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Hard-core lattice-gas models are minimal models to study entropy-driven phase transitions. In the k-nearest-
neighbor lattice gas, a particle excludes all sites up to the kth next-nearest neighbors from being occupied by
another particle. As k increases from one, it extrapolates from nearest-neighbor exclusion to the hard-sphere
gas. In this paper we study the model on the triangular lattice for k � 7 using a flat histogram algorithm that
includes cluster moves. Earlier studies focused on k � 3. We show that for 4 � k � 7, the system undergoes a
single phase transition from a low-density fluid phase to a high-density sublattice-ordered phase. Using partition
function zeros and nonconvexity properties of the entropy, we show that the transitions are discontinuous. The
critical chemical potential, coexistence densities, and critical pressure are determined accurately.

DOI: 10.1103/PhysRevE.106.044136

I. INTRODUCTION

Hard-core lattice gases (HCLGs), a collection of particles
on lattices that interact only through excluded volume inter-
actions, are the simplest models to show phase transitions.
In particular, they are minimal models to study fluid to solid
freezing transitions induced by increasing density [1,2]. Since
the interaction energies are either zero or infinity, tempera-
ture plays no role in such phase transitions. The phases and
the nature of the transitions depend only on the shape of the
excluded volume. To understand this dependence as well as
the order in which the phases occur with increasing density,
phase diagrams of many different shapes have been studied in
detail in the literature. Examples include hard hexagons [3,4],
triangles [5], squares [6–8], rectangles [9,10], tetraminos [11],
rods [12–14], and plates [15,16].

Among the different shapes, a subclass of shapes of
particular interest is the k-nearest-neighbor (NN) HCLG
model in which the first k next-nearest neighbors of a par-
ticle are excluded from being occupied by another particle.
The case k = 1 corresponds to nearest-neighbor exclusion,
while the limit k → ∞ corresponds to the well-studied hard-
sphere problem in the continuum. Also, the model can be
thought of as limiting cases of spin models with long-range
interaction [17–20]. Introduced in the 1950s [6,21–26], the
k-NN model, in addition to its relevance to critical phe-
nomena and the hard-sphere gas, has found applications in
diverse areas of research as well as direct experimental re-
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alizations. Examples of applications include adsorption on
surfaces [27–33], glass transitions [34–36], phase transitions
in closely related HCLG models in which particles can have
at most n nearest neighbors (also known as the Biroli-Mézard
model [37]), attractive gases [38,39], and in combinatorial
problems [40]. Some direct experimental realizations include
porphyrins adsorbed on the Au(111) surface [41–43], adsorp-
tion of chlorine on a silver (100) surface [27], and adsorption
of selenium on a nickel (100) surface [44].

In two dimensions, the phase diagram for the k-NN model
for different k has been studied on the square, honeycomb, and
triangular lattices using different techniques such as transfer-
matrix calculations, high- and low-density expansions, and
Monte Carlo simulations. We summarize the known results
below.

On the square lattice, the model has been studied for
k � 11, and a summary of known results may be found
in Refs. [45–47]. For k = 1, 3, 6, 7, 8, 9, the model under-
goes a single phase transition from a low-density fluid phase
to a high-density sublattice-ordered phase. The transition is
continuous for the 1-NN model and first order otherwise.
The 2-NN and 5-NN models reduce to 2×2 and 3×3 hard-
square problems, respectively, and the high-density phase has
columnar order. The transition belongs to the Ashkin-Teller
universality class for the 2-NN model and is discontinuous for
the 5-NN model. The 4-NN, 10-NN, and 11-NN models show
multiple phase transitions. The presence of multiple transi-
tions are due to a sliding instability present in the high-density
phase and also appear for k > 11 [46,48].

On the honeycomb lattice, the model has been studied for
k � 5 [49–51]. The 1-NN model shows a single continuous
transition, belonging to the Ising universality class, from a
fluid to a sublattice-ordered phase. The 2-NN model shows
a first-order transition, while the 3-NN model, surprisingly,
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does not undergo any transition [49,50]. The 4-NN model
shows a single continuous phase transition that belongs to the
three-state Potts model. The 5-NN model has been shown to
undergo two discontinuous transitions. However, these transi-
tions show nonstandard scaling with system size [49].

The k-NN model on the triangular lattice, the main focus
in this paper, has been studied for k � 5. The triangular lat-
tice is of particular interest as it is a better approximation
to the continuum than the square and honeycomb lattices.
Thus, one would expect that phases seen in the continuum,
like the hexatic phase, would be most easily seen on the
triangular lattice. The 1-NN model on the triangular lattice is
the hard-hexagon model. It is the only exactly solvable HCLG
model and undergoes a transition from a disordered phase to
a sublattice-ordered phase which belongs to the three-state
Potts model [3,4,52]. The 2-NN model on a triangular lattice is
known to show a single second-order transition which belongs
to the four-state Potts model universality class [53–55]. The
3-NN model has been studied in detail recently and it under-
goes a single discontinuous transition to a sublattice-ordered
phase [55–57]. Using tensor renormalization group (TRG)
methods, the 4-NN and 5-NN models were also studied. How-
ever, the phenomenology for the 4-NN and 5-NN models
is not well established. The TRG results give a wide range
of values for the critical chemical potential, and the nature
of the transitions are also not clear [55]. Thus, compared to
the square and honeycomb lattices, the k-NN model on the
triangular lattice is less studied and it would be of interest to
determine the phase diagram for the model for k � 4.

