‘7:
3
< max || N, - v]| 70
ERkﬂA
]:
3
= max || Ny - vl 7
=1 vERLNAL
= max HNl'v||735
vERENAY
=: by, (4.9)

where the last two equalities use symmetry of the /V; under coordinate permutations,
and the fact that v — || N1 -v|| is linear, respectively. Applying this estimate to (4.8)

gives the required inequality:

Xnti k1 < Z b F(i) = bp X -
iGAn,k
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The proof of (4.6) is similar but slightly more nuanced. From our first
consideration, we see that A, 1 comprises all non-principal successors of elements

in {1,2,3}". That is, we can write

Xnp1a= Y > F(wi) (4.10)

i€{1,2,3}" 1<w<3:
w#i1

Recalling (4.4), i.e

n—1
{1,2,3}" = U A U{1}"U{2}" U {3}",
k=1

we bound >_, ; F(w;)/F (i) in two cases:

Case 1: i € A, for some k € {1,2,...,n — 1}. In this case, we have a similar
bound to (4.9), but this time first using the AM-GM inequality:

;ﬂii_ZHWN%H

() 2 L IN e

3
= > TTING - oile) ™

wis j—l

ZZHN - ie)|I ™

w;ézl j=1

*ZZHN - ie)|I 7

J=1 w#iy

N, —30
< e >INy v

A

wFi1

= max |[Ny-v||” 35—!—”]\7 || T —38
vERLNAL

=: ag, (4.11)

where we are again using symmetry of the N under permutation. Summing over

the i € A,, ;; hence gives the kth term of the sum in (4.6):

YD Flwsi) < > apF(i) = axXnp.

ieAn,k w1 ieAn,k

Case 2: i € {1} U{2}" U{3}" is constant. By symmetry, the six terms of this

case are all equal, so it suffices to calculate just one. Considering (1,2,...,2) for
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example, one has

n+1 1 n+1
(1,1,1)N1N§-ej =(1,1,1) n 1 n cej = (2n+1,2,2n+2)-ej
0 0 1

and therefore F(1,2,2,...,2) = 47%(n+1)7°(2n + 1)7° = ¢, /6. Summing hence

gives ¢, in (4.6), completing the formula. O

Remark 31. We note that, if one were to apply this program to the Sierpinski gasket,
say, one would obtain an analogue of Lemma 28 with the values ap = b = % and
c, = 2-37". In this way, in view of the next lemma, the values of a; and bg
below distinguish the Rauzy gasket from other attractors on three maps (at least in
the context presented here). It would be interesting to compute the corresponding

values for the Apollonian gasket.
The next lemma provides values for the ay, b defined in the previous lemma,

as well as corresponding minima for section 4.6, where we estimate § from below.

Lemma 29. For all v € Py, := R N A1, we have the following tight bounds.

FELY o < (FT= 412
<k+2> <@-w) s \s) o (4.12)

P (2] s re-w s () vV @

In particular, the maxima from Lemma 28 take the following values:

e <2k+1> T =G

For continuity, we defer the proof of this lemma to appendix B. The final
ingredient in the proof is the following renewal theorem of Feller [45, p.330, Theorem
1], generalising the Erdds—Feller—Pollard renewal theorem (Lemma 4) from chapter
2.

Lemma 30 (Feller renewal theorem). Suppose we have non-negative sequences
(un)io, (Ak)o2y and (vy)02 o such that, for alln € N,

n=0’ n=1

n
Up = VUp + Z Akun—ka
k=1
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kil g 1
k+2° k+2 kaAI

Figure 4.9: Two maximisers giving the values of a; and b in Lemma 29.

and
o o
)\:Z)\k<oo, u:Zun<oo,
k=1 n=1

and that the smallest additive subgroup of Z containing {n € N | A\,, > 0} is Z. Then

we have the following cases:

o [f A< 1, then

oo

D un =
n= .
= 1-A

In particular, (u,) — 0.
o IfA=1, then

b—l
(u ) - =

S

where =" nuy, (if p = oo, the limit equals zero).

o If X\ > 1, then there exists a unique x € (0,1) such that

[e.e]
Z Aez® =1
k=1
and (x"uy,) converges to a positive limit. In particular, (u,) — 0o.

This comprehensive renewal theorem in particular allows us to accommodate
the remainder terms ¢, (which will play the role of the v,, above), which is a
necessary improvement on Lemma 4.

Applying the first case of the previous lemma, we are ready to give our first

bound on the dimension, in particular giving an elementary proof that dimy(G) < 2.
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Proposition 17. Let §* = 0.893368... be the unique positive value of & satisfying

.E‘
H

=1
i.e.,
s k41 307 3\ %" & .
36 —30
2 2 — 1.
P N\ ery@mey) tlg) 2tkt2
k=1 k=1

Then (Xn(é))n — 0 for all 6 > §*. Consequently, dimpy(G) < 1+6* = 1.893368.. ..

The proof uses the previous three lemmas in a simple and direct way.

Proof of Proposition 17. We first show that (X,) — 0 if (X,1) — 0. For any
i €{1,2,3}", the tuple (1,2;7) := (1,2,41,42,...,1y) lies in A,421. Therefore,

Xnj21> Y F(1,24) (4.14)
i€{1,2,3}n

As in the proof of Lemma 28, we estimate the ratio F'(1,2;4)/F (i) from the defini-
tion:

3

121 [N1NoN; - e;|| 70
H AT\

Niley) ||I”°

[[Ni(es)l

NNy -

3
= [T ININ2 - ¢ile)||
j=1
> min | N Ny - v =39
_irélgll 1N - v

= min (2z + 3y +4z)"F

(z,y,2)€A
=473, (4.15)
using that
2 1 2
NiNy - (z,y,z2)=| 1 1 1 | -(x,y,2)=QRe+y+2z,x+y+2,2),
0 01

ie., |[N1Na-(z,y, 2)|| = 2+ 3y+4z, which takes its maximum on A when (z,y,2) =
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(0,0,1). Therefore, inserting (4.15) into (4.14) gives

Xpyo1 > 473 Z F(i)=47%X,,
i€{1,2,3}"

and thus, (X,) — 0if (X,1) — 0, as claimed.
We next combine the two inequalities of Lemma 28, (4.6) and (4.7), to give

a renewal-style inequality for (X,42.1)n>0:

n n k-1
Xnt21 < Z apXnt1k + Cng1 < Z ak H bi Xn42-k,1 + Cng1.
k=1 k=1 i=1

Thereby, taking (Xn)zozo such that X, := Xo,1 and, for each n > 1,

n k—1
Xn = Z 95 H bi Xk + Cn+1,
k=1 =1

we have that Xn > Xp42,1 for all n € N, and by the renewal theorem in Lemma 30,

(Xn) — 0if

0o k—1 o)
ZakHbi<1 and ch<oo.
k=1 =1 n=2

If 6 > 0%, then 6 > %, which implies the latter condition (as noted earlier). Also,
since ay, by, are strictly decreasing functions in ¢ for all & (which follows either from
the definitions or their explicit values given in Lemma 29), § > ¢* also implies the
former condition.

Finally, the explicit formula defining §* is easy to show, using the convenient

identity
k—1 k—1

H bl _ H <Z + 2>36 _ 336(k+ 2)—3(5.
i=1 i=1 i+3

4.5 Refined upper bounds for §: the sequence (60m))

We now give our first refinement of the proof of Proposition 17, or rather, sequence
of refinements.
In brief: for each fixed m > 2, we consider a refinement of the decomposition

{Xyk} of X, which corresponds to a refinement of the geometric partition {Ry}
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above.S More explicitly,
e if k > m, we leave X, ;, alone; and

o if K < m, we decompose X, =) Xnv, where |Vi| = 3™k is defined in

vEV)
subsection 4.5.2.

In particular, for v € Vi, we will have

Xno= Y F(i)

ieAn,’U

where A, , C A, C {1,2,3}" satisfies, analogously to Lemma 27,
i€ Apy <= A; CR,,

where R, is the union of six triangles in Ry, each the images of each other under
the symmetries of A. (See the next subsection for an illustration for the case that
m = 2).

An upper bound on the dimension emerges from this decomposition as fol-
lows: first, an analogue of Lemma 28 holds, i.e., one can bound each X, 1, (for
v e U Vi U{m,...,n}) above by linear combinations of the X,,,. (Again, see
the next subsection for the case of m = 2.)

In particular, there will be a distinguished index, ® € V; (whose definition
depends on m), such that X, ¢ plays a similar role to X, ; from Lemma 28. This
leads to a renewal-style inequality for (X, @)n>m+1 which, by the renewal theorem,
provides a threshold 6™, such that Xn,@ (and hence X,,) converges to zero whenever
§ > o0m).

4.5.1 The example of m =2
For clarity, we first briefly consider the case of m = 2. Here, for all n > 3, one
retains X, ; for k > 1, decomposes X,, 1 into three parts,

Xn1 = Xp21 + X122 + X 103,

and sets ® = 122. The corresponding regions in the geometric partition which
decompose Ry (Ri21, Ri122 and Ri23) are depicted in Figure 4.10. More specifically,
for each j = 1,2,3, Rig; is the orbit of the level three triangle A o ;) = ¢1620;(A)

under the symmetries of A.

$Heuristically, taking the regions smaller allows us to make more precise estimates, leading to
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s
[ Rigs
M-,

Figure 4.10: The refinement of Ry into regions Ri21, R120 and Rjs3, corresponding
tom = 2.

Then, with some careful combinatorics (again considering successors), we
can show that X, 121, X, @ and X, 123 contribute to X;,41 121, Xp41,123 and X, 412
in a linear fashion, and ) ,-, X, into X, @. More precisely, bounding ratios of

successive terms gives the following matrix inequality, for all n > 3:

Xnt1,® 0 0 0 as asz a4 --- Xn® Cn
Xnt1121 B @Y & 0 0 0 || X 0
Xni1,123 G @Y @ o 0 0 X123 0
Xorz [ < B H* @Y 0 0 0 || Xz [+]0
Xnt13 0 0 0 b 0 O Xn3 0
Xnt14 0 0 0 0 b3 O Xna 0

(4.16)
Visually, the square matrix in (4.16) corresponds to the graph in Figure 4.11 (c.f. Fig-
ure 4.8 above). From this matrix, we define B = B(2, ) as the 4 x 4 concatenation,

omitting the ay entry:

0 0 0 0
RO
Tler o @F o

B & GF o

B in particular corresponds to the subgraph on nodes {122,123,121, m} with unla-

tighter bounds.
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belled edges in Figure 4.11: i.e., the unlabelled edge from node y to node v should

have label B, , (for visual clarity, these labels have been omitted).

