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L̃1 L̃t = (ξ̃t, η̃t, ζ̃t) t ∈ [0, 1]

Θ


∂tu(t, x, y, z)− sup

(Fµ,q,Q)∈Θ

{∫
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δλu(t, x, y, z)Fµ(dλ)

+⟨Dyu(t, x, y, z), q⟩+
1

2
tr[D2

xu(t, x, y, z)Q]

}
= 0,

u(0, x, y, z) = ϕ(x, y, z), ∀(t, x, y, z) ∈ [0, 1]× R3d,

δλu(t, x, y, z) := u(t, x, y, z + λ)− u(t, x, y, z)− ⟨Dzu(t, x, y, z), λ⟩
(L̃t)t∈[0,1]

(L̃t)t∈[0,1]

Abstract   This  article  establishes  a  universal  robust  limit  theorem  under  a  sublinear
expectation  framework.  Under  moment  and  consistency  conditions,  we  show  that,  for

, the i.i.d. sequence

  　　　　　　　　 

converges  in distribution to   ,  where   ,   ,  is  a multidimensional
nonlinear  Lévy  process  with  an  uncertainty  set      as  a  set  of  Lévy  triplets.  This
nonlinear  Lévy  process  is  characterized  by  a  fully  nonlinear  and  possibly  degenerate
partial integro-differential equation (PIDE)

  　　　　 

with   .  To  construct
the limit process  , we develop a novel weak convergence approach based on the
notions of tightness and weak compactness on a sublinear expectation space. We further
prove a new type of  Lévy-Khintchine representation formula to characterize   .
As  a  byproduct,  we  also  provide  a  probabilistic  approach  to  prove  the  existence  of  the
above fully nonlinear degenerate PIDE.

Keywords   Universal robust limit theorem, Partial integro-differential equation, Nonlinear
Lévy process, α-stable distribution, Sublinear expectation
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 1.  Introduction

Motivated  by  measuring  risks  under  model  uncertainty,  Peng  [25–27,  31]  introduced  the
notion of sublinear expectation space, called G-expectation space. The G-expectation theory has
been  widely  used  to  evaluate  random  outcomes,  not  using  a  single  probability  measure,  but
using the supremum over a family of possibly mutually singular probability measures.

{(Xi, Yi)}∞i=1

(Ω,H, Ê)
(ξ, η)

One of the fundamental results in the theory is Peng’s robust central limit theorem introduced
in  [28,  30,  31].  Let      be  an  i.i.d.  sequence  of  random  variables  on  a  sublinear
expectation space   . Under certain moment conditions, Peng proved that there exists a
G-distributed random variable    such that

lim
n→∞

Ê
[
ϕ

(
1√
n

n∑
i=1

Xi,
1

n

n∑
i=1

Yi

)]
= Ẽ[ϕ(ξ, η)],

ϕ G (ξ, η)

u(t, x, y) := Ẽ[ϕ(x+
√
tξ, y + tη)]

for  any  test  function   .  The     -distributed  random  variables      describes  volatility  and
mean  uncertainty,  and  can  be  characterized  via  a  fully  nonlinear  parabolic  PDE,  i.e.,  the
function    solves{

∂tu(t, x, y)−G(Dyu,D
2
xu) = 0,

u(0, x, y) = ϕ(x, y),
(1.1)

where the sublinear function

G (p,A) := Ê
[
1

2
⟨AX1, X1⟩+ ⟨p, Y1⟩

]
, (p,A) ∈ Rd × S(d).

This limit theorem was established by Peng around 2008 (see [28]) using the regularity theory of
fully  nonlinear  PDEs from [6, 18, 36].  The  corresponding  convergence  rate  was  established  by
Fang  et  al  [11]  and  Song  [35]  using  Stein’s  method  and  later  by  Krylov  [19]  using  stochastic
control method under different model assumptions. More recently, Huang and Liang [16] studied
the convergence rate of a more general central limit theorem via a monotone approximation scheme.

α

(ζt)t≥0 α ∈ (1, 2)

Θ0 = {(Fk± , 0, 0) : k± ∈ K±} K± ⊂ (λ1, λ2) λ1, λ2 > 0 (0, 0)

(ζt)t≥0 Fk±(dz) α

To further  describe  jump uncertainty,  Hu and Peng [14, 15]  introduced a  class  of  nonlinear
Lévy  processes  with  finite  activity  jumps,  called G-Lévy  processes  in  the  setting  of  sublinear
expectation, and built a type of Lévy-Khintchine representation for G-Lévy processes by relating
to a class of fully nonlinear partial integro-differential equations (PIDEs). For given characteristics,
more general nonlinear Lévy processes with infinite activity jumps have been studied by Neufeld
and  Nutz  [24]  (see  also  [8,  20,  23]).  An important  class  of  nonlinear  Lévy  processes  is  the     -
stable  process      for   ,  whose  characteristic  is  described  by  an  uncertainty  set

,  where      for  some   ,      means  that
   is  a  pure  jump Lévy process  without  diffusion and drift,  and      is  the     -stable

Lévy measure

Fk±(dz) =
k−

|z|α+1
1(−∞,0)(z)dz +

k+
|z|α+1

1(0,∞)(z)dz.

α (ζt)t≥0 (Ω,H, Ẽ)
u(t, x) := Ẽ[ϕ(x+ ζt)]

The  nonlinear     -stable  process      on  a  sublinear  expectation  space      can  be
characterized via a fully nonlinear PIDE, i.e., the function    solves ∂tu(t, x)− sup

k±∈K±

{∫
R
δλu(t, x)Fk±(dλ)

}
= 0,

u(0, x) = ϕ(x),

(1.2)
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δλu(t, x) := u(t, x+ λ)− u(t, x)−Dxu(t, x)λwhere  .
α

{Zi}∞i=1

(Ω,H, Ê)
α (ζt)t≥0

The  corresponding  limit  theorem  for     -stable  processes  under  sublinear  expectation  was
established by Bayraktar and Munk [5]. Let    be an i.i.d. sequence of real-valued random
variables on a sublinear expectation space     satisfying certain moment and consistency

conditions, they proved that there exists a nonlinear    -stable process    such that

lim
n→∞

Ê
[
ϕ

(
1

α
√
n

n∑
i=1

Zi

)]
= Ẽ[ϕ(ζ1)],

ϕfor  any  test  function   .  Their  proof  relies  on  the  interior  regularity  results  of  fully  nonlinear
PIDEs from [6, 21, 22]. More recently, Hu et al [13] established the corresponding convergence
rate via a monotone approximation scheme.

{(Xi, Yi, Zi)}∞i=1

R3d (Ω,H, Ê)
α ∈ (1, 2)

The aim of this article is to study the robust limit theorem for a multidimensional nonlinear
Lévy process under a sublinear expectation framework. To be more specific, let  
be an i.i.d. sequence of    -valued random variables on a sublinear expectation space  

and  . Then, the first question is under what conditions does the following i.i.d. sequence{(
1√
n

n∑
i=1

Xi,
1

n

n∑
i=1

Yi,
1

α
√
n

n∑
i=1

Zi

)}∞

n=1

α

(X1, Y1, Z1)

converge?  If  so,  then  the  second  question  is  how  to  characterize  the  limit?  We  provide
affirmative  answers  for  both  questions  in  Theorem 3.4,  which  is  dubbed  as a  universal  robust
limit  theorem  under  sublinear  expectation.  The  result  covers  all  the  existing  robust  limit
theorems in the literature, namely, Peng’s robust central limit theorem for G-distribution (see [28])
and Bayraktar-Munk’s robust limit theorem for     -stable distribution (see [5]). One remarkable
feature  of  the  result  is  that      may  depend  on  each  other,  so  one  cannot  simply
combine the robust limit theorems in [5] and [28]. Moreover, the conditions that we propose are
mild. In fact, they are weaker than the characterization condition proposed in linear setting (see
Remark 3.3) and the consistency condition in nonlinear setting (see Remark 3.2).

L̃t := (ξ̃t, η̃t, ζ̃t) t = 1 (ξ̃1, η̃1)

On the other hand, the existing methods for the robust limit theorems do not work, because [5,
28] reply on the regularity estimates of the fully nonlinear PDE (1.1) and PIDE (1.2). However,
the required regularity for the general equation (3.3) in Theorem 3.4 is unknown to date. Moreover,
it seems that most of the existing methods are analytical and heavily rely on the regularity theory.
It  is  natural  to  ask  whether  one  can  establish  a  probabilistic  proof  as  in  the  classical  linear
expectation  case.  As  expected,  weak  convergence  plays  a  pivotal  role.  Peng  [29]  firstly
introduced the notions of tightness and weak compactness on a sublinear expectation space and
provided an alternative proof for his  robust central  limit theorem. In Theorem 4.1,  we further
develop  this  weak  convergence  approach  to  establish  a  Donsker-type  result  showing  that  the
limit  indeed  exists  and  is  a  nonlinear  Lévy  process      at      with   

following G-distribution.
ζ̃t L̃t

(L̃t)t∈[0,1]

α

A more challenging task is to characterize the third component     and also     as a whole.

This will in turn link the nonlinear Lévy process    with the fully nonlinear PIDE (3.3).

However, the proofs for the classical linear expectation cases (e.g. CLT and    -stable limit theorem)
are to a considerable extent based on characteristic function techniques,  which do not exist in
the sublinear framework. A new type of Lévy-Khintichine formula is therefore needed. Note that
the proof of this representation formula is also an important open question left in the literature
(see  Remark  23  in  [15]  and  Page  71  in  [24]).  We  overcome  this  difficulty  by  deriving  a  new

Probability, Uncertainty and Quantitative Risk 3



αestimate for the     -stable Lévy measure (see Theorem 4.5), which in turn enables us to prove a
new  type  of  Lévy-Khintichine  representation  formula  for  the  nonlinear  Lévy  process  (see
Theorem 4.7). Thanks to the connection with the fully nonlinear PIDE (3.3), we also obtain the
existence of its viscosity solution as a byproduct.
The  article  is  organized  as  follows.  In  Section  2,  we  review  some  necessary  results  about

sublinear  expectation.  Section  3  details  our  main  result:  the  universal  robust  limit  theorem in
Theorem  3.4.  The  proofs  of  the  main  theorem  is  given  in  Section  4.  Finally,  an  example
highlighting the applications of our main result is given in Section 5.

 2.  Preliminaries

This section briefly introduces notions and preliminaries in the sublinear expectation framework.
For more details, we refer the reader to [26, 27, 29, 31] and the references therein.

 2.1  Sublinear expectation

Ω H Ω

1 ∈ H |X| ∈ H X ∈ H
Let    be a given set and let    be a linear space of real valued functions defined on    such

that    and    if  . Then, a sublinear expectation is defined as follows.

Ê H → R X,Y ∈ HDefinition 2.1  A functional  :    is called a sublinear expectation if, for all  ,
it satisfies the following properties.

Ê[X] ≥ Ê[Y ] X ≥ Y(i) (Monotonicity)  , if  ;

Ê[c] = c c ∈ R(ii) (Constant preservation)  , for  ;

Ê[X + Y ] ≤ Ê[X] + Ê[Y ];(iii) (Sub-additivity)  

Ê[λX] = λÊ[X] λ > 0(iv) (Positive homogeneity)  , for  .

(Ω,H, Ê)
Ê

The  triplet      is  called  a  sublinear  expectation  space.  From  the  definition  of  the

sublinear expectation  , the following results can be easily obtained.

X,Y ∈ HProposition 2.2  For     , we have

Ê[X] = −Ê[−X] Ê[X + Y ] = Ê[X] + Ê[Y ];(i) if  , then  

|Ê[X]− Ê[Y ]| ≤ Ê[|X − Y |] |Ê[X]− Ê[Y ]| ≤ Ê[X − Y ] ∨ Ê[Y −X];(ii)  , i.e.,  

Ê[|XY |] ≤ (Ê[|X|p])1/p(Ê[|Y |q])1/q, 1 ≤ p, q <∞ 1
p +

1
q = 1.(iii)    for    with  

X1 (Ω1,H1, Ê1) X2

(Ω2,H2, Ê2) Ê1[φ(X1)] = Ê2[φ(X2)]

φ ∈ Cb,Lip(Rn) Rn

Definition 2.3  We say    on a sublinear expectation space    and    on another

sublinear expectation space    identically distributed, if  , for all

, the space of bounded Lipschitz continuous functions on  .

Y

X X Y

The  concept  of  independence  plays  a  pivotal  role  in  sublinear  expectation.  Notably,      is
independent from    does not necessarily imply that    is independent from  .

(Ω,H, Ê)
Y X Ê[·]
Y ⊥⊥ X φ ∈ Cb,Lip(Rm × Rn)

Definition  2.4  Let    be  a  sublinear  expectation  space.  An  n-dimensional  random

variable    is said to be independent from another m-dimensional random variable    under  ,

denoted by  , if for every test function    we have

Ê [φ(X,Y )] = Ê
[
Ê [φ(x, Y )]x=X

]
.
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X̄ X X̄
d
= X X̄ ⊥⊥ X   is said to be an independent copy of    if    and  .

ÊThe independence assumption implies the additivity of    as shown in the following proposition.

X,Y ∈ H Y ⊥⊥ XProposition 2.5  For  , if  , then

Ê[X + Y ] = Ê[X] + Ê[Y ].

 2.2  Tightness, weak compactness, and convergence in distribution

Weak convergence plays an important role in establishing the universal robust limit theorem.
The  following  definitions  of  tightness  and  weak  compactness  are  adapted  from  Peng  [29,
Definitions 7 and 8].

Ê (Rn, Cb,Lip(Rn))
ε > 0 N > 0 φ ∈ Cb,Lip(Rn) 1l{|x|≥N} ≤ φ Ê[φ] < ε

Definition 2.6   A sublinear expectation    on    is said to be tight if for each
, there exist an    and       with    such that  .

