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FOR PERIODIC INFINITE HORIZON LORENTZ GASES

By
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Abstract. We prove optimal local large deviations for the periodic infinite
horizon Lorentz gas viewed as a Z%-cover (d = 1, 2) of a dispersing billiard. In
addition to this specific example, we prove a general result for a class of nonuni-
formly hyperbolic dynamical systems and observables associated with central limit
theorems with nonstandard normalisation.

1 Introduction

Local large deviations (LLD) for one-dimensional i.i.d. random variables that do
not satisfy the classical central limit theorem (with the standard normalisation)
but are in the domain of a stable law were recently obtained by Caravenna and
Doney [9, Theorem 1.1] and refined by Berger [6, Theorem 2.3]. Such results have
been extended to multivariate i.i.d. random variables in the domain of the stable
laws by Berger in [7]. Roughly speaking, an LLLD measures the probability that the
sum of the random variables assumes precise, but asymptotically large values. In
the absence of second and even first moments, the proofs are considerably harder.

For dynamical systems, the first LLD results in the absence of the classical
central limit theorem were obtained in [18]; they are as optimal as [6, Theorem 2.3].
The main shift in that paper is an analytic proof which overcomes the restriction
of having independence. Although promising, the results in [18] are limited to the
Gibbs Markov maps. The aim of this paper is to prove an optimal LLD estimate
for infinite horizon periodic Lorentz maps, which were shown to satisfy a central
limit theorem with nonstandard normalisation by Szasz and Varji [22]. A crucial
new ingredient of the proofs of the present LLD results consists of a new operator
renewal technique on the Young tower for the billiard map.

Periodic dispersing billiards and Lorentz gases were introduced into ergodic
theory and studied in [21]. For a general reference, see [11]. We recall that
the classical central limit theorem was proved in the finite horizon case in [§]
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and local, moderate and large deviations were recently obtained in Dolgopyat
and Nandori [13]. In the same work [13] the authors designed a strategy to
prove the local limit theorem and mixing properties for group extensions (such
as Z7) of probability preserving flows by free flight functions with finite second
moments. For a similar strategy but weaker results we refer to [3]. The strategy
in [13] consists of the systematic use of local large and moderate deviations for the
underlying probability preserving Poincaré map. Their result applies to the finite
horizon Lorentz flow. In that case, both the free flight and the roof function are
bounded. We believe that the LLLD obtained in this paper (Theorem 1.1 below)
can be used to prove the local limit theorem and mixing properties for the infinite
horizon Lorentz flow.

A periodic Lorentz map (T, M, i) is a Z?-cover of a periodic dispersing billiard
(T, M, 1). The notation for the dispersing billiard is recalled in Section 2. We
consider the cases d = 1 (tubular billiard) and d = 2 (planar billiard). We are
interested in the case of infinite horizon where the time between collisions for the
billiard map is unbounded, subject to certain nondegeneracy conditions described
in Section 2.

Let x : M — Z¢ denote the cell-change function (discrete free flight function)
between collisions, and define x,, = EJ.:_OI xoT’. For the Lorentz gas, geometrically
k, € Z¢ denotes the cell in the infinite measure phase space M where the n’th
collision takes place for initial conditions starting in the 0’th cell.

Set

a, = \/nlogn.

The central limit theorem with nonstandard normalisation proved in [22] says
that a, 'x, converges in distribution to a nondegenerate d-dimensional normal
distribution. In fact, [22] proves a stronger result, namely the corresponding local
limit theorem. Our main result is:!

Theorem 1.1 (LLD for the dispersing billiard). There exists C > 0 such that

n log|N|

d
ag 1+ N2 foralln > 1, N € Z°.

,u(Kn =N)<C

Remark 1.2. Again, there is the geometric interpretation that u(x, = N)

represents the probability that an initial condition in the 0’th cell of M lies in the
N’th cell after n collisions.

Although we focus on the discrete free flight function x : M — 74, our results

apply immediately to the flight function V : M — R¢ given by the difference

IWe set logx =1 forx € [0, 2).
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in R between consecutive collision points. Indeed, defining V,, = Z;:ol VoT,it
is evident that |x, — V,,| is bounded by the diameter Vd of the cells (since V, is
the distance between successive collisions whereas «,, is the distance between the
centres of the corresponding cells). Hence for any r > 0 there exists C > 0 such
that

n log |x|

u(V,eB @) <C

5 for all n > l,xeRd.
ai 1+ |x|

Remark 1.3. The LLD bound for the dispersing billiard follows from a uni-
form version [19] of the local limit theorem [22] in the range N < +/nlog n. Hence,
the principal novelty of Theorem 1.1 lies in the range N >> \/nlogn. We note that,
as in [18], the approach in this paper does not rely on the local limit theorem and
extends to situations where the local limit theorem fails; see Theorem 7.1.

The approach in this paper, following [18], is Fourier analytic and relies on
smoothness properties of the leading eigenvalues and their spectral projections for
the appropriate transfer operator. We show how to obtain C” control for all r < 2,
going considerably beyond previous estimates of [4, 19]. The methods developed
in Section 5 to obtain this control in the context of exponential Young towers are
the main technical advance of this paper and should have other applications, not
only to LLD.

In Section 2, we recall the setting for dispersing billiards. In Section 3, we prove
Theorem 1.1 in the range n << log |[N|. Sections 4 to 6 treat the complementary
range log |[N| < €;n where €, is chosen sufficiently small. Key technical estimates
are stated in Section 4 and proved in Section 5. In Section 6, we complete the proof
of Theorem 1.1. In Section 7, we state and prove an abstract version, Theorem 7.1,
of our main result, giving an LLD for a general class of nonuniformly hyperbolic
systems modelled by Young towers with exponential tails.

Notation We use “big O” and < notation interchangeably, writing b,, = O(c,,)
or b, K c, if there are constants C > 0, ny > 1 such that b, < Cc, for
all n > nyg. As usual, b, = o(c,) means that lim,_,, b,/c, = 0 and b, ~ ¢,
means that lim,_, o b,,/c, = 1.

We write B,(x) to denote the open ball in R? and C of radius r centred at x.

2 Setup

Define the d-torus T¢ = R?/Z?. The Z?-periodic Lorentz gas describes the evolu-
tion of a point particle moving in the Z“-periodic domain Q contained either in the
plane R? (if d = 2) or in the tube R x T (if d = 1). The collisions are assumed to be
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elastic (equahty of pre-collision and post-collision angles). The Lorentz gas map
T : M — M is the collision map on the two-dimensional phase space (position
in 8Q and unit velocity) given by M= 8Q X (—m/2,7/2).

We assume that Q is the lifted domain? of Q = T2 \ Q, where Q C T2 is a
finite union of convex obstacles (scatterers) with C* boundaries and nonvanishing
curvature, and pairwise disjoint boundaries. The dispersing billiard T : M — M
corresponding to the associated collision map is obtained from 7 : M — M by
quotienting. We denote by u the unique ergodic 7T-invariant smooth probability
measure on M.

The Lorentz gas map T : M — M can be viewed as a Z4-cover of the dispersing
billiard (7, M, u) by the cell-change function x : M — Z<. We assume that x is un-
bounded, so that we are in the case of infinite horizon. To avoid nondegeneracies in
the case d = 2, we require that there exist at least two nonparallel collisionless tra-
jectories in the interior of Q (For d = 1, we require that there exists a collisionless
trajectory not orthogonal to the direction of the Z-cover, which is equivalent to our
assumption that ¥ : M — 7 is unbounded.) Under these conditions, [22] proved
that x satisfies a central limit theorem and local limit theorem with positive-definite
covariance matrix £ € R?*? and nonstandard normalisation a, = v/nlogn.

