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Abstract

We investigate norms of spectral projectors on thin spherical shells for the Laplacian
on generic tori, including generic rectangular tori. We state a conjecture and partially
prove it, improving on previous results concerning arbitrary tori.
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1 Introduction

1.1 Boundedness of spectral projectors on Riemannian manifolds

Given a Riemannian manifold M with Laplace-Beltrami operator A, and given some

A>1land0 <§ < 1, let

X
PA,5:P)L,5:

VN=A—A
)

3

(1.1)

where x is a cutoff function taking values in [0, 1] supported in [—1, 1], and equal
to 1 on [—%, %]. This definition is understood through the functional calculus for the
Laplace-Beltrami operator, which is a self-adjoint operator on (complete) Riemannian

manifolds.
A general question is to estimate

1P sll2mrr,  where p €2, 0],

the exact choice of x being immaterial'.

The answer to this question is known in the case of the Euclidean space: define

_20d+1)
psT = d—1

Then by Stein-Tomas [20, 21] we have

Ao (P)/251/2

P ~ d=1(1_1\ @+ (1
| Prsliz2 e }LTI(E_F)S%(

, o(p)=d

7=

2d
-
p
if p > psr,

1
”) if2 < p < psr,

(1.2)

Lt x and ¥ are two cutoff functions, then ”P)i(,(S”LzaLI’ < ”P}]fjﬁlleeLl’ + ”P;,ljfﬁ,ﬁ”l‘Z*)Ll’ +

v
1P sl 2 pp-
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Bounds for spectral projectors on generic tori

where we write A ~ B if the two quantities A and B are such that %A < B < CA, for
a constant C which depends only on the d. The answer is again known in the case of
compact Riemannian manifolds when § = 1 (Sogge [19], Theorem 5.1.1), for which

AW if p > psr,

| Prallp2pr ~ i @(1_1

) (1.3)
A2 \2 Plif2 < p < psr.

1.2 Spectral projectors on tori
1.2.1 Different kinds of tori

From now on, we focus on the case of tori given by the quotient R? /(Ze| +- - - + Zey),
where e, ..., eq is a basis of R?, with the standard metric. This is equivalent to
considering the operators

V=9O(V) — A
Pis=x (#) n T¢ =R?/74,
where V is the standard gradient operator, and Q is a quadratic form on RY, with
coefficients B;;:

d d
Q) =) pix'xl = QW)= ) Bijdid;.
i=1

i,j=l1

Here (8;;) is a symmetric positive definite real matrix. Dispensing with factors of 27,
which can be absorbed in Q, the associated Fourier multiplier has the symbol

55

Standard and rectangular tori correspond to the following particular cases.

o The standard torus corresponds to (e;) being orthonormal, or 8;; = §;;.
e A rectangular torus corresponds to (e;) being orthogonal, or equivalently to a
diagonal quadratic form B;; = B;3;;.
We will be concerned in this article with generic tori, which for our purposes are
defined as follows.

Definition 1.1

e Consider the rectangular tori with B; € [1, 2] for each i; we say a property is true
for generic rectangular tori if it is true on a set of (f;)1<;<¢ With full Lebesgue
measure in [1, 2]‘1.

o Consider the tori with 8;; = §;; + h;; foreach 1 < i, j < d and some h;; =
hji € [—ﬁ, ﬁ]; we say a property is true for generic tori if it is true for a set

1 L_jd@+1)/2,

of (hij)1<i<j<a With full Lebesgue measure in [_W’ 0%
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P. Germain, S. L. Rydin Myerson

1.2.2 The conjecture

It was conjectured in [10] that, for an arbitrary torus,

M(l_i) dol_d q, . 1
1Pslliznrs STHGS) 2 70 42775512 s~ (14)

here and below we denote A < B if the quantities A and B are such that A < CB for
a constant C, where C may depend on the dimension d. This paper also contains new
results towards this conjecture, as well as a survey of known results

In the present paper, we turn our attention towards generic tori, for which the typical
spacing between eigenvalues of v/—A is A!~¢. Indeed, if k ranges in [— R, R]%, then
VO(k) takes (2R)? values in [-C R, CRY]; if the B; ; are chosen generically we expect
these to distribute approximately uniformly. This naturally leads to replacing the above
conjecture by the following: for generic tori,

a—1) d—1
2

@d-n(1_1 d
1Pslli2msrr Spe 1+ (18) 7 (2 p)+x*‘7)51/2 ifs > Al74te  (1.5)

(here the notation A <, B means that the constant C in the relation A < CB may
depend on the parameter o).

1.2.3 Known results if p = oo

For p = oo, the problem of bounding || Py s||;1_, 1 is closely related to counting
lattice points in ellipsoids, a classical question in number theory. Namely, choosing
x =111,

[Prsllpiopoe = N@AH68) = N —9),

where N () is the counting function associated to the quadratic form Q, defined as
the number of lattice points n € Z% such that Q(n) < A2.

To leading order, N () equals Vol (E )A?, where Vol(E) is the ellipsoid {Q(x) < 1};
the error term is denoted P ()):

N() = Vol(B)AY + P(L).

For the state of the art regarding P(A) for any fixed Q we refer the reader to the
comments after (1.3) in [10], and to the work of Bourgain-Watt [7] giving an improved
bound for the standard two-dimensional torus. For generic quadratic forms, there are
a number of additional results.
e For generic diagonal forms, Jarnik [13] showed that P(L) = O(Ad/ 2) ifd >4;a
weaker, but more general, result is due to Schmidt [17].

e Landau [16] showed that P(A) = Q()\d%l) for generic forms.

e It has been shown that the average size of the error, say [E| P (1)|?]'/%is O ()\%),
for different types of averaging: over translations of the integer lattice [15], over
shears [14], and over the coefficients (5;) of a diagonal form [12].
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Bounds for spectral projectors on generic tori

e When d = 2, Trevisan [22] has investigated in more detail the distribution of the
normalised error P(A)A~'/2 when Q is chosen at random and A is large.

e The quantity P(A + 8) — P (A — 8) has also received attention. In particular it has
average size O (v 8A4~1) when averaged over translations of the integer lattice [9],

d—1
provided that § < A~ d¥1 7€,

These results lead to the conjecture that the correct bound for the error term P ()) for
generic Q, or for generic diagonal Q, would be O(A ) Meanwhile for P (A +§) —
P (»—8) the corresponding conjecture would be O (v/814-1), atleast for § > Al~4+€,

1.2.4 Known results if p < oo

After the pioneering work of Zygmund [23], Bourgain [1] asked for L? bounds for
eigenfunctions of the Laplacian on the (standard) torus. He conjectured that, if ¢ is an
eigenfunction of the Laplacian with eigenvalue A, then

d_q_d 2d
lellee S22 7lellz  if p= T2 (1.6)

which is equivalent to the case 8 = A~ of (1.4) for the standard torus. Progress
on this conjecture appeared in a series of articles [2—4] culminating in the proof of
the £2-decoupling conjecture by Bourgain and Demeter [5], which implies (1.6) if
p>2Vandd > 4.

Bounds for spectral projectors are essentially equivalent to bounds for the resolvent
(—A +z)~!. This was the point of view adopted in Shen [18], Bourgain-Shao-Sogge-
Yau [6], and Hickman [11]. Here the goal is to prove a sharp bound when p* = dsz2
and § is sufficiently large.

Finally, the authors of the present paper were able to prove the conjecture (1.4)
when § is sufficently large by combining £>-decoupling with a geometry of numbers
argument [10].

To the best of our knowledge, all works concerned with p < oo address either the
case of standard tori, or the general case of arbitrary tori; the generic case does not
seem to have been considered specifically. This will be a focus of the present paper.

1.3 A new result through harmonic analysis

The conjecture (1.5) was proved in [10] for arbitrary tori and § not too small, and for
generic tori we can improve the range for § as follows.