An additional motivation for studying the k-NN model
on the triangular lattice comes from the algorithmic point of
view. In general, Monte Carlo studies of HCLG models of
particles with large excluded volume suffer from equilibration
issues, especially at densities close to full packing. When
only local moves are allowed, the system gets stuck in long-
lived metastable states. Algorithms that include cluster moves
can overcome these issues partially. One such algorithm is
the grand canonical transfer-matrix-based strip cluster update
algorithm (SCUA) that updates the configurations on strips
that span the lattice in one attempt [13,58]. This algorithm
has been very useful in obtaining the phase diagram of the
k-NN model on square [46] and honeycomb [49] lattices
as well as that of many other differently shaped particles
[13,14,59–61]. However, the SCUA has difficulty in equili-
brating systems which undergo a strong first-order transition
close to full packing [56]. More recently, there have been two
other algorithms that have proved useful. One is the TRG
method, which was used to obtain the phase diagram for
the k-NN model on the triangular lattice for k � 5 [55] and
interacting hard equilateral triangles [50]. The other is the
strip cluster Wang-Landau (SCWL) algorithm that combines
the SCUA with flat histogram methods and thus determines
the density of states for all densities [56,62]. A comparison of
the efficacies of the TRG method and SCWL algorithm would
be useful.

In this paper we study the k-NN model on the triangular
lattice using flat histogram Monte Carlo simulations (SCWL
algorithm) for 1 � k � 7. We benchmark our simulations
against the known exact solution of the 1-NN model. For the
2-NN model, we obtain improved estimates for the critical

FIG. 1. The neighbors of the central site (black circle) are labeled
according to the distance from it. The number in the circles denotes
the range of exclusion k. In the k-NN exclusion model, a particle
excludes all the sites with label less than or equal to k from being
occupied by another particle.

density. For the 4-NN to 7-NN models, we show, using par-
tition function zeros, that the system undergoes a single phase
transition from a low-density fluid phase to a high-density
sublattice-ordered phase. Based on the nonconvexity of the
numerically obtained entropy, we show that the transitions are
discontinuous. The estimates for the critical parameters are
summarized in Table III. In addition, we show that, compared
to the TRG method, the SCWL algorithm is able to obtain
more accurate results for larger k.

The remainder of the paper is organized as follows. In
Sec. II we define the k-NN model and outline the SCWL
algorithm adapted to the k-NN model on the triangular lattice.
In Sec. III we first benchmark the simulations with known
results from the 1-NN and 2-NN models. We also describe the
results for the 2-NN model as well for 4-NN to 7-NN models.
Section IV contains a summary and discussion of the results.

II. MODEL AND MONTE CARLO ALGORITHM

A. The k-NN hard-core lattice gas

Consider an L × L triangular lattice with periodic bound-
ary conditions. A lattice site can be occupied by at most one
particle. In the k-NN exclusion model, a particle excludes all
the sites up to the k-th nearest neighbors from being occupied
by another particle. Figure 1 shows the excluded neighbors of
a particle for k = 1, 2, . . . , 7. The number of excluded sites
Nexcl and the maximum number density nmax for a given k are
given in Table I.

B. Monte Carlo algorithm

We study the k-NN model using the strip cluster Wang-
Landau algorithm introduced recently [56,62]. For the sake
of completeness, as well as to explain the generalization of
the algorithm to general k, we briefly describe the algorithm
below.
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TABLE I. For each k, the number of neighbors that are excluded
from being occupied by a particle Nexcl, the maximum number den-
sity nmax, the orientation of the rows, and the range of exclusion δ, as
defined for the evaporation and deposition algorithm (see the text in
Sec. II B), are tabulated.

k Nexcl nmax Orientation of rows δ

1 6 1/3 0, π/3, 2π/3 1
2 12 1/4 0, π/3, 2π/3 1
3 18 1/7 0, π/3, 2π/3 2
4 30 1/9 0, π/3, 2π/3 2
5 36 1/12 0, π/3, 2π/3 3
6 42 1/13 π/6, π/2, 5π/6 2
7 54 1/16 0, π/3, 2π/3 3

In the SCWL algorithm, rejection-free cluster moves
are combined with the Wang-Landau flat histogram algo-
rithm [63,64] for estimating the density of states g(N, L),
where N is the number of particles. We first outline the Wang-
Landau protocol.

The weight of a configuration with N particles is taken
to be inversely proportional to g(N, L). A histogram H (N )
records the number of times configurations with N particles
are visited during the simulations. Initially, H (N ) = 0 and
S(N ) = 0, where S(N ) is the entropy

S(N ) = ln g(N, L). (1)

The system evolves via an evaporation-deposition algorithm
(described below). After every microstep, if there are N par-
ticles, then H (N ) = H (N ) + 1 and S(N ) = S(N ) + f , where
f is a modification factor. The system is evolved until
the histogram becomes reasonably flat, i.e., Hmin(N ) > c ×
Hmax(N ), where Hmin and Hmax are the minimum and maxi-
mum values of the histogram, respectively, and c is a constant.
In our simulations, we choose c = 0.80. This is one iteration
of the Wang-Landau algorithm. The modification factor f is
halved for the next iteration and the histogram H (N ) is reset
to zero. Initially, f is chosen to be equal to 1. The iterations
are continued until f is less than a predefined limit fmin. In our
simulations fmin = 2−22.

