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Abstract

In this paper, we are concerned with a non-asymptotic analysis of
sampling algorithms used in nonconvex optimization. In particular, we
obtain non-asymptotic estimates in Wasserstein-1 and Wasserstein-2
distances for a popular class of algorithms called Stochastic Gra-
dient Langevin Dynamics (SGLD). In addition, the aforementioned
Wasserstein-2 convergence result can be applied to establish a non-
asymptotic error bound for the expected excess risk. Crucially, these
results are obtained under a local Lipschitz condition and a local dissi-
pativity condition where we remove the uniform dependence in the data
stream. We illustrate the importance of this relaxation by presenting
examples from variational inference and from index tracking optimization.
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1 Introduction

We consider a nonconvex stochastic optimization problem
minimize U(0) := E[f(0, X)],

where 6 € R and X is a random element. We aim to generate an estimate 9
such that the expected excess risk E[U(0)] — infyega U(6) is minimized. The
optimization problem of minimizing U is closely linked to the problem of
sampling from a target distribution which concentrates around the minimizers
of U. It is, therefore, important to investigate the Langevin dynamics based
algorithms and their sampling behaviour in the context of optimization. The
latter is the primary focus of this article.

The Langevin SDE is given by

dz; = —h(Zt)dt + vV 25_1(1315, t>0, (1)

with a (possibly random) initial condition 8y, where h := VU, 8 > 0, and
(Bi)i>0 is a d-dimensional Brownian motion. Under mild conditions, it is
well-known that SDE (1) admits as a unique invariant measure mg(f) o
exp(—BU(0)). Moreover, mg concentrates around the minimizers of U when
B takes sufficiently large values (see, e.g., [1]). To sample from 7g, a stan-
dard approach is to approximate the Langevin SDE (1) by using an Euler
discretization scheme, which serves as a sampling algorithm and is known as
the unadjusted Langevin algorithm (ULA) or Langevin Monte Carlo (LMC).
Theoretical guarantees for the convergence of ULA in Wasserstein distance and
in total variation have been obtained under the assumption that U is strongly
convex with globally Lipschitz gradient [2-4]. Extensions which include locally
Lipschitz gradient and higher order algorithms can be found in [5], [6] and [7].
In practice, however, the gradient h is usually unknown and one only has an
unbiased estimate of h. A natural extension of ULA, which was introduced in
[8] in the context of Bayesian inference and which has found great applicability
in this type of stochastic optimization problems, is the Stochastic Gradient
Langevin Dynamics (SGLD) algorithm. More precisely, fix an R%-valued random
variable 6y representing its initial value and let (X, )nen be an i.i.d. sequence,
the SGLD algorithm corresponding to SDE (1) is given by, for any n € N,

00 =00, Oy =0, — NH (0, Xni1) + V2AB7 141, (2)
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where A > 0 is often called the stepsize or gain of the algorithm, 5 > 0 is the
so-called inverse temperature parameter, H : R? x R™ — R¢ is a measurable
function and (&, )nen is an independent sequence of standard d-dimensional
Gaussian random variables. The properties of the i.i.d. process (X,,)nen are
given below.

For a strongly convex objective function U, [9], [10], [11], and [6] obtain
non-asymptotic bounds in Wasserstein-2 distance between the SGLD algorithm
and the target distribution m3. While [6] assumes the stochastic gradient H
is a linear combination of h and (X,,),en, which allows bounded conditional
bias, a general form of H with non-Markovian (X,,)nen is considered in [9].
For the case where U is nonconvex, one line of research is to consider a
dissipativity condition. The first such non-asymptotic estimate is provided by
[12] in Wasserstein-2 distance although its rate of convergence is A% *n which
depends on the number of iterations n. Improved results are obtained in [13],
by using a direct analysis of the ergodicity of the overdamped Langevin Monte
Carlo algorithms. While a faster convergence rate is achieved in [13] compared
to [12], it is still dependent on n. Recently, [14] obtained a convergence rate
1/2 in Wasserstein-1 distance. Its analysis relies on the construction of certain
auxiliary continuous processes and the contraction results in [15]. Another line
of research is to assume a convexity at infinity condition of U. [16] and [17]
obtain convergence results in Wasserstein-1 distance by using the contraction
property developed in [18]. In both convex and nonconvex settings, the non-
asymptotic analysis of the Langevin diffusion can be extended to a wider class
of diffusions under certain conditions, see [19] and references therein.

In this paper, we establish non-asymptotic convergence results in Theorem
2.4 and Corollary 2.5 for the SGLD algorithm (2) in Wasserstein-1 and
Wasserstein-2 distances, respectively. Moreover, by using a similar splitting
approach as in [12], the Wasserstein-2 convergence result can then be applied
to establish a nonasymptotic error bound for the expected excess risk, which is
provided in Corollary 2.8. These main results are obtained under the relaxed
conditions as stated in Assumptions 2 and 3 below. Crucially, we relax substan-
tially the assumptions of dissipativity and Lipschitz continuity on the stochastic
gradient H (6, z) by allowing non-uniform dependence in z.

To illustrate the applicability of the proposed algorithm under the local
assumptions, examples from variational inference (VI) and from index track-
ing optimization are considered, which represent key paradigms in statistical
machine learning and financial mathematics. In the VI example, a nonconvex
objective function is considered, and it can be shown that its stochastic gra-
dient, denoted by H (6, u), satisfies the local dissipativity and local Lipschitz
conditions. To the best of the authors’ knowledge, this is the first time that non-
asymptotic guarantees are provided for a concrete variational inference example
due to the local nature of the aforementioned dissipativity and Lipschitz condi-
tions which stem from the lack of a uniform bound in u. As for the example
from index tracking optimization, the mean squared tracking error is considered
as the objective function (see, e.g. [20], [21]). Reparametrization is performed



Springer Nature 2021 IMTEX template

4 Nonasymptotic bounds for SGLD under local conditions in nonconvez optimization

to remove the constraints on the parameter #, which results in a nonconvex
objective function. In addition, as this example can be viewed as an online
regression problem, a uniform bound of the data stream is unavailable. How-
ever, one can check that the stochastic gradient, denoted by H (0, z), satisfies
the local dissipativity and local Lipschitz conditions but not the corresponding
global ones.

We conclude this section by introducing some notation. Let (2, F, P) be a
probability space. We denote by E[X] the expectation of a random variable
X. For 1l < p < oo, LP is used to denote the usual space of p-integrable
real-valued random variables. The LP-integrability of a random variable X
is defined as E[|X|P] < oco. Fix an integer d > 1. For an R%valued random
variable X, its law on B(R?) (the Borel sigma-algebra of R?) is denoted by
L(X). For a positive real number a, we denote by |a] its integer part. For
a vector b € R?, denote by b its transpose. Scalar product is denoted by
(-,-), with | - | standing for the corresponding norm. Let f : R — R be a
twice continuously differentiable function. Denote by Vf, V2f and Af the
gradient of f, the Hessian of f and the Laplacian of f, respectively. For any
integer ¢ > 1, let P(RY) denote the set of probability measures on B(R?). For
p,v € P(RY), let C(u,v) denote the set of probability measures ¢ on B(R?)
such that its respective marginals are u,v. For two probability measures p and
v, the Wasserstein distance of order p > 1 is defined as, for any u,v € P(R9),

. 1
W (1 v) 1= infcequn) (faa fod 10— 017C(d0007)) 7.

2 Main results and comparisons

Let f : R? x R™ — R be a measurable function. It satisfies E[|f(6, X)|] < oo
for all § € RY, where X is a random variable with probablity law £(X). Let
U : R4 — R defined by U(0) := E[f(6, X)] be a continuously differentiable
function with gradient denoted by h := VU. Moreover, define

fA e—BU0) 4o

W,B(A) = 4fRd e—BU(e) dea

A€ B(RY), (3)

with fRd e PUO) 49 < .

Denote by (Gp)nen a given filtration representing the flow of past infor-
mation, and denote by G := 0 (U, ey n)- Fix m > 1. Let (X, )nen be an
R™-valued, (G,)-adapted process with X,, ~ L(X) for all n € N. It is assumed
throughout the paper that 6y, Goo and (&, )nen are independent. Next, we
introduce our main assumptions.

Fix 8 > 0. For each A > 0, the SGLD algorithm is given by, for any n € N,

00 =00, Oy :=0p — NH(0p, Xni1) + V2287141, (4)

where H : R? x R™ — R? is a measurable function and (&,)nen is an
independent sequence of standard d-dimensional Gaussian random variables.
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Then, we present our assumptions. The first assumption describes the
requirement on the moment of the initial parameter 6y. Moreover, it is stated
that stochastic gradient H (6, -) is assumed to be unbiased.

Assumption 1. || € L*. The process (X, )nen is i.i.d.. Moreover, it holds

Our second assumption describes the requirement on the moment of the
initial data Xy and on the regularity of the stochastic gradient with respect to

its first and second arguments. As a result, growth estimates are derived.

Assumption 2. There ezist n: R™ — [1,00) with (1 + |Xo|)n(Xo) € L* and
positive constants Ly, Lo such that, for all x,2' € R™ and 0,0" € R?,

|H(07 QL‘) - H(Glﬁ $)| < L177(33)|9 - 0/|a
|H(0,2) — H(6,2')| < Lo(n(x) +n(a'))(1 + |6]) |z — 2'|.

Remark 2.1. Assumption 2 implies, for all 6,0" € R?,
[h(0) — h(0)| < LiE[n(Xo)]|0 — 0. ()

Also, Assumption 2 implies

|H(0,2)| < Lin(x)|0] + Lan(z) + H, (6)
where 7(x) = (n(x) + n(0))|z| and H, := |H(0,0)|. Moreover, under
Assumptions 1 and 2, the gradient h(0) = E[H(0,X,)] for all § € RY, is

well-defined.

The proof of the statements in Remark 2.1 is postponed to Appendix C.

Our next assumption is a dissipativity condition for stochastic gradients.
We note that this and the previous assumption significantly relax the analogous
requirements found in the literature, e.g. see [12], [14] and references therein.

Assumption 3. There exist a measurable (symmetric matriz-valued) function
A R™ — R¥™ gnd a measurable function b : R™ — R such that for any
r€R™, ye R (y, A(x)y) >0 and for all § € R% and x € R™,

(H(0,2),0) > (0, A(x)0) — b(z).

The smallest eigenvalue of E[A(Xo)] is a positive real number a > 0 and

Eb(Xo)] := b > 0.

Remark 2.2. By Assumptions 1 and 3, one obtains a dissipativity condition
of h, i.e., for any 6 € R, (h(),0) > alf|?> — b.

5
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Remark 2.3. We emphasize that we call the process (X,,)n>0 as ‘data’, follow-
ing the convention [9, 14]. This can represent ‘data’ in the classical meaning
but also can represent, e.g., samples from variational approximations in the
Bayesian inference setting (see Section 3.1). In the latter case, its statistical
properties are straightforward to assess (since the variational approximation is
a design choice) and our assumptions are easier to verify as shown in Sec. 3.1.

We next state our main result, which fully characterises the convergence in
Wasserstein-1 distance of the law of the SGLD at its n-th iteration, which is
denoted by £(6))), to the target measure mg. Define first

A := min min{a, a1/3} 1 (7)
- 16(1 4 L1)2 (B [(1 4 n(Xo))4)"* a |

where L; and a are defined in Assumptions 2 and 3, respectively.

Theorem 2.4. Let Assumptions 1, 2 and 3 hold. Then, there exist constants
¢,C1,Cy,C3 > 0 such that, for every >0, 0 < A < Apax, and n € N,

W1(L(0)), ) < C1e™*/2(E[|6p]*] + 1) + (C2 + C5) VA,

where ¢ is given in (23), C1,C2,C3 are given explicitly in (28). More-
over, for any € > 0, if we choose X < 4(025%3)2 A Amax, and n >

Cx(14+d/B)(1+8) Cx(1+d/B)(1+8) .
T 2N FR T | I

e2¢

0 independent of d, B,n, then W1(L(0)),75) < €.

