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SYMPLECTIC BLOWING DOWN IN DIMENSION SIX

TIAN-JUN LI & YONGBIN RUAN & WEIYI ZHANG

Abstract. We establish a blowing down criterion in the context
of birational symplectic geometry in dimension 6.

Contents

1. Introduction 1
2. Blowing up/down, symplectic cut and fiber sum 6
2.1. Blowing up via the U(k) universal construction 6
2.2. Up to deformation via a simple birational cobordism 9
2.3. Up to deformation from symplectic cut 10
2.4. Blowing down via the S1−equivariant fiber sum 14
3. Symplectic geometry of projective bundles over a surface 15
3.1. Topology of linear projective bundles Ps(V ) over a surface 15
3.2. Holomorphic projective bundles P(E) 18
3.3. Kähler cone and restricted Kähler cone 22
3.4. Almost standard symplectic forms 26
4. Proof of theorems 28
References 31

1. Introduction

Symplectic blowing down is a fundamental operation in birational
symplectic geometry ([6], [8]). Two symplectic manifolds are bira-
tionally cobordant equivalent if one can be obtained from the other via
a sequence of symplectic blow ups, symplectic blow downs and integral
deformations.

Symplectic blowing up can always be performed along any symplec-
tic submanifold to get a new symplectic manifold with an exceptional
divisor ([5], [6], [21]). On the other hand, except in dimension 4 ([18]),
it is poorly understood when blowing down can be performed. In this
note we will attempt to find blowing down criteria in dimension 6.
Blowing up in dimension 6 gives rise to either a symplectic P2 with
normal degree −1 or a symplectic P1−bundle with normal degree −1
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along the P1−fibers. The geometry of these symplectic 4-manifolds are
well understood ([18], [11], [23], [16]). Our focus is whether such a
symplectic divisor always arises from a symplectic blowing up.

The case of P2 is simpler. We observe that the uniqueness of the
symplectic structures by Gromov and Taubes, together with the Wein-
stein neighborhood theorem, implies that a symplectic P2 divisor with
normal degree −1 in a symplectic 6−manifold can always be blown
down just as in the case of P1 with self-intersection −1 in a symplectic
4–manifold.

The case of a P1−bundle over a Riemann surface Σ is subtler. Topo-
logically, blowing down can always be performed since it is the same as
topologically fiber summing with the triple of a linear P2−bundle with
a P1−subbundle over Σ with opposite normal bundle and a complemen-
tary section. However, unlike the P2 case, it is not clear that blowing
down can always be performed symplectically in this case. Symplectic
blowing up generally involves a small neighborhood of Σ which means
that the resulting P1−bundle divisor has a small fiber area.

We investigate this problem in the context of birational symplectic
geometry in dimension 6 (which has been studied in [25], [26], [9], [12],
[14], [28], [31] etc). Specifically, we study whether we can symplec-
tically blow down up to an integral deformation to obtain a simpler
birationally equivalent symplectic manifold. A nice feature is that co-
homologous symplectic forms on such 4−manifolds are also isotopic
in this case. Moreover, as every symplectic structure on such a 4–
manifold is Kähler, we can apply algebro-geometric techniques to solve
this problem.

In Section 2 we investigate this problem in a general situation. Topo-
logically the blowing up construction gives rise to a fibred codimension
2 submanifold as in the following definition.

Definition 1.1. Let D2n ⊂ (M2n+2, ω) be a codimension 2 symplectic
submanifold which admits a linear Pk−bundle structure π : D2n →
Y 2n−2k over an oriented (2n − 2k)−manifold Y . (D, π) is called a
topological exceptional divisor if (i) the normal line bundle ND is the
tautological line bundle when restricted to the projective space fibers of
π, and (ii) ω|D is almost standard.

Here a linear Pk−bundle refers to a projective bundle from a complex
vector bundle of dimension k + 1. So the structure group is the linear
group GL(k + 1,C). And the fibers of such a bundle come with a
homotopy class of almost complex structures and hence have a natural
complex orientation and a line class l in H2. We use l to specify the
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forward cone

Cπ(D) = {u ∈ H2(D,R)|un > 0, 〈u, l〉 > 0}.
A fibred symplectic form on a linear projective bundle is called stan-
dard if it arises from the Sternberg-Weinstein universal construction as
described in Section 2.1. In particular, a standard form restrict to a
multiple of the Fubini-Study form on each fiber. A fibred symplectic
form is said to be almost standard if it is deformation to a standard
form via fibred forms.

We describe the blowing up construction in several ways, via the
U(k) universal construction, birational cobordism and symplectic cut.
From Definition 2.2 we see that symplectic exceptional divisor from
blowing up is a topological exceptional divisor.

The symplectic cut description is useful to study whether a topolog-
ical exceptional divisor can be blown down up to deformation. Specif-
ically it introduces an auxiliary S1−equivariant linear symplectic pro-
jective space bundle triple (see Lemma 2.8), which lies behind the fol-
lowing definition.

Definition 1.2. Given a topological exceptional divisor π : D2n →
Y 2n−2k of (M2n+2, ω), we define a matching triple (X,D′, S; Ω) to be a
linear (Pk+1,Pk,P0) bundle triple (X,D′, S) over Y with Ω a symplectic
form on X, satisfying the following conditions.

(1) D′ is diffeomorphic to D;
(2) e(ND′) = −e(ND);
(3) Ω|D′ is almost standard and matches with ω|D;
(4) Ω is S1−invariant with respect to a semi-free S1−action with

D′ and S as the only fixed point sets.

The triple is called weak if we assume the weaker condition

(3’) Ω|D′ is almost standard and [Ω|D′ ] = [ω|D].

Here is the main result in Section 2.

Proposition 1.3. Suppose (M,ω) has a topological exceptional divisor
D. Up to integral deformation, we can symplectically blow down (M,ω)
along D if there is a matching triple (X,D′, S; Ω).

Thus we are led to search for such projective space bundle triples
which match with (M,D, ω). For blowing up a surface in arbitrary di-
mension, the auxiliary linear symplectic projective space bundle triple
also leads to a ratio constraint.

Theorem 1.4. Suppose a symplectic divisor π : D2n → Σ of (M2n+2, ω)
arises from symplectically blowing up a symplectic surface Σ in a sym-
plectic manifold. Then
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(i) c1(ND) satisfies∫
D

(−1)nc1(ND)n = − deg(NΣ),

(ii) the symplectic form ω|D satisfies the ratio bound
(1)

ρπ([ω|D]) >

{
− deg(NΣ), if g(Σ) > 0,
max{− deg(NΣ), tn(− deg(NΣ))}, if g(Σ) = 0.

What is essentially new is the ratio inequality (1). We now explain
the terms in this theorem. Here tn is the function

tn : Z→ {0, 1, · · · , n− 1}
by requiring tn(w) = w (mod n). The degree function deg(E) of a
symplectic vector bundle E over Σ is deg(E) =

∫
Σ
c1(E). The ratio

function ρπ on the forward cone Cπ(D) for a linear projective space
bundle π : D2n → Σ is defined by

(2) ρπ(u) =

∫
D
un

〈u, l〉n
∈ R+.

Note that the ratio ρπ(u) ∈ R+ determines the ray of the class u since
ρπ(u) is scale invariant and the rank of H2(D;R) is 2 in this case.

We introduce the following definition.

Definition 1.5. A topological exceptional divisor π : D → Σ of (M,ω)
is called admissible if the symplectic form ω|D on D satisfies the ratio
bound

(3) ρπ([ω|D]) >

{
αD,M , if g(Σ) > 0,
max{αD,M , tn(αD,M)}, if g(Σ) = 0.

where αD,M =
∫
D

(−1)nc1(ND)n.

A symplectic exceptional divisor from blowing up a surface is an
admissible topological exceptional divisor by Theorem 1.4.

Theorem 1.6. Suppose π : D → Σ is an admissible topological excep-
tional divisor of (M,ω). Then there exists a weak matching S1−equivariant
triple.

To prove this result we need to understand the symplectic cone of
a linear (Pk+1,Pk,P0) bundle triple over Σ. This is possible in the
Kähler setting by the Kleiman’s criterion. We are able to determine
the restricted Kähler cone for various complex structures coming from
holomorphic bundles of the form V⊕O over Σ with V either semi-stable
or decomposable. Another nice feature in the Kähler setting is that we
always have the required S1−symmetry.
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Along the way we determine the symplectic cone of an arbitrary
linear projective bundle over a surface.

Proposition 1.7. For a linear Pn bundle over a surface,

(i) every almost standard symplectic form is cohomologous to a
Kähler form,

(ii) the symplectic cone is equal to the positive cone when n is odd
and the surface is of positive genus.

Remark 1.8. This proposition generalizes the result of [19] in the case
of P1−bundles. Cascini-Panov [3] noted that the generic Kähler cone is
smaller than the symplectic cone for one point blowup when the genus
is 1.

Finally, we state our blowing-down criterion in dimension 6. In di-
mension 6 a symplectic exceptional divisor arising from blowing up is
a topological exceptional divisor π : D → Y as in Definition 1.1, where
Y is either a point or a surface Σ.

