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Abstract

In this thesis, we focus on continuum versions of random walks in random environ-
ments in one spatial dimension; these can be thought of as modelling the trajectory
of a particle in a turbulent fluid. We study the density of a cloud of particles all
moving through the same environment. In Section 1.1, we review random walks in
random environments; in the following sections, we discuss their continuum coun-

terparts and our results for them.
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CHAPTER 1

Introduction

1.1 Random Walks in Random Environments

A random walk in a random environment (RWRE) is simply a random walk whose
transition probabilities are given by an environment consisting of random variables
attached to each point in space and time. We will focus on one-dimensional random
walks in dynamic random environments, that is, random walks on Z with random
transition probabilities that depend on both time and space. We define the random
environment as a family of [0,1] valued random variables w = (wgt)stez, With
law and expectation P, and E respectively. Throughout we will assume that the
environment is independent and identically distributed in time and has a translation
invariant distribution in space, i.e. for w; := (wzt)zez, the random variables (wy)tez
are i.i.d. and wy is equal in distribution to (wg4»¢)zez for any z € Z. The simplest
such setting is where the environment consists of i.i.d. random variables, but we

will also consider the case with spatial correlations that decay with distance.

We then define the random walk in a random environment via the transition prob-

abilities:

PUX(t4+1) =+ 1] X(8) = &) = wos
POX(t+1) =2 —1| X(t) =2) =1 — wpy.

Where P“ and E“ denote, respectively, the law of the RWRE conditional on the



environment and its expectation. By considering the random transition probabilities
PY(X; = y| Xo = z), we can also consider this model as describing how a cloud
of particles is spread through a turbulent fluid after time ¢. If P(w,; € {0,1}) < 1
then a cluster of particles can break apart, representing the individual particles’

independent molecular diffusivity.

Much of the previous work on random walks in random environments has focused
on the case where the environment is static, that is, w; is constant in ¢, as opposed
to the case we consider, where the environment is dynamic. Many of the results do
not apply in our case, as they require an ellipticity condition on the environment,
more precisely they require an € > 0 such that P¥(X; 11 = x +v|X; = ) > ¢ for all
x and v with |v| = 1. Whilst the process (¢, X¢) is a random walk in a static random
environment on Z2, the ellipticity assumption is clearly not satisfied. However,
several large deviation results exist, for example, [RASY11] gives a quenched large
deviation principle for a more general class of RWRE covering the case considered
here and [RASY16], by the same authors, provide formulae for both the averaged and
quenched large deviation principles under the same assumptions on the environment

we have made here: i.i.d. in time and translation invariant in space.

An important idea for studying the random walks in random environments we are
considering are the n-point motions, we run n random walks independently through
a sampling of the environment, and then average out the environment; this breaks
the particles’ independence. That is, if X(t) = (X'(¢),..., X*(t)) is the n-point

motion then

n
P(X(t+1) =y|X(t) =2) =E |[[ P(X (¢ +1) = wil X'(t) = )
i=1
Alternatively we can view the n-point motions as describing the behaviour of n
particles thrown into the fluid. The n-point motions have a natural consistency
property: any k coordinates of the n point motion have the same distribution as
the k-point motion; they are also Markov processes because of our assumption that
the environment is independent in time. The individual coordinates of the n-point
motions behave as independent simple random walks on Z when far enough apart.
However, when they are close enough to see correlated parts of the environment
they have an interaction. In the case where the w;; are i.i.d., the probability that
a cluster of n particles in the same location all move upwards is greater than the
probability they all move up when in distinct locations. This can be seen directly
by applying Jensen’s inequality. The probability of n particles all moving up when

in the same location is simply E[w™], where w is a copy of an environment variable.



Thus, as a consequence of Jensen’s inequality we have the desired inequality,
E[w"] > E[w]".

The right hand side is the probability n particles all move up, given they are all in
distinct locations. Similar behaviour occurs when the environment has spatial corre-
lations that decay rapidly with distance. However, the interactions no longer simply
occur when particles meet, but when they become close enough to see correlated
parts of the environment. A group of particles situated at the same site, z, at time
t can break into at most two groups. For a general environment, the probability of
a group of n particles breaking into two groups of size k and [, with the & moving
tox+1and thel tox —1,is

Elwg (1 — wat)']-

Hence, the distribution of w can be viewed as controlling the rate at which groups
of particles break up and the size of the groups they tend to break into. When
the environment has spatial correlations of some finite length similar behaviour is

observed, however the particles no longer need to meet to interact.

As an example, we can consider the case where the environment random variables
are chosen to be i.i.d. in space and time with P(w,; € {0,1}) = 1. In this case,
the n-point motions become coalescing simple symmetric random walks, and their
behaviour in a given realisation of the environment is deterministic; from the particle
point of view, this means there is no molecular diffusivity. The environment can be
viewed as a discretisation of the Brownian web, as described in [SSS16], a collection
of paths of coalescing Brownian motions starting from every point in space and time.
Another example, at the opposite end of the scale in terms of environment strength,
% for
every t and x. The n-point motions are then simply independent simple symmetric

is given by taking the environment to be deterministic and given by w;, =

random walks.

An important example of RWREs is the Beta random walk in a random environment
(Beta RWRE), where the w;, are i.i.d. and have a Beta distribution. This case is
studied by Barraquand and Corwin in [BC17], where they find Fredholm determi-
nant expressions for the cumulative distribution of the n-point motions. This was
done by showing an equality in law between the partition functions of an exactly
solvable polymer model, and the cumulative probabilities of the Beta random walk
in a random environment. A difference equation for the moments of said partition

functions (at fixed times but mixed in space) was then solved via the Bethe ansatz,



the proof using a non-commutative binomial formula from [Pov13]. Using their for-
mulae for the cumulative distributions, Barraquand and Corwin showed that the
Beta RWRE is in the KPZ universality class. Additionally, Baldzs, Rassoul-Agha
and Seppéldinen showed in [BRAS19] that conditioning the Beta RWRE to escape
at an atypical velocity led to a wandering exponent of % in agreement with the
characteristic scaling of the KPZ universality class. After a brief review of the KPZ
equation and its universality class, we discuss this and other relevant results in the

next section.

1.2 The KPZ equation and Universality

The stochastic heat equation is the stochastic partial differential equation
vV .
Oz = §Az + kzW, (1.2.1)

driven by a space-time white noise W. The logarithm of the stochastic heat equation,

h = g5log 2, is the Cole-Hopf solution to the KPZ equation:
Oh = %Ah + 5(0,h)% + KV (1.2.2)

The KPZ equation is the canonical model for random surface growth and lies at the
centre of the KPZ universality class [KPZ86], a class of models with fluctuations
given by the Tracy-Widom distributions of random matrix theory and common
scaling exponents, for more detailed information on the KPZ universality class see
the survey articles [Corl2], [Quall]. The KPZ universality class is expected to
contain evolving interface models whose dynamics, like those of the KPZ equation
itself, have the following three features: smoothing, slope dependent growth and a
space-time uncorrelated driving noise. This is known as strong KPZ universality to
distinguish it from the universality of the KPZ equation itself, which is known as
weak KPZ universality. It has been shown that a large class of continuous surface
growth models lie in the weak KPZ universality class [HQ18]. In addition, it has
been shown that certain observables of some discrete models converge to those of
the KPZ equation, via convergence to the stochastic heat equation. The earliest
such result was for the height function of the weakly asymmetric exclusion process
[BGI97]. More recently, convergence to the KPZ equation has been shown for the
free energy of directed random polymers in the intermediate disorder limit [AKQ14].
Following this result, weak KPZ universality has been shown for a generalisation of
ASEP [CST18], a class of weakly asymmetric non-simple exclusion processes [DT16],
the Higher-Spin Exclusion process [CT17] and the related Stochastic 6-vertex model



[CGST20]. Most relevant for us, in [CG16] Corwin and Gu showed that the transition
probabilities for the random walk in a random environment evaluated in the large
deviation regime, after rescaling, converge to the solution to the stochastic heat

equation.

The models mentioned in the above paragraph rely on discrete versions of the Cole-
Hopf transform (called Gértner transforms) for their proofs so that they may instead
show convergence towards the much more manageable stochastic heat equation. An-
other approach, which avoids the need for a Gértner transform, is to show conver-
gence to a so called energy solution of the KPZ equation, as was used in [GJ10]
for weakly asymmetric, conservative particle systems with respect to the stationary
states. The existence and uniqueness of energy solutions of the KPZ equation were
shown in [GP15]; in addition, the authors showed that the energy solution to the
KPZ equation differs from the Cole-Hopf solution by a linear drift term.

Returning to random walks in random environments, Barraquand and Corwin [BC17]
showed that when the transition probabilities are chosen to be Beta distributed, the
model becomes exactly solvable. They then used their formulae to show that the tail
probabilities of the Beta Random walk in a random environment have Tracy-Widom
GUE fluctuations of size N1/3, placing the model in the strong KPZ universality
class. Furthermore, the same result is expected to hold for the density of the tran-
sition probabilities evaluated at a point in the tail, not just for the cumulative tail
probabilities [TLD16].

In the next sections, we will introduce the continuum analogues of random walks
in random environments. We are interested in two cases: the first is where the
environment variables are independent and identically distributed, the second is
where the environment variables have correlations that decay rapidly with distance.
To get interesting behaviours in the diffusive scaling limit, we need to adjust the
distributions of the environment as we scale; in both cases, diffusive scaling dampens
the effects of the environment, meaning we need to reinforce it. There are two ways
to strengthen the effect of the environment: the first is to make the environment
random variables closer to being Bernoulli 0, 1 random variables so that the n-point
motions behave like coalescing random walks with a small probability of breaking
apart; the second is to increase the distance at which the environment variables
remain correlated so that the correlation length remains fixed as we diffusively scale.
In the following sections, we will discuss the two cases and outline our results for

them.



1.3 Sticky Brownian Motions

We will begin by describing Brownian motion with a sticky point at 0 before dis-
cussing Brownian motions with sticky interactions as scaling limits of random walks
in random environments. A Brownian motion with a sticky point at 0 with parame-
ter # > 0 is a diffusion on R on natural scale with speed measure 2dx + %5O(dx).The
process can be constructed from a standard Brownian motion via a time change. Let
(Bt)t>0 be a standard Brownian motion on R, and (£LY(B))¢>0 be its local time at
0. Let 8 > 0 be a parameter and define the continuous, strictly increasing function

a:R>g = R>p, as follows

alt) =1t + %ﬁ?(B).

The function, «, has a continuous and strictly increasing inverse, a~'. The process
(Xt)e>0 == (Borl(t))tzo is called a Brownian motion with a sticky point at 0 with
parameter #. Because the local time of Brownian motion only increases when the
Brownian motion is at 0, the resulting sticky Brownian motion spends a positive
amount of time at 0. 6 determines how sticky the point at 0 is, the larger 6 is
the less time the sticky Brownian motion spends at 0, when 8§ — 0 the behaviour
approaches that of a Brownian motion absorbed at 0. In [Bas14] and [EP14] it was
shown that sticky Brownian motion is the unique weak solution to the following

system of stochastic differential equations.

dXi = 1x,20dBt,
1

edﬁg(X).

1x,—odt =

We are interested in a diffusion in R™ where each coordinate is a Brownian motion,
and the difference between each pair of coordinates is Brownian motion with a
sticky point at 0. Such a process was first defined on the circle using Dirichlet
forms [LJRO4b], and they were shown to arise as diffusive scaling limits of the n-
point motions of RWRE on Z/nZ when the random environment consisted of i.i.d.
Beta(Z, £) random variables [LJLO4]. Later Howitt and Warren [HW09] proved
the following result, which we state in a reformulation proved in [SSS10], giving a
condition for the convergence of the n-point motions of a general RWRE to have

sticky Brownian motion as the diffusive scaling limit.

Theorem 1.3.1. Suppose (X(t))i>0 is the n-point motion of a RWRE, where the

random environment consists of i.i.d. random wvariables with law u® satisfying the



following:

1
/0 (2¢ — 1)p"(dg) = 0,

1
gq(l —q)p(dq) = v(dq), ase—0,

where v is a finite measure on [0,1]. Then the laws of the processes (eX (€t))i>0
converge weakly to a diffusion we call sticky Brownian motions with characteristic

measure v.

Howitt and Warren also showed that the sticky Brownian motions with characteris-
tic measure v exist and are the unique solution to a martingale problem, which we
will state in full in Chapter 2. For the sticky Brownian motions, there is a positive
probability that more than two particles can all meet at the same time, and the
interaction between pairs does not determine the interaction between multiple par-
ticles. Instead, the characteristic measure determines this interaction through the
values 0(k,l) = 01 ¢"(1 — ¢)'v(dq) which can be thought of as the rate, in a certain
excursion theoretic sense, at which a cluster of k + [ particles breaks up into two

clusters of k and [ particles.

Recall that Barraquand and Corwin [BC17] showed that when the environment is
given by i.i.d. random variables with the Beta distribution, the RWRE becomes
exactly solvable using the Bethe ansatz. It is easy to check that if for a 8 > 0, u°
is given by the Beta(fe, fe) distribution, Theorem 1.3.1 is satisfied with v = gdx,
where dz is the Lebesgue measure on [0, 1]. This suggests that the sticky Brownian
motions with characteristic measure %dx should inherit the exact solvability of the
discrete model. In Chapter 2, we first prove an explicit formula for an invariant
measure for an ordered version of the sticky Brownian motions. We then prove an
exact formula for the transition density for the ordered process with respect to the

invariant measure.

Working independently of us, Barraquand and Rychnovsky [BR20] derived exact
formulae for the tail probabilities of the sticky Brownian motions with characteristic
measure gd:c by taking appropriate limits of the exact formulae for the Beta RWRE.
Using their formulae, they showed that the tail of the Howitt-Warren flows has
Tracy-Widom GUE fluctuations of size t!/3. Further, they conjectured the tails of
the Howitt-Warren flows converge, as the stickiness is removed and under suitable
rescaling, to the stochastic heat equation, based on the convergence of the moments.
Barraquand and Le Doussal then showed that the same convergence of moments
holds in a moderate deviation regime, distance t1 away from the origin as ¢t — oo,
for a fixed stickiness [BD20].



In order to state our results, we first must introduce some notation. Let W" :=
{x € R"| 21 > 23 > ... > x,} and W? := {x € R"| 271 > ... > z,,} denote the
principal Weyl chamber and its closure respectively. The images of the principal
Weyl chamber under a permutation are called simply Weyl chambers; however, we
may sometimes refer to the principal Weyl chamber as just the Weyl chamber. Let
I1,, denote the collection of ordered partitions, (w1, ..., ), of {1,..,n} such that if
a € mj, bem and j <k, then a < b. That is the elements of the partition each
consist of intervals intersected with Z and are indexed according to the size of their

elements.

To each partition 7 € II,,, we associate a subset of W” defined by
W2 .= {x € W"| 2, = x4 if and only if there is a m; € 7 such that «, 8 € m;}.

In other words, all the points in W” whose coordinates are equal if and only if their
indices are in the same element of 7. Notice for 7 = {{1},...,{n}}, W2 = Wn.

In addition, W? = Uy, W2

)

and the sets W2 are disjoint. There is a natural
continuous bijection I™ : W2 — Wil given by I™(z) = (xp, , ..., p,,,) for any choice
of p; € m;. We can now define a Borel measure on W? as the pushforward of the
Lebesgue measure A on W™l A™ := (I™)71\. The measure can be extended to a
Borel measure on W via the formula A™(A) := A\T(A N W2).

Definition 1.3.2. For 6 > 0 the Borel measure mén) on Wn is defined as

n T —nN 1 s
i = 3 g (H W)x.

well, T,ET

Suppose § > 0 and X = (X(¢))¢>0 is the process of sticky Brownian motions in
R™ with characteristic measure g]l[m} dx and initial condition x under P,. Then we
define Y = (Y'(t))s>0 as the process obtained by ordering the coordinates of X, i.e.
for each t > 0 Y (t) = (Y'(t),...,Y"™(t)) = (XD (¢),..., X°™)(¢)) for some o € S,
such that Y(t) > ... > Y"(t).

Theorem 1.3.3. For every bounded Lipschitz continuous function f : W* — R,
r €W andt >0

E.[f(Y))] = / w,y) F)ml (dy).

Where E,, is the expectation under the measure P, and u; : R™ x R™ — R s defined



for each t >0 by

o -1 o (2—yo) O\ Fg (o) TRo(8))TRa (8) Yo (a)
uel®,9) (2m)" / ‘ gs.: ’ g B ()P (5) ()
ag n « :

o(B)<o(a)

where Sy, denotes the group of permutations on {1,...,n} and ks = (kg(1), s ko(n))-

For a fixed characteristic measure v, the sticky Brownian motions in R", for n € N,
form a family of Feller processes. Further, the family is consistent in the following
sense; any k distinct coordinates of the sticky Brownian motions in R™ are equal in
law to the sticky Brownian motions in R¥. In [SSS10] Le Jan and Raimond showed
that any consistent family of Feller processes are the n-point motions of a stochastic
flow of kernels, which is a family of random probability kernels indexed by start and
end times. They are analogous to the random transition probabilities for the RWRE,
and their n-point motions are defined in a similar way to those for RWRE. The flows
corresponding to the sticky Brownian motions are called Howitt- Warren flows, they
are studied in depth in [SSS10] where, among many other results, it is shown that
the sticky Brownian motions can be constructed as processes that are independent
conditional on a random environment. The random environment is constructed from
the Brownian web by marking special points where paths are allowed to branch into
two separate paths; the sticky Brownian motions follow a path in the web until they
meet such a point where they independently choose one of the two possible paths
to follow, in a manner determined by the characteristic measure. Another result
of [SSS10] shows that the Howitt-Warren flows, for deterministic times and a fixed
starting point, are almost surely purely atomic measures. We can use Theorem
1.3.3 to show that in the large time limit, the size of a random atom in the Howitt-
Warren flow behaves as ﬁ multiplied by an exponential random variable with rate

f, in Section 2.5.3 we provide further details and a precise statement of this result.

In the next section, we describe the other continuum model we are interested in,
which arises when we consider spatially correlated random environments instead of

i.i.d. ones.

1.4 Brownian Motions with White Noise Drifts

Another interpretation of the random walk, (X¢)¢>0, in a random environment,
w = (Wyt)xtez, is as a random walk with a random velocity. In this setting, we
assume that the environment is independent in time and correlated in space with a
finite correlation length. Clearly E“[X; 11 — X;| Xy = 2] = 2w, ¢ — 1, we can there-

fore decompose X; into two components, where one component is mean 0 for each



realisation of the environment, and the other is some function of the environment
and the path of X up to time t — 1,

t—1

X = Zw(k,Xk) + B

k=0

Here w(t,xz) = 2wyt — 1) and By = X; — E',;_:low(k,Xk) so that E“[5] = 0
almost surely. It is easy to see that we also have the following equalities holding
almost surely E“[(8; — Bi-1)%| Xy = 2] =1 —w(t — 1,2)? and E¥[(8; — Br—1)w(t —
1,X:—1)] = 0. Furthermore, the coordinate processes of the n-point motions can
each be decomposed in the same way, and the resulting collection of 5 processes are
uncorrelated for any realisation of the environment. Below we introduce a continuum

version of this model via an SDE mirroring the above decomposition of the RWRE.

Suppose W, is a Gaussian field on R-¢ x R with correlations E[W,(s, z)W,(t,y)] =
(s Nt)p(z —y), where p = [ p(- — y)p(y)dy for some symmetric function p € C2°(R)
(C°(R) denotes the set of smooth compactly supported functions on R). We con-
sider the SDE

dX, = uW,(dt, X,) + odB;, (1.4.1)

where B is an independent standard Brownian motion on R and pu,o > 0 are pa-
rameters. Both integrals are to be interpreted in the It6 sense, see [Kun94b] for
definitions, applying Theorem 3.4.1 in [Kun94b| shows the SDE has a unique solu-
tion. Just as in the discrete setting X consists of two components, one representing
the effect of the environment and the other the randomness of the walk itself. Fol-
lowing this analogy, in the continuum version o2 plays the role of the quantity
1 — E[w(t — 1,2)2], the variance of a single step of 3 in the discrete version. The
function p simply gives the spatial correlation structure of the environment, and we
take W, to be Brownian in time to mimic the independence in time of the discrete
environment. The parameter p controls the strength of the environment; it plays
the role of the quantity E[w(¢, x)Q]% in the discrete setting. Note that X; simply
behaves as a Brownian motion with diffusivity o2 + p?5(0). However, we do get
interesting behaviour when we instead consider the behaviour conditional on the
environment. This behaviour can be studied through the associated stochastic flow
of kernels, (Us¢)s<t, which can be thought of as the density of an infinite number of

particles in the same environment. (Us;)s<; is given by the simple relation

Usi(z,A) =PB(X; € A| X, =), (1.4.2)

10



where P8 is the law of the Brownian motion B.

We are interested in the behaviour of large numbers of particles in the same fluid; n
particles are described by taking n solutions to the stochastic differential equation
(1.4.1) with respect to a common Gaussian field but independent Brownian motions.
The resulting process in R" is the n-point motion of U and can be thought of as
an interacting particle system. Because the correlations of the velocity field are
rapidly decaying in space, the particles behave independently when separated and
then become correlated when close. However, the additional noise provided by B
allows the particles to break apart. The result is a system of particles with an
attractive local interaction; the strength of this interaction is determined by the
molecular diffusivity 02 and the correlation length of W, in space. The longer the
correlation length and the smaller the additional diffusivity, the stronger the effect
of the interaction. It is possible to take o to 0 along with the correlation length
whilst preserving the interaction. The limiting process is given by sticky Brownian

motions with an explicit splitting measure [Warl5].

The model is an example of the compressible Kraichnan model for turbulence, where
the velocity field is simplified to be white in time; see the review [FGmcV01]. In
our case, we take the spatial correlations to be of short length and smooth in space,
similar to the case considered in [GHO04], where the authors showed that removing
the molecular diffusivity, at the same time as reducing the correlation length of the
velocity field, led to sticky interactions between pairs of particles in the limiting
process. For the model we consider, this result was extended to a full description
of the interactions between any number of particles in the limiting process [Warl5].
This result suggests the convergence of the random transition density associated
with the Brownian motion running through the random drift field W towards a
Howitt-Warren flow. In [DG21], the authors study the same model and show that the
fluctuations of the density of the flow of kernels solve an stochastic partial differential
equation (SPDE). In addition, they show the density is well approximated as t — oo
by the product of the heat kernel and the stationary solution to that SPDE.

We study the fluctuations of the density in the tail of the random transition density,
that is, at a distance t away from the origin. In particular, we will show that
the fluctuations are governed by the KPZ equation when the environment noise is
small. This work was motivated by the non-rigorous arguments in [DT17], as well
as the results for RWRE mentioned in Section 1.2. Further, we conjecture that
the KPZ equation also appears when the independent diffusivity of the particles is
small instead of the environment; in this regime, the behaviour of particles is much

different and closer to that of sticky Brownian motions.
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It is known that the kernels (Us;)s<; have continuous densities, u, with respect to
the Lebesgue measure, so that u(s,t;z,y)dy = Usy(x,dy), [DG21]. Further, the
density solves the following SPDE [LJRO04a] [DG21] when the noise is interpreted in
the It6 sense; for an introduction to SPDEs see, [Wal86].

Opu = §Au — pd, (qu) . (1.4.3)

Here, v = 02 + ||p||3 and W, is the formal time derivative of W),. It should be noted
that, apart from the ||p||3 term in front of the Laplacian, this SPDE is just the
Fokker-Planck equation for a Brownian motion with diffusivity o moving through
a velocity field W,. The additional ||p||3 term acts like an It6 correction to the noise
term and does not have a physical meaning. Indeed, the solution only exists as a
continuous function if ¢ > 0. If instead o = 0, the solution to the SDE 1.4.1 is
entirely determined by the environment, and the resulting flow of kernels (1.4.2) is
almost surely for any fixed s,t and x a point mass so that there is a flow of maps
solution to the SDE [LJR04a].

We evaluate u at distances of order At away from the origin and rescale to define
the tilted kernel v with tilt A via the formula

2
o(t,y) = e TNy (0, 2,y + Avt). (1.4.4)
Then function v satisfies the SPDE
O = gAv + AW, — pd, (qu) . (1.4.5)

This SPDE is a perturbation of the stochastic heat equation (1.2.1), and it suggests
that by choosing p as an approximation to a delta function, and p = % to be small,
we can recover the stochastic heat equation itself as a limit. Indeed, the SPDE
suggests that the stochastic heat equation should arise under these choices, even if
we also take ¢ to 0. This turns out to be misleading; in the following subsection, we

will discuss the various scaling regimes and our results for them.

1.4.1 Fluctuations in the Tail

First, we introduce a new parameter controlling the correlation length of the Gaus-
sian field. Suppose p € C°(R) is non-negative and symmetric, then for n € N,
let p, := np(n-) and W,, := W, . The variable n governs the correlation length
of the underlying Gaussian field, and g > 0 is an additional parameter governing
the strength of the environment on the particle. As before, we take the molecular

diffusivity to simply be some o > 0 and the tilt to be A > 0.
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Remark 1.4.1. Instead of changing the underlying Gaussian field by varying n,
we can diffusively rescale the density. For a set of parameters (o, u,p), the diffu-
stvely rescaled density u(e)(s,t; z,y) = %u(a%, 8%; £,4) is equal in distribution to the

density with parameters (o,/ep, e 1p(e™1)). We can also diffusively rescale the
tilted density (1.4.4) in the same way, which changes the parameters (o, u, p, \) to

(Ua \/;j,u, 5_1P(5_1'), 6_1)‘)'

Apart from looking at the SPDE (1.4.5), we can also use moment calculations using
the n-point motions to guess the right choice of scalings. We will discuss the moment
calculations in further detail in Chapter 3. For now, we describe the scaling regimes
under which we get convergence of the moments of v towards the moments of a
stochastic heat equation. To begin, we choose all parameters to depend on n, for
the tilt we set A\ = n® where 8 > 0, for the remaining parameters we set 7%2 = n2®
for some o € R. The quantity T;—“; can be thought of as a measure of the interaction
strength between the n-point motions; it is the ratio between the diffusivity con-
tributed by the environment and the molecular diffusivity. Recall that each particle
has its own independent molecular diffusivity but moves through the same environ-
ment. We add the condition that if a > 0, then nu? is held constant, and if o < 0,
then o is held constant. The result is figure (1.1), for which the line represents the
choices of parameters for which we conjecture the stochastic heat equation appears
as the limit of the tilted kernels, defined by 1.4.4, as n — oo with the preceding

choice of parameters.

nu(n)? - 0 o(m)? =0
B
SHE
0
1
~2,
. \
Heat Equation T Sticky Flow
T
1 a

Figure 1.1: Above the line, we expect the limit to be 0 in probability. Below the
line, the limit is the heat equation. On the § = 0 axis the limit is a sticky flow for
a =1, for a > 1 it is the Arratia flow.

Below, we summarise the distinct regimes in which we conjecture the appearance
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of the stochastic heat equation based on our above moment calculations. We also
state the conjectured coefficients of the limiting stochastic heat equations, using the

parameter labels as in (1.2.1).

1. Weak environment, where we have nju(n)? vanishing in the limit and o(n)
is constant, so a < 0 in figure 3.1. We also take A(n) = u(n)~!, so that
8= % — «. This regime agrees with the scalings suggested by the SPDE; the

coefficients for the SHE are v = ¢2 and x = 1.

2. Weak diffusivity, where we have nu(n)? constant and o(n) vanishing in the
A(n)?

no(n) to

limit, so we have pu(n) = n~2 and a > 0 in figure 3.1. Here we require

converge, which disagrees with the scalings suggested by the SPDE, so we set

1—

A(n) =no(n) =n 2 . Hence, we have 8 = 152 in Figure 3.1; the coefficients

M\HM

for the SHE are v = p(0) and k = (]HE) . Since we need \(n) — oo as

n — 0o, we require « € (0,1). Note that for & = 1 the limit is a sticky flow.

3. Fixed diffusivity and environment, where nu(n)? and o(n) are held con-
stant, i.e. pu(n) = n~% and o(n) = o > 0, we also take A\(n) = p(n)~! = ne.
In the diagram, this is the green dot where the line hits the [ axis, when
a = 0. This regime agrees with the scalings suggested by the SPDE, however
the limiting SHE disagrees, instead of x = 1, the limiting SHE has « > 1.

In Chapter 3, we discuss the weak environment regime. In this setting, we can use
an explicit formula for the chaos expansion of the density u from [LJR04a] to prove
convergence when o < —1. We get the following result for the tilted densities (1.4.4)

with choice of parameters (o, i, p, A) = (o, nféfa,pn,néfa) for a < —1.

Theorem 1.4.2. Let z, € C((0,T); C(R)) ! be the solution to the stochastic heat
equation (3.1.19) with diffusivity v, driving noise W defined on the probability space
(Q, A, P) and initial condition 6(x — y), where x is taken as a constant and y is the
space variable. Then for every f € CX(R) and t >0

/ o(t,z,y) f(y)dy / wlt ) f(y)dy,  in L3(Q).

In the weak diffusivity regime, we can no longer use the chaos expansion, as the
limiting stochastic heat equation is not driven by the same noise. Because of this,
we need a way of determining the solution to the stochastic heat equation without

reference to the underlying noise. To achieve this, we would like to use the martingale

"Where, for topological spaces X and Y, the space C(X;Y) denotes the space of continuous
functions from X to Y endowed with the topology of uniform convergence on compact sets. As
before C(R) is the space of continuous functions on R and we also endow it with the topology of
uniform convergence on compact sets.
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problem, which characterises the solution to the stochastic heat equation, leading
to a second problem. The martingale problem for the stochastic heat equation
requires the squaring of the solution. However, when o — 0, the behaviour of the
densities is so bad that their square diverges. This is not that surprising as we
only expect the densities to converge weakly, but it does stop us from showing limit
points satisfy the martingale problem directly. For this reason, instead of working
with the density itself, we work with a smoothed version of the density, removing
the smoothing slowly enough that the square of the smoothed density remains well
behaved. Pursuing this, we get the following result. Once again v, is the tilted
density, this time with parameters (o, i, p, ) = (n_o‘,n*%,pn,nl%a) for a € (0,1),
and ¢ : R — R is assumed to be a mollifier.

