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Thermal capillary waves on bounded nanoscale thin films
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The effect of confining walls on the fluctuation of a nanoscale thin film’s free surface is studied
using the stochastic thin-film equations (STFE). Two canonical boundary conditions are employed
to reveal the influence of the confinement: (i) an imposed contact angle and (ii) a pinned contact line.
A linear stability analysis provides the wave eigenmodes, after which thermal-capillary-wave theory
predicts the wave fluctuation amplitudes. Molecular dynamics (MD) simulations are performed
to test the predictions and a Langevin diffusion model is proposed to capture oscillations of the
contact-lines observed in MD. Good agreement between the theoretical predictions and the MD
simulation results is recovered, and it is discovered that confinement can influence the entire film.
Notably, a constraint on the length scale of wave modes is found to affect fluctuation amplitudes
from our theoretical model, especially for 3D films. This opens up new challenges and future lines

of inquiry.

I. INTRODUCTION

The behavior of fluids at the nanoscale attracts in-
creasing attention as fluid-based technologies continue to
minituarize [I], for example, in: lab-on-a-chip devices [2],
nanofluidic transistors [3], ink-jet printing [4] and osmotic
transport [5]. The dynamics at such scales are challeng-
ing, if not impossible, to observe experimentally, making
modeling and simulation a vital component of contin-
ued technological progress. However, due to the addi-
tional physical phenomena that appear when going from
traditional engineering scales to the nanoscale [6], con-
ventional fluid dynamical modeling approaches are often
inaccurate.

A canonical nanoscale flow topic that underpins many
applications is the behavior and stability of thin liquid
films on rigid solid surfaces. Here, stability is crucial to
coating technologies [7) [8] whilst instability can be har-
nessed to create pre-determined patterns [9]. Driven by
technological demands and fundamental interest, there
is a huge body of research in this field, see for example
review articles [9HI2]. It is well established that at the
nanoscale disjoining pressure becomes important, com-
peting with surface tension for the stability of the film
and driving rupture; via the so-called spinodal mecha-
nism [I3HI5]. Notably, though, in order for theoreti-
cal predictions of rupture timescales to agree with those
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from experiment, thermal fluctuations, which drive free-
surface nanowaves, need to be incorporated in the physi-
cal model [T6]. The dynamics of these nanowaves on thin
films form the basis of this work, where we consider, for
the first time, their behavior within a confined environ-
ment, i.e. bounded by surfaces.

It has long been expected that the chaotic thermal
motion of molecules in a liquid would generate so-
called ‘thermal capillary waves’ at liquid-fluid interfaces
[T7,[18]. Relatively recently, such waves have been exper-
imentally confirmed using optical scattering techniques
[19H21], by exploiting ultra-low surface tension fluids to
generate micron-scale waves [22, 23] and, most recently,
using an atomic force microscope cantilever placed on a
micro hemispherical bubble [24].

An alternative tool for probing the physics of the
nanoscale is molecular dynamics (MD) simulations, pro-
viding an environment for conducting ‘virtual experi-
ments’ [25, 26] that complement traditional methods
and yield additional understanding. MD simulations
have observed thermal capillary waves in the context of:
nanoscale thin films [27H3T], the instability and breakup
of liquid jets [32H34], the coalescence of nanodroplets
[B5H37] and films on fibers [38]. Whilst MD contains
the necessary nanoscale physics to capture thermal cap-
illary waves, it is both very computationally expensive
and requires interpretation that is arguably best provided
by macroscopic theories. For illustration, in this arti-
cle, a 51.4 ns simulation of a thin film containing 32883
Lennard-Jones particles took 11 hours to run on a 28 core
CPU; and to obtain statistically reliable averages, multi-
ple realizations are needed. Clearly, there is a need for a
complementary modeling approach that is more compu-
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tationally tractable.

To go beyond conventional fluid mechanics and in-
clude thermal fluctuations, Landau and Lifshitz intro-
duced the equations of fluctuating hydrodynamics (FH)
[39] by adding a random stress tensor satisfying the fluc-
tuation dissipation theorem into the Navier-Stokes equa-
tions. For thin liquid films, the stochastic thin-film
equation (STFE), accurate in the lubrication approxima-
tion, has been derived for planar films [40] 41]; a similar
stochastic equation has been obtained for jets [32]. Ex-
tensions of the STFE have also been derived, for example,
for different slip conditions [28] [38] and with an elastic
plate on top of the film [42].

A linear stability analysis can be applied to the STFE
to obtain a power spectrum for the thermal capillary
waves [43] that can be compared with experiment [16].
The power spectrum of the free-surface waves has also
been shown to agree with MD [27, [38], exhibiting uncon-
ventional effects like an evolving wave number associated
with fastest growth. Attempts have also been made to
solve the full nonlinear STFE, and its variants, numeri-
cally [34], [44H46] which, although requiring more complex
formulations, still generate large computational savings
compared with MD. In summary, the STFE is a remark-
ably powerful and efficient tool for studying the dynamics
of ultra-thin films whose potential is yet to be fully ex-
ploited (e.g., thus far most analyses are confined to 2D).

Notably, previous studies of the STFE either assume
the films are unbounded, that the dynamics are peri-
odic on some length scale (essentially, to enable a simple
Fourier analysis), or that the boundaries are sufficiently
far away that they have no effect other than to poten-
tially regularize the solution at some upper scale. How
then, does confinement, i.e. the effects of nearby bound-
aries, affect the dynamics of nanoscale films? This will
be our focus, beginning by considering the properties of
nanowaves in thermal equilibrium.

In this work, we examine, in both quasi-2D and 3D, the
effect of the two typical boundary conditions where a free
surface meets a wall: (i) an imposed contact angle and
(ii) a (partially) pinned contact line. A linear stability
analysis is performed and the waves modes are calculated
by solving the eigenvalue problem for each boundary con-
dition. Thermal-capillary-wave theory is used to predict
the fluctuation amplitude and then validated against MD
simulations.

The paper is organized as follows. In Section [[I] we
consider quasi-2D bounded films with the two different
boundary conditions and for each provide two ways to
derive a theoretical prediction for the fluctuation ampli-
tude of the free surface: (i) from thermal-capillary-wave
theory; and (ii) directly from the STFE. Details of MD
simulations are provided and results are compared with
the theory. In Section [[IT] we extend our study to 3D
circular bounded films with two different boundary con-
ditions; theories and fluctuation amplitudes are derived.
MD simulations are performed and results are compared.
In Section [[V] the role of a cut-off length scale is then
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FIG. 1: An illustration of the geometry of the quasi-2D
thin-film problem (top) and a snapshot of a
representative MD simulation for a thin film with 90°
contact angle (below); yellow particles denote liquid
Argon and red particles denote Platinum solid.

discussed. In Section M future research directions are
outlined.

II. QUASI-2D BOUNDED THIN FILMS

In this section, we present the modeling and MD simu-
lation results of 2D bounded thin films on a solid that is
in the (x,y)-plane at z = 0, as shown in Fig. (Il The MD
simulations are inherently 3D, and to approximate a 2D
flow the thickness of the film L, in the y-direction is set
to be much smaller than the length of the film L,, mak-
ing it ‘quasi-2D’. To compare the theory to MD results,
we consider quantities which are averaged ‘into the page’,
over L, in the y-direction, resulting in all quantities de-
pending only on (x,t), see [27]. Then, in the absence
of disjoining pressure, whose influence we assume to be
negligible in thermal equilibrium for the film heights we
consider, under the lubrication approximation [I0] the
Navier-Stokes equations are simplified to provide a de-
scription of the free surface z = h(z,t) given by

oh 0 0%h
=L (o), (1)
ot 3u Oz ox3
where « is the surface tension and p is the dynamic
viscosity. When thermal fluctuations are included, the

stochastic thin-film equation (STFE) [40], 4] 43] can be
derived from fluctuating hydrodynamics:

oh v 0 [ 30%h [2kT 0 . 5/
- _ = i _ )
ot 3p dx <h 8x3> * 3uLy Ox (BN, (@)

where kp is the Boltzmann constant, T is the tempera-
ture. Thermal noise N (x,t) has zero mean and covari-
ance

N (2, )N (2, 1)) = 8(x — 2')o(t — t'), (3)

which means that the noise is uncorrelated in both time
and space. Note, the \/1/L, factor in the noise term of
Eq. comes from averaging in the y-direction.



One can easily see that a flat free surface h(z,t) =
hg is a steady solution to Eq. . However, thermal
fluctuations, modeled by the noise term in Eq. ( . drives
the free surface away from the steady solution, creating
thermal capillary waves [9] 26]. In the case of ﬂuctuation—
driven films, (h(z,t)) = hg, where () represents ensemble
average.

To understand the properties of the nanoscale waves,
we consider a linearized setup with h(z,t) = ho+dh(x, t)
and dh < hg. Then, as is conventionally done, if we as-
sume the domain is periodic on a length L., the pertur-
bation can be decomposed into Fourier modes and the
fluctuation amplitude (or surface roughness) can be esti-
mated by [I8] 206]

12L

2
(on7) = 12L

(4)

where I = \/kpT/~ is the ‘thermal length scale’ char-
acterizing the approximate amplitude of these waves. In-
terestingly, the dynamic growth of these nanoscale waves
from an initially flat interface has been shown in [29] to
fall into a specific universality class.

Here, we consider a different, practically more realis-
tic setup, with solid walls at x = 0, L, and two dif-
ferent physically inspired boundary conditions: (i) a pre-
scribed 90° contact angle; and (ii) (partially) pinned con-
tact lines.

A. Prescribed 90° contact angle

As a starting point, we consider a 90° contact angle,
for which the equilibrium state is on average a flat film.
In this case

Oh

oh oh
ox

= =0. (5)
z=0 Ox =L

It is worth noting that here we have assumed that the
contact angle is 90° at every instant in time. Assuming
also that the walls are impermeable, we have

o
T o8

3h

- ~0. (6)

=L,

=0

Since the boundary conditions are not periodic, we can
no longer assume the wave modes to be Fourier. Instead,
linearizing the LE and solving the corresponding eigen-

value problem, we can show that the appropriate wave
modes (see Appendix |A 1)) are as follows:

¢n(x) = cos (anc>7 n=12,... (7)

Given this information, we can proceed with the classical
‘thermal-capillary-wave theory’ approach [47].