We now outline the cluster move for evaporating and de-
positing particles [56,62]. A row is selected at random. The
orientations of the rows depend on k and are as tabulated in
Table I. Some of the lattice sites in the row are excluded from
occupation due to particles in nearby rows. These excluded
sites break up the row into open segments. We note that the
orientations of the rows, as given in Table I, are chosen such
that the filling of these segments is independent.

Choose a segment at random. Let this segment have � sites.
Remove all the particles in the segment and let there be N0

particles remaining in the system. Along this row, there has
to be a minimum of δ empty sites between two particles. The
values of δ for different k are given in Table I. It is possible
to occupy 0, 1, . . . , n∗ particles, where n∗ = (� + δ)/(δ + 1).
The refilling is done in two steps: First we determine the
number of particles n that should be deposited and second
we choose a random configuration from all possible ways of
placing n particles in � sites.

The probability of choosing n particles to deposit is

Probo(�, n) = Co(�, n)/g(N0 + n, L)∑n∗
i=0 Co(�, i)/g(N0 + i, L)

, (2)

where Co(�, n) is the number of ways of placing n particles
on a segment of length � sites with open boundary conditions.
If there are no sites excluded in an entire row, then we have
to use periodic boundary condition for deposition. Then the
probability Probp(�, n) of choosing n particles to deposit is

Probp(�, n) = Cp(�, n)/g(N0 + n, L)∑n∗
i=0 Cp(�, i)/g(N0 + i, L)

, (3)

where Cp(�, n) is the number of ways of placing n particles on
a ring of � sites and n∗ = �/(δ + 1).

Determining Co(�, n) and Cp(�, n) is a straightforward enu-
meration problem and is given by

Co(�, n) = (� + δ − nδ)!

(� + δ − nδ)!n!
, n = 0, 1, . . . ,

[
� + δ

δ + 1

]
, (4)

Cp(�, n) = �(� − nδ − 1)!

(� − nδ − n)!n!
, n = 0, 1, . . . ,

[
�

δ + 1

]
. (5)

After determining n, we fill the segment iteratively from one
end to the other. For open segments, the probability Po(�, n)
that the first site is empty is given by

Po(�, n) = Co(� − 1, n)

Co(�, n)
= � + δ − nδ − n

� + k − nδ
. (6)

If the first site is empty, the � is reduced by one, keeping n
the same, and the step is repeated. If the first site is occupied,
then � → � − δ, n → n − 1, and the step is repeated. If the
segment has periodic boundary conditions, the probability
Pp(�, n) that the first δ sites are empty is given by

Pp(�, n) = Co(� − δ, n)

Cp(�, n)
= � − nδ

�
. (7)

If the first δ sites are empty, then it reduces to an open segment
of length � − δ with n particles. Otherwise, one of the first δ

sites, chosen at random, is occupied and it reduces to an open
segment of length � − 2δ − 1 with n − 1 particles. The values
of C0(�, n), Cp(�, n), Po(�, n), and Pp(�, n) do not change
during the simulation and are therefore evaluated once in the
beginning and stored as a lookup table. The values of entropy,
order parameter, susceptibility, etc., reported in the paper are
those calculated at the last Wang-Landau iteration.

III. RESULTS

We now describe the results from the flat histogram simu-
lations. For k = 1, the hard-hexagon model, an exact solution
is available and we benchmark our simulations against the
known results. For k = 2, we compare our results with those
from earlier simulations. For k = 3, our recent results can be
found in Ref. [56]. For k = 4, 5, 6, 7, we present new results.

We start by defining different thermodynamic quantities.
Knowing the density of states g(N, L), the grand canonical
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partition function L(μ, L), the pressure P, and the average
values of any observable O are given by

L(μ, L) =
Nmax∑
N=0

g(N, L)eμN , (8)

P(μ) = 1

L2
lnL(μ, L), (9)

〈O〉 =
∑

N O(N )g(N, L)eμN

L(μ, L)
, (10)

where μ is the reduced chemical potential. At a particular
density ρ = N/nmax, the pressure in the canonical ensemble,
P̃(ρ), is calculated as [65,66]

P̃(ρ) =
∫ ρ

0
[1 − φ(ρ)]

∂

∂ρ

[
ρ

1 − φ(ρ)

]
dρ, (11)

where φ(ρ) is the mean fraction of sites where a new particle
cannot be placed because of exclusion due to existing parti-
cles.