An important part of the proof of the results in [22] and of Theorem 1.1 is
that (7, M, ) is modelled by a two-sided Young tower (f, A, i o) with exponential
tails [10, 23]. We briefly recall the notion of Young tower.>

Let (Y, uy) be a probability space with an at most countable measurable par-
tition a, and let F : ¥ — Y be an ergodic measure-preserving transformation.
Define the separation time s(y, y') to be the least integer n > 0 such that F"y
and F"y' lie in distinct partition elements in . It is assumed that the partition a
separates trajectories, so s(y, y') = oo if and only if y = y'; then dy(y, y') = 6°) is
a metric for § € (0, 1). We say that F is a (full-branch) Gibbs-Markov map
if

e F|,:a— Y is a measurable bijection for each a € a, and

e there are constants C > 0, 8 € (0, 1) such that

|log &(y) — log £(Y)| < Cdp(y, y')

forally,y € a,a € a, where & = d’” Y > R
Let F: Y - Ybea Gibbs—Markov map and let ¢ : Y — Z* be constant
on partition elements such that uy(c > n) = O(e™*") for some a > 0, We define
2By the canonical projection from R? (if d = 2) or from R x T (if d = 1) onto T2.
3We suppress many standard details about Young towers, mentioning only those aspects required

for this paper. For instance, we suppress the fact that the projection 7 : A — A corresponds in practice
to collapsing stable leaves.



LOCAL LARGE DEVIATIONS 5

the one-sided Young tower with exponential tails A = Y° and tower map
f: A — A asfollows:

3+ € <ay)—2,
(Fy,0) (=0a(y)—1.

A={(0OeYXxZ:0<l<o(y)—1}, fO, 0=

Leto = [,oduy. Then us = (uy x counting)/c is an ergodic f-invariant proba-
bility measure on A.

We say that (T, M, u) is modelled by a Young tower (f, A, u ) with exponential
tails if there exist a one-sided Young tower U_, A, ta) and measure-preserving
semiconjugacies

T A M, 7:A— A.

Next, we recall some properties proved in [22] of the cell-change function
K : M — Z4. First, there is a constant C > 0 such that x(|x| = n) ~ Cn3. Second,
x lifts to a function & = x o7 : A — Z< that is constant on 7~ '(a x {£}) for
eacha e a, £ € {0, ..., c(a) — 1}. Hence & projects to an observable x : A — 74
constant on the partition elements a x {{} of A. In particular,

wa(lxl =n) = u(jx| = n) ~ Cn=>.
Define
Y >R,y =00 RO, Ol

Proposition 2.1. There exists C > 0 such that

2

uy(y>n)y<Cn = foralln>1.

In particular, w € L'(Y) for all r < 2.

Proof. This is proved in [22]. The main step [22, Lemma 16] uses the bound
u(|lx| > n) = O(n=?) together with the structure of infinite horizon dispersing
billiards (see also [12, Lemma 5.1]). The bound for uy(y > n) then follows (see
for instance [12, Section 2])). ]

We end this subsection by recalling some results about transfer operators and
perturbed transfer operators on the one-sided tower. Let P : L'(A) — L'(A) be
the transfer operator for (f, A, i), so

/_vadﬁA:/_vwof_dﬁA
A A

forallv € L', w € L. By [4, Section 3.3], there is a Banach space B’ containing 1
and dense in L' (called H in [4]) such that P : B’ — B’ is quasicompact. (The
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definition of B’ is not used in this paper.) In particular, the intersection of the
spectrum of P : B’ — B’ with the unit circle consists of finitely many eigenvalues
205 - - - » Ag—1 of finite multiplicity and these are the g’th roots of unity 4; = ***/4.
By ergodicity, these eigenvalues are simple.

We consider the perturbed family of transfer operators
P,: LY(A) = LY(A), P =P("™ ), t € RY,

where - denotes the standard scalar product on R?. Applying results of [17], it
is shown in [4, Section 3.3.2] that there exists d > 0 so thatt — P, : B’ — L?
is continuous for t € Bs(0). Moreover, there are continuous families of simple
isolated eigenvalues ¢ — Ay, for P, : B' — B’ with Az 0 = A4 and |A,| < 1. Let
t — I, denote the corresponding spectral projections on B’. Then

q—1
@.1) Py =2 M+,

k=0
where O, = P,(I — Ilp; —--- — I1,_1 ;). By [17, Corollary 2], there exist C > 0
and y € (0, 1) such that
(2.2) sup [|Q]lls < Cy™.

1€B5(0)
Finally, by [22],

(2.3) 1 —Ao,~ Zt-tlog(1l/¢]) ast— 0.

3 The range n < log|N|

In this section, we prove Theorem 1.1 in the range n < log [N]. This estimate
holds at the level of T : M — M and x : M — Z“ (without requiring consideration
of Young towers). Recall thatd € {1, 2}.

Lemma 3.1. Let w > 0, g > 1. There exists C > 0 such that

u@, =N) < C foralln > 1, N € Z¢ with n < wlog|N]|.

IN|? n

Proof. We use |x| = max;_ 4 |xj| so that |«| is integer-valued. Let

.....

..... n—1

n—1

Sp=> IxloT, M,= max_ || oT.
. J=
J=0
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Forg > 1,define J, =#{0 <j<n—1:|x| o T > |N|/n9}. Since g > 1, the
constraint x, = N implies that J,, > 1. Let € > 0. We show that
n
:u(Mn > |N|l+€) < |N|2+26 H ﬂ(Kn = N’ Jn = 1) < |N|2 nq—Z’
| 3g+1
+€
1S = INL My < NI 022 s
Then u(k, = N) K ,Lo o, since n < log |N|. The result follows since g > 1 is
INJ2 nd
arbitrary.
First,
n—1 )
M, > INI") <> u(lel o T > INI™) = nu(le] > [N|'™*) < n/IN[**.
j=0

Second, if J, = 1, then there exists j € {0, ..., n— 1} such that |x| o TV > |N|/n?
and

> IxloT' < (n—DIN|/n? < IN|/n?".
0<i<n—1,i#

Since x, = N, this means that |x| o 7/ € (I[N| — |N|/n9"', |N| + |[N|/n?""). Hence

n—1

uen =N, I, =1) <> u(llel o T — IN|| < IN|/n%™")
j=0

= nu(|lxl = INI| < [N|/n?™")

=n Z ullkl=p)<Ln Z 1

p3
[p—IN||<IN|/na! [p—IN||<IN|/na!
2|N| 2 \3 1
<n- <nq‘1 +3) . <|N|) < |N|2n‘1_2'

Finally, we estimate K = u(S, > |N|, M, < [N|'*¢, J, > 2). Since J,, > 2, there
exist0 < i <j < n—1suchthat|x|oT' > |N|/n? and |k| o T/ > |N|/n. It follows
that

N i IN
M o7 = V1)

K< Y u(vizpwor =" .

0<i<j<n—1

N s N
= Y ez iz o> N
n4 n4
0<i<j<n—1
e IN| - N
<n Y u(INM =z et =

I<r<n—1

=n Z Z ,u(|zc|:p, |K|oTr2|N|).

nd
IN|1¢2p=|N| /nt 1 <r<n—1
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Note that the constraints p < |N|'*¢, n < wlog |N| imply that

IN] IN] p!/1+
> > ilseng?
ni " (logINDe = (logp!/(+e)s

1/(1+2€)

so there is a constant ¢ > 0 such that 'f:f,' > cp Also, the constraints

p = |N|/n?, n < wlog|N| imply that
n < wlog|N| < wlog(nip) = gwlogn + wlogp,

so there is a constant @ > 0 such that n < «’logp. Hence, we can choose € > 0
so that
K<n Y > ulel=p, leloT = cp*?.
p=|IN|/n? 1<r<co'logp
By [22, Lemma 16] (see also [12, Lemma 5.1]), there is a constant C > O such that

—2/45 —(3+2/45)

w(lxl =p, |kl o T" > cp™?) < Cp™ P u(lxl =p) K p

for 1 < r < @' logp. Hence taking # = 1/45,
n1+q(2+;7) n3q+1

—(3+2/45) —G+m
K <Kn Z (logp)p <n Z P < |N|2*n = [N+

p=|N|/n? p=IN|/n?

completing the proof. (]

4 Key estimates on the one-sided tower

To prove Theorem 1.1, it remains by Lemma 3.1 to consider the range log [N| < €1n
where € is chosen sufficiently small. Since u(x, = N) = u(x, = N), it suffices to
work on the one-sided tower A. To simplify the notation, we write (f, A, u a) for the
one-sided tower map, and x : A — Z for the free flight function on the one-sided
tower. Since the free flight function on M has mean zero (by time-reversibility of
the billiard map), it follows that [, xdu = 0.