121

S \2/\3/\4/\

12=@e— | |

NV

123

a2
as

a4

Figure 4.11: The graph for m = 2, corresponding to (4.16). The unlabelled edges
correspond to the entries of B; see the discussion following (4.16).

(4.16) leads to a renewal-style inequality for (X, 43 e)52, with a more com-
plicated remainder term, and coefficients in terms of B, a; and bx. That is, we

obtain
n

Xnt3,e < Z MeXnt3—k@ + (remainder term),
k=1

where, taking the graph viewpoint, each )\ is the sum over every loop (i.e., closed
edge path, visiting the node ® exactly once) of length k in the graph in Figure 4.11,
of the product of the edge weights along that loop.

Correspondingly, the left hand side of the renewal condition > 72, A\p < 1,
which we use to show that (X, &) — 0 (and hence (X,) — 0), corresponds to the
sum over all loops in the graph (that visit ® exactly once). This sum splits into a

product of two, since each loop decomposes into two parts:

e A path (not necessarily a simple path) from ® to node m in the unlabelled

subgraph (the “finite-but-complicated part”).

e A simple path from node m to ® on the subgraph labelled by a’s and b’s (the

“Infinite-but-simple” part).
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More explicitly, this leads to Theorem 11 with m = 2, which states that
5@ > § > dimy (G) — 1, where 8@ is the value of § which satisfies the equality

n 00 %) k—1
Z)\k :Z(Bk)ZL,lZakHbi = 1, (4.17)
k=1 k=0 k=2 =2

where (Bk) a1 is the entry in B* corresponding to m and ®, respectively.

Now consider this number, §). Since ay, by and the entries of B are all
non-negative, decreasing functions of §, the left hand side of (4.17) is decreasing
in 8, which shows there is at most one value 6(?) satisfying (4.17). However, since
the first sum, involving powers of B, is liable to diverge, a priori it requires a small
leap of faith to assume that §(2) exists at all. To this end, let us sketch a general
argument for the existence of §(2) (which generalises to show that 6(m) 6, and ey,
defined below, exist for each m > 2).

First, B clearly converges to the zero matrix as 6 — oo. Thus, for p(B)

denoting the spectral radius of B, the infimum
z=inf{z e R| p(B) <1 forall 6 >z}

exists. That is, for all § > &, p(B) < 1 and we have (applying Cramer’s formula for

inverses [79])

kz_o(Bk)M =((I-B) 1= _det (hgg:(()?j(é)_ B)), (4.18)

where Minory 4(/ — B) is the submatrix of (I — B) obtained by removing the first
row and fourth column from I — B (i.e., those corresponding to zeros in B). (See
(4.20) below for an explicit formula.)

Since the numerator and denominator of (4.18) are polynomial in the entries
of B, this quotient extends to a meromorphic function of the plane, with poles
located at (some of the) values of § € C for which B has 1 as an eigenvalue. But
then, since B is a continuous function of §, p(B) is also continuous in J, implying
that p(B|s=z) = 1. An analogue of the Perron—Frobenius theorem (see the proof
of Lemma 32) then implies that 1 is an eigenvalue of Bs—;, and more particularly
that (B¥)41|s=# converges to a positive constant as k — oo, i.e., (4.18) has a pole
at Z. Since, for all 6 > x, (4.18) is finite and positive (i.e., since p(B) < 1 and B is
non-negative), the divergence of (4.18) to +o00 as § — 2T implies that the image of

(4.18) on (&, 00) is (0,00), by the intermediate value theorem. The existence of §(2)
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follows.
For m = 2, we can be more explicit about the quantities above. The spectral

radius of B is given by its maximal eigenvalue,

=3[ @ (7 @) (@)

which is less than one for § > 0.429... (this function is decreasing by [97, Theorem

2.1]). For these values, we have the following, explicit form for (4.18):

(5 B -1 (5
| *@F @1 |/der-5)
36 (?)3; (%) 326 (%)36 36 36 36 36
@ 0"
(4.19)
())& (- - 0-®))
(4.20)

Also using an explicit form for ), <, ay Hf:; b;, one calculates that 6@ = 0.8798... .,
by standard root-finding techniques. This value gives a modest improvement on the

bound §* = 0.8933... given in Proposition 17.

D Ri211 . Ri221 . Ria31 . Ri221
Ll Ris2 B Rz IRz B Risos
. Ri213 . Ri223 . Ri233 D Ry203

Figure 4.12: The refinement of R; U Ry into 12 regions, when m = 3.
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4.5.2 The general case

Deferring the general definitions of B = B(m,d), a matrix defined on the index
set UZ%:_ll Vi U {m}, and the distinguished index ® € V; until later, we have the
following theorem, which defines the upper bound 8™ of 5 (hence of dimpg(G) —1).

The existence of 6™ is established by a similar argument to the above.

Theorem 11. For each m > 2, recalling a,, b, from Lemma 28; whenever 6 > %

satisfies
o0 (e.)
ZBkm@)ZakHb <1, (4.21)
k=0

then (X, (0)) — 0.
In particular, for the value, 6 = 6™, for which the left hand side of (4.21)

equals 1, then

dimp (G) <1+6 <1+ max <5<m>, ;) :

Remark 32. The results of the next section imply that (X,) — 0 for values of §

greater than % Thus in hindsight, one can remove all references to % above.

Remark 33. Naturally, we can consider Proposition 17 as representing the m = 1

case (as we do from now on), and we define 61 := §* = 0.8933 .. ..

For values of 6(™) up to m = 9, we refer the reader to the table in Figure
4.14 and the corresponding subsection, 4.6.4.

We now give a proof of Theorem 11 which will follow along the lines of
Proposition 17, as outlined in the introduction to this section.

In what follows, we fix m € {2,3,4,...} and suppress it from the subsequent
notation. We also henceforth assume, unless otherwise stated, that n > m + 1 (a

fact we will sometimes emphasise).

Partitioning {1,2,3}"*! via symmetries of A

We now lay down some simple prerequisites necessary for defining the (mth) decom-
position of X,,, and thereby the matrix B (this matrix resembles B(2, ) above, but
is increasingly sparse as one increases m).

The definitions below follow from our attempt to exploit the following sym-

metries of A.

Definition 36 (Syms). Let Syms denote the group of permutations on {1,2,3}.

We define two related actions of this group as follows:
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e For v = (v1,v2,v3) € R3, set o*(v) = (Vo-1(1)s Vo—1(2)5 Vo—1(3)); 1.€., SO that
o*(ex) = ek for each k.

e Forie {1,2,3}" let 0-i = (0(i1),0(i2),...,0(in)).
The connection between these two actions is the following conjugacy, which
is clear from the definition of the N;. Namely, for all i € {1,2,3} and v € A,
0" (N;-v) = Ny - 0*(v) (4.22)
and in particular,
0" o ¢; = pg.i0 0. (4.23)

By induction, (4.22) and (4.23) extend to all + € {1,2,3}" and n € N.
As hinted in the introduction, our decomposition of (X, ;) consists of par-
titioning the elements of (Ank)}?:_ll according to equivalence classes given by the

second action above. More explicitly, we have the following definition.

Definition 37 ([], matching). For v € {1,2,3}™ "L, let
[v] :=={0o-v| o € Syms}

denote the equivalence class (i.e., orbit) of v in {1,2,3}™*!. For i € {1,2,3}", we

say that i matches v if

(il,ig, ce im+1) € [U],
i.e., there exists ¢ € Syms such that (i1,...,%m+1) = o - v, which implies the
important inclusion
Ai = ¢i1 U ¢im+1 (A(im+2,...,in)) = ¢U'U(A(im+2,...,in)) C AO"’U‘ (424)

Remark 34. Note that we do not need to refer explicitly to the regions R, C A
in the subsequent proof (these regions were included for the sake of exposition in
the introduction), but these can be defined by taking the union of six triangles, as
follows. For non-constant v € {1,2,3}™!, let

R, = | A
1€[v]

These R, are as depicted in Figures 4.10 and Figures 4.12 for the cases m = 2 and

m = 3, respectively.

We now define the decomposition using these classes.
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Definition 38 (A4, X,). For any v € {1,2,3}™! such that v is not constant,
let
Ap o ={i€{1,2,3}" | i matches v},

and let

ieAn,v

The above definition of A, , obviously introduces duplicates. In particular,
i € Ay 1,1,..,1,2) 18 equivalent to i3 = -+ = iy # i1, €., 1§ € Ap sy Considering
the remaining classes on {1,2,3}™ 1\ {1}" U {2}" U {3}", they admit the following

“standard” representatives (whose corresponding triangles all lie in one-sixth of A).

Remark 35. Here and below, the use of v, V etc. connotes “vertex”, from the graph

viewpoint exhibited above.

Definition 39 (Vk, V). For each k=1,...m — 1, let
Ve = {1}F x {2} x {1,2,3}"F,
and let
m—1
V.= U Vk.
k=1
Of the elements of Vi, we denote the distinguished element
®=(1,2,...,2) € {1} x {2}™.

Some consideration shows that these v € V uniquely represent every class
except [(1,1,...,1,2)] and [(1,1,...,1)]. More explicitly, given i € {1,2,3}™*! with
i1 = -+ =i # igsq for k between 1 and m — 1, we see that o - i, where o(i1) = 1
and o(ig+1) = 2 lies in Vj, (and is unique).

More generally, this shows that, for each k <m—1,ifi € A, , theni € A, ,

for a unique v € Vg. That is, we have the disjoint union

An,k = U An,k-
vEVY

This in turn implies the disjoint union

n—1
{17 2, B}n \ ({1}n U {Q}n U {3}n) = U An,v U U An,k-
k=m

veY
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Having established this decomposition, we now aim to recover an analogue
of Lemma 28 (i.e., pertaining to the matrix inequalities above). This requires the
definition of the matrix B, which in turn requires the following definitions of S; for
j =1,2,3. These describe adjacency in the graph picture above (or more concretely,
which entries in B are non-zero), and are defined by successors of the standard

representatives, v € V.