{Êα}α∈A (Rn, Cb,Lip(Rn))
Ê (Rn, Cb,Lip(Rn))

Definition 2.7   A family of sublinear expectations    on    is said to be

tight if there exists a tight sublinear expectation    on    such that

Êα[φ]− Êα[φ′] ≤ Ê[φ− φ′], for each φ, φ′ ∈ Cb,Lip(Rn).

{Ên}∞n=1 (Rn, Cb,Lip
(Rn)) φ ∈ Cb,Lip(Rn) {Ên[φ]}∞n=1

{Êα}α∈A (Rn, Cb,Lip(Rn))
{Êαi}∞i=1

Definition  2.8  Let    be  a  sequence  of  sublinear  expectations  defined  on  

.  They  are  said  to  be  weakly  convergent  if,  for  each  ,    is  a

Cauchy  sequence.  A family  of  sublinear  expectations    defined  on    is

said to be weakly compact if for each sequence    there exists a weakly convergent subsequence.

The following result is a generalization of the celebrated Prokhorov’s theorem to the sublinear
expectation case, first proved in Peng [29, Theorem 9]. For the reader’s convenience, we give the
proof of Theorem 2.9 in Appendix under the tightness condition introduced in Definition 2.6.

{Êα}α∈A (Rn,
Cb,Lip(Rn)) {Êα}α∈A {Êαn}∞n=1

{Êαni
}∞i=1 φ ∈ Cb,Lip(Rn) {Êαni

[φ]}∞i=1

Theorem  2.9  ([29])  Let    be  a  family  of  tight  sublinear  expectations  on  

.  Then    is  weakly  compact,  namely,  for  each  sequence  ,  there

exists  a  subsequence    such  that,  for  each  ,    is  a  Cauchy

sequence.

Given  the  weak  convergence  of  sublinear  expectations,  the  convergence  of  random variables
can be defined accordingly as follows.

{Xi}∞i=1

(Ω,H, Ê) Ê
φ ∈ Cb,Lip(Rn) {Ê[φ(Xi)]}∞i=1 Xi

FXi [·] : Cb,Lip(Rn) → R

Definition 2.10  A sequence of n-dimensional random variables    defined on a sublinear
expectation space    is said to converge in distribution (or converge in law) under    if

for each  , the sequence    converges. For each random variable  ,

the mapping    defined by

FXi
[φ] := Ê[φ(Xi)], for φ ∈ Cb,Lip(Rn)

(Rn, Cb,Lip(Rn))is a sublinear expectation defined on  .

An immediate corollary of Theorem 2.9 and Definition 2.10 is the following result.

{Xi}∞i=1

(Ω,H, Ê) {FXi}∞i=1

Corollary  2.11  Let    be  a  sequence  of  n-dimensional  random  variables  defined  on  a
sublinear  expectation  space  .  If    is  tight,  then  there  exists  a  subsequence
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{Xij}∞j=1 ⊂ {Xi}∞i=1  which converges in distribution.

One can then easily obtain the following result concerning the convergence in distribution of

random variables.

{Xi}∞i=1

(Ω,H, Ê) X̄i Xi i ∈ N
{Xi}∞i=1 X (Ω,H, Ẽ)

Proposition  2.12  Let    be  a  sequence  of  n-dimensional  random  variables  defined  on

sublinear  expectation  spaces    and    be  an  independent  copy  of    for  .  If

  converges in law to    in  , i.e.,

lim
i→∞

Ê[φ(Xi)] = Ẽ[φ(X)], for φ ∈ Cb,Lip(Rn),

Xi
D→ Xwhich we denote by  . Then

X̄i
D→ X̄ and Xi + X̄i

D→ X + X̄,

X̄ Xwhere    is an independent copy of  .

i

m ∈ N {Xn
i }mn=1 Xi X1

i
d
= Xi

Xn+1
i

d
= Xn

i Xn+1
i ⊥⊥ (X1

i , X
2
i , . . . , X

n
i ) n = 1, . . . ,m− 1 {Xn}mn=1

X X1 d
= X Xn+1 d

= Xn Xn+1 ⊥⊥
(X1, X2, . . . , Xn) n = 1, . . . ,m− 1 Xi

D→ X

Remark 2.13   The above results can be generalized to multiple summations. For each    and

,  let    be  an  independent  copy  sequence  of    in  the  sense  that  ,

  and    for  ,  and  let    be  an

independent  copy  sequence  of    in  the  sense  that  ,    and  

  for  . If  , then

m∑
n=1

Xn
i

D→
m∑
n=1

Xn.

 2.3  The robust central limit theorem for G-distribution

(ξ, η)

One  of  the  most  important  class  of  distributions  in  the  sublinear  expectation  framework  is

G-distribution, which characterizes volatility and mean uncertainty via    below.

(ξ, η)

(Ω,H, Ê) a, b ≥ 0

Definition 2.14  The pair of d-dimensional random variables    on a sublinear expectation

space    is called G-distributed if for each    we have(
aξ + bξ̄, a2η + b2η̄

) d
=
(√

a2 + b2ξ, (a2 + b2)η
)
, (2.1)

(ξ̄, η̄) (ξ, η) G : Rd × S(d) → Rwhere    is an independent copy of  , and    denotes the binary function

G (p,A) := Ê
[
1

2
⟨Aξ, ξ⟩+ ⟨p, η⟩

]
, (p,A) ∈ Rd × S(d), (2.2)

S(d) Rd×dwhere    denotes the collection of all    symmetric matrices.

(ξ, η)Remark 2.15  In fact, if the pair    satisfies (2.1), then

aξ + bξ̄
d
=
√
a2 + b2ξ, aη + bη̄

d
= (a+ b)η, for a, b ≥ 0.

ξ ηThis implies that    is G-normally distributed and    is maximally distributed (cf. Peng [31]).

Γ ⊂ Rd × S+(d) (p,A) ∈ Rd × S(d)
Remark 2.16  For the latter use, we recall from Proposition 4.1 in Peng [28] that there exists a

bounded and closed subset    such that for  ,
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G(p,A) = sup
(q,Q)∈Γ

[
⟨p, q⟩+ 1

2
tr[AQ]

]
,

S+(d) S(d)where    denotes the collection of nonnegative definite elements in  .
The  robust  central  limit  theorem  for G-distribution  was  established  by  Peng  around  2008

using the regularity theory of fully nonlinear PDEs in [28]. A probabilistic proof using the weak
convergence argument was subsequently established in [29]. We recall this major theorem in its
general form as in [31, Theorem 2.4.7] (see also [7, 12, 37] for more related research).

{(Xi, Yi)}∞i=1 R2d

(Ω,H, Ê) (Xi+1, Yi+1)
d
= (Xi, Yi) (Xi+1, Yi+1)

{(X1, Y1), . . . , (Xi, Yi)} i = 1, 2, . . . .

Ê[X1] = Ê[−X1] = 0

Theorem  2.17  ([31])  Let    be  a  sequence  of    -valued  random  variables  on  a
sublinear expectation space  . We assume that    and  

is  independent  from    for  each    We  further  assume  that
  and

lim
γ→+∞

Ê[(|X1|2 − γ)+] = 0, lim
γ→+∞

Ê[(|Y1| − γ)+] = 0.

φ ∈ C(R2d)Then for each function    satisfying linear growth condition, we have

lim
n→∞

Ê
[
φ

( n∑
i=1

Xi√
n
,

n∑
i=1

Yi
n

)]
= Ê

[
φ(ξ, η)

]
,

(ξ, η) G : Rd × S(d) →
R
where the pair    is G-distributed and the corresponding sublinear function        

  is defined by

G (p,A) := Ê
[
1

2
⟨AX1, X1⟩+ ⟨p, Y1⟩

]
, (p,A) ∈ Rd × S(d).

α α 2.4  The    -stable limit theorem for    -stable distribution

α {Zi}∞i=1

n−1/2

n∑
i=1

Zi

Z1 α n−1/α

n∑
i=1

Zi

α α ∈ (0, 2) Z1

|x|−α−1

Let  us  first  recall  the  classical     -stable  limit  theorem  in  the  linear  case.  let      be  a
sequence  of  i.i.d.  random  variables  on  a  classical  probability  space.  While  the  central  limit

theorem states that the distribution of    will converge to a normal distribution when

  has  finite  variance,  the     -stable  limit  theorem states  that  the  distribution of   

with  will  converge  to  a  classical     -stable  distribution  for      when      has  power-law
tails decreasing as    (see (2.3)).

FZ {Zi}∞i=1

α F α ∈ (0, 2)

an bn = bn
1
α n = 1, 2, . . . ,

Definition  2.18  The  common  distribution    of  an  i.i.d.  sequence    is  said  in  the
domain  of  normal  attraction  of  an    -stable  distribution    with  ,  if  there  exist

nonnegative constants    and    for    such that the distribution of

1

bn

( n∑
i=1

Zi − an

)
F n→ ∞weakly converges to    as  .

αThe  following  theorem  characterizes  the  domain  of  normal  attraction  of  an     -stable
distribution via a characterization condition (see (2.3) below). It can be found in Ibragimov and
Linnik [17, Theorem 2.6.7].

FZ α

F α ∈ (0, 2)

Theorem 2.19 ([17])  The distribution    belongs to the domain of normal attraction of an    -
stable distribution    for    if and only if

Probability, Uncertainty and Quantitative Risk 7



FZ(z) =


[c1b

α + β1(z)]
1

|z|α
, z < 0,

1− [c2b
α + β2(z)]

1

zα
, z > 0,

(2.3)

c1 c2 c1, c2 ≥ 0 c1 + c2 > 0 α

β1 β2

where    and    are constants with  ,    related to the    -stable distribution,
and some functions    and    satisfying

lim
z→−∞

β1(z) = lim
z→∞

β2(z) = 0.

α

α

In the following,  we will  present the nonlinear version of  the     -stable limit theorem. Let us
start by recalling the definition of    -stable distribution under sublinear expectations.

α ∈ (1, 2) ζ (Ω,H, Ê)
α a, b ≥ 0

Definition 2.20  Let  . A random variable    on a sublinear expectation space  

is said to be (strictly)    -stable if for all  ,

aζ + bζ̄
d
= (aα + bα)1/αζ,

ζ̄ ζwhere    is an independent copy of  .

α ζ

α ∈ (1, 2)

ζ (Ω,H, Ẽ)
Θ0 = {(Fk± , 0, 0) : k± ∈ K±} K± ⊂ (λ1, λ2) λ1, λ2 > 0

Fk±(dz) α

By  analogy  with  the  classical  case,  a  nonlinear     -stable  random  variable      can  be
characterized by a set of Lévy triplets (see, for example, Neufeld and Nutz [24]). For  ,

we consider     on the sublinear expectation space     whose characteristics are described

by a set of Lévy triplets  , where    for some  

and    is the    -stable Lévy measure

Fk±(dz) =
k−

|z|α+1
1(−∞,0)(z)dz +

k+
|z|α+1

1(0,∞)(z)dz.

αThe  corresponding  nonlinear     -stable  limit  theorem was  first  established  by  Bayraktar  and
Munk  [5,Theorem  3.1].  Since  cumulative  distribution  functions  do  not  exist  in  the  sublinear
framework, they further replace the characterization condition (2.3) by a consistency condition
(see (ii) below).

{Zi}∞i=1

(Ω,H, Ê) Zi+1
d
= Zi Zi+1 ⊥⊥ (Z1, Z2, . . . , Zi)

i ∈ N bn = bn
1
α b > 0

Theorem 2.21  ([5])  Let    be  an  i.i.d.  sequence  of  real-valued  random variables  on  a

sublinear expectation space    in the sense that    and  

for each  , and  , for some  . Suppose that

Ê[Z1] = Ê[−Z1] = 0 Ê[|Z1|] <∞(i)    and  ;

0 < h < 1 φ ∈ Cb,Lip(R)(ii) for any    and  ,

n

∣∣∣∣Ê[δb−1
n Z1

v(t, x)
]
− 1

n
sup

k±∈K±

{∫
R
δzv(t, x)Fk±(dz)

}∣∣∣∣→ 0, n→ ∞,

[0, 1]× R vuniformly on  , where    is the unique viscosity solution of ∂tv(t, x) + sup
k±∈K±

{∫
R
δzv(t, x)Fk±(dz)

}
= 0, (−h, 1 + h)× R,

v(1 + h, x) = φ(x), x ∈ R,
(2.4)

δzv(t, x) := v(t, x+ z)− v(t, x)−Dxv(t, x)zwith  .
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Then

1

bn

n∑
i=1

Zi
D→ ζ, as n→ ∞.

βi i = 1, 2

Remark 2.22  When the above sublinear framework is constrained to the classical linear case,
by means of the solution regularity of PIDE (2.4), it can be verified that condition (ii) holds as
long as  ,  , in (2.3) are continuously differentiable on their respective closed half-lines,
see [5] or Remark 3.3.

 3.  Main results

We  first  recall  the  definition  of  nonlinear  Lévy  process  under  sublinear  expectations  as
introduced in [15] and [24].

(Xt)t≥0

(Ω,H, Ê)
Definition  3.1  A  d-dimensional  càdlàg  process    defined  on  a  sublinear  expectation

space    is called a nonlinear Lévy process if the following properties hold.

X0 = 0(i)  ;

(Xt)t≥0 Xt −Xs Xt−s

0 ≤ s ≤ t;

(ii)    has stationary increments, that is,    and    are identically distributed
for all  

(Xt)t≥0 Xt −Xs (Xt1 , . . . , Xtn)

n ∈ N 0 ≤ t1 ≤ . . . ≤ tn ≤ s ≤ t

(iii)    has independent increments, that is,    is independent from  

for each    and  .