By further observing a trivial functional inequality, one can state an analo-
gous result in Wasserstein-2 distance, which matches the rate obtained in [17]
but which is known to be suboptimal.

Corollary 2.5. Let Assumptions 1, 2 and 3 hold. Then, there exist constants
¢,Cy4,Cs,Cs > 0 such that, for every B >0, 0 < A < Apax, and n € N,

Wo(L(0)), m5) < Cae™ A 4HE[|6p|*] 4+ 1) + (Cs + Co)AY4,

where ¢ is given in (23), C4,C5,Cs are given explicitly in (29). More-
over, for any € > 0, if we choose A < W A Amax, and

C. eCx(14+d/B)(148) 1 C. eCx(14+d/B)(145) 1
n = * 1+ (1—e—¢/2)4 In * L+ 1—e—¢/2

ele €

with Cy, > 0 independent of d, B,n, then Wa(L(0)),75) < e.

Remark 2.6. By (28) and (29), one notes that the constants Co and Cs are
of order \/d/B, and this implies that large values of d on the upper bound can
be controlled by large values of 5. However, the constants C1, Cs, C4, Cg have
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exponential dependence on d and B, rather than d/f, due to the contraction
result in [15, Theorem 2.2]. Furthermore, one notes that the undesirable depen-
dence on d, which is derived under a geometric drift condition (and which,
in turn, is implied by a dissipativity condition such as Assumption 3), can
be found, typically, in extreme cases, i.e. pathological examples of theoretical
nature. This appears not to be the case in many practical applications.

Remark 2.7. In the case where H(0,z) = h(f) for all 6 € R? and z €
R™  i.e. when the stochastic gradient coincides with the full gradient, Theorem
2.4 and Corollary 2.5 provide the full non-asymptotic convergence results of
the unadjusted Langevin algorithm (ULA) under dissipativity and Lipschitz
continuity assumptions.

Let 0 := 0}, where 6} denotes the n-th iteration of the SGLD algorithm
(4). Then, an upper bound for the expected excess risk E[U(0)))] — infycpa U(8)
can be obtained by using the following splitting: E[U(0))] — infycgs U(0) =
(E[U(Gﬁ)] — IE[U(ZOO)]) +(E[U(Z)] — infgera U(0)), where Zo, ~ g with 7g
defined in (3). By using Corollary 2.5, an upper bound for the first term on the
RHS of the above equality can be obtained as explained in [12, Lemma 3.5].
The second term on the RHS of the above equality can be upper bounded by
applying [12, Proposition 3.4]. The precise statement with explicit constants is
provided below.

Corollary 2.8. Let Assumptions 1, 2 and 3 hold. Then, there exist constants
¢, C§,05,0§ > 0 such that, for every 8 >0, 0 < A < Apax, 7 € N,

E[U(6))] — inf, U(6) < Che™/4 4 AN/ 4 CF,

where ¢ is given in (23), CHCLCY are given explicitly in (31)
and (32). Moreover, for any e > 0, if we choose B > [V

% log (% b+1)(d+ 1)) with e denoting the root of the

function f4(3) = % — 5 A < ﬁ A Amax, and n >
2

Cx (1+d/B)(1+8) Cx(1+d/B)(1+8) .
Gttt (1 (e (14 tn))  witn

ete = 1_e—¢/2

C, > 0 independent of d, 3,n, then E[U(0))] — infyepa U(0) < &.

Remark 2.9. By (32), one observes that C§ vanishes as B tends to infin-
ity. This implies that mg converges to a distribution which concentrates on
the minimizers of U for large enough B. This result provides a nonasymptotic
bound for this concentration — thus, sampling from wg solves the optimiza-
tion problem of minimizing U. However, for a large B, it would require a
large number of iterations for the SGLD algorithm to reach a given pre-
cision level measured using expected excess risk, see the expression for the
lower bound of n in Corollary 2.8. This is due to a slow convergence of the
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Langevin dynamics (1) to the target distribution mg as the contraction constant
¢ 1is inversely related to B, see (23), which, in turn, lead to a slow conver-
gence of SGLD to mg. There is thus a trade-off between the precision of the
approximation and the efficiency of the algorithm. Consequently, one may set
8 = BV 3?dlog (%Z(X“)] b+1)(d+ 1)) so as to achieve a given preci-
sion level for the expected excess risk while ensuring that the SGLD algorithm
takes the smallest possible number of iterations to sample approximately from
g (also within the given precision level). Furthermore, for any precision level,
once the value for B is specified, one may calculate the upper bound of \ using
the expression given in Corollary 2.8 and then set the upper bound as the value
of \ for the efficiency of the algorithm as X\ is negatively related to n.

The proofs of Theorem 2.4, Corollary 2.5, 2.8 are postponed to Section 4.
Furthermore, the explicit expressions for the constants in the main results are

summarised in Table D1 and D2.

2.1 Related work and discussions

Table 1 Comparison of Theorem 2.4 and Corollary 2.5 with [12, Proposition 3.3], [17,
Theorem 1.4] and [14, Theorem 2.5].

Smoothness Contractivity Var(H (0, X)) Data Results
Globally
. Lipschitz H in Uniform in x Bounded by A 5/4
(121 6 uniformly in dissipativity of H clo|? idi.d. Wa(L(63), mg) < CA "
xT
Globall Convexity at Bounded by W1(£(0)), 7g) < OAY/2,
[17] Y v o2 n’ "B
Lipschitz h infinity of h a>0 ’ i.i.d. WQ(L(G,')i), 75) < C)x"!/4
Globally . )
. ) ) Uniform in o - L- A\ 12
(14] L‘psect;‘ntj f in dissipativity of H mining  W1(£O), mg) < AL/
This | Locally Local - W1(£(67), mg) < OAL/2,
Lipschitz H in dissipativit £ iid
paper 0 and o issipativity o ii.d. WZ(L(9$)=7"15) < oal/4

Under the preceding Assumptions 1, 2 and 3, a convergence result in W3
distance with rate 1/2 is given in Theorem 2.4, while in Corollary 2.5, a
convergence result in Wy distance with rate 1/4 is provided. [9, Theorem 3.10]
provides a convergence result in W5 distance under similar assumptions in
the convex setting, i.e. with Assumption 3 replaced by a strong convexity
requirement. Moreover, the analysis of Theorem 2.4 follows a similar approach
as in [14], while its framework is crucially extended by assuming local Lipschitz
continuity of H in Assumption 2, and non-uniform estimates with respect to
the z variable in Assumption 3.

Next, we mainly focus on the comparison of our work with [12] and [17].
In [12, Proposition 3.3|, a finite-time convergence result of the SGLD algo-
rithm (4) in Wasserstein-2 distance is provided, and the rate of convergence
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is shown to be \%/4n with n the number of iterations. To obtain this result,
a dissipativity condition [12, Assumption (A.3)] is proposed. In [12, Assump-
tion (A.1)], the quantities f(0,-) and H (0, -) are assumed to be bounded, where
U(0) =E[f(9, Xo)] and H(-,-) = Vo f(,-), & € R% In addition, it requires the
finiteness of an exponential moment of the initial value [12, Assumption (A.5)]
and the Lipschitz continuity of H in 6 [12, Assumption (A.2)]. While Corollary
2.5 improves the convergence rate provided in [12] in the sense that our rate of
convergence does not depend on the number of iterations, we further require a
local Lipschitz continuity of H(6,x) in x. However, compared to [12, Assump-
tion (A.3)], we allow the dissipativity condition without imposing the uniformity
in z in Assumption 3, and we require only polynomial moments of the initial
value y. Furthermore, in Assumption 2, we relax the (global) Lipschitz con-
dition of H in # by allowing the Lipschitz constant to depend on xz. We note
that [12, Assumption (A.4)] can be obtained by using Assumptions 1 and 2.

Further, we compare our results with those in [17]. Compared to [17,
Theorem 1.4] with oo = 1, Theorem 2.4 achieves the same rate in Wy without
assuming that the variance of the stochastic gradient is controlled by the
stepsize [17, Assumption 1.3]. To obtain Theorem 2.4, we assume a Lipschitz
continuity of H in Assumption 2, while [17, Theorem 1.4] requires a Lipschitz
continuity of h [17, Assumption 1.1]. This latter condition on A is implied by
our Assumption 2 as indicated in Remark 2.1. It is typical though, for many
real applications, that the full gradient A is unknown, and crucially one can
check conditions only for H (as in Assumption 2) and not for h. This is also
apparent in Section 3 where Assumptions 2 and 3 are easily checkable for
various examples. The same cannot be said for the corresponding conditions
regarding h. In a recent update of [17], it is noted in [17, Section 5.3] that
the requirements for [17, Theorem 1.4] can be potentially relaxed by replacing
the convexity at infinity condition with a uniform dissipativity condition. This
observation coincides with the results obtained in [14, Theorem 2.5|, when one
considers i.i.d. data, while we further generalise this framework by requiring
only a local dissipativity condition, i.e. Assumption 3.

3 Applications

In this section, we use "y for any z,y € R? for the inner product (instead of
(z,y)) to make the notation compact.

3.1 Variational inference for Bayesian logistic regression

Variational inference (VI) aims at approximating a posterior distribution p(w|z),
where w is the quantity of interest and z is the data, using a parameterized
family of distributions which is often called the variational family and is denoted
by gg(w) [22]. Thus, the VI approach converts an inference problem into an
optimization problem, where the objective function is typically nonconvex. This
enables us to apply our results to the VI problem and come up with theoretical
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guarantees. We present one such example below and provide guarantees for the
application of the VI approach by using the conclusions of our main theorem.

Consider a probabilistic model consisting of a likelihood p(w|x) and a prior
p(w). Here we implicitly assume the existence of probability density functions
which are used to identify the corresponding probability distributions. To
ease the notation, for a distribution p, its marginal, conditional and joint
distributions are also denoted by p, however dependencies on appropriate
state variables are explicitly declared. Furthermore, recall that given a joint
distribution p(w,z), one observes that for any distribution g(w), z € R™,
m > 1, the following holds

= s () o s (125)

%) | KL(g(w) [p(w]z)), (®)

p(w,x)
q(w)

where the first term in (8) is usually denoted in VI literature by ELBO(gq). The
aim is to choose a suitable approximating family gy parameterized by 6, so as
to minimize the KL divergence of the two distributions gg(w) and p(w|z), for
a given z, over §. This turns out to be equivalent to maximizing ELBO(gy)
since logp(z) is fixed. One can decompose ELBO(qg) = 11(0) + l2(6) where
11(8) = Ewn~g, [log p(w, z)] and l2(0) is the entropy of gg. Moreover, we suppose

= Ewn~gqlog

there exists a transformation Ty such that Tp(u) Lw. Asa result, one obtains
11(0) = Euvs[logp(To(u), )], and similarly, l2(0) := —Eu~s[logq(Ty(u))].
This is called reparameterization trick in VI literature [23-26]. By using this
technique, one can obtain stochastic estimates of Vg(l1(0) + 2(0)) and then
use SGLD algorithm to maximize ELBO(gy).