Theorem 1.2 For generic rectangular tori and for generic tori (in the sense of
Definition 1.1), the conjecture (1.5) is verified if p > psrt and, for some € > 0,

. _ P [1_4+L(‘12*ﬁ):|+6 171 1d@d=3) _
ezther8>max<k Loar- 2P\ dd or T2t r T e 5 oL
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Namely, under these conditions, there holds for almost all choices of (Bi)1<i<a (for
generic rectangular tori) or (Bij)1<i,j<a (for generic tori)
d-1_d
I Psll 2 r ,Sﬁ,e Az sl
In the particularly well-behaved case when p = co and we consider generic diag-
onal tori, the theorem matches the classical result of Jarnik [13] mentioned in the first
bullet point in Sect. 1.2.3, which even promotes the upper bound in the theorem to an
asymptotic in that case.
The proof of this theorem will be given in Sect. 4. The idea of this proof is to
first express the spectral projector through the Schrodinger group. First note that the
operator x (—_ Qév)_k —_Q(X;)_Az

) can also be written x ( ) by adapting the compactly

supported function x. This in turn can be expressed as
Pis =28 / X (ASt)e 2T o= 2mi Q) gy
R

and then split off into two pieces, corresponding to |t| < A~ and |t| > A7!
respectively:

Ps= / AT (M) T (ASt)e 2Tir*t o =2mit QW) gy

+ / AS[1 — TADIZ(L81)e2Tir*1 =271t QV) gy

_ psmall large
=P TP -

It is easy to see that the operator P)ff‘ga“ can be written in the form § P, ; (after
adjusting the cutoff function); in other words, this corresponds to the case A = 1, to
which the universal bounds of Sogge apply.

Turning to the term P)lflgge, its operator norm will be obtained through interpolation
between

e A bound LPst — LPST, Theorem 4.1 below. As noted in [10], is a direct
consequence of ¢2 decoupling (and valid for any torus).

e Abound L' — L, for which genericity will be used. Namely, we will prove in
Sect. 3 that, generically in (8;;),

T
xR e S TR (L.7)
1/N

One could think of (1.7) as square-root cancellation in L'L>® since
||x(N’2A)||L1_)Lm ~ N¢. One could also see this as a minor-arc type bound in
the spirit of the circle method; indeed in the case p = oo the proof in effect reduces
to an application of the Davenport-Heilbronn circle method.
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Bounds for spectral projectors on generic tori

1.4 An elementary approach for p = oo and 6 very small
When § is small enough a more elementary counting argument can be used.

Our main result there is Theorem 6.1 below. We first state three L' — L bounds
proved at the start of Sect. 6 since they are particularly simple; we will then mention

consequences for L' — L? bounds.

Theorem 1.3 For generic tori, and also for generic rectangular tori, the following
holds. If § < A=2d=¢ then

I Prsllipipo Spoe (1.8)

Ifinstead a € Z withd < a < 2d and .= < § < A'7¢, then

1Pasllpin g Spe 81 amm Al AT e, (19)
Finally if a € Z with ”% <a<dand )% <8 <A we have

1P slpis o Spoe 8\ mand~ 1 arrate, (1.10)

We remark that for § < A~ !, interpolation with the L? st — LPST bound from [10]
gives

1_PST
IPrslleesrr Spe AU Puslir, ) 2.

This would always fall short of the conjecture (1.5) for p < 0o, even with an optimal
L' — L., bound. We highlight a few features of these bounds.

e In the setting of Theorem 1.3, conjecture (1.5) would give || Py sl 700 Spie
1+ S)Ld71+e'

e Although (1.9) and (1.10) do not recover (1.5), they do improve on the best known
bounds for N(A — §) — N(X + §) coming from the results listed in Sect. 1.2.3.

e Both (1.10) and (1.9) are special cases of the stronger estimate (6.1) below, while
(1.8) has a short self-contained proof.

e We restrict to a > %’ — 11in (1.10) and to @ < 2d in (1.10) solely becuase the
remaining range is already covered by Theorem 1.2 or by (1.8), see also (6.2)
below.

e When a = d the bound (1.10) would be trivial, and hence for a > d the bound
(1.9) takes over.

In the proof of Theorem 6.1 we will use the Borel-Cantelli lemma to reduce to
estimates for moments of || P, s||, where the moments are taken over A and . A short
computation reduces this to the following problem.
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Problem 1.4 Estimate (from above, or asymptotically) the number of matrices of the
form

myy -y,

P= 5 |,
Mgy - Mgy
A2 ... )2

where the m;; are integers, all entries in each row lie in a specified dyadic range, and
also for each k the maximal k x k subdeterminant of P lies in a specified dyadic range.

In Sect. 6.2 we give an upper bound in this counting problem using what is in effect
linear algebra, relying on the rather technical Lemma 5.7 below. We are then left with
a maximum over all possible choices of the various dyadic ranges, and estimating this
maximum will be the most challenging part of the proof.

The bound from Lemma 5.7 could be improved. See Remark 6.2 for one path.
Another route concerns the case when all 8;; are generic, that is the case of generic
tori as opposed to generic rectangular tori. Then one could expand P; in place of
the squares m%i, e, mﬁi the ith column would contain all degree 2 monomials in
mij, ..., mg;. This should allow a smaller bound.

2 Notations

We adopt the following normalizations for the Fourier series on T¢ and Fourier
transform on R¥, respectively:

fx) = Z Feerikex f :/ Floye 2Tk gy
kezd T4

F& = / fx)e S dx, fx) = f F&)e™ ¢ dx.
RA Rd

With this normalization,

—_ —_— o~

fe=fxg and [fxg=fg,
and the Parseval and Plancherel theorems, respectively, are given by
Il 2eray = 1 Flleay  and 1 fll2@ay = I Fll2a)-

The operator m (,/—Q(V)) can be expressed as a Fourier multiplier

m(/=QV)f =Y m(/Qk)) fue™ ™,
k
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Bounds for spectral projectors on generic tori

or through a convolution kernel
m(y/—Q(V) f (x)= / K(x—y)fdy, with K@)=) m(/Qk)e™*.
k

In Sects. 5 and 6 we will often join together several matrices Ay, ..., A, with
the same number of rows to make a larger matrix, for which we use the notation
(Ay|---| A,). We view column vectors as matrices with one column, so that (A | )
is the matrix A with the vector v added as an extra column on the right.

Also in Sects. 5 and 6 we use the following notation relating to subdeterminants.
If kK < min(p, ¢) and M is a matrix in RP>*9, we will denote Dy (M) the maximum
absolute value of a k x k subdeterminant of M:

Di(M) = max |det(M;;);eT ic7|.
k(M) Icil,..., }| ( ’/)lEI.,JEJ|

Jcd{l,...q}
#T=#T =k

We further define Dy(M) = 1 for ease of notation, and we let D,EK) (M) denote the
maximal subdeterminant, when the matrix M is restricted to its first £ columns:

,,,,,

JcAl,....6

Given two quantities A and B, we denote A < B if there exists a constant C such
that A < CB,and A ~ Bif A < Band B < A.Ifthe implicit constant C is allowed to
depend on a, b, ¢, the notation becomes A <, . B. In the following, it will often be
the case that the implicit constant will depend on 8, and on an arbitrarily small power
of A, for instance A Sg . A€ B. When this is clear from the context, we simply write
A < A€ B. Implicit constants in this notation may always depend on the dimension d
of the torus that is the object of our study.

Finally, the Lebesgue measure of a set E is denoted mesE.

3 Bounds on Weyl sums

Consider the smoothly truncated Weyl sum (or regularized fundamental solution for
the anisotropic Schrodinger equation)

o= 3 enemy () o),

keZd
where ¢ is a smooth cutoff function supported on [—1, 1], equal to 1 on [—%, %].
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In dimension one, it becomes

1 g2 k
K = T emotng(£)

keZ

3.1 Bound for small time

For small ¢, the following bound holds on any torus.

. . 1
Lemma 3.1 For any non-degenerate quadratic form Q, if |t| S v,

N dj2 | |
KNG 0] S -z,
IN + 5 IN + 5

where Z decays super-polynomially.

Proof This isimmediate on applying Poisson summation followed by stationary phase.