1. Thermal-capillary-wave theory

The free surface can be written as the superposition of
the average film thickness hy and a perturbation hq(z,t):

h(z,t) = ho + hy(z,1). 8)

Here, hi(z,t) can be decomposed into the wave modes
¢n(x), so that

=3 au(t)gn(a), (9)
n=1

and it is assumed that a,(t) < ho. An energetic ar-
gument, exploiting equipartition in thermal equilibrium,
will then give us the statistical properties of the ampli-
tudes (the a,’s).

The cost of energy for doing work against surface ten-
sion by expanding the interface’s area is given by

Ly Oh\ 2
E=~ Ly/ 1+ <a> dr —L,L, |, (10)
0 x

where L, is the film length into the page. Taking the
standard thin-film approximation that dh/0r < 1 we

have
L1 /on\?
E ~~L — | — 11
’yy/02(8w)dx’ (11)

so that using Eq. and Eq. @D we can obtain the total
energy:

=Y E, Z y a2, (12)
n=1 n=1

According to the equipartition theorem, at thermal equi-
librium the energy is shared equally among each mode,
ie. (E,) =kpT/2, leading to an expression for the vari-
ance of each mode’s amplitude (note their means are zero
by construction):
2 , L, 1
2 2

(a7) = — Tfﬁ-

™ gy
This expression then allows us to obtain information
about the nanowaves in thermal equilibrium. Using

Eq. (9) and (aman) = dmn(a?) (see Appendix [A2)), we

can find the variance of the perturbation across the film

as follows
— <Z Qyy, COS (WZZ:C> Z Qp, COS <n[7/rj)>
m=1 n=1
B > 9 5 (T
=Y (a;)cos ( I )

o2 1, & cos” ()

% + (; - Li)j . (14)

(13)




Notably, in contrast to the periodic spatially homoge-
neous case Eq. , expression Eq. is a function of
2. A full discussion of this case will be provided after we
have compared to MD results.

There is also an alternative derivation for (a2) directly
from the STFE (see Appendix . Since the STFE de-
scribes the time evolution of the film height from some
initial (non-equilibrium) state, the result is also time de-
pendent:

2kgT L, 1
9 B z 4
(03) = S (- (2400, (15

where A = vh3r?/(3uL%). This tells us that an initial
perturbation decays exponentially with time, and that
at thermal equilibrium (as ¢ — oo0) the results from
the STFE agrees with Eq. derived from thermal-
capillary-wave theory, which provides a more straight for-
ward derivation.

2. Molecular-dynamics simulations

To verify our new theoretical prediction, we use molec-
ular dynamics simulations (MD) as a virtual experiment
to probe the behavior of quasi-2D thin films that are
bounded on both sides by solid walls with 90° contact
angles.

The simulations are performed in the open-source soft-
ware LAMMPS [48], which has been widely used to study
fluid phenomena at the nanoscale, e.g. [27) 33 49H56]

Argon is used as a fluid and Platinum is used for the
solid walls. The interaction between particles are mod-
eled using the conventional Lennard-Jones 12-6 potential

o= | (32) - (52) ]

TABLE I: Simulation parameters and their
non-dimensional values (reduced units based on
Lennard-Jones potential parameters esf, o, my) for a
90° contact angle.

Property Nondim.value Value Unit
€ff 1 1.67 x 1072 J
€sf 0.52 0.8684 x 102! J
€ss 50 83.5 x 1072 J
O ff 1 0.34 nm
Osf 0.8 0.272 nm
Oss 0.72 0.247 nm
my 1 6.63 x 10726 kg
Ms 4.8863 32.4x 1072 kg
T 0.7 85 K
oL 0.83 1.4 x 10° kg/m?
pv 0.0025 3.5 kg/m?
s 2.6 21.45 x 10® kg/m?
Te 5.5 1.87 nm

where r;; is the distance between atoms i and j, eap is
the energy parameter representing the depth of poten-
tial wells and o4p is the length parameter representing
the effective atomic diameter. Here, AB are different
combinations of particle types; namely, fluid-fluid (ff),
solid-solid (ss) and solid-fluid (sf). The simulation pa-
rameters are summarized in Table [l with corresponding
non-dimensional ‘MD values’ henceforth denoted with an
asterisk (as one can see, energy is scaled with respect to
€, lengths with oy and mass with my). To obtain a 90°
contact angle, we set €7, = 0.52 and o}, = 0.8. The po-
sition of solid particles are fixed to reduce computational
cost. The timestep is set to 0.0085 ps.

Transport properties of liquid Argon are measured un-
der MD simulations, with parameters given by Table [}
Shear viscosity u = 2.44 x 10~% kg/(ms) is calculated
using the Green-Kubo method [57]:

= L | Cm®onar, )

where V is the volume, Jp, are the components of the
stress tensor and the sum accumulates three terms given
by pq (= 2y,yz,zx). Surface tension v = 1.52 x 1072
N/m is calculated from the difference between the normal
and tangential components of pressure tensor in a simple
vapor-liquid-vapor system (z-direction) [58] [59]:

s (P2 = 5 (Pl + Pu(eD) ) 0 19

where L, is the length of the simulation box in the z-
direction and P, Pyy, P,., are the diagonal components
of the pressure tensor.

To set up the MD simulation we use the following pro-
cedure: (i) a block of liquid Argon is created in a periodic
box with dimension (L, Ly, ho), density p; and is equi-
librated for 5 x 10° timesteps with NVT at temperature
T, (ii) a block of vapor Argon is created in a periodic
box with dimension (Lg, Ly, 3ho), density p, then equi-
librated for 5 x 10% timesteps with NVT at temperature
T, (iii) Platinum walls are created with a face centered
cubic structure (fcc) of density ps, each wall has 5 layers
of Platinum atoms with thickness 0.872 nm, the bottom
wall then has dimension (L, L, 0.872) , (iv) the equili-
brated liquid Argon is then place onto the bottom wall
with a 0.17 nm gap between the solid and the liquid (the
gap results from the repulsive force in the Lennard-Jones
potential and its thickness is found after equilibration)
[38], (v) equilibrated vapor Argon is placed on the top.
The MD simulation is then run with NVT at tempera-
ture T'. Fig. [1] shows a snapshot of the MD simulation.
Periodic boundary conditions are applied only in the y-
direction. A reflective wall is applied at the top bound-
ary.

In our simulations, the position of the liquid-vapor in-
terface is determined using the number density and a
binning technique see [29]. We first calculate the number
density of each Argon particle using a cut-off radius of



3.50 . Particles with number density above 0.5n* are
then defined as liquid particles and particles with num-
ber density below 0.5n* are identified as vapor particles,
where n* = 0.83 is the non-dimensional number density
of a liquid Argon particle in the bulk. The simulation
domain is uniformly divided into vertical bins and the
position of the free surface in each bin is determined by
taking the maximum of the heights of all liquid particles
inside the bin. Here, we use bins with side length 1.50 ¢
in x and 1.404 in y. As a result the free surface position
is projected onto a x — y mesh and expressed as a 2D
array.

Three different film lengths are tested: Film 1 (L, =
13.04 nm), Film 2 (L, = 25.99 nm) and Film 3 (L, =
51.29 nm). The film width L, = 2.94 nm is chosen so
that the MD simulation can be consider quasi-2D. The
initial film height hy = 4.85 nm is chosen so that the
film is relatively thin, but yet does not breakup due to
disjoining pressure [9, [I0, 27]. The equilibriation time
te, i.e. the time taken for all the waves to fully develop
from an initially flat interface, is estimated by Eq. ,
which is the characteristic time for the mode with the
longest wavelength (and thus slowest growth) to develop;
this varies with film length L,. Multiple independent
MD simulations (realizations) (Film 1: 10, Film 2: 10,
Film 3: 20) are performed in parallel to reduce wall-clock
simulation time. Data is gathered after t. every 4000
timesteps and the free surface position is averaged in the
y-direction, to provide h = h(x,t) at each snapshot.
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FIG. 2: Standard deviation of the fluctuations of films
with 90° contact angle (black: L, = 13.04 nm, blue:

L, =25.99, green: L, =51.29 nm). MD results (dashed
lines with circles) are compared to our theory, Eq.
(solid lines). Results are normalized by the thermal
length scale 7. The dashed-and-dotted horizontal lines
are fluctuation amplitudes predicted by Eq. for a
periodic (unbounded) film.

Fig. 2| shows the standard deviation of the free sur-
face fluctuations, normalized by the thermal length scale
I7, obtained from MD simulations and compared to our
theoretical predictions, Eq. ; the agreement is excel-
lent. The fluctuation amplitudes of an unbounded film
(i.e. adopting a periodic boundary condition, Eq. )
are also provided. The relative strength of thermal fluc-
tuations of the film interface increase with film length, as
expected [18, 26]. However, comparing to Eq. we can
see that our expression predicts an enhanced fluctuation
amplitude to that of a periodic film everywhere except
at the center, x = L, /2, where they coincide. Physically,
this is because the replacement of periodicity with a fixed
contact angle permits additional (‘half’) wave modes, i.e.
of the form cos((2n — 1)wx/L,) for n = 1,2, ..., which
contribute to a larger amplitude everywhere except at
x = L;/2, where they are zero. Another interesting
observation is that the effects of boundaries propagate
across the whole film, regardless of the film length.

B. Partially pinned contact lines

Now we turn our attention to the case where the con-
tact lines are pinned onto the walls. The position of con-
tact lines can be restrained by chemical heterogeneity
[54] or physical defects [60L 61]. However, in MD it is not
possible to perfectly pin the interface at a height h = hy,
as thermal fluctuations cause it to fluctuate, even if just
mildly around the target pinning height. Therefore, to
compare MD and theory, we must account for this and
do so by modeling the contact line as a Langevin diffu-
sion process; as done in [49]. Then, the ‘partially’ pinned
boundary condition can be written as

h(0,1) = N1(t) + ho,  h(Le,t) = Na(t) + ho.  (19)
Here Ni(t) and Na(t) are Langevin diffusion processes
governed by

dNy

S = —kN1(t) + f1(2), (20)
e A URSALH (2)

where £ is the so-called coefficient of friction, k is the har-
monic constant, and f1(t) and fy(t) are Gaussian noise
functions that satisfy (f1(s)f1(7)) = 2£kpTd(s — 7) and
(f2(s) fa(T)) = 26kBTo(s — 7).

From this model, the correlation of N has the form [62]

kT
= —ce

(N(s)N(r)) gl (22)

and when s = 7 Eq. simply gives the variance of NV
as

kT

(N2 =2

(23)



FIG. 3: Wave modes ¢, (z) for a film with perfectly
pinned contact lines.