Theorem 1.4.3. Suppose m = m(n) is a real valued sequence such that m(n) —
00 as n — oo and m(n)n_% — 0 as n — oo, and there is a weakly convergent
subsequence of the sequence of random variables (v (-) * ¥m )0, C C((0,T),C(R))
with limit v such that there is a constant C > 0 with Ev(t,y)?] < Cpi(z —y) for
every t > 0 and y € R, where p{ denotes the heat kernel with diffusivity v. Then
v 18 equal in distribution to the solution to the stochastic heat equation, with initial

condition Oy

2
o= W Iy i
e 2

This will be proved in Chapter 4. Note that this does not show that the sequence v, *
Y, is convergent in C((0,7),C(R)), only that all limit points satisfy the stochastic
heat equation. Proving convergence requires we prove tightness of the sequence of
smoothed densities in the appropriate space, which we have not shown; however,

this would be a natural next step for further work.

15



CHAPTER 2

The Bethe Ansatz for Sticky Brownian Motions

2.1 Introduction

In this chapter, we study the sticky Brownian motions introduced in Section 1.3. The
process consisting of sticky Brownian motions is a diffusion in R"™, the coordinates
of which evolve as independent one-dimensional Brownian motions when they are
distinct and have an attractive, so called sticky interaction when they are equal. The
diffusion can be interpreted as the evolving positions of n particles on the real line,
which interact when they meet. In particular, the difference between two coordinates
is described by a one-dimensional sticky Brownian motion, recently studied as the
weak solution to an SDE in [Basl4], and [EP14]. Recall from Section 1.3 that sticky
Brownian motion with parameter 8 > 0 is a diffusion in R on natural scale with
speed measure m(dz) = 2dz + %5g(dx). The diffusion in R™ can visit the diagonal
{z € R"| 1 = ... = x,} for a set of times with positive Lebesgue measure, quite
unlike a standard Brownian motion in R™. The interaction between coordinates at
such times is not determined solely by specifying the parameter € describing the
stickiness. It was shown in [HWO09] that the possible interactions can be specified
by a finite measure on [0, 1] called the characteristic, or splitting, measure. The
diffusions are consistent, in that for any & < n, any k coordinates of the sticky
Brownian motions in R™ with characteristic measure v, are sticky Brownian motions
in R* with the same characteristic measure, v. An example of such a diffusion was

originally investigated by Le Jan and Raimond [LJRO04b] using Dirichlet forms (on
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the torus rather than Euclidean space), and then the more general case was studied

by Howitt and Warren [HW09] via a martingale problem which we describe later.

The consistency property means that we can also consider such systems of sticky
Brownian motions to be the n-point motions of a stochastic flow of kernels. A flow
of kernels (K (z,dy))s<: is essentially a random family of transition probability
measures for a Markov process. Le Jan and Raimond introduced flows of kernels
in [LJR04a] as a generalisation of flows of maps to study stationary evolutions of
turbulent fluids. The n-point motions can then be thought of as describing the
behaviour of n particles thrown into the fluid. Stochastic flows of kernels whose n-
point motions are described by sticky Brownian motions are called Howitt-Warren
flows in [SSS10], where their properties are studied in detail. As discussed in the
previous chapter, sticky behaviour arises in certain limits of the Kraichnan model
for turbulent advection, as shown by Gawedzki and Horvai, [GH04]. Warren then
proved the convergence of n particles towards sticky Brownian motions with an
explicit characteristic measure [Warl5]. Sun, Swart and Schertzer studied Howitt-
Warren flows, constructing them directly as flows of mass in the Brownian web
[SSS10] by marking special separation points and attaching extra random variables
to them that tells the mass following a path in the web how to split. The law of these
additional random variables is described by the characteristic measure. Amongst
other results, they showed that the Howitt-Warren flows are almost surely purely

atomic at deterministic times.

In this chapter, we will derive the Kolmogorov backwards equation for the sticky
Brownian motions with ordered coordinates from the martingale problem character-
isation. In the case that the characteristic measure is uniform, we apply the Bethe
ansatz to find an exact formula for the transition density of this process. The choice
of uniform characteristic measure seems to be essential, only in this case is the dif-
fusion exactly solvable by the Bethe ansatz. Further, this seems to be the only case
the diffusion is reversible, at least with respect to a measure we can write down ex-
plicitly. Note that we are finding the transition density for the process with ordered
coordinates. Whilst it is possible to retrieve the transition density of the original
process for two particles, it is unclear if it is possible for an arbitrary number of par-
ticles. Our method is similar to that used by Tracy and Widom for the delta Bose
gas [TWO08]; however, the importance of interactions between more than two parti-
cles adds significant complexity. A discussed in section 1.3, sticky Brownian motions
with a uniform characteristic measure arise as the scaling limit of the exactly solv-
able random walk in a Beta random environment model. The Beta RWRE has close
connections to the KPZ universality class, see [BC17] and [BRAS19]. Barraquand
and Rychnovsky [BR20], working independently of us, derived exact solutions for
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the point to half-line probabilities of sticky Brownian motions with uniform char-
acteristic measures by taking limits of the exact formulae for the Beta RWRE. An
asymptotic analysis then led to the discovery of GUE Tracy-Widom fluctuations in

the large deviations of sticky Brownian motions.

The main part of this chapter will be the proof of Theorem 1.3.3, that sticky Brown-
ian motions are exactly solvable via Bethe ansatz. Let us briefly sketch the method,
which is based on [TWO08]. Let (Y;)i>0 be the ordered sticky Brownian motions

discussed above Theorem 1.3.3; we begin by showing that if u satisfies the below
PDE, then [ us(z,y) f(y)dy = Eu[f(Y2)].

Ou — LAy, for all z € W,

2
9(%_ au) = (b—a)ajgxb, when z, = x3, for some a < b.

(2.1.1)

We then show that the PDE can be solved with the Bethe ansatz, which we construct
by first considering the n = 2 problem. Using a similar idea to how the transition
density for a reflected Brownian motion in one dimension can be found, we try to
combine solutions with permuted coordinates so that the boundary conditions are
satisfied.

1
(2m)"

ug(x,y) = / etk (A(k)eik'(w_y) + B(k)eik'((“’xl)_y)) dk. (2.1.2)
R2
Notice that when x1 = x9, the exponential terms become equal. Thus, the boundary

conditions will be satisfied if we have

(10(ka — k1) + kika) A(k) + (i0(k1 — k2) + k1k2) B(k) = 0.
It turns out that setting A(k) = 1 and B(k) = % ensures the correct
initial condition is satisfied. The Bethe ansatz then suggests we guess the following

solution for general n:

1 Ly|k|2 iko-(x 10(ko(a)—ko(s))+ko(a)k
() = 3 oiko-(1—ya) (ko () —ko(8)) Ko (8) ko (o) 7.
#(#:8) (2m)m /n gs: 1}3 0(ko(a)=ka(8) =Ko (g)ko(a)
oc€Sy a<f:
o(B)<o(e)

where S, denotes the group of permutations on {1,...,n} and ks = (k(1), -+s Ko(n))-
The construction ensures that the boundary conditions for x, = x,41 are always
satisfied; in Section 2.4.2, we will prove the remaining conditions. Next, we make

some remarks on the Bethe ansatz.

Remark 2.1.1. Note that the function u; is well defined (the integral always con-
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verges), because for every t >0, x,y,k € R", and every permutation o € Sy,

ik (e (ko (o) —ko(5))+ho(8) ko
S
o(B)<ao(a)
The function above is not continuous at points where there are distinct o, 8 such that
ko = kg =0 (where the denominator vanishes), but since the modulus is constant the
value can simply chosen to be 1 here, and it does not affect the integral because such
points have measure zero. It is easily seen that we can pass derivatives under the
integral, and thus we have ui(-,y) € C3(R™) for allt > 0 and y € R™. In particular,
ut(+,y) € C2(Wn) for allt > 0 and y € W™ when restricted to W". As we will show

later, it is also the case that u(z,y) = u(y,z) for allt >0 and z,y € R".

Remark 2.1.2. Another representation ui(x,y) is in terms of a product of eigen-
functions of the generator of the ordered sticky Brownian motions. For each k € R™
we have an eigenfunction given by
._ iko (ko(a) =Ko (8)) Fho(8)ko ()
Bi(w) := Z c H W0k (a) =Ko (8)) Ko (8)ko(a)”

oc€Sn a<f:
o(B)<o(a)

The transition density is given by

1
@r)"

wi(a,y) = / ¢ 31" By () By (y) k.
The proof the above expression for uy(x,y) agrees with the one previously given is

straightforward, and so omitted.

Furthermore, we prove that mén) (Definition 1.3.2) is in fact the stationary measure

of the ordered sticky Brownian motions, and that they are reversible with respect
(n)

to my

The Howitt-Warren flows are almost surely purely atomic; it is possible to interpret
the values of the transition densities of the ordered n-point motions, the process
Y above, as the moments of the size of the atom at a given location. Using this
interpretation, we consider the fluctuations of the sizes of the atoms as t — oo
and find them to be exponentially distributed when taken to be ~ /t away from
the origin, with parameter determined by 6. This result is similar to the Gamma
fluctuations found in the same regime for the point to point probabilities of the Beta
random walk in a random environment by Thierry and Le Doussal [TLD16]. In the

same paper, the authors found that in the large deviation regime, the fluctuations
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have Tracy-Widom GUE fluctuations, just as for the point to half-line probabilities.
It thus seems reasonable to conjecture the same fluctuations appear in the size of
atoms of the Howitt-Warren flows, but we do not pursue the necessary asymptotic

analysis here.

The outline of the chapter is as follows: In Section 2.2 we define the diffusion via a
martingale problem, in Section 2.3 we derive the Kolmogorov backwards equation for
the ordered n-point motions, and show that the generator of the process is symmetric
with respect to the measure m(gn) when restricted to a certain class of C? functions.
In Section 2.4 we show that the backwards equation is solvable by the Bethe ansatz,
and as a consequence, we show that the ordered n point motions are reversible with
respect to mén). Finally, in Section 2.5 we introduce stochastic flows of kernels and

apply our results to Howitt-Warren flows.

2.2 A Consistent Family of Sticky Brownian Motions

We introduce the Howitt-Warren martingale problem in R™ with drift g € R and
characteristic measure v (a finite measure on [0, 1]), as formulated in [HW09]. So-
lutions are processes in R” representing the positions of n particles each moving as
one dimensional Brownian motions with drift 5. When two or more particles meet,
they undergo sticky interactions determined by v. The solutions are consistent, in
the sense that if X is the solution to martingale problem in R™ with characteristic
measure v and drift 3, then for any choice of distinct iy, ..., i, € {1,...,n} with k < n,
(X )?:1 is a solution to the martingale problem in R* with characteristic measure
v and drift j3.

To each point z € R"™ we associate a partition of the set {1,...,n}, m(x), where
i,j € {1,...,n} are in the same component of m(x) if and only if z; = x;. Next, for

each pair of disjoint subsets I, J C {1,...,n}, we define the vectors vy ; € R" as

1, ifiel;
(vrg)i =4 —1, ifieJ;

0, otherwise.

Note that I and J are allowed to be empty. Then we define the set of vectors V(z)
as

V(z):={vry: ITUJen(z), InJ =0}

V(x) keeps track of the directions in which the process can infinitesimally move.
We’ll use this to describe the interactions. Define the parameters 6(k,[) for k,1 > 1

20



by )
0(k,1) ::/O 211 — 2)y(de). (2.2.1)

For k,1 > 0, first set 6(1,0) — 6(0,1) =  and 0(0,0) = 0, imposing the consistency
property 6(k,l) = 0(k+1,1)+0(k,l+1) for all k,1 > 0 gives definition to all k,l > 0.

Definition 2.2.1. Let D,, be the collection of functions f : R® — R which are
continuous and are such that for all Weyl chambers A C R"™ the restriction of f to A
is linear, so that if A C R is a Weyl chamber and x,y € A then f(x+y) = f(x)+f(y).

For functions f € D,, we define the operator A% by

Aoezf(x) = Z O], |J))Vor s f ().

vr, 7€EV(x)

Where V,, ; denotes the one sided derivative in direction vy ;.

Definition 2.2.2. Let (X (t))i>0 = ((Xl(t),...jX”(t)))DO C R™ be a continuous
square integrable semi-martingale with initial condition X (0) = x € R™, defined on
a filtered probability space (Q, F,(Ft)t>0,P). Then (X (t))i>0 is a solution to the
Howitt- Warren martingale problem with drift 8 and characteristic measure v

if for any i,j € {1,...,n}:

t
<XZ,X]>(75)=/O Lixi(s)=xi(s)} 45,

and the following process is a martingale with respect to the filtration generated by
X, for every function F € Dy,

FX(1)) - /O AP F(X(s))ds.

Note that the first condition implies that (X% X?%)(t) = ¢, and it follows from the
second condition and the definition of AY that X(t) — 3t is a martingale for each i.
Hence each coordinate must be a Brownian motion with drift 5. The well posedness
of this martingale problem and that the solutions do indeed form a consistent family

of Feller processes is shown in [HWO09].
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2.3 The Backwards Equation

2.3.1 The Generator of Ordered Sticky Brownian Motions

Define the functions F( : R" — R by F)(z) = z; where z; is the i'* largest
coordinate of z, and F : R* — Wn by F(z) := (F)(z), ..., F™(z)). Note that
these functions are in D,,. Further, suppose X = (X (t)):>0 is a solution to the
Howitt-Warren martingale problem in R™ with characteristic measure v, drift 5 =0
and initial condition x € W”. Then define the process Y = (Y (¢));>0 by Y (t) :=
F(X(t)). Note that we defined Y from z started inside the Weyl chamber. This
process lies entirely in the Weyl chamber W7, making it admissible to the Bethe
ansatz. This section aims to identify the Kolmogorov Backwards equation for Y

and from it the invariant measure for Y.

Remark 2.3.1. Before talking about its Kolmogorov backward equation, we need to
know Y is a Markov process. For this, we refer to Dynkin’s criterion [RP81]. In
particular, we only need to show that By [f o F(Xy)] = Epe[f(Y:)] for every x € R™.
The equality holds by definition for x € W"; for x € R™ \ W", we need to show that
for any permutation o € S, o(X(t)) :== (X W(t),..., X ™(t)) remains a solution
to the same Howitt-Warren martingale problem, but with initial condition o(x).
It is clear o(X) remains a continuous square-integrable semi-martingale and has
initial condition o(x). Further, it is immediate that o(X) has the correct quadratic
variations. Finally, because the function o is a continuous, linear, and maps Weyl
chambers to Weyl chambers, {F oo : F € D,} = D,, the martingale problem is
still satisfied by o(X). For each x € R™, there erists a permutation o € S, such
that o(x) € W, and by definition, o(z) = F(x). By uniqueness of solutions to the
martingale problem, we have E.[f o F(X;)] = Eg[fo Foo loo(Xy)] = Eg@[f o
F oo 1(Xy)] but clearly F oo~! = F. Hence Ey[f o F(X;)] = Ey()[f o F(Xy)] =
Ep@)[f(Y:)] as required; thus, Y = F(X) is a Markov process.

We proceed by deriving the action of the generator of Y on certain C? functions.

Definition 2.3.2. Let Dy denote the set of functions f € C3(W™) such that for any
a,be {l,...,n} with a <b, x, = xp implies

1 o f
5 2 oz,

a<i,j<b:
G
b b—a+1
af b—a+1 .
= — 1- i — —1). (2.3.1
;:a oz, () ,;:0 < ) >Q(k,b a+ k)sign(k —i+a—1). (2.3.1)

Where sign(0) is taken to be 1 here.
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Proposition 2.3.3. Suppose f € Dy then, denoting the generator of the process Y
by Go (in the sense of [RY13]), we have

Gof = %Af

The same calculations will also give us a backwards equation for the process.

Proposition 2.3.4. Suppose g € C*(Rsq x W7, and g(t,-) € Dy for all t > 0.
Further, suppose that g satisfies the PDE

g _

i Ag, for allt >0, z € Wn. (2.3.2)

With the initial condition g(0,x) = f(x) for a function f € Cy(W"). To be
precise, we require that g(t,-) — f uniformly as t — 0. Then for each t > 0

(9(t = 5,Y(s)))seioy i a continuous local martingale.

Proof of Proposition 2.3.3. Since X solves the martingale problem, and F @) e D,

Y is a semi-martingale. For f € C3(Wn), Itd’s formula gives

n t t 2 . .
+ B | [ oo+ ZE [ e Dy

We need to calculate the quadratic covariations for Y. Before we proceed to the
rather abstract proof we’ll provide a heuristic for what the answer should be. We
know from the martingale problem for the sticky Brownian motions, Definition 2.2.2,

that for the unordered process the bracket is given by

t
(X", X7)(¢) :/0 L xi(s)=x1(s)ds-

However, we also know that the ordered process behaves the same as the unordered
process, apart from a drift when particles meet that maintains the order of the par-
ticles. Thus, making the reasonable assumption that this drift does not contribute

to the bracket, we should expect

t
<Y1,Yj>(t):/0 ﬂyi(s)zyj(s)d&

This heuristic turns out to be correct, which we show below.

Let P, = {A C {1,...,n}| |A| = n—i+1} be the set of subsets of {1, ..., n} with exactly
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n — i+ 1 elements; define f4 : R* — R as fa(z) = maxsesz, and g; : RF — R
as gi((ya)aep,) = mingep ya. Then FO(z) = g; ((fa(x))aep,), fa is a convex
function and g; is a concave function. Referring to [Gril3, Proposition 8] we can write
the local martingale part of F)(X) in terms of a linear combination of stochastic

integrals with respect to the X?. In particular, we can write

t
Fa(X) = fa@) + 3 /0 150 (X,)dX? + C.

a€A

Where C; has finite variation, and BY = {2 : mingea{k : maxjesz; = 21} = a}.

Notice that for a fixed z and A there is only one a such that 154 () is non zero.

Now we put an ordering on the set P;. The specific ordering does not matter; we just
need to be able to minimise over the indices of elements in R*. Suppose A, B € P;
are distinct, define (aj)?;f+1 and (bﬁ?;f“ as the elements of A and B respectively
in increasing order. Wesay A < Biffor [ := min{k € N: by #ag, 1 <k <n—i+1}
we have a; < by; if instead b; < aq;, then B < A. This ordering is a total ordering
for P;. Supposing Z is a semi-martingale taking values in R”* with decomposition
Zy = Zy + My + K; where M is a local martingale and K a process with finite

variation. Then, using that for y € RY —g;(—y) = — maxaecp, (—ya), we have

t
(7)) = —gi(~Z) + 3 / 15, (Z.)dZ2 + D,
Aep;”0

here D has finite variation and B4 := {z € RPi : min{B € P, : infoep 20 = 25} =
A} with the minimum understood in terms of the ordering we just defined on P;.
That is, By4 is the subset of z € R such that z4 < zp for any B € P;, and for
any B < A (according to the ordering defined in the previous paragraph) zp > z4.
Notice that for a fixed z there is only one A such that 13, (z) is non zero. The local

martingale part of Y = g;((fa(X))aep,) is given by

Z Z/O ﬂB;f(XS)ﬂBA((fC(Xs))CePi)dX;l.

AGPZ' G,GA
Giving that the quadratic covariation processes are
(Y, Y7y,

t
:AZ z;/o Lpa(Xo)1pa((fo(Xs))oer) e (Xs)Lns ((fo(Xs))cer ) Lixe=xpyds.
EPi,aG 5
BeP, beB

Recall fo(z) = max.cc z. so that 1, ((fc(z))cep,) is non zero precisely when A is

24



the subset of {1, ..., n} with indices corresponding to the first i—1 largest coordinates
of X removed, call this set 4;(X). Then 1 ,a;x,)(X) is non zero if and only if a is
the smallest element of {1,...,n} such that X is equal to the ith largest coordinate

of X, i.e. Y. Hence we have
(Yt Yy, :/0 ]l{Y;':ng}dS'
The martingale problem also tell us that for each i
. t .
Yi(t) - / AP PO (X (5))ds
0
is a martingale. Recall f € C2(Wn), thus % is bounded on W7 so that the stochas-

tic integral with respect to the martingale part of Y is a true martingale. Thus, we

can rewrite the expectation as

E[f(Y(1) = fe) + B [ !
: i=1 "o Oz
1 & to9f

+7 Ex|: 0 a$18$]

<Y<s>>AzF<i><X<s>>ds]

2 (Y(S))ﬂ{w(s):w(s)}d% : (2.3.3)

1,7=1

By evaluating A? F(), and then differentiating equation (2.3.3) in time, we can

determine the generator of Y.

Let x € R™ and denote y = F(z) € W™. We have

ASFD(z) = Y 0(0)V,F9(x), (2.3.4)
veV(x)

where V, is the directional derivative in direction v. Recall v € V() is defined by
the disjoint subsets I,J C {1,...,n} such that U J € 7(x). With v; = 11ifi € I,
—11if i € J, and 0 otherwise. For each element, B, of the partition 7(x) there is
a corresponding element, C, of the partition 7(y) such that for each i € B there
is a j; € C with x; = y;;, and the j; can be chosen so that the mapping i +— ; is
injective. Letting C denote the element of 7(y) corresponding to I U J € w(z), it is
clear that if i ¢ C then V,F(®)(z) = 0, and for i € C the derivative is either 1 or —1
depending only on the sizes of I and J. Since y € W” there is an a € {1,...,n} and
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m > 0 such that C' = {a,...,a + m — 1}. Hence line (2.3.4) is equal to

m

> (Z)Q(hm —k)sign(k —i+a—1),

k=0

where sign(0) is taken to be 1 here. In particular, this means that when y; is distinct
from all other coordinates, the above equals 6(1,0) — 0(0,1) = 8 = 0.

“of

(y)ALF ) (x)
ki
8f ciytel
=) Z Z ( 3 )9(k, |C| — k)sign(k —i+infC —1), (2.3.5)
Cen(y ZGC

where each of the partial derivatives are evaluated at y. Putting (2.3.5) into (2.3.3)

we can compute the limit

</ [C;y @; 3f z:: <|i|>9(k’ |C| — k) sign(k — i + inf C — 1)
E, [ 0f
2

1
+5
2 i 6yi6yj

(Y(S))l{yi(s):w(s)}] dé’)-

In particular, if we have f € Dy then the term in the bracket cancels to 0, leaving
only the term on the first line. Recalling that F': R" — W" is continuous and Y (t) =
F(X(t)), we can use the Feller property of X. Since Af € Co(Wn), AfoF € Co(R")
(since F(z) — 0o as |z| — 00). Hence, o fo +[Af(Y(s))]ds converges uniformly to
%Af(y) as t — 0 and thus for f € Dy

1 1
7111% n (EL [f(Y ()] — f(x)) = iAf(y), with respect to the uniform norm.
—
Hence, if f € Dy, it is in the domain of the generator of Y, and Gy f = %Af. O

We now use the above calculations to prove Proposition 2.3.4.

Proof. Proof of Proposition 2.3.4 By applying It6’s formula as we did in the preced-
ing proof, we see that for any function g satisfying the assumptions of the proposition

there is an adapted process (M (u)),e[o, that is a continuous local martingale on
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[0, s] for each s < t such that

ot — 5, Y (s) /675 - du+/ Ag(t — u, ¥ (u))du + M(s),

Now we just need to show that M(s) is a local martingale on [0, t]. Since g(t,-) — f

uniformly as ¢ — 0 we have

(M ()] =19t — s, Y ()] < |lg(t = 5,) = flloc +flloc-

—0 as s—t

Thus, there is an € > 0 such that M(s) is bounded on [t — ¢,t]. Therefore M (s) —
M (t — ¢) is a martingale on [t — ¢,t]. It follows that M(s) is a local martingale on
[0,t]. Clearly M(0) = g(t,z), and M(t) = f(Y(t)) since

[M(s) = (Y (1) = lg(t = 5,Y(s)) = f(Y(?))]
< llg(t = s,-) = flloo + [f(¥(s)) = F(Y ()]

The first term vanishes as s — t due to the uniform convergence of g to f, and the

second almost surely due to the continuity of f and Y. O

Hence, we can find the transition probabilities of Y by looking for the Green’s
function for (2.3.2), providing solutions are sufficiently regular to make g(t—s,Y (s))
a true martingale. In general, it is not clear that there should be solutions to (2.3.2);
it is not even clear whether Dy is non-trivial. In the rest of the paper we focus on
the case of a uniform characteristic measure: v = %9]1[0’1} dz. Since we know v, we

can calculate the constants 6(k,l). By definition we have

1
0(k,1) = Z/O 21— 2) e,

01— 1)k — 1)

T2 (kti-1) (2:3.6)

In this case, we also have (k,0) = 6(0, k) for all £ € N. Hence, for the characteristic

measure v = %HH[O,l]dx, (2.3.1) can be rewritten as

2
% Z a;i-éij (z) = fg A gi (x)a(b—a+1,i), whenever z, =xp. (2.3.7)
a<i,j<b =
i#J
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Where the coefficients are defined

b—a
. b—a+1 : ,
a(b—a—f—l,z—a—i—l)::g k(b_aj_l_k)&gn(k—z—i—a—l). (2.3.8)
k=

—_

In the following section, this particular form of the constants 0(k,!) will allow us to
replace the conditions in line (2.3.7) with far simpler conditions. In particular, we

will find each of the second derivatives in terms of the first derivatives.

Remark 2.3.5. If we try to derive the Kolmogorov Backwards equation for the
original process X, we run into problems: the action of the generator of X within the
set of C’g functions does not determine the process. We can see this by considering
a pair of sticky Brownian motions with parameter > 0 X', X2. We have by It6’s
formula for all f € C3(R?)

BLFOX (0, X20)] =Flonma) + 5 [ oA (5). X(5)ds

¢ Pf 2
+/o Ex[l{Xl(s):Xz(s)}axla$2 (X7 (s), X7(s))]ds.

So that f is in the domain of the generator if %(xl, x2) = 0 whenever x1 = 3.
But this does not depend on the parameter 0, and thus the generator restricted to

this set cannot determine the law of the sticky Brownian motions.

2.3.2 Rearranging the Boundary Conditions

Henceforth we consider the case where the characteristic measure is uniform, i.e.
v(dx) = %]1[071]dx. Let us first note that if we set |C| = 2 in (2.3.7), we see f € Dy

satisfies

0% f 9( of of

= — whenever x, = T441.
8a:a(9xa+1 8:ca+1 8$a> ’ ¢ at

We will show that we can replace the full boundary conditions with equivalent ones

of the above form, that is

Lemma 2.3.6.

_ , 0 (of Of >’f
_ 2 Hyn = — — =
Dg{feCo(W )| fora <b, if xa = xy thenb—a(axb 833@) dz.07y |

Remark 2.3.7. Essentially we are solving for the second derivatives of functions in
Dy, given their first derivatives. Whilst this should be possible for any characteristic
measure, our method relies on the special form of the parameters 0(k,l) in the case

of the uniform characteristic measure.
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Proof. Note that because we are in the Weyl chamber, z, = zp implies x4, = 2411 =

- = xp. Thus the condition for z, = ... = 231 must also hold when z, = ... = x;
etc. Using an inductive argument, we prove that the original conditions (2.3.7) are
equivalent to the new conditions. That is, we prove that the new condition for
o, = xp is equivalent to the old conditions, assuming the new conditions for x. = x4
are satisfied for all a < e¢ < d <bsuch that d —c < b — a.

Hence we assume that the boundary conditions (2.3.7) for z. = x4 are satisfied for
alla<ec<d<bandthatforalla<ec<d<bwithd—c<b—a

0 f 0 (of of o
0x.0x4 v <a$d(x) - o, CC)) ;o ifae = =g (2.3.9)

Without loss of generality, we can relabel (zq, ..., zp) as (z1, ..., ) form = b—a+1.

Then for u € Dy, we can rewrite the sum over mixed derivatives.

axlﬁx _2 . Jr;0x; —~ 0,0y,  O0x10Ty,

i#]
Z?j#m
Using equations (2.3.7) and (2.3.9), when x; = ... = z,,, we have the equality
O f 0C9f T om 0 [af Of
0SB s (o)
0x10zm, 2 st y; — k(m — k) ; Jj—i\0x; Oux;
0 of  of
— == . 2.3.1
+m—1<8xm 8x1) (2:3.10)

We have the following equalities

1

0 (0f Of\ =i~ 0 of I 9 of
Z <8$j_8xi> ZZ]—Z@JE JZ;zlj—zf)xz

z<j‘7_7j 7=21=1
m Il g of "9 af
_]22;]—283: +]Z“_]Z+1j—z8xj
of
RSN
= T ity

So that we are finished if for each j € {1,...,n}

m—1

1
- Slgn
2 k=1 k z;éj
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Noting that we have ﬁ = % + =g, We get

m—1 m—j

1 m . (k: ) 1 m
- ———sign(k — j) ==
2 2 j(m—k) BN T TS 2 e — k)
k=1 k:‘y
RESTIUNR
2 ‘\k m-—k
k=j
N1 (2.3.11)
=2 3.
k=j
In addition
iz ) Tt oI i1t
=S
- k ko k
k=1 k=1 k=j

With the convention that, when a < b, > p_, cx = — ZZ:CL ¢. Putting this into line
(2.3.10), we see

0110z, m—1

8$m 8931

82 f 0 <8f 8f>

As noted previously, for m = 2 both conditions are equivalent; thus, by induction
the old conditions imply the new conditions. Finally it is easy to see that assuming
the new conditions hold on z. = x4 for all a < ¢ < d < b and the old conditions
on x. = x4 for all a < ¢ < d < b such that d — ¢ < b — a, we can follow the above
argument in reverse to prove the new conditions imply the old ones. Hence the

equivalence of the two sets of conditions is proven. O

As a consequence we can reframe proposition 2.3.4. For g € C2(Rxox W7) satisfying
the PDE

le] 1 W
9% 0 dg 9g 1 =T ( a )
Oxq0xp b—a \ Oz,  Ozq ) ifb>aand z, >

with initial condition g(¢,-) — f uniformly as t — 0, where f € C,(W"), we have
g(t,z) =E, [f(Y(t))]. This rearrangement will simplify the combinatorics required
to show that we can solve the PDE with the Bethe ansatz.
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2.3.3 Invariant Measure

In this section, we prove an integration by parts formula for the generator of the
ordered n-point motion of the Howitt-Warren flow with uniform characteristic mea-

sure. First, we introduce some useful notation.