(Fµ, q, Q)

Fµ
(q,Q) ∈ Rd × S+(d)

A nonlinear Lévy process is characterized via a set of Lévy triplets  , where the first
component      is  a  Lévy  measure  describing  the  jump uncertainty,  and  the  second  and  third
components     describe  the  mean and volatility  uncertainty.  We call  such a
set an uncertainty set throughout the paper. Hu and Peng [14, 15] first proved that a nonlinear
Lévy process (with finite activity jumps) must admit an uncertainty set  in the spirit  of  Lévy-
Khintchine  representation.  However,  a  Lévy-Khintchine  representation  formula  for  a  nonlinear
Lévy process (with infinite activity jumps) is still  lacking as commented on Remark 23 in [15]
and Page 71 in [24]. It turns out such a representation is crucial for the universal robust limit theorem.

α ∈ (1, 2) (Λ,Λ) Λ,Λ > 0 Fµ α (Rd,B(Rd))
We  now  introduce  the  universal  robust  limit  theorem  for  a  nonlinear  Lévy  process.  Let

,    for some  , and    be the    -stable Lévy measure on  ,

Fµ(B) =

∫
S

µ(dz)
∫ ∞

0

1lB(rz)
dr
r1+α

, for B ∈ B(Rd), (3.1)

µ S = {z ∈ Rd : |z| = 1}where    is a finite measure on the unit sphere  . Set

L0 =
{
Fµ measure on Rd : µ(S) ∈ (Λ,Λ)

}
, (3.2)

L ⊂ L0 {(Xi, Yi, Zi)}∞i=1

R3d (Ω,H, Ê)
(Xi+1, Yi+1, Zi+1)

d
= (Xi, Yi, Zi) (Xi+1, Yi+1, Zi+1) (X1, Y1, Z1), . . . ,

(Xi, Yi, Zi) i ∈ N

and     as a nonempty compact convex set.  Let     be an i.i.d.  sequence of
  -valued  random  variables  on  a  sublinear  expectation  space      in  the  sense  that

       and      is  independent  from   

  for each  . Set

S1
n :=

n∑
i=1

Xi, S2
n :=

n∑
i=1

Yi, S3
n :=

n∑
i=1

Zi.
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(X1, Y1, Z1) Z1

We  impose  the  following  assumptions  throughout  the  paper.  The  first  two  are  moment
conditions on    and the last one is a consistency condition on  .

Ê[X1] = Ê[−X1] = 0 lim
γ→∞

Ê[(|X1|2 − γ)+] = 0 lim
γ→∞

Ê[(|Y1| − γ)+] = 0.(A1)  ,  , and  

Ê[Z1] = Ê[−Z1] = 0 Mz := sup
n

Ê[n−
1
α |S3

n|] <∞(A2)    and  .

φ ∈ C3
b (Rd) Rd

3

(A3) For each  , the space of functions on    with uniformly bounded derivatives

up to the order  , satisfies

1

s

∣∣∣∣Ê[φ(z + s
1
αZ1)− φ(z)

]
− s sup

Fµ∈L

∫
Rd

δλφ(z)Fµ(dλ)

∣∣∣∣ ≤ l(s) → 0

z ∈ Rd s→ 0 l [0, 1] δλφ(z) := φ(z + λ)−
φ(z)− ⟨Dφ(z), λ⟩
uniformly  on      as   ,  where      is  a  function  on      and   

.

Z

v(t, x)

v(t, x)

Remark 3.2   The assumption (A3) is essentially a consistency condition for the distribution of
the  multidimensional  ,  which  has  been  exploited  successfully  in  the  numerical  analysis
literature  on  the  monotone  approximation  schemes  for  nonlinear  PDEs  [1–4].  In  the  one-
dimensional case, the assumption (A3) is closely related to the consistency condition proposed in
Bayraktar  and  Munk  [5]  (see  (ii)  in  Theorem  2.21).  However,  they  require  that  the  solution

  of  PIDE (2.4)  in  prior  satisfies  the  consistency  condition,  whereas  we  only  require  the
consistency condition (A3) holds without involving the solution  .

Remark 3.3  Although the assumption (A3) looks obscure, let us show that when our attention
is  confined  to  the  classical  case,  it  turns  out  to  be  mild  and  is  more  general  than  the
characterization condition (2.3). We consider the two-dimensional case in the following. The one-
dimensional case can be found in [5].

ζ = (ζ1, ζ2) α ζ1 ⊥⊥ ζ2

(Fµ, 0, 0) µ Fµ

(1, 0), (−1, 0), (0, 1) (0,−1)

Let    be  a  classical    -stable  random  variable  with    and  Lévy  triplet
.  From Samorodnitsky and Taqqu [32, Example 2.3.5],  the finite measure    in    is

discrete and concentrated on the points  , and  . Denote

k11 = µ((−1, 0)), k12 = µ((1, 0)), k21 = µ((0,−1)), k22 = µ((0, 1)).

i ≥ 1 Zi = (Z1
i , Z

2
i ) Z1

i ⊥⊥ Z2
i

{Zi}∞i=1 α

ζ m = 1, 2 FZm
1

For  , let    be a zero mean classical random variable with  . Theorem
2.19 indicates  that  the  i.i.d.  sequence    is  in  the domain of  normal  attraction of  an    -
stable distribution    if and only if for  ,    has the cumulative distribution function

FZm
1
(z) =


[km1 /α+ βm1 (z)]

1

|z|α
, z < 0,

1− [km2 /α+ βm2 (z)]
1

zα
, z > 0,

βm1 : (−∞, 0] → R βm2 : [0,∞) → Rwhere          and    are functions satisfying

lim
z→−∞

βm1 (z) = lim
z→∞

βm2 (z) = 0.

βm1 βm2 m = 1, 2

(−∞, 0] [0,∞) E[|Zm1 |] <∞ m = 1, 2

φ ∈ C3
b (R2)

We further assume that    and  ,  , are continuously differentiable functions defined
on    and  ,  respectively. It can be verified that  ,  .  Moreover,
for  , we note that
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E
[
φ(z + s

1
αZ1)− φ(z)

]
= E

[
φ(z1 + s

1
αZ1

1 , z2 + s
1
αZ2

1 )− φ(z1, z2 + s
1
αZ2

1 )
]

+ E
[
φ(z1, z2 + s

1
αZ2

1 )− φ(z1, z2)
]

= E
[
δ1s1/αZ1

1
φ(z1, z2 + s

1
αZ2

1 )
]
+ E

[
δ2s1/αZ2

1
φ(z1, z2)

]
,

and ∫
R2

δλφ(z)Fµ(dλ) =
∫
R
δ1λ1

φ(z1, z2)F
1
µ(dλ1) +

∫
R
δ2λ2

φ(z1, z2)F
2
µ(dλ2),

where

δ1γφ(x1, x2) := φ(x1 + γ, x2)− φ(x1, x2)−D1φ(x1, x2)γ,

δ2γφ(x1, x2) := φ(x1, x2 + γ)− φ(x1, x2)−D2φ(x1, x2)γ,

and

Fmµ (dλm) :=
km1

|λm|α+1
1l(−∞,0)(λm)dλm +

km2
|λm|α+1

1l(0,∞)(λm)dλm, m = 1, 2.

Then, it follows that

1

s

∣∣∣∣E[φ(z + s
1
αZ1)− φ(z)

]
− s

∫
R2

δλφ(z)Fµ(dλ)

∣∣∣∣
≤ 1

s

∣∣∣∣E[δ1s1/αZ1
1
φ(z1, z2 + s

1
αZ2

1 )
]
− s

∫
R
δ1λ1

φ(z1, z2)F
1
µ(dλ1)

∣∣∣∣
+

1

s

∣∣∣∣E[δ2s1/αZ2
1
φ(z1, z2)

]
− s

∫
R
δ2λ2

φ(z1, z2)F
2
µ(dλ2)

∣∣∣∣
:= I + II.

In view of Lemma 4.4, we get

I =
1

s

∣∣∣∣E[(E[δ1s1/αZ1
1
φ(z1, z2 + x2)

]
− s

∫
R
δ1λ1

φ(z1, z2 + x2)F
1
µ(dλ1)

+ s

∫
R

(
δ1λ1

φ(z1, z2 + x2)− δ1λ1
φ(z1, x2)

)
F 1
µ(dλ1)

)
x2=s1/αZ2

1

]∣∣∣∣
≤ Cs

1
αE[|Z2

1 |] +
1

s
E

[∣∣∣∣E[δ1s1/αZ1
1
φ(z1, z2 + x2)

]
− s

∫
R
δ1λ1

φ(z1, z2 + x2)F
1
µ(dλ1)

∣∣∣∣
x2=s1/αZ2

1

]
.

Following along similar arguments as in (3.4)-(3.8) in [5], we obtain that

1

s

∣∣∣∣E[δ1s1/αZ1
1
φ(z1, z2 + x2)

]
− s

∫
R
δ1λ1

φ(z1, z2 + x2)F
1
µ(dλ1)

∣∣∣∣→ 0

(z1, z2 + x2) ∈ R2 s→ 0 II

(z1, z2) ∈ R2 s→ 0

uniformly on    as  , and similarly, the part   converges to 0 uniformly in
 as  . Thus, the assumption (A3) holds.

G

α

We are  ready to  state  our  main  result  of  this  paper,  which  is  dubbed as a universal  robust
limit theorem under sublinear expectation. It covers all the existing robust limit theorems in the
literature,  namely,  Peng’s  robust  central  limit  theorem for     -distribution (Theorem 2.17)  and
Bayraktar-Munk’s robust limit theorem for and Bayraktar-Munk’s robust limit theorem for     -
stable distribution (see [5]).
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L̃t = (ξ̃t, η̃t, ζ̃t) t ∈ [0, 1] Θ ⊂ L× Rd × S+(d)
Theorem 3.4  Suppose that assumptions (A1)-(A3) hold.  Then, there exists  a nonlinear Lévy

process  ,  , associated with an uncertainty set    satisfying

sup
(Fµ,q,Q)∈Θ

{∫
Rd

|z| ∧ |z|2Fµ(dz) + |q|+ |Q|
}
<∞,

ϕ ∈ Cb,Lip(R3d)such that for any  ,

lim
n→∞

Ê
[
ϕ

(
S1
n√
n
,
S2
n

n
,
S3
n

α
√
n

)]
= Ẽ[ϕ(ξ̃1, η̃1, ζ̃1)] = uϕ(1, 0, 0, 0),

uϕwhere    is the unique viscosity solution of the following fully nonlinear PIDE
∂tu(t, x, y, z)− sup

(Fµ,q,Q)∈Θ

{∫
Rd

δλu(t, x, y, z)Fµ(dλ)

+ ⟨Dyu(t, x, y, z), q⟩+
1

2
tr[D2

xu(t, x, y, z)Q]

}
= 0,

u(0, x, y, z) = ϕ(x, y, z), ∀(t, x, y, z) ∈ [0, 1]× R3d,

(3.3)

δλu(t, x, y, z) = u(t, x, y, z + λ)− u(t, x, y, z)− ⟨Dzu(t, x, y, z), λ⟩with  .

Proof  We outline the main steps below, with the detailed proof provided in Section 4.

L̃t := (ξ̃t, η̃t, ζ̃t) t ∈ [0, 1] (Ω̃, Lip(Ω̃), Ẽ){(
(t/n)1/2S1

n,

(t/n)S2
n, (t/n)

1/αS3
n

)}∞
n=1

t ∈ [0, 1]

(i)  By  using  the  notions  of  tightness  and  weak  compactness,  we  first  construct  a  nonlinear
Lévy process   ,   ,  on some sublinear  expectation space      in

Section  4.1,  which  is  generated  by  the  weak  convergence  limit  of  the  sequences   

  for  .

(L̃t)t∈[0,1](ii) To link the nonlinear Lévy process     with the fully nonlinear PIDE (3.3), a key

step is to give the characterization of

lim
δ→0

Ẽ[φ(ζ̃δ) + ⟨p, η̃δ⟩+
1

2
⟨Aξ̃δ, ξ̃δ⟩]δ−1

φ ∈ C3
b (Rd) φ(0) = 0 (p,A) ∈ Rd × S(d) αfor    with    and  . It follows from a new estimate for the    -

stable Lévy measure and a new Lévy-Khintchine representation formula for the nonlinear Lévy
process in Sections 4.2 and 4.3, respectively.

u(t, x, y, z) =

Ẽ[ϕ(x+ ξ̃t, y + η̃t, z + ζ̃t)] (t, x, y, z) ∈ [0, 1]× R3d

(iii)  Once  the  representation  of  the  nonlinear  Lévy  process  is  established,  with  the  help  of
nonlinear  stochastic  analysis  techniques  and  viscosity  solution  methods,  Theorem  3.4  is  a
consequence  of  the  dynamic  programming  principle  in  Section  4.4  by  defining   

, for  . □

The following corollary can be readily obtained from Theorem 3.4.

ϕ ∈ Cb,Lip(Rd)Corollary 3.5  Suppose that assumptions in Theorem 3.4 hold. Then, for any  ,

lim
n→∞

Ê
[
ϕ

(
S1
n√
n
+
S2
n

n
+

S3
n

α
√
n

)]
= uϕ(1, 0),

uϕwhere    is the unique viscosity solution of the following fully nonlinear PIDE
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 ∂tu(t, x)− sup
(Fµ,q,Q)∈Θ

{∫
Rd

δλu(t, x)Fµ(dλ) + ⟨Dxu(t, x), q⟩+
1

2
tr[D2

xu(t, x)Q]

}
= 0,

u(0, x) = ϕ(x), ∀(t, x) ∈ [0, 1]× Rd,

δλu(t, x) = u(t, x+ λ)− u(t, x)− ⟨Dxu(t, x), λ⟩ Θwhere    and  the  uncertainty  set    defined  in
Theorem 3.4.

ϕ ∈ Cb,Lip(Rd) ϕ̃(x, y, z) := ϕ(x+ y + z) ∈ Cb,Lip(R3d) (x, y, z) ∈ R3d

v(t, x, y, z) := Ẽ[ϕ̃(x+ ξ̃t, y + η̃t, z + ζ̃t)]

u(t, x) := Ẽ[ϕ(x+ ξ̃t + η̃t + ζ̃t)] (t, x) ∈ [0, 1]× Rd

u(t, x+ y + z) = v(t, x, y, z) ∂tu = ∂tv Dxu = Dyv = Dzv D2
xu = D2

xv

Proof  For any  , define  , for  .

