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ALMOST BI-LIPSCHITZ EMBEDDINGS AND ALMOST
HOMOGENEOUS SETS

ERIC J. OLSON AND JAMES C. ROBINSON

ABSTRACT. This paper is concerned with embeddings of homogeneous spaces
into Euclidean spaces. We show that any homogeneous metric space can
be embedded into a Hilbert space using an almost bi-Lipschitz mapping (bi-
Lipschitz to within logarithmic corrections). The image of this set is no longer
homogeneous, but ‘almost homogeneous’. We therefore study the problem
of embedding an almost homogeneous subset X of a Hilbert space H into a
finite-dimensional Euclidean space. We show that if X is a compact subset of
a Hilbert space and X — X is almost homogeneous, then, for N sufficiently
large, a prevalent set of linear maps from X into RY are almost bi-Lipschitz
between X and its image.

1. INTRODUCTION

In this paper we investigate abstract embeddings between metric spaces, Hilbert
spaces, and finite-dimensional Euclidean spaces. Historically (starting with Bouli-
gand in [3]), attention has been on bi-Lipschitz embeddings. By weakening this to
almost bi-Lipschitz embeddings, we are able to obtain a number of new results.

A metric space (X, d) is said to be (M, s)-homogeneous (or simply homogeneous)
if any ball of radius r can be covered by at most M (r/p)® smaller balls of radius p.
Since any subset of RV is homogeneous and homogeneity is preserved under bi-
Lipschitz mappings, it follows that (X, d) must be homogeneous if it is to admit
a bi-Lipschitz embedding into some R™ (cf. comments in Hajtasz [6]). The As-
souad dimension of X, da(X), is the infimum of all s such that (X,d) is (M, s)-
homogeneous for some M > 1.

Assouad [I] showed that (X, d) is homogeneous if and only if the snowflake spaces
(X,d*) with 0 < a < 1 admit bi-Lipschitz embeddings into some RY (where N
depends on «). However, the three-dimensional Heisenberg group equipped with
its Carnot-Carathéodory metric is homogeneous but cannot be embedded into any
Euclidean space in a bi-Lipschitz way (see Semmes [22]). Furthermore, there are
examples due to Laakso [13] (see also Lang & Plaut [12]) of homogeneous spaces that
do not even admit a bi-Lipschitz embedding into an infinite-dimensional Hilbert
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space. This paper starts with a simple result, based on Assouad’s argument, that
any homogeneous metric space admits an almost bi-Lipschitz embedding into an
infinite-dimensional Hilbert space.

The class of y-almost L-bi-Lipschitz mappings f : (X,d) — (X,ci) (or almost
bi-Lipschitz mappings for short) consists of all those maps for which there exists a
v >0 and an L > 0 such that

1 d(ZC, y) 7
1.1 — 7 < <Ld
for all x,y € X such that x # y. Here slog(z) is the ‘symmetric logarithm’ of z,
defined as
slog(x) :=log(z + x™ 1),

and so an almost bi-Lipschitz map is bi-Lipschitz to within logarithmic corrections.

Although the bi-Lipschitz image of a homogeneous set is homogeneous, this is
not true for almost bi-Lipschitz images; they are, however, almost homogeneous:
we say that (X, d) is (a, §)-almost (M, s)-homogeneous if

(12) Nx(r,) SM(;) slog(r)?slog(p)°

for all 0 < p < r < 00, where Nx(r, p) is the minimum number of balls of radius
p necessary to cover any ball of radius r. The Assouad (a, B)-dimension of X,
di’ﬁ (X), is the infimum of all s such that X is («, 8)-almost (M, s)-homogeneous
for some M > 1.
If X is a subset of a vector space, then one can define the set of differences
X - X:
X—-X={x1—z2: z1,20 € X}.

Olson [17] showed that given a compact X C RY with da (X —X) = d, almost every
projection of rank k > d provides an almost bi-Lipschitz embedding of X into R¥.
In this paper we show a similar result for compact subsets X of a Hilbert space: if
the set of differenced] X — X is almost homogeneous with di’ﬁ (X — X) =d, then
‘most’ linear maps into Euclidean spaces R¥ with k > d provide almost bi-Lipschitz
embeddings of X. More explicitly, if £ > d, then the set of almost bi-Lipschitz
embeddings into R” is prevalent in the space of all linear maps into R”, in the sense
of Hunt, Sauer & Yorke [9].

There is an unfortunate gap here. An almost homogeneous metric space has an
almost bi-Lipschitz image that is an almost homogeneous subset of a Hilbert space.
However, our embedding theorem for a subset X of a Hilbert space requires that
not X itself, but the set X — X of differences, is almost homogeneous.

In Section 2 we state some elementary properties of the («, 8)-Assouad dimension
and show that any almost homogeneous metric space (X, d) can be embedded into a
Hilbert space in an almost bi-Lipschitz way. That such almost bi-Lipschitz images

1The introduction of a condition on the dimension of the set X —X of differences, rather than on
X itself, is common in the literature on abstract embeddings. The proof of Mané’s 1981 embedding
theorem requires the Hausdorff dimension of X — X to be finite, a condition not ensured by the
finiteness of the Hausdorff dimension of X. Foias & Olson [4] and Hunt & Kaloshin [I1] treat the
upper box-counting dimension, which is unusual in having the property that dp(X) < oco implies
that dp(X — X) < co. [Recall that dp(X) = limsup,_,¢log N(X,€)/(—loge), where N(X,e€) is
the minimum number of balls of radius € needed to cover X.]
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of almost homogeneous spaces are again almost homogeneous is shown in Section
3. Section 4 treats the local versions of homogeneity and almost homogeneity.
Section 5 contains our main result on embedding a subset X of a Hilbert space with
X — X almost homogeneous, while in Section 6 we consider what is possible for
such subsets knowing only properties of X. In Section 7 we explore the relationship
between di’ﬁ (X) and di’ﬁ (X — X). After Section 8, where we give an example of a
homogeneous subset of a Hilbert space that cannot be bi-Lipschitz embedded into
any RF using any linear map, we finish with some interesting open problems.
Throughout the paper all Hilbert spaces are real.

2. ALMOST HOMOGENEOUS METRIC SPACES

As discussed above, we will say that a metric space (X, d) is (a, 8)-almost (M, s)-
homogeneous (or simply almost homogeneous) if any ball of radius r can be covered
by at mos

S
(2.1) Nx(rp) < M (;) slog(r)? slog(p)”
balls of radius p (with p < r), for some M > 1 and s > 0, where slog(z) =
log(z + z71).

We now give some simple properties of the function slog.