For all the models, we will show that the model undergoes
a single transition from a disordered fluid phase to a high-
density solid phase. In the solid phase, the particles occupy
one of Nsub sublattices. It is clear that Nsub = 1/nmax, where
the maximum number density nmax for each k is as tabulated
in Table I. We define the sublattice order parameter for a given
k to be

qk =
∣∣∣∣∣

Nsub∑
j=1

ρ j exp

[
2π i( j − 1)

Nsub

]∣∣∣∣∣, (12)

where ρ j is the density of particles in sublattice j. Compress-
ibility κk and susceptibility χk are

κk = L2
[〈
ρ2

k

〉 − 〈ρk〉2
]
, (13)

χk = L2
[〈

q2
k

〉 − 〈qk〉2
]
. (14)

For the numerical analysis, it is useful to define an associated
quantity tk as

tk = ∂ ln〈qk〉
∂μ

. (15)

From finite-size scaling [67–69], the above thermodynamic
quantities at the transition point scale with L as

κk (μc) ∼ Lα/ν, 〈qk (μc)〉 ∼ L−β/ν,

χk (μc) ∼ Lγ /ν, tk ∼ L1/ν, (16)

where α, β, γ , and ν are critical exponents. For a first-order
transition in two dimensions, ν = 1/2 and α/ν = β/ν =
γ /ν = 2.

Let μc, ρc, and Pc denote the critical chemical potential,
critical density, and critical pressure in the thermodynamic
limit. For a finite-size system, the deviation of these quantities
from the thermodynamic limit varies as

xc(L) − xc ∼ L−1/ν, x = μ, ρ, P. (17)

For the first-order transitions, we use the following analy-
sis. We use the loci of the zeros of the partition function to
determine the number of phase transitions. The nature of the

FIG. 2. Division of lattice sites into sublattices for the (a) 1-NN
model (three sublattices) and (b) 2-NN model (four sublattices).

transition is established from the angle at which the zeros ap-
proach the real axis, as well as the nonconvexity properties of
the entropy. Here μc(L) is obtained from the partition function
zeros, analysis of the nonconvex (NC) behavior of the entropy
(see Sec. III D and Refs. [56,62] for details), and the value
of μ at which susceptibility is maximum. The coexistence
densities ρ f (L) and ρs(L) of the first-order transition are also
estimated from NC analysis.

To estimate the critical behavior accurately, the relevant
thermodynamic quantities are calculated with a step size of
�μ = 10−5. Errors in each data point are standard errors
obtained from 16 independent simulations using different se-
quences of random numbers. Errors in the final estimate of
critical parameters are fitting errors.

A. The 1-NN model

The 1-NN model, or the hard-hexagon model, is exactly
solvable [3,4]. There is a single continuous phase transition
from a disordered phase to the sublattice phase with increasing
particle density. In the ordered phase, particles preferentially
occupy one of the three sublattices shown in Fig. 2(a). The
critical parameters are μc = ln [ 1

2 (11 + 5
√

5)] = 2.4060 . . . ,

ρc = 3
10 (5 − √

5) = 0.829 17 . . . , α = 1/3, β = 1/9, γ =
13/9, and ν = 5/6 [3]. The phase transition belongs to the
three-state Potts model universality class. In addition, the
density and compressibility, for ρ > ρc, vary with μ as [52]

μ(ρ) = ln[2(ρ − 2)(3 − ρ)3]

− ln[(27 − 108ρ + 135ρ2 − 66ρ3 + 11ρ4)

+ (−9 + 15ρ − 5ρ2)3/2(−1 + 3ρ − ρ2)1/2], (18)

κ (ρ) = 1
15 [(3 − 2ρ)(−1 + 3ρ − ρ2)1/2

× (−9 + 15ρ − 5ρ2)−1/2 − (−1 + 3ρ − ρ2)]. (19)

To benchmark our flat histogram simulations, we compare
the numerically obtained density and compressibility for ρ >

ρc with the exact results in Eqs. (18) and (19), as shown in
Figs. 3(a) and 3(b), respectively. The numerical results are
in excellent agreement with the exact results except near the
critical point, where the numerical results deviate from the
exact result for the infinite system due to finite-size effects.
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FIG. 3. Comparison of the numerically obtained (a) density ρ

and (b) compressibility κ for the 1-NN model with the exact results
as given in Eqs. (18) and (19) for ρ > ρc. Data for different system
sizes are shown.

We estimate the exponents using the scaling laws in
Eq. (16), as shown in Fig. 4. We obtain 1/ν ≈ 1.21(1),
β/ν ≈ 0.134(2), and γ /ν ≈ 1.737(6). These estimates are
in good agreement with the exact value of the exponents
1/ν = 1.2, β/ν = 0.133 . . . , and γ /ν = 1.733 . . . . We deter-
mine the critical chemical potential μc and critical density ρc

by extrapolating the μc(L) and ρc(L) to infinite systems size
using Eq. (17). Here μc(L) is identified as the μ at which
χ is maximum and ρc(L) is the corresponding density. The
extrapolation is shown in Fig. 5. We obtain μc ≈ 2.4064(6)

FIG. 4. Power-law scaling of (a) tmax
1 , (b) χmax

1 , and (c) 〈q1(μc )〉
with system size L for the 1-NN model. The solid straight lines are
best fits to the data.

FIG. 5. Extrapolation of μc(L) and ρc(L) (inset) to infinite sys-
tem size using the scaling in Eq. (17). The data are for the 1-NN
model and we have chosen ν = 5/6. In the extrapolation of ρc(L) we
have used the data for only L � 96.

and ρc ≈ 0.826(4), which are in good agreement with the
exact results 2.4060 . . . and 0.829 17 . . . .

In addition to these checks, we also confirm that the en-
tropies of the fully packed state and the state with one vacancy
are reproduced correctly in the simulations. Based on the
above results, we conclude that the SCWL algorithm can
accurately obtain the entropy for all densities.