When Y is a point, D is a symplectic P2 embedded in (M,ω) whose
normal bundle ND has degree −1. As already mentioned, since co-
homologous symplectic forms on P2 are diffeomorphic ([30]), ω|D is
standard and a neighborhood of (D,ω) is the same as the standard
symplectic ball near the boundary. So it can be symplectically blown
down. When Y = Σ, D is a ruled surface. Since cohomologous sym-
plectic forms are also diffeomorphic for ruled surfaces ([16]), we have
by Proposition 1.3 and Theorem 1.6,

Proposition 1.9. Let (M,ω) be a 6−dimensional symplectic manifold
and π : D4 → Y a topological exceptional divisor of (M,ω). When Y
is a point, (M,ω) can be blown down along D4 to (M ′, ω′).

When Y = Σ and π : D4 → Σ is admissible then a weak matching
triple is a matching triple and hence, up to integral deformation, (M,ω)
can be blown down along D4 to (M ′, ω′).

It would be interesting to investigate, when Y = Σ, whether integral
deformation is not really needed. However, note that the integral defor-
mation is a birational equivalence so the symplectic manifolds (M,ω)
and (M ′, ω′) are birational. So this blowing-down criterion in dimen-
sion 6 is suitable in the context of symplectic birational geometry.

In the case of Y = Σ, since any P1−bundle over Σ is linear and
any symplectic form is fibred (Section 6.2 in [21]), we in fact have the
following more explicit and stronger formulation.

Theorem 1.10. Let (M,ω) be a 6−dimensional symplectic manifold
and D a codimension 2 symplectic submanifold. Suppose D admits a
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P1−bundle structure π : D → Σ over a surface Σ with 〈c1(ND), l〉 =
−1. Let αD,M = c1(ND) · c1(ND) and ρ = ρπ([ω|D]).

Suppose (D,ω|D) arises from blowing up a surface. Then ρ 6= 2 if
D = S2 × S2 with αD,M = 2, and ρ > αD,M otherwise.

Conversely, if ρ > αD,M , (M,ω) can be blown down along D up to
deformation. In particular, this is the case if αD,M ≤ 0. Moreover,
when D = S2 × S2 with αD,M = 2, (M,ω) can be blown down along D
up to deformation as long as ρ 6= 2.

When D = S2 × S2 and αD,M = 2, there are two rulings and the
normal bundle ND has degree −1 along each ruling. The condition
ρ 6= 2, just means the symplectic areas of the two rulings are not the
same. In this case, up to deformation, (M,ω) can be blown down along
the ruling with smaller area. This picture is consistent with the flop
operation for projective 3–folds. Let D = S2 × S2 be a divisor with
normal c1 = (−1,−1). If the fibers of the two rulings S2 × {pt} and
{pt}×S2 have the same symplectic area and are not cohomologous, we
can perturb the symplectic form such that the areas of two S2 factors
are different. A generic perturbation would work as the symplectic
cone of the ambient manifold is open and we can perturb along any
direction. Hence, in this situation, the divisor D could also be blown
down up to deformation. Simplest such example might be the toric
blowup of the projective cone over S2 × S2 at the conic point.

In Section 2, we review the blow up process, establish the criterion
Proposition 1.3. In Section 3 we study the curve cone and the Kähler
cone of holomorphic projective bundles over a Riemann surface, and
also prove Proposition 1.7. In Section 4 we prove bound (1), Theorem
1.6 and Theorem 1.10.

We thank Bob Gompf and Jianxun Hu for useful conversations. The
first and second authors are grateful to the support of NSF, and the
third author is grateful to the support of EPSRC during the preparation
of the manuscript. We dedicate this paper to Professor Banghe Li on
the occasion of his 80th birthday.

2. Blowing up/down, symplectic cut and fiber sum

2.1. Blowing up via the U(k) universal construction. We first re-
call the Sternberg-Weinstein universal construction to obtain a canon-
ical symplectic structures on the normal bundle of a symplectic sub-
manifold.

2.1.1. The universal construction. Let us first review the Sternberg-
Weinstein universal construction. Let π : P → X be a principal bundle
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with structure group G over a symplectic manifold (X,ω). If g denote
the Lie algebra of G and g∗ denotes the dual, the Sternberg-Weinstein
universal construction produces a G−invariant symplectic form on a
neighborhood of P × {0} in P × g∗.

The construction starts with a connection on P , which is aG−invariant
g−valued 1−form A on P corresponding to a G−invariant projection
onto the vertical tangent bundle V P . Equivalently, it is given by a
G−invariant complementary subbundle and, dually, it induces an em-
bedding of P × g∗ into T ∗P . Consider the 1−form on P × g∗ given by
γ · A at (p, γ) ∈ P × g∗, where we use · to denote the pairing between
g and g∗. Denote this 1−form by γ · A as well. Notice that d(γ · A) is
the restriction of the canonical 2−form on T ∗P . Therefore d(γ · A) is
non-degenerate on the fibers of P × g∗. The 2−form

ωA = π∗ω + d(γ · A)

is called the coupling form of A. The G−action on P × g∗ given by

g(p, ζ) = (g−1p,Ad(g)∗ζ),

preserves γ · A and hence ωA. Notice that at any point in P × {0},
γ = 0 and ωA is equal to π∗ω + dγ ∧ A, hence it is symplectic there.

Lemma 2.1. The form ωA is a symplectic form on P ×WA for some
G−invariant neighborhood WA of 0 ∈ g∗. The projection onto WA is a
moment map on P ×WA.

This lemma is well-known. Notice that the vertical bundle V P is
the bundle of the null vectors of π∗ω. So as explained in [6], the con-
struction is just a special case of the coisotropic embedding theorem. It
follows from the uniqueness part of the coisotropic embedding theorem
that the symplectic structure ωA on P ×WA near P ×0 is independent
of A up to symplectomorphisms.

More generally, if (F, ωF ) is a symplectic manifold with a Hamilton-
ian G action, we can form the associated bundle PF = P ×G F . Let
µF : F → g∗ be a moment map. Furthermore, assume that

(4) µF (F ) ⊂ WA.

Then there is a symplectic structure ωF,A on PF which restricts to ωF
on each fiber.

To construct ωF,A consider the 2−form ωA +ωF on P × g∗×F . It is
invariant under the diagonalG−action and is symplectic on P×WA×F .
The G−action is Hamiltonian with

ΓWA
= πg∗ + µF : P ×WA × F → g∗
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as a moment map. Furthermore, by (4), for any f ∈ F , we have
µF (f) ∈ WA, thus

Γ−1
WA

(0) = {(p,−µF (f), f)}.

In particular, Γ−1
WA

(0) is G−equivariantly diffeomorphic to P × F , and
the symplectic reduction at 0 yields the desired symplectic form ωF,A
on PF .

In fact when (F, ωF ) = (TG∗, ωcan), then P × g∗ = P ×G TG∗.

2.1.2. The local geometry of a submanifold. We apply this construction
to obtain canonical symplectic structures on small normal disk bundles
of a symplectic submanifold. Suppose that X is a closed symplectic
manifold of dimension 2n and Y ⊂ X is a symplectic submanifold of
codimension 2k. The normal bundle NY is a symplectic vector bundle,
i.e. a bundle with fiber (Ck, τ). Here τ denotes the standard symplectic
form on Ck. Note that τ is U(k) invariant. Picking a compatible almost
complex structure on NY , we then have an Hermitian bundle. Let P
be the principal U(k) bundle over Y .

Now pick a unitary connection A for P , and let WA ⊂ u(k)∗ be
as in Lemma 2.1. Let Dε0 ⊂ Ck be the closed ε0−ball such that its
image under the moment map lies inside WA. Apply the universal
construction to P and Dε0 ⊂ Ck, we get a U(k)−invariant symplectic
form ωε0,A on the disc bundle NY (ε0) which restricts to τ on each fiber
and restricts to ω|Y on the zero section.

By the symplectic neighborhood theorem, and by possibly taking a
smaller ε0, a tubular neighborhood Nε0(Y ) of Y in X is symplectomor-
phic to the disc bundle NY (ε0) with the symplectic form ωε0,A. Let
φ : (Nε0(Y ), ω)→ (NY (ε0), ωε0,A) be such a symplectomorphism.

2.1.3. Blowing up via the universal construction. Let i : BL ⊂ Pk−1 ×
Ck be the incidence relation. Then the projection α : BL → Pk−1

makes BL into the (holomorphic) tautological line bundle. The map
β : BL→ Ck sending each fiber of α into the corresponding one dimen-
sional subspace of Ck is a (holomorphic) bijection of the complement
of the zero section BL0 of BL with the complement of the origin in
Ck. In other words, BL is the complex blowup of Ck at the origin.

Let Ω be the standard U(k) invariant symplectic form on Pk−1 and
recall that τ is the standard symplectic form on Ck. By Theorem 5.1 in
[6], for ε > 0, the form ωε = i∗(ε pr∗1Ω + pr∗2τ) defines a U(k)−invariant
symplectic structure on BL. (BL, ωε) is the ε−symplectic blowup of
(Ck, τ).

