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1 Introduction and Motivation.

1.1 Introduction to complex Ginibre

The law of a random matrix S can be written as P(S)u(dS), where u(dS) is the linear measure
0) o(1
p(dsS) = H S]('k)S]('k)
3k
where Sj(.,g) and SJ(;) are respectively the real and imaginary part of the matrix element

0 1
Sje =S5 + 8¢

For P(S) we take [20, Ginibre (1965)]

P(S) = exp[-tr(S*S)].

Note that P(S) is invariant under all unitary transformations.

We denote as Gin(n,C), the ensemble of n x n matrices with independent and identically distributed
complex Gaussian entries (complex Ginibre ensemble). If M ~ Gin(n,C) is a complex Ginibre matrix,
then it has the following properties:

E(M;;) = 0=E(My;), 1<i,j<n, (1)

]E(M”Mkl) ZOZE(MZ']'MM), 1<i4,5,k, 1 <n, (2)

]E(M,JMkl) :5ik5jl 1<i4,5,k,1<n, (3)

where ‘7’ stands for complex conjugation. Let AM™ = (A1,As,...,A,) be the set of complex eigenvalues

of M. This ensemble was introduced in 1965 in [17] along with its real and quaternionic counterparts.
It was immediately realised in this pioneering paper that the marginal distribution of eigenvalues for
Gin(n,C) can be computed and is a natural generalisation of the corresponding answer for the Gaussian
Unitary Ensemble (GUE), cf. [24], to the case of a complex spectrum:

P, (A(”) c d)\(n)) - |A(")()\(n))|2e_ S Nl g () (4)

1
Zn
where dA™ = [T7_, dApd)y, is the Lebesgue measure on C*, A (X)) = [T (Xi = A;) is the Vander-
monde determinant, and Z,, = 7" H?zl 4! is the normalisation constant. There is an important difference
between the complex Ginibre ensemble and GUE: even though the marginal distribution of eigenvalues
for Gin(n,C) can be computed analytically, the statistics of eigenvectors do not decouple from the statis-
tics of eigenvalues. Despite this fundamental difference, it was not until the late nineties that Chalker
and Mehlig initiated the study of the joint statistics of eigenvectors and eigenvalues for Gin(n,C).

Two methods can be found in [24, A.33 and A.35], for showing that the eigenvalues’ joined probabilty
density is given by
1

pn(>\1,)\2,...,)\n):? H ‘)\i_)\j|26*2§21|/\z‘|2’

n 1<i<j<n

but the exact value of Z,, is calculated indirectly, through the probability of all eigenvalues lying outside
a circle of radius a. Let said probabilty be P.(a). This object is interesting on its own, but more
importantly the methods used in the proof are also used in [11] and in this thesis as well. P.(a) is given
by

Pc(a):/---/IAI PO Azs oo An) [ dNids.
il>a i=1



Re-writing

[T i-AP IT Cu=x) T i-Xp)

1<i<j<n 1<i<j<n 1<i<j<n
1 1 1 1"
= det M " | x det & An
)\}1£L1 )\éﬁ 5\'?';1 5\%;1

det i

TAL TRy L YA

% % [

we get
n

1 n .y ~ 12
Z/A [TdxidNiexp (=3 [Nf)

il>a -1 i=1

n Z /\i Z )\?_1

P.(a)

K3

x det i

DIPYIEEED SN VRN 3P ¥ Vs

PIPEEED IO VenD VRN P Vs Wt

Because the determinant is symmetric in all \;, we can replace the first line with (1, \,A?,..., A"!) and
multiply the whole expression with a factor of n. With row and column computation we can then get rid
of z; from all other lines. Continuing in a similar fashion, the probability of all eigenvalues lying outside
a circle of radius a can be written as

| n _ n
P.(a) = i/‘f [TandNiexp (- [N[7)
Zn, Ail>a o
1

=1
A ..t
By Y Y n-1
NP PV FPF R B
PUALIED Nt D VD i

Now each row is only dependent on one of the A\;. We can integrate them separately, alongside with the
exponential factor, and by passing to polar coordinates we get

/w e NNEANX = 76, () + 1, a%).
>a

All the non diagonal elements are zero, thus we have

n n

nlr .
7 1[TGa%)
n j=1

P.(a) =



where -
I'(j,a%) :f2 e il dx

is the incomplete gamma function. Since P.(0) = 1, by taking a = 0, Z,, is determined to be

n
Zn=7"]]J!
j=1

Another object of great importance to us are the correlation functions between eigenvalues. The k-
point correlation function is given by (see [24])

n,k n' - \
P (A1 Agy s AR) = m[~fpn()\1,/\2,...,)\n) [1 drdx

i=k+1

k
xk exp ( - Z |)\i|2) det[Kn()‘i’ )‘j)]ﬁjﬂ
i=1

where ) o
(i)
Kn()‘u)‘]) = Z l'] .
1=0 :

Note that the correlation functions tend to well defined limits as n — oo. Two other quantities that are
worthy of mention are the 1-point correlation function, which is the density of the eigenvalues

" L 2’ﬂ—1 )\2[
POy =7t S A
=0 .

which is rotationally invariant and depends only on the distance of the eigenvalue from the origin, and
the limit of the 2-point correlation as n - oo

Tim "D (A, hg) = w°[1 = exp(-|A1 = X ],

which depends only on the distance between the two eigenvalues, A\; and A5 .

1.2 Motivation

Stability questions can be hard to justify within a static setting of the complex Ginibre ensemble, but
become very natural if one considers some kind of dynamics (random or deterministic) on the space of
complex matrices. Our own interest in the statistics of eigenvectors for Gin(n,C) was inspired by the
study of the stochastic dynamics of eigenvectors and eigenvalues of complex matrices initiated by Z.
Burda and M. Nowak, their collaborators and students, see [19, 8]. So, in order to motivate the main
subject of this thesis, let us follow [6] and [18] and consider the Brownian motion M; with values in nxn
complex matrices started from zero. The fixed time ¢ > 0 marginal law for the process (M) coincides
up to rescaling with the complex Ginibre ensemble.

Let (Atas Lta, Ria)t20,1ca<n be the induced processes, describing the evolution of eigenvalues of M;
and the bi-orthogonal set of corresponding left and right eigenvectors,

L{ M; =M\ Ly, 1<a<n, (5)
MRy = Ay Ry, 1<a<m, (6)
(LtouRtB) = 5&,67 1< O[7ﬂ <n, (7)

where ¢ * ’ denotes Hermitian conjugation and (-,-) stands for the Hermitian inner product on C". As
shown in [6] and [18], the process (Atq)120,1ca<n 1S & complex martingale such that

(dAodAyg) = Orapdt, (8)



where
Otaﬁ = (LtaaLtﬁ><Rta>Rtﬁ>a 1< aaﬁ <n (9)

is the matrix of the overlaps between the left and the right eigenvectors of M;. (It is worth noticing that
paper [18] derives the full set of stochastic differential equations for the joint evolution of eigenvalues
and eigenvectors of M; for any matrix size n). Notice that for complex matrices, the matrix of overlaps
is a non-trivial random variable as the left and the right eigenvectors are not orthogonal,

(Lo, Lg)#0,(Ry,Rp)#0, 1<a<f<n.

To study the evolution of eigenvalues corresponding to (8), it is natural to study conditional expectations

En(dAtad/_Xta | Atoc = )\a) = En(Ot,m ‘ Ata = )\Q)dt7 1<ax< n,

and

]En(dAtad]\tﬁ | Ata = AaaAtﬂ = )\5) = En(OmB | Ata = AaaAtﬁ = Ag)dt, 1 <a+# 6 < n,

where E,,(-) denotes expectation with respect to Gin(n,C). These are the conditional expectations of
the diagonal and the non-diagonal overlaps originally studied in [10,11]. Furthermore, if we wish to
understand the influence of a fixed set of eigenvalues on the evolution of a single eigenvalue or a pair of
eigenvalues, it is reasonable to consider general conditional expectations

En(Owl% |At(xp = Aupap: 1,2,...]€), 1< Qayp S’I’L,k: 1,2,...”.

These are the principal objects studied in the present thesis. An additional motivation for our study
comes from the mathematical structure of the answers: we find that conditional expectations of overlaps
are expressed in terms of determinants of matrices built out of a kernel of some integrable operator.
While this structure is a well-known feature of point processes associated with the statistics of eigen-
values of random matrices, we were unaware of determinantal answers for the statistics of eigenvectors
prior to starting our work.

Our work continues the mathematical study of the statistical properties of eigenvectors of non-Hermitian
matrices, which has become an active research area during the past few years. In [10] and [11], Chalker
and Mehlig showed that for large IV, where N is the size of matrix in the complex Ginibre ensemble,
the eigenvalues associated with a pair of eigenvectors are highly correlated if the two of them are close
in the complex plain.

We denote as (Oap)y, 5-; the overlap matrix, where Oup = (La, Lg){Ra, Rp) is the product of inner
products of inner products associated of the left and right eigenvectors associated with the eigenvalues
Aa; Ag. In relations (10) and (11) of [11], Chalker and Mehlig define the local averages of diagonal and
off-diagonal elements of the overlap matrix O,g as

O(Z) <0220aa5(z_>\a)>

O(z1,22) = (02 Z Oapd(z1 = Aa)d(22 — Ag))

a#f3

which correspond respectively to (22) and (23) of this thesis, for o = 1. In particular, for o = 1 we use
the following notation:

O(z) = Di1(2)

and



O(z1,22) = DYZL’Q)(zl7 29).

They obtain exact formulas in the form of determinants, and in the diagonal case of O(z) they simplify
the expression further by computing the determinant recursively. Another main focus of their work, is
the derivation of expressions for O(z) and O(z1, 22), see relations (7) and (8) in [10].

There are a lot of similarities between their computations and the ones in sections 4.1 and 4.2, where we
re-derive some of their result, and we also faced some of the same issues. For the diagonal overlaps, the
expression for O(z) = Dﬁv’l)(z) could be further simplified, because we have in our hands a 3-diagonal
determinant which is easy to compute. But working with the off-diagonal overlaps, we come across a
5-diagonal determinant which is no longer manageable. Chalker and Mehlig assumed translation invari-
ance, which is a universal argument applying to more than just the Ginibre ensembles, and by taking
z1 =0 and 29 = z they were able to get an exact formula for O(z1,22) as N goes to infinity. Not only we
wanted to avoid using the above argument, we also wanted to study more general cases, which, working
the same way, would produce increasingly harder determinant. So we abandoned our original approach
and focused on the determinantal structure of the overlaps. In Theorem 1, we find exact formulas of
DE?’k)()\(k)) and Dgg’k)()\(k)) as defined in (18) and (19). Having expressions for finite n and following
the footsteps of Chalker and Mehlig, in Corollary 1 and 2 we proceed to compute the bulk and edge
scaling limits of both diagonal and off-diagonal cases, see (37)-(40).

1.3 Other works

In [32], Walters and Starr extend the answers of [10, 11] for the conditional expectation of the diagonal
overlap at n < oo to any conditioned value of the corresponding eigenvalue. This allows the authors to
calculate the edge scaling limit for the conditional expectation of the diagonal overlap. It is worth stress-
ing that our own calculations are based on the same analysis of recursion relations for the determinants
of certain 3-diagonal moment matrices as in [32]. We complement it by an exact correspondence between
diagonal and off-diagonal overlaps, which allows us to avoid difficulties associated with the analysis of
the 5-diagonal moment matrices. Also, even though they find Chalker and Mehlig’s approach to be beau-
tiful and believe they give a very good argument which is highly plausible on the basis of mathematical
reasoning, Walter and Starr do not consider the proof of (8) in [10] to be fully rigorous. As expected
of course, the conditional overlaps are indeed transitionally invariant and our results in Corollary 1 do
correspond with their answer.

In [15] Fyodorov studied the following object
P(t,2) =(}.6(0aa —1-1)6(2 - Xa))
@

which can be interpreted as the joint probability function of the diagonal orthogonality factor t = Onq —1
and the corresponding eigenvalue. He derived expressions for matrices of finite size N in the real Ginibre
ensemble for a real eigenvalue, and in the complex Ginibre ensemble for a complex eigenvalue, and then
analysed the bulk and edge scaling limits for said expressions.

In a related paper [6], Bourgade and Dubach prove that the law of the diagonal overlap conditioned
on the corresponding eigenvalue is given in the bulk scaling limit by the inverse Gamma-distribution
with parameter 2. This is a significant generalisation of the results of Chalker and Mehlig who managed
to calculate this distribution for the matrix size n = 2 only. The statement follows from a representation
of the diagonal overlap conditioned on all eigenvalues as a product of independent random variables. The
authors also obtain new results for the variance of the off-diagonal overlaps and the two-point function
of diagonal overlaps, establishing in particular the algebraic decay of the latter as a function of the
distance between the corresponding eigenvalues. Other work in this field include [12], where Crawford
and Rosenthal study high order moments of the overlap matrix (9), and [9], where Burda and Spisak
studied the statistics of overlaps of products of Ginibre matrices.



Finally, we must mention the work of the Krakow School, which is at least partially responsible for
the current renaissance of research into the joint statistics of eigenvectors and eigenvalues for random
non-Hermitian matrices. Among its recent contributions most relevant to the present work is the deriva-
tion of the system of stochastic evolution equations for eigenvalues and eigenvectors, [18], which allowed
its authors to express the rate of change of eigenvalue correlation functions in terms of conditional
expectations of overlaps. These are the objects studied in here.

1.4 Structure of Thesis

The thesis is split in two parts. First part focuses on conditional overlaps and the contents of our paper.
Section 2 presents our main results concerning conditional expectations of overlaps: the determinantal
representation for n < oo, the bulk and the edge scaling limits, exact algebraic asymptotic in the bulk
for well separated eigenvalues. Section 3 contains the proofs as presented in our paper [2]: 3.1, 3.2 is
the derivation of the determinantal representation for the conditional expectations of diagonal and off-
diagonal overlaps in terms of bi-orthogonal polynomials in the complex plane; 3.3 a heuristic calculation
of the correlation kernels, which shows how the result of rather complicated calculations of the following
sections can be easily guessed using the assumption of the extended translational invariance; 3.4 a rig-
orous evaluation of correlation kernels for n < oo in terms of the exponential polynomials; 3.5 - 3.7 the
calculation of various scaling limits as n — oo. The methods used in these proofs are rather classical: the
determinantal structure is a consequence of Dyson’s theorem reviewed in [24] and the product structure
of the overlap expectations conditioned on all eigenvalues; the computation of the correlation kernel for
the diagonal overlaps reduces to the inversion of the tri-diagonal moment matrix using the recursions
already encountered in [10], [11] and [32]; the calculation of the kernel for the off-diagonals overlaps
uses a relation between diagonal and off-diagonal overlaps established in Lemma 1 and determinantal
identities, which we explore more thoroughly in Section 5. More results can be found in both [2] and our
follow up paper [1].

In Section 4 we go and explore alternate approaches and proof. We show that some of the tri-diagonal
can be computed directly, we present different ways of finding the kernel and the orthogonal polynomials,
a different proof of Theorem 1 using contour integrals and a more detailed version of the bulk and edge
limits computations of the kernel. These alterantive methods were explored at the same time as the
methods that eventually were included in the paper. We hope that both sets of methods may prove
useful in generalisations of these results.

The second part of the thesis revolves around a parallel research on the conditioning of determinan-
tal and pfaffian point processes. It is general results, which I illustrate through Ginibre, but otherwise
unrelated. In Section 5 we use a presumably known, but long forgotten determinantal identity, and use
it to compute explicitly the kernel of conditioned determinantal and pfaffian p.p. on occupied points,
empty sets or the combination of the two. We explore the discrete determinantal case, the discrete
pfaffian case by finding an analogue of said identity, but for pfaffians using Tanner’s identity [21] and
finally the continuous determinantal point processes with the assistance of Campbell and Palm measures.
Unfortunately the continuous pfaffian remains for the time being unfinished. A more detailed account
of the work can be found in Section 5.



2 Statements of Results

2.1 Definitions and notation

Let Gin(n,C) be an ensemble of N x N matrices with independent complex Gaussian entries (complex
Ginibre ensemble): if M ~ Gin(n,C) is a complex Ginibre matrix, then

E(Miijl)ZO:E(Miijl), 1Si,j,k‘,l§N, (11)
E(Miijl) = 5ik6jl 1<i4,5,k, I <N, (12)

We will be interested in the joint statistics of the overlaps and eigenvalues of M ~ Gin(n,C). Namely,
we will study the following conditional expectations:

EN(Ooa | A = Am,mel), Tc{1,2,... . N},ael (13)
EN(Oaﬂ|Am:>\m7m€J)7 JC{l,Z,...,N},CX,ﬁE,}. (14)

In other words , we consider the expectation of the overlaps with respect to Gin(n, C) measure conditioned
on a set of eigenvalues. To be more concrete, if M ~ Gin(n,C) is parametrised using Schur coordinates
(see sectiond.1 for more details), we compute the expected overlaps with respect to the product measure
whose factors are the Haar measure for the unitary conjugation, a Gaussian measure for the upper
triangular degrees of freedom, and the eigenvalue measure obtained by conditioning

]. n
o (A €dx™) = A (A PeZn W E A, (15)

on a set of eigenvalues (see [24]). Due to the permutation symmetry of Gin(n,C) measure, it is sufficient
to consider the following expectations:

]En(011|A1 :)\1,/\2 :)\2,...Ak :)\k), k= 1,2,...,”, (16)
En(012|A1 :)\1,1\2 :/\2,...Ak :)\k)7 k:Q,...,n. (17)

Closely associated with these expectations are the following weighted multi-point intensities of the eigen-
values:

DI (A =B, (011 | Ar = Aty Mg = M) p B (A, (18)
k=1,2,....n
and
DR AR =B, (012 | Ay = A1y Ag = Ag)p R (AR, (19)
k=2,....n
where A = (A1, X2y, M) and p(™*) is the k-point correlation function (Lebesgue density for factorial

moments) for Gin(n, C) eigenvalues. Recall from Mehta [24] that

PR (AR o

1<i,5<n

G Jone _rkIHdA mAAmpn () = det (KL 09)), (20)

where

Kén)(.’lﬁ y —\w\ Z (.%‘y) (21>



is the kernel of the determinantal point process corresponding to the distribution of Gin(n, C) eigenvalues,
see [17] and [24] for the derivation of (20) and (21). *

For the sake of brevity, we will refer to the expectations (18) and (19) as conditional overlaps. Notice
that

DD\ = E, ( 3 Ouad(Aa )\)) , (22)
a=1
D (A ) =E, ( S Oupb(Ao — A\)5(As - u)) : (23)
a#f=1

coincide with the expectations of diagonal and off-diagonal elements of the overlap matrix studied by
Chalker and Mehlig: compare Dg?’l)()\) and Dgg’Q)()\,LL) with equations (10) and (11) of [11] evaluated
at o =1.

Our starting point is the fundamental result of [10, 11] for the overlaps conditioned on all eigenval-
ues:

n,n n n 1 n
D (A )):n!H(1+|)\ 5 |2)pn()\( Y, (24)
k=2 1 k
() z(my__ " 1 (n)
DX SIRTONIR) pum—— — | pa (M), 25
2 () |)\1‘/\2|21H;( ()\1—)\k)()\2—)\k))p ™) (#)

see equations (43) and (46) of [11]. How we re-derived these results will be presented in Chapter 4.1.

2.2 Results

The study of conditional expectations of overlaps is simplified due to a simple relation between D1; and
Dj. In order to state this simple relation, we will treat {\;, \; }1<i<x as independent complex variables
and therefore treat conditional overlaps as functions on C?*. To obtain the final answer we will specialize
to the real surface C* c C?* by treating \; as the complex conjugate of \; for 1 <i < k. As a slight abuse
of notation, we will always refer to the value of the overlap at a point as Di;’k)()\(k)). Let 7' be the
following transposition acting on functions on C?*, k > 2:

Tf()\la x17 )\Qa X27 .. ) = f(Alv 5\2) A27 5\17 .- ')7 (26)
leaving the remaining variables A3, A3, ... Ak, A untouched. We have the following:
Lemma 1 (Exact relation between diagonal and off-diagonal overlaps for n < c0.) For any 2 < k <n < oo,
the functions Dﬂl’k) and Dg’k) are entire functions on C2*. Moreover,

e*|>\1*A2|2

DR (AR _ _
12 ( ) 1— ‘)\1 _ )\2|2

- n,k k
TDR (AR, (27)
To state the main result we need to introduce some notations. Let
Pk
ep(x):kZ::OH7p:Oala27“' (28)

be the exponential polynomial of order p considered as functions on C. Let

folz) =(p+1)ep(x) —zep_1(x), p=0,1,..., (29)

1 2 2 =\
IThe kernel (21) can be re-written in a more symmetric form %e’i () Z%;é % by the conjugation Ke, (z,y) —

1,2 1,2
€2 Key(z,y)e”2Y | which does not change the correlation functions.

10



where we define e_1(x) = 0. The polynomials f, are closely related to the bi-orthogonal polynomials
in the complex plane associated with conditional overlaps, as we will see in a later section. Finally, let
T, : C3 - C be the following polynomial in three variables:

Sn(x,y,2) = en(zy)-en(z2) —en(zyz) -en(z) - (1-2(1-y)(1-2)) (30)
L0-90-2) @) en@) —amlen(ays)
n! 1-yz

The following is the main result:

Theorem 1 (Determinantal structure of conditional overlaps) For any 1 <k <n < oo,

n n-— A 2 — n-— N N N
Dgl,k‘)(A(k)) — %e |A1|2 det (Kfl 1) ()\7,7)\27)\]7)\j | )\17)\1))’ (31)

2<i,j<k
where the kernel
K (@,2,9,5 | A\ X) =w(@, 2| X DM (2,5 | A N), (32)

is a function on C®, which is built out of the weight

w(z,y | A p) = %(H(l‘—k)(y—u))e”y, (33)

a function on C*, and the reduced kernel

(n)(— 3
e 5% (31)
(z-2)" (=N fo (\X)
Furthermore, for k > 2,
(n:k) 3 (k) e M- xaf? PR )
Dy (M) Tfn—l()q)\g)n Ay de | A, Ao)
n—1 S — _ _
X3§(11,ejt£k (K£2 ) (Ai’Ai’/\ﬁ)\j | /\1;>\17)\2,>\2))7 (35)
where
KD (2, 2,9,5 | u,0,0,0) = w(z, T | u,v) "

kM) (v | u,v)

" (a,v | u,v) & (a,y | u,o
d .
. et( K (z,0 | u,0) &™(Z,y|u,0)

The finite-n answer stated above enables an easy study of the large-n limits of conditional overlaps.
It is well known that the global spectral density of complex eigenvalues approaches the circular law,
lim,, o0 p( 1 (Vn2) = 1O(1 - |z]), where © is the Heaviside step function, [20]. Therefore, we will
consider two such local, microscopic limits: the local bulk scaling limit,

bulk, k .1 &
D PA®) = lim = DR (A®), (37)
bulk, k ol (ke
D PA®) = lim ~DEP M), (38)
i.e. we fix Ai,...,\; and take the large-n limit, which places us in the vicinity of the origin?, and the
local edge scaling limit,
€ e . 1 n )
D PA®) = lim —= DY (e (Ve AD)), (39)
n—oo \/ﬁ
1 .
DI DW= lim =D (e (Vas a®)), (40)
n—oo \/n

2To access the general bulk we would have to scale z = re’?\/n + A, with r < 1 and fixed \.
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i.e. we shift to the vicinity of the spectral edge at |z| = \/n, fix A1,..., A and then take the N — oo limit.
In the bulk, the conditional overlaps scale as n, which we already know from [11] and can be seen by
averaging over all eigenvalues. It is common in random matrices for the bulk and edge to scale differently,
and in this case, when the eigenvalues are on the edge the overlaps scale as n'/2. Thus the overall rescal-
ing of conditional overlaps used for the bulk and edge limits are factors of n~! and n~'/? respectively.
Notice also that our notations for the edge scaling limit reflect the independence of the final answer on
the point at the edge of the spectrum around which we expand.

Corollary 1 (Local bulk scaling limit of conditional overlaps)

u 1 1 . .
zﬁﬁka»w>igggD;$xxm):f det (K7™ (O, A0 A5, A5 | A A (41)

T 2<i,j<k

where Kl(llmlk) :C8 - C is the limiting kernel:

K& (a0, 0 | A, A) = w0 (u,m | A, X)) (@0 | A, N), (42)
where
) - 1 _ s
w®) (i | A N) = =(1+ (u=A)(@ - \))e I ED (43)
T

is the weight and

- d (e -1
Kz(bUIk)(’lj,,U | )\7)\) _ ¢ (e ) 7 (44)
dz\ z Jla=(a-2)(v-3)
is the reduced kernel. Moreover,
1 _ _ _ _ _ _
D W) = kOO (R g | A Re) det (KGO0 A0 04 A A deRe)), (45)
<i,j<
where
_ _ - - Gulk) (N N | A, A
Kl(gulk)()‘iaAiaAja)\j |)\1;)\17)‘2a/\2) = d ( = 7I| L 2) (46)

H(b“lk)(j\l, A2 | )\1,5\2)
< det KU (N A | A, A2) kO (A, 0 | A, A2)
K/(bulk)(Xi’ )‘2 | A17 5‘2) K(bu“C) (5‘27 A_] | )‘1; XQ) '

As expected, conditional overlaps in the bulk are translationally invariant, meaning that Dﬁ“lk’ *) and

Dggulk’ %) are invariant with respect to a simultaneous shift of the arguments,

)\i_>>\i+,u,5\i_)5\i+,aa ].SiSk, /L€(C

Finally, let us verify that the statement of Corollary 1 agrees with Chalker and Mehlig’s answer for
Dgg"lk’m()\l, A2) obtained in [10, 11] . Specialising (45) to the particular case k = 2 and denoting

Aij:Ai_Aj7 S\ij:/_\i—j\j,lﬁi,jSN, (47)

we find that

1 _ _
Dgguuc, RICYIPY) —;H(bulk)(ha& | A1, A2)

) PLE(&—I 11

w2 dz 7) |z:—|>\12\2: —;w (1 _ (1 + |)\12|2) oMzl ) ’

which corresponds to Eqn. (9) of [10] for fluctuations at the origin (z; =0 in [10]).

12



The finite-N results stated in Theorem 1 are also well suited for studying the statistics of overlaps
at the edge. For a € C, let

F(a) = 2y = %erfc (a) ) (48)

V2

where erfc is the complementary error function, analytically continued to the complex plane. For any
a,b,c,d, f eC, let

1 H/““
— e
V2m Ja

V2m
(1 - \/ﬁae%F(a))
d [egigi

o fes (e‘fF(b+:c)F(c+x)—F(d+x)F(a+x)+fF(d)F(a+x))]

H(a’ab7cad7f):_

(49)

x=0

Corollary 2 (Local edge scaling limit of conditional overlaps)

1
V2m3
x det (Kﬁdge)(Ai,;\i,)\j,;\j | )\1,/7\1))7 (50)

2<i,j<k

1 ; 1 X.)2 - _
DR PO = Jim Zo DO (Ve AT)) (732 = VB Ow + A F (A + A))

where Kl(fdge) : CS — C is the limiting kernel:
K (2,2, 5| A A) =99 (2,2 | A, V)R 2,y | A N), (51)
where
1 _ ,
w9 (2 T | A N) = =(1+ (2= A\)(Z - N))e™™® (52)
T

is the weight and

H()\+5\,)\+i‘,y+5\,y+f,(A—y)(5\—§c))

(edge) (z 41 A X) = %Y _ 53
18 the reduced kernel. Moreover,
(edge, k) ¢y (k) 1 _ T )0 h (A +iz)? \
D' (AP Yor: (1= V27O + Ao )e? Fu+X))
e—|/\1—/\2|2—%()\1+5\2)2 _ B _ _ _
X 5 <3 H()\1+)\2,/\1+/\1,)\2+/\2,)\2+)\1,—/\12)\12)
AaA1s
edge X X X X

nggﬁsk (ng 7 )(/\1‘7)\1',)\3‘7)\3‘ | >\1,)\1,>\2,)\2))7 (54)

where

L _ - (edge) (N, i | A1, A2)
K(edge) >\i7)\i,>"7)" Y 7)\ ’>\ 7)\ — w iy i 1772 55
12 ( 3223 [ A A A2, Ag) k(ed9€) (A, Ag | A1, A2) o
H(edge)(xh)\z | /\175\2) ,{(edge)(f\l,)\j | )\1,5\2)
det (edge) (Y N (edge) ( \ :
RO Ao [ A, A9) - B9 (N A5 [ A, A)

X

As expected, the translational invariance is lost at the edge. However, it is easy to check that D
D(edge, k)
12

(edge, k)
11

and are invariant with respect to a global shift along the edge of the spectrum,

)\m_’/\m+iu,5‘m_’xm_iu7 1§m3k7 /J/ER'
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It follows from the statement of Corollary 2, that for k =1,
(edge, 1) 1 “Lu+a)? X 3
D P = o= (e V2r( + A F(u + A1), (56)

which coincides with the answer for the edge scaling limit of the diagonal overlap obtained in [32,
Corollary 4.3]. For k =2, we find that

D% D (A, \g) = (57)
1 6_‘)\1_)\2‘2_%(>\1+;2)2 d

2 2 Y2 g
T AfoATy dx

+Ag+w)? h) 3\ \
|:e<*1*22> (6A12>\12F()\1 + A +2)F(Ag+ Ao +1x)

)

—F()\Q + 5\1 + l')F()\l + 5\2 + x) - )\125\12F()\2 + 5\1)F()\1 + 5\2 + l‘))]
z=0

which is apparently a new expression for the off-diagonal overlap at the edge.