We consider an example from Bayesian logistic regression [22]. Suppose a
collection of data points X = {(2;,:)}i=1....n is given, where z; € R? and y; €
{0,1} for all i. Denote by Z; = (z;,y;) for all 4, then X = {Z;},=1,.. ,. Assume
Gaussian mixture prior to define a multimodal distribution characterized by
p(w,X) = mo(w) [[;—, p(Zilw), where mo(w) is the prior given by my(w) o
exp(—f(w)) = e lw=al*/2 4 e=lwtal/2 with f(w) = |w — a2/2 — log(1 +
exp(—2aTw)), a € RY, [af?> > 1 and p(Zi|w) = (1/(1 + e =) (1 —1/(1 +
e‘ziT“’))l‘yi is the likelihood function. Moreover, take a variational distribution
parameterized by 6, which is given as gp(w) o emlw=01*/2 4 g=lw+o*/2, Then,
maximizing {1 (0) + l2(0) = Ew~g, [log p(w, X) —log go(w)] in 0 is equivalent to
maximizing the following:

Ewnge [—|W — @|?/2 + log(1 + exp(—2a"w))
+ Z(*yl IOg(l + ele-TW) 4 (yz o 1) log(l + eziTW))

=1

+ Ewng [|W — 6]*/2 — log(1 + exp(—QGTW))] . (9)
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Further, the reparameterization technique is applied by considering the mapping
To(u) := Lgy—1} (Cu+m)+1iy—oy (Cu—m) where v ~ Ber(q) and 6 = (C,m, q).
Here, we fix C' = 14/4, ¢ = 7/8, and thus Ty (u) = Ly,—1y (u/44+0)+11—oy (u/4—
). Then, for u ~ s where s is the standard Gaussian distribution, the expression
in (9) becomes

11(0) +12(8) = glEuNs [—lu/4+ 60— a|*/2 + log(1 + exp(—2a" (u/4 + 0)))

+ 3 (—yilog(L + e /AE0) 4 (g, — 1) log(1 + e (4/450)))
=1

]ELM[ [u/4 — 0 —al*/2 +log(1 + exp(~2a" (u/4 - 0)))

8 -

+ (—yilog(1+ e (V170) 4 (3 — 1) log(1 + % (W/4=))
i=1 i
7

+ éEu~s [|u/4 +60 —0)%/2 —log(1 + exp(—2(8Tu/4 + \9|2)))]
1

+ é s [|u/4 0 —0|>/2 —log(1 + exp(—2(0Tu/4 — \0|2)))] .

(10)

In what follows, we derive the stochastic gradient expression for the cost
function defined in Eq. (10). We note that, stochasticity in this example comes
from sampling u variables and constructing empirical expectation estimates,
rather than subsampling data points.

Proposition 3.1. Let the objective function of the VI example be defined in
(10). Moreover, let u be a standard d-dimensional Gaussian random variable,
and let (W,)nen be a sequence of i.i.d. standard d-dimensional Gaussian ran-
dom variables. In addition, assume || € L*. Let H : RY x R4 — R? be the
stochastic gradient of (10) given by

0 3. a 7 1
H(Gv u) = 5 + Z + 4 (1 + eQaT(u/4+9) 1 + eQdT(“/4_9)>

u_

4

i Tz; 2

Z( 62y + +€727T(u/4+0) 14 e—= (w/d- e)) (11)

1=1
7(u+ 86) u — 80
16(1 + e2(0Tu/4+1012)) B 16(1 + e2(0Tu/4=1017))

+

1
8

Then, H satisfies Assumptions 1, 2, and 3. More precisely, Assumption 2 holds
with Ly = 1, Ly = 1/4, n(u) = 9/2 + 8el“I*/32 137 12,12 4 4a|? + 3|ul2/8,
and moreover, E[(1 + |u])*n*(u)] < co. Assumption 3 holds with A(u) = 1,/4
and b(u) = (9ul?/4 4+ 121]a|>/4) + 490 S0 2] /8 + Tn/4.

11
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The proof of Proposition 3.1 is postponed to Appendix B. Moreover, the
meaning of this result is that we can verify, in a practical variational inference
example, that our local assumptions are satisfied, therefore in this instance of
nonconvex optimization problem, the theoretical guarantees we provide in this
paper regarding SGLD provably hold. This is a significant improvement over
previous results which are based on global Lipschitz assumptions, which fail to
hold for this simple, yet very illustrative, example.

3.2 Index tracking

We consider the problem of index tracking, which can be formulated precisely
as follows (see, e.g., [21, Eqn. (3), (4), and (8)]):

N 2
. . _ _ _ 102
min Ug) = min E (Y ;gz(G)X1> + 010" |, (12)

where # € RY, U : RN — R, and Z = (Y, X1,..., Xn) is an RV *lvalued
random variable with Y € R denoting the return of the target index, X; €
R, =1,..., N denoting the return of the i-th asset. Moreover, 77 > 0 is the
regularization constant, and g;(#) represents the weight of asset ¢ in the portfolio

given explicitly by g¢;(0) = ﬁ, for all # € RY. One notes that for any

RN i=1,...,N, g;(0) € (0,1). Moreover, for any § € RY, m=1,... N,
one obtains

N N
99, U(0) = 20, + 2E <Y -y gi(G)XZ-) gm(0) D gi(0)(X; — Xpn)
i=1 i#Fm
(13)

Proposition 3.2. Let the objective function U be defined in (12). Denote by
L(Z) the probability law of Z. Let (Z,)nen be a sequence of i.i.d. random vari-
ables with probability law L(Z). Assume |6y| € L*, and |Z| € L*2. Moreover,
let H :RYN x RN*L — RN pe the stochastic gradient of (12) given by

H(0,z):= (H1(0,2),...,Hn(0, 2)), (14)
where z := (y,21,...,on) € RV H, : RN xRN+*L 5 R, m =1,...,N.
The explicit expressions for Hy,, m =1,..., N are given as follows:

N N
Hp (0, 2) = 200 + 2 <y - Zgi(G)%) gm(0) Y gi(0) (i — ). (15)

i#Em

Then, the following holds:
(i) The function U is in general nonconver.
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(ii) The stochastic gradient H satisfies Assumptions 1, 2, and 3. More pre-
cisely, Assumption 2 holds with Ly = 6N, Ly = 4/ N(N + 1), n(z) =7 +

(1 + |y + Zf\il |x,|> (1 + Zf\;m(\xl\ + |xm\)> Assumption 3 holds with

A) = ity and bz) = 1~V (1ol + S, bl ) Sl + )

The proof of Proposition 3.2 is postponed to Appendix B. One notes that
the stochastic gradient H (6, z) fails to satisfy the global conditions as the
index tracking optimization (12) can be viewed as an online optimization
problem where a uniform bound of the data z is unavailable. However, it is
shown in Proposition 3.2 that, for any § € RN, 2 € RN*1 H(0, 2) satisfies the
local Lipschitz condition (Assumption 2) and the local dissipativity condition
(Assumption 3). Moreover, Proposition 3.2 implies that our main results hold for
the nonconvex optimization problem (12), which provide theoretical guarantees
for the SGLD algorithm to find the approximate minimizers.

4 Proof Overview

In this section, we explain the main idea of proving Theorem 2.4 and Corollary
2.5. We proceed by introducing suitable Lyapunov functions for the analysis
of moment estimates of the SGLD algorithm (4). This is done with the help
of a continuous-time interpolation of the original recursion (4), which results
in a continuous-time process whose laws at discrete times are the same as
those of the SGLD. We further introduce a couple of auxiliary continuous-time
process, which are used for the derivation of preliminary results. The proof of
the main results then follows. We defer all proofs to Appendix C and focus on
the exposition of main ideas.

4.1 Introduction of suitable Lyapunov functions and
auxiliary processes

We start by defining, for each p > 1, the Lyapunov function V, by V,(0) :=
(1+101?)P/2, 6 € R?, and similarly v, (w) := (1 + w?)?/2, for any real w > 0.
Notice that these functions are twice continuously differentiable and

Sl;p(lv‘/p(é’)l/Vp(@)) <oo, lim (VV,(0)/V,(6)) = 0. (16)

|6]— o0

Let Py, denote the set of 1 € P(R?) satisfying [. V,(0) u(df) < oc.
Consider the Langevin SDE (Z;)cr, given by

AZ; := —h(Z,)dt + /28~ 1dB, (17)

with Zy := 6y € R%, where h := VU and (Bt)t>0 is a standard d-dimensional
Brownian motion. Denote by (F;);>o the natural filtration of (By);>0, and

13
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we assume that (Fy);>0 is independent of G, V 0(6y). Moreover, denote by
Foo =0 (U0 Ft)-

We next introduce the auxiliary processes which are used in our analysis.
For each A > 0, Z} := Zy;, t € Ry, where the process (Zt)ter, is defined in
(17). We also define B := By;/V/A, t > 0. We note that (B});>¢ is a Brownian
motion and

Az} = —A\n(Z}) dt + /2\6-1dB}, Z2 := 6.

The natural filtration of (B});>¢ is denoted by (F)¢>o with F7 := Fy,, t € R,
Note that (F});>0 is independent of G, V o (6p).
Then, define the continuous-time interpolation of the SGLD algorithm (4) as

A6} == —XNH(0},), Xpo) dt + /2087 1dB}, 6 == bo. (18)

In addition, one notes the law of the interpolated process coincides with the law
of the SGLD algorithm (4) at grid-points, i.e. £(6)) := £(67)), for each n € N.
Hence, crucial estimates for the SGLD can be derived by studying equation
(18).

Furthermore, consider a continuous-time process ¢; ’”’A, t > s, which denotes
the solution of the SDE

d¢ N = =AR(G UM dE + /2087 1dBY, (5t i=v e RY
eps . AN nT,00 5\
Definition 4.1. Fiz n € N. For any t > nT, define (;°" = (, """, where
T:=|1/\].

Intuitively, @ "™ is a process started from the value of the SGLD process
(18) at time nT and run until time ¢ > nT with the continuous-time Langevin
dynamics.

4.2 Preliminary estimates

It is a classic result that SDE (17) has a unique solution adapted to (F;):er., ,
since h is Lipschitz-continuous by (5). Note that the second moments of the
SDE (17) and of the target distribtuion 7 are finite, see [12, Lemma 3.2] and
[4, Proposition 1-(ii)]. For results of SDEs under local Lipschitz conditions, see,
e.g. [27] and [28].

In order to obtain the convergence results, we first establish the moment

bounds of the process (;)¢>o. This result proves that second and fourth

moments of the process (6;):>o are uniformly bounded, therefore well-behaved.

Lemma 4.2. Let Assumptions 1, 2 and 3 hold. For any 0 < A < Apax given
in (7),neN, te(n,n+1],

E[1621?] < (1 —a\(t —n))(1 = aX)"E [|60]*] + c1(Amax + a7 1),
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where
c1i=co+2d/B, co = 4AmaxL3E [7°(X0)] + AAmax HZ + 2b. (19)

In addition, sup, E [|02*] < E [|6]*] + ¢1(Amax + a™') < oo. Similarly, one
obtains

E [16M*] < (1 —aX(t —n))(1 — aX)"E [|6o]*] + c3(Amax +a~ 1),
where
C3 1= (1 + a)\max)CQ + 12d25_2()\max + 9a—1)’
g = 4bM? 4 152(1 + Amax)®
x (14 Ly)*E [(1 4 (X)) ] (1+H)Y) (1+M)%  (20)
M := max{(8ba~" + 48a~ ' Amax(L3E [7°(Xo)] + H2)'2,
(1284~ A} (L3E [17° (Xo)] + H}))V?Y.

Moreover, this implies sup, E|0}|* < oo.

The uniform bound achieved in Lemma 4.2 for the fourth moment of the
process (67);>0 enables us to obtain a uniform bound for V,4(6;) as presented

in the following corollary.

