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Abstract

In this thesis we will consider the spaces of 0 and Bott-Chern harmonic differential forms
Hg’q & H%"é, defined on an almost complex manifold equipped with a metric compatible
with the almost complex structure. In 1954, Kodaira and Spencer asked whether the
Hodge numbers hg’q = dim ’ng are all invariant of the choice of metric. We will answer
this question in the negative. Furthermore, in the case of compact almost complex 4-
manifolds we will give a full account of the values of p and ¢ for which both hg’q and
hg% := dim H%’% are or are not independent of the metric.

Specifically, we find examples of compact 4-manifolds where h%’l, h%’l, h%lc and
h}g’gc all change depending on the metric, even if we restrict ourselves to the special class
of almost Kéahler metrics. We also show that the only possible values for hé’l are b_ and
b_ + 1, while the value of hjlg’lc is always b_ + 1. Here b_ denotes an invariant given by
the number of d-harmonic anti-self-dual 2-forms.

In order to obtain these results, we are required to solve a system of partial dif-
ferential equations. We therefore introduce a decomposition of L? functions on torus
bundles over S! which allows us to rewrite this system into a family of ordinary differ-
ential equations, which we can solve by describing the Stokes phenomenon, and a family

of algebraic equations, which are equivalent to the Gauss circle problem.



Chapter 0

Introduction

An almost complex structure is defined to be a linear map J : TM — T'M acting on the
tangent bundle of a manifold, such that J? = —id. These structures were first introduced
in the 1940s by Ehresmann and Hopf and later popularised by Gromov’s introduction of
pseudoholomorphic curves [11]. Today their study encompasses topics from the famous
Hopf problem, which asks whether S admits a complex structure [16], to Goldberg’s
conjecture that any compact almost Kéhler-Einstein manifold is Kéahler [9].

Almost complex geometry also has strong ties to Hodge theory, first developed by
Hodge in the 1930s, building on work by de Rham (see [10, 18] for a good introduction to
the theory). An almost complex structure allows us to decompose the space of complex

valued k-forms as the sum of spaces of (p, q)-forms

AE(M) = @ A1),

p+q=k

From this decomposition, we can define the Dolbeault cohomology on any compact,

complex manifold by

HI—)’q(M) — .k61;5|.,4p,q ‘
g 1m 8|Ap,q71

The dimension of these spaces hg’q = dim H g’q provides a collection of important invari-
ants of the complex manifold, known as the Hodge numbers. The Hodge numbers can
in fact be defined on any almost complex manifold (see Chapter 1), however their defi-
nition in general requires the introduction of a non-unique metric, known as an almost

Hermitian metric. In Hirzebruch’s 1954 paper [17] Kodaira and Spencer ask:

Question 1.21 (Kodaira-Spencer). Given a compact almost complex manifold, are the

numbers hg’q independent of the choice of almost Hermitian metric?
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According to an update of Hirzebruch’s problem list [20], until very recently,
next to no progress had been made towards answering this question, with the exception
of attempts to develop a harmonic theory for almost Kéhler manifolds by Donaldson
[5] and a version of Hodge theory for strictly nearly Kéahler 6-manifolds developed by
Verbitsky [31].

The main result of this thesis is to finally give an answer to the Kodaira-Spencer
question. In fact, in Chapter 3 we prove a number of results which together give a
full description, for compact almost complex 4-manifolds, of when hg’q does or does not
depend on the almost Hermitian metric. By laying out the non-trivial values of hg’q in

the following way

known as a Hodge diamond, we can summarise many of the results of Chapter 3.

@: Invariant of almost Hermitian metrics,
: Not invariant of almost Hermitian metrics, but invariant of almost Kéahler metrics,

®: Not invariant of almost Kihler metrics.



In particular, notice the unruly behaviour of h%l and h%’l (These two are always
equal by Serre duality, see Chapter 1). By considering the example of the Kodaira-

Thurston manifold, a 3-torus bundle over S*, we prove

Theorem 3.12. On compact almost complex 4-manifolds, h%’l is not in general invari-
ant of the choice of almost Hermitian metric. In particular, on the Kodaira-Thurston
manifold we can find a family of almost Hermitian metrics, compatible with a fixed almost

complex structure, over which h%’l takes multiple different values.

We therefore answer the Kodaira-Spencer question in the negative. In fact, this
example gives us an even stronger result! It turns out that h%’l can vary with our choice
of metric even when our choice is restricted to a special class of almost Hermitian metrics
known as almost Kéahler metrics.

Furthermore, by considering a family of almost complex structures J,; along

with a compatible almost Kahler metric g, 3, we also prove

Theorem 3.9. h%l can be computed for all members of the continuous family of non-

integrable almost Kdhler structures given by (Jop, gap), a,b € R, b # 0, on the Kodaira-
Thurston manifold. Furthermore, for any n € Z* such that 8 | n, there is a b such that
0,1 _

hg =n.

So, by varying the almost Kéhler structure continuously it is possible to make the value
of h%’l arbitrarily large.
When compared with h%’l, hg’l is much more well-behaved. In fact we will prove

that on any almost complex manifold there are only two values it can take.

Theorem 3.18. On a compact almost Hermitian 4-manifold we have either h%’l =b_
orb_ + 1.

Here b_ denotes the dimension of the space of anti-self-dual, d-harmonic forms,
i.e. the forms « for which xa = —a, da = 0 and d*a = 0. Importantly, this number is
a topological invariant.

In Chapter 4, we turn our attention to the Bott-Chern cohomology groups, de-

fined on complex manifolds by

 ker 9] ap.a Nker 9] ap.a
N lm ag‘Ap—l,q—l

9

HS(M) :

with A3l := dim H}Y. These groups were first introduced by Kodaira and Spencer

[19], in order to prove the invariance of the K&hler condition under sufficiently small



deformations of the almost complex structure. As with the Dolbeault cohomology, we
can extend the definition of h%‘(lj to almost complex manifolds by introducing an almost
Hermitian metric.

In Chapter 4 we will prove another set of results which together give a full de-
scription, for compact almost complex 4-manifolds, of when h%"é, does or does not depend
on the choice of almost Hermitian metric. These results can be summarised in a Hodge

diamond as follows:

@: Invariant of almost Hermitian metrics,

®: Not invariant of almost Kahler metrics.

As with h%’l, we show that h%é and h}éé may both take a range of values on
a single almost complex manifold by performing calculations on the Kodaira-Thurston
manifold. Specifically, we are able to show that, for the family of almost K&hler struc-
tures considered in the above theorems, the values of h%’l, h%’lc and hgzc are all equal.

We can therefore deduce the following results:

Theorem 4.4. h%’lc and h}g% can both be computed for all members of the continuous
family of non-integrable almost Kdhler structures given by (Jop, gap), a,b € R, b # 0,
on the Kodaira-Thurston manifold. Furthermore, for any n € Z* such that 8 f n, there
s a b such that h%é = h}fo =n.

Theorem 4.5. On compact almost complex 4-manifolds, h%lc and hgé are not in general
invariant of the choice of almost Kahler metric. In particular, on the Kodaira-Thurston
manifold we can find a family of almost Hermitian metrics, compatible with a fixed almost
complex structure, over which hglc and h11§2c take multiple different values.

We are also able to determine the exact value of h}é}; on any compact almost

Hermitian 4-manifold.



Theorem 4.10. Given any compact almost Hermitian 4-manifold, we always have
hpe =bo +1.

The calculations of h%’l in Chapter 3 and of h%é and h}éé in Chapter 4, de-
scribed above, both require the solution of a system of linear partial differential equations
(PDEs) on the Kodaira-Thurston manifold. This is made possible by the introduction
of a harmonic analytic technique in Chapter 2. The main result of this technique is a

decomposition of L? functions on any torus bundle over S?.

Theorem 2.8. Let M be a mapping torus of an n-dimensional torus, given by the matriz

A € GL,(Z). The space of L? functions on M decomposes in the following way.

—_—

LA(M) = @Hy @ B PHuy |-

Orby €O Orby €@  toeZ
|Orby |=oc0 |Orby |=N<oo
where
Hy =D f(t+8)e*™ A f e [2(R)
EEL

and

Hipy = { CE™ X 3 Zri(F4%) | o e ¢

£=0

Here & denotes the direct sum followed by the closure with respect to the L? norm.

Given y € Z" we use Orby here to denote the orbit of the group generated by the
transpose AT acting on y, while @ denotes the set of all such orbits.

We find that the PDEs involved in calculating hq’l, h%lc and hgé consist of
differential operators which generally preserve the spaces Hy N C* and Hy,, N C™. It
therefore suffices to find just the solutions contained within Hy, N C* and Hy,, N C*
as any smooth solution can then be obtained as a linear combination of these.

This technique is not, however, limited to the Kodaira-Thurston manifold; the
same ideas can be applied to solve PDEs on other torus bundle over S'. In Chapter 5 we
demonstrate how one might go about calculating hg’q on a number of different such torus
bundles. We will consider examples with E*, Nil* and Sol? x E geometry, in addition to

the Kodaira-Thurston manifold, which we will show has Nil® x E geometry.



Chapter 1

Almost Complex (Geometry and

the Kodaira-Spencer problem

We begin with an introduction to the field of almost complex geometry, giving prelimi-
nary results and definitions which we will be using throughout this thesis. The contents
of this chapter may be found in any good textbook on complex geometry and algebraic
geometry (see e.g. [10, 18]).

1.1 Integrable Almost Complex Structures

Definition 1.1. An almost complex structure on a smooth manifold M is a tangent
bundle automorphism .J : TM — T M which satisfies J? = —id. We call the pair (M, J)

an almost complex manifold.

An almost complex structure induces a decomposition of the complexified tangent

bundle TcM :=TM ® C into a sum of its +i and —i eigenspaces
TeM = Tl,OM D To’lM
with projection into the first and second components given by
: 1 . . 1 ,
proj; : v i(v—sz) Projy : v §(v+sz).
This gives rise to a similar decomposition on the dual tangent bundle



which ultimately leads to the following result.

Proposition 1.2. On an almost complex manifold the graded algebra of complez-valued
k-forms AE(M) = I‘(/\(’E M) decomposes into a bigraded algebra

AL(M) = @ AP (M)
p+q=k

where we define

API(M) =T (/\p’q M)

N M= N 1o n N\ 15, M.

Differential forms contained in AP9(M) are said to have bidegree (p,q).

The exterior derivative d : A¥ — A*+1 can be written as a sum of four components
d=pu+0+0+i

which change the bidegree of the form they act upon by (+2,—1),(4+1,0), (0,+1) and
(—1,+2), respectively. The fact that y and fi as well as & and J are complex conjugates
of each other follows simply from the fact that the exterior derivative d is itself invariant
under conjugation.

Other important properties of i, 9, 0 and [i also arise from the properties of d. For
instance, d is a graded derivation, a property which descends directly to its components,

giving us the following.

Proposition 1.3. FEvery component of the exterior derivative is a graded derivation,
that is to say for any o € AK(M), B € A(M) we have

S(anpB)=d0anB+(-1Fands

for all 6 € {p,0,0, i}.

Another property of the exterior derivative is that it squares to zero. Although this
fact does not descend to the components of d, we can consider the components of the
expression d? = 0 separately, to obtain a family of seven identities which hold for y,d,0

and [i.



Proposition 1.4. On any almost complex manifold, the following relations hold for the

components of the exterior derivative.

;

p? =0,

1o + dp = 0,

po + 0% 4 o = 0,
w4 00 4 00 + fipn = 0,
o+ 0%+ o = 0,

ofi + 10 = 0,

p? = 0.

At this point it is worth explaining in what way an almost complex structure
really is “almost complex”. To this end we will consider how a complex structure on a

smooth manifold gives rise to an almost complex structure.

Example 1.5. Let X denote a complex manifold with complex dimension n. Around
any point p € X we have an open neighbourhood U which is identified with some V' C C™

by a smooth co-ordinate chart ¢ : U — V. If we write a point in V using the co-ordinates

(1 + Y1y ...y Ty + 1Yn)

then we can locally define an almost complex structure J by the maps

15) = 0
ox; 0y

o 0
y; ox;’

J

Let J1 and Jo be two locally defined almost complex structures corresponding
to different co-ordinate charts ¢ and 5. We can use the holomorphic transition map
g 0Py ! to show that J; and Js in fact describe the same almost complex structure.

First, by writing 1 o ¥ ! using local co-ordinates as
(&1 + @15y T+ iG0) = W2 007 ) (@1 iy, 0+ i),
the Cauchy-Riemann equations tell us that

or; 0y 0x; 0y;

alL‘j N 6yj 6yj N _al'j'




Then we can show the following:
_ 0 " /9%, & Oy O
1 - — J 7 ¥l
J2 (¢20¢1 )* <8SUZ> szZ: (8$l 8:Ej + axz ag]>
i (837] _9y; 0 >
= Ox; 0y;  Ox; 0%

zn: dy; 0 ‘%J‘ A
Ayi 33/; Qy; 0%;

=1
0 0
= (P2 0y 1), <8yi> = (12 0P 1), (Jl(%ci) -

This demonstrates that our local definition of J does not depend on the choice of co-

<.

ordinate chart. The local descriptions can therefore be patched together forming a

globally well-defined almost complex structure.

The above example shows how a complex structure will always give rise to an

almost complex structure. The reverse, however, is not always the case.

Definition 1.6. Let (M, J) be an almost complex manifold. We say that J is integrable

if it arises from a description of M as a complex manifold.

The Newlander-Nirenberg theorem, originally proven in [23] (see also [22]), gives

us a way to identify which almost complex structures are integrable.

Theorem 1.7 (Newlander-Nirenberg). An almost complex structure J is integrable if

and only if the Nijenhuis tensor, acting on vector fields by
N;y(X,Y) =X, Y|+ JJX, Y]+ JX,JY] - [JX,JY],

1s identically zero.

Corollary 1.8. An almost complex structure J is integrable if and only if the exterior

derivative can be given by d =0+ 0, i.e. pn=0.

Using the above corollary, in the case of integrable almost complex structures we

can simplify the seven identities in Proposition 1.4 to just three.

Proposition 1.9. On any almost complex manifold (M,J), if J is integrable the fol-



lowing relations hold for the components of the exterior derivative:

9% =0,
90 = —00,
02=0

We define the Dolbeault cohomology and the Bott-Chern cohomology as follows.
Definition 1.10. On an integrable almost complex manifold (M, J), we can define the

Dolbeault cohomology groups by

ng(M — .kel"78|_,4p,q .
1m 8|Ap,q71

The dimension of these groups is given by the Hodge numbers h? := dim H?.

Definition 1.11. On an integrable almost complex manifold (M, J), we can define the

Bott-Chern cohomology groups by

 ker 9] ap.a Nker 9] ap.a

HEL,(M) - =
BC( ) lm aa‘Ap—l,q—l

We will use h3l, := dim Hi3Z, to denote the dimension of these groups.

The definitions of H2? and Hj¢, only make sense because the identities in Propo-
sition 1.9 hold. For instance, for the Dolbeault cohomology to be well-defined requires
that 02 = 0. Unfortunately, this is not the case for non-integrable almost complex struc-
tures. In the next section we will introduce different definitions for h%? and hizf,, which
are equivalent to the definitions given above when J is integrable, but which remain

well-defined when J is non-integrable.

