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ABSTRACT   

Due to the high transmission capacity, optical fiber systems have been extensively applied, as significant components, in 
the modern telecommunication infrastructure to meet the ever-increasing demand of data traffic. Optical amplifiers have 
been employed to amplify optical signals and to compensate for the transmission losses. They play a key role in relaying 
the signals in ultra-wideband optical fiber communication systems. However, the amplified spontaneous emission (ASE) 
noise will be introduced during such process, and it will degrade the performance of optical fiber systems and will pose 
constraints on the transmission information rates. The mutual information (MI) and the generalized mutual information 
(GMI) have been applied and investigated, as figures of merit, to evaluate the information rates in communication systems. 
The MI measures the highest achievable information rate (bits per symbol) that can be realized in a channel based on ideal 
symbol-wise encoder and decoder. The GMI, also known as the bit-interleaved coded modulation (BICM) capacity, 
indicates an upper bound on the number of bits per symbol that can be reliably transmitted through a channel based on the 
bit-wise decoding. Although the MI and the GMI are equal when the signal-to-noise ratio (SNR) tends to infinity, the MI 
is strictly higher than the GMI in any practical transmission scenarios. This discrepancy depends on the constellation 
cardinality and the binary labeling. In this work, we have investigated the impact of ASE noise on the MI and the GMI, 
and have developed corresponding analyses and estimations across different modulation formats, in linear optical fiber 
communication systems. Our work aims to explore the limit and requirements on optical amplifiers and to provide a 
comprehensive insight for the design of next-generation ultra-wideband optical fiber communication systems.   
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1. INTRODUCTION  
Optical fiber systems have been applied in the modern telecommunication infrastructure to meet the ever-growing demand 
for data rates. For currently deployed fiber systems, high-order modulation formats are one of the most popular schemes 
to realize the increase in data rates. With the use of high-order modulation formats, the sensitivity of systems decreases, 
which conflicts with the requirement of the error-free transmission. To meet this requirement, the use of more advanced 
forward error correction (FEC) becomes a potential solution. The combination of the FEC and high-order modulation  
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formats is called coded modulation (CM). CM schemes typically operate with soft-decision (SD) decoding, which provides 
soft information on the code bits.1 

Achievable information rates provide an upper bound on the number of bits per symbol that can be reliably transmitted 
through the channel.2 Hard-decision (HD) decoding performs well in optical fiber communication systems in the case of 
limited decoding complexity. Assuming the ideal interleaving, the achievable rate of the HD-FEC decoder can be 
completely determined by the pre-FEC bit-error-rate (BER).3 However, for CM schemes using the SD decoding, there is 
no such relationship between. This is followed by SD-FEC decoders using the information about the bit reliability rather 
than the information about hard decisions.4 Mutual information (MI) is the largest achievable information rate for SD-FEC 
decoders. Thus, it becomes a natural figure of merit to be considered in SD decoding systems. In optical fiber 
communication systems, MI has been used as the prediction of post-FEC BER, which has been proven to be more credible 
than the pre-FEC BER, and employed as a reference for the analytical state lower-bound estimate on the channel capacity.5-

7 

Bit-interleaved coded modulation (BICM) is one of the most pragmatic and popular approaches in CM. BICM is 
characterized by a suboptimal decoder, which operates on bits rather than symbols. This receiver structure is referred to as 
a bit-wise (BW) decoder. In BW decoders, the soft information of bits is calculated in a demapper, and then an SD-FEC 
decoder is used. As mentioned above, MI is the largest achievable rate for any SD-FEC decoder. For a BW decoder, this 
index should be the generalized mutual information (GMI). GMI is an achievable rate of BW decoders, but it has not been 
proven to be the largest achievable rate. Nevertheless, GMI has been shown to predict the performance of BW decoders 
very well.8-10 Although the MI and the GMI are equal when the signal-to-noise ratio (SNR) tends to infinity, the MI is 
strictly higher than the GMI in any practical transmission scenarios.  