Lemma 2.1. Given L > 0 and v > 0, there exist constants Ay, By, ay,by,0 €
(0,00) independent of x such that
(p1) |log(z)| < slog(z) < log2+ |log(x)|, in particular slog(2F) < (1 + |k|)log 2,
(p2) Apslog(z) < slog(Lxz) < By, slog(z),
(p3) aslog(x) < slog(xslog(z)?) < b, slog(z),
forallz >0, and
(p4) if 2=+ < 2 < 27F, then slog(x) > o slog(27F).
Proof. (pl) is elementary. For (p2) consider the quotient function g : (0,00) —
(0, 00) defined by
_ slog(Lx)
9(x) = slog(z)
Let ar, = inf {g(z) : 2 € (0,00) } and by, =sup {g(z) : z € (0,00) }. Since
1in})g(:c) =1, 1i_{n glz)=1, and 0< g(z) < oo for x € (0,00),
r—r xr o0

then both ay, and by, are finite positive constants. The proof of (p3) is similar. For
(p4) set x = 27" with k¥ < r < k+ 1. Since slog(z) = log(z + 1/z) > log2 and
slog(27") > |log2™"| = |r|log2 from (pl), then slog(z) > (1 + |r|)/2. Therefore,
the estimate

slog(27%) (1 + |k|)log2
< < 4log?2
sog(z) — (1+)/2 — %

gives (p4) with 0 = 1/(4log?2). O
2For bounded metric spaces ([Z1)) could be replaced by

Nx(rp) < M’ (;) log(e + p~1)"

(in terms of our current definition we would have M’ > M and v = « + ), while for compact
spaces the factor of e in the logarithm could also be dropped by considering only p < r < € for
some € > 0 (see Section H)). However, (2] allows us to treat general metric spaces.
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We define the Assouad (a, 8)-dimension of X, d3” (X), to be the infimum of all
s for which X is («, 8)-almost (M, s)-homogeneous. When o = 8 = 0 we recover
the standard definition of a homogeneous space and the usual Assouad dimension.

We note here that it is straightforward to show that the Assouad («, 8)-dimension
satisfies the minimal properties we would ask for in a dimension, namely that

XCY = dP(X)<dP(Y),  dP(XUY) = max(dy?(X), &7 (V)
and d%?(0) = n if O is an open subset of R”. Furthermore,
(2.2) a1 >a; and B> = d3VPN(X) <dPP(X).

We now show that if (X, d) is almost homogeneous, then it can be embedded
into an infinite-dimensional Hilbert space in an almost bi-Lipschitz way. Key to
this result is the following proposition, which although not given explicitly in this
form, essentially occurs in Assouad’s paper. Indeed, it is the main ingredient in his
proof of the existence of bi-Lipschitz maps between (X,d®) and RV.

Proposition 2.2. Let (X,d) be an («, B)-almost (M, s)-homogeneous metric space
and distinguish a point a € X. Then there are constants A, B,C > 0 such that for
every j € Z there exists a map ¢; : (X,d) — RMi, where M; = C(1+ |j])**?, with
¢j(a) =0, and for every x1,z2 € X

(al) 27U+D) < d(zy,z0) < 277 implies that ||¢;(21) — ¢j(z2)|| = A, and
(a2) ¢ (x1) = ¢;(x2)|| < BM; minfl, 27 d(z1, x5)].

Proof. The proof follows exactly the steps in Assouad’s original paper (see also
Heinonen’s book [7] or lecture notes [§] for an account that is easier to follow)
which we outline very briefly here: if N; is a maximal 277 net in (X, d), then for

every x € X
card (N; N B(z,12-277)) Nx(12-279,27971)

<
< 24Mslog(12-277)*slog(27771)#
<

C(L+ 5",
where the constant C is a product of M and constants appearing in Lemma 211
Thus, there exists a ‘colouring map’ k; : N; — {el, N 3ve }, where {61, R eMj}

is the standard basis of RMi, such that r;(a) # ;(b) if d(a,b) < 12-277. Let

oj(x) = Z max {(2 — 27d(z,a;)),0} K;(a;).

a;EN;
Note that 2277 < d(x1,22) < 2377 implies that ¢;(x1) is orthogonal to ¢;(zs). It
is then straightforward to show that the map ¢;(z) = ¢;43(x) — ¢;1+3(a) satisfies
the properties given in the statement of the proposition. O

Theorem 2.3. Let (X, d) be an («, 8)-almost (M, s)-homogeneous metric space and
H an infinite-dimensional separable Hilbert space. Then, for every v > a+ B+ %,
there exists a map f : X — H and a constant L such that

1 dz,y)
T sog(d(z, g = &) = fOll < Ld(w,y),

i.e., f is y-almost bi-Lipschitz.
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Proof. Let {e;};., be an orthonormal set of vectors in some Hilbert space. Let
6> 1/2 and define f : (X,d) - @52 R ®e;~ H by

oo

9—j
(2.3) fx) = j:z_:oo 1+ )7 M, ®j(z) ® ey,
where the maps ¢; are those of Proposition Since f(a) = 0, the upper bound
on ||f(s) — f(t)] that we now prove will also show convergence of the series (2.3)
defining f. Let (z1,22) be a pair of distinct points of X. Thus, there exists
| € Z such that 2=+ < d(zy,25) < 27!, Note that for such a pair of points
lp1(x1) — pi(x2)|| > A. We have

o0

If@) =)l = Y T o) =t

o B2
1 oS8 d(ml '/I:2)2
26 )
jzz_oo FEnTi)

< cad(zy,a2)?,
where the sum converges since 26 > 1.
The lower bound is straightforward, since

27l 271
[f(z1) = flx2)] = m”@(fﬂl)—@(m)” > Am

2 d(z,y)

> > .
= et T P i)t

Since d(z,y) = 27" with I <r <[+ 1 it follows using (pl) from Lemma 2] that
L+ 14 141 o1

= >
slog(d(z,y)) slog(2=") = (14 |r|)log2 ~ 2log2’
and so dz.y)
LY
@) = Fel = esgo B
Taking L = max(ci, 1/c3) finishes the proof. O

We note here that if (X, d) is bounded, then there exists a k such that d(z1,x2)
< 2% for all 1,25 € X. In this case the definition of f in (Z3)) can be simplified to

oo

2-7
(2.4) f(z) = jZk W ¢;(7) @ ej,

and will still provide a y-almost bi-Lipschitz embedding.

3. ALMOST BI-LIPSCHITZ IMAGES OF SETS

Since we can embed any almost homogeneous metric space into a Hilbert space
using an almost bi-Lipschitz map, it is natural to study the effect of such mappings
on almost homogeneous spaces. Here we show that almost bi-Lipschitz images of
almost homogeneous metric spaces are still almost homogeneous. In particular this
implies that it is necessary that X be almost homogeneous if it is to enjoy an almost
bi-Lipschitz embedding into some R¥.
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Lemma 3.1. Let (X, d) be an («, B)-almost (M, s)-homogeneous metric space and
¢ (X,d) = (X,d) a y-almost L-bi-Lipschitz map. Then ($(X),d) is an almost
homogeneous metric space with dst7P (X)) < dYPH (X)) < dYP(X).