Given ε0 > 0, let BLε0 be the inverse image of the ε0 disk in Ck under
α. Note that (BLε0 , ωε) is a U(k) symplectic manifold. Pick ε < ε0 and
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apply the universal construction to the principal U(k) bundle P over
Y and (F, ωF ) = (BLε0 , ωε), the resulting symplectic manifold Ñ ε

Y (ε0)
is the local ε−symplectic blowup along Y . Note that the zero section
BL0 of α : BL→ Pk−1 is U(k)−invariant and so defines a codimension
2 submanifold Ñ ε

Y (0) ⊂ Ñ ε
Y (ε0). By Theorem 5.4 in [6], outside the

zero section BL0 of BL, the symplectic form ωε is equivalent to the
standard symplectic form τ on Ck −Dε. In particular, Ñ ε

Y (ε0) \ Ñ ε
Y (0)

and NY (ε0) \ Y are symplectomorphic.
Therefore we can extend the local ε−symplectic blowup via φ :

(Nε0(Y ), ω)→ (NY (ε0), ωε0,A) to obtain the (global) ε−symplectic blowup
of X along Y .

Definition 2.2. Given ε, A, φ, we call

X̃ε,A,φ = (X −Nε(Y )) ∪φ Ñ ε
Y (ε0)

the (ε, A, φ)−blowup of X along Y .
The codimension 2 divisor Ñ ε

Y (0) is called the (symplectic) excep-
tional divisor. The exceptional divisor is a linear projective space bun-
dle and the symplectic form on it is called a standard form.

Remark 2.3. Notice that the construction depends on ε, the connection
A and the symplectomorphism φ : Nε0(Y ) → NY (ε0). However, as
remarked on p. 250 in [21], given two different choices A, φ and A′, φ′,
for sufficiently small ε, the resulting symplectic forms are isotopic. We
will often simply denote the blowup by X̃ ignoring various choices.

Observe that we can define a map

(5) p : X̃ → X

which is identity away from Nε0(Y ). Such a map can be constructed by
identifying Nε0(Y )−Nε(Y ) with the deleted neighborhood Nε0(Y )−Y
using a diffeomorphism from (ε, ε0) to (0, ε0). Such a p is not unique,
but the induced maps p∗ and p∗ on homology and cohomology are the
same for different choices.

2.2. Up to deformation via a simple birational cobordism. Note
that the symplectic blowing up construction is a local U(k) equivari-
ant construction. It is shown in [6] that there is an S1 equivariant
description.

We first recall the notion of symplectic birational cobordism. This
notion is based on symplectic cobordism introduced in [6] (also see [8]).

Definition 2.4. Two symplectic manifolds (X,ω) and (X ′, ω′) are
birational cobordant if and only if there are finite number of sym-
plectic manifolds (Xi, ωi), 0 ≤ i ≤ k, with (X0, ω0) = (X,ω) and
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(Xk+1, ωk+1) = (X ′, ω′), and for each i, (Xi, ωi) and (Xi+1, ωi+1) are
symplectomorphic to symplectic reductions of a semi-free Hamiltonian
S1 symplectic manifold Wi (of two dimensions higher) at different reg-
ular levels or simple critical levels.

Given a semi-free Hamiltonian S1 manifold with moment map Φ, a
critical level of Φ is called simple if the corresponding set W of critical
points is connected and the signature of Φ is either (2p, 2) or (2, 2q)
for some positive values of p and q. It follows from Theorem 10.2
in [6] that the reduction at a simple critical value is still a smooth
symplectic manifold. The change of the symplecto-diffeotype of the re-
ductions when passing through a simple critical value is called a simple
symplectic birational cobordism. By Theorem 11.2 in [6], the change
of the symplecto-diffeotype of the reductions when passing through a
critical value of signature (2p, 2q) is the composition of two simple sym-
plectic birational cobordisms, one of signature (2p, 2) and the other of
signature (2, 2q).

In Section 12 of [6], for a symplectic submanifold Y ⊂ (X,ω), a semi-
free Hamiltonian S1 manifold XI with proper moment map Φ : XI → I
is constructed, where 0 is a simple critical value of Φ with reduction
(X,ω) and the reduction at small ε ≥ 0 is the ε−symplectic blowup
of (X,ω) along Y (including the case ε = 0). Further, Theorem 13.1
of [6] establishes the uniqueness of XI for a sufficiently small interval
I about 0. In particular, for small ε, symplectic blowing up/down is
unique up to symplectomorphism.

Since the change of the symplecto-diffeotype of the reductions when
not passing through a critical value is an integral deformation, we have
the following conclusion:

Theorem 2.5. [6] Up to integral deformation, a simple birational cobor-
dism is the same as a symplectic blowing up/down.

This motivates us to also describe a symplectic blowup up to integral
deformation via symplectic cut.

2.3. Up to deformation from symplectic cut. Now we apply the
local S1 equivariant symplectic cut construction by Lerman to con-
struct the blowup along Y . This observation was already mentioned in
Remark 1.3 in [10] when (X,ω) is globally Hamiltonian with Y as the
maximal submanifold.

We provide some details in the general case to show that symplec-
tic cutting a small neighborhood of Y gives rise to a simple birational
cobordism. As pointed out in the introduction, this description in-
troduces a linear (Pk,Pk−1,P0)−bundle triple, which leads to a ratio
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constraint. Secondly, it leads to a construction of the symplectic blow-
ing down up to deformation via normal connected sum.

2.3.1. Symplectic cut. Suppose that X0 ⊂ X is an open codimension
zero submanifold with a Hamiltonian S1−action. Let H : X0 → R be a
Hamiltonian function with a regular value ε. If H−1(ε) is a separating
hypersurface of X0, then we obtain two connected manifolds X±0 with
boundary ∂X±0 = H−1(ε), where the + side corresponds to H < ε.
Suppose further that S1 acts freely on H−1(ε). Then the symplectic
reduction Z = H−1(ε)/S1 is canonically a symplectic manifold of di-
mension 2 less. Collapsing the S1−action on ∂X± = H−1(ε), we obtain

closed smooth manifolds X
±

containing respectively real codimension 2

submanifolds Z± = Z with opposite normal bundles. Furthermore X
±

admits a symplectic structure ω± which agrees with the restriction of
ω away from Z, and whose restriction to Z± agrees with the canonical
symplectic structure ωZ on Z from symplectic reduction. The pair of

symplectic manifolds (X
±
, ω±) is called the symplectic cut of X along

H−1(ε) ([10]).
This is neatly shown by considering the standard symplectic struc-

ture
√
−1dw ∧ dw̄ on C and two Hamiltonian actions of S1 on X0 ×C

with the product symplectic structure, where S1 acts on C by complex
multiplication by z and z−1 respectivley. The extended Hamiltonian

is therefore H± = H ± |w|2 and (X
±
, ω±) is the reduction at ε with

respect to H±.

Lemma 2.6. Suppose the moment map image of the S1−action on X0

is (c, d), c < a < b < d and there are no critical values in the interval
I = [a, b]. Let (Kt, ωt) be the symplectic cut on the − side at t ∈ [a, b].
Then (Ka, ωa) and (Kb, ωb) are integral deformation equivalent.

Proof. proof In the special case that (X,ω) is a global S1−manifold,
for Φ = H − |w|2, Φ−1(I)/S1 is a cobordism with no critical levels. So
we have an integral deformation.

In the general local case, H−1([a−ε, b]) is equivariantly P×[a−ε, b] by
the equivariant version of the coisotropic embedding theorem, where P
is a principal S1−bundle. Consider a smooth family of diffeomorphisms
ξt : [a− ε, a]→ [a− ε, t] for t ∈ [a, b], which is identity near a− ε.

We use ξt to define a family of S1−equivariant diffeomorphisms Θt :
X −H−1((a, d))→ X −H−1((t, d)) such that (i) Θt is the identity on
X −H−1([a− ε, d]), and (ii) Θt : (s, p) 7→ (ξt(s), p) on H−1([a− ε, a]).
Each Θt descends to a diffeomorphism from the a−cut to the t−cut,
still denoted by Θt. The family of symplectic forms Θ∗tωt is then the
desired deformation. �
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2.3.2. Symplectic cutting a standard neighborhood of Y . The ε0 neigh-
borhood Nε0(Y ) of Y carries a U(k) action from the identification
φ : Nε0(Y )→ NY (ε0). Consider the Hamiltonian S1−action on

X0 = Nε0(Y )

which corresponds to the complex multiplication on NY (ε0). The mo-
ment map H(u) = |φ(u)|2, u ∈ Nε0(Y ), where |φ(u)| is the norm of
φ(u) considered as a vector in a fiber of the Hermitian bundle NY .
Here X0 × C = Nε0(Y )× C is identified via φ with

NY (ε0)⊕ C.

