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Abstract

We provide an explicit classification for a number of large classes of complex projec-
tive surfaces. In particular we classify all log del Pezzo surfaces whose singularities
have small discrepancy, and in the process we make precise the notion of small dis-
crepancy. We also provide an explicit description of the morphisms relating these

surfaces.

In a different vein, we consider surfaces admitting an action by a torus, which does not
necessarily have full dimension. We provide a terminating algorithm that classifies

all such log del Pezzo surfaces whose singularities have bounded index.



Chapter 1

Introduction

This thesis solves a range of classification problems for singular surfaces.

Throughout this thesis we consider varieties X with — Ky ample and various restric-
tions on the singularities. These are particular instances of Fano varieties. A two
dimensional Fano variety is called a log del Pezzo surface, see 1.0.1. Smooth log
del Pezzo surfaces were described in work in the late 19th century and early 20th
century. These surface are all of the form P? blown up in k& points where k < 9,
or the exceptional case P' x P!, Such an elegant classification does not exist in the
case of log del Pezzo surfaces with singularities; as represented by [5], [16]. A lot of
work has been done on extending this classification to singular surfaces. In particular
recent approaches have been interested in using of machinery of toric degeneration.
This technique involves constructing a family X over A! such that the fiber over 0
is a normal surface that contains (C*)? as a dense subvariety for which the natural

action of the torus extends to the variety.

Work of [5] and [6] have established a one to one correspondence between log del
Pezzo surfaces with h°(—Kx) # 0 and toric degenerations up to mutation subject
to assumptions on the singularities of the surface. It has been conjectured that

this one to one correspondence extends to other classes of singularities beyond those



considered in the above papers.

In the case of surfaces it is interesting to study the log del Pezzo surfaces with log
terminal singularities. In the full generality, a log terminal surface singularity is a
group quotient by a subgroup of GLy(C). The case when the subgroup is cyclic
is particularly important, and we refer to these as cyclic quotients. In the case of
cyclic quotient singularities it has been conjectured that these admit toric degener-

ation.

This thesis is about log del Pezzo surfaces. The formal definition is:

Definition 1.0.1. A log del Pezzo surface is a normal two dimensional variety over

C which has only log terminal singularities and has — Ky ample.

Our motivating aim is the classification of such surfaces. This is an absolutely hope-

less task in full generality. Nevertheless, we can classify special cases as follows.

1.0.1 Log del Pezzo surfaces of complexity 1

The Gorenstein index of a singularity S is the smallest value n such that nKg is
Cartier. We define the Gorenstein index of a surface X to be the smallest value n
such that nKy is Cartier. For any given i € N, the set of deformation families of log

del Pezzo surfaces X with Gorenstein index ix = 7 is finite.

It is worth noting that the number of families increases enormously as the Gorenstein

index of the surface increases. For example, only in the toric case, the start of the



classification is

index ¢ | number of toric surfaces
16
30
99
91
250
379
429
307
690
916
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We consider these surfaces from three different and related points of view.

In particular, we classify log del Pezzo surfaces that admit a C* action. In this thesis
we give an algorithm to classify log del Pezzo surfaces that admit a C* action and

which have only log terminal singularities with fixed Gorenstein index.

A normal variety X of dimension n equipped with an effective action of a torus of
dimension n — k is referred to as a variety of complexity k. To illustrate the notion,
note first that a toric variety X has an action of its n-dimensional ‘big torus’ 7' C X,
and equipped with this action X is a variety of complexity 0. One could also give
consider X equipped with the natural action of a k-dimensional subtorus 77 C T,

and then X is a variety of complexity n — k. (See §4.4.1.)

However, there are many varieties of complexity & < n whose torus action does not
extend to a toric variety. This is one of the main themes of this thesis: we study and

classify surfaces of complexity 1 that are not toric.

In this way, complexity provides a way of grading the difficulty of a classification
problem. Significant progress has been made on this problem before: Siiss [17]

classifies log del Pezzo surfaces admitting a C* action which have Picard rank one
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and Gorenstein index less than 3. Huggenberger [9] classifies log del Pezzo surfaces
of complexity 1 that have index 1 and arbitrary Picard rank. Ilten, Mishna and
Trainor [12] recover the same classification and extend it into higher dimension. The
methods and language used are broadly the same (though, analogous to the language
of toric geometry, it varies whether papers work in the lattice N or its dual lattice
M), though Huggenberger exploits Hausen’s anticanonical complex technology to

describe the Cox ring in detail.

We extend these results by presenting an algorithm that classifies log del Pezzo
surfaces of complexity 1 with given index. The algorithm works and terminates
for any index, though since the index is an unbounded invariant, there is no hope
of a closed-form classification via methods of this type for all such del Pezzo with a

torus action.

1.0.2 Bounded singularity content of log del Pezzo surfaces

We can consider log del Pezzo surfaces from a completely different point of view.
Rather than considering the global invariants, we can consider the local invariants
of the singularities. It follows from the definition 2.2.1 that the singularities are all
finite quotient singularities, but this class of singularities itself is an infinite set. The
discrepancies associated to a singularity form a measure of its complexity expressed
as a collection of rational numbers, one for each curve in a resolution. When these
numbers are small, but still greater than —1, the singularity may be regarded as ‘more
complicated’. However surfaces that have only these more complicated singularities
can be classified explicitly. Informally, the basic reason is that it is hard to impose

many of these singularities onto a single surface.

These conditions naturally arise as soon as you start to consider singularities in
families. The first place this was considered was in [1] where they considered the

case of %(1, 1) singularities, where p > 5. We extend this by

Theorem 1.0.2 (Theorem 3.4.9). Let X be a log del Pezzo surface with singularities

of only small discrepancy. Then X has at most one singularity except for one sporadic
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family. All of these log del Pezzo surfaces admit a toric degeneration.

This reproves the results of [1] who classified log del Pezzo surfaces with only 119
singularities and extends results in [0] who classified surfaces with £(1,2) and £(1,1)

singularities.

We also consider how the cascade of these surfaces behaves. This notion was in-
troduced in [16] and is essentially asking for the birational relations between the
surfaces. We prove that once our singularity is sufficiently complicated then you get

a subset of the following series of birational relations

X"

k!
'~k kY

Ly —— X{

" "
% k-1 Yl v ’Ynl;f

/ \ o / - ) v

X:X[)<—X1<—~ (;X )”)‘21(7)( —k1—ks

\ 2, y2!
/ \ / \ "
vy o'~k k1 v — %YII
: : X g — o —— X|)

J/ J/ 1 2

)& Y?

In certain cases not all branches of this diagram may exist, and examples of this are
provided in 3.6.1. In addition we provide simple examples outside of small discrep-

ancy where toric degeneration do not exist.

This thesis is organised in the following way: Chapter 2 provides a technical back-
ground on toric varieties, quotient singularities, classification curves on surfaces.

Chapter 3: This sets up the notions of small discrepancy and provides the associ-



ated proofs. Chapter 4: This introduces the technical description of complexity one
varieties and then provides the algorithm to classify log del Pezzo surfaces with a
torus action. An example of how the algorithm works is provided at the end of the

chapter.



Chapter 2

Technical details

Nothing in this chapter is original work, and references are provided. Throughout

this thesis we work only over the field C.

2.1 Toric (Geometry

We use the traditional language set up in [7]. In particular we use the fact that
a normal toric variety X of dimension n can be associated with a (non unique)
fan X C N = Z". We consider the dual lattice to N, denoted M. Any m € M
corresponds to a character of the torus which in turn corresponds to a monomial
function in the function field of X. We denote the 1-skeleton of one dimensional
cones in ¥ by X!, We also use this to refer to the set of primitive vectors generating
those rays; this is a small abuse of notation that is always clear in context. We say
a fan is complete if every lattice point © € N lies inside some cone o € . The

associated variety to a complete fan is complete.
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2.1.1 Cox rings

Given a toric variety X, we wish to construct it as a GIT quotient. We follow the
construction of [7]. Given a complete fan 3 with 3! = {vy, ..., v,,}, we consider the
toric variety given by a fan ¥ C Z™, with T = {e;}, where e; are the standard basis
vectors. A set {e;};ics spans a cone in ¥ if and only if the set {v;}ics is contained
in a cone of 3. The variety Y associated to ¥ is a subset of K™. By construction
we have a well defined map of fans ¢: ¥ — ¥ corresponding to a linear projection.
This induces a map 5 :' Y — X which can be seen as a GIT quotient with weights
corresponding to the linear dependencies of X!, and a finite group corresponding to
the index of the sublattice of N generated by X!. Now Y is equal to Cy — U, the
coordinate ring of Y is called the Cox ring. We note that the set U is comprised of
the toric strata such that the corresponding cone {¢;,, €;, } does not correspond to a

cone of .

2.1.2 Cyclic quotient singularities and singularity content

We also make frequent use of the following concepts introduced in [I1] and [l].
Suppose given a cyclic quotient singularity S = %(a, b) in two dimensions. Here S is

the quotient of C? by the group G = %Z, with action defined by the matrix
27

¢ 0

0 ¢
where ( = e’r. Without loss of generality a and b are coprime to r. This in turn
implies that, by change of basis, we can write S as %(17 w). The minimal resolution
of this singularity is a chain of curves C}, ..., C, with self intersections equal to

lai, ..., a,], where these values a; are equal to the coefficients of the Hirzebruch

Jung continued fraction of , as laid out in [14].

We are mainly interested in studying the restricted class of deformations known as

Q-Gorenstein as given in [11].



Definition 2.1.1. For X a normal projective surface with quotient singularities, a
Q-Gorenstein smoothing is a one parameter flat family & — D such that the total

space is Q-Gorenstein and the general fibre is smooth.

Singularity content is a concept introduced in [I] as a Q-Gorenstein deformation
invariant of a surface. Given a cyclic quotient surface singularity S, with associated
group G, we define the index one cover S; to be the quotient of C? by the subgroup
H = GNSLy(C). We say |H| =n and |G| = r. This gives C* — S; — S where S
has a singularity of type A,, and this has equation zy = 2"**. The group G/H acts

+

on S; with quotient S. That is, this group acts on zy = 2" with some weight k;

this means G/H = LAZ acts naturally by some weights on the x, y, 2 and the equation
has weight k. This gnives us the Q-Gorenstein deformations of S are the quotients of
the equivariant deformations zy = 3 a;2°*%. This is smooth if and only if k = 0.
On the other hand if k # 0 the deformation has a residual singularity %(a’ ,b0'). We

, %(a’ ,b')) the singularity content. If n = 0 we say the singularity is

call the pair (n
Q-Gorenstein rigid. The value n can be seen to be equal to the topological Euler
number of the (Q-Gorenstein smoothing with the singular point removed, although

this is not used in this thesis.

Given a log del Pezzo surface X with only Q-Gorenstein rigid singularities, we define
the singularity content (n, {Si, ..., S,}) where S; are the singularities of X and n is

once again the topological Euler number of X? = X — {Singular locus of X}.

2.2 Log del Pezzo background

2.2.1 Definitions

We here relate some basic definitions and facts about surfaces.

Given a normal surface singularity S and minimal resolution : S — S then we

have

K§ = W*(Ks) +ZGZE1
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Definition 2.2.1. Throughout this thesis a log del Pezzo surface is a normal complex

projective surface with log terminal singularities and —Kx ample.

Where we say a singularity is
e terminal singularities if a; > 0
e canonical singularities if a; > 0
e log terminal singularities if a; > —1
e log canonical singularities is a; > —1

A surface singuarity is log terminal if and only if it can be constructed as a quotient
of C? by a, not necessarily cyclic, group action [10]. The smooth log del Pezzo

surfaces have been classified as the blowups of P? at less than 9 general points or
P! x P!

Given an orbifold log del Pezzo surface we frequently use the invariants —K?% and
h(—Kx). These can be computed via orbifold Riemann Roch as set out in [15]. For
a rough sketch of how we do these calculations, given a singular X, with minimal

resolution Y.

In most of the cases in this thesis, these can be calculated by toric geometry. As
shown in [7] the value — K% corresponds to the area of the full dimensional lattice
cones of the fan. In the case of h%(—Kx) this is equal to a count of lattice points inside
the dual polytope contained inside the lattice M. These invariants are invariant

under Q-Gorenstein deformation.