1.2 The Almost Complex Hodge Numbers

In order to define hg’q and h%‘é on all almost complex manifolds we must first define

some new structures.

Definition 1.12.

i) A Riemannian metric g on an (almost) complex manifold (M, J) is called an (al-

most) Hermitian metric if it is invariant under J, i.e.
g('? ) =g(J-, J").

10



In this case we say that g and J are compatible and call (M, J, g) an (almost)

Hermitian manifold.

ii) Given an (almost) Hermitian manifold (M, J, g), the fundamental form w is a real,

alternating, bilinear form defined by

Definition 1.13. We say that an (almost) Hermitian metric is (almost) Kdhler if the

corresponding fundamental form w is symplectic i.e. if dw = 0.

Proposition 1.14. On an almost Hermitian manifold (M,J,g) the almost complex
structure, almost Hermitian metric and fundamental form exist as a compatible triple

(J,9,w). Given any two structures the third can be constructed, as follows:

i)

w( ) ) = g(J ) )7
i1)

g(v ):w("J)a
i11)

J:1/)g_101/1w.

Here we define vg : v — g(v,) and 1, : v = w(v,-).

Given an almost complex manifold, Proposition 1.14 tells us that specifying an
almost Hermitian metric is equivalent to specifying the corresponding fundamental form.
As a consequence some authors, myself included, will sometimes engage in a slight abuse
of notation by referring to the fundamental form as if it were the almost Hermitian

metric, even though it is technically not a metric.

Remark 1.15. Given an almost Hermitian manifold (M, J,q), the almost Hermitian
metric induces an inner product on the dual tangent space. If we let v1,...v9, denote
an orthonormal basis at some point in the dual tangent space, we can extend the inner
product to /\k M. This is accomplished by taking all wedge products vy A---Av;, € /\k M

to be orthonormal. The extension of g to differential forms will also be denoted by g.

The existence of an almost complex structure implies a natural orientation. Tak-
ing this together with an almost Hermitian metric, we obtain a volume form dV with

which we can then define the Hodge star operator.

11



Definition 1.16. Let (M, J,g) be an oriented almost Hermitian manifold with real
dimension 2n. We define the Hodge star operator to be the map x : APY(M) —
AP =P(M) given by the relation

aAx*p = g(a,B)dV.

We can then define the operators

*

pr=—xfk, 0 =—x0%x, 0" =—%0%, '=—xpux.

Remark 1.17. If the almost Hermitian manifold (M, .J,g) is compact, then p*,0*,0*

and ¥ are all adjoint operators with respect to the inner product on Afé(M ) given by

() i= /Mg<-,->dv,

as the notation would suggest.
We list a few properties of the Hodge star here.

Proposition 1.18. Let (M, J,g) be a compact almost Hermitian manifold, with real

dimension 2n.

i) Let vy, ..., v, be an orthonormal basis of T*M such that vi Ava A --- A vy, is the

volume form. If {vi , ..., vi,, } = {vi,...,v2,}, then we have
T A T R AR AN /o

where s = sign(iy, ..., i2,).

i1) The square of the Hodge star is the identity up to a sign. That is to say, given
a e N M, we have

k= (—1)ka.

i11) The Hodge star is self-adjoint up to a sign. That is to say, given o € /\k M and
Be N %M, we have
g(xa, B) = (=1)"g(a, *B).

Now that we have introduced all of the necessary prerequisites, we can give new
definitions of hg’q and h'3%, which extend the cohomological definitions to compact almost

complex manifolds.

12



Definition 1.19. Given an almost Hermitian manifold, we can define the elliptic oper-

ators

Ay = 00" +09%0
Apc = 000*0* + 0*0*00 + 0*00*0 + 0*00*0 + 0*0 + 0*0

known respectively as the 0-Laplacian and the Bott-Chern Laplacian.
The spaces of d-harmonic and Bott-Chern harmonic (p,q)-forms corresponding

to these Laplacians are then given by

Hg’q = ker(Ag : AT — AP

HL = ker(Apo : APT — APY),

and we define hg’q and Y3l to be the dimensions of these spaces.

When restricted to compact, complex manifolds the above definitions of hg’q
and h%;'é are equivalent to the definitions involving cohomology groups. This fact is a

consequence of the following result:

Proposition 1.20. On any compact complex manifold, every cohomology class in Hg’q
or Hg,’% contains a unique (up to scaling) 0-harmonic or Bott-Chern harmonic form,

respectively. That is to say, we have

The O-Laplacian is clearly elliptic. In [24] Piovani and Tomassini prove that the
Bott-Chern Laplacian is also elliptic. By a well-known property of elliptic operators (see
e.g. Chapter 3 of [32]), hZ? and hiz{, are therefore always finite when defined on compact
manifolds.

Since the definitions of HY? and Hp¢ do not depend on the almost Hermitian
metric, we know that h2? and R3¢, are also independent of the metric. It is this property
which prompted Kodaira and Spencer to ask the following question, which appeared as

question 20 in Hirzebruch’s 1954 paper [17].

Question 1.21. [Kodaira-Spencer] Given a compact almost complex manifold, are the

numbers h‘g’q independent of the choice of almost Hermitian metric?

We could equally well ask this question of h%‘é. Over the course of this thesis
we will answer this Kodaira-Spencer problem, as well as the Bott-Chern version of the

problem, in the negative.

13



1.3 Properties of " and H,

We conclude this chapter by describing some of the properties of ’Hg’q and ’H%g which will
prove useful in later Chapters. To start with we show that the definitions of these spaces

as the kernels of Aj and Apc can be rewritten as a collection of simpler conditions.

Proposition 1.22. For any compact almost Hermitian manifold and a general (p,q)-

form s € AP, we have

Js=0
s EH! = Ngs=0 = :
0xs=0
0s=0
seMpL <= Apes=0 < ds=0
0 xs=0

Proof. First note that 0% s = 0 is equivalent to 0*s = 0, as 0* = — * 0x and the Hodge
star is an invertible linear map. In the case of ’Hg’q it therefore suffices to prove that
Ags = 0 if and only if 0s = 0 and 0*s = 0. Clearly, if 9s = 0 and 0*s = 0 then Ags = 0,
the opposite direction however is a bit trickier. By assuming that Agjs = 0 and taking

the inner product (as defined in Remark 1.17) with s we see that

(Ags,s) = (00"s,s) + (0"0s, s) = 0.

But (0*0s,s) = (0s,0s) = Hgst and similarly (00*s,s) = Hé*sHQ, so we therefore
require Os = 0 and 0*s = 0.

The proof in the case of ’H%Cé follows the exact same reasoning.

Now we introduce a symmetry on the spaces Hg’q known as Serre duality.

Proposition 1.23 (Serre duality). On any compact almost Hermitian manifold with

real dimension 2n, the space ’Hg’q satisfies
Pd _ 4 m—pn—q
My =My

g _ 3n—p,n—q
and thus hg = hé .

14



Proof. From the previous proposition we know that s € ’H‘g’q is equivalent to

0s=0 0*xs=0.

We then take the conjugate of these two conditions and make use of the Hodge star
property *? = (—1)P*9 when acting on a form of bidegree (p,q). From this we see that

these conditions are equivalent, respectively, to

dx(x5) =0 J(x5) = 0.
Thus we have s € Hg’q if and only if x5 € Hgfp’nfq. O

There is unfortunately no such symmetry on the spaces of Bott-Chern harmonic
forms. However, we can use a similar argument to equate them to the spaces of Aeppli

harmonic forms.

Definition 1.24. On a compact almost Hermitian manifold, we define the space of

Aeppli harmonic (p, q)-forms to be
HET = ker(A : AP9 — AP,
where A 4 denotes the Aeppli Laplacian
Ay = IO 0" + 8*0*00 + 00*09* + 9O 00" + 0I* + DO*.

We can then define %7 := dim H%?. As in Prop. 1.22 we can show that this space can
equally be defined by

O%xs=0
sEHN! <= Apus=0 <= S dxs=0
00s =0

In the case of an integrable almost complex structure, we can also define the Aeppli

cohomology

which is isomorphic to H%? whenever both are defined.

Proposition 1.25. On any compact almost Hermitian manifold with real dimension 2n,
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the spaces H%"é and HY9 relate to each other as follows:
P.d _ gn—pn—q
Hpe =My
n—pn—q
hy .

P _
and therefore we have higs =

Proof. Taking the complex conjugate of the conditions
Oxs=0 0%xs=0 005 =0

gives us the conditions

B(x3) =0  9(3) =0 09 (x3) =0,

respectively. Thus s € H%? if and only if x5 € Hi3L. O

In Chapter 4 we focus on proving a number of results for the space of Bott-Chern
harmonic forms. These results may also be applied to the space of Aeppli harmonic

forms through the use of the above proposition.
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Chapter 2

Harmonic Analysis on Torus

Bundles over S!

In this chapter we make use of classical Fourier theory to derive a decomposition of the
space of L? functions on torus bundles over S'. These results were originally detailed in
[15] and can be used to simplify or solve certain linear PDEs. In fact, in Chapters 3 and
4 these results will form the backbone of a technique used to calculate hg’q and h%‘é on
the Kodaira-Thurston manifold.

Often a torus bundle over S' can be viewed as a group G modulo a discrete
subgroup I' acting by left-multiplication. In this case, the decomposition derived in this

chapter can also be viewed as a decomposition of the right regular representation

R:G — Aut(L*(T\Q))

R(g)f(Th) = f(Thg) g.heG, [feL*(I\G)
(see Remarks 2.9 and 5.4 for more details). The reason for deriving these results via
classical Fourier theory instead is that it allows us to give a more explicit description of
the decomposition, which is needed in Chapters 3 and 4.

Going forwards we will assume the reader is familiar with some of the basic results

of classical Fourier analysis, for an introduction to this field (see e.g [28]).

2.1 Decomposition of functions

Let M be any n-torus bundle over S'. This can be described as the mapping torus of

an n-torus determined by a matrix A € GL,(Z). In other words, M is given by R"*!

17



with points (¢,x) identified by

t t t t+¢
(=) e ()-() &
forall ¢ € Z, n e Z™.

When t is fixed, x describes a point on a torus. This means any smooth function

€ C*(M), when viewed as a function on R"! satisfyin
ying

f(t,x)=f(t,x+n) and f(t,x) = f(t + &, A*X) (2.2)

can be decomposed into the Fourier series

F(t.x) = D Fup())()em0

XQEZL™

where we define

Fro(F)(1) = / £t x)e 270 g

[0,1]"
Here we have to be careful: notice that we have no guarantee that the summands
Fo (f)e¥™ 0% will satisfy the same condition (2.2) as f, and so the summands are not
themselves smooth functions on M. In particular, it is the second condition of (2.2) that

may fail. We do however have the following result.

Proposition 2.1. A function f € C®(R"*) satisfies (2.2) if and only if it can be

written as the Fourier series

ftx) = 3 Falf)(t)em

XQEZ"™

such that
Famyex (1) = Fxo () + )

forall € € Z.

Proof. 1t is clear that f has a Fourier expansion if and only if it satisfies the first condition

of (2.2). Taking the expansion of the second condition we see that

> PO = 37 Fo ()(t + et

X0 EZ™ X0 EZ™
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or equivalently

Z Feo (f)(1)e”™X0% = Z Fary-exo (f)(t + £)ermixox,

X0EZ™ X0EZ™
By the uniqueness of Fourier coefficients, this is identical to requiring
Faryex, (t) = Fxo (f)(t + E).
O

This proposition suggests that by grouping together terms in the expansion, we

can obtain a decomposition of f into smooth functions on M.

Definition 2.2. Let Orby denote the orbit of the point y € Z" being acted on by the

group generated by the transpose matrix A”. That is to say we have
Orby = {(AT)ey | € € 2).

We use these orbits to partition Z™ and define O to be the set of all such orbits.

Proposition 2.3. Any f € C°(M) can be written as the series

|Orby|—1
Z Z ]_— t +§ 27rzy-A5x + Z Z fy(f)(t + §)€2my-A5x
Orby, €O EEL Orb, €O £=0
|Orby |=0c0 |Orby|<oco

and we have

Z’F t +§ 27riy~A§x c Coo(M)
EEL

|Orby |—1
> FNt+Q™Ax ) e 0=(M)

in the cases where'y € Z™ satisfies |Orby| = 0o, respectively |Orby | < oo.

Proof. By partitioning Z" into the orbits Orby we can write

2 PO = 5 3 FxlfHem™e.

XoEL™ Orby €0 x0€O0rby

19



Then by Proposition 2.1, if we have xg = (AT)%y for some ¢ € Z, then we can write

Fxo (F)(t) = Fy ()t + )

and thus
Z -Fxo e2mixo-x Z-F t +€ 27rz'yvA5x
xonrb
with £ ranging over different values depending on the size of Orb,,. O

In the case when |Orby| = N for some N < oo the function Fy(f) is periodic

with period N, and so we can further decompose it as follows

Proposition 2.4. Given f € C*°(M) and any y € Z" such that |Orby| = N < oo, we

2Trzt0t
E gt()7

can write

toEZ
where Gy, v € C is defined by
271'275015
gto,y N / .7: dt
Proof. This is simply the Fourier expansion of the periodic function Fy (f)(%). O

Corollary 2.5. In the decomposition of f in Proposition 2.3, the summand
Z ]_— t+£ 27riy-A§x € Coo(M)

can be further decomposed into

Z gto,y(f)e%zt%\f eZﬂZ(t()&er AgX)
toEZ &=0
such that each term
o tot = 27rz<t0§+Y'A§x)
Groy(f)eT™ ™ ) e
£=0

1s itself a smooth function on M.

Proof. This result is achieved by substituting the expression for Fy(f) in Proposition
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2.4 into the summand. That the terms of the decomposition are themselves smooth

functions on M can be verified through the use of Proposition 2.1. O

In the case when |Orby| = oo there does not seem to be any further useful

decomposition of F, however there are additional properties which F must satisfy.

Proposition 2.6. For any f € C®(M) and any y € Z" such that |Orby| = oo, we
require that all derivatives of Fy(f)(t) tend to zero ast — foo faster than any power of
!(AT)gy‘ grows as & — +oo. Specifically, for any compact set K C R we require

sup | (A7) | G (1) +) < o0
ez

for all p,q € N.

Proof. First, note that given any smooth function f € C°°(R"*1) satisfying (2.2), all its
derivatives must be bounded over any compact K ¢ R"!. If we take K = [0,1]" x K,
we see that the Fourier coefficients Fx, of all the derivatives of f must be bounded for
t ranging over K. Importantly, this bound is independent of xg € Z".
The Fourier coefficients of the derivatives of f can take the form of M (xg) % (Fxo ()(1))

for any monomial M and any ¢ € N. This means for all monomials M and all ¢ € N we

require
d4
sup. M) i P (0] < o0
X0

and thus if we restrict our attention to xg € Orby we require

d? d?
sup. (M (x0) 5 Foa (0] = sup [ MATY ) oA 1)1+ ©)| < o
teK teK
x0€0rby EEL

M (x() can then be chosen to be ||x¢||” for arbitrarily large p € N, giving us the desired
result. O

Corollary 2.7. For any f € C*(M) and anyy € Z" such that |Orby| = co, we require
that Fy(f)(t) € S(R). Here S(R) denotes the space of Schwartz functions

q

d
tph(t)’ < 00, forallp,q € N}.

