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A theorem of Birch

Notation

o f(X) € Z[X]R are R lin. indep. forms in n variables of degree d > 2.
o We set NAP) = #{x€Z": f(x) =0, |x| < P}.
e 7(X) is nonsingular if the Jacobian matrix (0fi(X)/0xj))ij has rank R

—

at every complex solution ¥ € C"\ {0} to f(x) = 0.
Theorem (Birch, Proc. R. Soc. Lond. A 1962)

If f is nonsingular and

n—R>(d —1)29"'R(R + 1) (1)
then NAP) = (0 + o(1))P"~ %R as P — oo for some real constant
o > 0. If f(X) = 0 has solutions in R" \ {0} and Q5 \ {0} then o > 0.

Want to improve (1) in the case R > 1.

Miiller (J. Théor. Nombres Bordeaux 2005): d = 2, n > 9R for irrational
systems of forms over R. Based on Bentkus-Gotze (Acta Arth. 1997,
Ann. of Math. 1999).



The circle method: a framework

Notation

e The exponential sum S(& - f) = > e(a - (X)), where @ € RR, e(t) = e?>™' and
the sum is over X € Z" with |x| < P.
o If F(X) is a degree d form, let m(F)(x(1) ... x(d=1)) be the n-tuple of

symmetric multilinear forms such that m(F)(x,...,x) = %!ZF()?).

o Let N(PY,P(d=1)0=d. F) be the set of integral (d — 1)-tuples with
XD < Pl |v—mP (D D) < pld=D0-d (some v € Z").
o Nang(P?; f) = {|x0)| < PP : 35 € ZR, m(@ (D). .. x(d-1)) = 0}.

Lemma A (level-set formulation of Birch, after Bentkus-Gotze)
If meas{a@ € [0,1]R : |S(@ - )| > P"k+<} < CP*~R for some ¢ < 1,
all k € [0,dR/c), then Nx(P) = oP"~9R + Oz (Pr—dR=o(c.d.Rin)+e),
Lemma B (Weyl differencing + shrinking)

HN (PO, PE-D0=d; 5. £)/Pld=1n0 .. |S(a-F)/P™<* (6 € (0,1])
Lemma C (Birch’s major arcs)

i) IFEN(P?, PU4=10-d: 5. F) & Nng(P?; f) then & € IM(C-PR(@-1)9),
ii) Moreover we have meas 9(PR(4-1)0) « pR(R+1)(d=1)0—dR

jii) If f is nonsingular then Ngng(P?; f)/P(d=1n0 < p=(n=R+1)0,



The circle method: a framework

Notation
o If F(xX) is a degree d form, m(F)(x, ... X)= i, F(X).
o Let N(P?, P(d=1)0—d. F) pe the set of integral (d — 1)-tuples with
XD < P, |v— A (V). 4=y < pld=1)0—d (some v € Z").
o Ning(P%; F) = {|)] < P? : 35 € ZR, mEN (D, ... d-D) = §}.

e MQ) ={de01R:|d-I|< & (4< Q7€ ZR))

Lemma A (level-set formulation of Birch, after Bentkus-Gotze)
If meas{@ € [0,1]R : |S(@ - f)| > P"~k+} < CP*~9R for some ¢ < 1,
all k € [0,dR/c), then NAP) = aP"~ %R + O (P~ dR-0ledRn)te)
Lemma B (Weyl differencing + shrinking)

HN (PO, P-10=d; g f)/Pd=1nm0 . |S(@-f)/P™<[>"" (6 € (0,1])
Lemma C (Birch’s major arcs)

i) FN'(P?, PU=D9=d; & £) ¢ Niing(P; f) then & € I(CPRI-1)9),
ii) Moreover we have meas M(PR(4-1)0) « pR(R+1)(d—1)0—dR

jii) If f is nonsingular then Nyng(P?; f)/ P4~ « p=(n=R+1)¢.

R{d 1)29 1 R(R+1)(d—1)29 1k_dR

|S‘>>f Pn k+e P9>>P, Rkl, (,Y c m( n—R+1) )' meas<<P (n—R+1)



Improved major arcs?