Proof. Increase L if necessary so that
(3.1) L7 (log2)” > 1,

where here and in the rest of the proof b = b.,, with b, the constant occurring in (p3)
in Lemma 2T} clearly ¢ remains ~y-almost L-bi-Lipschitz under this assumption.
Take s > di’B(X), 0 < p < r < oo, and consider an arbitrary ball B¢ (¢(x),r) of
radius r in ¢(X). Now, we have

B (¢(x),r) € ¢{Bx (z, Lrb slog(Lrb)")},
since using (p3) in Lemma 2]
1 Lrbslog(Lrb?)” rb7slog(LrbY)Y

L slog(Lrbrslog(Lrb)7)Y = [bslog(Lrb?)]y
By our choice of L in (3] and since p < r we have 0 < p/L < LrbYslog(Lrb)7,
and so we can cover By (x, LrbYslog(Lrb?)7) by
Nx (Lrb7slog(Lrb?)?, p/L)
Lrb? slog(LrbY)Y
( p/L

<c (i> slog(r)6+wslog(p)a
p

) slog(Lrb™ slog(Lrb?)")? slog(p/L)*

balls of radius p/L (in X), where ¢; depends on M, L and the constants appearing
in Lemma 2 Denote these balls by Bx (x;,p/L). Since

¢{Bx (zi,p/L)} € Bx(é(x:), p)
and B (¢(x),r) was arbitrary, it follows that

r S
Noxy(r, p) < a (;) slog(r)”slog(p)”

for any 0 < p < r < oco. Thus ¢(X) is («, 8 + 7v)-almost (c1, s)-homogeneous.
Taking the infimum over s > d5?(X) yields d3° 17 (¢(X)) < d¥?(X).

By considering the inverse map ¢! : ¢(X) — X similarly, one obtains the lower
bound dy7 7 ((X)) > diTTPHY(X). O

Combined with Lemma[Bd] the embedding result of Theorem P3]shows that any
almost homogeneous metric space (X,d) has an almost bi-Lipschitz image f(X)
that is an almost homogeneous subset of a Hilbert space.

We end by noting that since almost bi-Lipschitz maps are, in fact, Lipschitz, then
for any almost bi-Lipschitz map ¢ the upper box-counting (‘fractal’) dimension (see
footnote 1 for a definition) satisfies dp(¢(X)) < dp(X). Moreover, it is not difficult
to prove the following:

Lemma 3.2. Let (X,d) be a metric space and ¢ : (X,d) — (X,d) an almost
bi-Lipschitz map. Then dp(¢(X)) = dp(X).
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4. ASIDE: COMPACT SPACES AND LOCAL VERSIONS OF
(ALMOST) HOMOGENEITY

In this section we briefly discuss the local definitions of homogeneity and al-
most homogeneity, and the dimensions associated with them. While they agree for
compact spaces, they are distinct in general.

A metric space (X, d) is said to be locally (M, s)-homogeneous (or simply locally
homogeneous) if there exists an € > 0 such that any ball of radius r < € can be
covered by at most M(r/p)® smaller balls of radius p. The constant e for a locally
homogeneous space may be interpreted as a small scale beneath which the set may
be viewed as homogeneous. In this case M may depend on €, which in turn depends
on the units of measurement used in the definition of the metric.

Movahedi-Lankarani [16] defined the metric (or ‘Bouligand’) dimension as

{ngX(n )
log(r/p)
This dimension, dg(X), is the infimum of all s such that (X, d) is locally (M, s)-

homogeneous for some M > 1.
Here we give a simple example that shows that the concepts of homogeneous
and locally homogeneous are indeed different. Let H be a Hilbert space with

(4.1) dp(X) = lim lim sup

e—0t—o00

:0<p<r<eandr>tp}.

orthonormal basis given by {e,}, oy Define
1
X ={pnen:neN}, where pn:I—E.
If (X,d) is (M, s)-homogeneous for some M and s, then
s 2n —1\°
(42) N (02, 00) < M(panpn)* = M (22 ) < M.

However, each ball B(0, pa,,) contains the n points
{O}U{pkek n< k<2n}

which are mutually more than a distance p,, apart. Therefore Nx(p2n, pn) > n.
Taking n large enough shows that (2 cannot hold, and so (X, d) is not homoge-
neous. On the other hand, (X,d) is locally homogeneous for any ¢ < 1.

Note that if (X,d) is compact, then the notions of homogeneous and locally
homogeneous are equivalent (see Olson [17]). Thus da(X) = dp(X) for compact
spaces X.

As with homogeneous spaces, there is a similarly distinct notion of locally (a, 3)-
almost (M, s)-homogeneous. This means there is some € > 0 such that (2.1]) holds for
all 0 < p < r < e. Similar arguments to those given in Olson [I7] show that the no-
tions of almost homogeneous and locally almost homogeneous are equivalent when
(X, d) is compact. Define the local Assouad (o, B)-dimension of X, d%’ﬁ (X), to be
the infimum of all s such that (X,d) is locally (a, 8)-almost (M, s)-homogeneous
for some € > 0 and M > 1.

Let (X, d) be a metric space. In general d%” (X) < d%”(X). Both d3” and d%”
are invariant under a rescaling of the metric. Thus, the metric space ()~( , ci), where
X = X and d = nd for some 1 > 0, has d3” (X) = d3?(X) and d%” (X) = d%° (X).
Note that

dy PR < dg P (X) < dy TP (X)
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for 0 < 6 < 1. Moreover, if X is compact, then
dr(X) < dy"(X) = dp” (X),

where dp(X) denotes the fractal or upper box-counting dimension.
We note here that dg shares with da the usual properties of dimension discussed
in Section 2l along with the monotonicity property in ([2.2]).

5. EMBEDDING HILBERT SUBSETS X WITH X — X HOMOGENEOUS

In this section we prove our main result, in which we take a subset X of a
Hilbert space, assume that X — X is almost homogeneous, and obtain an almost
bi-Lipschitz embedding into a finite-dimensional space.

Our argument is essentially a combination of that of Olson [I7], who treated
a subset X of a Euclidean space with da(X — X) finite, and that of Hunt &
Kaloshin [I1], who considered a subset of a Hilbert space with finite upper box-
counting (‘fractal’) dimension. The key to combining these successfully is Lemma
(.3l below.

In line with the treatment in Sauer, Yorke & Casdagli [2I] and in Hunt &
Kaloshin [I1], our main theorem is expressed in terms of prevalence. This concept,
which generalises the notion of ‘almost every’ from finite to infinite-dimensional
spaces, was introduced by Hunt, Sauer & Yorke [9]; see their paper for a detailed
discussion.

Definition 5.1. A Borel subset S of a normed linear space V is prevalent if there
exists a compactly supported probability measure p such that p(S + v) =1 for all
v € V. In particular, if S is prevalent, then S is dense in V.

Note that if we set @ = supp(u), then @ can be thought of as a ‘probe set’,
which consists of ‘allowable perturbations’ with which, given a v € V, we ‘probe’
and test whether v 4+ g € S for almost every q € Q.

Since we will use it below, and for its historical importance, we quote Hunt &
Kaloshin’s result here, in a form suitable for what follows. Given a set X, its upper
box-counting (‘fractal’) dimension is defined as

log N(X
e (X) = lim sup 28V X0
e—0 —loge

)

where N (X, ¢) denotes the minimum number of balls of radius € necessary to cover
X. Also, its thickness exponent, 7(X), is

1 X
(5.1) 7(X) = limsup log (X, €)
e—0  —loge

)

where d(X,¢) is the minimum dimension of all finite-dimensional subspaces, V', of
B such that every point of X lies within € of V. We note here for later use that
7(X) < dp(X).

Theorem 5.2 (Hunt & Kaloshin). Let X be a compact subset of a Hilbert space
H, D an integer with D > dp(X — X), and 7(X) the thickness exponent of X. If
0 is chosen with

D(1+7(X)/2)

0
" D-_dr(X - X)
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then for a prevalent set of linear maps L : H — RP there exists a ¢ > 0 such that
cle—yl® < |Le — Lyl < |[Llllz =yl for all z.y€ X;
in particular these maps are injective on X.