There is also a different kind of relation between the scaling limits of overlaps: as we have already re-
viewed, the typical magnitude of the overlap in the bulk is O(N), near the edge - O(\/N ). This is consis-
tent with the fact that the prefactor in (50) diverges as we move back into the bulk: if Re(\) = Re(\) = R,

Rlim (e_(A+X)2 —V2T(A+ A EF(\+ 5\)) =—\2r Rlim (A+X) = +oo.

Therefore, there is no a priori reason for any relation between conditional overlaps in the bulk and at
the edge. However, simple analysis of the answers presented in Corollaries 1 and 2 reveals the following
relations:

Corollary 3

edge, k bulk, k

i Dil g )(Rl(k) +/\(k)) B Dil )(}\(k)) P (58)

R—l}zloo (edge, 1) - (bulk, 1) T S
Dyy (R+ A1) Dyy (M)
edge, k bulk, k

o DI @RI A®) Dt D a®)

Romeo pledscs D (py xR+ X)) DGR D (0 0y)

, k=2,3,..., (59)

where 18 = (1,1,...,1) e R,

14



3 Proofs

3.1 Bi-orthogonal Polynomials

Recall expressions (24) and (25) for the overlaps conditioned on N eigenvalues. Averaging over all the
eigenvalues but \1,..., \g, we get

n 1 n! n - n _yn 2
DT (AW) RCED)] L. js dA\dN|AM (g, dg, . Ag)Pe Zim N
1
1 60
XH( +|>\1—)\17|2) (60)
Ry zk)y - L7 / (n) 2,5, N2
D A = — dNid M| AT (A, oy A 114
12 ( ) Z (TL k)' Cn- kigl | ( 1,12, ) YL)| € J
1 n 1
x———TT[1+ |, 61
|>\1—)\22el_£( (A=) (Az—/\e)) (61
where Z,, =" ]'[;’:1 j! is the normalisation constant. Therefore,
DRy = L a0 AP
11 Zn (n—k)' Cnk S 1 7 259 \n
X H WW(Amyj\nz | A175\1)7 (62)
m=2
—aP-ag? N
(k) y\(k)y _ _¢ : f LA
D A = - dX;d\; A Ao, A3, A
2 (A) 70 (=) Jo i:lgl (A2, A3 N)
XA(n_l)(;\l,j\g,, .. 75\71) H mu()\m,;\m | )\1,;\2), (63)
m=3

where the integration measure is defined in both cases by the following function on C3:
1 -
w(z,zlu,v) = =(1+ (2 —u)(Z-v))e**, z,u,veC. (64)
T

How we go from (60) and (61) to (62) and (63) is presented in detail in chapter 4.2 and also [24, chapter
15).

In order to determine D§2’ ) using Lemma 1, proved in Section 3.2 below, we need to calculate D(n ®)

treating the complex variables AP and )\( ) as independent. This helps, because from a purely no-
tational standpoint, when going from D(n ) o D(n k) , A1 and X\ change places. The first steps are
standard, see e.g. [24], but we will go through them anyway in chapter 3. Using elementary linear
algebra,

|A(n—1)()\2’ o -7)\n)|2 H w()"maX’m | )\laxl)

m=2
n—2 (n-1) _ _ _
= IR, Qq) det (Ku (>\i;)\i7)\ja)\j|)\1a)\1))v (65)
q=0

where K ﬁl) is the following kernel (of an integral operator):

-1 D (N
o A R@Aw
K] (:c,x7y,y|)\1a)‘1)‘]§ (Pr,Qr)

and {Pi7c_21'};?:0 are holomorphic monic polynomials on C, bi-orthogonal with respect to the weight
CLJ(',' | )\1,)\1)2

w(@, @ | A1, M), (66)

(]Dian> = (Cdzdéw(z,i | Al,j\l)Pi(Z)Q](Z) = (Pi,Qi)5i7j, 0< Z,] < 00. (67)
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Note that it is not necessary to find explicit expressions for the polynomials themselves, only the kernel.
Notice also that the bi-orthogonal polynomials depend on \; and \; as parameters, but we will suppress
this dependence in order to simplify the notation. We will establish the existence of the bi-orthogonal
polynomials and the associated kernel (66) for the concrete weight w by constructing them explicitly. For
a general discussion see [3]|, where Akemann and Vernizzi present a way of finding orthogonal polynomials
with respect to more complex weights than w.

In what follows it will be convenient to define the reduced kernel (™) via
Kl(;L)(xaj7yag|)‘laj‘l) = ﬁ(n)(i'7y|)‘1axl)w($7:f|)‘175‘1)7

) (2 ) - 5 L@@kl
(Z,y [ A1, A1) kz:% (PoOp) (68)

Notice that the kernel KHL) is self-reproducing,

KM« kM = g™

Therefore, Dyson’s theorem (see [24, chapter 5]) is applicable to the calculation of the integral in (62).
3 Substituting (65) into (62) and applying the theorem, we find that

n—1 n-2

n.k 7" n! 2
DY (™) o [Py Qq) 7™
n  g=0
-1 - - -
x233tgk(f(§? Y 2 A [ A ). (69)

Observe the emergence of the determinantal structure for the diagonal conditional overlaps. The off-

diagonal overlap Dgg’k) as a function on C?* can now be computed using Lemma 1:
n—1 ! —)\125\12—)\15\2 n-2
n,k k s n.e ~
D"y = - T [T(Py, Qs)
Zn  1-A2A12 20

Kl(;b_l)()\zvj\l,)\zyjq | A1, A2) Kﬂkl)()\%;\la)\ja;\j | A1, A2),
3<j<k

x det
Kl(?fl)(/\i,;\m)\%;ﬁ | A1, A2), Kf?fl)()\mj\i,/\jj\j | A1, A2),
3<i<k 3<i,j<k
(70)

It is worth stressing that HZ;(?(P(I, Qq) is a function of Aq, A1, therefore the action of T on this product

is non-trivial. Recall also that A;; = A\; = A;, Ay = i — Aj. The determinant in the above formula can be
re-written using the following determinantal identity

det (aij) =all 9 det (ahl det( i g )), ail * 0. (71)
<1,7<n

1<i,5<n a;1 Ay

This follows from a well known identity for block determinants, see e.g. [27]:

A B -
da(cjl)):®uAymuD—cAlBy (72)
valid for invertible matrices A. Namely, choosing for A = a1; # 0 in (71) we have
ail  Qij -1 -1
2<(35t<n( i aij ) = det(au) 23(113271 (aij —Qi1Q11 0,1]') =ai 25(;’1,6]’13571 ((111 (anaij - ailalj)) . (73)

3The self-adjointness of a kernel is not necessary for the applicability of Dyson’s theorem.
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Eq. (71) can be seen as the simplest of Tanner’s identities for determinants and Pfaffians, see [21] for a
review. More about this identity can also be found in appendix 6.1. Applying (71) to (70) results into

n ﬂ.n—2n! [n=2 T 3 e _ _
D (A®) = _ZT(H<PL1aQq))e AAAzde (07 (30 Aa|Ar, Az)

n q=0

< det W()\i»_j\i|>\175\22 det f‘ﬂ(n_l)(;}h)\2|/\17§\2) "f(7l_1)(§1,/\j|)\1,£\2)
a<isj<k \ k(=D (A1, Mgl A1, Ao) PG IOVIP PP YIDYY Gl OVD VD IOV I I K

(74)

which explains the structure of the claim (35), (36) of Theorem 1. The final answers for the conditional
overlaps are obtained by evaluating (69) and (74) on the real surface C* ¢ C2*, specified by the equations

NCEP

The proof of Theorem 1 is therefore reduced to the calculation of the reduced kernel (™) and the
inner products of the bi-orthogonal polynomials (P, Q) for ¢ =0,1,2,... The bi-orthogonal polynomi-
als themselves are not the subject of our current investigation, therefore it is reasonable to follow the
approach of [4] and derive expressions for £(™) and (Py, Qq) directly in terms of the moment matrix M
defined as

M;j=(2"27), i,5>0. (75)

Let (L,D,U) be the LDU-decomposition of M. That is D is the diagonal matrix, L and UT are the
lower triangular matrices with the diagonal entries equal to 1 such that

M = LDU. (76)

Therefore, L"*MU™! = D. Re-writing this identity in components we find that

(P, Q1) = Diidpy, k,1>0, (77)
where
k —
Pe(2) = 3 (L7 )km2",
m=0
(78)
k
Qr(z) =, 2" (U™,
m=0

for k£ > 0. We see that {1—}1, Qg }r>0 1s the set of holomorphic monic polynomials bi-orthogonal with respect
to the weight w(-,- | A1, A1). Comparing (77) with (67) we find that

(Pr, Q) = Dir, k0. (79)

Substituting (79) and (78) into the expression (68) for the reduced kernel we also find that

n-1 .
KMz, A h) = Y 200D, (80)
i,j=0
where
A -
C = S (U e (L g, 0,5 2 0. (81)
! k=0 Dy,

At least formally, the semi-infinite matrix C(™) converges to M~' as N — oo. Perhaps less trivially,
as a consequence of the Gram-Schmidt orthogonalisation procedure, it can be also characterised as the
inverse of the (n+1) x (n+ 1) moment matrix ({z*,2”))o<i; < N, see [4].
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Now the proof of Theorem 1 has been reduced to the calculation of the LDU decomposition of the
moment matrix M.

Remark. We see that the expression for the off-diagonal overlap ng’k) is determinantal with the
kernel expressed as the 2 x 2 determinant of a matrix built out of the kernel corresponding to the weight
w(z,Z | \,A). Such a structure is to be expected from the general theory of orthogonal polynomials in
the complex plane developed in [3]. Really, relation (63) can be re-written as

e P

n,k k ’I’L' N N _
DEPOW) = s L TT AT 00 A, AP

N — —_ — —
< [T m(A2 = Am) (A1 = A )w (A A | A, A2).
m=3

By Dyson’s theorem, the right hand side of this expression is proportional to the (k —2) x (k - 2)
determinant of the kernel associated with holomorphic polynomials, which are bi-orthogonal with respect
to the weight

(u=2)(v-2)w(z, 2| v,a).

Such a kernel can be expressed in terms of a 2 x 2 determinant of the kernel associated with the weight
w(-,- | A, A), see formula (3.10) of [3]. Our present calculation can be therefore regarded as a short
re-derivation of the general expression of [3] in the particular context of integration weights associated
with the overlaps. The main tools used in our calculation are the analyticity and determinant identities.

3.2 Lemmal

It follows from (62) and (63) that both Di?’k)()\(k))ezzﬁl’\’“;‘k and Dg’k)()\(k))ezljnﬂ’\’“5"c are polyno-
mials in A®), A Therefore DM and DR are entire functions on C2*,

Recall the definition of the transposition T acting on functions on C2*:

TFA, AL A2 A, ) = F(A, Az, Ao, Mg, L) (82)
Comparing (62) and (63), we see that for k > 2,
Do (0 T a0y (83)
12 - agp n ’

for any (A(k),j\(k)) € C?*. Lemma 1 is proved. This is just an observation one can make by looking at
the expressions (62) and (63). The transformation T switches Ay and g places, and then all that’s left

in order to go from Dﬁl’k)(/\(k)) to Dig’k)()\(k)), is a factor of —%.

3.3 Heuristic derivation of N = o results in the bulk assuming T-invariance

The calculations below are rather simple, but non-rigorous - they rest on the assumptions of the extended
translational invariance of conditional overlaps in the bulk and the validity of Lemma 1 at N = co. We
could try justifying these assumptions using analysis, but as it turns out, it is possible to obtain a fairly
simple explicit expression for the kernel at IV < oo, thus enabling the study of conditional overlaps not
only in the bulk of the spectrum, but also near the spectral edge.

The task of calculating bi-orthogonal polynomials (67) is considerably simpler at the special point
A1 = A1 =0. In this case the weight function reduces to

1
w(z,2]0,0) = = (1 +|z2)e . (84)
™
The bi-orthogonal polynomials associated the weight (84) are just the monomials,

Pi(z) = Qr(z) = 2, k> 0. (85)
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Their inner products can also be computed explicitly,

(P, Qi) =k!(k+2), k>0, (86)
leading to the following kernel:
1 2\ ()"
K™ (2,2,9,7]0,0) = —(1+[z[>)e " § 2L 87
11 (m,x,y7y| ’ ) 7_‘_( +|$| )6 ];0(k+2)]€' ( )

As N - oo , the limiting kernel in the bulk is

bulk o 1 lel? (bulk) /-
K& (2 %,9,510,0) = ;(1+|x|2)e l#l* i (bulk) (41 1 0,0), (88)
where
1 1 1 -
(bulk)(— _ _ Ty
K Z,y10,0) = — +( — — )e . (89)
(zy)* \(zy) (TY)?

Alternatively, we can write

d (ef-1
K @,y 10,0) = () (90)
z z

z=TY

The N-dependent pre-factor in the right hand side of (69) is N/m, which leads to the following answer
for the conditional overlap in the bulk:

bulk, k 1 bulk < <
D 00,2, M) = = det (K™ (0025, 4:110,0)) (91)

Let us assume the extended translational invariance for the diagonal overlaps regarded as functions
on C?* which means that Dﬁulk’ %) is invariant under the shift A = A 46 A = A +€, m=1,2,... k,
where €, € are independent complex variables. Then

Dil;ullc, k)()\(k)) _ Dﬁulk) k)(o,)\g _ )\1’ B -,Ak _ )\1)

- % et (KO0 = A A = A, Ay = A Ay = A [ 0,0)). (92)
We conclude that
Dbtk B (AR %233tgk O VP YR VIPVISTH) (93)
where
K201 A% = (L= N i g,y 0, 5), (94)

and the reduced kernel is

KOy 2,0 = () (95)

dz z

= (@-N)(y-N)

which agrees with the statement (41) of Corollary 1.

To calculate the off-diagonal conditional overlaps, let us assume that the relation (27) remains valid
at N = oo as well. Then

D(bulk, k)()‘(k))__lﬂf det (K(bulk)()\_ VY 5\_‘)\ 3 )) (96)
12 L= A = A2 2sigek VM O A AT AL AL )

Applying the determinant identity (71), we find

U 1 u N N U 3 3 3
D DD = - (3 g | Al,Ag)BgejtSk(K{g RICYOIRVR VDY (97)
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where
w(bulk)(&‘v;\i | A1, 5\2)
KOUE) (A, Aa | A1, A2)

« det POV Y DYDY IECCLI OVID VI DYIDYY
KU (N Ao [ A1, Ae) U (N 0 | A, A2) )7

K (A 004 [ A, A2)

(98)

which agrees with the statement (45) of Corollary 1. The step of applying (71) is needed, because in
(96) we do not yet have the kernel we want, we still need to get rid of the first row and column which
correspond to i or j equal 2. Only in (97) do we finally have the kernel for the off-diagonal case.

3.4 The kernel for N < oo
3.4.1 The LDU decomposition of the moment matrix.

We will use the relation between the kernel and the moment matrix established in Section 3.1. An
explicit computation of (2*, 27) with the weight w(-,-|, A, A) defined in (64) gives

Mij =1l [5” ((1 + )\5\) + (Z + 1)) — (5241’]')\(1' + 1) — (52'7]415\] y Z,] > 0. (99)

Crucially, the moment matrix is tri-diagonal, which makes explicit calculations leading to the kernel
possible. The recursive formulae for computing the LDU decomposition and the inverse of a tri-diagonal
matrix are well-known. What makes our case special however, is that the recursions we get can be solved
exactly in terms of the exponential polynomials. At some point it would be interesting to understand
the algebraic reasons for the exact solvability of our problem, but in the mean time we adopt a tour de
force approach.

Let u be the following tri-dagonal matrix:
Wij = (51']' ((1 + )\5\) + (Z + 1)) - 5i+1,j/\(7; + ].) - 5i,j+15‘7 27] > 0. (100)

As M is the product of of p and the diagonal matrix with entries i!, the LDU decomposition of M is
easy to construct from the LDU decomposition of p. If

= LDU, (101)

where Dpg = dpdpg, Lpg = Opg + Up0p.g+1, Upg = Opg + Ugdg p+1, D, q > 0, then

1+p)A
Up+1 = _%7 D2 07 (102)
P
A
lper = -2, p>0, (103)
dp
dy = —dp1lpuylys1 +2+ A\ +p, p>0, (104)

defining d_; = 0. Let = = A\. To determine the LDU decomposition of i we have to solve the first order
non-linear recursion for d,’s:

px

dp=2+x+p- , p21,
p-1
(105)
do =2+ .
This recursion can be linearised via the substitution d, = Tf_“ , which, upon choosing ry = 1, gives
p
Tps1 +DTrp_1 = (2+ 2 +p)ry, D21,
(106)

r=2+x.
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The unique solution of (106) is
p
p+l-m) ..
o) =t 3 LI dyiey () ~plaeya (), (107)

m=0 !

where e,(z) = X7 _, ”;—T is the exponential polynomial of degree p.
Therefore,

rp(z) =plfp(z), p=0,1,..., (108)

where f,’s are the polynomials defined in (29). Converting the LDU decomposition of y to the LDU
decomposition of M and updating notations, we find that M = LDU, where

—fp—l(/\j‘)
Lom = 0pm — N2 5 pym 20, 109
P p £, 0N p,m+1, P, (109)

fm+l()‘5‘)

Do = (m+ 1122 s 0, 110
( ) N (110)

Sm-1(AX)
Upmg =0mg — A ——="0g.m+1, mM,q>0. 111
q q fm()\A) q,m+1 m,q ( )

Using the relation (77) between the LDU decomposition and the inner products of the bi-orthogonal
polynomials, we conclude that

(P +2)epii () —wep(x)

(Bp, @p) = (p+1)! (p+1)ey(z) —wep_1(x)’

(112)

which coincides with (86) at the point z = 0, as it should.

3.4.2 The inner products of the bi-orthogonal polynomials and the pre-factor in (69)

Now we can calculate the factor in front of the determinant in the r. h. s. of (69). Using the relation
(112) we find

n—-2 n—2 n—-1 B
H(anQq): Hqu: Hq!'fn—lo‘/\)- (113)
q=0 q=0 q=1
Therefore,
oy Ml 22  fact(OON) s
() e = N o (114)
n g=0

which allows us to make the operation of 7" on the inner product explicit.

3.4.3 Inversion of the L and U factors, the bi-orthogonal polynomials and the kernel

The inverse of the lower-triangular matrix L (resp. upper triangular matrix U) is a lower (resp. upper)
triangular matrix. The corresponding matrix elements can be computed directly from the relations
LL™' =1, UU! = I using the explicit expressions (109) for the decomposition factors. The answer is

0 q>p, Aq"’—ﬂﬁ; q>p,
— — — q
(L pg=1 1f o q=p, (U )y, = 1 q=p, (115)
AP fZ(m) q<p, 0 q<p.

Substituting (115) and (110) into the formula (80) we find that

D (v | A A) = G ()\5\,

> =

). (116)
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where

n k

M (2,y,2) = S T )y"z" x
vz B IR G R @ e @) o

is a function on C® and a v b := max(a,b). Even though we do not use explicit expressions for the
bi-orthogonal polynomials in the paper, we record them here for future use:

1) — 3 — k k—men(Aj‘) m
Pk(z|)\,)\)—Qk(z|)\,)\)—;0/\ fk(/\;\)z .

(118)

3.4.4 Simplification of the reduced kernel for N < .

The above form of the reduced kernel is not well suited for studying the large-N asymptotic of the
overlaps. In particular, we do not see how to calculate the large-N limit of the kernel directly from
(116). Fortunately, it can be considerably simplified via a sequence of cancellations yielding formula
(34). The inner sum in (116) can be simplified as follows: Let ®,, : C - C be such that

n I‘k
P, (z) = , 119
) 2 T D@ e @) e
where we define ®_; =0. Then
N
™ (CL‘, Y, Z) = Z fm(x)fn(x)ymzn (q)n(m) - (b(m\m)—l(x)) . (120)
m,n=0
We have the following key technical result:
Lemma 3.1:
(n+2-z) x-1
P,(x) = + , n=0,1,... 121
(@) 22 fri1 () x? ( )
Proof:
For a fixed value of x, the sequence
n Ik
b, () = 122
(@) k;) (k+ D) frs1(2) (122)
satisfies the following difference equation:
$n+1
Pa(x) = P,(x)+ , 123
A e @) @) (129
1
) = . 124
o@) = g (124)

Using fi1(z) = 2+ x, it is easy to check that the expression (121) satisfies the initial condition (124).
Assuming that ®,, is given by (121), we find from the equation (123) that

n+3
r—1 (ﬂ+2—$)fn+2(l‘)+ (fH.Q)[
2 + 2
x 22 fra1(x) fre2(x)

A direct calculation based on the definitions (28) for the exponential polynomials e, and (29) for the
polynomials f,, confirms that

(I)n+1 =

(125)

xn+3
(n+ 2= 2) a2 (@) + (g = (043 ) faa (2. (126)
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Therefore,

z-1 (n+3-1x)

B, = , 127
T g2 22 fre2(x) (127)
and Lemma 2.1 is proved by induction. [l
Substituting (121) into (120), we find
2-z2) ([ &
G (z,y,2) = (n+( (z )( sz)
1 fm(I)fe(I) e,
+— z—(mvs)-1)——————=y"'z 128
Let
an(xay) = Z fm(x)ym’mzo’]'V"" (129)
m=0
Then, the first term in the r.h.s. of (128) is equal to
(n+2-2x)
——an(x,y)an (T, 2). 130
U o @) (.2) (130)
The second term can be also be expressed in terms of a,’s:
1 & Jm (@) fn(T) o s
- > (= (mvn)- >f”(()) - L s V@)
m,n=0 mvn
Z (x-m-1)fs(x)y™z* Z (z—-s=1)fm(z)y™2"
:U m>s>0 0<m<s
1 0
- (o~ 1) ) Loy +(22) 40 (o) ) (131)
T Ow
where
Ualy,2) = ) (w-s-1)fm(x)y™2". (132)
5>m>0
Next,
9 - ms
o) = (om2p 1) X fulely™
Z s>m>0
- (o) S e B
0z m=0 s=m+1
o n Zn+1 _ Zm+1
= P | - (x)y™
(I “0z )mZ::Of @)y ( z-1 )
= (x—zg—l) ! (2" an(z,y) - zan(z,y2)) (133)
62: (Z _ 1) n b n k) N
Substituting (133) into (131) and then substituting the result and (130) into (128), we find that
G(n)(x7y7z) = Wan(xuy)an(‘rvz)"";(w_waaw_]-)an(wi) |w=yz
e (o= 1) 5 ) - an(2))
x 0z z -
1 0
+— (x—y——l)—(y an(z,2) — an(z,yz)). (134)
z2 Oy y-1
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To simplify the expression for G(™) further, we need an expression for «, in terms of the exponential
polynomials:

onlzy) = z ful@)y’ - i<<s+1>es<x>—xes_1<a:>>ys
- (aayy ) es(x)ys+xy"+1e]v(x)
_ 2 €n(y$) y en(x) + n-¢—1e T
= (goy-m) L v e (@), (135)
Explicitly,
en(yz)  yx  (yx)" y" e (x)

an(z,y) = ~((n+2-z)-(n+1-2)y) (136)

(1-y)? (1-y) n! (1-9)?

Substituting (136) into (134), computing the derivatives and grouping the terms according to the de-
nominators we arrive at

T (ry.2) | T(eyz) T (nye) | T (2,2y)

22G (z,y,2) = + +
B G R £ (I SR R s (s R CE TR M
where
Tgn)(x,y,z) = WZ(_;:)en(ya:)en(zx) —en(zyz) (138)
(n+2) n+ n+1 n+1
m ((Zf) en(yr) + (yz)"en(22) - (2y2) en(ff)),
Tén)(x, y,z) = (7};?(;;3) (nglw’ (quz!m +xe,(zyz)+ (n+1- .IZ)M (139)
_(n+2)(n+1—x)
frr1(x)(n+1)!
X((Zl’) n('yx) + (yx) n(|zx) +(n+1—m)(xyz)”+len(x)),
(n) - (n+2-2) (zx)"Jr1 (myz)’“r1 (n+2)
TC ($7y72’) - fn+1($) n( ) n + fn+1($)(n+1)! (140)
T n+1 o n+l
x ((n +1-x)(zz)" e, (yz) - % -(n+1- J:)en(x)(myz)”+1) .
A straightforward simplification of each of the T-terms gives:
Fart@)T (2,9,2) = (0 +2)(ensn (y2)ens1 (22) = enei (wy2)ens (x)) (141)
—z(en(yz)en(22) - en(zy2)en(z)),
n ( m)n#—l (Zl‘)n+1 (!E z)n+1
fn+1(x)Té )(J:,y,z) = xyn'(n—Jrl)' +x(n+1-x)e,(x) ( y+ o] (142)
+xe,(ryz) ((n +2-2)ep(x)+ (n+2) e 1)!) ,
Fror ()T (2, y, 2) :x%%(m) xen(yx)i 22)" (143)

(n+1)! N

24



Substituting (141), (142) and (143) into (137) we arrive at

(n+2)Wyhi(x,y,2) —aW,(z,y,2)
(1-y)*(1-2)?
(zyz)"en(x) - (x2)" " en(ay)
(n+DI(1-y)*(1-2)
(zy2)"en(x) — (zy)"en(rz2)
(n+I(1-2)*(1-y)

x2fn+1(x)G(n) (Z’, Y, Z)

(zy2)"* epir(2) + wen ()
) (1-y)(1-2) (144)
where
Wolz,y, 2) =ep(zy)en(xzz) = (1 —2(1-y)(1 - 2))e(zyz)en(x), neN. (145)

This answer is already well-suited for the calculation of the kernel for the bulk and the edge scaling limits
of the overlaps, but it still looks rather complicated. Fortunately, it can be re-written in a shorter form:

Observing that e, () = ep+1(z) — (ml),, we find that
(l‘z)m'l (x )n+1
Walso2) = Want(,9:2) = ennt (o) [y = et (02) oy,
( )n+1 (J? Z)n+1
H(enlom X a2 ) 1= at1-)1-2)

(y2$2)n+1

+zx(l-y)(1-2 )(( EIER (146)
Expressing W,,,1 and W, in (144) in terms of W, 1o and W,,,1, using (146) one finds
2 (n) _ (n+2)Wn+2(xay7Z) —$Wn+1($,y,z)
n G v -
z f +1($) (']j Yy Z) (1_y)2(1_2)2
T (xyz)n+2
_ (). 14
G=pa=2) ey 2@ (147)
It is straightforward to check that
(zyz)""
—z(1-y)(1-2) (s 1) 6n+2($) (n+2)Hpo(z,y,2) - xHy1 (2,y, 2), (148)
where
n+1 n+1
(o) o =00 =2) 2" e (oy) = 92)" (o) 119)
! (y2-1)
It follows from (147, 148), that
2 (n) (n+2)Fn+2(2,y,2) = 201 (2, Y, 2) 1
X fn+1(z)G ( ?y7 ) (1 y)2(1 Z)2 Y ( 50)
where
Sn(,y,2) = Wa(z,y,2) + Hy(2,y,2),n €N, (151)

is a function on C? defined in (30). Finally, substituting (150) into (116) we arrive at the expression (34)
for the reduced kernel. Theorem 1 is proved.

