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1 | INTRODUCTION

In this paper, we describe a method that allows one to use truncated (but weighted) eigenfunction
expansions in order to obtain smooth approximations of functions defined on bounded domains
in a way that behaves well with respect to both Lebesgue spaces and (primarily L?-based) Sobolev
spaces, and that also respects the ‘side conditions’ that often occur in boundary value problems
(for example, Dirichlet boundary data or a divergence-free condition).
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If u € LA(T%) with

u= Z akeik‘x (1.D)

and we set

kezd: |k|<n
where |k| is the Euclidean length of k, then this truncation behaves well in L?-based spaces:
lu, —ullx =0 and  Jlu,llx < llullx

for X = L2(T%) or H5(T?).
However, the same is not true in LP(T%) for p # 2if d # 1: there is no constant C such that

ltgllp <Cliull,,  forevery u € LP(T3).

This follows from the result of Fefferman [6] concerning the ball multiplier for the Fourier trans-
form; standard ‘transference’ results (see, for example, Grafakos [13]) then yield the result for
Fourier series.

In the periodic setting, these problems can be overcome by considering the component-wise
truncation over ‘cubes’ rather than ‘spheres’ of Fourier modes. If for u as in (1.1), we define

Uy o= Z ﬁkeik'x, where k = (ky, ..., ky),

|k.;|<n

then it follows from good properties of the truncation in 1D and the product structure of the
Fourier expansion that

gy —ully =0 and  Jlupylle < Cpllull,  foreveryu € LP(TY)

(see, for example, [19]). Hajduk and Robinson [15] used this approach to prove that all weak
solutions of the convective Brinkman-Forchheimer (CBF) equations

du—Au+ - Vu+|ul*u+Vp =0, V-u=0 1.2)

on T3 satisfy the energy equality (for more details see Section 5).

There is no known corresponding ‘good’ selection of eigenfunctions in bounded domains that
will produce truncations that are bounded in LP. To circumvent this, we suggest two possible
approximation schemes in this paper: for one scheme, we use the linear semigroup arising from
an appropriate differential operator (the Laplacian or Stokes operator); for the second, we combine
this with a truncated eigenfunction expansion.

We discuss these methods in the abstract setting of fractional power spaces (that is, the domains
of fractional powers of some linear operator) in Section 2. In Section 3, we recall the explicit form



SIMULTANEOUS APPROXIMATION IN LEBESGUE AND SOBOLEV NORMS VIA EIGENSPACES | 3

of these fractional power spaces for the Dirichlet Laplacian and Stokes operators, and derive some
additional properties required in what follows. We combine these two sections to give our approx-
imation theorems in Section 4, and then use our eigenspace-approximation method to prove the
validity of the energy equality for weak solutions of the CBF equations (1.2) on bounded domains
in Section 5.

2 | APPROXIMATION IN FRACTIONAL POWER SPACES

We want to investigate simultaneous approximation in fractional power spaces and a second space
L, which in our applications will be one of the spaces LP(Q) [potentially with side conditions when
treating divergence-free vector-valued functions].

2.1 | Fractional power spaces

We suppose that H is a separable Hilbert space, with inner product (-, -) and norm || - ||, and that
A is a positive, self-adjoint operator on H with compact inverse. In this case, A has a complete set
of orthonormal eigenfunctions {w,,} with corresponding eigenvalues 1, > 0, which we order so
that,,, > 4,.

Recall that for any a > 0, we can define D(A%) as the following subspace of H,

D(A%) := {u: Zajwj : Z/ljz.alﬁﬂz < oo}. 1
Jj=1 j=1

For a < 0, we can take this space to be the dual of D(A~%); the expression in (2.1) can then be
understood as an element in the completion of the space of finite sums with respect to the D(A%)
norm defined below in (2.2). For all « € R, the space D(A%) is a Hilbert space with inner product

[e]
. 2058 A~
(U, V) peaey 1= Z/lj ;0;
Jj=1

when u = ZJ  4jw;and v = EJ L U;wj, corresponding norm

Il ey 2= D AT 01 2.2)
=

[note that D(A?) coincides with H]. We can define A* : D(A%) — H as the mapping
Z = 2 AW,

and then ||u|| p 4y = [|A%ul|. Note that A“ also makes sense as a mapping from D(AP) - D(AF—)
for any § € R, and that for 8 > o > 0 we have