B. The 2-NN model

The 2-NN model is known to exhibit a single con-
tinuous phase transition from a disordered phase to a
sublattice-ordered phase. In the ordered phase, the particles
preferentially occupy one of the four sublattices shown in
Fig. 2(b). Due to the breaking of the fourfold symmetry, the
phase transition is expected to belong to the universality class
of the four-state Potts model. The exact values of critical ex-
ponents for the four-state Potts model are α = 2/3, β = 1/12,
γ = 7/6, and ν = 2/3 [70].

The 2-NN model has been studied earlier using different
numerical methods. The known estimates for μc are approx-
imately equal to 1.759 89 from transfer-matrix scaling [53],
1.756 82(2) using Monte Carlo simulations [54], 1.755 87
using transfer-matrix methods [55], and 1.753 98 using tensor
renormalization group method [55]. The corresponding values
for ρc are 0.748 56 [53] and 0.72(2) [54]. The numerical
estimation of the critical exponents has convergence issues
due to logarithm corrections, both additive and multiplicative,
that are present for the four-state Potts model [71]. The earlier
estimates for the critical exponents of the 2-NN model were
ν = 0.72 and β/ν = 1.115 from transfer-matrix scaling [53]
and 1/ν = 1.51(1) and β/ν = 0.1257(7) from Monte Carlo
simulations [54].

We estimate the critical exponents for the 2-NN model
using the scaling laws in Eq. (16), as shown in Fig. 6. We
obtain 1/ν = 1.48(2), β/ν ≈ 0.124(3), and γ /ν ≈ 1.812(8).
The known exact value of the exponents are 1/ν = 1.5, β/ν =
0.125, and γ /ν = 1.75. The value of γ /ν is overestimated,
possibly because of ignoring logarithmic corrections.

We determine the critical chemical potential μc and crit-
ical density ρc by extrapolating μc(L) and ρc(L) to infinite
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FIG. 6. Power-law scaling of (a) tmax
2 , (b) χmax

2 , and (c) 〈q2(μc )〉
with system size L for the 2-NN model. The solid straight lines are
best fits to the data.

systems size using Eq. (17). The extrapolation is shown in
Fig. 7. We obtain μc = 1.7568(4) and ρc = 0.7419(5). Our
estimate for μc is consistent with earlier estimates (see above).
For ρc, the estimate is closer to the transfer-matrix estimate
of 0.748 56 [53] rather than the more recent Monte Carlo
estimate of 0.72(2) [54]. From the inset of Fig. 7, it can be
seen that even for the smallest system size ρc(L) > 0.725.

C. The 3-NN model

The 3-NN model has been studied using matrix meth-
ods and series expansion [26], tensor renormalization group

FIG. 7. Extrapolation of μc(L) and ρc(L) (inset) to infinite sys-
tem size using the scaling in Eq. (17). The data are for the 2-NN
model and we have chosen ν = 2/3.

FIG. 8. Division of lattice sites into sublattices for the (a) 4-NN
model (9 sublattices) and (b) 5-NN model (12 sublattices).

method [55], evaporation-deposition algorithms [57], and the
SCWL algorithm [56]. The model shows a single first-order
transition from a disordered phase to a sublattice-ordered
phase. Based on SCWL algorithm, we recently found that
μc = 4.4641(3) and the critical pressure is Pc = 0.6397(1).
Both phases coexist between densities ρ f = 0.8482(1) and
ρs = 0.9839(2) [56]. A detailed discussion of the analysis as
well as a summary of past work can be found in Ref. [56].

D. The 4-NN model

Compared to 1-NN, 2-NN, and 3-NN models, there is not
much known for k � 4. The 4-NN model has been studied
earlier using the tensor renormalization group method [55]. It
was concluded that the 4-NN model shows a continuous phase
transition with μc between 2.65 and 2.7.

We now present our results for the 4-NN model in detail.
We will follow a similar analysis for larger k.

At full packing, the particles occupy one of the Nsub = 9
sublattices shown in Fig. 8(a). We first show that there is only
one phase transition from a disordered fluid phase to the high-
density sublattice-ordered phase.

To do so, we examine the loci of zeros of the partition
function in the complex z plane. Figure 9 shows the zeros for
L = 216. The partition function zeros (PFZs) pinch the real
axis at only one point, showing the presence of only a single
phase transition. The locus forms a circle; hence the angle it
makes with the real axis is π/2, suggesting that the transition
is discontinuous [72,73].

The first-order nature of the transition can be further es-
tablished by showing that the entropy is nonconvex in certain
regions [56,62]. Figure 10 shows the nonconvex part of the
entropy for L = 36 and the corresponding convex envelope,
shown by the solid line. Analysis of the nonconvexity gives a
precise estimate of critical parameters of the first-order transi-
tion [56,62]. Let Nf and Ns denote the number of particles
at the end points of the convex envelope on the fluid side
and sublattice side, respectively (see Fig. 10). Then ρ f (L) =
Nf /L2 × Nsub and ρs(L) = Ns/L2 × Nsub are the densities at
the boundaries of the coexistence regime. The critical chemi-
cal potential

μc(L) = −S(Ns) − S(Nf )

Ns − Nf
(20)
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FIG. 9. Zeros of the grand canonical partition function in the
complex z plane (z = eμ) for the 4-NN model. The locus of the zeros
forms a circle and pinches the positive real axis only at one point.
The data are for L = 216.

is the slope of the convex envelope. The system-size-
dependent critical parameters ρ f (L), ρs(L), and μc(L) thus
obtained are tabulated in Table II for different system sizes.
The convergence to the infinite system size is rapid.