Remark. The final part of the proof following (144) is not very satisfying as it is both non-obvious and
reliant on unexpected cancellations. A more direct route to (150) is to substitute the partition of unity
1=1,,<n + Linsn into the double sum in (120), represent the indicator functions as a contour integral,

dz 2™

2mi 1- 2"

]]-m<n =
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and analyse the resulting expression for Gy (x,y,2) as a sum of two contour integrals. The integrands
of each of the integrals contain poles of order N as well as poles of order 1 and 2. It turns out that
the contributions from the high order poles cancel, and the sum of contributions from the poles of low
order gives (150). Even knowing the final answer beforehand, it took us close to 2 months to match the
results. The alternative proof will be presented in detail in chapter 4.

3.5 Corollary 1

The proof is based on the following elementary remark: for any fixed x € C

lim e, (z) =e”. (152)
Consequently,
(@) =(1+nYen(z) -ntze, 1 (x) 2 e (153)
n

Therefore, the factor in front of the determinant in the r.h.s. of (31) divided by n converges for [\|* < n
to

2 2
lim M(;IMI = l, (154)

n—oo nm T

as is well known from the Ginibre ensemble [24]. The large-N limit of the reduced kernel defined in
(34) is most easily taken when fixing all arguments of the kernel, that is remaining in the vicinity of the
origin, as the spectral edge is located at v/N. The same bulk limit close to the origin was taken already
in Ginibre’s original paper for the complex eigenvalue correlations [17]. For our kernel we thus have

. _ - 5 My oo Fnat ()\5\,273)
im ™ (z = ™ l PN
RV (@= 03y - )2
© G (T D)
- (:C_A;Z_A)ze(z)(—(i—X)(y—A)), (155)

where e(™) () := ¥, L. m=0,1,... In the second equality we used the definition (30) of the polyno-

s=m sl

mials §,. Therefore, the bulk scaling limit of the kernel K f?) defined in (32) is

R — W €@ -y -N)
Jim K777 (2, 2,,5 | A, ) (L @-)E-2) (Z-A)2(y-A)?

<1 B o
WA (14 (2= M) (& - N))e”(@NED
0
d (e"‘ - 1)
« =
dz z
Notice that the factor e ®* in the r.hs. of (156) corresponds to the conjugation of the kernel
K(X\i,\j) = d(Ni)K(MiyAj)¢H(N;), which does not change the value of the determinant in the ex-

pression (31) for the conditional overlap. This remark allows us to write the bulk scaling limit of the
kernel as

(156)

=N (y-\)

u — — N 1 _ kY —(x— T—\ d -1
K (@39, A = (14 (o= )@= D) VD 2 (E—2)
™ dz z

= (@-N) -\
(157)

Expressions (154), (157) solve the problem of computing the large-n limit of (31), thus proving claims
(41), (42), (43) and (44) of Corollary 1.
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It remains to calculate the bulk scaling limit of Dg’k) starting with its determinantal representation
(35). Using (155) and (156), one finds that the large-n limit of the pre-factor in (35) divided by n is

e~ Al =ef? _ Ry -
lim nifn-l(h)a)ff(n_ UCVIPYIPVIDVIE

n—oo 71'2

Kz(bulk)(j\la )\2 | >\17 5\2)

a (158)

s

where x(®“%) is defined in (44), and
Wk (.7 | u, D)
kOulk) (G, v | u, v)

(bulk)(— | —) (bulk)(— | —)
K u,v | u,v) kK U,y | u, 0
1
Xdet(wu“f)(x,mu,v) R0 gy ) (159

ely—z)v

lim Kl(;kl)(x,f,y,yj |u,w,v,0) =
n—oo

where the weight w(®**) is defined by (43). Calculating the large-n limit of (35) with the help of (158)
and (159), and using the fact that conjugation of the kernel by e*:*2 does not change the determinant, we
arrive at the characterisation (45), (46) for the bulk scaling limit of the off-diagonal conditional overlaps.
Corollary 1 is proved.

3.6 Corollary 2

The calculation is based on the following two asymptotic formulae: Let us fix a,b € C. Then

n+1 1

log (n+(\7/ff1+)f)) = (n+\/ﬁa+b)—§log2ﬂ'n
2 ag-ab+iad

—%+#+O(n_l), (160)

_a? 2
2
n + b)) = eVt py e C 2 (L ik 2 )o@ ,
€ +k(n \/ﬁa ) € ( (a) \/% 3 3 (n )
(161)
where k£ = 0,1,2,.... Here F is a rescaling on the complementary error function defined in (48). The

derivation of the above formulae is based on Stirling’s formula and the following well known integral
representation of the exponential polynomials in terms of the incomplete Gamma-function:
L(n+1,z) e

R (R B B P 162
(@) = oD n!/z cann (162)

see [25, Chapter 8.11.10 | for more details. The calculations leading to (160) and (161) are straight-

forward, but lengthy due to the fact that we need to know the asymptotic expansion of e,.; and
lo (n+/na+b)"t -1/2

&) (n+1)!
this are in 4.6 and are only included so these notes are complete.

As a consequence of (161),

fn+1(n+\/Na+b) = ,/;enh/ﬁtub—%
T
><(1—a\/27re§F(a))(1+O(n‘%))’a7bec

up to and including the terms of order n™"/%, see also [25]. My own computations of

(163)
Now we are ready to calculate the edge scaling limit of conditional overlaps. Let

2™ = e (/n+ ),
y) = (1), (164)
A = e (\/n+ N),
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where x,y, A € C are of order unity. Then the edge scaling limit of the factor multiplying the determinant
in the r.h.s. of (31) down-scaled by n~'/2 is

|)\(n)2 . 2 B B _
Tim I LA™Y = \/T( DT (A+ ) F(A+ 1)), A, e C2. (165)

The derivation of (165) is based on (161). Note that (165) is valid for any pair of complex numbers
(M, ), not just on the real surface A = A, which makes it suitable for the calculation of both the diagonal
and the off-diagonal overlaps.

To find the edge scaling limit of the kernel K 1(?) we substitute the expressions (164) into the formula
for the kernel

1+ (20 = X)) (2™ — X(M) oz
s

(n) ,,(n)
(n=1) [ \() X () 7y
xG ()‘ AT XK )\(n))

where G(") is given by formula (147), and compute the large-n asymptotics using (160), (161) and (163).
The result follows from another lengthy computation and is

K™ (2 500y 500 |\ 30y _ vl L @ZN@=A) sy
T
HMAN+MA+Z, ) +y,y+z,(A-y)(A-ZT
L vy + 5 A=)\ -2) (1+0(n711?)), (166)
(A-y)?(A-2)°
where the function H is defined in (49). We see that there the large-n limit of K f?) at the edge does not
exist, but fortunately, the residual N-dependence can be eliminated by the N-dependent conjugation

K (2, 2,y,5| A A) = " K (2,2,y,5 | A X)e ™™, (167)
which does not change the value of the conditional overlap. Therefore we can conclude that
(6(196)(JU 0 | AN = lim e\/ﬁmK(”)(x(n)’f(n)7y(n),y(n) | A X)) vy

L4 (@-N)(@- A) H(A+/\ AT A+ y,y+ T, (A -y)(\ - :c))
T (A -y)? ()\ z)?

(168)

Substituting (165) and (168) into the edge scaling limit (39) of the conditional overlap Dﬁ“k) we arrive
at the statement (50), (51), (52) and (53) of the Corollary 2.

To find the edge scaling limit of the off-diagonal overlap D( k) , we need to substitute its expression
(35) into (40) and calculate the large-n limit of the resulting sequence. As before, the calculation reduces
to the evaluation of the scaling limits of the pre-factor in the r.h.s. of (35) and the kernel (36).

A straightforward computation based on (163, 168) gives

e~V

I\IILHiO(—l) WQ\/E fn-1(/\§n)5\gn))/€("_1)(Xgn)v)\gn) | )\gn)’j\gn))
—Pae -3 (Aa+Ae)? -
e — 1 2 _
= - 1-V21 (A + Ag)ez A2 B(x; 4 y)
V2T )\ )\%2 ( ) ) ) )
XH()\l+)\2,>\1+)\1,)\2+)\2,)\2+A1,—>\12)\12). (169)

Similarly, introducing in addition to (164), u(™ = € (\/n +u), v = ¢ (\/n +v), we find that
K (@0 500 ) 500 | ) () () )
= e\/ﬁ(y_:”)ngdge)(m, Z,y,7 | u,a,v,0) (1 + O(n_l/z)) , (170)

where Kl(gdge) is given by (55). Substituting (169) and (170) into the right hand side of (40), performing
the n-dependent conjugation (167) of the kernel inside the resulting determinant and computing the
n — oo limit, we arrive at the statements (54), (55) of the Corollary 2. Corollary 2 is proved.
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3.7 Corollary 3

It follows from (41), (45), (50) and (54) that
Dtk M (AR = plbulk, 1)()\) det (K(b“lk)()\i,Xi,)\j75\j|)\175\1)), k>, (171)
Dutk: K (\(k)y o plbulk, 2)(Al,AQ) det (K‘*’“”“)(Ai,xi,Aj,Xj | AL, AL, Az, A2)),
k>2, (172)
pletoe: B (x(R)y = pledoe. 1)y ), det (K@dge)ui,xi,xj,xj|A1,x1)), E>1, (173)
D" P(®) = D 2><A1,A2>3 det (K52 (00200045 |2 A Ao, o).
k>2, (174)

where the expressions for all the relevant kernels are given in Corollaries 1 and 2. We see that the ratios

Dgidge, k) D%;dge, k) Dyiulk, k) D(bulk, k)

cdge, 1)° (edge, 2)° (bulk, 1 and bulk, 2 (175)
pedse, 1 py(edoe 2 i, 1) M Gtk 2

are completely determined by the conjugacy classes of the corresponding kernels. Therefore, the claim
of the Corollary 3 is an immediate consequence of the following relations between the kernels:

lim eV REYNR L p Rz R+y, R+ | R+, R+ A\ )e VY

R——oc0
= Kl(llmm)(xajayag | )\175\1)7
(176)
Jim KSR+ a,R+2,R+y,R+7| R+ M\, R+, R+ Xy, R+ Xy)

(bulk)(ff 9,7 | A1, A, A2, A2),
(177)

Both (176) and (177) can be derived from the following asymptotic formula for the H-function (49):
H(-e'va,~et+b,—¢+e,~et+d, f)=(e! -1+ f)(1+0(e)), (178)

where € > 0,(a,b,c,d, f) € C°. This formula follows directly from the standard asymptotic for the
complementary error function (48): for a <0,

Fla)=1+0 (e-“2/2) , F'(a)=0 (e_“2/2) . (179)
The proof of (176):

lim ePFVTRENN Ry p Rz R+y, R+7| R+ R+ \)e VY

R—-oc0

- lim M ( L@@ a-n gy (2R+a,2R+b,2R+¢,2R +d,z) |Z(x_;)(y_k)) e

R——oc0 w22

1+ (@-NE- ) g 1= (1= )" 55,7 | A A
) (@ -N@=A) o # ) = K" (a,2,y,5 | A A).
m z 2=(2-X)(y-2)

To prove (177), let us first notice that (178) leads to

KEY) (R 2, R+y| R+ A R+ ) = eft FRE- N2z 0ulk) (03 X) (14 O(R™)),

(180)
where R < 0. Also,
_ 1 — Y
w9 (R4 2, R+Z | R+ \, R+ 1)) = +@-Ay-A) ¢ 1R+al’
'/T
6—R27R(x+a’:)+)\5\7:2)\—x5\w(bulk) (x, 7 | )\7 5\) (181)
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Notice that the last two relations are still valid if £(¢%9¢) and w(¢49) are treated as functions on C%.

Substituting (180), (181) into (55) we find

KSY)R+w R+2, R+y,R+y| R+ A, R+ 1, R+ )y, R+ \3)
= €(R+;\2)(y_’3)K1(g“lk)(gc,:E,y,gj | AL 5\17)\2’ ;\2) (1 " O(R—l)).
Therefore
Jim TR R0 Re & Rty Ry | R+ M R+ M, R+ Mo, Rt Ag)em (142

= Kl(gulk)(xvj,g%g | )\1,/_\1,)\2, 5\2)

Equation (177) is established and therefore the Corollary 3 is proved.
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4 Alternative Approaches and Proofs

In this section we are going to go through different approaches and alternate proofs to some of the
results, and with greater detail. It will be a closer look in how we first derived said results. The main
focus will be on Theorem 1. To be more precise, the focus will be on the reduced kernel (34) in particular.

We start with my computation of the weights in (24) and (25), using Eynard’s method, see [14]. I
will go through the computation of (16) and (17) found in 2.1, for k& = n, which corresponds to the
expectations of the overlaps conditioned on all eigenvalues.

Then I start slowly working on the orthogonal polynomials. I begin with the formula derivations for
Dﬁl’l)(/\) and Dg’z)(x\, ) with g = 0. This includes the computation of a few tri-diagonal determinants,
some of which although not directly related, will be of future use. Having the aforementioned formulas, I
will then use a lemma found in Gernot Akemann’s personal notes to re-derive the bi-orthogonal polyno-
mials P, (2|\, ), Qx(2A,A) and the reduced kernel £("*V (i, |\, \) as presented in (116) - (118). From
there I will present a different approach to the simplification of the reduced kernel in 3.4.4, in a lengthy
calculation which includes contour integrals, but does not rely on knowing the final answer, nor depends
on unexpected cancellations.

Final part is just a very detailed and direct computation of the limits in Corollary 1 and 2.

4.1 Overlaps conditioned on all eigenvalues

Eynard [14] found a relation between unitary and triangular integrals of invariant functions, and then
proceeded to calculate such triangular ones y integrating out the elements uy,us, ..., u,—1 of the right
column, reducing the size of the matrix by one and resulting in a recursion formula.

The functions F' he works with have a certain 2-variable polynomial structure.

To be more precise they are of the following form.

1;[ (1 +ir I:I(mlkl - A)_l(yjk,z - B)_l)tT‘ I:I(xik,z - A)_l(yjk-,z - B)_l'

Such examples would be:

F(A,B)=(1+tr(z;-A) (1 -B) DA +tr(ze - A) (g2 - B) ™)

or

F(A,B) =tr[(z1-A) " (y1 - B) (22 - A) (v - B)'].

Our cases are of a simpler nature, so we will only borrow the idea of integrating out a column at a time
and finding a recursion formula.

We start with this small lemma:
Lemma 1.2

Let A and B be two n x n random matrices and let ¢ be an n x 1 column vector with iid complex
Gaussians N(0,t), independent of A and B.
Then the following equations hold:

i) E(c*Ac) =2tE(trA)
ii ) E(c*ActrB) =2tE(trA trB)
ili ) E[tr(Acc*B)] =2tE(trAB)
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iv ) E[(c*Ac)(c*Bc)] = 42 E(trAB) + 4t E(tr A tr B)
Proof
i) Fori# j we have E[¢;(A);jc;]=0
= E(c*Ac)

E[ Z éi(A)ijCj] = E[ Z Ei(A)iiCi]

ii ) Similarly with i) we have

E(C*AC t’f’B) = E[t’I’B Zéi(A)ijCj] = E[t’I’B Z (A)”|C,L|2]

= 2tE(trAtrB)
iii )
E[tr(Acc*B)] = E[tr(BAcc*)] = E[ Z (BA)ijcjél-]
= E[ > (BA)ii|ci|2] = 2tE(trBA) = 2tE(tr AB)
iv )

¢ = Tk + 1y, where xp and y, are independent real gaussians N(0,t).
First note that even though E(¢;?) is not zero, E(¢;?) = 0. Also

E(jexl') = E[(=* +1%)°]
= B(a*)+E(y") + 2B(2*)E(y?)
= 8t
E[(¢*Ac)(¢*Be)] = E[(%Ei(A)ijcj)(];ék(B)klcl)]

The only terms with non zero mean are those where
i=j=k=10 , d=jand k=10 or (i,7)=(k)

= E[(c"Ac)(c*Be)]

B[ Elel' (A)a(B)a] + B[ T lePlesl ()i (B

i#j

+E[ Z |Ei|2|Cj|2(A)ii(B)jj]

= SB[ S (A)a(B)a] <4 B[ % (4)(B)s1]
+4t2E[ Z (A)m‘(B)jj]
= B[ T (B + 47 E[ T (4)(B)s1]

ALE[ Y (A)a(B)i] +4°E[ Y (A)u(B)y]

]

= 4t°E[tr(AB)] +4t*E(trA trB)
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Remark 1: Part i) actually implies part ii), but I kept it as it commonly appears in this form in
the calculations. Also note that for Gin(n,C),t = 3.

Remark 2:This is an example of the real case being potentially harder. If you look at the analo-
gous real version of this lemma, the first 3 parts remain more or less the same, with the only difference
being that the coefficients will be just ¢ instead of 2¢. But the fourth part is quite different. First of all
we have E(Je;|?) =t and E(|c;|*) = 3t2, but that will not actually interferer with the splitting of terms as
we did in the complex case.

Note that not only the terms with (4, 5) = (I, k), but also the ones with
(i,7) = (k,1) will survive, hence

E[(c*Ac)(c*Be)] E[Z|Cl|4(A)u(B)u]+E[ > |Ci|2|cj|2(A)ij(B)ji]

7 2%
RN

B[ X lelleP(A)a(B)ys ) + B[ X lelles*(A)is (B)ys]

@7 2%
N i#

= 3t2E[Z(A)n(B)iz‘]+t2E[ Z (A)ij(B)ji]

+t2E[ 5 (A)“,(B)jj]+t2E[ > (A)ij(B)ij]

537 @7
i%j i%j

7 i
i#J

= B[(¢A)(B)] = PE[ Y (A)a(B)a] + PE[ X (4)y(B);]

HE[ Y (B + B[ Y (A)a(B)s4]

iz

+t2E[ > (A)n(B)n] + tzE[ > (A)ij(B)z‘j]

i*j

= t*E[tr(AB)] + t*E[tr(A)tr(B)] + t*E[tr(AB™)]

d
We are now in position to start working on (16) and (17) from in 2.1, for £ = n. In order to find
expressions for O1; and Oz, and show how we derived the expressions (24) and (25), we follow the
footsteps of [11, p. 9-12], alongside the method used in [24, A.35] to compute the joined probability
density of eigenvalues of a Gin(n,C) matrix. These are results previously found by Chalker and Mehlig,
and as I've mentioned before, the computations below alongside Lemma 1.2, are directly taken from my
MsC, where they were originally included.

1) Off-diagonal Overlaps

We start with the off diagonal case, which the more ’complex’ of the two. We first have to find
the formula for Oq9 =< l1,l3 >< 1,79 > using Eyanrd method. For notational convenience, in this
subsection we work with an (n +2) x (n + 2) matrix with eigenvalues (A1, A\a,071,...,05). Also we
use E°’ to denote the expectation while conditioning over all eigenvalues. We use a two step Shur
decomposition. For the right eigenvectors we have:
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M 21 29 M z1 Z2
A1 c |ri=Mr1 and A1 c |ro=Aarg

0 Aoy 0 Ao

where M ~ Gin(n,C) with eigenvalues (o1,...,0,,) and 21,22 and vectors of length n, of iid com-
plex Gaussians.

Right away we can see that

v V2
ri=| b , =] a
0 1

where we can also take b =1, a € C and u; and uy are vectors of length n. Inserting them in the above
equations we get

Muvy +z1a+22 = Aavg
Aa+c = da=a= ¢
A1 — A2
Mvi+21 = Mun
Solving for v; and vy we have
v = —(M- M)z
Vg = —(M—A2)_1()\_z_lf\2 +22)
As for the left eigenvectors
M 21 29 M 21 22
Iy A1 c =Mk and Iy A1 c | =Xl
0 A2 0 A2

We can take ls = (0,0,...,1) and I; = (w,d1,ds). For l; we get the equations
wM = MNw (i)

Ady (i9)

wzo + Cd1 + )\2d2 = )\1d2 (ZZZ)

wzy1 + )\1d1

From (i), if w is not 0, then the original matrix will have a non-simple spectrum.
=Pw=0)=1

With w =0, (i4) implies we can take d; = 1.

_c

A=A

There are also some normalization constants which will go away in the final expression.
We are going to compute < ly,l1 >< 19,71 >.

Finally (it) gives ds =
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<ol >:(A1fA2)

_ -z1c " % c
<rg,11 >= (M = Xg) 1()\ 1)\ +22)zl (M- X)) T
17 A2 1= A2
2 2
O19 = —(M = )y 1 21217l M=) — || M=) ~2921*C? M-
= 12 ( ) | A |2( 1) |>\1_)\2|2+( 2) |A _>\2|2( 1)

where ~* denotes inversion and Hermitian conjugation together.

Taking expectations conditioned on all eigenvalues we get

E[tr(M — A1) "H(M - X\y)™*] 1
PYRPHE PYRHE

Eev(Olg) - _

Writing M = ULU” in Schur’s form, we take R, ! and U, to be (L= X1) and (L - A\g) respec-
tively. Then, if p; = A\; — 0; and u; = Ay — 0;, we have that

. ( R;El C ) Rn—l p%Rn—lc
R; = =R, =
0

Pn 0 L

and

=
L
I
P
N
[
-
S
3 o
\—/
S
Il
—_
=
S
_
£
£l- 3
,_.
o
N —

Y
S
I

*
( . 0 )
n
1 x77* 1
U1 &

We dub W2 = E[tr(URy)], take on both sides conditional expectations over all eigenvalues and
proceed using Eynard’s way

*

wt—an—lc 4 1

tr(U Ry,) = tT(U;_an—l)JFC - -
Pnln PnUn
1
= WD =B [tr(UsR,)] = W+ — W+ —
pnun pﬂun
:W£2)+1 = (W,(L%)1+1)(1+ 1— )
Prlin

n 1 n 1
:>W7§2)+1 = U(1+ ﬁ):g(l—’_()q—ai)(;\?_ai))

1
Epns2(O12 | A1 =1,y Apga = 05) = PAEWE _)\2|2 H( o, )()\2_0))
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2) Diagonal Overlaps

Similarly to the case above (note there will be no matrix U,,), except for starting with an (n+1)x(n+1)
matrix, we compute

E®(O11) =E**[tr(R," Ry)] -

where
Ro1* (i
R, =
1 % p* 1
=—C =
P n-1 Pn
and .
* *
Rn—l Rn—l ZRTL—I Rn—lc

%C*Rnfl*Rnfl ﬁ(C*Rnfl*Rn,16+ 1)

We dub Wél) =E(¢tr(R,"R,)), take expectations and once again solve the resulting recursion.

W = E(tr(R,*Ry)) E® (tr(Rp-1" Ru_1) + E(¢*Rp-1"Rp-1¢)

— +
|pn|2 |pn|2

E(t’l"(Rn 1 Rn 1)

PRERNTE

1
W(i) 1+ +—
" 1( lpn|? ) lon|?

wHi1 = (VVT(L})1 +1)(1+ |pl|2)

n 1
Ent1(O11 A1 =X, Ap=01,.. . Apy1 =0y) = H(1+ )
i=1

A1 =02

For the sake of brevity we will denote []i-, (1 + m) with W,(ll), instead of W,(ll) + 1.

4.2 DY)

Here we will do nothing other than work with D(n 1)()\). This was the first step, it’s the simplest form
of Theorem 1 and corresponds to what Chalker and Mehlig did in the diagonal case. As of yet, there
is no reason for orthogonal polynomials, since it all comes down to the determinant of a tri-diagonal
matrix. Such a calculation though becomes nigh impossible going forward, ie for D(” 2) (A, 0), since even
the determinant of a 5-diagonal matrix is not a reasonable calculation.

To be exact, because I find it easier to keep track of the notation this way, we will be working with
Dﬁ”l’l)()\). So let M ~ Gin(n,C) be an (n+1) x (n+1) matrix with eigenvalues A, A, ..., A,. We start
with the weight

W - H(1 T 1A |2)

This is how we first derived ourselves the simplest case of Theorem 1.

n n n+l _ _
D§1+171)()\) =B, (01 ]N)p™ D () = o N f o )2

n+1

3
/\
—_

IT(1+ 5 )\P)Hd)\d)\
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where we average over all A1, ...\, and Z,,1 is the normalisation factor with

n+1
Zn+1 = H j!ﬂ-n-H-
j=1
By taking separately all the terms involving A\, we rewrite the Vandermonde as follows:

AN =TT - AP HI/\ Aif?

i<j

= [ADAM)ETTIA- NP
and

AR = TTOw =2 T - A)

1<J 1<J
1 1 1 1"
= det M An x det M An
’Iil—l )\2—1 711—1 j\z—l
A TAA . YA
= det i i i
DIP VD YO VoD VD SP V) Vs
By inserting the above expression into the integral we have
1 2 }:Xi z:XiAi
DMLy n+ e / dX\;d\; T P det i i
00 = e [ e N T (1 g ) e ST
DA XA

1 A
_ (”+1)' —IA]? Xl A2 A2o
- andAdAe 4 1‘[( e )\|2)><det

Al el

since the expression is symmetric over all ;.

IRV
SN

STt

/_\2 /\g_1

yn-1yn-1
>‘n )‘n

Now, since each line is expressed in terms of only one of \;, by merging the product and the deter-

minant appropriately and passing the integral inside, we get to calculate integrals of the form
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f PEXTTNEL (A= M2+ 1)ds

where j and k range from 1 to n.

We write

A= NP1 = (AP + 1+ = (O +A\)

where the first parenthesis will generate the diagonal terms and the second the off-diagonal ones of the
resulting 3-diagonal determinant. The rest of the terms to be 0.

With a;j I will denote the (j,k) position on the matrix and not a particular element. Those will
be ay, bx and c,. We expect some factors of m which we will take separately as they will cancel with the

normalisation constant.

Remark: Note that this matrix is none other than M from 3.4.1, as shown in (99).

e diagonal elements (j=k)

—_ .2
fe Al

By taking polar coordinates and setting r? = x we get

= a[(AP+1)(k-1)!+E!]

=Sapr=(N\*+1)(E-1)+k! =

e upper diagonal elements (j+1=k)

f e XELAE O )

MPEDDR+ 1+ AP dN = (AP +1) f AP

a(A?+ D)T(k) +7l(k + 1)

A[2ED N, + f e 2R,

7r(|/\|2+1)fe_TQTZ(k_l)Qrdr+7rfe_r27“2k2rd7‘

7r(|)\|2+1)fe’xx(k’1)dx+7r/e’xxkdx

(k-DI(A*+Ek+1).

A f e 2R,
TAT (k)

T\k!

= —0k,k+1 = k!

times a factor of «.

e lower diagonal elements (j=k+1)

Similarly we get a1, = k! times a factor of 7.
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By setting ay = [A> + k£ + 1 and by, = \, the initial expression becomes:

D§?+171)(>\)

Note that the minus’ do not matter, because if one the products in the developed determinant con-

(n+ )"

n+1

(n+1)x"™

Zn+1

ap —l_)l 0
—bl as —2![32
0 —2!b2 2!&3
-[AI?
e det
0 —-3lb3
0
aq —Bl 0
—b1 a9 —262
0 —bg as
HJ' AP det
J=1 . 0 —bs
0

0

-3lbs

0

~3b3

0
—(n— 1)'671—1
-(n-Dy-1 (n-1)la,
0
0
—(TL— 1)l_)n—1
_bn—l Gnp

tain the (i,7+ 1) element, it will also contain the (i + 1,4), and thus they will cancel.

Finally, since

we have

n+1

Zn+1 = H j!’lrnJrl

j=1

(n+ 17"

Zn+1

And now to calculate the n x n determinant

H T

A2 +2 A 0
A A% +3 2\
0 A IA?+4
gn = det
A
0

ﬂ'n'

A

(n-1)A

A2 +n+1

We proceed by eliminating the lower diagonal elements by using row and columns computations.

Step by step:
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e after eliminating as; we have

121
a22 = Qa2 — ——
a11

AP
A2 +2

= M\*+3-

(AP +3) (AP +2) - AP
[A]2 +2

IA[*+4|\]2 + 3!
|Al2 + 2!
e after eliminating ass
2[bo|?
az— ———

a22

ass =

2PN +2)
%+ 42 + 3!

A +4-

IA[6 + 6%+ 18])? + 4!
L+ 4P + 3]

e after eliminating a43
AP+ 8AI® + 36]A1 + 96| A7 + 5!
S AB 6N 182 + 4!

44

So far we have

g1 |)\|2 + 2!

g2 |M4+MM2+$

IA[® + 6|AI* + 18|\ + 4!