Optical amplifiers have been employed in optical fiber systems to amplify optical signals and compensate for transmission 
losses. However, in the application of optical amplifiers, the negative effects of amplifier spontaneous emission (ASE) 
noise cannot be ignored. In this work, ASE noise limited achievable information rates (MI and GMI) for SD-FEC decoders 
in the context of next-generation ultra-wideband optical fiber communication systems are studied. Most especially, the 
calculation method for MI and GMI based on the Gauss-Hermite quadrature is provided. This allows us to quantify changes 
in information rates when system parameters or the digital signal processing (DSP) of the considered system are varied.  

 

 
Figure 1. CM transceiver with SD-FEC under consideration. The transmitter consists of a binary FEC 
encoder followed by an N-QAM mapper. The receiver is a BW receiver, which is followed by an SD-FEC 
decoder. 

 

2. SYSTEM MODEL AND ASE NOISE 
2.1 System model 

The CM transceiver we consider in this work is shown in Figure 1, which is popular in optical fiber communication 
systems.11,12 A binary FEC encoder at the transmitter generates code bits 𝑏1, … , 𝑏𝑚, where 𝒃𝑘 = [𝑏1,𝑘, … , 𝑏𝑛𝑠,𝑘] for 𝑘 =
1, … , 𝑚 and 𝑛𝑠  is the number of transmitted symbols. Then a memoryless N-QAM mapper maps the code bits into a 
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sequence of symbols 𝑿 = [𝑥1, … , 𝑥𝑛𝑠], which are assumed to be multidimensional symbols with M complex dimensions 
and uniformly drawn from a discrete constellation with cardinality 𝐒 = {𝑠1, … , 𝑠𝑁}, where 𝑁 =  2𝑛 and probability mass 
function (PMF) 𝑃𝑿(𝑥) = 1/𝑁. After the transmission over the communication link dominated by ASE noise, the received 
symbol sequence 𝒀 = [𝑦1, … , 𝑦𝑛𝑠] is processed by a CM decoder, which provides the soft information of the transmitted 
information sequence.13-15 The difference between the two symbols is defined as the vector 𝑑𝑖,𝑗 = 𝑥𝑖 − 𝑥𝑗. In this work, 
we consider the most common case in optical fiber communication systems, which is 𝑀 = 2, corresponding to coherent 
communication using two polarizations of the optical signal.16 

The optical channel in Figure 1 includes all transmitter-side digital signal processing (DSP) used after the N-QAM mapper, 
i.e., pulse shaping, polarization multiplexing, etc., and receiver-end DSP, i.e., digital backpropagation, matched filtering, 
etc.17 

2.2 ASE noise 

In an optical amplifier, the activated photons return to the ground state from the excited state and amplify the optical signal. 
Simultaneously, random incoherent spontaneous emission of the excited photons will be generated, which is the source of 
the amplified spontaneous emission (ASE) noise. To facilitate the analysis, we discuss the most commonly used Erbium-
doped fiber amplifier (EDFA). In typical EDFA with bandwidth 𝐵0, the power of the ASE noise can be expressed as18 

𝑃𝐴𝑆𝐸 = 2𝑛𝑠𝑝h𝜗(G − 1)𝐵0                                                                                (1) 

where 𝑛𝑠𝑝 is the noise factor, of which the typical value is 1~4, ℎ is the Planck constant, 𝜗 is the frequency of the optical 
signal and 𝐺 is the gain of the amplifier. The generation of ASE noise will pose constraints on the signal-to-noise ratio 
(SNR), thus, restricting the achievable information rates. In the next-generation long-haul ultra-wideband optical fiber 
communication systems, the increase of ASE noise caused by the expansion of the bandwidth, and the cumulative effect 
induced by the cascade use of amplifiers will affect the performance of communication systems seriously. 