By fitting the exponential curve of Eq. (22]) and the vari-
ance Eq. . ) to MD simulations data We can calculate
k and &.

Our problem in this case is then solving the STFE
Eq. (2) with the partially-pinned-contact-line condition
Eq. (19) and the impermeable side-wall condition Eq. @

1.  Bulk modes

For a perfectly pinned contact line, the appropriate
wave modes (see Appendix are

on ()= sinh(\Y*z) 4 sin(A/*z)
—|—K( cosh()\;/‘l:v) — cos()\}/‘lx)) (24)

with eigenvalues

2 4
A,Lz<”/L+m) . m=12.. (25

As distinct from the 90°-contact-angle case, the mode
corresponding to the A\g = 0 case also exists:

vo(z) =z (1 - L”;) . (26)

Although ¢, (x) are not orthogonal, for odd n they are
odd functions around x = L, /2 and for even n they are
even functions around z = L,/2. We will exploit this
property to simplify the calculation for fluctuation am-
plitudes later on. Figure [3] provides an illustration of

(pn(.%')

2. Decomposition of fluctuations

The partially-pinned-contact-line boundary condition
is a linear combination of the perfectly pinned condition
and the Langevin diffusion condition. This suggests that
under linearization the free surface can be decomposed
as

h(z,t)

where hg is the initial position of the contact line and
ha(x,t), hs(x,t) are small perturbations. Applying this
to Eq. (2)), at the leading order (hy ~ hg ~ N < hg) we
obtain

8h2 8h3 - ’yh% 84h2 84h3 2kBTh3 8/\/

8t+6t—_3u<8x4+8x4>+ “3uL, Ox
(28)

and the boundary conditions in Eq. @ and Eq. be-

come

=ho+ hQ(l‘,f) + h3<.’17,t), (27)

ha(0,t) + h3(0,t) = Ni(t), (29)
h2(ant) + hB(Lm,t) = NQ(t), (30)
3 3
%hj(o t)+%ff’(0 t) =0, (31)
3 3
(L) + S (L) = (32)

This is actually a linear combination of two smaller prob-
lems, one with a noise-driven bulk and pinned contact

lines
3 94 3
3h2 _ ’}/h 0 hg + 2kBThO %/7 (333)
ot 3 Oxt 3uL, Ox
ha(0,t) = hao(Lyg,t) =0, (33Db)
0%h 0%h
5 (0.8) = = (Lo, t) = (33¢)

and the other with deterministic equations in the bulk
and noise-driven contact lines

Ohs  h3 0'hs
ot 3u ozt (342)
h3(0,t) = Ni(t), hs(La,t) = Nao(t), (34b)
0%hs 0hs
6$3 (O5t) 8 3 (Lxﬂt) O (34C)

We can then solve Eqgs. for ho(x,t) by decompos-
ing it into wave modes @, (z)

=" calt)pula), (35)

where ¢, (t) are wave amplitudes that can be expressed
explicitly (see Appendix [B2). Similarly hs(z,t) can also



be decomposed into wave modes ¢, (x) and boundary
modes,

N
hs(x,t) = Z en(t)pn(z)

T X X
o 2) (i)

+N2(t)L% [Ii — g0 (1 - L”;)] . (36)

where e, (t) are wave amplitudes with explicit expres-
sions, and u19 and wgy are constants that are given in
Appendix Note, only N wave modes are consid-
ered for hs(z,t), opposed to infinitely many wave modes
considered for hg(z,t). This is because the wave modes
are not orthogonal to each other, so when solving the
linear system for e, (t), matrix G is non-diagonal and it
would be impossible to take its inverse if the dimension
is infinite (see Appendix . We can confirm numeri-
cally that this does not affect our results (the fluctuation
amplitudes converge) and in Section we show that a
cut-off on the number of wave modes is actually prefer-
able.

3. Thermal-capillary-wave theory

We can obtain the fluctuation amplitude for ho us-
ing thermal-capillary-wave theory. Similar to the 90°-
contact-angle case, we substitute Eq. into Eq.
and use the fact that the d¢,/0z are orthogonal (see

Appendix [B 1) to obtain

_ 7LaLy = 1/2 2
E = — Z A,/ “c; + other terms, (37)

n=1

where the first term on the right hand is the change of
surface area due to hy and the other terms are the change
of surface area due to hs and cross terms of hy and hs.
Applying the equipartition theorem to the hs only terms
we find
1 1

2y 2+ L
Using the fact that (¢,,cn) = Gmn(c2) (see Appendix,
finally, we have

2 _p2 1 — <P$l(x)
(h3(z)) =7 L.L, P )\711/2 : (39)

Note, alternatively one can derive (c2) directly from
the STFE, which includes time dependence,

kT 1 1
2 e —
<Cn> - v L.L, 2\1/2

where C' = vh}/(3p) (see Appendix [B2). At thermal
equilibrium this agrees with Eq. .

(1 — exp(—2CA,t)), (40)

(2)
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FIG. 4: (a), (b) and (c) are MD snapshots in a region
near the contact line and the chemical heterogeneity of
the solid wall, showing the position of the contact line
below, on and above the proposed pinning point
respectively. Blue particles denote hydrophilic wall
atoms and red particles denote the hydrophobic wall
atoms. Liquid Argon atoms are in yellow. (d) shows a
histogram of contact line position extracted from a
single realization of MD simulations.

4.  Combined fluctuation amplitude

The fluctuations combine to give a total variance of
((h2 + h3)?) = (h3) + 2(hahs) + (h3). (41)

where (h3) is the fluctuation of the bulk, already calcu-
lated via thermal-capillary-wave theory, and (h3) is the
fluctuation of the film originating from fluctuations of
the contact lines. Notably, since the random variables

N(z,t), flﬂand f2(t) are uncorrelated, (hohs) = 0 (see
B4)

Appendix . An expression for (h3(z)), obtained from
Eq. (B89)), can be found in Appendix

5. Molecular-dynamics simulations

The MD simulations are the same as in Section [TA 2]
with the exception that we need to pin the contact line.
There are several ways to achieve this, for example, by
using topographical defects on the solid substrate [63],
but here we use the technique described by Kusudo et.



al [64] using chemical heterogeneity. As shown in Fig.
this is achieved by using a hydrophilic wall (blue) beneath
the film’s equilibrium height (hg) and a hydrophobic one
(red), which is less wettable, above it. The wettabil-
ity of the walls are tuned by changing the interaction
parameters between solid and liquid, €571 and €2 [49).
This results in the position of the contact line following
a Gaussian distribution with mean hg, when in thermal
equilibrium, as can be seen from Fig. [4] (d). The vari-
ance depends on the equilibrium contact angles (i.e. on
the €5¢’s) of the walls and a small variance is preferable
to mimic perfect pinning. Our choice of parameters are
shown in Table [l

Four different film lengths are tested: Film 4 (L, =
13.04 nm), Film 5 (L, = 25.99 nm), Film 6 (L, = 51.29
nm) and Film 7 (L, = 102.30 nm). The film width
L, = 2.94 nm and the initial film height hg = 4.85 nm
are the same as in the 90°-contact-angle case. The equili-
bration time ¢, can be estimated from Eq. . Multiple
independent MD simulations are performed (Film 4: 18,
Film 5: 10, Film 6: 10 and Film 7: 20).

Fig. a) shows the fluctuation amplitudes of the free
surface obtained from MD simulations using bins with
side length 1.50¢ in the z-direction and 1.40s in the
y-direction, which agree well with the theoretical predic-
tions, Eq. . Notably, the largest difference between
the MD and theory occurs for the shortest films; an ef-
fect we will revisit in Section [Vl One can see that the
fluctuation amplitudes of films with partially pinned con-
tact lines have a saddle shape with one trough and two
crests, symmetric about * = L, /2 as we would expect.
In contrast to the previous case of a fixed contact angle,
here the fluctuations are almost everywhere lower than
those for a periodic film. The amplitudes dip significantly
at the wall, due to the pinning effect, but do not reach
zero due to the oscillations around the pinning position.
Moreover, the positions of the trough and the crests rela-
tive to the length of the film are fixed, showing again that
the boundary effects propagate across the film. Lastly, as
suggested by our theory Eq. , the fluctuation ampli-
tudes of the free surface can be attributed to the thermal
noise in the bulk y/(h3) and the fluctuations of the con-
tact line y/(h3). From the decomposition of fluctuation
amplitudes shown in Fig. 5| (b) one can see that the effect
of contact line fluctuations is limited to the region near

TABLE II: Simulation parameters and their
non-dimensional values (reduced units based on
Lennard-Jones potential parameters) for pinned contact
lines.

Property Nondim.value Value Unit
€sf1 0.05 0.0835 x 102! J
€sf2 0.62 1.0354 x 10~ J
Osf1 0.8 0.272 nm
Osf2 0.8 0.272 nm

2.001 ——e-— MD —— periodic

—— pinned

——— R v
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R
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noise-CL

FIG. 5: Standard deviation of fluctuations for the films
with partially pinned contact lines (black: L, = 13.04
nm, blue: L, = 25.99 nm, green: L, = 51.29 nm, red:
L, =102.30 nm): (a) shows a comparison of MD
(dashed lines with circles), theory via Eq. (solid
lines) and the classic thermal-capillary-wave theory for
periodic films (dashed lines) predicted by Eq. ; (b)
shows the decomposition of theory Eq. (41), where the
dashed lines represent the amplitudes of fluctuations
caused by thermal noise in bulk, the dotted lines
represent the amplitudes of fluctuations caused by noise
on the contact lines and the solid lines represent the full
fluctuation amplitudes.

the boundaries and clearly in this regime the bulk fluctu-
ations are stronger than the contact-line-driven motions.



contact line
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FIG. 6: An illustration of the geometry of the 3D
circular thin films (half to show cross section).

III. 3D CIRCULAR BOUNDED THIN FILMS

Let us now extend our investigation to three-
dimensional bounded nanofilms. In 3D, the position of
the free surface h(x,t) is given by the lubrication equa-
tion (LE) [65] as

oh
g _ _Ty.
3p

5 (R*VV2h), (42)

and its stochastic version [38] [40, [41] is

0 _ Vg evven) 4, BT (1302
5t = 3,V (V) + [ (n*2N7), (43)

with thermal noise uncorrelated in space and time:

(Ni(x, )N (X, t)) = 0;;0(x — x")o(t — t'). (44)

As in quasi-2D, thermal fluctuations drive nanowaves
on the free surface. When periodic boundary conditions
(i.e. an unconfined film) are considered on a square do-
main of length L the perturbation éh to the average film
height can be decomposed into Fourier modes and the
fluctuation amplitude is given by

(6h%) = Z Z m2 e (45)

m=1n=1

where m and n are wavenumbers in the z-direction and
the y-direction. Unlike quasi-2D, this summation is un-
bounded and therefore an upper limit to the wavenum-
bers m and n is required. A natural choice is to consider
a ‘cut-off’ length scale ¢., such that wave modes with
length scale less than ¢, are ignored [47, 66]

2 m<L/lcn<L/l.