S(R) = {h(t) € C*(R) o

sup
teR
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Proof. If |Orby| = oo then [|(A”)%y|| must blow up as & — oo, since an infinite orbit
cannot repeat the same point twice. Furthermore, since the number of lattice points
within a bounded region of Z™ grows like R™ with the radius R of the region, it must
be the case that H(AT)fyH blows up at least as fast as ]£|% Substituting this speed of
growth into the above proposition gives the definition of S(R).

Note that if H(AT)ﬁyH blows up faster than polynomially, then the Proposition

yields an even stricter condition on Fy than Schwartz. O

The decomposition of smooth functions described above can be extended to a

deeper result, describing a decomposition of L? functions.

Theorem 2.8. Let M be a mapping torus of an n-dimensional torus, given by the matriz

A € GL,(Z). The space of L? functions on M decomposes in the following way.

Lz(M) = @ Hy D @ @Htmy )

Orby, €0 Orby €0 to€Z

|Orby |=0cc |Orby |=N <o
where

Hy = f(t+8)e*™ A f e [2(R)
E€EL
and
Hipy = { C>™ N 5 (W +ya) | o ¢
€=0

Here & denotes the direct sum followed by the closure with respect to the L? norm.

Proof. From Propositions 2.3 and 2.4 we see that any smooth function can be decom-
posed in the way described above. We then obtain the desired result by taking the
closure of C*°(M) with respect to the L? norm. O

Remark 2.9. If a manifold M can be written as a group G modulo a discrete subgroup

I' acting by left-multiplication, then the right regular representation

R:G — Aut(L*(T\Q))
R(g)f(Th) = f(Thg) g.heG, [fel*I\G)
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gives rise to a decomposition of L*(I'\G) into irreducible components, i.e. a decomposi-
tion into the subspaces preserved by R(g) for all g € G.

This often coincides with the decomposition described in Theorem 2.8. For ex-
ample, let A € GL,(Z) be chosen such that A' is real valued for all t € R, and define
a manifold M by the identification (2.1). This is equivalent to the manifold given by
M :=T\G, where we define G := R"*! with the group operation

t t t+t
O =
X x/ x 4+ Atx’
and T := 7" c G.

It is then a simple matter to check that the space Hy is preserved by the reqular

representation. For any (t',x") € G we have

R(t/,X/) Z f(t + €)e2ﬂiy~A'5x

I3/
= Z f(t + t/ —+ €>627Tiy.A§ (X+Atx’)
I3/

_ Z f(t + " + 5)62ﬂiy-At+5x’627riy-A5x c ny,
1=/

since f(t+t’)e2”y"4tx/ € L*(R). The same is not always true for Hy, y in general, except

when |Orby| = 1. In which case

Higy = {CePriltorty)

Ccecy
and for any (t',x') € G we have

R(t,x) (Cerrittaty=)
:0627ri(t0 (t+t")+y-(x+Alx"))

; / o~/ . .
:Ce2wz(t0t +y-x )62m(tot+y X) € Hto,ya

since Ce2™tot' +yx") ¢ C. Here we used the fact that AT acts on'y as the identity and
therefore y - Alx' =y - x'.
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2.2 What do the orbits look like?

It will be useful now to consider what the orbits of y € Z" actually look like. In

particular, when exactly is |Orby| < co. First, we define the generalised eigenvectors of

A.

Definition 2.10. Let A\j,..., Ay € C be the eigenvalues of A € GL,(Z) with values
repeated for geometric multiplicity. Then any n linearly independent vectors v; ; € C"
withi=1,...,kand j =1,...,m; such that

(A= XN)vij=0 but (A—N)"tvi;#0

are called generalised eigenvectors of A. Note that when j = 1 we just have the standard
eigenvectors of A. Furthermore, we can make a choice of v; ; so that when i is fixed, the
sequence V;1,V;i2,...,Vim, forms a Jordan chain of length m;. This means for all j # 1
we have

(A — )\i)Vi,j = Vi,jfl (23)

and for j = 1 we have
(A - /\i)Vz',l =0. (2.4)

These v; ; can be used to describe when the orbit of the group generated by AT
acting on y € Z" is finite.

Proposition 2.11. Let v;; be the generalised eigenvectors of A € GLn(Z) as defined
above, with corresponding eigenvalues A1, ..., ;. Given'y € Z", if |Orby| = N < oo it
must be the case that v;; -y = 0 except for when i and j are chosen such that )\ﬁv =1

and j = my;

Proof. If Orby is a finite subset of Z", then (AT)%y must be bounded over ¢ € Z. This
means v; ; - ((AT)%y) = (A%v; ;) - y must be bounded over ¢ € Z for all v; ;.
From (2.4) we know that Av;; = Av; and thus

Afvig -y =Avip -y

But if |[A;| > 1 then )\f will blow up as £ — oo and if |\;| < 1 then it will blow up as
& — —oo. From this we conclude that |Orby| < oo only if v; ;1 -y = 0 for all 7 such that
|Ai] # 1. Rewriting (2.3) as Av; j = Av; ;+ Vv, j—1 and using v; 1 -y = 0 we can apply the
above argument again to prove the same result for v; ». In fact, continuing by induction,

we see that |Orby| is finite only if v; j - y = 0 for all ¢ and j such that |A;| # 0.
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Now, consider the case when |A\;| = 1. From (2.3) we can see that when m; > 2
then
A£Vi72 = )\gvi,g + 5)\571‘%1'

This means Agvi,g -y will blow up as { — oo unless v; 1 -y = 0. Similarly, if v;1-y =0
then the same argument works to show A¢ v; 3-y will blow up unless v; »-y = 0, provided
m; > 3. Repeating this procedure, we find that |Orby| < oo implies that v; ; - y = 0 for
all 7 and j such that [A\;| =1 and j <m;

Finally, it remains to consider the case of v;,,,. If |Orby| = N then we know
that (AT)Vy =y, and also we have shown that v; j -y = 0 for all j # m;. The following

must therefore hold.

Vim; *Y = Vim,; * (AT)Ny

Thus |Orby| = N requires that for all 4, either v; ,, -y =0 or AN =1 O

Corollary 2.12. Whenever |Orby| = N < oo, it holds that

Avii -y e2m9ivi,j y o if )\ﬁv =1andj=m;
iy Y =
0 otherwise

where §; € QN (—%, %] is some rational number depending on i satisfying NO; € Z.

2.3 Properties of the decomposition

We would now like to consider some of the properties of this decomposition, which will
be useful when performing calculations in the following Chapters. But in order to do

this we must first construct a special frame on M.

Definition 2.13. Given any invertible matrix A € GL,(Z), and for some choice of

matrix logarithm log A we can define the power A! := e!1°84 for all t € R. Note that

such a logarithm always exists, but it may not be unique and it may be complex valued.
Throughout this paper, the choice of In A will always be made such that

; eQm’eitvivj -y if )\ZN =1land j=m;

A Vz‘,j Yy =

0 otherwise
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for 6; € QN (—%, %]

Using the generalised eigenvectors of A given by v;;, a smooth frame for the

complexified tangent bundle of M can be given by

0

€ = —

07 ot
9 0

Ox1’ Oz’ " "

t. We verify that this is indeed a well-defined frame on M in the following proposition:

t
€5 = A Vi,j . VX.

Here we are using Vx = ( .y %) to denote the gradient excluding the variable

Proposition 2.14. Viewing M as a torus bundle over S', any smooth frame of the

complezified tangent bundle on a single fibre may be extended to a smooth frame on all
of M.

Proof. We can assume, without loss of generality, that we are starting with a frame on
the ¢t = 0 fibre, where t is parametrising the base space S!, as in the definition of M
(2.1).

Let aj,ag,...,a, : R"/Z"™ — C" be smooth maps sending each point x € T" to
n linearly independent vectors. Then the collection {a; - Vx}i=1, . defines a general
frame on the ¢ = 0 fibre. A frame for T M is then given by ug = % and u; = Ala; - Vy
withi=1,...,n

These are indeed all well-defined vector fields on M, in particular they do not
conflict with the identification of points given in (2.1). To check the first identification,

simply note that the maps a;(x) are defined on the torus. For the second we consider

()39

with &€ € Z and try to show that u; are invariant under the pushforward. Certainly this

the map

is true of %, and we also know that, for i = 1,...,n, we have

(60)-lei+ V) = (66). 5

= Age,; . Vx

with e; signifying the standard basis vector (0,...,1,...,0) with a 1 in the ith position.
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Therefore

(de)suilt, x) = (¢¢)s(A'a - Vy)
= At+5ai . Vx
= ui(t + f, Agx).

O]

It should be noted that if A has a real-valued logarithm and we choose a; to be
maps into R™, then the construction in the above proof will give us a smooth frame on
the standard, non-complexified tangent bundle. Furthermore, in this case we can define

a group operation on R"*! given by

t)_(t2) _( ttt
X1 X9 X1 + AtIXQ '
The smooth frame given above by €y and ¢; ; is left-invariant with respect to this group
operation. We therefore call this frame the special left-invariant frame on M.
Proposition 2.15. Given anyy € Z" and any f € C*(M), Fy has the properties
i)
Fy(eof)(t) = eo Fy (f)(1),
i)
Fy(ei i ))(t) = 2miAlvi; -y Fy(f).

Proof. Since Fy(f) is just one of the Fourier coefficients of f in the standard

expansion
fltx) = ) Fy(H))erm™
yeznr
this proposition is simply restating results from classical Fourier analysis, O

Proposition 2.16. Given any y € Z" such that |Orby| = N < oo and any f €
C>®(M), G,y has the properties

i)
G (e0f)(t) = 2712 Grooy (),

27



271V Y Guornony (f)  f AN =1 and j =m;
Groyl€ijf) = .

otherwise
With 0; defined as in Corollary 2.12.

Proof. For part i), we make use of the result i) in the previous proposition along

with the definition of G,y to write

27r7,t0t
Gio,y(€0f)(t N/ Fy(eof)e

f 27T'Lt0t dt
N / (<o

Then, since Fy (f)(t) is periodic with period N, we can make use of integration by

parts to get

_ 2mitgt 1 N 2mitgt
N/ (e0Fy( - :—/ ]—"y(f) e N ) dt
2mt0t
—2m/ Fy( dt

— 27” gtmy(f)

For part i), we make use of the result i) in the previous proposition to write

Wltot

gto,y(%]f N/ }- Emf)
27'rit0t

= N/o 2miAlv; ;- yFy(fle ™

Then, because of the way A’ was defined in Definition 2.13, we get
1 N ot _ 2mitgt
N/o 2miA'v, ;- yFy(fle” N dt=0
unless )\ZN =1 and j = m;, in which case
1 N 2mi 2i(tg+N6;)
N/o 2miAlv; -y Fy(f)e” TN dt = 2mivij - yN/ Fy(f)e SO g

=27V j - Y Gio1 N0,y (f)-
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Chapter 3

Solving the Kodaira-Spencer
Problem

In this chapter we will focus on compact almost complex 4-manifolds, giving a full
description of the bidegrees for which hg’q does or does not depend on the choice of
almost Hermitian metric.

In particular, we will give a negative answer to the Kodaira-Spencer problem,
by explicitly calculating h%’l on the Kodaira-Thurston manifold for a family of Kéahler
metrics. Since the Kodaira-Thurston manifold is a 3-torus bundle over S', these calcu-
lations will make use of the results from the previous chapter to simplify a PDE system
to a countably infinite collection of ordinary differential equations (ODEs) and algebraic
equations. We will then find the ODEs can be reduced to a Stokes phenomenon prob-
lem, while the algebraic equations are equivalent to the Gauss circle problem. These
calculations were first presented in [13, 14].

We will also make use of a characterisation of 7—%’1 given in [29] to show that on a
compact 4-manifold, hg’l may only take two values: b_ or b_ 4 1; a result first presented
n [15]. Which of the two values is taken by h%’l will depend on the almost Hermitian
metric chosen, thus we will demonstrate that the behaviour of hg’l also gives a negative
answer to the Kodaira-Spencer question.

But to start with, let us consider the simplest case: bidegrees of the form (p,0)

and (p,n). In [3], Haojie Chen and Weiyi Zhang determined the following:

Proposition 3.1. If (M, J) describes an almost complex manifold with real dimension
2n, then the values hg’o and hg’" are invariant of any almost Hermitian metric for all
p € 7.
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Proof. Given an almost Hermitian metric g compatible with J, we can characterise a
O-harmonic (p,0)-form s € ”Hg’o by the equations 0s = 0 and 0*s = 0. But if s has
bidegree (p,0) then 0*s has bidegree (p,—1) and so must be zero. We therefore only
need to consider the first equation ds = 0, which has no dependence on the metric, and
so neither does hg’o.

By Serre duality, we know that hg’o = hgfp ™. Thus hg’n does not depend on the
chosen metric. It should be noted however that, unlike Hg’o, the space Hg’n may depend

on the metric. ]

On 4-manifolds we now have only two cases left to be considered: h%’l and hg’l.
The case of h%’l being equivalent to that of h%’l by Serre duality. Giving a description for

both of these cases is quite a bit trickier, in fact it will take up the rest of this chapter.

3.1 h%’l on the Kodaira-Thurston manifold

If we consider the specific example of the Kodaira-Thurston manifold, we can show that
h%’l depends on the metric by direct calculation. But first we must define the Kodaira-

Thurston manifold.

Definition 3.2. The Kodaira-Thurston manifold, denoted by KT*?, is a compact 4-
manifold defined by taking R* and identifying points by

t 4+ to

T+ Xo

Y+ Yo
z 4 20 + toy

NI S

for all tg, g, Yo, 20 € Z. This description characterises the Kodaira-Thurston manifold

as a torus bundle over S!, as given in the previous chapter by (2.1) with

b

Il
o O =
— = O
- o O

The special left-invariant global frame on the tangent space of KT is given by

R R B
= a5 T o 62_8y 82 27 8.
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and the accompanying dual frame is given by
=dt, e=dx, €=dy, € =dz—tdy.

Note that we cannot use the vector field 8% when defining a global frame as it is not
well-defined on KT%.
We define a family of almost complex structures J,; acting on the special global

frame by the matrix

0 -1 0 O
1 0 0 O
J. =
@b 0 a
0 c —a
with a,b € R, b # 0 and ¢ := —#:“1. For this family of almost complex structures, we

have a global frame on 77 oK T given by the vector fields

Vi =

. 1 a—1
(60 —161) & V2 = 5 <62 — b 63)

N | =

along with a dual frame on T7 (KT’ 4
ot = +iel & ¢* = (1 — ai)e® — ibéd.
This dual frame satisfies the structure equations
dpt =0
d¢2 — Q (¢12 +¢l§ +¢2i _ ¢IQ>
1 .

Here, we use gzﬁij as shorthand for ¢ A d;J . Let us also define an almost Hermitian metric

along with the corresponding fundamental form by
Jap=9' @I +¢* @G+ Pl @' + ¢ ® ¢

Wap = i <¢1I 4 ¢2i> '

This is the metric for which V4 and V5 are orthonormal. The Hodge star defined by this
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metric acts on ¢! and ¢? as follows:

1 122
¥100 = 90,

¢2 — _¢121.