Definition 40 (S;). Let S; : V — VU {m} and Sy, 53 : V — V be defined by the
following equation, for each j € {1,2,3} and v € V:

(J5v) = (4,015 -+, Um) € Amya.5;(0)
ie., if v € Vp,_1, then Sy (v) = m:
(Livr,...,o;m) =(1,1,...,1,2) € Appy1,m,
and otherwise there exists o € Syms such that
o-(j4,v1,...,vm) = Sj(v).

An important consequence of this definition, which we use in the proof of

Lemma 33 below, is that, if i € A, for any v € V and o - (i1,...,%m+1) = v, then
(U_l(j)a (AT ’im+1) = U_l : (], U) € Am+275j(1’)’ (425)

ie., (071());0) € Ay s, (0)-
We now define B as a weighted adjacency matrix on VU{m}, where adjacency

is defined by the S;, and the weights are defined analogously to as, by, above.

Definition 41 (B). let B € RVW{mxVUim} be the non-negative matrix defined by

max || N; - ]| 7% = max (2 — x;)~%, if v = S;(y) for some j € {1,2,3};
va — ) zely TEAy

0, otherwise.

In particular, B, ,, = 0 for all v € VUm.

We now state two lemmas, the proofs of which we defer to appendix B to
focus on the main part of the proof. The first gives an explicit form for the S; (which
is useful for computation), and in a final remark, proves two statements that show

first that B is well-defined, and one that implies, with the exception of one zero
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row (corresponding to ®) and column (corresponding to m), that B™*! contains
only positive entries. The latter allows us to apply the Perron—Frobenius theorem
to prove the second lemma, which is needed to control the remainder term in the

important renewal-style inequality for X, & that we derive later.

Lemma 31. The S; (j =1,2,3) are given by the following formulae: Firstly,

m, if v € Vy;
Sl(U) =
(Lvi,...vm), otherwise.
Secondly,
S2(v) =7 (2,v1,. .., Vm),
where

1 2 3
T =
21 3

is the transposition interchanging 1 and 2, e.g., 7-(2,1,2,3) = (1,2,1,3). Similarly,

Sz(v) = k- (3,v1,...,03),

1 2 3
K=
3 21

is the cycle taking 3 to 1 and 1 to 2, e.g., k-(3,1,2,3) = (1,2,3,1).
Moreover, j — S;(v) is injective for any v € V, and for each v,y € V\ {®},
there exists a tuple j € {1,2,3}™* such that

where

v = Sjl sz T Sjm+1 (y)

Lemma 32. There exists a non-negative matriz, D € RYUmP>VIHAY gyeh that, for
each v,y € VU {m},
(Bn)uyp(B)in = Dy y

as n — oo. Moreover, D, > 0 if and only if v # ® and y # m.

Returning to the main course of the proof, we have the following analogue

of Lemma 28.
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Lemma 33. For alln > k > m and v € VU {m} \ {®}, we have the following,

recalling ax by and ci from Lemma 28:

X1 k1 < b X s (4.26)
n—1
Xot1e < ent+ Y apXpp, (4.27)
k=m
Xnt1o <Y ByyXny. (4.28)
yey

Remark 36. Note that (4.27) in particular implies that there does not exist v € V
and j = 1,2,3 such that S;(v) = ®. In particular, Bg, = 0 for all v € VU {m},
giving a zero row in B, and hence (B")g, = 0 for all such v and n € N. (A similar
statement holds for (B"), ,,, from the definition.)

The proof is similar to that of Lemma 28, again using the notion of successor.

Proof of Lemma 33. We prove the inequalities in order:

The inequality (4.26) is the same as (4.7) proven in Lemma 28, and is merely
stated here for completeness. We note for later that this case accounts for all
principal successors of all ¢ € UkZm Ap -

Regarding the proof of (4.27), by the definition of ®, the j-successor of
i € {1,2,3}" matches ® if and only if

AU =iy = =i,

That is, j # 41 and ¢ is either constant or lies in ¢ € A, ; for some & > m. This

gives the following analogue of (4.10) from Lemma 28:

F(js1)
Koo = cut S5 FG) < 0t Z&Xk (Z L >Xk (4.29)
2

k=m j#i1

where ¢, =6 F(1,2,2,...,2)is, as before, the contribution from elements of Uk#{k} X
{j}". Recalling (4.11), i.e

J#u

for any i € A, , and applying it in (4.29) thus yields (4.27).
For the proof of (4.28), note that every successor of each i € A, for k > m
is accounted for in the previous two cases. Therefore, fixing v € VU {m} \ {®}, if

i € {1,2,3}" has a successor in A, 41, then i € A, , for some y € V.
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In particular, if S;(y) = v for some j, then it is unique by Lemma 31. Writing

o; for the unique permutation such that

Yy=a0o;- (il,... ,Z'm+1)
(this is well-defined for each i, since y and j are unique), one has, from (4.25),
3
Xn+1,v = Z Z Z F(O’Z_l(j),’l) (430)
Jj=1 yGSj_l(v) i€AR,y

We now bound the ratio F(o; *(5);4)/F (i) in the same way as before. Firstly,
using the symmetries (4.22) and (4.23) (and that ||o*(z)| = ||z|| for any x), we have
that, for any o € Symg,

[No-15) - ¢i(ex)|| = HU ( 6] ¢i(ek))H
= HNJ (¢crz oo” €k))H
= ||Nj - ¢oi(eq@)ll- (4.31)

Then, if i € A, 4 such that v = S;(y), applying (4.31) with ¢ = 04, and using that

Aai'i = ¢0’i'(i17...,im+1)(Ai7n+2y-~~:in) = ¢y(Aim+2y~~~yin) C Ay’

we have the following:

F(o; (5);
SR ]l L TR ISP
- -5
= HN : ¢Ui ( €s;(1) H HN ¢0'2 i ai(Q))H HN] : ¢oi-i(eai(3))H
< max ||N; - z|| 7%
zeN,
= By, (4.32)
Consequently,

3
Xn—i—l,v S Z Z Z Bv,yF(i)

Jj=1 yeS{l(v) i€An,y

3
= Z Z Bv,mey - Z Bv,an,y7

Jj=1 yES]-_l(v) yev
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proving (4.28). O

We are now in a position to prove the theorem. The remainder of the proof

follows that of Proposition 17, but is naturally more involved.

Proof of Theorem 11. We start by relating (X,,) and (X, g) asymptotically. Ob-

serve that (1,2™;1) := (1,2,...,2,41,92,...,0n) € Apym+1,e for any i € {1,2,3}".
~——
m
Thus,
Xpymite > Y F(1,2™9). (4.33)
i€{1,2,3}"

Following the proof of (4.15), we estimate:

F,2m0)  f oS
F(i)_j];[lHNlNQ “pilei)|l

> min ||[NINJ ol
vEA

= min ((2m+ 1)z + 2y + (2m + 2)z) -
(z,y,2)€A

= (2m+2)7%. (4.34)
Inserting this into (4.33), we thus obtain
(2m + 2)_35Xn7k S Xn+m+17®.

Therefore, (X,) — 0 if (X, @) — 0.
We now deduce a renewal-style inequality for (X, )52, as follows. First,

applying X, 41 k+1 < by X, i repeatedly in (4.27) gives, for all n > m + 1,

n—1 k
Xni1e < cnt Y ag [] biXntm—tm- (4.35)

k=m i=m

Moreover, for all n > m+1 and v € VU{m}\ {®}, applying (4.28) n+ 1 —m times
yields

n -1

-m

Xﬁf” S Z (Bk)v’(ﬁXﬁ*kv@ + Z (Bﬁ_m_l)U’me'i'l:y’ (436)
k=1 yiv

Yy#®

as we now show inductively. The base case of n = m + 1 is trivial. Inductively
assuming (4.36), and using that (B’)g, = 0 and (B’),, = 0 for all j € N and
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v e VU{m} (see the remark following Lemma 33), we have the following:

Xﬁ+1,v < Z BU,yXfL,y

veY
= BueXae + Z By Xy
yey
Y#£®
n—m—1 4 R
<BueXae+ O, Y Buy(ByeXmire+ Y Buy(B" N )ywXmitw
j=1 yey w,yeY
Y#® w,YF®
n—m-—1 ‘
= BU7®Xﬁ’® =+ Z (Bj+1)y’®Xﬁ—j,® —+ Z (Bnim)y,me—l—l,w
j=1 weY
WHRD
n—m '
=2 (ByeXanje+ 3 (B )ywXnite. (4.37)
j=1 weY
WHR

This completes the induction for (4.36). Applying it now with m = y and n =

n+ m — k in the summands of (4.35) gives

n—1 k—1
Xn+1,® <cn+ Z ag H b’iX’n—l—m—k‘,mv

k=m i=m

n—1 k—1 n—k—1
ST 511 U] D SRCI NS SRS ST W

k=m  i=m j=1 yeVy

Y£®

n—1 k—1 n—k—1
=&+ ag b; (B])m@Xnerfkfj,@

k=m i=m j=1

n—m—1 m+j—1
=&n + Z Umj H bi (Bk)m @ Xn—1®

=0  k+j=I i=m
j>0,k>1

n—m
=&+ Y MXnsike: (4.38)

k=1

where we have defined
n—1 k—1
. —k—1
Eni=cp+ Z ar H b; Z (B" )m’me+1,y
k=m i=m yey
Y#®
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and

. m+4j—1
AL = Z (B’)m@amﬂ- H b
i+j=k I=m

1,520

(this definition uses that (B%),, e = 0, i.e., m # ®).

Remark 37. We again remark that, from the graph viewpoint (see Figure 4.11 for
the case of m = 2), A\ corresponds to the sum of products over loops of length k
which meet ® once, and &, to edge paths of length n —m — 1 which start at vertices

in V\ {®}, end at ® and do not visit ® as an intermediate vertex.

In view of the renewal-style inequality above, since A > 0 for all large enough

k, Lemma 30 implies that (X, ) — 0 whenever
L > A <1, and
2. > 2 & < 0.

We now show that these two numbered points are implied by the conditions of
Theorem 11. To consider the second, note that, if (4.21) holds, then

S
k=0

converges. Since (B¥).¢ ~ Dm.op(B)* (by Lemma 32), this implies that p(B) < 1.

Furthermore, by direct calculation,

k—1 39 -3
ay H bi = (:ﬁ;) ((2]“]{111) + 2—35> =0((k+2)%) (keN).