D(AP) = {u € D(AP) : AP~%y € D(A%)}. (2.3)
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We can define a semigroup e %4 : H — H by setting
(o]
e %y 1= Z e_e’lf(u, wjw;, 0> 0; 2.4)
j=1

this extends naturally to D(A*) forany & > 0, and for @ < 0 we can interpret (u, w;) via the natural
pairing between D(A%) and D(A™) (or, alternatively, as 4; in the definition (2.1)). Then for all
u € D(A%), we have

el < Cﬁ_ae;ﬁ—a>||u||D(Aa> B>a 23
= - —a .
e /119/11 lullpas) B<a,

where we can take C, = sup;; A7e~* (the exact form of the constant is unimportant, but note
C, < oo forevery y > 0) and

”e_eAu - u“D(Aa) -0 as 6 -0t (2.6)

In particular, (2.6) means that e~ is a strongly continuous semigroup on D(A%) for every a € R.

Now suppose that we have a Banach space £ such that:

(L£-i) forsomey; <y,

D(A"?) C £ C D(AM), (2.7)
and
(L£-ii) e 9isa uniformly bounded operator on L for 6 > 0, that is, there exists a constant C, > 0
such that
“e_eAuHE <Cplull, for 630, (2.8)

ande % isa strongly continuous semigroup on L, that is, foreach u € £
”e_eAu - u”£ -0 as 6 -0t (2.9)

We assume that the inclusions in (£-i) are continuous so that, for example, £ C D(A")
means that we also have [|ul| 4y < Croy, |lu||, for some constant C J [there is an implicit
abbreviation in the subscript, where we write y; for D(A"1)].

Note that the embedding £ € D(A”1) from (2.7) ensures that the definition of the semigroup in
(2.4) makes sense foru € L.

2.2 | Approximation using the semigroup

Using the semigroup e =94, we can easily approximate any u € D(A%) N £ in a ‘good way’ in both

D(A%) and L. The following lemma simply combines the facts above to make this more explicit.
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Lemma 2.1. Suppose that (£-i) and (L-ii) hold. Ifu € D(A%) N L forsomea € Randu, := e %4y,
then:

(i) up € D(AP) for every B € R when 8 > 0;
(i) llugllpcaxy < lullpas) forall & > 0;
(iii) |luglly < Cellull, forall & > 0; and
(iv) ug » uin £ and in D(A*) as 6 — 0*.

Note that if u € £ and (£-i) holds, then we can always find a value of @ € R so that u €
D(A%) n L: if we have (2.7), thenu € £ N D(A”). If we want to apply the lemma as stated assum-
ing explicitly only that u € D(A%), then to ensure that we also have u € £ we need to have ot > y,.
Nevertheless, we always have (i), (ii), and (iv) for u € D(A%) for any a € R.

Proof. Parts (i) and (ii) both follow from (2.5), (iii) is (2.8), and (iv) combines (2.6) and (2.9). []

Use of the semigroup like this can provide a natural way to produce a smooth approximation
that is well tailored to the particular problem under consideration; see [22] for one example in the
context of the Navier-Stokes equations, namely a straightforward proof of local well-posedness in
L*(R3) N L3(R3).

2.3 | Approximation using eigenspaces

We now want to obtain a similar approximation result, but for a set of approximations that lie in
finite-dimensional spaces spanned by eigenfunctions of an operator A satisfying the conditions
above. This is the key abstract result of this paper; as with Lemma 2.1 its use in applications relies
on the explicit identification of the fractional power spaces of certain common operators that we
will recall in Section 3.

The approximation operator I, introduced in (2.10) below is related to the Bochner-Riesz
means

N PN
S'u = <1——"> (u,w,)w,,
N y;l An n/%n

which satisfy S]}(]u — u in LP as N — oo provided that y is sufficiently large (see [2] or [5]). One
could view IT, as a Bochner-Riesz mean of ‘exponential order’, the exponential factor in the defi-
nition allowing for a much simpler proof of convergence than for SL and with one operator that
works for every LP.

Proposition 2.2. Suppose that (L-i) and (L-ii) hold. For 6 > 0, set

Mou := Z e M (u,w,w,. (2.10)
Ap <62

Then

(i) the range of Iy is the linear span of a finite number of eigenfunctions of A, so in particular
IIou € D(A%) for every a € R; and
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(ii) ifX = L or D(A%) for any a € R, then:
(a) IIy is a bounded operator on X, uniformly for 6 > 0; and
(b) foranyu € X we havelgu - uinX as6 — 07.