2.2.2 Hirzebruch Surfaces

We briefly state some basic results about Hirzebruch surfaces [13]. A Hirzebruch sur-
face is a rational scroll defined as the quotient of C* by (C*)? with weights (1, —1,0, 0)
and (n,0,1,1). Alternatively it is the minimal resolution of P(1,1,n). From this we

see that we have the Picard group generated by B and F, where B> = —n and F

10



is the strict of the transform of the generator of the Picard group of P(1,1,n). The
rational map that sends (z;y;2) € P(1,1,n) to (x;y) is resolved by this blowup and

gives a projection from the Hirzebruch surface to mbP!.

2.2.3 Basic Surfaces

We finish with a very brief overview of [5], [6] and [1] as some of the methods we
employ are similar. Respectively these paper classify log del Pezzos with singularities
with minimal resolution [3] in [5], [3,2] and [3] in [0], and finally one singularity with
resolution [n] in [4]. The structure is similar, classify the possible surfaces X which
admit no Mori contractions to another surface which could arise from these choices
of singularities. These are called basic surfaces. Then study their blowups and their
birational relations, often in the context of cascades as introduced by [16]. Via these
explicit classifications they have been able to give explicit coordinate constructions
and their toric degenerations (when they exist). In Chapter 2 we classify log del
Pezzo surfaces with singularities that have Hirzebruch-Jung of the form [ay, ..., a,]

with both a; and a,, greater than two via similar, although modified methods.
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Chapter 3

Small Discrepancy

3.1 Context

We aim to classify all possible log del Pezzo surface whose singularities have discrep-

ancies sufficiently small.

3.2 Standard notions and notation for quotient
singularities

We reference back to chapter 2 for a lot of the notation. We use the following

definitions liberally throughout the chapter.

Definition 3.2.1. Let X be a log del Pezzo surface. If X cannot be constructed as

the blowup of a surface X’ then we say X is a basic surface.

Definition 3.2.2. A floating —1-curve on a surface X is a curve C' C X, such that

the exist a map 7: X — X’ which contracts C and is a blowdown.

We consider the germ S of a cyclic quotient singularity appearing at a point P on a

12



projective surface X. The minimal resolution of X is denoted f: Y — X. It con-
tains a chain of exceptional (smooth, rational) curves C1, .. ., C,, entirely determined
by S itself, which are ordered so that the only intersections between these curves are
C; N Cyy1 which is a single transverse intersection for each ¢ = 1,...,n — 1; in other
words, C7 and C), are the two ‘ends’ of the chain. We also denote the discrepancies
of each C; (as curves in Y') by d; € Q: thus

Ky = f*(Kx)+ Y _diCi.

i=1

We denote by a; the value C?. The values a; uniquely define S via Hirzebruch-Jung
fractions [11] and the notation S = (1,a) = [ai,...,a,) indicates the singularity

such that the resolution has these self intersections.

3.3 Singularities with small discrepancy

We introduce a property of cyclic quotient singularities that is central to the rest of

the chapter.

Definition 3.3.1. Let S be a cyclic quotient singularity, and C,...,C,, the ex-
ceptional curves of the minimal resolution of S and dy,...,d, their discrepancies,
as above. We say that S is a singularity with small discrepancy if d; < —% for all

1=1,...,n.

To simplify our calculations we introduce to the notation of the log discrepancy
Proposition 3.3.2. In the notation above, a singularity S has small discrepancy if
and only if Cf # =2 and C2 # —2 and S % 3(1,1).

Proof. We use the fact that the discrepancies form a sequence which at first is strictly

decreasing and then strictly increasing. So it suffices to show this for C; and C,, and

13



then apply this to show it for the intermediate values. We use the following formula

for the log discrepancy e; = “=11%41  We note that if a; > 4, then as ey = 1 and

aq

ey < 1 we have e; < _14. This implies the inequality for small discrepancy. In the case

where a; = 3 this results in the following, as e; > e, by substituting e; into e; = %

we get ey < 12& which rearranges to 2e; — 1 < 0. Hence ey < % Substituting this
1

back into the equation for e; we get e; < 122 = % O

Throughout the rest of this chapter we restrict the class of singularities we consider

as follows:

Assumption 3.3.3. Any singularity germ .S that appears in this chapter is assumed

to be a cyclic quotient singularity with small discrepancy.

3.4 Log del Pezzo surfaces and small discrepancy

Lemma 3.4.1. Let X be a surface having cyclic quotient singularities of small dis-
crepancy, and let f:'Y — X be the minimal resolution of X. Let C' C X be a rational
curve whose strict transform C CY is smooth. Let {E;} be the exceptional locus of
f. Suppose in addition that C- > E; >2. Then C?=-1 implies —Kx - C < 0.

Proof. We use the genus formula that states g(C) = C* + $(C? + C - Kg) for any
smooth curve C' contained in a smooth surface Y. Applying this to C CY we
see that Ky - C = —1. If C intersects two distinct exceptional curves £;, F;, with
discrepancy d;, d; respectively, then Kx - C = f*(Kx) - C>-1-d, — d; > 0,
as X has only singularities with small discrepancy. If, on the other hand, C meets

only one exceptional curve F;, but with intersection multiplicity m;, then Ky - C' =
F(Kx)-C>—=1—md; > 0. O

We show next that in fact such rational curves cannot lie on a log del Pezzo. We

need a preliminary lemma.

Lemma 3.4.2. Let X be a log del Pezzo and f:Y — X its minimal resolution. Let

14



C CY be a smooth rational curve. If C* < —2 then C is contracted by f to a point
of X.

Proof. We prove this by contradiction. Assume there is a curve C' that is not con-
tracted. Then
Kx-f(C)=f"(Kx)-C>Ky-C>0

The first inequality follows as f*(Kx) — Ky is an effective divisor. The second

inequality follows as Ky - C' = —2 — C?, once again by the genus formula. [

We use the following definition introduced in [3].

Definition 3.4.3. We say that a non empty collection of curves C1, ..., C, contained
in a surface X is a zero cycle if there is a morphism 7, that only contracts the curves

C; and 7, (UC;) is a smooth point.

Lemma 3.4.4. Let C = {C},..., C,,} C X be a zero cycle. Let m: X — Y be the
contraction of the zero cycle, and P the point to which they are contracted. If P lies

on the intersection of two curves Dy and Do, with D? < —1 then either
1. The strict transform of Dy and Dy still intersect.

2. The strict transform of D1 and D4 are joined connected by a collection of curves
{Car,-.., Co,} CC with C2 < =2, and Cy, - Cy, equals one if j = £1 and is

zero otherwise.

3. There i1s a —1-curve C in C such that C' intersects two curves, which both have

self intersection less than or equal to —2.

Proof. 1t is clear that if the strict transform of D; and Dy do not intersect then the
zero cycle, C, gives rise to a chain of curves {C,,,..., Cy, } C C connecting the two
curves. If there is a —1-curve in this chain it will have to intersect two curves with
self intersection less than —1, otherwise we would have two —1-curves intersecting

and this cannot be contracted. O

15



This is usually applied in the following context.

Lemma 3.4.5. Let Cy and Cy be two curves on a surface X with C? < —1 inter-
secting in a smooth point of the surface. Then every surface Y with m: Y — X a

dominant morphism satisfies at least one of the following
1. The strict transform of Cy intersects the strict transform of Cl.

2. The strict transform of C} is connected by a chain of curves with self intersec-

tion less than —1 to the the strict transform of Cl.

3. There a —1 curve intersecting two curves with self intersection less than —1.

Proof. This clearly follows from the previous Lemma 3.4.4. [

Proposition 3.4.6. Let X be a log del Pezzo surface with singularities of small
discrepancy. Let'Y be its minimal resolution. Let Z be a smooth surface and w: Y —
Z be a dominant morphism. Let C C'Y be a curve with C*> < —2. Then 7,C is

either a smooth curve or a point.

Proof. We proof this by contradiction. Assume that 7.C has a singular point 5,
either S has multiple branches or it a cuspidal singularity. If there are multiple
branches then locally at S it resembles two curves intersecting a point P. Via
Lemma 3.4.5 the curve C' on Y would either still be singular, or it would be connected
by a chain of curves with self intersection less than —1 (which would give rise to a
non cyclic quotient singularity) or there would be a —1 curve joining two curves with
self intersection less than —1 which would contradict X being a log del Pezzo surface

via Lemma 3.4.1. Hence S cannot have multiple branches.

The case of S only having one branch follows via similar logic. On Y every curve with
self intersection less than —1 is smooth and every —1-curve only intersects at most
one curve with self intersection less than —1 and the intersections are transverse,

this is via Lemma 3.4.1. Taking the first stage when every intersection is transverse

16



and no more than two curves intersect a given point we have the following curve

configuration.

C, O Ch

Here C? = —1 and C? < —2. Once again applying Lemma 3.4.5 to the curves we
see that there is no way that this can occur from a contraction of Y. Hence there

cannot be a singularity on the push forwards of the curve. O]

Proposition 3.4.7. There is a unique family of non smooth log del Pezzo surfaces
Sy, indeved by p € N, such that given the minimal resolution Y of S,, Y does not
admit a map to F; with i > 2. Here S, has one %(1, 1) singularity.

Proof. The first case is that Y only admits a map to Fy. Then Y must be Fy, since
a blow up of any point of Fy also permits a map to [Fy; but then X =Y is smooth,

contradicting the assumption.

If Y only admits a map to F; other cases arise. Clearly if we blow up a point on the
—1-curve we get a map to 5. So the only option is a blowup at a general point. At

this point you get the following toric variety

17



This results in three adjacent —1-curves. We now split into three cases, dependent

on which —1-curve we blow up, or if we blow up a general point.

Case 1: Our next blow up is a blow up at a general point. This results in DF;.
Let Z be DPFs blown up at k general points. Then Z has the property that for any
—1-curve C' there is map 7: Z — F; that sends C' to the —1-curve on F;. Hence if
the map Y to IFy factors through Z, then given a —n-curve on Y, with n > 2, then
there will be a map sending it to the —1-section of F;. Hence there will also be a

map sending it to the negative section of FFs.

Case 2: Blowing up any point on the curve which is the pullback of the negative
section B of F;. Once again this results in an obvious map to F,. We note that our
surface admits two maps to F; via the symmetry of the surface, so there are two

possible pullbacks.

Case 3: The final case gives rise to an infinite family of surfaces with Y only
admitting a map to [Fy. This is blowing up p—1 general points on the strict transform
of the fiber that went through the point we blew up. This results in an infinite family
of surfaces Y, with a single —p-curve. Any further blowups of Y, in any position not
on this curve will admit a map to a Hirzebruch surface IF,, with n > 2 via analogous

arguments to case 1 and case 2. O

Lemma 3.4.8. Let X be a log del Pezzo with only singularities of small discrepancy,
and let f: Y — X be the minimal resolution. We suppose that'Y admits a map 7 to
I, where | > 2.

18



For a germ S of a singularity of X, denote by EY CY the exceptional curves in the

resolution of S. For each singularity S on X :

1. Bvery exceptional curve E is either contracted to a point of By by m, or the
pushdown m.E7 C Fy is a smooth rational curve with self-intersection one of
—1,0,1, 1 +2,41.

2. In addition there is always a curve EJS not contracted by m for all singularities

S.

Proof. To prove the first statement note that 7, EY cannot be a singular curve by
Proposition 3.4.6, hence it is a smooth rational curve. The Picard group of a Hirze-
bruch Surface F; is generated by the curves B, with B? = —[, F with F? = 0, We
note that the curve m,E7 is one of the following: B itself or intersects B once or it
is disjoint from B, by Proposition 3.4.6. Hence it either B or mF + n(lF + B) for
m and n positive integers. By Lemma 3.4.1 we see m cannot be greater than 1 as
C-B =m. If mis 0 and then n has to be less than 3, otherwise the curve would not
be smooth and rational. Finally if m is one, we use the genus formula, let C' = 7, E}
then

—1= %(02 + Ky, - C) = %((n2l +2)—(2+)n+2) = %(nzl —In —2n)

We clearly see that this cannot occur if n > 3, as [ > 2. Enumerating these case of

m € 0,1 and n € 0,1, 2 gives us the desired intersections.

