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Abstract

In this article, we consider the optimal investment—consumption problem for an
agent with preferences governed by Epstein—Zin (EZ) stochastic differential util-
ity (SDU) over an infinite horizon. In a companion paper Herdegen et al. (Finance
Stoch. 27:127-158, 2023), we argued that it is best to work with an aggregator in
discounted form and that the coefficients R of relative risk aversion and § of elastic-
ity of intertemporal complementarity (the reciprocal of the coefficient of elasticity of
intertemporal substitution) must lie on the same side of unity for the problem to be
well founded. This can be equivalently expressed as ¢ := % > 0.

In this paper, we focus on the case ¥ € (0, 1). The paper has three main con-
tributions: first, to prove existence of infinite-horizon EZ SDU for a wide class of
consumption streams and then (by generalising the definition of SDU) to extend this
existence result to any consumption stream; second, to prove uniqueness of infinite-
horizon EZ SDU for all consumption streams; and third, to verify the optimality of
an explicit candidate solution to the investment—consumption problem in the setting
of a Black—Scholes—Merton financial market.
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1 Introduction

This paper is the second of a trio of papers by the same authors; see also Herde-
gen et al. [4, 3]. The collective goal of these papers is to undertake a rigorous study
of a Merton-style infinite-horizon investment—consumption problem in the setting
of Epstein—Zin (EZ) stochastic differential utility (SDU). In particular, the aim is
to study when the problem is mathematically well posed and economically well
founded, and if so, to derive the candidate optimal strategy, the candidate value func-
tion and the candidate optimal utility process (see [4]). Once these issues have been
resolved, the objective is to prove existence and uniqueness (where possible) of a util-
ity process associated to an arbitrary consumption stream and to verify that the can-
didate optimal strategy is indeed optimal in a large class of admissible investment—
consumption strategies (see the present paper and [3]).

EZ SDU has two key parameters: R, representing the coefficient of relative risk
aversion, and S, representing the coefficient of elasticity of intertemporal comple-
mentarity (EIC), the reciprocal of the coefficient of the elasticity of intertemporal
substitution. In [4], we argued that if R and S lie on opposite sides of unity, then EZ
SDU is not well founded in the sense that even though it is possible to obtain (candi-
date) solutions to the backward stochastic differential equations (BSDEs) defining the
utility process, these solutions have the characteristics of a utility bubble: the current
value arises not from integrated consumption over time, but rather from a postulated
ever larger value of the utility process at a future time. We must have ¥ := % >0
for the utility process to have an interpretation which is economically sound.

One of the insights in [4] which led us to the above conclusion is that it is better
to work with the discounted form of EZ SDU rather than the difference form. The
advantage of the discounted form is that the aggregator takes values in either [—oo, 0]
or [0, oo] rather than in [—o0, 00]. Since the sign of the aggregator is unambiguous,
it is always possible to assign a value to the integral of the aggregator against time
(and also to the expected value of the integral of the aggregator).

In this paper, we focus on the case ¥ € (0, 1). The case ¥ > 1 is covered in [3].
Note that ¥ =1 is the case of additive utility. This paper aims to answer three main
questions under this parameter restriction:

1) To which consumption streams is it possible to assign a utility process?

2) For which consumption streams is the assigned utility process unique?

3) Can we verify that an explicit candidate optimal investment—consumption strat-
egy in a Black—Scholes—Merton market is indeed optimal for the class of all admis-
sible investment—consumption strategies?

The contributions of this paper are threefold, and each contribution addresses one of
the three questions above.

First, we prove a set of existence results (covering ¢ € (0, 0c0)) which show that
there exists a well-defined utility process for a large class of consumption streams.
Then, under the assumption ¥ < 1, we show how to extend the existence result further
to give a well-defined (though not necessarily finite-valued) utility process for any
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Infinite-horizon Epstein-Zin SDU.II: ¢ € (0, 1)

consumption stream. Key to the proofs is the fact that under our formulation, the
aggregator takes only one sign.

Second, we turn to uniqueness. Again assuming ¥ € (0, 1), we show that for EZ
SDU preferences, the utility process associated to a consumption stream is unique.
The main idea is to apply a comparison theorem for (sub- and super-)solutions to a
representation of the utility process.

Third, we turn to the identification of the optimal investment—consumption strat-
egy and the optimal utility process. At this point, we specialise to a constant-para-
meter Black—Scholes—Merton market. In this setting, the candidate optimal strategy
and candidate optimal utility process are known (see Schroder and Skiadas [11], Mel-
nyk et al. [8], Kraft et al. [6] as well as Herdegen et al. [4]), and the main techniques
behind a verification argument are also well established in the literature. But what
distinguishes our results is the fact that we optimise over all attainable consumption
streams, i.e., all consumption streams which can be financed from an initial wealth
x > 0. In the extant literature, optimisation typically only takes place over a sub-
family of consumption streams for which the corresponding utility process possesses
certain regularity and integrability conditions. Further, since there are very few exis-
tence results in the literature, it often happens that the only strategies for which it can
be verified that the utility process indeed satisfies the required regularity conditions
are the constant proportional investment—consumption strategies. Since we optimise
over all attainable consumption streams, this is a significant advance.

The remainder of this paper is organised as follows. In Sect. 2, we introduce
stochastic differential utility (SDU) and Epstein—Zin (EZ) SDU and summarise the
results of [4]. Once this preliminary discussion has been completed, we are able in
Sect. 3 to give a more thorough description of the issues which arise regarding exis-
tence and uniqueness of utility processes associated to general consumption streams,
and of the strategy of our proofs. In Sect. 4, we prove existence of EZ SDU for a
wide class of consumption streams, including all constant proportional consumption
streams for which the problem is well posed, and any strategies which are ‘close’ to
constant proportional streams in a sense to be made precise. Still, this does not cover
all consumption streams; so in Sects. 5 and 6, we show how the utility process for
an arbitrary consumption stream can be obtained by approximation and taking lim-
its. Section 5 also proves uniqueness of the utility process. In Sect. 7, we introduce
the Black—Scholes—Merton financial market and give expressions for the candidate
optimal investment—consumption strategy and the candidate optimal utility process
in this market. Finally, in Sect. 8, we prove optimality of the candidate optimal strat-
egy (Theorem 8.1), where the optimisation is taken over all attainable consumption
streams and not just those satisfying regularity and integrability conditions. Key re-
sults along the way include a comparison result (Theorem 5.8), existence and unique-
ness results (Theorem 4.5, Theorem B.2) and an approximation result (Theorem 6.5).

2 Epstein-Zin stochastic differential utility

Throughout, we work on a filtered probability space (€2, F, (F;)r>0, P) satisfying the
usual conditions, where Fy is IP-trivial. Let & be the set of progressively measurable
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processes, and 2, P, the restrictions of & to processes that take nonnegative
and strictly positive values, respectively. Moreover, denote by . the set of all semi-
martingales. We identify processes in &7 or .7 that agree up to indistinguishability.

Stochastic differential utility (SDU) is a generalisation of time-additive discoun-
ted expected utility and is designed to allow a separation of risk preferences from
time preferences. For a fuller discussion of the issues considered in this section, see
Herdegen et al. [4, Sect. 4].

Under additive expected utility, the value or utility of a consumption stream,
i.e., a process C € 4, is given by Jy(C) = E[fooo U(t,C,)dr], and the value or
utility process is given by V; = E[ ftoo U(s, Cy)ds | F;]. Under SDU, the function
U=U(s, Cy) is generalised to become an aggregator g = g(s,Cs, Vs), and the
stochastic differential utility process V¢ = (V,©),>0 associated to a consumption
stream C solves

oo
Vf:]E[/ g(s, Cy, VE) ds
t

]—‘,}. 2.1)

Note that if g takes positive and negative values, the conditional expectation on the
right-hand side of (2.1) need not be well defined. In the following definition, see also
[4, Definition 3.1], g takes values in V C R. Throughout this paper, we assume that
g is one-signed so that V is a subset either of [0, co] or of [—o0, 0].

Definition 2.1 A one-signed aggregator is a function g : Ry x Ry x V— V. For
C € P, define I(g,C) :={V € #: E[[;"lg(s.Cs, Vs)lds] < oo}. Then
V e l(g, C) is a utility process associated to the pair (g, C) if it has cadlag paths
and satisfies (2.1) for all 7 € [0, 00). Further, let Ul(g, C) be the set of elements of
I(g, C) which are uniformly integrable.

By [4, Remark 3.2], a utility process is a special semimartingale and lies in
Ul(g, C).

Definition 2.2 A consumption stream C € & is g-evaluable if there exists a utility
process V € I(g, C) associated to the pair (g, C). The set of g-evaluable consumption
streams C is denoted by &(g). Furthermore, if the utility process is unique (up to
indistinguishability), then C is g-uniquely evaluable. The set of g-uniquely evaluable
C is denoted by &, (g).