(4.39)
Combining this with another application of Lemma 32, there exist C,C’ > 0 such
that

oo n—1

S e= 33w [0 Y (59, Yo
n=1

n=1k=m i=m yeYy

YF#®
oo n—1
<C’ZZakHbzp —k
n=1k=m

(continued on next page)
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(continued from previous page)

oo n—1
< C/Z Z(k+ 2)—36 p(B)n—k
n=1k=m
_ C/ Z Z (k+2)_36 p(B)n—k
k=mn=k+1
C'p(B) - 35
= PN (k4 2)7
1—p(B) k:m( )

which is finite if § > % Recalling that »_ | ¢, converges if and only if § > %, we
see that Y o | &, converges if and only if § > 1.

Expressed more simply, the first condition is equivalent to (4.21):1

0o 00 ‘ m+j—1 oo 00 k—1
TSI 5D SRCINIE | S SIECND S
k=1 k=1 z;i:]]zzokz l=m k=1 k=m  i=m

Since the a; and by and all the entries of B are all decreasing functions in 9, this

last condition is implied by § > 6™ completing the proof. O

4.6 Lower bounds for §

In this section, we apply the above methodology to obtain lower bounds for 5.
Although these bounds do not contribute to bounding the dimension, they show the
limitations of deriving upper bounds for the dimension established by considering
(Xn).

Moreover, as we shall see, the methods to prove lower bounds carry through

with fewer complications, and bounds can also be obtained by other techniques.

4.6.1 Naive lower bounds

Before applying the more complex methods using renewal theory, we derive lower
bounds for § via two distinct, elementary methods.

For example, we use Jensen’s inequality to show the following result.
Proposition 18. (X,,) — co for

log(3)

——— =0.716887....
3log(5/3)

IWe recall that this condition corresponds, in the graph picture, in the graph picture, to the
sum over all loops which meet ® once (of the product over their edge weights).
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Proof of Proposition 18. Noting that N -e; and Ny -e; = e1 +e¢; if j # 1, we have,
by symmetry,

Xop1=3 > F(ir,... in,1)

i€{1,2,3}n
=3 > [INiN1-er| | NNy - eal| P [ NilVy - es]|~°
ie{1,2,3}n
=3 > INi-elll°lINi-ex + Ni-eal| PN €1 + Ni-es|
i€{1,2,3}n
>3-4 3" |INiea| (N - eall 0+ 1N - eall 70) (1N - ea] 0 + || NG - es]| )
ie{1,2,3}n
>3-4 > [N
ie{1,2,3}n

where the first inequality uses the convexity of ¢ — ¢t~° and the triangle inequality.

Expressing the right hand side as an expectation involving Z,, a random ma-
trix distributed uniformly in {N; | i € {1,2,3}"}, Jensen’s inequality [37, Theorem
1.6.2] applies to give

Xn+1
3n+1

> P E(|Zn - ]| 0) > 4 E(| Zy )0

This last expectation has a simple form: writing IP,, as shorthand for the probability
IP’(Zn -e1 = (a, b, c)), we have

> ZHN (a,b,¢)|| Py

(a,b,c)eNg j=1

OOM—!

E(|Zn+1 - e1ll) =

1
=2 2 (lla+b+edol+l@atb+eo)ll+(abatb+o))Pn
(a,b,c)ENg
1
=3 > ((@+2b+2¢)+ (2a+b+2c) + (20 + 20+ ) Py
(a,b,c)ENg
1
=3 > 5(a+b+c)Py
(a,b,c)ENg
5
=3 (@, b, c)|| Pp
(a,b,c)ENg

(continued on next page)
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(continued from previous page)

)
= 2E(1Z - ),

and hence E(||Z, - e1])) = (
multiple of

g)n lei]] = (g)n Thus, X,, is bounded below by a

which diverges to infinity when

log(3)

5 _ oV
~ 3log(5/3)’

as required. O

We now present a simpler method, the ancestor of the renewal-theoretic
methods used in this chapter, which gives a stronger lower bound. More specifically,
in the proof, one simply bounds from below each ratio Zi:l F(w;i)/F (i) uniformly
over ¢ € {1,2,3}.

Proposition 19. For all n € N,

Xn+1 . _35 _35 —36)
2 2- 2- 2 - 4.4
Xn ’UEAHJHAIlQUAg <( v1) 7P F (2= 0) T 4 (2 - wp) (4.40)

_ @)35 +9 <j>36. (4.41)

Therefore, (X,) — oo whenever the right hand side is greater than 1, i.e., 6 >
0.729....

Proof of Proposition 19. Using that
v s —log(|[N; - vl]) = ~ log(2 — vy)

is convex on A for each j € {1,2,3} (i.e., as a convex function with a linear argu-
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ment), we first have

o2 (k]j I3, o)) = =5 1o @ I, - oxen])
3

=34 - %Z —log (|| N; - ¢i(er)ll)

k=1
3
> —3dlog (HNj : %Zfﬁi(@k) )
—36
= log (HN Z@ ex) ) (4.42)

To apply this last estimate, note that %22:1 diler) € A; € AjUAyU Ag, and
recall, for each i € {1,2,3}" and j =1, 2,3,

.. 3
. HIN pilen)|| 0

(see, e.g., (4.9)—(4.11)). This altogether gives the following:

Xn+1 = Z

3
1€{1,2,3}" j=1
3 3
= Z ZH\N Gilen) [T F(0)
1€{1,2 Jj=1k=1
3 1 3 —36
> 3 3w s e Fo
1€{1,2,3 =1
3
> i N; - =3° F(i
= veAIUALUAS 2 1Nl . 2 FO)
j=1 i€{1,2,3}n
3
g 1 2— X
UEAHJHAHQUAS Z 1)] "

Jj=1

which proves (4.40).

The minimum can be calculated using the fact that, for any v € AjUAUAg,
the convex hull of {o-v | o € Syms{1,2,3}} contains the point (3, 1, 1), as sketched
in Figure 4.13. Then, as in the proof of Lemma 29, convexity shows that the value

taken at this interior point is smaller than the maximum of the values taken on the
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vertices {o-v | o € Syms{1,2,3}}, which by symmetry is the value taken at v. Since

v is arbitrary, this implies that (3, %, %) is a minimiser, leading to (4.41). O

€2

Figure 4.13: Sketch for the proof of (4.41). The hexagon is the convex hull of the

images of v € Ay under the symmetries of A, which contains (1, i, Ly (k,7 € Symy

20474
are defined in Lemma 31.)

4.6.2 Renewal method: the value ¢,

We now follow the method of the previous sections to bound § from below. For
clarity, in this subsection we consider the basic case corresponding to Proposition
17 (and m = 1), before considering the more general case (m > 2) in the next
subsection. The only difference in the proofs here as opposed to the previous sections

are that we now estimate, e.g.,

from below rather than from above.
To begin, one has the following lemma, which uses the values for the lower

bounds provided by Lemma 29.
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Lemma 34. For

E+2\%
S i (2 — 09) 30 4 (9 )30 930+
G = min (2—vz)"" 4 (2 - v3) 0t

and

k+1
— (2 — 0o) 30 4 (9 )3 —
bk vegﬁg&( v2) "+ (2 — v3) r12)

(i.e., as given in Lemma 29), we have that, for alln >k > 1,
Xnp1g =Y @i Xn, (4.43)

Xpsips1 > pXog (4.44)

The proof of this lemma is a natural adaptation of the proof of Lemma 28.

Proof of Lemma 3. Recalling (4.8) gives

Xnjipr = Fliri)
iGA,L,k

Flinei
min (ll,’z) Xk

€A, \ F(7) ’

pu— 1 X
in. <HH - piler))| ) ok

> mi Ni, x| ™%X

= min NG -l X

: -39
= min (2—x; Xk
xeRkﬂAl( ) v

= Ban,k,

v

which proves (4.44).
The proof of (4.43) differs from that of its predecessor, (4.6), since it uses
convexity (as in the proof of Proposition 18) rather than the AM-GM inequality.
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To start with, recalling (4.10), and using that ¢, > 0, we have that

n—1
Xnt11 = Xpp11 — ¢ = Z Z Z F(w;i

k=1 ieAn k WHL]

Fram (£ %50)
znfxnk min (ZHHN giles)] 5) (4.45)

k=1 w#i1 j=1

Now, recalling (4.42) from the proof of Proposition 19:

3

3

_ 1
(ERCREY RS 308
j=1

j=1

—36

)

we have

> =S TN el

w#iq w#iy j=1

5>

w#iq
min < Z | N, - x\|_36>
IERkﬂAil i

_ (92— )30 L (9 )30
IEEIQAI( T2)”% + (2 — x3)

= G- (4.46)

3

1
324

Y

Applying this estimate in the summands of (4.45) yields (4.43), as required. O

We now apply this lemma to give the best lower bound for § so far, as per

the following result.

Proposition 20. (X,,) — oo if

oo~ k—~ k+2 30
Zakl:[bi 6+IZ(I<:+1 4/~c+7)> > L

Therefore, 6 > &1, where 6, = 0.7681... is the value of & for which the left hand

stde equals one.
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Proof of Proposition 20. Since X,,1 < X, foralln > 2, (X, 1) — oo implies (X,,) —
oo. From the previous lemma (i.e., applying (4.44) in the summands of (4.43)), we

obtain the following renewal-style inequality for (X, 1)n>2:

n—1

k-1
Xnt11 2 Y g | [ biXnka-
k=1 i=1

Hence, by the renewal theorem (Lemma 30), (X,,1) — oo if

[e'e) k—1 00 36
- k+2
D D TESE

k=1 i=1 k=1

as required. In particular, this last condition is implied by § > §; (since a; and by

are decreasing in §), which yields the final remark. O

Remark 38. Notice how the absence of the remainder term in the above proof makes
the argument slightly simpler than that of Proposition 17. The difference will be

even more pronounced in the proof of the next result.

4.6.3 Refined renewal method: the sequence (4,,)

We now advance the renewal method, to give the following analogue of Theorem 11.

Proposition 21. Given m > 2, with dj, and by, as defined in Lemma 34, and V as
defined on page 150, let B = B(m, ) € RVUAmHVUHRE be given by

min (2 — :cj)*g‘;, v=3_5(y);
Bv,y — ) zEAy
0, otherwise.

Then (X,,) — oo whenever
© oo k—1 ~
Y (B dx [[ > 1. (4.47)
k=0 k=m i=m

Consequently, for the value 6 = 0y, for which the left hand side of (4.47) equals 1,
5> 6.