Corollary 4.3. Let Assumptions 1, 2 and 3 hold. For any 0 < A < Apax given
in (7),neN, t € (n,n+1],

E[Vi(0})] < 2(1 — aX)ME[V4(00)] + 2¢3(Amax + a7 1) + 2,
where c3 is given in (20).
Next, we turn our attention to the process (@’")teR. We first present a
drift condition associated with the SDE (17), which will be used to obtain the

moment bounds of the process ¢;""

Lemma 4.4 ([14, Lemma 3.6]). Let Assumptions 1 and 3 hold. Then, for each
p>2,0cRe

AVp(0)/8 = (h(8), VV,(8)) < —c(p)V3(0) + é(p),

where &(p) := ap/4 and é(p) = (3/4)apv,(M,) with M, := (1/3 + 4b/(3a) +
4d/(3aB) + 4(p — 2)/(3ap3))"/>.

The following lemma provides explicit upper bounds for Vp(@)‘ ™) in the
case p =2 and p = 4.

15
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Lemma 4.5. Let Assumptions 1, 2 and 3 hold. For any 0 < A < Apax given
in (7), t >nT, n € N, one obtains the following inequality

E[Va (™)) < e M 2E[Va(00)] 4 3va(M2) + 1 (Amax +a~ 1) + 1,

where the process E{\" is defined in Definition 4.1 and ¢y is given in (19).
Furthermore,

]E[V4( N ")} < 2€_a>\tE[V4(90)] + 3V4(M4) + 2¢3(Amax + a_l) + 2,
where c3 is given in (20).

4.3 Proof of the main theorems

We are now ready to establish our main results. Recall that, our goal is to
establish a non-asymptotic bound for W1 (L(6)), m5).

We first split Wi (L(0)),7m5) as follows by using triangle inequality:
W (L(0)), 75) < Wh(L(O)), L(Z))) + W1(L(Z)), 75). We aim at bounding the
two terms on the right hand side separately. To achieve this, we first introduce
a functional which is crucial to obtain the convergence rate in Wj. For any
p=>1, p,vePy,

wyp (1, V) 1= Ceén;{ ) /Rd /Rd [LA]0 =081+ V,(0) + V,(0))¢(deds’), (21)

and it satisfies trivially W7 (p,v) < wy p(p, v). The case p = 2, i.e. wy 2, is used
throughout the section. The result below states a contraction property of w; ».

Proposition 4.6. Let Assumptions 1, 2 and 3 hold. Let Zj, t € Ry be the
solution of (17) with initial condition Z) = 6, which is independent of Foo
and satisfies |0y € L?. Then,

w1 2(L(Z1), £(2})) < ée” " wy2(L(60), L(65)),

where the constants ¢ and ¢ are given in Lemma 4.11.

Proof One notes that [15, Assumption 2.1] holds with K = L1E[n(Xp)] due to Remark
2.1. [15, Assumption 2.2] holds with V' = V5 due to Lemma 4.4. Moreover, [15,
Assumptions 2.4 and 2.5] hold due to (16). Thus, [15, Theorem 2.2, Corollary 2.3|
hold under Assumptions 1, 2 and 3. Then, the desired result can be obtained by using
the same argument as in the proof of [14, Proposition 3.14]. |

Now recall T':= |1/A] defined in Definition 4.1. By using the contraction
property provided in Proposition 4.6, one can construct the non-asymptotic
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bound between £(6;') and E(Z)‘) in W, distance by decomposing the error
using the auxiliary process Ct

Wi(L(62), L(Z)) < Wi(L(0)), LG™) + WL, £(Z7)). (22)
By the definition of Apax given in (7), we have that 0 < A < A\pax < 1, which
implies 1/2 < AT < 1. An upper bound for the first term in (22) is obtained

below.

Lemma 4.7. Let Assumptions 1, 2 and 3 hold. For any 0 < A < Apax given
in (7), t € (nT, (n + 1)T],

Wa(L(6}), £(G)) < VA(e™ 401 EVa(6o)] + Ca2)'/,
where 6'271 and 67'272 are given in (C12).
Then, the following Lemma provides the bound for the second term in (22).

Lemma 4.8. Let Assumptions 1, 2 and 3 hold. For any 0 < XA < Apax given
in (7), t € (nT,(n+1)T7,

Wi(L(G™), £(22)) < V(e CosEVa(6o)] + Co,a),
where Cy 3, Ca.4 are given in (C13).
By using similar arguments as in Lemma 4.8, one can obtain the non-
asymptotic estimate in Wy distance between £(C"") and £(Z}), which is given

in the following corollary.

Corollary 4.9. Let Assumptions 1, 2 and 3 hold. For any 0 < X\ < Apax given
in (7), t € (T, (n+ DT),

Wa(L(G"), £(Z7)) < A4 (e C5 sEV2Va(60)] + Cs.),
where C5 5, C5 4 are given in (C14).
Finally, by using the inequality (22) and the results from previous lemmas,
one can obtain the non-asymptotic bound between L£(#;}') and L(Z}), t €

(nT, (n 4+ 1)T], in W, distance.

Lemma 4.10. Let Assumptions 1, 2 and 3 hold. For any 0 < A < Apax given
in (7), t € (nT, (n+ )T,

Wi(L(B)), L(Z))) < (C3/F + Coly + Cas + Coa)VA(e™ "/ 2E[Vy(6)] + 1),
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where Cy 1, 6’272 are given in (C12) (Lemma 4.7), and Ca 3, Ca 4 are given in
(C13) (Lemma 4.8).

Before proceeding to the proofs of the main results, the constants ¢ and ¢
from Proposition 4.6 are given in an explicit form.

Lemma 4.11. The contraction constant ¢ > 0 in Proposition 4.6 is given by
¢ = min{@, ¢(2),4¢(2)ec(2)}/2, (23)

where &2) = a/2, &2) = (3/2)ava(Ms) with My given in Lemma 4.4, ¢ is
given by

- (B e (AR + VSTERD))) . 2

and moreover, € > 0 can be chosen such that following inequality is satisfied

e < 1A <45(2)\/257T/K1 /05 exp ((s\/ﬁKl/S + \/8/(ﬂK1)>2) ds> . (25)

where K, = LiEn(X,)], b = 22:2)/c2)—1 and b :=

24/4¢(2)(1 + ¢(2))/e(2) — ) ) )
The constant é> 0 is given by ¢ := 2(1 + b) exp(BK1b?/8 + 2b) /e.

Now, we are ready to prove our first main result, namely Theorem 2.4.

Proof of Theorem 2.4 One notes that, by using A\T" > 1/2, Lemma 4.10 and
Proposition 4.6, for t € (nT, (n + 1)T
Wi(L(07),mp) < Wi(L(07), L(Z1)) + Wi (L(Z7), 7p)
< (Cy/? + Gyl + Caz + Coa)VA(e " *E[Va(60)] + 1)
+ée”Mwy o(6o, 7g)
< (G + Gyl + Caz + Caa)VA(e ™ ?E[Va(60)] + 1)
e N [1 +E[Va(60)] + / VQ(Q)Wﬂ(d@)]
< 2e M OA (G + Oyl 4 Cas + Caa) + &) (1 +E[160]")
+ ee¢n/? {1 +/ v2(e)7rﬁ(d9)} (1 +E[|60]*])
+ V(G 1/2 1/2+023+C’24)

The above result implies, for any n € N,

Wi(L(B),1y7) 7) < Cre” T2 4 Blj0o) + (C2 + Ca)VA,  (27)
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where

Cp = 2¢%/2 {(/\xln/az( 1/2+Cl/2+023+02 4)+c)+c(1+/ Vo (6 ﬂg(d&))]

-0 (ec*<1+d/za>(1+m (1+ 1 )>
1—e—¢ ’

d
Co=Cylf +Cyly =0 <1+ /3)’

Cs ::C‘23+C’24:O(eC*(Hd/B)(Hﬁ) (1+ L ))

1—e¢

(28)
with ¢, ¢ given in Lemma 4.11, 6'271, 6’272 given in (C12) (Lemma 4.7), 6’273, 6’2,4
given in (C13) (Lemma 4.8), Cx > 0 independent of d, 3,n. One notes that the above
estimate (27) is established for (G(An +1)T)nEN' To obtain a non-asymptotic error bound
for (é()‘n+1))n€N, we set (n+1)T ton+1 on the LHS of (27), and set n+1 to (n+1)/T
on the RHS of (27). By using A(n +1) < 1)/T, it follows that, for any n € N,

Wi (L(0n11), 7p) < cle**("*”/?(l +E[|6]"]) + (C2 + C3)VA.

M_oreover7 for ¢ > 0, if we choose A and n such that A < Anax,
Cre/2(1 4+ E[160]Y]) < ¢/2, (Cy + C3)VA < £/2, where Amax is given
in (7), then Wl(L'(G,){),Trﬁ) < e. This implies A <

2
[
TCaFC)? N Amax;
27, 2C1 (1+E[|60] ")) : : :
An > Zln =02 More precisely, by using (28), one obtains n >

Cy(1+d/B)(1+8) Cyx(14d/B)(1+8)
CLer /9 040) (1_|_ = el—r) )ln (C*e (1+ 1 )) where ¢ is the

e%¢ € l—e~
contraction constant of the Langevin diffusion (17) given explicitly in Lemma 4.11.

d

Next, we prove our second result Corollary 2.5, i.e., a uniform bound in Wy
distance.

Proof of Corollary 2.5 By using (C11) in Lemma 4.7, Corollary 4.9 and Proposi-
tion 4.6, one obtains

Wa(L(07), m5) < Wa(L(6), L(Z7)) + Wa(L(Z]), 75)
< WaL@07), £(G™) + Wa L), £(Z2)) + Wa(L(2]), 7p)
< ﬁ(e_an/402,1E[V2(90)} + 6'2,2)1/2
+ A (eI Es B [Vi(00)) + C4)
+ /2w 2(L(Z}), 7p)

< NG+ MGl + G55+ C5.4) (e~ *E[Va(00)) + 1)

+él/2efc>\t/2 2w1)2(00,ﬂ'ﬂ),

Further calculations yield,
Wa(£(67), 75)
<N OMSC) + A Cy 3 + C3 5 + T3 .a) (e " E[Va(80)] + 1)

19
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. 1/2
+ V261 2 eA2 (1 + E[Va(00)] + / V2(6')7r,3(d9)>
< 2¢O (G + Coly) + Mda (G35 + C5.4) + v/26"/2) (1 + E[|6o] "))
+ V26t 2een/4 [1 + / Vz(@)ﬂg(dﬁ)}
AV OMACH + NJACHE + Ca+ G,
where the last inequality holds due to AT > 1/2. Thus, for any n € N, it follows that
Wa(L(O), mp) < Cae™ A UE[|6o]* +1] + (C5 + Co)AM/*

where

Cy:=2 ()\1111/32,((01/2 + 01/2) Iln/;lx(CQ 3+ CQ 4) + \[61/2)

+V2¢e/? (1 + /R V2(t9)7r5(d9)>

_ C.(14+d/B)(1+6) 1
=© < <1 = e—é/2>> (20)
d
s = AtaxCyy’ + Ao Gl = O (1 + 5) 7
Ce:=C334+C34=0 (ec*(1+d/ﬁ)(1+ﬁ) (1 + ¥)) ,
’ ’ 1—e¢/2

with ¢,¢ given in Lemma 4.11, C 1, Co 2 given in (C12) (Lemma 4.7), C3 3, C5 4
given in (C14) (Lemma 4.9), Cx > 0 independent of d, 8,n

Moreover, for ¢ > 0, if we choose A and n such that, A\ < Anpax,
C4efc‘>‘”/4E[|€0|4 + 1] < €/2, (Cs + Cg))\l/4 < €/2, where Amax is given
in (7), then Wy(L£(6)),m3) < e. This implies A < .

4 2C4(14E[|0 |4]) . . .
An > Zln =02 More precisely, by using (29), one obtains n >

O, eCx(1+d/B)(1+5) 1 C, eCx(1+d/8)(148) 1 o
ET I+ (1—e-2/2)a In = = 1+ =—=7)) where ¢ is

the contraction constant of the Langevin diffusion (17) given explicitly in Lemma
4.11. O

g
16(05+CG)4 /\ )\maxa

Finally, we move on to prove our result on nonconvex optimization, namely,
Corollary 2.8.