For a uniquely evaluable consumption stream C, we define the stochastic differ-
ential utility of C and an aggregator g by J,(C) := VOC, where V¢ satisfies (2.1).

The Epstein—Zin (EZ) aggregator with parameters (R, S) is defined as the function
gez 'Ry x V— V given by

1-S

1-S

[
=

(1= Ryv) =%, (2.2)

gez(c,v) =

Here V = (1 — R)R, is the domain of the EZ utility process, and both parameters R
— —R

and S lie in (0, co) \ {1}. Note that some care is required when %, a- R)v)f—_R

are in {0, oo}. This case is deferred to Sect. 4.
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Remark 2.3 More generally, we can consider the aggregator

1-S _

gez(t,c,v) 1= be*‘”lc_—s((l — R)v) =k,

[
=

where b > 0 and § € R. Here b is a scaling parameter which can be factored out,
and the discount factor e~% can be eliminated by a change of numéraire; see [4,
Remark 4.2, Sect. 5.2]. For this reason, and without loss of generality, we take b = 1
and § = 0 in this paper.

It is convenient to introduce the parameters ¥ := s and p = T=g = 5 > 80
that (2.2) becomes
1-S
gez(e,v) = 7—< (1 = Rv)”. 2.3)

When S = R, the aggregator reduces to the discounted CRRA utility function. This
case corresponds to ¥ = 1 and p = 0. We assume throughout that R £ S are both
in (0, 00) \ {1} so that # # 1 and § # 0.

If ggz is the EZ aggregator for (2.3), the utility process ve=v= (Vi)i>0 asso-
ciated to consumption C and aggregator ggz solves

oocl—S
Vtz]Eﬂ/ S ((1—-R)Vy)’ds
. 11—

]-}:|. 2.4)
One of the main results of [4] is the following theorem ([4, Theorem 4.4]).

Theorem 2.4 For EZ SDU over an infinite horizon with aggregator given by (2.3), we
must have 1§ = % > 0 for there to exist solutions to (2.4).

The condition ¥ > 0, or equivalently p € (—o0, 1), means that both R and § are
either greater than unity or smaller than unity.

3 An overview of the arguments behind the existence and
uniqueness proofs

Our first goal is to discuss existence and uniqueness of EZ SDU over an infinite
horizon. (For general existence and uniqueness results for EZ SDU in a finite-horizon
setting, we refer to Seiferling and Seifried [12].)

Our results and approach are as follows. The first major contribution is an ex-
istence result for all strictly positive consumption streams C = (C;);>0 which sat-
isfy kC,l_R < E[ftoo CSI_R ds | F] < KCZI_R for some constants 0 < k < K < o0.
Note that it follows from the results of [4, Sect. 5.3] (see also Sect. 7 below) that
in a constant-parameter Black—Scholes—Merton financial market, constant propor-
tional investment—consumption strategies satisfy /cCtl_R =[E[ ftoo CS"R ds | F;] for
some x € (0, 00), at least when ]E[foOQ Csl_R ds] < oo. This means that our result can
be interpreted as a statement about the evaluability of strategies that are, in a very
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precise sense, within a multiplicative constant of a constant proportional investment—
consumption strategy. Moreover, for each such C, there is a unique utility process
V = (V)0 such that kyC] ™% < (1 = R)V; < KyC} ™R for a different pair of
constants (ky, Ky). (Note that this does not preclude the existence of other utility
processes which do not satisfy such bounds.) The proof relies on the construction of
a contraction mapping and a fixed point argument.

To make further progress, we assume that ¥ € (0, 1) (equivalently, p < 0). In this
case, we can show that any utility process is unique (in fact, we show uniqueness
for a wide class of aggregators, the main restriction being that they are nonincreas-
ing in v). The key idea is to use concepts from the theory of BSDEs to extend the
concept of a solution to (2.4) to include subsolutions and supersolutions, depending
(roughly speaking) on whether the equality in (2.4) is replaced by < or >. Then, again
under the assumption that the aggregator is nonincreasing in v, we prove a compari-
son theorem which tells us that any subsolution always lies below any supersolution.
Uniqueness of solutions then follows by a standard argument as any solution is si-
multaneously both a subsolution and a supersolution. So if V! and V2 are solutions,
then V! < V2 and V2 < V!, and hence V! = V2,

For EZ SDU, when ¢ > 1, the comparison argument fails and the uniqueness
argument does not hold. Note that it is not merely that we need to look for a different
strategy of proof—instead, it is simple to give examples for which there are multiple
solutions to (2.4). In this case, a different comparison theorem and a modification
of the definition of the utility process are required. For these reasons, we defer the
discussion of this case to Herdegen et al. [3].

Returning to the case ¥ € (0, 1), in order to remove the constraints k > 0 and
K < oo, we again exploit the comparison theorem to obtain a monotonicity property
for solutions. Provided we allow utility processes to take values in the extended real
line, we can exploit the fact that the aggregator takes only one sign to show that it is
possible to define a unique, possibly infinite-valued, utility process for any attainable
consumption stream. Here we make use of the notion of generalised optional strong
supermartingales.

Where proofs are not given in the main text, they are given in the appendices.

4 Existence of EZSDU

For the EZ aggregator ggz, it was shown in Herdegen et al. [4, Sect. 5.3] (see also
Sect. 7 below) that the candidate optimal strategy—along with many other propor-
tional consumption streams—is evaluable. The goal of this section is to prove exis-
tence for a much larger class of consumption streams. The authors are not aware of
any results on the existence of infinite-horizon EZ stochastic differential utility; so
this is an essential result that is currently missing from the literature.

A transformation of the coordinate system leads to a simplified problem. Define
the [0, oo]-valued processes W = (W;);>0 and U = (U;);>0 by

W,=(1—-R)V,, Uy =u(Cy) =0C} =5, 4.1)

where we agree that U; := o0 if C; =0and S > 1.
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Let hgz(u, w) : Ry x Ry — R, be defined by

uw?, (u, w) € (0, 00) x (0, 00),
hgz(u, w) == 3 w?, (u, w) € (0, 00) x {0, oo},
u, (u, w) € {0, oo} x [0, 00],

with the standard convention 0” := 0o and oo = 0 for p < 0. The motivation behind
the definition on the boundary is to ensure the continuity in w for fixed u. This also
leads to a natural extension of the EZ aggregator in (2.2) to (¢, v) € E+ x (1— R)R+
by setting

ﬁ((l — R)v)* if (c,v) e Ry4 x {0, (1 — R)oo},
gEZ(cv U) = 1 1-§ . —

T=¢ if (c,v) € {0, (1 — R)oo} x (1 — R)R,..
We use this definition of ggz for the remainder of the paper.

Note that V € [(ggz, C) if and only if W € [(hgz, U). Consequently, v is a util-
ity process associated to a consumption stream C with aggregator ggz if and only if
WVY is a utility process associated to the consumption stream U with aggregator hgz.

We next aim to define an operator Fy from an appropriate subset of &7, to itself
satisfying

Fy(W), :=E[ / hez (U, Wy) ds
t

.7:,]. 4.2)

Here, we always choose a cadlag version for the right-hand side of (4.2). In particular,
every fixed point of the operator Fyy has cadlag paths. Note that V is a solution to
(2.1) with aggregator ggz and consumption C if and only W is a fixed point of the
operator Fy for the transformed consumption U.

Definition 4.1 Suppose that U = (U;);>0 € P+ and ¥ = (Yy)i>0 € P+. We say
that U has the same order as Y if there exist constants k, K € (0, c0) such that
0 <kY <U < KY. Denote the set of processes with the same order as Y by O(Y).
Definition 4.2 Define L% | as the subset of all A € &, with E[[;~ A? ds] < oo.
For A € Li+, dAeﬁne the cédlégAprocess A = (IIA),EO by I,A = IE[ft<>Q A? ds | F].
Further, define L) C L7 by L}, ={A €L}, : A" € OIM))}.

Example 4.3 Let Z = (Z;);>0 be a geometric Brownian motion such that Z" has

a negative drift. Then Z € f,i . Indeed, suppose that the drift is —y < 0. Then
z' =12
¥

Lemma4.4 Let A € ll”pr and U € O(A). Then Fy () maps O(A?) to itself.

Proof This follows from the more general Lemma B.1 in Appendix B. U
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We may now state a first existence result. While it is not the strongest existence
result we prove in this paper (Theorem 4.5 is a special case of Theorem B.2), it forms
the backbone of further existence arguments. The idea of the proof is to transform the
problem to an alternative space where the transformed form of Fy is a contraction
mapping. The existence of a fixed point then follows from the Banach fixed point
theorem.

Theorem 4.5 Let A € lti+ and U € QO(A). Then Fy defined by (4.2) has a fixed
point W € O(A?) C I(hgz, U), which is unique in O(A”) and has cadlag paths.