For the remainder of this subsection, we again fix m and suppress it from
the notation. We use the following lemma, which follows verbatim to Lemma 33,

with minima replacing maxima.
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Lemma 35. Foralln >m+1,

n—1
Xn-i-l,@ > Z &an,h (448)
k=m
and for each v € VU {m} \ {®},
Xnt1o = Y ByyXny. (4.49)
yey

Proof of Lemma 35. Recalling (4.29), we have

Nt n—1 -
. . F(j;i
Xnt1,0 = Xnt1,0 — Cn = E E E F(j;4) > E i ( Ig(i)))

k=m Z'EA.,LJC VES =m

o

Then, for each i € A,, , applying (4.46), i.e.,

in the summands above yields (4.48).
To prove (4.49), recall (4.30):

3
Xntiw=_ >, Y F(o;7'()i).
j=1 yES;l(U) 1€ARy

Then, following the argument leading up to (4.32) on page 154, we have that, for
each i € A,y such that S;(y) = v,

F(o;7'(j);4)

> min ||S; - x| 7% =: B,,,.
Ay

F(i) z€
Consequently,
3 ~
SRPES SID Dl o BT
Jj=1 yES{l(v) i€An,y
3 ~ ~
- Z Z BuyXny = Z BoyXny,
7=l yes: ' (v) yeV
proving (4.49), as required. O
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We proceed directly with the proof of the proposition, which follows along
the lines of Theorem 11.

Proof of Proposition 21. Let 6 > 0,,. Since X,, o < X, for all n > m + 1, it suffices
to show (X, @) — o.

To obtain a renewal-style inequality for (X, @)n>m+1: repeating the induct-
ive proof of (4.36) (see (4.37) on page 156) gives, for all 7 > m + 1,

n—m—1 n—m—1
Dk pn—m—1
Xﬁ,m > Z (B )m@Xﬁ—k,@‘f' Z (Bn mn ) m+1® Z X k,®-
k=1 veV\{®} k=1
Hence
n—1 k—1
Xn,@ > dk bz Xnerfk,m
k=m =1
n—1 k—1 n—k—1
> a [ (B) 0 Xn+m—b—j@
k=m i=m j=1
n—m m+j—1
= < (Bl)m7®dm+j H bl) Xn+17k-
k=1 “i+j=k l=m
4,720

o0 m+j—1 00 o0 7j—1
13 (5 ) TT 0) =X (B),0 o ]
k=1 zZ—ZjZ:Ok l=m i=1 j=m l=m

as required. As before, the final remark (concerning d,,) simply follows from the

fact that the entries of B, G and by, are decreasing in 4. O

4.6.4 The values of §,, and 6"

We now compare the computed values for the upper and lower bounds for 5 obtained
by the renewal methods of the previous two sections. Rounded values for 6™ and
Om for m < 9 are given in Figure 4.14.

These bounds imply Theorem 10, i.e., that b€ [0.8095,0.8204]. In particu-
lar, 6®) and 6 lead to slightly stronger bounds for dimg(G) than that given by
Fougeron (1.825). The lower bounds show that one cannot use X,, to prove, e.g.,
that dimy(G) < 1.8.
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From these data, we naturally conjecture that d,, and 6™ each form mono-
tonic sequences converging to 5. In particular, this would show that § is a threshold
in the sense that (X,) — oo whenever § < 5. As mentioned above, assuming this
convergence, standard sequence acceleration methods (i.e., numerical limit estima-

tion, see [9]) yield a non-rigorous estimate of 6 ~ 1.8135, which is depicted in the

graph below.

m| On | 0™ 5§

1 | 0.7681 | 0.8934 Lo dl

2 | 0.7766 | 0.8799 <. .

3 | 0.7862 | 0.8592 1.8 . .t o+ o+ 18135
4 |0.7939 | 0.8447 )

5 | 0.7994 | 0.8353 L7

6 | 0.8034 | 0.8291 L6

7 | 0.8061 | 0.8250

8 |osos0|08223| 151 — W

9 | 0.8095 | 0.8204 1 2 3 4 5 6 7 8 9

Figure 4.14: Left: values of 6,, and §(™ for m < 9, rounded (down and up respec-
tively) to four decimal places, calculated using Wolfram Mathematica on a Lenovo
ThinkPad X240 laptop (with an Intel core i5-4300 2.49GHz processor and 4GB of
RAM). The ninth terms each took less than 3 minutes to verify. Right: a graphical
depiction.

4.7 Enhanced upper bounds using contraction ratios:

the sequence (g,,)

Having established the sequence of upper bounds (5(m)) for 3, we are now ready to
introduce the next improvement to the method for bounding the dimension, which

is to consider the original sequence from Lemma 25,

Y, = Z area(A;)? diam(A;) 0.

ie{1,2,3}n

In particular, recall that dimy(G) < 1+ ¢ whenever (Y;,) — 0. Let

G(i) := area(A;)? diam(A;)1 ™0 = F(i) diam(A;) ™0
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(where the last equality is up to some fixed multiple). Whereas previously, the

method we used bounded ratios such as

F(j;1) F(j;4)
#Z;l F(i)

)

according to 4 lying in some A,, ,, or A,, ., now we bound the corresponding quantities
with F' replaced by G.

This is in fact quite simple to do, at least in a naive way. In the next subsec-
tion, we state a lemma to bound the ratios of successive diameters, i.e., expressions
of the form

diam (gﬁ](Al))
diam(4;) ’
by using a local Lipschitz constant for ¢;. In the next subsection, we consider the
basic (m = 1) case, before moving onto the more general (m > 2) setting in the

final subsection, which proves the main theorem of this chapter.

4.7.1 A lemma on local contraction

The following lemma compares the diameters of A;,;) to A;, for each i € {1,2,3}"
and j = 1,2,3. Because the proof of this result is computer-assisted and somewhat

unenlightening, it is deferred to appendix B.

Lemma 36. Treating A as an immersed manifold in R3, the tangent map Dyo; :

ToA = T4, ()A has mazimal singular value satisfying

1Du6sllop < (2 = v;) 72, (4.50)
where A 1= % — % = 0.9226.... Consequently, for all i € {1,2,3}",
_ diam (gb(A,)) _
A3 < [ AT ) < 2 — ;)" 4.51
- ( diam(A,) - géi)f( vj) (4.51)

4.7.2 The basic case, m =1

From the previous lemma and Lemma 28 we can deduce the following, which we

need to prove the first main result of this section, an analogue of Proposition 17.
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Lemma 37. Forie {1,2,3}", let

Then, for the values

- k42 A(l—é)b (k42 304+A(1-8)
P \k+3 P \k+3

and

. 1 A(k&)a (k1 35+>\(1—6)+2736 1\ M9
P\ 2k +1 e\ o2k 2%k + 1 ’

there exist positive constants (é,)22, such that, for allm >k >1 and § € [0, 1],

n—1
Yorin Sén+ D a;Vn (4.52)
j=1
and
Yorio+1 <00k (4.53)
Moreover, there exists C' > 0 such that
e~ O™ (4.54)

asn — 0o (i.e., Yoo 1 &, < 0o if and only if § > 3 ).

The proof of this lemma combines the inequalities from the proof of Lemma
28 with the upper bound of (4.51) from Lemma 36.

Proof of Lemma 387. From the proof of Lemma 28, repeating the proof of (4.8) with
G in place of F' gives

o G(i1;1)
Y, = ) < Y, .. 4.
= 3 600 S g (S o 09

Recall (4.9): for all i € A, 1,
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Applying this inequality and then (4.51) gives the following:

G(ir,i)  F(ir,i) diam(¢;, A;)'~°
G(Gi)  F(i) diam(A;)1—9
diam(¢;, A;)1°
=5 diam(A;) 19
),)\(1,5)

< b max(2 — x;
>~ kIGAi< 71

<bp max (2— ;) 070

mGRkﬂAil
_ o \=A(1-d)
bk mGIE}?F%(Al(2 xl)

_ (9 _ —A(1-9)

= (2, dpax, (o)

_, (Er2 A1=9)

P \k+3

= Bkv
the sixth line following from the fact that

k k+1
A = Al — <z < —— 4.
RN A, {Z‘G ‘k+1_$1_k+2} ( 56)

(see the proof of Lemma 29 in the appendix). Combining this estimate with (4.55)
thus proves (4.53).
Similarly, from the proof of (4.10) in Lemma 28,

n—1
Yopra=ént+ > > Y Gjsi)

k=1 ’L'EAn,k j#i

) G(j;1)
< § .
< é,+ E igﬁﬁ <#' 10 >Yn,k7 (4.57)
— -

where (up to a fixed multiple)
Cn = Garea(9105(A))” diam(p15(A))' ™ = ¢y diam (7 ¢5(A)' ™" (4.58)

is the contribution from the non-principal successors of ¢ € {1} U {2} U {3}".
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More explicitly considering (4.58), recall

n+1 1 n+1
NiN3 = n 1 n
0 0 1

From the columns of this matrix, one sees that the triangle ¢¢5(A) has vertices

n ([ n+1 n n (11
¢1¢2(€1) = <2n+172n+170>7 ¢1¢2(62) = <272a0)7

n+1 n 1
m+2"2n+2"2n+2)°

P195 (e3) = (

and thereby (by a routine calculation) has diameter

. V6n2 + 6n + 2 1 1
2(n+1)2n+1)" V220 + 1) V2(n+1) )

Since each of these last expressions is asymptotic to a positive multiple of n~! as
n — oo, and since ¢, is asymptotic to a positive multiple of n=2 (see, e.g., the
definition in Lemma 28), (4.58) shows that ¢, is asymptotic to a positive multiple
of n™39, proving (4.54).

Considering now the summands of (4.57), let i € A,, . Recalling (4.11), i.e.,

F(j;1
Z ;;@.)) < a,
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and again applying (4.51) from Lemma 36, we have that

3 G(j;i)  ~—= F(j;i) diam(p;(A;))'~°
G(i) 42 F(i)  diam(A;)1=0

J#i
diam(¢;(A))'
<
h El;lﬁal}l{ < diam(A;)1—9
< apmax (2 — xj))‘(lfa)
J#i
TEA;
<ar max (2-— :cj)’\(l_a)
J#i1
mERkﬂAil
=ar max (2— :Ej)A(l_a)
=23
rERLNA,
k+1\179)
— <2k ¥ 1)
—: &g (4.59)

Inserting this last estimate into (4.57) thus yields (4.52), completing the proof. [J

We now consider the following marked improvement on Proposition 17. In

fact, £, < 6®), as can be seen in Figure 4.15.