We note here that dp(X —X) < 2dp(X), so that for zero thickness sets with finite
box-counting dimension one can choose any D > 2dr(X) and 6 > D/(D—2dr(X)).

5.1. Construction of the probability measure p for a given X. We now
apply the definition of prevalence given a particular compact subset X of our Hilbert
space H such that X — X is («, 8)-almost (M, s)-homogeneous.

For some fixed N, let V be the set of linear functions L : H — RY. We now
construct a compactly supported probability measure p on V' (as required by the
definition of prevalence) that is carefully tailored to the particular set X. The key
to this is the following result.

Lemma 5.3. Suppose that X is a compact (a, B)-almost (M, s)-homogeneous subset
of H. Then there exists a sequence of nested linear subspaces U,, with U,, C Uy41,

dimU,, < C(1 4 n)* P+

and

Pz > %Hx“ for all @ € X with ||| > 27"
where P, is the orthogonal projection onto U,.
Proof. Consider the collection of shells
A= {x e X270+ < |zl < w‘}.
Since A; C B(0,277) it can be covered using
N (279,27 6+9)) < 88 M(log 2)2(1 + 1) (4 + )™ < ea(l + )+ = M
balls of radius 2-U*3) where ¢y is independent of j. We choose the centres
{uz(.j)}fjl of these balls so that ||uz(-j)|| > 2-(+2),

Since X is compact, X C B(0,2") for some k sufficiently large, and so
n
U aj={zex: |z =27"}.
j=—k
Let P, be the orthogonal projection onto the linear subspace U, spanned by the
collection {uz(-j) cj=—k,...,nandi=1,.. .,Mj}. Then the dimension of U, is
bounded by c3(1 4 n)**#+! using the same estimate as in (G.1). Moreover, for

every © € A; there exists ugj) such that z = ugj) + v, where ||v]| < 270U%3). Since
|P.|| =1 and ||P,u|| = |Ju| for u € Uy, then

) ) . . 1
| Paell = 1Pae” +0)| = [[Pas” || = [| P > 270+ — 27049 > e
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Applying this lemma to X — X there are subspaces Uy with dim Uy < dj :=
c(1+ k)84 such that ||Pyz|| > ||2]|/8 for all z € X — X with ||z] > 27*. Let Sy
denote the closed unit ball in Uy. Clearly any ¢ € Sy induces a linear functional
L4 on H via the definition Lg(u) = (¢, u), where (-,-) is the inner product in H.
Let ¢ > 0 be fixed and define C; =1/ 7 | k~!'7¢. We now define the probe set
(5.2)

Q= {(11,...,1N) t Iy = Lg,, where ¢, = Cc > k™ C¢np with ¢, € Sk} .
k=1

We can identify S; with the unit ball By, in R% , and we denote by Aj the probability
measure on S; that corresponds to the uniform probability measure on By,. We let
1 be the probability measure on @ that results from choosing each ¢, randomly
with respect to A4, . Note that ) is a compact subset of V' and that all elements of
Q have Lipschitz constant at most v/N.

Before proving our main theorem we will prove a key estimate on p. Although
the argument is essentially the same as that in Hunt & Kaloshin [I1]], our version
is a little more explicit and we include it here for completeness. The estimate relies
on the following simple inequality.

Lemma 5.4. If x € R? and n € R, then

MN{weBj: I+ (w-z)| <e} <cj ez,
where ¢ is a constant that does not depend on n or j.
Proof. Let & = x/|x|. This follows immediately from the estimate

N{weBj: In+(w-a)|<e} < N{weBj:|lw-2| <elz|"}

0 min(elz|~1,1) )
= J 2/ (1-— 52)(1—1)/2 d¢
0

Q;
< é;l 2¢ ||,
where ; = 79/2T'(j /2 + 1) is the volume of the unit ball in R. 0

Lemma 5.5. If x € H and f € V, then
p{LeQ: |(L- @) <e} < e(d/*ke| P )N
for every k € N, where ¢ is a constant independent of f and k.
Proof. Given k € N, let J be the index set J = N\ {k} and define
N
B= (@ Bd].) .
JjeT
Given a = ((an;)jes)_; € B fixed, define
Aa = {(@ae)nr + |0+ 57 Pni) (@) < e foralln },

where
() = C¢ Z j_1_<anj($) = fn(2).
JjeT
By Lemma [5.4] there is a constant ¢ independent of «, f and k such that

1/2 _
AY (Aq) < e(dy* KM Se|| Pea| =YV,
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Let P=pu{LeQ: |[(L— f)(x)] <e}. Then
P<pu{LeQ: |(l,— fu)(x)| <eforaln}.
Let

N

Py = { (((bnk)l?;l)n:l : CC‘ Zk_1_<(¢nk - fn)(x) < G,V’I’L =1,.. '7N} .
k=1

Then by Fubini’s theorem

P o< (é)‘dj)N‘I)N
j=1
/aeB /¢€Aa d)\‘]i\; (¢)d(®)‘d1)N(O‘)

JjeTJ

N
< [ qPEdna Y (@) (@)
a€EB jeg

= o(dy Pk | Py YN
This finishes the proof. O

5.2. Almost bi-Lipschitz embeddings. We are now in a position to state and
prove our main theorem, that a compact subset X of a Hilbert space with X —
X almost homogeneous admits almost bi-Lipschitz linear embeddings into finite-
dimensional spaces. Unfortunately homogeneity of X is not automatically inherited
by X — X: Olson [I7] exhibits an example of a set X with da (X) = 0 but for which
da(X — X) = 400 (for more see Section [7]).

Theorem 5.6. Let X be a compact subset of a Hilbert space H such that X — X
is (a, B)-almost homogeneous with dy" (X — X) < s < N. If
24+ N@B+a+ ) +2(a+p)
2(N — s) ’
then a prevalent set of linear maps f : H — RN are injective on X and, in partic-
ular, v-almost bi-Lipschitz.

Proof. First choose ¢ > 0 in the definition of @) small enough such that
N 2+ NB+2(+a+p8)+2(a+p)
2(N —s)

Since 7(X) < dp(X) < dp(X — X) < d3P(X — X) we can apply Hunt &
Kaloshin’s result (Theorem [5.2] above) with 6 chosen so that
N(1+s/2)

N —s
to obtain a prevalent set Sy of linear functions f : H — RY such that f € Sy
implies there exists a § < 1 and ¢; > 0 such that
(5:4) (@)= fw| > ere—y|”  forall  zyeX

(We note here that the compactly supported probability measure used in the def-
inition of prevalence for Sy differs from the measure p constructed in Section .11
but is defined on the same normed linear space V of linear maps from H to RV.)

(5.3)

0>
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We use this result to bootstrap a refined argument that makes use of the stronger
hypothesis that d3’ (X — X) < co.

Let S; be the subset of V consisting of those linear functions f : H — RY such
that f € S; implies there exists § > 0 such that

- B
(5.5) @) = fWl 2 G =l

We now show that the set S is also prevalent. Given f € V| let K be the Lipschitz
constant of f. We wish to show that u(f 4+ S1) = 1. This is equivalent to showing

that x(Q\ (f + 51)) = 0.
Define the layers of X — X by

for all |z —yll <.