To apply the method from [18], we require the following lemmas concerning
the leading eigenvalues Ay, for P, and their corresponding spectral projections I,
in (2.1). As clarified in [19, Lemma 5.1], the derivative of P, at t = 0 is not a
bounded operator from B’ — L!. In Section 5, we work with the Banach space
B < B’ NL™ consisting of dynamically Holder observables and show that we have
sufficient control on IT, : B — L'. Let 0p=0,forj=1,...,d. Fort,h e R4,
b > 0, set

My(t, h) = [hIL(R){ 1+ L(R) [¢2LG) + [h] "2 EOL(R)? (1) L))

where L(¢) = log(1/]¢]).
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Lemma 4.1. Letje {1,...,d}, k€ {0,...,q— 1}. There exists 6 > O such
thatt — A, andt— Iy, : B — L' are C' on Bs(0). Moreover, OjAr,0 = 0.
Furthermore, there exist C > 0, 6 > 0, b > 0 such that for all t, h € Bs(0),

[0jAk,i4n — Ojdnel < CMy(t, h), 10 e — Oillx sl ms 1t < CMy(2, h).
Lemma 4.2, Ay, — Ay ~ —Ax Xt -tL(t)ast — O foreachk=0,...,q— 1.

Corollary 4.3. Let f >0, re R, k=0,...,g— 1. Thereexist C > 0,0 > 0
such that

dsp foralln > 1.

1 r
/ L@ V" dr < 1087
B35(0) an

Proof. By Lemma 4.2, |4, — 1 ~ —ZX¢ - ¢ L(¢) and hence
log |k, = —Zt - t L(£)(1 + o(1)).

Since ¥ is positive-definite, there exists ¢ > 0 such that log |4z, < —c|t|>L(?).
The result now follows from [18, Lemma 2.3]. (The argument in [18] uses that a,,
satisfies nloga, ~ a2, so a, ~ (ynlogn)'/?, which agrees with the definition of a,
used here up to an inconsequential constant factor.) (]

5 Proof of Lemmas 4.1 and 4.2

This section contains the proof of the key estimates Lemma 4.1 and 4.2 concerning
the leading eigenvalues Ay, and spectral projections Il , for the perturbed transfer
operator P;. This represents the main technical advance of this paper. The methods
of [17] give log-Lipschitz control which is insufficient for our purposes. In [19],
it was shown how to get almost C? control at ¢ = 0; here we show how to get
almost C? control in a full neighbourhood of 0. Our method is to consider leading
eigenvalues 7y ; and spectral projections my ; at the level of the base Y of the tower A.
The uniformity of the dynamics on Y enables strong control on 7, and 7y, and this
control lifts via the operator renewal theory of [14, 15, 20] to the Young tower A.
Using [17], we are able to identify the lifted quantities with A, and I, thereby
transferring the required regularity properties.

In Subsection 5.1, we consider estimates for renewal operators on the base Y
of the tower. Significantly more refined estimates are obtained in Subsection 5.2.
These estimates enable us in Subsection 5.3 to obtain the required strong control
on 7, and my,. In Subsection 5.4, we show how to transfer this control to 4,
and I1,.
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We continue to work on the one-sided tower A. Fix 8 € (0, 1) and recall the
definition of the metric dy on Y from Section 2. We define the Banach space
B = B(A) of dynamically Holder observablesv : A — R with ||v||3 < 0o, where

[o(y, £) —o(y', O)]
lolls = sup |o(y, £)|+ sup )
».0eA 0.0 ,0) do(y, y")

In this section, we often write B(A) and L'(A) for the function spaces on the
Young tower A, to distinguish them from related function spaces defined on the
base Y.

5.1 Renewal operators. LetR:L'(Y) — L'(Y)denote the transfer oper-
ator corresponding to the Gibbs—Markovmap F': Y — Y, so

/Rl)U)d/ly=/l)wOFd/,ty
Y Y

forallv € L', w € L*. Fory € Y and a € a, let y, denote the unique preimage
Ya € a such that Fy, = y. Recall that (Rv)(y) = _,E(va)v(y,) and that there is a
constant C > 0 such that

(5.1) 0 <<(a) < Cuy(@, 1EGva) — SO < Cuy(@)dy(y, y),

forally,y € Y, a € a. (Standard references for properties of the transfer operator R
for a Gibbs—Markov map include [1, 2].)
Define the Banach space B;(Y) of observablesv : Y — R with ||o||s,x) < 00

where [0 15,r) = 10lloo + sUp, [0() — o)1 /oy, ¥).

Proposition 5.1. There exists C > 0suchthat | R(uv)||s,v) < Cllull1llolls,x)
for all u € L'(Y) constant on partition elements and all v € B (Y).

Proof. Since u is constant on partition elements, we write u(a) = ul,. By (5.1),
IRuv)lloo K Do v @u(@)| dpy I0lloo = llull1 1ol oo-
Next, let y, y' € Y. Then (R(uv))(y) — (Ruv))(y') = I, + I, where
I = 32,E0a) — CONDM@Ba), I =3, L0 )u@)(0(ya) — v(,).
By (5.1),

1| < 3 uv(@dy(y, lu@lllvlloo = llullillolle oy, ¥,
L] < 2 uy@lu@l o8,y do(ya, o) < lullilloll s, do(y, Y.

Hence |(R(u0))(y) — (R(u0)))| < llull1llv]ls,r) do(y, ¥'), and the result follows.[
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For z € C with |z] < 1 and t € R?, define

o0
Rz 0 : L'(Y) > L'(Y), R(z.tv=R("™ )= "R

n=1

where R, ,0 = R(1{g=nje"*v) and x,(y) = Y700 (v, £).

We now show that z — R(z, 7) extends analytically to a neighbourhood of
the unit disk when restricted to B;(Y), and we obtain properties of this extension.
Recall that y(y) = ?iyo)_l |x(y, €)|. By Proposition2.1,x,, v € L"(Y)forallr < 2.

Proposition 5.2. There exists 0 > 0 such that, regarded as operators on B1(Y),
(a) z+—> R(z, 1) is analytic on B1,5(0) for all t € RY;
(b) (z,0) = (@"R)(z, 1) is C" on B1,5(0) x R for all m > 0;
(c) z— (6j§)(z, t)is C' on B1,5(0) uniformly int e R forj=1, ..., d.

Proof. It suffices to show that there exist a > 0, C > 0O such that
IR allB,(ry < Ce™™,  NOiR ullB,(v) < Ce™ ™,

forallteRY j=1,...,d,n> 1.

Since x, € L"(Y) for all r < 2 and ¢ has exponential tails, there exists a > 0
such that || 1{;=mxs|l1 <K e™".

Note that o and x, are constant on partition elements. By Proposition 5.1, we
have ||R; x5,y K [ Lo=nll1. Also, [[0iR, nllB,(v) K [I1{=njks|l1 completing the
proof. (|

For z € C with |z] < 1 and t € R?, define

A 0 :L'(V) > LN(A), Ao =Y A

n=1
where (A;,0)(y, €) = 1= (PF0)(¥, €) = 1 (=™ >V 0(y).

Proposition 5.3. There exists 0 > 0 such that regarded as operators from
LX(Y) to L'(A),
(a) z— A(z, f) is analytic on By,5(0) for all t € RY;
(b) (z,1) = (8.A)(z, 1) is C' on By,5(0) x R

Proof. Let | || denote || |[z(y)sri(a)- As in the proof of Proposition 5.2, it
suffices to obtain exponential estimates for ||A; || and ||0;A; .||
There exists a > 0 such that |[1(55 ¥l y) = O(e™"). Now

(At,nu)(y, f) = 1{€=n}€it.x”(y)1)(y)
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SO
Al < /A Ve dita < Miomm .

Similarly, [|0;A; .|| < fA L=y dun < [1{o>ny¥llL1y) completing the proof. [

For z € C with |z] < 1 and ¢ € R¢, define

B(z,t): L'(A) = L(Y), Bz, 0o=Y "By

n=1

where
B0 =1yP/(1p,v), D,={(,0(0)—n):yeY, aly) > n}.

Proposition 5.4. There exists 0 > 0 such that, regarded as operators from
B(A) 10 By(Y),
(a) z+—> E(z, 1) is analytic on B1,5(0) for all t € R4,
(b) (z,1) = (8.B)(z, 1) is C' on By,5(0) x RY.