Proposition 22. Let e; = 0.851101... be the value of 6 > 0 for which

.E'
||

.
Il
—

i.e., more explicitly,

o0 k"— 1 3E1+)\(1 51) 3 3e1 o0 k +1 )\(1 81)
3381 e k 92 —381+)\(1—81) = 1.
;((k+2)(2k+1)> +<2> ;(kJrZ) (k+2)

Then (Y,,) — 0 for all § > 1. In particular, dimg(G) < 1.851101 .. ..

Proof of Proposition 22. Assuming that 1 exists and takes the above value, fix
0 >¢ey. Then 6 > % (and therefore )" ¢, < 00), and since ay, by, are decreasing in
0 for each k,

’:] |

From Lemma 37, applying (4.53) iteratively in the summands of (4.52) as before

1

-
Il



gives the following renewal-style inequality for (Y}, 1)n>2:

n—1 k—1
Yo S én+ g [ 0i¥ns1—ka-
k=1 i=1

Thus, Lemma 30 (together with the second sentence above) implies that (Y}, 1) — 0.
To finish the proof, we relate Y;, and Y,, ; as in the proof of Proposition 17:

. . G(1,2;1)
Yoto1 > Z G(1,2;4) > min <> Y,
i€{1,2,3}n i€{1,2,3} G(i)

Let ¢ € {1,2,3}™. Then, recalling (4.15):

(arezl(af;?z(‘fi)) ) s S48

and applying this with the lower bound of (4.51) twice, one has

G(1,2;i)> area(qﬁl(bg(Ai)) ’ diam(qﬁl@(Ai)) =0
G@i) — area(A;) diam(A;)

> 430 diam (¢1¢2(4A;)) diam (¢2(A;)) o
- diam ((Z)Q(A,)) diam(Ai)

>4~ (2’\’3>2(1_5) .

That is, for all n € N,
Y, <MY 0150

as n — 00, as required. O

4.7.3 The advanced case, m > 2

Proceeding as before, we now prove the the following, main result of this chapter

which, for m = 9, gives Theorem 9.

Theorem 12. Fiz m > 2, and let B = B(m,§) := B(m, 0+ X1 -0)), i.e.,

. max (2 — xj)_36+’\(1_5), v =5;(y)
(Bun)oy = zEA,
0, otherwise.
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Then (Yy) — 0 for all § > max (Em, %), where €y, s the value of § for which

[e'e) o0 k—1
Y (B e > a [Jhi=1
k=m ;

=m
Consequently, dimg(G) < 1+ max (em, %)

Values for the &, up to m = 9 are written and plotted below in Figure 4.15,
where they are compared to 6(™). Assuming that (e,,) converges, we numerically
estimate its limit to be ~1.7368, via Aitken acceleration [9, p.83]. Note that we
expect this (conjectured) limit to be strictly greater than the real value of the
dimension (and indeed, the infimal value for which (Y;,) — 0), owing to the looseness
of the upper bound in Lemma 36, which is also suggested by the difference between
this value and the numerical upper bound for the box-counting dimension, ~1.72,
of [33].

5(m) Em 5

0.8934 | 0.8512 Lol

0.8799 | 0.8285 S e L

0.8592 | 0.7978 1.8 S oot o+« 18135
0.8447 | 0.7764 Tt e e e 17368

0.8353 | 0.7624 1.7
0.8291 | 0.7534 L6
0.8250 | 0.7475
0.8223 | 0.7435 T
0.8204 | 0.7407 1 2 3 4 5 6 7 8 9

© 00 N WK RS

Figure 4.15: Left: values of 6(™ and &, for m < 9, rounded up to four decimal
places; calculated using Wolfram Mathematica on the author’s laptop (see Figure
4.14 for details). Right: a graphical depiction, with numerically estimated limits.

The proof of the theorem again follows that of Theorem 11. As in the state-
ment of the theorem, fix m > 2. The following is an enhancement of Lemma 33,

again incorporating (4.51) from Lemma 36.

Lemma 38. For any v € V, write

iGAn,y

~

Then, for allm > m + 1 (recalling V, ® = (1,2,...,2) and ay,, b, and ¢, from
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above),

n—1
Yn+1,® < én + Z den,kv (460)
k=m
and for any v € VU {m} \ {®},
Yn+1,v < Z Ev,yYn,y- (461)
yey

Proof of Lemma 38. The proof of (4.60) follows similarly to the proof of (4.27).
First, recalling the proof of (4.29), we have

n—1
Yn+1,® =y + Z Z Z G(]al)

k=m iGAn,k j#i

n—1 .
) G(j;1)
<c ma
=Gt ZEAnXk - G(Z) ok
= 1
n—1
k=m

where ¢, > 0 is, as before, the contribution from non-principal successors of constant
i €{1,2,3}", and the last inequality simply uses (4.59):

Similarly, to prove (4.61), by analogy with the proof of (4.28), we have, for
any v € VU {m}\ {®} and n > m + 1,

3
YnJrl,v — Z Z Z G(U;I(])az)
j=1 yegjfl(v) 1€ARy

Moreover, for each j = 1,2,3 and ¢ € A,,,, such that S;(y) = v, first applying (4.32),

1.e.,
F(o7'();4)
T S Bv,yv
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and then (4.51) from Lemma 36 in turn gives the following:

. 1-6
G(o; ' ()id) _ F(o ' (j)s ) diam (9,01 Ai)
G(7) F(q) dlam(A ) ind
< By, y
’ dlam(A )1-o
A(1—9)
< Buy R (2- xajl(j))
< — p\M1=0)
< Boy max(2 - z;)
_ B,
(4.61) then follows as in the proof of (4.28):
3
Yario < Z 2 B 3 G
=lyes;(v) i€Any
3 A
Z > Bug¥uy =3 BuyYuy
Jj=1 ; v) yeV
as required. O

Finally, we now conclude the proof of the main theorem of this chapter.

Proof of Theorem 12. Following verbatim the proof of Theorem 11 on page 155
(with a generous application of circumflex accents), the results of Lemmas 37 and
38 apply to give the following renewal-style inequality for (Y7, @)n>m+1: for all n >
m+ 1,

n—m
n+1®§Z n+1 k®+gn7
k=1

where, similarly to before,

m+j—1
N i N ‘ ~
e ()i 11 b
4,720
and
n—1 k—1
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Therefore, if 6 > ¢, and § > %, we have both that Y ~° | &, < oo and

o0

[ k-1
(B e > an ] 0i<1 (4.62)
0 i=m

k=m

o0
> =
k=1 =
(since the functions on the left hand side of the inequality are all decreasing in §).
Consider the summability of the remainder terms, E:’n Since Ev,y =0 <=
B, = 0, the proof of Lemma 32 applies to show that (Bk)m@ is asymptotic to a
positive multiple of p(B)", and hence the convergence of (4.62) implies p(B) < 1.
Furthermore, each component of B is bounded above by a multiple of ,0(].’?)]’C Using
this, noting that a; < a, and I;k < by, for any 6 <1 and k > 1, and recalling (4.39),

ie.,

00 oo n—1 k—1
5 A ~ 7 —k—1
E En—Cp = § Qg b; § (Bn )m meJrl,y
n=m n=m k=m i=m yey
Y#®

which is finite since § > . Hence, > 00, &, < o0, since )¢, < oo for § > :
(recalling that ¢, is asymptotic to a multiple of n=3% as n — oo, from Lemma 37).
Thus the renewal theorem of Lemma 30 gives Y, @ — 0.

Finally, recalling (1,2™;i) = (1,2, ,2,i1,...,9n) € Aptm+1,e, repeating

the proof of (4.33) on page 155 gives

: o (G(1,27549)
Ynioe 2 Z G(1,2™;4) > min () Y,.
i€{1,2,3}n i€{1,2,3} G(7)
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Considering this minimum, recalling (4.34):

m 1
min (area (¢1¢2 ()?l)) ) > (2m + 2)_35

i€{1,2,3}" area(4;

and applying the lower bound of (4.51) from Lemma 36 m + 1 times, we have

G(1,2m50) area(gi)lqﬁgl( N\’ [ diam (¢rop(A0) )
G(7) area(A;) diam(A;)

d 1-6
(2m +2)~ <1am “bl% ))>

diam(A

1— 5 m+1
(2m + 2) 35(2 )( )

That is, there exists a constant C' > 0 such that, for each n € N,
Yn < CYn—l—m—i—l,@ —0

as n — 00, as required. ]

4.8 Conclusions and further work

Of all of the above chapters, it is probably this chapter which offers the most promise
for future work.

Firstly, one might consider on how to improve the method in this context
(particularly Lemma 36). Indeed, simple plots of (Y;,)LL; suggest that the infimal
value for its convergence lies somewhere between 0.68 and 0.72, and so there is
plenty of scope for improvement.

On the other hand, the main benefit of the method presented above seems
to be its generality, which suggests potential applications to other fractal examples:

For example, it would be interesting to attempt to apply this method to the
Apollonian gasket. In view of the result of Boyd, this method should yield both
upper and lower bounds for the dimension, and the conformality of the attracting
maps also means that the method should be more accurate, since the relationship
between areas and diameters of level n triangles (or Soddy circles) is much more
rigid (i.e., one does not have to rely on a loose result like Lemma 36). It would be
interesting, in particular, to compare results that can be obtained by this method
with the historical bounds. It has been noted that the basic case (m = 1) in the

above seems broadly equivalent to the technique of inducing (see, e.g., [68] for an
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account).

Another natural candidate of study also presents itself in three dimensions. A
collaboration was recently announced, between Ivan Dynnikov, Pascal Hubert, Paul
Mercat, Olga Paris-Romaskevich and Alexandra Skripchenko [38]. They consider
a self-projective fractal in the three-simplex, which they name the Novikov gasket,
which they claim to show that has Hausdorff dimension strictly less than 3, following
the method of Charles Fougeron in [47]. This gasket, which apparently arises in the
context of Novikov’s problem (see [75]), has not yet been publicly presented.

A more challenging task by far is to bound the dimension of the Rauzy gasket
from below. It is presently unclear to the author if a renewal-style method can be
used to provide bounds in this non-conformal setting.

