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A theorem of Birch

Notation
e f(X) € Z[%]R are R lin. indep. forms in n variables of degree d > 2.

o We set NA(P) = #{x € Z": f(x) =0, || < P}.

e f(X) is nonsingular if the Jacobian matrix (0fj(X)/0x;));j has rank R at every
complex solution X € C" \ {0} to f(x) = 0.

Theorem (Birch, Proc. R. Soc. Lond. A 1962)

If f is nonsingular and n > no(d, R) where
ng=(d—-1)2'R(R+1)+R (1)

then NAP) = (o + o(1))P"~ %R as P — oo for some real constant

o> 0. If f(X) = 0 has solutions in R"\ {0} and Qp\ {0} then o > 0.

Theorem (SLRM 2021)
We can replace (1) with
no = d2°R + R. (2)

Slightly more already known if d < 4. For R > max{6 — d, 2} this beats

(1).



Improved major arcs?

Notation
o Let N(PY, pld=1)0=d; F) pe the set of integral (d — 1)-tuples with
10| < PO, |v— mF) (D), ..., -1 < pld=10—d (some 7 € Z").

o Nang(P?; F) = {|&)| < P? : 35 € ZR mEN (D, ... Ad-1)) = G},

o MQ)={ae0,1]":]a- 2 < & (¢<Qaezf)}
Lemma C (Birch’s major arcs)
i) IEN(P?, PU=10=d; & . F) & Nyng(P?; f) then & € M(CPRI-1)9).
ii) Moreover we have meas M(PR(9-1)0) « p—dR+R(R+1)(d—1)¢
iii) If f is nonsingular then Ning(P?; £)/Plé=D10 < - p~(n=R+1)0,
Proof of Lemma C part (i).

If (<Y, .., (41 is in A but not Nsng then & m(@ (D X4-1))is a

nonsingular matrix M of integers <> P(4=1% with |Ma — v| < P(d=10=d_ Let M’
be a nonsingular R x R submatrix. Then |&@ — M'~1y’| < pRd—1)f—d O
For most v, different R x R matrices should give contradictory
approximations to @. So room to decrease R(R + 1)(d — 1). If & is close
to 0, the picture is different. Most R x R submatrices give the same
region for @, and it's much smaller than the major arc at 0. This makes
possible Miiller's d = 2,n > 9R (J. Th. Nombres Bordeaux '05).
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Notation

o S(@-F) = Tremm z<p e(@- f(X)). )
o If F(X) is a degree d form, m(F)(x,...,X) = %ﬁF()‘(‘)A

o Let N(P?, P(d=1)0—d; F) be the set of integral (d — 1)-tuples with
X < P, |v—mF) (=Y, -1y < pld=1)6—d (some 7 € Z").

o Nawp(F)={(x1); : |X0| < p, mi(A)(x1), ... AI=D)=0 (p)}.
Lemma A (level-set formulation of Birch, after Bentkus-Gotze)

If meas{a € [0,1]R : |S(a - f)| > P"~k+<} < CP*~9R for some ¢ < 1,
all k € [0,dR/c), then NAP) = P~ 4 O;‘c‘C(P”‘dR“s("d‘R'")“).

gr d’ 9 ',\) Lemma B’ (One more Weyl differencing step)
#N(P?, P09, §.F) P 5 |S(a-F)S((+5)-F)/ PP
Lemma D (Improved bounds near 0, in p-adic sense)
.\> Suppose #N (p, p?=1P~9, EL/F) > SUPscpr\ (6) #Nauxp(0 - F), € >0,
petd-1 < %Pd, and |pe‘[_3‘— 5| < %pl_d. Thenb=0 (P%). A
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What good is repulsion?

Notation

o Let A(P?, P(d=1)0—d. F) pe the set of integral (d — 1)-tuples with

10| < PO, |v— mFN(RD), . 970y < pld—1)0—d (some v € Z").

o Nawp(F)={(x1); : || < p, MOV, {4=D)=0 (p)}.
Want meas{a € [0,1]% : [S(@ - f)| > C; Pk} < P~ with ¢ < 1.
Lemma B’ (One more Weyl differencing step)
HN (P, PEU—V=d, 5.£)/pld-1m 5 |S(a-F)S((a+B)-F)/ P2
Lemma D (Improved bounds near 0, in p-adic sense)
Suppose #N(p,p? 1P~ 3. f) > SUPGese\ () #N’aux‘p(dﬁ- f), e >0,
petd=t < 1P, and |pe3 — b| < 1p'~9. Then b=0 (p°).

= ~ - =
If f is nonsingular, SUP§r#\ (5) #MNaux,p(8 - F) < pld=2n+R-1,

R - -
Let By = Up< Y., By 5 where By ;= [0, 7i=]" + & + 55 So <
0,117 € Uy, <3ps-1 By Let Ap={a € By:|S(a-f)| >p, CP"~kte}.

i i :
Want to show meas Ay is small. Let &, & + ‘13"6 A; with @ € Bf_sv

d+ € By, Suppose 1P¥K/("=R+1) < p < P and e > 0.




What good is repulsion?

Want meas{d € [0,1]% : |S(a - f)| > C7 Pk} < P—dR with ¢ < 1.

Lemma B’ (One more Weyl differencing step)

#N (P, PED0=d; 5.y pld=Dm0 . |5(&-F)S((@+ B)- F)/ P[> .

Lemma D (Improved bounds near 0, in p-adic sense) /\
Suppose #N (p,p? P9, 3 - f) > SUP5er\ (G) #Nawxp(d - F), >0,

petd=1 < IP9, and |p® B—b| < ipt e Then b= 0 (p°).