Proof. Let | || denote || ||B(a)-B,v)- Again, it suffices to obtain exponential
estimates for ||B; || and ||0;B;,||.
We can write B, ,0 = R(u, ,0,) where

Un(¥) = Logyom@ PO 0 0, (1) = 1 pi=m 0, 6(3) — n).

Note that u, , is constant on partition elements and ||v,||s,) < |lv]ls. Also, there
exists a > 0 such that || 1{5> @l vy = O(e™).
By Proposition 5.1,

1Benll < Ntrnlliyy = 1iosmyllLiry-

Similarly, [10;B;,,|l < l|1{s>n ¥|lL1(y) completing the proof. O

For z € C with |z] < 1 and ¢ € R¢, define

E@z,0):B(A) > L'(A), E@ v =Y "E.w

n=1
where (E;,0)(y, £) = 1{e=n)(P{v)(, £).

Proposition 5.5. There exists 6 > 0 such that regarded as operators from
B(A) to LY (A),
(a) z — E(z, 1) is analytic on By,5(0) for all t € RY;
(b) (z,0) = E(z, 1) is C° on B1,5(0) x RY,



LOCAL LARGE DEVIATIONS 13

Proof. Let || || denote || [|ga)sri(y)- It suffices to obtain an exponential
estimate for || E, ,||. But (E, ,0)(y, €) = 17 e 0=y (y, £ — n), so

|Epnl < / Leom ditn < 116 Lol < ™"
A

as required. (]

5.2 Further estimates. In this subsection, we obtain more refined esti-
mates on the renewal operators from Subsection 5.1, exploiting the fact (Proposi-
tion 2.1) that uy(y > n) = O(n™>2).

Proposition 5.6. There exist C > 0, 6 > 0, b > 0 such that
10,0.R(z, t + h) — 3;0.R(z, Dll vy < CIRILY*{ 1 + A~ FL(R) (2] — )},

forallt,h € Bs(0),allze Cwithl < |z] <1+, andallj=1,...,d.

Proof. In this argument, we take |x| = maxj __q4|x;| on R? so that y is

.....

integer-valued. Now, 6jaz§(z, Ho = iR((k[,)jei""”az"_lv). By Proposition 5.1,
10,0:R(z, 1+ h) — 3,0:R(z, Dl ,0r) < / licqlle™* — 1lolz|” duy
Y

<2 [ ymin{ihly. Dol duy =2
Y

m,n=1

where

Fmp = py(y = m, o = nymnmin{ |h|m, 1}|z|".

Recall that uy(o = n) = O(e™") for some a > 0. Fix a; € (0, a) and > O so that
e (1+90) <e ™. Then

P <& |HlmPne™|z|" <& |h|lmPe™"".
Fixing b > O sufficiently large,

> rn L hlmPemPEM (1 — e )T & |h|mPmT Y < |hlm 2

n>blogm

Hence 2310:1 Zn>blogm Tmn <K |h|
It remains to consider the terms with n < blogm. Now

21" = 1+ (IzI" = 1) < L+nlz"" (12l = 1) < 1+ (ogmym”*=Fl(|z] — 1).
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Hence
Fon < py(y = m, o = nym(logm) min{ |a|m, 1}{ 1 + (log m)m”'°¢¥(|z| — 1)}
and so

> rmn < py(y = mymmin{ |hlm, 1}{log m + (log m)*m”'°€ ¥ (|z| — 1)}.
n<blogm
Let K =[1/]h|] = 1. Then form < K,
3" s < wy(y = m)|hlm*(log K + (log K)*K ¢ (12| — 1)),
n<blogm

and so by resummation,

K K
D> rma LAY uy(y = mym*{log K + (log K)? K" Hl(|z] — 1))

m=1 n<blogm m=1

(5-2) 2 3 p-blog|z|
< |h|(log K)” + |h|(log K)’ K" °& = (|z] — 1)
< |RILM* (1 + [R PR L) (J2) — D).
Next,
Z Z T <K Z uy(y = m)m(logm)
m>K n<blogm m>K
+(z| = 1) Z uy(y = m)ml+blog|z|(logm)2‘
m>K
Now,
> uy(y = mym'*P1 Kl (log m)>
m>K

=D wy(y = mym"PP M logm)® — 3 uy(y > mym'*P1¢ Kl (log m)’

m>K m>K

py(y > KKl (log K)?
+ 37 vy = m)n o dog m)* — (m — 11O Fl(log(m — 1))?

m>K

IA

< KPPeR= log K)? + (1 + bloglz) > puy(y = mym®*e(log m)?

m>K

< |h|1—b10g|z|L(h)2 + Z mb10g|Z|—2(10gm)2.

m>K

By Karamata,

Z mbloglzl—Z(logm)Z < (- blOg |Z|)—1Kb10g|1|—1(10gK)2 < |h|1_b10g|Z|L(l’l)2.

m>K
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Hence

DD K LML+ AT E L) (12 = D}

m>K n<blogm
This combined with (5.2) gives the desired estimate for } -, >,<p10gm m,n> COM-
pleting the proof. (]

Remark 5.7. Similarly,
16;R(z, t + k) — O;R(z, )| B,vy < ClRIL(W{ 1 + || 21 L(R) (2] — 1)).
Proposition 5.8. There exist C > 0, 6 > 0, b > 0 such that
13/A(z, t +h) — GAG, Dll 5,118y < CIAILMY{ 1+ A7 2RI L) (J2| — 1},
forallt,h € Bs(0),allze Cwithl < |z] < 1+6,andallj=1,...,d.
Proof. We have

o
(A\(Z, t)l))(y, 5) - Zznl{fzn}eit-}{,,(y,o)v(y) — Zfeit%(()/,o)v(y)_

n=1

Hence
10/A(z, 1+ ) — GAZ, Dl B, vy L1 ()
< |zl wmin{ |y, 1} 11y,

= > puy(y =m, o =nmlz|" min{ |hlm, 1}.

m,n=1
We now proceed as in the proof of Proposition 5.6, except that there is one less
factor of n (hence one less factor of L(h)). ]

Proposition 5.9. There exist C > 0, 6 > 0, b > 0 such that

19;B(z, 1+ 1) — 3B, Dl nar>m,0) < CIALI{ L+ A~ FF LAY (2] — D},
forallt,h € Bs(0),allze Cwithl < |z] < 1+6,andallj=1,...,d,

Proof. We have

16:B(z, 1 + h) — 3;B(z, Dl B(ars B,1)

o0
KD 12" 1 gy min{ [y, L)

n=1
o
= > ur(y=m, o > mymlz|" min{ [h|m, 1}.
m,n=1

This is the same as in Proposition 5.8 except that ¢ = n is replaced by ¢ > n (which
makes no difference given the exponential tails). (]
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5.3 Spectral properties for R(z,t). In this subsection, we analyse the
leading eigenvalues and spectral projections for R(z, 7). Throughout we make use
of the fact that A7 = 1 (since o is divisible by ¢ and A, is a g’th root of unity). In
particular, R(1, 0) = R(1,0) = Rfork =0, ...,q — 1.

Proposition 5.10. Letz € C, |z] < 1. Then lespecﬁ(z, 0):B(Y)— B(Y)
if and only if z9 = 1 in which case 1 is a simple eigenvalue with eigenfunction 1.

Proof. Similar arguments can be found for example in [14, Lemma 6.7]
and [20, Section 5.2]. Hence we just sketch the proof.

It is easily seen that the spectral radius of R(z, 0) is no larger than |z|, so we can
restrict to the case |z| = 1.

By [1, 2], the essential spectral radius of ﬁ(l, 0) is strictly less than 1. This
property extends to general |z| = 1 as follows: In the notation of the proof of
Proposition 5.1,

IR(Z70)(y) — RE"0)O)| < CY o uv(@do(y, Y0 lloo + 3o SO0 5, v do(Vas o)
= Cdy(y, Y)lIvlloo + 0l 8,(r)0do (v, ¥).

Hence, we obtain a Lasota—Yorke (or Doeblin—Fortet) inequality
IR(z, 0)oll5,(v) < (C+ Dl[vlloo +Oll0 5,01,

and it follows that the essential spectral radius of ﬁ(z, 0) is at most 4.

In particular, 1 € spec R(z, 0) if and only if 1 is an eigenvalue. By ergodicity,
1 is a simple eigenvalue for R(1, 0) with eigenfunction 1, hence this also holds
for R(z, 0) when z9 = 1.