Notation
o Let NV(PY, pld—1)0—d, F) be the set of integral (d — 1)-tuples with
D) 180 < PO v — mP(=V), . gd-D) < pld=1)0-d (some 7 € ZM).

sing (P f)—{|*<>|<P9 ElanR mED (D, . %d-D) = G}
o im(Q)—{ae [0,1]R : |&@ — a| < 2 Q (g<Q, anR)}

Lemma C (Birch’s major arcs)

i) I #N (PO, P09, 5. F) > #Nong(P?; F) then & € M(CPRII-19),
i) Moreover we have meas fm(PR (d-1)8) & p—dR+R(R+1)(d— 1)9

iii) If £ is nonsingular then #Ning(PY; f)/Pld=Dn0 « . p~(n=R+1)0,

Can we redefine Nging, M to increase I=He

RRT1)(d-1)
Proof of Lemma C part (i).

Let (¥(),...,x(4~1)) be in A but not in Nng.

Then a— m’(&'F)()?'(l), ..., x14=1) is a nonsingular matrix M of
integers <~ P(4~1% with |Ma — V| < P(d-1)0d et M’ be a
nonsingular R x R submatrix. Then |@ — M'~1v| < PR(d=1)6—d O
Heuristically, for most v, the different possible R x R submatrices should

give contradictory approximations to &. So there is room to reduce the—
measure. But, we'd have to bound |[#{|x()| < P? : m(@") = 0 (g)} ./ hard!
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Improved major arcs?

Notation

o Let N(PY, P(d—1)0—d. F) be the set of integral (d — 1)-tuples with

10| < PO |7 — mF)(xV), . d-1)| < pld=1)0-d (some v € Z").

o Ning(P%; ) = {|#)] < PP : 35 € ZR, =Nz, ... 59-1) = 5},

e MQ)={ae0,1":|a- I < 2 (4<QFezF).
Lemma C (Birch’s major arcs)
i) IfFN(P?, Pld—1)6—d. 5. F) Z Naing(P?; F) then a € Dﬁ(C;PR(d‘l)e).
ii) Moreover we have meas M(PR(I-1)0) <« p~dR+TR(R+1)(d—1)0
jii) If f is nonsingular then Ngng(P?; f)/P\d-10 « . p=(n=R+1)0,
Proof of Lemma C part (i).
If (x), ..., X9~V is in N but not Ngng then & rﬁ(a"?)(f(l), ., xXdD) s a
nonsingular matrix M of integers <> P(4~10 with |Ma — 7| < P(d-1D0=d | et M
be a nonsingular R x R submatrix. Then |@ — M'~1¢/| < pR(d—=1)—d O
For most v, different R x R matrices should give contradictory
approximations to @. So room to decrease R(R + 1)(d — 1). If @ is close
to 0, the picture is different. Most R x R submatrices give the same
region for @, and it's much smaller than the major arc at 0. This makes

possible Miiller's d =2,n > 9R (J. Th. Nombres Bordeaux '05).



Improved major arcs?

Notation
e The exponential sum S(@- f) = S e(a - f(X)), where @ € RR, e(t) = €27 and
the sum is over X € Z" with |x| < P. .
e If F(X) is a degree d form, m(F)(x,...,X) = %F()’(’). Let NV(P?, P(d—1)0—d. F)
be the set of integral (d — 1)-tuples with
O <Pl |7 — AL, D) <P
o Nang(P?; F) = {|%] < P . aaezR 5f(>?( ..., 4=y = G},
e MQ)={ae01]f:]a- I < B (q< € ZR))}.
Lemma C (Birch’s major arcs)
i) IF N(P?, P10, 5. £) ¢ Naing(P?; ) then & € I CPRE-1)?),
Proof of Lemma C part (i).

If (x1), ..., x(4=) is in A but not Ning then

pPd—1)0-d (some v € Z").

a rﬁ(&f)()?(l), ..., X971} is a nonsingular matrix M of integers
<7 P10 with [Ma@ — v| < Pd=1)=d_Let M’ be a nonsingular
R x R submatrix. Then |a@ — M'~1V/| < pR(d=1)0—d O

For most v, different R x R matrices should give contradictory
approximations to @. So room to decrease meas 9. If @ is close to 0, the
picture is different: most R X R submatrices give the same region for a.



Improved major arcs? AJ - %or gﬁ
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If NVis Iarge we get some ()?(J)) such that c'f beIongs to

measure to be smaller than meas Mt (PR(I-1)9),

If B is a suitable neighbourhood of 6 | claim that the measure of
B N|JA is smaller than meas B - meas M(PR(@=1)9) | haven't yet
explained why this is so useful, but let's keep exploring.
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Lemma D (Improved bounds near 0, in p-adic sense)
Let Nau () ={(R9); : 199] < p, mFUD, ... 2¢D)=0 (p)}.

