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Abstract

We study the adjoint Bloch—Kato Selmer groups attached to a classical point in the cuspidal
eigenvariety associated with GSp,,. Our strategy is based on the study of families of Galois
representations on the eigenvariety, which is inspired by the book of J. Bellaiche and G.
Chenevier.

Résumé

Nous étudions les groupes de Selmer adjoints définis par Bloch-Kato qui sont attachésv a un
point classique dans la variété de Hecke cuspidale pour GSp,,. Notre stratégie est basée sur
I’étude des familles de représentations de Galois sur la variété de Hecke cuspidale, qui est
inspirée par le livre de J. Bellaiche et G. Chenevier.
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1 Introduction

In this paper, we study the adjoint Bloch—Kato Selmer groups attached to a classical point
in the cuspidal eigenvariety &y associated with GSp,,. Our strategy is based on the study
of families of Galois representations on &y, which is inspired by the book of Bellaiche and
Chenevier [2].

An overview

Fix a prime number p and a positive integer g € Z-.o. Let X (C) be the Siegel modular variety
of a fixed tame level structure away from p; and let X1, (C) be the Siegel modular variety
over X (C) with an extra Iwahori level at p. We let N be the product of primes that divide
the level of X (C).

On X1y (C), one can consider the overconvergent parabolic cohomology groups HFE‘;LK.
Following the formalism in [16], one can use H;,gl’  to construct the (reduced equidimen-
sional) cuspidal eigenvariety &y, parametrising finite-slope families of eigenclasses in the
overconvergent parabolic cohomology groups. See Sects. 2.3 and 2.4 for a review.

Given a point x € & whose weight is a dominant algebraic weight and whose slope is

small enough, it is predicted by R. Langlands that there is a continuous Galois representation’

o . — | spin =1
px : Galg —> GSpiny,,1(Q,) —> GL2(Q,,)
whose characteristic polynomials of the Frobenii away from Np are equal to the Hecke
polynomials away from Np. Here, Galg denotes the absolute Galois group of Q.

Letad® p;pin be the (trace-0) adjoint representation of p;pin and consider the adjoint Bloch—
Kato Selmer group H } (Q, ad® p;™™). We have the following conjecture of S. Bloch and K.

Kato:

Conjecture 1 (Bloch—Kato conjecture)

(i) The order of vanishing of the adjoint L-function L(ad® p;pin, s) ats = 1 is equal to the

dimension of H } (, ad® p;pin).
(i1) The adjoint Bloch—Kato Selmer group H } (Q, ad® p;P™) vanishes.

The aim of this paper is to show that, under certain assumptions, H fl (Q, ad® p;pm) does
vanish. In particular, the following natural hypotheses are assumed to achieve our goal:

e Hypothesis 1: Roughly speaking, this hypothesis states that the aforementioned philos-
ophy of Langlands holds true.

e Hypothesis 2: Roughly speaking, this hypothesis ensures that there exists a real finite
extension L of Q and a generic cuspidal automorphic representation GLys (A ) whose
associated Galois representation coincide with px|Gal, , Where Ay is the ring of adeles of
L and Galy, is the absolute Galois group of L.

I See [14, Lecture 20] for the definition and properties of the spin representation spin : GSpinp, | — GLog.
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On adjoint Bloch-Kato Selmer groups for...

o Hypothesis 3: This is a technical hypothesis, which ensures us to obtain a GSpin,, -
valued Galois representation with coefficients in the local eigenalgebra of x and that the
chosen tame I''?) implies a particular ramification type of this Galois representation at
bad primes.

Theorem (Corollary 3.26) Let x € &y whose weight is a dominant algebraic weight and
whose slope is small enough. Suppose the following assumptions hold:?

(D) Standard assumptions:

e The point x corresponds to a p-stabilisation of an eigenclass of tame level (see
Sects. 3.2 and 3.3 for more discussion). A
o Hypothesis 1 holds so that we get a GSpin,, , -valued Galois representation o

attached to x. We write py = spin op™ be the associated GLyg-valued Galois
representation.

() Technical assumption: Hypothesis 3 hold.
(III) Assumptions used in the strategy of [2]:

o The restriction ,0x|Ga1Qp admits a refinement F% that satisfies (REG) and (NCR) (see
Sect. 3.1 for definitions of F;, (REG) and (NCR)).

e The restriction py |Galgp is not isomorphic to its twist by the p-adic cyclotomic char-
acter.

(IV) Assumptions to apply [25]:

e Hypothesis 2 holds.

o The cuspidal automorphic representation my of GLos (A1) ensured by Hypothesis 2
is regular algebraic and polarised (see, for example, [4, §2.1]).

o The image py (GalL(;poo)) is enormous (see [25, Definition 2.27]).

Then

spin

(i) The adjoint Bloch—Kato Selmer group H } (9, ad® p;™") associated with p;pin vanishes.
(i) There is an ‘infinitesimal R = T theorem’ locally at x.

Strategy of the proof We now summarise the strategy to achieve the statement:

Step 1. Using the standard assumptions in the theorem and Proposition 3.13, we construct
a refined family of Galois representations (&y", Det"™", )C%l, (o :i=1,...,28},{F;:i =
1,...,28}) in Theorem 3.16.

Step 2. Following the strategy in [2] and using the assumption that p, admits a refinement F¥,
we define global deformation problems 9;["/“ and @;p]lF[l. It is standard in Galois deformation
theqry that these two functors are pro-representable by complete noetherian local rings by
R;‘f}v and Rif’];}: respectively.

Step 3. By applying a theorem of Bellaiche—Chenevier to the refined family of Galois rep-
resentations in Step 1 and combining Hypothesis 3 and (III) in the theorem, we deduce in
Proposition 3.25 the following statements:

(1) There exists a canonical ring homomorphism R;‘“H},Vr — Ty, where Ty is the local eige-

nalgebra at x.

2 Since many hypotheses are assumed this theorem, examples of these assumptions are discussed in Sect. 3.6.
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spin

(i) If the adjoint Bloch—Kato Selmer group H} (Q, ad® oy ) vanishes, then the canonical
map in R)‘c‘“ﬂf}; — Ty is an isomorphism (an ‘infinitesimal R = T theorem’).

Step 4. To conclude the result, the assumption (IV) and [25, Theorem 5.3] imply that
H } (Q, ad® pgP"™) = 0. The desired assertions then follow. m]

We close this introduction with the remark that one can also deduce the vanishing of the
adjoint Bloch—Kato Selmer group without assuming (IV) in the theorem above but with two
other (probably strong) assumptions (see Corollary 3.27). Such a statement shall allow one to
obtain a (conjectural) link between the p-adic adjoint L-function L*Y defined in [35] and the
adjoint Bloch—Kato Selmer group (see Remark 3.28). This is, in fact, the original motivation
of our study in this paper.

Conventions

Throughout this paper, we fix the following:

® g€ Zzl~

e For any prime number ¢, we fix once and forever an algebraic closure Q, of Q, and
an algebraic isomorphism C; ~ C, where Cy is the £-adic completion of Q,. We write
Galg, for the absolute Galois group Gal (Q;/ Qy). We also fix the £-adic absolute value
on Cy so that [¢] = ¢~ L.

e We also fix an algebraic closure Q of Q and embeddings 6[ < Q < C, which is
compatible with the chosen isomorphisms C, 2~ C. We analogously write Galg for the
absolute group Gal(Q/ Q) and identify Galg, as a (decomposition) subgroup of Galg.

e We fix an odd prime number p € Z-..

e For n € Z>; and any set R, we denote by M, (R) the set of n by n matrices with
coefficients in R.

e The transpose of a matrix « is denoted by te.

e Forany n € Z=, we denote by 1, the n x n identity matrix and denote by 1, the n x n
anti-diagonal matrix whose non-zero entries are 1; i.e.,

1 1
1, = and 1, =

2 Preliminaries

In this section, we recall some preliminaries. In particular, after setting up the notations
in Sect. 2.1 and recalling the Siegel modular varieties in Sect. 2.2, we briefly review the
construction of the overconvergent parabolic cohomology groups and the construction of the
cuspidal eigenvariety in Sects. 2.3 and 2.4.

2.1 Algebraic and p-adic groups

Let V = Vg be the free Z-module Z>¢ of rank 2g. By viewing elements in V as column
vectors, we equip V with the symplectic pairing

VxV—>Z (v,v)— %o (i _1g> v, (1)
8

The algebraic group GSp,, (over Z) is then defined to be the group that preserves this
symplectic pairing up to units. More precisely, for any ring R,
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i
GSpyg (R) = {y € GLy(R) : “y (ig g) y

= ¢(p) (~ _ﬂg> for some ¢(y) € RX} )
Ig

Equivalently, for any y = (’;“ )}:b> € GLog, y € GSp,, if and only if
c d

Valeve= v gy “vplgva="valegyy and y, Loy, ="y 1o, = c)i,

for some ¢(y) € Gy, One can easily check that GSp,, is stable under transpose. Thus, the
above conditions are also equivalent to

Yale Vo =vp 1 Ve velgva=valey, and y, 1%y -y, 1 . =),

for some ¢ () € Gy,.
We shall be also considering the following algebraic and p-adic subgroups of GL, and
GSpy,:

e We consider the upper triangular Borel subgroups
BgL, := the Borel subgroup of upper triangular matrices in GL,
Bgsp,, = the Borel subgroup of upper triangular matrices in GSp,,, .

The reason why we are able to consider the upper triangular Borel subgroup for GSp,,
is because of the choice of the pairing in (1).
e The corresponding unipotent radicals are

UgL, := the upper triangular g x gmatrices whose diagonal entries are all 1
UGsng := the upper triangular 2¢ x 2gmatrices in GSp,, whose diagonal

entries are all 1.