Proof. Property (i) is immediate from the definition of IT,.
For (ii), we start with an auxiliary estimate for u € D(Aﬁ ),B<alf

(o)
u= Z (u, wy)wy,
n=1

then for every 6 > 0 we have

2

—6A 20 o —24,6 2
”H@u—e u“D(Aa) = E A%e™ % (u, w,)|
2262

n#!

1. 1/2 2
< Y e w,)|

Ay =672
2(a— — 1/2 ,2, 2
< Z /ln(a B)e 22y Anﬁ|(u, wn>|
A 2072
—B) .. —221/2 2
< sup 2P )2 .
(/129—2 D(AF)

If for each ¥ € R, we set

®(6,%) := sup /1"e"11/2,
A>62

then we have
”H@u — e_eAu”
D(A%)

Since

O0.1) = =21/ x<0orx>0,06<2x)7},
' (2x)**e™%* x>0, 6> (2x)71,

we have ®(6, x) < M, for every 6 > 0 and

®0,x) >0 as 60— 0" foreveryx > 0.

<®©,a-Plullpus, for B<a

(2.11)

(2.12)

It is immediate that IT4 is bounded on D(A%) given that IT, only decreases the modulus of the

Fourier coefficients:

”HQuHD(AfX) < lullpeasy.-
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The convergence ||[TIou — ul|pax) — 0 as O — 0%, follows from (2.11) and (2.12) with § = a and
the fact that e ®4u — u in D(A%) as 8 — 0T; we have

Mot = ll ey < [ Tow—e04u]| o+ [le=®4u -

ey = ©
D(A%) D(A%)

as6 — 07.
Now suppose that u € L. Since (2.11) shows that ITyu — e %4y € D(A”2) whenever u € D(A"),
we have

_ _—eA —0A
||H9u||£—”(l'leu e %u) +e u“£

< |H9u —e —04

Y
L

< C}’z—%cp(e’h = yllullpeany + Cellull,

u e
72"£| ||D(A72) + ”

< [CrmCrmy @@ 72 = 70 + Ce [l
using (2.7), (2.8), and (2.11). It follows, since ®(8,y) < M, independent of 0, that

[Toul|, < Kellullg,
so Iy : £ — L is bounded. Convergence of ITyu to u as © — 07 follows similarly, since

0A —0A

[ Tou —ul|, < ||H6u —e u”ﬁ + “e u-— “”5

6A

‘Heu —e eAu”

+ He_ u-— uH
72_’5‘ D(A”2) r

Cy e @O, 72 —vDllullpean) + He_eAu - u”ﬁ

—0A

<CprCry @67, — yDlulle + lle™®u — ull,

and both terms tend to zero as 6 — 07. O

2.4 | Further results via interpolation

We note here for use later that it is possible to obtain additional results from either Lemma 2.1 or
Proposition 2.2 via interpolation. If Y C X and II, is a bounded operator on both X and Y, then
IT, is bounded on any intermediate (real or complex) interpolation space Z = [X, Y],.

Now suppose in addition that ||ITou — u|ly, — 0 as @ — 0" for every u € Y. Then, since Y is
dense in Z (see [3, Theorem 3.4.2] for real interpolation, and [3, Theorem 4.2.2] for complex
interpolation), we can show that

ITlyu — ull, — O as 8- ot foreveryu € Z.
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Takeu € Zand v € Y, then
ITTgu — ull, = |[Tgu — TTgv + v — v + v —ull,
< Cllu—vllz + [[Tgv = vllz + llu —vllz;
given € > 0 choose v € Y such that |ju — v||, < €/2(1 + C) and then 6 small enough that
ITgv = vll; < CliTlgv — vl *ITTgv = vll} < €/2

3 | FRACTIONAL POWER SPACES OF THE LAPALACIAN AND
STOKES OPERATORS

In this section, we recall the explicit characterization of the fractional power spaces of the negative
Dirichlet Laplacian and Stokes operator on a sufficiently smooth bounded domain Q.