Figure 11 shows the extrapolation of μc(L) to infinite sys-
tem size using Eq. (17) with ν = 2. We determine μc(L) from
the maximum of χ , NC analysis, and the position of the PFZs
closest to the origin. We obtain μc,4 = 2.8696(2) from NC
analysis and μc,4 = 2.8697(2) from susceptibility and PFZs.
The coexistence densities are found to ρ f ,4 = 0.7404(2) and
ρs,4 = 0.9067(2) from NC analysis (extrapolation not shown).
The critical pressure is estimated to be Pc,4 = 0.3262(2). Fur-
ther results for the dependence of density, order parameter,

FIG. 10. Nonconvex part of the entropy and the corresponding
convex envelope construction for the 4-NN model. The black solid
arrows show the locations of Nf and Ns. The significance of Nf and
Ns is explained in the text.

TABLE II. Critical parameters from nonconvexity in entropy of
the 4-NN model. The last row shows the results of extrapolation
performed against 1/L2 using linear regression (see Fig. 11).

L ρ f ρs μc

108 0.7319(1) 0.9094(1) 2.8593(1)
117 0.7331(1) 0.9090(1) 2.8606(1)
126 0.7340(1) 0.9089(1) 2.8632(1)
135 0.7347(1) 0.9085(1) 2.8632(1)
144 0.7356(1) 0.9086(1) 2.8643(1)
153 0.7358(1) 0.9081(1) 2.8644(1)
162 0.7364(1) 0.9080(1) 2.8651(1)
171 0.7366(1) 0.9077(1) 2.8655(1)
180 0.7374(1) 0.9077(1) 2.8661(1)
189 0.7376(1) 0.9076(1) 2.8663(1)
198 0.7379(1) 0.9076(1) 2.8666(1)
207 0.7382(1) 0.9075(1) 2.8669(1)
216 0.7384(1) 0.9072(1) 2.8671(1)
225 0.7386(1) 0.9073(1) 2.8675(1)
∞ 0.7404(1) 0.9067(1) 2.8696(1)

Binder cumulant, and pressure with chemical potential μ can
be found in the Supplemental Material [74] under Sec. 4-NN.

Note that our analysis shows that the transition is first
order. This is in contradiction to that obtained from the TRG
method, where it was concluded that the transition is continu-
ous. Also, our estimate of μc = 2.8696(2) is outside the range
of 2.65 and 2.7 estimated using the TRG method in Ref. [55].
The better accuracy is presumably due to the SCWL algorithm
accessing the high-density states in an efficient manner.

E. The 5-NN model

In the 5-NN model, at full packing, the particles occupy
one of the Nsub = 12 sublattices shown in Fig. 8(b). In ear-
lier work it was argued, based on the tensor renormalization
group, that the model exhibits a single first-order transition
with μc roughly in the range 4.4 < μc < 4.5 [55].

The analysis we present for the 5-NN model (and higher k)
is the same as that of the 4-NN model, so we only summarize

FIG. 11. Variation of the critical chemical potential μc(L) with
system size L for the 4-NN model. The data were obtained from
nonconvexity analysis, susceptibility χ , and partition function zeros.
The error in each data point was obtained from 16 independent
simulations. Solid and dashed lines are the best linear fits to the data.
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FIG. 12. Zeros of the grand canonical partition function in the
complex z plane (z = eμ) for the 5-NN model. The locus of the zeros
forms a circle and pinches the positive real axis only at one point.

the results. We simulate system sizes up to L = 180. We first
show that there is only one phase transition from a disor-
dered fluid phase to the high-density sublattice-ordered phase.
Figure 12 shows the PFZs for L = 180. The locus of the zeros
forms a circle and pinch the real axis at only one point. We
conclude that there is only one phase transition in the system.
Since the locus is a circle, the angle of approach of the leading
zeros is π/2, suggesting that the transition is discontinuous.
We note that for smaller L, the PFZs of the 5-NN model
also form an inner circle. However, as L increases, these two
circles merge and become indistinguishable.

We find that the entropy is nonconvex, giving direct proof
of the first-order nature of the transition. From the NC anal-
ysis, we obtain ρ f (L), ρs(L), and μc(L) for different system
sizes. Figure 13 shows the extrapolation to the infinite system
size of μc(L) obtained from nonconvexity analysis, PFZs, and

FIG. 13. Variation of the critical chemical potential μc(L) with
system size L for the 5-NN model. The data were obtained from
nonconvexity analysis, susceptibility χ , and partition function zeros.
The error in each data point was obtained from 16 independent
simulations. Solid and dashed lines are the best linear fits to the data.