Consequently, the maximal tori for both algebraic groups are the tori of diagonal matrices.
The Levi decomposition then yields

Bar, = UcL,ToL, and Bgsp,, = UGsp,, TGsp,,-

Moreover, we denote by Ugf; and Ué%’;zg the opposite unipotent radical of UgL, and
UGsng respectively.
o To simplify the notation, for any s € Z>(, we write

T ) T, (Zyp), s=0
e ker(Tar, (Zy) = Tow, (Z/p* Z)), s >0
T L TGszg (Zp)7 s=0
9020\ ker(Tasp,, (Zp) = Tasp,, (Z/p* Z)). s >0
U ) UcL,(Zp), s=0
e ker(Uor, (Z) — UL, (Z /p* Z)), s> 0
U . UGszg (Zp)s s=0
P20\ ket (Ugsp,, (Zp) — Ucspy, (Z/p*Z), s >0
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The above maps are all reduction maps.
e The Iwahori subgroups are

IwgL, := the preimage ofBGLg (Fp)under the reduction map GL¢(Z,) — GL, (F,)
IwGsng := the preimage ofBGsng (Fp)under the reduction map Gszg (Z,) — Gszg (Fp).

‘We have Iwahori decompositions for IWGLg and Ingng
_ 779PP _ 779PP
Iwgr, = UGLg,lTGLg,OUGLg.O and  Iwgsp,, = UGSPQgJTGszg,OUGszg,O-

For later purposes, we also recall the Weyl groups of GSp,, and H := GL; X G, from
[13, Chapter VI, §5]. Here, we view H as an algebraic subgroup of GSp,, via the embedding

. Yy
H =GL; x Gy = GSpy,, (¥, v) > ( vig eyl ig) .

Consider the character group X = Hom ( TGszg , G;). We have the following isomorphism

g
78 S X, (K, .. . kg3 ko) > (diag(rl, ce T ‘[()‘L'gl, R ) ,[1—1) — Hrfi) .
i=0
Let xy, ..., xg, xo be the basis of X that corresponds to the standard basis on Z5+! Note

that X can also be viewed as the character group of the maximal torus Ty = TaoL, X G, of
H via the isomorphisms 7gsp,, ~ G&H ~ ToL, X G = Th.
Under the above choices of the maximal tori, we can describe the root systems of GSp,,
and H explicitly
Dasp,, = {F(xi —xj), E(xi +xj —x0), £2x; —xo):1<i<j=<g l=t=<g}
Dy = {0 —x;j), x4, £x0:1<i < j=<g}

Moreover, the choices of the Borel subgroups yield the description of the positive roots
@ésng ={xi—xj, xi+xj—x0, 2x, —x0:1<i<j<g 1=<t=<g}
L ={xi—xj:1<i<j<gi=dynN cpgsng).
The Weyl groups of GSp,, and H are defined as
Weylgsp,, = Nasp,, (Tosp,, )/ Tasp,, and  Weyly := Ny (Tu)/ T,

where NGsng (T(;sng) (resp. Ny (Ty)) is the group of normalisers of T(;szg (resp. Ty) in
GSp,, (resp. H). They can also be described explicitly as follows.

e We canidentify WeylGszg with X, x(Z /2Z)#, where X, denotes the permutation group

on g letters. For any © = diag(t1,..., 7, ToT, .

.., T0 rl_l) € Tc,sng, the actions
of X¢ and (Z /2 Z)% are given as

(i) X, permutes 71, ..., Tg,
(ii) the element (0,...,0,1,0,...,0) € (Z /2Z)8 maps T to
— —

i—1

-1 -1

. -1 -1 -1
dlag(rl,...,ri_l,rori STidls - Tg TOTg s T0T, 4, T TOT s -+, TO T ).
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e We can identify Weyly with X,, whose action on T is defined as the action of X, on
TGSpQg'

The actions of the Weyl groups on the maximal tori then induce actions on the root systems
(DGszg and ® g . Following [13, Chapter VI, §5], let

Weyl” = (x € Weylgsp,, :x(cbgsng) D @) C Weylgs,,, -

The subset Weyl? consequently gives a system of representatives of the quotient
WeylH \ WeylGszg .

2.2 The Siegel modular varieties

Let TP GSpy, (Z) be a neat open compact subgroup such that I'?) = [T,. prime Fép),
where each F‘Ep )isan open compact subgroup of GSp,, (Z). Let Spaq := {£ prime number :

Fép) & GSpy,(Ze)} U {p}. We shall assume this union is a disjoint union and write N :=

[Trespu ~(p) € (and so p { N).

Fix a primitive N-th roots of unity {y € Q C Q,,. Let SCHz, ¢, be the category of
locally noetherian schemes over Z,[¢y]. Consider the functor

SCHZ[,[{N] — SETS,

A is a principally polarised abelian scheme over S
S+ §(A/s, A, ¥y) : Ais a principal polarisation on A /.
Yy is a level structure defined by I'(”)

Assume that ') is chosen so that the above functor is representable by a scheme Xz olENT-
Denote by X = Xc¢,, the base change of Xz, ,[¢y] to C).

Example 2.1 Suppose I''”) = I'(N) := ker(GSp,, (2) — GSpy,(Z /N Z)) for N large
enough, then I' (V) defines the level structure asking for symplectic isomorphisms,

YN A[N] = (Z /N 7)%,

i.e., isomorphisms that preserve symplectic pairings on both sides up to units, where we
consider the Weil pairing on the left-hand side and the symplectic pairing induced by (1) on
the right-hand side. o

Fix a primitive p-throotof unity ¢, € QcC Cp, we also consider the scheme X w,Q,[¢n ¢p 15
parametrising tuples

(A’ A’? ,l//.N7 Fi].)!

where (A, A, ¥n) € XQ,,[CN,;“,;] = Xz,ltn] XZ,len] Spec Qp[{p, ¢n] and Fil, is a full
filtration of A[p] such that Filﬂ- = Filpg_, (with respect to the Weil pairing). Similarly, we
write X1y = Xiw,C » the base change of X w,Q,[¢n,¢p] 1O C,. Obviously, we have the natural
forgetful morphism

Xw — X, (A, A, ¥n, Fils) — (A, A, ¥wv).

This morphism is obviously an étale morphism.
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With respect to the fixed isomorphism C >~ C,, in the beginning, we can consider the
C-points X1y (C). The space X1 (C) can then be identified with the locally symmetric space

X1 (C) = GSp,y (Q)\ GSpyy (A ) x Hy / Twgsp,, 7,

where H is the (disjoint) union of the Siegel upper- and lower-half plane and A ¢ is the ring
of finite adeles of Q. It is well-known that the dimension of the Siegel modular variety Xty
(aswell as X)isng = g(g + 1)/2.

Let M be a left Gszg (Z )-module (over some commutative ring). Thus, M also admits
a left action of Iwgsp,, via restriction. By equipping M with a trivial action by ' the
module M naturally deﬁnes a local system on X (C) and X7y, (C) as explained in [1, §2.2]
(see also [16, §2.1]). One can then consider the (Betti) cohomology groups H'(X(C), M)
and H'(X1(C), M) (resp. compactly supported cohomology groups HCt (X(C), M) and
H!(X1w(C), M)) with coefficients in M. Then, there are natural morphisms

A, H(X(C), M) - H'(X1w(C), M) 2)
A, H(X(C), M) - H!(X1w(C), M) 3)

induced by the forgetful morphism.

2.3 The overconvergent parabolic cohomology groups

Define
To = {(y.v) € IwgL, xMg(pZy) : "y I,v="vi,y}.

Elements in T can be viewed as the left (2g x g)-columns of matrices in IwGsp2g as explained
in [35, §2.2]. Then Ty admits a right action of BgL 0 given by the right multiplication and
IwaL, My (Z)p)
Mg(p Zp) Mg(Zp)
Moreover, To admits a special subset

a left action of E = ( ) N Gszg(Qp) by the left multiplication.

Too = [, v) e To:y e UR |}

which can be identified with UGSp 1 via

~ o Y
Too — UGEI;M’], (}'7 v) (U ig tyfl ﬂg) .

For any affinoid Q-algebra R and any p-adic weight (i.e., continuous character) « :
ToL,0 — R* and any s € Z-(, we consider the s-locally analytic functions

A*(Ty. R) = {¢:To—>R ¢y B, vB) =By, v) V((y,v), B) € To xBar, o}

@1y, is s-locally analytic

Here, we extend « to a function on BgL, o by setting « | UoLgo = 1 and the ‘s-locally analytic’
condition is in the sense of [16, §2 Definition] (after identifying Tog with USEZQ 1)- One sees
o

immediately that we have a natural inclusion A3 (To, R) C A‘ff‘ (To, R).
The s-locally analytic distributions are then defined to be

D:(To, R) := Hom%* (AL (To, R), R).
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The natural inclusion A (To, R) C Af(“(TO,R) then yields a natural projection
D,‘("H (To, R) — D;(To, R). Consequently, we define

AL(To, R) :=1im A} (To, R)

N

D}(Ty, R) := lim Dy (To. R).

S

We call elements of these two modules overconvergent functions and overconvergent dis-
tributions respectively. It is also obvious that D,j (T, R) is the continuous dual of A}: (To, R).
Observe that IwGsng C E, thus DJ[(To, R) is naturally a left IWGszg -module.

Equip it with a trivial action by I'”, we can consequently consider the cohomology
groups (resp. compactly supported cohomology groups) H'(X1w(C), D] (To, R)) (resp.
H! (X1 (C), D: (To, R))) forany 0 < t < 2ng. The overconvergent parabolic cohomology
group is then defined to be

H! (X1 (C), D{(Ty, R)) := image (H. (X1 (C), D} (To, R)) - H'(X1(C), D{(To, R))) .

where the map is the natural map from the compactly supported cohomology group to the
cohomology group. In what follows, we will be considering the total overconvergent parabolic
cohomology group

HS o= &, HY\ (X1(C), D{(To, R)).

par,x

2.4 Hecke operators and the (reduced equidimensional) cuspidal eigenvariety

Let ¢ be a prime number that does not divide p N. We consider the set of double cosets
Y¢ i= ([GSpag (Ze) § GSpyy (Ze)] : 8 € GSpa (Q,) N Mag(Z)).
For any fixed §, we have the coset decomposition
GSpy,(Zy) 8 GSpy,(Zy) = Uj 8 GSpy,(Zy)

for finitely many §; € GSp,,(Qg) N M24(Zy). By letting §;’s act trivially on D} (Ty, R),
we have a left action of the double coset [Gszg (Zy) 6 Gszg (Z;)] on the cochain complex
Cg (resp. C; ) that computes the cohomology groups H "(Xw(C), Dz (To, R)) (resp. the
compactly supported cohomology groups H! (X1 (C), D} (Ty, R))) by

[GSpy, (Zg) 8 GSpy(Zy)] -0 =Y 80
j

for any o € Cg (resp. C ). Then the Hecke algebra at £ (over Z)) is defined to be T, =
TK’ZP = Z,[Y,]. Consequently, the unramified Hecke algebra is

T? = ®£pr T, .