Theorem 3.1. When A is the negative Dirichlet Laplacian on Q C R%, d > 2, we have

H¥(Q), 0<0<1/4,
P HY/ (@), 6=1/4,

H¥(Q), 1/4<6<1/2,

H®*@QnH)Q), 1/2<6<1,

where Hééz(Q) consists of all u € HY/2(Q) such that

/ (0 u(x)[2 dx < oo,
Q

with p(x) any C* function comparable to dist(x, 0Q). If A is the Stokes operator on Q with Dirichlet
boundary conditions, then the domains of the fractional powers of A are as above, except that all
spaces are intersected with

H, := completion of {¢ € [Cé"’(Q)]d : V- ¢ = 0}in the norm of L>(Q).

The characterization of the domains of the Dirichlet Laplacian can be found in the papers by
Grisvard [14], Fujiwara [8], and Seeley [23]. Note that Fujiwara’s statement is not correct for 6 =
3/4, and that Seeley also gives the corresponding characterization for the operators in LP-based
spaces. For the Stokes operator .4, Giga [12] and Fujita and Morimoto [7] both show that D(A) =
D(A) n H; the former in the greater generality of LP-based spaces.

To guarantee that our approximating functions are smooth we will also need to consider D(A®)
for 6 > 1; here an inclusion will be sufficient.

Corollary 3.2. If A is the negative Dirichlet Laplacian on Q, then for 6 > 1
DA®) c H®¥(QNH)Q),  with  |lullee < Cpiue)—ppo lA%u]|

for every u € D(A®).
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Proof. First we note that D(A%) C D(A) = H*(Q) N H}(Q) for every 6 > 1; in particular, D(A®) C
H,(Q), so we only need to show that

DA% c H®(Q),  with  lullges < Cpoue)_ ool AUl 31

for every u € D(A®). Theorem 3.1 shows that this holds for all 0 < 8 < 1.
We now use (2.3) and induction. Suppose that (3.1) holds for all 0 < 8 < k for some k € N; then
fora =k +rwith0 < r <1, we have

D(Aa) — D(Ak+r)
={u: Au e DA}

={u : —Au € D(A1*")},

noting that since u € D(A%) and « > 1, we have u € D(A), which guarantees that Au = —Au.
It follows that any u € D(A%) solves the Dirichlet problem

—Au=f, Ulsq =0, 3.2)

for some f € D(A*=1+") ¢ H**k=1+")(Q) using our inductive hypothesis. Elliptic regularity results
for (3.2) (see, for example, [17, Theorem I1.5.4]) now guarantee that u € H 2k+r)(Q) with

el gakery < Cllf lgave-14n) = cll AU gage-14n)

= c||Aull o140 < cllAFTu],

due to our inductive hypothesis. O

4 | SIMULTANEOUS APPROXIMATION IN LEBESGUE AND
SOBOLEYV SPACES

We can now combine the abstract approximation results from Section 2 with the characterization
of fractional power spaces from the previous section to give some more explicit approximation
results. In all that follows, we let Q be a smooth bounded domain in R”, and by ‘smooth function
on Q' we mean that a function is an element of C°°(5).

4.1 | Approximation respecting Dirichlet boundary conditions

In the abstract setting of Section 2 we take H = L?(Q), let A = —A, where A is the Laplacian on Q
with Dirichlet boundary conditions, and take £ = LP(Q) for some p € (1, o0) with p # 2.

We need to check the assumptions (£-i) and (£-ii) from Section 2.1 on the relationship between
the spaces £ and D(A%).
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(£-i) Ifwe take £ = LP(Q) with p € (2, o), then since we are on a bounded domain, we have
£ =LP(Q) c L*(Q),
and we can choose y > n(p — 2)/4p so that
D(A”) c H¥(Q) Cc LP(Q) = L.

In this case, (2.7) holds. If £ = LI(Q) for some 1 < q < 2, we have L?(Q) C L(Q), and since
L9(Q) is the dual space of some LP(Q) with p > 2, we have

L9 ~ (LP)* ¢ D(A")* = D(A™"),

where y > n(2 — q)/4q.
(£-ii) Thate 94 is bounded on LP(Q) foreach 1 < p < oo follows from the analysis in Section 7.3
of Pazy [20], as does the fact that e~ is a strongly continuous semigroup on LP(Q).

Our first approximation result uses the semigroup arising from the Dirichlet Laplacian, and is
a corollary of Lemma 2.1.