O
3.2 The one-dimensional case
As in, for example, equation (8) of Bourgain-Demeter [3], we have:
Lemma3.2 (Weyl bound) Ifa € Z\ {0}, g € {1,..., N}, (a,q) = 1 and ‘t E
vek K0y < N N e

< .
JAd+Nie =272 ~ g

We now define a decomposition into major and minor arcs: for Q a power of 2, ¢
a constant which will be chosen small enough, and Q < ¢gN,

Aoy= Y Y 1y <NQ (f—g)).

qeN acl*
10q<0 @i)=]

In the definition of A g, the integer a is not allowed to be zero; it turns out to be
convenient to single out the case a = 0, by letting

Ao() =1, _1 1,.

[-%. 7]

Observe that functions of the type 1j_1 1) (NQ (t — §)>,With %Ql <q1 <01 =
coN and %QQ < g2 < Q2 < ¢oN are disjoint if (a, q1) = (a2,92) = 1 and % 7 Z_i
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Indeed, if Q1 > QO»,

1 1 1 2 1 1

a4_22) > > > > b
q192 — 0102 ~ coNQ2 ~ NQO>» ~ NQ; NQO»

q1  q2

Therefore, Ag + > pe A ¢ is the characteristic function of a set: the major acs.
Q<coN
The minor arcs will be the complement, with characteristic function p. This gives
the decomposition, for any ¢ € R,

L=Ao0+ Y. Aot)+p(). (3.2)

Qe
QO<coN

On the support of each of the summands above, the following bounds are available:

e On the support of Ay, there holds |¢| < %, and we resort to the short time bound.

o If ¢ belongs to the support of A g, there exists g € [%, Q] such that |t — §| <L

gN
1 I+e€
and Weyl’s bound gives |K1(\,)(t, M| Se

e On the support of p, by Dirichlet’s approximation theorem, there exists a € Z

and g € {1, ..., N} relatively prime such that |t — §| < qLN. Ifg ~ N, Weyl’s

bound gives |K1(V1)(t, | <e NY2e 1t q < N, then, since ¢ does not belong to
the support of ZQ <con Do there holds [r — 57’| ~ qLN, which implies again, by

Weyl’s bound, [K | (t, )| <e NP

3.3 The case of generic rectangular tori

In this subsection, we assume that the tori are rectangular, or, equivalently, that the
quadratic form @ is diagonal. First of all, we learn from the bounds on KI(VI) that,

on the support of Ag, (Bit) ... Ao, (Bct)p(Br+i1t) ... p(Bat), with all Q; € 2N and
Qi < coN,

NE e

Kyl = [KY (Bit, x) . K (Bat, D) Se ——=.  (3.3)
O1...0k
Lemma3.3 Let x,€ > 0; then for generic Bi1,...,Bs € [1, Z]d there holds, for

1<k<d 0<T < N¥ ande > 0, and for all Q;, N equal to powers of 2, with
Qi <N,

Ql--~QkT.

T
/0AQ.(ﬁlt)AQz(ﬁﬂ)--~AQk(ﬂkt)dt,Se,l(,ﬁl..ﬂd N¢ N
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Proof Without loss of generality, we can choose 8; = 1. Indeed, if By, ..., B4, % is
changed to 81, ..., ¥B4, T, with y > 0, the integral in the statement of the lemma
changes by the factor y. We claim that it suffices to prove that

Q1-~-QkT.

2 2 T
/ / / Ag (DA, (Bat) ... Ag, (Brt)dtdps .. .dBx < 1t>4i NE
1 1 Jo AN

Indeed the case ¢ < ﬁ of the lemma is then immediate, and the remaining case

ﬁ <t < N¥ follows by the Borel-Cantelli lemma as explained in Appendix A. By

definition of A,

2 1 2t 1 2t a
/1 Ag(Br)dp = ;f Aoy =~ Y / 11 (NQ (y - ;1)) dy.
t 13

(a,q)=1
10<g<0

3;10 estimate this integral, we observe first that, if [z, 2¢] N [g —~ %o 3 + NQ] % 0,
en

so that, in particular ¢ > é. Similarly, one can show that the number of a’s such that

1 a

[t,2¢t]1N [% ~No' g + NLQ] # 0 is < Qt. Since furthermore the number of ¢’s in

[%Q, Q] is < Q, and since finally the integral of 11 (NQ (y — g)) is < NLQ,

we obtain the estimate

2 1
/1 AQ(ﬂt)dﬂ,E;-Qt-Q-

Then, by Fubini’s theorem

2 2 T
/; fl /(; AQI(Z)AQZ(,BQI)...AQk(ﬂkt)dtdﬂz...d,Bk

T 2 2
=/0 Aoy () U] AQZ(ﬂzt)dﬂz].-.[/l AQk(ﬂkr)dﬂk} dr

T
</0 Aoy Ly <y Q1 Qg

~ Nk—l ~ lZﬁ Nk

A consequence of this lemma is an L} LS estimate on K .
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Lemma 3.4 (Square root cancellation in L}Lio) Let k,€ > 0, then for generic
Bi, ..., Ba €[1,21¢ there holds, for N a power of 2 and % < T < N,

1 g dte
- IKn(t, -)llLe dt 56,/(,/31--43(1 N2T.
T Jin

Proof The first step is to use the decomposition (3.2) in each of the variables
Bit, ... Bgt. Note that, since t > % and B; > 1, the term Ag(B;¢) is always zero.
By the inequality (3.3), for almost any choice of 81, ..., By, there holds

1 T
= KN, Mo dt
T /]‘/N

d 1 T %7%
S X ;/ Aoy (Bi1) ... Aoy (B (Busat) ... p(Bat) di ——eeee
k=0 Q1,...Qk<coN I/N 01...0¢
Q;e2N
d ketd
QO1...0k N2
SIS S S S
k=0 Q1,...0k<coN | 24
SN
o

3.4 The case of generic tori

We start with an averaging lemma.

Lemma3.5 For A e R, A > 0, and N > 10,

1 .
1 logN if A > 1

/ min (—, N) dh < { fo’fN lf -
-1 [Ah + Al = ifa<1,

where, for a real number x, the notation || x| stands for dist(x, Z)= mingcyz, |k — x|.

Proof If . > 1, the left-hand side can be bounded by the average of the func-
tion min (”‘1—| N), which equals log N. If & < 1, the left-hand side is bounded by
1

1 . logN
f,]mln(maN> dh < =5~. |

Armed with this lemma, we can now prove the desired square root cancellation
result - its proof already appeared in [8], but we include an equivalent version here for
the reader’s convenience. Recall that the measure on nonsingular symmetric matri-
ces we consider is given by B = Id + h;j, where h is a symmetric matrix, all of

whose coefficients are independent (besides the symmetry assumption) and uniformly
I . 1 1
distributed in I:m . m] .
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Lemma 3.6 (Square root cancellation in Lt1 L) Let k, € > O; then for generic (B; ),
there holds, for N a power of 2 and % < T < N,

1
—/ KN, e di Seepy NOFE

Proof By the Borel-Cantelli argument in Appendix A, the result would follow from
the bound

1 ! 4 e
= KN, )L dtdB Se N27°,
T Jin
which will now be proved. For x € T¢ and ¢ € R, applying Weyl differencing gives

+ny mg +ng mi|—nj mg —ng ;
K 2_ 1 2it Q(m,n)
K (@0l Z‘b( 2N ) d’( 2N )( 2N ) ¢< 2N )e :

m,n
(where the sum is implicitly restricted to m;, n; having the same parity). By Abel
summation, this implies that

d
1
KN )z S ( ) ,
; l:[ I1Qi )1

where Q;(n) = Y_ j Bijn j. Combining the Cauchy-Schwarz inequality with the above
yields

T T 1/2
f KN (@, )L dtdBS«/TUf IKN () 7o dtdB}
1/N 1/N .

1/2
T
<vr| [ [ anm( N)aas |
v i il
where dB = [];,.;dpi ;. We now exchange the order of summation and
integration, performing first the integration over B. Without loss of general-
ity, assume that |ny| ~ |n|. Note that tQ11(n) = tZ.,B1 jnj; therefore,

by Lemma 3.4, integrating first [ min (||zQ3(n)|\’ ) dpi.1 gives log N(”nl) We
integrate next f min (m, N) dp12, giving the same result, and similarly

[ min (m,@ dBix. for 3 < k < d. Finally, [ [T,o;; dBi; gives O(1).
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Coming back to the sequence of inequalities above,

1/2

T T
/ IKn(t, )z dtdB < NT § (log N)d/ <L>d dt
1/N 1

=N /N tn|

< TN?(log N)¥/2.