FIG. 14. Division of lattice sites into sublattices for the 6-NN
model (13 sublattices). The division can be done in two equivalent
ways as shown in (a) and (b).

the peak position of susceptibility. The critical chemical po-
tential was estimated to be μc,5 = 4.720(3) from NC analysis
and PFZ data and μc,5 = 4.720(1) from susceptibility. The
end points of the coexistence regime were similarly found to
be ρ f ,5 = 0.916(3) and ρs,5 = 0.988(3) from the NC analysis.
We obtain the critical pressure to be Pc,5 = 0.3942(2). Further
results for the dependence of density, order parameter, Binder
cumulant, and pressure with chemical potential μ can be
found in the Supplemental Material [74] under Sec. 5-NN.

Note that our analysis shows that the transition is first
order, consistent with preliminary results obtained using the
TRG method [55]. Also, our estimate of μc = 4.720(3) is
outside the range of 4.4 < μc < 4.5 obtained in Ref. [55].

F. The 6-NN model

In the 6-NN model, at full packing, the particles occupy
one of the Nsub = 13 sublattices shown in Fig. 14. The lattice
can be divided into 13 sublattices in two different ways, which
we call type-A and type-B, as shown in Fig. 14. The nature
and location of the transition is not known for this model as it
has not been studied earlier.

We simulate system sizes up to L = 169. We first show
that there is only one phase transition from a disordered fluid
phase to the high-density sublattice-ordered phase. In Fig. 15
we show the PFZs for L = 169. The locus of the zeros forms
a circle and pinch the real axis at only one point. We conclude
that there is only one phase transition in the system. Since the
locus is a circle, the angle of approach of the leading zeros is
π/2, suggesting that the transition is discontinuous.

We find that the entropy is nonconvex, giving direct proof
of the first-order nature of the transition. From the NC anal-
ysis, we obtain ρ f (L), ρs(L), and μc(L) for different system
sizes. Figure 16 shows the extrapolation to the infinite system
size of μc(L) obtained from nonconvexity analysis, PFZs, and
the peak position of susceptibility. The critical chemical po-
tential is estimated to be μc,6 = 4.2574(4) from nonconvexity
analysis and susceptibility and μc,6 = 4.2575(4) from PFZ
data. The end points of the coexistence regime were similarly
found to be ρ f ,6 = 0.7898(1) and ρs,6 = 0.9818(2) from the
NC analysis. We obtain the critical pressure to be Pc,6 =
0.3287(1). Further results for the dependence of density,
order parameter, Binder cumulant, and pressure with chemical
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FIG. 15. Zeros of the grand canonical partition function in the
complex z plane (z = eμ) for the 6-NN model. The locus of the zeros
forms a circle and pinches the positive real axis only at one point.

potential μ can be found in the Supplemental Material [74]
under Sec. 6-NN.

G. The 7-NN model

In the 7-NN model, at full packing, the particles occupy
one of the Nsub = 16 sublattices shown in Fig. 17. The nature
and location of transition are not known for this model as it
has not been studied earlier.

We simulate system sizes up to L = 192. We first show
that there is only one phase transition from a disordered fluid
phase to the high-density sublattice-ordered phase. In Fig. 18
we show the PFZs for L = 192. The locus of the zeros forms
a circle and pinch the real axis at only one point. We conclude
that there is only one phase transition in the system. Since the

FIG. 16. Variation of the critical chemical potential μc(L) with
system size L for the 6-NN model. The data were obtained from
nonconvexity analysis, susceptibility χ , and partition function zeros.
The error in each data point was obtained from 16 independent
simulations. Solid and dashed lines are the best linear fits to the data.

FIG. 17. Division of lattice sites into sublattices for the 7-NN
model (16 sublattices).

locus is a circle, the angle of approach of the leading zeros is
π/2, suggesting that the transition is discontinuous.

We find that the entropy is nonconvex, giving direct proof
of the first-order nature of the transition. From the NC anal-
ysis, we obtain ρ f (L), ρs(L), and μc(L) for different system
sizes. Figure 19 shows the extrapolation to the infinite system
size of μc(L) obtained from nonconvexity analysis, PFZs,
and the peak position of susceptibility. The critical chemical
potential was estimated to be μc,7 = 3.9326(8) from non-
convexity analysis, μc,7 = 3.9328(8) from susceptibility, and
μc,7 = 3.9329(7) from PFZ data. The end points of the coex-
istence regime were similarly found to be ρ f ,7 = 0.7469(4)

FIG. 18. Zeros of the grand canonical partition function in the
complex z plane (z = eμ) for the 7-NN model. The locus of the zeros
forms a circle and pinches the positive real axis only at one point.
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FIG. 19. Variation of the critical chemical potential μc(L) with
system size L for the 7-NN model. The data were obtained from
nonconvexity analysis, susceptibility χ , and partition function zeros.
The error in each data point was obtained from 16 independent
simulations. Solid and dashed lines are the best linear fits to the data.

and ρs,7 = 0.9709(3) from the NC analysis. We obtain the
critical pressure to be Pc,7 = 0.2471(1). Further results for
the dependence of density, order parameter, Binder cumulant,
and pressure with chemical potential μ can be found in the
Supplemental Material [74] under Sec. 7-NN.

IV. SUMMARY AND DISCUSSION

In this paper we studied the phase transitions in the k-NN
hard-core lattice-gas model on the triangular lattice. In this
model, a particle excludes all the sites up to the kth next-
nearest neighbors from being occupied by another particle.
We obtained the phase diagram and quantified the critical
behavior for k � 7 using the SCWL flat histogram algorithm,
which incorporates rejection-free cluster moves to evolve the
system.