(0h?) = Z Z m2+ ——, (46)

A discussion on the significance of the requirement for a
cut-off length scale is provided in Section IfL/e.>1,

which is not unreasonable given ¢, will be on the molec-
ular scale, the summation Eq. can be approximated
by

(6h?) =~ I%1n £7 (47)
Ce
showing a logarithmic growth of the fluctuation ampli-
tude with the length of the domain L. This growth, al-
though much slower than the linear growth in Eq.
for the quasi-2D periodic boundary case, is nevertheless
unbounded as L — co.

Let us now consider how the analysis is modified when
we have confined 3D films. In particular, we choose to
confine liquid films in circular domains by solid walls as
illustrated in Fig.[6] As in quasi-2D, we apply two differ-
ent boundary conditions: (i) 90° contact angle and (ii)
pinned contact line.

A. Prescribed Angle at 90°

It is natural to conduct the analysis in cylindrical co-
ordinates (r, 0, z), with a thin film h = h(r,0,t) of equi-
librium height hg confined by an impermeable wall at
r = a. Then, a prescribed 90° contact angle corresponds
to

oh
o =0, ES

r=a

[0, 27). (48)

and impermeability of the wall is

VV?h| _ -F=0, 6€][0,2m). (49)

The impermeability condition corresponds to a projec-
tion of the flux onto the direction normal to the wall,
given by 7, which is a unit vector in r.

Linearizing the 3D LE, Eq. 7 and solving the
eigenvalue problem with the above boundary conditions

(Eq. and Eq. (49)), we obtain the following wave
C1)

modes: (see Appendix
Ty, (1 0) = cos(nf)xn.a(r), (50)
be,a(r, ) = sin(nb) xn,a(r). (51)
Here

Xn,a(r) = Jn(Wn,at), n=201,..., (52)

are the wave modes in r. J, is the nth Bessel function
of the first kind. The dispersion relation

J! (wa) =0, n=0,1,... (53)

where ’ denotes a derivative, is derived from solving the
eigenvalue problem; from the dispersion relation we ob-
tain the frequencies {w, o : @ = 1,2,...}. Fig. [7| gives
an illustration of xy (r) with different n and . One
can see that the 90°-contact-angle condition is satisfied.
As n increases the position of the first crest gets further
away from the origin and there is an expanded region in
which the wave mode’s amplitude is negligible.



Xn,a(T)

FIG. 7: Wave modes Xy, o(r) for the circular-bounded
3D film with 90° contact angle. n is the wave number in
f and « is the wave number in r. a = 2 for black lines
and a = 5 for red lines.

1. Thermal-capillary-wave theory

The free surface can be written in terms of the wave
modes:

h(r,@,t) =hg +h4(7“,9,t), (54)
where the perturbation h4 is
4(r, 6,1) ZZ{ nol a(r,@)
n=0 a=1
+ Bual)T2,(r0)].  (55)

Then we can calculate the energy of a perturbed surface

(see Appendix [C 2))
2 2
1 (0h 9
+ ﬁ (ae> rdrdf — ma )

o= ()
STWA(CR % ) )row

— Z A2 S0+ ”7” >S4l

a=1 n=1a=1

« + Bg,a)sn,av
(56)
where

1
Sn,a = *(Wi,aa2 - nQ)Jﬁ(wn,aa)-

5 (57)

Since the wave modes are orthogonal to each other (see
Appendix |C 2)) and the energy is quadratic in the ampli-
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tudes, we can use the equipartition theorem to give

kT
% = 750,11 <A3,a> (58)
and
kpT  ~m 2 AT 9
2 - 2 S",Q<An,a> - 92 Sn7a<Bn,a>7 (59)

so that the (position-dependent) variance of fluctuations
is given by

(3(r.0)) = == [ 3 5a—xBalr)

(60)

Note that the variance is only r dependent, since period-
icity in 0 eliminates variations.

Asymptotic analysis shows that S, , increases with n
linearly (see Appendix m So the summation over n
in Eq. . diverges as n — oo and a cut-off for smallest
length scale ¢, should be introduced, as we’ve already
seen for the periodic (i.e. unbounded) 3D film Eq. (46).

Applying a cut-off length scale in polar coordinates is
non-trivial, as the modes in the r and the 6 directions
differ, in contrast to the Cartesian case, and the radial

wavemodes have non-trivial form. To do so, we define
the length scale of a wave mode f,, o(r,0) as
ma. T a Yy n,o r70

L) = reloaloclozn Tnel O )

maxX,¢o,q],0¢(0,27] |V fr,a (7, 0)]

where || is the absolute value and V is the gradient opera-
tor. For simplicity, we denote the length scale of the wave
mode for the 90°-contact-angle case as L), = L(T,, ,),
and one can easily check that £(Y}, ) = L(YZ ). We
then introduce a threshold function

if L° > ¢,

1’ n,o

2
0, if LY, <’ (62)

Z%Uem, ) = {

to identify wave modes with length scale greater than a
chosen /.. Finally, we apply the cut-off to Eq.

@l[iw 2 (7”)

XO,a
Y™ o1 250@
= Zgo(€C7n?a) 2

S X))

which regularizes the unbounded sum. The effect of cut-
offs will be further discussed in Section [V1

(hi(r,0)) =

(63)

n=1a=1

2. Molecular-dynamics simulations

The setup of the MD simulations is very similar to
before, except for geometry. The cylindrical side wall is



FIG. 8: Snapshots of MD simulations for a 3D circular
film: (a) shows the cross section, (b) shows the top view
with the circular mesh used for extracting the free
surface position.

joined by a circular base, both 5 layers of Platinum atoms
in fec, to form a ‘cup’. An equilibrated hg = 2.5 nm thick
Argon liquid film is then placed on top of the base with
a 0.17 nm gap, as in Section Equilibrated Argon
vapor is then placed on top of the liquid. Non-periodic
boundary conditions with reflective walls are applied at
the top, as a result the vapor can not escape the cup.
Fig. [§] (a) gives a snapshot of the MD simulation.

The position of the free surface is measured using the
number density and binning technique, with a circular
mesh used to reduce errors near the wall. Calculation of
number density and identification of liquid Argon parti-
cles are the same as for quasi-2D. To define the vertical
bins, we: (i) choose the number of layers N;, (ii) create a
center bin as a circle with radius r,, = a/(2N; — 1) and
area 7r2,, (iii) ensure bins in the other layers are rings
with width of 2r,,, (iv) divide each ring equally into tiles
such that the area of each tile is also 7r2,. Fig. [§| (b)
shows an illustration of the circular mesh with Ny, = 12.
The characteristic length scale of the mesh is given by
the square root of the area of the tiles L, = /mr2,.

The parameters for the MD simulations are still given
in Table[ll and we confirm that the average contact angle
remains at 90 degrees. Films with two different radii
are tested: Film 8 (¢ = 11.81 nm) and Film 9 (a =
23.39 nm). The average height hg of the free surface is
measured to be 2.47 nm.

The fluctuation amplitudes extracted from MD sim-
ulations are averaged over 6 since they are only r de-
pendent. Fig. [0 shows the fluctuation amplitudes of 3D
circular bounded films with a 90° contact angle (normal-
ized by the thermal length scale Ir) obtained from MD
simulations and compared with the theoretical prediction
Eq. . The smallest length scale allowed in the theory
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FIG. 9: Standard deviation of fluctuations for

90°-contact-angle 3D circular films with two different
radii (black: @ = 11.81 nm, red: a = 23.39 nm). MD
simulation results (dashed lines with circles) and theory
Eq. (solid lines) are normalized by the thermal
scale [r.

is chosen to be ¢, = oy and the length scale of the cir-
cular mesh for MD is chosen proportionally L., = 1.77¢,
(i.e. ry = o). One can see that the MD results agree
well with Eq. for both films, while the agreement im-
proves as the film gets larger. The MD results indicate
that similar to the quasi-2D films with 90° contact angle,
the minimum of the fluctuation amplitude is found at the
center of the film. This is because the first crest of wave
modes for n > 1 get pushed further away from the origin
as n increases, shown in Fig. , distributing less energy
to the center and more energy towards the boundary.
One can also observe oscillations in the theory near the
origin, which is absent in MD simulation results. This
could indicate that a better cut-off mechanism is needed
near the singularity (r = 0), or MD resolutions may need
to be increased to capture the oscillation; both worthy of
future investigation.

B. Pinned contact lines

Next, we consider the case where the contact line is
pinned onto the wall. As mentioned in Section [[IB] in
practice the contact line will always oscillate in MD sim-
ulations. However, due to the complexity in 3D, and the
relatively less prominent influence of contact line fluctua-
tions previously observed, the theory we develop will only
consider the contact line being pinned perfectly onto the
wall. It will be interesting in future work to explore the
oscillation of the contact line in 3D. The pinned-contact-
line boundary condition for the 3D circular film is given
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FIG. 10: Wave modes 1, o (r) for the circular bounded
3D film with a pinned contact line. n is the wave
number in € and « is the wave number in r. a = 2 for
black lines and « = 5 for red lines.

by
h(a,8) = ho, 0 € 10, 27]. (64)

Together with Eq. and Eq. we can obtain the
appropriate wave modes (see Appendix |D 1J)

\II}W(T, 0) = cos(nd) iy, o(r), (65)
\Iliya(r, 0) = sin(nh)n, o (). (66)
Here
wn,a(r) = Jn(Cn,aT) - mln(Cn,ar)a
n=20,1,... (67)

are the wave modes in r. I, is the nth modified Bessel
function of first kind. The frequencies {(no :
1,2,...} are obtained from a dispersion relation

2nJn(Ca) L (Ca) + Ca | Ja(Ca) Lt (Ga)

— Jur (GO (Ca)| =0, (68)

derived from the eigenfunction problem. Fig.[10|gives an
illustration of ¥, o (r) with different n and . The pinned
boundary condition is satisfied and the distance between
the origin and the first crest still increases with n.