93

Ga I+ 8A +36|A* + 96|A]% + 5!

Now taking into that its integral of the form
f e—|)\|2 |)\|2(n_l)dA

will produce an (n —1)! term, it’s not so hard to spot the following pattern.

g = |NP+2(1)

g2 = |[A*+2(2)\7 +3(2)

g3 = CH23) A" +3(2.3) M +4(3)

g1 = AP +2(4) A% +3(3.4) " +4(2.3.4) |\ + 5(4))

n n!
g - (1+ DD
z:Zo (n-0)!
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or

lf(n—u DIAR =3 (7)(; A1)

=0

M=

gn =
l

Il
(=)

We have to check that this formula satisfies the recursion
= (|)\|2 +n+1)gn1-(n- 1)|)\|2gn_2

We can take |A|? = z so I'll have to write less.

RHS = (x+n+1)nz (n- 1)( D! - (n-1)z Z(” M n-i-1)

=0 ! !

n+1)z(n.1)(n—l f; 1)'(n—l+1)x—(n 1)2(” 12))' 1)

n+1)z(” _1)( l+i(”;1)!1(n-u1)xl nzl(” _1) I(n-1).

=1 : =1

We will independently check that the terms for [ =0, [ =n and 0 <[ < n on each side match.

e [=0
-1)!
(n+1)(n0‘ ) n+0+0=(n+1)!
e l=n
LD oy
MR
e 0<l<n
-1 1 n-1 -1\
(n- )[(n+1)(n—l)+l(n—l+1)—l(n—l)] - (”“ M2+ ol n—1) +1]
i=1 =1 :
n-1 (TL— 1)| n-1
= 0 n(n—l+1)-zl'(n—l+1)
=1 =1
Remark: Note that g,(z) is actually just n!f,(z).
So altogether we get
DGO = ——e Mg (AR) = S fu(AP)

which corresponds with Theorem 1. This way has already almost reached it’s limits. Even for the
simplest case of the off-diagonal overlaps Dg’g)()\ o), or the diagonal overlap D(" 2)()\, o), we have to
resolve in heuristic calculations by assuming translation invariance at n - oo and take o =0. Otherwise
we end up with the determinant of a 5-diagonal matrix, which is no longer a realistic calculation. I'll
omit this part, as taking o = 0 yields very similar tri-diagonal determinants and it’s more or less the
same calculation. Having said that...
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4.3 Slightly different W," weights

Before we move to bi-orthogonal polynomials, I'll go on a small tangent. Nothing in this section is used
for any of the alternative proofs, although they could be, had we used a different approach. We are going
to do the same calculations, but this time using different weights, in particular

k
thl,z =11 (1 + m)

We do this mostly for future reference and because it is possible, but actually these weights do start to
appear when we use Eynard’s way to find a recursion, not for the overlaps, but for example quantities
such as the square of an overlap or the product of overlaps. Also I will briefly explain further down how
it can be used for the reduced kernel, instead of the LDU decomposition in 3.4.1.

We start with the case of k = 2, where
1) _ k
Woe=TI (1 + PESNE )

The differences only start to appear after we pass the integral inside the determinant and working the
same way as in 4.2 we end up with integrals of the form:

/}ﬂMVEAﬁQA—MF+2mA

Notice that the only difference will be a ‘+1’ to all the diagonal elements and thus we have to calculate
the determinant:

[\ +3 A 0 . . 0
A A% +4 2\
0 A IAZ+5  3A
9 = det
A
(n-1)X
0 A IA?+m+2

Again by eliminating the A\ one by one we get:

A2 A +6[A+3.4
A2+3 A2 +3

ag9 = |)\|2 +4 -

22 +3) NS+ 9N+ 36|\ +3.4.5

=\ +5- =
ass = [A]" + IA[* + 6|2 + 3.4 [AI*+6|A]% + 3.4

AP +6[A2 +3.4)  [A[®+ 12N + 72|\ + 240[\]* + 3.4.5.6

=\?+6- =
a4 = A+ 6 = o T 36 + 3.45 A6+ 9N + 36]A]2 + 3.4.5

42



and thus

&P = DP+3

g = ' +6AP+34

9 = NS+ 9N+ 36N + 3.4.5

g = AP+ 120 + 72N + 240|A\2 + 3.4.5.6

A bit harder to spot a pattern, but if we mutiply go, g3 and g4 with e and integrate A\ over C, we get
respectively

o 2! +3.2!+6.2!
e 3!'+3.3'+6.3!+10.3!
o 4! +34!'+6.4!+10.4! +15.4!

which suggests

(2) _ n n! (l+1)(l+2) )\Q(n—l)
In Z;)(n—l)! 2 A
2ol (n-l+1)(n-1+2
=0 °*

Once again we set = [\|? and we want the above expression to satisfy the following recursion:

g,ﬁf) = (a:+n+2)g,(12;)1—a:(n—1)g£2_)2
n—1 n— ! no(n— ! n-1 n— |
= (n+2) z;) ( 2”1) (n—l)(n—l+1)xl+l;( 2”1) I(n—-1+1)(n-1+2)z' - z; ( 2”1) In=1)(n-1+1)

Again, we check independently that the terms for [ =0, [ =n and 0 <[ <n on each side match.

/=0
(n+2)wn(n+l)+0+0:7(n;2)!
o l=n |
0+ =D 9020
2n!
e 0<l<n
nl(n-1)!
RHS = o [(n+2)(n-D(n-l+1)+l(n-1l+1)(n=-1+2)-l(n-1)(n-1+1)]
i=1 :
= n_l(n_1)!{[n(n—l+2)—2l](n—l+1)+2l(n—l+1)}
&)

Sl (n-l+1)(n-1+2)
2 >
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We move on to

(1)
n,k

:H(1+

k
|)\—)\Z-|2)'

Similarly to before, for a general k, the resulting determinant we have to compute is

INZ+k+1 A 0 0
A IN?+k+2 2\
0 A INZ+k+3  3X
g,(Lk) =det
A
(n-1)A
0 A A2 +Ek+n
Working the same way we guess that
(k) _ n n' (l+k) 2(n-1)
In - |)‘|
ZE) n—1)!
n nl
_ ZTL( l+/<:)‘)\|21.
iz !!
Checking that it satisfies the recursion
gﬁf) =(z+n+ k)gr(L —xz(n- 1)g(k)
n—1 _ | _ _ n _ | _ n—-1 B .
RHS = (n+k) (n 1)(n l+k 1) l+z(n 1).l(n l+k)xl—z(n 1).l(n
= ! k = ! k =
[ ] Z:O k 1 ( k 1)' ( k)|
n+k- n+k-1) (n+k)!
(n+k)(n—1)!( . )+0+0:(n+k)!(n—1)! o
"o ! (k
O+Mn( )+0: 1
n! k
e O0<il<n
-1 (n-1+k-1)!
RHS = lzl i T [+ k) =D) +Un =1+ k) = 1(n - 1)]

-1 (n-l+k-1)!

n(n -

l+k)

=

1

I

(n

nil

=

n%( —l+k).

—1)lk!

44



O

As I said before, we can use the formulas for gfabk) to find the reduced kernel. They enable us to find the

adjoint of M and consequently, the inverse. I am only going to give a sketch of this calculation. We have
the general form of (") written in terms of the bi-orthogonal polynomials

fﬁ(m(%y) _ Zk: Pk(xifk(y)

which we can rewrite as

() = )
k1

A
s<k

<k Ck

tr(CT'PW Q™)

= tr(QTCTIPW)

tr(M~W)

where W;; = 2'y?, C is diagonal and P, Q are upper trigonal. We essentially have the LDU decomposition
of M~" as seen in 3.4.1, where M;; =< z;, z; >, with respect to dwy(z) = wx(z)dzdz = (|)\—z|2+1)e_|z|2dzd2..
It comes down to calculating the inverse of M. We are also going to need []j_; ¢k, but because of the
structure of P and @, we can see from QTC~*P = M~! that []}., ck=detM, which we have calculated
previously.

Let {A};; be the cofactor matrix of M. Then

-1 _ 1 T
detM

Because M is tri-diagonal all of the elements of A end up being the product of 2 determinants, both of
the form g,(f), times a factor of A\. Then all that needs to be done is multiply with W and take the trace.

Still, this is not my method of choice.

4.4 Bi-Orthogonal Polynomials

In this section we are going to use an alternate method to the LDU decomposition, of calculating the
reduced kernel (™) as shown in 3.4.3, in (116) and (117). This approach is more in line with the deter-
minantal calculations so far in this chapter.

The aim is to show that the reduced kernel is given by

U n 2s s
) gy - 37 P 18 B

5 Y OB G TS (i)lfi(wz);l( ) £ (AP

>

This corresponds to (116) if we change the order of summation.

I'm going to use the following lemma, which I found in some of Gernot Akemann’s personal notes.
This way yield not only a formula for the reduced kernel «, (x,y), but also formulas for the polynomials
themselves, which although we don’t need, is nice to have.

Lemma 4.1: For some w(z) : C - C, define for ease < k,[ > to be

<k,l>= [zkéjw(z)dzdé.
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for some weight w(z).

Let A, be the following determinant:

<0,0>

<0,1>

<0n-1>

<1,0>

<1,1>

<l,n-1>

If we define the polynomials P, (z) and Q,(Z) to b

P, (z) =

and

Qn(z) =

<0,0>

<0,1>

<1,0>

<1,1>

<0n-1> <ln-1>

1

<0,0>

<1,0>

<0,1>

<1,1>

<n-1,0> <n-1,1>

1

z

<n-1,0>

<n-1,1>

<n-1,n-1>

<n,0>

<n,1>

<n,n-1>

<0,n >

<l,n>

<n-1,n>

A_l

n

then P,(z) and @, (%) form a family of monic bi-orthogonal polynomials with respect to the weighted

measure w(z)dzdz.

Proof: It’s easy to see that they are monic.

For bi-orthogonality one just has to notice that

and

<P,(z),7" >=

< zk,Qn(E) >=
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Now we are finally ready to find to the bi-orthogonal polynomials and all we have to do is apply the
lemma for the measure:

dw(2) = wx(2)dzdz = (A - 2|* + l)e_lz‘dedZ.

For this measure the polynomials take the following form:

aq b1 0 0 0
C1 a9 bQ 0 0
0 Co Qg bg 0
P,(z) = An(2)
0 Cn-1 Gnp by,
1 =z Zv2 gl g

First we already know what A, is from 4.2, where we also computed all the a;, b;,c;. It’s the first
tri-diagonal determinant we computed.

n

n-1 |
A, = w"Hi!z%(n—l+l)|)\|Ql
=1 [=0 "

rn-l+1
— ﬂ_n Z'z n l|+ |)\|2l
-0 :

n
i=1

= T A
=1

~

where .
n-l+
fu(z) =)

‘ .
i U

Let dj, be the coefficient of z; in the polynomial P,(z). Then

di = ATEUYR(AP) (1) bpsabriz-by

n

= (DA AR T f(AP)

i=k+1
_ V"
Fa(IAR) AF
N 2) = D" & ik 2
Pa(z) fnw)kz:%(A) Fe(A)

n=1+1_.1
i '

where again f,(z) = Y15,
Similarly ~
_ ()" & z\F 9

Qu(2) = 2 SY(Z) flIMP).

Now all that’s left for the kernel is the ¢ =< Px(2), Qr(Z) >. Remember that Py (z) and Qg (Z) are monic
and < Py(z), 2! >= 0 for [ < k. This means that
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AIc+1
Ay

Ck < Pk(z),ék >=

k+1 I—Ik+1 'L'fk+1(|/\‘2)
T o i i (IAP2)

fk+1(|>‘|2)
= w(k+1)—=—/———=.
AR
Now we finally have
1 n |/\|2s s s 27
'Y fi Fi (1A
i) - - L e () S0P % (R 500,
If we substitute A\ with v and A with fi, we get the more general form:
KO (gl = 3 i) £ Y (L) 1w
SZ;fS(VM)fs+1(VH’)(S+1)'zZ;( ) ;(ﬂ) !
which, after changing the order of summation, can be written as in (117)
n — — n),L 7] _
"Q( )(ﬂfaya%M) = G( )(77 %7”/1/)
v Qi
where
ey2)= - ¥ Y REE Y =
G\ (x,y,z)=— 'y fi(2) fi(z .
T4 5=1 ’ s=ivj Js(2) for1(2)(s +1)!
where

fi

Remark: Thanks to Lemma 1, we have a relation between diagonal and off diagonal overlaps, which is
the reason that knowing the reduce kernel is sufficient for both cases. Had this not been the case, then
we would need the kernel corresponding to the off-diagonal weight of the form

WP ()= (z-0)(z - p)[1 - (z-v)(z - )]

If we call

Wiy (2) = 1= (=) (- m)le T

then w! (z) can be written as
Wi (2) = (2 -0)(z - pwf)(2).

Note again that we know the orthogonal polynomials and kernel with respect to w (z) since they are
the same as for wy(z) = (1 +|z - A*)e” I if we just substitute A with v and X with f.

As it has been already mentioned, if we know the orthogonal polynomials and kernel for w,,u)(z) there
are formulas in [3], which give both the orthogonal polynomials and kernel for a measure of the form
w,%)( )=(Z-0)(z- u)w,(jh)(z). But this creates a huge mess we would like to avoid, or more like had to

avoid. Lemma 1 is of huge importance to the study off-diagonal overlaps.
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4.5 Alternate way to simplify the reduced kernel

Now we are almost ready for the final part of the simplification of the reduced kernel, where with the
help of contour integrals we are going to derive relation (150) from 3.4.4. First we need to massage
G (z,y, z) a bit further. We require a lemma similar to 3.3.

Let k=ivyj

Lemma 4.2 Call

n S

Mak(:) = 2 s G D

Then
P ko (n+1)!

fe(2) frs1(z)(n+ 1! SZ:;) (s+k+2)!

M, 1(z) = [(n-k-s+1)(s+1)+(k+1)]z°.

Proof: Not much too this proof really. We notice that

_ z+ (k+3) e
M) 2 F1(2) fraa(2) (k +2)!
B z2+(l~c+5)z+(k+3)(k+4)zk
Mk+2,k(z) = o) () (s 3)]
Missn(z) = B+ (k+7)2%+ (k+4)(k+7)z+ (k+3)(k+4)(k+5) "

Ji(2) frea(2) (K + 4)!

and so on. Now this may seem very out of context, and it probably is, but the numerators are given by
the following determinants:

N2 +k+3 (k+2)\ 0 0
A INZ+k+4 (k+3)A
0 A IN2+E+5  (k+4)A
h,, = det
A
(k+n)\
0 A A2 +k+n+2

which I happen to have already computed to be

ko (n+1)!

hn(2) = Z

70m[(n—k—s+l)(s+l)+k+1]2s.

Nothing unusual to it, just one more tri-diagonal determinant in a line of many. The only relation I can
see, is that for k =0, h,, is the tri-diagonal determinant I had to compute for DY{Q) (A, 0) with 0 =0. So
I'm guessing the numerators of M, ; correspond to the main sub-determinants of h,,.

Anyway, having already seen the pattern, the answer is:

2" ko (n+1)!

Mk (2) = F1(2) frr1 () (n + 1) ZO (s+k+2)!

[(n-k-s+1)(s+1)+(k+1)]z°.
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Working a bit on M, (z) and plugging it back in, we derive the following expression

2™ _o_n+3 K fi(2)f5(2)
¢ (1'7%2) fn+1(Z)Z2 mzzomyj fivj(z)

fni1(2)22 i,5=0 ! fivi (2)

An,ivi(2) (4)

By,ivi(2) (71)

where

Anj(2) = zefii(2) - (G +1)e}i5 ()

Buj(2) = 2%€}(2)-zjefil (2) - (G + Deli3(2)
and

n_ S
n _
$=)

Now we are ready.

4.5.1 n=o

Although n < oo is what we are after, since this is a very long calculation and we are interested in both
cases, with n = co corresponding to the bulk limit in Corollary 1, I find it wise to start with n = co to
understand how the process works. Note that f,(z) = (n +1)e™(2) - ze" 1(2), therefore (ii) goes to 0
as n goes to oo. Thus taking n — oo is significantly simpler to work with.

As for (i), we break it in two parts, C and Co

S aig ) ) ) S A ()t S @ () A ()L

4,5=0 fz’vj(z) i,j=0 i,j=0
= Cl + CQ.

Going to use the following identity to rewrite the 2 sums. Might as well call it a lemma.

Lemma 4.3: Using contour integrals, the following indicator functions can be re-written as

) ) J ,wt—j J wtI ®@ .
1.5, 1 = J<1§ w = jg w w w| <1
= ; =t ; 2miw 27riwt;) (jw<1)

w'™

= d _—
jg w27riw(1 -w)
and similarly o
wl ™
e f a2
I= w27ri(1 —w)
where w € C with |w| < 1. O

Thus we get the following expressions for C7 and Co
= § o5 (L) Ay (2) S aw) ()
2miw(1l - w) Z\w I
and

Co= f s S ) 1) 3 (5) Aese)

j=

50



Here is the main idea.

Both C; and Cy are integrals over circles T' = {re? : 0 < § < 27}, for which all we need so far is r < 1.
This gives us a lot of leaway. Also notice how they seem to be one transformation away from eachother.
Now w is nothing but a dummy variable we eventually need to get rid off. What we aim to do is find I'y
and I's for C7 and Cs respectively, such that no poles are included inside the circles other than 0. Then
we will apply the tranformation w — % to I'y and shrink the new fg down to I';. This will yield —-C}
plus all the residues, and those residues is the answer we are looking for.

First things first, we need to find I'; and I';. We start with Cy. The expression for C; includes two sums
on which we will work on separately.

D) fiz) = 3wy e = 5 S S (i s+ 1)
=0 =0 s=0 . s=0 °* i=s
(o] (xwz)s [ee] i B exwz
- s;) ; igo(xw) (i+1) 1)

From here we can see that we want |w| < |z|™*.

Now for the second sum,

) [ee1(2) - G+ Degen(2)]

™3

g |<

0

i(i)jAm,j(Z)

<.
Il

> (
> (L) 20 (2) (1)

o\ w

(L) G e, (2)

3=0

M8

<.
I}

This is also too long to be done altogether, so we once again split it in two parts, (1) and (2).

(1) - i( ) e (2) = 2

0o oo s 0o s - mzs(s—l)%s—S%S_I 1
@ - E@en £ 5-EIg a--E] ((3 y)(2) +
- olE s ger£3)

%(e%—l) (625_1_%/+Zew_z)+(e -1- Z)]
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from where we can see that we also need |w]| < |yl.

Putting back everything together in the initial expression for C, we have

dw [ erv® z .z 1 z o
=0 = fFlme(l—w)-(l—xw)Q(l—y(e —ew)—(l_y)2[(j—1—z)ew+e])]

w

B dw e.’sz Zez eZ N eIwZ eiwy
~ Jr 2miw(T-w) | (- aw)?\T- £ (1_£)2 (1-aw)? (1_g)2
. 1
where now we know we want I'; = {re’e :0<6<2r} with r <1, ﬂ, |y
x

Note that the first part in the last expression for C7, the one which does not include any e temrs, gives
0 since there are no poles. So, by setting

Tz

g(z) = m

we have that J
= [ srwi ()

r; 2miw(l —w

and similarly, for it is the same calculation,
dw T
Co= [ z
>" Jr, 27ri(1—w)g(yw)g(w)

) 1
where I'y = {re? : 0 < 0 < 27} with r < 1, ol ||
Y

By applying the change of variables w «— i in Cy it becomes

Cs = —/ 76111) 9(%)9(55“1)

r, 2miw (1 — w)

- ) 1
with FQZ{re’9:0§9327T}7T>1aﬁv|y|-
X

Now, by shrinking I's down to I'y, we get the residue contribution from the 3 poles and Cy can be
written as

dw g(aw)g(2), 4
C2 = - Iy 2mw(1_w)g(:cw)g(%)—Res w(l—w) l’x’y]
g(ww)g(%) 1
=>C1+Cy = —Reslw‘l,x7y].

w(l —w) i}i_r?l(w—l) w(l—w)

Reslg(m)g(};) |1l g(aw)g( L)

Tz ev?

_g(x)g(y): (1_33)2 (1_y)2
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. (w—y)2 eTW? e%
im —
woy dw| w(l -w) (1-zw)? (1_£)2

d eflf'LUZ‘f'ﬁ w
= lim —|——

w(l—w)

Res[guw)g(z)'yl

wy dw| (1-zw)21-w

Going to compute the derivative separately

d exwz+% W d ewwz+% w emwz+% d w
dw| (1-2w)21-w T dw (1-z2w)? 1—w+(1—xw)2% 1-w

e[ 0= B0 s 20 w0)(0) w1 10w —w(-)
| (1 IL"lU)4 1-w (1_1"11))2 (1_w)2

_ wwz+%—(mw_7)(1 Tw) + 2w 1

- i (1-zw)? 1-w  (1-zw)2(1-w)?

ewwz+1{uz{ [(xw B 7)(1 xw) + 21'] (]. —w) +1 —xw}

(1 -zw)3(1 - w)?

g(xw)g(%) . prwz L yz
= Res m‘y = &)13/ (1_xw)3(1_w)z{[(ajw—E)(l—xw)+2x]w(1—w)+1—xw}
eTYztz

= =921 —zy)? [z(l —ay)(y-1) + 2y - 22y + 1]-

Reslg(xw)g(i)‘ll _ dl(w_i)2 erws e

w(l-w) lz ul} % w(l w)(l—xw)z(l_ﬂ

e efs
—

[\
—

d ewwz+£ w
lim — 5
w1l dw| (zw-zy)? 1-w
Once again the derivative is
d 6rwz+?’1‘Tz w d exwz+% w ezwz+% d w
- - + -
dwl| (zw-2zy)?1-w| dw|(zw-2z2y)? |1-w (zw-2z2y)?dw|l-w

_ ezwz+wl(xw_ %)(zw—xy) -2z w N 1 ]

(zw - zy)3 1-w  (zw-2zy)?(1-w)?
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= Res

w(l—w)

g(xw)g(y) 1 . prwt L 5
N S l = il_{né (xw_my)g(l_w)z{[(xw—%)(mw—xy)—2x]w(1—w)+xw—xy}

- (1 _ ;;y(?z_ xy)g [SCZ(I - :Ey)Q(:E - 1) — 22+ 2z - xgy]_

Now we just need to have faith.

R g(xw)g( ) xw)g( ) Ty
Ol e i |~ Ty

TYz+2

|y + Res [z(l—xy)2(y—1)+xy—2xy2+1]

(&

T a2(1-ay)?

[wz(l —ay)?(z-1) - 2% + 2z - xsy]

_ oz P =D —2y)? (A - 2)? + 22(1 - 2y)* (@ = 1) (y = 1)°] + [(wy — 20y + (1 - 2)* + (=2 + 2 - ?y) (1 - y)°]

(1-9)2(1-2)*(1-ay)?

= ptYztz [—Z(Sv—l)(y—l)(l—xy)B]+[(1_my)3] ) eTYZ+Z e .
) (I-y)2(1-2)2(1-zy)3 (z-1)2(y-1)2 [1 (z-1)(y 1)]

Altogether we have

. - adeﬁ)ll
TG (2,y,2) = - L2 es W Y
e % ezz+yz eryz+z
= S + 1-z(z-1)(y- D]}
ot (z-1)%(y - 1)2 (x—l)z(y—l)Q[ A= D(y-D]}
Substituting back to the original variables z = vy, x = £ and y = 2 we get the final answer
1 e’y
(bulk)( - v e () _ _ _
K x,y|u,,u)— € 1+(l‘ V)(y :u) .
W(x—V)Q(y—u)Q[ ]

O

Here you may notice some discrepancies between this answer and the one given by (44) in Corollary

1, but that’s because (43) and (44) have been written in a more symmetric way, while this result uses w
as in (33) and without the &

Now is time for the longer computation, which is thankfully is no longer that much longer for we have
done some of the work.

4.5.2 Finite n

Reminder that

n+3 N sz(z)fj(z)
fni1(2)22 i,j:Ox Y fivi(2)
) LR
frr1(2)22 i,]z-;o%yj fivi (2)

WG(”)(x7y,z) Apivi(2) (1)

By,ivi(2) (71)
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where

Anj(2) = zefii(2) = (+ Def3(2)

Bnj(z) = 2%e}(2)-zje}ii (2) - (j+1)efi5(2)
and

n ZS
n
s=j °*

The main difference for finite n, is that (i¢) is no longer 0. Still, there is also more work that needs to
be done for (). But now we know the poles and those do not change.

For part (i) we have

j§2mw(1 w)Z( ) g(Z)Z(xw fz
and

9§2 i(1- )Z(y“’)JfJ(Z)Z( )Am(Z)-

Like before, C7 and C5 are very similar, thus we need to do the work for only one of them. We again
take each of the sums in C'; separately. Since we know the poles, now the aim is to simple split the parts
with singularity at 0 from the rest.

I
M=
M&
0
S

S (@w) fi(2) 2= S ) (i s+ 1) Z (m’z)s > (aw)'(i+1)

i=0 i=0 5=0 s s=0 5* i=s '3

(zwz)® (n-s+1)(zw)"**? - (n-s5+2)(zw)" " +1

= s (1-2w)?

1 (;rwz)S (xwz) (n-s+1)(zw)" 52 - (n- s+ 2)(zw)" s+
(1-zw)? ;) Z ! (1-zw)?

1 n+2

Twz)* .
) (1-zw)? Z Z ( ) 1D(x,2,w) = gneo(zw) + 0" D(x, 2, w)

where D(x,z,w) has no singularity at w =0 and that’s all we care about.

e This computation is very similar to before and yields
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(%)jAn,j(Z)

=

i@f&#ﬂ@%wh#ﬂd

<
I
(=)

env2(22) ) Z(l - %)eml(z) —ens2(2)
(1-+) (1-2)
2(1-2)enia(2) - ensa(2)

(1-2)

= gn+2(%) +

where "(22)
gn(x) = (1—%)2.

To avoid confusion we call

en@) =)= 3 5
s=0 °*

as in .
HOEDIE
s=j °°
for j=0.
y
= diw n+l Y Z(l - E)en+1(z) —en+2(2)
= = ' 2miw(1—w) [9n+2(mw) +w D(x,z,w)]lng(w) + (1 - £)2

with I'; same as before.

Note that

1 2miw(1 - w)

w z 1—% Cn+ (Z)—en+ (z)
ﬁ dw7z+1D($,z,w)[gn+2(i)+ ( ) 1 2 l

2
y

(1-%)

since g,L+2(%) has a pole at 0 of degree n, thus the whole expression has no singularities inside of I';.

Therefore
dw Y
o Tl
! Iy 27riw(1—w)g w2(2w)g +2(w)
and

c, s gam)ga( D)

T, 2mi(l-w
. ) 1
Working the same way as before, we apply the change of variables w = — on Cy and get
w

_ dw y
Cs = —ff ﬁgywa(a)gmz(xw)

» 2miw(1

= Cl +CQ =—-Res

gn+2(xw)gn+2(%) 1
w(l-w) ‘LEJJ '
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This is just more residue computations I'm going to omit. So after a bit of suffering and substitut-

ing back to the original variables z = vu, =% and y = £ we have
v p

(i) = (n+3)ens2(ry)ena (Vi) l€n+2($#)6n,+2(yy)

I G ] e e e oy A A ”’“)l

where

H,(z,y,v,pu) = (z-v)(y-p) (V:u)nJrlen(xy) - (a:y)n+1en(yu)
! , nle, (zy)en (Vi) Y-V

or without substituting back to the original values.

(2) _ (n+3)6n+2($yz)en+2(z) len+2(xz)en+2(yz) -1 +Z(l‘— 1)(3/‘ 1) +Hn+2(x,y,z):|

" e ()22 - D2y - 0| enna(@y)ensal2)

where

_ 2@ =1)(y-1) [2en(wy2) —ay(ayz)"en(z)

Hn(@,y,2) = nle, (zy2)en(2) ( zy—1 )
If we call
gn(zW)Gn %

F.(xz,y,2) = —Res w(l—w())|1’ 1,y]

then ntd
(i) = mFmg(x,y,z).

We also have part (ii) to deal with
We once again split it into two parts C's and Cy.

n ; fl > f > n ;o n i
Z T ijBn,ivj(z) = Z z'y’ fi(2)Bn,;(2)1)5 + Z 'Y fj(2)Bn,i(2)1
i.5=0 fivicz) i,7=0 i.5=0
= 03 + C4

where
B j(2) = 2°€}(2) - zjejil (2) = ( + D)efi3(2).