To show that not all the curves EJS can be contracted to a point if [ > 2, we go for
a proof by contradiction. Assume [ > 2 and every exceptional curve in a singularity
S is contracted to a point P € ;. Then P lies on a fiber F' which intersects the
curve B. First we consider P ¢ B. We have EF € 7='P for all i. Hence we have
to blow up P several times. However the strict transform of the fiber F', denoted F
now has F2 < —1. If F2 < —2 then it has to be contracted, meaning ﬁ, B € {E?}

which would be curves not contracted to a point. If F? = —1, then the only —1-
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curves in 7L P cannot intersect . This is because, after the first blowup we have
an exceptional curve E and the fiber F. These both have square —1. If we blow
up the intersection point of F and E then F? < —2, hence we can only blowup
general points on F. At this point we have none of the —1-curves intersecting F.If
we blowup no points on F then clearly we are not introducing a singularity so this
does not occur. Now finally we note that our curve configuration would contradict

Lemma 3.4.1 if we had F? = —1 as it would connect B to an exceptional curve E?.
O

Remark. In the case where the length, n, of the singularity is 1 or 2, Lemma 3.4.1
follows via easy toric geometry as any curve joining two singularities is a locally toric
configuration. This corresponds to the associated fan occurring as the face fan of a

non convex polygon.

Now we can classify these log del Pezzo surfaces in a straightforwards way.

Theorem 3.4.9. Let X be a non-smooth log del Pezzo with only singularities of small
discrepancy. Then X has either one singularity or two singularities, and if there are
two one of the singularities is a %(1, 1) and the other singularity is a %(1, 1). In

addition we can explicitly describe all possible basic surfaces.

Proof. Given a log del Pezzo X, we start by contracting all floating —1-curves. This
gives rise to a log del Pezzo X; note that X; is not P? since the contraction map is
an isomorphism in the neighbourhood of any singularity of Xy. Let 0: Y — X, be
the minimal resolution of X;. We know that there is a map n: Y — IF;, and we may
suppose [ is maximal with this property. There is a curve B C F; with B2 = —[. If

[ > 2 then B has to be the image of a g-exceptional curve FEj; inside Y.

We first show that 7 cannot contract a curve to a point on B. If on the contrary there
is a curve contracted to B, then without loss of generality we may assume that it is
the exceptional curve of the final blowdown Y — Y5 — F;. In that case, there two

curves (', Cy on Ys, both —1-curves, with C5 being the strict transform of 0 fiber.
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But then we could instead contract C5 from Y; and get a map to F;,, contradicting

maximality of [. Hence 7 is indeed an isomorphism in a neighbourhood of B.

We note that [ < 1 has been classified in Proposition 3.4.7. So we restrict to [ > 2.
Now there is a singularity S such that B € {m,E”}. Assume first that S is not a
%(1, 1) singularity. Note that there is a curve EJS such that W*Ef is B. The adjacent
(one or two) exceptional curves E7.; cannot be contracted to a point via m (by the
argument of the previous paragraph). We suppose there are two adjacent curves
E]Sﬂ; the case where EJS is at the end of a chain of blowups with only one adjacent
exceptional curve works in exactly the same way. Thus each of W*Ejsﬂ is either a
0 curve (a fiber) or an [ + 2 curve on F; (by the classification of smooth rational
curves on F;). Note, by [ 4+ 2 curve we mean the curve has self intersection [ + 2.
Denote these two adjacent curves by C); and Cy respectively. Assume there was
another singularity with exceptional curves {E };"$ on Y. Then by Lemma 3.4.8
there would be a curve Ef/ such that W*EJS/ is a curve with self-intersection 0, [, [+ 2.
However these curves would necessarily intersect C; and Cy meaning either S’ is not
distinct from S or there is a —1-curve in Y connecting two of their curves in the

minimal resolution. Hence X has precisely one singularity.

To complete the analysis of this step, suppose S is a %(1, 1) singularity and that its
unique exceptional curve is mapped to the negative section B. Then consider the
possibility of there being another singularity S” on X. By Lemma 3.4.8, there is
a curve E]S/ such that A = W*Ef/ and A has self-intersection [ or 4l; it cannot be
0 or [ + 2 as it must not meet B. If S" is not a %(1, 1) then there is at least one
exceptional curve among the E,f/ that is contracted to a point on A C F;. However
each blowup of a point () € A introduces a —1-curve D which is joined to curve B
by another —1-curve, the birational transform of the fiber through ). Hence none
of these curves E,f' can be mapped to D, as otherwise it would be adjoined to B by
a —1-curve, contradicting Lemma 3.4.1. Thus any other singularity on X is also of

type %(1, 1) (though possibly for a different p).
Suppose now that there was a third singularity of type %(1, 1). Once again, its
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exceptional curve would have to be sent to a 0, [, [ + 2 curve. Any smooth rational
curve on F; with one of these intersection numbers intersects the curve A. Thuson Y
it must either meet the birational transform of A or meet some curve that intersects
A. Once again in the second case it will result in two singularities connected by a

—1-curve. This is a contradiction to small discrepancy by Lemma 3.4.1.

Thus X has exactly one or two singularities of type %(1, 1), and part (3.4.9) is

complete in the case [ > 2.

To help explicitly describe these basic surfaces we first observe that neither of the
adjacent curves E]Sﬂ can map to an [ + 2 curve, as this would result in X having a
floating —1-curve. This is because [ 4+ 1 points on an [ 4 2-curve can be cut out as
the intersection of the [ + 2-curve with an [-curve and we would have to blowup at

least [ 4+ 1 times. Hence the strict transform of this /-curve would be a —1-curve.

Because of this we see that the only possibilities for m,(E7.,) are two different 0
curves. (Again we suppose there are two adjacent curves; the case of one adjacent
curve follows via the same logic.) We can then proceed to construct the configuration
of all exceptional curves inductively. This means that when a surface of this form
is able to be constructed we can obtain it by doing two weighted blowups at two
general points of a Hirzebruch surface with weights k; and ks. We then do a series
of toric blowups, and then finally do a series of non toric blowups on the boundary.
The following surface is one example, arising from blowing up two general points of

a Hirzebruch surface with k; and £, times.

]

In Figure 3.1 the picture is where the map to the Hirzebruch surface is an isomor-
phism on an exceptional curve F;, where 1 < ¢ < n. Here the red curves indicate
—1-curves and the blue curves indicate curves with positive self-intersection. The
blue curve has self-intersection a; — k1 — ko. This value is dependent on the map to
the Hirzebruch surface F,,. If © = 1 or ¢« = n then we would have a similar looking

configuration except with positive curve now having self-intersection a; + 2 — k; as
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we consider the curve in the linear system |(I 4+ 1)F + B| which would be the nodal

curve inside |—Kx|.

bi—1bit1

Figure 3.1: Example of a minimal surface with invariants S = [ay, ..., a,] and the
number of blowups being k; and k.

Remark. In our construction of our surface we blew up two points, P; and Ps, of a
Hirzebruch surface k; and ko times. If for every possible value of k; and ky we have
k1 + ko > a; for all . Then there are no log del Pezzo surfaces with singularity S.
This follows because the positive section going through P, and P, would now have
negative self intersection. For instance the singularity S,, = [3,2,--- ,2, 3] of length
n cannot be the only singularity on a log del Pezzo surface when n > 7. This means,
heuristically, that there are no surfaces with only singularities of small discrepancy
where the length of the singularity is a lot larger than the largest self intersection of

an exceptional curve.
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We use these results to classify log del Pezzo surfaces with certain singularities.
This leads to the following corollaries in which we classify all log del Pezzo surfaces
with singularities of small discrepancy, each of which is resolved by a one or two

exceptional curves.

3.5 Examples

We start by specifying how we deviate from the previous literature. In [10] they
construct cascades as explicit maps between log del Pezzo surfaces, mirroring the
classical constructions. We do not do this, however we explicitly state when the map
exists and give good embeddings. If a variety admits no floating —1-curves, so a
basic surface, we call it the root of a cascade. If a surface X cannot be blown up at

any point while preserving — Ky ample we call it the head of a cascade.

Corollary 3.5.1. Let X be a log del Pezzo surface with small discrepancy and sin-
gularities {p%(l, 1), ..., pin(l, 1)} forn > 0. Then n <2 and moreover

1. if n < 1 then either X is a smooth del Pezzo surface or lies in a cascade over

P(1,1,k) (see []]);

2. if n = 2 then let ¢ be the highest common factor of p and q and a = E

o’
= 4. Then X is isomorphic to a quasismooth weighted hypersurface X,y C
P(1, 1, a, b) quotiented out by p. acting with weights (1,1,0,1). Conversely any

such hypersurface with p,q > 4 is a log del Pezzo surface with small discrepancy.
In particular, in the case of two singularities there is no cascade.
The small discrepancy condition is equivalent to the condition that p; > 4 for each
i =1,...,n. For the sake of completeness, we outline the classification result of [/]

that describes part 1, which also follows independently from Propostion 3.4.7 and
Theorem 3.4.9.

Proof. With these restrictions on singularities, it fits the criterion for the above
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theorem. The explicit classification was done in the proof of Theorem 3.4.9. The
case of one singularity was done in [1]. The only examples of these surfaces with
more than one singularity are constructed by blowing up a Hirzebruch surface in
several points along the positive section and then contracting the resulting negative
curve and the negative section, as was prove in Theorem 3.4.9. Denote this surface
by X. Note X admits a C* action and an equivariant degeneration to the toric
variety with rays {(—p1, —1), (0,1), (pa2,1)}. This is P(a + b, a,b) quotiented out by
e acting with weights (1,1,0,1). Taking the veronese embedding of degree a + b,
denoted v,p, gives us the desired embedding. . We have —K% = pil + p%. Even
in cases where —K?% > 1 we see that X cannot be blown up while preserving — Ky
ample. If X admitted a blow up at a general point P then there is a fiber F' such
that P € F. Then F is a —1-curve on the minimal resolution connecting the —p;
curve with the —p, curve. This is a contradiction. Hence there is only one element

in the cascade.

We note that this surface can be see as a hypersurface of degree p + ¢ inside
P(1, 1, p, q).

We now do a more difficult example by classifying the log del Pezzo’s with singular-
ities S, with resolution Fy, Fy with E? = —a, E3 = —b. To make sure that this
obeys they conditions on the theorem we insist a, b # 2. We note that the case
of S35 does satisfy the conditions for the theorem. However we are interested in
Q-Gorenstein smoothings and S35 is not Q-Gorenstein rigid and admits a partial
smoothing to %(1, 1) singularity. These were classified above. This is the only one
of these singularities which is not (Q-Gorenstein rigid. This is a more complicated

example of how the above theorem can be used.

Corollary 3.5.2. Let X be a surface such that the basket is ({Sa, byy- -+ Sam b ts 1),
with the condition that a;, b; > 3 and we exclude the case a; = b; = 3. Then there s

at most one singularity Sq,p.
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Moreover all such surfaces are related by morphisms in the following way:

0 1y e 2 a—1
X, < n X, 4 o e X¢
¢$_\
o o
X1 < ! X2 < 2 X3
/4521
o ot oy °
0,7t 1,7 AL b—1
X, < X, < ¢ X,

Proof. Once again by Theorem 3.4.9 there are two basic surfaces, upto deformation,
with a S, ; singularity. These are given by the following two surfaces: X, is the
surface constructed by taking IF, and blowing up b point on a fiber F', then contracting
the —a curve and the —b curve. The surface X}, is symmetric to X, and is constructed

as a blowup of a points on a fiber F' inside Fy.

From construction, we see the following formula for the anticanonical degree of X,:

2 a a
SKX, =8 ba (1= 5E) b (- 55) 2 (1- 55 (1- 55)

We note that once we blow up X, exactly a times our formula will be completely
symmetric in a and b.

Both X, and X, admit a toric degeneration, to P(1,b,ab — 1) and P(1,a,ab — 1)
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respectively. We can see this as an equivariant toric degeneration of a complexity
one variety, alternatively this follows by considering the numerical invariants in [1].
We only consider the case of X, since X, is completely symmetric. We see that
we can smooth the weighted projective space by taking the bth Veronese embedding
of P(1,b,ab — 1) getting Py, v +(1,1,ab — 1,a) with the relation uw = t*. This
admits a smoothing, giving us the surface lying as a hyper surface of degree ab inside
P(1, 1, ab—1, a).

Given a surface X} with 0 < v < a with X? = X, there is a corresponding toric
degeneration Xy, where ¥ is the fan with rays (—1,b), (—1,0), (a,—1), (@ —u,—1).