(5.6) Z; = {z eX—X: 270+ < |z < 2*1}

and the set Q; of linear maps that fail to satisfy the required continuity propertyﬁ
for some z € Z; by
Qi ={LeqQ: |(L—f)(z)] <T¥_,(277) forsomez€ Z;},
where )
9—J
o7 slog(2-7)7
and o is the constant occurring in (p4) in Lemma 211 We now bound p(@Q;).

\IJ—W(Q_j) =

By assumption d}"” (X — X) < s, and so Z; can be covered by
(5.7) M; < M slog(277)7% slog(277)? slog(¥_,(279))® < ca(1 4 j)>TF+rs
balls of radius W_,(277). Let the centres of these balls be zi(j) € Zj, where i =

1,...,M;. Given any z € Z; there is a zfj) such that ||z — zi(j)|| <W¥_,(277). Thus

(E=NEL 2 (L= NED == HE-2")
(L= NED) = (K + V)T, 27)

—~

Y

N

implies that
M; |
QcU{req: IL-nEM) < E+2vNw_, @)}
i=1

It follows, setting k = 7 in Lemma [5.5] that

M; _ ‘
Q) < Pop{Le@: (L-NED < (K +2VR)e, @) |
< My(d)P5HE + 2V N) U, (27| By ().

Now (57) and Lemma 53] imply that
(Q;) < ca(1+ ) HFH (df 21+ (K + 2V/N )2 3w (277))

In particular (recall that d; < C(14-5)*T#+1) there is a constant c3 > 0 independent
of j such that

N

jatftys+N(atB+3+20—27)/2

w(Qj) ~ c3j as j — oo.

3Strictly speaking the union of the Q; forms a set strictly larger than the complement of S;.



ALMOST BI-LIPSCHITZ EMBEDDINGS 157
Since (B.3]) implies that N(2y —3 —2¢ — (a+ 8))/2 > 1 + a+ 8 + 7s, we have
o0
Z w(@;) < ca.
j=1

It follows from the Borel-Cantelli Lemma that p-almost every L is contained
in only a finite number of the @);; i.e. there exists a J such that for all 7 > J,
27U+ < ||z|| < 277 implies that |(L — f)(2)| > ¥_,(277). It follows from (p4) in
Lemma 2.1] that

5]

(L= N2 0"V llel) = gorrms

Thus L — f € 51, and so L € S1 + f for p-almost every L.

Define S = Sy N S;. Since the intersection of prevalent sets is prevalent (Fact 3/
in Hunt et al. [9]), S is prevalent. Let f € S. Then there are ¢; and ¢ such that
both (54) and (&5) hold. Thus

for every |z <277.

=~y
flx)— fly)| > c5 ————F—— for all z,y € X,
@) = FWl 2 & G e =yl

where ¢5 = min{1,¢;0/¥_,(R)} and R > 0 is such that X — X C B(0, R). O

Note that for a space X with X — X homogeneous, i.e. @ = 8 = 0 in the above
theorem, for any v > 3/2 we can choose N large enough to obtain a 7y-almost
bi-Lipschitz embedding into RY.

A Banach space version of Theorem [5.6] which requires in particular a significant
extension of the ideas used by Hunt & Kaloshin [I1], is given in Robinson [20].
This result allows one to use the Kuratowski isometric embedding of (X,d) into
the Banach space L*°(X) (given by = — d,, where d,(y) = d(z,y) for all y € X;
see Heinonen [§]) to prove a new almost bi-Lipschitz embedding result for compact
metric spaces.

6. LIPSCHITZ APPROXIMATING DIMENSION OF HILBERT SUBSETS
AND HOLDER-LIPSCHITZ EMBEDDINGS

The strong result of the previous section requires that X — X is almost homoge-
neous, while for a general almost homogeneous metric space (X, d) the embedding
result of Theorem 23] only provides a subset f(X) of a Hilbert space that is itself
almost homogeneous.

Here we investigate further some of the properties of f(X), and are led to define
the ‘Lipschitz approximating dimension’ and the ‘Lipschitz deviation’. In particular
we show that it is possible to replace Hunt & Kaloshin’s thickness exponent with
the Lipschitz deviation.

6.1. Further properties of the image f(X). First we consider the almost bi-
Lipschitz image f(X) of a compact almost homogeneous metric space (X,d) in a
Hilbert space, as provided by Theorem 231 We show that f(X) can be very well
approximated by linear subspaces: it has ‘better than zero’ thickness.

As remarked after the proof of Theorem 23] when (X, d) is compact the function
f defined by the simplified series

oo

2-J
flz)= jzk A+ M, ¢j(x) ®e;
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still provides a y-almost bi-Lipschitz embedding of X into a Hilbert space (choosing
a k such that d(z1,2) < 2F for all 21,75 € X). Now, for n € N any element of
f(X) can be approximated to within

BY ——— <B Y 27 <B2"
=3 = <
j=n+1 (1 + ‘JD Jj=n+1
by an element of the subspace
U= @ R ®ej,
j=—k
which has dimension
(6.1) > M; < (n4k+1D)CA+n)* <ey(1+4n)*
j=—k

Here ¢; depends on C, k and the constants in Lemma [2.I] but is independent of n.
It follows that

(6.2) A(f(X). ) < ea[log(e +1/0)]

One consequence of this inequality is that the thickness exponent of f(X) is zero,
but (6.2) is significantly stronger than this.

a+p+1

6.2. The Lipschitz deviation. Inspired by the quantity d(X, €) used to define the
thickness, we now introduce a more general quantity, the m-Lipschitz deviation: we
denote by 0,,(X, €) the smallest dimension of a linear subspace U such that

dist(X, Gyl¢]) < e
for some m-Lipschitz function ¢ : U — U+,
lo(u) — d(v)|| < m|lu— vl for all u,v € U,

where U+ is the orthogonal complement of U in H. We will write Gy7[¢] for the
graph of ¢ over U:
Gulgl ={u+o(u): uelU}.
Clearly 6,,(X,€) < d(X,e) for all m > 0.
In Section [6.1] we showed that for the almost bi-Lipschitz embedding f(X) of an
almost homogeneous metric space into a Hilbert space,

a(f(X),6) < ea[log(e + 1/6)] T,

We now show that Lemma [5.3 implies a bound of a similar form on dg(X €) for any
subset of a Hilbert space with X — X almost homogeneous.

Proposition 6.1. Let X be a compact subset of a Hilbert space with the set of
differences X — X («, B)-almost (M, s)-homogeneous. Then there exists a sequence
of linear subspaces Uy, with dim Uy, < C(1+k)*t8+Y and Uy 1 D Uy, and 8-Lipschitz
functions ¢y, : Uy, — Uib such that

dist (X, Gu, [¢x]) <27,

In particular

6s(X,€) < K[log(e+ 1/€>}a+,6+1.
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Proof. Applying Lemma B3] to X — X we obtain a nested sequence of linear sub-
spaces for which

1 . -
gle—vll <P =Pyl <lo—y|  forall zyeX with [z—y]>27"

where Py is the orthogonal projection onto Uy.
Define ¢y, : U, — Ui- as follows. Let Nj, be a maximal 27% net in (X, d) and set
o (Pyx) = (I — Pg)x for © € Ni. Given Pyx, Pyy € Py Ny, we have

ok (Prw) — or(Bry)ll < (I = Pr)(z — )|l < [l -yl < 8[|Pea — Pryl|.