Example 3.3. Given the almost Hermitian structure defined above on KT* we can
calculate h%’l. Let a general smooth (0, 1)-form s € AP¢(KT*) be given by s = f¢l +g¢?
for some pair of smooth functions f,g € C°°(KT*). Since KT* is compact, we know
that s is 0-harmonic if and only if the two conditions 0s = 0 and 0*s = — x 9 x s = 0.

From these conditions we obtain a pair of PDEs

~Va(f) + Vi(g) + g =0,
Vi(f) + Va(g) = 0.

(3.1)

It is at this point that the machinery developed in the previous chapter comes into
play. By applying the maps F and G to the above PDEs we will be able to determine
conditions on the components of f and g in the decomposition of Theorem 2.8 and
thereby find solutions to the two PDEs. Looking at the orbits of points y € Z3 under
the action of AT, we see that there are two cases we must consider:

1) Ify = (I,m,n) with n # 0 then (AT)Sy = (I,m + &n,n) for all € € Z. In which case
the orbit Orby is infinite and blows up with polynomial speed as { — oo. Since
y could be replaced with any other element of Orb,, we can assume without losing
generality that we have 0 < m < |n]|.

2) If y = (I,m,0) then ATy =y. In which case the orbit Orby has size 1.

3.1.1 Case 1: |Orby| = o0

Let y = (I,m,n) for some I,m,n € Z. If we take our PDEs (3.1) and look at the Fourier
coefficients given by Fy, then using Prop. 2.15 we obtain a system of ODEs, which can

be written as

4 (Fomn(F) Frmn(f)
it (ﬂ,m,n@)) = (Ant+ Biymn) (ﬂ,m,nw)) 32

with
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If we now assume that n # 0 and 0 < m < |n|, we know from Cor. 2.7 that Fy(f)
and Fy(g) must be Schwartz functions. Conversely, any pair of Schwartz functions

a, B € S(R) solving our ODE system for some fixed y = (I,m,n), gives rise to a solution

f= Z a(t + §)€2ﬂi(lx+(m+n§)y+nz)
el

g= Z B(t+ §)€2m(lac+(m+n§)y+nz).
ez
That is to say, the solution given by choosing functions f and ¢ so that the Fourier
coefficient Fy is equal to o and 3 respectively, and all other Fourier coefficients F,,
with xg ¢ Orby, are equal to zero.

The coefficients of the ODE system (3.2) are analytic in R (in fact, in C), and
it has an irregular singularity (i.e. essential singularity) of order two at infinity. By
standard ODE theory (e.g. Chapters 3 and 5 of [4]), there are two linearly independent
analytic solutions of (3.2). If we consider the fundamental matrices of the ODE systems
at both positive and negative infinities, they are of the form e@o*+Q1ttap(t=1)  where
P(t71) is a formal power series in ¢! and Qp is the diagonal matrix diag(mn, —mn).

Hence, as t — +o00 in (3.2) we have two independent local solutions, one that
grows like eln™® and one that decays like e*|"‘7”52, and likewise for t — —oo. If we have
a single solution that decays in both directions then it must be Schwartzian, though we
may instead have two independent solutions that both blow up at one end while decaying
at the other. Clearly, we have this situation if By ,, ,, = 0, although it is never zero when
n # 0. However, we cannot always have this situation, as otherwise (3.2) would have a
Schwartzian solution for every y and thus the elliptic system (3.1) would have infinitely
many solutions which is absurd.

What we have is in essence a real version of the Stokes phenomenon problem,
which asks how the asymptotic behaviour of a solution in one direction corresponds to
its asymptotic behaviour in other directions. To solve this problem we are required to

introduce the following theorem.

Theorem 3.4. Let A, B € My(C) be matrices and let A have two distinct, real eigen-
values A1, Ao with Ay > 0 > Ao then the equation

d [« «
() ewom () .

has a pair of solutions «, 5 € S(R) if and only if the following holds: Given P € GL(2,C)
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b1 ba

such that PAP™' is diagonal and writing PBP™1 as (b b
3 4

) we have bybs € (A —
/\2) N/

Clearly if A\; and Ay are both positive then all pairs of solutions «, 5 will blow
up in both the positive and negative directions, while if they are both negative all pairs
a, B will decay in both directions. Note also that the arguments we use below should
still apply when A has two complex eigenvalues A, Ao with ReA; > 0 > Re As. Here

however we will restrict our attention to the real situation to simplify the notation and

also because it is sufficient for all our applications.

Proof. If we write down the second order ODE satisfied by « or 3, the coefficients will
involve a third order polynomial of ¢, and there is no efficient method known to study
these types of equations. The trick is here is to simplify the above equation (3.3) slightly
by left-multiplying the solution by P and adding an e~3%2t" term inside the derivative.

This replaces A with a matrix with only one non-zero entry, such that our equation

d v\ _[(A—A O 1) (¥
d <¢> _ (( 0 0) ¢+ PBP ) <¢> 5.0
(o)
¢ 8

Since S(R) is closed under addition, and the matrix P is invertible, we can say that

(8

becomes

where

e
(5) is a pair of Schwartzian functions if and only if e3het’ is a pair of Schwartzian

functions. In order to complete the proof, it therefore suffices to describe when it is we
have solutions ¥ and ¢, such that e%/\Qth/J, e%)‘QtQ(;S € S(R).
We can show both ¢ and v must satisfy a second order ODE, both of which can

be solved using a Laplace integral transform:

"= ((

A1 = A2)t + by + b)Y + (A1 — A2)bat + brbg — babs — (A1 — A2))y =0, (3.5)
¢// )\

(( 1— )\Q)t + b1 + b4)¢/ + (()\1 — )\2)b4t + b1by — bgb3)¢ =0. (3.6)
As detailed in [4], in order to find a function h that satisfies

(pat + @2)R" + (p1t + q1)h + (pot + qo)h = 0,
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we can write h as

h(t):/cgo(s)es'fds

where C' is some contour in the complex plane C.
Then, defining

P(s) = pa2s® + p1s + po
Q(s) = q25° + q15 + qo

o= ([ L) o

takes the same value at both (possibly infinite) endpoints for all ¢ when s parameterises

and choosing C' so that

the contour C, we can find a solution

cp(s)zpzs)exp ( / ) ggz;da> & h(t) = /C ]Vggds. (3.7)

In principle, there are no conditions on the choice of contour, except that V(s)

must take the same value at both endpoints. We could, for instance, choose C' to be a

loop. However, away from the zeros of P(s), the function ggg is holomorphic, and thus

its integral around a loop is zero. This still gives us a solution to the ODE, but it is
the trivial solution A(t) = 0. Similarly, if two contours differ only up to a deformation
that avoids the zeros of P(s), then we obtain the same solution from both of them. We
must therefore be careful to ensure that the contours we choose lead to two distinct,
non-trivial solutions.

In our specific case, first solving (3.6) for ¢ we find that
P¢(S) = ()\1 — )\2)(()4 — 8), Q¢(S) = 82 — (bl + b4)8 + (blb4 — beg),

which gives us the solution

(1) = — /( A= L (2 46 hs)d (3.9)
T a e PN\ T ") '

with

baby 1 s
Vs(s) = (s —bg) 21722 exp(— N (2 - b18> + ts).

Let us first consider the case when )\?{1’32 ¢ 7. Notice that the definition of Vj,
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involves a non-integer power, and is therefore only well-defined after we make a choice
of which branch to work on. The exact choice is inconsequential, but the fact that a
choice has been made is not. Since P(bs) = 0, we might like to choose the contour C' to
be a loop around the point s = by, but such a contour would have its endpoints lying in
two different branches of V'(s). This means V(s) does not take the same value at both
endpoints.

Instead, we will make use of the fact that the function Vy tends to zero as s grows

large within the shaded regions, regardless of branch.

Im(s)

This means that we can define a contour C4, starting and ending at negative real
infinity, encircling the point s = by, for which Vi = 0 at both endpoints. Likewise, we
can define a contour (s, starting and ending at positive real infinity, encircling the point

s =by. Let ¢1 and ¢ denote the solutions to (3.4) arising from the these contours.

C 1 CZ

)

This is in essence the same as in the treatment for the physicists’ Hermite equation
from the mathematical appendices of [21], and as in Appendix §a there, we will use a
substitution to explore the behaviour of solutions as t — =£o0.

Let us define

VYV A
VY A

u = s—h —1
W .

Substituting u into (3.8) in place of s, our expression for ¢ becomes

b Al — A2)t)? _baby 1 2
¢(t) = - exp(( ! _2|—(§\11 )\2§)t) > /C(()\l — )\2)(11, + t) + b — b4)/\1—A2 1 e*g()q*kz)u du.
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Use C’l and C’g to denote the new contours transformed from C; and Cy after
substitution of u. We can see that as t — 400, Cy will shift to the left causing the

integral along C;

bob,
/ (A1 = M)+ ) + by — by)Tions L emsuido gy
C

to decay like e~ 3M=2) 414 hence e%/\2t2¢1 will decay at the rate of e3het’

C’g, on the other hand, will tend towards a contour along the whole horizontal
direction. The integral along Cs only changes with polynomial speed, meaning e32t? 02
grows like eshit,

As t — —oo the contours shift to the right instead. This results in ez’ ¢1 now
being the one to grow like e%’\1t2, while e272!” @2 is the one decaying like e3h2t’, Clearly
this means any linear combination of these two functions will blow up at either co, —oo
or both.

322 6, (1)

If % € Z~ U {0}, then the value of Vy no longer depends upon a choice of
branch. The integrals along the horizontal directions of the paths of integration cancel,

and the two integrals along C; and Cs reduce to an integral along a loop around s = by,

or equivalently v = ;’f:/\b;‘ — t. We will call this loop Cs. If we choose our contour to
be C3 we find that the integral part of our expression for ¢ decays like e~z (=2 gy

both directions. The solution ¢(t) therefore grows at most as e? (when by = 0, it is
essentially an Hermite polynomial), and e%AQtQQS decays as 2%t at both ends. We have

found a Schwartzian function!

The same argument applies to (3.5) for ¢ when % +1 € Z= U {0}, i.e.
/\?Q_bf\g € 7Z~. In this case, e%/\Qt2¢ also decays as 3%t at both ends. Furthermore,

we can take the function 1 obtained by integrating around C3 and plug it into the

first relation of (3.4) to find the corresponding function ¢. It turns out this ¢ solves
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the second relation of (3.4) and also (3.6), in fact it is equal to the ¢ in the previous
paragraph, up to multiplication by a constant. The pair (¢,1)) therefore gives rise to

a pair of Schwartzian functions («, §) solving (3.3), whenever /\b2b3 € Z~. We remark
that this is the only S(R) solution of (3.3) as by ODE theory there is only one solution
)\2t2

which decays as e
Lastly, we study the solution of (3.5) when % +1 € Z". Contours Cy,Cy and

Cj all give the trivial solution. Instead we define the contours Cy and C5 to be the lines

at 400 (or —o0).

parallel to the real axis, running from b4 to —oo and +oo respectively. These satisfy
the condition that Vi (s) = (s — b4)%%+1 exp( 1/\2 (— — b18> + ts) = 0 at both
endpoints and so give rise to two independent solutlons 14 and 5 of (3.5). We have (as
in (3.8) for ¢)

! b e L 82 b +ts)d
— 1= 72 —_ _ .
¢45( )= Ao — A /C4,5(8 1) P A1 — \g 19 5 )as

Then we can use exactly the same argument as we did for the case when )\Ii{bf\Q ¢ 7 to
Aat? t2

as t — +oo and grows like e3Mt as t 5 —o0o whilst

the opposite is true of e3ht? 5. This means when /\b2b3 +1 € Z* all solutions blow up

see that e%)‘QthM decays like es

in either the positive or negative directions. Thus, there are no S(R) solutions. O

It should be noted that in this last case we could write our solutions explicitly in

terms of the error function

erfe(x) : \f /

First by directly calculating 4 and 5 when % = 0 and 1. Then, using integration

by parts, we could find a recurrence relation allowing us to write solutions for all other

positive integer values of bef\Q in terms of these first two.

Remark 3.5. In the preceding theorem we considered solutions as functions of a real
variable t. If instead we allow t to take complex values we see that the study of asymptotic
behaviour as t — +00 is really just a restriction of the Stokes phenomenon to R. It would
be interesting to see if this method could be used to describe the complete picture of the

Stokes phenomenon for this linear system.

Applying Theorem 3.4 to equation (3.2), when n > 0, we have \; = 27n, Ay =

b b'
PBl,m,nPIZQﬂ'(m_T—i_Srrl [ — 51— gt )7
1

—2mn and

I+ %i—Li —mneq by
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S

1 1
where P = -2 ( ) . In order for us to have a pair of solutions «, 8 € S(R) we must

1 -1
n. b n. b _
W(Z—bZ—&TZ><l+b2—8ﬂ_'L>GTLZ

The imaginary part of the left hand side is —gli, so we can only have solutions when [

have

is zero. Then looking at the real part and setting I = 0, we also need b to satisfy

n\ 2 b\?
—) == 7.
g (( b) (877) > e
That is to say the only time we can have Schwartzian solutions to (3.2) is when there is

some u € Z~ such that b is a solution to

bt + 64mnub® — 64n°n? = 0, (3.9)

; — b
or in terms of d = ¢~,

(87d?)* + 8nu (87d?) — n® = 0. (3.10)

For (3.10) to hold requires 87d? € Z[v/D] for some integer D > 0. For example, since

m is a transcendental number, no rational number d = g can satisfy equation (3.10) for
any choice of u,n € Z.

When n < 0, we have essentially the same discussion, with n replaced with |n| in

all the above relations. Note that whether or not a solution exists is independent of the

value of m.

3.1.2 Case 2: |Orby| =1

Now let y = (I,m,0) for some I,m € Z. For these values of y the functions Fy (f) and
Fy(g) are periodic, and so we can apply an additional Fourier expansion to the ODE
system (3.2). This is equivalent to applying Gj y for all k € Z to the PDEs (3.1), which
Prop. 2.16 tells us will yield the following system of algebraic equations

—m  l+ik— i\ (Gry(f) .
l—ik m Gry(9) '
which the coefficients Gy, jm.0(f) and Gi1m0(g) must satisfy if f and g are to be a pair

of solutions. In fact, any pair of complex numbers «, 3 € C satisfying the above will
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produce a pair of solutions
f=a e27ri(kt+lac+my)

g= B 627ri(kt+lx+my)

It is only possible for non-trivial solutions to exist when

— I+ ik — by
det [ T TP TERY) (3.11)
l—1k m

The rank of this matrix is always at least 1, so whenever it has zero determinant we
obtain a single independent solution.

Looking first at the imaginary part of (3.11), we see that I = 0. Applying this to
the real part gives us

m2+k2+ik:0.
47

Setting d = %, we can rearrange this to get the condition
m? + (k — d)* = d%. (3.12)

Each k, m € Z satisfying the above corresponds to a single independent solution to (3.1).