4 Proof of Theorem 1.2

An important element of the proof is the optimal L> — LPST bound for spectral
projectors. As observed in the previous article by the authors [10], it is a consequence
of the ¢? decoupling bound of Bourgain-Demeter. The statement is as follows.

Theorem 4.1 If . > 1 and § < 1, for any positive definite quadratic form Q,
1
1 Prslip2prsr S (14 A8)PsT.

We now turn to the proof of Theorem 1.2.

Proof Step 1: Allowing more general cutoff functions. Define the spectral projector

, Q(V) + 42
Fio=¢ (T) ’

where ¢ is a Schwartz function such that ¢£(0) > 0 and E is compactly supported.
We claim that it suffices to prove Theorem 1.2 for the spectral projector Pﬁ, 5
instead of P)/», s- Indeed, assume that P),», s enjoys the bound in this theorem. Since

there exists ¢ > 0 such that {(x) > clj_¢ ), the desired bound follows? for

the o O(V)+A2 .. . . .
perator 1 ¢ ( =55 — ). This implies in turn this bound for the operator

V=QNV)—A

1—4.q] ( 5 ), for a constant @ > 0. Finally, this implies the desired bound

for P, s since |x (x)| can be bounded by a finite sum of translates of 1j_, 4.
We now claim that P)C,l enjoys the Sogge bounds (1.3), just like Pj ;. This follows
from writing

Pli= " Pl 1psm-nsiins (v—Q(V))

8
n>—x

2 Here, we are using that, if m1(A) and my(A) are two Fourier multipliers such that [m| > |m>|, then
Imi(Mlp2_ 1 p = lm2(A)ll 2_, 1 p- This follows from Parseval’s theorem.
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and bounding

1P ilzer S e Y [ovoonsains (V=CD)| , | with
L=—LP
n>—3z
=)
= sup — .
(n—1)6§<x<né A8

The rapid decay of ¢ implies that |c,| < n~" for any N, while 105+ (n—1)8,2+ns] ENjOYS
the Sogge bounds. Thus, it is not hard to sum the above series, and deduce that PA”]
also enjoys the Sogge bounds.

By a similar argument, it can be shown that Theorem 4.1 applies to P)i’ I

Step 2: splitting the spectral projector. Writing the function x +— ¢ (%ﬁ) as a

Fourier transform, the operator P){’ 5 becomes
P s= fR AT (ASt)e™ 21 =27 QW) gy 4.1)
with the kernel
P s(x) = /R 18T (180~ Ky (1, x)

here, we choose N to be a power of 2 in the range [2X, 41].

The basic idea is to split the integral giving P; s into two pieces, |t| < A1 and
|f| > A~!. The former corresponds to an operator of the type & P){’ 1» for which bounds
are well-known: this corresponds to the classical Sogge theorem. The latter can be
thought of as an error term, it will be bounded by interpolation between p = psr and
p = 00, and it is for this term that genericity is used.

Turning to the implementation of this plan, we write

Py 5= / AST ()T (ASt)e~ 7M1, =27i1Q(Y) gy
R
+ | Ad[1 —A(kt)]A(kSt)e—2ﬂik2te—ZﬂitQ(V) dt
¢ ¢
R
— ;frgall + P;ljl(r;ge

Step 3: Bounding the term corresponding to small ¢. Observe that Pf“gau can be writ-
ten § P’ |, where P}’ is a variation on P] ,; this can be compared to the definition of

P/\ngau and (4.1). We saw in Step 1 that P)i’l enjoys the Sogge bounds, and this remains
true for P .

Furthermore, by a classical 7T* argument, the operator norm of the spectral pro-
jector L — LPisthe square of the operator norm of the spectral projector L> — L7
(once again, up to redefining the cutoff function ).
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Therefore, it enjoys the bound

d—1-2
r§  for p > psr. “4.2)

11
“ \md ||L[7 —LP NSHPA/,/l”Lz*)LI) 5)"

Step 4: Bounding the term corresponding to large ¢. In order to bound this term, we
will interpolate between

e The case p = pgr: in this case, we resort to Theorem 4.1. We saw in Step 1 that
it applies to P; ;, and, by the same argument, it applies to P,’ ;. This gives

large < 1 small
(Lo o P 1 O IS o s o e

"
NP oy Lo
,Sé )\‘6[1 + (}\.8)2/[’ST +6)\‘2/PST] 5 )\‘6[1 + ()LS)Z/IJST],

/
SUPsl, iy ose

e The case p = oc: in this case, we resort to Lemma 3.4 (generic rectangular tori)
and Lemma 3.6 (generic tori). In order for these lemmas to apply, we add a further
requirement on ¢, namely that its Fourier transform be 1 in a neighbourhood of
zero. Then, for almost any choice of (8;;),

1 —~ ~ d
1P sz S f 1811 = OGSO IKN (1. Iz dr Spe 227
R
Interpolating between these two bounds gives for almost any choice of (8;;),

+€

_PST
”Plarge“Lp Ny Nﬂ (1 + )LS)Z/P)L ( Z ) for p > psr. 4.3)

Step 5: conclusion. Finally, combining (4.2) and (4.3), and using that || Py s ”LZHLP ~
|| P. 5 I . » (by the classical TT* argument) gives
d— d(1_PrST
1Peslliors Sper' T 5512 4 1 4y iat 05,
from which the desired result follows. O

5 Some linear algebra

In this section we assemble technical tools to attack Problem 1.4. Recall that the goal
is to count the number of matrices

2 2
myy - My
2 2 |-
Mgy - Map
A2 ... A2
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where the m;; are integers in given dyadic intervals and the maximal subdeterminants
of P also lie in some specified dyadic intervals. The idea is to add the columns one by
one, so that we count the number of possible (11, ..., mq1), and for each possibility
we count the number of (m2, ..., mg2), and so on. The main goal of this section is
Lemma 5.7, which can be understood as an estimate for the measure of the real vectors
(mig, - . ., mgr) which are within a distance O(1) of a vector satisfying the required
conditions, given the previous columns.

In this and the next section we will often use the notation Dy (M), D,EZ) (M) defined
in Sect. 2.

5.1 Singular values and largest subdeterminants

We begin with a number of general statements about the size of the subdeterminants
of a p x g matrix, and their relation to the singular value decomposition, a type of
canonical form for matrices. Throughout this subsection, implicit constants in < and
~ notation may depend on p and q.

Lemma 5.1 (Singular value decomposition) Let M € RP*? and let m = min(p, q).
Then thereare U € O(p), V € O(q) and (uniquely defined) singular values oy (M) >
- > 0y, (M) > 0 such that

M=U (ﬁ) V oor U(S0)V, where S =diag(o1(M),...,0n(M)), (5.1)

and where 0 is a matrix of zeroes (possibly empty).

Lemma 5.2 (Stability of o and Dy under multiplication by orthogonal matrices)] If
k < min(p, q) and M is a matrix in RP*4,

(1) IfU € O(p), then D(UM) ~ Dy (M) and o (UM) = o (M).

(i) IfU € 0(q), then Dy (MU) ~ Dy (M) and ox(MU) = ox(M).

Proof The statements (i) and (ii) are symmetric, so that we will only focus on (i). Let
ITc{l,....,ph,J C{l,...,q}, #L = #J = k. The Cauchy-Binet identity gives

det (UM)iez,jeg = det Uiez o - My jeg = Z det (Uip)iez,eekc det (Myj)eek, je7 -

Kc{l,...,p}
#K=k

Hence Dy (UM) < Dy(M) and repeating the argument with U “IM in place of M
shows that Dy (M) < Dy (UM) as well.
Finally, it follows from the uniqueness of the (o;) in (5.1) that ox (UM) = or(M).

]

Corollary (Relation between the Dy and oy) If k < min(p, q), the singular values and
the maximal subdeterminants are such that

ok (M) ~ Dg_1 (M)~ Dy(M),
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where we use the convention that 0710 = 0, or equivalently
Dy(M) ~o1(M)...or(M).