Theorem 4.1. If u € L*(Q), then, for every 8 > 0, uy := e %4u is smooth and zero on 0Q. If in
addition u € X, then

luglly < Cxllully,  and  |lug —ully - 0as6 — 0%,

where we can take X to be HS(Q) for0 < s < 1/2, Hééz(Q), Hy(@Q) for1/2 <s< 1, HS(Q)Nn Hé(Q)
forl <s <2 0rLP(Q)forany p € (1, ).

Proof. By part (i) of Lemma 2.1, we have uy € D(A") for every r > 0. In particular, uy € D(A) =
H? N Hy, 50 uy is zero on Q. Since D(A") C H*'(Q) (Corollary 3.2), it also follows that u, €
C®(Q).

The boundedness in Sobolev spaces follows from part (ii) of Lemma 2.1 using the charac-
terization of D(A%) in Theorem 3.1, and the convergence in Sobolev spaces from part (iv) with
X = D(A%). The boundedness and convergence in L? follows from parts (iii) and (iv) of the same
lemma. O

Proposition 2.2 yields a corresponding result on approximation that combines the semigroup
with a truncated eigenfunction expansion.

Theorem 4.2. Let (w;) denote the L?-orthonormal eigenfunctions of the Dirichlet Laplacian on Q
with corresponding eigenvalues (A j), ordered so that A i1 2 A j- Foranyu € L*(Q), set

ug :=Igu = Z e (u, w, )w,. 4.1)
Ap<6—2

Then ug has all the properties given in Theorem 4.1, and lies in the linear span of a finite number of
eigenfunctions of A for every 6 > 0.
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4.2 | Approximation respecting Dirichlet boundary data and zero
divergence

To deal with functions that have zero divergence, we take .A to be the Stokes operator, and set
H =L2(Q) and £ = LE(Q) for some p € (1, o), p # 2, where

Lf,’ (Q) := completion of {¢ € C°(Q) : V- ¢ = 0}in the LP(Q)-norm.

Property (£-i) from Section 2.1 is checked as before, using the facts that (Lg )~ Lg when (p, q) are
conjugate (see Theorem 2 part (2) in [9]) and that we have a continuous inclusion D(A?) C D(A?).
The properties in (£-ii) for the semigroup e~ on LY(Q) can be found as Theorem 2.1 in [18] or
[11].

Theorem 4.3. Assume that Q C R% with d < 4. Take u € L2(Q) and for every 6 > 0 let

—-6A4

Ug :=e - 'u or ug = Ilyu,

where Il is defined as in (4.1), but now (w;) are the eigenfunctions of A. Then ug is smooth, zero on
0Q, and divergence free. If in addition u € X, then

llugllx < Cxllullx, and lug —ullxy > 0as6 — 0%,

where we can take X to be H*(Q) N L2(Q) for 0 < s <1/2, Hééz(Q) NLZ(Q), Hy(Q) N Li(Q) for

1/2<s<LH(Q)NH}(QNLAQ) for1 <s<2, or L2(Q) for any p € (1, o).

As before, this result follows by combining Lemma 2.1, Proposition 2.2, and the identification
of the fractional power spaces of the Stokes operator in Theorem 3.1. The restriction to d < 4 is to
ensure that D(A) C H? C L? for every p € (1, o0). Without restriction on the dimension, we then
have to restrictto 1 < p < 2d/(d — 4).

4.3 | Complex interpolation and approximation in W<P(Q)

We can also use Lemma 2.1 or Proposition 2.2 to obtain approximation results in W5P(Q) by
interpolation, provided we can verify that the approximation holds in the ‘endpoint’ spaces LP ()
and D(Ap), where A, is the LP-Laplacian. We restrict to dimension d < 4 for simplicity.

From Theorem 4.2 (Laplacian case), we know that for any u € LP

IMoully < Cllull,,  and  [|Tgu —ullp — 0as 6 — OF,
The domain of the LP-Laplacian is D(Ap) := W2P(Q) N Wé’p(Q). For p > 2,
2+d(1-1) 1 2p Lp 2 1
H P/(Q)NH(Q) c W>P(Q)n W7 (Q) C H(Q) N Hy(Q),
o)

D(Alﬂd(%‘ﬁ)Vz) c D(A,) € D(A);
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while for p < 2

1 1
HA(Q)NH Q) c WP n WP ¢ it 5>(Q) nHA(Q),

SO

D(A) C D(4,) C D(Al‘%@‘%)).