From Theorem 3.4 we know that    is the unique viscosity

solution  of  the  PIDE  (3.3).  Set   ,  for   .  Noting

that   ,   ,   , and   , we conclude

the result. □

α αThe  following  corollary  extends  the     -stable  limit  theorem  for     -stable  distribution  under
sublinear  expectation  in  Bayraktar  and  Munk  [5,  Theorem  3.1]  from  one-dimensional  to
multidimensional case under a weaker consistency condition.

(ζ̃t)t∈[0,1] Θ = {(Fµ, 0, 0) : Fµ ∈ L}
ϕ ∈ Cb,Lip(Rd)

Corollary 3.6  Suppose that assumptions (A2)-(A3) hold. Then, there exists a nonlinear Lévy
process    associated with an uncertainty set  , such that for any

,

lim
n→∞

Ê
[
ϕ

(
S3
n

α
√
n

)]
= Ẽ[ϕ(ζ̃1)] = uϕ(1, 0),

uϕwhere    is the unique viscosity solution of the following fully nonlinear PIDE ∂tu(t, x)− sup
Fµ∈L

{∫
Rd

δλu(t, x)Fµ(dλ)
}

= 0,

u(0, x) = ϕ(x), ∀(t, x) ∈ [0, 1]× Rd,
(3.4)

δλu(t, x) = u(t, x+ λ)− u(t, x)− ⟨Dxu(t, x), λ⟩ ζ̃ α

ζ̃βt β1/αζ̃t

0 < β < 1 0 ≤ t ≤ 1

where  . In fact,    is a nonlinear    -stable process

satisfying  a  scaling  property,  that  is,    and    are  identically  distributed,  for  any

  and  .

ζ̃

ϕ ∈ Cb,Lip(Rd) u(βt, 0) = Ẽ[ϕ(ζ̃βt)] u

ϕ β > 0

Proof  In light of Theorem 3.4, it remains to show that     satisfies the scaling property. For

any given  , Theorem 4.9 implies that  , where    is the unique

viscosity solution of the PIDE (3.4) with initial condition  . Note that for every  ,

Fµ(B) = βFµ(β
1/αB), for B ∈ B(Rd).

0 < β < 1 0 ≤ t ≤ 1 v(t, x) := u(βt, β1/αx)For any given    and  , define  . It follows from

β

∫
Rd

δλu(βt, β
1/αx)Fµ(dλ) =

∫
Rd

δλv(t, x)Fµ(dλ)

v ϕ̃(x) := ϕ(β1/αx)

v(t, 0) = Ẽ[ϕ̃(ζ̃t)]
that    is the unique viscosity solution of the PIDE (3.4) with initial condition  .

From Theorem 4.9, we derive that  . Therefore,

Ẽ[ϕ(ζ̃βt)] = u(βt, 0) = v(t, 0) = Ẽ[ϕ̃(ζ̃t)] = Ẽ[ϕ(β1/αζ̃t)],

and the proof is complete. □
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 4.  Proof of Theorem 3.4

 4.1  The construction of nonlinear Lévy process

Ω̃ = Cd0 [0, 1]× Cd0 [0, 1]×Dd
0 [0, 1] Rd × Rd × Rd (ωt)t∈[0,1]

ω0 = 0 Cd0 [0, 1] Rd

Dd
0 [0, 1] Rd

(ξ̃t, η̃t, ζ̃t)(ω) = (ω1
t , ω

2
t , ω

3
t ) t ∈ [0, 1] ω = (ω1, ω2, ω3) ∈ Ω̃ L̃t := (ξ̃t, η̃t, ζ̃t)

Let    be the space of all    -valued paths  
with   ,  equipped  with  the  Skorohod  topology,  where      is  the  space  of     -valued
continuous paths and      is  the space of     -valued càdlàg paths.  Consider  the canonical
process  ,  , for  . Set    and

Lip(Ω̃) =
{
φ(L̃t1 , . . . , L̃tn − L̃tn−1

) : ∀0 ≤ t1 < t2 < . . . < tn ≤ 1, φ ∈ Cb,Lip(Rn×3d)
}
.

Ẽ
(Ω̃, Lip(Ω̃)) {(n−1/2S1

n, n
−1S2

n, n
−1/αS3

n)}∞n=1

L̃1 (L̃t)t∈[0,1] (Ω̃, Lip(Ω̃), Ẽ)

Theorem 4.1  Assume that  (A1)-(A2)  hold.  Then,  there  exists  a  sublinear  expectation    on
  such that the sequence    converges in distribution to

, where    is a nonlinear Lévy process on  .

(L̃t)t∈[0,1]

Remark  4.2  Theorem  4.1  can  be  regarded  as  a  Donsker  theorem  for  the  nonlinear  Lévy
process  .

The proof of the above theorem depends on the following lemma.

ϕ ∈ Cb,Lip(R3d)Lemma 4.3  Assume that (A1)-(A2) hold. For  , let

F̂[ϕ] := sup
n

Ê
[
ϕ

(
S1
n√
n
,
S2
n

n
,
S3
n

α
√
n

)]
.

F̂ (R3d, Cb,Lip(R3d))Then, the sublinear expectation    on    is tight.

F̂ (R3d, Cb,Lip(R3d))

F̂ N > 0

Proof  It is clear that     is a sublinear expectation on   . Now we show that
  is tight. For any  , we define

φN (x) =

 1, |x| > N,
|x| −N + 1, N − 1 ≤ |x| ≤ N,
0, |x| < N − 1.

φN ∈ Cb,Lip(R) 1l{|x|>N} ≤ φN (x) ≤ 1l{|x|>N−1} φ̃N (x, y)

= φN (x) + φN (y)

One can easily check that    and  . Denote  
. Under the assumption (A1), from Theorem 2.17, we get

lim
n→∞

Ê
[
φ̃N

(
S1
n√
n
,
S2
n

n

)]
= Ê1

[
φ̃N (ξ1, η1)

]
,

(ξ1, η1) Ê1

Ê φ̃N ↓ 0 N → ∞
Ê1

[
φ̃N (ξ1, η1)

]
↓ 0 N → ∞ ε > 0 N0 Ê1

[
φ̃N0

(ξ1, η1)
]
< ε/4 n0 > 1 n ≥ n0 Ê

[
φ̃N0(n

−1/2S1
n,

n−1S2
n)
]
< ε/2 0 < φ̃N ≤ φ̃N0 N > N0 Ê

[
φ̃N (n−1/2S1

n,

n−1S2
n)
]
< ε/2 N > N0 n ≥ n0 φ̃N (x, y) ≤ 1

N−1 (|x|+ |y|)
n < n0

where     is G-distributed under another sublinear expectation     (possibly different from
 ).  Noting  that      as   ,  by  Lemma  1.3.4  in  Peng  [31],  we  obtain  that

   as   .  So  for  each   ,  there  exists  large   ,  such  that   

.  Then,  we  find  some  large      such  that  for   ,   

.  Since      for  any   ,  it  follows  that   

,  for any     and   .  In addition, note that   ,
which yields that for  ,

Ê
[
φ̃N

(
S1
n√
n
,
S2
n

n

)]
≤

√
n0

N − 1
(Mx +My),

Mx := Ê[|X1|] My := Ê[|Y1|]where    and  . Thus, by choosing
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N > max
{
N0, 2

√
n0ε

−1(Mx +My) + 1
}
,

F̂
[
φ̃N
]
< ε/2 N > 2ε−1Mz + 1we have   . On the other hand, under the assumption (A2), for   , it

follows that

F̂[φN (z)] = sup
n

Ê
[
φN

(
S3
n

α
√
n

)]
≤ 1

N − 1
Mz < ε/2.

N > 0Observe that for any  ,

1l{|(x,y,z)|≥N} ≤ 1l{|x|≥N/
√
3} + 1l{|y|≥N/

√
3} + 1l{|z|≥N/

√
3} ≤ ϕN/

√
3(x, y, z),

ϕN (x, y, z) := φN (x) + φN (y) + φN (z) ε > 0 N ′ >√
3max

{
N0 2

√
n0ε

−1(Mx +My) + 1 2ε−1Mz + 1
}

ϕN ′/
√
3(x, y, z) ∈ Cb,Lip(R3d)

1l{|(x,y,z)|≥N ′} ≤ ϕN ′/
√
3(x, y, z) F̂

[
ϕN ′/

√
3

]
< ε

where   .  Therefore,  for  each   ,  we  choose   

,   ,      and      with

  such that  . This proves the desired result. □

S̄n = (n−1/2S1
n, n

−1S2
n, n

−1/αS3
n) F̂Proof of Theorem 4.1  We denote  . Seeing that    is tight and

Ê[ϕ(S̄n)]− Ê[ϕ′(S̄n)] ≤ F̂[ϕ− ϕ′], for ϕ, ϕ′ ∈ Cb,Lip(R3d),

{S̄ni}∞i=1 ⊂ {S̄n}∞n=1

(ξ1, η1, ζ1) (Ω,H, Ê1)

(ξ1, η1) G {S̄ni}∞i=1

{ñi}∞i=1 |ñi − ni| ≤ 1 {S̄ni}∞i=1 {S̄ñi}∞i=1

ni
i = 1, 2, . . .

by  Corollary  2.11,  there  exists  a  subsequence     which  converges  in  law  to
some    in  . By Theorem 2.17, we further know that the marginal distribution

  is    -distributed. For the above convergent subsequence  , it is clear that for an
arbitrarily  increasing integers  of      such that   ,  both     and   

converges  in  law  to  the  same  limit.  Thus,  without  loss  of  generality,  we  assume  that   ,
, are all even numbers and decompose into two parts:

S̄ni
=

(
1√
2
(ni/2)

− 1
2S1

ni/2
,
1

2
(ni/2)

−1S2
ni/2

,
1
α
√
2
(ni/2)

− 1
αS3

ni/2

)
+

(
1√
2
(ni/2)

− 1
2 (S1

ni
− S1

ni/2
),
1

2
(ni/2)

−1(S2
ni

− S2
ni/2

),
1
α
√
2
(ni/2)

− 1
α (S3

ni
− S3

ni/2
)

)
:= S̄

1/2
ni/2

+ (S̄ni
− S̄

1/2
ni/2

),

S̄tn :=
(
(t/n)1/2S1

n, (t/n)S
2
n, (t/n)

1/αS3
n

)
t ∈ [0, 1) {

S̄
1/2

n1
i /2

}∞
i=1

⊂
{
S̄
1/2
ni/2

}∞
i=1{

S̄
1/2

n1
i /2

}∞
i=1

(ξ1/2, η1/2, ζ1/2)

(ξ1/2, η1/2)
d
= (
√

1/2ξ1, (1/2)η1) S̄n1
i
− S̄

1/2

n1
i /2

S̄
1/2

n1
i /2

where      for   .  For  the  first  part,  applying  the

same argument again, we prove that there exists a subsequence        such

that      converging  in  law  to   .  Also,  from  Theorem  2.17,  we  have

.  Since      is  an  independent  copy  of   ,  by

Proposition 2.12, we know that

S̄n1
i
− S̄

1/2

n1
i /2

D→ (ξ̄1/2, η̄1/2, ζ̄1/2) and S̄n1
i

D→ (ξ1/2 + ξ̄1/2, η1/2 + η̄1/2, ζ1/2 + ζ̄1/2),

(ξ̄1/2, η̄1/2, ζ̄1/2) (ξ1/2, η1/2, ζ1/2) S̄n1
i

D→ (ξ1, η1, ζ1)where    is an independent copy of  . In addition,  .

Thus

(ξ1, η1, ζ1)
d
= (ξ1/2 + ξ̄1/2, η1/2 + η̄1/2, ζ1/2 + ζ̄1/2).

S̄
1/2

n1
i /2

L1/4 := (ξ1/4, η1/4,

ζ1/4) L1/2m := (ξ1/2m , η1/2m , ζ1/2m) (Ω,H, Ê1)

m ∈ N L1/2m {S̄1/2m

nm
i /2m}∞i=1

Repeating the previous procedure for  , we can define random variable  

.  Proceeding  in  this  way,  one  can  obtain      in   ,

, such that for each    there exists a convergent sequence    converging in
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L1/2m(m ∈ N)
Ẽ (Ω̃, Lip(Ω̃)) (L̃t)t∈[0,1]

(ξ̃t, η̃t)
d
= (

√
tξ̃1, tη̃1) G

law  to  it.  Finally,  using  the  random  variables   ,  we  may  construct  a  sublinear
expectation      on      such  that  the  canonical  process      is  a  nonlinear  Lévy

process  (see  Appendix  for  details),  and      is  a  generalized     -Brownian

motion (see Peng [31, Chapter 3]).
L̃1

u(1, 0, 0, 0) u

ϕ ∈ Cb,Lip(R3d) Ê[ϕ(S̄n)] → u(1, 0, 0, 0) n→ ∞

In  the  following  Theorem  4.9,  we  will  prove  that  the  distribution  of      is  uniquely
determined by  , where    is the unique viscosity solution of the fully nonlinear PIDE
(4.13). Thus we can infer that for any  ,  , as  . The
proof is completed. □

α 4.2  Estimate for    -stable Lévy measure

Fµ α L0 α

Rd L ⊂ L0

Recall that      is the     -stable Lévy measure given in (3.1),      is the set of     -stable Lévy
measure  on      satisfying  (3.2),  and      is  a  nonempty  compact  convex  set.  It  can  be
verified by the Sato-type result (see [33, Remark 14.4]) that

K := sup
Fµ∈L

∫
Rd

|z| ∧ |z|2Fµ(dz) <∞, (4.1)

and

lim
ε→0

Kε = 0 for Kε := sup
Fµ∈L

∫
|z|≤ε

|z|2Fµ(dz). (4.2)

φ ∈ C3
b (Rd) z, z′ ∈ RdLemma 4.4  For each  , we have for  ,

sup
Fµ∈L

∫
Rd

|δλφ(z′)− δλφ (z)|Fµ(dλ) ≤ C|z′ − z|,

C D2φ D3φ Kwhere   is a constant depending on the bounds of  ,  , and  .

z ∈ RdProof  Note that for  ,

δλφ (z) =

∫ 1

0

⟨Dφ(z + θλ)−Dφ(z), λ⟩dθ =
∫ 1

0

∫ 1

0

⟨D2φ(z + τθλ)λ, λ⟩θdτdθ.