We specify out a special element t¢ o = diag(1, £1,) € GSp,,(Qg) N M2, (Zy). For any
X € Weyleng »denote by 77", the Hecke operator defined by the double coset [GSp,, (Z¢) (x -
te.0) GSng (Zy)]. Following [15, §3], we define the Hecke polynomial at ¢ to be

Phecket(Y) := [ (¥ = T} e Tuly]. “
xeWeyl?
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One sees immediately that this is a polynomial of degree 28.
For Hecke operators at p, consider matrices

1, .
, i=0
( Plg)

Upi := Lo—i

pli l1<i<g-—1

’

pLi

pz]lgfi
For any (y,v) € Ty, write (y, v) = (y, vo) B for some B € B&g,o such that y €

Ugii .- Then, the left action of u, ; on Ty is defined by the formula

[m] O-1 m 0,—-1
up .(y’ 'U) = (u[),i Yo up’l- B up,l' Vo up,i )ﬂ7
where we write

R p.i
Up,i = ul
pii

On the other hand, we also have a coset decomposition of Iwc,sng up, Iwc,sng, given by
IWGsp,, Wp.i IWGsp,, = U; 8i,j IWasp,,

for some §;,; € GSp,y,(Q,) N M2g(Zp); in particular, §;, ; = A; ju,; for some };; €

IwGsng. Hence, we have the action

[IWGsng u, IWGsng] S0 = 23,',]‘ 0= Zli’j . (up,i -o)

for any o € Cp (resp. C¢, ). We denote by U, ; the Hecke operator defined by the double
coset [IWGszg up IWGsng]. Similarly, for any x € WeylGszg , we denote by U ;’ ; the Hecke
operator defined by the double coset [IWGSpz (x-upi) IWGS,p2 ], whose action is similarly
defined as above. Then, the Hecke algebra at p is defined to be T p=Tpz, =1 [U

0,1,...,g—1l,we Weylep2 ]. Consequently, the (universal) Hecke algebra is deﬁned
to be
T:=T"®z, T,
There is a special Hecke operator U, € T, defined to be
g1
Up =[] Up.
i=0

Combining the discussions in [16, §2.2] and [20, §3.2],3 the operator U, defines a compact
operator on C¢ (resp., C; ). Consequently, we consider the slope decomposition on C¢ (resp.,

3 Letus explain this implication in more details. In [16] the operator U, acts compactly on the chain complexes
that computes the homology groups with coefficients in A} (Tq, R) for any s € Z~ (. On the other hand, the
authors of [20] used a different formalism that allows them to deduce the compactness of the operator U,
on the cochain complexes that compute cohomology groups with coefficients in “D}.’. The modules D}, are

obtained by considering the completion on Rl[UGsp 1 with respect to an ‘r-norm’. Such a module is not

the module of s-locally analytic distributions considered in [16] and here. However, this difference disappears
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On adjoint Bloch-Kato Selmer groups for...

C? ) withrespect to the action of U ,, which allows us to consider the finite slope cohomology
groups (resp., compactly supported cohomology groups).

Let W = Spa(Zp[[TGLg,o]], Zp[[TGLg,()]])?]n be our weight space, where the superscript
‘e""” means that we are taking the analytic points of the adic space and the subscript ‘e’
means that we are considering the generic fibre of the adic space. The slope decomposition
on the cochain complexes C¢ then defines a Fredholm surface Z over W. As the natural
map C?, — Cg¢ is Hecke-equivariant, the finite-slope cohomology groups and finite-slope
compactly supported cohomology groups define finite-slope parabolic cohomology groups
Hyow 2" (see [35, §3.3]).

For any slope datum (¢, h) (see [16, §3.1]; in particular, &/ C W), denote by ki the
universal weight on U/ and define

TL‘;‘::Z := image <T — Endg,,w) (H;’Zha,))red 7
where the superscript ‘04" stands for the maximal reduced quotient of the corresponding
ring. The algebras T;ea‘i:ﬁ then glue together to a coherent sheaf of ¢ z-algebras, denoted

T ;‘fﬁ. The reduced cuspidal eigenvariety is then defined to be

g{)ed — Spaz(yred gred,O)’

par’> </ par

where the sheaf of integral elements .7 ffa‘i"’ is guaranteed by [20, Lemma A.3]. We finally

define the (reduced equidimensional) cuspidal eigenvariety
& := the equidimensional locus of Sf)ed
The natural map
wt: & —> W
is called the weight map.

Remark 2.2 If we work with the strict Iwahori level as in [35], then & is the reduced and
equidimensional part of the p # 0 locus of the cuspidal eigenvariety considered in loc. cit..
We focus on the reduced cuspidal eigenvariety due to later purposes on families of Galois
representations.

3 Families of Galois representations
In this section, we study families of Galois representations on the reduced equidimensional
cuspidal eigenvariety &. We shall first recall several formalisms about families of Galois

representations from [2]. Our main results concerning the Bloch—Kato conjecture are then
proven in Sect. 3.5.

3.1 Determinants and families of representations

In this subsection, we recall several terminologies for studying families of Galois represen-
tations. Most of the materials presented in this subsection are taken from [2].

Footnote 3 continued .

after taking limit, i.e., li(_mr Dy = DE (To, R). We should also caution the reader that the p-adic weight « and
R considered in [20] are well-chosen so that their formalism could be applied. We omitted this subtlety in the
above discussion just to provide an idea.
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Determinants. We briefly recall the notion of ‘determinants’ from [6] and refer the readers
to loc. cit. for more detailed discussions. We remark in the beginning that the notion of
determinants is used to strengthen the notion of ‘pseudocharacters’ first introduced by R.
Taylor in [31] and studied by other mathematicians. We also remark that determinants are
equivalent to pseudocharacters in characteristic 0.

Definition 3.1 Let A be a commutative ring and R be an A-algebra (not necessarily commu-
tative).

(i) For any A-module M, one can view M as a functor from the category of commutative
A-algebras to the category of sets, sending Bto M ®4 B. Let M, N be two A-modules.
Then an A-polynomial law between M and N is a natural transformation

M@ s B—> N®ayB

on the category of commutative A-algebras.

(i) Let P : M — N be an A-polynomial law and d € Z-o. We say P is homogeneous of
dimension 4 if for any commutative A-algebra B, any b € B and any x € M ®4 B,
we have P (bx) = b P(x).

(iii) Let P : R — A be an A-polynomial law. We say P is multiplicative if, for any
commutative A-algebra B, P(1) = 1 and P(xy) = P(x)P(y) forany x,y € R®4 B.

(iv) For d € Z-¢, a d-dimensional A-valued determinant on R is a multiplicative A-
polynomial law D : R — A which is homogeneous of dimension d.

Example 3.2 Let G be a group and A be any ring. Let p : G — GL4(A) be a representation
of dimension d. Then

D:A[G]—> A, G300 detp(o)

is an A-valued determinant of dimension d on A[G]. We also say that D is an A-valued
determinant of dimension d on G.

Theorem 3.3 ([6, Theorem A and Theorem B])
Let G be a group.

(1) Let k be an algebraically closed field and let D : k[G] — k be a determinant of
dimension d. Then, there exists a unique (up to isomorphism) semisimple representation
p : G — GL;4 (k) such that for any o € G, we have

det(1 + Xp(0)) = D(1 + Xo) € k[X].

In particular, det p = D.

(i) Let A be an henselian local ring with algebraically closed residue fieldk, D : A[G] — A
be a determinant of dimension d and let p be the semisimple representation attached to
D ®4 k in (i). Suppose p is irreducible, then there exists a unique (up to isomorphism)
representation p : G — GL4(A) such that

det(1+ Xp(o)) = D(1 + Xo) € A[X]
foranyo € G.
Refinements of crystalline representations. We recall the notion of ‘refinements’ of crys-
talline representations from [2, §2.4]. Let L be a finite extension of Q » and let V be an

n-dimensional L-representation of GalQp. Assume that V is crystalline. Also assume that
the crystalline Frobenius ¢ = ¢cis acting on D¢ (V) has all eigenvalues living in L*.

@ Springer



On adjoint Bloch-Kato Selmer groups for...

Definition 3.4 ([2, §2.4.1]) A refinement of V is the data of a full ¢-stable L-filtration
Fo:0=FogCF1 S CFy—1 S Fy = Deris(V).
Suppose F, is a refinement of V, one sees immediately that it determines two orderings:

(Ref 1) An ordering (¢i, ..., ¢,) of the eigenvalues of ¢ by the formula

1
det(X — glp,) = [ [(X —¢)).
j=1
Notice that if the ¢;’s are all distinct, then such an ordering of eigenvalues of ¢
conversely determines the refinement.
(Ref 2) An ordering (ay, ..., a,) of Hodge-Tate weights of V. More precisely, the jumps
of the Hodge filtration of D¢is(V) induced on F; are (ay, ..., a;).