Finally, suppose that 1 is an eigenvalue for R(z,0) for some |z| = 1, with
eigenfunction v € B{(Y). Define

v : A— C,
o(y, €) =z"v(y)
(note that v € B). Then, v(-,0) = v = ﬁ(z, 0)o = z(Pv)(-,0) and, for £ > 1,

(Po)(y, £) = 0(y, £ — 1) = 0(y, £)/z. This implies that z~! is an eigenvalue for the
transfer operator P which, as noted in Section 2, is the case only for z7 = 1. (|
By Proposition 5.2(b), fork =0, ..., g—1, the eigenvalue 1 for ﬁ(ik, 0) extends

to a C! family of simple isolated eigenvalues (z, £) — 74(z, ) on Bs(4;) x B;(0),
for some & > 0, with 74(1;,0) = 1. Let o = Jy oduy. Recall that L(z) = log(1/]t]).
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Proposition 5.11. Let 0 < k, k' < g — 1. There are constants C > 0, 6 > 0
such that
(@) |7x(z,0) — 1 = A; 'o(z — )| < Clz — Al for z € Bs(Ap);
(b) |tk(Ak, 1) — 1| < Clt|*L(t) for t € B5(0);
(©) |ti(Ak, 1) — T (Ap, D] < Clt|? for all t € Bs(0).

Proof. Let v;(z, f) denote the C! families of eigenfunctions corresponding to
the eigenvalues 74(z, 1), with vx(1x, 0) = 1. Normalise so that

/Y ROk, O)onlz, 1)y = /Y 0ez gy = 1
for (z, 1) € Bs(Ax) x Bs(0). Then
(e 1) = /Y Rz, Dotz 1 dity = I 1) + Ty, 1)
where
Iz, 0) = /Yﬁ(z, Hlduy = /Yz”e"""“ duy,
Tz 1) = /Y Rz, 1) = R O)) 0z 1) — 04 0)) dpty.
Since R and v are C!, it follows that
12, 0)= Oz — ) and  Ju(i, 1) = O(It]).

Hence it suffices to consider the first term 7.
For ¢ = 0, using that A7 =1,

Ii(z, 0) = /Y(zk (2= A duy = /y“ 27 @ = 20 duy
=1+ 27 oz — A) + Oz — Xk))?

yielding part (a).
Recall (see the beginning of Section 4) that [, xdu a = 0 and that

/ad,uy=5<oo.
Y

Hence
a(y)—1

[ kedur= [ > K0 0 dir() =7 [ wdies =0.

It follows that
Kty =1+ [ (@ =1 =it x) dur.
Y
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SO
i (Ai, 1) — 1] < / e — 1 — it - k5| dpty < 2/ min{ |7*y?, 1|y} duy
Y Y

<20 Y mluy(y=m)+20 Y muy(y=m).

0<m<1/|| m>1/1]

Using the tail estimate uy(y > n) = O(n~?) and resummation we obtain
[Ix(Ax, ) — 1| < |t|*L(¢) proving (b). Finally, I;(A, t) is independent of k yielding
part (c). ]
It follows from Proposition 5.11(a) that (8,7)(Ax, 0) = A;'e # 0. By the
implicit function theorem, we can solve uniquely the equation 7x(z, ) = 1 near
(A, 0) to obtain a C' solution z = gi(), gi : Bs(0) = C, with g;(0) = 1.
Recall that M, (1, h) = [R|L(R){ 1 + L(R) [1|2L(0) + |h|~P"PLO L2 )4 L(0)}.

Corollary 5.12. Thereexist C > 0,0 > 0, b > O such that forallt, h € Bs(0),
j=1,...,d, k=0,...,9g—1,
(a) gr(®) — Axl < Clt]PL(2);
(b) |08kt + h) — 0jgr ()| < CM,(1, h).

Proof. Write
(5.3) (2, 1) = Ti(Ak, 1) + (2 — Ar)ei(z, 7).

It follows from Proposition 5.2(b) that (z,7) — &.7x(z,t) is C'. Introducing
momentarily the function ¢(s) = 7x(Ar + s(z — 4), 1),

1 !
(5.4) ez t)=(z— )" /0 J(s)ds = /0 (0.1 )(Ak + 5(z — Ap), D) ds.

We deduce that (z, ) — ci(z, t)is C'. By Proposition 5.11(a), cx(1g, 0) = /1,(_15#0
and we can shrink ¢ if necessary so that ci(4, ) is bounded away from zero for
t € Bs(0).

Solving 74(z, t) = 1,

(5.5) 8r(0) = = 2= Aa ~ (s ) (1 = 14, 1),

The spectral radius of ﬁ(ik, 1) is at most 1 for all ¢, so 7;(Ag, ) € B1(0). Hence
|gx(#)] = 1 for all t. By Proposition 5.11(b),

l8x(t) — Akl ~ lexCa DI = 1, D] <K 122 L(D),

proving part (a).
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Implicit differentiation of 7;(gx(¢), t) = 1 yields

0i8k(1) = —0Ti(gu(1), 1)/ 0.1 (8(0), 7).

By smoothness of 8,7 and g, the denominator ¢ — 8,7(gx(2), ¢) is C'. We claim
that

(5.6) 1057i(gr(t + h), t + h) — GyTr(gi(D), )| K Myp(1, )

from which part (b) follows.
It follows from Proposition 5.2(c) that z — 9;tx(z, 1) is C Uuniformly in ¢. Also,
gis C', 50 [ tu(ge(t + 1), 1 + ) — 3;7i(gu(t), 1 + )| < |hl. By (5.3),

1871 (2,1 + h) — (2, 1)
< Iajrk(lk: t+h)— aj‘[k(lk, D)+ |z — Al |6jck(Z, t+h)— ajck(Z; .

By Remark 5.7, |0jtx(Ax, t+h)—0;tk(Ak, H)| K |h|L(h). By (5.4) and Proposition 5.6,
|0jck(z, 1+ h) — Bjck(z, D) < [RIL(RY {1+ [A| 72 H L(h) |z — A4}
Hence
|02z, 1+ h) = Gz, D K RILG) + [RIL(RY 2 = Al + [ TP FL(R) |2 — g2,
for |z|] > 1. But |gx(¥)] > 1, so by part (a),
16i71(8i (1), 1 + h) — jTr(gr(D), D] K Mp(2, h)

completing the proof of the claim. (]
Let mi(z, 1) : B1(Y) = B1(Y) denote the spectral projection corresponding to
Tk(za t)

Lemma 5.13. There exists 0 > 0 such that

(5.7) (1 = 7z, )™ 7n(z, D) = (gu(1) — 2)™ ' T (0) + Hy(z, 1)

where 7t (1), Hi(z, 1) : B1(Y) = B(Y) are families of bounded operators satisfying
(a) 7y is C' on Bs(0);
(b) Hy is C° on Bs(A) x Bs(0);
(c) z+— Hy(z, 1) is analytic on Bs(1y) for t € Bs(0).

Moreover, there are constants C > 0, b > 0 such that

|07 (2 + h) — ;7 (1)| < CMy(2, h)

fort,h e B50), j=1...,d.
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Proof. Fixjand k. Throughout this proof, we use the following abbreviations
(for r > 0):
(a) “C" uniformly in z” means C" on Bs(0) uniformly in z € Bs(Ax);
(b) “jointly C"” means C" on Bs(Ax) x Bs(0);
(c) “analytic” means analytic on Bs(1;) for all £ € Bs(0).
Step 1. Write

(2, ) = m(gr(t), 1) + (gx(t) — 2)H(z, 1).

It follows from Proposition 5.2(a) that 7 is analytic and hence that H is analytic.
Next, 0j(mr(gr(t), 1)) = G1(¥) + G2(¢) where

G1(0) = (0:mi)(g(D), 1) - Gigi (D), Ga(t) = (Gjmi)(gi(D), 7).

It follows from Proposition 5.2(b) that .7, is jointly C'. Also, g is C'. Hence,
by Corollary 5.12(b),

|G1(t+h) = Gi()] L |h] +6igx(z + h) — 68 (D) K My(2, h).

Next, we note that G,, with 7y changed to 7;, was estimated in (5.6), and the
identical argument shows that |G, (¢ + h) — G, (¢)| < My(t, h). Hence

|0j(7x(gi(t + h), t + h)) — Oj(mi(gi(D), )| K Mp(2, h).