o =

1. Thermal-capillary-wave theory

If we perturb the free surface from the mean profile hg
we obtain

h(r,0,t) = ho + hs(r,0,t) (69)
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where the perturbation hs(r, 6, t) can be decomposed into
wave modes:

5(r,0,1)

nz;) az:l [ _— (r,6)
w2, (n0).  (70)

+ Dy a(t)
Following the same procedure as before, we find that the
energy required to perturb the surface is given by (details

see Appendix [D 2)

ot D2

E:’yWZAg’QKOVQ ZZ

a=1 n=1a=1

) Ko

(71)
where

1
Kna= éwi’aaQ < — Jn—1(Wn,a@) Jnt1(wn aa)

2
+ Inl(wn,aa)InJrl(wn,aa)}]Q(())) (72)

Assuming the wave modes are uncorrelated, we can apply
the equipartition theorem:

kT

~ = 1K0a(Ci ). (73)
kT 0T 9 ym 9
= g KualCh) = T KnalDh),  (T4)

to find the variance of the fluctuations:

(h(r.0)) = ’“BTTi[Z i) (1)

+ZZ

nlal

}. (76)

The value of K, , increases with n linearly (see Ap-
pendix so that, as expected, the fluctuation am-
plitude diverges and a cut-off for length scale ¢, should
be introduced. The length scales of the wave modes for
the pinned case are again calculated by Eq. (61]) and now

denoted by L? = L(¥}, ) = L(VZ ). Introducmg the
threshold functlon
1, ifLP >4,
ZP(leynya) =4 0 1L ma = P (77)
0, ifLE, <t

and we can write the regularized sum as

kpT 1= ZP(L,,0, )
Y ’/T|:Z:1 QKOQ

DI 2ol

n=1a=1

(h3(r,0)) =

V.o (7)

The choice of cut-offs will be further discussed in Sec-

tion V1



2. Molecular-dynamics simulations

The geometry of the MD simulations is set and the
position of the free surface is measured using the same
methods described in Section MD parameters
from Table [T are used. The rest of the MD settings are
the same as in Section Films with two different
radii are tested: Film 10 (¢ = 11.81 nm) and Film 11
(@ = 23.39 nm).

o= —5
_-e--0-C =
-G -p--0--0-—0

—— pinned

045 . \ip

040750 0.25 0.50 0.75 1.00

r/a

FIG. 11: Standard deviation of fluctuations for
pinned-contact-line 3D circular films with two different
radii (black: @ = 11.81 nm, red: a = 23.39 nm). MD
simulation results (dashed lines with circles) and theory
Eq. (solid lines) are normalized by thermal scale Ir.

Fig. [L1] shows the spatial variation of fluctuation am-
plitudes of the 3D circular films with a pinned contact
line. The figure compares the theoretical predictions of
the fluctuation amplitudes Eq. (by setting cut off
length scale ¢, = o) with the MD results (obtained
with a circular binning mesh of characteristic length scale
L,, =1.77¢.) ; again the overall agreement is very good,
with improvements for larger films. The theoretical pre-
dictions also exhibit oscillations near the origin, whereas
the MD results do not. This might suggest a singularity
in the solution is requiring better cut-off mechanism, or
a low MD resolution failed to detect the oscillations, as
stated in Section Similar to the quasi-2D films
with partially pinned contact lines, the MD results ex-
hibit a trough at the center (r =0 and z = L, /2) and a
crest before reaching the boundary.
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IV. DISCUSSION ON MINIMUM LENGTH
SCALES

We have seen that our theoretical models for 3D films
require a minimum length scale to be defined in order for
predictions to be made; a length-scale ‘cut-off’ is needed.
For the results presented, where we have compared to
Molecular Dynamics, this cut-off was chosen on a physi-
cal basis, coinciding with the Lennard-Jones length-scale
parameter ogr. Willis et. al [3I] observed, in MD sim-
ulation, rapid attenuation of the fluctuation strength of
thermal capillary waves (on a 2D film) at scales beneath
o¢f, and so this was a natural first choice.

However, in the case of MD, there is another length
scale that might influence the results: the bin size over
which measurements are spatially averaged. A more so-
phisticated choice of cut-off for our theoretical model
should, then, be either bin size or of¢, whichever is larger.
Up to now, coincidentally, they have been equal. To test
if predictions from MD are indeed modified by the bin
size when it is larger than oy, and that our theoreti-
cal model with an appropriately adjusted cut-off predicts
this, we have performed the data processing presented in
Figure It shows that, indeed, the overall fluctuation
strength of the film in MD is influenced by the choice
of bin size, and that this is well captured by the theory
with a bin-size cut-off. Unfortunately, we were unable
to perform simulations with bin sizes smaller than oy,
as done in Willis et. al [3I], where we might expect the
effect of bin size to disappear, revealing a minimum scale
comparable with oyr. We leave this for clarification in
follow-on work.

As these results indicate, be it physical (o) or numer-
ical (bin size), the results from MD are affected by a min-
imum length scale. While we originally introduced the
‘cut-off” out of necessity for a bounded sum in our the-
oretical model for 3D films, this discussion implies that
introducing a cut-off in the theoretical model for quasi-
2D films should still improve the comparison with MD.
This comparison is made in Figure and indeed there
is a small but noticeable improvement in agreement.

V. CONCLUSION & FUTURE DIRECTIONS

In this article, we have uncovered the behavior of con-
fined nanoscale films in thermal equilibrium. These re-
sults, in particular the spatial dependence of the fluctua-
tion amplitude, could be validated experimentally, using
either scattering techniques [I9H2I] or colloid-polymer
mixtures to enable optical measurement [22] — quasi-2D
results could be approximated using Hele-Shaw type ge-
ometries whilst 3D domains are the norm. Furthermore,
the techniques used could be extended to tackle a range
of other nanoscale flows including free films, drops or
bubbles.

Our findings serve to further highlight the accuracy
of fluctuating hydrodynamics to describe nanoscale fluid
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FIG. 12: Standard deviation of fluctuation of 3D
circular film with radius @ = 23.39 nm and different
boundary conditions: (a) 90° contact angle and (b) a
pinned contact line. Theoretical predictions Eq.
Eq. with different cut-off length scales . = oy,
20¢f, 304 are given by solid lines. The circled lines are
MD results obtained using different bin sizes

Ly, =1.77¢..

phenomena, or, put another way, to reproduce effects
seen in molecular simulations at a fraction of the com-
putational cost. Moreover, the results presented could
provide useful benchmarks for computational schemes
intended at describing nanoscale flows and give insight
into the choice of cut-off used to regularize the singu-
lar noise terms in the stochastic partial differential equa-
tions; which can be achieved either using projections onto
regular bases [41], [46] or just be crudely based on the nu-
merical grid size.
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FIG. 13: Comparison of fluctuation amplitudes for
quasi-2D thin films extracted from MD (circled lines),
theoretical predictions considering a cut-off (crossed
lines) and without a cut-off (solid lines). (a) 90° contact
angle, (b) partially pinned contact lines. Black:

L, = 13.04 nm, blue: L, = 25.99 nm, green: L, = 51.29
nm, red: L, = 102.30 nm.

Notably, in many cases one is interested primarily in
the stability of nanovolumes. For thin films [13], the im-
portance of thermal fluctuations has been established [16]
but the relation to nano-confinement is yet to be deter-
mined; this could also be a direction of future research.
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Appendix A: Quasi-2D thin film with 90° contact
angle

In this section we layout the technical details for the
quasi-2D thin film with 90° contact angle.

1. Derivation of the wave modes

The surface wave can no longer be decomposed into
Fourier modes since the boundary conditions are not pe-
riodic. To find appropriate wave modes, we first linearize
the lubrication equation Eq. and then solve the eigen-
value problem. Consider a perturbation to the free sur-
face of the form

h(x,t) = ho + eh1(z)T'(t), (A1)

where we anticipate that the perturbation is separable in
time T'(t) and space hi(x), the steady state is a flat free
surface h = hy and € < 1. Apply this to the lubrica-
tion equation , at the leading order we obtain a linear
problem

1dr _
Tdt

b At
Buhy dat

(A2)

where w is a constant and must be positive for stability.
This gives an eigenvalue problem for hj(xz) with corre-
sponding boundary conditions

d*hq 3w
= oh =" >0 A3
dﬂf4 o 1 g ’yhg - ( )
dh| _dh| _dm|
dz z:O_ de |,_p T das 1:0_ dz3 m:Lm’
(A4)

Solving the eigenvalue problem gives the appropriate
wave modes

n () = cos ((o*n)l/4:1:) n=12,..., (A5)
where the associated eigenvalues are
on =X ' n=12 (A6)
n — L‘/E ) - ) y
Solving Eq. (A2)) for T'(t) we get
vhi
T = Ty exp(—wt) = Ty exp —ag—t , (A7)
1
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which gives us an estimate of how fast the perturbation
decay and how long it takes for the wave modes to equi-
librate. The wave mode with longest length scale takes
longest to equilibrate

3u
Thor” (A8)

te =~

In this subsection we (i) derived the wave modes for
quasi-2D 90°-contact-angle case and (ii) evaluated the
time for the wave modes to equilibriate, which guides us
to the runtime of MD simulations.

2. Fluctuation amplitude from the STFE

Applying Eq. to the STFE Eq. , at the leading
order we obtain

da,  yhiTt N 2kpThd ON
;fb" dt  3ull ;” Wl A TS0 e

(A9)

The noise is then expanded in the wave modes ¢, =
sin(nmz/L,), so that

N(z,t) = Z b (1) P (2)

m=1

(A10)

and using the orthogonality of the ¢’s and noting that
i 42, de = L, /2 we find

2 Lo
b, = L—/O dmNdz. (A11)
This allows us to write an equation for each mode
day, doy,
¢n% = _Cn4an¢n + Dbn%v (A12)
where we have introduced constants A = EZSZZ:L and
B = ngiglg We can then rewrite Eq. (A12]) using
an integrating factor to find
d dén
qﬁn% (a7LeA”4t) = BeA”4tbn%. (A13)

Integrating both sides with time and assuming that the
initial film is flat, i.e. a,(0) =0, we have

—An*t d(ﬁn ‘ An’r

¢nan = Be T | € by (T)dT. (A14)

0

. d(z;n _nw
and noting 7 = s On, We find

B t
an(t) = #e“‘m%/ eA"4Tbn(T)d7'. (A15)

x 0



Next, using Eq. and Eq. (A11) we determine the
properties of the noise coefficients
) >

(b (T)bp () L2 (/ On(x

x( Bu(a W, s)dw>>
/ / Fu(2)n ()

X 5(3:—1‘ (1 — 8)dxda’
2
= fwé(T —5), (A16)
from which we finally obtain
9B2n2n2e—2An't [t .
(a?) = —/ AT 47
L} 0
BQﬂ'Q(l _ 6—2An4t)
= An?L . (A17)

—~
S
3
—
Va)
—
S
3
—~
<
~—
~
I
—~

I
.
Ul U

I
AN
c\ O\

_ 26(s—1T) L ,
S
20(s —T)

This shows that the wave modes are uncorrelated and is
required in the calculation of Eq. .