Therefore ¢y : PN — Ukl is an 8-Lipschitz function. Now, extend this ¢ to an
8-Lipschitz function Uy — U, ,ﬁ-
Since Ny, C Gy, [¢x], any point of X lies within 27% of Gy, [¢x]. Thus

I8(X,27%) < a1+ k)*HHL,
and the result follows. O

We now show that this argument can be reversed, i.e. that the results of Lemma
and Proposition are essentially equivalent.

Proposition 6.2. Suppose that X is a compact subset of a Hilbert space X. For
any m > 0 let {Uy},—, be a sequence of linear subspaces such that for each Uy, there
exists an m-Lipschitz function ¢y : U, — U,ﬁ- with

dist(X, Gy, [¢x]) < 27"

Then there ezists an integer n and a constant ¢, > 0 (which depends on m but is
independent of k) such that for every k

| Pein(z1 — 22)|| > C ||z — 22| forall x,y€ X  with |y —xo > 27

Proof. First note that for any x € H we have
dist(z, G, [0u)* = inf (1P = ull> + /(1 = P = é(a) ),

and since for any v € Uy, we have

I(I = Py)x — ¢ (Pra)|? 11 = Pi)x — di(u) + ¢ (u) — dp(Pra)|®
2[[(1 = Pr)e — r(w) | + 2] on(w) — or(Pra)||?
2[(1 = Pr)z — ¢p(w)]|* + 2m?||u — Pz
L (1Peze = | + [[(1 = Pro)z — dw(w)|?),
where 12, = 2max(1,m?), it follows that for z € X
(6.3) (I = Pp)x — ¢p(Prz)|| < L dist(z, Gy, [or]) < 127",

Now suppose that x1,x2 € X with

INIAIA

2y — 2|l > 27F.
Let n be the smallest integer such that 3/,, < 2™ and set
Zj = Pegn®j + Opgn(Printj) for  j=1,2.

Clearly, Piin(z1 — x2) = Pryn(Z1 — Z2). Furthermore, it follows from (G.3]) that
|z; — &;|| <27%/3 for j = 1,2. Therefore, |71 — Z2| > |lz1 — x2||/3.
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Now, since #1, %2 € Gu,,.,, [Pr+nl],
[ Prsn®1 — Pegndal® = [1E1 — 2l = | @k4n(Prtnd1) — Grsn(Prinia) |
> &1 — &> — mP (| Pryn (@1 — 32)|1%,
and so

171 — Zall  llz1 — 22

Piin(x1 —x9)|| = | Pean(T1 — 2 > > .
” k+ ( 1 2)” H k+ ( 1 2)” \/1+—m2 Sm

O

6.3. Almost homogeneous subsets of a Hilbert space. If we assume only the
almost homogeneity of X, rather than of X — X, we can apply a simplified variant
of the argument of Theorem to obtain the following minor improvement to the
embedding theorem of Hunt & Kaloshin (under our stronger hypothesis). For a
zero thickness set X with dp(X) < d they obtain an upper limit of N/(N — 2d)
for the Holder exponent, while under the assumption that di’ﬁ (X) < s we obtain
(N — s)/(N — 2s) as the upper limit. Note that we replace any assumption on
the thickness by (64, which in particular is satisfied by the almost bi-Lipschitz
embedding f(X) of an almost homogeneous metric space with m = 0 (see ([6.2)).

Theorem 6.3. Suppose that X is a compact subset of a Hilbert space H with
dYP(X) < s and that for some m > 0, o > 0,

(6.4) O0m (X, €) < K[log(e+ 1/¢€)]°.

Then for any integer N > 2s, if > (N — s)/(N — 2s) there is a prevalent set S of
linear maps f : H — RN such that for every f € S there exists ¢ > 0 such that

(6.5) [f(x) = fF)| = el —yl®  forall z,yeX.
Proof. Set
dj = 6, (X,277) < K[log(e +27)]°
and define @ as in (5.2) with ¢ = 1. Define the layers Z; as in (5.6]) and
Qi ={LeQ: |[(L-f2)|< 277 for some z € Zi}.
Let R > 0 be chosen so large that X C B(0, R). Cover X by

R

—(G+1)0 -
NX(R72 ) < M(2(j+1)9

) ) slog(R)Pslog (2~ +10)a
< 2991+ 50)”
balls of radius 2~+1? centred at points z; € X. Denote these as
X, = {x € X : ||z —ay] < 2-G+DP }
Now consider the larger balls
Bi={yeX: |a;—y| <2700 +277 |,
Cover each of these balls by at most
NX(Q—(j+1)9 +277, 2—(j+1)9)
<M (1 I 2(1+1)9—j)5 slog(2- G0 4 9=3)8 glog(2~U+D0)a

< 020D (1 4 5)P(1 + joO)-
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balls of radius 20U+ Since

Zj:U U {x—y:Qf(j+1)<||x_y”<2*j}gU(Xi_Bi)

1 z€X; 7

it follows that Z; can be covered by
Mj = ¢16275=D(1 4 j60)%%(1 + j)°

balls of radius 277%. Let zl(j ) denote the centres of these balls.
Applying similar estimates as in the proof of Theorem (these rely on Propo-

sition to ensure that Hszz(j) I > c||z§j) || for some ¢ > 0) one can show that
/J/(Qj) ~ 2j8(29—1)j205+ﬂ[j2+0'2j(1—9)]N as J — 0.

Thus Y u(Q;) converges, provided that 6 > (N — s)/(N — 2s). The argument is
now concluded as in Theorem d

By combining this with Theorem 2.3 we obtain the following Holder-Lipschitz
embedding result for homogeneous metric spaces (cf. Lemma 9.1 in Foias & Olson
[4] which has a similar result for spaces with finite upper box-counting dimension).

Corollary 6.4. Let (X,d) be an almost homogeneous metric space with dz’ﬁ(X) <
s. If N >2s and 6 > (N — s5)/(N — 2s) there exists a map ¢ : (X,d) — RN such
that

ctd(z,y)” <|6(z) — d(y)| <cd(z,y)  forall  wyeX.

Of course one can prove finite-dimensional versions of Theorems and
using very similar techniques.

6.4. The Lipschitz deviation. It is interesting that our argument shows that for
any fixed m > 0 the thickness exponent in the statement of Theorem can be
replaced by the m-Lipschitz deviation, dev,,(X), which we define by analogy with
the thickness exponent (cf. (51]))

log 0., (X
dev,,(X) = limsup w.
e—0 —loge

We note that dev,,(X) < 7(X) and that this gives an indication of why the thick-
ness exponent can be expected to play a role in determining the Holder exponent
in (6.5). We state without proof:

Theorem 6.5. Let X be a compact subset of a Hilbert space H, let D be an integer
with D > dp(X — X), and let dev,,(X) be the m-Lipschitz deviation of X. If 0 is

chosen with
D(1+ dev,,(X)/2)

D—dp(X - X)

then for a prevalent set of linear maps L : B — RP there exists a ¢ > 0 such that

0>

dlz —yll° < [Le — Lyl < | Llllz =yl for all =,y € X;
in particular these maps are injective on X.