If f is nonsingular, SUPGrr\ (6) #Naux,p(0 - F) <5 b=l

Let By = Uoga,—<pe B; ; where B; . = [0 e L I]R + o6 g 4 SpElT So ;
[0,1]% Uo<r;<3pe-1 By Let Ap={d € B-w: |S(a - )| >z, CPr=kte}, —\9
Want to show meas A; is small. Let &, @ + e Ay with @ € B,

d+feB; E SupposelP2k n—R4 )épéPande-'

Then #N (p, p?~1P~9; 3.
with b; < p®. If C>f¢ 1,

-,

f)>7, Cpld-2n+R-1 and |pe‘§—5\<
petd 1/ 1P then p° | b by D, sob—O

Thus A; C B . for some & = 3(f) € ZR, so meas|J;A; <<(—£fdd—ll)R.



What good is repulsion?

Lemma D (Improved bounds near 0, in p-adic sense)

Suppose #N (p,p?~1P~9;3-f) > SUPFcrR\ (6) #Naux,p(d - F), e > 0,
petd-t < 1P?, and peB —b| < 1p' 9. Then b=0 (p°).
If f is nonsingular, SquGF,’f\(ﬁ} #J\"’aux,p((g" F) <5 pld—2n+R-1,

_ _ 1 R - ‘
Let Bf_ UOSa,<p" Bl_ta’ where Bﬁi_ [0 3pe+d 1] -+ F% + 3perd—1- So

[0,1]R C Up<p,capr—1 By Let Ap={a € By:|S(a- f)| >z, CP"*}.

Want to show meas A; is small. Let &, a + d' € Ay with @ € B; 5,

@+ f € By, ;. Suppose 1 P?"K/("=R+1) < p < P and(e > 0.

Then #N (p,p?=1P=9; 3. f) >z Cpld=2n+R=1 3nd Ipe3 — b| < 3p§,,
with b; < p. If C >z 1, pe*9"1 < 1p? then p® | b by D, so b = 0.

Thus A; C B; ; for some a = 3(f) € ZR, so meas UsA; < p~<R. For
dR

d Zd
e = Ed(”*R'l ]_)—' < %P< a1 < 2P we have p_eR < P”d RR‘kl_

29k

Corollary

— d
meas{d € [0,1]% : [S(a-f)| >; P"*} <« P"d2RR~k1_dR(‘v’k < o=fH),



Several forms in many variables: a theorem

Notation

e f(X) € Z[X]R are R lin. indep. forms in n variables of degree d > 2.

o We set NAP) = #{x € Z": f(X) =0, |x| < P}.

e The exponential sum S(a - f) = S e(a - (X)), where @ € RR,

e(t) = > and the sum is over X € Z" with |X| < P.
Corollary
- R - A —k+e¢ 429 Rk —dR n—R+1

meas{a € [0,1]" : |S(a-f)| > P" } < PR~ (Vk < A=5+2).
Theorem (SLRM 2021)

If fis nonsingular and
n—R>d2'R (2)

then NAP) = (o + o(1))P" R as P — oc for some real constant

o > 0. If f(X) = 0 has solutions in R"\ {0} and Q5 \ {0} then o > 0.

Slightly more already known if d < 4. For R > max{6 — d,2} this beats
no=(d—1)2"'R(R+1) +R. (1)



Browwtwy ~ Lewbi-Bapw p i3)=5

Let f = (f,...,fp) where deg fy = d and f; € Z[x]".
Let@-f =32, dy-fy. Then, if dg = % + 4 with ¢, |74 < P" we have

n
- -

F)=_ e(gf’( )) / e('vf(ﬁ))dlj-}- Of(P"_1+2U).

S
( pr

=71
oy

(q) |d]<1

Lemma (Several moégWél differencing steps)

)‘9 No(P?, P(D—1)9—D /po-1)n6

>p.|S(@- F)S(@+ B) - /PP (v0 € (0,1)).
and if |Bg| < P~ ford < d’ < D then

Na(P?, P00 5y - fg)/ P10
>p, |S(@- F)S((@+ B) - F)/PPHR (v8 € (0.1]).

e

) TlaZg< By = WM wX dcvmévjj(g'a)r

n—Bd

24
o> T <! T3
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Let f € K[X]® be lin. indep degree d forms. For V = K®qR and
X Em = max, | v(x). For prime p C Ok, set p = (#F,)= where
[K : Q] = m. For F(X) € V[X]® put S(F) = EYEO;}.I)?ISP e(Trk g F(X)).

- = (i)
Lemma D (Improved bounds near 0, in p-adic sense) X — i 2% W{'

Define N as before, but now it counts (X\)) € (O%)?~1. Suppose . )
HN(#Fp) 7, (#Fp) 7 P~ 5 - F) > supsen 5y #Nawep (8- ), ;'Z(‘ P 7/1
e >0, (#F,)t91 <, PO, i € p~8and | — i| < pm (#Fp) 5. “
Then ji € OR. _"

If f is nonsingular, SUPezs\ (0} #Naux,p (8 - F) < (#F,)d-Dm+R-1, RN A
Proof. 5 (D(o 5 [\ &0(

-

Let min; vp(11i)p = —k, vp(m) =1 and (X()); € N\ Nag,p(7¥fi - f)
— —(3-f) -1 5

Nov! |_v— m(ﬂf)| < (#F,)F P 9< (#_ﬂ"?)j/_"" Also

|0 — D] < . So |V — il h| < (#F,) . Now

minxep\ (o3 [Al < (#Fp) = 0 min,ep-1\ o3 1l >m (#Fp) 7 and as

Cm <m 1 we deduce M@ = 7. But (XD); & Nawep(m¥fi - F). %

HNaup(5 - F) < pdim{iT =0t o (4F,)(d=2n+R-1 for 5 1. 0