Writing H(z, 1) = [ (8.7)((1 — 8)z +5gx(2), 1) ds, we obtain that H is jointly C°.
Step 2. Write

1 — (2, 1) = 1i(gr(2), 1) — Ti(z, 1) = (g(1) — 2)B(z, 1).

Again, it follows from Proposition 5.2(a) that 7; is analytic and hence that f is
analytic. Also, it follows from Proposition 5.2(b) that 827 is jointly C'. Writing
Pz, t) = fol 0.1k ((1 — 8)z + sgi(t), 1) ds, we obtain that 6.8 is jointly C'. By
Proposition 5.6,

10;8(gi(z + h), t + h) — 6;f(gi(D), D] K Mp(1, h).

By Proposition 5.11(a), | (A, 0)] = ¢ > 0 and we can shrink ¢ if necessary so
that £ is bounded away from zero on Bs(A;) x Bs(0). Let B(z, )= B(z,H)"". Then,
we can write

(1 — 7z, D)~ = (gu(®) — 2~ Blar(®), 1) + (&x(1) — gz, D},

where g is analytic and jointly C° and

|0;B(gi(t + h), 1+ 1) — 8 B(gr(1), D] K My(t, h).
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Step 3. Combining Steps 1 and 2, we obtain (5.7) with

(0 = Ber(®), Hmi(gi(®), 1),
Hi(z, 1) = q(z, D7(gi(t), 1) + Plgr(t), DH(z, 1) + (gx(t) — 2)q(z, HH(z, 1).

The desired regularity properties of 7#; and H; follow immediately from the regu-
larity properties established in Steps 1 and 2. (]

Corollary 5.14. There exists 0 > 0 such that
g—1
I —Rz0) ™" =Y (a0 — 27 @+ Hz 1), (2, 1) € Bius(0) x Bs(0),
k=0
where 7ty is as in Lemma 5.13 and ITI(z, 1) : Bi(Y) = B(Y) is a family of bounded
operators satisfying
(a) H is C° on By,5(0) x B5(0);
(b) z+— H(z, 1) is analytic on By,5(0) for t € Bs(0).

Proof. Let r € Bs(0). For z € Bs(4g), the spectrum of ﬁ(z, 1) is bounded
uniformly away from 1 except for the simple eigenvalue 7;(z, f) near 1. Hence

I—R ™= —w)'m+Heo onBs(A) x Bs(0),

where 7z — ﬁlkbo(z, t) is analytic on Bs(4;) for ¢t € Bs(0) and ﬁlk,O is C° on
Bs(Ax) x Bs(0). Applying Lemma 5.13 and relabelling,

(I — R(z, 1)) ™" = (g(t) — 2) "' 7a(0) + Hy(z, 1).

In addition, z — (I — ﬁ(z, £)~! is analytic on Bi,s(0) \ Uk Bs(Ax) and
(z.1) = (I —R(z, )" is C° on (B1,5(0) \ U, Bs(A1)) x Bs(0). Hence, we ob-
tain the desired result on B;,5(0) x Bs(0). ]

5.4 Completion of the proof of Lemmas 4.1 and 4.2. Define for
teR:n>1,

Tin: L'Y) = L'(Y), T,,0=1yP'(1yv).

For z € C, t € R?, define I3(z, N =>207"Pr, ’f(z, 1) =Y 020 2"Tr. By [20], we
have the renewal equation T = - ﬁ)_l. Also, by [15], P=ATB+E.
Throughout, we work on the domain By,5(0) x Bs(0) C C x R. Applying the
renewal equation, Corollary 5.14 becomes
g—1

(5.8) T =Y (e —2) ' 7u(t) + Hz, 1),
k=0
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where 7, H: B1(Y) = B,(Y) are families of bounded operators satisfying: 7y is
cl; H is C%z— H (z, t) is analytic for all . Moreover,

10,7t + 1) — 0t r(t)] K Mp(t, h).

The same argument as in Step 1 of Lemma 5.13 (using Propositions 5.4 and 5.3
instead of Proposition 5.2) shows that

(5.9) A(z, 1) = Ap(0) + (gx(1) — DHi 1 (z, 1), Ar(2) = A(ga(D), 1),
(5.10) B(z, ) = By(D) + (gi(t) — Hi2(z, 1), Bi(0) = B(gi(1), 1),
where Avk, I-Alk’l - B1(Y) = LY (A) and By, Iflk’z : B(A) — B1(Y) are families of

bounded operators satisfying: Avk, Ek are C!; I-Alk’r is C% z— I-Alk’r(z, t) is analytic
for all #; for r = 1, 2. Moreover, by Propositions 5.8 and 5.9,

10;Ax(t + ) — 8;A (Dl By ri(a) K Mp(t, h),
10;Bi(t + h) — 0iBr(D| B(ay—>B,(v) K My(t, h).

Combining (5.8), (5.9) and (5.10) together with Proposition 5.5,

g—1
P(z,1) = Az, DT (z, DB(z, ) + E(z, 1) = > _((8k(1) — )" ti1 (1) + Hi 32, 1)),
k=0

where 7 1, I/‘\Ik,:; : B(A) — L!(A) are families of bounded operators satisfying:
Tk, 1s cl; I-Alk’3 is C% z— Iflk,_z(z, t) is analytic for all #; and

[0j7tk,1 (2 + h) — 0;7tr, 1 ()| K Mp(2, h).

Let || || denote || [lpayszica)- An immediate consequence of the regularity
properties of ﬁk,S is that there exists y € (0, 1) such that the Taylor coefficients
of Hy 5 satisfy ||(Hi3)..ll < y". Hence,

By (2.1) and (2.2), || P} — Z_ol e el << 9" for some y € (0, 1). Altogether, we

have shown that there exist y € (0, 1), C > 0 such that

< y".

q—1
PP =gty " Vi1 (1)
k=0

g—1
> R My — g™ "V ()| < Cy* forallt € By(0),n > 1.
k=0

Since [Axo| = |gx(0)] = 1, we can shrink 6 > O so that |A;,] > y and
|gc(H) !> y. It follows that { A} = {ge()™ "} and (T} = {8 p1(D}-
The desired regularity properties of Az, and Iz, : B(A) — L'(A) now follow
from those for g and 74 |, completing the proof of Lemma 4.1.
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Proof of Lemma 4.2. After relabelling (by a permutation in k), we can
suppose that A ; = g~ with gx(0) = ik_l as before and A4 = lk_l. (In particular,
Ao,r 1s unchanged, but 4; becomes /1,(_1.) By (2.3),

go(t) — 1= Ag (1 = Ao,) ~ Zt -t L(1).
By (5.5) with £ = 0,
1 —7o(1, ) ~ co(1, )(go(t) — 1) ~ & t - t L(P).
Hence by Proposition 5.11(c),
-0 ~aXt-t L)
forallk=0,...,q9 — 1. Applying (5.5) once more,
() = 27 ~ a7, 07 A = (At 0) ~ A7 et ().
Finally,
Ak = iy = A — g™ = Ligr @7 (gr(0) — A ~ A Tt - 1 L(r)

completing the proof. (]

6 Proof of the main result

In this section, we complete the proof of Theorem 1.1. We continue to work on
the one-sided tower A.

Fix ¢ as in Section 4. Let r : RY — C be C? with suppr C Bs(0) and define
Aun = Jpa e Nr@)Pr dt. By (2.1),

g—1
An,N = Z/B

. e~ Nr(@) AR T di + / e~"Nr( Q] dt.
k=0 5(0)

B;(0)

Following [18], the main step in the proof of Theorem 1.1 is to estimate ||A, v]|.
Throughout this section, || || denotes || || g, z.1-
The next result suffices in the range [N| < a,.

Corollary 6.1. There exists C > O such that foralln > 1, N € 74,

—d
lAnnIl < Ca,“.
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Proof. By (2.2) and Corollary 4.3,

g—1
sl <3 [ el < o -
= JB,0)

Recall from the proof of Corollary 4.3 that there is a constant ¢ > 0 such that
log |Ar,| < —c|t|?L(f). Let b > 0 be as in Lemma 4.1 and define €, = ¢/(2b). We
now focus on the range

ap < IN| < e,

Choose j so that |N;| = max{[Ni], ..., |Ny|} and set h = 7z:Nj_lej (where e; € R4

is the j’th canonical unit vector).