Definition 3.5 ([2, Definition 2.4.5]) Suppose the Hodge-Tate weights a; < --- < a, of V
are all distinct. Let IF be a refinement of V and let Fil® Dis(V) be the Hodge filtration of
Dciis (V). We say F is non-critical if, for all 1 <i < n, we have

Deris (V) = Fi @ Fil“ ™! Degig (V).
Recall the Robba ring

Rp={f(X) =) t(X - 1)" € L[X] :

ieZ

f(X) converges on some annulus of C,,
of the formr(f) < |X —1| <1

Here the norm | - | is the p-adic norm on C,, with the normalisation |p| = 1/p. LetI' = Z;.
The theory of (¢, I')-modules yields an equivalence of categories between the category
finite-dimensional L-representations of Galq,, and the category of étale (¢, I')-modules over
RL (see, for example, [2, §2.2]). In particular, we have a (¢, I')-module Dy (V) over R
associated with V.

Proposition 3.6 ([2, Proposition 2.4.1 and Proposition 2.4.7]) Let Fy be a refinement of V.

(1) Then F, determines a unique filtration Filg Dyig(V) of length n, i.e., a triangulation
of Dyig(V). Consequently, Fo determines a unique collection of continuous characters
8i : @, — L™ via the isomorphism

Fil; Dyig(V)/ Fil; -1 Dyig (V) >~ R (8;)
given by [2, Proposition 2.3.1]. Here, the tuple § = (81, ..., 6,) is called the parameter

of V.

(i) Moreover, suppose the Hodge—Tate weight of V are all distincthy < --- < hy,. Then, F,
is non-critical if and only if the sequence Hodge—Tate weights (ay, . . ., a,) associated
with Fo in (Ref 2) is increasing, i.e., a; = h; foralli =1, ..., n.

Remark 3.7 The theory of (¢, I')-modules can be worked out for local artinian Q,-algebras
(see, for example, [2, §2]). Thus, it makes sense to consider the following deformation func-
tors. Let AR be the category of local artinian Q ,-algebras whose residue field is isomorphic
to L. Then, we define the (local) trianguline deformation functor

.@V,Fﬂ. Dy (V) AR — SETS,

Va = A"
A 1 (Va, pa, Filg Dyig(Va)) : pa: GalQp — GL(V4) @ GL,(A) st. pa@®@a L=V ¢/~
Fils Drig(Va) ®%,, Rr = Fily Dyig (V)
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We will also denote the above deformation functor by 2y , as the triangulation Fil, Dyig(V)
is uniquely determined by IF,. In fact, we will confuse the refinement IF with the triangulation
Fil, Dyig(V) in what follows.

Families of representations. Here, we collect some terminologies introduced in [2, §5] that
will be needed in the later subsections. Note that the terminology of ‘pseudocharacters’ is
used in op. cit. since the notion of ‘determinants’ was not yet discovered. In what follows,
we shall adapt everything with the notion of determinants.

Let G be a topological group with a continuous group homomorphism Galg, — G,
e.g., G = Galg with the natural inclusion GalQp < Galq. Therefore, any (continuous)
representation p of G induces a (continuous) representation of GalQp, denoted by ,0|Ga1Qp-

By a family of representations, we mean a datum (X, D), where X is a reduced sepa-
rated rigid analytic variety (viewed as an adic space) over Spa(Q,,Z,) and a continuous
determinant D : O x(X)[G] — O x(X). The dimension of this family is understood to be the
dimension of the determinant D, denoted by n. For any x € X, let k, be the residue field of
x, then we have the specialisation

Dly:G 2 0120 — k. (5)

Applying Theorem 3.3 (i), we see that Dy is nothing but the determinant of a (unique up to
isomorphism) continuous semisimple representation py : G — GL,, (k).

Definition 3.8 ([2, Definition 4.2.3]) A refined family of representations of dimension 7 is
adatum (X, D, Q,{a; :i =1,...,n},{F; :i =1,...,n}), where

(a) (X, D) is a family of representations of dimension 7,
(b) Q C Xis a Zariski dense subset,

(c) aj € Ox(X) is an analytic function fori =1, ..., n,
(d) F; € Ox(&) is an analytic function fori =1, ..., n,
such that

(i) For every x € X, the Hodge—Tate—Sen weights4 for Px|Ga1Qp are o1 (x), ..., o0, (X).
(ii) For each y € Q, the representation ,oy|GalQp is crystalline (so that ¢; (y)’s are integers)
and we have o1 (y) < -+ - < o, ().
(iii) For eachy € Q, the eigenvalues of the crystalline Frobenius ¢ on Dcris(py|Ga]Qp) are
distinct and are (p*' V) Fi(y), ..., p* O F,(y)).
(iv) For any C € Z-, define

ai+10) — ;@) > Cla; () —aj—1(y)) fori =2,...,n—1
@y —a(y) > C '
We request that Q¢ accumulates at any point of Q for any C. In other words, for any

y € Qand any C € Z-, there is a basis of affinoid neighbourhoods I of x such that
UN Q¢ is Zariski dense in U.

QCIZ{J’EQ:

(*) Foreachi =1, ..., n,there is a continuous character ZIX, — O x(X)* whose derivative
at 1 is the map «; and whose evaluation at any pointy € Q is the elevation to the o; (y)-th
power.

4 Here, the Hodge—Tate—Sen weight is defined to be the roots of the Sen polynomial (see, for example, [24,
Definition 2.24]).
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Let (X, D, Q,{o; :i=1,...,n},{F;:i =1,...,n}) be arefined family of dimension
n. We fix a pointy € Q. Then py, admits a natural refinement I} given by the ordering of
distinct eigenvalues

PUYFY), ..., p Y E ()

of the crystalline Frobenius acting on D5 (0y |Ga1Qp ) ([2, Definition 4.2.4]). We assume that
py is irreducible and it satisfies the following two conditions:

(REG) Therefinement[F, isregular,i.e.,foranyi = 1, ..., n, p1®+ T4 0 F (y)... Fi(y)
is an eigenvalue of the crystalline Frobenius ¢ acting on Desis (A Oy |Ga10p) of multi-
plicity one.

(NCR) The refinement I, is non-critical.

Since py is assumed to be irreducible, Theorem 3.3 (ii) implies that there is a unique contin-
uous representation

pxy: G — GLn(ﬁX,y)

such that pxy ®¢ 5, ky = py and so det py coincides with the composition G Ny x(X) —
O xy. Following [2, §4.4], we define a continuous character §y, : Q; — (ﬁ} y)" by setting

Sy(P) = (Fiy, ... Fay) and  Sylgx = (@ y. ... o), (6)
where F; y and «; y are the images of F; and o; in O v,y respectively.

Theorem 3.9 ([2, Theorem 4.4.1]) For any ideal 3 C Oxy of cofinite length, px,y ®6 x,
Oxy /3 is a trianguline deformation of (py, IFJ.)), i.e., it belongs to '@PylGalQ _Fy.(ﬁ;g,y /J)
P

(defined in Remark 3.7), whose parameter is 8, ® O,y [ J.

3.2 Galois representations for GSp,,

Given a dominant weight k = (ky, ..., kg) € Zio, recall the Gszg-representations

¢ is a polynomial function
Voot = 19 :GSP2(Q)) > Q, 1 $(¥ B) =k(B)6(») V(v B) € GSpy,
(Qp) X BGszg (Qp)
alg,Vv alg
VGsp,, « = Homq, (Vs 1 Qp)-
The representation Vél%pz « is equipped with a right GSp,, (Q))-action by the formula
o

y o) =90xy)
alg

alg,v . . .
for any ¢ € VGszg,k, y,y € GSp,,(Q)). Hence, VGszg’k is equipped with a left
Gszg (Q)-action and consequently induces a local system on both Xp,+(C) and X(C).
We abuse the notation and use the same symbol to denote such local system. In particular,
we can consider the parabolic cohomology group

Ha]g,tol o @?"%Ht (X(C), Valgﬁv ’k).

tame,par,k * = par Gszg
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Note that the double cosets [Gszg (Zp)(x -uap;) Gszg (Zp)] acts on H, alg.tol

tame, par,k for any
X € Weyleng. We denote by

Ttame ._ p ®z, Z, [[Gszg(Zp)(x “Up i) GSp2g(Zp)] :
i=0,1,...,g—1,x GWeylGszg]-

In particular, it makes sense to consider the Hecke polynomial PHecke,p(Y) at p in this case
and is defined as in (4).

Hypothesis 1 For any T'*™ eigenclass [u] € H & ; Ttame

tame, par,x With eigensystem Ay,

61,, there exists a (continuous) Galois representation
spin .
Pl . — _ spin —5
Pru) - Galg — GSpiny, | (Q,) —> GLge (Qp)
such that

(i) The representation py, is unramified outside pN and

char. poly (Frob) (Y) = Ay (Phecke.c (V) := [ (¥ = A (T))
xeWeyl?

for any £ 1 pN, where char. poly(Froby)(Y) stands for the characteristic polynomial of
the Frobenius at £ and Piecke,¢(Y) is the Hecke polynomial defined in (4). Moreover, the
coefficients of these two polynomials are algebraic integers over Q.

(ii) The representation py, |Ga1Qp is crystalline with Hodge-Tate weights6

/

/ / / 16
g_l,...,a2+a],...,ag+---+al ),

_ 1 ’o
(al,...,azg)_(O,ag,...,a],ag—i—a

where a] = (g + 1 —1i) + k;. Let ¢ = @5 be the crystalline Frobenius acting on
Deris (o[ |Ga1Qp ), we moreover have

char. poly(¢)(Y) = Apu)(PHecke, p(Y)),

where char. poly(¢)(X) is the characteristic polynomial of ¢ acting on Deris (op,] |Ga1Qp ),
and the coefficients of these two polynomials are algebraic integers over Q. We order the
eigenvalues of ¢ so they satisfy

@15 020) = Q1L P ooy Py 1 PAPRs s PP 15w P Py )

for some (¢}, ..., go;, +1)- The order of the later tuple is chosen similarly as the Hodge—
Tate weights. In particular, ¢, ..., 441 are divisible by ¢; and the 28 eigenvalues of ¢

depend only on ¢y, ..., @g11.