)
Suppose #N (p, p?~ 1P~ 3 - f)>sup6€]FR\{0} #Nauxp(c? f), e >0,
petd=1 < 1pd and |pef —a] < 1p'=9. Then =0 (p°).



Improved major arcs?

Notation

o Let N(P?, P(d=1)0=d; F) be the set of integral (d — 1)-tuples with
XD < P |[v—mF) (1) x40y < pld-10—d (some v € Z").
o Naup(F)={(X1); : D] < p, mFA(xDV) ... xd-D)=0 (p)}.
Lemma D (Improved bounds near 0, in p-adic sense)
Suppose #N(p, p?~ P4 a- f) > SUP5err\ (0} #Nauxp(0 - ), € >0,
petd—1 < %Pd, and |p¢a — a] < %pl_d. Then 3=0 (p®).

-

If f is nonsingular, supgeFR\w;#Naux?p(g. f) <<fp(d—2)n+R—1_

Proof.

-

Suppose min;|a;|, = p~¥, let (xX1); € N\Naux’g(i; - f). Then
Jv _%%(a.f*” < gd—lp—d

IA

~— o= - =
. Also |m(@f) — #,ﬁ(a-f)| < #_ Thus

Sl
’\7_ #nﬁ’(é.'f” < #, so m@f) = p¢v. But ()—((1))1 ¢ -/V‘aux,p(p% ‘ f) X

#Naux,p(g' F) < Pdim{'ﬁ(gi):é‘} < P(d_2)n+R_1 for P > 1. ]



Notation

e f(X) € Z[x]R are R lin. indep. forms in n variables of degree d > 2.
e The exponential sum S(a - f) = Y e(a@ - f(X)), where @ € RR,
e(t) = e®™' and the sum is over X € Z" with |x| < P.
e If F(X) is a degree d form, let mi(F)(x1), ... X(9=1) be the n-tuple
of symmetric multilinear forms such that m(F)(x, ..., x) = Y2F(X).
o Let NV(P?, Pld=1)0=d. F) be the set of integral (d — 1)-tuples with
XD < PO |v—mF) (V) xd=D)| < pld-10-d (some v € Z").

Lemma B’ (One more Weyl differencing step) B e Vl/& M/‘)* (7/ b@ 20
F N(PP, pla-10=4, 5 . )/ pld=1)nd

—

>7.|1S(@-H)S((@+ B)- /P (6 e(0,1)).

Compare
Lemma B (Weyl differencing + shrinking)

#N(PO, p(d—1)6—d. &»_f’)/P(d—l)no >>F,e |5(52°F)/P”+6|2d_1 (9 c (0, 1])
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Notation

o
o S(E@ F) = Sremm mepeld- :_()*)). 911 DD ,[JU

o If F(X) is a degree d form, m(F)(x,...,x) = JEF(X).

o Let NV(P?, P(d—1)0—d. F) pe the set of integral (d — 1)-tuples with |

10| < PO, |v— mF) (M), ... D) < pld=1)0=d (some v € Z"). [D@ UB ( \ 1%]

o Naux,p(F)={(xD); : |x0] < p, m(F) (%M, ..., A=) =0 (p)}. TN /)
Lemma A (level-set formulation of Birch, after Bentkus-Gotze)
If meas{a € [0,1]R : |S(a - f)| > P —k+<} < CP*~9R for some ¢ < 1, gl_a ['lj OB
all k € [0,dR/c), then NAP) = o P~ 4 O;’C,C(P"“’R—‘S(C’d’R’”)“). RS : ‘
Lemma B’ (One more Weyl differencing step) d ég C@ U R . ] 5 ]7 )Dn:g
N(P?, PU=D0=d, 5. f)/pd=Dn0 . |S(G-F)S((@+ B)- F)/P2He[* . / '

Suppose #N (p, p? P~ B - £) > supjcpe, (5 #Naux,p(0 - ), € >0,

&
Lemma D (Improved bounds near 0, in p-adic sense) — U %
S
petd=t < 1pP9 and |peB — b| < ;p'~?. Then b= 0 (p°). LL,

If f is nonsingular, SUP§crR\ (G) /\gux!p(g. f) <7 pld=2)n+R-1