Since the ASE noise is additive, we equivalent the ASE noise dominated channel in the model shown in Figure 1 to a 
discrete-time, memoryless, vectorial AWGN channel 

𝑌𝑛 = 𝑋𝑛 + 𝑍𝑛                                                                                 (2) 

where, 𝑋𝑛, 𝑌𝑛, 𝑍𝑛 are real vectors and 𝑛 = 1, … , 𝑛𝑠is the discrete-time parameter. The noise vector 𝑍𝑛 is an independent 
zero-mean Gaussian random variable with a variance of 𝑁0/2. Thus,  

𝑓𝑌𝑛│𝑋𝑛(𝑦|𝑥) = 1
(𝜋𝑁0)2 exp (− ‖𝑦−𝑥‖2

𝑁0
)                                                              (3) 

 

3. ACHIEVABLE RATE ANALYSES 
3.1 Mutual information 

Given that the transmitted symbol sequence is 𝑿 and the received symbol sequence is 𝒀, for memoryless channels, the MI 
is defined as 

𝐼(𝑿; 𝒀) = 𝐸𝑿,𝒀[𝑙𝑜𝑔2
𝑓𝒀│𝑿(𝑦|𝑥)

𝑓𝒀(𝑦)
]                                                                   (4) 

Where 𝐸𝑋,𝑌 denotes the expectation about 𝑋 and 𝑌. The MI 𝐼(𝑋; 𝑌) represents the information content in bits per symbol 
about 𝑋 that is included in 𝑌. 

For a given discrete constellation S, the MI in (7) can be also expressed as 

𝐼(𝑿; 𝒀) = 1
𝑁

∑ ∫ 𝑓𝒀│𝑿(𝑦|𝑥) 𝑙𝑜𝑔2
𝑓𝒀│𝑿(𝑦|𝑥)

1
𝑁 ∑ 𝑓𝒀│𝑿(𝑦|𝑥)𝑁

𝑗=1

 
𝑺

𝑁
𝑖=1 𝑑𝑦                                                 (5) 

The operation meaning of the MI is that, for given channels and a fixed PMF, only when the system transmits under this 
rate, coding schemes that allow the post-FEC BER to be arbitrarily small exist. Higher information rates demand varying 
channels or the PMF. 
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3.2 Generalized mutual information 

For the BW decoder in Figure 1, an achievable rate is the GMI, which indicates an upper bound on the number of bits per 
symbol that can be reliably transmitted in the BICM system. The GMI is defined as  

𝐺 = ∑ 𝐼(𝒃𝒌; 𝒀)𝑚
𝑘=1                                                                                (6) 

Where 

𝐼(𝒃𝒌; 𝒀) = 𝐸𝒃𝒌,𝒀[log2
𝑓𝒀│𝒃𝒌

(𝒀│𝒃𝒌)

𝑓𝒀(𝑦)
]                                                                 (7) 

Based on the operating principle of the N-QAM demapper in Figure 1, it can be deduced that  𝐼(𝒃; 𝒀) = 𝐼(𝑿; 𝒀) . 
Hypothesizing independent bits, the chain rule of MI19 gives 

𝐼(𝒃; 𝒀) ≥ ∑ 𝐼(𝒃𝒌; 𝒀)𝑚
𝑘=1                                                                                  (8) 

Thus 

𝐼(𝑿; 𝒀) ≥ 𝐺                                                                                  (9) 

The difference between MI and GMI can be regarded as the expense in terms of achievable information rates caused by 
using the BW decoders, which is suboptimal. The rate expense is known to be small for Gray-labeled constellations.20 
Moreover, the GMI, unlike the MI, is highly dependent on the binary labeling.21 

 

4. COMPUTATIONS OF ACHIEVABLE RATES 
MI and GMI can be computed by using Gauss-Hermite quadrature and Monte-Carlo integration. When the channel law is 
unknown or the dimensionality of the constellation is large, Monte Carlo integration is preferred. However, compared with 
Monte-Carlo integration, the evolution of Gauss-Hermite quadrature does not depend on random samples, making it better 
suited for numerical optimizations22. Besides, Gauss-Hermite quadrature has lower complexity when applied to 
constellations with low complex dimensions, therefore, is normally faster when used for the ASE noise dominated optical 
channel we consider in this paper. The computation method based on the Gauss-Hermite quadrature is described in this 
section.  