Recall that for 7 € II,,, W2 consists of all x+ € W" such that if i and j are in
the same element of 7, then z; = x;. Thus, by replacing the multiple indices in
each block of m with a single index, as the corresponding z; are all equal, we can
map W7 into W, providing a natural bijection between Wil and W2 which we’ll
denote I™ : W2 — W/, To be precise, let 7; = min{a € m;} and set I"(z); = T,
For a function u : W" — R, denote by uy : WITl — R the function defined by
Ur(x) := uwo (I")"Yz) for all z € WITl. For u,v € C'(Wn) such that the below

integrals converge, we define

(u,v)y = Z glml-n <H

mell, TET

1
‘m‘

) Vu, - Vugdx. (2.3.13)
Wil

Now we can state the integration by parts formula for the measure mén) from defi-
nition 1.3.2.

Proposition 2.3.8. Supposeu € Dy andv € Cl} (Wn), such that there exists a,c > 0
such that |Vu(z)| < ae=*. We have

7Au(x)v(x)m§n) (dz) = — (u,v),, (2.3.14)
W

whenever the above integrals are finite.

Proof. Since u € Dy we can relate Au, and (Au),. Clearly we have

0%u
AUW: Z Z (8x]8:ck>7r

T, ET j,kET,

Hence

Aug — (D)= ) (6922;xk>7r

T,ET j,kET,

ik

2y 3 (o)

T,ET j,kET,
j<k

Clearly, the second sum is empty whenever |m,| = 1, so we can exclude those terms
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from the first sum. Using equations (2.3.7), (2.3.8) and the notations m, := inf 7,

7, :=supm, = |m,| + m, — 1, the previous expression is equal to

YT (iit)ﬂa(m],j—m—i- ).

T,ET: jET,
|, |>1

Now we consider the left hand side of equation (2.3.14). Using Definition 1.3.2, this

is equal to

S glrlon (H é,) [ Au(e)o(e)\(da). (2.3.15)

well, TLET wx

We can rewrite the integral in the summand above in terms of a Lebesgue integral

over a lower dimensional space, the result is the integral is equal to

(Au)r(x)vg(x)dz
Wil

:/Wm (Auﬂ(m)—i—ﬁ Y <gg§;>ﬂa(\m\,j—m+ 1)>v7r(a:)dyc. (2.3.16)

T,ET: jET,
| |>1

Since the Weyl chamber has a piecewise smooth boundary, we can apply Green’s
identity to the first term in each integral. Applying the identity on Wil N {x e Wn:
|z| < R} and then taking R — oo, the exponential bound on |Vu| together with the
boundedness of v ensures the only boundary term to survive in the limit will be the

integral over OWI7!,

The smooth part of the boundary of the Weyl chamber Wil can be written in terms
of the disjoint union of WI;I over the set My := {7 € Il : |7| = |r|—1}. Note that
if || = 1 this union is empty, and the boundary integral vanishes. Each 7 in M,
consists of || — 2 singletons and one set {l,/ + 1} for some [ € {1, ..., [x[}. Further,

the outward unit normal on WL:T‘ is given by

——=, ifr=1
n(x), = %, ifr=10+1;

0, otherwise.
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Finally, the boundary measure is given by >~ M, V2AT | so that (2.3.16) equals

> / <8uw - M) UrdNT — Vur(z) - Vur(z)do
S Jar Ooye1 Oy Wil

+0 ) Z/ < ) (\W\J—m—i-l)vﬂ(x)d:c),

7TLE7T JjE™,
|7 |>

where [ depends on 7 and is defined as above. We have written the partial derivatives
of u, with respect to y to emphasise the fact that u, is a function on WIml rather
than W7. Hence, to complete the proof it is enough to show that the first and third

terms cancel. Rewriting the integrals with respect to A™, the first term is equal to

Ouy Ouy -
- )R AT
Z /\\/\\MI <5yl+1 oy );T (vr)

Clearly, this is equal to

u ou
Z /\W 7| oxj | Z o, (z) (vr)z(z)d.

TEMr J€7fl+1 n iy -

Summing this over 7 € II,, with the appropriate coefficients, we see that (2.3.15) is

equal to

s 5ot (1)

well, TeM,

/qu D ((&))ﬁ(x)sign(j—m) (vr)7(z)d.

JEM+1UmM

Notice that for each 7 € II,, and 7 € M, we can rewrite the summand in terms of a
new partition, 7, formed from 7 by merging two adjacent blocks to form the m;, 1 U
block. Further, because the partitions are in II,, there are exactly |m4q Um| —1
partitions that yield 7 by merging two blocks to form ;11 U m;. Rewriting the sum

in terms of T we get

Z 0|fr|+1fn H ﬁ Z

T€lln T ER 7
|7, |>1
|7, |—1
Ou T
/ Z 2 |7|:LF|L‘ ) ( ) (z)sign(j — 7, — k) va(z)dz.
LA v o0x;
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Here, the sum over j is over the partitions whose blocks have been merged to get
7, with k corresponding to the size of the lower block. The extra factor %
is simply a correction to the product to write it in terms of & rather than the 7

partition whose blocks we merged.

Recalling that sign(0) = 1 here, equation (2.3.8) yields that the above is precisely

equal to
_ |7|+1—n .
Z o <H ) Z Z/ﬂ <8x]> z)a(|r|,j — 7, + 1)ve(z)d.
melly, 71’1,67‘( |77|.'r ‘E;r jem,

Hence (2.3.15) is equal to

_Z gITl—n H

well, T,ET

Vug(z) - Vog(z)dx
| L’ Wil

= — (u,v)g.
O

Thus, if we denote by LQ(mgn)) the L? space on W" with respect to the measure mén)

and the standard L? inner product, then the generator is symmetric on DM L? (mén)).
This symmetry suggests the process is reversible with respect to this measure, but
because our calculations are only done for u € Dy, and we do not know how rich the
set Dy is, this is not enough for a proof. However, taking v = 1, the right-hand side

of (2.3.14) vanishes, giving us the following helpful corollary.

Corollary 2.3.9. For u € Dy such that there are a,c¢ > 0 with |Vu(z)| < ae=*! we
have

1 (") ( 4z} =

5 Au(x)my’ (dx) = 0.

In the next section, we find the Green’s function for the backwards equation, and

(n)

thus the transition density for the process (with respect to the measure my ). Using

(n)

this we can prove that my "~ is the stationary measure, and that Y is reversible with

(n)

respect to my

2.4 Bethe Ansatz for Sticky Brownian Motions

We are trying to find a solution to the PDE (2.3.12), which we restate below, for

each fixed y € W™ and 0 some positive constant, with the initial condition ug(z,y) =

34



0(x — y), where 0 is the Dirac delta distribution.

% = %Aut, for all z € Wn;

. (2.4.1)
6 (g—;‘b - g;i) =(b—- a)aigxb, when z, = x3, for some a < b.
The Bethe ansatz suggests that if we define
0 (kg — ko) + ko k
S p(k) i= O Rs = Ka) T Kaky (2.4.2)

i (kg — ko) — kakg’

then the solution is given by the following equation,

1 -1 2 tko-(x—
Ut(x7y) = (271')” /Rne 2tk Z € ko (2=yo) H Sa(ﬁ),a(a)(k)dk7 (2.4.3)

€S a<f:
o(B)<o(a)

where S,, denotes the group of permutations on {1,...,n} and k, = (Kg(1)s s Ko(n))-

The idea here is similar to that used to find the transition density of a reflected
Brownian motion. Since we are considering a process with ordered coordinates, we
combine solutions to the interior equation with permuted coordinates, the permuta-
tions representing possible orderings of the original process. The more complicated
boundary conditions require us to combine our solutions in a more complicated way.
In particular, we take linear combinations in Fourier space in such a way that the
boundary conditions where b — a = 1 are satisfied; this is how we find the form of
(2.4.2). In fact, it forces this ansatz onto us, leaving no freedom to deal with the

additional conditions which correspond to b —a > 1 in (2.4.1).

Barraquand and Rychnovsky conjectured in [BR20] that the Backwards equation
for the system of sticky Brownian motions was the heat equation with the boundary
conditions corresponding to b — a = 1 in (2.4.1), based on the Bethe ansatz answer
for the system. It is important to note that for any other choice of characteristic
measure v with v([0,1]) = g, the boundary conditions corresponding to b —a =1
would be the same, so we do not expect these boundary conditions alone to give
uniqueness of the PDE. However, to simplify the boundary conditions in Definition
2.3.2 to those in (2.4.1), we assume the solution to be C? in space. It is possible that
the b — a = 1 boundary conditions do determine the solution under this additional
regularity assumption and the transition densities for all of the other systems of

sticky Brownian motions are not C? in space.

It is clear that (2.4.3) satisfies the first condition in (2.4.1) and our choice of (2.4.2)

guarantees the second condition holds when b — a = 1. However, when b —a > 1,
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it is not clear that they are still satisfied. Fortunately, and surprisingly, the second
condition turns out to be satisfied in its entirety. Moreover, we can show the initial

condition holds; hence, we obtain our main result, which we restate here:

Theorem 2.4.1. Suppose > 0, and X = (X(t))i>0 is a solution to the Howitt-
Warren martingale problem in R™ with characteristic measure gll[o’udx and zero
drift. Let Y = (Y (t))i>0 be the process obtained by ordering the coordinates of
(X(t))i>0. Then for every bounded and Lipschitz continuous function f: W — R,
€W andt >0

E.[f(Y))] = / w,y) F)ml (dy).

Where u is as in (2.4.3), mén) is defined in Definition 1.5.2.

In the following section, we shall prove Theorem (2.4.1), first we show the boundary
conditions are satisfied and then the initial condition. To ensure we can perform the
necessary exchanges of integral and derivative we start with some bounds for the

Bethe ansatz.

2.4.1 Bounds for Dominated Convergence

Lemma 2.4.2. For every x € W" and t > 0 we have u(x,-) € Ll(mén)), where

ug(x,-) is defined as in (2.4.8). Further, for each x € W™ and t > 0, there exist
a,c > 0 such that |Vyu(z,y)| < ae=Y for ally € W". The same statement holds if
we instead consider the x derivative and vary x with y being fixed. Similarly for each
€ W and s > 0 we can find a,c¢ > 0 such that |us(x,y)|, [Opus(z,y)| < ae=¥l for
allt > s and y € Wn.

We leave the proof of this lemma to the end of Section 2.4.3, as it is a simplification

of the methods used in that section.

The second part of the above lemma provides the necessary bounds to justify passing
derivatives through the first integral in [ w(z,y)f (y)mén)(dy). Further, it is easy

to see we can apply Dominated convergence to find

8Ut 1 1 k 2 . ik (2
. = @n)" /ne s tIk| Z iko(a)€ (z—yo) H Sa(ﬂ),g(a)(k)dk,

O'Esn Ot<6:
o(B)<a(a)
82’U,t = — 1 / 6_%t|k|2 Z ]{,‘U(a)k‘a(b)eika.(x_ya) H SU(B) U(a)(k)dk‘
0x,01p 2m)" Jrn ol a<p: ’
o(B)<a(a)

This allows us to not only confirm that [ wu(z,y)f (y)mén)(dy) solves the heat equa-

tion but also to reduce the boundary conditions to a combinatorial problem.
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2.4.2 Boundary Conditions

Proposition 2.4.3.
[t fomi? ) € D

Using the same ideas as in the previous subsection, we can derive sufficient bounds
to show [ u(x, y)f(y)m(g")(dy) € C2(Wn). Hence, we just need to show it satisfies
the correct boundary conditions from the PDE (2.4.1). The proof will follow from
several lemmas. To begin, we derive the combinatorial identity that implies the

above proposition.

Fix a,b € {1,...,n} with a < b, then for t > 0 we can differentiate under the integral
as noted in the previous subsection to see that the corresponding boundary condition

is satisfied if for all a < b, x, = xp implies

> e* ) (10(ko(r) — ko) + (0= Dkowiko@)  []  Sos)ot (k) =0.
oes, a<f:
o(8)<a(a)

(2.4.4)

This can be simplified by splitting the summand into parts dependent on o (a), ..., o (b)

and on the remaining values o takes. Noting that we have z, = ... = xy

b b
H eiko(c) (xc_ycr(c)) — H eiko(c) (xa_yo(c)) — H eikﬁ(xa—yé) .
c=a c=a ce{o(a),...,0(b)}

Notice that the last expression above depends only on the set {o(a),...,0(b)} =
o({a,...,b}), and not the order of the values o takes on {a,..,,b}. Thus, the ex-
ponential factor of the summand in (2.4.4) only depends on o({a,...,b}) and not

o(a),...,o(b) themselves. Now we split the product

H So(8),0(a) (k) = H So(8),0(a) (k) H So(8),0() ()

a<f: a<a<p<b: a<a<b<f:
a(B)<o(a) o(B)<o(a) a(B)<o(a)
II  Swow® II Sowe@®).
a,Bed{a,...,b}: a<a<fB<b:
a<pf, o(B)<o(a)
a(B)<o(a)

Note that S, (g) »(a) does not depend on o and 3, but on o() and o(3). Suppose, for
a given permutation o, S;(g) ,(a) @ppears in the first product, then for any permu-
tation 7 with o(c) = 7(c) for every ¢ € {a,...,b}¢, we have o(3) € {o(a),...,o(b)} =
{7(a),...,7(b)}. Thus, there exists v € {a,...,b} such that 7(v) = o(8), and so we
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have 7(a) = o(a) > o(B) = 7(7) and a < a < 7. Hence, S:(y)7(a) = So(8),0(a)
appears in the product for 7. This shows the first product doesn’t depend on
{o(a),...,o(b)}, and similarly the second doesn’t either. The third product clearly
doesn’t depend on {o(a),...,0(b)}, leaving only the fourth product. Finally, we
note that the fourth product doesn’t depend on the values o takes outside {a, ..., b}.
Hence we can split the sum into a sum over possibilities for the permutation outside
{a,...,b} and then a sum over possibilities inside {a,..,b}. Pulling the parts depend-
ing only on the values of ¢ outside {a, ...,b} out of the second sum we see that it is

sufficient for the second sum to vanish; thus, our condition will hold if

Z (10(kg(m) — ko)) + (m — Dkgimyko)) H So(8),0(a) (k) =0,
ocESm 1<a<f<m:
a(B)<o(a)

where we have relabelled kg, ..., ky to ki, ..., k. Hence, it is enough to prove the

following

Proposition 2.4.4. For every n € N we have the identity

> (1 (ko) = ko) + (0 = Dhomko) [T Sopro@ =0 (245)

0ESK a<p:
o(B)<o(a)

First, we simplify the left hand side by pulling out the common denominator. Re-
calling (2.4.2)

I o) = ko) — Fokow) I Se@row

a(B)<o(a) a<f:
o(B)<o(a)
: i0(koa) — ko(s) + Ko(a)kio(s)
= (10(Ko(a) = Ko(5)) = Ko(s)ko(a)) .
J(g)ll(a) o ) CE;: 10(ko(a) = ko(8)) — Ko(a)ko(s)
o(f)<a(a)
= 11 @Okee) = ko) = ko@bow) 11 (0Fa@) = ko) + ko@kos)) -
B<a: a<f:
o(B)<o(a) o(8)<a(a)

Thus, multiplying both sides of (2.4.5) by [1,(5)<o () (10(ks(a) = ko(3) = ko(8)ko(a))

(since permutations are bijections, this does not depend on o) gives the equivalent
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equation

0=">" (8 (ko(m) = kory) + (2 = Dko(mko())

O'ESn
I (ko) = ko) = ko@born) 1] (0(ko(a) = ko(s) + Foe)ko(s)) -
B<a: a<f:
o(B)<o(a) o(B)<o(a)

We can get rid of the 0 factors by replacing each k; with i0k;, since 6 > 0 this
change of variables is invertible. We are left with the following equivalent equation,

which we will prove for k € C™.

0=">" ((kotm) = ko)) + (n = Dko(myko))

O’ES’n
[T (o) = ko) = Fowko) T ((Fow) = ko) + Fo@ka) -
a<f: a<f:
o(a)<0(8) o(8)<o(a)

n
2

Where we have cancelled off a factor of (29)2(( )+1).

We’ll now split the equation into two parts and simplify before showing they cancel.

Making the following rearrangements, and defining the polynomial B

I (o) = ko) = ko@bo) 11  (Rot@) = Fo@) + ko@kars)

B<a: a<f:
o(B)<o(a) o(B)<o(a)
(2.4.6)
= [ sign(0(8) — () (ko) = ko(a) = Fae)ko())
a<pf
= Sign(a) H (kg(ﬁ) - kg(a) - kg(a)kg(ﬂ)) = Sign(U)B(k:g).
a<f
We proceed by considering the expressions
> sign(o)(n — Dko(myko) Blke); (2.4.7)
UES’n
> sign(0) (ko(n) — ko)) Blko). (2.4.8)
O’GSn

It is clear that both (2.4.7) and (2.4.8) are polynomials in the k;; we will now make
some more general statements about polynomials of this form.

It is clear that if f : R™ — R is a polynomial, then

> sign(o) f (ko) B(ko) (2.4.9)

O'ESTL
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is an alternating polynomial. To see this suppose ¢ < b and we exchange k, and ky

in the above expression. Then k, becomes k, p)or giving

Z Sign(a)f(k(a,b)oo)B(k(a,b)oo) = Z Sign((a” b) o U)f(k(a,b)oa)B(k(a,b)oa)

o€Sn 0€Sh
- sign(o) f (ko) B(ks).

In particular, whenever we have k, = kg, for a # /3, any such polynomial must van-
ish. Hence we must be able to take the Vandermonde determinant, [], 5(ks — ko),
out as a factor; since this is itself alternating, whatever remains must be symmet-
ric. Thus for any polynomial f : R® — R"”, there exists a symmetric polynomial
g : R" — R such that

> sign(o) f (ko) B(ko) = g(k) [ (ks — ka)- (2.4.10)
gESy, a<f
In the case of (2.4.7) and (2.4.8), the polynomial f is also multilinear (no variable
appears with exponent higher than one), and depends only on two variables. The
following lemma will allow us to make further statements about g based on these

assumptions.

Lemma 2.4.5. Ifi,j € {2,...,n—1} withi # j, and k € R™ such that we fix k; = —1
and kj =1, then B(k) has degree at most n — 2 when considered as a polynomial of

K1 OT Rp.

Proof. Recalling the formula for B(k), (2.4.6), we have

B(k) = H (kg — Ka — Kakg) H (sign(j — @)(1 — ko) — Ka)

a<,6’: O‘#Lj
a,B#1,j
X H (SlgH(Z — Oé)(—l - /ia) + ch) (2 Slgn(] - 7‘) + 1) .
]

The first product contains (n — 3) factors with x; and k, each. The second and

third contribute a factor of the form:
(1—2k1)(—1)
for k1, and a factor of the form

(—1)(2kn + 1) (2.4.11)
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for k,. Leaving a total of n — 2 factors involving ;1 and x, each, which proves the

statement. O

Now we can apply the above lemma to the expressions we are interested in.

Lemma 2.4.6. If f : R? = R is a multilinear polynomial, then there exists constants
Co,Cq and Cy such that

> sign(0) f(ka(1), ko) Blks) = [ (ks — ka)

O’GSn Oé<ﬁ
[n/2]

X C() —+ Z 01 Z kal ---kf‘agm + 02 Z kal "'ka2m+1
m=1

a1 <...<o2m a1 <...<a2m+1

Proof. The discussion preceding Lemma 2.4.5 shows that we at least have equation
(2.4.10), and that g must be symmetric. To get the form given in the statement,
we will show that g is also multilinear. This tells us we can write it as a linear
combination of elementary symmetric polynomials, and then that the coefficients in
this combination are of the form given above. Both of these arguments proceed by

considering the exponents of the variables ;.

To show multilinearity, we note that for each kj, [, 5(ks —ka) contains n—1 linear
factors of k;. Furthermore, each B(k,) also contains exactly n — 1 linear factors of
k;. But f is multilinear, so in the summand sign(o) f(ks)B(k,) the largest possible
power of k; is n. Hence the largest possible power of k; in g(k) is 1. This holds for

each j; thus, g(k) is multilinear.
Since g(k) is multilinear and symmetric it must be of the form
n
gk)=Co+ > Cm > Fkayoka,.
m=1 ar<..<am

Now we show that the constants C), satisfy C7 = Cypy1 and Cy = Coy, for all
m < n/2. Setting k = (k1, ..., kn—2, —1, 1), we have the equality

n—2
Z Sign(a)f(’ia(l)v ﬂa(n))B(HU) = QQ(E) H (kﬁ - koc) H(l - k’Y)(_l - k’Y)
0ESh a<f<n—1 v=1

(2.4.12)
Since ¢ is symmetric polynomial, if one of its terms contains k,_1 but not k,, there
is a term otherwise equal where k,_; is replaced with k,, and vice versa. Using x as

defined in the previous proof, in g(k), these terms cancel, leaving only the terms that
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contain both or neither. For x, we have set k,_1k, = —1, so we have the following.

=Cy+ Z — m+2 Z /{al...k‘am.

a1 <...<am<n—1

The next step is to consider the exponents on the left hand side of (2.4.12) for each
term in the sum, and show g¢(x) must be constant. First B(k,) contains (n — 1)
linear factors of each k;, so the only way a k; with exponent n can appear is if it
also occurs in f(kg(1); Kg(n)); hence, only if j = o(n) or o(1). But the previous
lemma tells us that B(k,) has degree n — 2 as a polynomial of ky(1) O K,y Thus
the highest possible power of any of the k; on the left hand side of (2.4.12) is n — 1.
However, the right hand side still contains n — 1 linear factors of each k; outside of
g(k), so g(k) must be constant. Hence, C, = Cy,12 for every m > 0, proving the
result. O

Remark 2.4.7. Using the general formula for the sum of elementary symmetric
polynomials on n variables, H;L:1(1 + ), together with the above lemma, gives us
that for a multilinear polynomial f : R? — R, there are constants C, and D,, such
that

Z Sign(a)f(ka(l)v ka(n))B(kU)

O’ESn
= [ (ks — ka <00+ SO JT+kp) + T —ky) -2
a<f j=1 j=1

—i—%Cz jl_[11+l<; 1;[ )

= H(kﬂ — ko) | Do+ Dy H(l +kj) + Do H(l — kj)
a<p j=1 j=1

— det (kg—l) (Do + Dy det (1 + k;)di;) + Do det (1 — k;)d3;)) -

Now we can return to our original expressions (2.4.7) and (2.4.8). These two lemmas
imply that we have constants Cén), C’én), Cy, C’}n), Cén) and C’én) such that

> sign(o — ko)) B(ko) = [ (ks — ka) (2.4.13)

ocESy a<f
[n/2]

ST S kaekan, +C8ST kayekagns
m=1

a1 <...<o2m a1<...<a2m+1
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> sign(o)(n — Dko(uykoyBlko) = [ [ (ks — ka) (2.4.14)

oESy a<f
5 (n) & ~(n) ~(n)
CoV + DA™ D kakan, G Y Eayeas,,
m=1

a1 <...<02m a1<...<a2m+1

The next lemma provides a link between these constants for different values of n

that will allow us to find their value inductively.

Lemma 2.4.8. For m = 0,1,2 and n > 3, we have that o = (n— 1)07(,?_1) and

W = (n— 1)y,

Proof. Take k, =0 in (2.4.13) we get the equality

n—1
> sign(0) (ko) = ko)) Blko) k=0 = [[(=ka) ] (s —ka)
oc€Sh a=1 a<f<n
(n) & (n) (n)
e+ > <(11” S kaykay, + Y S kal...kagmH)
m=1 a1 <...<og2m<n a1 <...<agm4+1<n

Recalling how we defined the polynomial B in line (2.4.6), we see that the left-hand

side of the above equality is equal to

n—1
Y. (ko) — ko) <H(ka)) Dy (k) (2.4.15)

oESh: a=1
o(1),0(n)#n
n—1 n—1
+ Z ka(n) (H(_ka)> Da(k) - Z kcf(l) (H(—ka)> Da(k)'
cr(E,)Sn: a=1 U(G,)S'n: a=1
o(l)=n o(n)=n

Where we have used the shorthand

Do(k)= [ (ks—ka—sign(c™"(8) = o~ (a)) kska)

a<f<n

= H SigH(O'(,B) - U(a))(ko(ﬁ) - ko’(a) - ko(a)kg(ﬁ))'
a<pf:
a,f#o" ! (n)
Note that o~ (n) plays no role in the terms of the first sum on line (2.4.15). Thus,
we can relabel each permutation in that sum to one in S,,_1, with each one occurring
n — 2 times. For example, when n = 4, we would replace the permutations (3 ?1 % ‘21)
and (} 33 %) with (1 2 3) and (} 3 3) respectively. Note that this replacement does not

change sign (6~ !(8) — 0 ~(c)), and thus does not change the summand. We can do
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the same with the two sums on the next line, these have no repeats as ¢ ~!(n) must be

1 or n depending on the sum. Under this relabelling, D, (k) becomes sign(o)B (k).

Thus, we get
n—1
(n—2) [[(=ka) > sign(0)(kowm-1) — ko)) Bko)
a=1 0E€Sn—1
n—1 n—1
+I(=ka) D sign(@)kom-1yBlke) = [[(~ka) D sign(o)ke)B(ks).
a=1 oESH—1 a=1 oESH—1

Which is equal to
n—1
(n—1)J[(ka) D sign(0)(kom-1) = ko)) B(ko)-
a=1 oESH—_1
Applying equation (2.4.13) in the n — 1 case, we get that the above is equal to

n—1
(n—1) H(_ka) H (kg — ka) <C(()n_1)

a=1 a<f<n

L(n—1)/2]
+ anil) Z kay--Kag, + Cénil) Z ko, "'ka2m+1 ) '

m=1 a1<...<0o2m a1 <...<a2m+1

Comparing coefficients with what we started with, it is clear that CT(,? ) = (n —
1)0,(7?’_1) for m = 0,1, 2 as required.

The proof for the C’T(,? ) follows the same lines as above. O

Finally, we just need to establish the values 0(2),C§2),C§2),C'(()2),C~’{2) and C~’§2) to

find all the remaining values by induction. (2.4.7) in the n = 2 case is
]{Jlkg(kg — kl — kle) + kle(k’Q — k1 + k1]€2) = 2(]{32 — ]{Jl)klkg.

Thus Céz) =0, C’{Q) = 0 and Cé?) = 2. Combining the two lemmas above this
implies for m = 0,1 C(()n) = 0 for every n, and C’én) = 2(n —1)! for every n. (2.4.8)

in the n = 2 case is
(k‘g — /{?1)(1{72 — k1 — klkg) + (kl — kQ)(kQ — k1 + kle) = —2(]€2 — kl)klkg.

Thus ééz) =0, 6’{2) = 0 and 6’52) = —2. Combining the two lemmas above this
implies for m =0, 1 CN',(T?) = 0 for every n, and C’én) = —2(n—1)! for every n. In par-

ticular, this shows that the sum of (2.4.7) and (2.4.8) is 0, proving Proposition 2.4.4.
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As a consequence, we have proven Proposition 2.4.3, concluding this subsection.

2.4.3 Initial Condition

Proposition 2.4.9. For any bounded Lipschitz continuous function f : Wn — R,

we have

/ut(-,y)f(y)mén)(dy) — f uniformly, as t — 0.

Where the definitions of m((,n) and u; are given in definition 1.3.2 and Definition
(2.4.8) respectively.

First we’ll show

Lemma 2.4.10.
/ut(m,y)mén)(dy) =1 forallxeWn, t>0.

Proof. Lemma 2.4.2 allows us to calculate the time derivative by passing it through

the integral
8 n 1 n
87f/ut(ﬂc y)my" (dy) =/2Aut($,y)m§ (dy)
=0.

The first equality is clear from the definition of u. The second equality follows from

Corollary 2.3.9 and Lemma 2.4.2. This shows the integral is constant, to finish we
. 1 1

shall show convergence to 1 as t — oco. Scaling k£ by ¢t~ 2 and y by 2 we see the

following

/ (i, y)my” (dy)
1 k|2 ko (T—Yo (n)
:/ (2m)" / DI || Sa<ﬁ>,a<a>(k)dk my (dy)

o€Sn a<ﬁ
= Y glrln / / KT 5 ik e/ VEue)
w%;n (ﬂ'];[ﬂ' Trb’) 27 ntZ(n ) " UGSn
T So)ewE/VEdk X (dy).
a<f:
o(B)<o(a)

We can justify applying Dominated convergence to this by referring to lemma 2.4.2

0
Notice that all terms with |7| < n in the sum over partitions vanish in the limit,

to take t — oo. It is clear that 50(5)70(06)(%) — 1 as t — oo for almost every k.
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leaving only the partition consisting exclusively of singletons. For this partition, A™

is just the Lebesgue measure on the Weyl chamber. Thus, we have

TL' 11125
—3 M =ky g
27r)n/n/ne ’ Y

/Ut(wvy)mén)(dy) =1
—1

The n! comes from the sum over permutations, the resulting integral in k is just the
Fourier transform of a Gaussian; hence, the integral over the Weyl chamber is easily
calculated. O

Now we can write

/ un(,y) F(y)m (dy) — F(x) = / wlz,y) (F) — F(@) m (dy).

It follows directly from the definition of mgn) that

[t (16) = ) a)
<o I L ‘ [t () ~ £@) X)) (2.4.16)

mell, T, ET

Thus we can restrict our attentions to the integral with respect to A™ for a fixed
m e IL,.