Proof of Corollary 2.8 To obtain an upper bound for the expected excess risk
E[U (67)] — infycpa U(P), one considers the following splitting

BUON)] - jnf, U(6) = (B O] - BU(Ze)) + (B0 (2] - jnf, U®)) . (30

where Zoo ~ w3 with mg defined in (3). By using [12, Lemma 3.5], Remark 2.1,
Lemma 4.2, and Corollary 2.5, the first term on the RHS of (30) can be bounded by

E[U(62)] - E[U(Z50)]
< (L1Em(X0) (00 /] + ¢1 (Amax +a™1)) + LaEl(X0)] + Ha ) Wa(£(62), 75)

< (LAB(X0))(EB0[%) + c1 (s + a™)) + LaE[(Xo)] + .
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x (C4e_é)‘”/4IE[|90|4 + 1]+ (Cs + 05))\1/4)
< Che=oAn/4 4 CEpL/A,
where

Ot = Cy (LX) ElI00) + 1 (max +a~1)) + LaBli(X0)] + H ) E[l6o|* + 11,

C§ 1= (Cs + C6) (L1E(X0)| 0[] + c1(Amax + a~ ) + LaE[(X0)] + Hx)
31)
with ¢ given in (23), C4,C5,Cg given in (29) and ¢; given in (19). Moreover, the
second term on the RHS of (30) can be estimated by using [12, Proposition 3.4],
which gives, E[U(Zx0)] — infgcpa U(6) < Cg, where
. A, (elEnXo)] (b8
Cs; = 2/Blog( o d +1)). (32)
Finally, one obtains E[U(67)] — infyepa U(O) < Ciiefé)‘"/4 + C§A1/4 + Cg,
where ¢ is given in (23), and C’% =0 (ec*(1+d/6)(1+ﬁ) (1—|— 1—617'-"/2))7 C’g =
o (ec*<1+d/ﬂ><1+ﬂ> (1 + 1_61_6/2)), C% = O((d/B) log(Cx(B/d + 1))) with Cyx > 0

a constant independent of n, d, 3.
Moreover, for € > 0, if we choose 8 such that C’§ < /3, then choose A such that

A < Amax With Amax given in (7) and Cg/\1/4 < ¢/3, and finally choose n such that
C’iie_é)‘"/4 < /3, consequently, we obtain E[U(6;)] — infycpa U(P) < €. This implies
B> BV % log (M b+1)(d+ 1)), where f3¢ is the root of the function
fﬁ(ﬁ) = % — 53, £>0, ie. fﬁ(ﬁg) = 0. Indeed, since

ch < %10g(%(b+1)(d+1)(5+1)>7

by setting % log (w b+1)(d+ 1)) < ¢e/6 and o5 log (B+1) <e/6, one
obtains C’tj < e/3. Noticing that M is decreasing in B yleldb the desired result.

Furthermore, calculations yield A < 81(;")4 A Amax, and A\n > 4 ln . More pre-

. Cy (14d/B)(1+8) Cx (1+d/B)(1+8)
cisely, n > == 10 (14 ey ) In (= (1+ L)),

ede € 1—e—¢/2
where ¢ is the contraction constant of the Langevin diffusion (17) given explicitly in
Lemma 4.11. O

5 Conclusions

We have provided non-asymptotic estimates for the SGLD which explicitly
bounds the error between the target measure and the law of the SGLD in
Wasserstein-1 and 2 distances. These results further allow us to establish a non-
asymptotic error bound for the expected excess risk. Moreover, the theoretical
findings enable us to obtain theoretical guarantees for fundamental problems
in machine learning and in financial mathematics: Nonasymptotic error bounds
for nonconvex optimization problems. We have shown that our assumptions are
verifiable for a large class of practical problems. In particular, we demonstrate
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this by providing two important applications: (i) wvariational inference for
Bayesian logistic regression (VI), (ii) index tracking optimization. We believe
that our results provide a detailed understanding of the sampling behaviour of
SGLD even when it is examined within the context of nonconvex optimization.

Appendix A Additional Lemmata
Lemma A.1. Let Assumptions 1, 2 and 3 hold. For anyt € (nT, (n + 1)T],
neNandk=1,..., K+1, K+1<T, one obtains

_ _ 2
E Uh(@’") - H (C?’",Xnm)\ } < e MG E[Va(6o)] + G2,

where

Gz :=8L26z, 6z:=8L36,(3va(Ma)+ ci(Amax +a1) +1), (A1)
&z = E[(n(Xo) + n(E[Xo]))*| X0 — E[X0]|?].

Proof Recall Hy = ]:g‘o \% gw. One notices that
W0 W0 2
E h(Ct ) - H(Ct 7XnT+k)

=5 [B[ @™ - HEG" Xarso)| |t

‘ 2

]

A, A, 2
<4E|E | |HE" Xur4x) = HG E[Xursi| Hur])| | Hur
)]
where the first inequality holds due to Lemma A.3 and 67 := E[(n(Xo) +
n(E[X0]))?| X0 — E[X0]|?]. Then, by using Lemma 4.5, one obtains

=E {]E “E [H(f{\’"7XnT+k)‘ HnT] — H(", X k)

< 4126 ,F [(1 + (?’”

_ _ 2 _ B :
E “h(@’n) - H(C{\’n,XnTJrk)‘ } < 8L364E [VQ(CS’H)} < e MG 1E[Va(60)]+6 7,
where 5 := 8L36, and 65 := 8L36 7(3va(M2) + ¢1(Amax +a~ 1) + 1). O
Lemma A.2. Let Assumptions 1, 2 and 3 hold. For any t > 0, one obtains

?|

] < Me Moy E[Va(80)] + Gy ),

0} — 0}y,
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where

Ty = 2Amax LAE[n?(X0)]
Gy = 22max LIE[N*(X0)]c1 Amax + @™ 1) + dAmax LAE[7?(X0)] (A2)
+ A max H? +2dp71.

Proof For any t > 0, we write the difference .0})‘ — éf\tj ‘ and use (a + b)2 < 202 + 22
which yields
2:|

_ _ 2
E“@?—efﬂ }:E[

2 X _ 2 -1
<AE [(L177(Xm)\9w| +L277(X[t'\)+H*) } +2d\67,

to 22X\, =~ -
A /M H(O7y), Xp47)ds + F(B? - By))

where the inequality holds due to Remark 2.1 and by applying Lemma 4.2, one obtains
_ 2 _ _
E Uoﬁ 0| } < 2\’ LIE[” (Xo)JE[|67) ) 1*] + 43° L3E[7° (Xo)] + 4> HF + 2478~

< M(1 = an) ey EVa(60)] +6v),
where 7y = 2 maxL2E[n?(X0)] and 6y = 2AmaxLIE[n%(X0)]e1 (Amax + a™1) +
Wmax L3E[7%(X0)] + 4Amax HZ + 2dB~ 1. 0

Lemma A.3. Let G,H C F be sigma-algebras. Let p > 1. Let X,Y be R%-
valued random vectors in LP such that'Y is measurable with respect to HV G.
Then, EY? [|X — E[X|H v G]|’|G] < 2BV [|X — Y| G].

Proof See [29, Lemma 6.1]. O

Appendix B Proofs of the results in 3

Proof of Proposition 3.1 By using (10), it can be shown by direct calculations
that H defined in (11) satisfies Assumption 1.
One notes that (11) can be rewritten as

n

H(0,u) = Z H;(0,u)

S EY I P [
- n\2 "4 4T g\ 1 eaT(w/ar0) T 14 e2al (u/a—0)

B 7(u + 86) B u— 80
16(1 4 e2(0Tu/4+1012))  16(1 4 €2(0Tu/4-10]%))

n 1 6y + Tz _ z;
3 ZiYi 1+e_z;r(u/4+9) 1_~_6—Z;r(u/4—0) ’

23
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where H; : RY x R? — R? for each i = 1,...,n. To verify Assumption 3, which is the
(local) dissipativity condition, one calculates, for any 6 € R%, v € R
1o  u'o 3 o a'o 7 1
0" H;(0,u) =~ | -+ =2 0+~ _ — -
i(0u) =2 ( 2 T T \ T L e2aT /i) 14 g2aT(u/a6)
B 7(uT0+8|9|2) B u'6— 8|92
16(1 +62(9Tu/4+|6’\2)) 16(1 +e2(6Tu/47|0|2))
1 722—0 ZZTG
+ < 3 < 6yiz, 0 + 1+ o2 (w/4+0) ) + =1 (u/4-0)
1102 3lu'o 11 7
> -2 2 P - _ _
“n ( 2 4 5120 0
1,2 1 [/9u? 121 49n 7
2=\ la 2 -5 | zl -2,
an n 4 4

which implies
T 1, 9 9lul> 121, 9 490 <~ o
> - Y (i el I Wit _ 7 _
00 = 40 (4 HAR) - S
Thus the (local) dissipativity condition holds with A(u) = I;/4 and b(u) = (9]u|?/4 +

121]a|?/4) + 490 31 |22 /8 + Tn/4.
As for the Lipschitz conditions in Assumption 2, one notices that 1 +

2(0Tu/a+(0]%) _ e—lu\2/32(e‘“|2/32 4 e210+u/81%) then

AT 24" (u/4+6) 24" (u/4—0)
VoH,(0,u) = L (Lo _da (__Te” T,
n\2 2 (1 + e2a (u/4+9))2 (1 4 e2a (u/4—0))2

_ 1, _ Iy
2(1 4 62(9Tu/4+|9\2)) 2(1 + 62(9Tu/4*|0|2))
7e|u\’-’/3262|0+u/8|2(u+89)(UT +807)
32(6|u\2/32+62|0+u/8\2)2
e|u\2/3262|0—u/8|2(u —80)(u" — 867)
32(elul?/32 4 ¢210—u/8]2)2

el [ e l/ato) o+l (u/1-0)
8 (1+e—z;r(u/4+0))2 + (1+6_Z;r(u/4_9))2

+

which implies Assumption 2 holds with L1 = 1 and n(u) = 9/2—!—86‘“'2/324—2?:1 |22+
4la|* 4 3|u|?/8. On the other hand,

A nT 24" (u/4+6) 24" (u/4—6)
VuH;(0,u) = l 11cl - e T - = aT
n\4 8 (1+62a (u/4+0))2 (1—1—62‘1 (u/4—9))2

_ (Y] + I
16(1 5 2@ /a0 T 16(1 1 20Te/A10)

. 7elul®/322000u/81 (4 4 80) (—uT /16 + (uT /2 + 407)/8)
16(e\u|2/32+62\9+u/8|2)2
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+elu‘2/3262|9—“/8|2 (u— 80)(uT /16 + (40T — T /2)/8)
16(6'“‘2/32 +e2|9—u/8|2)2

ziz) 7o~ (u/4+6) o= (u/4-0)
32 (1 +e—ziT(u/4+9))2 B (1 —|—e_Z¢T("/4—‘9))2

which implies Assumption 2 holds with Le = 1/4 and n(u) = 9/2 + gelul’/32 4
SPy Jzil + 4lal? + 3Jul?/8. O

Proof of Proposition 3.2 First, we show that the objective function U defined
n (12) is not necessarily convex. We consider the case where N = 2, and similar
arguments can be applied for N > 2. By using (13), the Hessian matrix of U, denoted
by V2U, is given by:

20+ M(0) —M(0)
ViU (o) = (’7 M (6) 277+M(9))’ 6 € R?

where M (6) := 297 (0)g3 (0)E[(X2 — X1)*] +2g1(6)g2(6) (1 — 291 () E[(Y — g1(6) X1 —
92(0)X2)(X2 — X1)]. Then, for any v = (v1,v2) € R?\ {(0,0)}, it follows that

(, V2U(0)v) = 27v|* + M(0)(v1 — v2)?,
which is not necessarily nonnegative for all 6 € R2. To see this, we consider the
following example. Let
E[X1] = 0.03, E[X5] =0.04, E[Y]=0.033,

Var(X1) =5x107°, Var(X3) =2x 1074, Var(Y)=5.5x 1075,
Cov(X1,X2) =10"", Cov(X1,Y)=5x10"% Cov(Xs,Y)=-9x10",
which implies E[Y Xo] = 1.23 x 1072, E[X1 Xa] = 1.21 x 1073, E[X1 Y] = 9.95 x 1074,
E[X?] = 9.5x 102 Then, set j = 107%, v = (1,0). For 6 = (1,In2), i.e., g1(6) = 1/3,

one obtains,
M(6) = 291(0)g5(0)(391(0) — DE[(X2 — X1)?]
+291(0)g2(0)(1 — 291 (0))E[(Y — X1)(X2 — X1)]

1
=2 1-2 E[(YXy— X1 Xo—YX1 + X)) = ———
91(0)g92(0)( g1(9))E[(Y X2 — X1X2 1+ X1)] 70000
which indicates (v, VZU(#)v) = —% < 0. In addition, for § = (1,1), i.e

g1(0) = 1/2, one obtains
M(6) = 291(6)93(6) (391 (6) — DE[(X2 — X1)?]
+291(0)g2(0) (1 — 291 (0)) E[(Y — X1)(X2 — X1)]
= 201(0)95(9)(391(6) — DE[(X2 — X1)] > 0.
which implies (v, V2U(#)v) > 0. Thus, one concludes that U is in general nonconvex.