This has an A_; singularity and an A, ; singularity. Via Cox rings this can be

4

viewed as C } with a quotient

{z,y,2,t
T Y z t
(u 0 bu—(ab—1) ab— 1)
1 ab—-1 b 0

Taking the Veronese embedding of degree (Z) we get a codimension 2 complete
2

U
intersection with weights ) inside the toric variety with weights
ab u

b yP Ty z¢ tv tz
(b 0 1 bu—(ab—1) ab—1 b)
1 ab—1 a u 0 1

We can see the smoothing of both the A, and A,_; singularities inside this embed-

ding, so this gives this a good coordinate construction as a codimension 2 subvariety.

After a + 1 blowups the surface admits a toric degeneration to the toric variety
whose fan has rays (—1,b), (—1,—1), (a,—1). This is because upto deformation

there is only one such surface, and so any potential toric degeneration must be a
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degeneration. A toric degeneration after a 4+ 2 blowups is given by the fan whose
rays are {(—1,0), (—a,—1 —a), (—1,—1 —a), (b,ab — 1)}. This can be verified by

calculating anticanonical degree of the toric surfaces.

We now show that the surfaces X, = X? through to X3 = X% are log del Pezzo
surfaces. We start by showing X, is a log del Pezzo surface, let Y be the minimal
resolution of X,. We know —Ky = A+ F + E, + E, where E, and FE, are the —a-
curve and the —b-curve respectively. Here A2 = n and F? = 0, also, let D; through
to Dy be the —1-curves inside Y. In addition let C' = A + F. We wish to consider
every possible decomposition of C' into effective curves not in the exceptional locus,
so that we can apply the Hodge index theorem [13]. We first note F' — D; is linearly
equivalent to E, + > i D;, as this contains an exceptional curve we do not consider
it further. Now note F'—2D,; is not an effective curve as there is a curve U in |A— D;|
such that U-(F —2D;) = A-F —2D; = —1. A similar analysis holds for ' — D, — D,.
Hence F' cannot be split into a sum of effective divisors outside of the exceptional
locus. We note that A can only be split into (A — D;) + D; as any curve inside
|A — 2D;| would intersect F' — D;, which is an effective divisor, with intersection —2.
A similar anlysis holds for A — D; — D;. Hence the only ways to decompose A + F'

outside of the exceptional locus are
1. C
2. (C —D;)+ D;
3. A+ F
4. (A—=D;))+ D, + F
Calculating the intersection with — Ky of all these possible effective curves we get
1. =Ky -C=n+2—dy, —ds
2. =Ky -D; =1
3. =Ky - (C—=D;)=n+1—d; —dy
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4. KyA:TL—I—l—dQ
5. =Ky - F=1—-4d,

As the d; are greater than —1 all these intersections are positive. Via the Hodge
index theorem — Ky is a big divisor and the corresponding rational map contracts
E, and Ej as it is negative only on these curves. Hence the pushforwards of — Ky,
which is — K, is an ample divisor. The same analysis holds for X2 except there

are some extra exceptional curves but these do not effect the calculations.

To see that this marks the end of the cascade, as (=K ya+2)? = 2+ d, +dp < 1, if
we blow up one more time (—K Xg+3)2 =1+d, + dy < 0 via small discrepancy and

hence cannot be an ample divisor.

We now show that if we blow up X, exactly a times we can blow down to Xp.
Assume a > b, if we show that blowing up a points on X, introduces b disjoint
floating —1-curves, then we can contract them all. This gives rise to a log del
Pezzo surface with the same numerics as X,. Hence via Theorem 3.4.9 it has to
be deformation equivalent to X;. On X, there are b curves D, going through the
singularity corresponding to the b blow ups we did on the Hirzebruch surface F,
to construct X,. To each of these curves D; there is a linear system of curves |C;]
intersecting them with every element of |C;| being disjoint from the singularity and
having self intersection a — 1. Hence there is a unique curve C; € |C;| which contain
the points P; through to P, with self intersection a — 1. In addition A — D; intersects
C; only at the points P, and at each point the intersection is transverse. Hence after
blowing up all the points Py, these curves are now floating —1-curves all of which are
disjoint and hence can all be contracted. Via the argument at the beginning of the

paragraph this gives rise to a surface which is, upto deformation, the same as Xj.

]

This structure of these birational relationships can be put in more general terms.
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3.6 Web of maps

Given a singularity with small discrepancy such that the minimal resolution is
ai,...ay,, there are a finite number of basic surfaces classified in Theorem 3.4.9.
Attached to any one of these basic surfaces X with minimal resolution Y we have
the following invariants a; and ky, k2. The a; indicates that ¥ admits a map to F,,
which is an isomorphism on the negative section. The invariants k; and ko are the

number of times we blew up general points on F,, to obtain Y.

Theorem 3.6.1. Let X; be one of the basic surfaces constructed in Theorem 3.4.9.
We can describe how their cascades. In the case when the singularities are of the

form %(17 1) the cascades have been classified by [/] and the above example.

For the general case we split in to cases. We note X; is constructed by blowing up a
Hirzebruch surface at a point ki times, and at another point ko times. We label the
strict transform of these curves by E and ET respectively. Let s;, t; be the number
of —1-curves intersecting E° and E! respectively. We then classify the cascade via

these invariants

There s the sporadic case where the singularity is length one where we have the

cascade arising in [/] and the single surface with two singularities.

Outside of the above case, consider X a surface with ki and ko not equal to zero. In
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addition sy, t1, So and ty are all non zero. Then we have the following cascade

" "
Xu/uk-;’—k-g—z — s —— X{

/

KXoy W Yn"{//
\
yr Yl‘z” RO Yr?g”
X=Xog«— X; —  — Xobyboo1 ¥ Xaby—ko
|
v ’ le’ 7122’
N 9 X /7,6,17’«271 Y'll/ R RN Ynl/l’

where we have

1. X is a surface with ki and ko not equal to zero. In addition sy, t1, So and to

are all non zero.

2. The Ynl1 or Yn22 are surfaces such that ky = 0 and ko = a1 + 1 — s1 or ky =
a1 + 1 — t1 respectively. In each of the Y; there is only one degenerate fiber in

the P! fibration induced by the map to the Hirzebruch surface.

3. The surfaces X{, and X{| are of the same form as X and the picture has 3-fold

symmetry. Indeed Xo g, g, = Xarp; gy = Xar 1y

There are a variety of subcases of this which occur

1. The next case is X is a surface with ki = ko = 0 and there two non general
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fibers or sg =ty = 0. Then the cascade is

X = XO < Xl < e X Xa—k?1—k2—1 — Xa—k1—k2

|

" / \Yf
| |

Y,! Y2

ni n2

2. The next case is X is a surface with ky = 0, ky # 0 and there are two non

general fibers or ty = 0.

X = XO — X — Xu—klszfl — Xw—lq—kz —_— Xt/z’flcg—k’g—l Y11/ e Yl,’
Y \
Y'l2

3 i

ny na
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3. The next case is s = 0 and two non general fibers

1 1
X=Xo+— Xj ¢+—— - — Xy pobp1 & Xopy—by — qukgfk;f] Y]

|
!

Yy

4. The next case is s; = t; = 0 and two non general fibers

X = X < X < s X Xa—ky—ko—1 & Xo—ki—ko

5. We also have the case s =0 or ky = ko = 0 with one non general fiber, which

has cascade

X0 « X!« cee 4 Xo-t

X1 < X2 < X3

0/ 1/ e 4 b_l
X0 —— X}« \ X}

6. Finally case s; = so = 0 with one non general fiber, which has cascade

X =X, « X < X1 — X,
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We note that s; = 0 and sy = 0 with one non general fiber would occur in case 3

above.

Proof. Given a singularity S of small discrepancy with length m > 1. Then a basic
surface X with singularity S has minimal resolution Y. The surface Y is constructed
by taking a Hirzebruch surface F,, picking two points P;, P, and blowing them up k;
and ko times, this gives rise to an intermediate surface Z and then X is constructed
by doing further blow ups. We can assume k; < ko and this gives the relations that
either k; = ks =0and m € {1, 2,3} or ky =0 and ky =m — 2 or ky + ky = m — 3.
These cases arise by considering the case where the strict transform of both/ one/
none of the fibers are exceptional curves. The case where no fiber becomes an
exceptional curve has been classified in Corollary 3.5.1 and we will note mention it
further.

We note that k; and &y should not be viewed as invariant of the surface X but an

invariant of the given map to IF,;:

X<f Y > o,

This is because the map to a Hirzebruch surface is non unique even with the moderate

restrictions we have placed on these maps.

We now note that by construction in the case where the strict transform of both fibers
are exceptional curves we get a curve C' on Y with self-intersection a; — k1 — ky. Via
construction C' was a toric curve and f.(C) € | — Kx|. We have that the class group
of X is generated by C' and D; where D; are the curves arising from the non toric
blowups of Y. This implies that the cascade of X is of length L = a; — ky — ko
as blowups in general position do not affect the —Kx - D; and when we blow up
a; — k1 — ko + 1 times K} < 0 via the small discrepancy condition. If L < 0 then

this surface is not a log del Pezzo surface.

In the case where one of the fibers is not exceptional, so ks = 0, we have that the

class group is generated by the same D;, the fiber class F' and a final curve C'. Here
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~Kx =C+ F and F? =0, C? = a; — k;. This surface admits a cascade of length
L = a; — k; + 2. This is because, we only need to calculate the intersections on
the subgroup generated by C' and F. If we blowup L times we can assume that we
blew up one point on the fiber F' and a; — k1 + 1 points on the curve C. After this
process the strict transform of both these curves would have self-intersection —1. As
these are both on through a singularity with multiplicity one we see that —Kx has
positive intersection with these curves. If we blow up one more time we can assume
all L 4+ 1 points lie on a curve in the class |C' + F'| this has self-intersection L and
hence after all these blowups would be a —1-curve intersecting the singularity twice.

This would not be a log del Pezzo surface via small discrepancy.

We now wish to explore the birational relationships between these surfaces. The
first stage is to show that the only possible —1-curves on any basic surface arise from
the class |B + a;F| on the Hirzebruch surface F,,. To show this we note that it is
impossible for any curve that intersects | B| to end up being a floating curve as it will
always intersect the curve B. So any floating curve C' lies in the class n|B + a;F|.
To show that n = 1 we compute the self intersection of these curves. If n = 2 then
the smallest possible self intersection of a curve not going through the singularity is
4a; — k1 — ko — 4 if there are two non general fibers and 4a; — k; — 2 if there is only
one. Asin the first case L = a; — k; — ks as a; > 2 we have 4a;, —k; —koy—4 > L so we
cannot blow up enough to make this a —1-curve. In the second case L = a; — k1 + 2
so once again as a; > 2 we cannot blow up enough to make it a —1-curve. As n
increases the size of the self intersection increases and hence they can never occur as

floating —1-curves.

Now we explicitly state how the cascade structure occurs. We note that we can
restrict our analysis to the exceptional curves E; C Y that arose as part of the
original k; and ks blowups. These are the only curves that can be intersected by
curves in the class | B + a;F'| as otherwise they would have to intersect the fiber with
multiplicity greater than 1. Label these exceptional curves St, ..., S, and 17, ..., T},
with S; and T} being the strict transforms of the fibers. Hence any potential floating

curve intersects a —1-curve coming out of a curve S; and a —1-curve coming out of
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T;. We now denote by C; ; the curve intersecting a —1-curve coming from S; and
a —1l-curve coming from 7}. Then in the case of both fibers becoming exceptional
curves C’fj = L — 441+ j so in order for it to become a —1-curve it needs to be
blown up in L — 3 + ¢ 4+ j points. However as the length of the cascade is L this
implies i + j < 3. So {(7, j)} € {(1,1),(1,2),(2,1)}. We now go on a case by case

analysis:

Case 1: We start with (i, j) = (1, 1). It takes L — 1 blowups for these curves
to become —1-curves. Denoting the number of —1-curves intersecting S; and T}
by s, t, we label these curves D and DT respectively. We have st possible curves
which would give rise to a —1-curve after L — 1 blowups. We denote by C, , the
curve intersecting DS and DI. These curves originally lay in |B + a;F| so on the
Hirzebruch surface they intersected b times. By repeating the same calculation on
this on Y blown up L—1 times, we see that C,, , intersects Cy s if and only if u # o’

and v # v'. So fixing C, , we get the curve configuration in Figure 3.2

Hence if we choose a floating —1-curve C,, , to contract the only remaining floating
curves are C, 5 and C, , where o € {1,...,s} and § € {1,...,t}. When the second
floating curve is contracted this uniquely defines whether we are iterating over s or
over t. So after two contractions the cascade is uniquely defined. To see where it
ends up we note that a basic surface is uniquely defined by the number of —1-curves
coming out of each curve on the boundary. Picking one of these chains of leads to
either s blowdowns or ¢ blowdowns. These cases behave symmetrically, so focusing
on the case of s blowdowns we get a curve S; = Fy C Y with self intersection —a;
and no —1-curves coming out of it. So it admits a map to F,,. We note that in our
notation the basic surface Y,;, which it blows down to has to have new value k?}l =0
as there is only one exceptional curve intersecting it. Hence there is only one non
general fiber of the fibration. As we are doing s blow downs the self intersection of

Y, Y,
the positive section is 1 + s = a; — k,"* + 2. This gives us ky™ = a1 +1 —s.