Proof This is a specific version of the more general Theorem B.2. For a stand-alone
proof, one just needs to set £ = 0 in the proof of Theorem B.2. g

The following result is a direct corollary to Theorem 4.5 and the definitions of W
and U in terms of V and C given in (4.1).

Theorem 4.6 Suppose C € P, satisfies IE[fOOo CQ_R ds] < oo and for some con-
stants 0 < k < K < oo that
E}

o
kIE[/ Ccl=R gs
t

for all t > 0. Then there exists a utility process V = (V,C)tzo associated with ggz,
and C. Moreover, this utility process is unique in the class of processes with the prop-

1-R
erty that (V;/E[ ftoo C]‘l—R ds | F;]) is bounded above and below by strictly positive
constants.

o0
]—",] <Ccl R < K]EU cl=Rds
t

Proof Take U, = A; = CZI_S. Then U satisfies the conditions of Theorem 4.5 and so
there exists a utility process W associated to (hgz, U) which is unique in O(AY).
Therefore, V = % is a utility process associated to (ggz, C); uniqueness in the
appropriate class is also inherited. g

Relative to the extant literature, Theorem 4.6 massively expands the set of con-
sumption streams which are known to be evaluable. However, it still does not al-
low us to assign a utility to every consumption stream. For example, the zero con-
sumption stream is excluded. Note also that Theorem 4.6 does not exclude the pos-

sibility that there are other utility processes which do not satisfy the condition that

(Vi /EL[™ S ds | 1) is bounded.

5 Subsolutions and supersolutions

The aim of this section is to introduce the notions of subsolutions and supersolutions
and then prove a comparison theorem for aggregators that take only one sign and are
nonincreasing in v. As a consequence, all evaluable consumption streams for such
aggregators are uniquely evaluable.

Let V C [—o00, 00] denote the set in which V may take values. Under our assump-
tion that g is one-signed, we have either V C R, or V C R_. This one-sign property
ensures that integrals are always well defined.
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The following definition extends the notion of an aggregator, allowing it also to
depend on the state w € €2 of the world.

Definition 5.1 An aggregator random field g : Ry x Q x Ry x V — V is a product-
measurable mapping such that g(-,w, -, -) is an aggregator for fixed w € €2, and
for progressively measurable processes C = (C;);>0 and V = (V;);>0, the process
(g(t,w, Ci(w), Vi (w)))s=0 is progressively measurable.

Example5.2 Let G : Ry x V x R — V be continuous and Y : [0, 00) x £ — R a pro-
gressively measurable process. Then g (¢, w, ¢, v) := G(c, v, Y (¢, ®)) is an aggregator
random field.

Let g be an aggregator random field. The definitions of I(g, C), Ul(g, C), the
utility process associated to the pair (g, C) and the sets of evaluable and uniquely
evaluable consumption streams &'(g) and &, (g) follow verbatim from Definitions 2.1
and 2.2.

We now introduce the notion of subsolutions and supersolutions. To this end, recall
that lad stands for “limites a droite”, i.e., for the process to admit right limits.

Definition 5.3 Let C € &, be a consumption stream and g an aggregator random
field. A V-valued, lad, optional process V is called

— a subsolution for the pair (g, C) if limsup,_, o, E[V;4] < 0 and for all bounded
stopping times 71 < 13,

53
Vfl = ]E|:Vr2+ +/ 8(57 w, CS! ‘/A)ds
T

1

fn] (5.1)

— a supersolution for the pair (g, C) if liminf;_, oo E[V;+] > 0 and for all bounded
stopping times 71 < 13,

53
Vfl = ]E|:Vr2+ +/ 8(57 w, CS! ‘/A)ds
T

1

Fa } (5.2)

— a solution for the pair (g, C) if it is both a subsolution and a supersolution and
Vel(g, C).

Remark 5.4 (a) V is a supersolution associated to the pair (g, C) if and only if
V := —V (which is valued in V := —V) is a subsolution for the pair (g, C), where
gt,w,c,v) =—g(t,w,c,—0).

(b) While we do not require sub- or supersolutions to be in I(g, C), we require this
integrability for solutions.

(c) It might be expected that the definition would require subsolutions and su-
persolutions to be cadlag. However, we construct the utility process for a general
consumption stream by taking limits, and a monotone limit of cadlag processes is not
necessarily cadlag. In contrast, optionality is preserved in the limit.

If V is a utility process for the pair (g, C), then V € I(g, C) by definition. By [4,
Remark 3.2], it then follows that V is uniformly integrable. Similar results hold for
sub- and supersolutions.
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Lemma 5.5 Suppose that V C R, and V is a subsolution, or V CR_ and V is a
supersolution for the pair (g, C). If V € l(g, C), then V € Ul(g, C).

Proof By symmetry, we consider without loss of generality the case that VC R
and V € I(g,C) is a subsolution. Define the Ul martingale M = (M;);>o by
M; :=E[f0°°g(s,w, Cs, Vy)ds | Fs]. Since V C @Jr, setting 71 :=¢ and T :=u in
(5.1) and taking the limsup as u — oo gives

o
OS VISEI:/ g(S,U),CS,Vy)dS
t

-Fti| <M.

Hence V is uniformly integrable. g

It is useful to introduce two monotonicity conditions on an aggregator random
field.

Definition 5.6 Let g : R x Q x Ry x V — V be an aggregator random field. Then
g is said to satisfy

—(c?) if it is nondecreasing in c, its third argument (P ® dr)-a.e.
— (v}) if it is nonincreasing in v, its fourth argument (P ® df)-a.e.

Remark 5.7 For EZ SDU, (v|) is satisfied if and only if ¢ € (0, 1]; if & > 1, the
aggregator is nondecreasing in its fourth argument.

The following result shows that under condition (v ), a comparison result holds
for sub- and supersolutions.

Theorem 5.8 Let C € &2 and let g be an aggregator random field satisfying (v,). If
V1 is a subsolution and V? is a supersolution for the pair (g, C), and V' or VZ is in
Ul(g, C), then th < Vt2 P-a.s. for all finite stopping times t.

We deduce two simple but important corollaries. The first one shows that under
condition (v ), all g-evaluable strategies are g-uniquely evaluable. The second shows
that for aggregators g satisfying (c1) and (vJ), the utility associated to (g, C) is
nondecreasing in g and C.

Corollary 5.9 Let g be an aggregator random field satisfying (vl). Then we have
&(8) = éu(g).

Proof Clearly, &(g) 2 &,(g). For the converse inclusion, fix C € &(g). Suppose
there are two utility processes V! and V? for the pair (g, C). Since V! and V? are
both solutions, they are in UI(g, C) by Lemma 5.5. Since they are both sub- and su-
persolutions, we may apply Theorem 5.8 twice to show VT1 > VT2 P-a.s. and Vr2 > V!
P-a.s. for all finite stopping times t > 0. Thus VT1 = Vr2 P-a.s. for all finite stopping
times 7. Since V! and V2 are both optional, this implies that they are indistinguish-
able (see e.g. Nikeghbali [10, Theorem 3.2]). Il
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Corollary 5.10 Let C',C* € P, and g', g% : Ry x Q@ x Ry x V— V be aggre-
gator random fields satisfying (c1) and (v\). Suppose C* > C' (P ® dr)-a.e. and
gz(-, -,C, V) > gl(-, -, ¢,v) (P®dt)-a.e. for any (c,v) € Ry x V. Moreover, sup-
pose there exists a utility process Vie H(gi, Ci)for the pair (gi, ChH,ie{l1,2}. Then
V,1 < Vr2 for all finite stopping times t.

Remark 5.11 If g1, go are both nonincreasing rather than nondecreasing in ¢ but oth-
erwise the hypotheses of the corollary are unchanged, then V! > V2.

6 Removing the bounds on evaluable strategies when # € (0, 1)

The goal of this section is to show that if ¥ € (0, 1), we may first, extend the class of
U for which we can define a utility process by removing the lower bound restriction
kA < U from the hypotheses of Theorem 4.5, and second, generalise the notion of a
utility process, allowing us to evaluate the EZ SDU of any consumption stream.

Standing Assumption 6.1 Henceforth we assume 9 € (0, 1), or equivalently p < 0.

Theorem 6.2 Let A € 121_’; 4 and suppose that U € & is such that there exists
K € Ry with 0 < U < KA. Then Fy defined by (4.2) has a unique fixed point
W e l(hggz, U).

Corollary 6.3 Suppose that C € P, is such that C'=5 < KZ'=5, where K e Ry
and Z is a geometric Brownian motion such that Z'~R has a negative drift. Then
C € &u(gez)-

Proof Setting U := C'=5 and A := Z!-S, it follows that U < KA. Furthermore,
Ae Li + by Example 4.3 since A? = Z'=R has a negative drift. Finally, using The-
orem 6.2, we may deduce that U € &}, (hgz) and hence that C € &, (ggz)- O

Corollary 6.3 gives us a large class of evaluable consumption streams. The rest of
this section is dedicated to generalising the notion of a utility process. In particular,
for any aggregator g satisfying (c1) and (v ), the results of this section make it pos-
sible to assign a utility to any process C € &2 that we can express as the monotone
limit of processes C" € &,,(g). For the EZ aggregator, this includes all consumption
streams.