Finally, as a closing remark on the thesis as a whole, we recall another (para-

phrased) aphorism of Christopher Zeeman:

“You earn a PhD by teaching your supervisor something new”.
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Appendix A

The proof of Lemma 18

We here prove the result on the eigenvalues of Hilbert-Schmidt operators which
admit block triangular-form with respect to an orthogonal basis. For clarity, we

recall the following definition.

Definition 22. [Block-triangular form] We say that a linear operator C, acting on

a Hilbert space H with orthogonal basis B = {e;}icz, has a block-triangular form

" =P Ds

kEZ

(with respect to B) if one has

such that, for each k € Z,
e D;, has a basis consisting of a finite (non-empty) subset of B, and
e C(Dx) C DjZy. D
We now prove the following lemma.

Lemma 18. Suppose C and Dy are as in Definition 22, and suppose further that
C is Hilbert-Schmidt. Then its non-zero eigenvalues are precisely the union of the

eigenvalues for each finite rank operator Cy, (k € Z):
Crp =1p, o Collp,,

where IIp denotes the orthogonal projection onto the subspace D.
Moreover, if a given non-zero eigenvalue of C is an eigenvalue of only one

Cy, then its algebraic and geometric multiplicities for these two operators coincide.
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Proof of Lemma 18. In the notation of the lemma, for all —co < N < M < oo, let

M
Iy =) Tip,
k=N

denote the orthogonal projection onto the subspace @Qi ~ Dk, and let C]]‘VJ = H% )
CoTI¥. Also, as before, denote the inner product and norm on H by (-,-), | - |,
respectively.

We now show, using that C is Hilbert-Schmidt, that the “lower-right concate-
nation”, C7, converges to zero in operator norm, | - [|op, as M — oco. In particular,

this uses the following basic fact (|28, p.267]): for any linear map L : H — H,
[ Lllop < [I L] (A1)
By definition, letting é; = e;/||e;|| be the normalisation of e; for convenience,

0, if i € Dy, n < M;

CRr(é) =gpoCollf(e) = ¢ N AN s e
> ket 2ojeTie;en, (C(€i), €5) €, if i € Dy, n > M.

Therefore, by Parseval’s identity [28, Theorem 4.13],

less @) . if i € D, n < M;
M ,L . .
Z?:M z:jEZ:ejED,yC |<C(€i),€j>|2, if i € Dp, n> M.

For each i € Z, this is non-negative, bounded above by ||C(¢;)|?, and convergent to

zero, by Bessel’s inequality [28, p.15]. Since, by assumption,
IClIEs = lIc@)|? < oo,
i€l

the dominated convergence theorem implies that

HCMHop— lesi|ls = D llesicen)

€T

as M — oo. A similar argument shows that ||CY [lop — 0 as N — —oc.

We now repeat the argument used earlier to obtain the spectrum of an ex-
panding Blaschke product on the circle in section 3.1.1, following [30]. This time,
since the corresponding matrix is bi-infinite, we need to apply the method twice.
Let A # 0 be such an eigenvalue, and take N < M such that ||C¥_[lop < [A|
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and ||C37llop < |A]. Then, for v an eigenvector corresponding to A, decomposing
v = v1 + v, where
U1 = Hyoo (U), V2 = H?\%l»l(/v)?

the eigenvector equation for v reads

C]_VOO H]joo oCo H?VO_H <1}1> . )\<01> (A 2)
I35, 0Co N CN i1 V2 v2)’ '

By the definition of block-triangularity, the upper-right operator in the matrix is

Zero:

H]XOOOCOH?VOH(H):HJ_VOOOC( é Dk) clﬂoo( é Dk) ={0}. (A.3)

Hence, the first component of (A.2) simply reads
CN (v1) = Avy.

Since vy # 0 would imply that |CY, |lop > |A], a contradiction, we must have vy = 0,

so that the second component of (A.2) reads
C]o\?+1(v2) = )‘Uzu

i.e., Ais an eigenvalue of CF, ;. Regarding the geometric multiplicity of A, consid-

ering the generalised eigenvector equation,

()

the first component, if vy # 0, implies that X is a (generalised) eigenvector of C%

—0o0)

which again contradicts the assumption that its operator norm is strictly less than
|A]. The second component then gives that vs is a generalised eigenvector for C3’ 1
thus showing that A has the same multiplicity (algebraic and geometric) in the
spectrum of C as in the spectrum of Cf7, ;.

For the second iteration of this method, consider A now as an eigenvalue
of the adjoint of CR%,, (C37,)*, treated as an operator on @;° v, Di. Now,

decomposing a corresponding eigenvector as w = w; + ws, where

wr =T (), w = TIf7(w),
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and using block-triangularity as in (A.3) to show that H%;ll oCollf; = 0, the

eigenvector equation for w reads

((C]A%_f)* (11 O(EX;Z%;%)*) (wl) _ (w1>_ (A.4)

The second component of this equality again shows, if wy # 0, that A is an eigenvalue
of (C37)*, and hence that |A| > [|C37|lop = [(C37)*|lop = |A|. Therefore wy = 0 and,
from the first component of (A.3), A is an eigenvalue of (C%J:ll)*, ie., of C]]:,ﬂ_ll. The
extended argument applied in the first iteration also applies to show that A has the
same algebraic and geometric multiplicity in the spectra of C%J:ll as in that of C37,
and hence of C.

To now consider this latter, finite concatenation C]J{,/[J:ll, the block-triangularity

of C gives this operator an according finite block-triangular form:

Cn+1 0 0 0
* CNi2 0 0
C]]{f/[J:ll = * * CN+3 <o 0 ,
* * * oo Cpq

where we recall the operators Cy, = IIp, oC ollp, from the statement of the lemma,
now considered as operators on Dj. Elementary linear algebra shows that A is
an eigenvalue of C%J:ll if and only if it is an eigenvalue of one of the “blocks”
Ci; moreover, the algebraic multiplicity of A in the spectrum of C%_:ll (ie., C) is
obtained by summing over the multiplicities in these blocks, and furthermore, if it
is the eigenvalue of C for some unique k, then its geometric multiplicity is exactly
that of Cy. ]
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Appendix B

Proofs of auxiliary results from

chapter 4

B.1 The proof of Lemma 29

We now prove the following lemma on the values of the constants aj and by, (as well
as @ and by), upon which all of the upper bounds for dim(G) in chapter 4 depend

sensitively.

Lemma 29. For all v € Py := R N Ay, we have the following tight bounds.

30 30
9 35 1 36
230+1 (fﬁ 7) S(2-v) P+ (2-0y) ¥ < (;ﬂ 1) +27% (413)

In particular, the maxima from Lemma 28 take the following values:

E+1\* k+2\%
h <2k:+1> e G <k+3>

Proof of Lemma 29. The first inequality (4.12) follows swiftly from a consideration

of the vertices of Py. Considering the coordinates of these vertices,

ko1 k+1 1
ko \ _ k+1 _
¢1(62)_<k+1’k+1’0)’ 1 (e2) (k+2’k;+2’0>’

k 1 k41 1
ko (ko 1 iy (KL 1
o1(es) <k+1’0’k+1>’ 1 (es) <k+2’0’k+2>’
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kil g 1
k+2° k+2 kaAI

Figure B.1: Two maximisers giving the values of a; and by in Lemma 29.

one obtains a convenient definition for Py:
Pk—RkﬁAl—{xEA‘< < —

Hence,

39 —-36 -39 30
k+1 (9 k 3(2—1)1)_353 5 _ k _ k+1 .
k+2 k+1 k+1 k+2
The second inequality (4.13) can be deduced from properties of the function,

f: A —= R, which we are maximising:
f0) = (2=v2) ™ + (2 —vg)™.

It is clear from the formula that f takes its global minimum at e; and that f is
symmetric in the second and third coordinates. We can also see that f is convex in

the sense that, for any z,y € A and ¢ € [0, 1],

[z + 1 —t)y) <tf(x)+ 1 —1)f(y).

This follows since its two terms are convex (as inverse powers of linear maps), and
the sum of any two convex functions is convex.

We apply the convexity of f in two different ways to obtain each bound
of (4.13). For the upper bound, note that if v € Py, then in particular, v lies in
the triangle with vertices ej, (T—Iilv I%i—l’ 0) and <ki+1, 0, ﬁ) That is, there exists
A € [0,1] such that A\; + A2 + A3 = 1 and

k 1 k 1
v=Aer+ A <k:+1k+10> A <k:+1’0’ k—|—1> :
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Applying the definition of convexity twice to this expression gives

k 1 k 1
f()<)\1f(€1)+>\2f<_|_1k+0) 3f(k—|—1’ ’k+1>

k 1 k 1
< v - s
_ma'X<f(61)’f<k+1ak+170>7f k+1707k+1>>

But then, since f(e;) < f (kiﬂ,% O) =f (L 0, ﬁ) this simplifies to the

required upper bound:

To prove the lower bound of (4.13), note that, as illustrated in Figure B.2,
for each v € Py, the convex hull of v, v = (v1,v3,v2) and e; contains the point in

Ps. closest to e,

k+1 1 1

k+22(k+2) 2(k+2))’
and convexity thus gives that f takes its maximal value on one of the vertices. Since
f(v) = f(v') > f(e1), this gives the required lower bound:

k+1 1 1 1\ s (k+1YY
> =2(2- =29 [ ——
f(”)—f<k+2’2(k:+2)’2(k+2)) ( 2k+4> <4’f+7>

B.2 The proof of Lemma 31

In view of the definitions of S; and V, V}, on pages 39-40, we prove the following

basic lemma, which considers some simple properties of the Sj.

Lemma 31. The S; (j =1,2,3) are given by the following formulae: Firstly,

m, if v € Vy;
Si(v) =

(Lvi,...vm), otherwise.

Secondly,
Sa(v) =7-(2,v1,...,Um),
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€1 | RN A

Figure B.2: Sketch of the proof of the lower bound for (4.13).