The idea is still the same and exactly like before we get

5627mw(1 w)Z( ) "J(Z)Z(ww) fi(2)

and

j§ 27'(2(1 Z:l: yw)JfJ(Z)i(i)anl(z)
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Again, dealing with only Cj suffices. We have already done the work for ¥i",(zw)* f;(2), so we fo
cus on '

(Y (Y n n ’ n

> (L) Buse) = 3 (L) () - 206t () - G+ D3 ),

j=0 "W j=0 W
We will do this in three steps so we don’t get lost

B(yage - 2R ER-2ES 5

O IO R I C EPIEEE o)

n+1 s(l—ﬂ)
= (1_%)2 +Z;% 1-%
2L 2 S 2L
R (j"y)+(1—g,)2€+l(i)+(1_g)2

e and we have already computed

'Mﬁ

() G0 (- e () () -
J (1-)

Altogether we have

6L+2(7y) 5
w
2

:>Zn:(g)JB ) - zen+1(%) X 2(1_%)6"(2’)+Z%e"+1(z)—e"+2(z)
S w/ T 2

(1-2) (1-%) (1—3)2

Zgn+1(i/])+gn+2(y)+wD (y,z,w)

where D,,(y, z,w) has no singularity at w = 0
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Therefore the expression for C's becomes

03:[ _dw
r; 2miw(l — w)

After getting rid of all the terms with no singularities at 0, all that remains is

w

Ini2(zw) + w"*an(x, z,w)”zgml(i) + gn+2( y ) + wﬁn(y, z, w)]

Cs = / Ch”lzgml(mw)gml(i) +gn+2(xw)gn+2(i):|

r; 2miw (1 — w)

and similarly for Cy

Cy= f Cm)lzgml(yw)gnﬂ(z)) +gn+2(yw)gn+2(i)]_

ry 2mi(1 - w

Following the same argument as before, we change variables on Cy, shrink 1:‘2 to I'y and get

gn+1($w)gn+1(%) 1 gn+2(xw)gn+2(%) 1
C3+C4y = -zRes |1,7,y — Res | y =Y
w(l-w) x w(l-w)
= ZE}+1($ay72)*‘P%*2($ay’z)
= (i1) ! Frio(z,y,2) + : Foi(z,y,2)
1 7 7 N odin 'Y, 7 7 N oin yYr <)
fn+1(Z)Z2 *2 Y fn+1(2)z2 o y

So, summing (¢) and —(iz), the final expression for G, is

n+2
TGn(2,y,2) = g laee(y,2) -

fn+1(Z)(Z)2 Fn+1(1’7y72)

_c
fn+1(z)32

(n+2)ens2(2yz)ensa(2) l€n+2($3)en+2(yz)

Fr ()7 (2~ D2~ D7 | enma(mpennn(z) o0 DT H””(x’y’z)l

_ zensi(zyz)ensa(2) eni1(22)enia(yz) e ) o
fn+1(2)22(33—1)2(9_1)2Ln+1($yz)en+1(z) 1+ ( 1)(y 1)+H"+1( Y, )l

where

]{n(wvyaz)

_z(z-1)(y-1) (z”emyz) —xy(xyz)”em))'

~ nle, (zyz)en(2) zy—1

After changing back to the original variable, the final expression for the reduced kernel for finite n
is
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n+2 ian

™ (n+1) n+ ' -
R @) = oy T B ) = e

Fn+1(xa Y, I//l)

(n+2)ens2(ry)ena(Vi) | enva(zp)ensa(yv)
fari(vp)(z = v)2(y — 1)? | enva(zy)ensa(vi)

-1+ (1‘ - V)(y—u) +Hn+2(I7yaV7N)l

visen1(By)en (o) le"“(””“)e"“(y”) ~ 1+ (@ =) (y =) + Ho (2,90 u)]

o) (@ = v)2(y = p)? | ensi(@y)ens(vu)
where
Hy(z,y,v, 1) (z-v)(y—p) [ ()" en(zy) - (2y)" en(vp)
e nlen (zy)en (Vi) Ty -V )
So

l (n+ 1)Fn+1($>ya’/,ﬂ) — VMFn(%y,MM)
m Fa(vp)(vin)?

£ (2, ylv, p) =

which although may not look like it at first glance, does correspond to (34) from Theorem 1, if you take
% to be part of the weight and take into account the definition of §,. Through F,, (34) is a much slicker
way to write down the reduced kernel, but I also do like F}, for you can write the reduce kernel in terms
of it, even without computing the residues. Not that this H,(z,y,z) and the one used in (149) are not
the same, so it is a bit of an abuse of notation. But they are almost the same, since we where actively
trying to match the two answers. I’ve kept them as they are to include some context as to why we are
handling the sum in 3.4.4 the way that we do.

Even having the above answer, matching it with (134) from chapter 3.4.4, took us more than 2 months.

Needless to say, getting to the final expression from (134) is not at all obvious and would probably be
nigh impossible.

4.6 Bulk and edge scaling limits

In this section I'll present in much greater detail the computation regarding the bulk and edge scaling
limits, from Corollaries 1 and 2. Nothing interesting happens here, just an endless computation as
n — oo. For those calculations I'll use the reduced kernel (™) as shown in chapter 4.5.

4.6.1 Bulk Scaling Limit (Corollary 1)

Diagonal Overlaps:
In the bulk, the conditional overlaps scale as n, thus we use the following rescaling:
1
011 =—<7r1;,7r1 >< llall >
n
A quick reminder of where we are and what we are doing. We have

DI (AE) = E(O11 A, A,y oy M) p™H (AR
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for k=1,...,n, where AR = (A1, Ageey Ap) and p(”’k)(/\(k)) is the k-point correlation function.

Then 1
Dﬁulk,k)()‘(k)) _ 7}1320 EDﬂz,k)()‘(k)).

We have from Theorem 1 that

2 5 _
Dg’;””()\“ﬂ)):we—w det [K{TV (2]

2<i, j<k

where - -
K%T)(ZEJJ) = W("E,.’f, )‘17 Al)ﬁ(n)(x7g|)\1u A1)

We want to compute the bulk scaling limit as n — co. Only two things we have to do. First we take the
limit of the term outside the determinant as n — oo, alongside the rescaling factor of n.

f"‘1(|/\1|2)e‘“1|2 _nen1 (M) - |/\1|26n-2(|)‘1|2)€—\h\2 neo 1
nm nm s

Secondly we take the limit of the reduced kernel. For (™) we can, and have seen in 4.5, that in the bulk,
not only the terms H,, disappear, but there is also no contribution from the second half. But here we
shall use the reduced kernel for finite n and then take n to infinity in order to be consistent.

env2(TA1)ent2 (?{\1)
en+2(T7)en+2(A1A1)

. 1 2)ens2(xg)ensa (A1)
H(n)(x7g|)\1’/\l) _ (n+ )en Q(xy)e +2(/\1)‘1) l

T T ) (@ - A2 (5~ )2 G ﬂ’””“”’”’““]

AArenia ()ensa (M) l ens1 (A1) ens1 (v) 1+ (2= )G = M) + Hoor (2.5 0 A1)]
n+ 9 ) )

_fn+1()\15\1)($ =A1)2(7 - A1)?| ens1(zy)ens1 (A1 A1)
n—oo l eTY _ e_(w_,\l)(g_j\l) _ [1 _ (33 _ )\1)(@ _ 5\1)] _ K;(bulk)
7 (= A1)2(7 - )2

So for the bulk limit of the diagonal overlaps we have

bulk,k 1 bulk <
DR A®Y = = det [K{T™M (A, A))]

T 2<i,j<k
where

" _ L(1+|z= M P)e @8]\ Sy 5
e (bulk) 7 _ _ (@=A)(G=A1) _[{ - (g -\ -
@ = S | (1= (=)= )]

1(1+]z =\ [2)e- @A) E-2) A ) (X - A ) (F-X
= ;( |(x_/\11|)g(y_/\1)2 AT (1 N ) (G- Ay) - [T ]

(Lrle= M) oy
T dz

z _
z=(z-A1)(J-A1)
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This corresponds to (41)-(44) from Corollary 1.

Off-diagonal Ovelaps:

From Theorem 1 we have that the weighted multi-point intensities of the eigenvalues are given by

e~ AP =rzf?

DM (A®) = - FartnA2)w" D (g, M [As, Az) jJet [KEV 0w A

We want to compute the bulk scale limit

1
Dgl;ulk,k)()\(k)) _ T}glolo ﬁDch)()\(k))

We already have K gum), < (8%%) and the weight w does not change. Then a straightforward computation
yields

1
Dggulk,k)()\(k)) - lim —Dg’k)()‘(k))

n—oo n,

€_|>\1|2—|>\2|2 n€n—1(>\15\2) - /\15\2€n—2()\15‘2) H(nil)()\g

. N N n-1 N

= AEI(}O— - - )\1|)\1,/\2)3£(113t§k|:[(§2 )(/\“)\])]
—MP-Aef? -
e Az (bulk 3 3 bulk 3

= e A2 ( )(,\2,)\1|)\1,/\2)323tsk[[(§2 >(,\i,)\j)]

- - A [ G 12 g = A (= R)]] det [KE (A, 2))]
7T2()\2—/\1)2(;\1—5\2)2 2 ! ! 2 3<i,5<k 12 v

| [ deree e )
= det [K(bulk)(x 5\')]
w2 —[A1 = Aot jdet [ Ky 5y

e KB (T

72 3<i,j<k A
Z==|A1TA2
where
B _ (bulk) TP 5\ (bulk) ;\ A ;\
(bulk) ;N _ w(z, T|A1, A2) " (@51h1,22) - % (2, ArfA1; A2)
K ) = KOUR) (Xg, A1| A1, A2) (bulk) (y. =\ X (bulk)(y. 1
’ ’ K ()\27y|)‘17>‘2) KA ()\2,)\1|A1,>\2)

w(@, A1, A2) = [1+ (2= A1) (7 - A2)]e™
and

1 ey

(bulk) 7 A) = — _
K (,91A1, A2) T (- 22T - h)?

|‘e—(r—>\1)(y‘>‘2) — [1 - (1‘ - Al)(:’] - /\2)]‘|
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4.6.2 Edge Scaling Limit (Corollary 2)

Here we prove Corollary 2, but this time in great detail. It’s not even an alternate proof, I'm just
going to go through all the miniscule computations that are required. We need to include terms of
order n’%, which makes this a very lengthy computation. It’s as straightforward and long as it gets, so
even though I'll go in great detail, it will be light on explanations as it feels as more of an appendix entry.

Weset v =/n+z’ ,y=/n+y ,v=/n+v' ,u=/n+y. Also z=vu=n+/n(v +p)+v'1 =n+/na+b,
where a=v"+p’ and b=0v"y/.

Note that it makes no difference as n — oo whether we have k™ (y/n+z’,/n+4’) or k" 2(/n+a',/n+7y').

Before we even go near the reduced kernel, we need to go through a long list terms which appear
down the road.

Step by step.

Zn+1 (n+\/ﬁa+b)n+l ,nn+1( +i+é)n+1: nn+1 (n+1)log(1+%+%)
nl\/n nly/n nl\/n vnoon nl\/n

n+3

n"t2 a b 1/ a b a 15,3 4
S exp{<n+1)[(ﬁ+n)_2(ﬁ+n) TERLN )]}

1
n"tz a> a ab ad
= b=+ — - — + —— + O(n"
o exp[via SRV AN AN ARG )
nn+% 1

= Teﬁ“”’_%[l + ﬁ(a —ab+ %3) + O(n_l)]

= \/eg_ﬂe\/ﬁ“bf[l + —(a —ab+ 2—3) + O(n’l)]

-

a? 1
= m[1+%(a—ab+§)+0(n )]

where we used the Stirling formula for w = n.

_ w+% —w 1 1 -3
MN(w+1)=V2rw“ 2e [1+m+m+0(w )]
Two other similar relations that will be useful are
2
Zn+1 ez—% 1 a3
= 1+ —(a-ab+—)+0O(n!
(n+1)! \/27771[ \/ﬁ(a wr 3)+ ()]
and
+2 o’ 1 3
2" efF T a
= 1+—(2a-ab+ —)+0(n )|
(n+2)' 27‘(‘n[ \/ﬁ( ama 3) (’ﬂ )]
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ez oo t eZ 1 oo eZ 1 o] !
—t =TZ — —
en(z) = — f thetdt =" =" f e TAdr = — 2" f eI dr
nl Jz n! 1 n! 1

n+1 2 3

. z oo B oo t t
L %z”” fo enlos(t+1)=(t+Dz gy 27 /0 exp [n(t —gtgt O(t4)) - (n++/na+ b)t]dt

Zn+1

fooe [ r at bt + v +O(n_1)]dt
ool - o 2
v Jo FPLT NORENG

||§‘ﬁ

= ;'7:;15 /Oooe_f_“t[1+\}E(—bt+§)+0(n_l)]dt

n+1 3

= :'\/E[fome’é’atdt+%fome’é’at(%—bt)dt+0(n71)].

Reminder that

1 had t2
F(a :—[ e 2 dt.
(a) 5,

Before continuing with e, (z), we need to step aside and compute

fow e‘%‘“t(g - bt)dt

separately, by splitting it into two parts:

1)

bfo (-t)e 7 ~dt = bg/; 6_%_atdt:b§e%f e_%dt:bae%f e Tdt-beTe T

da a

a2
abV2mwe = F(a)-b

and
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2)

b t3 2 1 83 42 1 83 a? 42 1 82 a? 42
f 36‘7—‘1%& = 3548 f e~ Tt gy = —gﬁeT f e zdt= _,7[%7 [ e 2dt-1]
0 a 0 a a a

= —é[(3a6§ +a36§)fw6_§dt—(1+a2)_l]

3 .2 2 92
= (—%—a)\/27reTF(a)+ a4 ; .

Altogether we have

R SRy,

Back to e,(2).

=en(2) = W{F(a} + %[(— %3 +ab—a)F(a) + i;;%a%r;_sb] +O(n_1)}

S

= ez[l + \/15((;3 —ab+ a) + O(nl)]{F(a) + %[( - ? +ab—a)F(a) + j;_ﬂ-az-k;—?)b] + O(nl)}

a2
e T a2+2-3b

= eZ[F(a)+\/ﬁ 3

+ O(n_l)].

Note that

,[12

% 1a?2+2-3b
( +k
V2mn 3

enik(2) = ez[F(a) + ) + O(n_l)].

This can be seen from the term

fooe(n+k)log(t+1)—(t+1)zdt _ fooenlog(t+1)—(t+1)z(1+t)kdt _ fooenlog(t+1)—(t+1)z[1+kt+0(t2)]dt.
0 0 0
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2 3
Zn+2 ez_% 2a —ab+ %
€n+2(2) = ]

en+1(2)+m :€n+1(2)+ \/%[1"" \/ﬁ . +O(TL_1)

2

a_
2

V2mn

z—

+e*0(n7t).

= ep1(2)+

n+1

(n+1)!

Fsi(2) = (n+2)ens1(2) - zen(2) = (n+ 2)[en(z) + ] —zen(2)

(n+ 2){en(z) + i [1 + (a —ab+ %3) + O(n_l)]} - zen(2)

Sl-

W2 z— % 3
= (~avn-b+2)e,(z) + 2362_7 + e\/2_2 (% —ab+a) +e*0(n"?)
™ us

n ,_a° 7Z+ﬁ 2-b 1 CLS -1
\/ge 2[@ 2(—a+ﬁ)\/ﬂen(z)+l+ﬁ(§—ab+a)+O(n )

1l
[N}
<3
9]
i
l\)‘gm
—_——
|
S
|
N
3
99
m‘am
o
—
s
~
+
|~
IS
N
+
[\
w
S
S
~
3\
—
N—’
| —
+
—_
+
—
| S
|
Q
S
+
S|
~——
+
S
—~
S
|
~
———

Ve [1-avare Fy+00h]

_(m’+u’)2 _(y!+vl)2

et

V2t

yv

env2(Tp)ens2(yr) (en+1 (zp) + + e'”“O(n‘l))(enn (yv) + =

A +e?0(n” ))

. 2
yy_(y’+21*')
€n+1\Yp) t€

& uD? N _
nst (ap)en (y) + —o==[e™ enni (zp)] + €O ™).

Once again, we are going to work on them separately. Also a,c and b,d are going to be used
in the place of sums and products respectively.
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2 3
Tp—% (yy)n+1 ew#—a— eyy—% c—cd+ %
en en(yv) + = en(yv) + 1+
= eni(un) =)+ ) - e | e+ = (e — )
a2
et T

Ton en(yv) + VO (nh)
™

2

TH- e‘§ +2-3d
eV | F(c) + +O(n Y|+ e vo(n
=" [F)r =" ()] (n™)
_ eTHFYY e‘%F(c) . ew’”y'/O(n_l) _ ETHYY e_(u:’+2u’)2 Bl ) + elﬂﬂl’/o(n‘l)
V2mn 2mn
= nraom)ensa(y) ()enss o) + S [ TR )+ R ) 000 7H)]
enva(zp)en v ent1(zp)en v e v)+e T n
+2(TU)ens2\Y +1 (T )En+1\Y \/ﬁ Y %
and similarly
en+2(2y)ensa(pr)

eTYtuY
ens1(Ty)ens1(pv) +

(m/Jr, r)2 (L!+VI)2

[e_ 7 F(u' +v')+e” :
2mn

We are going to come back to e,+1(xy)ens1(vu) later.

2

F(a'+y)+O(n"%)]

" (vm)"™ e (a9) (29" e (1)
v)" e, (zy) - (zy)" en (v
hn(x’y7l/’/’L) = n'
Then
- n+2)e" 2 (zy)e" 2 (vu

n+1 n+1
G (e @y = 1 gy

frnor(vp)(z - v)2(y - p)?

Hp (33’ Yy, v, U)
_ (z-v)(y - p)
frar(vp)(z -v)2(y - p)?

(zy — vp) [(n +2)hpso(z,y, v, 1) — (Vi) hnsa (2, v, y,ﬂ):l'

We dub J = (n+2)hpea(x,y,v, 1) — (Vi) b1 (2, y, v, 1) and compute it separately.
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) ()" Pensa(zy) - (2y)" Pena(vp) (vi1) ()" 2enn (zy) - (2y)"en ((vp))

<
1l

(n+2

(n+2)! (n+1)!
_ )" Pena(zy)  (@y)" )"t ()" Penn(zy)  (wy)"Pena (vir)
(n+1)! (n+1)(n+2)! (n+1)! (n+1)!
()t vp(ry)" P ena (vp)
(n+1D!(n+2)! (n+1)!
_ (wp—zy)(zy)™? (vp)™? (zy)" P (vp - zy)
= 1) (n+2)] + (n+1) env1(vpr)
_ (zy—vp)(ay)"*
R o SRR G
o von) = (z-v)(y—p) (@)™
o) = g -y (e )
((ny)l), enia(vi) = (n+2) ((ny)Q), nsa(vis) =
e’”y_é 1 o 8] v e‘é a?+2-3b 1
:(n+2)m[1+ﬁ(zc-cd+§)+0(n )]e [F(a)+\/%( . +2)+0(n )]

(z'+y’)2 (zl+y!)2
=4/ L grvrvmg=t3 F'+u") +e™™H0(1) =/ 1 gzvrvn [e_ > PV +u')+ O(n_%)].
2m 2m

L-(z-v)(y-p) =1-[(Vn+2') - (Vn+)][(Vn+y) - (Vn+p)]=1- (@ =)y - 1)

68



= ena(ap)ensa(yr) - [1- (2= v)(y = 1) Jensa(wy)ensa(vis) =

= enar(@p)enia(yr) = [1- (2" =) (Y - 1) ]Jens1(zy)enia (vp)

Tu+yv (2! +p")? (v +07)?
W& 5 [e‘ > F(y +v)+e 2 F(m'+,u')+0(n_%)]
™
, , , , ezy+,u,l/ B (xr+yr)2 , , _ (“/“,r)z , , 1
=@ = =) T ) ke TR ) £ 07 |
™

a2

ez (a2+2—3b
V2mn 3

ens1(xy)ens1(vi) e”’“’“[F(a) + + 1) + O(n‘l)] x

e T (02+2—3d

<[ Fe)+ 5

+ 1) + O(n’l)]
= VPG +y ) EW )+ O(n )]

62n+\/ﬁ(z’+y’+u’+;ﬂ)ez’y’+y',u’ I:F(x/ . y,)F(V’ + 'u/) 4 O(n_% )]

As boring and incoherent as that might have been, we now have all the terms for the reduce
kernel and we are ready to substitute them in the following expression.

-1(p
K (@ ylgs) = m (n+2) l€n+2($u)€n+2—[1—(37—V)(y—ﬂ)]€n+2($y)€n+2(VM)+Hn+2($ay%u)]

fnor(vp)(z - v)2(y - p)?

(v
- [eml(xu)ew [ (=)= w))ens ()en () + oo, m]
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n+2-vuy
Jrar(vp) (2" =v')2(y' - p')?

= 7K (z,ylv, 1) lem(w)enn(yl/) -[1-G - - u')]em(wy)em(w)] (4)

n+2 eTHFTYY 1 (al4p))? (u'+v)?
+ T2 PV re T 2 Py
fn+1(1/ﬁb)($' _ V/)Q(y/ _ ,u’)2{ o [6 (y v ) e (I 1% )]
-[1- (" -y - )] e [e’ G F(p'+v')+ e F(z' + y’)] (i4)
V2mn

(@' )y~ ) T e
@ -y N et e Ew) (iid)

(n + Z)O(n—l) lezy+yu — eTytur 6my+;w]

fn+1(VM)($'—V’)2(y’—,u’)2 \/% _[1—(CU -V )(y - )] \/%

Note that the terms e®¥*** and e""*¥" are dependent on n, since x,y, v, u scale as \/n, which means the
reduced kernel on each own blows up as n — oo, but we are not yet ready for the whole expression. So
let #(™ be the reduced reduced kernel such that:

m(")(x,y) _ en+\/ﬁ(x'+y'),%(n)(x, Y).

This definition is restricted only to the calculation of the edge limit, since it makes no sense in any other
context. This was done so we can take n — oo independently for K, (x, 7).

Now we are going to compute (i) — (iv), but for K, (z,y) = e VP& K (2,4).

(1) °

NA2-VH o fralvy) V(' +p) £ 2 -0 e +y)
Fr(vie) \/ge”/“%[l—a\/%e%F(a)+O(n‘%)]

[T 1

./ / 1, -1
_ 27T(V +u )6 2 + O(TL 2 ) 6—2n—\/ﬁ(m'+y'+u'+p')
w'+ '

/)2
1-V2r(v + p)e " T F(V + ') + O(n~%)

ens1 (@)en (yv) = [1 = (@' = V) (Y = ) Jens1 (y)ensr (vp) = Ym0

x| M VY R+ ) VF( 1) - [1= (0 =) (y - )]V Ry )P+ )+ O(n72) |

Since the primes are not needed anymore, we are dropping them.
By this I mean we change («',y’, u',v") back to (z,y, u,v).
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VR e s o)

= (i) = X
1— V27 ( I/+,U,)6 Ex F(V+/L)+O(’ﬂ 2)](x v)2(y—p)?

lﬁ“WFu+mF@+w [1 u—mw—m%wwww+wa+M+om%ﬂ

v 2
n—o00 _\/ (V‘F'LL) ¢ +2”) Ve

= X

(v+m)e“ " F(v + )] (2 - v)2(y - p)?

—
|

N

)

lezu+qu($ +)F(w+p)-[1-(x-v)(y—p)]e”™V™ " F(z+y)F(v+ ﬂ)]

—\/%(V+,u,)e(u+;

= X

[1-V2r (v + p)e ¥ F@+uﬂm V)2(y - p)?

7_1

eIV P(g + ) Fy +v) - [1- (2 -v)(y - p)]F(z +y)F(y+u)].

(n+ 2)6_n_\/ﬁ(zl+y,) (n+ 2)6_”‘\/E(w'+y')
Fusr (i) V2am \/gew_§[1‘a\/%e§F(a) +O(n‘%)]\/27rn

4 +u H?
) -1
_ € eV 4 O(n™") e—2n—\/ﬁ(w'+y'+u'+u')

1-V2rn (v + ! )e(V ERe F +p')+O0(nz)

Thus, once again reverting back to (z,y,v, u), we have:

<u+u>2 o 1
+0
= (ii) = c (™) x

[1-Var(w + e “F F w4 ) + O H) (& - )2y - )2

x{e_(x_")(y_”)[ (eyg” F(y+v)+e g F(x + ,u)jl

1= (@ -w)(y-m][e
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(vp)?
n—oo e 2 e
2 X

[1 - \/ﬁ(u + M)@%F(y + M):I(x _ I/)z(y _ Iu)z

| -l ~wn?
x1{e e 2 Fly+v)+e 2 F(x+,u)]—

(z+

y2 L+V2
2 F(,u+u)+e_0 2 F(m+y)]}

(1= (@ -v)(y-w][e

(iii) Similarly, this gives:

()2
A Ty z+y)?
- P (@-v)(y-pe “F F(u+v)
[1—\/27r(u+,u)e 2 F(V+M)]($—V)2(y—,“)2

and cancels out with a term from (iz).

(iv) e
(n + Q)O(nil) e—n—\/ﬁ(z'er') _ O(l)einiﬁ(x,ﬂ/)
Frea(vp) \/%e”“*%[l—a 27re%F(a) +O(n*%)]
1 —n—v/n(z'+y +pu +v")

- o H 2 1

O(1)+0(n2

_ O(nfé)efn—\/ﬁ(z'er'er'Jru').
[ ]

eTHYYY _ oxytpv erYTHY

\/% _ [1 _ (l‘, _ V’)(y, _ ,[L,)] \/% _ efn—\/ﬁ(z'er'Jr,u'H/)O(l)

= (iv) =0(n %) "™ 0.

Altogether we have that

(v+p)?
5 1 e 2 e
K(edge)oo(x,y) — X

T [1- V2 (v + e F(v+ )@ - 1) (g - )?

{ V(v + m[e-“-”)‘y-“)F(x CW)F(y+v) - [1- (@ -v)(y - W)]F(x + ) (v + p)

_ (z+m)?

—(z-v)(y-p) _wr)? _u)?
+e [e > F(y+v)+e 2 F(aH—u)]—[l—(x—y)(y—u)]e > F(zr+y)

7(m+y)2
- 2 F(u+v);.
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And now we can finally start computing the edge limit of the reduced kernel for Dy; and Dys.

Off-diagonal Overlaps
Remember that for the edge scaling limit we rescale the conditional overlaps by \/n instead of n.

As K, is the reduced kernel, the expression for the full kernel is:

™) (2, gl 1) K™ (2, P,
S (2, glv,p) &Y (2, Dy, )
mn — w(x7:17|y7u)

K (2,g) = - (

= ——~
K )(/~L7V|V7;U’) K(")(u7g|y’ﬂ) n(")(ILL717|l/,ﬂ)

where
w(z,ylv,p) =[1+ (x-v)(y-p)le™
Then
~ en+\/ﬁ(m'+'g')l~$(n) z,7 en‘*\/ﬁ(ml""y)g)(”) T, U
K3 (.7) - w.7) det o o
entVru ) g (1, ) VR T) R (1 g) eV 0 (44 )

[1-(z" -V (T - ﬂ')]e‘\x\zenﬂ/ﬁ(wﬂ?) det ( ) (z,5) & (x,0) )
=(n) > n ~ o ~ .
R ) £ (u,5) RO (u,0)

Again from Theorem one, the expression for Dg’k)()\(k)) is given by

e—\A1\2—|/\2|2

Dg’k) (A®)y = Fact A& (g, Ap) 333‘21@ [Kg_l)(/\z‘v 5\j)]-

Define fjgg)(a:,g) to be

i(n)( 7) L+ (2 =A@ = N\) et ) (z,g) B (2, A)
12 \L,Y) = I%(n)(A275\1) e

M (N2, 7)) &M (A2, A1)

Then

k 7N/ ~ —
det I:K](_;L_l)()\’ﬁj\.]):l He—\)\s|2en+\/ﬁ(>\s+>\s) det [LES‘U(}\“)\])]

3<i,j<k ol 3<i,j<k
k WY 7 (n-1) Y
= [Ie™™ det [LGV (00 A0)]
i 3<i,j<k

and last but not least
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el =xef?