Definition 6.4 For a general one-signed aggregator g : Ry x Q x Ry x V— V, let
&(g) denote the set of consumption streams C € &7, that are monotone limits of
a sequence (C™),en of processes in &(g) and either 1) V C Ry and (C"),en is
nondecreasing, or 2) V C R_ and (C"),en is nonincreasing.

We now state the central result of this section—that we may extend the notion of
a utility process and evaluate processes in &(g).
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Theorem 6.5 Let g be a one-signed aggregator random field satisfying (c1) and (v)),
and let C € £(g). Let (C")pen be a monotone approximating sequence. Let V" be
the utility process associated to C" for each n € N. Then there exists an adapted
cadlag process V' =1im,_, o V" that is independent of the approximating sequence.
Moreover, if V C E+, then V7 is the minimal supersolution and if V C R_, then VT
is the maximal subsolution.

Definition 6.6 We call the unique process Vvi= (V,T),Zo constructed in Theorem 6.5
the generalised solution or the generalised utility process associated to (g, C).

The following theorem tells us that the notion of a generalised solution extends
the notion of a solution in the sense that if a solution exists, then it is equal to the
generalised solution.

Theorem 6.7 Let g be a one-signed aggregator random field satisfying (c1) and (v{).
If there exists a solution V associated to the pair (g, C), then it agrees with the
generalised solution V7.

Proof We only prove the result in the case V € R. The case V € R_ follows by a
symmetric argument. By Theorem 6.5, VT is the minimal supersolution. Let t be an
arbitrary finite stopping time. Since V € Ul(g, C) is a subsolution and VT is a su-
persolution, V; < V; by Theorem 5.8. Since V is a supersolution and VT is minimal
in the class of supersolutions, VrT < V. Hence VJ = V;. Since VT and V are both
optional (V' by Theorem 6.5, and V by definition) and they agree for all bounded
stopping times, VT is equivalent to V up to indistinguishability (see for example
Nikeghbali [10, Theorem 3.2]). O

We henceforth drop the superscript © and denote the generalised utility process
by V. The next proposition shows that the generalised solution is nondecreasing in C.

Proposition 6.8 Let g be a one-signed aggregator random field satisfying (c1) and
(v]) and cl,cte g(g). Suppose further that C? dominates C! (P ® dt)-a.e. For
i =1,2, let VI be the generalised solution associated to the pair (g, Ci). Then
V,2 > Vt1 for all bounded stopping times t.

If we consider the EZ aggregator ggz, we may assign a generalised utility process
to any consumption stream.

Theorem 6.9 Let C € P,. There exists a unique generalised utility process associ-
ated to the pair (ggz, C).

Proof First suppose R < 1 so that V. =R,. We want to find a nondecreasing se-
quence of consumption streams (C"),cn such that C" € &, (ggz) for all n € N and
C" / C.Let Z be a geometric Brownian motion such that Z' ~® has a negative drift.
Let C" = C A (nZ). Then it follows from Corollary 6.3 that (C"),<N € &, (ggz), and
C" /' C. Therefore, by Theorem 6.5, there exists a unique generalised utility process
for C.
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Next, if R > 1 and V =R_, the proof goes through in exactly the same manner if
we consider the sequence of processes C* = C Vv (%Z). 0

We can now extend the definition of EZ utility to any consumption stream.

Definition 6.10 Let C € &.. Define the EZ utility process associated to C to be
the generalised utility process V €-¢62 associated to the pair (ggz, C). Define the EZ

.. . ._ yC.8ez
utility of the consumption stream to be Jyp, (C) 1= V7%,

7 The Black-Scholes-Merton financial market and the candidate
optimal strategy

The Black—Scholes—Merton financial market consists of a risk-free asset with interest
rate r € R, whose price process S° = (S?)tzo satisfies S[O =exp(rt), together with a
risky asset whose price process S' = (S]),>0 follows a geometric Brownian motion
with drift 1 € R and volatility o > 0, and whose initial value is S} = s} > 0. So
S[1 = sé exp(o By + (u — %02)1), where B = (B;);>0 denotes a Brownian motion.

The agent optimises over the control variables given by the proportion of wealth
invested in each asset and the rate of consumption. Let I, represent the proportion of
wealth invested in the risky asset at time ¢ and 1'[? = 1 — I1; the proportion of wealth
held in the riskless asset at time ¢. Further, let C; denote the rate of consumption at
time ¢. It then follows that the wealth process X = (X;);>¢ satisfies the SDE

dX, = X,Tl,0 dB, + (X, (r+ T, (u—r)) — C,) dr 7.1y

with initial condition Xo = x, where x is the initial wealth. Let A := 2= be the
Sharpe ratio of the risky asset.

Definition 7.1 (i) Given x > 0, an admissible investment—consumption strategy is a
pair (IT, C) = (I1;, Cy);>0 of progressively measurable processes, where IT is real-
valued and C is nonnegative, such that the SDE (7.1) has a unique strong solu-
tion X*11-C that is P-a.s. nonnegative. We denote the set of admissible investment—
consumption strategies for x > 0 by &/ (x; r, u, o).

(ii) A consumption stream C € Z is called attainable for initial wealth x > 0 if
there exists a progressively measurable process IT = (I1;);>¢ such that (IT, C) is an
admissible investment—consumption strategy. Denote the set of attainable consump-
tion streams for x > 0 by €' (x;r, u, o).

When it is clear which financial market we are considering, we simplify the nota-
tion and write &7 (x) = o/ (x;r, u,0) and € (x) =C(x; r, u, o).

The goal of an agent with EZ stochastic differential utility preferences is to max-
imise Jg, (C) over attainable consumption streams, i.e., to find

C.g
Ve, (X) = sup V) = sup Jg, (O).
Ce%(x) Ce%(x)
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Remark 7.2 This definition of the stochastic control problem is different to that con-
sidered by Schroder and Skiadas [11], Xing [15], Matoussi and Xing [7], Melnyk
et al. [8] and the rest of the literature on the Merton problem for EZ SDU in the fact
that it optimises over all consumption streams and does not impose any regularity
conditions beyond attainability.

We now turn to the candidate optimal strategy. Putting aside questions of exis-
tence and uniqueness (and allowing for the remainder of this section that we have
¥ € (0, 00)), we seek an attainable consumption stream C that maximises the value
of VOC, where

7

As in the Merton problem with CRRA utility, it is reasonable to expect that the opti-
mal strategy is to invest a constant proportion of wealth in the risky asset, and to con-
sume a constant proportion of wealth. Consider the investment—consumption strategy
M=nwecRand C=£X for§ e Ry;.Let X*™8 =X = (X/)s>0 be the correspond-
ing wealth process, i.e., let X*™¢ solve (7.1) for [1 =7 € R and C = £ X. Note that
(I, C) = (i, £X) is admissible.

Define H : R x Ry — R by

Ve —E[/Oo G ((1=RVE) ds
r . l—S s

/e

2.2
H(n,§)=(R-1)<r+/\an—g— > R),

and define € R by

Wis—nres—nl
== —Dr -H—).
=% 2R
For a proportional investment—consumption strategy (I1 =, C =£X), it is easy to
show (see Herdegen et al. [4, Remark 5.3]) that (X*7 £)1-R i5qa geometric Brownian
motion with drift —H (i, £). Moreover, if H(m, £) is positive, C = £X is evaluable
and the associated utility process is given by

1-S \? y1-R
v :( e ) X . (7.2)
H(r,&)) 1—R

We can then maximise over w and & to find that the candidate optimal investment—
consumption strategy is given by (see [4, Proposition 5.4, Equation (5.10)])

A A
I1

T=—,
oR

C=£X=nX. (7.3)

Proposition 7.3 The candidate condition for a well-posed problem is n > 0. In that
case, the candidate optimal strategy is (I1, C) from (7.3), the candidate utility process

isV= n’ﬁsg, and the candidate value function is
5 ps X F
Vix)y=n"""——. 7.4
@)=n""1T"% (7.4)

@ Springer



Infinite-horizon Epstein-Zin SDU.II: ¢ € (0, 1)

Remark 7.4 1f n > 0 and (11, C) is the candidate optimal strategy from (7.3), then
U 15‘C 1=5 is a geometric Brownian motion, and (U )7 has drift —n9 < 0. Hence
Uel? %, by Example 4.3. Similarly, all the constant proportional investment—con-
sumption strategies (7, £) with H(wr, £) > 0 are such that C = EX*7E lies in iir
Roughly speaking, the same holds true for any strategy which is close to a constant
proportional strategy (for which H (v, &) > 0). Thus existence of a utility process
for the candidate optimal consumption stream follows from Theorem 4.5 (whereas
existence of a utility process for a general consumption stream follows from Theo-
rem 6.9—at least for ¥ € (0, 1)).