Fix ε with 0 < ε < ε0 and consider the hypersurface Q = H−1(ε)
in X0 corresponding to the sphere bundle of NY with radius ε. We

cut X along Q to obtain two closed symplectic manifolds (X
+
, ω+)

and (X
−
, ω−), each containing a codimension 2 symplectic submanifold

Z± = Q/S1.
Z± is diffeomorphic to the projectivization Ps(NY ) of NY . It is

important to remember that

(Z+, ω+|Z+) = (Z−, ω−|Z−).

2.3.3. The X
−

side as blowup. We apply the birational cobordism in

[6] to show that X
−

, which is constructed via a local S1−symmetry,
gives an alternative construction of the blowup of X along Y (which
uses a local U(k)−symmetry).

First of all, X
−
0 = H−1

− (ε)/S1 is the reduction at ε with respect to
the Hamiltonian

H−(u,w) = |φ(u)|2 − |w|2.
Since H− has only one simple critical value 0 whose signature is (2, 2k)

which is connected when Y is, we know X
−
0 is the ε−blowup of X0 =

Nε0(Y ) along Y by Theorem 13.1 of [6] (while the reduction at a small
negative value is Nε0(Y ) with a deformed form). The following obser-
vation is essentially pointed out in [10].

Lemma 2.7. The symplectic manifold (X
−
, ω−) via symplectic cut is

the ε0−blowup of X along Y , where Z− is the exceptional divisor.

Proof. We apply the construction in Section 12 in [6] to construct a
global cobordism (XI ,Φ) with a simple critical value 0. We divide X
as two open sets X −Nε′(Y ) and X0 with ε′ < ε0, construct birational
cobordisms on each piece and glue them together. For the part X −
Nε′(Y ), we choose the trivial cobordism I × S1 × (X − Nε′(Y )) with
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the circle action the translation on the S1 factor. For the X0 piece, we
use the simple cobordism as in the paragraph above. 1

By applying the “real blowing up” trick in [6] to our local symplectic
cut cobordism over X0, we can glue two birational cobordisms together
along I × S1 × (Nε0(Y ) − Nε′(Y )) to get a global cobordism (XI ,Φ)
with a simple critical value 0, where reductions at negative values are

X and positive values are X
−

. Now the lemma follows from Theorem
13.1 of [6]. �

2.3.4. The X
+

side. Let us examine the X
+

side. First of all, we have

X
+

= X
+

0 = H−1
+ (ε)/S1 where H+(u,w) = |φ(u)|2 + |w|2. Notice

H−|Nε0 (Y )⊕0 = H+|Nε0 (Y )⊕0 = H.

Lemma 2.8. X
+

is diffeomorphic to the projectivization Ps(NY ⊕ C)
of NY ⊕ C. It has two symplectic submanifolds, the codimension 2
submanifold Z+ = Ps(NY ⊕ 0) and a copy of Y which is the infinity
section Ps(0⊕ C).
• Via the trivial C−summand, there is an embedding

NY → Ps(NY ⊕ C), v → l(v, 1).

Under this embedding, the zero section Y of NY is mapped to Ps(0 ⊕
C) = {l(0, 1)}. Thus the normal bundle to the section Ps(C) is NY .

• X+
inherits a semi-free S1−action from X with Z+ and Y as the

fixed loci. This action lifts to the bundle NY ⊕C, complex multiplication
on NY and trivial action on C.

• The symplectic forms on X
+

and the restriction to Z+ are stan-
dard.

All the statements are clear.
The symplectic section Ps(C) = Ps(0⊕C) imposes constraint on the

possible symplectic structures on the Pn−1−bundle Z−. In the next
section we search for constraints in the case that Y is a 2−manifold.

2.3.5. Symplectic cutting a general neighborhood. SupposeW is a neigh-
borhood of Y containing the U(k) neighborhood Nε0(Y ) and W has
a Hamiltonian S1 action with the Hamiltonian function H extending
|φ(u)|2.

Lemma 2.9. If α ≥ ε0 > ε is in the interval H(W ) and we cut the α
neighborhood of Y , then

• (X
−
, ω−) is deformation to the ε−blowup.

1If X0 can be taken to be X then we are done. This is the case in Remark 1.3
in [10].
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• The symplectic form on Z± is almost standard.

• (X
+
, Z+,Ps(C);ω+) is a matching triple of (X

−
, Z−).

Proof. It follows from Lemma 2.6 thatX
−

is deformation to the ε−blowup.

Recall from Definition 1.2 that a matching triple of (X
−
, Z−) is a

linear (Pk,Pk−1,P0)−bundle triple (K,D′, S; Ω) over Y satisfying

(1) D′ is diffeomorphic to Z−;
(2) e(ND′) = −e(NZ−);
(3) Ω|D′ is almost standard and matches with ω−|Z− .
(4) Ω is S1−invariant with respect to a semi-free S1−action, where

D′ and S are exactly the fixed loci.

By Lemma 2.8 the triple (X
+
, Z+,Ps(C);ω+) clearly satisfies these

conditions. �

2.4. Blowing down via the S1−equivariant fiber sum. Blowing
down is the inverse operation of blowing up. Suppose (M,ω) has a
topological exceptional divisor π : D → Y . We will state a criterion to
blow down D symplectically up to deformation using normal connected
sum.

Given two symplectic manifolds containing symplectomorphic codi-
mension 2 symplectic submanifolds with opposite normal bundles, the
normal connected sum operation in [4] and [17] produces a new sym-
plectic manifold by identifying the tubular neighborhoods. As pointed
out in [10], the normal connected sum operation or the fiber sum op-
eration is the inverse operation of the symplectic cut.

Notice that we can apply the normal connected sum operation to the

pairs (X
±
, ω±|Z±) to recover

(X,ω) = (X
+
, ω+)#Z+=Z−(X

−
, ω−).

A matching triple of (X
−
, Z−) also satisfy the conditions to perform

a symplectic sum with (X
−
, Z−). Topologically, the new manifold ob-

tained is the blow down of M . Moreover, we have the following coun-
terpart of Lemma 2.9.

Proposition 2.10. Suppose (M,ω) has a topological exceptional divi-
sor D. We can symplectically blow down (M,ω) along D up to integral
deformation if there is a matching triple (K,D′, S; Ω).

Proof. Let X = M#D=D′K be the normal connected sum of (M,ω)
and (K,Ω) along D = D′.

By the universal construction we can choose a tubular neighborhood
W = Nε(D) of the symplectic submanifold D in (M,ω) with a semi-free
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Hamiltonian S1−action, which is complex multiplication when identi-
fying W with a normal disk bundle over D. In particular, D is fixed
by this S1−action. By the equivariant Darboux-Weinstein Theorem,
we can glue the two Hamiltonian S1−actions on K and W to get an
S1−action on the open piece X0 = W#D=D′K of X. Let H be the
moment map on K with value 0 at S on K and τ = H(D′). We extend
H to X0.

Pick a standard ε0-neighborhood of S in K, which of course lies in
X. For some ε < ε0, perform the symplectic cut of X along H−1(ε) to
get (X̃1, D̃1). Then (X̃1, D̃1) is the symplectic ε−blowup of (X,S) by
Lemma 2.7. Note that M is the cut at τ and X̃1 is the cut at ε. By
Lemma 2.6, M and X̃1 are (integral) deformation from the S1-action
on X0. �

When Y is a 2−manifold, we will show that a necessary condition
for the existence of a matching triple is that D being admissible. And
when D is admissible, we will construct a weak matching triple using
Kähler geometry. Moreover, in dimension 6, weak matching triples are
actually matching triples.

3. Symplectic geometry of projective bundles over a
surface

In this section let Σ be a closed, oriented 2−manifold.

3.1. Topology of linear projective bundles Ps(V ) over a surface.
We introduce the topological type and the normal type for a linear
Pn−1−bundle over Σ, which is the projectivization of a rank n bundle
V . Over Σ the 1st Chern class of a complex vector bundle V can
be identified as an integer, the degree deg(V ) =

∫
Σ
c1(V ). Another

feature is that V can be decomposed as the direct sum of line bundles.
Especially, every bundle admits a holomorphic structure.

We use C(i) to denote the topological complex line bundle with de-
gree i. Up to twisting by a line bundle, every rank n complex vector
bundle is of the form V = Ck ⊕ C(−1)n−k, 1 ≤ k ≤ n.

3.1.1. Topological and normal types. First observe that

π1(PGL(n,C)) = π1(PU(n)) = Zn
since SU(n) is n−fold cover of PU(n). So there are n topologically
distinct linear Pn−1−bundles over Σ. Since tensoring a line bundle does
not change the projective bundle, we see topological linear Pn−1−bundles
are classified by − deg(V ) (mod n).
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Definition 3.1. Suppose DV = Ps(V ) is a linear Pn−1−bundle modeled
on a rank n complex vector bundle V . The topological type of DV is

tn(DV ) = tn(− deg V ) ∈ {0, · · · , n− 1}
i.e. the smallest non-negative integer satisfying

tn(DV ) ≡ − deg(V ) (mod n).

We also have the integer valued ‘normal type’ of DV ,

Nn(DV ) = − deg(V ) ∈ Z.