These solutions are given by
f = m01627ri(kt+my)7 g= ’ik01€27ri(kt+my)’

for any C € C, except in the case when m = k = 0 for which the above pair is just the
trivial solution f = g = 0. The non-trivial pair of solutions corresponding to this case is
instead given by

f=0C g=0

for any Cs € C.
So, how many solutions k,m € Z does (3.12) actually have, for any given d =
2 € R\{0}? This is equivalent to asking how many lattice points lie on a circle with

centre (d,0) and radius d. For instance, when d = 5 we have 6 solutions as shown below.
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When d is an integer this problem is very well understood and the number of
such integer pairs is denoted r2(d?), see for instance [12]. First we write d? as a unique
product of prime numbers

d* = 2%pt L pglt g

where p; = 3 mod 4 for all i and ¢; = 1 mod 4 for all j. The number of solutions is

then given by
hy' =481+ 1)(B2 + 1) (B + 1),

This reveals the interesting fact that by changing our choice of b we can make h%!
become arbitrarily large. It should be noted that if any of the powers of the p;’s were
odd then we would not have any solutions, but since we are looking at a square number
the powers are guaranteed to be even.

Moreover, when d = £ w1th ged(p,q) = 1 and g is small, we can also compute

the number of solutions.

Theorem 3.6. For our family of almost complex structures Jq and the almost Hermi-
tian metrics gqp on KT*, whenever d = % € Q, the Hodge number h%’l is equal to the
number of the integer pairs (k,m) satisfying (3.12). Furthermore, if ged(p,q) = 1 and
q <5, we have

4P+ 1)(B2+1)...(Be+1) ifg=1,
260+ )(B2+1)... (B +1) ifqg=2,
Br+1)(B2+1)...(Be+1) ifqg=3,
Br+D)B2+1)...(Be+1) ifg=4,
(Br+1D)(Ba+1)... (B +1) ifqg=5.

1
hQ’ =
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where p? = 2%0p{t . .p?Sqfl ) ..tht with p; =3 mod 4 for all i and ¢j =1 mod 4 for

all 5.

Proof. First, any rational number d = % cannot solve (3.10). Hence, all solutions to
the PDE system (3.1) are provided by linear combinations of the solutions derived from
the case when |Orby| = 1, i.e. the number of lattice points satisfying (3.12). In the
following, we compute this number.

In the proof, we always write ¢(k—d) = gk’ —d’ where k' = k—[£] and d' = ¢{L}.
By abusing notation, we usually write & for &’ in the following.

The case of ¢ = 1 is solved above.

When ¢ = 2, then p is odd. We can rewrite (3.12) as (2k — 1)+ (2m)? = p2. For
any integer solution (x,%) of 22 + y? = p?, one and only one from (x,y) and (y,z) is of
the type (2k — 1,2m). Thus, h%’l is half of the number of lattice points on z2 + y? = pZ.

When ¢ = 3, then p is not divisible by 3. Rewrite (3.12) as (3k—d')?+(3m)? = p?,
where d’ is 1 or 2. For any integer solution (z,y) of 22 + y? = p?, one and only one
among (z,y), (z,—y), (y,z) and (—y,x) is of the type (3k —d’,3m) for a given d’. Thus
h%’l is a quarter of the number of lattice points on 2 + y? = p?.

When g = 4, then p = 1 or 3 (mod 4). Rewrite (3.12) as (4k —d')? + (4m)? = p?,
where d’ is 1 or 3. We look at the equation 22 4+ y? = p? modulo 8, then the even term
has to be a multiple of 4. Hence, for any integer solution (x,%) of 22 +y? = p?, one and
only one among (z,y), (z,—y), (y,x) and (—y, z) is of the type (4k —d’', 4m) for a given
d =1 or 3. Thus h%’l is a quarter of the number of lattice points on 22 4 y? = p?.

When ¢ = 5, then p is not divisible by 5. Rewrite (3.12) as (5k—d’)?+(5m)? = p?,
where d’ is 1,4 or 2,3. We look at the equation 22 4 y? = p? modulo 5, the left hand side
is 1 mod 5 if d = 1,4, or is 4 mod 5 if d’ = 2,3. In both cases, for any integer solution
(z,y) of 2 +y? = p?, one and only one among (,y), (x, —y), (y,z) and (—y, z) is of the
type (bk — d',5m) for a given d’. Thus h%’l is a quarter of the number of lattice points
on 22 + 9% = p?. O

The above argument cannot continue for ¢ > 6 as we have 42 + 32 = 52+ 02 = 52
It would be interesting to know in general how many integer solutions of (3.12) there

are.

Corollary 3.7. For any nonnegative integer n = 4K,2K or K where K is odd, there

is an almost complex structure and compatible almost Hermitian metric on KT* whose
01 _

hg =n.

Proof. When K =1, we take b = 8,47, 27 respectively.
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K—-1

When K > 1, we take b = @ where ¢ = 1,2, 3 respectively. These are
Schinzel circles [26]. O

We notice that for the vast majority of members of the family of almost complex
structures J, ;, we have h 1 — 1 as this holds for any irrational d = —ﬂ which does not
solve (3.10). On the other hand, we can compute hg for those d that do solve (3.10).

Proposition 3.8. If some d (with 8td?> € Z[\/D] for some D € 7T ) solves (3.10) for
a given n € Z\ {0} and a certain u € Z~, then h%’l = 2|n| + 1 for the almost complex

structure Jo grd, Va € R, with its standard orthonormal metric on KT*.

Proof. Notice for n # 0, £n gives the same equation (3.10) to solve where n is replaced
by |n|. Hence, without loss, we can assume n > 0.

For any d, there is only one n > 0 that could solve (3.10). If there is another
N >0 and U € Z~ solving (3.10) for d, then

n(2u + v 4u? + NQ2U + v 4U? +

This holds only when n = N and v =U.

Hence, by Theorem 3.4, for each integer value of m between 0 and n — 1, there
will be a Schwartzian solution to (3.2). Similarly, there will be n Schwartzian solutions
when we start with —n.

Moreover, we have one and only one solution contributed by (I, m) = (0,0) in the
|Orby| =1 case as d is irrational.

In total, we have 2|n| + 1 dimensions of solutions to (3.1). This implies h%’l =
2|n| + 1. O

In particular, Corollary 3.7 and Proposition 3.8 together imply the following

theorem

Theorem 3.9. h%’l can be computed for all members of the continuous family of non-

integrable almost Kdhler structures given by (Jap, gap), a,b € R, b # 0, on the Kodaira-
Thurston manifold. Furthermore, for any n € Z* such that 8 | n, there is a b such that
0,1 _

hg =n.

3.1.3 Varying the almost Hermitian metric

Now that we have demonstrated a method for calculating h%’l on the Kodaira-Thurston
manifold, let us consider a broad family of almost Hermitian metrics gy compatible with

the almost structure Jg 3, for some a,b € R, b # 0.

44



Definition 3.10. Define a family of metrics by
n=0'®¢ +¢' @+ N¢* ®¢” + ¢ @ ¢7),
or equivalently the fundamental form

wy = i(¢! A @' + A A ?)
= 2(dt Ndx — Mdy A dz).

with A € R, A > 0. The dependence of gy on a and b is omitted here for the sake of
notational simplicity.

Clearly, we have dw) = 0 for all A\, thus the almost Hermitian metrics g, describe
a family of almost Kéahler structures. These are the metrics for which V; and %‘/2 are
orthonormal, and the resulting Hodge star is described by its action on ¢! and ¢? as

follows:
s 1! i Ap'22
¢2 — _¢121
Example 3.11. As before, we write a smooth (0,1)-form s € A% (KT*) as fo! 4+ g¢?

for some pair of smooth functions f,g € C°(KT*). Then s € Hg’l if and only if Os = 0
and 0*s = 0. From these conditions we obtain the PDEs

~Va(f) +Va(g) +92 =0,
pVa(f) + Va(g) =0.

(3.13)

Again we will split our calculations up into the two cases |Orby| = oo and
|Orby | = 1.
In case 1, we have y = (I,m,n) € Z3, with n # 0 and 0 < m < |n|. Applying Fy

to (3.13) we conclude that the Fourier coefficients of f and g must satisfy

d (Fy(f) Fy ()
d (At 4 B 3.14
dt (fy<g>> et B <fy<g>> .
where
o[04 L Am )
A, =2mn (1 0) ; B =27 (m — ety il -1
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By choosing a matrix
P V2 (VA
2 W 1)

which diagonalises A, we can calculate

pa,pt =2 (L0
" Va\o -1)’

b ; 1

1 an b - n - b -
N )
l+%l—§1 —ﬁ(m—T)‘f‘g’L

Theorem 3.4 then tells us we have a Schwartzian solution to (3.14) if and only if

47r2<l— n z'—bi> (l+ z i—bz’>€47mZ
VN bW 8w vou

The imaginary part of the left hand side is —lbm so we are forced to set [ = 0, this leaves

us with the condition that for some u € Z1

b*\ — 64rnub®V\ — 64n’n? = 0,

or alternatively if we set d = 8%

(8wﬁd2)2 — Snu (&rﬁd?) 2 =0. (3.15)

This can be solved to show that there are no solutions unless 8mv/Ad? can be
written as quadratic integer in Z[v/D] for some D € Z.

Now considering case 2, we have y = (I,m,0), with [,m € Z. Applying Gj y to
(3.13), for k € Z, we see that f and g must satisfy the algebraic equation

( “m ol —ik— 41;1'> (th(f)) _
A(l — ik) m Gry(9)

This gives us an independent solution whenever

b b
2 2 PR A O R

The imaginary part tells us [ = 0. Applying this to the real part, and setting d = % we
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see that we have a solution for every k, m € Z satisfying

(k —d)? + <\7X>2 = 2. (3.16)

The corresponding solutions being given by
f = mcle%ri(kt-ﬁ—my)’ g = pikcle27ri(k:t+my)

for C; € C, except when k = m = 0, in which case we obtain the solution

for Cy € C

Bringing together the two cases described above we obtain the following result,

thereby answering the Kodaira-Spencer question in the negative.

Theorem 3.12. On compact almost complex 4-manifolds, h%’l is not in general invari-
ant of the choice of almost Hermitian metric. In particular, on the Kodaira- Thurston
manifold we can find a family of almost Hermitian metrics, compatible with a fixed almost

complex structure, over which h%’l takes multiple different values.

Proof. Consider the example of the Kodaira-Thurston manifold equipped with the al-
most Hermitian structure (KT 4 Jap, gx) calculated above. We can fix the almost com-
plex structure by setting d = % = 1 and choosing some a € R.

First, we will consider the value of h%! for the metric given by A = 1. In case 1,
where |Orby| = 0o, we get no solutions, since 87V \d? = 87 is not a quadratic integer.

In case 2, where |Orby | = 1, the equation
(k—1)2+m?=1

has four integer solutions: (k,m) = (0,0),(1,1),(1,-1),(2,0). Therefore, when A = 1,
the space H%l is generated by the four elements

¢§17 627ri(t+y)(¢_1+i¢_2)’ eQWi(t_y)(—¢_1+i¢_2), e47riy¢_2

and thus h%! =4

Now, we consider the the value of h%! when \ = i. Again, in case 1, we get no
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solutions as 87/ Ad? = 47 is not a quadratic integer. In case 2 however, the equation

(k—1)2+4m* =1

only has two integer solutions: (k,m) = (0,0),(2,0). Therefore, when \ = %, the space
7—[%’1 is generated by

5, e
and thus h%!' =2 #£ 4. O

Furthermore, since gy describes a family of almost K&ahler metrics, the above
proof shows that h%l may take different values even when we restrict our attention to

almost Kahler metrics. Thus yielding the corollary:

Corollary 3.13. On compact almost complex 4-manifolds, h%’l is not invariant of the

choice of almost Kdahler metric.

3.2 hg’l on compact 4-manifolds

Now, if we are aiming for a complete description of the metric invariance of the Hodge
numbers hg’q on almost complex 4-manifolds, it only remains to consider the behaviour of
hg’l. To that end in this section we will need to make use of the concept of a Gauduchon

metric.

Definition 3.14. Given an almost complex manifold with real dimension 2n, we say
that an Hermitian metric is Gauduchon when its corresponding fundamental form w
satisfies the condition

20w = 0.
In particular, on almost complex 4-manifolds, a Gauduchon metric satisfies 00w = 0. A
classical result of Gauduchon (see [8]) tells us that

Proposition 3.15. On a compact almost complex manifold, any conformal class of

metrics contains a unique (up to uniform scaling) Gauduchon metric.

To see why Gauduchon metrics are useful for determining h%’l, consider the fol-

lowing proposition, proven in [29].

Proposition 3.16. On any almost complex manifold with real dimension 2n, Hg’q s a

conformal invariant whenever p + q¢ = n.
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Proof. Recall that a (p, ¢)-form s is in ’Hg’q if and only if s = 0 and @* s = 0. The only
metric dependence contained within these two conditions comes from the Hodge star in
the second condition, it therefore suffices to show that the Hodge stars arising from two
conformal metrics have the same effect when acting on a (p, ¢)-form with p 4+ ¢ = n.
Let g and ¢ be conformal metrics. We can find an everywhere positive function
® such that g = ®g. We can show that the two Hodge star operators resulting from g

and g differ from each other in the following way:

* (I)p-f—q—n*g

7
when acting on a (p, ¢)-form. In particular, *; = %, when p + ¢ = n. O

In the case of almost complex 4-manifolds, we can see that 7—%’1 is a conformal
invariant. When determining the value of hg’l, we may therefore assume we are working
with a Gauduchon metric without loosing any generality.

In [29], Tardini and Tomassini prove the following characterisation of 7—%’1:

Theorem 3.17. On any compact almost complex 4-manifold, equipped with a compatible

Gauduchon metric, we can write
1,1 .
Hy ={aw+v|a € Cxy=—v,idy = adw} (3.17)

where w is the corresponding fundamental form.

Here we define d° := J~'dJ with J acting on a (p, ¢)-form as multiplication by "9,
Using this characterisation it is possible to put bounds on the possible values of
1,1
hy.
Theorem 3.18. On a compact almost Hermitian 4-manifold we have either hg’l =b_
orb_ + 1.

Proof. Since hg’l is a conformal invariant we assume without loss of generality that the
metric is Gauduchon. Denote by w the fundamental form.

If s denotes a d-harmonic anti-self-dual (1,1)-form, i.e. a (1,1)-form for which
(dd* + d*d)s = 0 and *s = —s, then by the same arguments as in Prop. 1.22 we know
that ds = 0 and d*s = 0. In particular 9*s = 0 and ds = 0. We therefore obtain the
inclusion

_ 1,1
Hy ©CCH)

where H, denotes the space of real-valued d-harmonic anti-self-dual forms. When this

inclusion is an equality then clearly we have h%’l = b_. Suppose instead that 7—%’1 has
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some element agw + 79 which is not in ’Hg_ ® C. Here ag is a constant and g is an
anti-self-dual form satisfying id“yy = agdw. Note that ag cannot be zero, as that would
leave us with a d-harmonic anti-self-dual form. A general element of ?-%’1 given by aw+-y
can then be rewritten as an element of H, @ C plus a multiple of the single additional

element agw + Yo

a 1
aw+’y:a—o(agw+*yo)+a—0(aofy—afyo),

thus giving us hg’l =b_+1.

To see that the anti-self-dual form agy — a7y is indeed d-harmonic, first note that
d*(agy — ayp) = apd®y — ad®yp = 0. Then, since d® = J~'dJ and J is the identity when
acting on (1, 1)-forms, it follows that d(agy — ayo) = 0. As our form is anti-self-dual we

therefore also have d * (agy — ayy) = 0. O

Corollary 3.19. On a compact almost complex 4-manifold endowed with a fundamental
form w corresponding to a Gauduchon metric, we have hg’l =b_+1 if and only if there

exists an anti-self-dual (1,1)-form v satisfying the equation
id“y = dw. (3.18)

Proof. If such a v exists then w + v is d-harmonic, along with b_ many linearly inde-
pendent elements of H, ® C, therefore hg’l =b_+1.