Let us briefly outline the proof. We begin by rearranging u;(z,y) into a more conve-
nient form, and then we split the sum over permutations, so that we first sum over
permutations o for which the images (J(m))lﬂl are fixed. We then bound w(x,y) by
making contour shifts, following the same idea used to calculate the Fourier trans-
form of the Gaussian density. This step is complicated by the presence of poles in
the integral defining u;(z,y); however, our previous step gives us some control over
where the poles appear, and we can further use that  and y are both in the Weyl
chamber to derive Gaussian bounds on u;(z,y). In the final step, we combine these
bounds with the Lipschitz property for f to derive the desired uniform convergence.
This requires bounding of the contribution from W« to [ |us(z,y) ]mén) (dy) and some
care in considering what happens when x is near, but not in, W= to ensure we get

uniform convergence.

To begin our rearrangements, we prove that us(z,y) is symmetric under swaps of z

and y.
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Lemma 2.4.11. For every x,y € W" and t > 0

ut<m7 y) = Ut(y, l‘)
Proof. Recall that u is defined in (2.4.3) as
1 —Ly|k)? ik (T—yo) 0(ko(a)—ko(8)) TEo(a)Fo(s)
u(2,y) = @mm /]Rn e Z ¢ H 10(ko (0) =Ko (8)) —ko(a)ko(p) dk

€Sy a<pf:

o(@)>a(B)

If we first take the sum outside the integral, then perform the change of variables in

the k integral, K — —k_ -1, this becomes

—7tk2+ik‘ 1z —1— i0(kg—ka)+kak
27r)"2/ S | (= et
€Sy a<f:
o(@)>0(9)

Notice that we can relabel the product as follows

H i0(kg—ka)+kaks H W0k, —1(0)=F,—1(8))tho—1(0)ko—1(5)
i@(k‘g*k‘a)fkakg - ie(ka_l(a)7ka_1(ﬂ))7ka_l(a)ko_1(ﬁ) :
a<pf: a<fB:
o(a)>o(B) o= (a)>0~1(B)
Hence by relabelling the sum to be over o=! € S, we see that we get u;(y,z) as

desired. O

Now we proceed with the proof of the proposition, we can rewrite the summand of

(2.4.16) (ignoring the constants) as

/ un(y, z) (f(y) — f(2)) A (dy)

- // YT e T Syt (R) dk (F) — F(2)) T |

O’GSn a<f:
o(a)>o(B)

(2.4.17)

For a partition = € II,, and permutation o € S, define the set of ordered pairs
o(m) = {(m1,0(m1)), o (T|z|, o (7|x))) } (Where o(A) denotes the image of A under

o). We can rewrite the sum in the above integral as follows

> Y el H So(8),0(a) (K)-

TESK: oESh:
T|x, is increasing Vi o(m)=7(m) o(a )>cr(ﬁ)
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Let’s consider etk (y=20) — g—ikx H;LZI eFr¥% . We’ll use the notation 7, := sup 7,
and 7, := supm,. We know that for each 7, € m, a, 8 € 7, implies y, = yg A"-a.e.
Hence []7_, etko()¥i = [ cxlacn, etko()¥m \T_a.e. But since o(m) = 7(x) this
is just equal to [[. < [Taen, eFr @Y7 which equals e* Y. Hence we can pull the

exponential out of the second sum to make the previous expression equal A™-a.e. to

> elhrlv=er) Y T See@®).

TESK: oESy: a<pf:
T|m, is increasing Ve o(r)=1(7) o(a) >0 (8)
Now we can consider the product; in particular, we can show that when o and
are in different elements of 7 then the appearance of Sy(g)(a)(k) in the product
depends only on 7, and not the specific . Suppose a < 3 are in different elements
of m and that o(f8) < o(«). Since 7 is an ordered partition, there exists ¢ < j
such that a € 7, and 8 € 7;. Now since o(m) = 7(m), there must exist v € m,
and § € 7; (thus v < 0) such that 7(y) = o(a) > o(8) = 7(5). Hence, for each
such a < B such that o(8) < o(a), where a and 8 are in different elements of ,
there are v < ¢ in different elements of 7 such that 7(§) < 7(v). Similarly, we
can go in the other direction, so that if & and § are in different elements of 7 then
(o(8),0(c)) is an inversion for o if and only if it is an inversion for 7 (That is if «
and [ are in different elements of 7 then o < § with ¢(8) < o(a) occurs if and only
if 77 1(o(a)) < 771(0(B)) with o(B) < o(a)). Hence, we can split off the part of the
product where o and [ are in different elements of m and rewrite entirely in terms

of 7. Thus, the previous expression is equal to

3 pikr-(y—ir) I I S ok > AY (k). (24.18)

TESH: 1<j a€m,, BeET;: c€Sn:
T|x, is increasing V¢ 7(8)<7(c) o(m)=7(n)

Where A7 . is shorthand for the summand of the second sum and defined as follows.

Ag’,ﬂ'(k) = H H Sd(ﬁ),o(a) (k)

meET  a<f:
o(a)>o(B),
avﬁeﬂ'L

We can calculate the second sum using the formula in the following lemma.

Lemma 2.4.12. Suppose m € N and 6 > 0 then for all k € R™ such that ko # 0
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foralla € {1,...,m}

i0(ks — ko)
> 11 S - [ et

O'GSWL a<ﬁ5
o(a)>o(8)

Proof. First, we prove the following equality holds for all £ € C™

> IIT O[] & —&w-1]=m]]E-%). (24.19)

g€ESm a<f: a<p a<p
o(B)<o(a)
It is clear that the left hand side is a degree (’;) polynomial, which we shall denote
P(¢). Thus if we can prove that P(§) is also alternating, it must be a constant
multiple of the right hand side. We then just need to check the constant to finish
the proof.

To prove the left hand side is alternating it is enough to consider swaps of consecutive
variables, e.g. §; and ;41 for some j € {1,....,m —1}. Let s; = (j,j + 1) € Sy, i.e.
the permutation that swaps j and j + 1 leaving everything else fixed. Clearly, for
all 0 € S,

I v=- 11 (-1). (2.4.20)

a<p: a<p:
o(B)<o(a) oos;j(B)<oos;(c)

It follows, by relabelling the sum in its definition, that P({s;) = —P(§). Hence, P

is an alternating polynomial, and there is a ¢ € R such that

> IT O T & —&w-1]=c]]¢ -

o€Sm a<f3: a<f a<f
o(B)<o(a)
To finish, we just have to note that if we expand the bracket on the left hand side
we get m! ], . 5 (€a — €p) plus additional terms of lower degree. But we know that
the left hand side, P, is a constant multiple of ] _ 6(55 —&q); thus, the lower degree

terms must cancel. This proves (2.4.19).

To prove the lemma, we just need to divide both sides of (2.4.19) by [, 5(§a—85—1)
then set & = i6/k; for each j. An application of the following equality on the left
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hand side, and some simple rearrangements, give the desired identity.

H Sa—8p—1]= H §o(8) — So(a) — 1 H §o(a) — Eo(p) — 1
a<f a<f: a<f:
a(B)<o(a) o(a)<o(B)

Hence, we get that (2.4.18) is equal to

||

[Tl > ek =z ) P (1),
=1

TESK:
T|x, is increasing V.

Where 77" : C" — C" is defined (for a.e. k € C") as follows

T L 7,0(]{.,. 7k7' [ )
T (k) == H H Sf(ﬁ),f(a)(k) H H ie(kf(a)—kf(f;)—’ifga)kf(ﬁ)

1<j a€m,, BET;: TET a<f:
T(B8)<T () a,Bem,

This rearrangement, together with the triangle inequality, gives us that (2.4.17) is
bounded above by

17, Im! >
(2m)m
TESK:
7|7, is increasing Vi

/ 6§t|k|2+ikf'(yxT)TT’ﬂUf)dk‘ f () = (@)X (dy).

(2.4.21)

Now we can move on to the next step, which we briefly motivate. We want to get
control on the k integral in the above expression, and we need the bound to be
integrable in y with respect to A™ and to be vanishing as ¢ — 0 whenever y # x.

Note that we can rewrite the exponent appearing in the integrand as follows

(ya - xT(a))Q .

1 2 . 1 = ( 2
—§t|k’ + 7,k7. . (y — [ET) = —2t;(kr(a) - z(ya - x'r(oa))) - ot

Suggesting that we should use Cauchy’s residue theorem to shift the k., contour
fromRto Cy:={2€C: z— %(ya — Zr(a)) € R} for each o € {1,...,n}, and then

parametrise the resulting contour integral as an integral over R. Supposing we can
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do this without encountering any poles, the exponent becomes
—1tzn:];72 _ (ya—xr(a))2
2 7(e) 2t '
a=1

Where /;T(a) € R is our new integration variable. The second term of the summand
gives us the necessary control in the y variable, and the first term should allow us
to control the resulting k£ integral. However, this approach is complicated by 177
which contribute poles that hinder our contour shifting. We end up not being able
to shift the integration contours for all of the £ variables without encountering poles;
however, we are still able to make some of the desired contour shifts. To see which

shifts can be made, we need check where these poles occur. Note that by definition

7™ (k) :=

T 1I O+ (@) —hr(g)) Hhr(a)kr(s) 1 11 : Ok (5)—kr(a))
0k (a)=kr(8)) =hr(a)br(6) Ok (5)=kr(a)) =hr(a)br(g)

1<j a<f: mTET a<lf:
T(B)<7(e), a,Bem,
agm,, BeET;

(2.4.22)

The following lemma provides us with the desired information.

Lemma 2.4.13. We’ll use the notation H = {z + iy € C| z € R, y € Ry} for the
upper half complex plane. The function (z,w) — i0(z — w) — zw has no zeroes in
the set H x —H.

Proof. For w € —H there are a € R and b € Ry such that w = a — bi. It is easily
checked that if(z — w) — zw = 0 if and only if we have

0%a — i0((0 + b)b + a?)
(04 b)? + a?

z = e —H.

Thus, there are no zeroes inside H x —H as claimed. ]

Observing the structure of the products in (2.4.22), we define the set E™" C C"
defined as x}_, E’" where E;’™ is the upper half complex plane if there is a 7, € 7
such that k = supn, and 7(«) < 7(k) for all a < k, the lower half complex plane if
there is a 7, such that k = inf 7w, and 7(8) > 7(k) for all § > k, the whole complex
plane if both of these conditions are satisfied, and the real line if neither are satisfied.
Lemma 2.4.13 shows the denominator of 77" as in (2.4.22) has no zeroes in the set

E™™ (2.4.22), and thus we can perform our contour shifts as long as the contours
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remain within this set. To simplify our notation slightly we’ll henceforth write

7, :=supm, and 7, := inf 7, for each m, € 7.

We'll now use these ideas to get a following bound on the k integral in line (2.4.21).
First, we need to find a family of indices for which contour shifts can be made, that

is a collection of o such that E5™ contains at least one complex half plane.

Lemma 2.4.14. Suppose w € II,, and 7 € S,, such that 7|, is increasing for every
m, € . For each m, € m there are a, < ¢ < b, such that 7(m,) < 7(7a,), and the
following properties hold

o 7(mp,) < T(B) for every B > m,;

o and 7(7a,) > T() for all o < 7,.

Further, given such a (a,,b,), we can define m, := sup{7(a)| 7o, < a < m,} and
l, = inf{r(B)| o, < B < m,} if Ta, < mp,; and m, := 7(7g,) and l, := 7(m,) if
Ta, > T,. The following properties hold for m, and l,:

e there are ., mq € T such that T—1(m,) = 7q and 771(1,) = 7e;

e for all a < 77Y(m,) we have T(a) < m,;

e and for all B > 771(1,) we have 7(B) > 1,.

Proof. First we define p, := 75, where a, := inf{a < ¢: 7(7;) > 7(m,)}, and then
from it we define v, := m,, where b, := sup{b > ¢: 7(w,) > 7(m)}. p, and v, are
introduced for convenience and will be used throughout this section. In Figure 2.1
we provide an example of a permutation and partition and the resulting values of

w, and v,.

It is easy to see that the a, and b, satisfy the first two properties we claimed for

them, namely that a, < ¢ <b, and 7(v,) = T(&) < 7(Ta,) = 7(,)-

Now we show 7(v,) < 7(B) for all 8 > v,, and 7(u,) > 7(a) for all @ < p,. Starting
with p,, if there is an o < p, such that 7(p,) < 7(«) then by definition of y, o must
be in a different element of 7 to u,, say m., with ¢ < a,. Since 7 is increasing on
every element of 7 this means we must have 7(7;) > 7(a) > 7(p,) = 7(7,,) which
contradicts the definition of a,, so no such « exists. By a similar argument, there is

no B > v, such that 7(v,) > 7(5).

It just remains to prove the second set of statements, those about m, and [,. Suppose
we are given (a,, b, ), as in the first part of the lemma, and once more define p, := 7,
and v, := m,. The first property for m, and [, follows immediately from the fact

that T‘ﬂ—j is increasing for all w; € 7, the definitions of m, and [,, and from 7 € IL,.
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Us! T Ti3 Tty

(1,4) (1,4) (1,4) (5,5)

Figure 2.1: The bottom row displays the values of (u,,v,) for the permutation
7 = (1,3,4) in S5 and partition 7 = ({1},{2,3},{4},{5}). Lines connect pairs of
indices which 7 inverts, so ¢ < j are connected if 7(j) < 7(i). p, is the largest
element of the leftmost block of 7 connected to 7, by a line. Similarly, v, is the least
element of the rightmost block of m connected to 7, by a line.

For the second and third statements we consider two cases separately: p, < v, and
v, < u,. For the latter case we have m, = 7(v,) and [, = 7(,), so the statements
are the same as those we just proved. If instead we have u, < v, we can argue
the second statement as follows. Clearly for all a such that y, < o < v, we have
7(a) < m,, thus we only need to check that o < p, implies 7(a) < m,. Suppose
this is false, i.e. there is an a < p, such that 7(«) > m,. Since m, > 7(u,) this
implies 7(c) > 7(p,), since we also have a < p, this is a contradiction as we know
from previously that 7(u,) > 7(«) whenever p, > «. A similar argument proves the

third statement, thereby proving the lemma. O

In the following proposition, we will assume we have a © € II,, with a family
(a,,b,)r,er given by the above lemma, and adopt the notation of the above proof,
namely p, := 7,, and v, := mp,. The above lemma ensures that whenever o =
o, 7~ 1(m,) the set E5™ contains the upper half complex plane, and if 8 = v, 771(1,)

then E;’” contains the lower half complex plane.

Proposition 2.4.15. Suppose 7 € 11, and 7 € S, such that 7|, is increasing for
every m, € w, and for each m, € m we have a, < 1t < b, as in the above lemma. There

is a constant C > 0, depending only on m and n, such that the following bound holds
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for all z,y € Wn

/ 8_ét|k|2+ik7'(y_xT)TT’ﬂ(k})dk"

2
<Ct31 | log(t)[[le "o T ez ((@mex) o —x)%), (2.4.23)

TLET
Where x = x(x) € R™ is defined by xo := x* := %(xT(M) + 7)) for all a € .
We begin the proof with the following intermediate bound.

Lemma 2.4.16. Let 'y ., = Cy if v,y € Wn are such that the C, contour lies in

EL™, and R otherwise.

/ e‘§t|’“|2+ik7‘(y_"’”)TT’”(k)dk’ <o (H esz(wmbxb)?szbxwz))
" T,ET

/ e 3t Zima Belkr(@))? | 777 (1) d.
><7L

a=1 Fa,z,y

(2.4.24)

Proof. We can apply Cauchy’s residue theorem to shift the contours of the integral
into the complex plane, onto the contours I'y ;. to be precise. This is possible
because we have defined the contours I'y ;. in such a way that they are either R,
and thus no deformation is required, or the integrand is analytic in whichever half

plane they occupy. The result is the following equality
/ ei%t|k|2+ik7'(y*xf)TT’ﬂ(k')dk = e_% Yol y#RYa—Tr(@)?

X / ¢~ 7t Lama Relhro)*H Daira = Fr(o) Wa @) prom (1) gk, (2.4.25)
X2 _1La,z,y

Note that on the right hand side, when the contour for k; is not the real line, we
have rewritten the exponential by completing the square: k:]2 — %kj (qu(j) — ;) =
(ki — %(yf—l(i) —z))* + t%(yT—l(i) —x)”.

From (2.4.25), we see that to prove lemma 2.4.16 we must bound the exponential
appearing in front of the integral, which means we need to consider which contour
shifts have been made. That is, we want to check when the condition for I'y ;. , = Cq
is true, for @« = pu,,v,. Thus, we want to check when C, lies inside E;". We
know from lemma 2.4.14 that E;" contains the upper half complex plane, and E;;"

contains the lower half complex plane. Thus, C,, C Ej when y,, > z, and

ML)’
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Cy, C E], when y,, <x,(,,). Hence we have the following inequalities:

1 2 1 2
= 57 Ml 8 e = T21))” € = L, 20,0} Wit = Tr()) s

1 2 1 2
= 5 Ulw 8 (U = 2r(0)” S =5 L, <o)} (U — Zr)) ™

There are two cases of interest, the first is when p, < v,. In this case, the two indices
are in different elements of w. The second case is when y, > v,, for which the two

indices are in the same element of . Let us deal now with the first case.

By definition we have 7(u,) > 7(v,); thus, since x,y € W", it follows that we always
have y,, <y,,. Hence, if we have both y,, > z,(,,) and y,, < x,(,,), it follows that
Tr(y) < Tr(y,)s but since z € W7 this is a contradiction. Hence, for all z,y € W»
at least one of y,, > x,(,,) and y,, < z,(,,) must be true. This means we have the
following equality

1 2 1 2
= 57 Ml 22060t Ure = Tr(0)” — 57 Ml <ory)t U = Trwn)

_%(ym — xT(’uL))Q’ if Yu, > Tr(u,) and Yv, > Tr(1,);

- _%(ym - xT(VL))2’ if Yu, < Tr(p,) and y,, < Lr(v,)s
1

T2t

(ym - xr(uL))Z - %(yla - xT(l/L))27 if Yu, < Lr(v,) and Yu, > Lr ()
(2.4.26)

Let x* := %(xT(uL) + Z7(,)), We can rewrite the first line as

1 L\2 1 2 1 L
_ﬂ ((ym - X ) + Z(xT(ML) - mT(VL)) ) + %(ym - X )(xT(ML) - x‘r(m))-

We have 7(p,) > 7(1v,) and & € W, so that (2,(,,) — T,(,)) < 0. From y € W»
and p, < v, it follows that y,, > %(ym + 4y, ), which, under the conditions of the
first line, is bounded below by x* = %(:cT(M) +7(,)). Thus y,, —x* > 0, and the
last term above is negative. We also have y,, — X, > 4y, — T7(,,) > 0 in this case;

thus, using v, < y,, we get —(y,, — x*)? < —(yy, — x*)?. It follows that the above

expression is bounded above by

1 L . 1
gt (=0 =X + 3~ 220

The same ideas yield the same bound on the cases of the second and third lines, so

that the above expression is a bound for (2.4.26).

Now we need to look at the contour shifts for m, and [,. Recall m, = sup{7(a)| p, <
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a<y}andl, =inf{r(8)| p. < B < v,}. Note that it is quite possible for m, = 7(u,)
or for [, = 7(v,). We need to check when Cr-1(,,) C E:frl( . From Lemma 2.4.14

we know E:frl (m2) contains the upper half complex plane. Therefore I'-—1(,,) z.y =

m,)

Cr=1(m,) if Yr-1(m,) = Tm,. Therefore we have

1 2 1 2
o Mty RN Wt m) — Tm)” S = L 2} Y1y — T

We can combine this with our previous bound to get the following

1 2 1 2
= 5 Ml Wi = Tru)” = 5 1T 8} (U = Tr()
1 2

= 5 T 1 0y 2B mur ()} (Yr—t(m,) — Tm)

1 . L
< - At (W, =XV + W, =X+ @) — Tr()?)
1

= 57 M gy 2 mir (e} Wr=1 () = T, ) (2.4.27)
We aim to show this is bounded above, for some positive constants C1,Ca, by

_G
t

CQ 2

(W = X+ (o, = X+ (@) — Tr(w)?) — — (@m, = x)%

Thus we consider the various cases for the indicator in (2.4.27).

If m, = 7(p.), then it follows from z,, < x, < ;) that (z,¢,) — l‘T(VL))2 <
(Tm, — x*)?, so that our desired bound is easily seen.

In the case that m, # 7(p.) and y,;-1(m,) = T, , if we further assume y, -1,y > x*

then it follows

— (W = X = Wr=1(m,) — Tm,)’

= - (y//h - yTil(mL))2 - (XL - xmb)z + 2(yl'l/L - xmL)(XL - nyl(mL))
S - (yﬂ/, - yTil(mL))z - (XL - xm/,)z S _(XL - xmL)Q'

Where the last line is true because y € W7, so that Yu, = Yr—1(m,); thus, our
assumptions imply the last term on the third line above is negative. If instead,
Tm, < Yr=1(m,) < X', then y € W™ implies that g, < yr—1(,); thus, 0 > yr—1(,) —
X' =y, — x*. Hence

- (ym - XL)2 - (yT—l(mL) - $mb)2
< - (y'rfl(mb) - XL)Q - (y'rfl(mL) - mmL)2
1 L\\2 1 L\2 1 1\2
== 20r1(my) — 5(@m X)) = 5 (@m, = X)7 = =5 (@m, — X"
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Hence, when y, -1y, ) > Tm, we have the bound on (2.4.27)

1
7('%'7"7% - XL)Q'

- 2.4.28
o (2.4.28)

If instead we have m, # 7(p,) and y;—1(;n,) < Tm,, then we have z,y € Wn: therefore,
Yo, < Yr-1(m,) < Tm, < X" Thus, —(y, — )2 < —(zm, — x*)?, so that expression
(2.4.28) is a bound on (2.4.27) for any x,y € Wn, as desired. Following the same

steps for [,, we get the analogous bound

1 2 1 2
= 5 Ml Wi = Tr(u)” = 5 1Ty 8) (U = Tr()
1 2
= o M 1y 7R L)} (Y1) — 21
1
== (W = XV A+ (o, = X + (@) = Tr()?)
1 2
= 57 Ly, 1 2o Lm0} Ui, — Tm)
1
< - g lon =X (2.4.29)

Combining the bounds in (2.4.27), (2.4.28), and (2.4.29) we get the following bound
when v, > pu,,

1 2 1 2
= 5 Ml w8} Wi = Tr(u)” = 5, 1Ty 8) (U = Tr()
1 2
= S O 1y 2R ()} Yr 1 (my) — )

1 2
= 5l 1 #R Ltrw)y Y1) — 21,)

1
< _ _\2 AYANE 2 U2
< 12t((ym X2+ (y, — X9)?) 24t((:f:mL X2+ (2, — x')%)
1 o 1
<——§ 0 —x)% = — ((xm — x")? —)3) . (2.4.30

Where for the last line, we have used that from by definition u, = 7,, and v, = m,,
and that under A\™, we have that for any n; € =, if o, € 7; then y, = yg ae.
as well as having that y € W", so that (y,, — X*) > (Yo — Xu) > (Yu, — Xx.) for all
o, < @ <75 thus, either —(ya —x*)* < = (Y, —x)? or —(Ya —x")* < —(%, —x*)*-

Before we use this to get the bound on (2.4.21), we need to deal with the second

case: v, < .

In the second case, 1, and v, are both in 7,, and therefore, under A™ we have y,,, = y,,
almost everywhere. Further, since 7 is increasing on every element of 7, it follows
that m, := 7(u,) = sup{7(a)| v, < a < u}tandl, :=7(v,) = inf{r(B)| v, < B < w,}.
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Following the same steps as before, if we assume both y,, > z,(,,) and y,, < 2.,
then since y,, = y,,, it follows that z.(,,) < x,(,,), which is a contradiction since
7(v,) < 7(p,) and & € W, Thus, at least one of y,, < Tr(y,) and Yy, > Ty(,,) must

hold for all z,y € W”. With similar ideas to those used above, we find

#b)

1 1
— o LB s = o) = 52 LTy, ey (U — T

2 o

1
S - Zt ((y/»LL - XL>2 =+ (yl//, - XL)2 + (xm/, - xlb)2)

1
2 2 2 2

<1 (W = X+ (o, = X)°) — o ((@m, = x")* + (z, = x")?)  (2.4.31)
el S e (e — P =)D, (2432)
T 12(p—w)t &= @ 24 N : ' o

Where the idea behind the bounds is similar, but this time we use y,, = y,,, and
we used that x;, > x* > z,,, for the second inequality. The constants appearing
in the denominator have been chosen to be consistent with (2.4.30), and so are not

optimal.

Applying the bounds (2.4.30) and (2.4.32) to (2.4.25) leads to the following inequality

/ e§t|k|2+ikr(yxf)TTv”(k;)dk‘ <~ Tant VX (H 6—241m((wmb—xb)2+(wzb—xL)2)>

T, ET

Xazlfa,x,y
(2.4.33)

where we have used p, — v, T, — g, < n for all ¢ to get the form of the Gaussian

bound given above. O

We complete the proof of Proposition 2.4.15 with the following lemma.

Lemma 2.4.17. There is a constant C > 0, depending only on m and n, such that
/ e~ 2t Loz Relke(@)® | 777 ()| d < Ot~ 21| log (¢) |7 (2.4.34)
Xo_1la,z,y

Proof. Now we bound the k integral in the above expression, for which we need to
collect some bounds on the factors appearing in the products (2.4.22). We need to
make sure the bound covers the new contours; therefore, it is sufficient to bound for
k € ET™. This can be done for the factors in the first product by bounding for all
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ha,hy > 0 and kg, ky € R

i0((ka + iha) — (ko — ihs)) + ((ka + iha)) (ko — ihs)) ‘
i0((ka +iha) — (kb — ihe)) — ((ka + iha)) ((ky — ihsp))
Z@(ka ky) — 0(hy + he) + i(kpha — kahp) + Kok + hahp
" |i0(kq — k) — 0(hy + ha) — i(kyha — kahy) — kaky — hahs
(0% (ka—kp)2+(kpha—kahy)?—20(kZha+k2 hy,)+602 (hp+ha)? —20ha hy (hy+ha )+ (kaky+hahp)? 3
(02(ka—kb)2+(kbha—kahb)2+20(k§ha+k§hb)+92(hb+ha)2+20hahb(hb+ha)+(kakb+hahb)2)

, because hg, hy > 0. (2.4.35)

<1

Here, the k variables are the real part of the integration variables, and the h variables

are the imaginary part. Hence, we have that for all kK € E™™

xn 1Fa z,y

<11 / G |
XaEﬂLFa,az,y

TET a<f3:
a,Bem,

Ok (5)~kr(a)) ‘ dk.
: (2.4.36
Ok (5) k(o)) =kr(a)kr(s) )

Similar to the previous argument it suffices to bound for k., k, € R and hg, hy >0

i0((ka + iha) — (ko — ihy)) ‘
Ze((ka + iha) - (kb - lhb)) - ((ka + Zha))(<kb - Zhb))

[N

_ 02 (ka—ky)>+0> (hy+ha)*
—\62 (kafkb)2+(kbha7ka hb)2+29(k§ ha+k(21 hb)+92 (hb +ha)2+29ha hb(hb+ha)+(l€a kb+hahb)2

L

IA

|ka—ks| S ( |y +hal )
((kpha—kahy)2+(kaky+hahy)?)2 ((kyha—kahy)?+(kakp+hahy)?) />

1,
1 1
20 (W+W)-

The last line follows by expanding the brackets in the denominator, removing some

IA

(2.4.37)

non-negative terms, and then applying the triangle inequality.

Returning to (2.4.36), we can divide each contour integral into two parts: one where
|Re(ks)| < €/+/t and another where |Re(kq)| > €/+/t; this gives the following

H / 6_%tza€TrL Re(k"'(a>)2
XaEwLFa,m,y

T,ET
W0(kr(8)—Fr(a))
IT (2gmetaicevar + Linetraizervey) T a0 i e
aem, :
(3,3<€B7Q
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We can simplify as follows: expanding the first product, in each term where an
indicator for |ko| < €/+/t appears, we bound all factors in the second product which
depend on k, by 1 using the first line bound in (2.4.37); it is then easy to see
that the contribution from the k, integral to that term is at most 2¢/v/t. We can
then bound any remaining terms in the second product by the second line bound
n (2.4.37) (remembering that the k in that estimate represents the real part of the
complex integration variable), the resulting integral depends only on the number of
ke for which |Re(kq)| > £/v/t. Relabelling the remaining variables, we see that the

previous expression is equal to the one below.

7]

> <\7TL\>2|mj+(§)9(§)(5/\/£)|’“‘j/ | (@ + I’Tlﬁ\) b

T Em j=1 |ka|>e/VE, Yo a<p
Rescaling the k variables by %, we see that this equals

||

s <|m|>2m_j+(g)9(g)€mljté((é)—ﬂ/ o T (e + ) ke

mET j=1 |ka|>e, Va a<f

Since the product runs through all pairs of o, € {1,...,7}, upon expanding the
brackets, every term will involve at least j — 1 of the k,. Further, at most one has
exponent —1, with the rest having exponent at most —2. It is clear from repeated

integration by parts, that for each y # 1 there is some constant C' > 0 such that
1~ dap? -
—e 2" dy < Ce' ™Y,  whene € (0,1).
\

x|>e ’x‘y

For y = 1, we instead have that there is a constant C' > 0 such that
/ —e —3lel® dx < C|log(e)|, when e € (0,1).
|z|>e ’1‘

Hence, since the sum of all the powers of all the &, in each term of the expanded
brackets is (%), and because the product runs through all pairs of indices so that in
each term in the expansion there can be at most one k, appearing with power 1,
there is some constant C' > 0 depending only on n and 7 such that for all € € (0, 1),
(2.4.38) is bounded by

||

< S eml=it71-G) 1og(e)¢2(G)),

mET j=1
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Which, if we set € = v/ is clearly bounded above by
ct 21| log (1) 7.
Which is the desired upper bound. ]

Proof of Proposition 2.4.15. This proposition follows by combining the above lemma
and Lemma 2.4.16. O

We now apply this bound to complete the proof of the main proposition of the

subsection.