3.1.2. Cohomology and homology of DV . SupposeDV is a linear Pn−1−bundle
modeled on V . Consider the tautological line subbundle Ξ ⊂ π∗V over
DV and its dual bundle Ξ∗. Here are a few properties of Ξ.

Lemma 3.2. Ξ depends on V . If we change V by a line bundle L over
Σ, then Ξ is changed to Ξ⊗ π∗L.

(1) If V is a line bundle, then DV = Σ and Ξ = V .
(2) For a subbundle T ⊂ V , Ξ|Ps(T ) ⊂ π∗T |Ps(T ) is the tautological

line subbundle over Ps(T ).
(3) Ξ∗ is the normal bundle of DV = Ps(V ) in Ps(V ⊕C). In fact,

Ps(V ⊕C) \ Ps(C) is the total space of Ξ∗. Its fiberwise picture
is just Pn − 0 is biholomorphic to the total space of O(1) over
Pn−1.

The dual line bundle Ξ∗ is called the hyperplane line bundle. Set

τ = c1(Ξ∗).

Since τ restricts to a ring generator of the de Rham cohomology of the
fiber, by the Leray-Hirsch principle, the de Rham cohomology group
H∗(DV ;R) is the tensor product of H∗(Pn−1;R) and H∗(Σ;R). As an
H∗(Σ;R)−algebra, H∗(DV ;R) is generated by τ subject to the relation

(6)
∑

π∗cj(V ) τn−j = 0.

In fact, this is the defining relation of Chern classes (see e.g. [2]).
Let F denote the homology class of the fiber, as well as its Poincare

dual in H2(DV ;Z). Let l be the homology class of a line in the fiber.
Then clearly

〈F, l〉 = 0, 〈τ, l〉 = 1.

Lemma 3.3. Suppose V is a rank n ≥ 2 vector bundle over Σ with
degree d. Then H2(DV ;R) is 2 dimensional with {F, τ} as a basis. And
the even cohomology ring structure is described by

τn−1 · F = (τ |F )n−1 = 1, F · F = 0, τn = −
∫

Σ

c1(V ) = −d.
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There exists a unique degree 2 integral homology class η such that
〈τ, η〉 = 0 and 〈F, η〉 = 1. In particular, l and η are an integral basis
of H2(DV ;Z).

If s is a section of a line subbundle L, then

〈τ, s〉 = − deg(L).

Proof. The relation τn = −
∫
Y
c1(V ) = −d follows from (6) and the

vanishing of cj(V ) for j > 1.
To construct the class η observe that F is primitive since τn−1 ·F = 1.

So there exists a class η′ whose paring with F is 1. Since 〈F, l〉 = 0
and 〈τ, l〉 = 1, we get the desired η from adjusting η′ by multiple of l
to achieve trivial pairing with τ .

The pairing 〈τ, s〉 = − deg(L) follows from the observation that, un-
der the natural identification of the section s with Σ via π, Ξ restricted
to s is identified with L. A consequence is that η is geometrically repre-
sented by a nowhere zero section of a trivial line bundle, which always
exists. �

Lemma 3.4. For a bundle V with rank n and degree d, a class u =
xτ + yF is in the forward cone {q ∈ H2(DV ;R)|qn > 0, 〈q, l〉 > 0} if
and only if x > 0 and y

x
> d

n
.

The ratio of u is given by ρπ(u) = −d + n y
x
. If 〈u, η〉 > 0, then

ρn(u) > −d.

Proof. The description of the forward cone follows from

〈u, l〉 = 〈xτ + yF, l〉 = x > 0,

un = (xτ + yF )n = xnτn + nxn−1y(τn−1 · F ) = xn−1(−dx+ ny) > 0.

It follows that the ratio of u is given by

ρπ(u) =
un

〈u, l〉n
=
xn−1(−dx+ ny)

xn
= −d+ n

y

x
.

Note that 〈u, η〉 = y. If 〈u, η〉 > 0, then ρπ(u) = −d+ ny/x > −d. �

We end this subsection with a remark on smooth, linear, symplectic
and holomorphic Pn−bundles.

Remark 3.5. Every complex bundle over a Riemann surface splits
smoothly into a direct sum of complex line bundles and hence can be
made holomorphic. Therefore any linear Pn−bundle over a Riemann
surface is of the form Ps(E) of a holomorphic vector bundle E. We will
study the Kähler geometry of such bundles in the next subsection.

Over an algebraic variety, a holomorphic Pn−bundle arises from a
holomorphic vector bundle (cf. Exercise 7.10 in Hartshorne’s Algebraic
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Geometry). Therefore if a smooth Pn bundle over surface can be made
a holomorphic Pn bundle, then it is linear.

A symplectic fibration with fibers (F, σ) is a fibration with structure
group Symp(F, σ). Since the fibers of D are compact, a closed form ω
on D which is symplectic along fibers gives rise to a symplectic fibration
structure ([21]).

When n = 2, if a smooth Pn bundle can be made symplectic, then the
structure group is Symp(P2, ωFS). Since Symp(P2, ωFS) is homotopic
to PU(3), such a bundle is linear.

When n = 1, the classification of symplectic ruled surface shows that
all smooth P1 bundles are linear.

3.2. Holomorphic projective bundles P(E).

3.2.1. The projective bundle P(E) of quotient line bundles. We switch
to the quotient bundle convention in algebraic geometry. Let us be-
gin with a general setting. Let X be an algebraic variety, and E a
holomorphic vector bundle of rank r on X. We use the Grothendick
convention of projectivization and denote by π : P(E) → X the pro-
jective bundle of one-dimensional quotients of E . More algebraically,
P(E) = ProjOX (Sym(E)), where Sym(E) = ⊕m>0s

m(E) is the symmet-
ric algebra of E .

The projective bundle P(E) carries the Serre line bundle OP(E)(1),
which is the tautological quotient of π∗E :

π∗E → OP(E)(1)→ 0.

When restricted to each fiber, OP(E)(1) is the hyperplane bundle O(1)
on Pn−1. OP(E)(1) is the universal quotient bundle in the following
sense. Let p : Z → X be any morphism. Then, a morphism f : Z →
P(E) over X is equivalent to a quotient line bundle p∗E → L → 0.
Under this correspondence, L = f ∗OP(E)(1).

Since X is projective, OP(E)(1) is represented by a divisor and we
write ξ for its first Chern class. As an H∗(X;R)−algebra, H∗(P(E);R)
is generated by ξ subject to the Grothendick relation

(7)
∑

(−1)j π∗cj(E) ξn−j = 0.

We call E ample (resp. nef) if OP(E)(1) is so.
We now assume X = Σ is a Riemann surface. We need the following

result of Hartshorne in [7] later.

Theorem 3.6. For a vector bundle E on a Riemann surface Σ, OP(E)(1)
is nef (resp. ample) if and only if E and every quotient bundle of
E has non-negative (resp. positive) degree. Especially, suppose E is
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semistable, then OP(E)(1) is nef (resp. ample) if it has non-negative
(resp. positive) degree.

3.2.2. Cohomology and homology of P(E). We still use F, l, η for P(E)
and summarize the results on the real cohomology and integral homol-
ogy of P(E), H∗(P(E)) and H2(P(E);Z).

Lemma 3.7. Suppose E is a holomorphic bundle over a Riemann sur-
face X with rank n and degree d = deg(E). Then

(1) P(E) = Ps(E∗) and deg(E) = − deg(E∗). Under the identifi-
cation P(E) = Ps(E∗), the ξ class corresponds to the τ class of
Ps(E∗).

(2) H2(P(E);Z) is generated by ξ and the (Poincaré dual of) the
fiber class F .

(3) The even cohomology ring structure of P(E) is described by

ξn−1 · F = (ξF )n−1 = 1, F · F = 0, ξn = d.

(4) H2(P(E);Z) is generated by l and η, with the pairing with H2(P(E);Z)
given by

〈F, l〉 = 0, 〈ξ, l〉 = 1, 〈F, η〉 = 1, 〈ξ, η〉 = 0.

(5) For a class u = xξ + yF ∈ H2(P(E);R),

un = xn−1(dx+ ny) and 〈u, l〉 = 〈xξ + yF, l〉 = x.

Hence u is in the forward cone {q ∈ H2(P(E);R)|qn > 0, 〈q, l〉 >
0} if and only if

x > 0 and
y

x
> −d

n
.

(6) The ratio of u = xξ + yF in the forward cone is given by

ρπ(u) = d+ n
y

x
.

(7) If u is in the forward cone and 〈u, η〉 > 0, then ρn(u) > d.

Proof. For (1) just notice that a line subbundle L of E∗ determines a

hyperplane L̂ of E , which in turn gives rise to a quotient line bundle
L∗ of E .

(2), (3) and (4) follow from (1) and Lemma 3.3.
(5), (6) and (7) follow from (1) and Lemma 3.4. �
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3.2.3. The curve cone, multi-sections and symmetric powers. The curve
cone NE(P(E)) ⊂ H2(P(E)) is spanned by the classes of all effective
1−cycles. An irreducible curve is either contained in a fiber, or it in-
tersects the fiber divisor at zero-cycles. For the first case, the classes
are generated by l which is the generator of the second homology of a
fiber.