Then, it follows that∫
|λ|≤1

|δλφ(z′)− δλφ (z)|Fµ(dλ)

=

∫
|λ|≤1

∣∣∣∣∫ 1

0

∫ 1

0

⟨(D2φ(z′ + τθλ)−D2φ(z + τθλ))λ, λ⟩θdτdθ
∣∣∣∣Fµ(dλ)

≤ |D3φ|0
∫
|λ|≤1

|λ|2Fµ(dλ)|z′ − z|,

and ∫
|λ|>1

|δλφ(z′)− δλφ (z)|Fµ(dλ)

=

∫
|λ|>1

∣∣∣∣∫ 1

0

⟨Dφ(z′ + θλ)−Dφ(z + θλ), λ⟩dθ −
∫ 1

0

⟨Dφ(z′)−Dφ(z), λ⟩dθ
∣∣∣∣Fµ(dλ)

≤ 2
∣∣D2φ

∣∣
0

∫
|λ|>1

|λ|Fµ(dλ)|z′ − z|,
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z, z′ ∈ Rd |D2φ|0 := supz∈Rd |D2φ(z)| |D3φ|0 := supz∈Rd |D3φ(z)|for  , where    and  . Consequently,

sup
Fµ∈L

∫
Rd

|δλφ(z′)− δλφ (z)|Fµ(dλ) ≤ Cφ,K|z′ − z|,

Cφ,K = (|D3φ|0 + 2
∣∣D2φ

∣∣
0
)Kwith  . The proof is completed. □

The following estimate is crucial to our main result.

φ ∈ C3
b (Rd) s ∈ [0, 1]Theorem 4.5  Assume that (A2)-(A3) hold. Then, for    and  ,

lim
n→∞

∣∣∣∣Ê[φ(z + (s/n)
1
αS3

n

)
− φ(z)

]
− s sup

Fµ∈L

∫
Rd δλφ(z)Fµ(dλ)

∣∣∣∣ = o(s),

z ∈ Rd o(s)/s→ 0 s→ 0uniformly on  , where    as  .

Zn Z1, . . . , Zn−1Proof  Because    is independent from  , we have

Ê
[
φ
(
z + (s/n)

1
αS3

n

)]
− φ(z)− sϵ(z)

= Ê
[
Ê
[
φ
(
z + (s/n)

1
α (ωn−1 + Zn)

)]∣∣∣∣ z1=Z1···
zn−1=Zn−1

]
− sϵ(z)− φ(z),

where

ωn :=

n∑
k=1

zk and ϵ(z) := sup
Fµ∈L

∫
Rd

δλφ(z)Fµ(dλ).

Thanks to the assumptions (A2)-(A3) and Lemma 4.4, we deduce that

Ê
[
φ
(
z + (s/n)

1
α (ωn−1 + Zn)

)]

= Ê
[
φ
(
z + (s/n)

1
α (ωn−1 + Zn)

)
− φ

(
z + (s/n)

1
αωn−1

)
− s

n
sup
Fµ∈L

∫
Rd

δλφ
(
z + (s/n)

1
αωn−1

)
Fµ(dλ)

]

+
s

n
sup
Fµ∈L

∫
Rd

δλφ
(
z + (s/n)

1
αωn−1

)
Fµ(dλ)

− s

n
sup
Fµ∈L

∫
Rd

δλφ (z)Fµ(dλ) + φ
(
z + (s/n)

1
αωn−1

)
+
s

n
ϵ(z)

≤ φ
(
z + (s/n)

1
αωn−1

)
+
s

n
ϵ(z) +

s

n
l
( s
n

)
+ C

( s
n

)1+ 1
α |ωn−1| ,

which implies the following one-step estimate

Ê
[
φ
(
z + (s/n)

1
αS3

n

)]
≤ Ê

[
φ
(
z + (s/n)

1
αS3

n−1

)]
+
s

n
ϵ(z) +

s

n
l
( s
n

)
+ CMzs

1+ 1
α
1

n

(
n− 1

n

) 1
α

.
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Repeating the above process recursively, we obtain that

Ê
[
φ
(
z + (s/n)

1
αS3

n

)]
≤ φ (z) + sϵ(z) + sl

( s
n

)
+ CMzs

1+ 1
α
1

n

n−1∑
k=1

(
k

n

) 1
α

.

Analogously, we have

Ê
[
φ
(
z + (s/n)

1
αS3

n

)]
≥ φ (z) + sϵ(z)− sl

( s
n

)
− CMzs

1+ 1
α
1

n

n−1∑
k=1

(
k

n

) 1
α

.

Thus,

lim
n→∞

∣∣∣Ê [φ(z + (s/n)
1
αS3

n

)]
− φ(z)− sϵ(z)

∣∣∣ ≤ CMzs
1+ 1

α
α

1 + α
,

where we have used the fact that

lim
n→∞

1

n

n−1∑
k=1

(
k

n

) 1
α

=
α

1 + α
.

This implies the desired result. □

 4.3  Lévy-Khintchine representation of nonlinear Lévy process

lim
δ→0

Ẽ[φ(ζ̃δ) + ⟨p, η̃δ⟩+
1

2
⟨Aξ̃δ, ξ̃δ⟩]δ−1

φ ∈ C3
b (Rd) φ(0) = 0 (p,A) ∈ Rd × S(d)

(L̃t)t∈[0,1]

In this section, we shall present the characterization of   

for    with    and  , which can be regarded as a new type of

Lévy-Khintchine  representation  for  the  nonlinear  Lévy  process   .  It  will  play  an

important role in establishing the related PIDE in Section 4.4 (see (4.17)).
N > 0 s ∈ [0, 1]

{sk}∞k=1 ⊂ D∞[0, 1] sk ↓ s k → ∞{
(sk/n

∗
i )

1
αS3

n∗
i

}∞
i=1

sk

For  each      and   ,  under  the  assumptions  (A1)-(A2),  Theorem  4.1  shows  that
there  exists  a  sequence      satisfying      as      and  a  convergent

sequence    for each  , such that

Ẽ[|ζ̃s| ∧N ] = lim
k→∞

lim
i→∞

Ê
[
|(sk/n∗i )

1
αS3

n∗
i
| ∧N

]
≤ s

1
α sup

n
Ê
[
|n− 1

αS3
n|
]
.

Define

Ẽ[|ζ̃s|] := lim
N→∞

Ẽ[|ζ̃s| ∧N ] ≤ s
1
αMz. (4.3)

φ ∈ C3
b (Rd) (s, z) ∈ [0, 1]× RdAlso, for any    and  , we have

Ẽ[φ(z + ζ̃s)] = lim
k→∞

lim
i→∞

Ê
[
φ(z + (sk/n

∗
i )

1
αS3

n∗
i
)
]
.

Furthermore, under the assumption (A3), it follows from Theorem 4.5 that∣∣∣∣Ẽ[φ(z + ζ̃s)]− φ(z)− s sup
Fµ∈L

∫
Rd

δλφ(z)Fµ(dλ)

∣∣∣∣
≤ lim

k→∞

∣∣∣∣ limi→∞
Ê
[
φ(z + (sk/n

∗
i )

1
αS3

n∗
i
)
]
− φ(z)− sk sup

Fµ∈L

∫
Rd

δλφ(z)Fµ(dλ)

∣∣∣∣ = o(s), (4.4)

z ∈ Rduniformly on  .
Consider

F0 =
{
φ ∈ C3

b (Rd) : φ(0) = 0
}
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and

F =
{
(φ, p,A) : φ ∈ F0 and (p,A) ∈ Rd × S(d)

}
.

F F0Obviously,    and    are both linear spaces.

(φ, p,A) ∈ F lim
δ→0

Ẽ
[
φ(ζ̃δ) + ⟨p, η̃δ⟩+

1
2 ⟨Aξ̃δ, ξ̃δ⟩

]
δ−1

Lemma 4.6  Assume that (A1)-(A3) hold. Then, for each  ,  

  exists.

(φ, p,A) ∈ FProof　For given  , define

f(s) := Ẽ
[
φ(ζ̃s) + ⟨p, η̃s⟩+

1

2
⟨Aξ̃s, ξ̃s⟩

]
, s ∈ [0, 1].

f(0) = 0 f s, δ ∈ [0, 1]Clearly,  . We first claim that    is a Lipschitz function. In fact, for each  , it
follows from Proposition 2.2 that

|f(s+ δ)− f(s)| ≤ Ẽ[R] ∨ Ẽ[−R],

where

R := φ(ζ̃s + ζ̃s+δ − ζ̃s)− φ(ζ̃s) +
1

2
⟨A(ξ̃s+δ − ξ̃s), ξ̃s+δ − ξ̃s⟩

+ ⟨Aξ̃s, ξ̃s+δ − ξ̃s⟩+ ⟨p, η̃s+δ − η̃s⟩.

(L̃t)t∈[0,1] Ẽ[ξ̃t] = Ẽ[−ξ̃t] = 0By using the independent stationary increments property of     and   ,

we obtain

Ẽ[R] = Ẽ
[
Ẽ[φ(z + ζ̃δ)− φ(z) + ⟨p, η̃δ⟩+

1

2
⟨Aξ̃δ, ξ̃δ⟩]|z=ζ̃s

]
.

In view of the estimate (4.4) and Lemma 4.4, we derive

Ẽ[R] ≤ Ẽ
[
|⟨p, η̃δ⟩+

1

2
⟨Aξ̃δ, ξ̃δ⟩|

]
+ δẼ

[
sup
Fµ∈L

∫
Rd

|δλφ(ζ̃s)|Fµ(dλ)
]
+ o(δ) ≤ Cδ,

C > 0 Ẽ[−R] ≤ Cδ f(·)
[0, 1] t0 ∈ [0, 1] f ′(t0)

where    is a constant. Similarly, we have  . Hence,    is differentiable almost

everywhere  on   .  We  assume  that  for  each  fixed   ,      exists.  Using  the
independent stationary increments property again, by Proposition 2.5, we derive

f(δ)

δ
=
f(t0 + δ)− f(t0)

δ
− Λδ,

where

Λδ = δ−1
(
f(t0 + δ)− Ẽ

[
φ(ζ̃t0+δ − ζ̃t0) + φ(ζ̃t0) + ⟨p, η̃t0+δ⟩

+
1

2
⟨A(ξ̃t0+δ − ξ̃t0), ξ̃t0+δ − ξ̃t0⟩+

1

2
⟨Aξ̃t0 , ξ̃t0⟩

])
.

Note that
1

2
⟨Aξ̃t0+δ, ξ̃t0+δ⟩ =

1

2
⟨A(ξ̃t0+δ − ξ̃t0), ξ̃t0+δ − ξ̃t0⟩+

1

2
⟨Aξ̃t0 , ξ̃t0⟩+ ⟨Aξ̃t0 , ξ̃t0+δ − ξ̃t0⟩.

Similar to the above procedure, we deduce that

|Λδ| ≤ (Ẽ[U ] ∨ Ẽ[−U ])δ−1,

U := φ(ζ̃t0 + ζ̃t0+δ − ζ̃t0)− φ(ζ̃t0+δ − ζ̃t0)− φ(ζ̃t0) z0 ∈ Rdwhere  . For each fixed  , denote

φ̃(z; z0) := φ(z + z0)− φ(z)− φ(z0), for z ∈ Rd.

φ̃(0; z0) = 0 δλφ̃(z; z0) = δλφ(z + z0)− δλφ(z)It is easy to check that  ,  . Then
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Ẽ[U ] = Ẽ
[
Ẽ
[
φ̃(ζ̃t0+δ − ζ̃t0 ; z0)

]∣∣
z0=ζ̃t0

]
= Ẽ

[
Ẽ
[
φ̃(ζ̃δ; z0)

]∣∣
z0=ζ̃t0

]
and

Ẽ[U ] ≤ δẼ
[

sup
Fµ∈L

∫
Rd

|δλφ̃(0; ζ̃t0)|Fµ(dλ)
]
+ o(δ) ≤ CδẼ[|ζ̃t0 |] + o(δ) ≤ Cδ α

√
t0 + o(δ),

Ẽ[−U ] ≤ Cδ α
√
t0 + o(δ)

limδ→0 |Λδ| ≤ C α
√
t0 C > 0 t0

where we have used the estimates (4.3)-(4.4) and Lemma 4.4. Similarly,  .
In turn,  , where    is a constant independent of  . Therefore,

| lim sup
δ↓0

f(δ)δ−1 − lim inf
δ↓0

f(δ)δ−1| ≤ 2C α
√
t0.

t0 → 0By letting  , the desired result follows. □

F : F→ RThanks to Lemma 4.6, we can define a functional       by

F[(φ, p,A)] := lim
δ→0

Ẽ
[
φ(ζ̃δ) + ⟨p, η̃δ⟩+

1

2
⟨Aξ̃δ, ξ̃δ⟩

]
δ−1.

F (φ,A) ∈ F0 × S(d)
φ,φ′ ∈ F0 p, p′ ∈ Rd A,A′ ∈ S(d)

It  is  easy  to  verify  that      is  a  sublinear  functional,  monotone  in      in  the
following sense: for  ,  , and  ,

F[(φ+ φ′, p+ p′, A+A′)] ≤ F[(φ, p,A)] + F[(φ′, p′, A′)],

F[λ(φ, p,A)] = λF[(φ, p,A)], ∀λ ≥ 0,

F[(φ, p,A)] ≤ F[(φ′, p, A′)], if φ ≤ φ′ and A ≤ A′.