8 The verification argument for the candidate optimal strategy

The goal of this final section is to verify that the candidate optimal strategy is indeed
optimal. Our discussion of existence and uniqueness is valid in a general financial
market, but in order to optimise over consumption streams, we need to specify the set
of attainable consumption processes. We do this by specifying the financial market,
which we take to be the Black—Scholes—Merton market of Sect. 7.

The general structure of a primal verification argument for recursive optimal in-
vestment problems is as follows: first, apply Itd’s lemma to V(X1-C) for a general
strategy (I1, C); next, use the HIB equation to show that V (X™-€) is a supersolution
associated to the pair (ggz, C); ﬁnally, the comparlson theorem (Theorem 5.8) for
sub- and supersolutions implies Vx)> V0 for any adm1551ble strategy C € € (x).

Optimality follows since we showed in Sect. 7 that V0 =V (x).

Unfortunately, there are at least three difficulties with this approach. The first is
that the candidate value function V(x) defined in (7.4) does not have a well-defined
derivative at zero, meaning that we cannot apply It6’s lemma to V(X.C) for a gen-
eral admissible wealth process X-C . The second is that for a general strategy (I1, C),
the standard proof that V(X .€y corresponds to a supersolution involves showing
that the local martingale part of V(XTC)isa supermartingale, and in the case R > 1,
this is not true in general. The third difficulty is that V¢ might fail to exist.

The first two issues arise also in the case of CRRA utility. In Herdegen et al. [2],
the authors show how they may be overcome using a stochastic perturbation of the
value function. We now extend the ideas in [2] to the setting of EZ SDU. The third
issue has been dealt with in Sect. 6.

Theorem 8.1 Suppose thatn > 0 and ¥ € (0, 1). If VE is the (generalised) utility pro-
cess associated to the pair (gEz,AC ) and V (x) is the candidate optimal utility given

in (7.4) then supceg(y) vE = OC = V(x), and the optimal investment—consumption

strategy is given by (f[, é‘) from (7.3).

Proof It follows from Sect. 7 that V(fEZ’C = V(x); so it only remains to prove that
5 .C
V(x) > supceg V5.

Let Y denote the candidate optimal wealth process started from unit wealth, i.e.,

ay, e
— =—-dB — —nldt, Yy=1.
Y, R z—l-(r—l— R 77) 0
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Fix ¢ > 0 and let g5, (c, y,v) = ggz(c + €y, v) = M((l — R)v)”. Fix an ar-
bitrary admissible strategy (I1, C) € € (x). The dynamics of X + ¢V := X™-C 4 ¢y
are then given by

A
Ad(X, + ;) = (an,x, + %Y,) dB,

)\2
+ (Xt(r + I (uw—r))—C + (r + i r})sYt> dr.

Let .£“7 denote the infinitesimal aggregator of the diffusion X + ¢Y when the in-
stantaneous rates of investment and consumption are 7 and c, respectively. Then for
h="h(x,y),

C,TT )\'2 / 1 )\’ : 4
LOTh = x(r+na)»)—c+<r—|—;—r/>8y h —|—5 arrx—f—Esy h".

The first aim is to show that V' satisfies a perturbed HIB equation

sup (.Z“”V(x +ey) + ghz(c. v, Vix+ 8y))) =0. 8.1)

ceRy,meR
This follows from the fact that for general c € Ry and 7w € R,
LTV (x +ey) +8i(c.y. Vix +ey) =Al(c,x, y) + A% (. x, y) + AP (x, y),
where

1-S
Al(c,x,y)_(c—i_lLy)((l RV (x +¢y))”

. s
- V/(X+8y)<c+n8y+n _S(x+8y)>,

1
A )\2
Al x,y) =V'(x +ey) <xnaA + Egy)

1. A\ A2V« +8y))2
+ —V”(x—}—sy)(nox—i— —5y> +——

2 R 2 Vi(x+ey)
22 (V' (x 4 ey))?

A(x,y) = (x + eV (x +ey) — ——
2 V'(x+ey)

+17 (x + eV (x +ey),

1-S

and the trio of inequalities A! <0, A2 <0, A3 = 0. Taking the derivative with respect
to ¢, we find that the maximum of Al(c, x, y) is attained for

(((1 - RW(erey»ﬂ)é
= = —ney,
V/(x +ey)
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and then using the explicit form of V, we find that the maximising value of ¢ is ¢ = nx
and that Al(nx, x,y) = 0. Similarly, by taking the derivative with respect to m, the
maximum of A(r, x, y) is attained when

)

—X (sy V'(x + sy)) A
T =—\| — _— =

- ox \ R V”(x-}-gy) ﬁ

and then Az(ﬁ, x,y) = 0. Finally, by using the definition of V and n, we find that
A3(x, y) =0. Consequently, (8.1) is satisfied and the supremum is attained. Note that
since €Y is just a scaling of the wealth process under the optimal strategy, it follows
that ( V(eY,))tzo € Ull(ggz, neY) is the utility process associated to the consumption
stream neY. Consequently, it follows by the form of V(x) given in (7.4) and by
Remark 7.4 that lim;_, oo E[V (¢Y;4)] = 0.

Next, fix arbitrary bounded stopping times 71 < tp and define the local martingale
N = (Np)r>0 by

r A
N; :/ V(Xy, +¢eYy) (onuxu + ESY“) dw,.
0

Then forn € N, set §,, :=inf{s > 71 : (N); — (N), > n}. It follows from Itd’s lemma,
(8.1) and the definition of gf, that

V(Xe, +eYr,)

A~ 2N N
=V Xong +€Ynng,) _/ gC’YYHxV(XS‘l'SYs)dS

Tl
+ NT] - NTZ/\Cn
A 2AEn A
= V(sz/\{,, + Ser/\Cn) + / fFfZ(Cs’ Y, V(X5 + SYS)) ds

3

+ NT1 - NszCn

~ ALy A
= V(sz/\Cn +8Y12A{,,) +/ fEZ(Cs +neYs, V(X +5Ys)) ds

71

+NT] _Nfz/\{n'

Taking conditional expectations and using that (Nag, — Niar;)r>0 is an L2%-bounded
martingale, the optional sampling theorem gives

V(Xe, +&Ye) = B[V (Xeyn, + Vrng,) | Fryl

A N
+E|:/ fEZ(CS+n8Y51 V(X +8Ys))ds
T

1

7 |

Since V is nondecreasing, V(X onte TE YA = ‘A/(aYT2 Az,) P-a.s. Moreover, using
that (‘7(8 Y:)):>0 is bounded below by a UI martingale by [4, Remark 3.2], taking the
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liminf as n — oo, the conditional version of Fatou’s lemma (with a UI martingale as
lower bound) and the conditional monotone convergence theorem yields

V(Xq, +6Ye) > B[V (X, +£Ye) | Fry

123 R
+E|:/ .fEZ(Cs+n5YVa V(Xs+8Ys))dS
T

1

]-',1]. (8.2)

Furthermore, liminf;_, oo E[V (X;4+ + €Y;1)] > limy_ oo E[V (¢Y;4)] = 0. Conse-
quently, V(X +eY)isa supersolution associated to the pair (ggz, C + neY).

In the penultimate step, we consider the cases R < 1 and R > 1 separately to
conclude that V(X +eY)>VeZC If R < 1, using that C 4+ neY > C and ggz
is nondecreasing in its first argument, it follows that VX +¢eY)isa supersolution
associated to the pair (ggz, C) by (8.2). Thus the (generalised) utility process V&2:C
associated to (ggz, C) is the minimal supersolution by Theorem 6.5 and the claim
follows.

If R > 1, then also S > 1 by our standing assumption that ¢ > 0. Then
(C+nsY)l_S < (ns)l_SYl_S, and so Corollary 6.3 gives C + neY € &,(gez)-
Hence there exists a utility process V&2:C+1¢Y ¢ Ul(ggz, C + neY) associated to
C + neY. Since also V(X + €Y) <0, the claim follows from Theorem 5.8 and
Proposition 6.8.

Finally, in both cases, taking the supremum over attainable consumption streams

at time zero gives V (x 4 &) > SUPCe% (x) VOgEZ’C. Letting ¢ N\ O gives the result. [

We conclude this section by showing that the correct wellposedness condition of
the investment—consumption problem is indeed n > 0.

Corollary 8.2 Suppose that v € (0, 1). Then the infinite-horizon investment—con-
sumption problem for EZ SDU is well posed if and only if n > 0.

Moreover, if n <0 (recalling that VE denotes the (generalised) utility process for
the pair (ggz, C)), then

c 00 ifR <1,
—00 ifR>1.