These give (£-i) for the case £ = D(Ap), and (£-ii) follows easily from the fact that the heat
semigroup is continuous in L?: given any u € D(A,), we have

—-6A —6A
”e pApu_Apu”LP = ”Ap(e pu_u)”LP -0

(since e %4 and A, commute) and the norm in D(A,) is the graph norm [[lull;, + |Apull.e].

Hence, from Proposition 2.2, for all u € D(Ap), we have
IMeullpa,) < Cliulipa,y — and (Mg —ullpca,) = 0as6 — 0™

Since the linear operator I, is bounded on L? and D(A ), for any interpolation space X
[LP,D(Ap)]a with norm || - ||,, we also have

”HGu“o{ < C”u”op (42)

where C can be chosen uniformly for all 6 > 0.
Since D(Ap) is dense in X, [3, Theorem 4.2.2] and Iy is uniformly bounded on X, as in (4.2),
we can guarantee convergence of ITou to u in X;: given u € X, and v € D(A,), we can write

IMgu — ull, = | Tou — v + Tgv — v+ v — ull,
< Cllu —vllg + Mo — vl + llu = vllg;
given ¢ > 0 choose v € D(Ap) such that ||[u — v||, < €/2(1 + C) and then 6 small enough that

1—
Mo = vll, < CliMlgo = vl Mo = vl

<eg/2.

Identification of the interpolation spaces X, is much more delicate in the non-Hilbertian case,
and it is preferable to use complex interpolation methods. The generalization of the results for the
Laplacian to the case p # 2 are given by Seeley [23]:

W2%P(Q), 0<a<1/2p,
l/pp
Q =1/2p,
[prD(Ap)]a = 2(xp ( ) * / p
Wi (), 1/2p < ax <1/2,

W2P(Q) N W;’p(Q), 1/2<a<l,
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where W(l)ép "P(Q) consists of all u € W/P-P(Q) such that

/ (0 u()|P dx < oo,
Q

with p as in the statement of Theorem 3.1. Results for the Stokes operator in L? can be found in
Giga [12].

5 | APPLICATION: THE ENERGY EQUALITY FOR THE CBF
EQUATIONS

In this section, we will apply the eigenspace-approximation result of Theorem 4.3 to prove energy
conservation for the 3D convective Brinkman-Forchheimer (CBF) equations

du—pAu+ - -V)u+Vp+Blul'u=0, V-u=0 (5.1)

in the critical case r = 2, when posed on a smooth bounded domain Q C R3 equipped with
Dirichlet boundary conditions u|z, = 0. Here u(x,t) € R is the velocity field and the scalar
function p(x, t) is the pressure. The constant u denotes the positive Brinkman coefficient (effec-
tive viscosity) and § > 0 denotes the Forchheimer coefficient (proportional to the porosity of the
material).

While these equations can be physically motivated, our interest in them here is primarily math-
ematical, as a version of the Navier-Stokes equations with an additional dissipative term +8|u|"u.
Unlike the Navier-Stokes equations themselves, for which known results are a long way from
providing the global existence of regular solutions, for the CBF equations strong solutions

u € L*(0,T; Hy) N L*(0,T; H?)
are known to exist for all time for every r > 2 ([16]; see also [15] for a simpler proof in the absence
of boundaries and when r = 2 and 4u$ > 1).
We do not give full details of the argument that guarantees the validity of the energy equality
for weak solutions, since it follows that in [15] extremely closely. Instead we define weak solutions

precisely and then give a sketch of the proof, showing how Theorem 4.3 allows the argument to
be extended to the CBF equations on bounded domains.

5.1 | Weak solutions of the CBF equations

We use the standard notation for the vector-valued function spaces which often appear in the
theory of fluid dynamics. For an arbitrary domain Q C R", we define

D,(Q) :={peCX(Q) : divp =0}
and

H := closure of D_(Q) in L*(Q).
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The space of divergence-free test functions in the space-time domain is denoted by
Dy(Qp) = {9 € C(Qp) : div (1) = 0},

where Qp := QX [0,T) for T > 0. Note that ¢(x,T) = 0 for all p € D,(Q). We set D, (Q,) =
Urs Do (Qr).

We equip the space H with the inner product induced by L?(Q); we denote it by (-, -), and the
corresponding norm by ||-||.

We will use the following definition of a weak solution (cf. the corresponding definition of a
weak solution for the Navier-Stokes equations in [21]).