(n-1) 5 < el =zl SROLAN) = (1) _
- KT (A2, A1) fam1 (A1 A2) - e VAt g (0 )

n < (AWj+xD)?
\/ AP PN
2w

x[1 VBN A)e ()\’+/\’)+O(n2)]

2

e MTA(NA)L ogs 1)
- e "2Mem T 2
2T T

R (g, ) x

x[1-V2r(\] + e

2

FO\ + ) +0(n %))

So by dropping the primes this time for good, rescaling by v/n and taking n — co we finally have

A 1
DD (AM) = lim ﬁDg”f)(e”"(ﬂ+ AM)) = tim %DY;’“’(\/M ARy
6—0\1—)\2)(5\1—5\2)

™27

YW ,MN(edge) - k e (egde)
e i (AQ,Al)LSI e det [L5 (03]
x[1- V2 + da)e

e > > - (edge) T -1 _ (egde) /1y Y
= (A2, A1) H [1 VIR + As)e F()\1+>\2)] et [L12 (Mis A )]
where
_ ~(edge) — ~(edge) 5\
L(Egde)()\/, 5\) _ 1+ (x_/\l)(fi— A2) det & (z,9) F (w,A1)
12 iy A\j g(edge)(A27A1) H(edge)()\g,:l]) /%(Edge)(A275\1)
and
(>\1+5\2)2 _
1 T2 e
R (a,g) = °
[1 -V 2’/T()\1 + )\2)6

S F O+ A) (- )2 (- Ao)?
{ F(Almg)l @E=2A0)E22) P4 X)) F(g+ A1) - [1= (2= A1) (@ - A2)]F (2 + 5)F (A1 + X2)
+e’(x’A1)(g’X2)[ e F(g+i)+e

F(ll? + )\2)]
I N W P

F(z+7)

(r+y)

F()\l + )\2)}
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In particular for k£ = 2 we have that

ﬁ E 2 35)2
DA = RO 3) [Te M1 VR + R)e ™5 P + 2)]
™ 2T =1
1 e~ Pa=ref?
= —— — X

2 vV 277(56 - )\1)2(]] - /\2)2

x{ 2\ + Ag)lelAl_A2|2F(A2 +X2)F (A + A1) = [1+ A = AP ]FEOAg + A1) F (A + A2)

+39)2 — X1+A1)2 —
+€|)\17>\2|2 [670\2 2)\2) F()\l + )\1) + 67()\1 2)\1) F()\Q + )\2)]
+29)2 — +31)2 —
= XePle R PO+ A e R RO\ + Az)}.
Diagonal Overlaps:

For the diagonal overlaps we have from Theorem 1

2
(n,k) 7y (k) fn—1(|)\1|)—\/\1|2 (n=1)y .
Dy (M) R € 23‘%3216[1(11 ()‘17)‘J):|'
Then
D (M) =

1 . 1
lim ﬁDi’f”“)(e"’(ﬁ+ AM)) = lim ﬁDi’f”“)(ﬂ+ ARy

_ (/\l+;\l)2
M h -

_ (Af X )2 _ 1
- : [1_\/_27@; + e T F(X, +A’1)+O(n‘§)] L
= lim o/ SRV
n—»o0 o2 \/ﬁﬂ'
xﬁe**?é det [L37 ()]
s 2<i,j<k L1 T
e‘Oﬁ;l)2 Qg ap? k 2
. . _ _ < 1+A1 N — s 7 (edge) Y
(dropping primes) = ador [1 V2r(M +A)e 2 F(\ +)\1)]£I26 232‘5@ [Lu (Az,)\])]
where

and

L (2,9) = (1 + |z = M) (2, gA, Ar)

L8999 (2, 5) = (1+ o = M 2)EC99) (2, A, M),

(0]



5 Conditioning on Determinantal and Pfaffian Point Processes

In this chapter we first consider determinantal point process on a countable set (to be concrete, on Z).
We show that the point process, conditioned on whether a finite subset of points are either occupied or
empty, remains a determinantal point process, and give a formula for the new kernel (see Theorem 2
below). We extend this to Pfaffian point process in Theorem 3, which I will not present yet, for it will
make little sense out of context. The proofs are elementary, and reduce to certain finite determinantal
and Pfaffian identities which we recall in an appendix. The derivation of these expressions comes from
standard conditioning through Bayes formula. Using this method it is not immediately clear that the
resulting point process is a determinantal one, so we use the determinantal identity first found in [21]
to rearrange the elements and produce an explicit expression for the new kernel. In section 5.1.1 we
work on discrete determinantal point processes and prove Theorem 2. In section 5.1.2 we do the same
work, but for discrete Pfaffian point processes, and prove Theorem 3, which can be seen as the natural
expansion of Theorem 2 for Pfaffians. In Section 5.2 we extend these results to the natural continuum
analogues for point processes on R, though for the time we have yet to explore the Pfaffian case. We
explore alternative proofs using of the modern point process techniques of Campbell and Palm measures
to state the results for conditioned processes and characterise processes via Laplace functionals, which
mesh well with the algebraic structure. This is on-going work. As a concrete example of the condition-
ing, we show in the final section that the complex Ginibre ensemble, conditioned to have k points at the
origin, remains determinantal and we give an explicit formula for the new kernel.

One of our hopes is that we will be able use this study to get some results on rigidity (see [7,16,22]
for reference). Say we have a point process on R and let (a,b) € R be an interval. That point process
is called rigid, if by conditioning on everything outside the interval (a,b), we can determine the exact
number of particles inside (a,b). We hope we will be able to use our expressions for the kernels of
the conditioned determinantal point process to find under which circumstance a determinantal p.p. has
the rigidity property.finally we give an example of conditioning using the point process formed by the
eigenvalues on the complex Ginibre ensemble.

This chapter has little to nothing to do with overlaps and the previous chapters. It’s a tangent I
went on after coming across a determinantal identity while we were computing Dg"g) (A1, A2, A3) in two
different ways. Remember that from Theorem 1 we have

AP rel?
n € - e — _
DEH (A*)) — Fre1 (a2 (A1, A2 | A, Ag)
n-1 T T T T
< det (K37 (0 A0 0080 [ A e, 30))

where from (36) in Theorem 1 we know that K 1(3 1 tself is given by a 2x2 determinant

O (gt lwio s - _L@Tlwo)
K @@,y g lwaet) = e T

™ (@0 |u,0) & (@Y | u,0)
K u,v | u,v K uw,y|u,v
xdet( k(v |u,0) K"(Zy|u,v) )

Without the use of transposition

Ty Aty Aoy sy ) = F(, A2, Ao, Ay L),

at first in was not at all obvious that K 1(3) could be written as a 2x2 determinant, and heuristic compu-

tations of Dig’k)()\(k)) yielded a determinant one size larger that in Theorem 1 and not in determinantal

76



form. Turns out, that was because of this identity

a1 a2 ail  ais

ailr a2 ais 1 a21 A22 az1 a3
az; az2 a3 | = —
a a a a1

31 32 33 ai; a2 a11 ais

aszi asz a1 ass

which can be generalised as follows:

Lemma: Suppose we have an n x n matrix with elements a;;. For some 1<k <n -2, let K be

aix a2 - Al
a21 (22 . - K
ar1 . - Qkk

Then the following identity is true for every 1 <k <n -2

l( a1,k+1 l( a1,n
a1 a12 -t Q1g | 0 Gln

a1 G22 . Ak+1,1 --r Ak+1,k+1 Gk+1,1 -+ Qk+ln
. . 1

ar1 . . Ok |K|"—k—1 . .
: K a1 k+1 K ain
an1 Unn . .

ap,1 - An,k+1 ap,1 - Gnn

where K is a kxk matrix, the large determinat is of size (n—k) x(n—k), and its elements are (k+1)x(k+1)
determinants of matrices comprised by the matrix K by a the row (o, )f;rll and a column (a; 4), for
k+1<h,g <n. We have re-written an n x n determinant as a ratio of an (n - k) x (n — k) determinant
with (k+ 1) x (k+ 1) determinants as elements, over a k x k determinant to the power on — k - 1.

Proof of this Lemma is in the appendix.

What we did was proceed to used this identity to find explicit formulas for the kernels of determi-
nant and Pfaffian point process, conditioned on having particles at certain points.

Random Point Processes: A small introduction on the random p.p. we will be working with. Nothing
fancy, just some basic information.

Let X be either Z, N, R or C. A locally finite collection of points X in X is called a point configu-
ration. The set of all point configurations in X is denoted by Con f(X). A random point process in X is a
probability measure on Conf(X). Under mild conditions on the process (reference Borodin), a sequence

of symmetric measures (p,)._, exists on X", where p,, is called the nth correlation measure.

In the discrete cases of Z or N, the probabilistic meaning of the nth correlation function is:

pn (21,22, ...,2,) = Pr{there exists a particle in each point x;}.

If X =R, then p,, is the density function of the probability of finding particles in each of the infinitesimal
intervals around x;:

pn (21,29, ...,y )dx1d2s...dx,, = Pr{there exists a particle in each of the intervals (z;,x; + dx;)}.
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Suppose we have a point process P on X, such that all the correlation functions exist. The point
process P is called determinantal if there exist a function K : X x X - R (or C) such that

pn (X1, 29...2,) = ) det [K (i, ;)]

<i,j<n

Similarly, a point process P is called a Pfaffian if the correlation functions are given by

pn(x1,@2.xn) = pf [K(z,2;)]

1<i,5<n
where this time

Kii(x,y) Kia(z,y)
K(l‘,y) =
K21(x7y) K22(xa y)

and K (z,y) is antisymmetric.

Theorem 2: Suppose we have a discrete point process like above. Then if we condition on any fi-
nite number k of occupied and unoccupied points, say at z1, 2, ..., 2, we still get a determinantal p.p.
with kernel K (z;,x;) given by

Dk K(xf,xj)

K(xg,x1)

| K(zi,x;) ... K(zg,xg) | K(zi,25)

1Dyl

where Dy, is a k x k matrix, whose structure depends on the points conditioned. Specifically, Dy will
be the matrix (Dy)i; = K(x;,x;) for i # j, (Dg)i = K(x;,2;) if x; is conditioned to be occupied and
(Dg)ii = K(z,z;) — 1 if ; is conditioned to be unoccupied. O

5.1 Discrete Point Processes
5.1.1 Determinantal Point Processes

Suppose we have a simple point processes on a discrete state space X, such as Nor {1,2,..., M}, of which
all the correlation functions exist. Let there be a kernel K : X x X — R or C such that the correlation
functions are given by
pn(xl; Z2, 793%) = d.e.t (K(Ih IZ?]))
1<i,j<n

In this section we are going to be using the determinantal identity to prove the following

Theorem 2: Suppose we have a discrete point process like above. Then if we condition on any fi-
nite number k of occupied and unoccupied points, say at z1,z2,...,xx, we still get a determinantal p.p.
with kernel K (z;,z;) given by
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Dy,

K(.’El,mj)

K(xktv'rl)

| K(zi,z;) .. K(zi,2r) | K(x;,x))

1Dyl

where Dy, is a k x k matrix, whose structure depends on the points conditioned. Specifically, Dy will
be the matrix (Dy)i; = K(x;,2;) for i # j, (Dg)i = K(x;,2;) if x; is conditioned to be occupied and
(Dy)is = K(x;,2;) — 1 if x; is conditioned to be unoccupied.

Proof:

We write N, =1 if there exist a particle at point z; € X, and N, = 0 if not.
We also denote J,, = {1,2,...,n}. For ease, when working with determinants, we will substitute K (z;,x;)

1) We start by conditioning on 1 point.

P(in =1, Jn\{1}|Nw1 = 1) =

det (K (z;,;))

Using the determinantal identities from 4.1, we have

ail a2
a21
et (K(z;,2,)) =
an1
a1l a2
a21  Aa22
ail
det(K (z5,15))
K(xl,xl)
a1l a2
an1 an2
a11
So by denoting
[N((xia m]) =

we have

P(Ng, =1,J,)  1<ijsn
P(Ng, =1) K(z1,21)
aip  ai2
A1n a21 Aa22
1
(all)n_2
Ann ail  ai2
an1 an2
aii Ain
a21 A2n
ail
a11  QAin
an1 Ann
a1 (n-1)x(n-1)

K(Z‘l,xl) K(mlax])
K(zi,z1)  K(wi,25)

K(zl,zl)

P(Ng, =1, J\{1}|N,, =1) = 236].2"(]%(12'7%))

and thus a new determinantal point process.
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aiil
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Q1n
a2n

A1n
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2) For k < n, we now condition on k points

P(Ny, =1, J\Ji|Ny, =1, J) =

P(N,, =1,Jn)

det (K(QZ‘Z,I]))

Calling

a11

detk(K(xi,xj)) =

1<i,5<

ak1
we write

Dy,

det (K(z;,2j)) =

1
1<i,j<n |Dk‘”*k*1
D;.

anpl -

As1,1 -

a1k
akk
a1,k+1

A+l k+1

a1 k+1

Un, k+1

So once again by defining a new kernel K (z;,2;) to be

Dk K(x?,xj)

K(aci,xl) K(.’L’i,l‘j)

1Dyl

we get

P(Ny, =1, J\Je|No, = 1, Ji) =

80

+1<i,j<n

P(Ny, =1,Ji) 1<(}ejt<k(K(fEivxj))'

anpl -

det (K (zi,j)).

A1n

Qk+1,n

Apn




3) Conditioning on empty points

P(Nwi = 1>Jn\{1}|Nw1 = O) =

P(N,, =1,J,\{1}) - P(N,, =1, J,,)

1-P(N,, =1)
ailr a2 A1n
Q22 0 G2n
. . . | @21 a22 - Q2n
an2 Ann ’
_ an1 an2 t Ann
1—a11

a1 —1 aiz a1n
a21
anl Ann
ayl — 1
a1 -1 aig ajp—1
a21 az2 a21
1
(all)nfl
a1 —1 ap ar—1
an1 an2 an1

a1 -1 az
az1 22

a11—1

a1 —1 a2

anl an2

a1 -1 a,
asi A2np

CL11—1

ai1 -1 ai,
an1 Ann

CL11—1

= det (K(IZ,IJ))

2<i,5<n

where
a1l — 1 ayj
~ ;1 Qi
K(l’i,ifj) = 1
arl —

4) Let’s see how this works for 2 unoccupied points

a11—1

A1n
a2n

G1n

ann

P(N,, =1,J,\J2 & N, =0,J5)

P(N,, =1,J,\2|N,, =0,J3) =

P(Nam = 07J2)

_ P(Ng, =1,J,\J2) = P(Ny, =1, J,\{1}) = P(N,, =1, J,\{2}) + P(N,, =1,J,)

1-P(N,, =1) - P(N,, =1) + P(N,, = 1, J»)
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In terms of determinants

aip a2 A1n aip  a13 A1n
a21 a31
numerator = -
anl Ann Gn1 QAnn
a22 (23 A1n a3z (34 A1n
aso 43
_ +
QAn1 Ann an1 Gpn
ai a2 ain aze —1 ag3
as1 Qoo —1 a32
an1 Ann an1
a1 —1 a19 A1n
a1 azz — 1
an1 Ann
ajp—1 ai2 ais
a9l a2 -1 a3
asy as2 a33
1
- n—-3
a1 -1 ape
asy  azx—1 ain-1 a2 ais
a91 a2 —1 ao3
QAn1 an2 Gn3
) a
denominator = 1-aj1 —aog + 1
a21
_ |laen-1  a
a1 agx—1
Introducing new notation: b;; = a;; — 1
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Ann

a12
a22

ayl — 1
a21
a31

ayl — 1
a21
Gnl

a2
a9 — 1
a32

a2
a9 — 1
an2

A1n
a2n
a3n

Q1n

ann

(n-2)x(n-2)



By setting

az1  bax  ay;
a1 G2 Gy

bir a2 alj'

K(l’i, l‘j) =
b1 a2
az1  bao

we have

P(NL = 17Jn\J2|N561 = OaJQ) = Bde.t (X(:El’x]))
<1,7<n

5) Lemma 5.1.1: The following identity holds true:

b1 ayz v A1k a1, k+1 A1n
az1 by
. : . .
P(Ng, =1,J,\Jx & N, =0,J;)=(-1) ag1 . . b
AL+1,1 Ak+1,k+1
Gn1 Ann

(Proof in the appendix)

Remark: For k = n we have
P(N,, =0,J,)=(-1)"det(K - I) =det(I - K)

where Kij = K(l’i,.’tj) = Gy

6) Call P(N,, =0,J;,) = ‘Dk|

Then

P(N., =1,J,\Jx & Na, =0,Ji)

P(Ng, =1, J,\Jg| Nz, =0, J)

P(in = O,Jk.)
D a1 k+1 A1n
—1)*
( ) Ak+1,1 --o Ak41,k+1
anl Ann

0Dy
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Dy " | Dy ™

Ak+1,1 - Qk+1,k+1 ak+1,1 -+ Qk+1,n

Dyl™ . .
Dk 1,. +1 Dk 1n

an1 ... Qn,k+1 an1 .- Qnn (n—-k)x(n—k)

det (K(xi, x;))

k+1<i,j<n

where, similarly with before, K (x;, x;) is given by

D K(l’l,l'j)
koo
K(in,xl) K(.Z‘i,ﬂfj)

1Dyl

7) Conditioning on any mixture of occupied and unoccupied points still produces a determinantal point
process with a similar kernel, where Dy will be the matrix (Dy)i; = K(z;,x;) for i # j, (Dg)iu =
K(x;,2;) if x; is conditioned to be occupied and (Dg);; = K(x;,z;) — 1 if x; is conditioned to be
unoccupied.

O

5.1.2 Pfaffian Point Processes

Pfaffian Identity

We start by finding an analogue of the determinantal identity, but for Pfaffians. This is pretty much a
bit more explained and denser version of Knuth’s first pages [21].

Following Knuth’s notation, for a set of indexes X and function f satisfying the skew symmetry

flry) =-f(yz) z,yeX

we define the Pfaffian
f(@izg.won) = D, s(u)f(yry2)-f(Y2n-1Y2n)
peM(a)
where we sum over all the (2n —1)!! perfect matching {y1,y2} U ... U{y2n-1y2n} of {1,2,....,2n}, and s(u)
is the sign of the permutation that takes (z1, 22, ...,Z2,) 10 (Y1,---sY2n)-
ie.
0 flxy)  f(xz)  f(aw)
Flayzw) = F(y)f (0) - f@2)f ) + faw)f ) =pf | 000 T L

~flaw) -flyw) -f(zw) 0
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Another way of defining a Pfaffian is the following recursion

fe)

f(wlmg...ajgn)

1
i f(atlxj)f(xj+1...xznxg...xj)
Jj=2

where € is the null word.

Also, for two arbitrary words a,b made up of indexes in X, i.e. a = x12s...22,, we define s(a,b) = 0
if either a or b has a repeated letter or if b contains a letter not in a. Otherwise we define s(a,b) to be
the sign of the permutation that takes a into the word b(a/b). For example, if a = z1xo032425262728
and b = x42z5x6, then b(a/b) would be xyzsxs(x122232728) and the sign s(a, b) of the permutation would
be -1, since we had 3 letters move to the left 3 times each.

Under this notation we have the following identity by Tanner

fa)f(ab) =" s(b,xy) f(axy) f(ablzy), for all z eb.

The smaller non trivial case is for |b| =4 and gives

f(a)flazyzw) = f(axy) f(azw) = f(axz) f(ayw) + f(azw) f(ayz).

Now let a be a fixed word with |a| even, and define

f(ab)

g(b) = (@)

Tanner’s identity tells us that
g(b) = Y s(b,zy)g(xy)g(b/zy),  for all x €b.
Yy

This is a generalization of the definition by recurrence. We already knew that g(b) is a Pfaffian, but now
we also know that all the identities for f also hold for g. In particular we have that

g) = > s(wg(yry2)---9(Y2n-12n)
neM (a)
:>f(ab) _ s flayiy2)  f(ay2n-1y2n)
i@ 2w T @

where we know for which matrix this is the Pfaffian of.

In other words we now have a similar way of writing a ratio of two Pfaffians as we do for determi-
nants.

Here we are going to take X to be N. Similarly to before, we dub f(7,7) = a,;. i.e.

f(1234) = f(12)f(34) - f(13)f(24) + f(14)f(23) =a12G34 — Q13024 + A14023
0 a2 a1z Q14
- pf -a;2 0 a3 Q24

-a13 -az3 0 as
—a14 —az4 -—azg O
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In the examples we won’t reach double digits for it to be confusing.

The simplest non trivial example of how to use this identity is for |a|=2 and |b|=4.
Let’s take a = 12 and b = 3456.

Then
0 a2 a3 a4 a5 aie
0 a3 aos ags ag
0 ass aszs ase
rf 0  as5 age
0 aég 0 934 935 936
123456 0
:f( ):9(3456):pf 935 946
0 aio f(l?) 956
pf 0 0
where
0 a2 a1 ay
0 ay ag
pf O aij
f(1245) 0
gij = e
f(ig) 0 ap
pf 0

Now we can move on to conditioning. We aim to prove a theorem on conditioning for the Pfaffian
point processes, analogue to Theorem 2 for the determinantal case.

Theorem 3: Suppose now we have a Pfaffian point processes on a discrete space, of which all the
correlation functions exist and are given by

pn(I1;~--7xn): pf (K(Il,l']))

1<i,j<n

Then the point process derived by conditioning on a finite number k of occupied and unoccupied points,
say r1,Ts,...,T is also Pfaffian with kernel given by

f{n(iﬂz‘,x]‘) K12($i7xj)

K(I%'Ij) = ~ 5
Koi(zs,25) Koo(xi, ;)
I uP@) WP (e)) I uP(@) W (e))
pf 0 K1 (xi,25) pf 0 Kio(wi,25)
) 1 0 0
- pf(Jk) k k k k
I u§? (@) uf® () T u (@) u§(a;)
pf 0 Ko (x4, x5) pf 0 Ky (xi,x5)
0 0
where
JK: det Jij
1<i,j<k
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is a 2k x 2k antisymmetric matrix with each element given by a 2 x 2 matrix. J;; = K(z;,x;) for i # j,
Jii = K(x;, ;) if we condition on z; being occupied and

0 K12(5€i,xi)—1
Jii = C(w4, %) =
—K12(.’E7;,(Ei)+1 0
if z; is conditioned to be unoccupied.

Finally ugk) and ugk) are defined to be
Kii(z1,y) Kia(z1,y)
K1 (x1,y) Koz (21,y)
i Ki1(x2,y) " Kip(x2,y)
u () = | Kor(z2,y) and  uy ' (y) =| Kao(z2,y)
K1 (2, y) Kiz(wk,y)
Ko (zk,y) Koz (v, y)

Proof: We start by introducing the following lemma.

Lemma 5.1.2: f(1,2...,2n) - f(3,4,...,2n) == f(2,2n) is the Pfaffian of the matrix

0 ai2-1 a3 - aion
0 a3
0
0
ie.

0 a2 a3z awn 0 a2-1 a3 au
0 az3 an 0 asg | _ 0 (23 a24
pf O a4 pf( O )_pf O a34
0 0

(Proof in the appendix).

Remark: Similar identity holds for
f(1,2,...,2n) - f(1,2,...,2i,2i + 3, ...,2n) = pf (L)

Fkm),  (kym)# (2i+1,2i+2)
where Ly, =
f2i+1,20+2)-1, (k,m)=(2i+1,2i+2).

Suppose now we have a Pfaffian point processes on a discrete space, of which all the correlation functions
exist and are given by

Pn(T1s ey Tn) = Pf (K (z,25))

1<i,j<n
where K (z,y) is a 2 x 2 block given by
K (z,y) Kia(z,y)

K(Z‘,y) =
Koi(z,y) Koa(w,y)

Now if

K (s, 21) = ( 0 a2i-1,2i )

—Q2i-1,2i 0
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define

Cas,20) = ( 0 azi-1,2; — 1 )

—a2i-1,2; +1 0
Note that for easier notation, we are going to be focusing on conditioning on empty points. If in-
stead we want to have particles at certain points, we just replace C(x;,z;) with K (x;,2;) as needed.
Lemma 5.1.3: P(N,, =1,J,\Jx & N, =0,J;) is equal to

C(z1,21) K(x1,22) - K(z1,21) K(xz1,z,)

C(l’g, .%'2)

(-1)*pf C(xy, )

K(Ik+17 -Tk+1)

K(xp,xp)

(Proof in the appendix).

Now we are going to start computing the kernel for the conditioned point processes.
We will need to use the a;j,b;; notation and revert back to the elements of K (z,y)
afterwards.

P(N,, =1,J,\{1} & N, =0)

P(in = 1aJn\{1}|Nr1 = 0) =

P(Nm:())
C(xhxl) K($1,$2) K(Sﬂl,xn)
0 bi2 a3 ais - ai2n
K(xo,12) 0 a3 ag
pf 0
K(xp,zy) 0
pf(C(x1,21)) ( 0 big )
pf 0
£(1,2,3,...,2n)
= —2 272 =¢(3,..,2n)
f(1,2)
0 9312 935 * g3on
0 ga5
= pf 0
0
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where, as seen before,

0 b2 ai; ayj

0 az; 425

pf 0 ay

_ f(1245) 0

9ij = N -
T fGi) 0 b2
pf 0
Passing from the (a;j,b;;) to the Ki,,(z;,x;) notation.

Let’s take agg ~ (2, 3).

To get (x;,x;), for an even index you divide by 2 and for an odd you add 1 and then divide by 2.

(2’3) ~ (331,.232)

For K, it’s
(2,3) ~ (even,odd) ~ (2,1)

= a3 = Ko1(x1,22)

other examples

ayy = K12(m17$2)
as¢ = Kia(xs,x3)
Now let’s take the following block
0 b2 a3z ais
0 a3 ass
pf 0 as
0
(935 936) _ 1
945 946 pf(o 5(1)2) 0 b2 as ags
f 0 aoa ass
p 0 ays
0
0 b2 Kii(zi,22) Kii(zi,z3)
0  Ko(zi,22) Koi(xi,x3)
vt 0 K1 (z2,x3) rf
pf(o b(1)2) 0 bz Kio(xi,22) Kii(xr,3)
f 0  Ko(zi,22) Koi(xi,23) f
p 0 Ko1(z2,x3) b
0

where big = Kq2(, z5).
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0 b2 aiz as
0 a3 a
pf 0 ase
0
0 b2 ais ae
0 a2 ags
pf 0 as
0
0 bz Kii(zi,22)
0 Koi(zi,22)

0
0 bz Kiao(x1,22)
0 Kao(w1,22)

0

Kio(x1,23)

Koo (x1,73)

Kis(x2,23)
0

Kio(x1,23)

Koo (x1,73)

Koy (x2,x3)
0




So by denoting

3 Kii(zi,25)  Kizo(2i,2))
K(wi,x;) = - -
Ko (xi,25)  Koa(xs,xy)
0 b2 Ky(wi,zs) Kii(zi,xj) 0 b2 Kii(zi,zi) Kia(zi,xj)
of 0 Ko(zi,z;) Koi(zr,xj) pf 0 Ko(zi,2;) Kooz, xj)
0 K1 (x4, 5) 0 Kio(xs,15)
0 0
0 b12 O b12
pf( 0 ) pf( 0 )
0 b2 Kio(z1,25) Kii(zi,zj) 0 bio Kio(zi,2:) Kio(zi,xj)
of 0 Koo(zi,z;) Koi(x1,x)) pf 0  Koyo(w1,2;) Koa(xi,zj)
0 Koi(x4,x5) 0 Koo (x,x5)
0 0
0 b 0 b
pf( (1)2 ) pf( 62 )

we have that P(N,, =1, J,\{1}|N;, =0) =
2

ii)

l)(]Vii = 1,LL4\Jk|]V¢i = 0,¢]k) =

Here

P(N,, =0,Jx)

It’s worthwhile to note that the f we are using here is such that

<1,05n

pf (K(zi,))).

P(Ny, =1,J,\Jx & Na, =0,Ji)

(7(%1,$1) }(($1;$2)

C(I’Q, 1’2)

pf

f(20—1,24) = bai_1,2,

[(i,5) = aij,

fori=1,..,k

otherwise.

P(N,, =0,Jx)

K(xlwrk)

C(zk,xr)

Also the following results hold for the general case where, similarly to the determinantal point
processes, we condition on any mixture of occupied and unoccupied points. It will simply produce
an accordingly different matrix Jg .
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Passing to Knuth’s notation, we have that

P(N,, = 1, J\Jk[ N, = 0, Ji) JM = g(2k+1,...,2n)
0 gok+1,2k+2  G2k+1,2k+3  *  G2k+1,2n
0 92k+2,2k+3
= pf 0
92n-1,2n
0
92k+1,2k+3 92k+1,2k+4
Let’s look at the block which might as well be a random one.
92k+2,2k+3 92k+2,2k+4
We have M =k+1, M =k + 2, so this block will be f((m;ﬁl,xmg).