Case 2: The second case is (i, j) = (1, 2). We do not spell this out in the same level

of detail. Replicating the above arguments we see that we now get exactly the same
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Figure 3.2: This is a diagram illustrating the intersections that occur on our bi-
partite graph. The curve C} ,_; has its intersections being shown with every curve
intersecting Cj ;.

curve configuration as in Figure 2 except now connecting the curves EY to EI. So
once again this leads to a set of two branching contractions. However the choice of
contractions now give different basic surfaces at the end. If you contract the curves

my

Cy,1 you get a surface Z,,, with klz = 0 and only one non general fiber. However
now via the same calculations as previously kZZ " = qay + 2 — s. In the other case we
are contracting all curves of the form D! this gives rise to a surface W,,,, with k; = 0

but two exceptional fibers. This has invariant kZV "=t
Case 3: The final case is (i, j) = (2, 1). This is symmetrical to case 2.

A crucial point in this proof is that each case behaves independently of the others as

two floating curves don’t intersect each other only if they lie in the same case. This
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means that upon any contraction we have limited ourselves to a set of —1-curves.

We note that if there are no —1-curves coming out of the curves £ and ET then
the cascade is a straight line as the above discussion is entirely predicated on their
existence. Via similar logic we get the following cases where not all of these maps
occur. Let s;, t; equal the number of —1-curve going through E7 and E! respectively.

These conditions are symmetrical in s and ¢

1. k1 = ko = 0 and there two non general fibers or sy = t5 = 0. Then neither case

2 or 3 can occur.

2. ky =0, ky # 0 and there are two non general fibers or t, = 0. Then case 3

cannot occur.
3. 81 = 0. Then case 1 and 2 cannot occur.
4. sy =t =0 or s; = s = 0. Then the cascade is a straight line.
This concludes the cascade for basic surfaces of this type.

We make a quick mention of what happens in the case where there is only one non
generic fiber. These surfaces all start by blowing up a point k times. Label the
exceptional curves that arose from blowing up this point Ej,...E; and we denote
the strict transform of the fiber by Ey. Once again L = a; —k+2 and we have curves
with self intersection a; — i — 1 intersecting the —1-curves coming out of F;. To get a
—l-curve we need @y —i—1 < L =ay —k+2giving k—i <3soi € {k, k—1, k—2}.

Considering the case where ¢ = k£ — 1 then the curve intersects a —1-curve going
through the curve Ej_1, which has self intersection —a,_;. Blowing down all these
floating curves gives rise to a basic surface X which has a map to F,, ,, sending Ej,
to the negative section. Hence this is a surface in one of the above cases, as there
are two exceptional curves adjacent to the negative section. So we it lies in one of

the above diagrams. O]

The smallest possible length of a singularity where this full cascade can be seen is if
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the singularity is length 5 or more.

3.7 Outside of the small discrepancy

If you consider singularities of the type %(1, 1) we note that if p > 7 then a %(1, 1)
singularity cannot be joined to any other i(l, 1) singularity by a —1-curve. Hence a
similar analysis to Theorem 3.4.9 gives us the bound that there cannot be a log del
Pezzo surface X with singularities pil(l, 1), ..., pln(l, 1) and p; > 7 and more than 2

different singularities.

However when we enter the case where p; < 7 you can get surfaces with many

more singularities. Not if p > 7 then a —1-curve intersecting a ﬁ(l, 1) singular-

ity and £(1,1) singularity, where & > 3 would have negative intersection with the
canonical divisor. For instance consider the surface X with the following minimal

resolution:




This surface has six £(1, 1) singularities and two £ (1, 1) singularities and the following

invariants

.—K)Q(:%

° ho(—Kx) =1

This is a complexity one surface, and the calculations can be done via polyhedral
divisors as set out in [2]. Alternatively we know this is constructed by 13 blowups of
a Hirzebruch surface and then 8 subsequent contractions. This gives —K% = 8—13+
611%(171) +2v 1) where the v; are correction terms in orbifold Riemann-Roch [15]. We
calculate them to be Vi1 = g and Vi1 = % This gives —K% = % We see once

again via [15] that we can calculate h°(—Kx) from this and get h°(—Kx) = 1.

We can construct this surface as a toric complete intersection via Cox rings [8] and
we see that it lies as a complete intersection in the toric variety given by the GIT

quotient
T, Tz Ty Iy Tg I Ty Ty T Tn

1 -2 3 o o0 0 0 0 0 O 0
o 3 -6 -2 1 0 0 0 0 O 0
o 2 -4 -1 0 1 0 0 0 O 0
o 3 -6 0 O 0 -2 1 0 O 0
o 2 -4 0 0 0 -1 0 1 O 0
0o -3 7 1 0 o0 1 0 0 1 0
6o 1 -2 0 O O O O 0 -1 1

with the equations
TT3Ts + TyTETs + TrTaTy = ThT5Ts + TyTeTs + NThoTy = 0

To do this we note that this surface has polyhedral divisor, as introduced in Chapter

3 3 3
[07 o 3] ® P+ [0, L 3] ® Py + [0, 3 3} ® P3s+[-5, —4] ® P,
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Where A is a deformation parameter. This gives us equations for the surface, to
obtain the weights we calculate the action of the Picard torus via taking the Smith
normal form of the matrix representing relations on the class group. We do not
provide this calculation as it is largely disjoint from the rest of this Thesis. We
note that there are also surfaces which admit a toric degeneration with the same

numerics.
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Chapter 4

Complexity One log del Pezzo

Surfaces

4.1 Abstract

In this chapter we introduce an algorithm which enables us to classify log del Pezzos

with a C* action and a given index n.

4.2 Introduction

All varieties we consider are normal and projective. Here we give an algorithm to
classify log del Pezzo surfaces with only log terminal singularities that admit a C*
action. A variety X of dimension n which admits a torus action of dimension n— k is
referred to as complexity k. Here complexity 0 is the study of purely toric varieties,
and complexity n is the study of varities with no possible torus action. This pro-
vides essentailly a way of grading the difficulty of your problem. Significant progress
has been made on this problem before: Siiss [17] classifies log del Pezzo surfaces
admitting said action with Picard rank one and index less than 3. Huggenberger [9]

classifies the anticanonical complex of the Cox ring of log del Pezzo surfaces with
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index 1, this classification was later finished by Ilten, Mishna and Trainor [12] with
a view towards higher dimension. This was achieved by looking at polarised com-

plexity one log del Pezzo surfaces. We will show their work fits into our algorithm.

4.3 Polyhedral divisors

Recall that a toric variety is a normal variety of dimension n containing a dense torus
(C*)™ with the natural action extending to the variety, there is a correspondence
between these varieties and fans inside a lattice N = Z". In [2] the authors establish
a similar correspondence for varieties with 7' = (C*)"~* actions where k < n. We say
that this is a torus action of complexity k. They introduce the notion of a polyhedral
divisor to recover some of the geometry that a fan encodes in the toric case. We now

outline how this theory occurs.

Let N be a lattice and M its dual. Given a polyhedron A C Ng we say the tailcone
is the set tail(A) = {v € Nglv + A C A}. Here the addition is a Minkowski sum.
Let Y be a normal variety over C. Fix a cone 0 C Ng we say a polyhedral divisor

on Y with tail cone o is a formal sum
D= Z Dp @ P

over all prime divisors P of Y. Here the Dp are either polyhedra in Ng with tailcone
o or the empty set. In addition only finitely many Dp differ from 0. We say the
locus of the D is the Y minus the divisors where the associated polyhedron is the
empty set. We now consider the dual cone of o denote w. For any u € w there is an

associated Weil divisor D(u) with coefficients over Q U oo on Y where

D(u) =Y _inf(Dp,u)- P

P
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Here the infimum over the empty set is co. This map is piecewise linear and convex.

Given D = D(u) we define the set L(D) = {f € C(X)*| div(f)+ D > 0}uU{0}.

Definition 4.3.1. Given a Polyhedral divisor D we give the following proper-

ties:
1. D is Q-Cartier if for all u € w, D(u) is Q-Cartier.
2. D is semiample if for all u € w, D(u) is semiample.
3. D is big if D(u) is big for w in the interior of w

4. D is a p-divisor if the locus of D is semiprojective, w is full dimensional and D

is Q-Cartier, semi ample and big.

5. If D is a p-divisor, we call w its weight cone.

To any polyhedral divisor we can associate an affine scheme

X (D) = Spec <@ L(D(u) - X”)

Here x" is a character of the torus. This scheme comes with an action by the torus
T = Spec(C[M]) and a rational map to the locus of D. We use the following result

from [2]:

Theorem 4.3.2. If D is a p-divisor, then X (D) is T-variety of complexity equal to
the dimension of Y. Conversely, for any complezity k normal affine T-variety X,
there is a p-divisor D on some normal k-dimensional variety Y with X (D) equivari-

antly isomorphic to X.

To deal with the situation of no-affine T-varieties we need to replace the p-divisor D,
which is analogous to a cone in toric geometry, with what is known as a divisorial fan
S consisting of a finite set of p-divisors on a variety Y. Each associated affine variety

glues together to give an invariant affine cover of the T-variety. In order for all these
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glueings to behave coherently, the elements of S must satisfy certain compatibility

condition’s. In particular, given a prime divisor P on Y, the set of polyhedra
SPZ{DP C N@|D€S}

must form a polyhedral complex in Ng, this is called the slice at P. In particular
this implies that the fan which is the union of the tail cones must span Ng, this fan
is called the tail fan. For a complete and rigorous statement of the compatibility

conditions can be found in [2].

We now restrict to the case that will let us study log del Pezzo surfaces, namely
Y = P! and N = Z. We wish to study projective surfaces in this context so we need
a notion of gueing together polyhedral divisors to make a polyhedral fan. In the
above context this is a lot more straightforwards than in the general case. In this
case a polyhedral fan can be described in the following way:

Given points P, ..., P, € P! and a point P # P;. Associated to each point P; there

is list of rational numbers af,a;, with a} < a’,,, then we get polyhedral divisors
lay, af, ] ® P, + @ ® P, this p-divisor has tail cone 0. For the tail cone [0, 00) our
polyhedral divisors have an affine locus or a projective locus. If the locus is projective,
we say that our polyhedral fan has a marking of Q. The analagous construction
can be done for the tail cone (—o0, 0] and once again if a polyhedral divisor with tail
cone (—oo,0] has projective locus we say the polyhdral fan has a marking of Q™.
In addition given a polyhedral fan & with some choice of markings, we insit every

polyhedral divisor is a p-divisor. In practice this means the following:
1. If there are no markings, then there is no constraint.
2. If there is a marking of Q" then >~ al, >0

3. If there is a marking of Q= then >_a} < 0
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4.4 Examples

Example 4.4.1. The first is the polyhedral divisor given by the unmarked polyhedral
divisor [0,1] ® Py over Y = P!. The tail cone § is equal to 0. We will show how we
can construct from this an affine variety X. We denote the polyhedral divisor by D.
So the dual of the tail cone 4 is the lattice M itself. Given an element m > 0 of M
we have D(m) = —mP,y as the minimum value is obtained on —1. If m < 0 we get
D(m) = mPFP, as the minimum is attained on 1. Finally if n = 0 we get D(m) =0 as

a divisor on A! as the function is 0 everywhere.