Definition 5.1. We will say that the function u is a weak solution on the time interval [0, T) of the
critical convective Brinkman-Forchheimer equations [(5.1) with r = 2] with the initial condition
u, € H, if

u € L*(0,T; H)n L*(0, T; L*) n L*(0, T; Hy),

and
t t t
- / (u(s), 3,9(5)) + i / (Vu(s), Vo(s) + / (uls) - Vyu(s), 9(s))
0 0 0

t
+ ﬁ/o ([u(e)Pu(s), p(s)) = —(u(t), p(t)) + (u(0), 9(0)) (5.2)

for almost every t € (0, T) and all test functions ¢ € D_(Qr).
A function u is a global weak solution if it is a weak solution on [0, T) for every T > 0.

Note that this definition coincides with the definition of a weak solution of the Navier-Stokes
equations in the case § = 0 if we drop the requirement that u € L*(0, T; L*).

Just as with the conventional Navier-Stokes equations, it is possible to replace the space of test
functions D, in the weak formulation (5.2) with a number of other collections of functions. In
order to use our eigenspace approximation for this model, we will want to replace D, with the
space D, consisting of finite combinations of eigenfunctions of the Stokes operator. We therefore
define

N
D,(Q) := {go Te= 2 a(Hwi(x), a, € Cé([O,oo)), for some N € N},
k=1

where (w, ) are the eigenfunctions of the Stokes operator as in Theorem 4.3.

The functions in the space D, are less regular in time than those in D,; they also do not have
compact support within the spatial domain Q. However, they have the advantage that their depen-
dence on the space and time variables is separated, and — crucial for our application here — that
they are directly connected with the Stokes operator. We only state the following lemma here,
since its proof follows that of Lemma 3.11 in [21] or Lemma 2.3 [10] extremely closely.
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Lemma 5.2. Ifu € L*(0,T; H) N L*(0, T;L*) N L*(0, T; H}) for all T > 0, then u satisfies (5.2) for
every ¢ € D,(Q..) if and only if it satisfies (5.2) for every ¢ € D (Q,).

Weak solutions that satisfy the energy inequality exist for the CBF equations just as they do for
the Navier—Stokes equations.

Definition 5.3. A Leray-Hopf weak solution of the critical convective Brinkman-Forchheimer
equations (5.1) [r = 2] with the initial condition u, € H is a weak solution satisfying the following
strong energy inequality:

31 3]
uCt)IP + 24 /t Vu(s)|[2ds + 28 /t ||+ s < [Jutt)] 53)

for almost all initial times ¢, € [0, T), including zero, and all t; € (¢,,T).

It is known that for every u, € H there exists at least one global Leray-Hopf weak solution of
(5.1), see [1]. A proof of the corresponding result for the 3D Navier-Stokes equations (that is, (5.1)
with 8 = 0) can be found in many places, for example, in [10] or [21]. However, it is not known if
all weak solutions of the Navier—Stokes equations have to satisfy the energy inequality (5.3) (with
B = 0). [The recent result in [4] shows that solutions in the sense of distributions need not satisfy
the energy inequality, thereby proving also the non-uniqueness of such solutions.] The problem
of proving equality in (5.3) for weak solutions of the Navier-Stokes equations is also open; there
are only partial results in this direction, but it is known that the energy equality is satisfied by
any weak solution u € L*(0, T; L*) (Serrin [24]). Since weak solutions of the CBF equations auto-
matically satisfy this condition, one might expect that they satisfy the energy equality. This was
shown by Hajduk & Robinson in the periodic setting [15]; the purpose of this section is to show
how the argument there can be adapted to the case of a smooth bounded domain by using the
eigenspace-based approximation from Theorem 4.3.

5.2 | Proof of the energy equality
In this section, we sketch a proof of the following theorem.

Theorem 5.4. When r = 2 every weak solution of (5.1) with initial condition u, € H satisfies the
energy equality:
51
0

51
)l 425 |V a5 428 | ol ds = ol

forall 0 <ty < t; < T. Hence, all weak solutions are continuous functions into the phase space L,
thatis, u € C([0,T]; H).

Note that to prove this result we require the more refined result of Proposition 2.2, which
enables an approximation that uses only finite-dimensional eigenspaces of the Stokes operator.
This approximation is not compactly supported but Lemma 5.2 allows us to use it as a test func-
tion in the weak formulation (5.2). The ‘approximation by semigroup’ result of Lemma 2.1 is not
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sufficient since we do not have a version of Lemma 5.2 for the functions arising from this kind
of approximation.