Proof 1f n > 0, the investment—consumption problem is well posed by Theorem 8.1.

Suppose n < 0. As ¢ € (0, 1), the utility process is unique, and if H(w,&) > 0,
then V given by (7.2) is the utility process for a constant proportional strategy. We
now consider the cases R < 1 and R > 1 separately.

First, suppose R < 1 so that then also S < 1. Let f(m,§) = Ell_‘;; (%)0 and
D={(r,&)eR x (0,00): H(m, &) > 0}. Note that '

HHG &) =S+ 1-95%8)"".

Letting £ \, —n% yields »(H(# = £7,€))™! /7 co. We may conclude that
f (@, &) /' oo and the claim follows.
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Next, suppose R > 1. Fix an arbitrary C € €' (x; r, u, o) with associated wealth
process X. Denote by V the generalised utility process associated to the pair
(gez, C). It suffices to show that Vy = —oo. For n € N, let o), := S—fl(% —n) >0,
rp:=r +a, and u, := u + «,. Consider the modified consumption stream C"
given by C/' := e*' C,. Then by calculating the dynamics of X7 := e%’X,, it can be
shown that C" € € (x; ry,, i, o). Furthermore, 1, = %(rn + %) = % > 0. Then,
considering the Black—Scholes—Merton financial market with parameters (r,,, in, o)
and applying Theorem 8.1 gives Vj < Vi(x) = n, oS8 ’itg . It follows from Propo-
sition 6.8 that if V" is the (generalised) solution associated to the pair (ggz, C"),
then C < C" implies V < V”". Combining the inequalities and taking limits yields

oS xR

Vo <limy 00 n¥° 7= = —00. O
9 Summary
In [4], we argued that ¥ := % > 0 is a necessary condition for the EZ aggregator

to lead to a well-founded problem. Moreover, it is convenient to use the aggregator in
discounted form because it has the one-sign property, and hence integrals of the form
f0°° g(s, Cy, Vi) ds and their expectations are always well defined in R.

In this paper, we focussed mainly on the case ¥ € (0, 1) and showed that using the
EZ aggregator in discounted form allows a utility process (possibly taking values in R
rather than R) to be defined any consumption stream. Moreover, this utility process is
unique. We also proved a verification lemma and showed (in cases where the problem
is well posed) that the candidate optimal consumption stream is indeed optimal. This
optimality is within the class of all attainable consumption streams for initial wealth
x > 0 (and not just within some subclass with additional regularity and integrability
properties). This is an important contribution since in the literature, solutions of the
(additive) Merton optimal investment—consumption problem via stochastic control
and the primal problem often restrict the class of allowed consumption streams to
those with regularity properties, for example properties which guarantee that a certain
local martingale is a martingale. (Instead, wild strategies should be ruled out because
they are demonstrably sub-optimal, and not be excluded because the mathematical
arguments cannot deal with them.)

Although some of the existence results cover ¥ € (0, 0o), the focus of this paper
is on Epstein—Zin stochastic differential utility with 9 € (0, 1). The case ¥ > 1 is
very interesting and is relegated to Herdegen et al. [3]. When ¢ > 1, uniqueness fails.
It is not just that the mathematical arguments of the present paper are insufficient
to deal with the technicalities of the problem, but rather that even in the case of
proportional strategies (and a constant-parameter, Black—Scholes—Merton financial
market), there are multiple utility processes which satisfy (4.1) for the aggregator
grz. Given the non-uniqueness, the first task of [3] is to identify the (unique) utility
process associated to (ggz, C) with a certain extra property—properness—which has
a clear economic as well as mathematical interpretation. Then the second goal of [3] is
to solve the infinite-horizon investment—consumption problem (for the EZ aggregator
in discounted form with ¢ > 1 and in a Black—Scholes—Merton financial market)
where optimisation takes place over a large class of consumption streams, and utility
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processes are required to be proper. This brings new challenges, and requires further
insights.

Appendix A: Proof of the comparison theorem

Lemma A.1 Let —00 < a < b < co. Every uncountable set U C [a, b) contains at
least one of its right accumulation points.

Proof Seeking a contradiction, suppose U contains none of its right accumulation
points. Then for each x € U, we may find ¢, > O such that [x,x + &,) N U = {x}.
LetU, ={xeU: & > %}. Then each U, is finite since the pairwise disjoint union
Uern [x, x + %) is contained in the interval [a, b + %). Hence U = |J,,cn Un is
countable, and we arrive at a contradiction.

Proof of Theorem 5.8 We prove the result when V C R The case V C R_ is sym-
metric.

Seeking a contradiction, suppose there exists a finite stopping time t and a set
A € F; of positive measure such that VT1 (w) > VT2 (w) for w € A, which implies that
IE[IA(VJ — Vrz)] > 0. Since V! and V2 are 1ad, the processes (Vler)sZO and (Vs2+)320
exist and are right-continuous. They are also adapted because the filtration is right-
continuous. It follows that

o =inf{s > 7: V), — V2 <0}

is a stopping time. Moreover, the right-continuity of (Vsl+)s20 and (Vs2+)s20 gives
(Vi = VZ)1lg<o) <0 P-as.

For each w € A, we have VS1 (w) > Vsz(a)) for almost all s € [T(w), 0 (w)). Indeed,
seeking a contradiction, suppose there are w € A and a set U of positive Lebesgue
measure such that VS1 (w) < Vsz(a)) for s € U C [t(w), 0 (w)). Since U is uncount-
able, it has a right accumulation point ¢ € U by Lemma A.1. Then ¢ < o(w) and
Vq1 L(w) < Vq2 - (w), and we arrive at a contradiction.

Next, fix n € N. By subtracting (5.2) from (5.1) for the bounded stopping times
71 :=1 An and 72 := o An, noting that the expectations are well defined since V! or
V2isin Ul(g, C), and using the fact that g is a.s. decreasing in v and VS1 (w) > VS2 (w)
for almost all s € [t (w), o (w)) for w € A, we obtain

E[gLi<ny (V! — V2]

= E[lAl{fSn}(V&r/\n)+ - V(%rAnH»)]

oAn
+E|:1A1{t§n}</ (8(37 w, CS’ Vsl) - g(S7 w, Csa VSZ)) dS)]
T

An
= E[IAl{fSn}(V(L/\nH- - V(%TAn)-‘r)]'

Finally, taking the limsup as n — 00, using monotone convergence, the fact that
(VS1 )s=0 and (Vs2+)SZO are R -valued, the transversality condition for subsolutions
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and (V)| — V2, )1{y <00} < 0 P-as., we arrive at the contradiction

E[1a4 (V) = V)] <limsup E[1a Lz <p<o) (Vi — Viry)]

n—oo
+ 1imSllpE[1A1{a§n}(Val+ - Va2+)]
n—oQ
< lim supE[V,L] + E[1A1{<7<oo}(val+ - Vaz+)] <0. O
n—oo

Proof of Corollary 5.10 Suppose that V = R ; the proof for V C R_ is symmetric. As
g, -, c,v)>g1(-, -,c,v) (P® df)-a.e. and g1 and g are nondecreasing in ¢, we
have g(s, , C2, V2 > g1(s,w, C2, V) > gi(s,0,C}, V2) > 0 for (P® dr)-ae.
(s, w). It then follows that for all bounded stopping times t < o,

]
5]

Since V2 is a utility process associated to (g2, C?) it satisfies (2.1) (with (g, C) re-
placed by (g2, C?)). Letting t — oo then implies that lim,_, o E[V;>] = 0. There-
fore, V2 satisfies the definition of a supersolution associated to the pair (g1, Cl). As

V2 e Ul(gs, C%) € Ul(gy, C') and V! is a (sub)solution associated to (g1, C1), it
follows that V! < V2 for all finite stopping times T by Theorem 5.8. O

o
Vt2 =IE|:V(72+ +/ g2(s, w, CZ, Vsz) ds

T

o
> E[V§+ +/ gi(s, 0, C}, V) ds

T

Appendix B: Proving existence and uniqueness of a utility process

For A € ll”; ., define the e-perturbed operator Fl‘j A Jlhgz, U) — P4 by

o0
Fi oA (W), :=E[[ (Us WP +eAV)ds
t

f,]. (B.1)

Here, we always choose a cadlag version for the right-hand side of (B.1). A key
property of F, f, A is that when e > 0 and A € Li . F(i A is bounded away from zero.
Another property is the following.

LemmaB.1 Lere >0, A € iir and U € O(A). Then Ff]’A(~) maps QO(A?) to itself.