Proof By lemmas 5.1 and 5.2, it suffices to prove these formulas for a rectangular
diagonal matrix; but then they are obvious. O

Lemma 5.3 Given a matrix M € RP*49, we can change the order of its columns so
that for each k < £ < min(p, q),

D" (M) ~ Dy(M). (5.2)

Proof We claim first that it suffices to prove the result for the matrix U M, where U is
orthogonal. Indeed, denoting M ® for the restriction of M to its first £ columns, this
implies, in combination with Lemma 5.2,

D" (M) = D(M©) ~ DUM®) = D (WUM) ~ Dp(UM) ~ Dy(M),

which is the desired result. For the remainder of the proof, we write for simplicity
o; = 0} (M)
We can choose U as in Lemma 5.1, in which case, assuming for instance p > g, it
suffices to deal with the case
T
M = (01L1, ...0qLy, 0, 0) ,

where L; - Lj = §;;. The O entries are irrelevant, so we can assume that
T
M = (o1L1,...04Lg) = (Mij)i<i,j=q-

We now claim that, after permuting the columns of M, it can be ensured that, for any
k, the top left square matrix of dimension k x k has nearly maximal subdeterminant:

det(M;j)1<i,j<k ~ Dr(M). (5.3)

The construction of the matrix permutation is iterative and proceeds as follows:
expanding the determinant of M with respect to the last row, we see that

P
01...04 =detM =Y " (=1)7' M, ;detM'¢"7),
i=1

where M1%%} is the matrix obtained from M by removing the g-th row and the i-th
column. Since |M, ;| < o4 and detm et} S o1...04—1 forall i, we can find i such
that |[My ;| ~ o4, and detM2:i0} ~ o .. .04—1. Exchanging the columns iy and ¢,
the resulting matrix satisfies (5.3) fork =g — 1.
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We now consider the matrix N = (M;j)1<;, j<q—1, Which was denoted Md.io}
before columns were permuted. It is such that entries in the last row are < o,_1,
and subdeterminants of size ¢ — 2 are bounded by o7 ... 0, _>. Therefore, the same
argument as above can be applied, and it proves (5.3) for k = g — 2. An obvious
induction leads to the desired statement. O

5.2 Describing some convex bodies

We can use the subdeterminants studied above to describe certain convex bodies. Our
first result concerns the measure of a neighbourhood of a convex hull.

Lemma 5.4 Let X denote the d x d matrix with columns x©. Then
d _ d
mes {an@ +w, 6] < 1, Jw| < 1} ST+ D).
i=1 k=1
Proof Let M be the d x 2d matrix (X|Id), so that the set whose measure we want

to estimate can be written (up to a multiplicative constant) M B (0, 1). By Lemma 5.1
(singular value decomposition), we can write M = U (X|0)V; then

mesM B(0, 1) = mesU (Z|0)V B(0, 1)
= mes(Z[0)B(0, 1) < mesEB(0, 1) = det & ~ Dy(M).

There remains to evaluate Dy (M); owing to the specific structure of M,
d
Dg(M) = Dg(X|1d) ) Di(X).
k=1

]

We can also describe a subset of a convex hull cut out by linear inequalities, showing
that it is contained in a potentially smaller convex hull.

Lemma 5.5 Given linearly independent oD o@D ¢ (Rd)d, and Y; > 0,Z; > 0
there are w®V, ... w@ ¢ (Rd)d, with

' < min(; p®), Z)), (5.4)

such that

d d
zeR 2=y, Iyl < Vi, fal < zi} C {Zziw“) JAPS 1} . (53)
i=1 i=1
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Proof Let Y be the matrix with columns Y; v®, which, without loss of generality, can
be assumed to have nondecreasing norms. We claim that its singular values, t;, are
such that

u S Yo", (5.6)

Indeed, by the Courant minimax principle, 7z can be characterized as follows

7 =or(Y) = min max |Yx| < max |Y x|
dim E=d+1—k xeE Xd—k+2="=x4=0
lxI=1 [x|=1

< max YiwW| = ¥, pd=—k+h)
o m d—k+1| Y = Ya—g+1ll |

Let Z be the matrix diag(Z1, ..., Zg),andlet M = (YT | Z=T)T € R?¥*4 Then
the set on the left-hand side of (5.5) is contained in {z : |[Mz| < 1}. By Lemma 5.1,
we can write M = U (X7 |0)TV, so that the set {z : |[Mz| < 1} can now be written
(up to a multiplicative constant) as W B(0, 1), with

w=vlxgl

We can now define the w® to be the columns of W; in order to establish the lemma,
it suffices to prove the inequality (5.4). Note first that

lw?| < o (M)~ (5.7)

Uy Uy

Next, denoting U = (U3 Us

)whereeach U;isad xd matrix, wehave Y ! = U; V.

Therefore,
(ta41-) " = 0i (Y1) = 0;(U12V) < 0i(2) = 0;(M). (5.8)
Combining (5.6), (5.7) and (5.8),
W@ <o (M)™' < rap S Vi)

~

Finally, W = ZUs, which gives |w§i)| S Z;. O

5.3 Extending matrices with prescribed largest subdeterminants

We now start to describe the columns which may be added to a given p x k matrix,
with a prescribed effect on its singular values.

Lemma5.6 Let M be a p x k matrix, which admits a singular value decomposition
as in (5.1). For some fixed C > 0, let

S(M,R) = {x e R” : D;(M|x) < CD;(M)
(1 = j =min(p, k), Diy1(Mlx) <R (p =k + 1)}
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and set

oi (M) ifi <k,
T, =
min(ox (M), pegs) ifi = k+1land p > k+1.

Then, denoting U® for the columns of the matrix U from the singular value
decomposition of M,

P
S(M,R) C {ZM‘U(') : |yi|§c,p,kfi}-

i=1

Proof In the proof we allow all implicit constants in <, ~ notation to depend on
C,p,k.
Step 1: p > k+ 1 and U = Id. Then the singular value decomposition of M is

)]
M_<O>Vand

M|x) = (ZOV i//) > X = (;C//) .

If x € S(M, R), it is immediate that |x”| < ﬁ, by considering submatrices
consisting of the first k rows, together with one of the last p — k lines). Furthermore,
by considering submatrices consisting of a (k — 1) x (k — 1) submatrix of XV, one
of the p — k last rows, and the last column, we have

|x"|Dg—1(M) < Dip(M).

It follows that |x”| < ox(M).
We will now focus on the k x (k 4+ 1) matrix made up of the first k rows of (M |x),
namely

o (MYVD x,

o (MYV® x;

(where V@ stands for the i-th row of V). We now prove by induction on n that
|xi| < 0;(M) if i < n; this assertion for n = k is the desired result. The case n = 1
being immediate, we can assume the assertion holds at rank 7, and aim at proving it
atrank n + 1.

The n first rows of V are orthogonal, therefore we can delete the last n — k rows
and some k — n columns of V to get an n X n matrix with a determinant ~ 1; denote
this matrix V and its rows ‘7(]), e, v, ~ B

Note that the n x n matrix with rows o (M)VD, ... o, (M)V(”) has determinant
~ D, (M).
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We now consider the submatrix of M obtained by deleting the lastn — k — 1 rows
and the same columns that were deleted from V to make V. That is,

o (MVD 1

M = Do :
o (MYV  xn

Ot (M)V D et

We further write M{"+1) for the matrix M with i-th row and last column removed.
Expanding the determinant of M with respect to the last column, we find that

n+1
det(M) = Z(-l)”’l“xi det Mmoo yntl qeg ppintlntll

i=1

By the induction assumption, |x;| < o;(M) for 1 < i < n. Furthermore,
det M{En+1} < % for 1 <i < n, and we saw that det M"+1nt1 ~ D (M).

Finally, the definition of S(M, R) requires that det(l\7l ) < Dy4+1(M). Combining these
observations and the above equality implies that, if x € S(M, R),

"D, (M) < Dppi(M), e X" < o1 (M).

Step 2: general case p > k + 1. Then the singular value decomposition of M is M =

U <§) V. Setting y = U~'x, we can write

D;(UDV|x) = D;(UDV|y)) ~ D;(DV]y), where D = (g) ,

Then x € S(M, R) ifand only if y € S(DV, R) C {y : |yi| < 7;}. The desired result
follows for x = Uy.