Proposition 6.2. There exist C > 0, 0 > 0 such that

n log|N|
[0;(A" ks — Oj(Aki—nl dt < C
/Bzo‘(o) ! Y ' ad |N|

foralln > 1, |N| > n/dwitha, < |[N| <e", k=0,...,q— 1.

Proof. In this proof we abbreviate B,(0) to B, and suppress dt. Sets =t — h
and relabel so that fBz,s My(t, B)| A 5" < fBz,s My (t, )| Ar|". Then

/ [6;(A" ke — 0j(A" sl < T+ K
Bas
where

J=n / AT — A Gl K =n / sl 100 — 5.
Bys B

20

By Lemma 4.1,
K&n | Myt h)|il"
Bas
nlog|N| . n(log|N|)? ny 2
©.1) < il + | paariizo
Nl gy, Nl g,
log |N|)?
+ n( Ogl |) / |/1k,t|n|N|b|t|2L(t)|t|4L(t)2.
|N| Bos

Since

2 2 2 1 2 _
|NJPIPLO = GblogNDIPL®) < phenltPLO) _ g3enlPLO) < 7ace] n2,

it follows from Corollary 4.3 that

(logn)®

2
[ Pt e? < [ jtitne? < 8
32(5 an

Bos
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The other integrals in (6.1) are also estimated using Corollary 4.3 and we obtain

k<" log |N| {1 . log |N|logn . (log |N|)2(logn)2} n log |N|

ad |N| ad NI

2 4
a a, n

(Here, we used that log [N| < n =a2/logn.)

Next, |27" = 2551 < (0 = DAl + 25" DI 2s = Ass] 50 by the mean
value theorem,

- _ n
e N e L DI
for some u between ¢ and s. Accordingly,

n2
1<y /B sl + 1Aas ISkl 10200
20

By Lemma 4.1,
(6.2) [0kl = 10jAk; — OjArol K Mp(0, 1) = [t|L(1), |0jArul <K |ullog(1/]ul).
Now |u| < |t| + |4, so

lullog(1/lul) < (l7| + |A])log(1/(]z| + |A]))
= |t]log(1/(|z] + |n1)) + || log(1/(|z] + |A]))

log |N|
< |t log(1/#]) + || log(1/|h]) < || log(1/]¢]) + |gN|
1 N
— L + &V
IN|
In this wayj, it follows from (6.2) that
log |N|
100 < LW, 18l < [11LGD) + |gN|
Similarly,
log |N| log |N|
16144] < IsIL(s) + ﬁw o 10kl < IsIL(s) + |gN|
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By Corollary 4.3,

[Ase,s |10 Ak, |10 Ak u|

Bas
< / esPLes? + 2N [ rsiees
Bas |N| Bos
2
O 1
<[ L + 5 N Mk,t|"|z|L(t>+“°|gN'f2")2 P
)

_ log |N| ( nlog’n N nlogn N nlogN)
@2logIN| " aJN| T INP

loglNl( logn L a’ logN) log |N|

d
nas

n

nad \log|N| |N| loga, |N|? nad
A simpler calculation shows that wa [k, 10; Ak, 110 k] <K 105a|§v |, Hence
J<L 1o|g1\y|V|_ This completes the proof. O

Lemma 6.3. There exists C > 0 such that

n log|N|
ad |N|2

n

H/ e "Nr()AL My, dt|| < C
B5(0)

foralln > 1, [N| > n/d witha, < |[N| < e, k=0,...,qg— 1.
Proof. Again, we abbreviate Bs(0) to Bs and suppress dt. Let
I= / e_""Nr(t)/IZ,tHk,t.
B;

Integrating by parts,

. 1 .
I=. e "Nor) g M, + / e "N (A My, =1 + b + I
iNj JB; iNj JB;
where
1 —it-N A2 n 1 —it-N n
I = N2 e OrMAg Mg, L= ~ a2 e Oir(1)0;(A" )y ;,
Jj /B j /B

I e "Nr()d (A .

l‘Nj Bs
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Recall that r is C? and that ¢ — Ak, t > I, are C! by Lemma 4.1. Hence by
Corollary 4.3,

1 1 1 n n 1
1 e s I e .
1< /BJ| N R A /BJ| Gl <

To estimate I3, we use a modulus of continuity argument (see, for
instance, [16, Chapter 1]). Set s = ¢t — h where h = 7rNj_1ej and notice that
I; = —ﬂ{/j I3, e "N r(5)9;(A" 1)y ;. Hence

L e_i"N(r(t)ﬁj(inH)k,t — r($)0j(A" )i ).

- 2ilvj Bss

Setting I4 = Ilill fBzo‘ [r()10;(A I s — 0;(A" D) 5]l, we obtain

1
I < / 1H(0) — ()| 182" e | + I
IN| Jg,,

< " / < ™ oL
INP2 gy, O TS ad N T
Now,
l n n 1 n n
I < w1 s 10;(A )k, Hir — O(A" ) s T |l + N /s 14%.:0 ks — A O Tk sl
20 20
1 1
< w1 s Iaj(l")k,z—aj(i")k,slllﬂk,zll+lNl/B [6;(A s 1 Ty, — T |
20 20

1 / 1
+ [k — A0kl + / [ ks 10k, — O TTx sl
|N| Bas k,t k,s J t |N| Bas >8 ] >t J §
1

n
< 10/(A" ks — S5 (A s + / [ ksl
IN| Jg,, 77 750 NG Jp,

n 1
+ [Arl" + [Ars|" 10T s, — 01T 4]l
IN|2 /B TN Sy, T T

To complete the proof, we show that I, < lﬁ%,"y !
right-hand side was estimated in Proposition 6.2 while the second and third are
dominated by ;% | I\}IZ‘ The same calculation that was used for the integral K in
Proposition 6.2 shows that [; | Axs" 16Tk, — 1Tl < ;,nllolglﬁvl. The desired
estimate for I, follows. O

. The first integral on the

Corollary 6.4. There exist €, > 0, C > 0 such that

n log|N|

A <C
|| n,N” — ag 1 + |N|2

foralln > 1, N € Z¢ with |[N| < ™.
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Proof. By Corollary 6.1, ||A, x| < a,;“. Hence for n > (1 +|N|?)/log|N|,

n log|N|

A —d )
ANl K a,” K 4l 1+ NP2

Hence we can reduce to the case n < 5(1 +|N|?)/log|N|. Then we can suppose
without loss that |[N| > 7z /4. In this way, we reduce to proving [|[A, || < % lﬁ%,'(;’ !
under the constraints

1
INI > 7/, IN|<e, n<  INP/log|N|.
Since aﬁ /loga, ~ 2n, the last constraint can be weakened to

a2/ loga, < |NJ*/log NI,

equivalently a, < |N|.
By (2.2), there exists y € (0, 1)suchthat || [, o e~V r(n)Q] dr|| < y". Together
with Lemma 6.3, this implies that

n log|N| 1

2
+ n
a e e W

lAn NIl <

Shrinking €, if necessary, y"|N|? < y"e*1" < y"/? & a’%, and so [|A, ]| < a’ﬁ, lﬁ'lyl .0

Proof of Theorem 1.1. By Lemma 3.1, it remains to consider the range

log|N| < €;n. By [18, Lemma 3.9], there exists an even C? function r : R > R
supported in Bs(0) such that

Li,=ny < / e~ Nr(nye " dr
Rzl
forn > 1, N € Z%. Hence
PNy < / e NP e dt = Ay n L a.
R4

It follows that ua(x, = N) = fA P'1,=nydua < ||Annll. By Corollary 6.4, we
obtain the desired estimate for log |N| < €;n. [

7 LLD for nonuniformly hyperbolic systems modelled

by Young towers

In this section, we state and prove an abstract version of Theorem 1.1 for systems
modelled by a Young tower with exponential towers for a general class of observ-
ables k. The observables take values in Z¢ where there is no restriction on the
value of d > 1.
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Let (T, M, u) be a general nonuniformly hyperbolic map modelled by a two-
sided Young tower A with exponential tails (as in Section 2). Let x : M — Z% be
an integrable observable with [, kdu = 0 and [}, |«|* du = oo. Define the lifted
observable k = x o w : A — Z¢. We require that & is constant on 7~ !(a x {¢}) for
eacha € a, £ € {0, ..., 0(a) — 1}. Then & projects to an observable x : A — 74
constant on the partition elements a x {£} of the one-sided tower A.