The Lipschitz deviation is examined in more detail in Pinto de Moura & Robinson
[18].
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7. THE RELATIONSHIP BETWEEN d}”(X) AND d3” (X — X)

In this section we give some results relating the homogeneity of X and X — X.
First, we give an example of a set X for which da(X) =0 but da(X — X) = +o0.
It is easy to show that the set

(71) X*:{a"e": an:47(2j)an:2j71,...,2j71}a

where e, is an orthonormal basis of a Hilbert space H, has da(X™*) = +oco. Note
that |a,| < 47" for all n. Now consider the subset X of H x H defined by

X = {(47716”, anen)}zo:l U {(47"67“ O)} )

A simple argument shows that da(X) = 0, while X — X contains a copy of X*,
and so da (X — X) = oo.

This negative result appears to be in some ways typical for almost homogeneous
sets as well, as we will now show. We begin with two preparatory lemmas.

Lemma 7.1. The orthogonal sequence with algebraic decay
X*:{bnen:bnwenfv},
where €, > 0 has di’ﬁ(X*) = +o0o for any o, > 0.
Proof. Let ng be chosen so large that
€(2n)™7 < |by| < e(n/2)™7 for n > ng.

Let r, = €(n/2)~7 and p,, = €(4n)~". Suppose, for a contradiction, that di’ﬁ (X*) <
s < 00. Then there exists an M > 1 such that

(7.2) N (rns o) < M(;—")Sslogwn)%log(pnw.

n

On the other hand,
B(0,r,) 2 {breg:n <k <2n},

where the points byer with n < k < 2n are each a distance greater than |bg| >
€(4n)~7 apart from each other. Therefore,

(7.3) N(ry, pn) > card({bkek n<k< 2n}) =n.

Combining inequality (2)) with (73] and applying (pl) of Lemma 2.1 we obtain
n < M8 (log2+ |log e(n/2)_7|)6(10g2 + | log e(4n)_7|)6.

Letting n — oo yields a contradiction, and so di’ﬁ (X*) = o0. O

Lemma 7.2. Given two unit vectors v,w € H set e; = v and choose o € R and a
unit vector es such that e; cosa — egsina = w and cosa = (v, w). Note that ey is
orthogonal to e1. Fxtend {e1,ea} to a basis for H, and define the rotation

B cos(ap(z))  sin(az)(z)) .
Ro= (SR et ) @
where ¢ : H — R is a fited C* function such that

[0 i 2l <3/4 orllall > 2,
s@ =11 Flst
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Let f(z) = Ryx. Then f € C™ and f(v) = w. Moreover, f,(z) = n~'f(nz) is
uniformly bi-Lipschitz continuous for n > 0 and different from the identity only for
x € H such that (3/4)n~ ! < ||lz| < 2n~!.

Proof. By construction f € C°, f(v) = w and f(z) = z for ||z|| < 3/4 or ||z| > 2.
Rescaling shows that f, () is different from the identity only for (3/4)n~! < ||z <
2n~1. We now show that f,(z) is uniformly bi-Lipschitz continuous for n > 0.

Let z,y € H with ||z|| < ||y|. If ||z|| > 2n~", then f,(z) = z and f,(y) =y, so
we consider only the case ||z|| < 277!, Then

£ (2) = £ ()l [ Bnex — Ryyy|

[(Bne — Ryy)z|| + [ Bpy (z — y)|
[Bne = Ruyl[l|]| + [ Ry [l lz =yl
277_1HR771 — Ryl + [lz —yll.

VAN VANVAN

Since
LIl cos(anp(ne)) — cos(ats(ny))  sin(at(na)) — sin(aw(my))
1P = Byl = H< ~ sin(anb(ne)) + sin(atb(ny) cos(anb(ne)) — cos(arr(my)) )H
< Cromllz — | = Cnlz — y]]

it follows that
[ fn(z) = fa()]| < (2C2 + 1)[|z — y],

where the Lipschitz constant 2C5 + 1 does not depend on 7. Since f;, is injective
with inverse f," ! formed by the same construction but with the roles of v and w
reversed, we obtain the same bound for || f, " (x) — £, ()| O

Proposition 7.3. Let X be a connected subset of a Hilbert space H that contains
more than one point. Then there exists a C°° bi-Lipschitz map ¢ : H — H such
that

Ay (6(X) = ¢(X)) = +00
for every o, 8 > 0. Furthermore ¢ may be chosen such that distg(p(X), X) is
arbitrarily small.

Proof. Since X contains more than one point, there exist two disjoint balls B(z1, R)
and B(za, R) of radius R > 0. Moreover, since X is connected, then there are points
xoy; € X for i = 1,2 such that ||zo4; — 2;|| = R/4. Thus, the four balls B(z;, R/8)
with z; € X for i =1,...,4 are disjoint. Moreover,

U B(xi, R/8) € | ] B(x:,3R/8).

i=1

Recursively define nested families of disjoint balls such that

9d+1 2d
U B(zi,R877) C | ) B(xs, 3R87Y).
i=1 i=1

For j =0,1,2,...and i = 1,...,27"! let a; = (1/2)R877 and e;; = egj+1_o44,
where e; is an orthonormal basis of H. Choose the points y;; € B(z;, R877) such
that ||z; — v;;]| = a;. Further define

gij(x) = zi + fr (v — 25),
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where f,, is the function given in Lemma for v = (y;; — i) /a;, w = e;; and
n = 1/a;. If |z — z;|| > 2a; = R877 or ||z — z;|| < (3/4)a; = 3R87I~!, then
fo(x —x;) = x — x; and g;;(x) = x. Therefore the function g;; is C'°°, bi-Lipschitz
and different from the identity only on the annulus B(x;, R877)\ B(z;,3R8 77~ 1).
Moreover, by construction we have

9i5(Wiz) = i + fr(yi; — wi) = x5 + ai f(v) = 25 + azeq;.
Set

oo 2it1
dx) =D > gij(x).
j=0 i=1
Since the g;; are different from the identity only on disjoint sets and the bi-Lipschitz
constant of f, is independent of 7, then the map ¢ is a bi-Lipschitz C* map of H
onto H. Since ¢(X) — ¢(X) contains

{aje;;:7=0,1,2,... and i =1,..., 277"}
= {bpen 1bp = (1/2)R87, n =211 —1 . 27%2 2}
where 4R/(n +2)% < b, < 4R/(n + 1)3, then b, ~ 4Rn~3 and hence Lemma [Z1]
implies d3° (p(X) — ¢(X)) = oo.
Finally, note that distg(¢(X), X) may be made arbitrarily small by taking R > 0
sufficiently small in step one. (Il

A consequence of this result is that it is not necessary for X — X to be homoge-
neous in order to obtain a bi-Lipschitz embedding of X into some R¥. Indeed, any
set X that can be so embedded has a bi-Lipschitz image that has daA’ﬁ(XfX) = 00.
However, it may still be the case that X — X has to be homogeneous in order to
obtain a linear bi-Lipschitz embedding as in Theorem 5.6

On a more positive note, if X is an orthogonal sequence, then homogeneity of
X does imply homogeneity of X — X.

Lemma 7.4. Let X = {xj};i1 be an orthogonal sequence in H. If da(X) < 400,
then da(X — X) < 2da(X).