For the latter case, it is a multi-section Z. Suppose Z is anm−section.
Then 〈F, [Z]〉 = m, and the restriction of the projection π|Z : Z → X
is a degree m ramified covering of X. Let ι : Z → P(E) denote the
inclusion. By the universal property of OP(E)(1), we have the quotient
line bundle over Z,

π|∗ZE → ι∗OP(E)(1)→ 0.

Lemma 3.8. Let p : Z → X be a ramified covering of algebraic curves
of degree m, and E a vector bundle over X. Then each quotient line
bundle p∗E → L → 0 over Z gives rise to a quotient line bundle ML
of smE over X with degree degL.

Proof. First notice that any fiber L|y could be viewed as a quotient
subspace of E|p(y). For any x ∈ X, we could choose m 1-dimensional
vector quotient spaces of Ex by taking L|yi where yi ∈ p−1(x). This
may count with multiplicities if it is a ramified point. Then the line
Sym(Ly1⊗ ...⊗Lym) is a 1-dimensional quotient space in the symmetric
power sm(E)|x. Hence we obtain a quotient line bundle of smE , which
is holomorphic since the transition functions are polynomials of that of
L.

It is clear from the construction that a section s of L would give
rise to a section s′ of ML. Moreover, the zero locus of s counted with
multiplicity would exactly correspond to that of s′. Hence the degree
of the quotient bundle is preserved. �

Remark 3.9. Note that a quotient line bundle of sm(E) may not cor-
respond to a m−section of P(E). This is true if the rank of E is 2. The
simple algebraic fact is a symmetric tensor is not always decomposable,
i.e. of the form sym(v1 ⊗ ...⊗ vm).

By Lemma 3.8 an m−section Z induces a quotient line bundle of
smE , which we denote byMZ . The homology class of Z is determined
by degMZ as follows.

Lemma 3.10. Suppose ι : Z → P(E) is an m−section with the asso-
ciated quotient line bundle MZ of smE. Then 〈ξ, [Z]〉 = degMZ and
hence

(8) [Z] = deg(MZ)l +mη.
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Proof. By Lemma 3.8,

degMZ = deg ι∗OP(E)(1) =

∫
Z

c1(ι∗OP(E)(1)) =

∫
Z

ι∗ξ = 〈ξ, ι∗[Z]〉.

The last statement follows from the first and 〈F, [Z]〉 = m. �

3.2.4. Semi-stable bundles and direct sums. Recall that the slope of
a vector bundle E is the ratio µ(E) = deg(E)/rank(E). E is called
semistable if every subbundle F ⊂ E satisfies µ(F) ≤ µ(E). Equiv-
alently, E is semistable if every quotient bundle G = E/F satisfies
µ(G) ≥ µ(E).

Lemma 3.11. If V is a rank r semi-stable bundle, then smV is also
semi-stable with µ(smV) = m µ(V).

Proof. A basic fact about semi-stable bundles over curves is due to
Hartshorne [7]: The symmetric powers of a semi-stable bundle over a
smooth curve are semi-stable.

Since both bundles are semi-stable, the slope is determined by the
rank and the degree of the bundles themselves. For m ≥ 0 one has that
π∗OP(V)(m) = smV . We note that

rank smV =

(
m+ r − 1

m

)
,

which is the number of r−variable monomials of degree m, and

c1(smV) =

(
m+ r − 1

m− 1

)
c1(V),

which can be verified by the splitting principle. By the formulae above,

µ(smV) =
deg(smV)

rank sm(V)
= m

deg(V)

rankV
= m µ(V).

�

Lemma 3.12. Let E = V1⊕· · ·⊕Vk with V1, · · · ,Vk semi-stable bundles
and µ(V1) ≥ · · · ≥ µ(Vk). Then

(1) If L is a line subbundle of E, then degL ≤ µ(V1).
(2) If L is a quotient line bundle, then degL ≥ µ(Vk).

Proof. If L is a line subbundle, then O is a line subbundle of

E ⊗ L−1 = (V1 ⊗ L−1)⊕ · · · ⊕ (Vk ⊗ L−1).

As

Γ((V1 ⊗ L−1)⊕ · · · ⊕ (Vk ⊗ L−1)) = Γ(V1 ⊗ L−1)⊕ · · · ⊕ Γ(Vk ⊗ L−1),
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we know O is a subbundle of at least one of Vi⊗L−1. As each Vi⊗L−1

is semi-stable, we have deg(Vi ⊗ L−1) ≥ 0 for at least one Vi, i.e.,

degL ≤ µ(Vi) ≤ µ(V1).

If L is a quotient line bundle, then the dual bundle L∗ is a line sub-
bundle of E∗ = V∗1 ⊕ · · · ⊕ V∗k . Each V∗i is a semi-stable bundle of slope
−µ(Vi) and µ(V∗1 ) ≤ · · · ≤ µ(V∗k). By the line subbundle case,

degL∗ ≤ µ(V∗k) = −µ(Vk),
which is degL ≥ µ(Vk). �

When the base is P1, we will need the following lemma.

Lemma 3.13. Let V = O(1)k ⊕ O(2)n−k over P1 and s∗ the section
from the quotient line bundle O(1). Then the GW invariant of [s∗] is
nonzero.

Proof. Observe that P(V) is Fano so we can apply the calculation in
Sections 2 and 5 of [24] here. By the paragraph above Lemma 2.2
in [24], [s∗] is the extremal class A2 = ξn−1 + (1 − c1)Fξn−2 and the
unparametrized moduli space M([s∗], 0) is compact. Since

c1 =

∫
X

c1(V) = k + 2(n− k) = 2n− k,

ξn = c1 and −KP(V) = (2− c1)F + nξ, we have

〈−KP(V), s
∗〉 = (2− c1) + (1− c1)n+ nξn = 2− c1 + n = 2− (n− k).

Thus, by (3.4) in [24], the GW dimension of unparametrized moduli
space is 2 − (n − k) + (n − 3)(1 − 0) = k − 1. In fact, from the proof
of Lemma 2.3 (ii) and (5.6) in [24] the moduli spaceM([s∗], 0) is Pk−1,
which is identified with the space of trivial quotient line bundles of
O(1)k. And the obstruction bundle is trivial by (5.7) in [24]. �

3.3. Kähler cone and restricted Kähler cone.

3.3.1. The Kähler cone of P(E). Let E still be a holomorphic vector
bundle over Σ. We determine the Kähler cone of P(E) for various
types of E . In particular, we establish a criterion for the Kähler cone
to be the forward cone. As our objects are projective bundle P(E),
and in particular they are projective, so the Kähler cone is the real
extension of ample cone. Since H2,0 vanishes for P(E), it follows from
Kleiman’s cirterion that a class in H2(P(E);R) is Kähler if and only if
it is positive on the closure of the cone of curves.

A Kähler class is in the forward cone since the line class l is in the
curve cone. Let Z be an effective curve which is an m−section. Then
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Z corresponds to a quotient line bundle MZ of smE , and by Lemma
3.10, [Z] = al +mη with a = degMZ .

Lemma 3.14. Suppose u = xξ + yF is in the forward cone. For an
m−section Z with [Z] = al +mη, 〈u, [Z]〉 > 0 if and only if

y

x
> − a

m
.

Consequently, u is in the Kähler cone if there is α > 0 such that every
m−section Z satisfies a

m
≥ α and ρπ(u) > deg(E)− rank(E)α.

In particular, the Kähler cone of P(E) is the forward cone if

(9)
a

m
≥ deg(E)

rank(E)
.

Proof. Since the class u = xξ+yF is in the forward cone we have x > 0
and dx+ ny > 0 by Lemma 3.7 (5). The first claim follows from

〈u, [Z]〉 = 〈xξ + yF, al +mη〉 = ax+my = mx(
a

m
+
y

x
).

Set d = deg(E) and n = rank(E). By Lemma 3.7 (6), the ratio of
u = xξ + yF is given by

ρπ(u) = d+ n
y

x
.

Therefore, for an m−section Z with [Z] = al +mη,

〈u, [Z]〉 = mx(
a

m
+
y

x
) > 0

if a
m
≥ α and ρπ(u) > d− nα.

The last statement is clear by taking α = d/n. �

Proposition 3.15. The Kähler cone of P(V) is the forward cone if V
is a semi-stable rank n bundle.

In the rank 2 case, the converse is also true.

Proof. Since V is semi-stable, so are all symmetric powers sm(V). Hence,
by Lemma 3.11, for any quotient line bundle M of smV , we have

deg(M) ≥ µ(smV) = mµ(V) = m
deg(V)

n
.

Therefore if we set d = deg(V) and apply it toMZ with [Z] = al+mη,
then

a ≥ md

n
.

The first statement now follows from Lemma 3.14.
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In the rank 2 case, if V is not semi-stable, then there is a quotient

line bundle with degree strictly less than deg(V)
2

. Since degree is an
integer, for the corresponding section Z and u = xξ + yF , we have

〈u, [Z]〉 = 〈xξ + yF, al + η〉 = ax+ y ≤ deg(V)− 1

2
x+ y.