(L̃t)t∈[0,1]

The  following  can  be  regarded  as  a  Lévy-Khintchine  representation  for  the  nonlinear  Lévy
process  .

(φ, p,A) ∈ F

Θ ⊂ L× Rd × S+(d)
Theorem  4.7  Assume  that  (A1)-(A3)  hold.  Then,  for  each  ,  there  exists  an

uncertainty set    satisfying

sup
(Fµ,q,Q)∈Θ

{∫
Rd

|z| ∧ |z|2Fµ(dz) + |q|+ |Q|
}
<∞

such that

F[(φ, p,A)] = sup
(Fµ,q,Q)∈Θ

{∫
Rd

(φ(z)− ⟨Dφ(0), z⟩)Fµ(dz) + ⟨p, q⟩+ 1

2
tr[AQ]

}
.

Fθ : F→ R θ ∈ Θ

Proof  From the representation theorem of sublinear functional (see, for instance [31, Theorem
1.2.1]), there exists a family of linear functionals    indexed by  , such that

F[(φ, p,A)] = sup
θ∈Θ

Fθ[(φ, p,A)]. (4.5)

Fθ Fθ[(φ, p,A)] = Fθ[(φ, 0, 0)] + Fθ[(0, p, A)]

(p,A) ∈ Rd × S(d) (q,Q)

Γ ⊂ Rd × S+(d)

Since    is a linear functional, then  . It is easily seen
that for any   , there exists a     belonging to a bounded and closed subset

  such that

Fθ[(0, p, A)] = ⟨p, q⟩+ 1

2
tr[AQ]. (4.6)

See, for example, Remark 2.16. On the other hand, define

F̃θ[φ] := Fθ[(φ, 0, 0)], for any φ ∈ F0.
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F F̃θFrom the monotone property of  , one can check that    is a positive linear functional. Moreover,
it follows from (4.4) that

F[(φ, 0, 0)] = lim
δ→0

(
Ẽ[φ(ζ̃δ)]− δ sup

Fµ∈L

∫
Rd

δλφ(0)Fµ(dλ)
)
δ−1 + sup

Fµ∈L

∫
Rd

δλφ(0)Fµ(dλ)

= sup
Fµ∈L

∫
Rd

δλφ(0)Fµ(dλ),

which yields that

F̃θ[φ] ≤ F[(φ, 0, 0)] = sup
Fµ∈L

∫
Rd

δλφ(0)Fµ(dλ), for φ ∈ F0. (4.7)

F̃θ[φ] φ ∈ F0In the following, we shall give the representation of     for any   . The proof is divided

into the following three steps.

Step 1  We introduce a linear space

ℜ =
{
φ ∈ CLip(Rd) : ∃C > 0, |φ(z)| ≤ C(|z| ∧ |z|2)

}
.

ℜ φ ∈ ℜ |φ| ∈ ℜ φ ∧ 1 ∈ ℜ
K[·] ℜ

It  is  clear that      is  a vector lattice,  that is,  if      then     and   .  Define a
sublinear functional    on    by

K[φ] = sup
Fµ∈L

∫
Rd

φ(z)Fµ(dz), for φ ∈ ℜ.

K[·] {φn}∞n=1 ℜ
φn ↓ 0 n→ ∞ K[φn] ↓ 0 n→ ∞ 0 < γ1 < 1 < γ2 <∞

z ∈ Rd

We claim that  the  functional      is  regular,  that  is,  if  for  each      in      such  that
  as   , then     as   . Indeed, for each fixed   , we

have for  ,

φn(z) ≤ φ1(z)1l{|z|≤γ1} + φn(z)1l{γ1≤|z|≤γ2} + φ1(z)1l{|z|≥γ2},

then

K[φn] ≤ C sup
Fµ∈L

∫
{|z|≤γ1}

|z|2Fµ(dz) + sup
Fµ∈L

∫
{γ1≤|z|≤γ2}

φn(z)Fµ(dz) + C
Λ

α− 1
γ1−α2 ,

where we have used the fact that (cf. [33, Remark 14.4])

sup
Fµ∈L

∫
{|z|≥γ2}

|z|Fµ(dz) = sup
Fµ∈L

∫
S

µ(dβ)
∫ ∞

0

1l{|rβ|≥γ2}|rβ|
dr
rα+1

≤ Λ

α− 1
γ1−α2 .

φn ↓ 0 n→ ∞ sup
γ1≤|x|≤γ2

φn(x) ↓ 0 n→ ∞Since      as   ,  from Dini’s  theorem we  know   ,  as   ,  which

implies that

sup
Fµ∈L

∫
{γ1≤|z|≤γ2}

φn(z)Fµ(dz) ≤ sup
γ1≤|x|≤γ2

φn(x) sup
Fµ∈L

∫
Rd

1l{γ1≤|z|≤γ2}Fµ(dz)

≤ Λ

α
(γ−α1 − γ−α2 ) sup

γ1≤|x|≤γ2
φn(x) → 0, as n→ ∞.

Therefore, we have

lim
n→∞

K[φn] ≤ C sup
Fµ∈L

∫
{|z|≤γ1}

|z|2Fµ(dz) + C
Λ

α− 1
γ1−α2 .

γ1 → 0 γ2 → ∞In view of (4.2), the claim follows by letting    and  .

Probability, Uncertainty and Quantitative Risk 21



Step 2  Set
F1 = {φ ∈ F0 : Dφ(0) = 0} .

F1 ⊂ F0 F1 ⊂ ℜ ℜ,F0 F1Note that,    and  . Figure 1 illustrates the three sets    and  .

  

 
ℜ,F0 F1Figure 1    The three sets    and  .

 

φ ∈ F1 δλφ(0) = φ(λ)For any  , using (4.7) and  , we have

F̃θ[φ] ≤ K[φ], for φ ∈ F1.

F̃θ : F1 → R F̃θ : ℜ → R
F̃θ[φ] ≤ K[φ] φ ∈ ℜ F̃θ K[·]

F̃θ F̃θ[φn] ↓ 0 φn ∈ ℜ
φn ↓ 0 v(
Rd\{0},B(Rd\{0})

)

By  Hahn-Banach  theorem,  we  extend  the  linear  functional      to      such
that    for  . Here we still use    for notation simplicity. Since    is regular,
it follows that    is a positive linear functional satisfying    for each    such that

.  In  turn,  Daniell-Stone  theorem  implies  that  there  exists  a  unique  measure      on
  such that

F̃θ[φ] =

∫
Rd\{0}

φ(z)v(dz), for φ ∈ ℜ.

Fµ ∈ LWe claim that there exists some    such that

F̃θ[φ] =

∫
Rd

φ(z)Fµ(dz), for φ ∈ ℜ. (4.8)

Fµ ∈ L φ0 ∈ ℜSuppose not. For any  , there exists some    such that

h(φ0, Fµ) := F̃θ[φ0]−
∫
Rd

φ0(z)Fµ(dz) ̸= 0.

h(φ0, Fµ) > 0 kφ0 ∈ ℜ k > 0

Fµ ∈ L h(kφ0, Fµ) → ∞ k → ∞ L
Without  loss  of  generality  we  may  assume   .  Since      for   ,  we  show
that  for  any   ,      as   .  Note  that      is  a  compact  convex  set,  it
follows immediately from minimax theorem (cf. [10, 34]) that

sup
φ∈ℜ

inf
Fµ∈L

h(φ,Fµ) = inf
Fµ∈L

sup
φ∈ℜ

h(φ,Fµ) = ∞.

F̃θ[φ]−K[φ] ≤ 0 φ ∈ ℜHowever, seeing that,    for any  , then we have

sup
φ∈ℜ

inf
Fµ∈L

h(φ,Fµ) ≤ 0,

which induces a contradiction.

k > 1 i = 1, . . . , d f ik(z) = (zi ∧ k) ∨ (−k) z = (z1, . . . , zd) ∈
Rd f i,εk (z) := ρε ∗ f ik(z) i = 1, . . . , d ρε

fεk := (f1,εk , . . . , fd,εk ) f i,εk ∈ F0 Df i,εk (0) = ei ei

i

Step 3  For each    and  , We define    for  
.  Let   ,   ,  be  the  smooth  function  with  the  mollifier      (see

Appendix  C.5  in  [9])  and   .  Clearly,   ,   ,  where      is

the unit vector with the   th component 1, and

|fεk(z)− z| ≤ C|z|1l{|z|≥k} with some C > 0. (4.9)
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φ ∈ F0Note that, for each  ,

F̃θ[φ] = F̃θ[φ− ⟨Dφ(0), fεk⟩] + F̃θ[⟨Dφ(0), fεk⟩]. (4.10)

φ− ⟨Dφ(0), fεk⟩ ∈ F1 Fµ ∈ LSince  , from (4.8), we know that there exists some    such that

F̃θ[φ− ⟨Dφ(0), fεk⟩] =
∫
Rd

(φ(z)− ⟨Dφ(0), fεk(z)⟩)Fµ(dz).

Besides, using (4.7) and (4.9), we derive that

F̃θ[⟨Dφ(0), fεk⟩] ≤ sup
Fµ∈L

∫
Rd

⟨Dφ(0), fεk(z)− z⟩Fµ(dz) ≤ C sup
Fµ∈L

∫
{|z|≥k}

|z|Fµ(dz) → 0

k → ∞ F̃θ[⟨Dφ(0),−fεk⟩] → 0 k → ∞ |F̃θ[⟨Dφ(0), fεk⟩]|
→ 0 k → ∞

∫
Rd⟨Dφ(0), z − fεk⟩Fµ(dz) → 0 k → ∞

k → ∞

as   , and similarly,     as   . This implies that,   

   as   .  In  addition,      as   .  Therefore,  by  letting

  in (4.10), we obtain that

F̃θ[φ] =

∫
Rd

(φ(z)− ⟨Dφ(0), z⟩)Fµ(dz), for φ ∈ F0. (4.11)

Together with (4.5)-(4.6), the conclusion follows. □

 4.4  Connection to PIDE

(L̃t)t∈[0,1]

C2,3
b ([0, 1]× R3d) [0, 1]× R3d

t x, y, z

In this  section,  we relate  the nonlinear  Lévy process      to  the fully  nonlinear  PIDE

(3.3).  Let      denote  the  set  of  functions  on      having  bounded

continuous partial derivatives up to the second order in    and third order in  , respectively.
Now we give the definition of viscosity solution for PIDE (3.3).

u

[0, 1]× R3d

u(0, ·, ·, ·) ≤ ϕ(·, ·, ·) ( ≥ ϕ(·, ·, ·)) (t, x, y, z) ∈ (0, 1]× R3d

Definition 4.8  A bounded upper semicontinuous (resp. lower semicontinuous) function    on
  is  called  a  viscosity  subsolution  (resp.  viscosity  supersolution)  of  (3.3)  if

    resp.    and for each  ,

∂tψ(t, x, y, z)− sup
(Fµ,q,Q)∈Θ

{∫
Rd

δλψ(t, x, y, z)Fµ(dλ)+⟨Dyψ(t, x, y, z), q⟩+
1

2
tr[D2

xψ(t, x, y, z)Q]

}
≤ 0 (resp. ≥ 0)

ψ ∈ C2,3
b ((0, 1]× R3d) ψ ≥ u ψ ≤ u ψ(t, x, y, z) = u(t, x, y, z)

u

whenever    is such that    (resp.   ) and  . A

bounded continuous function    is a viscosity solution of (3.3) if it is both a viscosity subsolution
and supersolution.

ϕ ∈ Cb,Lip(R3d)For each  , define

u(t, x, y, z) = Ẽ[ϕ(x+ ξ̃t, y + η̃t, z + ζ̃t)], (t, x, y, z) ∈ [0, 1]× R3d. (4.12)

uTheorem 4.9  Suppose that assumptions (A1)-(A3) hold. Then, the value function    of (4.12)
is the unique viscosity solution of the fully nonlinear PIDE (3.3), i.e.,

∂tu(t, x, y, z)− sup
(Fµ,q,Q)∈Θ

{∫
Rd

δλu(t, x, y, z)Fµ(dλ)

+⟨Dyu(t, x, y, z), q⟩+
1

2
tr[D2

xu(t, x, y, z)Q]

}
= 0,

u(0, x, y, z) = ϕ(x, y, z), ∀(t, x, y, z) ∈ [0, 1]× R3d,

(4.13)
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δλu(t, x, y, z) = u(t, x, y, z + λ)− u(t, x, y, z)− ⟨Dzu(t, x, y, z), λ⟩where  .

u u(t, ·, ·, ·)
ϕ t, s ∈ [0, 1] t+ s ≤ 1

Proof  We first  show that      is  continuous.  It  is  clear  that      is  uniformly Lipschitz
continuous with the same Lipschitz constant as for  . For each    such that  ,
we obtain

u(t+ s, x, y, z) = Ẽ[u(t, x+ ξ̃s, y + η̃s, z + ζ̃s)], (x, y, z) ∈ R3d, (4.14)

u(·, x, y, z)which implies the continuity of  :

|u(t+ s, x, y, z)− u(t, x, y, z)| ≤ CẼ[|ξ̃s|+ |η̃s|+ |ζ̃s|] ≤ C
(√
s+ s+Mz

α
√
s
)
.

u

u

ψ

(0, 1]× R3d ψ ≥ u ψ(t̄, x̄, ȳ, z̄) = u(t̄, x̄, ȳ, z̄)

(t̄, x̄, ȳ, z̄) ∈ (0, 1]× R3d s ∈ (0, t̄)

Next,  we  will  prove  that      is  the  unique  viscosity  solution  of  (4.13).  The  uniqueness  of
viscosity solution can be found in Corollary 55 in [15]. It suffices to prove that     is a viscosity
subsolution, and the other case can be proved in a similar way. Assume that    is a smooth test
function  on      satisfying      and      for  some  point

. For each  , the dynamic programming principle (4.14) shows that

0 = Ẽ[u(t̄− s, x̄+ ξ̃s, ȳ + η̃s, z̄ + ζ̃s)− u(t̄, x̄, ȳ, z̄)]

≤ Ẽ[ψ(t̄− s, x̄+ ξ̃s, ȳ + η̃s, z̄ + ζ̃s)− ψ(t̄, x̄, ȳ, z̄)].