Proof of Proposition 2.4.9. Proposition 2.4.15 implies that (2.4.21) is bounded by

Ct~3 1 log(¢)| /™ 3

TESH:
T|x, is increasing V¢

/eulmy—XP H e*ﬁ((xmbfxb)%r(mh*xbf)|f(y) _ f(l‘)|)\7r(dy)
mT,ET

(2.4.39)

We can replace the function f: W” — R with its symmetric extension f : R" — R,
that is the function f : R® — R such that for any o € S,, * € R" we have

f(z,) = f(z) and ?‘W = f. Then, after rescaling y by v/£, (2.4.39) is bounded by

C|log(#)|™ >

TESK:
T|x, is increasing V¢

/W \ e~ Tan vl (H 6_241m((ML_XL)er(uL—X‘)Q)) [f(Vty +x) = f(zr)dy.

T, ET

In the above, x € R" is defined by x, := x* when a € 7, y is defined by Y, =W
for all @ € 7,, and we have used f(z) = f(z,). We have also rewritten the integral
with respect to A™ as an integral with respect to the Lebesgue measure. Since f is a
Lipschitz function, it is straightforward to show that f is also Lipschitz; therefore,

the above expression is bounded by

C|log (1) >

TESK:
7|, is increasing V.

/ o~ 13 1Y/ (H emfm((xmbxb)%(mxby)) <\/g|y‘ Ty — xT’) dy.
Wil -

T, ET
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The integrand is non negative and |y| < |r||y[; therefore, this is bounded above (for

a new constant C') by

Clog(t)|I™ >

TESH:
T|x, is increasing V¢

/R | e~ 1an YI? (H 6—241m((xmb—xb)ZJr(mL—xb)z)) (ﬂ@ +lx - Ir\) dy

T, ET

<C|log(t)|I™ > (2.4.40)

TESR:
7|, is increasing V.

/ (’y‘ + 1)6_ﬁ‘y|2dy (\/Z + ’X — xTyeiﬁ Zﬂ'LEﬂ’((xmL7XL)2+(CEZL7XL)2)> .
RI7l

(2.4.41)

Now we note that [x — x| < 3 " [Xa = Tr(a)l, but for all o € [p,,v,] (or [v,, p.]) we
have Ty, < Zr(a), Xa < @1, (OF 21, < Tr(a), Xa < Tm,). Hence, either |xo — 2| <
[Xa = Tm, | OF [Xa — Tr(a)| < [Xa — 21,|. Note that that for any ¢ > 0 and x € R we
have the inequality |z]|e=<*" < (2€C>_%. Hence, (2.4.41) is bounded by

cvilogl™ > [yl e ay

TESH:
7|7, is increasing Vi

<CVt|log(t)|I™.

Where we have bounded the integral independently of ||, and the constant C' has
changed between lines. Summing over m € II,,, and using that since II, is a finite
set the constants C' in the above expression have a finite maximum, we get, for a

new constant C' > 0 depending only on n,

sup | [ uelz,y) f(y)mS” (dy) — f(x)] <CVE S [log(t)|!™

reWn mell,

<CW'tlog(t)" =0, ast— 0.

The last inequality is valid for ¢ < 1/e. Hence, we have the desired uniform conver-

gence, and Proposition 2.4.9 is proven. 0

As a consequence of Proposition 2.4.3 and Proposition 2.4.9, we can apply Proposi-
tion 2.3.4 to our function [ w(z, y)f(y)mén) (dy) to prove [ u;_s(Ys, y)f(y)mén)(dy)
is a local martingale. Suppose that f € C>°(W?"), i.e. f has an extension to an
open set U containing W" that is smooth and compactly supported. Then since

fut(:r,y)f(y)m(gn) (dy) converges uniformly to f as ¢t — 0, and f is bounded, there
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must be some & > 0 such that [ (z y) y)m (dy) is bounded for t € [0,¢e] and
z € Wm. We also have | [u(z,y) f(y)my (n) dy)| < (Qthn/Q [ 1f(y) (dy) which is

bounded for t € [e,00). Hence, [w(x,y)f(y)m, (dy) is bounded as a function of
(t,z) € Rsg x Wn. Tt follows that [ g Ys,y)f(y) g )(dy) is a true martingale;
thus, E,[f (V)] = [w(x,y)f(y)m (n)(dy) In particular, if f(x) > 0 for all x € Wn,
then fut(:c,y)f(y)mén)(dy) > 0. Since this holds for every f € C°(W"), we have
that for each t > 0,2 € W" wy(x,y) > 0 mén) almost everywhere.

(
(

Returning to the case where f is merely bounded and Lipschitz, we can use the non-
negativity of u(z, y) and Lemma 2.4.10 to get the bound | [ w(z, y)f(y)mén)(dy)] <
| flloo- Hence, the local martingale fut s(Ye,u)f(y )mgn) (dy) is in fact a true mar-
tingale for s € [0,¢], and so E;[f(Y:)] = [w(x,y) f(y)m((,n)(dy). Thus, the proof of
Theorem 2.4.1 is completed. O

As a consequence we can also prove the following.

Theorem 2.4.18. mén) is a stationary measure for Y, and Y is reversible with

respect to mén).
Proof. For f a bounded, integrable, Lipschitz continuous function, we have for all
t>0

% R, [f (Vo) m{™ (da) == / / (2, y) £ (y)mS (dy)ym{" (dz) (2.4.42)

(2.4.43)

With the first equality a consequence of Theorem 2.4.1 and the second equality a
consequence of Corollary 2.3.9 and Fubini’s theorem. The necessary bounds to pass
the derivatives through the integrals, and then apply Fubini follow in the same way
as Lemma 2.4.2. The same bounds, together with the uniform convergence we just

proved, gives
lim [ E,[f(Y2)]my" (do) / fla (2.4.44)
t—0

We can extend this to any Ll(mén)) function by a density argument, proving that
(n)

my ~ is the stationary measure for Y.
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If f and g are bounded, Lipschitz continuous, and integrable; Fubini’s theorem gives

/Mf( Da(@)m (dz) //“y ym$ (dy) g (z)ml (dz)
/ / w(w, y)g(@)m§ (d) f(y)m§" (dy)
- / o1 (n)ml (dy).

Where we have used the symmetry u;(x,y) = u(y, z) in the last line. Hence, Y is

reversible with respect to mén). O

Finally, we return to prove Lemma 2.4.2.

Proof of Lemma 2.4.2. The proof of this lemma is a simplified version of the meth-
ods we apply in Section 2.4.3; as such, we omit the main details to avoid repetition
and instead sketch the proof. Following the arguments used to prove Proposition
2.4.15, with = = {{1},{2},...,{n}}, we can derive a Gaussian bound on the sum-
mand in (2.4.3). We can then adapt the arguments in Lemma 2.4.17 to bound the
resulting contour integrals, which will have additional factors of k£ due to the deriva-
tives. In fact, the proof can be significantly simplified in this case as we do not
need to consider the ¢ — 0 limit, and therefore we do not need to ensure we get the
optimal exponent for ¢t. The above arguments give us a bound in the form of a finite
sum of Gaussian kernels, multiplied by a negative power of ¢, from which the above
bounds follow easily (note that for the bound on the x derivatives, we can apply the
bound on the y derivatives, as ui(z,y) = ui(y, ) which we prove later in Lemma
2.4.11). O

2.5 Stochastic Flows of Kernels

2.5.1 Random Walks in Random Environments

We will begin by recalling the definitions for the discrete counterparts of Howitt-
Warren flows and sticky Brownian motions: Random walks in space-time i.i.d. ran-
dom environments on Z and their n-point motions, discussed in Section 1.1. A
random walk in a random environment on Z is simply a random walk on Z whose
transition probabilities are themselves random variables. We define the Random
Environment as a family of i.i.d [0, 1] valued random variables w = (w2 )t zez With

law and expectation P and E, respectively. We then define a random walk running
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through realisation of the environment with transition probabilities:

PX(t+1)=2+1] X(t) =) = way;

)

PUX(t+1) =2 — 1| X(t) = 2) = 1 — way.

Where P“ denotes the law of the RWRE, and E“ its expectation, both of which
depend on the environment. By considering the random transition probabilities
P¥(X; = y| Xo = x) we can also consider this model as a random flow of a fluid,
where the quantities describe how a point mass at x is spread through the fluid at

time t¢.

An important idea for studying such models are the n-point motions, we run n ran-
dom walks independently through a sampling of the environment, and then average
out the environment. The averaging over the law of the environment will break the
particles’ independence. That is, if X (¢) = (X*(¢),..., X"(t)) is the n-point motion,
then

n
P(X(t+1) =y|X(t) =2) =E |[[ P(X"(t +1) = wil X (¢) = 2;)
i=1
Alternatively, we can view the m-point motions as describing the behaviour of n
particles thrown into the fluid. Notice now that since the environment is i.i.d,
the coordinate processes of the n-point motion behave independently when they
are apart. However, when they meet, they interact. In particular, it is a simple
consequence of Jensen’s inequality that they are more likely to move in the same

direction when together than when apart:
EW"]+E[(1 —w)"] = E[w]" + E[l — ],

w being a copy of an environment variable. A group of particles situated at the same
site, x, at time ¢ can break into at most two groups. The probability of a group of
n particles breaking into two groups of size k and [, with the £ moving to 4+ 1 and
thel tox — 1, is

Elwg (1 — wst)']-

Hence, the distribution of w can be viewed as controlling the rate at which groups
of particles break up, and the size of the groups they tend to break into. At the
extreme ends, if the environment variables are chosen to be {0, 1} valued Bernoulli
random variables, then the n-point motions become coalescing simple random walks.

On the other hand, it the environment variables are chosen to be deterministic with
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value 5, then the n-point motions will simply be independent simple random walks.
Thus, the strength of the effect of the environment on the interaction between the
n-point motions is related to how probable it is that the environment variables take

values near 0 or 1.

If we take the diffusive scaling limit of these n-point motions in an environment
having a fixed distribution, then the contribution of the environment is overcome in
the limit, and we simply end up with independent Brownian motions (assuming the

environment variables are mean 1/2 so there is no drift).

It was shown by Howitt and Warren [HWO09] that by changing the distribution of
the w as we take the diffusive scaling limit, we can obtain Brownian motions which
still interact; specifically, they are sticky when they meet, see also Schertzer, Sun
and Swart [SSS10]. To preserve the interaction into the diffusive scaling limit the
strength of the interaction has to be increased; this means taking the laws of the
environment random variables to be closer to that of a Bernoulli random variable.
This requirement is made explicit in the second condition of Howitt and Warren’s

theorem, stated below.

Theorem 2.5.1. Suppose X (t) is the n-point motion of a RWRE, where the envi-

ronment variables have law p(®) satisfying the following:

1

1
6/ (1-2¢)p9(dg) — B, ase—0;
0

1
291 =g (dg) = v(dg), ase—0.

Then the laws of the processes (X (€%t))¢>0 converge weakly to the law of a solution

to the Howitt-Warren martingale problem with drift 8 and characteristic measure v.

In the special case of v(dx) = 0/2dx, where dz is the Lebesgue measure the above
result shows the solution to the Howitt-Warren martingale problem is the scal-
ing limit of the Beta random walk in a random environment. That is, choose
1'% (dq) = %qea_l(l — ¢)%~1dq, then for any function Cy([0,1]) the Dom-
inated Convergence Theorem implies

298
1 _ (5) d / 05 —a)%d
[ at - 0un = 29 [ s - o

aQ/f@@,
0
Ple+l) 1

using I'(z) = == 1 asz — 0. Hence 1 Zq(1 — Qe = %d:):; since we also

have fol(l —2q)u®)(dq) = 0 for all € > 0 the theorem implies the convergence of
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the n-point motions of the Beta random walk in a random environment to solutions
of the Howitt-Warren martingale problem with characteristic measure 31[071} dx and
zero drift. This is the key motivator for looking for exact solutions in the sticky
Brownian motion case and was used by Barraquand and Rychnovsky in [BR20]
to find Fredholm determinant expressions in the sticky Brownian motions case by

taking limits of those found for the Beta random walk in a random environment in

[BC17).

2.5.2 The Howitt-Warren process

We now briefly introduce stochastic flows of kernels, these are essentially random
transition probabilities (K ¢(x,dy))s<¢, with the following additional assumptions:
independent increments in the sense that for any tg < ...,t, the random kernels
Kig 1.y Kt,,_1 1, are independent; stationarity, that is the law of K ; depends only
on t—s. They can be thought of as the continuum version of the random environment

that is i.i.d. in space and time we considered in the previous section.

The n-point motions of a stochastic flow of kernels are the family of Markov processes

(Xn)o2, with X,, taking values in R™ with transition probabilities
n
P(X,(t) € B| Xn(s) = 2) = E[/ [T Kuioidu), forz e BY, B e BE.
Ei=1

Notice that this is very similar to the definition of the n-point motions in the RWRE

case, with K taking the place of the random transition probabilities.

Le Jan and Raimond [LJRO4a] have shown that any consistent family of Feller
processes are the m-point motions of some stochastic flow of kernels. A family of
Feller processes (X,)0%,, X, : Rsg — R is consistent, if for any £ < n and any
choice of k coordinates from X,,: (X!l,..., X%) is equal in law to X. For a more
complete introduction to stochastic flows of kernels we refer to [LJR04a]. When
the family of n-point motions, (X,)52, are sticky Brownian motions characterised
by a Howitt-Warren martingale problem the resulting flow of kernels is called a

Howitt-Warren flow. These flows have been studied extensively by Schertzer, Sun,
and Swart [SSS10].

Definition 2.5.2. The stochastic flow of kernels whose n-point motions solve the
Howitt- Warren martingale problem, as stated in Definition 2.2.2, with characteristic

measure v and drift 8 is called the Howitt-Warren flow with characteristic measure
v and drift 3.

Rather than look at the flow directly, we want to consider the Howitt- Warren process
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a measure valued process that describes how an initial mass is carried by the flow.
In our case, we are interested in the case where all mass starts at the origin; thus,
we consider the Howitt-Warren process with initial condition dg. That is, for the
Howitt-Warren flow (Kj;)s<¢ with characteristic measure v and drift 5 we define
the Howitt-Warren process started from §y with characteristic measure v and drift

B to be the measure valued process given by

pt(A) == Ko4(0,A), for every Borel set A C R. (2.5.1)

If f:R" — R is a symmetric function, then E,[f(X(¢))] = E.[f(Y(¢))] for all
x € W". Hence, we have the following corollary of our main result, Theorem 2.4.1,

that allows us to study the Howitt-Warren process.

Corollary 2.5.3. If f : R — R is a symmetric function, and its restriction to W"
is a bounded, Lipschitz continuous function, then for a Howitt- Warren flow (K t)s<t

with characteristic measure gda: and drift zero we have

E

/f(y) HKs,t(l'i, dyz)] = /ut_s(:z:, y)f(y)mén)(dy) for all x € W,
i=1

From which it clearly follows that for the Howitt- Warren process started from ég with

characteristic measure %1[0,1} and drift 0, we have that
5| [ ot an)] = [u.nswm @, (25.2)

This allows us to study the process directly, via u, which we will pursue further in

the next subsection.

2.5.3 Atoms of the Howitt-Warren process

Schertzer, Swart, and Sun proved [SSS10, Theorem 2.8] that any Howitt-Warren
process is almost surely purely atomic for fixed times ¢. Thus, almost surely we can
write the Howitt-Warren process at time ¢ as a linear combination of delta measures
pe(dy) = >, widy,(dy), where the w; and y; are both random. One can think of
the Howitt-Warren process as the density of an infinite number of sticky Brownian
motions evolving in time. Thus, the fact that the process is atomic shows that when
the number of particles is very large, the sticky behaviour leads to the formation of
large clusters of particles. This is very different from the behaviour of large numbers

of independent Brownian motions.
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We can think of the collection of pairs (y;, w;) as a point process on R x R5(. Note
that the Howitt-Warren process conserves mass, so that for any ¢ > 0 we will have
>, w; = 1. However, due to another result of [SSS10], the total number of points
will be infinite a.s. This point process has an associated intensity measure ~; on

R x Ry defined by

(A1 X AQ

Z lyzeAlv wz€A2] N

We will use this intensity to study the behaviour of the weight of a single atom
at a given point in space. See [Bor09] for an introduction to point processes. For
any n € N and f : R — R that is bounded and Lipschitz continuous, we have the

equalities

/ F@)w™ (dy, dw) =
RxRxg

nyz ]

=E [/n f®”(y)pi®"(dy)]

f®"<> (0, y)my" (dy)

:n—lel—” /R Fa)ud™(0, (y, ..., y))dy. (2.5.3)

Above, D" := {(y, ...,y) € R": y € R}, and we have written u§”) for the transition
density u; on R"™, which we do for the rest of the section to indicate the dependency
on dimension. The first equality can be seen by approximating by simple functions,
the second is direct from the definitions, the third is a consequence of Corollary 2.5.3
and the fourth from Definition 1.3.2.

Equality (2.5.3) also shows that the measure v;(dy, dw) can be written in the form
t(y, dw)dy, and that we have for each n € N and almost every y € R the equality

/R Wy, dw) = n= 10" (0, (3, .. ). (2.5.4)
>0

We will study the asymptotic behaviour of the measure ~;(y, dw) for certain choices
of y. We can interpret 7:(y,dw) as describing the distribution of the size of an
atom at y. However, v;(y, dw) is not a probability distribution; the measure of any
neighbourhood of w = 0 is infinite. Introducing size biasing, and instead considering
the measure wy(y, dw), we do get a finite measure which describes the size of an
atom picked at random from p;, using the sizes of the atoms as probabilities and

conditioning the chosen atom to be at y.
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Proposition 2.5.4. For each x € R, we have as t — oo

t73y/2me w'yt <\[x > = 6v2 e% - %wdw.

Vi

x2
Where the right hand side is the exponential distribution with rate 0v/2me 2 .

Proof. Note that the measure on the left hand side in the proposition has been
normalised and is a probability measure. Thus, it is enough to show pointwise
convergence of the moment generating functions on a neighbourhood of 0. With
Theorem 2.4.1, we can rewrite the expression for the moments derived in line (2.5.4)

as follows.

n 1Lz dw z? ntl n+1
/ w"V2rtT2e 2 wyy <ﬁx, W) V2me 2t 2 WYy (ﬁx,dw)
R>o R>o

22 n+1l  (n+1)

— S5+ U ((07“'70)1\/2(1'7'"71'))
=V2re2t 2 1)o7

22 n+1
. 2 2 —5t|k]2—ivik-z 10(ko(a) —ko(8))tEs(8)ko(a)
=V2r—Ss 2o e 2 : dk
(n+1)gn (2m)ntl Z H 10(ko (o) —ko(8)) ko () ko (o)

n+1
Rt cESh+1 a<p:
o(B)<o ()
z° n+l 1 )
/amne Tt 2 ~beep-ivies ] o 0ake) g
on(2m)ntl — 10(kg—ka)—kakg

a<f

e B e | B .
mn ﬂ-n .
Rr+1 a<B i0(kg—ka)—t" 2kakﬁ

To go from the first to the second line we have used line (2.5.4) and to go from the
third to the fourth line we have used the summation formula from Lemma 2.4.12.

We can now write the moment generating function in terms of the moments.

e o (:2)

A2 e i0(kg — ko)
|k|?2—k-z B a
—me%wAﬂw ] L
" a<p 10(kg — ko) — t7 2 kakpg

To take ¢ — oo, we want to apply the Dominated Convergence Theorem to pass
the limit through both the sum and the integral. Similarly to what we have seen
previously, line (2.4.37) to be precise, the modulus of the product within the integral
is bounded above by 1. With this bound we find that the modulus of the nt" term of

2
the series is bounded above for all ¢ > 0 by )‘nzz /2, which is summable for |A| < 6,

and so we can take the limit ¢ — oo through the sum. Further the bound on the

70



integral allows us to take the limit through the integral. Hence, for |A\| < 6, we have

22

, e L i i0(kg — ka)
1 V2r / 2kl =tz dk
m Z - e H

t=00 )"+1 wsp 0(kg — ko) —t Tkakg
22 n
\e's 102, [ e T
Vor—— — / —glhlP—ikzgp —
Z 9” 27T)n+1 Rn+1 © nz:;) 0\/%

This is exactly the moment generating function of an exponential random variable

with parameter 6 2mer’/ 2 and thus the statement is proved. O

We note that this result is analogous to Thiery and Le Doussal’s result in [TLD16],
where they found that the fluctuations of the transition probabilities of the Beta
RWRE were Gamma distributed in the large ¢ limit. In a remark, Sun, Swart and
Schertzer showed that the stationary distribution of the Howitt-Warren process with
a uniform interaction measure is given by a Poisson point process with intensity mea-
sure dzLe~“dw [SSS10]. This remark was based on a similar result by Le Jan and
Raimond for sticky flows on the circle [LJR0O4b]. In the same work, the authors
show that when the Howitt-Warren process is started from a distribution with in-
finite mass, it converges towards the stationary solution. The following corollary

concerns the case when the starting mass is instead finite.

Corollary 2.5.5.

t~ 2wfyt (\f:r > dr = He_ame ¥ Ydxdw.

\/
Proof. This statement follows from the previous proposition by a simple application

of the Dominated convergence theorem. O

We also have the following Fredholm determinant formula, which is analogous to
formula (52) in [TLD16].

Proposition 2.5.6.

1+ Z/ !((:U)nl)!’yt(y,dw) = O det <I + 19)\77[{) (2.5.5)

Above, the determinant is a Fredholm determinant, and K is an integral operator

on L*(R) with kernel

zye 1@ +y?)

K(wy) = iy —z)+zy

(2.5.6)
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Proof. Equation (2.5.4) and the summation formula in Lemma 2.4.12 give the equal-

ity

(n—1)! / — Lt|k[?—ik- i6( kﬁ — ka)
Wy, dw) = —2— 2 ik-y dk.
/HM "y, dw) = G- 12m)" Jan H i0(kp — ko) — kaks

The proof is completed by the following identity, which is a consequence of the
equalities (A.1) and (D.1) in [TLD16]

8 ~ ko) | { kgka
§ | | =n! det . (2.5.7)
o€S,, 0<<5 - ka(a)) - ka(a)ko(ﬁ) 1<a,8<n ’L@(k‘ﬁ —k ) + kak‘ﬁ

O]

It would be interesting to use the above formula to analyse the behaviour of +; in
the large deviation regime: % converges to a non zero number as t — 0o, where we
expect the appearance of GUE Tracy-Widom fluctuations. Unfortunately, the above
Fredholm determinant is not in an ideal form for asymptotic analysis. We would
instead want an analogue of the conjectured formula (92) in [TLD16]. In [BR20],
Barraquand and Rychnovsky considered the tails of the Howitt-Warren process,
pi([tx, o0]), and derived a Fredholm determinant formula for the Laplace transform
via a scaling limit from the Beta random walk in a random environment, with which
they were able to prove the existence of GUE fluctuations. In a non-rigorous work
Thiery and Le Doussal [TLD16] show the existence of GUE fluctuations for the
transition probabilities of the Beta RWRE evaluated at a point. This suggests the

following conjecture for the fluctuations of the individual atoms.

12
Conjecture 2.5.7. If X, ; is a random variable on R with law 2mte ™t T wy(tx, dw),
then there are functions J : R — R and o : R — R such that

lim P log(Xy ) + J ()t
t1/30(x)

< Z> = FGUE(Z), (2.5.8)

t—o00

where Foup is the cumulative function for the Tracy-Widom GUE distribution.
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CHAPTER 3

Brownian motions with White Noise Drifts

3.1 Introduction

We consider a model of turbulent advection describing particle trajectories in one-
dimensional turbulent fluids. The particles each have their own independent molec-
ular diffusivity o2 and are transported through a Gaussian random drift field W,
which is Brownian in time and smooth in space but rapidly decorrelating. The field
W represents the effect of the fluid on the particles. Associated with this model is
a stochastic flow of kernels [LJR04a], which can be thought of as the density of a
cloud of particles in the fluid, or as the random transition density of a single particle
running through a realisation of the drift field W. Among other results in [LJR04a],
the authors show a more general class of flows of kernels solve stochastic partial
differential equations (SPDEs) similar to a Fokker-Planck equation for a Brownian
motion with drift. In [DG21] the authors study the specific case we are interested in
and show that the fluctuations of the density of the flow of kernels are well approxi-
mated, at large times, by the product of the heat kernel and the stationary solution
to the SPDE. The two-dimensional version of this SPDE has been studied recently
in [HK20], wherein the authors discuss the existence, uniqueness and regularity of

solutions before studying the rate at which the solution dissipates.

As discussed in Section 1.4, the model is a continuum analogue of the random walks
in random environments from Section 1.1. It is also an example of the compressible

Kraichnan model for turbulence, where the velocity field is simplified to be white in
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time, see the review [FGmcV01]. In our case, we make some further simplifications;
in the usual Kraichnan model, the spatial correlations are chosen to mimic physically
observed scaling phenomena, whereas we assume the spatial correlations are taken
to be of short length and smooth in space. This is similar to the case considered
in [GHO04], where the authors showed that removing the molecular diffusivity, at
the same time as reducing the correlation length of the velocity field, led to sticky
interactions between pairs of particles in the limiting process. For the model we
consider, this result was extended by Warren [Warl5], who proved that the limiting
process for n particles was the n point motion of a Howitt-Warren flow with an
explicit interaction measure. This suggests the convergence of the associated flow of

kernels towards the Howitt-Warren flow.

We are interested in the fluctuations of the density in the tail, that is, O(t) away
from the origin. In particular, we will show that the fluctuations are governed by
the KPZ equation when the environment noise is taken to be small. This work was
motivated by analogous results in [CG16] for a discrete version of our model, which
we will discuss in more detail shortly, and by the non-rigorous arguments in [DT17].
Further, we conjecture that the KPZ equation also appears when the independent

diffusivity of the particles is taken to be small instead of the environment.

Similar results exist for sticky Brownian motions and the associated Howitt-Warren
flows in the integrable case studied in Chapter 2. This is not the same case that
arises in the limit of our model, but universality leads us to expect the results to
hold more generally. Barraquand and Rychnovsky [BR20] showed that the tail of
the Howitt-Warren flows has Tracy-Widom GUE fluctuations of size t'/3. Further,
they conjectured the tails of the Howitt-Warren flows converge, as the stickiness is
removed and under suitable rescaling, to the stochastic heat equation, based on the
convergence of the moments. Barraquand and Le Doussal [BD20] then showed that
the same convergence of moments happens in a moderate deviation regime, ti away

from the origin, for a fixed stickiness.

In this chapter, we show that the flow of kernels associated with our model converges
to the solution to the stochastic heat equation when observed far from the origin,
whilst the strength of the random environment and the correlation length are both
taken to 0 at suitable speeds. This result is analogous to the result of Corwin and
Gu [CG16] for the RWRE, and we follow similar ideas for the proof. We make use
of two distinct descriptions for the flow of kernels: the first is the family of SDEs
describing the motion of n particles in the fluid, the second is the SPDE which has
an explicit Wiener chaos expansion, given in [LJR04a]. The first step in the proof

is to show the termwise L? convergence of the chaos expansion towards the chaos
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expansion of the solution to the stochastic heat equation; the second step is to show
the convergence of the second moments, for which we use the associated two-point

motion.

Before moving on to the proofs, we introduce the model in detail. We will also
derive the correct rescalings to get convergence to the stochastic heat equation by
performing a non-rigorous moment calculation. From this calculation, we conjecture
other scaling regimes under which we expect to also get convergence to the stochastic

heat equation.

3.1.1 The Model

Let p € C°(R) be a non-negative, symmetric function that is non-increasing on
R-o and satisfies [ p(z)dz = 1 (C°(R) denotes the space of smooth compactly
supported functions on R). Then, suppose that I, is a cylindrical Brownian motion
on L?(R;R) with covariance E[W, (s, z)W,(t,y)] = (s At)p(x —y), where f is defined
as the self convolution of p, i.e. p:= p* p. For a sequence of independent standard
Brownian motions, (B¥)ren, and an orthonormal basis of L?(R), (ex)ren, We can
write W,(t, ) = 332, p* ex(z)B¥(t). For parameters p, o > 0 we are interested in
the solutions to the SDE

dX (t) = uW,(dt, X (t)) + odB(t). (3.1.1)

In the above SDE, B is a Brownian motion on R independent of W, and both
stochastic integrals are understood in the It6 sense, see [Kun94b] for definitions. The
solution is distributed as a Brownian motion with diffusivity u? [ p(z)2dz+o?, which
can be checked directly by calculating the quadratic variation and recalling Lévy’s
characterisation of Brownian motion. Alternatively, the solution can be thought
of as a Brownian motion with diffusivity o2, running through the time dependent
Gaussian random field W), which we can think of as a random velocity field. We
then consider the transition function (Ust)s<¢ of the process (X (t))s<+ conditional
on W:

Usi(z, A) = PB(X(t) € A] X(s) = ), (3.1.2)

where Ppg is the law of the Brownian motion B. We will later use P to denote the
joint law of W and B and E its expectation. Note that the family of kernels (U t)s<¢
depend only on the field W, and form a stochastic flow of kernels as introduced by Le
Jan and Raimond in [LJR04a], which we briefly discussed in Section 2.5 in relation

to sticky Brownian motions. Further, because X is itself a Brownian motion, if we
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average Us; over the law of W we get the heat kernel.
E[U87t(x7 A)] - Psl/,t(xa A)7 (313)

here P” denotes the heat kernel with diffusivity v.

It is known [DG21] that the family of probability kernels (U(s,t,-,dx))s<¢ are a
stochastic flow of kernels, as described in Section 2.5 of the previous chapter. Fur-
thermore, the kernels have continuous densities with respect to the Lebesgue mea-

sure, u(s,t,x,), which solve the stochastic partial differential equations

v .
opu(s,t,x,y) = §Ayu(s,t,x,y) — 10y (u(s,t,x,y)Wp(t, y)) , (3.1.4)

together with the initial condition u(s, s, x,y) = d(x —y), where 0 is the Dirac delta.
Here, v = 42 [ p(z)%dx + 0 and W, is the (formal) time derivative of W,, so that
it is white in time and smoothly correlated in space. By solution, we mean it is a
generalised solution in the sense of [Kun94a|, which we describe by recalling [DG21,

Proposition 2.1] briefly below.

