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A complete Ricci flow (M, g(t)), for t in some time interval I, is said to be a breather if there exist
distinct times ¢,¢, € I, a scale A > 0 and a diffeomorphism ¢ : M — M such that

@ g(ty) = Ag(t,).

A breather is said to be nontrivial if it is not also a Ricci soliton flow. In a Ricci soliton flow,
the metric ¢(t) is, up to scaling, the pull-back of one fixed metric by a smoothly varying time-
dependent diffeomorphism M — M for every t € I.

In his celebrated work, Perelman [9] proved that there do not exist any nontrivial breathers
on any closed manifold, completing an analysis started by Ivey [7]. Since then there have
been many partial generalisations of this nonexistence result to the noncompact case, for
example, [2, 3, 8 13, 14]. The purpose of this note is to give the first examples of nontrivial
breathers.

Theorem 1. For each A > 1, there exists a smooth complete Ricci flow ¢(t) on the punctured plane,
fort > 0, that is not a Ricci soliton flow, but which has the property that

P g(t) = Ag(t/A),

forallt > 0, where ¢ is a diffeomorphism of the punctured plane to itself.
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The theorem induces examples in all dimensions n > 2. For n > 3, we can take the Carte-
sian product of our example with Euclidean space R"~2, and extend the diffeomorphism ¢ to
a diffeomorphism of R” = R? x R"~? to itself given by

6, y) P (9(x), Vay).

When proving this theorem we choose the diffeomorphism ¢ to be the dilation ¢(x) = ex
(where e is the Euler number 2.718...) in order to keep the construction as clean as possible, but a
slight variation of the argument allows us to change the scale factor e to any positive value other
than 1.

The construction will rest on previous work establishing the existence and uniqueness of
instantaneously complete Ricci flows starting with incomplete Riemannian metrics of unbounded
curvature. The following is an abridged version of the existence and uniqueness theory developed
in [6, Theorem 1.3] and [11, Theorem 1.1], respectively, following [10].

Theorem 2. Suppose (M, g,) is any smooth connected Riemannian surface with infinite volume
(possibly incomplete and possibly with unbounded curvature). Then there exists a unique smooth
Ricci flow ¢(t) on M, fort € [0, ), such that g(0) = g, and ¢(t) is complete for all t > 0.

In order to understand the effect of this theorem, it may help to consider the case that (M, g,) is
the punctured plane with the Euclidean metric. In this special case, the subsequent Ricci flow ¢(¢)
provided by the theorem would be an expanding Ricci soliton flow. A hyperbolic cusp of curvature
—1/(2t) instantaneously develops near to the puncture and gradually spreads out.

Proof of Theorem 1. We begin by recalling that in two dimensions the Ricci flow equation sim-
plifies to ‘Z—f = —2K g, where K is the Gauss curvature, and in particular the conformal structure
is preserved in this dimension. The breather is to exist on, and be conformal to, the punctured
plane, but this is conformally equivalent to the infinite cylinder M = R x S! via the diffeomor-
phism (r,0) — (logr, 6) so we can work there. In coordinates (x, 8), the dilation by a factor e on
the punctured plane becomes the diffeomorphism

p(x,0) = (x+1,0),

that shifts along the cylinder M. If we define a smooth metric g, = ¢2“*9)(dx? + d6?) on M by
specifying

u(x,0) = %(log/l)x + sin 27 x,
then
0" go = HCHLO(dx? 1 d6?) = Ag,.
Let g(t), t € [0, ), be the unique instantaneously complete Ricci flow on M starting with g, as

given by Theorem 2. Then ¢* ¢(t) is also an instantaneously complete Ricci flow, this time starting
with ¢*g, = 1g,. But the parabolic rescaling A¢(t/4) is also an instantaneously complete Ricci
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flow starting with the same initial metric A¢g,, and by uniqueness we must then have

@ g(t) = Ag(t/2)

as required.

Finally, we must verify that we have not inadvertently constructed a Ricci soliton flow. Because
go is SO(2)-invariant in the sense that u(x, 8) is independent of 8, by uniqueness the subsequent
flow ¢(t) will inherit this symmetry. Any diffeomorphisms that induced a soliton structure would
have to be conformal and be induced by a time-dependent conformal vector field. The space of
conformal vector fields on the cylinder is spanned by % and the Killing field ;—e, so without loss of
generality the diffeomorphisms could be taken to be translations of the cylinder. Therefore, if the
flow were a soliton flow, then it would have to be a gradient soliton flow. But such flows have been
classified and do not coincide with our flow; see, for example, [1] and the references therein. []

Remark 1. The same ideas used here can be employed to find new examples of Ricci solitons, for
example, by flowing the flat half space for time 1. However, the full power of this method can only
be realized once one has extended the theory of instantaneously complete Ricci flows to cover
more singular initial data. The resulting theory will be presented in [12].

Remark 2. The same strategy as used here for Ricci flow can be used to construct nontrivial
breathers for other scale-invariant geometric flows provided that a sufficiently strong existence
and uniqueness theory is available. We consider this now for mean curvature flow, as was proposed
to us by Felix Schulze. As for Ricci flow, we only need work in the lowest dimension and con-
sider curve shortening flow in the plane because we can always take a product with an additional
Euclidean factor. The basic requirement is to write down a curve in the plane that is invariant
under a dilation ¢ : R? — R? such as ¢(x) = ex, but not under every dilation, and that can be
evolved uniquely under curve shortening flow. The task is simplified a little by considering graph-
ical solutions, and one suitable example of a curve would be the graph of the Lipschitz function
f : R > R defined by

|x| sin(27 log |x]|) forx #0
fx) =
0 forx=0,

as illustrated in Figure 1. This curve has an evolution under curve shortening flow that exists for
all time (see, for example, [5] or [4]) and this solution can be written as the graph of a time depen-
dent function F(-, t) where F : R X [0, ) — R is smooth away from (0,0) where it is nevertheless
continuous. This evolution is seen to be unique either by a simple barrier and maximum principle
argument or via a more general result such as [4, Proposition 5.1]. Because f(x) = % f(ex), we find

that the parabolically scaled solution %F (ex, e2t) has the same initial data as the flow F(x, t), and
by uniqueness we deduce that

F(x,t) = %F(ex, e’t).

This says that if we pull back the evolution in the plane by the dilation ¢, then we get the same
flow as before with time scaled by a factor e?, which makes it a breather.
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FIGURE 1 Curve shortening flow breather
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