Next, we prove that the stochastic gradient H given in (14) satisfies Assumptions 1,
2, and 3. Recall the explicit expressions for Hy,, m = 1,..., N are given as follows:

N N
Him(0,z) = 200m + 2 <y - Zgi(e)xz) gm(0) Y 9i(0)(w; — wm).

i=1 i#m

25
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It is easily checkable that Assumption 1 holds. To see Assumption 3 is satisfied, one
calculates the following: for any 0 € RN, z € RNJrl,

N N N 2
(0,H(0,2)) = Y OmHn(0,2) > 0] =7~ 'N <<|y| +> $i|> > (el + |$m|)> :

m=1 i=1 i#£m

Assumption 2 is also satisfied. Indeed, for any m=1,...,N, 0,0’ € RN, z € RN+1,
it follows that

[Him (8, 2) = Hm (6", 2)| < 20|0m — 0|

N N
2 (y - Zw(@m) gm(0) > 9i(0)(xi — xm)
=1

i#Em

N N
- (y - Zgi(9/)$i> gm(0') > gi(6") (@i — xm)
i=1

i#Em

N N
<6VN <ﬁ+ (lyl +Z|zi> D (il + m)) 0 —¢'l,
i=1 i#m

where the last inequality holds due to the following: for any m =1,...,N, 6,6 € RN,

l9m (0) = gm ()] < VNIO —0'].

Then, one obtains |H(6,2) — H(¢',2)] < 6Nn(z)|§ — |, where n(z) = # +
(1+ 1yl + S lwil) (14+ SN (loil + l2m])). Similarly, for any m = 1,...,N,
0 e ]RN7 2,2 € RN+17 one obtains

N
\Hm(Q, z) — Hm(0, 2 <2 (ZJ - Zgz ) gm(0) Z 9:(0)(x; — xm)

i#Em

N
- (y' - Zgi(é’)d) Z 9i(0)(f — 21m)
i=1

i#Em

AN +1) <|y | +Z|wz| + Z ji] + |zm|) ) EREd

i#Em
< AN +1)(n(2) +n(z)|z = 2|,

which further implies |H (0, z) — H(0, 2)| < 4V N(N +1)(n(z) + n(z"))|z — #/|. O

Appendix C Proofs of the results in Section 2
and 4

Proof of Remark 2.1 To prove (5), one notices that by using Assumptions 1 and 2
|h(8) — n(6")] < E[|H(6, Xo) — H(¢', Xo)[] < L1E[n(X0)]|0 — ¢'].
Then, to prove (6), one calculates by using Assumption 2

[H(0,z)| < [|H(0,z) — H(0,z)| + [H(0,z) — H(0,0)| + |H(0,0)]
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< Lin(2)|0] + La(n(x) +n(0))|z| + [H(0,0)]
< Lin(x)|0] + Lon(z) + Hx,
where 7j(z) := (n(z) + n(0))|z|, and Hx := |H(0, 0)|. O

Proof of Lemma 4.2 For any n € N and t € (n,n + 1], define A, ; := oy —
AH (0, X,11)(t —n). By using (18), it is easily seen that for ¢ € (n,n + 1]
E[102P |02 ] = E [1andl? |82] + @3/B)d(t - n).
Then, by using Assumptions 1, 2, 3 and Remark 2.1, one obtains
E[18nal® B3] = 1027 = 22t = n)E [0, HBn, Xnt1)) |92 ]
+X(t = n)’E [[HO, Xnr1)I |00 ]
<1BM = 27 (t = n) (B2, E[A(X0)] 82 ) + 2A(t — )b
+ 2%t —n)’E [\Lln(Xn+1)|§r){| + Loi(Xpi1) + Hol? ’9%]
< (1= 20(t = n))IBa ) + 2% (t — n)*LTE [0’ (X0)] 02
+ 4N (t = m)*L3E [7°(X0)] + 4N*(¢ = n)* H + 2(t = n)b,

where the last inequality is obtained by using (a + b)2 < 2a% + 202, for a,b > 0 twice.
For A < Amax < a/(2L3E [n2(xo)} ),

E[|Andf* B3] < (1= ar(t = m)IOA? + A(t = n)eo,
where ¢ := 4Amax L3E [ﬁ (Xo)} + 4Amax H? + 2b. Therefore, one obtains

E[I0217]02] < (1 = aAt = n)IBal” + At = mer,

where c¢1 := ¢g + 2d/8 and the result follows by induction. To calculate a higher
moment, denote by U{)t .= {208~ 1}/2(B) — B)), for t € (n,n + 1], one calculates

B [16411]03] =& | (180002 + 1030 + 2 (800, 01)) [ ]
= B [|An e+ Unal* + 2280 e P02 + 41Ane (A, Unte)

+4|U$,t|2< ot Un, >+4(<Ant,U >) ‘9*}

<E [[And* + 10l + 6804 U4l |02]

< (1 ax(t = m)E [|Andl*|B2] + (1+9/(ar(t = m)E [JU201*].
(C3)
where the last inequality holds due to 2uv < eu? + é711127 for u,v > 0 and é > 0 with

U= |An7t|2,v = 3|U7>{7t|27 ¢ = a\(t — n), and due to the independence of Uﬁ\,t and ).
Then, by using the Cauchy-Schwarz inequality, one obtains

E [|Am|4 ‘éﬁ]

27
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_ _ _ _ 2 _
-E {(wm? = 22(t =) (BN, H(OY, X1) ) + X2 (t =)’ HO, X)) ‘92]
_ _ _ 2
—B R + 4% - ) (52, HEL X))
+ XAt = ) [HO, Xns)* = 40t =) (B, HO, X)) 1021
+ 2% (t — )% |00 2| H (O, Xn1)[?
—aN(t = n)® (00, H(OY, Xns1) Y IH O, Xy 1) |02 ]
<102 + B [637(t = n)?BA [ H (02, Xn11)|* = 4Nt — ) (O3, HON, Xp11) ) 022
—N (= ) [H(O), X s) (00, HOD, X)) + 24 = ) | H @, Xon)*|00]
By Remark 2.1, the independence of X, .1 and ), and by using (u + v + v)* <

257w 4 0)* + 25710 <227 2(u® 4 %) + 25718 for w,v,v > 0,5 > 1, it follows
that, for ¢ > 1,

E[1H @, Xu1)I? |B0] < 297 LIE [57(X0)] 1001° + 2% LEE [ (X0)] + 2°7 B,
(C4)
By using Assumption 3 and by taking ¢ = 2,3,4 in (C4), one obtains
[|An o ]ek] (1 — daX(t — n))|p|* + 4bA(t — n) |G [?
+120%(t = n)*LTE [n* (X0)] 102" +16X°(t = ) LIE [0 (X0) ] 101"
et —n)t LlE[ (XQ)} R
L3E [i(X0)| + B2) 103
£ 64N (t — n)? (LQE[ 7 (Xo ] +H3) 16|
E [7"(X, R

o] )

+2402(t — ) (

+ 640t — n) (

which implies, by using A < Amax

[|Ant| |9A] < (1= 3a(t —n))|0n)* + 4bX(t — n)|0n)?
+2402(t — n)? (L [ ] Hf) 1001
+643%(t —n)° (L3 [ (Xo)| + H2) 162 ()
+64/\4t7n4(L [ ]+H*).

For |0] > (8ba™! + 484 Amax (L3E [ XO)] + H2))Y/2, we have

At —n) - _ §
- %wﬁf +AbA(t — n)|Gp|? + 2402 (¢ — n)? (L%}E [ﬁ2(xo)] + HE) 1A% < .

(C6)
Similarly, for [62] > (128a~'A2,uy (L3E [ﬁ?’(Xo)] 4 H3))/3

At — _ . . ~
_ Mlem‘l + 64A5(t — n)3 (LgE [ﬁd(XO)} + HE’) |02| < 0. (C7)
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Denote by

M := max{(8ba~" + 484~ "Amax (L3E [ﬁQ(XO)] + H2)Y?,
(C8)

(12807 M (E3E [7° (X0)] + H2)'/*},
Moreover, denote by A, pr :={w € Q: |07\ (w)| > M}. Then, by substituting (C6),
(C7) into (C5), one obtains,

E[18nel*1a, |2 ] < (1= 20A(t = )82 14

n, M
+ 64Xt —m)* (L3 [ (Xo)| + 1) 1
Similarly, we have
E [\An,t|4JlA; y (éﬁ] (1= 2aA(t — 0|02 Lac , +4bA(t — )M Lpe

+240%(t = n)” (L3 [72(Xo)| + HE) M* lA;,M

)

(13
16423t — n)® (L [ (Xo) ] +H::’) Mg,

+64)\4t7n4(L‘21E[ ]+H4)1ACM

Combining the two cases yields

E[lAndl* 6)] < (1= 207(t = n))IBM* + At = n)ea, (C9)
where ¢ := 4bM? + 152(1 + Amax)* (1 + Lo) B [(1+7(X0))"] + (1 + H)1) (1 +
M)2with M given in (C8). Substituting (C9) into (C3), one obtains

[|0t | ]9 ] (14 aA(t — n))(1 — 2aA(t — n))|GN*
+ (14 aA(t —n))A(t — n)ea + 12d° X282 (t — n)2(1 + 9/(aA(t — n)))
< (1=a(t—n))|0al* + At — n)es,

where c3 := (1 + almax)c2 + 12d?872(Amax + 9a~ ). Finally, for any n € N,t €
(n,n+1], 0 < A < Amax, one obtains,

B[] < (1 = ar(t = n)E [|0)*] + At = n)es
<(1—aA(t—n))(1—aNE [|6_?7>{_1|4} + Amaxcs + Ac3
< (1—aA(t = m)(1 - a’E 102 ']

+ )\maxcg + >\C3(1 + (1 — a)\))
<.