Proposition 3.1.1. The process u(0,t,z,-), considered as a time-indexed family of
tempered distributions on R, is the unique solution to (3.1.4). That is, for every
s,z € R and every Schwartz function f: R — R the following equality holds almost

surely for every t > s

/ u(s,t,z,y) f(y)dy
R

~t@)+y [ [t @i+ [ [ s W)
(3.1.5)

Here, the stochastic integral is interpreted in the It6 sense; for a general introduction
to SPDEs see [Wal86] or [DPZ92].

Proof. The proof is essentially an application of [Kun94a, Theorem 3.1] and can be
found in [DG21]. O

The same SPDE, in a slightly different formulation, was derived for the flow of
kernels (3.1.2) in [LJR04a, Section 5]. The solution to the SPDE can be constructed
directly in terms of a Wiener chaos expansion, [LJR02, Theorem 3.2]. Note that this
is the same as the Fokker-Planck equation for a Brownian motion with diffusivity o2
moving through a velocity field qu, where the coefficient of the Laplacian part is

v instead of o2 because of the Itd correction from the stochastic integral. A version
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of the corresponding Backwards equation was studied in [ANV00], with an added
non-linearity, where existence of solutions was shown. Notice that v is exactly the
diffusivity of the Brownian motion X solving the SDE (3.1.1).

3.1.2 The Stochastic Heat Equation as a Limit

We are interested in the fluctuations of u far from the origin; hence, we look at the

rescaled quantities
u(t,x,y) == e%)‘%"')‘(y_x)u((), t,x,y + Avt) (3.1.6)

Where A € R is a parameter, and the prefactor is motivated by fixing the average

of v. From equation (3.1.3), we see

E[v(t,z,y)] —e 5N AT [w(0,t, x,y + \vt)] (3.1.7)
v 1 a—y—Avt)?
5Ny x)%e‘% (3.1.8)
1 (z—y)?
— QWte—Ti_ (3.1.9)
Note, this is independent of A. It is easily shown that v satisfies its own SPDE. Let
feCrR ) and define g(t,y) := _%)‘Qt"')‘(y_x)f(y — Avt). By definition, we have

Jrv(t,z,y) f(y)dy = [pu(0,t,2,9)g(t,y)dy. Thus, a straightforward calculation
using equatlon (3.1.5) leads to the equality

t
/ / Bsg(s, y)u(0, 5,2, y)dyds + f(z)
0 R

v t
= [ ottty = [ [ Gats.nu(0.5.0.p)dvds

t
- M/ / 6_%)‘2t+)‘(y_z)()\f(y —Mvt) + f(y — Avt))u(0, s, z,y)W,(ds, y)dy.
0o JR
Noticing that dyg(t,y) = —5929(t,y) + % e BN Al ) f(y — Awt), we get

| ey = 1) (3.110)
:;/0 /Rv(s,y)f”(y)ddeM/O /Rv(s,y) (Af(y) + f'(y) Wy(ds, y + \vt)dy.

(3.1.11)
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Finally, we note that the field W, is translation invariant in space, it follows that v

is equal in distribution to the solution to the SPDE below.
O = %Ayv + AW, — pd, (UWP> , v(0,-) = 0. (3.1.12)

We aim to vary p, A\, 0 and p in such a way that v converges to the stochastic heat
equation in the limit. The SPDE (3.1.12) suggests we should have A = % and
take p to 0 in the limit so that the middle term in the SPDE remains fixed, whilst
the final term hopefully vanishes. We also need Wp to converge to a space-time
white noise. Thus, take p to be a mollifier and replace it with p,(z) := np(nz),
so that the desired limit is achieved as n — oco. The quantity % determines the
correlation length of the random environment W,, ; the larger this correlation length
is the farther the distance within which particles begin to interact; thus, a larger
correlation length increases the effect of the environment. For simplicity, we let the

remaining parameters depend on n, with A(n) = L) and pu(n) — 0 as n — oo.

wn
The final constraint is on the diffusivity, given below; we require it to converge to a

positive constant in the limit.

v(n) —u(n)z/pn(ac)Qdac + o(n)? (3.1.13)
=nu(n)? /p(x)de + o(n)?. (3.1.14)

The requirement that the diffusivity, (3.1.13), converges suggests two other cases

of interest: In the first we choose o(n) such that o(n) — 0 as n — oo, and take
1

pu(n) = n~2; For the second we take p(n) = n~2 and keep o(n) > 0 constant to
keep the diffusivity v(n) fixed. Interestingly, for these two cases, looking at the
moments suggests different scaling regimes to looking at the SPDE. In the next
section we study the moments of v under various parameter choices and conjecture

three regimes where the stochastic heat equation should appear.

3.1.3 Convergence of Moments

We can use the N point motions of u to find the moments of v when tested against a
function. The N point motions of u are the Markov processes in RN with transition
function defined for z € RN and A ¢ RN by PYN (z, A) = E[[, [;L 1 u(s,t, z;, y;)dy].
They can also be described as the coordinates of the solution to a system of SDEs.
Let B = (B,...,BY) be a standard Brownian motion in RY, and W,, :== W, be
an independent Brownian motion on L?(R;R), as described in Section 3.1.1, and
suppose both are defined on a filtered probability space (€2, A, F,P), where F is the
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filtration generated by (B, W,,). We consider the following system of SDEs.
dX'(t) = pWy(dt, X'(t)) + cd B'(t). (3.1.15)

As a consequence of [Kun94b, Theorem 3.4.1], the system of SDEs has a unique
solution adapted to the filtration generated by (W, B). Indeed, each X depends
only on (W, BY), so that the X* are conditionally independent given W. We also have
that the solution is a continuous martingale under P, and calculating the quadratic
variation of X?, we find (X%)(t) = vt. It follows from Levy’s characterisation of
Brownian motion that each X? is a Brownian motion. The fact that the process X
is the N point motion for the flow of kernels u follows directly from the definitions

and that the X? are conditionally independent with respect to W,.

In the following, the probability measure P, with expectation E, denotes the law of
X = (X!, X?), which is the solution to (3.1.15) with initial condition (x,z).

We can also check under which scalings the variance converges to that of the stochas-
tic heat equation. For arbitrary A, u, o, p, it follows directly from the definitions of
v, (3.1.6), and wu, (3.1.2), that we have the following equality.

2
B | ( [ ot stian) ]
2
=K (/ 65/\2t+>‘(y—z)u(0,t,x,y+Ayt)f(y)dy) ]
R
—E, [e*VVt“(Xl<t>*$+X2<t>*x> FOXL(E) — At) F(X2(8) — Ayt)} . (3.1.16)

By Girsanov’s theorem, see for example [RY13], under P, := (X' 4+ X?)(¢) - P,,
where £(X! + X?) := X ()2t X2()=2) =3 A XX () g the exponential martin-
gale, the processes (X(t) — (X% A\(X1+X?))(t));>0 are local martingales for i = 1, 2.
We denote the expectation under P, by E,. We can easily find the quadratic varia-
tions from (3.1.15): (X1)(t) = (X?)(t) = vt so that (X*(t) — (X, M(X 4+ X2))(#))i>0
are Brownian motions with diffusivity v under P,. It follows that (3.1.16) can be

rewritten as
B, [0 (v ) £(Y2(1))] (3.1.17)

where Y¥(t) := X*(t) — Avt. We have the following description of the process Y.

Proposition 3.1.2. Under P,, the process (Y)i>o0 is a diffusion with generator G
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which acts on f € C2(R?) as follows

0

9 2
o PRORID BV B L)
i=1 v

0y;0y;

2
Z (0%0i5 + 1°p(yi — y5))

l\.')M—t

(3.1.18)

0; ; denotes the Kronecker delta.

Proof. From the discussion above, we know that the processes (M*(t))¢>0 := (Y*(t)—

A fo (Y1-Y2)ds);>0 are continuous local martingales under P,.. Further, we know
(Y%)(t) = vt, and thus, the M’ are Brownian motions by Lévy’s characterisation.
For any f € C2°(R?), we have from the above discussion and It&’s formula that,

under P,

FY (1) =f((z,2)) +/ VF(Y(s))-dY(s)

/ AF(Y(3))ds + / aylayg(Y(S))ﬁ(Yl(S)—YZ(S))dS

=f((z,x) /Vf ~dM(s) + A 22/ 6% (Y1(s) —Y?(s))ds

/Af Ns+ 12 [ =L (v () (s) - Y2(s))d
s + p? Do s))p s s))ds.

Notice that the right hand side is a constant plus a stochastic integral plus fot Gf(Y(s))ds.
Since we know that the M? are Brownian motions and f € C°(R?), the expectation

of the stochastic integral is just 0. Therefore, we have the equality

B, /(Y ()] = F((oa)) + Ex | [ G5 (yas).
which proves the statement. O

We can compare (3.1.17) to the corresponding second moment for the stochastic

heat equation with diffusivity n and initial condition J,
Oz = gAyz + KW, (3.1.19)

From [BC95], we have that the variance can be written in terms of a pair of inde-

pendent Brownian motions with diffusivity n.

(/ z(t,y)f(y)dy>2

E

_E. {“”LO(B B (B f(B2)] (3.1.20)
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In the above equation, B!, B? are a pair of independent Brownian motions in R,
each with diffusivity 1, both starting from z under E,. £%(B' — B?) is the local
time of B' — B2 at 0, see [RY13] for details. From Proposition 3.1.2, we have

(Y1 —Y?)(t) = 2vt — 2u2 /t p(Y1(s) = Y?(s))ds
0

=2 [ ((0) - Y )~ V().
0

Hence, the occupation times formula gives

TN p(Y(s) = Y?(s)) 1 y2y(g
0= [ G - s v Y
2 ~
K PL2) LE (Y'Y —Y?)dz. (3.1.21)

The above equality provides a link between equations (3.1.17) and (3.1.20), which

we can exploit to show the convergence of (3.1.17) towards (3.1.20).

Once more replace p with p,, and let u, o, and A depend on n. We shall proceed
formally, and leave the details for later. If we can show A(n)?(Y'!, Y2)(t) is converging
to a multiple of the local time at 0, whilst A(n) — oo as n — oo, then the bracket
(Y1, Y?)(t) must be vanishing in the limit, suggesting (Y!,Y?2) is converging to a
pair of independent Brownian motions with diffusivity lim,,—,~ v(n), which we need
to be positive. Consequently, the limit of the expectation (3.1.17) is of the same

form as the variance of the stochastic heat equation (3.1.20).

From (3.1.21) we see

Li(Y!—Y?)dz

(3.1.22)

_)\(n)z'u(n)Z p(z) 2yl y2y g,
N b= o A
(3.1.23)

This equality suggests several choices of scalings depending on the behaviour of the
denominator in the above integral. The first is to keep both terms in the denominator
fixed, i.e. choose a constant o(n) = o constant and set p(n) = n~2. We then
need to fix the prefactor, so we substitute A(n) = u(n)~! = /n. In this case,
we have v(n) = u(n)? [ pn(x)*dz + o(n)?, p(n) = n~2 and o(n) = o, so that
v(n) = [ p(z)?dz + 0* = v is constant and positive. If we substitute (3.1.23) into
(3.1.17) with these choices and take n — oo, then we expect that (3.1.17) converges
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to
E, |e3@ B0 Y2 (v L)) F(YV2(8)) ] (3.1.24)

where Y, Y? are independent Brownian motions with diffusivity v under P, and
Co=[= +pp o(z) —ydz. We will call this the fixed diffusivity and environment regime.
Since we assumed that p is non negative, this is also true of p and thus

_ p(z) s 1 S SR
Co = /a2+p(o) ()d = 02+ﬁ(0)/0( )d T (3.1.25)

using that [ p(z)dz = [ fp z—y p(y)dydz = ([ p(y)dy)? = 1, and that by symmetry
of p we have p(0) = [ p(—y)p(y)dy = [ p(y)®dy. This suggests that if the SHE is
appearing in the hmlt then 1t appears with parameter kK = (va)% > 1, which differs

from the parameter suggested by our consideration of the SPDE (3.1.12) at the end

of Section 3.1.2, where the discussion lead us to anticipate k = 1.

The second regime we can consider involves choosing a constant o(n) = o, but
allowing nu(n)? to vanish as n — co. Letting nu(n)? = n? for a < 0, we again need

1 :
—1 =n27% Since nu(n)? — 0 as

to fix the prefactor, so we must choose A\(n) = u(n)
n — 00, we have v(n) — 02 > 0 as n — co. In this case, we get that the expectation

should converge to
0 1 2
B, [e22 50 B0 p(BY ) £(B2(1)) | | (3.1.26)

here, B! and B? are independent Brownian motions with diffusivity ¢ under P,.
This suggests v is converging towards the SHE, (3.1.19), with n = ¢2 and x = 1.
Notice that these parameters agree with our prediction from the SPDE itself, at the

end of Section 3.1.2. We’ll call this the weak environment regime.

The third is to take o(n) — 0 as we take n — co. We will set o(n) = n~ for some

a > 0. In order to ensure v(n), (3.1.13), converges to something positive, we must

have p(n) = noz. Thus, (3.1.23) becomes
A(n)Q /3(2’) z/n
2no n)2/1+a(n) 2(5(0) — p(z ))ﬁt (Y- Y?)dz (3.1.27)

(P
“2) p—a—1

Ly Ay - Y?)de. (3.1.28)

Ay / pln~

2t 1402 (p(0) — p(n=z))

With o(n) — 0, the above integral is converging as n — oo, so that the above
A(n)?

no(n)

the choice A(n) = n"2". Note that this choice disagrees with the A\(n) = p(n)™!

expression converges as n — oo as long as converges. This suggests we make

82



requirement suggested by the SPDE! (3.1.28) then becomes

1 ﬁ(n_az) n—(a+1), 1 2 z
2 / 1+ n2a(p(0) — Ig(n—az))ﬁt (Y —Y")dz. (3.1.29)

Which we can expect to converge to J%E?(Bl — B?), where B! and B? are

independent Brownian motions with diffusivity 5(0) = [ p(y)?dy, both starting at

x. Therefore, in this regime we expect (3.1.17) to converge to

e 2./ —p" (0)

FBY)) F(B2(1)))] - (3.1.30)

©5(0) EO BlfBQ

E, [ i )

We'll call this the weak diffusivity regime. This limit suggests the limiting SHE has
Vrp0) (ﬂllpllg

1 7
(—propt NIl
in the SPDE (3.1.12) have vanishing coefficients. Despite this, we conjecture the

K = )5. However, with this choice of scalings, both noise terms

limit is not the deterministic heat equation as looking at the SPDE suggests.

It is possible to generalise the above argument to show convergence of all moments
towards the corresponding moments of the stochastic heat equation. However, since
the moments do not determine the distribution of the stochastic heat equation, this
would be insufficient for a proof of the convergence of v towards the stochastic heat

equation.

If we set ng“(%); = n2* and A\(n) = n?, we get the phase diagram in Figure 3.1 de-

scribing the conjectured n — oo limit of v under the different choices of parameters.
For (a, 8) below the SHE line, the limit is the heat equation. This can be shown
via moment convergence using a straightforward extension of the arguments used
above, which we cover more rigorously for the weak environment regime in Section
3.2.2. Above the line we conjecture the limit is 0 in probability; we expect that
most of the mass is collecting into large spikes, which occur at a given point with

low probability.

Below we summarise the distinct regimes in which we conjecture the appearance of

the stochastic heat equation, based on our above moment calculations.

1. Weak environment, where we have nu(n)? vanishing in the limit and o(n)
is constant, so a < 0 in figure 3.1. We also take A(n) = u(n)~!, so that

8= % — a. The coefficients for the SHE are n = 02 and & = 1.

2. Weak diffusivity, where we have nu(n)? constant and o(n) vanishing in the
A(n)?

no(n)

limit, so we have p(n) = n~2 and @ > 0 in figure 3.1. Here we require

11—«

11—«
to converge, so we set A(n) = n 2 . Hence, we have 3 = =5

in figure 3.1;
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npm)? — 0 o(n)? =0

SHE

NI =

Heat Equation Sticky Flow

y

1 o

Figure 3.1: Above the line we expect the limit to be 0 in probability, below the line
the limit is the heat equation. On the § = 0 axis the limit is a sticky flow for a > 1,
for o > 1 it is the Arratia flow.

1

2 .
. Since we need

2
the coefficients for the SHE are n = p(0) and xk = (ﬂ%l";)
A(n) — 0o as n — 0o, we require o € (0, 1). Note that for o = 1 the limit is a

sticky flow.

3. Fixed diffusivity and environment, where nu(n)? and o(n) are held con-
stant, i.e. pu(n) = n~% and o(n) = o > 0, we also take A\(n) = p(n)~! = ns.
In the diagram, this is the green dot where the line hits the § axis and o = 0.
In this regime, the limiting SHE should have x = C, > 1 and n = 1.

Interestingly, it is only the weak environment regime which agrees with the choice of
scalings suggested by looking at the SPDE, which we discussed at the end of Section
3.1.2. A possible reason for this comes from observing that the termwise limits of
the chaos expansion of v in the other two regimes have second moments that are
strictly less than the limit of the second moments of v. One interpretation of this is
that the limit, if it exists, is no longer a functional of the noise W. In this chapter,
we will consider the Weak environment regime, where we can make use of the chaos

expansion to study the limit.

Remark 3.1.3. For fized parameters (p, o, ju, A), it is not difficult to show that the
diffusively scaled tilted density e~ *v(e~2t,e~1y) is equal in distribution to the tilted
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density with parameters (peq,a,a%u,a*l)\). Thus, if we set p = /2 and fix the
parameters p,o and A, whilst diffusively scaling v as described, then we are in the
weak environment regime corresponding to (o, ) = (—%, 1) in figure 3.1. This is the
regime studied by Corwin and Gu, in the discrete setting of random walks in random
environments, [CG10].

3.2 Weak Environment Scaling

In this section, we’ll consider the weak environment scaling, and therefore fix o > 0.
A special case of this regime was studied by Corwin and Gu for the discrete analogue
of our model, a random walk in a dynamic random environment. For an i.i.d space-
time random environment, the probability density function of the RWRE has been
shown to have fluctuations that are governed by the stochastic heat equation in a
[CG16] in the diffusive scaling limit, on trajectories that are at ¢ distance from
the origin. This was shown by proving the termwise convergence of discrete Wiener

chaos expansions to their continuum counterpart for the stochastic heat equation.

Following the proof for the discrete case, we will show termwise convergence of
the Wiener chaos expansion towards that of the stochastic heat equation. The
method requires some restrictive assumptions on the choice of scaling parameters,
which we do not believe to be necessary for the convergence to hold, namely the
environment coefficient, p(n), must be chosen to decay faster than %, whilst the
moment calculations of the previous section suggest that the result should hold as

long as u(n) decays more quickly than ﬁ In the discrete setting, the result was

1

= ., see remark 3.1.3.

proven for the case corresponding to p(n)

Let W be a cylindrical Brownian motion on L?(R;R) defined on a probability space
(Q, F,P), so that we have the formal covariance E[W (t, 2)W (s,y)] = (sAt)do(z—y).
Let p € C°(R) be as described at the beginning of Section 3.1.1 and set py(z) :=
np(nz). It is easily shown that p, satisfies the same assumptions as p. Define
Wy, == W,, = W x p,, where the convolution is in the space variable. Note that for
f,9 € L([0,T] x R) we have E[(f,W,)(g, Wa)] = [} [g [ * pu(s,y)g pals,y)dyds,
where, once again, the convolutions are both in the space variable and W,, denotes
the formal time derivative of W,,, so that the integral is defined via a stochastic
integral. This is simply equal to fOT Sz f(s,y1)9(s, y2) pn(y1 — y2)dyds where pp(z) :=
[ pn(z — y)pn(y)dy. For a constant 3 > 1, set u = n~5. Let u, be the density of

the flow of kernels, as in Section 3.1.1. Denoting the formal time derivative of W,
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by W, up is the solution to the SPDE
Oy, = %Aun —n~"9, (uan) . (3.2.1)

In the above equation, v, = =2 [ p,(y)2dy + 0 = n'=28 [ p(y)®dy + 0. Thus,
nl=28 J p(y)?dy governs the strength of the random environment in the above equa-

tion, so that in the limit as n — oo the effect of the environment should disappear.

We define the tilted density as in equation (3.1.6), with our choice of parameters.
vn(s,t,x,y) == e%”w(t_s)“‘"ﬁ(y_x)un(s, t,z,y +nlun(t —s)). (3.2.2)

We will most often suppress the s variable and use the notation vy, (¢, x,y) = v,(0,t, x, y).
In the following, we will assume we defined u,, with respect to the tilted field defined
by Wi(t,x) := Wy(t,x — nPu,t), note that this does not affect the distribution of
the stochastic integrals. The SPDE for v,, is then

Ijn . _ .
Orop(t,x,y) = ?Ayvn(t,x,y) + 0, Wa(t,y) —n %9, (vn(t,x,y)Wn(t,y)> . (3.2.3)

Note that v,(0,z,y) = e”ﬂ(y_x)u(0,0,a:,y) = §(xz — y), where the multiplication

makes sense because the exponential is a smooth function.

For X the solution to the SDE (3.1.1) with initial condition x, we have

/ un (0, £, 2,y) f (y)dy = EP[£(X,)]. (3.2.4)

Where EB is the expectation over the law of the Brownian motion B. So that the

rescaled quantity v,, satisfies
/vn(t, 2,y) f(y)dy = e~ 3P [ (Xm0 (X, — nPut)). (3.2.5)

We aim to show that as n — oo, this converges in an L? sense to the solution to
the stochastic heat equation with diffusivity o? integrated against f. The proof
proceeds in two parts: in Section 3.2.1, we’ll show termwise convergence of the
chaos expansion, and in Section 3.2.2, we’ll show the second moment converges to

the correct limit. Together this suffices to prove the desired L? convergence.

3.2.1 Chaos expansion

It was shown by Le Jan and Raimond [LJR04a], that for any f € C2°(R) the random

variables [, f(y)un(s,t;z,y)dy are given by an explicit Wiener chaos expansion.
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This can be seen as a Le Jan and Raimond originally considered this chaos expansion
in [LJRO2|, where they used it to show that strong solutions to non-Lipschitz SDEs
are given by random Markovian kernels. The aim of this section is to show the term
by term convergence of the chaos expansion of v, towards that of the stochastic heat
equation. We’ll begin with a brief introduction to chaos expansions, see [Jan97] for
full details.

Let Ay := {t € R*"0 < t; < ... < t,}, for f € L?(AF x R¥) we can consider the

stochastic integral

/ F (s oo s 1 oo )W (it i)W (e dye) = / / £ty W (dt, dy),
Ak JRE Ak JRE

which can be defined by iteration. For f € L?(A; x R¥) and g € L?(A; x RJ) we

have

[/ Py [ ,g(t,mw@f(dt,dy)}=<f,g>L26~,k
Ak JRE RJ

Where 6, is the Kronecker delta. In fact, the stochastic integrals above provide
an isometry between L? random variables measurable with respect to o(W) and
®2° | L*(Ag x R¥). For linear SPDEs it is often possible to find an explicit chaos
expansion for the solution, which we now demonstrate for the stochastic heat equa-
tion. Let z be the solution to the stochastic heat equation with driving noise W and
initial condition d,, where x is a constant and y is the space variable, i.e.
o? .
Oz = ?AZ + 2. (3.2.6)

We will denote by P/ the Heat operator with diffusivity v, and by pY the corre-
sponding kernel; that is,

P! f(z) = /Rpr(:c —y)f(y)dy = W/

Following the survey [Quall], we can write the equation in Duhamel form.

2(ty) =pf (y— ) + /0 /Rp?is(y —y)z(s,y )W (ds, dy').

Iterating this equation we see that z can be written explicitly in terms of a chaos

expansion, for further details on the chaos representation of the stochastic heat
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equation see the review [Quall]. Let Ag(t) := {t € Aty < t}, then

Z(t y)=p{ (y — )

2 2
/ / T)pe,—s, (Y2 — y1)--Pi_s, (Y — yx)W (ds1, dyr).. W (dsy;, dyx)-
Ap(t) JRF
When 2 is integrated against a test function f € C?(R) we can write

[ =t sy
_po” f(:c)+§: /A . P (W(dsl)P;g . (...W(dsk)Pf_ZSk f))(:p). (3.2.7)

k=1

Now we move on to the chaos expansion for the flow of kernels from Le Jan and
Raimond [LJRO04a]

/ unlty 2, 9) F )y = PP () + 30 T (). (3.2.8)
k=1
Where J;ft f(z) is defined via the inductive formula below.
t ~
T =0 [ (Waldu)0,P5) (o) (329)
With J3, f(z _Bf P ( (du, )GyPt”_”uf> (x). The stochastic integral is
constructed as follows, for an orthonormal basis of L?(R), (ex)ren there is a sequence

of independent Brownian motions (W*),cn such that W, (¢, y) = Y00, prxex(y)WE,

the above expression is given by the following sum
ﬁz/ TE (on # s+ nPv)0, P, ) ()WL (3.2.10)

The above stochastic integrals are defined using the usual It integration.

By iterating equation (3.2.9) we can write Jit f(z) in closed form.

51—8 s2—51 t—sy,

n’fﬁ/ P Wi (dsy)0y Pl Wi (dsa) ... Wy (dsg)y P, f(z).
<51 << s <t

It is clear that if f € C2(R) then enﬁ('_x)f is as well; thus, we can find the chaos
expansion for [pun(0,t; 2,y + nﬁunt)e"’g(y*‘”)f(y)dy, from which we can find the
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chaos expansion for v,. Ultimately, we get the following equality.
Vn = k,n
[ enlte sy = P s(@) + Y18 o) (3:2.11)
k=1

Where 7 is defined through the following recursion, and the stochastic integrals are
defined as in (3.2.10).

I8 f(a) = /t Thon <Wn(du, ) (1 + n—ﬁay) Pt”_"uf> (). (3.2.12)

This is seen by noting that since
[ onltz iy = [ w0ty e D gy
we must have
/”n(t, z,y) f(y)dy =" W= ITET P (f(- — nPuy)) ()

+ 3 R gk (-~ P (@),
k=1

We can define If”t"f(x) = e”ﬁ(y_“’")‘*'%n”wt,]&t(f(- — nPu,t)(x). Tt is easily checked
that the first term on the right hand side is exactly P/ f(x). It is then easy to
derive the recursion relation (3.2.12) from the recursion for J (3.2.9) by using an

induction argument.

Our aim is to show that the Wiener chaos expansion for vy, (3.2.11), is converging
term by term in L? to the Wiener chaos expansion of the solution to the stochastic
heat equation in line (3.2.7). To show this, we will expand each term in the chaos

expansion (3.2.11) using the following basic equality.
Ou Py f () = P [/ (). (3.2.13)

This follows immediately by integrating by parts, after a straightforward application
of the dominated convergence theorem to pass the derivative through the integral.

This allows us to rewrite the recursion formula, (3.2.12).

k,n _ ! k—1,n Un —B g/
Is,t f(x) _/ Is,u (Wn(du7 )Pt—u(f +n " f )) (CU) (3214)
o ot
= E (oo e)) P 2 (x)dWi. 2.
];/0 Lo ((p ) P, (f 7" f )) (x)dW; (3.2.15)
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Iterating this equation, we get an explicit formula for Ii}".

k
Iy f (=)
(o]
= > / (P * € ) Pur (3.2.16)
G1seji=1 sSup<...<u1<t
((1 + 00y (pn * €5 VPU e P (f A0 TP f’)) (z)dWi...dWik.

We show this converges to the corresponding term in the chaos expansion for the

stochastic heat equation in the following proposition.

Proposition 3.2.1. For each x € R, t > 0 and k € N the following convergence

holds, as n — 0o, in the L? sense
k,n k
Ly, f(x) = Lo f ().

Above I(’f’tf(z:) denotes the k' term in the chaos expansion for the stochastic heat

equation, integrated against f, in terms of W as written in line (3.2.7).

Proof. We begin the proof by expanding the expression on line (3.2.16), using the
fact that derivatives commute with the heat operator. Writing out the heat operators
in full, and denoting the k** spatial derivative of W,, by W,Ek), so that W,gk) =
Z;’;l(p,(f) x e; )Wk where j‘}gk) denotes the k'h derivative of the function f, we can
rewrite (3.2.16) as

Z Nd/ /pZ{L(x,yl)Wn(dSLyl)/pZ;sl(ylayz)
0<s1 < <5<t

dGDjyk

k

S i

=0
W) (dsa, y2) /pZQf—SQ (y2,93) - - - W™ (s, ) (3.2.17)

/ptyfsk (ks Y1) 9 (Y1) Ayt - - - dyn.

Here, Dj = {d = (dy,...,dy) € N§| SF d; = j, S}, d; <1} and Ny € N
depends only on d € D;; and accounts for repetitions; it is easy to see that when

dzOGN’S,WehaveNdzl.

Now we’ll show that all terms of the above sum for which we do not have d = 0
vanish in the limit in the L? sense. We’ll start by looking at the variance of the

stochastic integrals in each term of the sum.

It is easily shown that we have E[W®) (s, 2)W®(t,9)] = s A tJz p%) (x — z)pq(f) (z —
y)dz = (s At)(—1) ;3,(3” (x — y), where we have used integration by parts to get
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the second equality. Therefore, we have the following equality for the stochastic

integrals.

EK/ /pZT(UC,yl)Wn(dSlayl)/P?;sl(ylaw)Wédl)(dS%yz)
0<s1 < <53, <t

2
i i
0 dses) [ oy () s dyl) }
k=1, v v ~
=(—1)>i=1 dl/ /ps?(x,yl)ps?(x,yi)pn(yl —4)
0<s1 < <5, <t

~(2dg—
/pEZ—skl(yk17yk)p?Z—sk1(y;€1ay;e)p£L o

(e — o)
/ P o Wiy U )P o Wi Ve 1) P (1) £ (Why ) dydly/ dis.