In this subsection we showed that (i) the amplitudes
of the wave mode (a2) can be derived directly from the
STFE as a function of time, which agrees with thermal-
capillary-wave theory at thermal equilibrium (as t — 00)
and (ii) the wave mode are uncorrelated, which is an

requirement for the calculation in Eq. .

Appendix B: Quasi-2D thin film with partially
pinned contact lines

In this section we layout the technical details for quasi-
2D thin film with partially pinned contact lines.
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This gives a time dependent version of (a2), and as t —
oo (i.e. we approach thermal equilibrium) we have

2kpT L, 1

L (A18)

(an) =

which agrees with the result from thermal-capillary-wave
theory Eq. .

We can also show that (a,,a,) = dn(a2),

— De —C(m*+4n*)t

t
/ / OmtstOn'r (4 ()b (7)) dsdr(A19)

where

Lo Ly _
( / (;Sm(x)N(x,s)dx) < / ¢>n(x’)/\/'(x’,7')dx’>)
0 0

L, L, B B
/0 N (@, )N (@', ) (@) (o) drde)

L, L, _ B
/0 N (@, IN(@! s 7))o ()0 (o)l

(A20)

1. Derivation of wave modes

The partially pinned boundary condition given by
Eq. states that the contact-lines oscillates around
the pinned point hg. However, first we derive the wave
modes with perfectly pinned boundary condition with the
contact-lines pinned at hg. After the same linearization
as in Appendix we arrive at the eigenvalue problem
with pinned and no-flux boundary conditions

d*hs
T3 =M, (B1)
d3h d3h

ha(0) = ha(Ly) = = (0) = =5 (La) = 0. (BY)



The eigenvalue problem gives a general solution [67]
ho(z)= Cy cosh(\/*z) 4+ Cy sinh(AY/4z)
+C3 cos(A\Y4z) + Oy sin(A\Y4z), (B3)

where C1-Cy are constants to be determined. Substi-
tuting in the boundary conditions gives the appropriate
wave modes

on(z)= sinh()\}/‘lx) + Sin(A}LM:E)
+K( cosh()\}l/‘lz) — cos(A}L/4I)) (B4)
where
(sinh(A}L/4L$) + sin()\}z“ng))

K = . (BY)
(cos(/\rll/4Lz) - cosh(AiLMLz))

The eigenvalues \,, must satisfy

cosh(AY4Ly) cos(AY/4L,) = 1, (B6)
which gives us an estimate
4
2
Ap & (”*””) ., n=12.. (B
Ly

And for A\g = 0, we have

vo(z) = Li (1 - ;) . (B8)

Similar to Appendix (A 1)) we can estimate the equilibra-
tion time t. by looking at the wave mode with longest
length scale apart from 0

to=
T yh3N

(B9)

Although the wave modes are not orthogonal, their
first derivatives are, so that we are able to make analytic
progress. To show this, let / denote 9/0x, then using
integration by parts repeatedly we can show

L L
Am / PrnPpdr = / P P
0 0
= [l b + / - O omda
0

= [ehn' o — mehlo” + / PPy d
0

= [l on = P + e 1o
Ly
_ / Spél(pl///dx
0
= (¢l — Cmn + e — omen o

L,
+ / @mwl////dx
0

L,
[ e, (B10)
0
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where all the boundary terms vanish due to boundary
conditions. Since \,, # \,, we have shown that ¢’ are
orthogonal.

In this subsection we (i) derived the wave modes ¢,, for
quasi-2D thin films with partially pinned contact lines,
(ii) derived the time for the wave modes to reach equi-
librium, and (iii) showed that ¢!, are orthogonal, which
is used in derivation of Eq. .

2. Fluctuation amplitude from the STFE

Similar to before, we would like to derive the mean
square displacement directly from the stochastic lubri-
cation equation for hy. Considering a perturbation and
expanding it in the derived wave modes gives

h=ho+ Y enl(t)pn(z).

n=0

(B11)

Using similar arguments and noting that @%4)

find

o0
cn B 'yho /2]<:BTh‘3 8/\/

(B12)
Note that Ay = 0, this is why the second term begins with
n = 1. To continue we need to expand the noise in some
basis as well. Since there is already a first derivative in
space on N we expand the noise with @, = ¢!/. Note
that ¢f’ = 0, so g = 0. So we can write the noise in
terms of the basis

= Anpn We

= Z dim (t)®

m=1

(B13)

and using the orthogonality of ¢,, and noting that
fLT 52 dx = L, we have

0
1 (L=
dm = — N dx.
LI/O SmNdx

We can then rewrite equation (B12)) in each mode as

(B14)

dC d(pn

= —CA\,chon + Dd,, B15
n Can + Dip—-= (B15)
where we have introduced new constants C' = % and
D = 1/%. For ¢q we have
dCO
— =0 B16
o, (5316)

and since the average free surface is flat we have ¢y = 0.
We can then solve the ordinary differential equations for
n # 0 as before to get

(B17)

g, [*
OnCy = De”Cnt :lpx / CA"Tdn(T)dT.



Notlng = A4, we have

t
en = DAL/Ae=Cnt / O (7). (B18)
0

Following equation (3]) and ( we find that

(z < / @, T)dw>
x (/Lm W, s)dx>>
LZ/ / P () Pn(z)

X §(x — 2')o(1 — s)dxdx’
1

= L—Z(S(T —s).

(dn(T)dn(s)) =

(B19)
So we can write

t
<ci> = <D2>\}/26720)\"t/ eC)‘"Tdn(T)dT
0

t
X / eCrnsd, (s)ds)
0

D2(1 _ e—QC’)\nt)

 2L,0N\Y?
kT 1 1

=25 - (1-

—2C A\t
e " ),

(B20)

and as t - o0

kT 1 1

2
= — B21
=2 T (B21)

Similarly we can also show that

and so
{em(Den(t)) =
¢ ¢ CAms+CA,T S Vdsdr
// +HONT 4, ()d () dsdr)

D2AL/4y1/4
:72 " _e

t
% / eC(Am-s-An)T(gmndT
0

_ efC(Am+)\n)t)

<D2A,}r{4>\}/4670(>\m+)\")t

—Cm+An)t

DA
B LoC(Am + An)

6771’” k)

(B23)

as expected.
In this subsection we (i) derived the amplitude of the
wave modes (c2) directly from the STFE as a function of
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time, which confirms the result from thermal-capillary-
wave theory Eq. at thermal equilibrium (as t — oo
and (ii) showed that the wave modes are uncorrelated,
which is used in the derivation Eq. (39) of the ﬁuctuatlon
amplitude (h3).

3. Solving the linearized problem with Langevin
motions on the boundaries

The problem we are looking to solve is given by

Ohy  yh§0'hy

ot 3u Ozt’ (B24)
h3(0at) Nl( ) hS(Lmvt) = N2(t)v (B25)
O3hs O3hs

W(O,t) e —— (L, t) = (B26)

where Np(t) and Ny(¢) are Langevin diffusion process
described as

5@ = —kNi(t) + f(t),

6% = kNo(t) + folt).

(B27)
(B28)

Here £ is the coefficient of friction, k is the harmonic
constant. f1(t) and fa(t) are Gaussian noises that sat-
isfy (f1(5)f1(r)) = 26kpTa(s — 7) and (fa(s)fa(r)) =
2¢kpT6(s—7). This problem can be further divided into
two sub-problems

8h31 . h3 84h31

ot 3u 0zt (B29a)
h31(0,t) = Ny(t), ha1(Ly,t) =0, (B29b)
83}131 83}131

B3 (0,t) = B3 (Ly,t) =0, (B29c)

and

8h32 . h3 84h32

ot 3u 0zt (B30a)
h32(0,t) = 0, haa(Ly,,t) = Na(t), (B30b)
83}132 83h32

B3 (0,t) = e (Ly,t) =0. (B30c)

Since Eq. is linear it is easy to see that h3(z,t) =
hsi(x,t) + hsa(z,t) is a solution. Now, hsi(x,t) can
be found with the following procedure. Let hsi(z,t) =
wi(z,t) + vi(z,t), where wy(x,t) = Ny(t)(1 — 2/L,)2.
This choice of w(x,t) ensures that

w1 (Oa t)

= Ny (t), wi(Ly,t) =0, (B31)

and

8311}1



So after substituting hsy(z,t) = wi(x,t) + vi(x,t) and
Langevin diffusion to Eq. (B24]), we have

du Qw7 s (O'0r
T TR L (B33)
v1(0,8) = v1 (L, t) = 0, (B34)
831}1 831}1
@(O’t) = ﬁ(L’t) =0, (B35)
T 2
N1 (0) (1 - L) +vy(z,0) = 0. (B36)

We then expand vy (z,t) and Ow; (z,t)/0t in wave modes
©n(x) corresponding to the pinned contact line problem
since it is a Dirichlet type boundary condition

vi(@,t) = ao(t)po(2) + ) awit)ei(e),  (B3T)
i=1

@) = fropo@) + 3 ulei(e).  (B39)

Since the expression for %; is known, we should be able

to calculate B1;(t) explicitly. However, since ¢;(z) are
not orthogonal we can only expand it with finitely many

J

Ly
‘%:A pi(w)p; (x)da

L3 fori—i—0
30 oriv=j=

42—L1Aj/4 cot(La AL/ */2)

tan(A\Y/* L, /2)(AL/* L, tan(A\}/* L, /2)+2)
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wave modes and calculate 81;(¢) by solving the linear
system of finite unknowns. So

N
vy (z,t) = Z a1i(t)i(z), (B39)
ow N
E(%t) = Zﬁu(f)%(m)- (B40)

We then multiply both sides of Eq. (B40) with ¢;(z) and
integrate w.r.t.  from [0, L,] to get

Le gw
/0 a(w,t)cpi(x)dx (B41)
Lo xr
:/0 %(t)(l ~ 2 Pi(a)d (B42)

L2 .
d(]i\tll (t)5g, fori=0

1/4
dN; 4 LA .
— S (t) T tan( 5t , for odd i
- K2

NG , for i =0, j is even or j = 0, 7 is even

AL/

k2
— J tan(A* L, /2) (A L, cot(A /4 L, /2)—2)

T/4

8A A  tan (A Lo /2) =2}/ tan(\}/ 1L, /2))

8A AL cot(MY Ly /2) = A} cot(A)/* Ly /2))

Ai —>\_7‘

0, otherwise.