2

Now, before this becomes an uncontrollable mess, we define

Kii(z1,y) Kia(z1,y)
Ko (x1,y) Koo(z1,y)
. K1 (z2,y) i Kia(x2,y)
u(y) =| Kai(za,y) and  u$”(y) =| Koo(z2,y)
K (zk,y) Kio(zk,y)
Ko (zk,y) Koo (zk,y)
Then for example
T ul (@) u$* (2142)
(12K, 2k +1,2k+3) 1
92k+1,2k+3 = P12k = pf(JK)pf 0 Ki1(Zk+1, The2)
0
So by defining
3 Ku(ziyz)  Kio(i, )
K(xi,xj) = B B
Kot (zi,zj) Kooz, ;)
k k k k
I @) WP (x)) I P (@) ulP(x))
pf 0 Ky (i, 25) pf 0 Kia(wi,25)
) 1 0 0
- pf(Jk) k k k k
I uP (@) ulP(z)) T ud (@) ()
pf 0 Ko (x4, x5) pf 0 Ko (x4,x5)
0 0
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we have that

P(Ny, =1, J,\Jk|Ne, =0, 1) = pf (K (xi,25)).

k+1<i,j<n
O

Observation: Suppose we have a discrete Pfaffian point process with correlation functions p,, (21, x2, ..., Tn) =
pf (K(xi,x;)). The kernels of all the known Pfaffian point processes have the following derived

1<i,j<n

form:
sgn(y — =) Fly - z| F'(y-x) sgn(y — =) Fly - z| LF(y-)
K(.’I,',y) = , " = )
—F'(y-x) —F"(y-x) Ly -x) =y - )

The question is, do Pfaffian point processes derived by conditioning retain the above form? Well,
yes they do.

First note that Kis(x,y) = ~K21(y,z) = F'(y —xz) = F'(z —y), thus F’ is even and F" is odd.
By condition on one point, say b, having a particle, we get a new Pfaffian p.p. with

ﬁn(xhx%"'axn) = P(le =1,i= 11"'vn|Nb = 1) :pf(}?(xi,l'j)
where the new kernel K is give by

0 ¢ Ki(bx) Kiib(y,)

0 Ki1(b Kia(b
0 Kgl(b,l’) Kgl(b,y) & 11( ,I’) 12( 7y)

O Kgl(b,l') Kzg(b,y)

pf pf

0 K11($,y) 0 KIQE)(E»y)
R(e.) = —— ’
c
pf( 0 ) O C Klg(b,I) Kll(b,y) 0 C Klg(b,l’) Klg(b,y)
of 0 Ko(bx) Ko(by) of 0 Ko(bz) Kaa(by)
0 Ks1(b,y) 0 Kao(z,y)
0 0

where ¢ is a constant.

Without loss of generality, I'm going to assume x < b < y. Then, forgetting about the denomi-
nator, we have

K (z,y) cKi1(z,y) = K11(b,2)K21(b,y) + Ko1 (b, 2) K11 (b, y)
= sgn(y - x)cFly — x|+ sgn(x - b)Flz = b|F'(y = b) - F'(x - b)sgn(y - b) Fly - |

= cFly-z)-F(b-z)F'(y-b)-F'(b-z)F(y-0).

LR (09) = oF - (o= 0)F" (=) - F (b-aF'(y 1)
Y
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and

Kio(z,y) cF'(y—x)+ F"(y-b)sgn(z - b)Flz - b| - F'(y - b)F'(z - b)

- F'(y-a2) - F(b-2)F"(y-b) - F'(y - ) F'(b-x)

d -~
= —K .
dy ll(xay)

%Ku(l‘,y) =—cF'(y-z2)+F'(b-x2)F'(y-b)+ F"(b—x)F(y - b)

R21(x,y)

—cF'(y-z)+ F'(z-b)F'(y-b) —sgn(y - b)Fly - b|F" (x - b)

= —cF'(y-z)+F'(b-2)F' (y-b)+ F"(b-x)F(y-b)

d -~
= —K .
dr 11($c,y)

2

dxdy

Ky (z,y) =—cF"(y-z)+ F'(b—z)F"(y-b) + F"(b-z)F'(y - b)

and

Koo () —cF"(y-2)+ F'(x-b)F"(y-b) - F'(y-b)F"(x - b)

= —cF"(y-2)+F'(b-2)F"(y-b)+ F"(b-2)F'(y - b)

2

d ~
= K .
d(Edy ll(xvy)

As we can see, the kernel of the new Pfaffian process indeed retain the same form.

5.2 Continuous Determinantal Point Processes

Conditioning of point processes plays a key role in the papers on rigidity of random matrix ensem-
bles, see [7,16,22], where conditioning on an infinite region is done. Janossi densities, which lead
immediately to the kernels for processes conditioned on empty regions, are also well explored (see
[5] and [28]). There are also some papers on the use of determinantal point processes in statistical
modelling, where condtioning is discussed [26]. These papers seem to be for certain special classes
of kernels, or special matrix ensembles, and we do not know of results indicating the complete gen-
erality of conditioning, and there is also almost nothing for Pfaffian point processes. We hope our
results will lead to new kernels for conditioned particle systems, where coalescing and annihilating
systems naturally lead to Pfaffian point processes [29], [30].

First we will be needing a bit of theory which is taken directly from [13, Chapter 12]. The aim of
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this section is to see how Theorem 2 works for continuous determinantal point processes. and use
the determinantal identity to get similar expressions for the kernels of the conditioned p.p. Apart
from the fact that instead of conditioning on empty points, now we have to start conditioning on
empty sets which means we’ll come across Fredholm determinants, we also have to be very careful
about conditioning on occupied points, since these are null sets. Before anything else, we have to
make sure what we are doing even makes sense. We felt that the best way to go about it, is through
Palm measures [13, 31].

We start by building up the machinery we’ll be using and showing the connection between Palm
measures and conditioning. First step is to show that taking a random measure £ on R with dis-
tribution P and conditioning on having a particle on a point x € R, yields a Palm measure P,
(Lemma 5.2.1). In this section we will only work with determinantal point processes, but in the
future we want to extend those results to Pfaffian p.p. too. Next, in section 5.2.2., we take the
Laplace functional L[f] of a random measure with distribution P and define L,[f], which is the
Laplace functional with respect to P,. By using Lemma 5.2.2., which offers a relation between L[ f]
and L,[f], and Proposition 5.2.5., which expresses the Laplace functional of a determinantal point
process as a Fredholm determinant, we where able to show that conditioning on a determinantal
p-p- having a particle at a point x, produces a new determinantal p.p. with kernel

K(z,2)K(y,x

K:v(yaz) = K(yvz) - Wa

which correspond with our previous results. Conditioning on having particles on more that one
point can be done inductively the same way it was done in 5.1. Working with Palm measures is
convenient, but we also want to verify the results by conditioning on events of positive probability
and then taking the limit, as we do so in Lemmas 5.2.8, 5.2.9 and 5.2.10. This unifies the discrete
and continuous cases and give a common tool for both of them. Lemma 5.2.8 corresponds to the
main result of this section, which we have rigorously proven. As for Lemma 5.2.9, I believe the
expression for a kernel of a determinantal point process conditioned on not having any particles in
a set A, is already an established result. Lemma 5.2.10 yields what we believe to be the kernel of a
determinantal p.p. conditioned on both an empty set A and a particle at point z. Once again, this
can be inductively expanded to n particles at points x1,...,x,. While there are strong indications
that is the correct kernel, it is just a naive Bayes computation and we still do not have a rigorous
proof. It is one of our future goals, alongside conditioning on having more than one particles on a
point x, which the Palm measures allow, and getting analogous results for the continuous Pfaffian
point processes.

5.2.1 Campbell and Palm Measures
Let £ be a random measure with distribution P on a complete separable metric space X (in our case

X =R,C) and M(X) be the set of boundedly finite measures on X.

For A e B(X) and U ¢ (M (X)), the Campbell measure can be introduced on the product space
W =X x M(X) to be the set function

Cr(AxU) = EEM10(©) = [ [ (dn)P(dg)

(Note: A more exact notation would be Ep [§(w)(A)1U(§(w))])

Let %y be the Borel o-field B4 x %)//2(%')' To be exact %y is generated by all A x U € W with
AeABg and U € '%(//Z(%)‘

Proposition 5.2.1:([13]) Cp(A x U) extends uniquely to a measure on By .
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Proposition 5.2.2: For % measurable functions g(z,£) that are either non-negative or Cp inte-
grable

[ o@oCrtdnxde) = B( [ g(.0)¢(dr))

o Jy 9t €06 a) Pae).

If the first moment measure exists, by taking U to be the whole of M (X) we get

Cp(AxM(X)) = E(£(A)) = M(A).

In this case the previous lemma yields

B( [ooen)= [ o@) [ etnp) = [ g,

For fixed U, Cp(-xU) is absolutely continuous wrt M(+) (C’p(- xU) « M()), thus we can introduce
the Radon-Nikodym derivative as a By measurable function P, (U) satisfying VA € By

[A P,(U)M(dz) = Cp(Ax ).

P,(U) is defined uniquely up to a set of M-measure zero. Furthermore, the family of {P,(U)} can
be chosen so that

1) for each fixed x € Bg, P,(U) is a probability measure on U ¢ B g oy

2) for each fixed U € # () P, (U) is a measurable function of x, M-integrable on bounded subsets
of X.

Each such measure P, (-) is called a local Palm distribution and a family of such measures satisfying
1) and 2), a Palm kernel.

Proposition 5.2.3: Let £ be a random measure for which the first moment measure exists. Then &
admits a family of local Palm distributions P.(-), which is defined uniquely up to a set of M-measure
zero and satisfy for each %4 measurable functions g that is either non-negative or Cp integrable

B( [ ot 0cn) = [ o oCydrxde)= [ [ gtr.)P.(d)M(d)

Proof: For a function g(z,&) = 14(z)1y (&) we have

B( [ 1a@)10(©)¢(dr))

/X fM(X) La(2)1y ()P (d€) M (dz)

< Cp(AxU)

LPx(U)M(dx).

The rest of the proof is same as in the previous proposition.
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Now this is one of the most important results we will need, hidden as an exercise in [13], in a
version I don’t own. This is where we first connect Palm measures and conditioning.

Lemma 5.2.1: Let £ be a random measure on R. If p; is continuous, ps is locally bounded
and P, (U) is continuous in z for some fixed U ¢ Sz

%P(g eUl(z - €,x+¢€)>0) = P (U).

Proof: We can assume wlog that z = 0 and call £(—¢,¢) = Z.. Then

P(¢eU,Z.>0)

P(¢eU|Z.>0) = P{Z.>0)

1) Denominator

We have P(Z, > O) = E(1z.0). We can rewrite 1 .o the following way

Ze = ]]-Z€>O + (Ze - 1):l]-Zg>1
=>1z50 = Ze—(Ze-1)1z.
= E(lzs0) = BE(Z)-E((Ze-1)1z.51).

Also
(Ze-V1g51 < Z(Ze —1) = E((Ze - 1)1 z.51) < E(Ze(Z: - 1)).

We have that ..
E(ZE(ZG—I)):ffpg(zl,ZQ)dzleQSZleQM

—€ —€

for M > 0, since ps is locally bounded.

= E((Zc - 1)1z,:1) = o(e).

As for E(Z.)

B(z) = [ m@E)dz= [ (p1(2) = pr(0) )z + 2e01(0)
< 2esup|p1(z) - p1(0)| + 2ep1(0) = 2ep1(0) + o(€).

|z|<e

Put together we get
P(Z.>0) = E(1z.0) = 2€p1(0) + o(e).
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2) Numerator

P(£eU,Z.>0) = E(1y(&)1z,50) = E(1y (&) Z.) - E(1y (§)(Ze - 1)1 z.51).

We already know that
E(]]‘U(f)(ze - 1)]]-Z€>1) = 0(6).

Let g(yvf) = ]]-U(g)]]-(—e,e)(y)' Then

EQu(©2) = E(u(©(-0) = B( [ 10©1Ccowildn) = B( [ o O8d)

- [swor©ME - [ [ P©nwdy= [ PWOnG)1y

= 2p1(0) Po(U) + o)

_ P(§eU.Zc>0) - 2epi(0)Ry(U) +0(e)
=0 P(Z>0) ST e (0) vt )

= ygép(g eUl¢(~€,€) >0)

O

Note 1) This shows that if £ is a simple point process in R then P, can be interpreted as the law of
¢ conditioned on z being a point in R.

Note 2) If © - P, is continuous then the Palm measure is defined uniquely.

5.2.2 Laplace Functionals

Let L[ f] be the Laplace functional of a random measure with distribution P and, for f € BM,(X)
(non negative functions on X with bounded support), let L[ f;xz] = L[ f] be the the Laplace func-
tional derived from the Palm kernel

Lalil= [ o e (= [ SwEan)P.(ae).

Lemma 5.2.2:([13]) Let £ be a random measure with finite first moment measure M, and L[f] ,
L,[f] the Laplace functionals associated with the original measure and it’s Palm measure respec-
tively. Then for f,g € BM,(X), which is the set of non-negative measurable functions of bounded
support in X, the functionals L[ f] and L,[f] satisfy the relation

DgL[f] = lim L[f + 69] _L[f]

e—0 €

-~ [ g(@)Lalf1M (d).

Example: Poisson Point Process.

Let p be a Poisson p.p. on the real line with intensity A. First we need the Laplace functional. We
take a simple function f =37 14,. Then
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L[f] _ E(e—ff(x)u(dx)) _ E(e_z?:l CW(Ai)) _ HE(e—CiH(Ai))

n
i=1

_ ﬁe‘A(Ai)(l_eCi):exp(—é—)\(Ai)(l—e_ci)):exp(—i[q‘(l—e_ci))\(dx))

i=1 =1 g

= exp(—[(l—e‘f@)))\(dx))

because 1 — e F*) =0 for z ¢ CJ A;.
i=1

For a general f € BM,(R) we find f, ~ f pointwise as n — oo, by monotone convergence the-
orem p(f,) = p(f) and by dominated convergence L f,,] = L[ f]

= L[f]=exp ( - [(1 - e_f("”)))\(dx)).
The directional derivative is also given by

dL(f +¢€g)
de

~L(f+ eg)% fX (1 - e T@=<0@))\(da)

e=0

e=0

~L(f+eg) [ 9(@)(1 - eI\ dw)

e=0

~LUf) [ g(a)(1= eI ENA(d)

= L,(f] = eOL[f]=Ls [fIL[f]

which was expected. We get back the original process plus a deterministic point mass at z. By
Ls_[f] I mean the Laplace functional of a delta function. So we get back the Poisson process, plus
an extra deterministic point at x.

5.2.3 Higher Order Campbell and Palm measures

We define the second order Campbell measure on W) = X2 x M(X) by setting

CP(AxBxU)=E(¢(A)E(B)1y(€)).

Countable additivity works the same way as in the first order case. We are going to show that is
o-finite. Let {A,, : m € N} be a cover of X, same as before. We define

Unymaon = {€ 1 €(Am, )E(Am,) <n}.

Then

O Ay % Ay x Uniman) = [ [ [ €(da)e(dy) P(dE) < 0P Unnyzn).
A

s Ay Uy
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Now let (z,y,£) € W), Since {A,, : m € N} is a cover of X, 3my,my € N such that z € A,,, and
y € Ap, . € is boundedly finite, thus In such that
Ti(Am, )E(Am,) <n = (2,9,8) € Amy AmyUmyman, which means those set s form a cover of w®,

By Carathéodory’s Theorem the set function C’I(f) extends uniquely to a measure on ,%’W(Q) =
By x Ba xe@/fi(%).

Of course the same way we can define

O (Ar x Ageee x Ay x U) = B(E(A1)E(A2)€(An)1u (€))

which extends uniquely to a o-finite measure on %’yy(”).

Lemma 5.2.3: ([13]) For By ™ measurable functions g(x1, T2, 2y, &) that are either non-
negative or C’l(j”) integrable

o 912 T (dar dwg,d§) = B( [ glarwa, € durday-dg)

fM(X) _/X g(x1, o, -+, £)E(dx1)E(dws) - P(dE).

When the nth moment measure M, exists, for U = M(X) we have

CU(Ay x Agex Ay x M(X)) = B(E(A1)E(A)-E(An)1) = My (Ay x Ay x Ay,).

Again, for a fixed U, Cgl)(~ x U) is absolutely continuous to M, (-), so we can introduce the Palm
measure as the Radon-Nikodym derivative and the %4 measurable function P(z1,-,Tn,U) =
Py(U)

f---fP(xl,---,:cn,U)Mn(dxl,---,dxn):C}J”(AlxA2...xAnxU).
Aq A,

We also have the following:

Lemma 5.2.4: ([13]) Let ¢ be a random measure for which the nth moment measure M,, exists.
Then same as before, but for a general n

B( [ s@oean) = [ - o@.008 dz,de)

f n fwm 9(Z, &) Pz (d§) M, (dz).

We have already defined DyL[ f] to be the directional derivative in direction g and have proved that

LIf+eq] - LIf] _ _fxg(g;)Lm[f]M(dx).

Taking this one step further I claim

Proposition 5.2.4: Let f,g € BM,(R). With the same conditions as before
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DyL[f +ch] - DyL
DPL[f] = lim =2 L/ + eh] = D,

€—>00 €

I @h ) L[ 1My )

where L, [ f] is the Laplace functional of f with respect to the second order Palm measure Py, (d§).

Proof: We first take a step back

DLUf) = = [ o) LalM ) = [ o) [ e P(de)M ()

ooy Sy 9@ Plaeye(n)
= DoLlf +eh]=DyLlf) = = [ [ o) (e - Plag)e(aa).

We compute separately

D) 6 o 6 (e S h@E) )

e-f<f>(1-eth(y)g(dy) +o(e) - 1)
= —ee *De(h) +o(e)

=t DALEAEDMIL e O Page()

€—>00 €

Jivow S S 9@ O Pa)earyeay)

/J-\Z(X) fX /;( 9(@)h(y)e D Poy (d€) Ma(da, dy)

fX fX 9(@)h(y) Lay [ f1M2(dz, dy).

Before continuing, we prove the following lemma

Lemma 5.2.5: Let {X;}2;, be a random p.p. on R with correlation functions py (1,22, -, ).
Then for disjoint A, B e R

[, [, e wydedy = BN (AN (B))
and

[, [} potay, 2)dwdydz = EIN (AN (4) - DN(B)]

where N(A) and N(B) are the number of particles in A and B respectively.

Proof: Let m(z) be the empirical density

m(x) = Zé(m —x;).
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Then by definition
pi(x) = E(m(x))

and for x #y

pa2 = E(m(z)m(y)) = 3, E((x - 2:)d(y - vi)).

]

[ ey = B i La(a:)) = B(N(A)).

[ peaydady = ($1a@)1a@)) = B( X la@)a(e;) = E1ales)-

i*k

E[N(A)(N(4)-1)]

e Similarly, [4. pr(x1, 2, ) )dridre---dry = E(Py(N(A)), where Py(x) is a monic polynomial
of degree k. Since for N(A) =0,1,--,k -1 we have P,(N(A)) =0, we can deduce that

P(N(A)) = N(A)(N(A) = 1)(N(A) =2)-(N(A) -k +1)

i)
[, [ m@yydady = [ [ BE(E 820y - ;) )dady
= B(Y1al@)1s(w))) = (ZIA(z )15(25))
= E(N(A)N(B))
ii)

., [} poty, 2)dzdya:

E( Y la(z )1A(x])13(xk))

ixj+k+1

%]

(
2 ORFICR) RIERINIEN)
S AL PHPENIPIENED SPIER)
[

= B|N(A)(N(4) - 1)N(B)]

where we also used that for either i =k or j =k, 1a(z;)1a(z;)1p(zr) =0.

O

Lemma 5.2.6: Assume we have a point process on R for which p1, p2, p3 are continuous and Py, (U)
is continuous in both x and y for some fixed U. Then
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lim P(§ e Ul(z —e,x+€) > 0,6(y =€,y +€) > 0) = Py (U).

Proof: The proof is similar to that of lemma 4.4.1.

P(£eU,Z5 >0,2Y > 0)
P(Z%>0,ZY > 0)

PeUl(z-€e,x+€)>0,8(y—€e,y+e€)>0) =

¢ Denominator

P(Z7>0,2Y>0) = E(lzssolzysg)

We once again use that 1zz50 = ZF = (ZF = 1)1 z251.

= P(Z:>0,2¢>0) = E(Z:2¢ = ZE(Z¢ = 1) gv51 = Z2(Z = D)gesn + (£ = 1)(Z8 = 1)1 zz511 7051).

I claim that P(Z% > 0,ZY > 0) = 4€2pa(x,y) + 0(e?). Term by term, we have:

i)
ZHZ¢ =Dz < Z2ZY(ZY-1)

and

E(ZfZg(Zg - 1)) f f p3(21722,23)d21d22d23

A2 B,

IA

8¢® sup |ps|
A2xB.

ii) ZY(ZF - 1)1zz51 and (Z7 - 1)(Z¢ = 1)1 22511 v, are similar to i).
iii)

rteyte

[ f P2(21, Zz)dzldzz

T—€y—€

E(Z:2¢)

T+ey+e

f p2(z1,22) = pea, y)dzidzy + 4€? pa(,y)

T—€Yy—€

= <4 sup  |pa(z1,22) - pa(7,y)| + 42 pa (2, y)
(z1,22)€AcxBe

— 4Ppy(a,y) + o)

e Numerator
Reminder that Z¥ is just short for &(z — €, + €), which just counts the number of points

in (z-e€x+e¢).
The numerator can now be written as follows:

E(1y(€), 12250, 1z250) = E(Lu(§)E(A)E(BC)) + o(€?).
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We define g(z1,22,8) = 14,(21)1B,(22)1y(£). Then

E(u©A)EB)) = [ [ 912, PUE(d)E(dz)

R? NI(R)
- [ [ 9z P, (@M xdz) = [ [ P (U)M (< dz)
R2 NI(R) Ac Be
T+eyte
= f p2(21,22) Py, 2y (U)dz1dzo = 46 pa(,y) Py (U) + 0(€?)
T—€Yy—€

Thus, by dividing both numerator and denominator by 4¢? and sending ¢ — 0, we get

lim P(E € Ule(x — .2+ €) > 0,60y~ €,y +€) > 0) = Py o (U).

Working the exact same way, but with P, instead of P, we can show

lim P,(¢€ € U6y~ e,y + €) > 0) = (B, (V).

A question I have yet to answer is the following: What happens if we condition on having two
particles at the same point, ie

lir%P(fe Ulg(x-e,x+€)>1) =7

While I have yet to solve this, I present a rigid example in 5.2.6 as what happens if we condition
on having many particles at the origin, on the determinantal p.p. form by the eigenvalues of the
Ginibre ensemble.

5.2.4 Determinantal Point Processes

This is what everything has been leading to. For a determinantal point process on R with kernel
K, we will show that the Palm measure P, corresponds to a determinantal p.p. away from x, with
kernel K, (y,2) = K(y,2) - W Not only this is the result we got from Theorem 2, but we
also use the knowledge of what we expect the kernel to be, in order to prove it.

Proposition 5.2.5: Let f € BM,(R) and K be a kernel such that TrK = [, K(x,z)dx is fi-
nite for all bounded sets A. The Laplace functionals for a determinantal point process £ with kernel
K are given by the Fredholm determinants

L[f]=E(eD) = det(1 - M;_, s K).

Proof: Let ¢ = § 0z, be a d.p.p. on R with correlation functions p,, and ¢ be a function on R
i=1
s.t. the kernel ¢(2)K(z,y) defines an operator MyK in Ly and T'r(My4K) is also finite. Then

(oS}

E(JT(1-¢(x:)) = det(1 - MyK).

i=1
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To show this we start with the identity

[1(-o) - 1—§1¢<xi>+i§2¢(xil>¢<xi2>—---+iq;Qk(—l)%(%)cb(xiz)...
= B[] -é(z)) = 3 _1)kf-f¢(x1)¢(m2)...d)(xk)pk(xl,xg,...,xk)ﬁd:ﬂi
=1 k=1 kj' =1

= det(I - MyK)

In order to get the Laplace funtional of a d.p.p. we set ¢ =1 —e/ and work as following

E(_Ij(l ()

E(e§log(1—¢>(wi)) _ E(ef 1og(1—¢(z)f;‘(dr))

= E(e—f f(x)s(dx)) _ E(e—ﬁ(f)) - L[f]

Lemma 5.2.7: Suppose the Ly operator K, where K(x,y) is a C; function on ¢. Then

%det([ + Ky) = det (I + K,)Tr(K,(1+K) ™).

(Proof in the appendix)

Using the previous lemma and

we get

~DyL[f]=det(1 - M, s K)Tr(My-s K(1- M, s K)™").

Expanding the trace as an integral we have

“DyLLf] = det(1- My oK) [ g(@)e DR - My K)o, 0)de

(@)
- fg(x)det(l My 1K) X x)K(l—Ml,effK)_l(:ax)K(m,x)dx
(@)
= LlJ] = el My K)o s KL= My ) (o).

We predict that the new kernel will be

K(z,2)K(y,x)

Km(y,z)=K(y,Z)— K(ZL‘ $)

which can be written as K, = K - F,,, where F, = K(z,2) 'K (-,z)K(x,-), showing it is a rank one

perturbation.
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But as seen in the Poisson p.p. example, the Palm measure also accounts for an extra deterministic
point mass on x, on which we conditioned. So we expect

Ly, [f]det(1 = My_e-s (K - F))

= e 7@ det(1- My s K)det (1+ M s Fp(1- M, s K)™).

The operator M_,-F,(1 = M,_.-sK)™! is still rank one, which means it has only one eigenvalue
and thus the characteristic polynomial is of degree one.

The characteristic polynomial is given by

det(1+2K)= )" Z—|f~fpn(x1,~~-,acn) [] dai.
n=1 "0 i=1

Then for kernels of the form K = uov, for z = 1 we get the Fredholm determinant det(1+uov) = 1+ [ uv

Call 1 - e = ¢. We want to show that

1
K(z,x)

K(1-MyK) ™ (z,2) = det(1 + MyFo(1- MyK)™).

First we rewrite the RHS, starting with writing down the kernel

9(2)

MyF,(1-MyK)™(z,w) K(o.2)

K (=) [ K@) (1= MpcK)™ (g, w)dy

= det(1+ MyFy(1- MyK)™") = 1+fKﬁ(le)K(z,m)fK(x,y)(l—M¢KK)-1(y,z)dydz.

It suffices to show that
K(1= MpK) ™ ,2) = K(w,0) + [ 6()K(2,0) [ K(o,9)(1 - MyreK)™ (9, 2)dyd=
which in operator language translates to

K(A-MyK) ' =K+K(1-MyK)'MyK

on the diagonal. But these operators are equal in general:

K+K(1-MyK)'"MyK = K+K(1-MyK)'"MyK-K(1-MyK)"'+K(1-MgK)™*

K+K(1-MyK) Y (MK -1)+K(1-MgK)™" = K(1- MyK)™*

= L[f] = e 7@ det(1-M_,sK,)=Ls,[f]det(1 - M;_,sK,)

which means we have our kernel. We can get rid of the point mass at « by using test function f
that disappear on z, i.e. f(z)=0= ¢(x) =0.
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5.2.5 Conditioning

Now back to the old tricks.

Just like in the discrete case, we start by conditioning on having particles on certain points. The
difference is that in the continuous case that has probability zero, so we need to condition on a point
process having a particle in a small increment and then sent the length of said increment to 0. The
goal is to condition on any finite amount of points plus an empty integral and find a formula for the
kernel, much like we did in the discrete case.

We will prove the following 3 Lemmas, all of which are counterparts to the results we got for
the discrete case.

Lemma 5.2.8:

lim P(Z§ > 02! > 0) = y’;(y’ 3 29 154 06)

Lemma 5.2.9:
P(Z§ > 0IN(A) = 0) = K|a(I = K|1) sy + 0(0)

and
Lemma 5.2.10:

lim P(Z5 > 0[N (A) =0,2¢ >0) = K[a(I = K[4) (4 .2)6 + 0(5)

where
K(z,2) K(z,y)
K(y,z) K(y,y)

K2) = K(y,y)

i) We will use the following notation. ZZ is the number of particles in (x,z + ¢) and N(A) is the
number of points in a set A. We start by conditioning on a point process having a particle in

(y,y+e).