Hence we have the M graded ring

@ Ous(~Im|P)

meM

In degree 0 the ring is generated by the constant function on A' which we denote
x and the function y which is zero at the origin. We note that the function 1
in degree 0 is the multiplicative identity of our ring. In degree one every element
is of the form f - (apz + a1y + asy® + -+ + a,y™), here f is the same function
on A! as y but now in degree 1. Every element of degree m > 0 is of the form
™ (aor + ary + agy® + - - + a,y™). Hence this ring is generated in degree 1. The
calculation on the ring graded in negative degree is exactly the same, except with a
function g. We note that fg = y? as f and g are both equal to y as functions on A!.
We finally discuss the function z. Given a function F' € C(X), then F = > F;x™,
here the F; are functions on the curve Y and x" are monomials in the lattice M. By
construction the function z = 1y x°, hence z is the constant function on the variety.

Hence we get the ring C[f, g, y]/(fg = y*), so an A; singularity.

We can more generally describe what occurs with polyhedral divisors of the form
(£, £l ® Py with ¢ < §. We note that the tail cone 0 is always 0 and so the dual tail
cone is all of M. From the definitions we get the ring R = @, ,; RmX™ where

46



OAi(%P) if m Z O,
R, =

We can associate the monomial z*x" with the lattice point (u,v) inside a two di-
mensional monomial lattice. This gives rise to a cone o. The set of monomials with
poles of order at worst § gives rise to the vector (a, —b). Similarly the other side
of the graded ring gives rise to the vector (—c,d). These are boundary rays of o,
this means that as toric variety they can be described as the cone (a,b), (¢, d) inside
the lattice N = Z? with torus action corresponding to (1,0). Hence we get a toric
variety of the form %(a, f) where 7 = bc — ad and « and [ are generators of the

kernel of the matrix M modulo r where

=)

Example 4.4.2. We now show how this behaves in the case of a divisor with tail cone
d = [0, c0). Consider the divisor D = [%, oo) ®Py+ [%, oo) QP+ [’71, oo) ® P over
P! with coordinates x;, xo. Here the varieties X and X are different. To start with,
we look at how to construct X. For simplicity we assume Py, = (1; 0), P, = (1; 1)
and P, = (0; 1).

The tail cone is § = [0, 00) so d = [0, o0). By calculating D(m) we get the following
ring

m m —m
@ Opl (EPO+EP1+TP2)

Once again in degree 0 we get the constant function. In degree one we get no

242 denote these u and v. In

functions. In degree 2 we get 2 functions %XQ and 22—

degree 3 we get the function % x> denote this by w. We then have the relations

11—
2

w? = wv(v — ). This gives rise to a Dy singularity.
To calculate X we do all these calculations as relative spec. In particular this means
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we can replace our above graded ring with the following three graded rings

m m —m
D Oe-r-r <§P0 +o5h+ TP2>

m€M|ZO

For all choices of ¢ and 5. We then glue together on the intersection. Calculating in

the case 1 = 1 and j = 2. We have

m m —m m
D e rr (5P0+5P 1+TP2)g D Ow-r(Gh)

me]\/llzo mEM\ZO

This gives us the ring C[z, %H, X% X = Clu, v, w, ] /[v(u+1) = 1, uw = t*]. Hence
this is an A; singularity. The calculations on the other 3 patches are the same, so
we have taken the partial resolution of the D, singularity by extracting the trivalent

curve.

Example 4.4.3. Consider the following polyhedral fan with marking Q%

A
| |
¢ | ‘ > Py
-1 1
¢ | > P
1
2 ]P>1
¢ | > Py
_1
2
¢ } > Pgen
0 v
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We now go through each polyhedral divisor and calculate the associated rings. There
are three polyhedral divisors contained inside this polyhedral fan which are one
dimensional cones. There are three polyhedral divisors which correspond to two

dimensional cones.
a) The unmarked polyhedron [—1, 1]
b) The marked cone 1® Py + 3 ® P + 5+ @ P with tail cone [0, 00).
¢) The marked cone —1® Py + 3 ® P + 5t ® P with tail cone (—oo, 0].

In case a the tail cone § is equal to 0. We denote the polyhedral divisor by D. So
the dual of the tail cone § is the lattice M itself. Given an element m > 0 of M we
have D(m) = —mP,y. If m < 0 we get D(m) = mFP, and if n = 0 we get D(m) =0

as a divisor on Al

Hence we have the M graded ring

D Oui(~Im|P)

meM
In degree 0 the ring is generated by the constant function x and the function y which
is zero at the origin. We note that the function 1 in degree 0 is the multiplicative
identity of our ring. In degree one every element is of the form f(agz + a1y + asy? +
...a,y"™), here f is the same function as y but now in degree 1. Every element of
degree m > 0 is of the form f™(apx + a1y + asy®+ ... a,y"). Hence this is generated
in degree 1. The calculation on the ring graded in negative degree is exactly the

same. Hence we get the ring C[f, g, y]/(fg = y?), so an A; singularity.

In case a the tail cone § is equal to [0, co0). We denote the polyhedral divisor by D.
So the dual of the tail cone 4 is [0, co) € M. Given an element m > 0 of M we have
D(m) = mPy + FP + 5" P,.
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Hence we have the M graded ring

I

D on (3 3n)

m€M|ZO

@ O[pl (mPO—I—%P1—|—$P2)

mEM|ZO
Here the isomorphism follows via linear equivalence of divisors on P!,

In degree 0 we just get the constant function. In degree 1, once again it is only the
constant function, denoted this by x. In degree 2 we have the function with a pole
at P, and a zero at P», denote this by f and the function g = % This generates the
ring hence we have Clz, f, g]/(fg = z*), so an A3 singularity.

Case c is exactly the same as case b but with the grading negative instead of positive.

So it is also an Aj singularity.
We finish by discussing the unmarked polyhedral divisors
A) The unmarked cone —1 ® P,
B) The unmarked cone 1 ® Py
C) The unmarked cone 3 ® P,
D) The unmarked cone —1 @ P,

In all case the tail cone § is equal to 0. In case A we have the following ring graded
by M

D Ous(~mP) = Clz, y, 2)/(yz = 1)

meM
Here x is of degree 0, y is of degree 1 and z is of degree —1. Case B is symmetrical

to case A.

Cases C' and D are also symmetrical, and give rise to the rings Clx, y1, y2, 21, 22] with

relations induced by the second Veronese embedding of C[x, y, z]/(yz = 1).
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We also briefly describe the inclusion maps. We note that

@ Opl (—mPo + ?Pl + %PQ)

meM|<o

is trivially contained inside

P Ou(-mp)

meM

Hence we get an associated map of affine patches.

In toric varieties full dimensional cones give rise to torus fixed point. Analogously,
the same way for varieties of higher complexity every full dimensional subdivision of
the plane gives rise to a toric fixed point. In the case of surfaces these fixed points

can be classified giving rise to three cases

e Elliptic - Around the fixed point in local coordinates, the torus behaves on all

coordinates with positive or negative degree. These points are isolated.

e Parabolic - These always arise as blowups of elliptic points, these occur when
in local coordinates, one of the coordinates is acted trivially upon by the torus.

These points lie on a section of the map to Y

e Hyperbolic - These are where the the local coordinates are acted in positive

and negative degree.

It is easy to see that hyperbolic points correspond to a subdivision with ¢ = 0,
parabolic correspond to an unmarked edge going to infinity and elliptic to a marked

point going to infinity.

4.5 Divisors in complexity one

We now limit ourselves strictly to complexity one, and the Chow quotient Y will

now be P!. In the torus setting we know that divisors correspond to rays of the
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associated fan. Almost exactly the same is true in complexity one: divisors occur
as torus invariant divisor, these correspond the codimension 1 polyhedral divisors or
they are premimages of the P'. These correspond to a polyhedral divisor D going
of to infinity in a direction, with dim(d) = oo which for all P € P! we do not have
D|p = @. Note that this also holds for higer dimensions, with a little bit of extra

work. From this it is easy to derive the following theorem

Theorem 4.5.1. [17] The Picard rank of a complexity one surface defined by a
polyhedral fan S s

px = 2 — Number of markings + Z(#Sg)) -1
Pey

where n is the dimension and #81(30) is the number of points on this slice of the fan.
In a similar style to this we can classify Cartier divisors, we here make no pretense

at proof or justification.

Definition 4.5.2. A divisorial support function h on a divisorial fan § is a piecewise

linear function on each component of the fan such that
e On every polyhedron § € Sp, it is a linear function
e h is continuous
e at all points h has integer slope and integer translation
e if D; and D, have the same tail cone, then the linear part of h restricted to

them is equal

We call a support function principal if it is of the form h(v) = (u,v) + D, this
corresponds to a principal Cartier divisor. We call a support function Cartier, if
on every component with complete locus the support function is principal. In the

case of Fansy divisors, this just correspond to the edge with a marking. We denote
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h restricted to a component by hp. We refer to a piecewise linear function with

rational slope and rational translation as a Q support function.

Theorem 4.5.3. [17] Let X be the variety associated with the divisorial fan S. There
exists a one to correspondence between support functions quotiented by principal sup-
port functions and Cartier divisors on the complezity one variety. In addition there
exists a one to correspondence between Q support functions support function quo-
tiented by principal support functions and Q-Cartier divisors on the complexity one

variety

Using the above languages we represent the canonical divisor as a Weil divisor, it

has the following form

Theorem 4.5.4. [17] The canonical divisor of a complexity one surface can be rep-

resented in the following form

Kx = Z(:U(U)KY(P) + p(v) = 1) - Dipyy — ZD,)
(Pw) P

Here Ky (P) is the degree of Ky at P, and u(v) is the smallest value & such that
k-v € N. While I have not stated the conditions for linear equivalence these can be
seen in [17], and using these you can show that it does not depend on the choice of
representative of Ky . Note that given the singularities and varieties we are working
with we know that our Kx will be Q-Cartier. The Fano index is clear and easy to
derive from the singularities we have, so all that remains is to check on the conditions

for a complexity one divisor to be ample.

Theorem 4.5.5. [17] A suppport function h is ample iff for all P we have hp is

strictly concave, and for all polyhedral divisors D defined on an affine curve we have

— Y hplp(0) € Weily(Y)

PeP!
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1s an ample Q-Cartier divisor.

Note that in reality hp|p may not be defined at 0 but we can extend the affine function
to 0. We finish this recap on divisors by describing the Weil divisor corresponding

to a Cartier divisor

Theorem 4.5.6. [/7] Let h =), hp be a Cartier divisor on S then the correspond-

ing Weil divisor is

— Z hi(n,)D, — Z 1(v)hp(v)Dipw)

(Pv)

Here n, is the generator of the ray inside the tail fan and p(v) is as before. Note
that is easy to see why we need this p function. If you start with a closed subinterval
[a, b] and try to work out what the corresponding affine variety is, we see that it just
the toric variety defined by the cone (a, 1), (b,1), and then all the calculations can
be done in the realm of toric varieties, however there you use the generator of your

rays in the lattice.

We use the above note to easily calculate the minimal resolution of a complexity
one surface. Note that we can split this across affine charts, in the first case if we
have the affine chart corresponding to the polyhedral divisor [a,b] then using the
above point we can calculate this by the toric methods. In case two where we have
a non marked edge going to infinity, we can split this into affine charts [a;, 00) this
is also a toric chart corresponding to the cone (a, 1), (1,0), so once again the resolu-
tion is toric. The final case is with a marked edge, however we can take a weighted
blowup to resolve the elliptic point, then resolve the resulting singularities by the
above methods. To calculate the intersection numbers on the resolution you can
either use [17] or you can note that the only part that is not toric is the parabolic
line, this is defined by glueing together charts coming from [a}, c0) Now by smooth-

ness we know all the a € Z, hence we get an isomorphism of local charts to the
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charts defined by [> (a}),00) at Py and [0,00) for all other P;. Hence we see that
the parabolic line is define torically as the fan (> (a}), 1), (1,0), (0, —1) from this an

easy derivation of the intersection number follows.

4.6 Algorithm

We begin with the following lemma:

Lemma 4.6.1. [17] Let S be a non cyclic complexity one log terminal surface sin-

gularity. Then S has, up to isomorphism, a fan over P* with coefficients

n)ons o [2a)r

q1

with (q1, 42, q3) satisfying > (1 — ql) <2

Proof. See [17] O

In particular this means the only possible denominators are (2,2, m), (2,3, 3), (2, 3,4)
and (2,3,5), we call these of type D,,, Egs, E7 and Eg respectively.

We now state the following lemma

Lemma 4.6.2. Let S be a log terminal surface singularity of Gorenstein index . Let
E be an exceptional curve in the minimal resolution. Then E? > —2I if it is not a

trivalent curve and E? > —31 if it is trivalent.