If we choose u = 4ξ + (1 − 2d)F , then u satisfies u2 > 0 but pairs
negatively with [Z]. �

It is easy to see that for a rank r bundle V , if the Kähler cone of P(V)
is the forward cone then there is no quotient line bundle with degree

strictly less than deg(V)
r

.

Lemma 3.16. Suppose V = ⊕jLj with degrees aj and a1 = min ai. If
we view a line bundle summand also as a quotient line bundle and let
Ci be the corresponding section, then the curve cone of P(V) is bounded
by [C1] = a1l + η and l.

The ratio of the Kähler cone is
∑

(aj − a1). If a1 = 0, then the ratio
of the Kähler cone is deg(V).

Proof. If Z → X is of degree m, then Z corresponds to a quotient line
bundle MZ of smV . Observe that smV is a direct sum of line bundles
and the minimal degree of these line bundles is ma1. Since line bundles
are stable, we get by Lemma 3.12 that degMZ ≥ ma1. This means
that 〈ξ, [Z]〉 ≥ ma1 if 〈F, ξ〉 = m. On the other hand, C1 is an effective
curve with 〈F, [C1]〉 = 1 and 〈ξ, [C1]〉 = a1. Hence the two extremal
rays are [C1] and l.

Recall η is the class with 〈ξ, η〉 = 0 and 〈F, η〉 = 1. Then [C1] =
a1l + η. By the Kleiman criterion, u = xξ + yF is in the Kähler cone
of P(V) if and only if

(10) 〈xξ + yF, l〉 = x > 0, 〈xξ + yF, [C1]〉 = a1x+ y > 0.

Write

ρ(u) =
xn−1((

∑
aj)x+ ny)

xn
=
∑

(aj − a1) + n(a1x+ y)/x.

By (10), the ratio of the Kähler cone is
∑

(aj−a1). In particular, when
a1 = 0, the Kähler cone has ratio deg(V). �

The above discussion follows more clearly from Hartshorne’s theorem
by looking at the twisting E ⊗ L−1

1 and notice P(E) = P(E ⊗ L−1
1 ).

Abusing the notation, we denote the new bundle to be E as well. By
Theorem 3.6, E is nef. When we take C corresponding to the line
bundle quotient O, 〈ξ, [C]〉 = 0. Hence the boundary of curve cone is
spanned by [C] and l.
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3.3.2. The ratio of the restricted Kähler cone. Let V be a rank n quo-
tient of E . We introduce the ratio of the restricted Kähler cone ρ(V , E),

ρ(V , E) = inf{ρ(u|P(V))|u is the class of a Kähler form on P(E)}.
Recall that Ps(V) = P(V∗) so the normal type of P(V) is actually
deg(V) rather than − deg(V). We have seen that the Kähler cone of
a semi-stable bundle is maximal. For the direct sum of a semi-stable
bundle and a line bundle we have

Lemma 3.17. Let E = V ⊕ L, where V is a semi-stable bundle with
µ(L) ≥ µ(V). Then the restricted Kähler cone of P(V) is the forward
cone.

Proof. Let Z be a multisection with 〈F, [Z]〉 = m. Then Z corresponds
to a quotient line bundle MZ of sm(E). In our case,
(11)
sm(E) = sm(V ⊕L) = sm(V)⊕ sm−1(V)L⊕ · · ·⊕ sm−i(V)Li⊕· · ·⊕Lm.
Since the symmetric powers of a semi-stable bundle over a curve are
semi-stable, each summand in (11) is semi-stable. By Lemma 3.11, we
have

µ(sm−i(V)Li) = µ(sm−i(V)) + µ(Li) = (m− i)µ(V) + iµ(L) ≥ mµ(V)

since µ(L) ≥ µ(V). So the minimal slope of the summands in (11)
is achieved by sm(V). Since each summand is semi-stable, by Lemma
3.12 the quotient line bundle MZ of sm(E) satisfies

degMZ ≥ µ(smV) = mµ(V) = m
deg(V)

rank(V)
.

By Lemma 3.14, u = xξE + yFE is in the Kähler cone of P(E) if
y/x > − deg(V)/rank(V). Since u|P(V) = xξV + yFV , it follows that
the restricted Kähler cone of P(V) is the forward cone. �

Lemma 3.18. Given the normal type qn + t < 0 with 0 ≤ t ≤ n − 1,
there exists V with deg V = qn+ t such that

(i) ρ(V ,V ⊕O) = 0 if g(Σ) > 0;
(ii) ρ(V ,V ⊕O) = t if g(Σ) = 0.

Proof. Suppose g(Σ) > 0. Then there are semi-stable bundles of arbi-
trary rank r ≥ 2 and degree d over Σ ([27] for g ≥ 2 and [1] for g = 1).
Just pick V to be a semi-stable bundle with degree qn + t ≤ 0 and
apply Lemma 3.17.

Now we assume g(Σ) = 0 and apply Lemma 3.16. Consider the
bundle V = O(q)n−t ⊕O(q + 1)t. By Lemma 3.16, the extremal ray of
P(V) is given by O(q) and ρ(V) = t. Note that q ≤ −1, so the extremal
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ray of P(V⊕O) is also given by O(q). Hence the restricted Kähler cone
is just the Kähler cone. �

Lemma 3.19. Given the normal type (p−1)n+t ≥ 0 with 0 ≤ t ≤ n−1,
there is a completely decomposable V such that ρ(V) = t and

ρ(V ,V ⊕O) = deg(V) = (p− 1)n+ t.

Proof. Consider a decomposable rank n bundle V = ⊕ni=1Li⊗R, where
R has degree (p−1), Li = O or has degree 1. The number of O factors
is n− t. By Lemma 3.16, ρ(V) = t.

For the completely decomposable bundle E = V ⊕O, the section sO
is extremal. Note this is just the η class of E . Since the degree of Li⊗R
is ≥ 0, by Lemma 3.16, the ratio ρ(V ⊕ O) is deg(V ⊕ O) = deg(V).
Since the η class of V is the restriction of the η class of V⊕O, we apply
Lemma 3.4 to get the ratio ρ(V ,V ⊕O) to be deg(V). �

3.4. Almost standard symplectic forms. Suppose π : D → Σ is a
linear Pn−1 bundle over a surface Σ. Recall that a fibred symplectic
form on D is called standard if it arises from the Sternberg-Weinstein
universal construction as described in Section 2.1. In particular, a
standard form restrict to a multiple of the Fubini-Study form on each
fiber. And a fibred symplectic form on D is said to be almost standard
if it is deformation to a standard form via fibred forms. The linear Pn−1

bundle π : D → Σ always has a holomorphic realization of the form
P(E). A Kähler form on D refers to a Kähler form on any holomorphic
realization of this sort.

Lemma 3.20. Suppose π : D → Σ is a linear Pn−1 bundle over a
surface Σ. Then the space of almost standard forms on D is path
connected and contains the Kähler forms.

Proof. Since the base Σ has dimension 2, by Proposition 4.4 in [20],
the space of standard forms which restricts to the same multiple of
the Fubini-Study form is path-connected. Therefore the space of all
standard forms is also path connected by scaling. It follows that the
space of almost standard forms is path connected since any almost
standard form is connected to a standard form via a path of almost
standard forms.

Fix a holomorphic realization P(E) of D. Since the fibers of P(E)
are holomorphic, the Kähler forms on P(E) are fibred. Moreover, there
exists standard Kähler forms on P(E) (c.f. Proposition 3.18 in [29]).
Since the space of Kähler forms on P(E) is path connected, any Kähler
form on P(E) is almost standard. �
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Remark 3.21. There is a unique deformation class of Kähler struc-
tures for each topological type since the moduli space of holomorphic
bundles over a curve with the fixed rank and degree is connected ([22]).
This implies that the subspace of Kähler forms is also path connected.

Lemma 3.22. Suppose D is a linear Pn−1 bundle over P1. Then
ρπ([ω]) > tn(D) for an almost standard form ω on D.

Proof. Suppose tn(D) = n− k. Model D on

V = Ck ⊕ C(−1)n−k, 1 ≤ k ≤ n.

Let S be the section Ps(C). We will show that a GW invariant of the
curve class η = [S] is nonzero. Then the inequality ρπ([ω]) > n− k =
tn(D) is a consequence of Lemma 3.4.

Tensoring V ∗ by C(1), we have V ∗ ⊗ C(1) = C(1)k ⊕ C(2)n−k. Now
S corresponds to S∗, a quotient line bundle C(1) of V ∗ ⊗C(1). If ω is
Kähler, the GW invariant of [S] is nonzero by Lemma 3.13. By Lemma
3.20 the space of almost standard forms on D is path connected and
contains Kähler forms, so ω is deformation to a Kähler form and has
the same GW invariant. �

Definition 3.23. Suppose D is a linear Pn−1−bundle over Σ. We
define the ratio ρπ(D) of the (almost standard) symplectic cone by

ρπ(D) = inf{ρπ(u)|u an almost standard symplectic class}.
If D is a codimension 2 submanifold of M and S ⊂M is a submanifold
disjoint from D, we define the relative ratio

ρπ(D;M,S)

to be the infimum of ρπ(u|D) for u a class of a symplectic form on M
that is almost standard on D and symplectic on S.