Define P;, A, and so on as in Section 2. Properties (2.1) and (2.2) remain
valid. Our further assumptions in the abstract setting are that there exist continuous
slowly varying* functions ¢, €5 : [0, 0c0) — (0, co) and a positive-definite matrix
¥ e R¥*4 such that

(7.1) u(lxl > x) < x720,(x) forallx > 1,
(7.2) 1— Ao, ~ Zt-tl(1/]t]) ast— 0.

Define the slowly varying function £,(x) = /; 11+x u='0,(u/logu)du’> We require
that there is a constant C > 0 such that

(7.3) (log x)*0(x) < Cl(x) forallx > 1.

Choose a,, so that
na;zfz(an) ~ 1.

Theorem 7.1 (LLD in abstract setting). Let d > 1. There exist C > 0 and a
slowly varying function €3 (depending on €, £, and d) such that

n {3(IN))

lln>1NeZ
aﬁl+|N|2 foralln > €

umy,=N) < C

Remark 7.2. The slowly varying function £3 can be determined by modifying
the proof of Theorem 1.1. Some of the steps are indicated below.

In the case of billiards, assumptions (7.1) and (7.2) hold with £; = 1 and
€>(x) = logx. We note that even with these £, £, and d < 2, obtaining £3(x) = log x
in Theorem 1.1 requires extra structure for billiards beyond the abstract setting of
Theorem 7.1. This extra structure was used in Proposition 2.1 and Lemma 3.1.
Similarly, assumption (7.3) is not required in the billiard setting due to the extra
structure.

Remark 7.3. (a) In the simpler situation of Gibbs—Markov maps studied
in [18], the underlying assumption is that u(|x| > x) ~ x72£,(x) and that x lies
4S0 lim;—s 00 £1(At)/€1(®) = 1 for all A > 0, and similarly for ¢5.

5To optimise the results, we should take L) = fllﬁ u~'(log u)?€,(u/logu)du. Then Z(t) =
£1(1/|1]) below but the formula for 1\71b is much more complicated.
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in the nonstandard domain of a nondegenerate multivariate normal distribution.
A consequence is that 1 — Ag; ~ Xt - t£2(1/]¢t]) with £o(x) =1+ fll+x€1(u)/u du.
Moreover, {3 = €;.

(b) As in [18], the proof of Theorem 7.1 does not rely on aperiodicity as-
sumptions and hence the result applies in situations where the local limit theorem
fails.

(c) More generally, one could consider situations where the underlying limit
laws are a-stable laws, a € (0, 2) (rather than normal distributions with nonstandard
normalisation). We already mentioned that the study of such stable LLD started
with [9] and [6] in the i.i.d. case for d = 1, extended to d > 2 [7]. The Gibbs—
Markov case was studied in [18] for a € (0, 1) U (1, 2] and general d > 1. We
expect that Theorem 7.1, in the abstract setting where M is modelled by a Young
tower with exponential tails, extends to the cases a € (0, 1)U(1, 2) with minor (and
obvious) modifications. However, for purposes of readability we do not pursue
this extension here.

In the remainder of this section, we sketch the proof of Theorem 7.1. Again,
the range n < log |N| is handled at the level of T : M — M and x : M — Z.
Lemma 3.1 is replaced by

Lemma 7.4. Letd > 1, w > 0, € > 0. There exists C > 0 such that

n €1(IN])(log [N])5*1+
.=N)<C
u(x )=C , NP

n

foralln > 1, N € Z¢ withn < wlog|N|.

Proof. Define & = #(N) = min{|«|, |[N|} and M,, = maxg<j<,—1 |k| o Ti. We

use |x| = max;_;,__ 4 |x;j| so that |%]| is integer-valued.

.....

Now,
u(lrn| = IN|) < u(lxa| = NI, M, < |N|) + w(M,, > |N]).

Note that

n—1
1My > IND < S u(xl o T > IND) = nu(lel > IN]) < nIN| =26, (IND.
Jj=0

Next, for any r > 2,

u(lxnl = NI, My < IND) < p(®n = IND < [I&all/INI" < /7lIEN/INT
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By resummation and (7.1),

00 IN| IN|
'l => 7 ur =) <> julel =j) <> i ullxl > j)
Jj=1 Jj=1 Jj=1
IN|
LY G,
j=1

so by Karamata, ||&||” < |N|"~2¢1(|N|). Hence
w(rn = N) < u(lxal > IN|) < 0IN|72€,(IN]) = na, “IN| 72, (INDr" " al.

n

Since a, is regularly varying of index %, and r > 2 is arbitrary, it follows that
nr—lag < n‘21+1+e & (log |N|)‘21+1+e. |

The remainder of the proof of Theorem 7.1 is carried out on the one-sided tower.

Asin Section 2, we define w(y) = ZSO) - |x(y, €)|. The analogue of Proposition 2.1

is:
Proposition 7.5. There exist C, ng > 1 such that
uy(y > n) < Cn_z(logn)zé’l(n/ logn) forall n > ny.
In particular, w € L'(Y) for all r < 2.

Proof. A standard argument (see, for example, [5, Proposition A.1]) shows
that

uy(y > n) < py(o > k) +au(xl > n/k),

for k, n > 1. In particular, there exists a > 0 such that
wuy(y > n) K e~ +n2k2 6, (n/k).
Taking k = glogn for any g > 2/a and using that €, is slowly varying,
ty(y > n) < n~*(logn)*t (n/logn).
Lete € (0,2 — r). Since ¢ is slowly varying,
£1(n/logn) < (n/logn)** <« n>.

Hence uy(y > n) < n~%79 and it follows that y € L". O
Define

My(t, h) = [RIL(R){ 1 + L)L) + [P EO L2 (1) L)),

where L(7) = log(1/|]) and L(r) = L(t)*,(1/t]).



32 I. MELBOURNE, F. PENE AND D. TERHESIU

Lemma 7.6. The conclusions of Lemma 4.1 and 4.2 hold with M, and L(t)
replaced by M, and €5(1 /1), respectively.

Proof. The modifications are elementary, but heavy on notation, so we only
sketch the details.

Since y € L’ for all r < 2, the arguments in Section 5.1 are unchanged.
The changes in the proof of Proposition 5.6 are as follows. By resummation,
Proposition 7.5 and the definition of £},

K K K
> uy(y=mm® K uy(y = mm <Y m~ (logm)*€,(m/ logm)
m=1 m=1 m=1

K
< (logK)* > m™"'¢1(m/logm) < (log K)*1(K).

m=1
Using this in (5.2), we obtain
K
ST rwn K NRILMY E (/1D L+ (2] — DA™ FF L(R)).
m=1 n<blogm

Similarly,

DDt K RLA E (T L)L+ (J2] = DIAI T F L)),

m>K n<blogm

Hence the estimate corresponding to Proposition 5.6 is
10/0R(z, 1+h) = GOR(z, Dll,vy K IILAY*E1(1/IAD{ T+ (12 = DRI FH LR}

The corresponding estimates for ajﬁ, @/T and 6j§ are the same but with one less
factor of L(h).

Parts (a) and (c) of Proposition 5.11 are unchanged. Part (b) goes through
with L replaced by L. Hence, Corollary 5.12 becomes that

lex(t) — Axl < 21PL(0),  |85galt + h) — 8;gx(D)] <K Miy(t, ).
The result follows. ]

Corollary 7.7. Let f >0, r e R, k=0,...,qg— 1. There exist C > 0,0 > 0
such that

~ L(1/ay))
/ [P L) | |" dt < o [ff; 2 foralln > 1.
B>5(0) an



LOCAL LARGE DEVIATIONS 33

Proof. Following the proof of Corollary 4.3, we obtain |4 ;| < exp{ —b|t)?2(1)}.
Now use that a,, is defined using ¢, instead of L. (|

Proof of Theorem 7.1. The arguments are identical to those in Section 6
up to slowly varying factors. Various simplifications no longer hold as the slowly
varying functions ¢, €5, £, and log are less well related, so the exact formulas are
rather complicated and hence are omitted. (]
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