The above expression can be rewritten as

2d;
’/ / / (Hpslsl 1 yl 1ayl)pslfs.b 1(yz layz)pg 1)(yz _y;))
0<s1<...5, <t JREk+1 JRA+1 el

P o W U )P o, Wi Vs 1) F ) (1) %) (1) dydy'dis)
Where we have set yo = y, = = and sp = dp = 0. Since f,p € C*(R), we can

perform a change of variables by replacing y; with y;/n + y, for each 1 < i < k,

we can also use the bound p;"(y) < (27wnt)_% to get that the above expression is

bounded by
si = 8i-1) 2P (Yhoq, )54 (w)!)

n2—dx)
(2mvy) ;1 /0<51< sE<t /Rk+1 /R’“‘*‘l
(3.2.18)

_1 Un, .
(t = s6) 720" o, Wk Ve ) 1P (i) £ (yn ) [ dydy dis, (3.2.19)

= 1

where the extra powers of n come from rewriting the derivatives of the p,, in terms of
p, and using the equality Zf;ll d; = j —dj. Since f,p € C°(R), there are constants
C,C > 0 depending only on f, p and k such that the above expression is bounded
by

Cn2U—d) / 1
0<s1<-<sp<t V/S1V/582 — 851/83 — S2.... /S — 5p_1\/T — 8},
=Cipz (=1 p20—di) (3.2.21)

ds (3.2.20)
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Hence, we get the following bound on the variance of each term in line (3.2.17)
C N3tz (k=1 p20—dk) =258 (3.2.22)

Where the constant C has changed between lines, but remains positive and depen-
dent only on p, f, 7 and k. It’s clear from 0 < dj, < j that 2(j —dg)—2j6 < 2j(1—-0),
which is strictly negative if j > 0 and 8 > 1. This proves, for g > 1, that all terms
in the sum (3.2.17) apart from that with j = 0 vanish as n — co. Since the sum is
finite, and the constants are dependent only on p, f,d and k, this shows that their

sum vanishes as well.

Remark 3.2.2. The above step is the only part of the proof of the main result where
the assumption B > 1 is required. It should be stressed that the result is expected to
hold for all B > %, and that we believe the need for B > 1 is a technical requirement

of the proof only.

Hence, only when we have j = 0 in line (3.2.17) does the term survive to the L2
limit, in this case D;; only contains a single element, d = 0, for which Ny = 1.

Thus, the only term in (3.2.17) that survives into the n — oo limit is the one below.

/ /pZT(x»yl)Wn(dshyl)/pZ;sl(ylayz)Wn(dSmyz)
0<s1 < <5<t
/ng—@(y%y?’)‘--Wn(dskvyk)/p?nsk(ykyyk—i-l)f(?/k—l-l)dyk—l-l'del‘ (3.2.23)

We just need to show that this converges to the corresponding term in the chaos
expansion for the stochastic heat equation. Recalling that we defined W,, = p, x W,
this amounts to showing the stochastic integral with respect to the mollified noise
converges to the stochastic integral with respect to the original noise, which we now

show.

Once again we need to show L? convergence, Itd’s isometry gives us that the variance
of the difference between (3.2.23) and the limit (where W, (ds, y)dy is replaced with
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W (ds,dy)) is given by the following expression.
/ / / P (@ y0)py @, 91) 0, ks Y1) 5 (Vo Y1)
0<s1<<sp<t
(H P (Yi > F 1) f (Yhya ) dydy'ds

2 2 2 2
+ / / / pe, (@, y1)pg, (,y1) -+ P s, (ks Yrr1)PT—s, (Uk> Yt 1)
0<s51 <<, <t
S W) f Yy 1) dydy’

2
9 / / / P2 ()P (@t P, (U U )PS5, (W Us)
O<81< <Sk<t

(H Pn(Yi > f(Wrs1) f (Ypp1 ) dydy' ds.

Following the same lines as before, we make the change of variables y; — y;n + yi.
A straightforward application of the dominated convergence theorem shows that
the resulting expression converges to 0, as required. Hence, we have term by term
convergence of the chaos expansion for v to the chaos expansion for the solution to
the stochastic heat equation (3.2.7). That is, the L?(£2) limit of the k' term in the

chaos expansion for v (3.2.11) is given by

/ / p7 ()W (dsy, dyn) / 0 )W (dsa dys)  (3.2.24)
0<81< <Sk<t

/ p% s, (Y2, y3) - .. W (dsy, dyg) / D7 o Wk Uk f (1 )y (3.2.25)

2

Here, p is the heat kernel with diffusivity ¢2. This is the same as the k" term of

the stochastic heat equation. O

Termwise convergence of the chaos expansions is not enough on its own to prove
convergence, we must also show that nothing is escaping description by the chaos

expansion in the limit, leading us to consider the second moments.

3.2.2 The 2-point motions

We want to show the convergence of the second moment to the corresponding quan-
tity for the SHE. Once again, let z be the solution to the stochastic heat equation
(3.1.19) with initial condition ¢,. Bertini and Cancrini, [BC95], proved a formula

for the moments of the stochastic heat equation, below we state the formula for the
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second moment of the solution integrated against a test function.

(/Z(t,y)f(y)dy>2

LY denotes local time at 0 up to time ¢, and B! and B? are independent Brownian

E

—E, %515?(3132) FBY) F(B2(1)] . (3.2.26)

motions in R with diffusivity n, both starting from x.

We're interested in looking at the variance of the rescaled quantity (3.2.2) integrated
against a test function f € C2%(R), i.e. the quantity given in line (3.2.11). This
reduces to computing an expectation of the 2-point motions. That is, if X} and X?2
are the 2-point motion of the flow of kernels solving the SPDE (3.2.1) then

E [/Un(@ xl,yl)f(yl)dyl/vn(t, 2, Y2) f (y2)dy2

=E, [e*n%unﬁnﬁ(x;(t)fxﬁX%(t>*w2) FXEE) = nPrgt) f(X2(t) — nPunt)| . (3.2.27)

n

Denote the law of (X}, X2) by P?. We have that the quadratic variations are given
by

(X1, X2)(1) = 012 / F(n(X1(s) — X2(s)))ds,
0

Thus, Girsanov’s theorem tells us that under the measure

Q= o2 Punttn (X} () 21+ X2 (8) —w2) —n [§ (n(X}(s) =X (s)))ds P",
we have that X! (t) — nv,t —n'=P fg p(n(X}(s) — X2(s)))ds is a continuous local
martingale under Q?. Denoting the expectation with respect to Q7 by E2" we get
that line (3.2.27) is equal to

n n

B ol ORI 1) 4070 [ 51 (5) = ¥ 6))
0
1020+ [ () - Y3<s>>ds>} |

Where Y;i(t) := X}(t) — nPunt — n™P [ pn(Y;1(s) — Y;2(s))ds, so that Yji(t) is a
continuous local martingale under Q7. In fact, (Y;})(t) = (X!)(t) = vnt; thus, the

Y,! are both Brownian motions by Levy’s characterisation.

Since Y,! and Y,? are both Brownian motions (with diffusivity v, — 0% as n — c0),
it follows easily that the sequences Y,! and Y,? are both tight in C([0,7];R) and
therefore the sequence of C([0,7];R?) valued random variables, (Y,1,Y;2), is tight.

n» n

94



Taking a weakly converging subsequence, the Skorokhod representation theorem
gives us a sequence of processes (Z,)nen, defined on a probability space (2, F,P)
and taking values in C([0, T]; R?), which is converging almost surely to some limit
Z, with Z,, equal in distribution to Y,, under Q7 for all n € N. We start by showing

that Z is an R? Brownian motion, the first step is the following lemma.

Lemma 3.2.3. The following convergence holds in L*(Q2) for each t > 0, and in
LY(Q x [0,T))

t
nP(ZL Z2)(t) = nﬂ/ pn(ZL(s) — Z2(s))ds — 0, as n — oco.
0
Proof. Since p is symmetric and decreasing on R, we have that for any o € (0,1),
t
w [ n(Zs) ~ Z2()ds
0
t
=n'"" /0 P ((Za(s) = Z3(9)) (L zao-z3@l<n-=) + L(z3()-Z2(s)|>n-e}) 3
t
<n'Pp(n' =) + nlﬁ/o Pn(Z(s) = Zu(s))L(z3(5)- 22 (o)l <nmeyds. (3:2:28)

For any a € (0,1), n'=%5(n'=®) — 0 as n — oo. It remains to bound the second

term.

t
18 /0 Bn(ZL(5) — Z2(5)) L1122 (o)— 22.(s) <m0} 5

1-8 t 1 — s n—«
<M / {124(s)=Z3 (s) | <n =} dZE — 722)(s)
0

T2 o2 +nl=25(p(0) — p(n(Zi(s) — Z3(s)))) ~ " "
n'=# Y/l 2
< /n_a LY(Z) — Z2)dy. (3.2.29)

Where the the last line follows from and application of the occupation times formula,
see [RY13, Corollary 1.6, Chapter VI]. From (3.2.28) and (3.2.29) we get

E,[|n'~* /0 5 (n(Z1(s) — Z2(s)) ds]

1-B (. 1-a n!=# " Y/l 2
<n Pp(n TNt + o E.| L{(Z, — Z3)dy]
_n*(l

1-8 ™«

_a. _ n

—nt St s [ BIZ0) - 220 ol ~ o1 — 2~ ulldy
_n—o

1-f—a [9 t
Sn}—ﬂﬁ(nl—a)t+_n — ‘lgé%;'

Choosing a with 1 — 8 < a < 1 and taking n — oo we get the desired convergence.
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As a consequence we prove the limit of Z,, is as desired.

Lemma 3.2.4.
L = 4.
Where Z is a Brownian motion in R? with diffusivity 2.

Proof. Notice that for any k > 0, choice of functions f, ki, ..., hy, € C§(R?), and any
0<t; <..<tp <t<t+ s we have the following

t+s ;2 k
E (f(Zn(t + S)) - f(Zn(t)) - / 2Af(Zn(u))du) H hz(Zn(tz))] ‘
t i=1
t+s t+s 82]0 . ) k
<|E (t Vi(Zy) dZn+/t 8x13x2(Zn)d<Z , Z%) (u) il:Ilhl(Zn(tz))”
t+s k
LK (n12ﬂﬁ(0) Af(Zn)du> Hhi(Zn(ti)) ‘
t i=1

Since f and the h; are all in C3(R?), it follows that they are bounded, further that
83?125;2 is bounded. Giving, for some constant C' > 0 depending only on f and the

h;, the bound

We can use the martingale property for Z, to show the first term is just 0, and

t+s

t+s
E nl_%/ p(n(ZL — Z2))du
t

k
Vf(Zn) : dZn H hi(Zn(ti))
=1

+C’IE[

t

+ Cnt=25(0)s.

the previous lemma gives that the middle term vanishes in the limit, the last term
vanishes because 5 > % Since the action of the generator of a Brownian motion
with diffusivity o2 on R? is given by %QA, an application of [EK09, Theorem 8.2]
yields the convergence of the finite dimensional distributions of Z,, to those of a
Brownian motion. Since we already have that the sequence is tight, the result is

proven. O

Now we want to show the convergence of f(f pn((Z) — Z2%))ds to a multiple of the
local time L£Y(Z! — Z?).
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Lemma 3.2.5.
t 1
/ pn(ZE — 73 ds — 2—2£?(Z1 — 7%, in L*(Q) for each t > 0.
0 g

Proof. We start by once again applying the occupation times formula to get the

equalities

- 1 2 s—ﬁ ! p(n(Zy(s) = Za(s))) L 72y
fL =2 =3 || G ) A 2

) yn~l 1 52
O py B A

Hence, we need to show that the sequence of local times converges at least locally

uniformly. Let M, := Z! — Z2, we have from Tanaka’s formula
-1
0" (M) = £)(My)|

= ‘]Mn(s) —yn~| — | M, (s)| +/0 (sign(My,(s) — yn 1) — sign(Mn(s))) dMy(s)

<yln~" + \ | (n(,(5) = yn) = sign(a, s)) di, o)

t
:|y‘n71 +2 '/0 Slgn(y)ﬂ{|Mn(s)\§|y|n—1}dMn(5)

Hence, we have

t 1/2
n y
E,[|£Y/™(M,) — £2(M,,)[2]V/? < ‘n| - (ExP/O 1{|Mn(s)|<|y/n}d<Mn>(S>]>
3 i v
—U i (Bl i
n —lyl/n
1yl Jul/n 2
<L 4+ / Eo[|My(t) — 2| — |z1 — 2 — 2||d=
n —lyl/n
9 2 1/2
i ("y’ V”t) . (3.2.30)
n n ™

Where the last line follows from the fact that M,, = Z} — Z2 where Z! and Z2 are
Brownian motions with diffusivity v,,. This vanishes as n — oo. Next we need to

show the local time is converging. Defining M = Z' — Z2, analogously to M,,, we
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have the bound

\|M<t>\ ~ M0+ [ sign(M() M) ~ [ sign( (5))aM(s)

<M () — Mn(t)] +

/0 (sign(M(s)) — sign(My (s))) dM (s)

_|_

/0 sign(M,,(s))d(M — M,)(s)

From which it follows that
Eo[|L0(M) — L7 (M,) "'/

t 271/2
<Eg[|M(t) — My(t)]*]"/? + By /0 (sign(M(s)) — sign(My(s))) dM (s) ]
2] 1/2
<E.[|Z(t) — Zn(®)|?]V? + E, [2 /0 (sign(M (s)) —sign(Mn(s)))st}

+ B [(M — M,,)(6)]"?

+E,; /0 sign(My,(s))d(M — M,)(s)

1/2

¢ 1/2
<2E.[|Z(t) — Zn(t)\Q]l/2 +E, {2/0 (sign(M(s)) — sign(]\fn(s)))2 ds]

¢ 1/2
=2E,[|Z(t) — Z,(t)]}]"/? + <8/ P, (M(s) M,(s) < 0) ds) : (3.2.31)
0
For any € > 0 the following equality is true.

P, (M(s) My(s) <0)
<P (M(s) € [—¢, €], |M(s) — Mn(s)| <e) + Py (|M(s) — Mn(s)| = ¢).

Since %M = %(Z L' Z2) is a Brownian motion, the first probability is bounded
above by \/22% The second probability vanishes as n — oo, because M,, — M

almost surely; thus, also in probability. Hence, dominated convergence gives that
the second probability in (3.2.31) vanishes. Further, since we can get uniform bounds
on the fourth moments of |Z(t) — Z,(t)|, the almost sure convergence of Z,(t) to
Z(t) gives L?(Q) convergence of Z,(t) to Z(t). Therefore,

E.[|L0(M) — £Y(M,))Y? =0, asn — oo. (3.2.32)
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Since we also have Z,, — Z a.s. in C([0,T]) by construction, the same idea gives
T 1/2
</ E.[|£2(M) — ﬁ?(Mn)P]dt> — 0, asn — o0.
0
Hence,using the occupation times formula once again, we have

971/2

t 1
~ 1 2 0 1 2
E, </U pn(Zr — Z2)ds — 5.3 LYzt -z )>

t | X0 o N
b </O Pn(Mn(S))dS a ﬁ Vp — n_Qﬁﬁn(y) dyﬁt (M)> ]

} p(y) _i /
3 ™ 2| P
_ 1 ﬁ(y) y/n 0 2] V2
- x[<2/vn—ﬁ(y) (et (o 5t(M)>dy>]

( 1

E,[L}(M)*]'/?

Y)
50)— 5" " 207

(3 ] | 2 (e —etoan) | an)
A [ R0 gt
207 | T nlB0) - @)

+ da, [£2(M)?)1/2.

Where the last inequality is a consequence of Jensen’s inequality. Since |y|p(y) is
integrable and because the expectation vanishes due to (3.2.32) and (3.2.30), we can
apply dominated convergence to see that the first term above vanishes. The second
also vanishes, because the integral is bounded above by 5(0)/0? and the expectation

is finite. Thus, the result is proven. O

Finally, we show the desired convergence of the expectation.

Proposition 3.2.6. For f € C*(R), we have

E, |elo PrEO=ZRNE f (71 (0) 4+ 0P (23, Z2)(0) F(Z2(E) + 023, Z2)(1)))

~E, [eﬁﬁiJ(Zl—ZZ)f(zl(t))f(z2(t))] . asmn — oo.

As a direct consequence, we have

E [/vn(t,y)f(y)dyz] —E {/Z(t,y)f(y)dzf] , asn—oo.
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Proof. First note
B [efa 72 d“"f(Zl(

t) +
_eﬁcg(zlfz )f( ( ”
<‘E |:(€fo n(ZL(s)—Z2(s))ds _ eigg

0 Z, Zo)(O)F(Zn () + 0 Zy, Z3) (1))

22)>
F(ZA0) + (28, ZWO) (220 + 07 (2}, 25 (®)] |

I, [otr -2
(F(Za(0) + 0P (23, ZWNF(Z20) + 0 (23, ZD®) — F(Z )£ 231 ) ]|

From Lemma 3.2.3 we know n?(Z}! Z2)(t) — 0 as n — oo in L'(Q); thus, there
is a subsequence converging almost surely. Hence, as long as eL?(Z2'=2%) has finite
expectation, the dominated convergence theorem gives that the second expectation
vanishes on this subsequence. But, since every subsequence must contain a subse-

quence for which this convergence holds, it follows that
I, ozt

(£(Z8(0) + 0 (23, ZDW) I (Z20) + 0 (23, 2D (W) = (2 ) F(Z2)) ]|

— 0, asn — 0. (3.2.33)

To complete the above argument, we need to show the exponential of the local time
has finite expectation, later we will also need to bound the exponential moments.
Denoting M,, = Z! — Z2 as previously, it is a consequence of the monotone conver-

gence theorem that

e 2k k
E, [eﬁﬁ?%)] -y %EI[L?(MH)’“]. (3.2.34)
k=0 )

Hence, we need a bound on the moments of the local time. For this we apply
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Tanaka’s formula, setting M,,(0) = z1 — x2 = mo we have

el

E, 1LY (M)

=

:E:v ‘|Mn(t) - y‘ - ’mO - y‘ - /0 Sign(Mn(S) - y)dMn(S)

|
{

/0 sign(Mo(s) — y)dZi(s)

<E, :|Mn(t) — moﬂ FLE, /0 sign(Mn(s) — y)dMn(s)

1 2
<, ||Zp(t) - o |*]" + DB
i=1

k1%
]. (3.2.35)

Where the last line comes from the fact that M,, = Z! — Z2, and that Z} and
Z?2 are both Brownian motions with diffusivity v, for all n € N. Since the first
term is just the moments of a Brownian motion they are easily calculated. For the
moments of the stochastic integrals, we first note that they are clearly continuous

local martingales with quadratic variation
([ sign(Ma(s) ~ 9)dZis)) (1) = v | sin(Ma(s) ~)ds
0 0
= vpt.

With the last line following from the fact that P,(M,(s) —y = 0) = P,(Z}(s) =
Z2(s) —y) = 0 for all s > 0. In particular, the stochastic integral is also a Brownian

motion with diffusivity v,,; thus, (3.2.35) is given by

Kt ) kr1\*
AE, [‘Z}l(t) _— ] = Anm 20, T <2> . (3.2.36)
Giving us the bound
k41
E, [w%(Mn)\’“} < (AV2)Fr 2 (pt)F T <;> . (3.2.37)

Putting this bound into (3.2.34), we get

o0 2 k
ccomy] 1 (2v/202pCupt) k+1
B, [0 <22 57 A "\ )

Which is finite for all p € R, proving (3.2.33) is satisfied.
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It remains to show
’E$ [ (ef()t ﬁn(z}z(s)*zﬁ(s))ds 62 ,CO(Zl Z2)>
F(Z(0) + 0" (23, ZY )T (Z20) + 023, Z2(1) |

— 0, asn— oo.

Using the boundedness of f € C°(R), we see
’Ex[ (efo pu(Z3(5)=Z2(s))ds _ o5,2 L0 (2" = 22)>

F(ZA0) + 0P (23, Z2)(W) F(Z2(0) + 025, 22 @)

<CE, [6202”(21 22 efoﬁn(Z}L(S)—Zﬁ(8))d8—ﬁﬁ?(21—22)_1H.

Once again, we want to use almost sure convergence along a subsequence. How-
ever, in this case we cannot apply dominated convergence directly, so we split the

expectation.

=CE, [62 5 L2 —-2Z?) . Ot5n(z}L(s)fz,%(s))d3,2%24)(21,22)

- 1‘ l{enis}]

+ CEq [ k(2 =2 fmz,%(s)fZ%(s))dsfﬁﬁ?(Zl*Z2)—1(11{en

0>e1]

Where e, (t) == |n [ ( — Z2(s)))ds — 522 L9(Z" — Z?)|. Lemma 3.2.5 gives
that there isa subsequence along which n fo n(Z}(s)—Z2(s)))ds converges almost
surely to ﬁﬁg(Z L' — Z2); hence, dominated convergence shows that the first term
in the above expression vanishes as n — oo along such a subsequence. Again,
this argument gives that every subsequence contains a subsequence for which the
desired convergence holds, so it holds for the whole sequence. Applying the triangle
inequality, and then the generalised Holder inequality, we see the second term is

bounded by

N[

1
C’(Ez [eﬁﬁg(zl 22)} +E, [zfopn w8 ZQ(SWS}Q)P( W) > )7, (3.2.38)

Hence, we need a bound on the exponential moments of fg pn(ZL(s) — Z2(s))ds.

Using the occupation times formula for the first line and then Jensen’s inequality
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for the second, we have

([ putzico)- Z,%<s>>ds)k

_ 1 ﬁ(y) yn~ 1 72 F
- <2 / o2 + no‘fl(ﬁ(O) — ﬁ(y))’ct (Zn(t) Zn(t))dy>

52(1-k) ~ e
T [ o (200 - Z2(0)

Where, for the application of Jensen’s inequality, we used that

py) -2
| oo =

Hence, we can apply the bound (3.2.37) to find that the expectation is bounded
independently of n. Lemma 3.2.5 implies fg pn(ZL(s) — Z%(s))ds converges in prob-
ability to ﬁﬁ?(Zl — Z?). So that the above bound, together with the previous
bound on the exponential moments of £9(Z! — Z?2), implies (3.2.38) vanishes as

n — oo, proving the statement. ]

Theorem 3.2.7. Let z € C((0,T);C(R))' be the solution to the stochastic heat
equation (3.2.6) with driving noise W and initial condition 65, where x is taken as

a constant and y is the space variable. Then for every f € C°(R) and t >0

/ on(ts 2. 9) f (4)dy — / () f)dy,  in L(9).

Proof. This follows from the termwise L?(Q2) convergence of the chaos expansion,
and the convergence of the L2(Q2) norm to the correct value, (3.2.26), that we have
just shown. To see this, note that for wy,(t) := [wn(t,2,y)f(y)dy, and zf(t) =
[ z(t,y) f(y)dy we have

lewa(t) = 27Oy = lwa(®) 2200y — I2r Ol + 2027 (6) = walt), 27(t) 2(0)-
(3.2.39)

The first two terms cancel in the limit as n — oo due to Proposition 3.2.6. We
can write the last term as a sum using the chaos expansions. For any N € N,
the first IV terms of this sum will vanish due to the termwise convergence of the

chaos terms. Applying Proposition 3.2.6 again, we see that the remaining terms

"Where, for topological spaces X and Y, the space C(X;Y) denotes the space of continuous
functions from X to Y endowed with the topology of uniform convergence on compact sets. As
before C(R) is the space of continuous functions on R and we also endow it with the topology of
uniform convergence on compact sets.
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in the chaos expansion are bounded, for n sufficiently large, by (2[/zf(t)|z2(q) +

1/2
1) (Zk:N_H HI&JH%Q(QQ , where I(’itf is the k' term of the chaos expansion for
z¢(t) from (3.2.7). Since we have Hz]c(t)||2L2(Q) = >0 ||I(I)€,tf||%2(g) < 00, taking
N — oo gives the desired result. O

In the next section, we outline possible further work related to the weak environment

regime.

3.3 Further Work

Theorem 3.2.7 has several obvious extensions. The first of these is to remove the
restriction that S > 1, which we made at the start of Section 3.2, and complete
the analysis of the weak environment regime; we discuss this more at the end of
Chapter 4. The next extension is to strengthen the type of convergence; in princi-
ple this should follow from v, being tight in an appropriate topology, as Theorem
3.2.7 does serve to determine the limit. However, tightness results pose significant
problems, due to the necessity of dealing with moments of v,, itself, rather than the
integral of v,, against a nice function. Further, tightness requires control of higher
moments than the second, and beyond the second moment the estimates become
difficult to deal with, as the tilted diffusions become very complicated. Indeed, since
Kolmogorov’s criterion requires bounds on the moments of a Hélder semi-norm, we
would need to control at least the fourth moments, because the stochastic heat equa-
tion is %7 Holder continuous in space and if Hoélder continuous in time [Quall].
This means we need control on higher moments than the fourth moment of the time

increments and the second of the space increments.

Another question we can ask is whether the RWRE model we discussed in Section
1.1 has an analogue of the weak environment regime. The weak environment regime
for the RWRE corresponds to letting the distribution of the random environment be

very close to a deterministic one. That is, for a sequence of space-time i.i.d. random

environments w( = (w§3>)t,xez, we let wt(:? = % + n®wy 5, where (wyg)t ez is an
ii.d. collection of mean zero [—%, %] valued random variables. As in Section 1.1,

P refers to the law of the RWRE in a given realisation of the environment, w(™.

For a € [—%, 0) and some b determined by a, we are interested in the fluctuations of

the quantity
nP*™( X ([nt]2) = [n*TPAt + ny]2| X (0) = 0). (3.3.1)

Here [-]2 :=2[5] and A > 0 is a fixed parameter, for b = 0 we add the restriction
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that A < 1 to ensure that we are evaluating P“"" away from the edge of its support.
After a suitable rescaling, we conjecture that the above quantity has fluctuations
described by the stochastic heat equation in the n — oo limit. We conjecture the
statement holds when b is given by b = —%—a. This is an adaptation to the condition
for @« and B in the weak environment regime displayed in Figure 3.1. The reason
the conditions are different is because we are diffusively scaling at the same time as
we are looking far from the origin. So that a and b are not directly analogous to «
and . Instead, (a,b) is analogous to (a, 3 — 1). The effect of diffusive scaling on

the continuum model is discussed in Remark 3.1.3.

As we discussed in Remark 3.1.3, Corwin and Gu [CG16] showed that when (a,b) =
(—3.,0) quantity (3.3.1) converges to the solution to the stochastic heat equation,
when rescaled so that the mean converges to the solution to the heat equation. Note
that the mean is given by the transition probabilities for the simple symmetric ran-
dom walk, making the convergence of the mean to the solution to the heat equation
relatively straightforward. Hence, the appearance of the SHE in the weak environ-
ment is already known. We know of no results for other values of @ and b. It should
be said that for b > 0, no such result can hold, as the RWRE can only move one step
in space for every one step in time. Therefore, if b > 0, then quantity (3.3.1) would
eventually be 0 almost surely. We can however ask if there are analogous results
for the case b € (—3,0). This corresponds to setting 3 € (0,1) in the continuous
model, so that proving the result for b € (—%, 0) would provide further evidence for

the conjecture on the left side of Figure 3.1.
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CHAPTER 4

Weak Diffusivity Scaling

In this chapter, we investigate the weak diffusivity regime for the stochastic partial
differential equations introduced in the previous chapter, as we described in Section
3.1.2. In the following section, we will briefly recall the setup of our model from
Section 3.1.1 and the details of the weak diffusivity regime. After this, we will
discuss the major qualitative differences between the weak diffusivity and the weak

environment regimes and then the results we have for the weak diffusivity regime.

4.1 Setup

Just as in the previous chapter, we start with a cylindrical Brownian motion on
L?(R;R), W, and take a mollifier p : R — R satisfying the same assumptions as
at the start of section 3.1.1, and set W,, :== W % p,, := W % (np(n-)). Suppose that
(0,)52; is a null sequence of positive numbers and let v, = $(p* p(0) + 02). We're

interested in the weak diffusivity regime described in section (3.1.3). In this setting,
the tilted kernel vy, defined in equation (3.1.6), with A = (na(n))%, solves the SPDE,

By, = %Ayn + oM, W, — 020, (van) , (4.1.1)

together with the initial condition v, (0,y) = d;(y). An explicit form for v, can be

found in terms of the solution to an SDE. Given a standard Brownian motion on
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the real line, B, let X be the solution to the SDE:
dX (1) = n"2W,(dt, X (1)) + ondB(t). (4.1.2)

Where the stochastic integrals are understood in the It sense, see [Kun94b] for
definitions. Let EP denote the expectation over the law of the Brownian motion B.

Then v, is given explicitly by the following formula
vn 1

In the above equation, U is the flow of kernels associated to the SDE (4.1.2) by the
formula U4 (z, dy) = P(X(t) € dy|W, X(s) = x), and z € R is assumed to be fixed.

The relation (4.1.3) allows us to rewrite the moments of V,, in terms of the solutions
to a system of SDEs (3.1.15) called the n-point motions, which we introduced in

Section 3.1.3. In particular, for the second moment, we have the following equality

v 2
| [0t )
=E, |:eVnt+(non)%(X1(t)+X2(t)296)f(X1(t) _ (ngn)%,,nt)f(Xz(t) _ (nUn)%Vnt)
= Ex [eo'n fof ﬁ"(Yl(S))*YQ(S)de(Yl(t))f(YQ(t)> ) (414)

Where, following the discussion at the start of Section 3.1.3, we have performed a
change of measure in the second equality and the processes Y(t) = X*(t)—(noy,) Tupt
were described in Proposition 3.1.2. From this, we can show the convergence of the
moments towards the solution of the stochastic heat equation. This was briefly

discussed in Section 3.1.3, and will be discussed further in Section 4.2.