Then f1;(¢t) can be solved explicitly in the form of wuy;

N,

511’@) = W(t)ltu. (B48)

1/4
d(]i\tll (t)ﬁ {2 + me\;/‘l cot (ngﬂ , for even i
(B43)
N Ly
= Z Buj(t) ¢;(x)di(w)dx (B44)
j=0
N
= Z B (t)Gij, (B45)
j=0
where G is the matrix with
(B46)
, for i = j and i is odd,
, for ¢ = j and 7 is even, (B47)
, for i # j and both odd
, for i # j and both even
Substituting in Eq. (B27)) we have
k 1
Pri(t) = wri(—=z N1(t) + 2 f1(2)). (B49)

§ 3



Now Substltute Eq. ( , Eq. and Eq. - ) into
Eq. we get

N day; k 1
; < dtlz (t)@i(fﬁ) + (_ENl(t) + ffl(t))ulﬂﬂi(iﬁ))
- Y d*p
= Z—thau(t) ¥ () (B50)
=1
Recalling
d*o;
d;i () = Aigi(x) (B51)
we have for A\g =0
d dN-
< ztm (t) + UIOdtl(t)> wo(z) =0. (B52)
and fori=1,2,..., N
ddatu + %hﬁ&au = (%J\H (t) — %fl(t))uh-. (B53)

Denote C = —f and multiply both side with exp(CA;t)
we have

L exp(CAt)ani (1))

dt
_ uli(§N1 () — % A1) exp(CAdt),

integrate both side we have

(B54)

exp(CAit)a;(t) — a14(0)
= uli/o (%Nl (1) — %fl (1)) exp(CA;7)dr.
(B55)

Since the initial shape of the free surface is flat we know
a1;(0) = 0. Then for i = 0 we have

aio(t) = —u1oN1 (1), (B56)
and fori=1,2,..., N
a1;(t) = w1 exp(=CAit) x
/0 (E Ny(7) — Efl( 7)) exp(CN;7)dT (B57)

Thus we have an expression for hgi(z,t)
Z alz @z

x X €T

(B58)

hgll‘t
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With the same procedure we can solve for hgs as well

Z a2z 901

+ N2(t)Lix (Ii —ugo(1 — Lxx)) ,  (B59)

hggxt

where for i =1,2,..., N

)

Oégi(t) = U9; exp(fC’)\it) X

bk 1
/0 (fNQ( T) — ng(T))EXp(C)\iT)dT

and ug; is obtained similar to Eq. (B48). And we can
write out hz(z,t) in the required form

(B60)

N
hs(z,t) = Z ei(t)pi(x)

x x x
+ Ny (t) <1 - Lz> (1 I —U10Lz)

+ Na(t)— ( — ugo(1 — Li)) ., (B61)

where e; (t) = v, (t) + o (t)
In this subsection we solved the linearized LE with

Langevin diffusion motion on the boundaries analytically
and give the details of the derivation of Eq. .

4. Combined fluctuation amplitude

We first show that (hohg) = 0. From Appendix [B 3| we
know hg(x,t) = hs1(x,t) + hsa(z,t), so

(hohs) = (hahs1) + (hahsa).
By Eq. and Eq. (B58)) we have

ZZ {ei(t)an;(t

=1 j=1

+ §<N1(t)cz‘(t)>%($) (1 B Ii)

< 1 X X
- — —upp+— | .
L, L.

By Eq. (B18) and Eq. (B57) we have

(B62)

h2h31 ( )(,OJ(LL')

(B63)

(ci(t)ar; () = Dug A}/ e~ CQitA)t
/ / C(AiT+Ajs (k:(Nl( )di(7))
~ {fi(s)di(r)))drds (B64)

where N1 (s) is the position of the fluctuating contact-line
driven by random force f;(s) and d;(7) is random flux.



By Eq. (B18) we have

(N1 ()ei(1)) = DAY Ae=Crit / t eCNT(d ()N (t))dr.
’ (B65)

If we consider that the random force f;(s) is uncorre-
lated to random flux d;(7), then by Eq. we have
(¢i(t)a1;(t)) = 0 and by Eq. (B65) we have (N (t)c;(t)) =
0 and thus (hohs1) = 0. Applying the same argument one
can derive that (hohss) =0, and thus (hohs) = 0.

Now we consider (h3) = (h%;) + 2(ha1haz2) + (h35). We
first show that (hgihse) = 0. If we assume that the
random forces driving the fluctuations of the contact-
lines are uncorrelated (f1(¢) f2(t)) = 0 then the positions
of the contact-lines are also uncorrelated (N (¢)Na(t)) =

0. By Eq. (B58) and Eq. (B59)) we have

N N
(ha1hs2) = E g an;(t)ag;(t
i=1 j—1
N
+ g 0411
=1
N
+ oyt
Jj=1

(
(
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By Eq. (B57) we have

{oai(t)an; (1)) =

2
u“uljk

€2
t ot

></ / N1 (T)N1(5)eAT+935) drds)
0o Jo

<2U11U1J]€ —A(oi+o;)t

//]\h

+ <“11“11 —A(oi40j)t

e_A(U'i"FUj)t

A(017+0]s)d7_d5>

/ / (1) f(s)eA i 7+93%) drds) (B69)
and
2(ani(BN (1)) = (e O
x /0 Ny() N (£)9 T )
- (Buteo [ pmaeeran @10
It is well known that for Langevin process
(Ni(r)Ni(s)) = “ELemtlrl - (B7)
and
(F)F() = 2ksTolr —5).  (BT2)

But we don’t know what (N1(7)f(s)) is.
diffusion equation we know

dN; k

By Langevin

1
= —ENl(t) + gf(t), (B73)
SO
g (m@) = g, m
then
t
eF/EEN (1) — Ny (0) = % / eF/ET f () dr (B75)
0
If we let N1(0) = 0, we have
Nyi(t) = %e*k/ﬁt /0 t eFIET f(1)dr (B76)
Then we have
1 T
(M) = (e /e / IE F(r)dr f(5))
_ ke [T ke
2 / eFIE (f(r) £(5)) dr
= 2kBTe_k/5T/ k&S (r — s)dr
0
_ 2kBTe’k/E(T’S), ifr>s (BT7)
n 0,ifr<s



So with careful evaluation we come to

h2, (z,t)) Zsk z,t), (B78)
where
N N
Sifet) = 303 L 000 )
i=1 j=1
1 —exp(—C(o; +0j)t)
- <<coi +EClowt o-j>>> -

y exp(—(Co; + g)t) —exp(—C(o; + 0j)t)
(Coi+ §)(Coj — ¢) 7

(B80)
N N
o) = 323 G050
1 —exp(—(Co; + %)t)
X ( (Coi — £)(Coj + %) ) (B81)

S IR 61004

=1 j=1

<1 —exp(—(Coj + lg)t))
X
(CO’,‘ —k + ’

(B85)

S IR 61004 )

=1 j=1
<1 —exp(—C(o; + Jj)t)>
(Coi — £)(Cloi+0y) )

(B36)
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X1 exp(—(Coi+ £))
Z( (CO’iJr%) >

)15 )

(B87)

k and £ can be extracted from MD simulations via
Eq. (B71), and we found that Co; + &/ and C(o; + o)
are always positive for any i and j, so as t — 0o, So =0,
S3 merges with S7, S5 merges with Sg, and we have

k:BTuliuljk: (2 (
ZZ@ Hor + B (A, a0

+ ii o 0u(a)6, (0

(2 (1 ey
N

_EEPMZ:BT%U T HE)
v

+ ; ; gz(AU?kBT;(jquk+ o) ¢i(z)pj(x)
v

_;m@( 2)

(BS8)

x(l—%) (1—%—uox>.

Following the same derivation one can find that (h3,(z))

is symmetric to (h3;(x)) around L,/2. And so with
Eq. (B88) we have calculated
(h3(x)) = (h3y (x)) + (h(x)). (B89)

In this subsection we (i) showed that perturbation in-
duced by thermal noise in the bulk hy and perturbation
induced by thermal noise on the boundary hs are uncorre-
lated under the linearized construction and (ii) calculated
the fluctuation amplitude (h3(x)) and the combined fluc-
tuation amplitude ((h2(z)+hs(z))?), expression Eq.
in details.

Appendix C: 3D circular thin film with 90° contact
angle

In this section we layout the technical details for 3D
circular thin film with 90° contact angle.

1. Derivation of wave modes

We begin with the linearization of thin film equation
in 3D. Consider a perturbation to the free surface

h(x,t) = ho + eha(x)T'(t), (C1)



where ¢ < 1. Apply the perturbation to 3D LE Eq.
and match the leading order we get

dr yhd _,

—h =——=V"h C2
(@) =~ 0V (@) ()
where V* is the biharmonic operator. We can then sep-
arate the variables to get

T h,

=)\
T 3M h4 ’

(C3)

where the minus sign in front of A* guarantees stability,
given A being real number. Since we have a circular thin
film it is natural to work in cylindrical coordinate and we
arrive at the following eigenvalue problem

V2V2hy(r,0) = whhy(r,0) (C4)
where w* = M (31)/(vh3) > 0. The general solution of
the eigenvalue problem of the biharmonic operator can
be obtained in cylindrical coordinate as follows. For the
moment let us denote hy as H and the eigenvalue problem
can be rewritten as

(V2 =W (V2 +wHH(r,0) = 0. (C5)
This tells us that H = C1Hy + CyHy where
V2H, +w?H, =0 (C6)
and
V?H, — w?Hy =0, (C7)

and C; Cy are constants. This is easy to see: Eq. (C5)
is equivalent to

V2H1(r,0) + w?Hy(r,0) = 0,

{V2H(7"7 0) — w?H(r,0) = Hy(r,0), (C8)
V2Hy(r,0) — w?Hy(r,0) = 0,

{VQH(T, 0) +w?H(r,0) = Ha(r,0). (C9)

For sake of argument, continue with the first case (and
later it is easy to see that the two cases are equivalent)
- we have already worked out what H; is. From the
equation for H we can see that H is the solution of the
homogeneous problem plus a special solution, and it is
easy to see that