<(1—ar(t —n))(1 — a\)"E [|90|4} + ¢3(Amax + 1/a),
which completes the proof. |

Proof of Lemma 4.5 For any p > 1, application of Ito’s lemma and taking
expectation yields

AVp(G™) _
A5

t
E[Vp (™)) = E[Vp(Oh7)] + / E AR(C™), VVp(G2™)) | ds.

n

29
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Differentiating both sides and using Lemma 4.4, we arrive at

An
c(lit E[Vp(G?"™)] =E )\% - A(iz@’”)ﬂ%@’"))} < —Xe(P)E[Vp(EM™)] + Aé(p),
which yields
E[Vp(E™)] < e MRy, (02 )] + é(p) /2(p) ( —/\E(p)(t—nT))

< e MR, (B3 7)] + E(p) /2(p)-

Now for p = 2, by using Lemma 4.2, Corollary 4.3 and Lemma 4.4, we obtain

EV2 (M) < e MRV (00)] + 2(2) /2(2)
< (1 —aX)Te M= E v, (00)] + 6(2)/2(2) + 1 (Amax +a~ 1) + 1
< e_a)\t/2E[V2(90)] + 3V2(M2) +c1 ()\Inax + a_l) + 17

where the last inequality holds due to 0 <1 —2z < e™? for z > 0 and &(2) = a/2.
Similarly, for p = 4, one obtains

E[Va(G™)] < e MDAV (830)] + 6(4)/2(4)
<21 — aX)"Te MDD Ry, (00)] + &(4) /2(4) + 2¢3(Amax +a” ) + 2
< 2e " ME[V4(00)] + 3va(M4) + 2c3(Amax +a~ 1) + 2,
where the last inequality holds due to 0 <1— 2 < e ® for z > 0 and ¢(4) = a. O
Proof of Lemma 4.7 To handle the first term in (22), we start by establishing an
upper bound in Wasserstein-2 distance and the statment follows by noticing W1 < Wha.

By employing synchronous coupling, using (18) and the definition of Et)\ "™ in Definition
4.1, one obtains, for any t € (nT, (n + 1)T],

t
/nT [HO), X)) = h(C™)] ds
=2 ‘/ H(@), Xra) = HE™, X1a)] ds
/nT [ B(ET) = H(C™, X )} ds

t t
A\ ZA\,n FAmY A, M
<M [ 00 oy - & [, @ - @ x]as

where the last inequality holds due to Assumption 2. Now taking squares of both
sides, using (a + b)2 < 2a? + 2b? for a,b > 0, and then taking expectations lead to

- “@m - éﬁﬂ < 2L /:TE [ (o) & U%J - 427”]2} ds
2]

t
[ (@ =@ ) as

where the expectation splits over terms in the first integral due to the independence
of Xyg7 from the rest of the random variables. Using AXT' < 1, Lemma A.2 and

(a+ b)2 < 2a2 + 2b2 once again, we obtain

=0t <

+A

ds+ A

k]

+2\°E [
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E U@’” _ggﬂ < 4)\L1E / { N — 2} ds
+4,\L§E[ ]/ { ,an‘ }ds
+20°E |: Ci‘n fH(QTb)'\’n,X(S])] ds 2:|

< 2R [nQ(Xo)] (e" 5y E[Va(60)] + &y)
+4ALE [772(X0)] /:TE { 2

/n (M@~ H@™, X)) ds

where gy and Gy are provided in (A2). Next, we bound the last term in (C10)
by partitioning the last integral. Assume that nT + K < t < nT 4+ K + 1 where
K +1<T,K € N. Thus we can write

—@’"ﬂ ds

2
+2)°E { ] A (C10)

t K
[ @ - 1@ )] as| = |3 1+
nT k=1
k —_
where I := [T b [R(C™) = H(GQ™, Xnrya)lds, and Ry = [ [W(E") -
(CS Xn7+K+1)]ds. Taking squares of both sides
2 K k-1
Z\Ik\ +23 3 Ik,1>+2Z (Ie, Ri) + |Ri %,
k=2 j=1

Finally, we take expectations of both sides. Define the filtration H; = FAVG lt]- We
first note that for any k=2,..., K, j=1,...,k—1,

E [(Iy, Ij)] = E [E[{k, 1j)|HnT+5]]
nT+k 2\ A
=E |:]E |:</ [H (¢S ,n’ XnT+k) — h((s 7n)}d57

T+ (k—1)

nT+j A\,n A\,n
/ HEM, Xz ) — E™ds Y| Horas | |

T+(j—1)

=E [</nT+k E [H(Qts/\’",XnTJrk) - h(@’")‘ HnT+j] ds,

nT+(k—1)
e FAmn W
/ [H(CS ’ 7XnT+j) - h(CS ’ )]dS =0.
nT+(j—1)

By the same argument E(Ij, Ri) = 0 for all 1 < k < K. Therefore, the last term of
(C10) is bounded as

o || [ h(CO™) — H(G™, X147)| ds
» [s]

2] o3 [12°] + 2B IR |’]

k=1
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< 4e= 2\ (5 7E[Va(00)] + 52),

where the last inequality holds due to Lemma A.1 and 6z and &z are provided in
(A1). Therefore, the bound (C10) becomes

E UE?’" - é?ﬂ < DI3E [2(%0)] /tTE [é‘é - @’nﬂ ds
.

+4e~aAT/2) (12 [nz(Xo)] Gy +52)E[Va(6o)]

+ANLIE [ﬁ(xo)} Gy +67).
Using Gronwall’s inequality leads
_ 112 2 2
(|G = 8| < At OO faem T 1 1 () oy + a2 E[Va(60)]
HA(LTE [ (Xo)| 3y +52)] -
which implies by AT > 1/2,

WL, LG ™) <E[Q 0 < A" o BVa(00)] + Co), (C1)

where
A g ALE[? (Xo)] 7 2m [, 2 _ _
Ca, = 4e™ 1 (L1E |n”°(Xo)| oy +52),
= 4L%E[n?(X 2 2 (C12)
Co,9 :=4e™ 1 [7* (Xo)] (L1E [77 (Xo)] Gy +5z)
with &y, 6y provided in (A2) and 5, 57 given in (Al). d

Proof of Lemma 4.8 To upper bound the second term Wi (L (CtA ™), L(Z})) in
(22), we adapt the proof from Lemma 3.18 in [14]. Recall the definition of w1 2 given
n (21), and the fact that Wy (u,v) < wi 2(p,v) for any u,v € Py,. By Proposition
4.6, one obtains, for any t € (nT, (n + 1)T1,

k=1
< Z wl,Q(L(CtkT,@QT,)\)’[’(CkT o /\))
k=1
<é Z exp(—¢é(n — k))wi 2 (E(éli\T) (CJ?Tk 1))7
k=1

which implies, by using Cauchy-Schwarz inequality, Young’s inequality, Lemma 4.7,
Corollary 4.3 and Lemma 4.5,

Wi (LG Zexp - (@), L@ [+ (vt}
el

- ez — K))W3 (L(6Rr), LGy )



Springer Nature 2021 IMTEX template

Nonasymptotic bounds for SGLD under local conditions in nonconvez optimization

+3Ve 3 exp(—é(n — k) [1+EVa@r)] + EVa (G )]
k=1

< Ve S exp(—é(n — k))(e "By 1 EVa(00)] + Cay2)
k=1

+3Ve Z exp(—é(n — k) [1+EVa(@ir)] + EVa(Gy )]

< Ve mm{c a/4}n né(e min{é, a/4}C«2 1E[Va(6o)] + 12E[V4(60)])
B B B _
+ \/Xm (0272 + 1203 ()\max +a ) + 9V4(M4) + 15)
< V(e minlealtin/2 6y SE[Vi(60)] + Ca.a)
— \/X(eién/zc_'z’gE[Vgl(eo)] + 0274)7

where the last inequality holds by applying the inequality e™“"(n+1) < 1+ a~ !, for
o > 0 with o = min{¢, a/4}/2, and the last equality holds by noticing min{¢, a/4} = ¢
with ¢ given in (23). The explicit expressions for the constants Cs 3,Ca 4 are given
below:

. 2
Cozi=é (1 + g) (e4Cq 1 +12)

1= exp(—0)

(C13)
Coy =

s

(CQ 2+ 1263()\max +a ) + 9V4(M4) + 15)

with Cy,1, Ca,2 given in (C12), é, ¢ given in Lemma 4.11, c3 given in (20), and M4
given in Lemma 4.4. ]

Proof of Corollary 4.9 One notices that Wy < /2wq 2, then, by using similar
arguments as in the proof of Lemma 4.8, one obtains

Wa(L(G™), L(Z7))
< Z Wa(L(GH), £(G*F1)

< Z\[wwz (£(¢ kT,é,ﬁT,A)’ﬁ(ctkT,é,jvT’“—l,A))
< VB Y expl-en — 1)/ (ko). £ [+ (V@)

k=1
{BVa@ 1)}}”2}1/2

SATYV26 N exp(—é(n — k) /2)Wa (LOhr), LG )

k=1
+)\1/4\ﬁzexp é(n—k)/2) {14—{1?3 Vi ekT)}} +{E Va(Gr 1)]}1/2]

< \/%Al/4€_mm{c’a/4}n/2n(€min{é’a/4}/20217/12E1/2[Vg(eo)]+2\/§E1/2[V4(90)])
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1 _
+ ‘/%AMW(,&/Q)(C”2 +2v2¢3(Amax + a~ Y2 + VBVE A (W) + V15)

< A (e mindea/ /A cs (g2 1y, (60)] + CFy)
= A4 (e /ACs sEY 2 [Vy(60)] + C5.4),

where
C5 3= V2¢(1+4/¢) (ea/SCVQl,/f 4 2v3)
. %% B
Coq = W%(Cl/Q + 2v/2¢3(Amax +a~ D2 + \/gvi/Q(M4) VD),

(C14)

with C_’g’l, C_’g’g given in (C12), ¢, ¢ given in Lemma 4.11, c3 given in (20), and My
given in Lemma 4.4. This completes the proof. O

Proof of Lemma /.10 By using Lemma 4.7 and 4.8, one obtains
WL, £(21)) < Wi(L6), LEG™) + Wi(LEG™), £(21))
<f( 7an/801/2E1/2[V2(90)]+Cl/2)
+ V(e 2Ca 3E[Va(60)] + Ca,0)

< (Gyl7 + Cyly + Cos + Coa)VA(e ™ *E[Va(60)] + 1).
O

Proof of Lemma 4.11 To obtain the contraction constant ¢, we apply the argu-
ments in the proof of [15, Theorem 2.2] to SDE (17). More precisely, we replace h(r)
in [15, Eqn. (5.14)] by

h(r) := g/or skds +2Q(e)r, (C15)

where k = L1E[n(Xp)] and Q(€) are given in [15, Eqn. (2.24)], and replace [15, Eqn.
(2.25)] by (4é(2)e)~ 1 > %fORl /o exp (g [ uk du +2Q(e) (s — 7‘)) drds. Then, fol-
lowing the proof of [15, Theorem 2.2], one can derive the expressions for ¢é: ¢ :=
min{¢,c(2),4¢(2)ec(2)}/2, where €(2) = a/2, é(2) = (3/2)ava(M2) with My given
in Lemma 4.4, ¢ is given by ¢! := OR2 fo exp (4 f uk du + 2Q(e)(s — r)) drds
with Ry given in [15, Eqn. (2.29)], and ¢ € (0,1] is required to satisfy e ! >
23¢(2) fORl fos exp (g f: uk du + 2Q(e)(s —r)) drds with R; given in [15, Eqn.
(2.29)]. To simply the expressions for ¢ and €, we follow the proof of [14, Lemma 3.24],
and thus (23), (24), (25) can be obtained.

To obtain an explicit expression for ¢, one first notes that, by using (C15), [15,
Eqn. (5.4)] becomes: for any r € [0, Ra], rexp(—fKR3/8 — 2Q(¢)Rg) < ®(r) <
2f(r) < 2®(r) < 2r. Then, in view of [14, Eqn. (60)], and by applying the same
arguments as in the proof of [14, Lemma 3.24], one obtains C’g = 011/010 <é:=
2(1 + Ry) exp(BK1R5/8 + 2Ra) /e, where Ry = b := 2\/46(2)(1 + &(2))/2(2) —

K, := L1E[n(Xp)], and € is given in (25).