Remark 3.10 Recall that Spyq is the finite set of prime numbers which divides pN. Let
Galg,s,,, be the Galois group of the maximal extension of Q which is unramified outside Spad.
Therefore, the representation pj,] in Hypothesis 1 can be regarded as a Galois representation
of GalQ, g,,4-

5 We refer the readers to [14, Lecture 20] for the definition and properties of the representation spin :
GSpin2g+1 g Gng.

6 These numbers are all possibilities of sums of alf’s. The order is chosen so that if k = (kq,...,kg) =
(kg+g71,kg+g72 ..... kg),wehavea]<a2<--~<a2g.
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Remark 3.11 Evidently, Hypothesis 1 comes from Global Langlands Correspondence. We
comment briefly on this hypothesis.

(i) When g < 2, Hypothesis 1 (i) is well-known (see, for example, [34]). The work of
Kret and Shin [22] gave a positive answer to Hypothesis 1 (i) under some conditions on
the automorphic representations for general g. Although their result is not completely
unconditional, it suggests that Hypothesis 1 is reasonable to assume (but could be difficult
to prove in general).

(i) Hypothesis 1 (ii) is also well-studied when g < 2. In particular, Urban proved the case
for g = 2 in [33], result deduced from Scholl’s motive for modular forms [28]. For
general g, the property is expected if Hypothesis 2 below holds (see, for example, [27,
Theorem 2.1 and Corollary 2.2]).

By [22, Lemma 0.1] and under the assumption of Hypothesis 1, we know that given a
T"™™e-eigenclass [u] as above, py,) factors as
spin )
i . — _ spin — —
piu = GalQ, s,y — GSping,11(Q,) —> GS(Q,) — GL2:(Q)),
where

GOgs, if g(g +1)/2is even

GS = {Gszg, if g(g + 1)/2is odd

and the last arrow is nothing but the natural inclusion. Define

glye := the Lie algebra of GLyg¢ (61,), equipped with the induced adjoint
Galg,s,,4 -action by oy,
ad pp, := the Lie algebra ofGS(Q,,), equipped with the induced adjoint GalQ, sy,
-action by spin opFEl]"

spin |

ad p;,; = the Lie algebra of GSpiny, | (Gp), equipped with the induced adjoint

Galg, s,,4 -action by pFEi]n.
Then, the inclusions
GSpin,, ;1 (Q,) = GS(Q,) = GL2¢(Q,)
induces Galg, 5,4 -€quivariant inclusions
ad p[sﬁi]n < ad pru) <> gl
which then further induces inclusions of the Galois cohomology groups

H'(GalQ,s,,, ad pp)) <> H'(GalQ sy, ad pru)) > H' (GalQ, sy 8he)-

On the other hand, let sly¢ be the trace-zero part of gl,. and let

spin |

ad® ppy = ad ppuy Nshe  and  ad” pl)" == ad pF)" N sy
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Note that the decomposition glys = slbe @ gl; is Galg-equivariant, we thus have a commu-
tative diagram

H'(GalQ sy,4- ad pp)) > H'(GalQ,sy,- ad pruy) —— H'(GalQ,sy,y, 9lae)

] ] ;o

H'(GalQ sy, ad’ p)") —— H'(GalQ,sy,g- ad® ppu) — H'(GalQ, gy, 5l2¢)
where the arrows are all inclusions.

Under the assumption of Hypothesis 1, one obtains a 28 -dimensional Galois representation
for each eigenclass [u]. It is then a natural question to ask whether the attached Galois
representation admits an associated cuspidal automorphic representation of GLog . The answer
to this question is expected to be affirmative, which we state as the next hypothesis.
r]rlame

. alg,tol
-eigenclass [u] € H[ameypar,k,

there exists a finite real extension L C Q of Q with PlullGal, being irreducible and a generic
cuspidal automorphic representation 7} of GL2¢ (Ar), where A is the ring of adles of L,
such that

Hypothesis 2 (The potential spin functoriality) Given a

e 7y, is unramified outside the places above Spag and
o the Galois representation associated with [, is isomorphic to oy |Gal, -

Remark 3.12 We should remark that Kret and Shin verify the above hypothesis in [22, The-
orem C] under some stronger conditions than the ones they verify Hypothesis 1.

On the other hand, we also write

alg,tol | 2ng 4t alg,v
Hyey” 1= @2 Hyy (X1 (©). V5, 0)-

The forgetful map X1 (C) — X (C) then induces a morphism (see also (2) and (3))

. pralg,tol alg,tol

AP . Htame,par,k - Hpa_r,k . (8)

Observe that this morphism is T?-equivariant. Moreover, we have slope decomposition

on the latter space with respect to the action of U), since it is a finite-dimensional Q,,-vector
space. Thus, for each i € Q. (, we write

alg,tol,<h __ . alg,tol Ap alg,tol alg,tol, <h
Htame,par,k ‘= 1mage <Htame,par,k Hpar,k - Hpar,k ’

ale.tol. < i< the ‘< i’ part of H;irg’;:)l under the action of U,,. Thus, for any T*™-

par,k
. . Ig,tol [ . lg,tol, <h
eigenclass [u] in H;Iieopar ¢ its image in th[ieopar « can be decomposed as a sum of T-

eigenclasses. We call any of these factors a p-stabilisation of [u].
It is a natural question asking how the eigenvalues of a T**™M®-eigenclass interact with the
eigenvalues of its p-stabilisations. The following statement is due to Harron—Jorza.

where H

Proposition 3.13 ([17, Lemma 17])

Halg,tol,sh

(i) Let [] be a T -eigenclass with eigensystem Aj,) in oar k

. Then, there exist 28 g!
p-stabilisations [1]P), indexed by Weyleng.
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(i) Chose a bijection of sets ¢ : {1,2,...,28} = WeylH so that Ay (T;(i))) = @;, where

T;)(i)) is the Hecke operator defined by [Gszg(Zp)(L(i) “Upo) Gszg (Z )] acting on
alg,tol
tame, par, wt(x) i
P[u]-7 Denote by Lj = Ay (T;f’o)) and let [P be any of the p-stablisation of [ ] with

Hecke eigensystem )»Ei]) . Then, there exists a constant ¥ € Q (depending only on g) such

that, fori =1,...,g+1,

and @; is the i-th eigenvalue of the crystalline Frobenius associated with

8

] G103, T vy or 1=ay(;

}‘E;IZ(U;(IO)) _ pﬁ p (8+ 1))\1 (kj+]/)»])a Gy or 1=av(j)
Jj=1

where
o the index of [1]P) is (e, v) € Weylgsp,, = Zg X(Z/22)% and

L Gy =i
) = 0, otherwise ’

e the exponent depends on whether e(v(j)) =0or1 e Z /2Z.

3.3 Families of Galois representations on the cuspidal eigenvariety

The goal of this section is to construct families of Galois representations on a sublocus of
the cuspidal eigenvariety & under the assumption of Hypothesis 1.

For any dominant algebraic weight k € Zio, recall from [1, Theorem 6.4.1] that there is
hi € R such that for any 7 € Q. with i < hy, we have a canonical isomorphism

tol,<h ~ alg,tol, <h
Hpar,k - Hpar,k

We then define the p-stabilised classical locus of & to be the locus X! C &, containing
those x with the following conditions:

e wt(x) =k € Zio is a dominant algebraic weight;
e there exists 7 < hj such that x corresponds to a p-stabilisation of slope < h of a

-eigenclass [p] in H, alg. tol

tame
T tame, par,k’

e the Galois representation p[sﬁi]n attached to [u] (by Hypothesis 1) is irreducible.
Consequently, we define

56“ := the Zariski closure of X' in & .

Remark 3.14 We do not expect every classical point in & corresponds to an irreducible
Galois representation due to the endoscopy theory of automorphic forms. As we will be only
interested in classical points that correspond to irreducible Galois representations, we do not
lose information if we only consider 56“ .

Proposition 3.15 Assume the truthfulness of Hypothesis 1.

7 This can be done due to Hypothesis 1 (ii).
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(i) Foranyx € X, there is an associated Galois representation

spin .
P spin

px : Galg s,y 2 GSpiny,,(@,) —> GL2:(Q,)

that satisfies the properties in Hypothesis 1.
(i) There is a universal determinant

Det"™ : Galg, gy = & f(E5")
of dimension 28 such that, for any x € X the specialisation Det!niv e
(5)) coincides with det py.

(notation as in

Proof The first assertion is easy. Letx € A Tt corresponds to a p-stabilisation class [11]” €
HA2 L= g is, there is a T®™_eigenclass [u] € H, algtol - Guch that (l® is a p-

tame, par, k* . ; tame, par, k - .
stabilisation of [i«]. By Hypothesis 1, the class [u] is assomated with a Galois representation
with desired properties. Then, we define ot = ,o[sﬂlln and py := p[u)-

For the second assertion, we follow the proof of [5, Proposition 7.1.1] (see also [6, Example
2.32]). Consider the morphism

P : ﬁ;o &= T[] Co fro (F@)eera-
xexd
Equipped [ [, 4t C,, with the product topology, one sees that & is continuous. We claim that

dD(ﬁ;rbn (€i)) is homeomorphic to ﬁ;o" (i) and is closed in [Licaet Cp- Indeed, since A

is Zariski dense in the reduced space E, the map ® is injective. Apply [20, Corollary 5.4.4],
we know that ﬁ;gr (&") is compact and so <I>(ﬁ;gr (&) is closed in [, o1 Cp.

On the other hand, we have a continuous map
Det : Galg,s,,y — l_[ Cp, o (det px(0)),cpel-
xex

One checks easily that Det is a determinant of dimension 28, in fact, the determinant of
a representation Galg — GLas ([ ], 1t Cp). Hypothesis 1 and image ® being closed in
[ L caet Cp imply that image Det C image ®. Hence, we define

DetuniV = @71 oDet : GalQ,Sbad - ﬁ;rr( lorr)
0

Since @ is injective and Det is a determinant of dimension 2¢, Det""" is as desired. O

Theorem 3.16 There exists a subset X&l c X which is Zariski dense in 5})“, 28 analytic
functions ay, ..., ax € ﬁgiorr (Eiorr) and 28 analytic functions Fy, ..., Fs € ﬁggr (é’gr) such
that

(E. Det™™ A oy 1i=1,..., 28}, {Fy:i=1,...,28))
is a refined family of Galois representations.