Step 3: the case p < k. Similarly to the case p > k + 1, one deals first with U = 1d.
Then

M= (Z|0)V = (ZV))
(where V7 is the p x k upper submatrix of V). Then
(M|x) = (EVilx).

Proceeding as in Step 1, one can deduce that |x;| < 7; if 1 <i < p, and the desired
conclusion follows as in Step 2. O

We can apply the last lemma to Problem 1.4, with some technical complexity
coming from the constant entries in the last row of the matrix P appearing there. In
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the following lemma one should think of M as the first k columns of P, and x as being
a column (m%(kﬂ), el mczl(kH), AZ)T to be adjoined to the matrix M. As the m; 1)

range over integers of size ~ u;, the vector Mx = (m%(k+1)'“1_1’ ceey mg(k+l)u;1)T
then takes values which are separated from each other by distances 2 1.1In Sect. 6.2 we
will use this to bound the number of integral m; (x4-1) by the measure of a neighbourhood
of the permissible real vectors Mx. It is this measure that is estimated in (5.9).

Lemma 5.7 Adopting the notation of Lemma 5.6, let 11 > ... > wp—1 > 0 and let
M be the (p — 1) x p matrix defined by

M = (diag(u; ..., M;il)m).
As in Lemma 5.6 let M be a p x k matrix, fix C > 0 and put

S(M,R) = {x e R” : D;(M|x) < CD;j(M)
(1 < j <min(p,k)), Dk+1(M|x) <R (p=k+ D},

and let T; = o;(M) or min(o (M), W)fori < k ori > k respectively. Then, for
any A > 0, if Mp1 > €01 (M) for some € > 0, then

2
mes{/\/lx+w :x € S(M,R), x, = A, |xi| € [%,CM}] (i <p), w| < 1}
p—1

Se.pkc 1+ Z Dy (W), (5.9)
k=1

where W is a (p — 1) x (p — 1) matrix with entries such that
~ .
IWijlSpkcn; mln(fz‘+1,/t§),

W Kool 5
so that D(W)Sp k,c max,, iy distinet | [—1 K, min(ti,41, Mje)‘
J1seees Ji distinet

Proof In the proof we allow all implicit constants in <, ~ notation to depend on
C, p, k. Taking the difference of two vectors in the set on the right-hand side of (5.9),
we see that it suffices to prove the desired statement for A = 0, and the condition
[xi| ~ pL? replaced by |x;| < ;le In other words, it suffices to prove

p—1
mes{Mx+w : x € S(M, R), x,=0, |x;| S puf (i <p). lwl <1} e 1+ Y De(W).
k=1

Define the projector P on the first p — 1 coordinates of a vector of R?:
P(x1, .o xp)D) = (s xpo1, 0)
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Let U, V be matrices as in (5.1) and let U?) be the ith column of U. Since M, >
€01 (M) there is ip such that [MV_I]pi0 = €o1(M), that is to say UI(,IO)oiO (M) 2,

~

€a1(M), whence U >, 1 and 0, (M) Z¢ o1(M).
By Lemma 5.6,

P
{x € S(M,R) :xp :O} C {x Tx :ZyiU(i) il ST, oxp :0}.
i=1
Since the p-th coordinate of Z{;l y;U® is 0, we find that
P ‘ p-b
i=1 i=1

where

o LUy
U0 =PlUY ~ U, Si=y G <io),
UP

go = p |:U(i+l) - p—.U(iO)], 5= yit (=),

and our choice of iy above ensures that |l~] @) <¢ 1. Therefore,

p—1
{Px:xe€S(M,R), xp =0} C {x:x= Z)ZUQ), Vil < tit1
i=1

We now add the condition |x;| < /,Liz to obtain

{(Px:xeSWM,R), |xi| Sptifl<i<p—1,x,=0)
p—1

Cixix=Y 50D |5l S tipr, Iul S uf

i=1

p—1
C Ztiw(l) <1 with |w.§'l)| < min(ziy1, M%)
=1

where the last inclusion is a consequence of Lemma 5.5. Applying the matrix M, we
see that

(Mx:xeSM,R), x| Spfifl<i<p—1,x,=0}
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p—1
c [Z i s < 1 ' with @] = [IMw D] < 5! min(ig, i05).
=1
Finally, Lemma 5.4 gives the desired conclusion. O

6 Proof of Theorem 1.3
In this section we will prove the following result.

Theorem 6.1 The following holds for any fixed off-diagonal coefficients B;; = Bji €
[—ﬁ, ﬁ] (i < j) and almost all (B11, ..., ﬂdd)T € [1, 214. Moreover it also
holds for almost all symmetric matrices with Bj; € [—ﬁ, 10]7] fori # j and
Bit, ..., Baa € [1,2].

For every b € N, every § < 1 < X and any € > 0, we have

1/b
2
P o Spe 871PE max b ThatbFdbatl=b 6
1 Prsllptroe Spoe ocpy X (6.1)

It follows in particular that, for every a € N and whenever A™% < § < A17% we
have

1 1
sl-ar=a pd- g te d
. L @sd 6.2)

”PA,E”LI—)LO" Sﬁ,e {Slmkdl+m+e @>d)

We emphasize that (6.2) is intended as illustrative; one could prove a stronger but
less tidy result just by making a more careful choice of the parameter b at the end of
the proof.

By contrast it seems more challenging to improve (6.1) using our methods. See
Remark 6.2 for one idea.

Before proceeding to the proof we deduce Theorem 1.3.

Proof of Theorem 1.3 Equations (1.10) and (1.9) are cases of (6.2). For (1.8), observe
that if || Py s|| is sufficiently large in terms of the function y, then there are two integer
vectors with

1/2

oM 0! ex—8.2+48). and xV| £ x®|  for some .

ENONON

Letting y;j = x; 'x; xi(z)xﬁ.z) we find that

<Sh. (63)

Yij € Zo 1yijl £32, yii # 0 for some i, ‘Zﬂiiyi/
i
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For a given matrix y;; and for any off-diagonal coefficients 8;; = B;; (i < j) we
have

} A

~ max{|y;;|}’

mes{(ﬁn, e Baa)T € 11,217 ‘Zﬂij)’ij <
i.j

We claim that

#H(ij) :vij=x"x <1> @x](?) for some x € Z¢, and 0 <max{|y;;|} < Y} <¢ Y4+,

For the proof, note that we cannot have every y;; = 0 or else (y;;) would vanish. We
assume without loss of generality that there is ig € {1, ..., d} such that y;; = 0 iff
i > ig. There are O(Y) possible values of y;; fori < io, and once these are chosen
the identity y;; = (x.(l) + x.(z))(x.(]) (2)) determines x ( ) for i <ipupto Y€

(1)

possibilities. Next fori > ip we have x; :I:x( ), and so up to finitely many choices

both of these are determined by the values of y;; = (:I:xfl) + xiz))xi“), for which
there are O (Y1) possibilities. We conclude that there are <, Y¢*¢ choices for the
x® and hence for (y;;).