Proof Fix arbitrary W € O(A?) and recall I from Definition 4.2. It follows that
there exist constants kw, Kw € (0,00) such that kwA? < W < KwA”. Simi-
larly, since U € O(A) and AY € O(I?), there exist ky, Ky, ka, Ka € (0,00)
such that ky A <U < Ky A as well as kaI® < A” < KxI™. We only prove that
Ff/’A(W) >k AV for p < 0; the argument for p > 0 involves W* > (kWA)ﬁp, and
the argument for the upper bound is symmetric. By the definition of F; f] A(-)in(B.1)
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and using that U > ky A, W < KWAﬂ and A? < KxI® as well as 1 + 9p =1,
we obtain
]—‘t}

oo
FaW) = E[f kyAs(KwA”)P +eA? ds
t

7

o0
= (ky Kl + e)E[/ A ds
t

p
- kuKW+8 Aﬂ.
= 7[((\

O

The subsequent theorem is a preliminary existence result and includes Theo-
rem 4.5 as a special case.

TheoremB.2 Let ¢ >0, A € IAJ_L_ and U € O(A). Then Ff]’A defined by (B.1) has
a fixed point W € Q(A?) C I(hgz, U), which is unique in O(A?) and has cadlag
paths.

Set B := L*°(Q2 x R4, Prog, P ® dr), where by Prog we denote the progressive
o-algebra on 2 x R, . For the proof of Theorem B.2, we use Blackwell’s sufficient
conditions for an operator T : 28 — A to be a contraction mapping; see e.g. Stokey
[14, Theorem 3.3] for a proof.

Lemma B.3 Let % be a Banach space and T : 58 — % an operator that is nonin-
creasing. Suppose there exists € (0, 1) with

T(X+a)>T(X)—Ba forall X € #, a > 0. (B.2)
Then T is a contraction mapping with constant B. Similarly, T is a contraction map-

ping if it is nondecreasing and there exists p € (0, 1) with T(X +a) < T X + Ba for
all X € #B,a > 0.

Proof of Theorem B.2 Consider the change of variables
P =logU; —log Ay, Q;=logW; — v log A;.

Then U € O(A) if and only if P € %, and W € Q(A?) if and only if Q € %. More-
over, the fixed point condition W = F 5 A (W) is equivalent to the fixed point condi-
tion Q = G%’A(Q), where

o
G5 A(O) ;zlogE[/ (A? exp(Ps + pQs) +eA”) ds
t

]-',} —®logA,. (B.3)

Note that since the first term on the right-hand side of (B.3) has cadlag paths, every
fixed point Q to (B.3) corresponds to a W with cadlag paths. Since Gfp! A(Q) is the
difference of two continuous functions of progressive processes, it is progressive.
Furthermore, as a consequence of Lemma B.1, Gi,’ A maps A to itself.
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Now suppose p € (—1,0) and let a > 0. Then the mapping Q +—> G%’A(Q) is
nonincreasing. Furthermore,

Gp A (Q +a)
00 Al?
=log (exp(pa)E[/ <A;9 exp(Py + pQ;) +¢ 5 ) ds ]-"ti|> — v log A,
t exp(pa)

00
210gE|:/ (Asﬁ exp(Ps +pQS)+8A?)dS
t

]:t:| —log (A) + pa

= G% A (Q) + pa.

By Lemma B.3, this implies that Gi,’ A 1s a contraction with constant p. Hence the
contraction mapping theorem gives a unique Q € A satisfying (B.3).

If p € (0, 1), then the mapping O +— Gf,,) A (Q) is nondecreasing, and in this case
one can show that G%’A(Q +a) < G?A(Q)l + pa. Again the result follows from
Lemma B.3 and the contraction mapping theorem.

Finally, to extend the result to p € (—oo, —1], we borrow an idea from Schroder
and Skiadas [11] and show by induction that for each k € N, we have that

for p € (—k,0) and P € 4, G%,A has a unique fixed point Q € 4. (B.4)

The induction hypothesis (k = 1) holds by the above. For the induction step, suppose
that (B.4) holds for some k > 1. In order to show that (B.4) holds for k£ + 1, it suffices
to consider p € (—(k + 1), k]. So fix p € (—(k + 1), k] and choose x € (0, 1) small
enough that —k < p + x < 0. Now define the map G%’A T B x B — B by

7|

— v log A;. (B.5)

oo
Gpa(Q 2) = logEU (A7 exp (P = x Qs+ (p+ 0Zs) +2A] ) ds
t

Here, we always choose a cadlag version for the conditional expectation on the right-
hand side of (B.5).
If suffices to show that there exists a unique Q € & satisfying

0=G%,(0,0). (B.6)

Note that since the first term on the right-hand side of (B.5) has cadlag paths, every
0 € & satistying (B.6) corresponds to a W with cadlag paths. By the induction hy-
pothesis, for eagh fixed Q € & and since P — x Q € A, there exists a unique Z € £
such that Z = Gi,’A(Q, Z). So we can define the operator Z;A : B — P implicitly
by

Z5 A(Q) =G5 4 (0. Z5 4 (Q)). (B.7)

If we can show that Z%, , has a unique fixed point, we are done. To this end, arguing
as above, it suffices to show that Z3, , is a nonincreasing operator and satisfies (B.2)
for B := x.
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In order to show that Z‘}’ A 18 a nonincreasing operator, we take o', 0°e#
vyith Ql < Q2 P® dt)—a.e. Moreover, for i € {1, 2}, set Cl:=A? exp(Qi) and
Vi:=A? exp(Z%,A(Ql)). Then (B.7) implies that

]-',]

= [ (8 () () () ea Yo
7]

Since (t, w, c, v) = U (w)c™* VP X 4 g(A;(w))? is nonincreasing in ¢ and v, Re-
mark 5.11 gives V! > V2, and consequently Z%,A(Ql) > Zi)!A(Qz).
Finally, to show that Z5, , satisfies (B.2) for 8 := x, let a > 0 and set

:IE)|:/OO (U (CHTX(VHPHH + eA?) ds
t

W =(Zp A\(Q+a)~ Zp 4 (Q))/a <0.
It suffices to show that W > —y. Let L := A? exp(Z‘;’A(Q)). Then
Lyexp(W,a) = A} exp (Z5 5 (Q):) exp(¥;a)
= A? exp (Z?A(Q + a)t)

oo
- E[/ (A2 P H(@utar (040 Zp @+ | o ADY g
t

7

o
B E[/ (A?€7XU+(,O+X)a\pser7X Qs+(p+X)Z§:~_A(Q)s + 8A§?) dS
t

;

where we have used in the last line that (p + )W > 0. Dividing by L;, taking loga-
rithms and dividing by a gives ¥ > —x. g

> Lyexp(—xa),

We may now prove Theorem 6.2.

Proof of Theorem 6.2 The proof has two parts. The first part removes the lower bound
on U for ¢ > 0; the second shows that we may remove the restriction ¢ > 0.
Let U" = max{U, %A}. Then U" € O(A) for every n € N. Hence by Theo-
rem B.2, for each n € N, there exists W” that satisfies
7]

Since A € iir, there exists « such that A? <« I®. Hence W" > eI > ,%Aﬁ and

oo
W = E[/t (UMW!? +eAl)ds

U(W"P < (KA) (P P A1) = Kk PeP AV, (B.8)

Since p < 0, g satisfies (v ). Hence by Corollary 5.10, the sequence (W"),cn is non-
increasing (and positive) so that it converges almost surely. Applying the dominated
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convergence theorem with the bound in (B.8) and the condition A € ii 4, we find
that W* :=1lim,,_, oo W" satisfies
d

o0
W = lim E[/ (UMW) +eA”)ds
n—o0 t
7]

so that W* is a fixed point of F 5 A (). Uniqueness follows from Corollary 5.9 since
he(t, w, u, v) = uv? + e(A(t, w))? satisfies (v{). This concludes the first part of the
proof.

Let U be a progressively measurable process with 0 < U < K A. Define the ag-
gregator random field 7° by h®(t, ®, u, v) := uv® + e(A(t, w))”. By the preceding
argument, for each ¢ > 0, there exists a utility process for the pair (h°, U). It follows
from Corollary 5.10 that the fixed point W¢ for the operator F¢ given in (B.1) is
nonincreasing as & \( 0. Define W; =lim,_,o W/. Then

7

o
]-}} + lim E[/ eA ds
e—0 t

- E[ /OO (U (WP +eA?)ds
t

o0
W, = 111%1E[/ (Us(WEY? +eAl) ds
£—> t

00
=1imIE|:/ hEz(US,Wf)dS
e—0 t
7).

where the last line follows from monotone convergence and the fact that hgz was
chosen so that we have limy,_, , hgz (4, w) = hgz(w, wo) even for (4, wp) = (0, 0)
and for (u, wp) = (00, 00). Furthermore, we also have W € I(hgz, U) because
E[ fooo U WP ds]= Wy < Wg < 00. Uniqueness follows from Corollary 5.9 since
hgz satisfies (v). O

7

o0
= E[/ hgz(Us, Wy) ds
t

Appendix C: Existence and uniqueness of a generalised utility
process

To prove Theorem 6.5, we first introduce a generalisations of supermartingales (see
Snell [13, Definition 1.2]). (We focus on the supermartingale case, but the submartin-
gale case is symmetric.)