Proof For any p-adic weight k¥ = (x1, ..., k), define an ordering of functions on Z; via

. / / / / / / / / /
(a1, ...,008) := (O,(xg,...,al,ozg+ag71,...,(xg+otl,ot871+0{872,...,a2

/ / /
oy, g+ ),
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where o] = (g + 1 — i) + «; is the character a — «; (a)ast'~ for every a Z;. We can
view «’s as functions on Eio" by composing with the weight map wt. Obviously from this
definition, for any x € A°!, the functions o ;’s provide an ordering of the Hodge—Tate weight
of py in Hypothesis 1 (iii).
Define
O=0a1(x) <aa(x) < - <ax)
)(g := dx € & . eigenvalues of the crystalline Frobenius acting on
Deris (0xlGalg,, ) are distinct

Observe that /Y% is Zariski dense in Sgr since X! is Zariski dense in Sgr and the first condition
defining 2‘(291 is an open condition on weights while the second condition is an open condition
on Siorr. ‘We claim that /\fg satisfies condition (iv) in Definition 3.8. That is, for any C € Z.,
we have to show that the set

aip1(x) —ai(x) > Cloj(x) —aj—1(x)) fori =2,...,28 — 1 }

1 1.
Yoo = {" €0 ) — i) > C

satisfies that, for any basis of affinoid neighbourhoods V of x, VN Xg,c is Zariski dense in
V. However, this follows from that the condition defining X%,c is an open condition on the
weights.

Now, for any x € Ad, the associated representation py is crystalline at p. Let
@1(x), ..., 0 (x) be eigenvalues of the crystalline Frobenius ¢ = ¢cis acting on
Dcris(,oxIGalQp ). The order of the eigenvalues ¢;’s is defined so that it defines a non-critical
refinement on py. This is achievable by applying Proposition 3.6 (ii). Define

Fi(x) = @i (x)/p*® € Cp.

We claim that the collection {(F; (x));—1

yaees

28 }xeg% glue to 28 analytic functions (F1, . .., Faz)

in ﬁ(g/‘gr (EB"). Let A, : T@me 61, be the eigensystem corresponds to x. Consider

p? p*i F; := image of the operator U'") in O gin ( iy,

p.0
where
(K{,...,Kég) =0,kg,...,K1,Kg +Kg_1,...,Kg+Kl,Kg_1+Kg2,...,Kk2
K1, e Kg kD)
and (k1, ..., kg) = wtis the weight map. Then, Hypothesis 1 (ii) and Proposition 3.13 imply
the desired result (see also [2, Proposition 7.5.13]). ]

Remark 3.17 Recall that we have ordered the eigenvalues of the crystalline Frobenius ¢ so
that they satisfy

((pl,...,gozg)=<p1(1,(pé,...,(pé+1,(pé<p§,...,(péwéH,...,(p£~--<p;,+1).

On the other hand, recall that Weyl? is a set of representatives of Weyl a\ Wf:ylGSng , where
Weyly >~ X. Observe that diag(1,, plg) is stable under the action of X, thus the action
of Weyl” on T, o only depends on the action of (Z /2 Z)¢. Combining everything together,
we have the relation

(F1,...,Fx) = Fl(l,Fz’,...,Fg’H,F2’F3/,...,FéFé+1,...,F2’-«-Fé+l).

In particular, F, ..., Fgy1 are divisible by F7.
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3.4 Local and global Galois deformations

We keep the notations in the previous subsection. Fixx € )c% withwt(x) =k = (ky, ..., kg)
and we write

;pi" . — spin —
px : Galg 2~ GSpin,,,;(Q,) —> GL2¢(Q,)
for the Galois representation attached to x, given by Proposition 3.15. We fix a large enough
finite field extension ky of Q,, such that ky contains the residue field at x and o™ takes
values in GSpin2g 1 1(ky). We also assume that k, contains all eigenvalues of the Frobenii.

Let now AR be the category of local artinian k,-algebras whose residue field is k.. We
denote by F} the refinement of ,0x|Ga1Qp induced by the refined family defined in Theorem
3.16. We also denote by § = (81, . .., d2¢) the parameter attached to the triangulation asso-
ciated with F¥. Notice that the relation of the eigenvalues of crystalline Frobenius and the
Hodge-Tate weight implies that the parameter § satisfies

81,...,60) = 51(1,65,...,8(’%1,838_@,,
...,8;8;,“,...,8§-~-8;,+1)
for some continuous characters 8&, o 5;3+1 such that §; = (Slélf foralli=2,...,g+ 1.

Local Galois deformations at p. We shall consider two deformation problems at p:

(i) The deformation problem

oSpin
jx’F,:’p : AR — SETS,

sending each A € AR to the isomorphism classes of representations pf_\pm : GalQp —
GSpinzg 11(A) with a triangulation Filq Dyjg (spin o pzpm) such that

spin .~ .spin X
® Py ®aky > px |GalQP,

. spin . . spin .
e (spin o,oAp , Filg Dyig (spin o,oAp ) € @pxIGalQ JF(A)andwrite 4 = (84,1, .-, 342¢)
P
for the associated parameter;
e the parameter &4 satisfies
! / / / / /
(a1,.-.,0642¢) =6841(1, 8/4,2’ R 8,,4,g+l’ A,28A,3» R 8A,28A,g+1’ A,35f4,4’ R
/ / / /
SA,g(SA,g+1’ ""(SA,Z...SA,g—‘rl)
s I / .
for some continuous characters ‘SA,Z’ R 8A’g+1,

e detspinop}" = det py |Galg,

(i) The deformation problem

spin |
@x’f’p : AR — SETS,

sending each A € AR to the isomorphism classes of representations pf_\pin : GalQp —
GSpiny, | (A) such that
spin

.~ .spin .
® Py ®ake=px IGalg,

@ Springer



On adjoint Bloch-Kato Selmer groups for...

o the (¢, I')-module Dy;g (spin op ) is crystalline in the sense of [2, Definition 2.2.10]
whose eigenvalues (@41, ..., ¢a,2¢) of the crystalline Frobenius satisfy

( ) = a / ’ / / / /
PA L - PA28) = PAIUL Qg5 oo s Py o1 PAa2PAZ - PAgPA g+
/ /
< Panc "‘PA,g_H),

order chosen the same as for ¢;’s;
. spin __
e detspinop, = det oy |Ga10p

Consider
— ker (H (Galg, . ad” pi™™) — H'(Galg, . ad® o @y, Bms)> ,
where Bs is Fontaine’s ring of crystalline periods. It is well-known that L’p defines the
tangent space of the crystalline deformation problem for p;"" with fixed determinant. Con-
sequently, the tangent space @x 7, p(kx [¢]), where ¢ is a variable such that s2 = 0, of Qip? »
defines a subspace of L;,. Thus, we define

= 7P} (kele]) C L), ©)

Local Galois deformations at N . For any £|N, we consider the following deformation prob-
lem

95"”’ AR — SETS

sending each A € AR to the isomorphism classes of representations ,ozp o Galg, —
GSpin,, ;| (A) such that

spin .~ -spin A

® Py ®aky > px |GalQe,
spin ~ -spin

® Oy |1g — px |1(3 ®kx A

e detspinop}{" = det py |Galg,
Here, Iy C Galg, denotes the inertia subgroup. Then, one sees that the tangent space

Do (kxl€]) of Dy ¢ is a kyx-subspace of H ! (Galg,, ad® p;pin). We consequently define
Ly == Dy o(kele]) C H'(Galg,, ad® pi™™). (10)
We learnt the following lemma from P. Allen.
Lemma 3.18 Under the assumption of Hypothesis 2, we have
L¢ = H'(Galg,, ad® p™).
Proof Let
(Galg,, ad® py"™) := ker (H (Galg,, ad® piP™) — H'(I;, ad" SP”‘))

unr
By definition, we see that H!,.(Galg,, ad’ Spln) C Ly. Thus, it is enough to show that
H/ (Galg,, ad’ pi™) = H'(Galg,, ad® pi*™).

First of all, observe that

| (Galg,, ad® pi™) = H'(Galg, /I, (ad® piP™)'t)

unr
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by definition. Note that Galg, /Iy =~ Z. Hence, one deduces from the discussion in [29,
Chapter XIII, §1] that

dimy, HY(Galg,, ad® pyP™) = dimy, H' (Galg, /1I¢, (ad® pgP™)')
= dimy, H(Galg, /I, (ad® p{"™)¢)
= dimy, H%(Galg,, ad® pi™").
By applying the local Euler characteristic, the desired equation will follow once we show
H?(Galg,, ad’ piP™) = 0.
By Tate duality, it is equivalent to show

H'(Galg,, ad® pP™ (1)) = 0.

Let L be the real extension of Q as in Hypothesis 2, we claim that for any place v in L
sitting above ¢, we have

HO(Galy,, ad’ piP™ (1)) = 0,

where Gal;,, = Gal (6,5 /L) is the absolute Galois group of L,. However, under the assump-
tion of Hypothesis 2, the desired vanishing follows from [4, Lemma 1.3.2] and the discussion
around (7).

Finally, observe that the restriction map
Res : H(Galg,, ad o™ (1)) — H(Galy,, ad’ o™ (1))
is an injection since ky is of characteristic zero so that
Corres o Res = multiplication by [L, : Q]

is an injection. The assertion then follows. O

Global Galois deformations. Consider the following two global deformation functors:

(i) The deformation problem

7P : AR — SETS,

sending each A € AR to isomorphism classes of representations p:pm 1 GalQ gy —

GSpiny, 1 (A) and triangulation Fil, Dyig(spin opPn |Galg, ) such that

spm spin

®A kx 2 /Ox
det spin op A = det px
(spin 0P Galg, » File Drig(spin 0p4lcalg, ) € @;";;L (A)

oy |GalQl € @Sp"(A) for £ € Spag

(i) The deformation problem

QSpm AR — SETS,

sending each A € AR to isomorphism classes of representations ,ozpm : GalQ,spy —
GSpin,, | (A) such that
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sp ®kx kx ~ psp n
° det spinopy = det px

P " laag, € 77 ,(A)
o 0" IGalg, € 74 (A) for € € Spag.