We can now conclude that, for a suitably large constant C depending only on the
cutoff function y, and for any fixed values of the off-diagonal entries |B;;
(i < j), we have

1
| S 1042

mes{(B11, .. ﬁdd)T e[L,2) 2| Pysl|| > C for some A ~ X, § < 8o}
< Z oo
o max({|y;;}

0<max{ly;; |} <a2

This is Oc (80239~ "). Applying the Borel-Cantelli lemma (Lemma A.1) proves (1.8).
O

‘We now begin the proof of Theorem 6.1. Throughout the rest of this section we write
Bi for Bii, put B/ = (B1, ... ,Bd)T, and given b,d € Nand M = (m;j)1<i<d, 1<j<b>
we put

2 2

myy - My

P(M) = (pij(M))1<i<as1,1<j<b = | > )
Mgy - Map

2 2

Ag e A
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6.1 Integrating over A1 and 8

Our key observation is as follows. Since, for m € Z, we have 1 <
> ueavuoy lu<am=ou, andsince x takes non-negative values, we have forany A, § > 0
that

Ao
IPsl8) o drdp’
/1 23 /)\0/2 Li=L

am) — 22\ \” ,
/12 /Ao/z( Z X( SA )) dndp

A= T, g =0 meZd
1 €2NU(0} ;i lel % ]

0 _2 b
5/ / logh (ho) max ( Z X <7Q(m) >> drdp’
[1,2)¢ Jrg/2 M= == g =0 SA

wie2Nufo) meZd
milel 4 il

A0
5 / / logbd()\.o) max 1_[ Z 1|Q(m1j ..... mdj)_)\2|§(”h di dﬂ,,
[1,219 Jp/2

ro=p1=>pg>0
e ZNU{O j=lmyj,..., md/eZ

|mr/|€[ 3 l’«:]
and if we temporarily write the off-diagonal parts of Q(m;, ..., mg;) using the row
vector
= ( Z Bijmiimjy, ..., Z ﬁijmibmjb>.
1=<i,j=<d 1<i,j<d
i#] i#j

then this becomes

A0
b 1
_/[‘1 2]d /}ho/znp)\,ﬁ”Ll_)Loo d}\'dﬂ

X0 b
< log?? (1g) max
/m]d fwz g Il 2 Nepu—2ndron-qgis

A=p1 == pg >0

i=1lm . mq
pie2Nufoy T A€
\m,,\e[% Mi ]
drdg' = logbd(Ao) max
A=y > > g >0
i €2NU{0)
AQ

> mes{(. 1) e1,2] x [7, ?»0} N1 Ban =22 /AG P(M) — q| < b2},

deb
[mijl€lmi/2,mil

(6.4)
We can estimate the measure inside the last sum in (6.4) as follows. Notice first that

Di(P(M)) = _max |pij (M)] ~ 25 (6.5)

.....
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By Lemma 5.1, we have

mes[)’ Ryl < L 1) yvipik(M) =) Bijmixm ji] < Mo}

i i#]
min(b,d+1)

< l_[ min (1 O%o ) = l_[ Sho
k=1 KM/ i ingp.asry 7T E D)
7: (P(M))>52

Together with (6.4) and the fact that P (M) does not depend on the signs of the m;;,
we find

A0
/[ o A /2||PA,5||’;19L00 drdp’
s 0

SA
< bd-+d 0o
~ (log )LO) )MOZMII;I?‘"XZM(IZO Z )LO l_[

. oi (P(M))’
o Mezdxb 1<i<min(b,d+1)
WeVOF el 2] i (P(M))>62o

where the m;; are now non-negative since m;; € [u;/2, u;]. Combining this with
(6.5) and the Corollary to Lemma 5.2 yields

A0
/[ . A APl drdp

SAQ I
< (log ho)"*4 max oo ] T Zasi L), (6.6)
A%~L|Z~-2Lmin(b,d+1)20 i

L ;
Mo 1 =2 11g >0 lflSLngide)
ni€2u{0)
where
- 7 mj;j Dy(P(M
Zgp(p, L) = #{M e 7dxb . Y [%’ 1], M c %’ 1]
Wi Li-- Ly

foralll <i<d, 1<j<b, lgksmin(b,d—i—l)}. (6.7)

In (6.6) we may assume that (u; = 0 = L;1| = 0), since otherwise Zy 5 (i1, Z)

would be zero (there are no such M). In particular allowing u; to be zero is the same
as allowing the dimension d to drop, in the sense that

3o I
) max A0 l_[ — | Zap(, L)
ry~Li1=+>Linin(b,d+1)=0 l<i<min(b.d+1)
hozprz=puq=0 L;>8ho
ni€2Nufo)
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SAo - 7
_ T o 1_[ — | Zarp (i, L).
0<d'<d 1<i<min(b,d’+1) Li
) 1<min(o,
Ao~Li==Lyinp,a’+1)=0 T Li>dx

rozp=-=pp>1, ppe2N

6.2 Counting matrices with prescribed subdeterminants

We want to estimate the right-hand side of (6.6), under the assumption that

wi 0 for any i, or in other words p; € 2N.

Our first object is to estimate from above the number of matrices M counted by
the function Z4 (i, Z) from (6.7). By Lemma 5.3, it suffices to 1 count those M
satisfying an additional condition

Dy (P(M)) ~ D (P(M)) forall <k < min(b,d + 1),

since permuting the columns of these recovers all the matrices in Zy (i, Z)
For j =1, ..., b define the vectors m) and n) € R4 by

mD = (mij,...omgp)", 0D =mi /. omYea)”

That is the vectors m) are the columns of M. Meanwhile the vectors n'/) are the
columns of P(M) with the last element dropped and the others rescaled to that n/)
belongs to the set S defined by

S = [(u%/m, ...,uﬁ/ud)T ‘u; €7, u; € [%,,ui]],

whose elements are separated by gaps of size ~ 1. If M is counted in the right-hand
side of (6.7), then the vector n‘? can be chosen arbitrarily from S; there are < ]_[lf‘i= 1 i
choices.

Suppose now that the first k£ columns of P (M) are given, and they satisfy

De(PmV|- - m®))y ~ Ly Ly (1 <€<min(k,d+1)).

We want to select m*+ 1 or equivalently n®**+1 . We can first use that S is 1-separated
to replace our counting problem by a volume estimate: letting
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N = (&) ¢ §:m® € (11372, wil, De(Pm ™D, .m0y ~ Ly Ly
(I1<i<d,1<f<mink+1,d+ 1))},

then

HNFT < mes [N"“ + B(O, 1)] .

Remark 6.2 This volume bound is not necessarily optimal. To take just one simple
example, if A(z) is an integer then DEZ)(P(M )) is an integer. Thus, in the case when
0 < Lj--- Ly < 1, it is impossible for Dée)(P(M)) ~ Li--- Ly to hold and the set
N1 is empty.

We apply Lemma 5.7 with
p=d+1, M=pPmV|...|m®), Mx =n®D A=22 R=L;-- L.

We compute that

o o Jmax{li. L} (k< d),
") L k > d).

We now need to distinguish two cases. If k < d then applying Lemma 5.7 gives that

max (L , L
BN <1 4 e 4 <H“’>< I1 ( 0(z>+1 k+1)>
Cil,...,
Jc{l..... i€l u?>max(Loy+1.Li+1) u !
#I:#J ieT
A e

If instead k > d, applying Lemma 5.7 gives that

Lsiyel
#NFH < max Zo@F )

l,l,.
JCI{I":,} iel /Ll.2>L(-,Z(_,')+1 t
#I=# ie
A

Recall now that this is a bound for the number of choices for m**D, given
m®, m(k), and that there are 1 --- g choices for m, Recall also that our
object is to estimate that part of the right-hand side of (6.6) for which every w; is
nonzero. The bound we have proved is

Ao -
, max A0 l_[ ——Zap(it, L)
)\ONL]Z"'ZLmin(h,rH»I)ZO 1<i<min(b,d+1) L
hozprz=pug>0 Li>8ho
pie2N
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S max max  F((L;), (i), Tx), (0%)), (6.8)
M~Li> > Lyinga+n=0 ZkCll,...d}
rzpizezpg=0 ke {ld)

where oy is a bijection from Zj to a subset of {1, ..., d} and

FUL), (i), i), (0%))

,,,,, min(b,d+1) k=1 €Ty
Li>d8X\g

l—[ max (Lo, (i)+1, Lk+1)>
i

,ul.2>max{LUk(i)+1 L1}
i€ly

b—1
l_[ < 1—[ )( l_[ Lok(i)+1>
I”Ll Mz k]
k=min(b,d+1) “ieZy H,~2>Lak(i)+1 i
iely

with the understanding that 7 might be empty and [[; = 1if Z = ¢.

6.3 The maximization procedure

Our aim is now to find the values of L;, u;, Zy, ox for which the maximum on the
right-hand side of (6.8) is attained.