Proof (Sketch). We only sketch the proof, which follows that from [15], which in turn is based on
the argument presented in [10].
We approximate u(t) for each ¢ € [0, T] in such a way that:

(@) u,(t) € Dy();

(i) u,(t) = u(t) in Hj(Q) with [lu,, ()l < Cllu®)llgn;
(iii) w, () = u(t) in LY(Q) with ||u,,(0)]|+ < Cllu(®)|| 4; and
(iv) u,(t)is divergence free and zero on 0Q;

with (ii)-(iv) holding for almost every t € [0,T]. In (i), we want u,(t) to be in the finite-
dimensional space spanned by the first n eigenfunctions of the Stokes operator; we can obtain
such an approximation using Theorem 4.3 by setting

U, (1) 1= 10 u() = ) e M), w)w;

<n2
Aj<n

foreacht € [0,T].
In the proof, we will need the fact that

lw, — ullzeo,ri4y = 0 as n— oo, (5.4)
which follows from (iii): since u € L*(0,T;L*) and ||u,,(t) — u(t)||;+ — 0 for almost every t €

[0,T], we can obtain (5.4) by an application of the Dominated Convergence Theorem (with
dominating function (1 + C)||u(t)||;4). A similar argument (using (ii)) shows that

II‘M.n - u”LZ(O,T;H]) e 0 as n — 0.

To prove the energy equality for some time t; > 0, we set
5]
ul(t) := / Nu(t — s)u,(s)ds,
0
where 7, is an even mollifier. Since ”Z € D, (Qr), we can use it as a test function in (5.2):
t t t
- / (u(s), 8,u"(s)) + / (Vu(s), Vull(s)) + / ((u(s) - Vu(s), ul(s))
0 0 0

+5/0 ([u®)Puls), up(s)) = —(u(®), (1) + (u(0), u};(0)).

We first take the limit as n — oo0. The limits in the linear terms are relatively straightforward.
In the Navier-Stokes nonlinearity, we can use

n O
/O (Quls) - V)l (s), u(s)) ds — /0 (Quls) - VYu(s), u(s)) ds
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51
< / U2, IVul(s) — Vah(s)] ds
0

2

h h
< ||u”L4(0,T;L4)”un —u ”LZ(O,T;Hé)'

In the Forchheimer term |u|?u, we have

5% 5]
' / (u(s)Puls), u(s)) ds — / (u(s)Puls). u(s)) ds
0 0

1
</0 [[ws)|7 2 () = w($)ll 4 ds

3 h h
< ||u”L4(0,T;L4)”un —u ||L4(0,T;L4)'

By our choice of u”, we have
4 Lok
/ (u,8,u"yds = / / 7ip(t = s)(u(t), u(s)) dtds = 0,
0 o Jo
and so

f f f
h ) h 2 o h
u/o <Vu,Vu>+/0 (@ V)u,u>+6/0 (Jualu, )

= —(u(ty), u"(t,)) + (u(0), u"(0)).
Next we let h — 0, for which the argument is similar; we use the facts that the mollifier »,, inte-

grates to 1/2 on the positive real axis and that u is weakly continuous into L? to show that the
right-hand side tends to

1 , 1 5
—=|lu(t + —|fult .
eI + 5 o)l

The continuity of u into L?> now follows by combining the weak continuity into L? and the
continuity of t — ||u(t)||, which is a consequence of the energy equality. O

6 | CONCLUSION

Returning to the issues discussed in the introduction, recall that while the ‘spherical’ truncation
of a Fourier expansion

does not behave well in terms of boundedness/convergence in LP spaces, the ‘cubic’ component-
by-component truncation

upy =, e, k=, ky),

lkjl<n

does.
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One can expect (cf. [2]) that there are similar problems in using a straightforward truncation of
an expansion in terms of an orthonormal family of eigenfunctions

Pu := Z (U, w,)wy,
An<d

(where Aw,, = 4,,w,). It is natural to ask if there is a ‘good’ choice of eigenfunctions such that the
truncations

P,u := Z (u, w)w,

wekE,
where E,, is some collection of eigenfunctions, is well behaved with respect to the LP spaces.
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