Lemma 3.19 Keep the above notations.
(1) The deformation problems .@ip];l and 9;')? are pro-representable. Denote by R;"I}‘,’, and

R”“}V the complete noetherian local rings that represent these two deformation functors

respectively.
(ii) Suppose I, is non-critical, then 2 Spin f is a subfunctor of @wm
Proof Since p, is absolutely irreducible, the first assertion follows from standard Galois
deformation theory (see, for example, [23, §4] and [19, Proposition 3.7 & Proposition 3.8]).
The second assertion is an immediate consequence of [2, Proposition 2.5.8]. Notice that our
deformation problems are slightly different from the ones considered in op. cit. and [19].
In fact, one sees easily that our deformation problems are subfunctors of the deformation
problems considered therein. Their results imply ours since spin : GSpin,,,; — GLos
is a closed immersion, the conditions we required on the relations of the parameters and
the fixed determinant of the deformations are closed conditions and they are stable under
isomorphisms, i.e., they satisfy the definition of ‘deformation problems’ (see, for example,
[23, Definition 4.1]). O

The Bloch—Kato Selmer group associated with ad® p;’" " i3 defined to be

Res 1_[ H'(Galg,, ad’ p. SPin)

H} (Q, ad’ P;pin) :=ker | H' (GalQ, spaq> ad” Spm) L,

£€Sbad U{p)}
an
where L, are as defined in (9) and ( lO)
Proposition 3.20 The tangent space 9 f (kx[s Dof 2 f can naturally be identified with

the Bloch—Kato Selmer group H (Q ad0 qu).

Proof This is follows from standard Galois deformation theory (see, for example, [19, Propo-
sition 3.7]) and the definition of L, and L¢ (see (9) and (10)). O

3.5 The adjoint Bloch-Kato Selmer groups

We keep the notations and assumptions in the previous subsection. We further assume the
following

o the refinement F¥ of p, satisfies (REG) and (NCR);?
e the representation plea]Qp is not isomorphic to its twist by the p-adic cyclotomic char-
acter.

Lemma 3.21 Denote by T, = /@\’go,x the completed local ring at x. Then, for any ideal of
cofinite length J C Ty there exists a Galois representation

o3 : Galg g4 = GL2s(Ty /J)

such that

8 In fact, the condition (NCR) is already satisfied by the definition of X%
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(i) p3 ®T, kx = px
() 31culg, € 7 prcuq, 2.0 (T /D

Proof The first assertion is a consequence of Theorem 3.3. The second assertion is a conse-
quence of Theorem 3.9. O

Hypothesis 3 Consider the Galois representation py in Lemma 3.21 for any ideal of cofinite
length J C Ty. We assume

(i) The Galois representation py factors as
spin .
P3 . spin
o3 1 GalQ, g,y — GSplnng (Ty /JT) —> GL2s(Ty / J).

.. . s spin ~,Spin ~
(i) The Galois representation p |Ga10p € Qx,Ff,p(Tx /7).

(iii) The tame level structure I"(?) implies that the Galois representation ,o;pm satisfies

Py " |Galg, € 7oy (Tx /J)

for any ¢|N.

Remark 3.22 'We remark that the above hypothesis is safe to assume:

(i) The first two conditions are natural. When g = 1, the conditions are trivial. When
g = 2, GSpins is isomorphic to GSp,. In this case, the proof of [15, Lemma 4.3.3]
implies the conditions.

(i1) Roughly speaking, the third condition in the hypothesis means that the level structure
on the automorphic side determines the ramification type on the Galois side. This
condition is inspired by the Taylor—Wiles method. When g = 1, the classical example
is the work of R. Taylor and A. Wiles in [32]. In loc. cit., they showed that if one
considers the Hecke algebra on the space of weight-2 modular forms of a certain level,
then the Galois representation with coefficients in the local Hecke algebra satisfies
certain Galois deformation problem. For higher-rank groups, one sees, for example,
such a relation in [15, §4.3] for GSp, and [7, §3.4] for GL, over CM fields.

Lemma 3.23 Denote by Ryy(x) the complete local ring at wt(x) and so we have a natural
homomorphism Rutx) — @, — kx, where the first map is given by quotienting the maximal
ideal and the second map is the natural inclusion. Then, R;nmif; admits an action of Ryy(x)
and

univ __ puniv
Rx,IF’.‘ ® Ryngr) ky = X, f*

Proof Let us first explain the action of Ryx) on R;‘“;F‘;. For any A € AR, observe that we

have a natural morphism

7 ps (A) = Home(ToL,.1. A™),

spin

P (B gr) 2 = 8 Gh) g — (€ = D 832 g = D

Under this map, the image of py" i exactly k = (ki, ..., kg) by (6). Consequently, there is
a natural morphism

Zy[ToL, 1 — Ry,
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which factors through Ry (x).

Since the refinement F? satisfies (REG), together with the relation of parameters and the
condition of fixed determinant, the desired isomorphism follows from the constant weight
lemma ([2, Proposition 2.5.4]), i.e., the crystalline deformations of py are of constant Hodge—
Tate weight, of which being the same as py. O

Lemma 3.24 Denote by H, x (Q, ad® Spln) the tangent space _@x H;}f e)) of QSpm We have
an exact sequence

0— H(Q.ad oy g x(Q ad® o3Py — kS,

Proof Following [2, Proposition 7.6.4], we expect an exact sequence
0— H{Q,ad’ i) > HL(Q, ad® o) — k2.
The first map is clear while the second map is defined as follows. For any A € AR, we have
FPe(A) > Homas(Qy, AV, pa > (a1, 84.20),
Composing with the derivative at 1, we obtain a morphism
spln (A) _ Azg
That is, we obtain
3 @*""‘ -G
p
The second map is then defined to be 9 (kx[¢]). Lemma 3.23 shows that H (Q ad® spm) =
ker 0 (ke[£]).

Recall that the local condition of 7 Spin P at p requires a relation of the parameters and a

fixed determinant. Thus, the image of 8(k [.9]) lies in a subspace of dimension g, depending
only on the continuous characters &’ A2 8;‘ g+l O
Proposition 3.25 Retain the notation in Lemma 3.21 and assume Hypothesis 3 holds.

(i) There exists a canonical ring homomorphism R‘"“Y, — Ty.

(ii) If the adjoint Bloch—Kato Selmer group H , ado

map in (1) is an isomorphism Run“’ ~ Ty (an ‘infinitesimal R = T theorem’).

gpm) vanishes, then the canonical

Proof By Lemma 3.21 and Hypothesis 3, for any ideal J C T of cofinite length, there is a
canonical ring homomorphism

RIS — Ty /3.

This ring homomorphism is surjective due to the fact that the characteristic polynomials
of the Frobenii under p5 are given by the Hecke polynomials. Consequently, one obtains a
canonical morphism

univ _ .
Rip — T, = l(gl Ty/J
J : cofinite length

with dense image. Since Runlv is complete, the canonical morphism R“m‘; — T, issurjective.
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Finally, if H +(Q, ad® pSP™) vanishes, then the exact sequence in Lemma 3.24 implies that
dimy, H, x(Q ad® Spln) <g.

Since R“mV is a local noetherian ring, its Krull dimension is bounded by the dimension of its
tangent space ([30, Section 00KD]), i.e., dim Rumv < g. Moreover, we also know from loc.

cit. that the equality holds if and only if Runlv 1s regular However, since & is equidimensional
and finite over WV, we know that dim T, = dimW = g. Therefore,

g > dim RV > dim Ty = ¢

and R“m‘; is regular of dimension g. To conclude the proof, suppose a = ker(RumJr — Ty)

is non-zero and so we can identify Ty with R”““’ / a. Since Rumv is a regular local ring, it is
a domain ([30, Lemma OONP]). We then obtam a contradlctlon

g = dim R”m‘,ﬁ > dim R“m"/ a=dimT, = g.

[m}

Due to the nice property stated in Proposition 3.25, we will from now on assume the
truthfulness of Hypothesis 3.

Corollary 3.26 Suppose Hypothesis 1, Hypothesis 2, and Hypothesis 3 hold. Assume the
following also hold:

o The cuspidal automorphic representation my of GLas(AL) associated with py as in
Hypothesis 2 is regular algebraic and polarised (see, for example, [4, §2.1]).
e The image px(GalL((poo)) is enormous (see [25, Definition 2.27]).

Then

(i) H! 1@, ad® o) = 0; and
(ii) R;""V ~ T,.

Proof By the discussion around (7), we have

H}(Q. ad oM ¢ H(Q. ad’ py).

However, the latter space vanishes by [25, Theorem 5.3] and so we conclude by Proposition
3.25. O

We conclude this paper with another situation when one can also deduce the vanishing of
the adjoint Bloch—Kato Selmer group.

Corollary 3.27 Suppose Hypothesis 1 and Hypothesis 3 hold. Suppose the weight map is étale
at x and suppose the canonical morphism R“m‘,’r — Ty is an isomorphism. Then,

H}(Q. ad" oPiny — 0,
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Proof Observe the following sequence of isomorphisms

QT,\: /Rwl(x) ®Tx kx — QRumv /Ry ®R§"l;3§ kx

wt(x)

~ Ol _ puniv
QRunlv /Rw|(x) ®R;m1v ®Rum\ k

~ 1 univ .
QRumv /R [(x)®R;lmv R Fx ®th(x) k ®R;ln}v kx

~ 1
QRumv Qr

ky @ puniv k
xF"/RWl(X) * R:fl}v *

wt(x)

= QRunlv /k ®R;?}V kx-
Here, the first isomorphism follows from the assumption R”m" ~ Ty and the third and the
final isomorphism follows from Lemma 3.23. Therefore, we have

dlmkx Hf (Q ado qpm) = dlmkx Homkx (QRum\//k ®R;“}V ka kx)

= dimy, Homy, (QTx/R ®T, ks kx)

wt(x)
— d; 1
= dimy, Q, JRuio) T, kx

1
< lengthy, Qp /-

However, since the weight map is étale at x, lengthp, Qﬁ]l‘x Ry = 0. We then conclude the
wit(x
result. O

Remark 3.28 Suppose we are now working with the strict Iwahori level Siegel modular variety
and suppose the p-adic adjoint L-function L% in [35] is defined at x. Suppose we are also
in the situation of Corollary 3.27. Then, by [35, Theorem 4.3.5], we then have

ordy L = 0 = dimy, H}(Q, ad® p,™™).