Conversely, if hé’l = b_ + 1, then there must be some form in 7—%’1 other than
those contained in H, ® C, i.e. a form which can be written as apw + o with ag #0

such that id°yyp = agdw. Thus v = %70 gives us the desired solution. O

In [6], Draghici, Li and Zhang prove that, for integrable almost complex manifolds
(M, J), hé’l takes the value b_+1 when (M, J) is Kéhler and otherwise takes the value b_.
Partially extending this result to non-integrable manifolds, in [29] Tardini and Tomassini
prove that if a compact almost Hermitian 4-manifold (M, J, g) is globally conformally
almost Kdhler then hg’l = b_ + 1, whereas if (M, J,g) is strictly locally conformally
almost Kdahler then h%’l = b_. The following result is therefore obtained:

Corollary 3.20. Given a compact almost complex manifold (M, J), hg’l 18 not in general
variant of the choice of almost Hermitian metric. It is, however, invariant of almost

Kahler metrics.

Remark 3.21. Given an almost Hermitian manifold X with fundamental form w, we
can write

dw = a Aw
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for some a € A'. X s said to be globally conformally almost Kihler whenever « is

exact, whereas it is locally conformally almost Kahler if a is closed.

We verify in the example at the end of this chapter that both globally and strictly
locally conformally almost Kéhler metrics can indeed exist on the same almost complex
manifold, thereby giving different values of hg’l for different almost Hermitian metrics.

Combining the results of Prop. 3.1, Thm. 3.12, Cor. 3.13 and Cor. 3.20 we now
have a full description of when hg’q is or is not almost Hermitian metric independent.

By laying out the values of h%? in a Hodge diamond

2,2
hs

21 g1
0 1o}

B0 pLl 192
1,0 0,1
ha h
5,00

we can summarize these results as follows:

@: Invariant of almost Hermitian metrics,
: Not invariant of almost Hermitian metrics, but invariant of almost Kéhler metrics,

®: Not invariant of almost Kihler metrics.

Returning to the case of hg’l, in order to have a complete description it remains
to consider what happens when the metric is neither globally, nor strictly locally, almost
Kahler. We therefore ask
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Question 3.22. On a compact almost Hermitian 4-manifold, does the value of hé—)’l give
a full description of whether an almost Hermitian metric is conformally almost Kdhler?
Specifically, in the case when the metric is not locally conformally almost Kdhler (and

thus also not globally conformally almost Kihler) do we have hé’l =p_7

Although the answer to this is not known, we can prove a similar result for the

dimension of the space of d-harmonic (1, 1)-forms, which we will denote by hil’l.

Theorem 3.23. Let (M, J,g) be a compact almost Hermitian 4-manifold with funda-
mental form w. We have hcll’1 =b_+1 ifw is in the conformal class of an almost Kdhler

metric, otherwise hcll’1 =b_.

Proof. As in the proof of the previous theorem, we use the fact that h;’l is a conformal
invariant and thereby assume w is a Gauduchon metric. Furthermore, all almost Kéhler
metrics are Gauduchon, so the conformal class of w contains an almost Kéhler metric if
and only if w is almost Kéahler itself.

On compact manifolds we know a differential form s is d-harmonic if and only if
ds =0 d*xs=0.

From this we can see that the Hodge star maps d-harmonic forms to d-harmonic forms,

meaning that if some (1,1)-form s is in H;’l so too are its self-dual and anti-self-dual
components, 3(s + *s) and (s — *s). Furthermore, we have the inclusion

1,1 1,1

Hy S Hy

and so from (3.17) we know we can write any d-harmonic (1,1)-form as aw + v with

a € C a constant and v an anti-self-dual form. But the self-dual component of this

is only harmonic if dw = 0 or @ = 0 and so either w is almost Kéhler and we have

h(li’1 = b_+1 or all d-harmonic (1, 1)-forms are anti-self-dual and we have hcll’1 =b_. O

From this result we see that the above question is equivalent to asking whether
h(lfl and hg’l are always equal on compact Hermitian 4-manifolds.

We conclude this section with a calculation of h%’l for a family of almost complex
structures and compatible metrics. In doing so we will see that, at least for this family

of almost Hermitian structures, Question 3.22 has a positive answer.

!Since this thesis was written, Piovani and Tomassini have found examples of non locally conformally
almost Kéhler structures on compact 4-manifolds, for which hg’l = b_ + 1 [25], thereby answering this
question in the negative.
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Example 3.24. Let M be a compact manifold, given by identifying the points in R*

by the equivalence relations

t t t t+to

T T + xg T x+t0y+%t3z
y Y+ Yo y Yy +toz

z z2+ 2 z z

for all xg,y0, 20 € Z, ty € 27Z. This is equivalent to the group Nil* modulo the discrete
subgroup Z x Z3 (see Section 5.2).
M has a smooth global frame given by

9 A e—thr2 6—1t2£+t2+2
ot 27 Bz 2T oy’ N T

€1 =
along with the dual frame
1 2 Lo 3 4
e = dt, € :dz:—tdy+§tdz, € =dy — tdz, € =dz.

We can then define an almost complex structure J, such that Je; = €2 and J ez = €4.

A pair of vector fields, spanning Tp1 O at every point p € M, can then be defined by
1 , 1 .
V1 = *(60 — Z61) & V2 = *(62 — 164),
2 2
along with their dual (1,0)-forms, given by
p=c4i2 & ¢ =& +iet
These forms satisfy the structure equations
dpt = —iel N éd

,l: — _ -
-7 <¢12 ol _ g2 +¢12>’
dp? = —e' A et
Z' _ _ .
-2 ((;512 g2 _(;512) 7
with qﬁij used here as shorthand for ¢! A ¢?. From this we can see that .J is a non-
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integrable almost complex structure, namely we have fi¢! = fip? = —i(;ﬁﬁ #0.

Now it only remains to choose a family of almost Hermitian metrics
wy =i ((1 +)\2)¢11 _ )\¢1§ _ )\qbﬂ +¢2§)

varying over some A € R, defined such that V; + AVs and V5, form a unitary basis on

T, pl 0. Using the structure equations we can calculate

duy, = % <¢121 n ¢1i§) :

from which we can see firstly that wy is an almost Kéhler metric if and only if A = 0
and secondly that 00wy = 0, and thus wy is Gauduchon for all .

Furthermore, we can write
dwy = ay A wy

with N
ay=—3i (Ap! — % — Aol + ¢2)

2 _ _ _
dOZ)\ — _% (¢12 +¢12 _ ¢21 +¢12> )

wy is therefore neither globally nor locally conformally almost Kdhler except when A = 0.
Finding h(%’l then amounts to asking whether there exists an anti-self-dual
solving

1d%y = dwy.

Since J is the identity on (1, 1)-forms, this is equivalent to
iJ Yy = dwy.

If such a « exists that would mean
iA i3 1
Jdwy = . <¢112 _ ¢121)
=2 ' ANENE
1
= 2\dt A (dx A dy — tdx A dz + 5t?dy A dz)

is an exact 3-form. But consider the closed submanifold given by z = 0. The pullback

onto this submanifold is 2Adt A dx A dy, which by Stokes’ theorem cannot be exact,
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since its integral over the submanifold is non-zero, the only exception to this being when
A = 0. Thus, in all the cases when w) is not globally almost Kdhler, there is no solution
to (3.18) and so hg’l =b_.
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Chapter 4

Bott-Chern Harmonic Forms

In this chapter, we will present a number of results concerning the values taken by A3
These results parallel those found for hgq in Chapter 3, namely we will give a full account
of when h%"é is or is not metric independent for compact almost complex 4-manifolds, in
the process answering a Bott-Chern version of the Kodaira-Spencer problem. Further-
more, we will show that in the case of bidegrees (2,1) and (1,2) the value of hf;{, can be
made arbitrarily large by varying the almost complex structure, while for bidegree (1, 1)
we always have hjlg’lc =b_ + 1. Most of the results of this chapter can be found in [15].

For many values of (p,q), proving the metric invariance of hi;%, is a relatively

trivial affair and so we will not spend too long on these cases.
Proposition 4.1. On any compact almost Hermitian 4-manifold h%’% s metric inde-

pendent when (p, q) is equal to (2,0),(0,2),(1,0),(0,1),(0,0) or (2,2).

Proof. Bott-Chern harmonic (0, 0)-forms are given by constant functions, since Apc is
elliptic. Similarly Bott-Chern harmonic (2,2)-forms are just constant multiples of the
volume form, so although 7—[}23% might change with the metric, h%fc does not.

For the remaining cases recall that a (p, ¢)-form s is Bott-Chern harmonic if and

only if it satisfies the three conditions
ds=0 0s=0  00xs=0.

When (p,q) = (2,0),(0,2),(1,0) or (0,1) the third condition is always true leaving
behind the first two conditions which do not depend on the metric. O

The more interesting cases are those when (p,q) = (1,1),(2,1) and (1,2). These

will require a more detailed consideration.
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4.1 hBC and hBC on the Kodaira-Thurston manifold

We start with the cases of h%lc and hjlg’%, both of which can be shown to vary in response
to a changing almost Kéahler metric. To demonstrate this, we will again consider the
Kodaira-Thurston manifold, with the same almost complex structure as in Definition

3.2. The metric will again be given by
N=0" 0+ @ + A" @+ @67,

for A € R, A > 0. What follows is essentially a more general, completed version of a

calculation in [24].

Example 4.2. Let a general (2,1)-form be given by o121 + gp'22. Then from the
conditions s = 0 and 90 * s = 0 we see that s € 7-[%’10 if and only if the following PDEs
hold.
— _ — 2
AIVA(S) + VaVilg) — $AVA(S) + $AVA(S) — §Va(g) — Af =0
AVAVa(F) + VaVa(g) + §AVa(f) =0
Vi(g) = Va(f) =0
Performing a Fourier expansion on the second and third PDEs with respect to x,y and
z, we find that the Fourier coefficients Fy (f) and Fy(g) must satisfy the ODE system

d (Fy(f)) _ Fy(f)
% (J:y(g)> - (Ant + Bl,m,n) (I—' ) (4'2)

(4.1)

for all y = (I,m,n) € Z3, where

0 1 —bi o L(m—n)
— A — 4 A b
An = 21mn (1 0> ) Bl,m,n = (m B nzz_l 1 .

The ODE obtained from the first PDE can be derived from the above system and
therefore adds no new information.

The above system is very similar to the system (3.2) derived in Example 3.3 and,
as in that Example, we can split our calculation into the cases where |Orby| = oo and
|Orby| = 1.

In the case when |Orby| = 0o, we require Fy(f), Fy(g) € S(R). Applying Theo-
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rem 3.4 we see in this case we have an independent solution given by the pair of functions

[= Z -Fl,m,n(f) (t + f)eQﬂi(laz+(m+ng)y+nZ>
ez

9= Z Frmm(g)(t + §>627"i(ll‘+(m+nf)y+nz)
ez

to (4.1) for all 0 < m < |n|, whenever [ = 0 and n satisfies

641202 — 64rnub VA — b*A =0

for some negative integer u. Or equivalently, if we set d = %,

n? — 64rnud*V\ — 64r%d*\ = 0. (4.3)

Note that if d and A are both rational this case gives us no solutions as 7 is
transcendental.

In the case when |Orby| = 1, we require Fy(f), Fy(g) to be periodic in t. So
taking another Fourier expansion we see that the coefficients Gy, ,(f) and Gy y(g) must

satisfy

4
mGr1mo(f) = (1 +ik)Gr1.m,0(9)-

b
A <z ik — z) G tm0(f) +mGrimo(g) =0

This can be solved directly to find the solution

5= ¢12§
when k = 0, and the solution
- ike?ﬂi(kt+my)¢12i + me27ri(k:t+my)¢12i
when k #£ 0 and k, m € Z satisfy
m? 2 2
ﬁ+(k—|—d) =d". (4.4)

b
g.
The above equations (4.3) and (4.4) are nearly identical to (3.15) and (3.16) from

Here we again set d =
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Example 3.11, in fact they have the same number of solutions. We can therefore conclude
that for the family of almost Hermitian structures (KT%, Jap, gx) considered here, we

2,1 _ ;0,1
always have hij, = hé .

Example 4.3. Now let us denote a general (1, 2)-form by M2 4+ 9212 for some pair
of smooth functions f,g € C°(KT*). Then from the conditions ds = 0 and 90 * s = 0
we see that s € 7—[]15% if and only if the following PDEs hold.

=

AVAVA(f) + ViVa(g) + EAVA(f) — SAVA(F) — EValg) — BAF =0
AVRVA(f) + VaValg) + 2AVR(f) =0

Vi(g) = Va(f) =0

(4.5)

~—
I

Applying the same Fourier expansion as before, the second and third equations give us

a similar ODE system

d (Fmal\ _o [(0 8), (Pt k(o) ](ﬂ,m,n(f)>
dt E,m,n(g) n 0 _m+naT_i l E,m,n(g) ‘

Again splitting the calculations into two cases, we find in the first case that we have an

>3

independent solution for all 0 < m < |n|, whenever n # 0 satisfies
n? — 64mnud®vA — 647*d* A = 0
for some negative integer u. In the second case we have solutions
s = g1

and
s — ikeQm’(ktery)qslﬁ _ me27ri(kt+my)¢2ﬁ
for all k,m € Z, with k # 0, satisfying

m2

At

From the above we see that for this family of almost Hermitian structures we have

(k —d)? =d>

h}éé = h%’lc = h%l (although this need not be the case in general).

From these two examples, we see that the results of Theorem 3.9 and Theorem

3.12, which concern the values taken by h%l, may be extended to apply also to h%lc and
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1,2
hgc-

Theorem 4.4. h%lc and hgé can both be computed for all members of the continuous
family of non-integrable almost Kdhler structures given by (Jup, gap), a,b € R, b # 0,
on the Kodaira-Thurston manifold. Furthermore, for any n € Z* such that 8 f n, there
s a b such that h%lc = h}éé =n.

Theorem 4.5. On compact almost complex 4-manifolds, h%lc and hjléQC are not in general
wvariant of the choice of almost Kdahler metric. In particular, on the Kodaira-Thurston
manifold we can find a family of almost Hermitian metrics, compatible with a fized almost

complex structure, over which h%lc and hgzc take multiple different values.

We can therefore answer a Bott-Chern version of the Kodaira-Spencer in the
negative: the values of ;% on a compact almost complex manifold are not in general

independent of the choice of almost Hermitian metric.

4.2 hg’é on compact 4-manifolds

We will now consider the case of ’H}B’é Firstly, we shall prove a Bott-Chern version of

Proposition 3.16.

Proposition 4.6. On any almost complex manifold with real dimension 2n, H%”é s a

conformal invariant whenever p + q¢ = n.