Definition C.1 A (—oo, co]-valued process M = (M;);>o is called a generalised su-
permartingale if M; € L! forall >0, M is adapted and M > E [M, | F;] for all

t>s5>0.

Remark C.2 Since M, € L' (M, is quasi-integrable), the conditional expectation
E [M; | F5] exists and is unique, even if M; ¢ L.
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Compared to an (ordinary) supermartingale, a generalised supermartingale need
not have M; € L! forall + > 0. In particular, one can have My = 400 > E[M; | F;].
We next need to generalise this notion even further (Mertens [9] referred to the fol-
lowing processes simply as supermartingales).

Definition C.3 A generalised supermartingale is called a generalised optional strong
supermartingale if it is optional and for all bounded pairs of stopping times 7] < 12,
we have M, € L' and E[My, | Fr]1 < My,

Remark C.4 Note that every cadlag supermartingale is an optional strong supermar-
tingale by the optional sampling theorem.

Proposition C.5 A generalised optional strong supermartingale M that is either
bounded above or below is almost surely ladlag and for a.e. w, the path t — M, (w)
is right-continuous outside a countable set.

Proof Suppose first that M is bounded below by a constant K and define the contin-
uous bijection f : [K,o00] — [1 — e K 1] by f(x) :=1— e~ with the convention
that e~ = 0. It follows from Jensen’s inequality (note that f~! is convex) that

My > E[My, | Fo 1 =EI(f ' o f)(My,) | Fr1 > £ (BLf (Myy) | Fry)).
Consequently, if M= f (M), then for all bounded pairs of stopping times 71 < 13,
My, = f(My,) = Elf (My,) | Fry 1 = E[My, | F ]

and M is a bounded optional strong supermartingale. Hence it is ladlag (see for ex-
ample Dellacherie and Meyer [1, Theorem A1.4]). Moreover, it has a Mertens de-
composmon (see for example [1, Theorem A1.20]) given by M = N — A, where
= (N,) >0 1s a cadlag local martingale and A= (A 1)r>0 1s a nondecreasing adapted
ladlag process. Since a nondecreasing ladlag function is (right-)continuous up to a
countable set, it follows that for a.e. w, the path ¢ — Mf (w) is right-continuous out-
side a countable set. Then, using that f~! is continuous, it follows that M is ladlag
and for a.e. w, the path 1 — M, (w) is right-continuous outside a countable set.
When M is bounded above, we use the concave function g(x) =1 — e*. O

The following results are generalised versions of the backward martingale con-
vergence theorem (BMCT) and Hunt’s lemma. Their proofs are straightforward ex-
tensions of classical results and may be found in Jerome [5, Proposition C.6 and
Lemma C.7].

Proposition C.6 We suppose that X is a [0, oo]-valued random variable and let
F2F02F 12F 22

be a nonincreasing sequence of sub-o-algebras and set F_oo = (\jey F—k. Then
lim, 0 E[X | F_,] = E[X | F_ o] P-a.s.
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Lemma C.7 Let (X,)neN be a nondecreasing sequence of [0, oo]-valued random
variables with lim, o0 X;, = X P-a.s. Let F O Fo2 F_12F_22--- be a non-
increasing sequence of sub-o-algebras and set F_oq := (\rwy F—k. Then we have
lim, o0 E[ X, | F_n] = E[X | F_so] P-a.s.

We may now prove Theorem 6.5, the central result of Sect. 6.
Proof of Theorem 6.5 We only prove the case that (C"),en is a nondecreasing se-
quence and V € R. When (C"),cN is a nonincreasing sequence and V C R_, the
argument is symmetric. Since (C"),cN is nondecreasing, so is (V"),cn by Corol-

lary 5.10. Then V' = lim,_, o, V" exists and V" < VT for each n € N. Further, for
any bounded stopping times 71 and 1, with 71 < 75 P-a.s.,

)

}. (C.1)

©
V:1 = lim IE|:/ g(s,0,CI, VI ds + V]!
n—00 T b N

1

153
> lim E|:/ g(s, o, CY, V:)ds + VT’;

n—o0 7

[9) )
:]E[/ g(s,w,Cy, V)ds + VI
T

1

It follows that VTT1 > ]E[Vf2 | Fz,1 so that V7 is a nonnegative generalised optional
strong supermartingale. Hence by Proposition C.5, it is ladlag. Combining the in-
equality IE[V;2 | Fr 1> IE[VTZ+ | Fz,] with (C.1), we obtain

7]

Furthermore, since V C KJF, liminf;_ Vt L >0as. and Viisa supersolution.

2]
Vi =z E[/ 805, C, VI s+ Vi

7

Now take any other nondecreasing sequence (C ")nen whose limit equals C. Let
V" be the utility process for C" and VT = lim,_, o0 V". Using that Vi e Ul(g, C) is
a subsolution for (g, C) because g satisfies (c1), we may apply Theorem 5.8 and de-
duce that VfT > \7{’ for all finite stopping times 7. Taking limits gives that V: > \7:.
Repeating the argument with the roles of V¥ and V¥ reversed, we find that VJ >V
for all finite stopping times 7. Therefore V' and V¥ are optional processes that agree
for all finite stopping times, and so they agree up to indistinguishability (see for ex-
ample [10, Theorem 3.2]).

Next, we show that VT is the minimal supersolution for C. Let V be any super-
solution. Then, since V" € Ull(g, C) is a subsolution associated to (g, C), we have
V> V[ for all t > 0 by Theorem 5.8. Taking limits gives V, > V,'.

Fmally, we show that VT is cadlag. To this end, it suffices to show that the right-
continuous process (Vll) ¢>0 18 also a supersolution because then the supermartingale
property of V' implies that

V., =BV, | F ] <E[V,|F]=V]
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for each bounded stopping time, and thus by the minimality of V¥, we may conclude
that (V,T),zo = (thtzo up to indistinguishability.

To show that (th),zo is indeed a supersolution, fix bounded stopping times t;
and 1o with 71 < 1. We first assume that there is § > O such that 71 + § < 1p. Then
for each & < 8, by the fact that V7 is a supersolution and a generalised optional strong
supermartingale,

%) .
Ve E[/ g(s, o, Cy, V) ds + /AN
T1+€

Fuse|

Taking the limit as ¢ — 0 and using the fact that for a.e. w, the path ¢ — Vi (w) 18
right-continuous outside a countable set by Proposition C.5, we get by Hunt’s lemma
in the form of Lemma C.7 that

. r2
VQI+E]E|:/ g(svw’CS’ Vsi)ds-’_VTer
7

F } (C2)

If 1, is general, set rg =12V (11 + ) for § > 0. Then applying (C.2) for ‘L’és gives
- ‘L’és

AN T[RRI /
T

g(s, @, Cy, V) ds + V:éhr ’fn]l{mzma}
1

o
=E/ g(s,w,Cs, Vi )ds + V| | Fr
T

1 J

Lizy> 1) 45)-

Taking the limit as § — 0, the monotone convergence theorem gives

o)
VtLl{fM}zIE/ 8,0, Co, Vs + VL | 7
T

1 a

Ly

Since trivially V:l+1{rz=r1} = E[f;lz g(s, w, Cy, VSZ)ds —+ VT;_ | Fr, M iry=1,}, We
conclude that

7]
Vi = ]E[/ g(s. 0. Cs. Vi )ds + V),
T

1

7] ]

Appendix D: Additional proofs omitted from the main text

Proof of Proposition 6.8 Suppose V C R ; the case V C R_ follows by a symmetric
argument.

Let (C>") be a nondecreasing sequence of processes in &(g) with limit C2 and
let C1" := C>" A C'. Then (C'") is a monotone sequence which approximates C'.
Furthermore, let V1" € Ul(g, C'"") € Ul(g, C>") and V>" € Ul(g, C>") be the
utility processes for C'* and C?>”, respectively. Then if V'™ and V> are the
generalised solutions associated to C I and C?, it follows from Theorem 6.5 that
VI =limy 0o VI and V2T = limy,_, o0 V2.
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As C2" > C'"" and g satisfies (c 1), g(r, w, C;", V") = g(t, 0, C", V") for
almost all (¢, w). Hence for all finite stopping times 7| < 12,
]-}1}

J-']
2.n

Since also liminf; o V7" > 0 P-as., V27 gsatisfies the definition of a supersolu-
tion for the pair (g, C'"). Hence Theorem 5.8 gives Vrzl’" > Vrll'” P-a.s. for all finite
stopping times ;. Letting n — 0o establishes the result. 0

1%]
VA= E[Vé’i +/ g(s, w, C2", V2 ds
T

1

L)
> E[Vé’_ﬁ / g(s, w, Csl’”, sz’”) ds
T

1
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