Proof. Via the classification of log terminal singularities we have that E intersects
at most three other exceptional curves. Denote the discrepancies of these curves
dq, ds, ds, note that any d; could be equal to zero. Also note that 0 > d; > —1.

Denote the discrepancy of E by d. Then we have the formula dE? + > d; = 0. This

rearranges to d = Oodi) < =3

=5~ < 2 as the singularity is log terminal. As d € %Z we get
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E? > —3l. In the case of a non trivalent curve, we can assume ds = 0 and we see
that E? > —21. O

Lemma 4.6.3. Given a complexity one log del Pezzo surface of index | then there

cannot be more than 6l points where the polyhedral fan is not the tail fan

Proof. Taking the minimal resolution of our log del Pezzo, this admits a map to a
Hirzebruch surface F,,. As we are contracting —1-curves our map is invariant under
the torus action. Hence this is a torus action on the Hirzebruch surface. Any series
of complexity one non toric blowups on a toric surface correspond to blowing up
points on a line of invariant points. We note that by the above lemma we cannot
get a map to IF,, when n > 3[. Hence the largest possible self intersection of a torus
invariant curve on our Hirzebruch surface is 3] and the smallest possible intersection

on our minimal resolution is —3[ so there can only be 6/ blowups on the curve. [

Remark. In the case of index one, we know Du Val singularities only have —2 curves

in the resolution hence this bound can be refined to four non general fibers.

Lemma 4.6.4. Consider the following polyhedral fan:

1 1 1 1
[ala as, 7 Ay 15 a’nl] Py
2 2 2 2
[alv a3, » gy —1) anz] P
3 3 3 3
[alv as, » Apg—15 ang] Py
S =
4 4 4 4
[alv a3, y» py—15 an4] Py
6k 6k 6k 6k
[al N AN anﬁk} Py

If S defines a log del Pezzo surface X of index k then ), lal| > —6k and > [a{ﬂ <
6k.

Proof. Let Y be the minimal resolution of X, and consider Y. This has two parabolic
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curves F; and Ej corresponding to [—0, co) and (—oo, 0]. The self intersections of
these curves are ), [aZL]} <6and ), lal| > —6 respectively, and these values have
to be less than 6k. ]

Just as in the case of Gorenstein index one, where the singularities are formed of —2
curves. There is an explicit way to classify the resolutions of singularities of higher

index.

Lemma 4.6.5. A singularity of index n which is non toric log terminal singularities

can be described by one of the following polyhedral divisors

1. Corresponding to D, singularities we have [—%,oo) ® P+ [%700) R P, +
[%,oo) ® P3 if m is odd. If m is divisible by 4 we have [—%,oo) ® P +
[%, oo) QP+ [%", oo) ® P3 and if m is even but not divisible by four this case

does not occur.

2. Corresponding to Fg singularity we have [—%, oo)®P1+ [g, oo) QP+ [%, oo) ®QP;5
where either p = q mod 3 and 2(p+q) = n+3, orp # q mod 8 and 6(p+q)—9 =

n

3. Corresponding to E; singularity we have [—%, oo)®P1—i— [g, oo)®P2—i— [%, oo) RPs
where either q is even and 2(4p+3q—6) = n or q is odd and (4p+3q—6) = n.

4. Corresponding to Eg singularity we have [—%, oo)®P1—i— [g, oo)®P2—i— [%, oo) ®RP3
where 10p + 6q — 15 = n.

Proof. We note that for a multiple of the canonical divisor to be Cartier the corre-
sponding slope function has to have integral slope and hp(0) € Z for all P € P
We note the slope of the divisorial polytope corresponding to Kx for a polyhedral
divisor of the form [—%,oo) ® P + [%,oo) ®Q P+ [’é,oo) ® Ps is 113. Hence the
index of the singularity, n, is a multiple of p for the slope to be integer. We now

note hp, (0) = 5t + %2—17 = 2(-1+ %) and, via the same logic, hp,(0) = (1 + %)

Now if p is odd this becomes a fraction % and if p is even this becomes 2%. Now

hp,(0) = q%ql + 5%, this is always just 1. Hence, for khp(n) to be an integer for every
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P € P! and n € Z, we need k to be a multiple of p if p is odd and a multiple of 2p if

p is even.

For the Ejg case consider the following divisor [—%, oo) QP+ [g, oo) QP+ [%, oo) QP;5.

Once again we calculate the slope corresponding to the canonical divisor and get

m. Ws ha;/e the following calgcu;ations hp (0) = SH(1+ 0 +1q)73) =3 qu;i:,,,
hp,(0) = %2(;’?;)_‘13 and hp,(0) = %2(];,;)_}3 + 1. Hence this has index 3(2(p + q) — 3)

if p is not equal to ¢ mod 3, and 2(p + ¢) — 3 otherwise.

For the E; case consider the following divisor [—%, oo) QP+ [g, oo) P+ [%, oo) RP;.

. 1 . . _ 14p+3q—7

Then the slope is —5—. We have the following calculations hp, (0) = 3 I3t
_ 16-3p—3¢ _ _2-p—gq _ 16-4p—2¢ _ 1 3-2p—gq .

hp,(0) = 34p39—6 — Ipt+3q—6 and hp,(0) = 1991376 — 24pi30-6" Hence this has

index 2(4p 4+ 3¢ — 6) if ¢ is even and index (4p + 3¢ — 6) otherwise.

We finish with Fg case. Consider the following divisor [—%,oo) ® P+ [g, oo) ®

P+ [%, oo) ® P;. Then the slope is 10p+—éq_15. We have the following calculations
_ 110p+6g—16 _  5p+3g—8 _ 5-3p—2 _ 3-2p—

he(0) = 3156015 = Toprog150 P (0) = 15506015 and ey (0) = g5 Hence

this has index 10p + 6g — 15. O

Remark. This imposes stricter bounds on the number of non generic fibers a com-
plexity one surface of index n can have than Lemma 4.6.5 and enables you to put

individual bounds given a singularity.

We also need a bound on what possible toric singularities can occur and the possible

actions on them.

Lemma 4.6.6. Let X be a non toric non smooth complexity one log del Pezzo surface
described by a polyhedral fan =. Then the map to the invariant P! is not a morphism
and the locus of indeterminacy contains a singular point. In addition, consider the
cones oy and oy with tail fan [0, co) and (—o0,0], and the associated affine charts
Xg, and X,,. Then for at least one of these charts, X;, the minimal resolution Y;

admits a morphism to )~(Z
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Proof. Let Y be the minimal resolution of X. Then X admits an equivariant map to
F; as every —1-curve on Y is torus invariant. Hence Y is constructed by a non toric
blowup of a toric surface. Considering the first non toric blowup, we are blowing up
a point P on a torus invariant curve C. Clearly C' is a torus invariant curve in the

minimal resolution of X.

To show C' is not a curve on the surface we note that if C' has to be a torus invariant
curve on the Hirzebruch surface F;, otherwise we would blow up a —1-curve at a
general point and the resulting curve would have to be contracted. If C' was the
positive section then the contraction of the negative section would give a singularity
with the desired properties. If C' was a fiber, C' needs to be blownup at least twice
to be non toric, which would make it have negative self intersection, meaning it
would have be contracted. This would once again give a curve with the desired

properties. O

We finish with the following observation that helps shorten calculations. Let X be

a complexity one surface with the following polyhedral fan:

Also assume that the minimal resolution of X contains a curve E which is pointwise
fixed by the action and which is contracted to point corresponding to the tail cone
[0, 00).

Let h be the piecewise linear function corresponding to —Kx. Then hpljp, ) is
defined by a unique value u € Q. If —Ky is ample then the only possible values
for d,_, are the values %, with ¢ > 0, such that q;ql < u’a’, this is to preserve

convexity.
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As there are a finite number of log del Pezzo surfaces, up to deformation, with
Gorenstein index k there can only be a finite number of singularities S which can

occur on such a surface.

Algorithm 1. We set out an algorithm to classify toric log del Pezzo surfaces of
index K. This works by classifying the possible convex polytopes C' C N such that

the spanning fan Y gives rise to a toric log del Pezzo surface of degree K.

This algorithm is split into two parts, the first part classifies how, given the first
n vertices of a polytope to find a potential (n + 1)’rst vertex which satisfies all the

conditions. There is then a second part which bounds all potential starting edges.

The first algorithm start with an initial edge of the polygon, which upto the the action
of the lattice transformations can be assumed to be a horizontal line so P,y = (a, h),
P, = (b,h) with —h < a < 0 and b > a. Given a point P,;; € N such that the
cone o with rays P,, P,.1 corresponds to a toric singularity of we associate a triple

(1,7, k) in the following way:

e i is the Gorenstein index of the toric singularity corresponding to o.

o Consider the line segment L; = {P,+4(1,0) —uP,|u € Q>¢}. Now considering
the edgeE connecting P, and P, there is a unique point v = L; N EN N. So
v =P, + +(1,0) — uP, for some u € Q. Then j = u.

e kis [%] where n is the number of points on the edge P,, P11 (This is the

Picard rank of the T-resolution, as in [1]).

To every point there is a unique triple, however there are triples which do not have
an associated point. Clearly there are only finite options for ¢ as the Gorenstein
index has to divide K. We say a point P,;; is not valid if for every P, o such that
the cone between P, and P, s is of index dividing K then the connecting edge F;

from P, to P, s intersects the edge connecting P, _; and P,.

Give a triple (4,7, k) we say P ;) is the point associated to the triple (4,7, k). We

now note that if P ;) is not valid then neither is P jiq 4. This is proved by

60



induction, and it suffices to show that F; ji1x) and P jx+1) are not valid.

To prove that P ;) not valid implies F; i1 x) not valid, assume that P 1) is
valid and there is an associated point P which can be constructed from P ji1 k).
Let w € M be such that w is constant on the line L; and assume it takes value
m > 0 on every point on L;. Also let ussay a =w-P. Then P — (a+m —1)P; is a

valid point for P ;) and hence F; ;) is valid.

Similarly assume F; ;41 is valid, and P and there is an associated point P which
can be constructed from F; ;i1 4). Let w € M be the vector such that w - P, =
w - Py ki) = m > 0. Let v be the vector LMJ and let @ = w - P. Then

P — (a+m — 1)v is a valid point for P j ) and hence P ;) is valid.

All that remains is to prove that if j or k are large enough there are no valid points.
Given Py, P, and P ), construct the associated toric variety X. Let X be the
minimal resolution, and D, ;; C X be the divisor corresponding to the ray with
primitive vector P,. As we are considering log del Pezzo surfaces Dz sk = —1,and as
we are considering surfaces of index K, Dz ik < 3K by Lemma 4.6.3. By construction,
we can see that D7, = D7, + 1 so j is bounded. Given a point P ), consider
all possible points P connecting to P ;). Denote by vp the intersection of the
line connecting P and P ;) with the line y = h. Finally let v = min(vg), it
is straightforwards to verify, by the previous affine transformation, that v limits
towards b. If v > a then there are no valid points, hence if k is large enough there
are no potential points. Hence given the beginning of a polytope this gives only a

finite amount of ways to extend it.

We now bound the potential starting edges. Once again we can assume up to lattice
transformations we can assume the first edge is (a, h), (b, h) where h|K and —h >
a < 0 and b > 0. For any value of b there are at least h valid points. These are
the points with y coordinate in the range 0 through to h — 1. We denote these
points P, ,, where y is the y-coordinate. We wish to show that if there are no valid
points connecting to B, then there are no valid points connecting to Pyip,. To

prove this, assume there is a valid point connecting to Py1, ,,, denote it P = (22, y2).
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Then P’ = (22 — y2,y2) is a valid point connecting to P. To show that P, , = (z,)
eventually gives rise to no further valid points if b is large enough follows a similar
proof to the asymptotics of & above. It can be shown that if you consider the next
if b is large enough let P be a vertex connecting to P, and P’ a vertex connecting
to P. Then eventually the edge E connecting P to P’ will always intersect the line
y = h at a point greater than a. This would violate convexity and so would not give

rise to any options.

We note that this algorithm allows us to classify any convex fan of Gorenstein index
K connecting any two points in the plane. This occurs by exactly the same principles,
namely bounding the initial edges length and then doing a growing algorithm from

that initial side. We now state the complexity one algorithm.