Clearly, ρπ(D;M,S) ≥ ρπ(D) ≥ 0.

Proposition 3.24. Suppose D is a linear Pn−1−bundle over Σ. Then

(12) ρπ(D) =

{
0 if g(Σ) > 0,
tn(D) if g(Σ) = 0.

Moreover, any ratio can be realized by a Kähler form.

Proof. When g(Σ) > 0, by Proposition 3.15, for any complex structure
arising from a semi-stable bundle, the ratio of the Kähler cone is 0.

When the base is P1, ρπ(D) ≥ tn(D) by Lemma 3.22. The reverse
inequality relies on the Kähler cone computation in Lemma 3.16. D
can be modeled on a holomorphic bundle V as in Lemma 3.16 with
a1 = 0. The ratio of the Kähler cone is then deg(V) by Lemma 3.16. So
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ρπ(D) ≤ deg(V). Notice that P(V) = Ps(V∗) and deg(V) = − deg(V∗).
Recall the topological type for Ps(E) is the smallest non-negative inte-
ger congruent to − deg(E) modulo n. Therefore ρπ(D) = tn(D) when
the base is P1. �

We are ready to confirm Proposition 1.7.

Proof of Proposition 1.7. Claim (i) follows directly from Lemma 3.20
and Proposition 3.24. For Claim (ii) on the symplectic cone when n
is odd and g(Σ) > 0, it follows from Proposition 3.24 once we note
that −ω is also a symplectic form compatible with the orientation if ω
is. �

Proposition 3.25. Suppose V has rank n and degree d. Let K =
Ps(V ⊕ C), D = Ps(V ) and S = Ps(C). Then

(13) ρπ(D;K,S) =

{
max{0,− deg(V )} if g(Σ) > 0,
max{tn(− deg V ),− deg(V )} if g(Σ) = 0.

Moreover, the symplectic form on K could be chosen to be S1−invariant
with respect to the natural semi-free S1−action from the splitting V ⊕C.

Proof. Let ω be a symplectic form on K that is almost standard on D
and symplectic on S. Since the η class ηD of the linear Pn−1 bundle
D = Ps(V ) is sent to the η class ηK of the Pn bundle K = Ps(V ⊕ C)
under the inclusion D → K and ηK is represented by the symplectic
section S, ω|D is positive on ηD.

Therefore we have the inequality

ρπ(D;K,S) ≥ − deg(V )

by Lemma 3.4. The equality (13) then follows from the Kähler con-
structions on P(V ⊕O) in Lemmas 3.18 and 3.19.

It remains to verify the last statement. The holomorphic bundle
P(V ⊕O) has a natural semi-free holomorphic S1−action induced from
the splitting V ⊕O that fixes both D and S. For each element g of this
S1 automorphism of P(V ⊕ O), g∗Ω is still a Kähler form in the class
[Ω]. As the space of Kähler forms is convex, take average of g∗Ω with
respect to the S1−action, we have a Kähler form Ω′ in class [Ω] which
is invariant under this S1−action. �

4. Proof of theorems

Finally, we prove Theorem 1.4, Theorem 1.6 and Theorem 1.10.

Proof of Theorem 1.4. We have a symplectic divisor π : D2n → Σ of
(M2n+2, ω) arising from symplectically blowing up a symplectic surface
Σ in a symplectic manifold. Observe that from the symplectic cut



SYMPLECTIC BLOWING DOWN IN DIMENSION SIX 29

description of symplectic blowing up, (M,ω) = (X
−
, ω−) and D = Z−.

On the X
+

side, we have a projective bundle triple by Lemma 2.8, the

Pk−bundle X
+

= Ps(NΣ ⊕ C), the Pk−1−bundle Z+ = Ps(NΣ ⊕ 0)
and a copy of Σ which is the infinity section Ps(0 ⊕ C). Moreover,
c1(ND) = −c1(NZ+). By Lemma 3.2(3) snd Lemma 3.3,

∫
D
c1(NZ+)n =

− deg(NΣ). Therefore c1(ND) satisfies∫
D

(−1)nc1(ND)n = − deg(NΣ).

It remains to prove the ratio inequality

(14) ρπ([ω|D]) >

{
− deg(NΣ), if g(Σ) > 0,
max{tn(− degNΣ),− deg(NΣ)}, if g(Σ) = 0.

Again we can resort to the X
+

side since

(15) ρπ([ω|D]) = ρπ−([ω−|Z− ]) = ρπ+([ω+|Z+ ]),

where π± : Z± → Y is the projection. Note that [ω+] pairs positively
with the η class of the Pk−bundle X+, which is represented by the
symplectic section Ps(0 ⊕ C). Since the η class of the Pk-bundle X+

is also the η class of the Pk−1−subbundle Z+, [ω+|D] pairs positively
with the η class of the Pk−1−bundle Z+.

Note that the Pk−1−bundles Z+ is modeled on NΣ. By (15), the ratio
inequality (14) follows from Lemma 3.4 when g(Σ) > 0 and Lemmas
3.4 and 3.22 when g(Σ) = 0. �

Proof of Theorem 1.6. Here we have a topological exceptional divisor
π : (D,ω|D)→ Σ of (M,ω) satisfying the ratio bound

(16) ρπ([ω|D]) >

{
αD,M , if g(Σ) > 0,
max{αD,M , tn(αD,M)}, if g(Σ) = 0.

where αD,M =
∫
D

(−1)nc1(ND)n.

We model the linear Pk−1−bundle D by a complex rank k vector
bundle V over Σ with deg V = −αD,M . Let

K = Ps(V ⊕ C), D′ = Ps(V ), S = Ps(C)

as in Proposition 3.25. Since [ω|D] satisfies the ratio inequality (16),
there exists an S1−equivariant symplectic form Ω on K such that
[Ω|D′ ] = [ω|D] by Proposition 3.25. Clearly, the triple (K,D′, S; Ω)
is a desired weak matching triple. �

Since Theorem 1.10 has several statements we restate it here and
deduce it from Theorem 1.4 and Proposition 1.9.
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Theorem 4.1. Let (M,ω) be a 6−dimensional symplectic manifold
and D a codimension 2 symplectic submanifold. Suppose D admits a
P1−bundle structure π : D → Σ over a surface Σ with 〈c1(ND), l〉 =
−1. Let

αD,M = c1(ND) · c1(ND) and ρ = ρπ([ω|D]).

Suppose (D,ω|D) arises from blowing up a surface. Then ρ 6= 2 if
D = S2 × S2 with αD,M = 2, and ρ > αD,M otherwise.

Conversely, if ρ > αD,M , (M,ω) can be blown down along D up to
deformation. In particular, this is the case if αD,M ≤ 0. Moreover,
when D = S2 × S2 with αD,M = 2, (M,ω) can be blown down along D
up to deformation as long as ρ 6= 2.

Proof. First of all, (D,ω|D) is a topological exceptional divisor since
any P1−bundle over Σ is linear and any symplectic form is fibred and
almost standard.

We first assume g(Σ) > 0. If (D, π, ω|D) is a (symplectic) excep-
tional divisor, then ρ > αD,M by Theorem 1.4. Conversely, (D,ω) is
admissible if ρ > αD,M . By Proposition 1.9, up to integral deformation,
D can be symplectically blow down.

Suppose g(Σ) = 0. There are two cases, αD,M is even or αD,M is
odd. When αD,M is odd, D is the unique non-trivial P1−bundle over
P1, which is also the 1 point blowup of P2. In this case, tn(αD,M) = 1
and ρ > 1 for any symplectic form on D. So, as in the case g(Σ) >
0, ρ > αD,M if (D, π, ω|D) is a (symplectic) exceptional divisor, and
conversely, (D,ω) is admissible and hence can be symplectically blow
down up to integral deformation if ρ > αD,M .

When αD,M is even, D = S2 × S2 and tn(αD,M) = 0. There are
two P1 bundle structures on D. Accordingly we further divide into
two cases, αD,M 6= 2 and αD,M = 2. When αD,M 6= 2, there is only
one fibration with the appropriate normal bundle condition and the
admissible condition is again ρ > αD,M . So the conclusion is exactly
the same as the g(Σ) > 0 case.

When αD,M = 2, the evaluation of c1(ND) is −1 on both fiber classes.
Suppose the symplectic areas of the two rulings are x and y. Then the
symplectic volume is 2xy. The ratio of ω|D with respect to the first
ruling is 2xy/x2 = 2y/x, which is bigger than αD,M = 2 if and only if
y > x. Similarly, the ratio of ω|D with respect to the second ruling is
bigger than αD,M = 2 if and only if x > y. Therefore ρ 6= 2 if D is
a symplectic exceptional divisor. Conversely, if ρ 6= 2, up to integral
deformation we could blow down (M,ω) along D with respect to the
fibers with smaller area. �
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