We will show that

Lemma 5.2.8:
K(z,z) K(z,y)
K(y,z) K(y,y)
lim P(Z5 > 0|Z¢ > 0) = d+o0(d
lim P(Z3 > 0/2! > 0) o) (5)
Proof:

P(ZE>0,2¢ > 0)
P(Z7 > 0)
E(1zz501zv50))
E(]lZEy>O)

P(Z§ >0\Z¢ >0)
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We have already come across these quantities before and we have:

P(Z?>0) = E(lzrs)=E(ZY)+o0(c)
- f K(w,w)dw +o(€) = eK (y,y) + o(e).

Similarly

P(Z5>0,2¢>0) = E(lzzsolzrso) = E(Z52Y) + €o() + o(e)
T+6 Y+€

]

T

K(wi,w) K(wi,ws)
K(’U)g,wl) K(’U)g,’wg)

‘ dwidws + €0(9) + o(€)

K(z,z) K(z,y)
K(y,z) K(y,v)

) +e0(d) + o(e).

Let’s see in more detail on the side why this last bit holds true.

T+0 Y+e

f [ K(wl, wl) K(wl, ’LUQ) dwldwg
K(wg,wl) K('UJQ,”U}Q)

z Yy

z+d yte

= ! yf [K(wl,wl)K(wg,wg) - K(wl,wz)K(w27w1)]dw1dw2

z+d

= [ B s () - K]+ oK () K (00)

ps woe(y,y+e

—€ sup )|K(w1,w2)K(w2,w1)—K(wl,y)K(y,w1)|—eK(wl,y)K(y,wl)]dwl
woe(y,y+e

T+6

= ef[K(wl,wl)K(y,y)—K(wl,y)K(y,wl)]dwl +d0(¢)

xT

= e0K(y,y) sup [K(wi,wi) - K(z,2)|+ 6K (2, 2)K(y,y)

wie(z,z+8)

~ up S)IK(wl,y)K(y,wl) - K(z,y)K(y,z)| - 0K (z,y) K (y,z) + do(e)
wie(x,x+

K(z,z) K(z,y)

= O K(yx) K(yy)

+e0(8) + do(e).

Dividing numerator and denominator by € and sending it to 0, we get

fé(%x) ggwy;
lim P(Z§ > 0/Z¢ > 0) = (y’;;)(y’ 3 29 154 o(6)
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From there we can see that for the new point process derived from conditioning we have

K(z,z) K(z,y)
K(y,z) K(y,y)
K(y,y)

pi(e) = K(z,2) =

So all the identities from the discrete case so far carry over to the continuous one, since we’ve
seen how we can inductively condition on more particles.

Before we continue, we will include this well know proposition.

Proposition 5.2.6: For a determinantal point process with correlation functions given by
P21, 22, ..., Zn) = deti<; j<n (K (24,2;)), where the kernel K is continuous, we have that

P(N(A)=0)=det(I-Kl|a)=Da4
where det(I — K|4) is the Fredholm determinant

_ 1 K(Zlazl) K(Z1,22) 1
D= 1—/K(zl,zl)dz1+2|f K k= dzleQ_g!A[...

ii) We continue with conditioning on an empty set A. We will show that

Lemma 5.2.9:
P(Z§ > 0IN(A) = 0) = K|a(I = K|1) sy + 0(9)

Proof:

P(Z§>0,N(A)=0) E(lzgs0ln(a)-0)
P(N(A)=0) Dy '

P(Z5 >0|N(A)=0) =
Without dwelling again too much on the indicators and subsequent continuity arguments (Il

give a more concrete one in the next, more general case), we have

E(lzzs0lnay-0) = E(Z5(1- DN 4 0(6)

and

B(Z5(1-1)YW) = B(Z5) - B(ziN () + B( 2 MR 2Dy _

Y
K( ) K( ) 1 T+0
B B w1, W1 w1, 21
- fK(wlawl)dwl /f‘ K(z1,w1)  K(z1,71) dw1d21+2,f[
z A

oK (@, @) +o(9) - 5f | PR LR

By defining as R(x,y) : R xR - R the following function
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K(z,y) K(z,z1) K(z,2)
K(z1,y) K(z1,21) K(z1,22) |dz1dz
K(22,y) K(22,21) K(22,22)

R(z,y) = K(w,y)_Af‘ I[{{((:l,,yy)) I[{{((Z,,le)) d21+%/

A2
1 1
—3'15{. |4><4|d21d22d23+5‘/

A4

we can write

P(Z% > 0|N(A) =0) =

MéJro(é)
A

Now we have from Lax [23, Chapter 24] the following 2 equations linking R(z,y) and K (z,y)

DaK(a.y) - R(z,y)+ [ K(o,2)R(zy)dz = 0

1]
o

DaK(x,y) - R(z,y) + AR(%,Z)K(Z,y)dZ

If we write them in operator language and also the operator I — K is invertible, then from the
second equation we get

R-RK|jy=DuK|s= R(I-K|s)=DsK|a= R=DsK|s(I-K|a)"

= P(Z§ > 0[N(A) =0) = K|a(I - K|) (4.6 + 0(6).
g

iii) Now we move one on the more general case where we condition both on an empty set A and a
particle at y. This may be redundant, since we can just condition first on an set of points being
occupied, get our new kernel K , and then condition on an empty set. But given that I have yet
to condition the other way around, meaning first condition on an empty set and then on a set
of occupied points, and then match the two answers, I decided to include it.

Lemma 5.2.10:

lim P(Z5 > 0[N (4) =0,2¢ >0) = Kla(I = K|a) (26 +0(0)

where
K(z,z) K(z,y)
- K(y,z) K(y,
R(o2) = (y,2) K(y,v)
K(y,y)
Proof:
P(Zf>0,N(A)=0,2ZY >0)
P(ZE>0N(A)=0,2Y>0) = Ji(N(A):OZy>O)

Denominator
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P(N(A)=0,Z¢>0) = E(Incay=0lzv50) = E(In(a)=-02Y) + o(e)

K( ,,) K( ’Zl)
e(K(y,y)—Af‘ K(Z:{u) K(Z,zl)

K(y,y) K(y,21) K(y,z2)
K(zl,y) K(Zl,Zl) K(Zl,ZQ)
K(Zmy) K(Z2,Zl) K(ZQ,ZQ)

le +

T dzleQ---) +0(e€)

A2

K(y,y) K(y,21)

B K(z1,y) K(z1,21)
- €K(yay)(1_! K(y,y) dl

K(z1,y) K(z1,21) K(z1,22)
K(z2,y) K(z2,21) K(z2,22)

1
+§[ K1) dzld22-~) +0(e)

A2

‘K(yvy) K(y,z1) K(y,22)

= eK(y,y)(l—/f{(zhzl)dzl+
A

K(y,y) K(y,22)
K(z1,y) K(z1,22)

‘K(y,y) K(y,z1)
K(z1,y) K(z1,21)

K(y,y) K(y,22)
K(Zz,y) K(Zz,ZQ)

K(y,y) K(y,z1)
+1f K(22,y) K(z2,21)

2!
A2

K2 (y.0) dzldzg---) +0(€)

. B - 1 K(z1,21) K(z1,2)
= 6K(y,y)(l A/K(zlvzl)d’Z“Q!A[ K(z2,21) K(22,2)

= eK(y, y)DA +0(€)

ledZQ"‘) +0(e€)

where
K(x1,72) K(1,9)
- K(y,z2) K(y,y)
K(xl,l'g) =
K(y,y)
Numerator
P(Zg > 07N(A) =0, ZZI > 0) = E(]I-Z§>0]]-Z§>O]]-N(A):O)
= E(Z5ZY1N(ay-0) +€0(d) +0(e)

where

E(Z5 Z! N (ay-0) = E(Z5 Z¢) - E(Z5 ZIN(A)) - %E((Z;?ZE’N(A)(N(A) —1)+-
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T+ Y+e

:/y/

K(wl,wl) K(wl,wg)

K(’LUQ, ’LU1) K(’LUQ, ’LUQ) dwldw2

T

11y

A
= 0K (y,y)R(z,z) +eo() + o(e).

K(w17w1) K(w17w2) K(wlwzl)
K(wg,wl) K(’LUQ,”LUQ) K(wl,zl)
K(zl,wl) K(Zlﬂl}g) K(thl)

dwidwadzy + o(€)

This probably requires an explanation. First of all

K((El,ZCQ) K(wl,zl)

R(zy,22) = K(z1,22)- ‘
1,22 1,42 Af K(z1,22) K(z1,21)

K(fﬂhwz) K($1721) K($1,22)
+f/ K(Zl,l'g) K(zl,zl) K(zl,zg) dz1dze — — f|4><4|dzld22dz;3+
TA2 K(ZQ,I’Q) K(ZQ,Zl) K(ZQ,ZQ)

where again

K(xlva) K(xlvy)

K(y,z2)  K(y,y)
K(y,y)

K(.’El,.’tg) =

What we did was take outside a factor of K(y,y), consequently dividing each term by it, and
then used the determinantal identity to write each ratio as one determinant with elements K ;.

Also here is a more detailed explanation as to why the rest of the term are eo(d) + o(e). Let’s
take the term with the n x n determinant. Using

n
detA= %" sgn(o)[]aiei
€Sy, i=1

said term can be written as

xT+0 Y+e

1

n—2
(TL _ 2)| Z Sgn(o-)K(wl’ U(wl))K(U_l(w2)7w2) H K(Zi, U(zl))dw1dwgdz1--~dzn_2

Y An-2 oeSn i=1
T+0 Yy+e

= ﬁ f dzy-++dzp_o z sgn(a)ﬁ K(zi,a(zl))f[dwldng(wl,U(wl))K(o_l(w2)7w2)
An-2 =1

oeSy, Ty
where the double integral inside has been already computed.

Note also that all the o(e) terms may include 4, we just don’t care about them, since we
expect them to disappear as € — 0.

Currently we have managed to write the conditional probability as follows:

5K (y,y)R(x,z) + €o(d) + o(e) .

P(Z5 >0|N(A)=0,ZY >0) = E
€K (y,y)Da +o(e)

Again, by taking € — 0, we get
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K(y, y)R(w ) 5
K(y,y)Da

R|A(I - ]’T{|A)(7;7x)5 +0(0).

+0(9)

lim P(Z3 > 0[N (A) = 0,22 > 0)

O

Remark: While we have assumed y is not in A, the same method would work if we take y € A
and instead of N(A) =0 we condition on N(A/(y,y+¢)=0.

Conditioning on an empty set A and having particles in n points will produce a determinantal
point process with kernel K] (I - I~(|A)(1.7y) where K is the ratio of an (n+1) x (n+ 1) deter-
minant by an n x n determinant, same as in the discrete case. I don’t believe it’s worth going
through those huge calculations just to show something there no doubt it holds true.

5.2.6 Complex Ginibre Example

We have the correlation function of the eigenvalues which for a determinantal point process. We
will use this example to see what happens if we condition on having to particles at the same point,
i.e. the origin.

pn(zl,ZQ,...,zn):ﬂ"exp(—2|zi|2) det (K(z;,z2))

i1 1<i,5<n

where

K(z,y)=e"

All the calculations will be made with respect to the measure

e_‘zlz

u(dz) = dz

i) Conditioning on having one particle at the origin, the new kernel will be

K(0,0) K(0,y) ‘ ‘ 1
- K(z,0) K(z,y) 1 K@y |
K(z,y) = K (0.0) = . =" 1.

ii) Conditioning on two particles at the origin results in 0/0, so we conditioning on a particle at
a — 0. Also we are going to use as K (x,y), the new kernel above. Thus once again we have

K(a,a) K(ay) o1 e
K(z,a) K(z,y) e*r -1 -1

a—>0 K(a CL) a—>0 (3|a|2 -1

K(z,y)

a—0 eWz -1

= Iim [e“? B Gl G 1)]
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Calculating separately

i (ez&_l)(ea;g_l) i (xa-r%-rO(a?’)) (ag*—%*—O(gﬁ))
1m = 1m

am0  elaP -1 a=0 laf? + O(lal*)

o 2laf? + P 4 O(laf?)
= 1m =

a0 laf? + O(lal*)

= K(z,y) =" —1-zj.

The pattern is obvious by now, so assuming the kernel for the complex Ginibre conditioned on
having k — 1 particles at the origin is

k-1 =\
K($,y) = %Y _ Z (Iy')
i=0 ¥

then for k particles at (0,0) we have

K(z,a)K(a,y)

K(z,0)K(a,y) (B v 0@ ) (“B- 1 ok ))
lim —————* = lim o
a=0  K(a,a) a0 92+ O(|af?+2)

4k+1

Ty k 4k+1
o O(lal*Y) (gt

al—r>r(1J Iallcﬁ +O(|a|2k+1) k!

~ & (ap)
= K(z,y) = ey—z(i').
i=0
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6 Appendix

6.1 Proof of the Determinantal Identity

Here we prove this presumably known, but long forgotten determinantal identity.

Lemma Suppose we have an n x n matrix with elements a;;. For some 1<k <n -2, let K be

ail
a21

A1

a12
a22

a1k

Ak

Then the following identity is true for every 1 <k <n -2

ailr a2 a1k G1n

a1 G22

ak1 QLK

an1 Ann
Proof:

It’s going to be down in multiple steps to showcase how it works and the forms we will be using most

often.

K[

K

Q41,1

K

Qn,1

a1 k+1

Af+1,k+1

a1 k+1

An, k+1

Q41,1

Gn,1

a1,n

Ak+1,n

ann

i) We start with the simplest case we showed before, to understand where the cancellations occur

On the left we have 6 terms and on the right 8. Note that the only terms we don’t want can-

ail
a21
a31

cel out

ii) Let’s begin generalizing

ai12
a22
a32

a13 1

a33

a1 a2 ail
a1 a2 a1
ail a2 a11
az1 as2 a31

a13
a23

a3
ass

(-a12a21)(-a13a31)  (—a21013)(-a12a31) _

aiy
a21
asi
41

ai2
a22
as2
42

a3
a23
ass
43

14
24
a34
Q44

a1

" (an)?

ail a2
a1 a22
a1 ai2
az; as2
ail a2
41  A42
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aiil

a1
a21

a1
az1

a1
41

a13
a23

ais
a33

a13
Q43

a14
a21

aii
a31

a11
41

a12
a24

a14
a3q

14
Q44




a a a a a a a
aj;  ags 11 13 11 14 aj1  ape 11 13 | 11
a a a a a a a
as1 a9 31 33 31 34 as1  ass 21 23 21
RHS =
(a11)? (a11)?
a1l a3 a11  ai4 aip  ais a11
41  A43 (41 Q44 ag1  a43 Q41
a a a a
aj;  aps 11 13| 11 14
a a a a
a4 Q4o 21 23 21 24
+
(a11)?
a1l a3 a11  ai4
az1p ass a31 as4
Using i) we get
ail aiz ai4 11 @13 Q14
412021 a120a31
RHS = |ax—-———)| a31 as3z azs |- (as2— az1 23 A24
a11 a11
Q41 Q43 Q44 a41 Q43  G44
ai1 aiz Gi4
12041
t\ Qa2 — —— Q21 Q23 (24
a1
azr asz ass
By adding and subtracting
a21 Aag23 G24
aiz | as1r asz G34
a41 Q43  G44
and breaking the above expression into two sums we have that RHS is equal to
a21 A23 G24 @11 a1z G4 ai; aiz ai4 a11  aig
—Qj2| @31 a3z az4 |tagz| 31 a33 Q34 [—az2| G21 @23 (24 |+ Q42| A21 Q23
41  A43 QA44 41  A43 Q44 Q41 Q43 Q44 a31 ass
alo a21 Aa23 Aa24 ail ais ai4 ailr aiz ai4 ail
+ 7(1 a1 | azr az3 az4 |—a21| @31 a3z Aaz4 |tazi| G21 G23 Q24 [— Q41| A21
11
(41 A43 Q44 (g1 A43 Q44 (g1  A43 Q44 a31

The first part is the expansion of the initial 4 x

and the second part is

iii)

ail  a12 A1n
a21
Qpl Gpn

a11
a2 | a2
air | @31
a41
1
(all)n_2

a1l aiz ai4

a1 Aa23 Aa24 -0

a31 asz a34

Q41  G43 Q44

a1l ai2 a11 a3 a1
a1 Aa22 a1 a3 a21
a1 a2

azy1 as2

ailr a2 aii
an1 an2 an1
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A1n
A2n

A1n

ann

ai4
a24

a14
Q44

Qa4
24
a34

a3
a23
as33

Q14
a24
a34

4 determinant with respect to the second column



The proof will be by induction following the same steps as in i)

RHS

ail  ais
a1l a2 as1 ass
a21 A22
(all)mQ
a1l ais
an1 an3
a11
(_1)%1 air a2 a21
anl an2
(all)n—2
ai1
Ap-1,1

Using the induction step for k=n -1 we get

RIS = (OL22 _ 21012

a11

)

aiy
az1

an1

a13

Again, by adding and subtracting

a12

Q1n

T (—1)”-1(%2 -

ann

a1 (23
aszy ass

Gnl

aiil
az1

a1
Gn1

a3
a23

a13
(n-1,3

A1n

ann

A1n
a3n

A1n

a”ﬂ’ﬂ

a11
a21

aiy
Gp-1,1

Gnlalz)

A1n
a2n

A1n
An-1,n

ai1 a13
a1

Gn-1,1

A1n

An-1,n

and splitting into two sums, the first will be the expansion of the initial n x n determinant and the

second will give

a12

a1

ailr  ai
az; a21
an1 an1

A1n

ann

iv) In the 4 x 4 case, the matrix can also be written as follows

a1
a21
asy
Q41

a12
a22
a32
42

a13
a23
ass
43

a14
a24
34
Q44

ail
azi

a
1 31

a11
a21

ai2
a2

a11
azi
a41
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a12
22
a32

a12
a22
42

a13
a23
ass

a13
a23
Q43

ail
azi
a3

ai1
azi
a41

a12 Aai4
a22 A24
azz 34
a2 Q14
a22 A24
Q42 Q44



Proof:

ail a2 a1 ais air a2 a1l a4
a21 Aa22 az1 a3 az; a2 a21 A24
ail a2 ail  ais ailr a2 a1 Aai4
asz1 ass agz1 ass az1  as2 asz1 as4
1 1
RHS = 5
(a11)? | a11 a2
as1  a99 ail a2 a1 ais aipr a2 a1l  ai4
a21 A22 az1 a3 az1 a2 a21 A24
ail; a2 ail  ais ailr a2 a1 Aai4
(41  A42 (g1  A43 (g1 A42 41 Q44
ail a2 a1l as ai1  ai4
a21 Aa22 a21 A23 az1 Aa24
_ 1 ail a2 a1 ais air  aiq - LHS
(a11)? asr  as2 as1  ass az1  as4
ail a2 a1l a3 a1l ai4
41 (42 G4g1  A43 (41 Q44

First we used ¢) for each of the 3 x 3 determinant. On the second step we used again ), this time
the other way around for a 3 x 3 determinant with elements 2 x 2 determinants. Finally we used %),
all while having so much fun typing this.

v) The above relations can be generalized as follows:

An nxn determinant can be written as an (n—k)x(n—k) determinant determinant with (k+1)x(k+1)
determinants as elements, divided by a kxk determinant to the power of n—k-1, for every 1 < k < n-2.

We have already denoted K to be

aix a2 - A1k
a21 (22 . - K
ar1 . - Ak

We will know prove the more general form of the identity

l( a1, k+1 l( a1,n
ail1 @12 0 Qlkg |t Gln

az1 @G22 . k41,1 - OQk41,k+1 k1,1 -+ Qk+1n
: 1

ag1 . . Gk ‘ F:‘"—k—l
: l(‘ a1 k+1 l(‘ a1n
an1 Anpn . .

an,1 --- Qp,k+1 Gp,1 --- Ann

We want to prove the above relation for every n and every 1 <k <n - 2.
We have proved this for n = 4.
Assuming this true for every s < n, we now want to prove it for s = n.
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We know it’s true for s =n and k = 1. So it suffices to prove that if the relation hold for s = n and
1,2,..,k -1, then it also holds for s =n and k.

First we write each element of the right determinant as a 2 x 2 determinant.

i.e. the (1,1) element
ai1 a12 a1, k-1 a1k a1, k+1
a1 Q22
Ag-1,1 Af—1,k-1
ak1 Akk
Q41,1 Q+1,k+1

where L is th top left block matrix.
Also note that the top left element of each determinant will be |K|. Thus the initial relation takes

the following

form:

RHS = !

Co
|L|n=F |K|n—k-1 :

1

L

a1 ---

L

ak+1,1 -

a1k

Ak

a1k

Ak+1,k

L

a1 .-

L

Ak+1,1 ---

| (n—-k)x(n-k)

a1 k+1

Ak k+1

ai k+1

Ak+1,k+1

We now have an (n - k) x (n - k) determinant with 2 x 2 determinants as elements in the correct
form to use #ii) an write it as an (n—k+ 1) x (n -k + 1) determinant. The exponent of |K| will be
(n—k+1)-2=n—k-1.

RHS =

a1 a12

a21

anl

L

arl .-

L

Ak+1,1 ---

L

an1 ...

a1k

A1k

AL+l k

Qnk

A1n

ann

L

arp ...

L

Ak+1,1 ---

a1 k+1

Ak k+1

a1, k+1

In the last step we used the induction step inside the induction.
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Qlt1,k+1

L

ary1 .-

an1 -

Qkn




Remark: I have always started from the top left corner because of convenience, but each of the
determinants can be re-written in a number of different ways.

i.e.
ail a2 a1z ais
air a2 a3 1 a1 a2 a2 Aa23
a1 Q22 G23 [=—
az1 asz a33 422 az1 a2 Ga22 A23
aszr as2 aszz Q33
aj; Q12 Q14 a1 a1z ai4
a1 ais a3 a4 a1 ag2 G23 a21 ag23 G24
azr asz2 az4 aq1  A43 Q44
az1  Gz2 a3 a24 | _ 1
o1 ds2 @33 34 a1 14 a1l G2 Q14 a1l a1z Q14
i daz as dad @41 Qa4 a3y a2 as4 a3l asz as4
aq1 Q42 Q44 Gq1  A43 Q44
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6.2 Proof of Lemma 5.1.1

Lemma 5.1.1: The following identity holds true:

b1 Q12 o Q1k ai,k+1 o Aln
a21 bao
. : . .
P(in = 1,Jn\Jk & in = 0, Jk) = (—1) g1 . . bkk
Ak+1,1 Ak41,k+1
an1 Ann

Proof: By induction, presented in the appendix.

We have already proved it for k=1, 2.
Assuming it holds for s < k-1 < n, we are going to prove it for s =k < n.

P(Nmz = 17Jn\<]k & Nm, :07Jk) :P(NL = ]-7Jn\Jk & le :O;Jk—l)_P(Nri = 17Jn\<]k—1 & le :O»Jk—l)

bin a2 a1 k-1 a1 p+1 v Qg bin a2 - a1k | @iker c Qip
a1 baa . azi b2
k-1 ' ' ' ' k-1 '
=(-1) ak-1,1 - - bp—1k-1 -(-1) k1 . kg
Ak+1,1 Af+1,k+1 Ak+1,1 Ak+1,k+1
an1 Ann an1 Anpn
bi1 @12 o Q1k a1 k+1 o QAln
az1 by
i : . .
2(—].) (0775) . . bkk
QL+1,1 A+1,k+1
an1 Apn
O
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6.3 Proof of Lemma 5.1.2

Lemma 5.1.2: f(1,2...,2n) - f(3,4,...,2n) == f(2,2n) is the Pfaffian of the matrix

0 ai2-1 aiz -+ aion
0 a23
0
0
i.e.
0 a2 a3z auis 0 ai2-1 a3 aus
0 a3 an 0 azs | _ 0 as3 a2
pf 0 (134 pf( 0 _pf 0 (134
0 0
Proof:

F2,2n) = > s(un)f(yry2)f Won-1y2n) = D, $(pn-1) f(z122)... f (T2n-322n-2)

Hn Hn-1

(Y1, -+-s Y2 ) is a permutation of (1,2,...,2n) and
(21, ..., Top_2) is a permutation of (3,4, ...,2n)

= >, $(pn) f(1y2) - f (Yan-1y2n) + F(12) Y s(pn-1)f(z122)...f (¥2n-3T2n-2)

{y2i-1y2:}#{1,2} Hn—1
- Z $(pin-1) f(@122)... f(20-3T2n-2)

Hn-1

= > s(un) F(y1y2)--f Wan-1y2n) + (F(12) = 1) D" s(pn-1) f(@122)... f (Z2n-3T2n-2)

{y2i-1y2: 1#{1,2} Hrn—-1

= > s(pn)h(y1y2) ... h(Y2n-1Y2n)

B

{ h(ij) = f(ij) for (z,7) # (1,2) and
where

h(12) = £(12) - 1.

Remark: Similar identity holds for

f(1,2,....2n) - £(1,2,...,2i,2i +3,....2n) = pf (L)

Fkm),  (k,m) # (2i+1,2 +2)

where Ly, =
fi+1,2i+2)-1, (k,m)=(2i+1,2i+2).
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6.4 Proof of Lemma 5.1.3

Lemma 5.1.3: P(N,, =1,J,\Jx & N, =0,J;) is equal to
C(l‘l,fﬂl) K(m17$2) K(.’Ehl‘k) K(xlaxn)

0(1‘2, l‘g)

(-1)*pf C(xy, )

K(xk‘+17 xk+1)

K(xp,zy)

Proof: This proof is quite similar to the equivalent determinantal one. We will show by induction
that it’s true Vn and Vk < n.

e n=2 k=11is Lemma 5.1.2

e n=2k=2
P(N,,=0,J2) = 1-P(N,, =1)-P(N,,=1)+P(N,, =1,J3)
0 a2 a3 au
1. 0 az | _ 0 as 0  azs an
- 1 pf( O ) p.f( O )+pf 0 a34
0

0 ap-1 ai3 ai4

0 app-1 0 a a
] R I oo

0

0 ai2-1 a3 au

_ 0 az3 a2y
- p'f 0 agzq — 1
0

C(x1,21) K(x1,22)

= pf :
C(.IQ,J?Q)

Assuming it holds Vs <n and Yk < s we will prove it for s =n. We know it’s true for k£ =1, so it’s
sufficient to assume that it holds for £ — 1 and prove it for k.

P(Ny, =1,J\Jx & N, =0,Jp) = P(Ny, =LJ\Jx & Ny, =0,J51)
~P(N,, =1,J,\Jk-1 & Ng, =0,J51)
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C(z1,21) K(z1,22) K(x1,x5-1) K(xy,2p)
C(SL’Q,Z’Q)
(-1)*'pf C(Th-1,Th-1)
K(l'k+17xk+1)
K(xp,zy)
C(xy,21) K(w1,22) K(z1,2k-1) K(z1,2n)
C(.IQ,J?Q)
—(-1)*"'pf C(2p-1,%p-1)
K(mk,xk)
K(xnwrn)
C(xy,21) K(w1,22) K(x1,21) K(x1,2n)
C(IQ,I’Q)
(-1)pf C(xg, )
K($k+17xk+1)
K(xn,zy)
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6.5 Proof of Lemma 5.2.7

Lemma 5.2.7: Suppose the Lo operator Ky, where K;(x,y) is a C; function on ¢. Then

Proof:

LHS

% det(I + K¢) = det(I + K,)Tr(K,(1+K) ™)

lim det(l + Kt+e) - det(l + Kt)

e—0 €

det [(1+ K,) 1 (1+ Kpe)] -1

€

lir%det(l + Ky)

det [(1+Ky) ™ + (1+ Kp) ' Kppe + (14 K3) K — (1+ K) UK ] - 1

€

det(1 + K;) lir%

det [(1+Ky) ' (1+Ky) + (1+ Kp) H(Kppe — K) ] -1

€

det(1+ K;) lir%

det [1+ (1+K;) N (Kpve — Ki)] -1

€

det(1+ Ky) lin%

L+ Tr((1+ K) ™ (Kpse — Ky)) +0(€) - 1

€

det(1+ K3) lin%

det(1+ K )Tr(Ky(1+K,)™).

O

On the second to last line, we expanded the Fredholm determinant, kept the first 2 terms and the rest

are of o(e).
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