We used the 1-NN model or the hard-hexagon model, for
which an exact solution is known, to benchmark our simu-
lations. For the 2-NN model, we obtained better estimates
for the critical density. We showed that the 4-NN to 7-NN
models undergo only a single first-order phase transition from
a low-density disordered phase to a high-density sublattice-
ordered phase. For each of these models, we obtained accurate
estimates of the critical chemical potential, the densities of the
disordered and sublattice phases in the coexistence regime,
and the critical pressure. The quantitative results are summa-
rized in Table III. The phase diagram in the μ-k plane and
the ρ-k plane are shown in Fig. 20. Though μc on average in-
creases with k [see Fig. 20(a)], we were unable to quantify the
increase based only on results for k � 7. For the coexistence
densities, with increasing k, we observed that ρs tends to 1
while ρ f saturates around 0.8 [see Fig. 20(b)].

The results obtained in the paper allowed us to compare
the efficacies of the TRG method and SCWL algorithm. The
TRG method has been used to study the k-NN model on
the triangular lattice [55]. The method yielded good results
for k = 1, 2, 3. However, the results for 4-NN and 5-NN dif-
fered considerably from the results that we obtained using the
SCWL algorithm. For the 4-NN model, the TRG method pre-
dicted a continuous transition. However, we showed clearly
that the transition is first order. In addition, the extrapolated

TABLE III. Summary of the coexistence densities of the disor-
dered phase ρ f , the sublattice phase ρs, the critical chemical potential
μc, and critical pressure Pc for different k. For k = 1, the results are
exact [3,4]; the results for k = 3 are taken from Ref. [56].

k ρ f ρs μc Pc

1 0.82917 2.4060
2 0.7419(5) 1.7568(4)
3 0.8482(1) 0.9839(2) 4.4641(3) 0.6397(1)
4 0.7404(2) 0.9067(2) 2.8696(2) 0.3262(2)
5 0.916(3) 0.988(3) 4.720(3) 0.3942(2)
6 0.7898(1) 0.9818(2) 4.2574(4) 0.3287(1)
7 0.7469(4) 0.9709(3) 3.9315(6) 0.2471(1)

critical chemical potential obtained in this paper does not lie
in the range predicted by the TRG method for both k = 4 and
k = 5. It would be of interest to see how the TRG method can
be improved to be able to study a HCLG of particles with large
excluded volume.

When k tends to infinity, the k-NN model resembles the
hard-sphere model for which an intermediate hexatic phase
separates a fluid and orientationally ordered high-density
phase [75–80]. Thus, one would expect that signatures of
these continuum phases are seen in the k-NN model for
large enough k. The values of k for which the hexatic phase
should be observable in the lattice model can be estimated
as follows. In simulations of hard spheres in two dimen-
sions, the hexatic phase is observed for packing fractions
η ∈ [0.716, 0.720] [78]. To observe the hexatic phase in a
lattice model, the lattice spacing b should be such that it is
able to resolve the mean void space between two spheres at the
above range of packing fraction. The mean distance d between
the centers of two spheres is d ≈ 2σ

√
ηmax/η, where σ is the

radius of the sphere and ηmax = π
√

3/6. Then the condition
to observe the hexatic phase is

b � 2σ (
√

ηmax/η − 1) ≈ 0.2477σ, (21)

where we substituted η = 0.718, the mean packing fraction in
the hexatic phase. For the k-NN model, the effective lattice

FIG. 20. Phase diagram of the k-NN model in the (a) μ-k plane
and (b) ρ-k plane.
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FIG. 21. Variation of σ/b, where σ is the radius of the sphere and
b is the lattice spacing, with k for the k-NN model on the triangular
lattice. The solid line, drawn based on Eq. (21), denotes the value of
k beyond which a hexatic phase should be observable.

spacing for each k is easily computed and is shown in Fig. 21.
Applying the condition in Eq. (21), we obtain that the hexatic
phase should be observable in the lattice models for k � 24.
This value of k is much larger than those that have been stud-
ied up to now and may possibly require more sophisticated
algorithms to allow for equilibration. A similar analysis for
the existence of a hexatic phase for the k-NN model on the
square lattice gives k � 28.

The SCWL algorithm appears well suited to study phase
transitions in HCLG models. The power of the flat histogram

method is amplified when applied to densities of states which
depend on more than one variable. A viable example is the
binary gas, the simplest of which is a mixture of 1-NN and
0-NN particles which shows a nontrivial phase diagram with a
tricritical point [81–86]. Similarly, multidimensional densities
of states appear in HCLG with additional attractive interac-
tions [38,39,87–89]. In these models, it is possible to see a
phase behavior similar to a Lennard-Jones fluid. However, the
numerical studies suffer from both equilibration issues and the
large parameter space to be explored. The basic idea of the
SCWL flat histogram algorithm can be modified to analyze
these models too. However, the determination of C0(n, �),
the number of ways of placing n particles on a segment of
length � sites, is not as straightforward as was the case for
the k-NN model. For binary or interacting gases, C0(n, �) will
also depend on the configurations of neighboring rows and
will have to be enumerated using transfer matrices, recursion
relations, or similar techniques. These are promising areas for
future study.
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