For any real-valued function 𝑔(𝑟) with bounded 2J-th derivative, the J-point Gauss-Hermite quadrature is given by23 

∫ exp (−|𝑟|2)𝑔(𝑟)𝑑𝑟 
𝐶 ≈ ∑ 𝛼𝑗1

𝐽
𝑗1=1 ∑ 𝛼𝑗2

𝐽
𝑗2=1 𝑔(𝜉𝑗1 + 𝑗𝜉𝑗2)                                           (10) 

Where the quadrature nodes 𝜉𝑗and the weights 𝛼𝑗can be easily obtained for different 𝐽 values. The 𝐽 value determines the 
tradeoff between the accuracy and the computation speed. 

Using the method of Gauss-Hermite quadrature, the MI and the GMI for the ASE noise dominated channel can be 
approximated as24, 25 

𝐼(𝑿; 𝒀) ≈ 𝑚 − 1
𝑁𝜋

∑  𝑁
𝑖=1 ∑ 𝛼𝑗1

𝐽
𝑗1=1 ∑ 𝛼𝑗2 𝐽

𝑗2=1 log2 ∑ exp (−2
|𝑑𝑖,𝑗|

2
+√2𝑁0𝑅{(𝜉𝑗1+𝑗𝜉𝑗2)𝑑𝑖,𝑗}

𝑁0
)𝑁

𝑗=1                  (11) 

and 

𝐺 ≈ 𝑚 − 1
𝑁𝜋

∑  𝑚
𝑘=1 ∑   

𝑏𝜖{0,1} ∑   
𝑖𝜖𝐿𝑏𝑘

∑ 𝛼𝑗1
𝐽
𝑗1=1 ∑ 𝛼𝑗2 𝐽

𝑗2=1 log2
∑ exp (−2

|𝑑𝑖,𝑝|
2

+√2𝑁0𝑅{(𝜉𝑗1+𝑗𝜉𝑗2)𝑑𝑖,𝑝}
𝑁0

)𝑁
𝑝=1

∑ exp (−2
|𝑑𝑖,𝑗|

2
+√2𝑁0𝑅{(𝜉𝑗1+𝑗𝜉𝑗2)𝑑𝑖,𝑗}

𝑁0
)𝑗∈𝐿𝑏𝑘

            (12) 

where 𝐿𝑏
𝑘 ∈ {1,2, … , 𝑁} with |𝐿𝑏

𝑘| = 𝑁/2 is the set of indices of constellation points of which the binary label is 𝑏 at the 
bit position 𝑘. 
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Figure 2. MI and GMI vs. SNR for the ASE noise dominated channel. The MI and GMI are calculated using 
(11) and (12) respectively. The Shannon limit is given by (13). 

 

The MI and GMI for N-QAM constellations over the ASE noise dominated channel are shown in Figure 2, the binary 
labeling of GMI is the Gray code. The Shannon limit of the ASE noise dominated channel is  

𝐶 = 𝑙𝑜𝑔2(1 + 𝑆𝑁𝑅)                                                                          (13) 

Given that the Gray code is used as the binary labeling, the GMI is very close to the MI when the SNR is high. This means 
the rate expense introduced by using BW decoders is very small. With further observation of Figure 2, it is noted that there 
is a range of SNR, in which an N-QAM modulation format with a smaller N has higher GMI than QAMs with larger 
cardinalities. This case is owned by the use of suboptimal BW decoders, and thus, does not appears for the MI. 

 

5. CONCLUSIONS 
In this paper, we analyzed the amplifier limited achievable information rates (the MI and GMI) in high-speed optical fiber 
communication systems. The approximations of the MI and GMI based on the Gauss-Hermite quadrature are represented 
and discussed. This work is focused on the ASE noise dominated channel, which is very relevant to optical transceivers 
used in next-generation ultra-wideband optical fiber communication systems. 

The method based on the Gauss-Hermite quadrature described in this paper is advantageous for constellations with low 
dimensions, which is typical in optical communication systems. However, when the dimension grows and the channel law 
is unknown, Monte-Carlo integration is better suited. All the analyses were presented based on infinite-block length 
assumptions and universal codes. Discussions on both finite-block length and code universality are left for further 
investigations. 
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