Proof. A (p,q)-form s is in Hpc if and only if it satisfies ds = 0, ds = 0 and 90 * s =
0. The only metric dependence in these three conditions comes from the Hodge star
operator. In the proof of Proposition 3.16 we saw that, when acting on (p, ¢)-forms with
p 4+ g = n, the Hodge star is a conformal invariant, thus 7—[%% is a conformal invariant

whenever p + ¢ = n. ]

In the case of 4-manifolds, we therefore find that 7—[]1310 is a conformal invariant.
So, in our consideration of 7-[}310 in this section, we may always assume that our metric
is Gauduchon.

In [24] Piovani and Tomassini prove the following characterisation of 7-[}3’10:

Proposition 4.7. On any compact almost complezx 4-manifold, equipped with a compat-

ible Gauduchon metric, we can write
”H}BIC ={aw —v|a € C,xy = —v,dy = adw}, (4.6)

where w s the corresponding fundamental form.
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From this characterisation of ’H}Bé we can find the following bounds on the values
that h}éé can take:

Proposition 4.8. On a compact almost Hermitian 4-manifold we have either hglc =0b_

orb_ + 1.

Proof. Without loss of generality, we assume the metric is Gauduchon and denote by w
the corresponding fundamental form.

Writing the elements of ”H}BIC as aw — 7, as in (4.6), we see that when a = 0 we
have all the (1,1)-forms v for which %y = —v and dy = 0. Any such (1,1)-form also
satisfies d * v = 0, so these are the anti-self-dual, d-harmonic forms. This gives us the
inclusion

H,; ©C C Hyp

When this inclusion is an equality then clearly we have hglc =b_.

Suppose instead there exists a (1, 1)-form agw — o that is Bott-Chern harmonic
but not contained in H, ® C, with ag a non-zero constant and 7y an anti-self-dual form
satisfying dvy = agdw. Then any other element aw — ~y of ’H}Bé can be written as a

multiple of agw — o plus an element of H, as follows:
a 1
aw — vy = —(apw — o) + — (a0 — agp?y).
ag ag

In this case we therefore have h)lg’,lc =b_+1.
O

Corollary 4.9. On a compact almost complex 4-manifold endowed with a fundamental
form w corresponding to a Gauduchon metric, we have hgé =b_+1 if and only if there

exists an anti-self-dual (1,1)-form v satisfying the equation
dy = dw. (4.7)

Proof. Clearly if such a v exists then we have the Bott-Chern harmonic form w — v ¢
H, @ C. Conversely, if there exists a Bott-Chern harmonic form apw — 7o ¢ Hy ®C
then v is given by %’yo. O

It turns out that solutions to the above equation (4.7) can be found by making

use of the Hodge decomposition which allows us to write k-forms as the following sum:

AP = d A o HE @ dF AR

61



Theorem 4.10. Given any compact almost Hermitian 4-manifold, we always have
hpe =b_ + 1.

Proof. From the conformal invariance of h}g’lc we may assume without losing generality
that the fundamental form w is Gauduchon. Then taking the Hodge decomposition we

can write

w=da+h+dp

for some o € A',h € H2 and B € A3. Then defining a 2-form
vi=dx B+ dfS

we have

dw = dd* B = dvy

and thus v is a solution to (4.7).
It only remains to show that v is anti-self-dual. Using the definition of d* along
with the fact that the square of the Hodge star when applied to a k-form is given by

#x = (—1)* we can see that

xy=xd*x [ —xxdx*x[3
=—-d'B—dxp

We therefore find that ’Hélc is generated by b_ many elements of H, @ C, together with
w — 7. Thus h}éé is always b_ + 1. O

Combining Proposition 4.1, Theorem 4.5 and Theorem 4.10 we now have a full
description for compact 4-manifolds of when the values of h%’% are or are not independent

of the choice Hermitian metric. If we lay out these values in a Hodge diamond

h2,2
h2’1 h1’2
h2,0 hl’l h0,2
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we can summarize these results as follows:

@: Invariant of almost Hermitian metrics,

®: Not invariant of almost Kihler metrics.

4.3 Birational invariance of hB’%

In Theorem 5.5 of [3] Haojie Chen and Weiyi Zhang prove that hg’o is birationally in-
variant on compact 4-manifolds for any p € {0,1,2}. This means that if two compact
almost complex 4-manifolds X and Y are separated by a sequence of almost complex
manifolds X = Xo, X7, Xs5...,X;41 = Y along with a sequence of degree one pseudo-
holomorphic maps ug, ... ug such that us;—1 : Xo;-1 — Xo; and wug; : Xoj41 — Xo; then
hg’O(X) = hg’O(Y). Here we define a pseudoholomorphic map u : (M, J1) — (Ma, J2)

between almost complex manifolds to be one whose pushforward f, satisfies
Joo fu= fuo .

It turns out this result can be extended to show that the numbers h%% are also

birational invariants.

Theorem 4.11. Let u: X — Y be a degree one pseudoholomorphic map between com-
pact almost complex 4-manifolds. Then h%%(X) = h%OC(Y) for any p € {0,1,2}.

Proof. From [3] we know that the pullback with respect to u describes a bijection
* 70 70
ut tHE(Y) = HE(X).
Restricting this to the forms s € ’H‘g’O(Y) which satisfy 0s = 0 gives us

u s HEO (V) = HEL(X).

63



The injectivity of this map follows directly from the injectivity of u* acting on Hgo (Y),
so it only remains to prove surjectivity.

Since u* is invertible when acting on Hg’o (Y') we know that for any s € ’H%’OC(X )
there is some ¢ € ”Hgo(Y) such that u*t = s. By Theorem 1.5 in [33] we know there is a
finite set Y7 C Y such that the restriction

u: X\u'(Y7) = Y\V;

is a diffeomorphism. This means we have

t’X\ml(Yl) = (“_1)*5‘3/\1/1

and so 0t = 0 on Y'\Y;. But since t is smooth and Y'\Y; = Y, we must have 9t = 0 on
all of Y, thus ¢ € Hbe,(Y) and u*‘H%g(Y) is surjective. O

Corollary 4.12. h%’% is a birational invariant on compact almost complex 4-manifolds

for any p=0,1 or 2.

Proof. Recall that s € H%’qc if and only if the following conditions hold

0s=0 0s=0 00 * s = 0.

If s is either a (p, 0)-form or a (0, p)-form for any p = 0,1 or 2 then the third condition is
always true for reasons of bidegree. The remaining two conditions, when taken together,
are unchanged by a conjugation of s. The corollary therefore follows simply from the
fact that H%C = H%OC. O
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Chapter 5

Calculations of hg’q on other

Torus Bundles

Throughout this thesis we have exclusively focused on the example of the Kodaira-
Thurston manifold. Let us now broaden our attention to other torus bundles. In this
chapter, we will consider how the decomposition of functions described in Theorem 2.8
behaves for other torus bundles and how this might be applied to solving PDEs on these
manifolds.

Specifically, we will attempt to calculate the values of h%’l for a range of mani-
folds. As was the case for the Kodaira-Thurston in Section 3.1, we will often find that
this amounts to solving countably many ODE systems and countably many algebraic
equations. Many of these ODE systems cannot yet be solved, however by solving the

algebraic equations a partial solution can always be found.

5.1 Geometries in 4-dimensions

We would like to examine the effect of changing the behaviour of the orbits
Orby = {(AT)'y | €€ 2}

fory € Z", A € GL,(Z), where the choice of A determines a manifold as in (2.1). The
behaviour of these orbits turns out to be closely linked to the geometry of the manifold
and so the examples considered in this chapter will be split up accordingly.

We have already considered the case of the Kodaira-Thurston manifold, for which

we have two types of orbit, characterised by |Orby| = 1 and |Orby| = co. We will see
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that the Kodaira-Thurston manifold has the geometric structure of Nil3 x E.

Additionally, in this chapter we will consider an example of a manifold with the
geometric structure of Nil?, which has the same two types of orbit as the Kodaira-
Thurston manifold. We will consider a family of manifolds with the geometric structure
of Sol® x E, which also have orbits characterised by |Orby| = 1 and |Orby| = oo, except
in this case the elements of the infinite orbits grow with exponential speed. Finally, we
will consider a manifold with E?, i.e. Euclidean, geometry which has been specifically
chosen so as to produce orbits with finite size greater than 1.

First we shall introduce the concept of a geometry as defined by Thurston [27, 30].

Definition 5.1. A geometry is given by a pair (X, G), consisting of a simply connected
manifold X along with a Lie group of diffeomorphisms G acting transitively on X with
compact stabilizers at every point. We say that a compact manifold M has the geometric
structure of (X, G) if M is diffeomorphic to X /T for some discrete subgroup I' C G acting
freely on X.

We now define the geometries which we shall be considering in this chapter.

Definition 5.2. Euclidean geometry consists of X = E* together with the isometries of
translation and rotation. In other words G = SO4(R) x R?.
The group Nil? x E is given by R* together with the group operation

t1 to t1 +to
Ty 22| _ T+ x2
Y1 Y2 a Y1+ Y2
21 29 21 + 29 +t1y2

i.e. it is the semi-direct product of R acting on R3 by the matrix

Ci(t) =

S O =
~+~ = O
= o O

The group Nil* is given similarly by R* with the group operation

3] to t1 + o

a1 | |z | _ [Tt rttiyet 3320
Y1 w | Y1 +y2 +tiz

21 29 21+ 22
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i.e. the semi-direct product of R acting on R?® by the matrix

Finally, the group Sol? x E can be viewed as R* with the group operation

t to t1 + o
T | T2 | _ T+ T2
Y1 Y2 B v+ ellys
21 29 21 + e_tlzg

i.e. a semi-direct product of R acting on R3 by the matrix

1 0 0
Cg (t) =10 et 0
0 0 et

If we set X = Nil? x E, Nil* or Sol® x E we obtain a geometry by choosing G to
be the diffeomorphisms given by X acting on itself by left multiplication.

Proposition 5.3. The Kodaira- Thurston manifold KT* has the geometric structure of
Nil® x R

Proof. Recall the definition of the Kodaira-Thurston manifold as R* with points identi-

fied by
t t t t+¢
~ and ~ ¢
X x+n x Aix
1 00
for all £ € Z and n € Z3, where Ay = |0 1 0 |. This is equivalent to defining KT*

0 1 1
as X/T, with X = Nil®> x E and I' = Z x Z® C Nil® x E, where I is acting on X by left
multiplication. The first of the above identifications is given by the Z2 part of T', while
the second is given by the Z part.
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The equivalence of these definitions follows from that fact that we can write

A = exp = C(t)

o O O
+~ O O
o O O

for all t € R. O

Remark 5.4. As we noted in Remark 2.9, the decomposition of L? functions described
in Theorem 2.8 can often be understood from a representation theory viewpoint. For
instance, in the case of the Kodaira-Thurston manifold KT* := 7 x Z3\Nil® x E!, it
can be understood as the decomposition into irreducible components of the right regular
representation of Nil3 x E! acting on L?(KT?).

In fact, the irreducible representations of Nil® (also called the Heisenberg group)
are classified by the Stone-von Neumann theorem. The resulting decomposition of L?(Nil?)
with respect to the reqular representation is well-understood and descends to a decompo-
sition of L*(Z w Z>\Nil®) (see [1, 7]). The exzact same decomposition is derived when
Theorem 2.8 is applied to the manifold Zx Z*\Nil3 (also called the Heisenberg manifold).

5.2 h%’l on a manifold with Nil* geometry

Definition 5.5. We define a manifold M, by identifying points in R* by
t t t t+¢
~ and ~ ¢
x x+n x Asx

1 2 2
for all £ € Z and n € Z3, where we set Ay = | 0 1 2 |. This is exactly the manifold
0 1

0
we considered in Example 3.24 up to a rescaling of ¢ by a factor of 2.

Proposition 5.6. The manifold M, defined above has the geometric structure of Nil*.

Proof. Similar to the proof that the Kodaira-Thurston manifold has Nil3 x E geometry,
we can give an equivalent definition of My as X/I', with X = Nil* and I' = 2Z x Z3 C
Nil*, where T' is acting on X by left multiplication.
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Their equivalence follows from

0 2t O
Ab=exp |0 0 2t| =Ca(20)
0 0 O
for all t € R. ]

Using the generalised eigenvectors of the matrix As we can define a left-invariant

frame for My

€0 =0, €1 =0z,  e=2t0,+0,,  €=2%0,+20,+0,
along with the dual frame

& = dt, el =dz — 2tdy + 2t%dz, e = dy — 2tdz, e3 = dz.

We will now demonstrate how the techniques of Chapter 2 can be applied to
solving PDEs on Mj. Specifically, we shall consider the equations involved in calculating
hot

0

Example 5.7. We consider the almost complex structure on My given by
JZEol—>61, €2 — €3

for which a frame on the space T1 0M; along with a dual frame on 77, M can be given
by
1 ) 1 )
V1 = *(60 — 261), V2 = *(62 — 263),
2 2
ot =¥ +iel,  ¢? =€ +ied.
For this frame we have the structure equations

dpt = —2i® A €2

_ _% <¢12 +¢1Q _ ¢2i +¢i§)’

dp? = —2e" A €3

_ _% <¢12 _ ¢1Q _ ¢2i _ ¢i§) ‘
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We also define the Hermitian metric such that V; and V5 are orthonormal. This

corresponds to the fundamental form
w:2(60/\61+62/\e3).

(Note that dw is zero, so this defines an almost Kéhler structure)
A general (0,1)-form s € A%! can be written as fo! + g¢2 for f,g € C°(My).
A differential form is d-harmonic if and only if it satisfies s = 0 and 9 * s = 0. From

these two conditions we obtain a pair of PDEs involving the functions f and g.

—Va(f)+ Vilg) — 4f + 59 =0,
Vi(f) + Va(g) = 0.

(5.1)

As in the Kodaira-Thurston case, we can now simplify these equations by applying
the maps F and G, while making use of the results of Proposition 2.15 and 2.16. Looking
at the orbits of y € Z3 under the action of the transpose matrix A2, we see that there
are two cases to consider:

1) If y = (I,m,n) with (I,m) # (0,0) then (AT)%y = (1, 21& +m, 20£% +2m& +n) for all
§ € Z. In which case the orbit Orby is infinite and blows up with polynomial speed
as £ — +oo.

2) If y = (0,0,n) then ATy =y. In which case the orbit Orby has size 1.

Case 1: |Orby| = oo

We can simplify the equations (5.1) by taking a Fourier expansion with respect to x,y

and z. For any y = (I,m,n) € Z> we can use Prop. 2.15 to show that the Fourier
coefficients Fy (f) and Fy(g) must satisfy the ODE system

d (Fy(f)) _ Fy(f)
% (fj,(g)) = (Alt2 + Bl,mt+0l,m,n) ( Y )

-2 -2 ]
A= on 0 l ’ B, — 91 0 (m + 19)
—2l 0 ’ —2(m — li) 0

-l —-n —mi
Cl,m,n = 27T . 1 - 1 -
—n+mi+a-i l— 520
In the case when |Orby| = oo, i.e. either [ # 0 or m # 0, Cor. 2.7 tells us that Fy(f)
and Fy(g) must be Schwartz. In fact, any pair of functions «, 8 € S(R) solving the

where
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above ODE system, for some such choice of y, gives rise to a pair of solutions to (5.1)
given by
[ = Z at + €)e2millat(2eltm)y+ (28214 26m tn)z)
EEL
g =3 B(t + &)t el tmy (e 28min):2)
E€Z

Unfortunately, there does not seem to be any known solution to this ODE system.
However, below we will be able to give a full description of the solutions that arise from
Case 2.