1

H=H=35%

H;i. (C10)
To solve for H; and Hy we use separation of variables
Hy(r,0) = Ri(r)©1(0), Ha(r,0) = Ra(r)O2(0), and we

have

1 1
R{©; + ;R’lel + T—QR@’{ +w?R1©;=0. (C11)
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1 1
RYO, + ;R;@Q + 723295; —wW?Ry0, =0. (C12)
Divide by R1©; (R203) we have
of o 1Y Ry 2.2 2
_ 21 221 ke § =n-. C13
o, r o) —i—rRl + wr n ( )
" R// /
— =2 =22 2 52 = (C14)

@2 N RQ RQ
Since ©1 and ©5 must be periodic with 27, we have

©1(0) = A; cos(nb) + By sin(né), (C15)

©5(0) = As cos(nb) + By sin(nd), (C16)
where n is a positive integer. And for Ry, R, if we let
p = wr we have

R+ 1R 4 (1—”2)3 —0 (C17)
1 P 1 pg 1=Y

/! 1 / n2
Ry+-Ry—(1+—5 | R2=0, (C18)
p P
and we can immediately see that these are the Bessel

function of the first kind and the modified Bessel function
of the first kind, so

Rl(p) = Olc]n(p) + D1Yn(P)7 (Clg)
Ra(p) = Caly(p) + D2 Ky (p). (C20)
And so
H,(r,0) = (A; cos(nf) + Bj sin(nd))
X (CrJp(wr) + DY, (wr))
+ (Ag cos(né) + Basin(nb))
x (Col, (wr) + Do Ky (wr)). (C21)

Since height of the film at the origin is finite, the terms
involving Y,, and K,, must be zero, so the general solution
is

H,(r,0) = (A; cos(nf) + By sin(nf))J, (wr)

+ (Az cos(nd) + By sin(nd))I,(wr), (C22)
where n = 0,1,.... Here we don’t have to consider neg-
ative n because

Jon=(=1)"J, (C23)
and
I_,=1, (C24)



Applying the 90°-contact-angle boundary condition

Eq. we obtain
01J) (wa) + O21] (wa) = 0, (C25)

and applying the no-flux boundary condition Eq.
gives
— 01J, (wa) + O3] (wa) = 0. (C26)

These two conditions tell us the dispersion relation

J! (wa) =0, (C27)
and since I, is always positive,
9, = 0. (C28)

For each n, the dispersion relation gives a list of suitable

frequencies {wy, o : @ =1,2,...}, and so the wave modes
are
T,ll,a(r, 0) = cos(nd)xn,a(r), (C29)
T,Qmé r,0) = sin(nd)xn.o(r), (C30)
where
Xn,oao = Jn(wn,ar)7 n= 07 1a cee (031)

In this subsection we (i) derived the general solution
to the eigenvalue problem for 3D circular film, which will
be used in Eq. and (ii) derived the wave modes for
3D circular film with prescribed 90° contact angle.

2. Thermal-capillary-wave theory

The free energy required to perturb the free surface
is given by the product of the surface tension and the
surface area created:

pes( [ i (3

(C32)
(C33)
and assuming small perturbations
oh\*>  [on\?
2 JE— —_—
r <6r> +<89> < 1, (C34)

so that a Taylor expansion gives

2 a 2 2
~ 7 Oh\"_ 1 (0h
~ 2/0 /0 ((67") +T2 <80) )rdrd@. (C35)

Applying Eq. and denoting

Om.a = Am,a(t) cos(mb) + By, o sin(m0) (C36)

2 2
1 (0h )
+ ﬁ (((99) rdrdf — ma )
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we find

[, clNe Sl e oo o

E;zzzz// a(6)915(0)

m=0n=0a=1 =1
Xn,p(T)r + O3, ,(0)0;, 5(0)

)
Y1)y drdd

X Xm,a(r

I
B
3
M8
o\g
N
S
Q
N
S
™
>
o
Q
>
o
Q
3
QU
3

o

&S]
ZZ/ AWLOzAmﬁ+BmO(B ,B)
(XmaXmﬂr+m Xmoszﬂ )d’f

=7 Z Z Ao,aAop

a=1p=1

X

a 2
! ! O
X TX0,aX0,8 T 7 X0.0X0,5 dr

ZZZ Am,aAm,8 + Bm,aBm,s)

S—

m\*é

2
m
TX/m,,ozX/m,,ﬁ + er,osz,B) dr. (037)

We can show that (even for m = 0)

a 2
/ / m
/0 (TXm,aXm,B + TXm,ocXm,B) dr

a m2
= / <Xm,a
0 T

:Sm,a§a5

- Xfm,a - TaX%,a) Xm’ﬁd’l"
(C38)

where

_1(wm,aa)

1
2
Sm.a = §wm7aa Win, @,

—2mJpm—1(Wm,a @) Jm (Wi, )

+ wm,an,Qn(wm,aa)>. (C39)

Sm.o can be further simplified using the fact that x,,,qo =
JIm(wWm,or) and the property of Bessel function J), (p)

J77L—1 - m/me(p)
1 / 2
S = FWm.al Win,a (), (Wim,a))
m2

J,%L(wm’a) + wm’angl(wm’aa)> . (C40)

Wm,a O

The dispersion relation Eq. then tells us that

Sm,a = (wfmaa2 - m2) an(wmyaa).

(C41)

[N



Considering the asymptotic expansion of the Bessel func-
tion of first kind, as x — oo,

I () ~ 4/ :—x cos <:c - 2m4—|— 17T> +O(x/?), (C42)

one can easily see that since wy,  increases with m lin-
early, S, also increases with m linearly for large m.
Follow the same procedure as in Eq. , we can also
show that the wave modes are orthogonal,

2 a
/ / Tima(r, H)Tilﬁ(r, 0)rdrdd = 6;;0.mndasC,
0 0

(C43)
for some constant C, which gives us confidence to apply
equipartition theorem.

In this subsection we (i) calculated the extra sur-
face energy associated with the perturbations supporting
Eq. , (ii) showed that perturbed surface area S, o in-
creases linearly with n, which leads to the use of cut-off
length scale and (iii) showed that the wave modes 17, ,

are orthogonal to support Eq. and Eq. (59).

Appendix D: 3D circular thin film with a pinned
contact line

In this section we layout the technical details for the
3D circular thin film with a pinned contact line.

1. Derivation of wave modes

Applying the pinned boundary condition Eq. and
no-flux boundary condition Eq. to the general solu-
tion Eq. (C22))

H, (r,0) = (A1 cos(nf) + By sin(nd))

X (Oljn(CT) + Dlyn(CT’))
+ (Az cos(nf) + Bssin(nb))
x (

CoL,(Cr) + Do K, (Cr)). (D1)
we get
©1J,(Ca) + O21,(¢a) =0 (D2)
and
—01J,,(Ca) + 021} (Ca) = 0. (D3)
This tells us that
e
and gives us the dispersion relation
2nJ(Ca) n(Ga) + Cal o (Ca) L1 (Ca)
— Jns1(Ca)a(Ca)| =0.  (D5)
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For each n the dispersion relation gives a list of suitable
frequencies {(,,o : @ = 1,2,...}, with wave modes given
by

\Ijvlz,a (T‘, 9) = Cos(n0)¢n,a (r)7
\I/i’a(r, 0) = sin(nd) vy, o(r).

(D6)
(D7)

Here

Jn(cn,aa)

wn,a(r) - Jn(Cmar) - In(Cn aa)

I (Cn,ar),

n=201,...

2. Thermal-capillary-wave theory

Similar to Appendix we have

§=ym3_ > CoaCos
a=1p=1
a 02
X /0 (T¢6,a¢6,ﬁ + rilfo,oﬂlfo,ﬁ) dr

+ g Z ﬁzzjl(cm,acmﬁ + Dm7aDm’B)

m=1a=1

a m2
X /O (Irw:n,aw:n,ﬁ + T'L/}m,awm,ﬁ> d'ﬁ (Dg)

where C);, o and D,, o comes from the notation

Om,a(0) = Chy o cos(mb) + Dy, o sin(mb). (D10)

We now show that for any m (even when m = 0)

a , , m2
/ <r’(/}m,a’(/}m,,8 + r¢m,a¢m,ﬁ> dr
0

“(m 4 "
:/O Twm,a - w'rma - Twm,a '(/)m,,é’dr (Dll)
:Km,oz(saﬁ

where the first equality used the fact that ¢, g(0) =

Ym.p(a) = 0. Recall that fr, o(r,0) = O 0(0)m o(r) is
one of the eigenfunctions that satisfies

VQVQfm,a(Ta 9) = W?n,afm,a(rv 9)7 (D12)

and expanding this equation in polar coordinate gives us

2 1+ 2m?
¢;:z,:a + ;w%,a - Tw;/n,a
n 1+ 2m? m* — 4m?

dj;rua + '(/}m,a = Wﬁ%oﬂ/)m,a. (DIS)

r3 ré



With the help of Mathematica [68], using a similar pro-
cedure to before, we found that

4 ¢ m?
wm,a/ (Tq/};n,aq/};n,ﬁ + Twm,awm,ﬁ) dT
0
a 2
:wﬁn,a/ (n;,lpmﬂ - w;n,oc - “ﬁ;’w) ’l/}mﬁdT
0
4 ¢ m2 / "
=W, g —Ump = Yimg — TVmg | Ymadr
0
a m2
:wfn,ﬁ/ <rw;n,ozw;n,ﬁ + T’Q[Jm’ad]m’ﬁ) dr. (D14)
0

If Wy 0 # wim,p this implies that

a m2
/ <?"1/);n,a1/);n,g + Tiz}m,ai/}m,[%) dr = Km,a(sa,ﬁ
0
(D15)

where

1 J? Wm,a@
Koo = 50 00 <1m_1<wm,aa>fm+1<w%aa>M

- m—l(wm,(xa)']m-i-l(wm,aa)) . (D16)
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Considering the asymptotic expansion of the Bessel func-
tion of the first kind Eq. and the asymptotic ex-
pansion of the modified Bessel function of the first kind,
as & — 00,

A2
L +O(x‘2)>,

I(z) = exp(l‘)\/g (1 T (D17)

one can easily see that for large n, K,, o increases with n
linearly.

In this subsection we (i) calculated the additional sur-
face energy associated with the perturbations used in
Eq. and (ii) showed that perturbed surface area K, o
increases linearly with n, which leads to the use cut-off
length scale for wave modes.
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