Proof. Suppose that X is (M, s)-homogeneous. We write Bx(r,z) = B(r,z) N X,
and consider a ball B = Bx_x (r,z—y) C X—X of radius r centred at r—y € X —X.
Since B C Bx_x(p,0) U (B {0} ), we need only cover B\ {0}.

Suppose that « = y, so that B = Bx_x(r,0). Let a — b € B\ {0}. Then a # b,
and therefore a is orthogonal to b. It follows that

2
[(a =) = (@ =y)|" = llal* + [[p]* <r*.
Hence a,b € Bx(r,0), and consequently
B\ {0} € Bx(r,0) = Bx(r,0).

Cover Bx(r,0) with M(2r/p)® balls Bx(p/2,a;) of radius p/2 centred at a; € X.
Then

U Bx-x(p,a; — aj)

]

U

U Bx(p/2,a;) — UBX(P/Z%‘)

Bx(T, 0) - Bx(T,O) D) BX_X(T, 0) \ {0} .
It follows that B is covered by 1 + M?2(2r/p)?¢ balls of radius p.

v
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Now suppose that © # y. Let a — b € B\ {0}. Again a # b, and therefore a is
orthogonal to b. We have

) la—a|>+lo—yl*  aFy bFaz
I(a=b) = (@=yl*=q la+yl?+ 2] if a#y b=u,
12y]1* + |6 + | a=y, b#uz,
and so
a € Bx(r,z) b€ Bx(ry) a#y, b#ux,
a € Bx(r,—y) b€ Bx(r,x) " aty b=ux,
a € Bx(r,y) be Bx(r,—x) a=y, b#x,
a € Bx(r,y) b€ Bx(rz) a=y, b=ux.
Therefore

B\ {0} < (Bx(r,x)— Bx(r,y)) U (Bx(r,—y) — Bx(r,z))
U(BX(T, y) — Bx(r, —x)) U (BX(r,y) — BX(r,x)).

Cover each of Bx(r,z), Bx(r,—x), Bx(r,y) and Bx(r,—y) by M(2r/p)*® balls of
radius p/2. An argument similar to before yields a cover of B by 1+ 4M?2(2r/p)?*
balls of radius r/2.

Since we have Nx_ x (1, p) < 1+4M?(2r/p)?* it follows that da (X —X) < 2s. O

8. NON-EXISTENCE OF BI-LIPSCHITZ LINEAR EMBEDDINGS

In this section we give a simple example showing that if we require a linear
embedding (as in Theorem [5.6]), then we can do no better than almost bi-Lipschitz.
First we prove the following simple decomposition lemma for linear maps from H
onto R¥ (cf. comments in Hunt & Kaloshin [10]).

Lemma 8.1. Suppose that L : H — RF is a linear map with L(H) = R*¥. Then
U = (ker L)' has dimension k, and L can be decomposed uniquely as M P, where
P is the orthogonal projection onto U and M : U — R¥ is an invertible linear map.

Note that the result of this lemma shows that Theorem remains true with
linear maps replaced by orthogonal projections. This gives a much more concise
proof of the result in Friz & Robinson [5].

Proof. Let U = (ker L)+ and suppose that there exist m > k linearly independent
elements {:cj};n:l of U for which Lz; # 0. Then {Lx;} are elements of R¥; since

m > k at least one of the {Lz;} can be written as a linear combination of the

others:
Ll‘i = Z Cj(LﬂJ]‘).
J#i

(.’L‘i — chﬁj) = 0,
J#i
which contradicts the definition of U.

Let P denote the orthogonal projection onto U, and M the restriction of L to U.
Let z € H, and decompose © = u + v, where u € U and v € ker L. Note that this
decomposition is unique. Clearly Lx = Lu = Mu = M(Pz). It remains to show
that M is invertible. This is clear since dim U = dimR* = k and M is linear. O

It follows that
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Following Ben-Artzi et al. [2] we now prove

Lemma 8.2. Suppose that X — X contains a set of the form {anen}, ., with
an # 0 and {e,}o~, an orthonormal set. Then no linear map into any R* can be
bi-Lipschitz between X and its image.

Proof. We assume that L(H) = R¥; otherwise it is possible to prune some redun-
dant dimensions from R*. Suppose that L is bi-Lipschitz from X into R*. Write
L = MP as in Lemma[8Jl Since L is bi-Lipschitz on X, for all y € X — X we have

lyll < elLyl = c|MPy| < C|[Pyl],
where C' = ¢||M||. In particular we have
lanenll < CllP(anen)| = CllPen] > 1.

However,
k = rank P = Trace P > Z(Pen,en) = Z ||P€n||2 = 400,
n=1 n=1

a contradiction. O

We note that this result also follows from Lemma 2.4 in Movahedi-Lankarani &
Wells [16] which gives a characterisation of sets X that can be linearly bi-Lipschitz
embedded into some RF: such an embedding is possible if and only if the weak

closure of
{u; rye X, Hy}
|z —yll

does not contain zero (“weak spherical compactness of X”).

Now consider the homogeneous set X = {27 "¢, } U {0}, which has da(X) = 0.
Since X is an orthogonal sequence, it follows that X — X (which in particular
contains X) is also homogeneous; but Lemma shows that no linear map into
any finite-dimensional Euclidean space can be bi-Lipschitz on X. This shows that,
with the requirement of linearity, our Theorem cannot be improved.

However, note that there is a simple non-linear bi-Lipschitz map ¢ from X into
[0,1], given by

P27 "e,) =2"":
For n < m we have
1(2—n + 2—m) < 2—(n+1) < |2—n _ 2—m| <2< (2—n + 2—m) )
4 —_———— —_———
[p(27 " en)—d(27™em)| [27"en—2""em|

212 men—27 ey, |

The relationship between linear embeddings and general bi-Lipschitz embeddings
is delicate. Suppose that X is a connected set containing more than one point. The
result of Proposition [[.3]shows that even if X can be linearly bi-Lipschitz embedded
into some R™, it is nevertheless bi-Lipschitz equivalent to a space ¢(X) that cannot
be bi-Lipschitz embedded into any R™ using a linear map.
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9. CONCLUSION

We have identified a new class of almost homogeneous metric spaces, and shown
that such spaces enjoy almost bi-Lipschitz embeddings into Hilbert space. Further-
more we have shown that any compact subset X of a Hilbert space with X — X
almost homogeneous can be embedded into a finite-dimensional Euclidean space in
an almost bi-Lipschitz way.

Some outstanding problems remain:

(1) Is there a homogeneous subset of a Hilbert space that cannot be bi-Lipschitz
embedded into any RF?

(2) Can any (almost) homogeneous subset of a Hilbert space be (almost) bi-
Lipschitz embedded into some R¥?

(3) Can one construct an almost bi-Lipschitz embedding f of a compact almost
homogeneous metric space (X, d) into a Hilbert space in such a way that
X — X is almost homogeneous? (This would answer (2) positively.)

(4) TIs the exponent v in Theorem (the power of the slog term) in any way
optimal? (Pinto de Moura & Robinson [19] show that one can do no better
than ~ > % in general.)

(5) Can one bound the Assouad dimension of the attractors of dissipative PDEs
(or preferably the set of differences of solutions lying on such attractors)?
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