Remark 5.8. To see why this ODE system is trickier to solve than the system (3.2) on
the Kodaira- Thurston manifold, we could try to solve the system using the same Laplace

transform method from the proof of Theorem 3.4. First by defining

VY _ L on(zmsemire (g (11 ()
¢) V2 1 -1/ \Fy(g)

and thereby rewriting the ODE as

d (¢ ~ . ~ W
yr <¢> = (Ath + Bl,mt+Cl,m,n) (¢>

- —41 0 - —4m  2li
A =27 , B, =27 e ,
0 0 ’ 2l 0

~ -9 L] i
Cl,m,n:27'r( ntar i 2).

where

and

-l —mi 0

From this we can derive a second order ODE in ¢ which takes the form of

p(t)d" + q(t)¢' +r(t)p =0 (5.2)

for some polynomials p(t), q(t),r(t) of degree three. We could try to solve this using the

Laplace transform, substituting

_ st
qb/ccp(s)e ds.

In the case of the Kodaira- Thurston manifold this transforms the second order differential
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equations (3.5) and (3.6) into first order differential equations with respect to ¢, which
can be solved to obtain solutions as described in (3.7). In the above case, however, we
instead get a third order differential equation with respect to ¢, which is no easier to
solve than (5.2) itself.

Case 2: |Orby| =1
In the case when y = (0,0,n) € Z3, the functions Fy(f) and Fy(g) are periodic. We
are therefore able to apply another Fourier expansion, to give us the coefficients Gy, y (f)
and Gy y(g) for all £ € Z. Using Prop. 2.16 this turns our ODE from Case 1 into an

algebraic equation
ki n gk,y(f) -0
n— %z ki + %z Gry(9)

which G, y(f) and G,y (g) must satisfy. In fact, for any «, 8 € C satisfying this equation

for some k,n € Z we have a solution to (5.1) given by

f N 627ri(kt+nx)
g= B 627ri(kt+nx).
Clearly, we only have a solution when k and [ satisfy

1
k‘2+n2+%(k5—m’)20.

From the imaginary part of the above condition, we require that n = 0. The real part
then tells us that the only integer value of k that gives rise to a solution is k = 0. This

corresponds to the family of solutions

with C € C.

5.3 h%’l on a manifold with Sol® x E! geometry

Definition 5.9. Let A3 € GL3(Z) be chosen such that it can be diagonalised to give

100
diag(1,e",e™") = PA3P~ ! by some P = [0 p ¢ | € GL3(R), where k € R is some
0 r s

positive number. We then define M3 to be the manifold given by identifying points in
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R* by
~ and ~ ¢
x xX+n x Asx
for all £ € Z and n € Z3.

Note that we cannot simply choose A3 = diag(1, e”,e™") as this would not be an

invertible integer valued matrix unless k = 0.

Proposition 5.10. The manifold Ms as defined above has the geometric structure of
Sol3 x E.

Proof. Let the group G be given by the semi-direct product R x R? with R acting on R3

with the matrix

1 0 0
Ptlo et o |P
0 0 e #t

Then M3 can be viewed as the quotient G /T of G by the discrete subgroup I' = Z x Z?
acting by left multiplication. To see that M3z has Sol® x E geometry, we simply note
that we have an isomorphism G — Sol® x E given by

() ()

O
1 0 0

Using the eigenvectors of the matrix A, P~ |0 |,P7' | 1| and P71 | 0|, cor-
0 0 1

responding to eigenvalues 1, e” and e™", we can construct the special left-invariant frame
on Mg:

e—g 6—2 € = a 52—7“2 €3 = e —Q—i-g
079t P 0x P ps—qr oy 0z 2T ps—qr q@y Pa2
along with its dual frame
e = dt, el = du, e = e " (pdy + qdz) e = e (rdy + sdz)

Example 5.11. As in the previous section we can define an almost complex structure
by the maps
J ey €1, €9+ €3,
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We then have a pair of frames on the spaces T7 gM> and Tl*,OMg given by

1 ) 1 .
Vi= 5(60 —iey), Vo= 5(62 — i€e3),

ot = +iel, ¢? =€ +ied.

The structure equations for this frame is d¢' = 0 and

d¢? = —ke® A (2 —ie®)

= 50" +0).

Given an Hermitian metric such that V7 and V5 are orthonormal, the fundamental
form is
w:2(eo/\el+62/\e3).

Unlike in the previous section, this metric is not almost Kéahler, instead we have dw =
(ps —qr)dy Ndz # 0.

In order to calculate h%’l, we write a general (0, 1)-form as s = f¢_1 + gq5_2, with
fyg € C*°(Ms3). Then the conditions 0s = 0 and 0 * s = 0 tell us that s is 9-harmonic
if and only if f and g satisfy

—Va(f) +Vi(g) =0

(5.3)
Vi(f)+Va(g) =0

Now we wish to apply the maps F and G to simplify these PDEs. First we divide
the orbits of y € Z3 under Al into two cases. Note that A1 has three eigenvalues of
1,e" and e ".

1) If y = (I,m,n), with (m,n) # (0,0), then it has a component in both of the
eigenspaces corresponding to the eigenvalues e and e™". The orbit Orby is therefore
infinite with (A2)¢y blowing up exponentially fast as & — +oo.

2) If y = (1,0,0), then then ATy = y. In which case the orbit Orby has size 1.

It is not possible for any y € Z3 to be contained entirely within, say, the eigenspace

corresponding to e®. If it were, then as ¢ — —oo we would find that (AI)%y would

become arbitrarily small. But this is not possible if we require (A1)¢y € Z3 for all ¢.
Case 1: |Orby| = oo

For any y = (I,m,n) € Z3 we can find conditions on the Fourier coefficients of f and g

by applying Fy to the equations in (5.3). Using Prop. 2.15 we see that these coefficients
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must satisfy the ODE system

i ]:y(f) — (A eﬁt e—nt ]:y(f)
o (J—}(g)) (Amne™ + By + O )(}_y(g))

where

- 0 —1
O =~ =21
ps —gqr 1 0

In the case when |Orby| = oo, Prop. 2.6 gives us a condition on the functions
Fy(f)(t) and Fy(g)(t) that is even stronger than S(R). Namely all of their derivatives
must tend to zero as t — 400 faster than any function of the form e~ for any 7 € R.

Any smooth functions «(t), 5(t) solving the ODE system and decaying sufficiently

fast as t — £o0, give rise to a solution to (5.3)

f — Z Oé(t + é—)eQWiy-Agx

el

g =3 B(t+ gy Aix
EEZ
As in the previous section, giving a complete account of the solutions in the infinite orbit
case proves tricky, whereas the finite orbit case below is relatively simple.
Case 2: |Orby| =1

In the case when y = (1,0,0) € Z3, we can apply an additional Fourier expansion,

yielding a condition on the coefficients Gy y(f) and Gy y(g) for all k € Z

0 k+il) (Gu(H) _,
k — il 0 Gry(9)

There are only non-trivial solutions to this when we have k = [ = 0. This corresponds
to two families of solutions

f = const. g=20

and

f=0 g = const.
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5.4 h%’l and h%’Q on a manifold with Euclidean geometry

Definition 5.12. We define the manifold My to be given by setting

Ay =

S = O
— o O
o O =

and identifying points in R* by

()=l = ()= (el

for all n € Z3 and all £ € Z.

Proposition 5.13. The manifold My as defined above has Euclidean geometry, i.e. it

has the geometric structure of E*.

Proof. Since we have Ay € SO4(R), we can define My to be X/I', where X = E* and T
is the discrete subgroup of SO4(R) x R* given by

[ G))eemoe=)

. . 2. 24 : .
The matrix A4 has eigenvalues of 1, e”3™ and e3™* corresponding to eigenvectors

O

1 6%71'1‘ 6%71'1'

2 2 .
1 , e—g’ﬂ'l , €—§7T’L
1 1 1

a 1 6§7TZ 675771
2 . 2 2
€= 5 eg=11] Vx €g =e 3™ ¢73™ | .V, €3 =e3™ | e3m Vx
1 1 1
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Oz
where we define Vx := | 9, |. The dual frame is given by
s

1
& = dt, 61:§(d:ﬁ—|—dy—|—dz),

e%m‘t 2 2 6_%mt 2 2
e = 3 (e—ﬁmdx + e3™dy + dz) ; et = 3 <e§”d:v +e 3™ dy + dZ) -

5.4.1 Calculating h%’l
Example 5.14. Let an almost complex structure J be defined by the mapping
1 i
€0 5(62 -+ 63) and €1 — —5(62 - 63).

We can then find smooth frames for T3 oMy and 17 (M,

1 7 1 1
Vi= 5 <60 - 5(62 + 63)) Vo = 3 <61 + 5(62 - 63))

o' =€ +i(e?+¢€°) e

The structure equations for this choice of frame is

d¢1:76f<¢12_¢1§_¢2i_¢i§)
2 T 1
do —3¢ .

We choose the metric so that V; and V5 are orthonormal. This corresponds to the
fundamental form
w=2"A (2 4 €3) 4 2iel A (2 — €3).
In this case A
dw = §7r60 AN A (€ +€8) #0,
thus w does not define an almost Kéahler structure.

In order to calculate h%’l, we let a general (0, 1)-form be written as s = f¢! +gé?.
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The two requirements 0s = 0 and 9 * s = 0 give rise to the two PDEs

~(Va = 5)f +Vig =0,
Vif+Vag=0.

(5.4)

As in our previous calculations, in order to simplify the above PDEs, we first
must describe the behaviour of the orbits of y € Z3 under the action of Af.
1) If y = (n,n,n) for some n € Z, the Al'y = y. In which case the orbit Orby is finite
and has size 1.
2) If y = (I,m,n), such that [,m and n are not all equal, then A7 permutes the entries
of y. In particular, (A])%y =y and so in this case the orbit Orby, is still finite, but

now has size 3.

Case 1: |Orby| =1

For any y = (n,n,n) € Z3, after expanding with respect to z,y and z we see that the

Fourier coefficients given by Fy are periodic, with a period of 1. We can therefore take

another expansion with respect to the remaining variable ¢. This is to say, we can write

Fy(£) =D Gry(H)e?™,

kEZ

Fyo(9) =3 Gy ()™,

kEZ

Applying the map G,y to the equations in (5.4), for each k € Z, we obtain the

( k 3n> (gk,ym) 0
—3n — % k gk,y(g) 7

on Giy(f) and Gy y(g). This has non-trivial solutions if and only if £ and n satisfy

condition

k2+9n2+3n%:0

which is only possible when k£ = n = 0. Corresponding to this case, we have the solution
f=0 g = const.

Case 2: |Orby| =3

Now let y = (I, m,n) with [, m and n not all equal. In this case, Fy still gives us periodic
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functions, but now with period 3 and so our expansion looks like

Fo(N®) = Gry(He 5,

keZ

For the sake of notational simplicity we define
ar=l+m+n ars=e3™ ] +e 3™ m+n as=¢e 3" +e3™m+n.

Then by Proposition 2.16 we can say that Gy(f) satisfies

Ory(eof) = 2mikGry (f),
Gy (e1f) = 2mia1Gyy (f),
Ory(eaf) = 2miaaGr_1,y(f)
Orylesf) = 2miasGri1,y (f),

and likewise for G(g).

Applying Gy to (5.4) we therefore obtain the following pair of equations:

DGk 1y (1) — (@1 + DGy (1) — LGy (f)

o k i
+ 5 Gr1y(9) + 50hy(9) + =5 Grrry(9) =0

iOé3 iag

k
_7gk—1,y(f> + ggk,y(f) - 7gk+1,y(f)

+ %qu,y(g) + a1Gky(9) — %gkﬂ,y(g) = 0.

By choosing to cancel either the terms Gy_1y(f) & Gir—1y(g) or the terms Gpy1(f) &
Gr+1,y(g) we can simplify to the pair of equations

k1 k
<3 +2- z'm) Gry(f) —ia2Gry1y(f) +1 <3 - ial) Iry(9) + @20k 11y(9) =0

k

1 k
—i03Gr—1,y(f) + <3 ~ % + z’a1> Ory(f) +a3Gr_1y(9) — i <3 + iOé1> Gry(g) =0.
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Evaluating the second of these at k + 1 instead of & we can cancel either the Gp1y(f)

term or the Gi11y(g) term. In this way we can write our equations as the recurrence
Orry(f)) _ 6 B, Gry(f)
gk+1,y(g) (4]{3 + 3+ 12i0[1) gk’,y(g)

where

D) (o d) ok~ o —asas] |
By = ko 1\2 2 ;
—[(§+g) +a1+a2a3] —t

relation

% + %) + Ot% - %ial — Ozgag]
(5 + 1)+ a? — Liag + azas]

and so the values of G y(f) and Gy y(g) for all k € Z are determined by a choice for
Go,y(f) and Goy(g). Since we are looking for smooth solutions f and g, we require that
Fy(F)(t) =D kex gk,y(f)e% be smooth, and likewise for Fy(g)(t). By the properties
of the Fourier series of smooth functions, this is equivalent to asking that the sequences

Ory(f) and Gy y(g) are Schwartz, i.e. they are contained in

S(zZ) = {(%)kez

sup |kPag| < oo for all p € N} .
keZ

5.4.2 Calculating h)?

In all the examples considered in this section so far we have only partial solutions. In this
last example, we use the same methods to calculate hg’2 on the manifold My equipped
with the almost Hermitian structure defined at the start of Example 5.14. For this

example we are able to obtain a full solution.

Example 5.15. In order to calculate h%’z, we let a general (0,1)-form be written as
s = fol + g¢?, for some smooth function f € C*°(My). For s to be d-harmonic we
require s = 0, which is trivially true and 0 * s = 0, which is equivalent to the PDE
system

Vi(f) =0,

Va(f)+ Zf =0.

(5.5)

We again split our calculations into the two cases where |Orby| = 1 and where
|Orby | = 3.

Case 1: |Orby| =1
For any y = (n,n,n) € Z3, we can apply the map Gy to (5.5), for all k € Z, to obtain
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the condition

This is only possible if we have G, (f) = 0, corresponding to the trivial solution f = 0.
Case 2: |Orby| =3
Now let y = (I, m,n) with [,m and n not all equal. Again defining

ar=l+m+n a9 = e%ml—ke_%mm—i—n a3 = 6_§7ril+e§mm—|—n,
we see that applying Gy y to (5.5) and using Prop. 2.16 we obtain the pair of equations:

@3Gk11,y(f) + 2ikGr y (f) + a2Gr-1y(f) =0,
—3Gk+1y(f) + (2k — £) Gy (f) + a2Gr1y(f) = 0.

Cancelling out either the Gy_1 y(f) or Gry1,y(f) terms, we can combine the above equa-
tions to obtain the recurrence relations

Gryry(f) = =St G (1,

6as

6
gk,y(f) = *ﬁ(gk_ngk—l(f)'
These only describe the same recurrence relation when y is chosen such that

1 5

o2 +io (2k + 1) = agas + <k - 6> (k+ 6)

for all k € Z. No such y exists, and therefore there can be no sequence (G y(f));cz
satisfying both of them.
Bringing the two cases together, we conclude that (5.5) has no non-trivial solu-

tions: h%’2 =0.
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