Algorithm 2. By Lemma 4.6.6 there is a singularity whose minimal resolution is
mapped to the P! by a morphism. We start by bounding this singularity. We start
with the non-cyclic case, by Lemma 4.6.5 there are only finitely many possibilities
and so there is nothing to bound. In the cyclic case there is an infinite family for each
potential index and for a given singularity there are finitely many ways of picking a

sub torus action so that it is compatible with Lemma 4.6.6.

Without loss of generality we can assume there are no no cyclic singularities otherwise
we could start from the non cyclic singularity and grow from there. Because of this
we can assume there are only cyclic quotient singularities. Given this starting cyclic

quotient singularity is equivalent to the polyhedral divisor

6K

h h
D= [a,oo) ® P+ {3,00) ®Pz+§[0,00)®1%

Note h|K as h is the index of the singularity. Now by Lemma 4.6.5 if this singularity
lies on a log del Pezzo surface it the sum of the smallest values in each slice must be
greater than —6K. We are now split this into three cases.

Case 1: The polyhedral divisor with tail cone (—oo, 0] has affine locus. For this to
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lie on a log del Pezzo surface, is a stronger condition than asking for a convex poly-
tope connecting (—b, h), (a,h) to (—1,0) and a polytope connecting (—a, h), (b,h)
to (—1,0). These are both classifiable by the second part of the toric algorithm and

hence there are only finitely many cases.

Now we consider the cases where this map to P! is not a morphism at two points of

the variety. Then our polyhedral divisor with negative tailfan is
D, = Z<—OO, all] ® F;

Here at most two a; are non integers. This leaves us the following cases

%

Case 2: af for i > 2 is an integer. Then if X had polyhedral slice ai, --- , al, at
point P. Let a} = % and a? = . In addition let k = 39" aj. then a necessary

condition for X to be a log del Pezzo surface is that the toric surface whose fan has
rays generated by the vectors (c;, —d;) and (a — kb;, b;) must also be a log del Pezzo
surface. These toric surfaces have a bounded Gorenstein index and are classifiable

by the toric algorithm.

Case 3: One of a} for i > 2 is not an integer, denote this value j. Without loss of
generality a? is an integer. Assume a > h, we can do this as we are trying to bound
the value of a. Then via the same principles as case 2, we need the spanning fan
of the polytope with vertices connecting (a,h) to (—k, —1) to have index dividing
K. Once again this fits into the second part of the toric algorithm, and there are
finitely many possibilities. To bound b we note that if b is large enough there is only
one possible slice at P, with the given restraints which is the slice with subdivisions

made by |0, %] If a surface can arise with this value of b then there also be a log del

h

Pezzo surface with every other being the same but P, replaced with [0, ;%]. Hence

this can be checked iteratively for failure

Case 4: Two of a} for i > 2 are not integers. Then if a and b are large enough the
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only possible slices at P; and P, are [0, 2] and [0, 2] respectively. Once again if these

are log del Pezzo surfaces then the same would be true for ﬁ and % SO we can

proceed inductively.

This shows how we can bound the singularity. We now show how given a singularity
we “grow” this into a complete surface. We start by classifying all possible slices of
the form [af, ..., af, _;,0] with a} € Z>_gf, this can be done via the toric algorithm
as this equivalent to finding all partial fans connecting the coordinates (a},1) to

(0,1). We call these degenerate fibers. We now split into cases.

Case 1: The surface has two non cyclic singularities. The polyhedral divisor with
tail cone [0, 00) is of the form specified in Lemma 4.6.6. There is only finitely many
ways of having the polyhedral divisor with tail cone (—oo, 0] being a non cyclic log
terminal singularity with index dividing K without it interfering with the values
already specified. Consider all these possible ways. This specifies at most 6 points
which not degenerate fibers. At a given one of these points P; the slice is one of the

%
R

following [a},..., a}, 1,0], [0, ..., a} ] or [a},..., @], ,]. Here a} and a], are known

so these can be completed via the toric algorithm.

Case 2: One non cyclic singularity. Once again we start with this having tail cone
[0,00). There will be at most two fibers P; and P; with o} ¢ Z and a] ¢ Z. Let
k=3 iij120] € [-6K,6K], we iterate over all choices of k. Let a;,, = § and
aj, = 5. Then we start by finding all toric varieties connecting (a — kb, b) to (¢, —d)
via an anticlockwise direction. Taking the torus downgrade and shifting this gives
us the fiber for P, and P;. Note, this includes the cases 4, j € {1,2,3}. Every other
fiber other than the P;, P;, P, and P, are a degenerate fiber and are classified. If
i,7 € {1,2,3} then the fibers are classified from earlier. Otherwise we classify P
and P, by assuming aj and a are somewhere in the range [—6K, 0] and enumerating

over every possible choice.

Case 3: One non cyclic singularity with tailcone [0,00). This is highly similar to

case 2 however as aig = 0 we just have to remove studying the case of i, or j equaling
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This shows how we can grow these surfaces from an original singularity. The large
majority of the work is in studying the original singularities themselves, and then

everything else is repeated applications of the toric algorithm.

As an example we illustrate how this can classify Gorenstein log del Pezzo surfaces
which have complexity one and only cyclic quotient singularities. This is a simpler
task than the general algorithm as the possible fibers are so restricted a lot of the

analysis can be done via Lemma 4.6.4 instead of using the full algorithm.

Example 4.6.7. As the Gorenstein index k& = 1, i.e the only singularities are Du Val,
and we are restricting to the case of A, singularities. We know there is a singularity
which has an action which corresponds to a curve on the minimal resolution via
Lemma 4.6.6. We iterate over all possible singularities and all possible actions until
we can show they do not exist on a projective log del Pezzo surface. We assume
that this singularity has polyhedral divisor with tail cone [0, co). From now on we

assume this without stating it.

To make this easier we make two observations. The first is that if a fiber over a
point P; is [a; = %, ce Ay = 2—:, 0] then ¢; = 1. This follows via the above remarks,

first, we know we get an A,, singularity given by (0,1), (pn, ¢,). Then, via the

stated properties of our singularity, we have the slope of hplj, o) is —1. So we need

(1,;_:1 < qi’; = which implies p, +¢, < 1, hence if ¢,, > 1 then p, < —1. Now every point
on the line connecting (p,, ¢,) to (0, 1) has to satisfy this inequality. In particular
there is a point (—1, a) on this line, with a € Z, satisfying the inequality, hence a < 1.
As a > 0 for g, > 0 we have the only possible value of a is one. This corresponds to

qn = 1.

The second observation is, let D = % ® P+ % ® P, be a polyhedral divisor with tail
cone [0, co). We can assume without loss of generality that « > v. Then if u > v+2
and v > 2 then there are no complexity one Gorenstein log del Pezzo surfaces which

contain D as a polyhedral cone. We note as u,v > 2 we have the only possible
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polyhedral fans over Py are [0, 1] and [1], similarly for P,. Viewing this from a toric
perspective the only points that can be connected to (1,u) or (0,1) while preserving
the necessary convexity are less than —v. This implies as a complexity one surface

this would need a denominator on another fiber less than v, but this cannot happen.

e A, Singularity

This has to have polyhedral divisor

P ay, ..., ap, 1]
Py (b, .., b 1]
Py ery ...y €, 0]
P i, ..., d,),0

This gives rise to the following surfaces
NP +[0,1]P+[-1,00®@ P+ [-1,0® P,

and
NP +[0,1]@ P+ [-1,00® P+ [-2, 0] ® Py

and finally

1@P+[0,1]®P+[-1,0®P;+[-1,00® P+ [-1, 0] ® Ps

We note that the point P; is involved, however this does not contradict Lemma 4.6.3
as the fiber over P, is the general fiber. So the number of non general fibers is

still four.

e A, Singularity
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The only case is u = v + 1 this corresponds to the polyhedral divisor

P [al, cee an,%}
Py [by, ..., by, 1]
Py e, ..., ¢, 0]
Py dy, ..., dp,0]

We have the following two cases for Py, [0,1] and [1]. In the first case we get

the following surface

1
[0, 5} QP +10,1]®@ P+ [-1,0]® P

In the second case we have the following three surfaces

1
{5} QP +1[0,1]® P+ [—1, 0] ® Ps

With a marking of —, and the surface

1
{5} QP +[0,1]® P+ [-2,0]® P
and finally

1
{5} RQP+[0,1] P+ [-1,00@ P+ [-1,0]® P4

e A3 Singularity
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We start with the case u = v + 2 and we have

Py [al, cee an,%}
Py by, ..., by, 1]
Ps ey, ..ny €, 0]
Py [dy, ..., dp,0]

There are two cases for Py, [0, 3] and [3]. If it is the first case then the denom-

inator has to be greater than 2 so does not occur. In the second case there
is only one possibility: the other elliptic singularity is given by toric coordi-
nates (1, 3), (=1, —1). This can be constructed by the non toric surface with

polyhedral divisor

1
H QP +0,1]@P+[-1,0® P;

The second case is u =v = % this has the following polyhedral divisor

Py [al, cee an,%}
Py [bi, ..., by 3]
Py ey, ..y o, 0]
Py dy, ..., d,0]

1
'3
with the following polyhedral divisor

There are two cases for Py, [0, 1] and [5]. The first case gives rise to one surface

1 1
[—OO, 075] ® P+ [—OO, 5] ® Py + [~00, 0, —1] ® P3
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In the second case we have the following, we get the following three surfaces:

1] 1
l—oo, 5 ® P+ [—oo, 5] ® Py + [—o00, =1, 0] ® P;

and " .
51 ® P+ [51 ® Py +[-2,0] ® Ps
and finally
1 1
H ® P+ H QP+ [-1,0]® P+ [-1, 0] ® P,

e A, Singularity

The only case is u = v + 1 and we have

P lai, ..., an, 3]
Py [bi, ..., b, s
Ps eqy ..n o, 0]
Py [dy, ..., dp,0]

There are two cases for Py, [0,3] and [3]. If it is the first case then the de-
nominator has to be greater than 2 so does not occur. So only the second
case occurs. In the second case we can have it connecting to a point with y

coordinate 1 or y coordinate 2. In the first case this leads to a surface

1 1
{5} ® P+ {5,01 ® Py + [0, —1] ® Ps

e A Singularity
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Starting with the case is u = v 4+ 2 and we have
P1 [al,...,an,ﬂ
P2 [bla"'7bm7%]
Pg {Cl,...,CO,O]
Py dy, ..., dp,0]

Once again two cases for Pp, [0,1] and [1]. If it is the first case then the
denominator has to be greater than 2 so does not occur. In the second case
there is only one possibility: the other elliptic singularity is given by toric
coordinates (1, 4), (—1,—2). The only way to get a denominator greater than

1 is on P, and the only choice is if this is the original % hence we get

1 1
|:Z:| ® P+ |:§:| ® Py + [0, —1] ® Ps

The final case is

Pl [alv"'varwé]
PQ [blv"'ybmaé]
P3 [Cl,...,CO,O]

Py [dy, ..., dp,0]

This leads to a lot more cases, as follows. Once again possible choices for P
and P, are [O, %} or [%] Once again denoting these by case a and case b.
In case a it needs to connect to a point with denominator u € {2, 5, 8...},
however it is impossible to construct any of these denominators, so this does
no occur. In the case b, we either have the A; singularity with coordinates
(1,3), (—1,—1) or the A, singularity given by (1,3), (—2,—3), other values
result in non compatible denominators. If we had the singularity given by
(1,3), (—1,—1), then the polyhedral divisor over P, would have to be [O, %}
which we have already shown cannot occur. If we have the Ay singularity then
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this involves the only way this can be constructed is via

1 1

This finishes the As case.
Ay Singularity for N > 6

This results in a singularity given by surface given by

P [al, e an,ﬂ
Py [y b 1]
Py ey ...y €, 0]
Py dy, ..., dp,0]

We split this into three case

a) u="v
b) u=v+1
c) u=v+2

Every other case is covered by our discussion at the beginning or the example.
We note that which of these cases occur on the value of N. We note as N > 6
this implies u > 4 and v > 3.

In case a), the only denominators that occur which are less than or equal to v

are ﬁ and ﬁ however as u > 3, as N > 6 we have neither of these values

are equal to v or 1 so this cannot occur.

L1 1
v—17 v—27 u—1

As these all have denominators greater than 1 they cannot occur

In case b), we have potential denominators

1 1 1
u? u—17? u—2"°

on a fiber.

and —15. This equals
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Exactly the same logic holds in case c).
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