Appendix D Table of constant
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Table D1 Analytic expressions of constants

Constant Full expression
Mp 1/3 4+ 4b/(3a) + 4d/(3aB) + 4(p — 2)/(3ap)
Lemma 4.4
é(p) ap/4
é(p) (3/4)apvp (Mp)

252
Can 4 AR (X)) (2Amax L3 (8 [12(X0)] )2 + SLE((n(X0) + n(E[Xo)) | Xo — E[X0l12])

Lemma 4.7
64L%]E[772(X0)] (

; 4 2Amax LT (Eln?(X0)))2e1 Amax + a 1)
C2,2 +max L3 L3EM? (X)IE72 (X0)) + 4Amax HZL3E [n2 (X0)] + 24871 L3E [0% (X))
+8L3E[(n(X0) + n(E[Xo]))?| X0 — E[X0]1?](3va (M) + ey (Amax + a~ 1) + 1))

& & 2 45
Lemma 4.8 C2,3 ¢ (1 + é) (e?/1C5 1 +12)

Caa #M(Cz,z +12¢3(Amax + a7 1) + 9v4 (My) + 15)

~ = 4 8~1/2
Corollary 4.9 2,3 Ve (14 4) (/36,7 + 2v2)

_ /56 ~1/2 — 1/2 —

O34 TSy (O35 + 2P Omax + a~ /2 + VB2 (31y) + VIB)

. 1/2 =1/2 =1/2 = = . N

c 26¢/2 {(Am/ax(cgﬁ T c2f2 +C23+Caa)+ o) +e (14 fpq V2(9)7rﬂ(d9))]

Theorem 2.4
~1/2 =~1/2
C2 cz{l + Cz,/2
Cs Ca3+Co4
1/2 =1/2 =~1/2 1/4 = = .

C4 2 (Am/axwz,/l 4 Oal) + A (CE 5+ O3 ) + x/Ecl/Q)

Corollary 2.5 ’
1/4 1/2 1/4 1/2

o5 A Ca /4 AMa s

Ce C33+C34

of C4 (L1EM(X)]Ell901%] + e1 Amax + o~ 1)) + L2E[A(X0)] + Hy ) Ell6p]* + 1]
Corollary 2.8

ch (@5 + Cg) (L1EIN(X)I(E[0012] + e1 (Amax + a~ 1)) + LoB[A(X0)] + Hy)

i d eL1E[n(Xg)] (b8
Cc3 28 log ( 1 @ (T + 1)

Table D2 Constants in Lemma 4.2 and Lemma 4.11, and their dependency on key
parameters

Constant Key parameters
d 8 Moments of Xq
c1 O+ d/B) O+ d/pB) OE[( + [XoDn (XD
c3 o+ (d/8)?) o+ (d/8)?) o®3/2[(1 + | Xg DIt (X))

. : d 16 -1
(sc* @ a+pLiEmXo) + )+ sretiaeay )| o

32vm(1+a?)(1+8) 1 .
( 27 (” leon)])

[

120 (a,b) A+BL1E(n(X0)) 14+ )+ grptorT
B dy2, BT BL1E[n(X0)] 1
O(Vhﬂwx(m“*a) ( hioson)

Le*(a,b) i= (14 2/a)(1 4+ a + b).

References

[1] Hwang, C.-R.: Laplace’s method revisited: weak convergence of probability
measures. The Annals of Probability 8(6), 1177-1182 (1980)

[2] Dalalyan, A.S.: Theoretical guarantees for approximate sampling from



Springer Nature 2021 IMTEX template

36 Nonasymptotic bounds for SGLD under local conditions in nonconvex optimization

smooth and log-concave densities. Journal of the Royal Statistical Society:
Series B (Statistical Methodology) 79(3), 651-676 (2017)

[3] Durmus, A., Moulines, E.: Nonasymptotic convergence analysis for the
unadjusted Langevin algorithm. The Annals of Applied Probability 27(3),
15511587 (2017)

[4] Durmus, A., Moulines, E.: High-dimensional Bayesian inference via the
unadjusted Langevin algorithm. Bernoulli 25(4A), 28542882 (2019)

[5] Brosse, N., Durmus, A., Moulines, E., Sabanis, S.: The tamed unadjusted
Langevin algorithm. Stochastic Processes and their Applications 129(10),
3638-3663 (2019)

[6] Dalalyan, A.S., Karagulyan, A.: User-friendly guarantees for the Langevin
Monte Carlo with inaccurate gradient. Stochastic Processes and their
Applications (2019)

[7] Sabanis, S., Zhang, Y.: Higher order Langevin Monte Carlo algorithm.
Electronic Journal of Statistics 13(2), 3805-3850 (2019)

[8] Welling, M., Teh, Y.W.: Bayesian learning via stochastic gradient Langevin
dynamics. In: Proceedings of the 28th International Conference on Machine
Learning (ICML-11), pp. 681-688 (2011)

[9] Barkhagen, M., Chau, N.H., Moulines, E., Rasonyi, M., Sabanis, S., Zhang,
Y.: On stochastic gradient langevin dynamics with dependent data streams
in the logconcave case. Bernoulli 27(1), 1-33 (2021)

[10] Brosse, N., Durmus, A., Moulines, E.: The promises and pitfalls of stochas-
tic gradient Langevin dynamics. In: Advances in Neural Information
Processing Systems, pp. 8268-8278 (2018)

[11] Dalalyan, A.: Further and stronger analogy between sampling and opti-
mization: Langevin monte carlo and gradient descent. In: Kale, S., Shamir,
O. (eds.) Proceedings of the 2017 Conference on Learning Theory. Pro-
ceedings of Machine Learning Research, vol. 65, pp. 678-689. PMLR, 777
(2017). https://proceedings.mlr.press/v65 /dalalyanl7a.html

[12] Raginsky, M., Rakhlin, A., Telgarsky, M.: Non-convex learning via Stochas-
tic Gradient Langevin Dynamics: a nonasymptotic analysis. In: Conference
on Learning Theory, pp. 1674-1703 (2017)

[13] Xu, P., Chen, J., Zou, D., Gu, Q.: Global convergence of Langevin dynamics
based algorithms for nonconvex optimization. In: Advances in Neural
Information Processing Systems, pp. 3122-3133 (2018)


https://proceedings.mlr.press/v65/dalalyan17a.html

Springer Nature 2021 IMTEX template

Nonasymptotic bounds for SGLD under local conditions in nonconvez optimization 37

[14] Chau, N.H., Moulines, E., Rasonyi, M., Sabanis, S., Zhang, Y.: On stochas-
tic gradient langevin dynamics with dependent data streams: The fully
nonconvex case. SIAM Journal on Mathematics of Data Science 3(3),
959-986 (2021)

[15] Eberle, A., Guillin, A., Zimmer, R.: Quantitative Harris-type theorems for
diffusions and McKean—Vlasov processes. Transactions of the American
Mathematical Society 371(10), 7135-7173 (2019)

[16] Cheng, X., Chatterji, N.S., Abbasi-Yadkori, Y., Bartlett, P.L., Jordan,
M.I.: Sharp convergence rates for Langevin dynamics in the nonconvex
setting. arXiv preprint arXiv:1805.01648 (2018)

[17] Majka, M.B., Mijatovi¢, A., Szpruch, L.: Non-asymptotic bounds for sam-
pling algorithms without log-concavity. arXiv preprint arXiv:1808.07105v3
(2019)

[18] Eberle, A.: Reflection couplings and contraction rates for diffusions.
Probability theory and related fields 166(3-4), 851-886 (2016)

[19] Erdogdu, M.A., Mackey, L., Shamir, O.: Global non-convex optimization
with discretized diffusions. In: Advances in Neural Information Processing
Systems, pp. 9671-9680 (2018)

[20] Zheng, Y., Chen, B., Hospedales, T.M., Yang, Y.: Index tracking with
cardinality constraints: A stochastic neural networks approach. In: Pro-
ceedings of the AAAT Conference on Artificial Intelligence, vol. 34, pp.
1242-1249 (2020)

[21] Gaivoronski, A.A., Krylov, S., Van der Wijst, N.: Optimal portfolio selec-
tion and dynamic benchmark tracking. European Journal of operational
research 163(1), 115-131 (2005)

[22] Wainwright, M.J., Jordan, M.I.: Graphical models, exponential families,
and variational inference. Foundations and Trends@®) in Machine Learning
1(1-2), 1-305 (2008)

[23] Price, R.: A useful theorem for nonlinear devices having gaussian inputs.
IRE Transactions on Information Theory 4(2), 69-72 (1958)

[24] Salimans, T., Knowles, D.A.: Fixed-form variational posterior approxima-
tion through stochastic linear regression. Bayesian Analysis 8(4), 837-882
(2013)

[25] Kingma, D.P., Welling, M.: Auto-encoding variational bayes. arXiv preprint
arXiv:1312.6114 (2013)



Springer Nature 2021 IMTEX template

38 Nonasymptotic bounds for SGLD under local conditions in nonconvex optimization

[26] Rezende, D.J., Mohamed, S., Wierstra, D.: Stochastic backpropagation
and approximate inference in deep generative models. In: Proceedings of
the 31st International Conference on International Conference on Machine
Learning - Volume 32. ICML’14, pp. 1278-1286. JMLR.org, 777 (2014).
http://dl.acm.org/citation.cfm?id=3044805.3045035

[27] Mattingly, J., Stuart, A., Higham, D.: Ergodicity for sdes and approxi-
mations: Locally lipschitz vector fields and degenerate noise. Stochastic
Processes and their Applications 101, 185-232 (2002)

[28] Cox, S., Hutzenthaler, M., Jentzen, A.: Local lipschitz continuity in the
initial value and strong completeness for nonlinear stochastic differential
equations. arXiv preprint arXiv:1309.5595 (2013)

[29] Chau, H.N., Kumar, C., Rasonyi, M., Sabanis, S.: On fixed gain recursive
estimators with discontinuity in the parameters. ESAIM: Probability and
Statistics 23, 217244 (2019)

Statements and Declarations

® Funding This work was supported by The Alan Turing Institute for Data
Science and Al under EPSRC grant EP/N510129/1. Y. Z. was supported
by The Maxwell Institute Graduate School in Analysis and its Applications,
a Centre for Doctoral Training funded by the UK Engineering and Physical
Sciences Research Council (grant EP/L016508/01), the Scottish Funding
Council, Heriot-Watt University and the University of Edinburgh. O.
D. A. is supported by the Lloyd’s Register Foundation Data Centric
Engineering Programme and EPSRC Programme Grant EP/R034710/1. T.
D. acknowledges support from EPSRC EP/T004134/1, UKRI Turing Al
Fellowship EP/V02678X/1, and Lloyd’s Register Foundation programme
on Data Centric Engineering through the London Air Quality project.

¢ Competing interests The authors have no relevant financial or non-
financial interests to disclose.

e Authors’ contributions All authors contributed to the study conception
and design. The first draft of the manuscript was written by Ying Zhang
and Omer Deniz Akyildiz, and all authors commented on previous versions
of the manuscript. All authors read and approved the final manuscript.


http://dl.acm.org/citation.cfm?id=3044805.3045035

	Introduction
	Main results and comparisons
	Related work and discussions

	Applications
	Variational inference for Bayesian logistic regression
	Index tracking

	Proof Overview
	Introduction of suitable Lyapunov functions and auxiliary processes
	Preliminary estimates
	Proof of the main theorems

	Conclusions
	Additional Lemmata
	Proofs of the results in 3
	Proofs of the results in Section 2 and 4
	Table of constant