We claim that

Ẽ[ψ(t̄− s, x̄+ ξ̃s, ȳ + η̃s, z̄ + ζ̃s)− ψ(t̄, x̄, ȳ, z̄)]

= − ∂tψ(t̄, x̄, ȳ, z̄)s+ Ẽ[ψ(t̄, x̄, ȳ, z̄ + ζ̃s)− ψ(t̄, x̄, ȳ, z̄)

+ ⟨Dyψ(t̄, x̄, ȳ, z̄), η̃s⟩+
1

2
⟨D2

xψ(t̄, x̄, ȳ, z̄)ξ̃s, ξ̃s⟩] + o(s), (4.15)

whose proof will be given at the end of the Proof This implies that

0 ≤ − ∂tψ(t̄, x̄, ȳ, z̄) + lim
s→0

Ẽ[ψ(t̄, x̄, ȳ, z̄ + ζ̃s)− ψ(t̄, x̄, ȳ, z̄)

+ ⟨Dyψ(t̄, x̄, ȳ, z̄), η̃s⟩+
1

2
⟨D2

xψ(t̄, x̄, ȳ, z̄)ξ̃s, ξ̃s⟩]s−1. (4.16)

Θ ⊂ L× Rd × S+(d)In turn, Theorem 4.7 yields that there exists an uncertainty set    satisfying

sup
(Fµ,q,Q)∈Θ

{∫
Rd

|z| ∧ |z|2Fµ(dz) + |q|+ |Q|
}
<∞

such that

lim
s→0

Ẽ
[
ψ(t̄, x̄, ȳ, z̄ + ζ̃s)− ψ(t̄, x̄, ȳ, z̄) + ⟨Dyψ(t̄, x̄, ȳ, z̄), η̃s⟩+

1

2
⟨D2

xψ(t̄, x̄, ȳ, z̄)ξ̃s, ξ̃s⟩
]
s−1

= sup
(Fµ,q,Q)∈Θ

{∫
Rd

δλψ(t̄, x̄, ȳ, z̄)Fµ(dλ) + ⟨Dyψ(t̄, x̄, ȳ, z̄), q⟩+
1

2
tr[D2

xψ(t̄, x̄, ȳ, z̄)Q]

}
. (4.17)

Combining (4.16) with (4.17), it follows that

∂tψ(t̄, x̄, ȳ, z̄)− sup
(Fµ,q,Q)∈Θ

{∫
Rd

δλψ(t̄, x̄, ȳ, z̄)Fµ(dλ)⟨Dyψ(t̄, x̄, ȳ, z̄), q⟩

+
1

2
tr[D2

xψ(t̄, x̄, ȳ, z̄)Q]

}
≤ 0,

24 Mingshang Hu, Lianzi Jiang, Gechun Liang, Shige Peng



which is the desired result.
We conclude the proof by showing (4.15). Note that

ψ(t̄− s, x̄+ ξ̃s, ȳ + η̃s, z̄ + ζ̃s)− ψ(t̄, x̄, ȳ, z̄)

= ψ(t̄− s, x̄+ ξ̃s, ȳ + η̃s, z̄ + ζ̃s)− ψ(t̄, x̄+ ξ̃s, ȳ + η̃s, z̄ + ζ̃s)

+ ψ(t̄, x̄+ ξ̃s, ȳ + η̃s, z̄ + ζ̃s)− ψ(t̄, x̄, ȳ, z̄). (4.18)

Taylor’s expansion yields that

ψ(t̄− s, x̄+ ξ̃s, ȳ + η̃s, z̄ + ζ̃s)− ψ(t̄, x̄+ ξ̃s, ȳ + η̃s, z̄ + ζ̃s) = −∂tψ(t̄, x̄, ȳ, z̄)s+ ϵ1, (4.19)

where

ϵ1 = s

∫ 1

0

[
− ∂tψ(t̄− θs, x̄+ ξ̃s, ȳ + η̃s, z̄ + ζ̃s) + ∂tψ(t̄, x̄, ȳ, z̄)

]
dθ.

ψ (ξ̃s, η̃s)
d
= (

√
sξ̃1, sη̃1)Since    is the smooth function and     , we obtain that

Ẽ[|ϵ1|] ≤ Cψ(s
2 + Ẽ[|ξ̃s + η̃s|]s+ Ẽ[|ζ̃s|]s) ≤ Cs

3
2 .

On the other hand, using Taylor’s expansion, we derive that

ψ(t̄, x̄+ ξ̃s, ȳ + η̃s, z̄ + ζ̃s)− ψ(t̄, x̄, ȳ, z̄)

= ψ(t̄, x̄, ȳ, z̄ + ζ̃s)− ψ(t̄, x̄, ȳ, z̄) + ⟨Dxψ(t̄, x̄, ȳ, z̄), ξ̃s⟩

+ ⟨Dyψ(t̄, x̄, ȳ, z̄), η̃s⟩+
1

2
⟨D2

xψ(t̄, x̄, ȳ, z̄)ξ̃s, ξ̃s⟩+ ϵ2, (4.20)

ϵ2 := ϵ2,1 + ϵ2,2where  ,

ϵ2,1 = ψ(t̄, x̄+ ξ̃s, ȳ + η̃s, z̄ + ζ̃s)− ψ(t̄, x̄, ȳ, z̄ + ζ̃s)

− (ψ(t̄, x̄+ ξ̃s, ȳ + η̃s, z̄)− ψ(t̄, x̄, ȳ, z̄))

=

∫ 1

0

⟨
Dxψ(t̄, x̄+ θξ̃s, ȳ + θη̃s, z̄ + ζ̃s)−Dxψ(t̄, x̄+ θξ̃s, ȳ + θη̃s, z̄), ξ̃s

⟩
dθ

+

∫ 1

0

⟨
Dyψ(t̄, x̄+ θξ̃s, ȳ + θη̃s, z̄ + ζ̃s)−Dyψ(t̄, x̄+ θξ̃s, ȳ + θη̃s, z̄), η̃s

⟩
dθ

:=

∫ 1

0

⟨
δxψ(ζ̃s; t̄, x̄+ θξ̃s, ȳ + θη̃s), ξ̃s

⟩
dθ +

∫ 1

0

⟨
δyψ(ζ̃s; t̄, x̄+ θξ̃s, ȳ + θη̃s), η̃s

⟩
dθ,

and

ϵ2,2 = ψ(t̄, x̄+ ξ̃s, ȳ + η̃s, z̄)− ψ(t̄, x̄, ȳ, z̄)− ⟨Dxψ(t̄, x̄, ȳ, z̄), ξ̃s⟩

− ⟨Dyψ(t̄, x̄, ȳ, z̄), η̃s⟩ −
1

2
⟨D2

xψ(t̄, x̄, ȳ, z̄)ξ̃s, ξ̃s⟩

=

∫ 1

0

∫ 1

0

⟨
(D2

xψ(t̄, x̄+ τθξ̃s, ȳ + τθη̃s, z̄)−D2
xψ(t̄, x̄, ȳ, z̄))ξ̃s, ξ̃s

⟩
θdθdτ

+

∫ 1

0

∫ 1

0

⟨
D2
yψ(t̄, x̄+ τθξ̃s, ȳ + τθη̃s, z̄)η̃s, η̃s

⟩
θdθdτ

+ 2

∫ 1

0

∫ 1

0

⟨
D2
xyψ(t̄, x̄+ τθξ̃s, ȳ + τθη̃s, z̄)η̃s, ξ̃s

⟩
θdθdτ.
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Dψ p =
2 + α

2− α
q =

2 + α

2α
Noting that    is bounded and choosing    and  , it follows that

Ẽ[|ϵ2,1|] ≤
(
Ẽ[|ξ̃s|p]

) 1
p

(
Ẽ
[ ∫ 1

0

|δxψ(ζ̃s; t̄, x̄+ θξ̃s, ȳ + θη̃s)|qdθ
]) 1

q

+
(
Ẽ[|η̃s|p]

) 1
p

(
Ẽ
[ ∫ 1

0

|δyψ(ζ̃s; t̄, x̄+ θξ̃s, ȳ + θη̃s)|qdθ
]) 1

q

≤ C
(
Ẽ[|ξ̃s|p]

) 1
p

(
Ẽ
[ ∫ 1

0

|δxψ(ζ̃s; t̄, x̄+ θξ̃s, ȳ + θη̃s)|dθ
]) 1

q

+ C
(
Ẽ[|η̃s|p]

) 1
p

(
Ẽ
[ ∫ 1

0

|δyψ(ζ̃s; t̄, x̄+ θξ̃s, ȳ + θη̃s)|dθ
]) 1

q

≤ C1

[(
Ẽ[|ξ̃s|p]

) 1
p +

(
Ẽ[|η̃s|p]

) 1
p

](
Ẽ[|ζ̃s|]

) 1
q = o(s).

Likewise, we have

Ẽ[|ϵ2,2|] ≤ CẼ
[
|ξ̃s|3 + |η̃s||ξ̃s|2 + |η̃s|2 + 2|η̃s||ξ̃s|

]
= o(s).

Ẽ[ξ̃s] = Ẽ[−ξ̃s] = 0Consequently, together with (4.18)-(4.20) and  , we prove (4.15). The proof is

completed. □

 5.  An example

d = 2 Λ,Λ > 0 Fµ

µ S0 = {(1, 0), (−1, 0), (0, 1), (0,−1)}

Example 5.1  This example illustrates the rationality of the conditions (A2)-(A3). For simplicity,

we consider the case  . Given  . Let    be the Lévy measure given in Remark 3.3

with    concentrated on the points  ,

L0 =
{
Fµ measure on R2 : µ(β) ∈ (Λ,Λ), for β ∈ S0

}
,

L ⊂ L0 K = (Λ,Λ)4and    be a nonempty compact convex set. Denote    and

k11 = µ((−1, 0)), k12 = µ((1, 0)), k21 = µ((0,−1)), k22 = µ((0, 1)).

(k11, k
1
2, k

2
1, k

2
2) ∈ K Wki i = 1, 2

i = 1, 2

For each  , let  ,  , be two classical random variables such that for

,

Wki(i)    has mean zero;

Wki(ii)    has a cumulative distribution function

FWki (x) =

{ [
ki1/α+ βi1(x)

]
1

|x|α , x < 0,

1−
[
ki2/α+ βi2(x)

]
1
xα , x > 0,

βi1 : (−∞, 0] → R βi2 : [0,∞) → Rwith some continuously differentiable functions          and    satisfying
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lim
x→−∞

βi1(x) = lim
x→∞

βi2(x) = 0.

f N n→ ∞
f(n) n

(iii) There  exists  a  non-negative  function      on      tending  to  0  as    ,  such  that  the
following quantities are less than    for all  :

|βi1(−n1/α)|,
∫ −1

−∞

|βi1(n1/αx)|
|x|α

dx,
∫ 0

−1

|βi1(n1/αx)|
|x|α−1

dx,

|βi2(n1/α)|,
∫ ∞

1

|βi2(n1/αx)|
xα

dx,
∫ 1

0

|βi2(n1/αx)|
xα−1

dx.

Ω̃ = R2 H̃ = CLip(R2) χ = φ(x1, x2) ∈ H̃Denote  ,  . For each  , define the sublinear expectation

Ê1[χ] = sup
(k11,k

1
2,k

2
1,k

2
2)∈K

∫
R2

φ(x1, x2)dFWk1 (x1)dFWk2 (x2).

R2We consider an    -valued random variable

Z(ω̃) = (Z1, Z2)(ω̃) = ω̃, ω̃ = (x1, x2) ∈ Ω̃.

Ê1[Z
i] = Ê1[−Zi] = 0 Ê1[|Zi|] <∞ i = 1, 2Clearly,    and  , for  . Construct a product space (cf. [31])(

Ω,H, Ê
)
:=
(
Ω̃N, H̃⊗N

, Ê⊗N

1

)
Zi(ω) := Z(ω̃i) ω = (ω̃1, ω̃2, · · · ) ∈ Ω i = 1, 2, · · · {Zi}∞i=1

R2
(
Ω,H, Ê

)
Zi+1

d
= Zi

Zi+1 ⊥⊥ (Z1, Z2, . . . , Zi) i ∈ N

and  introduce  ,  for  ,  .  Then    be  a

sequence  of  i.i.d.    -valued  random  variables  on    in  the  sense  that  ,  and

  for each  .

Mz <∞ n

un : [0, 1]× R2 → R
Next, we shall adapt the method developed in [13] to prove  . For given  , define an

approximation scheme    recursively by

un(t, z) = |z|, if t ∈ [0, 1/n),

un(t, z) = Ê[un(t− 1/n, z + n−1/αZ1)], if t ∈ [1/n, 1].

un(1, 0) = n−
1
α Ê[|S3

n|]Then,  . By means of Theorem 4.1 in [13], we get

un(1, 0) = un(1, 0)− un(0, 0) ≤ C(1 +
√
f(n))

C <∞ n→ ∞approaches    as  , which implies (A2) holds.