Such a relation then (conjecturally) justifies the name of L%, More generally, in light of the
Bloch—Kato conjecture (Conjecture 1), we expect that, if x is a smooth point,

ord, L = dimy, Hf(Q ad® pPm).

In particular, since H }.(Q, ad® p;M") is expected to vanish, it seems fair to expect that, if x

is a smooth point with small slope and at which L% is defined, the weight map is étale at x.
When g = 1, this is [3, Theorem 2.16].

3.6 Appendix: Examples

In our main result (Corollary 3.26), many assumptions are made. The purpose of this appendix
is to provide examples as evidence that we did not make vacuum assumptions. For the
convenience of the readers, we recall the suppositions:

e The point x € & corresponds to a p-stabilisation of an eigenclass of tame level.
e Hypothesis 1 holds. In particular, one can attach a GSpin,, -valued Galois rep-
resentation py’ to x, which is crystalline when restricting to GalQP. And we let

spin

px = spinopy
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e Hypothesis 2 holds, i.e., the potential spin functoriality holds. Moreover, the cuspidal
automorphic representation iy of GL2¢ (A ) is regular algebraic and polarised.

e Hypothesis 3 holds, i.e., the Galois representation valued in the Hecke algebra satisfies
the desired deformation conditions.

e The restriction px|Ga1Qp admits a refinement F% that satisfies (REG) and (NCR).

e The restriction py |Ga1Qp is not isomorphic to its twist by the p-adic cyclotomic character.

e The image p,(Gal L(;,,oo)) is enormous.

In what follows, we discuss examples for g = 1, 2. In these cases, Hypothesis 1 is well-
understood by mathematicians (see Remark 3.11) and so we will skip the discussions. Note
also that Hypothesis 2 is trivial when g = 1.

Example 3.29 Our first example concerns ¢ = 1 and suppose x corresponds to a p-
stabilisation of a weight-k normalised newform f =", _,anq" of level I'(N) with p { N
and p > k > 2. We assume that f is not a CM form. The Hecke polynomial of f at p is
given by

Y% —a,Y + pFl.

We assume that the two roots «, S are distinct.
In this case, by the result in [12], we know that the associated Galois representation

px = py : Galg — GL2(Q))

of f isirreducible and of Hodge—Tate weight (0, k—1) at p. Moreover, p |Ga1Qp is crystalline
by [28, Theorem 1.2.4].

Let’s now check the conditions imposed on p . First of all, it is easy to see that p s |Ga1Qp
is not isomorphic to its twist by the p-adic cyclotomic character. Moreover, since p ¢|Galg,
is a 2-dimensional crystalline representation, it satisfies (NCR) by [2, Remark2.4.6]. To
check (REG), note that the characteristic polynomial of the crystalline Frobenius ¢ is equal
to the Hecke polynomial at p ( [28, Theorem 1.2.4]). Since o # B, « and o = p*~! are
eigenvalues of the crystalline Frobenii on Deis (0 ¢ |Ga]QI7 ) and Dy (A2 of |GalQp ) respectively
with multiplicity one. Finally, combining the result in [25, Example 2.3.4] and [26], we know
that pr(GalQ(,~)) is enormous.

It remains to check Hypothesis 3. The first point in Hypothesis 3 is trivial. Additionally,
the second point follows from that the Galois representations of finite-slope overconvergent
eigenforms are triangulline ([21, Theorem 6.3] and [8, Proposition 4.3]). Finally, by the
discussions in [10, §3.2], we know that the deformation valued in the Hecke algebra is
minimally ramified at £| N and hence the last point in Hypothesis 3. O

Example 3.30 In this example, we let g = 2 and suppose x corresponds to a p-stabilisation of
a discrete series cuspidal automorphic representation 7gsp, of GSp4(Aq) which is spherical
at p and of cohomological weight k = (ki, k2) with k; > k> > 0. We assume wgsp, is
neither CAP nor endoscopic.

In this case, the Galois representation

P = Prgsy, - Galg — GSpins (k) =~ GSpy (ky)
associated to mwgsp, is irreducible, where ky is a large enough finite extension of Q I The
Hodge-Tate weight of Prgsp, |Ga1Qp 18 (0, ko +1, k1 +2, k1 + k> + 3). Moreover, Prgsp, |Ga1Qp
is crystalline and its characteristic polynomial of the crystalline Frobenius coincides with the
Hecke polynomial at p. We impose the following assumptions on the Galois representation

Prgsp, *
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e We assume that the Hecke polynomial at p is decomposed as

Phecke.p = (Y —a)(Y = B)(¥ —y)(Y —9)

with distinct roots «, §, y, 6. Note that all the roots are of Weil weight k1 + k> — 3 ([34,
Theorem 1]).

o Let Spag be the finite set, consisting of primes at which 7gsp, is not spherical.9 We assume
that if £ € Spaq, then the restriction of the residual representation EFGSM |7, is absolutely

irreducible and p { £!2 — 1.

Note that the spin representation spin : GSpins — GL4 is nothing but the natural embed-
ding of GSp, < GL4. Following the discussion in [11, §2], we know that there is a cuspidal
automorphic representation ngr,, of GL4(Aq), which is regular algebraic and polarised,lo
such that the associated Galois representation 7, is

Prgs, — =
pr = pray, : Galg —> GSp,4(Q,) — GL4(Q,)).

Let’s now check the conditions on pr, . First of all, one sees that pr, |Galg, is not
isomorphic to its twist by the p-adic cyclotomic character by comparing the Hodge—Tate
weights on both sides. Next, since 0 < k> + 1 < k1 + 2 < k1 + kp + 3, we can apply [2,
Proposition 2.4.7] and know that (NCR) is satisfied. Moreover, since «, 8, y, § are distinct
but with the same Weil weight, we see that (REG) is also satisfied.

We show that P, (GalQ@pm)) is enormous. First, note that if the Zariski closure of
P, (GalQ(;go)) in GL4 contains Spy, then it is enormous by [25, Lemma 2.33]. Using the
strategy in [op. cit, Example 2.34], itis enough to show that the Zariski closure of p, , (Galg)
in GL4 contains Sp4. However, since 7Gsp, is neither CAP nor endoscopic, the desired result
follows from the discussion in [18, §9.3.4].

Finally, we check Hypothesis 3. The first point holds by the argument of [15, Lemma
4.3.3]. The second point holds due to the fact that the Galois representations of finite-slope
overconvergent Siegel modular forms of genus 2 are triangulline ( [9, Theorem 13.3]). For
the third point, we first remark that, by [15, Lemma 4.3.6], Prcsp, (Iy) = P, (Iy) is finite
of order prime to p. Hence, we can verify Hypothesis 3 (iii) by the following lemma:

Lemma3.31 Let A € AR and let ps : Galg — GSpy(A) be a representation such that
A R4 ky =~ Prcsp,- Then, for £ € Svad, pa(lp) is finite of order prime to p. In particular,
we have

pAle) = prgsy, (Te)-

Proof The proof of this lemma is basically [15, Lemma 4.3.3].

Note first that ker(GSp,(A) — GSpy(ky)) is a locally pro-p group. Hence, it suffices to
show that p4 (I;) is finite of order prime to p.

To show this, we make a further reduction. Let /, @(Z) be the pro-£ Sylow subgroup of /,. That
is, 1 ée) is the Galois group of the maximal tamely ramified extension Q™ of Q,. Since / Z(Z)
is pro-£ and GSp, (A) is locally pro- p, the image pa (I[(g)) is finite. Let F be the finite Galois

extension of Qtzame defined by ker pa| ;- Then, there exists a finite Galois extension F of
14

Q;"™ such that F=F Q;“me. Moreover, if welet Ir ¢ := Gal(@e/F) and Il(f)[ = ker pa |I(1,),
’ 14
then

9 Note the different definitions of Spad here and the main body of the paper.

10 The terminology ‘polarised’ is called ‘essentially self-dual’ in op. cit..
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4 4
L/1 > Ip o1},

and so it suffice to show know that p4 (I ¢) is finite, providing p4| 1O being trivial.
F.t
Recall that

I/ 110, = 1/ 10 ~ T 24 (.
q#t

Therefore, via the isomorphisms above, we only need to show p4(Z (1)) is trivial. We prove
this in the following two steps:

Let& € Z,(1) be a topological generator. We first claim that p4 (§) is unipotent. Suppose
pA(£) is not unipotent, then it would admit an eigenvalue € # 1. By conjugating with the

pa(Froby), we see that p4 (€) and p4 (£¢) have same eigenvalues. By iterating such a process,

we learn that {e, €?, 652, €K3} is a subset of eigenvalues of p4 (§) while (et 6‘52, 683, 684} isa

subset of eigenvalues of py (£%). Comparing these two sets, one deduces the identity
12

e=¢€"".

In particular, € is a root of unity. On the other hand, since £ is a topological generator of the
pro-p group, € can only be a p-power root of unity. Thus, we have

plet? —1,

which contradicts to the assumption that p { £12 — 1.

Finally, we claim that p4(§) = 1. If pa(§) # 1, then it would fix a subspace V of
A%, which is stable under the action of Iy. On the other hand, since ﬁnosm |1, is irreducible,
Prcsp, |1, is irreducible and so is pa |y, . The existence of V' then contradicts the irreducibility.

O
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