Step 1: Maximizing in (L;) with the Z; s and s held fixed. We start with the depen-
dence on (L;), and we relax first the condition that they be ordered; we will simply
assume that 0 < L; < A% foreachi =1, ..., min(b, d + 1). Next, we claim that the
products

1—[ maX(Lok(i)+1aLk+l)) and < 1—[ Ldk(i)+l>

2 2

1 142

p?>max(Lo, 41, Lk+1) ! 1>Loy ()41 !
i€ly i€y

on the right-hand side of the definition of F((L;), (i), (Zx), (o)) can be taken to be

empty. Indeed, assume that the maximum of F is reached at a point such that, for some

. . . . . max(Lgy, (i)+1,L
k in the product, the corresponding product is not empty: it contains w

Lg, i . . . L; . .
or %Hl for some i ; we will denote it —2 . Expand F in powers of the L;, and consider
i il
the exponent of L;,. It is necessarily > 0, since only the first factor in the definition of
F contributes a negative power, namely Li_ol. Therefore, F will be larger, or equal, if

we increase the value of max (L, (i)+1, Lk) to u?l , which has the effect of cancelling
the undesirable term.

After this manipulation, the parentheses we mentioned have been cancelled, and the
value of some of the L;’s has been fixed to u?c @) for some function f. The remaining
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L; contribute 17,53, ‘%0, and they might be constrained by inequalities of the type
1

L; > ,u?. Therefore, F will be maximal if they take the value §A¢, or ,u?c ) for some
function f.
Step 2: Maximizing in («;). The result of the maximization in (L;) is that we

can assume that each L; takes the value either /L%C(l.), or SAg, that ,ul.z <
max(Lg, (i)+1, Lk+1) if i € Zi, with the convention that Ly = 0 for k > d + 2,
and that the function to maximize is

O 1 3 P

=1,...,min(b,d+1) Li i=1 k=1 NieTy
L;>d\o

We now claim that, at the maximum, the (u;) either take the value 1 or Ag. To prove
this claim, assume that, at the maximum, the y; take a number n of distinct values
1 <a; <--- <a, < Ag.Replacing L; by ,u?c(i) in the above expression, it takes the
form

n
Ao(Xp8)*0 1_[ a?’, where a; € Z.

i=1

Ifo; > 0and a; < A, then this expression will increase if the value of a; is increased
until @; 1 or Ag; and similarly, if o; < 0 and a; > 1, it will decrease if the value of
a; is decreased until a;_1 or 1. This contradicts the maximality of (u;) unless a; only
takes the values Ag or 1 for &; # 0. There remains the case where o; = 0, but then pu;
can be assigned the value A or 1 indifferently.

Step 3: Maximizing in (Zy) and (0% ). We showed that the maximum of F is less than

the maximum of (6.9), under the constraint that ;le < max(Le, ()41, Lx+1) if i € Zy
(with the convention that L; = O for k > d + 2); and under the further constraint that
L; can only take the values §Ag, 1, g, and u; can only take the values 1, Ag.

There are now two cases to consider:

e Ifk <min(b—1,d)and Ly4 = 2.2, then the optimal choice for Zy is {1, ..., d}.
e Otherwise, Z; should have the same cardinal as the set of L;, i > 2, equal to )%,
and oy + 1 should map Zj to this set.

Step 4: Conclusion. As a result of the previous reductions, we find

max max FLi), (i), @i), (ox))
M~Liz > Liin.a+n>0  ZeCll....d}
Moz zzpg>0  okle{l..d)

e T )

Ao=L1>-->Lmin(p,d+1) min(b.d+1) L; e

>.>nu, =L, ie{l,...,
m1z Z_Md Li>8xo Li+1=k(2), or
Lie{dro,1,A5}, i (1,20} (k<d and Ly41=23)

@ Springer



P. Germain, S. L. Rydin Myerson

Notice that we are assuming again that the (u;) and (L;) are ordered; a moment of
reflection shows that this is possible since the permutation (o} ) can be freely chosen.
This expression is visibly nondecreasing in (u;), so we might as well take all y; to be
Ao

In order to evaluate the resulting expression, we need to know the number of Ly
equal to, respectively, §Aq, 1, Ao; this is also the information needed to determine Z;
therefore, we define the numbers

bo =#{1 < j <min(b,d +1): L; = )},
b =#{1 <j<min(b,d+1):L; =1},
by =#{1 < j <min(b,d +1): L; = A3},

which are such that
bo + b1 + by = min(b,d + 1).

Letting x = 1if 1 > §A¢g and x = 0 otherwise, the maximization procedure shows
that the function to be optimized is bounded by

max X0 (3)»())17' X+b2 K(;sz)»g)»(()bz_l)d)\(()b_bZ)(bz_l)
bo+by+by=min(b,d+1)
—b2+(b+d)by+1—b
- max (Sag)t1xgbapg PO
b1+by<min(b,d+1)

We notice first that b1 can be taken to be zero. Second, there remains to dispose of the
assumption that all u; are non-zero, which was made at the beginning of Sect. 6.2.
By the comments just prior to the start of Sect. 6.2, this equivalent to reducing the
dimension d. But some thought shows that the above expression is increasing with d,
so that allowing for smaller d is harmless. Overall, the final bound we find is

max max  F((L;), (ui), Zx), (ox))
M~Li= > Loing.a+n=0  ZeCll.....d}
rozpizezpg=0  okLe=ld)

—b3+(b+d)by+1-b
< max sz)LO 2t b+db )
by<min(b,d+1)

6.4 Borel-Cantelli and the end of the argument

The three previous subsections give the estimate

Ao 2
—b: b+d)br+1—b
/ / 1Pislll, o dhdf S (oghg)*d  max g bbb
(1,214 Jag/2 by <min(b,d+1)
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valid uniformly for any off-diagonal coefficients Since P, s varies on a scale ~ §, this
implies that, for A € [22, Aol

_ —b2 4 (b+d)br+1—b
[ sup IRl dB S Qogho s max s OO,
[1,2] A70<)\<)\0 > <min(b,d+

By Borel-Cantelli as in Appendix A, this implies that, for any € > 0,

1/b
P o g 8TUPyE max  sbabArbrdb+1-b 6 g
1Pl Spe pomax (6.10)

both for fixed off-diagonal coefficients and almost all 8’ € [1, 2]‘1, and also for almost
all matrices (B;;) with g’ € [I, 214 and small off-diagonal coefficients. This proves
6.1).

We now observe that if b; is strictly less than min(b, d + 1), then

by+1y —(ba+1)2+(b+d) (br+1)+1—b
§hat1y =(ba4-1)7+(b+d)(b2+1) _ gy 1brd

§b2 ) —b3+(b+d)br+1-b
> S)L—Z min(b—1,d)—1+b+d

This will be > 1 provided that § > pminb—d—1.d+1-b) 454 g0 for such 8 the maximum
in (6.10) is reached for b, = min(b, d + 1). We will therefore impose the condition
§ > amin(b—d=1,d+1-D) for convenience rather than because we believe it to be optimal.
This yields

81—%)\'d—1+%+6 b<d,s> )‘.b—d—l)’
| P, 5||Ll_>Loo Seﬁ’ d d
’ ’ 85)\,d75+€ b>d+1,8 > )\d_H_b).

We use the first of these alternatives when § > A1~9, and otherwise we use the second.
In particular by writinga = d 4+ 1 — b if § > A'~? anda = b — d — 1 otherwise, we
obtain (6.2). O
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Appendix A. Borel-Cantelli lemma

At several points we use versions of the following argument to turn a bound on average
over (B;;) into a bound for almost all .
Let B = (B;;) be asin Definition 1.1. That s, either 8;; = §;;8; with 8; € [1, 2] for

eachi;or B;j = §;j+h;jforeachl <i, j < dandsomeh;; =hj; € [—ﬁ, ﬁ]

We consider a function & (3, ﬁ) that depends on (B;;) and also a list of parameters
Py, ..., P, for some k € N. In applications these parameters will be integer powers
of 2, constrained by some inequalities. For example in the proof of Lemma 3.3 we
should let P take values in the set

S={W.T.01.....00 e @220, <N, 4y =T =N},

and put

} 2 2 T
q)(ﬂ,P)Z/l /1 /(; Ag (DA, (Bat) ... Ag, (Brt)dtdp, .. .dpy.

LemmaA.1 Let ® be as above. Assume that P takes values in a subset S C 2Lk
such that for any € > 0 we have

Z P € < oo.
Pes
If V is some real function of P with
[ 106, Pridp < wid)

then for every Pe S, for generic B we have
®(B, P) Spe PPU(P).
The lemma follows at once from the standard statement of the Borel-Cantelli lemma.
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