To verify (A3), we further impose the condition

M > 0 (k11, k
1
2, k

2
1, k

2
2) ∈ K

M

(iv)  There  exists  a  constant    such  that  for  any  ,  the  following

quantities are less than  : ∣∣∣∣∫ −1

−∞

βi1(x)

|x|α
dx

∣∣∣∣ , ∣∣∣∣∫ ∞

1

βi2(x)

xα
dx

∣∣∣∣ .
φ ∈ C3

b (R2)Following along similar arguments as in Remark 3.3, we derive that for  
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1

s

∣∣∣∣Ê[φ(z + s
1
αZ1)− φ(z)

]
− s sup

Fµ∈L

∫
R2

δλφ(z)Fµ(dλ)

∣∣∣∣
≤ 1

s
Ê
[∣∣∣∣Ê[δ1s1/αZ1

1
φ(z1, z2 + x2)

]
− s sup

Fµ∈L

∫
R
δ1λ1

φ(z1, z2 + x2)F
1
µ(dλ1)

∣∣∣∣
x2=s1/αZ2

1

]

+ Cs
1
α Ê[|Z2

1 |] +
1

s

∣∣∣∣Ê[δ2s1/αZ2
1
φ(z1, z2)

]
− s sup

Fµ∈L

∫
R
δ2λ2

φ(z1, z2)F
2
µ(dλ2)

∣∣∣∣→ 0

z ∈ R2 s→ 0uniformly on    as  .

 6.  Appendix

 6.1  Proof of Theorem 2.9

{Êα}α∈A (Rn, Cb,Lip(Rn))
Ê (Rn, Cb,Lip(Rn))

Since sublinear expectations    are tight on  , then there exists a tight

sublinear expectation    on    such that

Êα[φ]− Êα[φ′] ≤ Ê[φ− φ′], for each φ,φ′ ∈ Cb,Lip(Rn).

{Ni}∞i=1 i ∈ N
ϕi ∈ Cb,Lip(Rn) 1l{|x|≥Ni} ≤ ϕi Ê[ϕi] ≤ 1/i Ki := {|x| ≤ Ni}

i ∈ N {φj}∞j=1 Cb,Lip(Rn) Ki

{φj(x)}∞j=1|x∈Ki Cb,Lip(Ki)

Let    be a sequence of strictly increasing positive integers satisfying for each    there
exists  a      with      such  that   .  Denote   

for   .  Let      constitute  a  linear  subspace  of      such  that  for  each   ,

  is dense in  .

{Êαni
}∞i=1 j ∈ N

{Êαni
[φj ]}∞i=1 {Êαn [φ1]}∞n=1

{Êαn1(i)
}∞i=1 ⊂ {Êαn}∞n=1 {Êαn1(i)

[φ1]}∞i=1

{Êαn1(i)
[φ2]}∞i=1

{Êαn2(i)
}∞i=1 ⊂ {Êαn1(i)

}∞i=1 {Êαn2(i)
[φ2]}∞i=1

j ∈ N {Êαnj(i)
}∞i=1 ⊂ {Êαnj−1(i)

}∞i=1

{Êαnj(i)
[φj ]}∞i=1 {Êαni(i)

}∞i=1

j ∈ N {Êαni(i)
[φj ]}∞i=1 ni = ni(i)

We  first  claim  that  there  exists  a  subsequence      such  that,  for  each   ,

   is  a  Cauchy  sequence.  Indeed,  note  that      is  a  bounded  sequence,

then  there  exists  a  subsequence      such  that      is  a

Cauchy  sequence.  Similar  procedure  applies  to   ,  we  find  a  subsequence

  such that    is a Cauchy sequence. Repeating this process,

we  find  that,  for  each   ,  a  subsequence      such  that

  is a Cauchy sequence. Taking the diagonal sequence  , then for each

,    is a Cauchy sequence. Thus, the claim follows by letting  .

φ ∈ Cb,Lip(Rn) {Êαni
[φ]}∞i=1

M := supx∈Rn |φ(x)| ε > 0 m > 16M/ε

1l{|x|≥Nm} ≤ ϕm Ê[ϕm] ≤ ε
16M {φjl}∞l=1 {φj}∞j=1

sup
l∈N

sup
x∈Rn

|φjl(x)| ≤M

It  remains  prove  that  for  each   ,      is  also  a  Cauchy  sequence.

Denote   .  For  each   ,  we  choose  some      such  that

   and   .  Let      be  a  subsequence  of      such  that

  and

lim
l→∞

sup
x∈Km

|φjl(x)− φ(x)| = 0.

l0 sup
x∈Km

|φjl0 (x)− φ(x)| ≤ ε/8

x ∈ Rn
Thus  there  exists  some  large  integer      such  that   ,  which  implies

that for  

|φjl0 (x)− φ(x)| = |φjl0 (x)− φ(x)|1lKm
(x) + |φjl0 (x)− φ(x)|1lKc

m
(x)

≤ sup
y∈Km

|φjl0 (y)− φ(y)|1lKm
(x) + 2M1l{|x|≥Nm}

≤ ε/8 + 2Mϕm(x).

Ê
[
|φjl0 − φ|

]
≤ ε/4 l0 i0Then one easily gets  . For this  , we know that there exist a large integer  ,
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∣∣Êαni
[φjl0 ]− Êαnj

[φjl0 ]
∣∣ ≤ ε/2 i, j ≥ i0such that    for any  . Then, it follows that∣∣Êαni

[φ]− Êαnj
[φ]
∣∣ ≤ 2Ê

[
|φ− φjl0 |

]
+
∣∣Êαni

[φjl0 ]

− Êαnj
[φjl0 ]

∣∣ ≤ ε.

{Êαni
[φ]}∞i=1Therefore, we conclude that    is a Cauchy sequence. This completes the Proof.

(L̃t)t∈[0,1] 6.2  The construction of nonlinear Lévy process  

Ẽ : Lip(Ω̃) → R
(L̃t)t∈[0,1]

In  the  following,  we  will  construct  a  sublinear  expectation      such  that  the
canonical process    is a nonlinear Lévy process. We divide it into the following three steps.

m ≥ 0 τm = 2−mStep 1  For each  , let  ,

Hm =
{
φ
(
L̃τm , L̃2τm − L̃τm , . . . , L̃2mτm − L̃(2m−1)τm

)
: ∀φ ∈ Cb,Lip

(
R2m×3d

)}
, for m ≥ 1,

H0 =
{
ϕ
(
L̃1

)
: ∀ϕ ∈ Cb,Lip

(
R3d

)}
.

{Lnτm}∞n=1 R3d (Ω,H, Ê1)

L1
τm

d
= Lτm Ln+1

τm

d
= Lnτm Ln+1

τm ⊥ ⊥ (L1
τm , L

2
τm , . . . , L

n
τm) n ∈ N

m ≥ 1 ϕ
(
L̃nτm − L̃(n−1)τm

)
1 ≤ n ≤ 2m ϕ ∈ Cb,Lip(R3d)

Let    be a sequence of i.i.d.    -valued random variables defined on    in the

sense  that   ,      and      for  each   .  For

given  ,    with  , and  , define

Ẽm
[
ϕ
(
L̃nτm − L̃(n−1)τm

)]
= Ê1

[
ϕ(Lnτm)

]
.

φ
(
L̃τm , . . . , L̃2mτm − L̃(2m−1)τm

)
∈ Hm φ ∈ Cb,Lip

(
R2m×3d

)
For  , for some  , define

Ẽm
[
φ
(
L̃τm , . . . , L̃2mτm − L̃(2m−1)τm

)]
= φ0,

φ0where    is defined iteratively through

φ2m−1(x1, x2, . . . , x2m−1) = Ẽm
[
φ
(
x1, x2, . . . , x2m−1, L̃2mτm − L̃(2m−1)τm

)]
φ2m−2(x1, x2, . . . , x2m−2) = Ẽm

[
φ2m−1

(
x1, x2, . . . , x2m−2, L̃(2m−1)τm − L̃(2m−2)τm

)]
...

φ1(x1) = Ẽm
[
φ2

(
x1, L̃2τm − L̃τm

)]
φ0 = Ẽm

[
φ1

(
L̃τm

)]
.

ϕ ∈ Cb,Lip(R3d)For  , we also define

Ẽ0
[
ϕ
(
L̃1

)]
= Ê1

[
ϕ(L1)

]
.

(Ω̃,Hm, Ẽm)

L̃t − L̃s
d
= L̃t−s L̃t − L̃s ⊥⊥ (L̃t1 , . . . , L̃ti) ti, s, t ∈ Dm[0, 1] :=

{l2−m : 0 ≤ l ≤ 2m, l ∈ N} ti ≤ s ≤ t Ẽm[·]
m ≥ 0 Ẽm+1[·] = Ẽm[·] Hm

From the  above  definition  we  know that      is  a  sublinear  expectation  space under
which          and      for  each   

  with  . Also, it can be checked that    is consistent, i.e.,
for each  ,    on  .

Hm ⊂ Hm+1 m ≥ 0Step 2  Note that  , for each  . Denote

H∞ =
∪
m≥0

Hm.
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H∞ ⊂ Lip(Ω̃) χ1, . . . , χi ∈ H∞ φ(χ1, . . . , χi) ∈ H∞ φ ∈
Cb,Lip(Ri) χ ∈ H∞ m0 ∈ N χ ∈ Hm0

Obviously,      such  that  if   ,  then      for   

. For any  , there exists an    such that  , define

Ẽ[χ] := Ẽm0 [χ].

Ẽm[·] Ẽ : H∞ → RSince    is consistent,    is a well-defined sublinear expectation.

Ẽ : H∞ → R Ẽ : Lip(Ω̃) → R Ẽ
D∞[0, 1] := ∪m≥0Dm[0, 1] φ(L̃t1 , . . . , L̃tn − L̃tn−1) ∈ Lip(Ω̃)

φ ∈ Cb,Lip(Rn×3d) tk ∈ [0, 1] 1 ≤ k ≤ n {tik}∞i=1 ∈ D∞[0, 1]

tik < tik+1 tik ↓ tk i→ ∞

Step 3  We extend the sublinear expectation    to    and still use  

for  simplicity.  Denote   .  For  each   

with  , for each  ,  , we choose a sequence  

such that    and    as  . Define

Ẽ
[
φ
(
L̃t1 , . . . , L̃tn − L̃tn−1

)]
= lim
i→∞

Ẽ
[
φ
(
L̃ti1 , . . . , L̃tin − L̃tin−1

)]
.

{tik}∞i=1

{tik}∞i=1 {ti′k }∞i′=1 tk i, i′ → ∞
tik − ti

′

k := lkτmk
mk ∈ N 1 ≤ lk ≤ 2mk L̃·

{S̄τmk

n∗
j

}∞j=1 φ ∈ Cb,Lip(Rn×3d)

It  can  be  verified  that  the  limit  does  not  depend  on  the  choice  of   .  Indeed,  for  two

descending  sequences      and      with  the  same  limit      as   ,  we  assume

that      for  some      and   .  From  the  construction  of      and

Remark 2.13, there exists a convergent sequence    such that for  ∣∣∣Ẽ[φ(L̃ti1 , . . . , L̃tin − L̃tin−1

)]
− Ẽ

[
φ
(
L̃ti′1

, . . . , L̃ti′n − L̃ti′n−1

)]∣∣∣
≤ LφẼ

[( n∑
k=1

|L̃tik − L̃tik−1
− L̃ti′k

+ L̃ti′k−1
|
)
∧ 2Nφ

]
≤ 2Lφ

n∑
k=1

Ẽ
[
|L̃tik−ti′k | ∧ 2Nφ

]
= 2Lφ

n∑
k=1

Ê1

[
|L1
τmk

+ · · ·+ Llkτmk
| ∧ 2Nφ

]
= 2Lφ

n∑
k=1

lim
j→∞

Ê
[
|S̄t

i
k−t

i′
k

lkn∗
j

| ∧ 2Nφ
]

≤ 2Lφ

n∑
k=1

lim
j→∞

Ê
[∣∣(tik − ti

′

k )
1/2(lkn

∗
j )

−1/2S1
lkn∗

j

∣∣ ∧ 2Nφ
]

+ 2Lφ

n∑
k=1

lim
j→∞

Ê
[∣∣(tik − ti

′

k )(lkn
∗
j )

−1S2
lkn∗

j

∣∣ ∧ 2Nφ
]

+ 2Lφ

n∑
k=1

lim
j→∞

Ê
[∣∣(tik − ti

′

k )
1/α(lkn

∗
j )

−1/αS3
lkn∗

j

∣∣ ∧ 2Nφ
]

≤ 2Lφ

n∑
k=1

Ê1

[(
(tik − ti

′

k )
1/2|ξ1|

)
∧ 2Nφ

]
+ 2Lφ

n∑
k=1

Ê1

[(
(tik − ti

′

k )|η1|
)
∧ 2Nφ

]
+ 2Lφ

n∑
k=1

(tik − ti
′

k )
1/αMz

→ 0, as i, i′ → ∞,

Lφ > 0 φ Kφ := |φ|0 Nφ :=
Kφ

Lφ
Ẽ : Lip(Ω̃) → R

φ(L̃t1 , . . . , L̃tn − L̃tn−1) = φ′(L̃t1 , . . . , L̃tn−
L̃tn−1) φ,φ′ ∈ Cb,Lip(Rn×3d)

where    is the Lipschitz constant of  ,    and  . Also,  

is  a  well-defined  sublinear  expectation,  that  is,  if       

  with  , then

30 Mingshang Hu, Lianzi Jiang, Gechun Liang, Shige Peng



Ẽ
[
φ
(
L̃t1 , . . . , L̃tn − L̃tn−1

)]
= Ẽ

[
φ′(L̃t1 , . . . , L̃tn − L̃tn−1

)]
.

ti, s, t ∈ [0, 1] ti ≤ s ≤ t L̃t − L̃s
d
= L̃t−s L̃t − L̃s ⊥⊥ (L̃t1 , . . . , L̃ti)

Ẽ (Ω̃, Lip(Ω̃), Ẽ)
(L̃t)t∈[0,1]

Moreover, for each   with  ,       and  
under   . Thus,     is a sublinear expectation space on which the canonical process

  is a nonlinear Lévy process.
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