1 2 3
T =
2 1 3

is the transposition interchanging 1 and 2, e.g., 7-(2,1,2,3) = (1,2,1,3). Similarly,

where

S3(v) = k- (3,v1,...,v3),

1 2 3
K=
3 21

is the cycle taking 3 to 1 and 1 to 2, e.g., k- (3,1,2,3) = (1,2,3,1).
Moreover, j — S;j(v) is injective for any v € V, and for each v,y € V \ {®},
there exists a tuple j € {1,2,3}™ ! such that

where

v= Sjlsjz T Sjm+1(y)'

Proof of Lemma 31. We show the properties in order. The proof is elementary and

direct.
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To prove the explicit formulae for Sj, fix v € V and write v = (v1,...,Vm+1),
where

vp =vg == =1, Vg1 = 2

for some k € {1,2,3,...,m — 1} (i.e., v € V}). Also recall the definition of S;(v):

(Jiv) € Aprasy) = (v vm) € [S5(0)]- (B.1)

First consider j = 1. As noted in the definition of the S;, if v € V,,—1, then
(L;v) € Apgam, ie., Si(v) = m. Otherwise (if £ < m — 1), (1;v) trivially matches

(1,’()1, ... ,’Um) € Viy1-

For j = 2, 2 appears before 1, and 1 before 3 in (2;v) = (2,1,...), and hence

T-(2;v) =(1,2,...,0m41) matches
T (2,01, yvm) = (1,2,...,7(v)) € V1.

Similarly for j = 3, 3 appears before 1 before 2in (3;v) = (3,1,...,1,2,...,Upm41),

and thus matches
K- (3,01, om) = (1,2,...,2,3,...,k(vy)) € V1.

In view of (B.1), this proves the required formulae.
To prove the injectivity claim, again consider v € Vy above, so that v = 2.

Then, from the formulae above,
e Si(v) =mor (Sl(v))kw = Vky1 = 2,
) (Sg(v))k+2 =7 vgr1 = 1, and
o (93(v))) 0 = K- Vb1 = 3.

This difference in the (k + 1)-st digit is sufficient to establish that {S,(v)}3_; are
distinct, as required.

Regarding the final remark in the lemma, fix v,y € V \ {®}. Let j € [v] be
such that jy,41 # y1. Then, since v # ®, j has at most m — 1 consecutively equal

entries. This implies that, since j,,+1 # y1, the (2m + 2 — k)-tuple

(jk?jk‘-i-la s 7jm+17y17y2a s 7ym+1)

has at most the first min(m + 2 — k,m — 1) entries all equal to ji, and hence lies in
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UUGV Aomio—kw, for each 1 < k < m + 1. Since this tuple matches v when k = 1,
this gives that there is some j’ € {1,2,3}™"! such that

as required. O

B.3 The proof of Lemma 32

Applying the previous lemma, the following result is necessary to control the re-
mainder terms in in the proof of Theorem 11. The statement and proof also apply

verbatim to B as in the statement of Theorem 12.

Lemma 32. There exists a non-negative matrix, D € RYUAmPVUImY gych that, for
each v,y € VU {m},

(B”) p(B)™" = Dy,

v,y

as n — 0o. Moreover, D, > 0 if and only if v # ® and y # m.

Proof of Lemma 32. Consider B as above. By definition, the column (By m)vevufm}
is the zero vector. Moreover, the row (Bg v)ycyugm} 18 also the zero vector (i.e., there
is no v € V such that S;(v) = ®: see the proof of (4.27) in Lemma 33). Therefore,
for all n € Nand v € VU {m},

(Bn)®,v = (Bn)v,m =0.

More explicitly, writing B as the submatrix of B on V\ ® x V \ ® (i.e.,
removing two rows and two columns from B), we can write B in the following block

form, taking ® and m to be the first and last indices of V U {m}, respectively:

0 0 0/0
0
B = Bo7® E )
0
B e Biie 0

where we have defined the row vector By, e := (Bmw)vev\{@} and the column vector
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Be g = (By®)vev\{@}- By induction, for each n € N,

B" = B"!. B, B"

(Bn)m7® Bm .- anl
(B.2)

(the dot denoting matrix multiplication). In particular, (B™),, = (B"),, for all
v,y € V\{®} and n € N.
We now show that Bt is a positive matrix, i.e., (B™*1),, > 0 for all v,y €
V\ {®}. Fixing such a pair of indices, Lemma 31 provides a tuple j € {1,2,3}™*!
such that
v =555 Sjpir ()

(in particular, S, ---Sj,..,(y) € V\ {®} for each 1 <k < m + 1). Therefore,

jm+1
m—1

(Bm+1)fu,y > (Berl)Uay > BSij
1

k1 Simgr WSk 1 S (V) >0,

n—=

so Bmt1 ig positive, as claimed. The Perron—Frobenius theorem [97, Theorem 2.7]
then states that the spectral radius p(é) of B is a positive eigenvalue of B, that
this eigenvalue is simple, and that it is the only eigenvalue of B with this absolute
value.

In particular, there exists a positive, rank-one matrix D € RV\®*V\® gych

( Bun )—)D,
p(B)"

u

(B™)yyp(B)™™ = (B")yyp(B)™ = Dyy >0 (B.3)

that, as n — oo,

i.e., for each v,y € V\ {®},

as n — 0.
We now simply extend this formula. First, for any v € V\ {®} and n € N,
in view of (B.2) we have, by linearity,

p(B) (B )ue = p(B)(B" - Beg)y = (D Beg)

) v’
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as n — 0o, and similarly,
p(B) (B )ys = p(B) " By - BY)y = (Bue - D),
Finally, for each n € N,
p(B) " (B") e = p(B) " (B B"  Bew) — Bme D Beg
as n — oo. We thus extend the definition of D by the following, for v € V \ ®:

® Dug:=p(B) (D Beg), o

b Dm,v = p(é)_l (D : Bm7°)v,®'

* Dy :=p(B)(BneD-Beg),, o

L] Dum = D®7U = D@,m = 0.

From our previous considerations, it is clear that (B.3) extends to all v,y € VU{m}.
Moreover, that these first three bullet points are positive follows from the fact that
D is positive matrix, and that Be @ and B, « are non-zero and non-negative vectors
(i.e., by the definition of B, {Bmu}vevuqm} and {Byefveyuim) each have three
positive entries, and at most one of these is shared).

Finally, since each entry of B™ is asymptotic to a multiple of p(é)”, it follows

v

that p(B) = p(B), completing the proof. O

B.4 The proof of Lemma 36

In the final part of this appendix, we prove the following mildly technical lemma
which is needed to augment the proofs of Proposition 17 and Theorem 11 in proving
Proposition 22 and Theorem 12.

Lemma 36. Treating A as an immersed manifold in R3, the tangent map Dyo; :

ToA — %j(U)A has mazximal singular value satisfying

1Dv@jllop < (2= v;)7, (4.50)
where \ 1= % — % = 0.9226.... Consequently, for all i € {1,2,3}",
diam (¢;(A))
N3 < [ =TV < 2 — ;)" 4.51
= ( dam(a) ) =HERE ) (450
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Proof of Lemma 36. Since the metric on A is invariant under coordinate permu-
tations, it suffices to prove (4.51) for j = 1, which we do using a computer-aided

calculation. We extend the definition
6= 01t (2.9.2) > 5o (Ly.2)
T 1 x7y72 2_37 7y7Z
to a map (;AS : (0,00)% = (0,00)3. Then, since the orthogonal projection

o (s ) o) () (e

gives an isometric embedding from A into {(z,vy,2) | z +y + z = 0}, the map

0 1 1
(I‘,y,Z) = 2 \{5 \{i '(xayaz)a
V3 V6 V6

is an isometric embedding of A into R2. Therefore, up to congruency, we have the

following matrix representation for Dy, , .y¢, which respects the metric on A:

0 L1 1 0 —/3
_ V2 V2 7
D(a:,y,z)¢ - _\/5 i i D($7y7z)¢ _% %
3 V6 V6 1 1
V2 NG
By a direct computation,
) 1 0 0
D(m,y,z)¢ = (2 — $)2 Yy 2—=x 0 R
z 0 2—x
and hence
2 _ Ly —
D(xyz)¢: 1 L \/g(y z)
i (2—2)? 0 1
Thus,
1 2-2)?+35(y—2)? L2
T 3
(D(x,y,z)¢> (D(:L‘,y,z) ¢) = PRY! y—2z V3 )
-2 = 1

and therefore the maximal singular value of D,y ¢ , [[D(zy. -

y®llop, is the square
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root of the largest eigenvalue of this last matrix, which simplifies to

(2—2)?

8 — Tz — 2y + 222 + 2xy + 297
\/3 < Yy Yy Yy

1/2
+2\/(7—5x—y+x2+xy+y2)(1—2x—y+x2+xy+y2)> :

From this formula, with the assistance of a computer, one can verify that

HD(m,y,z)QZ)HOP

=1
(z,y,2)EA (2 — x)—A ’

which is attained at (1,0,0). This proves (4.50), and shows that it is tight.
We now deduce (4.51) using the mean value theorem: Let || - |2 denote the
Euclidean norm. Then, given v,w € A, there exists y on the line segment [v, w]

joining v to w, such that

6,0 = 63(0) = Dy (=) - (w0 0),

lw = ]|z

Therefore,
[¢5(w) — ¢5(v)ll2 < e 1Dy s llopllw — vl|2. (B.4)

)

Similarly, we have a lower bound in terms of the minimum singular value of Dy¢;:

D
msv(D,) := min I1Dy(2)]2
Izll=1  ||2|2

as follows:
¢ (w) — ¢ (V)2 = yg[lin] (msv(Dyoj))[lw — vl|a- (B.5)

)

To give the minimum singular value a more explicit form: since the singular eigen-

values of a matrix multiply to give its determinant, we have that

msv(Dy¢;)||Dydjllop = Jacg, (y),

ie.,
Jac, _ )3
msv(Dyo;) > s (v) g - zj;—A

> > (2 —y) N2 > 223 (B.6)
”Dy(ijOP ’

>
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Now let i € {1,2,3}". Applying (B.4) yields the upper bound of (4.51) as follows:

diam (65(2)) = sup {65(v) = 65 ()l v.w € A}
< sup { yren[ax] | Dydjllopllv — wll2 : v,w € A}

)

< ma | Dy¢jllop sup {[Jv — w2 : v,w € Az}

< max(2 — y;) " diam(A;).
YEA;

Similarly for the lower bound, applying (B.5) and (B.6) gives the following:

diam (ng(Al)) = sup {||qu(v) —¢j(w)|l2:v,w e Ai}

> sup { yg[lin (msv(Dyg))) lv — w2 : v,w € Ay}

v,w]
> 223 sup {llv—wll2:v,we A}
> 223 diam(A;).

This completes the proof of (4.51), and hence of Lemma 36. O
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