4.1.1 The Stochastic Partial Differential Equation

In [LJRO4a, Proposition 5.4], Le Jan and Raimond show that the flow of kernels
(Us,t)s<t, defined in (3.1.2), is equivalent to a flow of Markovian operators. The
same authors showed the flow of Markovian operators were the solution to a SPDE
in a certain weak sense, [LJR02, Theorem 3.2]. Recently, Dunlap and Gu, [DG21],
showed the flow of kernels satisfy the same SPDE as a generalised solution in the
sense of [Kun94al, . Further, they showed that the flow of kernels have continuous

densities with respect to the Lebesgue measure.

As discussed in the introduction for the previous chapter (in particular, see equation

(3.1.10)), the tilted density vy, from equation (4.1.3), is the solution to equation
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(4.1.1) in the following sense. Let (v,(t), f) = [ vn(t,y)f(y)dy. For all f € C*(R)

+Jn2/0 (vn(s),an(ds))—i—n_?/O (vn(8), fFW,(ds)). (4.1.5)

Where both stochastic integrals are understood as in the previous chapter.

Using the same ideas as in Section 3.2.2, we can show that E[{?] — 0 as n — co. We
use I[t0’s isometry for the space-time white noise to turn the second moment of the
stochastic integral into a deterministic integral, which we calculate using equation
(4.1.4), from Proposition 3.1.2.

E[f?) = n'E [( [ oo 5, <ds>)2]
— _1E[</ / Un(8)f') % pn(y )Qdydsﬂ

=n"'E, [/ on o OO £1(y Y (5)) (Y2 () (Y () — YQ(S))dS]
0
t
< Hf/HZOn—leI |:/ e fosﬁ(Yl( )— Y2(7‘))dr~ (Yl( ) YQ(S))dS:|
0
= 11" o) 7B, [erm OO ]

In a similar way to the arguments for the weak environment setting from Section
3.2.2, we can show the expectation on the final line above is converging; thus, we

have that E[f?] vanishes as n — oc.

Further, using similar ideas to the above argument which we cover in Section 4.2,
it can be shown that E[x?] converges to E[( fo 2:(8), fW(ds)))?], where 2, is the
solution to the SHE, (3.1.19), with parameters x = f””’]‘m and n = ||p||3. Thus,
we hope that * must converge to the noise term in the SHE. This is counter-intuitive
because the coefficient in front of x is converging to 0, and if v, is converging, then
it seems reasonable to expect that stochastic integral should also converge. Thus,
the whole term should converge to 0 and not to the noise term in the SHE. However,
this assumes that v,, is converging in a “nice” topology, for example uniformly on
compact sets, which we do not believe to be the case. As o(n) gets very small,
the mass of the density v, collects into large spikes, which leads to the increasingly

irregular behaviour of the product (v, (s)f, Wy (s)).

The discussion in the previous paragraph presents a second problem, it is not clear
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that (v, W) is converging to (z, W) where z, is the solution to the SHE driven by
W. This means we cannot show convergence to the to the solution of the stochastic
heat equation directly, because we do not have a way of coupling the sequence v,
with the limiting noise W. Instead, we must show convergence in distribution. To
show convergence in distribution, we need to find a way to determine the limit point
as a solution to the SHE without reference to the noise W. This can be done with

a martingale problem.

4.1.2 The Martingale Problem for the Stochastic Heat Equation

We begin by stating an equivalent formulation for the stochastic heat equation via a
martingale problem. Uniqueness for the martingale problem was proven in [KSS88§].
We use the formulation from [BG97], adapted for a delta initial condition, as in
[ACQ11]. The survey paper [Quall]| contains a short review of the martingale
problem approach to the SHE.

Definition 4.1.1. z, € C((0,T); C(R)) is the solution to the martingale problem for
the stochastic heat equation, Oiz, = 3Az, + koW, if there exists a constant C > 0
such that B[z, (t,vy)?] < Cpi(x — y)? for all t € (0,T) and y € R and, for every
¢ € CX(R), N(zz,¢) and A(zz, @), defined below, are martingales with respect to a

common filtration.

N (24, ¢) /¢ )2z (t,y)dy — o(x —//qﬁ" )2z (s,y)dyds, and
(4.1.6)
t
A e 0)(0) = N0 — 2 [ [ olu)zuls,n)dyds, (4.1.7)
0 JR

It follows from (4.1.5) that the following processes are martingales with respect to
the filtration generated by W.

N™(vp, @) /gb vp(t,y)dy — ¢(x / /gb” vn(s,y)dyds, and
(4.1.8)
A" (vy, d)(t) = / / U (s 1/2q5—|—n71/2¢)) * Pp, (y))zdyds. (4.1.9)

Where we have used that for any square integrable g : R — R the following equality
holds

/ g* pn(y)’dy = / 9(y1)9(y2) pn(y1 — y2)dy,
R R2
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where p, = pp * p,. We want to show that the sequence v, is tight in a suitable
topology, namely one where the mappings v — N (v, ¢) and v — A(v, ¢) are contin-
uous, and then derive the martingale properties for any subsequential limits of the
vy, by using the above martingales. The main problems are: in what topology might
the sequence v,, be tight that is strong enough to derive the martingale property for

A(v, ¢) from the martingale property from A" (v, ¢).

One potential answer to this problem is to add some smoothing to v, and hope
that the resultant process will be tight in a strong enough topology to determine its
limit points as the solution to our martingale problem. In the next section, we will
show that, for a limit point, (4.1.7) is a martingale. We will show this by using that
(4.1.9) has the martingale property with respect to the filtration generated by W.

4.2 Convergence to the Stochastic Heat Equation

Let ¢ € C2°(R) be a symmetric mollifier and v, be as in Section 4.1. The aim of

this section will be to prove the following theorem.

Theorem 4.2.1. Suppose m = m(n) is a real valued sequence such that m(n) —
00 as n — oo and m(n)nfé — 0 as n — oco. Suppose further that there is a
weakly convergent subsequence of the sequence of random variables (v, (+)* 1, )00 C
C((0,T),C(R)), with limit v, such that there is a constant C > 0 with E[v(t,y)?] <
Cp¥(x — y)? for every t > 0 and y € R, where p¥ denotes the heat kernel with
diffusivity v. Then v is equal in distribution to the solution to the stochastic heat

equation, with initial condition d,:

2
Orzg = Hp2H2Azg; @f/”;zmw (4.2.1)
12112
Proof. Throughout the proof, we will write kK = %. To prove the statement

o1l
we will show that any subsequential limit of the process must satisfy the martingale

problem (4.1.6). For a limit point, v, of v, *x1,,, we can easily show N""(v, ¢) satisfies
the martingale property, with respect to the filtration generated by v, from the
martingale property for N™(vy,, o * @), (4.1.8). This leaves checking the martingale
property for A" (v, ®). To prove the martingale property, we use the properties of

the flow of kernels. By independence of increments, and from the SPDE for v,, we
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have (for the filtration (F;):>0 generated by the noise W)
E[A" " (0n % thm, @) (8)|F]
:Aynﬁ(vn * U, ¢)<3>
t 1
E {/ / ((Un(T§ T, ) (07 Pm * & + nféq/;;n * ¢)> % pn(2)2dzdr|F,
s JR

—E {Fﬂ /:/R(vn(r;x, ) *wm)(z)2¢(z)2dzdr|fs] :

Note that this equality comes from applying the martingale property for A™ (v, ¥,
9).

It is sufficient to show the difference between the second and third terms vanishes
in the limit. Using the flow and independent increment properties for vy, (s,t;z,y)
(which carry over from the original flow of kernels U, as defined in Section 3.1.1, see

[LJRO4a]), we can rewrite this difference as

/ (0, 8; 2, w1 o (0, 5; 2, ws)

[an// Un(8,7) (Vm * @) * pn(2)2dz — // O (8,7) % 1y ) (2)20(2)2dzdr

(4.2.2)
+2\/:(vn(s ) (thm * @) * pn(2) (vn(s,7) (W), * @) * pn(2) (4.2.3)
+ % (vn (s, 7) (W, % @) * pn(2)2] dw. (4.2.4)

The stationarity property for stochastic flows of kernels also carries over to the tilted
density v,. Therefore, the expectation in the above expression can be rewritten in
terms of v, (0,7 — s;x,-). For line (4.2.2), we have from (4.1.4)

t—s
/ E[ [ on s, Y 80) 5 pu(2)? = 2o, ) ¢m><z>2¢(z>2dz} dr.
0 R
(4.2.5)

—0o, / tfsz [e"" Jo PV =YR) ()T 5yl —YQ)(T)(mwm)@?(Y(r))} dr (4.2.6)
0

t—s
- B |eon Jo pn(Y1=Y2)(7)dr _ _
nz/o /REw {e Jo O =YE My, — Y () o (2 y2(r))} (2)2dzdr.
(4.2.7)

In the above, we use the shorthand ¢®? for the tensor product of the function ¢
with itself. The process Y = (Y'!,Y?) and the tilted expectation E,, are defined in
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the same way as in Section 3.2.2 for the weak environment setting, its generator for
general parameters was discussed in Proposition 3.1.2. The proof of the theorem
is completed by showing that the above expression, together with the terms on
line (4.2.3) and (4.2.4), vanish as n — oo. The proof that the above expression
vanishes will follow in the remains of this section. Here, we will show that lines

(4.2.3) and (4.2.4) both vanish as n — co. First note that since ¢, ¢ € C°(R), and
Jz ¥(y)dy = 1 we have

b B(2) = /R Pm()6(y — 2)dy < |llso-

Note that ¢’ € C2°(R) as well, so we can apply the same bound to ¢!, * ¢. It follows

easily that the contribution to the expectation from line (4.2.3) is at most

t—s
2, /7K [ / / 0 (7 23 1) (3 2 121 — w)dydr}
n 0 R2

t—s
s \/(;7 B [ / e Jo PV =Y2()dT 5 (1 () Y%r))dr}
0

_ 1 5 [ean S () -Y2()dr _ ]

N

Where we used (4.1.4) to get the second line. We will show in Lemma 4.2.2, below,

that the expectation is bounded. Thus line (4.2.3) vanishes as n — oo, repeating
the same steps for line (4.2.4) shows that it will also vanish, finishing this part of
the proof.

Before we complete the above proof by calculating the limit of the final expression,
we first collect some useful facts about the diffusion Y = (Y, Y?2).

Lemma 4.2.2. For anyt >0, w,y € R and k € N we have the following inequality
for Z =Y -Y?

k+1
L)

N3
Proof. Because the finite variation components of Y'! and Y2 are equal we may write
Z =YbLm Y27 where YU and Y2 are the martingale parts, under E, of Y

and Y? respectively. Because the quadratic variation of both Y'! and Y2 is given by

B, [£1(2)"] < a(av2mi)
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Unt, the martingale parts are both Brownian motions. Tanaka’s formula yields

)

i, [cg(zyf} <ok (Ew [yzos)ﬂ +E, k

| sign(Z(s) — )iz,

<t (B [ @] + B 201
7

To finish the proof, we just have to note that the two stochastic integrals on the last

+ B, /0 sign(Z(s) — )dY 1 (s)

B, /0 sign(Z(s) — y)dY2m(s)

line are continuous local martingales with quadratic variation process v,t, and so are
Brownian motions by Levy’s characterisation. The inequality follows by calculating

the moments of the Brownian motions. O

Lemma 4.2.3. For Y = (Y',Y?) we have

(Y, o /0 (V! — Y2)(s)ds> = <B, ;:’pp,"'é LB - BQ)> .

Here, B is a Brownian motion on R2, with diffusivity p(0) and L°(B' — B?) the
local time of B! — B? at 0.

Proof. To show that Y = B we refer to [EK09, Theorem 8.2], and use that we know
both the quadratic variations for the process Y and the semi-martingale decompo-

sition from the discussion preceding Proposition 3.1.2, we recall both below.
. . t . .
(YY) (t) = 012151',3‘ +/ ;3(71(1/Z — Y])(s))ds; (4.2.8)
0
Yl — ,/nan/ ﬁ(n(Yl - Yz)(s))ds is a Brownian motion on R, for i = 1, 2.
0
(4.2.9)

The necessary bounds on [; 4 (n(Y! —Y?)(s)) ds come from the occupation times

formula, see [RY13], and the previous lemma.

To prove the joint convergence of the local time we apply the Skorokhod repre-
sentation theorem to realise Y on a probability space where the convergence to a
Brownian motion holds almost surely. The convergence is then a straightforward

consequence of the Tanaka formula for the local time. O
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We can now return to the unproven statement at the end of the proof of Theorem
4.2.1. We begin by computing the limit of line (4.2.6). We will then show it is
cancelled by the limit of line (4.2.7), thereby proving the statement.

Lemma 4.2.4. The following convergence holds, for any t > 0, as n — co.

n / ‘B, [e”“ J3 paY =Y (0)dr 5yl Y2)(5)(¢*1/)m)®2(Y(s))} ds  (4.2.10)
0

mlplI3
2017/l

Ey .

| T S I (B () 6B ()L (B — B?)
0

Proof. Rescaling the integral over R? and applying Fubini’s theorem, (4.2.10) is

equal to

/ Ey [ / Ll oYW B (Y = Y?) ()% (E + Y(S))dS} 2 (2)dz.
R2 0
(4.2.11)

Applying Itd’s formula to e I P I=Y2)(8)ds 521 i+ Y ()b (20 /m + Y2(s)), it

becomes clear that the above expression is equal to
RZ
t
- / e 3 BV YRG! i Y (5)) bz /m + V()Y (s)  (4.2.13)

0

- / Lo fi PO Y2y fm 4 Y (8)) (20/m 4+ YE(5))dY 2 (s)  (4.2.14)
0

t N 2 524®2 o
;/ ecrnfo Pn(Yl_YQ)(r)dr g% (%+Y(s))d(Y1,Y]>(s) ¢®2(z)dz.
0 =1 YiOY;

2

(4.2.15)

Of course, (Y, Y7) is known and given at the start of the proof of Lemma 4.2.3.
We'll find the limit of the expectation, line by line, as n — oo, and then apply DCT
to get the full limit.

Because ¢ is smooth and compactly supported, and for each n € N the exponential

term is bounded, the expectation on line (4.2.13) is equal to (ignoring the minus
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sign)

t
By [an / oI5 VIO (G 5 6)(2 + ¥ ()p(n(V - Y2><s>)ds]
0
(4.2.16)
<C(no,) 3R [e”” Jo (! =Y2)()ds _q] (4.2.17)

Where we have just used that ¢ and its derivative is bounded. Expanding the expo-
nential via a Taylor expansion, and using the occupation times formula to rewrite
the time integral in terms of £(Y! —Y?2) we can show the expectation is bounded as
a consequence of Lemma 4.2.2. Since (no)_1 — 0 as n — oo, the above expectation
vanishes in the limit. Thus, line (4.2.13), and by the same argument (4.2.14), dis-
appear when we take n — oo. Similarly the i # j parts of the sum on line (4.2.15)
vanish. Putting everything together, the combined limit of lines (4.2.12), (4.2.13),
(4.2.14), and (4.2.15) is, for B a Brownian motion on R? with diffusivity 5(0),

wllolI2 £0(B1_B2)) [3(0) t xlloll3 £9(B'—B?))
Ew |:62p/2 t ¢®2(B(t)) _ ¢($)2 _ 2/ €2HP/”2 s A¢®2(B(S))d3:| .
0

Applying I1t6’s formula to the semi-martingale (B!, B2, £L%(B' — B?)) we get that

the above expression is equal to the following.

2 t xlel3
ol [ e e )y acd(Bt - B (12.18)
0

2/l

This is just equal to E[x? fg Jg 22(t, y)*@(y)*dy], where 2, is the solution to the SHE
with initial condition d,(y). O

Now we need to show the same limit is achieved by the second line, (4.2.7), which

we do in the following lemma.

Lemma 4.2.5. For each t > 0 the following convergence holds as n — oo

&, [/8 / t / ¢ J3 BV YRy (g (o Yz(s))qb(z)deds]
0 JR

Tlol g
w
2017

[ AT G )5 B - B)
0

Proof. Once again we want to use [t6’s formula to perform an integration by parts,

in this case to get around the singular term v, (z — Y1 ()¢ (2 — Y2(s)). First, we
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translate the z integral up by Y!(s) and rescale, to get the following

E, [52 /t/ eon o ﬁn(YI*YZ)(’")drwm(% + Yl(s) — YQ(S))(ﬁ(% + Yl(s))Qw(z)dzds .
0 JR
(4.2.19)

From (4.2.8), we know the quadratic variation of Y! — Y2 to be given by
¢
Y1 —Y?)(t) = 2/ o2+ p(0) — p(n(Y! —Y?)(s))ds. (4.2.20)
0
Thus, it follows from the occupation times formula for continuous semi-martingales

that

t 1 Y1
/0 Yn(Z + Y = Y?)(s)ds = 2/11@ p +1ggg)+_y;2nyl)£tm (Y —YHdy,. (4.2.21)

Using this we can rewrite the time integral as a Riemann-Stieltjes integral in terms
of the local time. It is easy to see that we can still rearrange the integrals however

we wish. We end up with the following expression.

{5 [ Lo
t

s Y1
A eon fo Pn(Yl_YQ)(T)dTQZ)(% -+ Yl(s))2d£ém (Yl — YQ)dylw(Z)dZ . (4222)

In the following, we will show that the limit as n — oo of the above expression is

the same as that of the one below

E, [’f /R /]R 2 ﬁﬁﬁéf—yézgyn

Y1
t o1 Alonys) m yl_y?2
/ R v dy2£" ( )
0

B(Z + Y\ ()2L (V' — ¥)dyr()dz]

2(3(0)—p(onya))
(4.2.23)

To show this we will estimate the difference. We begin with the following equality,

which is the consequence of the occupation times formula.

! 1 ﬁ(o'ny2) on /N
on ﬁnYl—YZSds:/ m—_ . L7 (v — Y dys,.
I g e T TR L

(4.2.24)
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We can use equality (4.2.24), to estimate

Y1
t . 1 plony2) _
/ <€"n Jg (Y =Y2)(r)dr _ eéfR o0 pemay 2L Y2)> (4.2.25)
0
Y1
(= +Y(s)?dLm (Y —Y?)|. (4.2.26)

Using the simple inequality |e® —e¥| < |z —y|e* 1Y for x,y > 0, together with (4.2.24),

the above expression is bounded above by

2 t ~ On Y1
0I5 [ [ Pome) it y?) 2 (0 v e
o JR1+0, (p(O) - P(O’nyQ))
(4.2.27)
Honyn) o
o S ~ 1_v2 )dr 1 PloINnY2 m 1_v2
e nlo PV =Yt Jr To=2 G0y V2L (VY )dﬁgl/"(Yl -Y?).

(4.2.28)

The exponential is an increasing function of time, and so can be bounded above by
its value at ¢, we want to do the same thing for the difference between the two local
times. In the following we will write Z := Y'! —Y? and estimate this difference. The

following bound for |£%(Z) — LY(Z)] follows easily from the triangle inequality

S t
\|zs el ==l bl - [ (- 2+ [ sz, - paz,
0 0

S
2|z —y| + ‘/ sign(Z, — z) — sign(Z, — y)dZ,
0

Below, we estimate the modulus of the difference between (4.2.22) and (4.2.23) by
first rewriting it in terms of (4.2.28), and then applying the bound we just derived.
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To shorten notation we will let Z := Y1 — Y2,

w(z+y1)
02 +p(0)— A5, 91)
Y1

t s 1 plonya) m (yv1_v2
/ (6% J3 5a (Y =Y ()dr _ 2 IR T 0y somggy 2L Y )>
0

u
O + Y (6)PALE (V= Y2 )do(2) (42.29)
; [%2 [ [ e / / Pony2)
T2 JrJr o+ 5(0) = p(y1) Jo Jr 1400 (5(0) — plonys))
(2 ‘Jn—y? A / sign(Z, — Jny?) — sign(Z, — &)dZT > dys
n m 0 n m
1
on [ Bn(Z)(r)dr+3 plonyz) dyo £ (z) WL
o P )rt g fy o= GO S dye L ( )dﬁsm(Z)dylw(z)dz]. (4.2.30)

This is then bounded above by
<212
i, [0k [ [ _vew)
o5+ p(0) = p(F5y1)
<2 In2 _ / sign(Z, — ny2) —sign(Z, — ﬂ)er
0 n m

— —|+ sup
n m 0<s<t
5 ) Y1
1 t ~ z d +l PInY2 dys L (Z
o (Z)eanfo pn(Z)(r)dr+5 [ o2 (5(0)—soma)) V2L (Z)

> dys

dylw(z)dz]. (4.2.31)

Where we used that used that the exponential term increases in time. For the
next steps we want to move the expectation inside all the integrals, and then ap-
ply Holder’s inequality. Now we collect the necessary bounds to control the above

expression, beginning with

r Y1
N Y1 t 1 Alonya) m
Ey | £ (2)e" Jo on(ZENA 3 Ja 752 G0y sty 225 () (4.2.32)
i 1
_ 1 [ 3
Y1 313 ~ ~ 1 _ 3 plonya) m
<E, ||£(Z) E. [63"" Jo (D) )ar] 3 | o2 e o220 —gemaay 2 (D)
(4.2.33)

Lemma 4.2.2 gives us a uniform in n bound on this expression. Next we want a

118



bound on

1

Y1 o [t 1 Alonyg) m
E. [ﬁtm (Z)e " Jo Pn(BNArts Je 72 G0y sty 2254 (2) (4.2.34)
S
sup / sign(Z, — UnyQ) —sign(Z, — &)dZT ] (4.2.35)
0<s<t |Jo n m
Y1 i

1 Y1
- = 1 -
1. ~ = 9 plony2) dys L (7
<E, [ L™ (Z)4] Ey [e4anf50n(2(r))dr TR, e e o720y —somy 2L (2

(4.2.36)

1
4714

E, | sup
0<s<t

(4.2.37)

S
/ sign(Z, — Uny2) — sign(Z, — &)dZT
0 n m

The expectations on line (4.2.36) are uniformly bounded in n, again as a consequence
of Lemma 4.2.2. Using the Burkholder-Davis-Gundy inequality the expectation on
line (4.2.37) is bounded above, for some constant C' > 0, by

1
Cly [ /0 (sign(Z, — 72) ~ sign(7, - %))2 () (r)2] ! (4.2.38)
I i
=V2CE, /0 ]l{Z(T)E(%gRl)} (02 + p(0) — p(nZ(r))) drﬂ (4.2.39)
YL 2 i
=V2CE, || [,7 (on+p(0) = Alnys))LE (Z)dys (4.2.40)

n

Where the final equality follows from the occupation times formula for continuous
martingales. Since p is non-negative and has its maximum at 0, we can replace the
bracket in the integrand with v, = o2 + 5(0). Following this with an application of

Jensen’s inequality to the spatial integral, we get the upper bound

n

u 1
V2u,C ()ﬁ _ OnY2 ‘ /:w E, [£*(2)?] dy3> : (4.2.41)

The variance of the local time is bounded uniformly in n by Lemma 4.2.2. Hence,

we have that there is a constant C' > 0, independent of n, such that line (4.2.31) is
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bounded above by

2 ¢(Z "‘yl) ﬁ(Un?JQ)
/R/]R o +p(0) = p(5:y1) /R 14022 (5(0) = plonya))

(Jone — | 4 222 — ") dypdyrep(=)dz. (4.2.42)

Since p has compact support, there is some constant L such that |o,y2p(ony2)| <
Lp(o,ys). Using the triangle inequality alongside the simple inequality |a + b|}/? <
la|Y? 4 |b|'/2, we get

p(ony2) onY2 _ Y1

/R 1+ 032 (p(0) — plomy2)) <| sl
p(ony2) |y71 1

S/R 14072 (5(0) — pony2)) < \/7 BT \/>)

It is not hard to show that the yo integral is converging to a finite limit as n — oo,
from which it follows that the integral is bounded. Therefore, line (4.2.42) is bounded

above by the following expression

il B

Where C has absorbed all the other constants and we have written w = [pu(

1/2
on¥y2 _ Y1
n m > dysa

Y)Y (z)dz. pis a smooth symmetric function that has a global maximum at 0 with
p"(0) < 0; it follows that there is an ¢ > 0 such that for some § > 0 we have
Pp'(y) < =6 < 0 for all y € (—e,¢). We also have that for all € > 0 there is
some v > 0 such that p(0) — p(y) > v for all |y| > . By using Taylor’s theorem on
p(0) = p(fxy1), in combination with the two facts we just stated, we get the following

bound on the above expression.

o /’” iy 1> L Lyl fil
_%50,21—1—%
1 1
+/ yﬂ(+¢k+WH+wmgdm>
|y|>%a n n n m m

Once again absorbing all constants into C' > 0, and using that ¢ € C2°(R) to bound

the right hand integral, we get that the above expression is bounded above by

m 1
Cl| ———+ .
<n‘§on W)
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Where we have used that n € N to get rid of higher order terms. Since we have

-

chosen m to be such that mn™2 is vanishing as n — oo, the above expression

vanishes as n — oo.

It follows that the limit as n — oo of line (4.2.22) is the same as the limit of line
(4.2.23), as claimed. Now we compute the limit of line (4.2.23), which we recall

below.

N ey
Y1

- P(O'ny2> d LSTn, yi_y?2 Y1
Ew|:/ o2 R o260 —ptomuay 2L )¢(%+Y1(s))2d£§” (Y —Y?) |dyidz.
0

(4.2.43)

We start by computing the limit of the expectation, we can compute the limit in
the same way as we did in the proof of Lemma 4.2.4. We perform the integration
by parts (with Itd’s formula) on the time integral in the above expression, then
compute the limit of each term. Applying It0’s formula to that limit we see it is
given by the following expectation, where B!, B? are independent Brownian motions

with diffusivity p(0) in R, both starting from z under E,.

t xlpl3
B, | [ e g Bl (o) Pach(B! - B
0

It is fairly straightforward, using the estimates on the moments of the local time
we have already derived and the fact that ¢» € C2°(R), to see that we can apply

the Dominated convergence theorem to line (4.2.43), to get that the the limit of
k2 mllpl?

2p(0) 7 2l M2
That the above expression is equal to the one on line (4.2.18) follows easily from the

line (4.2.43) as n — oo is simply the above expression multiplied by

support properties of the local time, see [RY13] for further details. O

With this Lemma, the proof of Theorem 4.2.1 is completed. O

In the next section we will discuss some potential further work related to the weak

diffusivity regime.

4.3 Further Work

The most obvious next step is to complete the proof of convergence in Theorem
4.2.1 by proving the boundedness condition, E[z,(¢,v)?] < Cpi(z —y)?, for the limit

point and tightness of v,, % 1, as a sequence of random variables taking values in
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C((0,T),C(R)). One potential method for tightness would be to attempt to apply
Kolmogorov’s criterion, as discussed for the weak environment setting in Section
3.3. Whilst the bounds for both tightness and the boundedness condition should
follow from a calculation using the n-point motions, they become complicated for the
same reasons as discussed in Section 3.3 for the weak environment regime. Another
approach is to apply the Aldous’ criterion for tightness, which should allow us to
use second moments of the time increments, rather than higher moments. However,

we still need higher moments for the space increments.

If tightness can be proven, the next question of interest would be whether the same
methods can also be used to prove convergence to the stochastic heat equation for the
fixed environment and diffusivity regime and the whole weak environment regime,
extending the arguments from Chapter 1.4, which only apply when the effect of
the environment is taken to 0 sufficiently quickly, 8 > 1 in Figure 3.1. This would
complete proof of the conjectured SHE line from Figure 3.1.

Another interesting question is whether or not there is an analogue of the weak diffu-
sivity regime for the RWRE model. As has been previously mentioned, a particular
instance of the weak environment regime was proven by Corwin and Gu, [CG16],

but no result analogous to the weak diffusivity regime exists that we know of.

Following the notation used at the start of Section 1.4, let w(™ = (wg;))t’mez be a

sequence of i.i.d. space-time random environments, where the wj’, are mean zero
k)
and take values in [—1,1]. The random walk in random environment is the simple

random walk defined by the random transition probabilities

PUn (X(t+1) =2+ 1|X(t) =2) = %(1 £ uf).

(n)

t,x

verging to a {—1,1} valued Bernoulli random variable. In this case, the path of

We are interested in the case where the sequence of random variables w, .’ is con-
the Random walk in the random environment is almost entirely determined by the

environment, just as in the weak diffusivity setting for the continuous model.

The quantity E[(wﬁ?)ﬂ — 1 is the discrete analogue to the molecular diffusivity,

2 (n)

o®. Thus, we suppose that E[(w; 2] =1 = n=22 for some o > 0 and study the

fluctuations of the quantity
npwn (X([nZﬂg) = [nP*1t + ny]a X (0) = o) . (4.3.1)

where [-] := 2[3]. If B = 152, after suitable rescaling by some exponential factor,

we expect the fluctuations as n — oo to be described by the stochastic heat equation.
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Another related result which would be of interest is whether or not similar statements
hold for Howitt-Warren flows, when viewed as the continuum analogues of quantity
4.3.1. Such a conjecture was made by Barraquand and Rychnovsky, [BR20], where
they showed convergence of the moments of uniform Howitt-Warren flows (the case
studied in Chapter 2) towards the moments of the solution to the SHE. Whilst
convergence of the moments does not imply full convergence, because the moments
of the SHE do not determine its distribution, it is highly suggestive. The universality
of the KPZ equation, discussed in Section 1.2, suggests the convergence should hold

for more general Howitt-Warren flows.

The final part of Figure 3.1 to discuss is the behaviour above the line, where we
conjecture the limit to be 0. This is based on the behaviour of the second moments,
which can be rewritten in terms of the two point motions. Recall that the tilted
density (3.1.6) can be rewritten in terms of the tilted two point motions (3.1.17).
For (a, B) above the SHE line in Figure 3.1, the exponential term in (3.1.17) is no
longer converging, in fact it appears to diverge to infinity. This means that the
second moments are diverging to infinity whilst the first moments remain fixed. As
a consequence, we believe the mass of the tilted density, 3.1.6, is collecting into large
spikes, which occur at a given location with low probability. This suggests that the
tilted density should converge to 0 in probability. However, this is simply a heuristic,
and nowhere near a full proof. One starting point might be to consider the RWRE
instead, and compare the model with polymers, where similar results already exist;

see the review [Com17] for further details.
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