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Abstract

We develop a functional framework suitable for the treatment of partial differential equations and varia-
tional problems on evolving families of Banach spaces. We propose a definition for the weak time derivative
that does not rely on the availability of a Hilbertian structure and explore conditions under which spaces
of weakly differentiable functions (with values in an evolving Banach space) relate to classical Sobolev—
Bochner spaces. An Aubin-Lions compactness result is proved. We analyse concrete examples of function
spaces over time-evolving spatial domains and hypersurfaces for which we explicitly provide the defini-
tion of the time derivative and verify isomorphism properties with the aforementioned Sobolev—Bochner
spaces. We conclude with the proof of well posedness for a class of nonlinear monotone problems on an
abstract evolving space (generalising the evolutionary p-Laplace equation on a moving domain or surface)
and identify some additional problems that can be formulated with the setting developed in this work.
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1. Introduction

In this paper, we provide a theory and analysis of time-dependent function spaces suitable
for posing and solving evolutionary variational problems on families of time-evolving Banach
spaces. We further demonstrate our theory via examples and applications of partial differential
equations on moving domains and surfaces.

By way of illustration, for each ¢ > 0, let H(¢) be a Hilbert space and X (#) be a Banach space
with dual X*(¢) such that

X(1) CH(r) C X*(t)

is a Gelfand triple. We say that H (¢) is the pivot space. Let A(¢): X (t) — X™*(¢) be an elliptic
operator and & an appropriate time derivative (to be defined later) of . With this, we can consider
the abstract problem

w(t) + Au(t) = f() in X*(@),
u(0) =ug in H(0).

(1.1)

One possible weak formulation concept for this problem would ask for the solution to satisfy

T T
/u(t) n@®) x* @), x@) + {A@u@), () x+1),x 1) = / (f@O,n®)xa),x0)
0 0

for every appropriate test function 7, as well as a given initial condition. To make this precise,
one needs to specify

(i) the exact function spaces that the solutions lie in,
(i1) how to define the time derivative in an abstract evolving Banach space setting,
(iii) the properties of the above-mentioned spaces and objects that allow for analysis (e.g. exis-
tence of solutions) to be performed.

Our motivation comes from the study of partial differential equations on moving or evolv-
ing domains and manifolds. Such equations have received considerable attention in part due
to their wide applicability in the biological and physical sciences. We mention applications
in biomembranes [52], cell interactions [5], cardiovascular biomechanics [39], fluid mechan-
ics [14], chemotaxis [28], to name but a few. In addition to modelling aspects, the analysis
[1-3,5,17,18,21,31,33,34] and numerics and simulation [25-27,30,40,43,44,54] of such prob-
lems is challenging and an active area of research.

In the case that X (¢) is a Hilbert space, such issues have been considered. In particular, in
[3] an abstract framework for the formulation and well posedness of solutions of equations of
the form (1.1) was provided for linear parabolic problems in the Hilbert triple setting; for this,
Lions-type solution spaces W79 (X, X*) (referring to the set of p-integrable functions that have
values in X (¢) with g-integrable weak time derivatives with values in X*(¢)) were defined and
rigorously justified to have certain properties that are necessary for the existence theory. See also
[4] for several concrete examples of applications of this theory.
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In this work, our setup involves not necessarily Gelfand triples but in fact more general fami-
lies of Banach spaces

X)) Y@

with no intermediate inner product structure available. As there is no pivot space to work with,
the formulation and properties of the weak time derivative and evolving function spaces become
more complicated. It is the aim of this paper to provide the theoretical background for con-
structing these spaces in the fully Banach space setting, to study their properties, and to provide
examples that will cover most cases of interest to practitioners working with evolutionary vari-
ational problems on moving domains and surfaces. We will also provide an Aubin—Lions type
compactness result (a tool widely used in the study of nonlinear problems) for these spaces. A
crucial point in achieving the Aubin—Lions result (as well as other results and properties) is an in-
termediary result in which we give conditions under which the space W#-4(X, Y) is isomorphic
to the standard Sobolev—Bochner space (or Lions space)

WP4(Xo, Yo) :={u € LP (0, T; Xo) :u" € LY(0, T; Yo)},

where Xo := X (0) and Y := Y (0). Expending effort in achieving this isomorphism property is
worthwhile since it has the advantage of allowing for a simple transferral of the properties of
WP4(Xg, Yo) onto the time-evolving version W7-9(X, Y). In particular, it leads to a relatively
straightforward proof for the extension of the standard Aubin—Lions result to the evolving setting.

In summary, the novelty of the work is the following:

(1) we consider and define weak time derivatives in a fully Banach space setting (separability
and reflexivity are not assumed); with no inner product or Gelfand triple structure to aid us,
the formulation of such a time derivative is non-trivial and requires care and justification;

(2) we provide conditions that can be checked to ensure the isomorphism with equivalence
of norms between the standard Sobolev—Bochner space W79 (Xy, Yy) and the evolving
Sobolev—Bochner spaces W7 9(X, Y) under consideration in this paper;

(3) we provide an Aubin-Lions result also in this generality (with no restriction needed for the
evolving spaces to be related to domains or manifolds);

(4) we study a number of concrete examples involving function spaces of moving domains and
surfaces that fit our abstract framework;

(5) we prove existence and uniqueness of solutions to a monotone first-order evolution equation
(of the form (1.1)) in a Gelfand triple setting using the theory developed in this paper.

Under the assumptions on the evolution of the spaces in this paper, it is always possible to pull
back equations such as (1.1) onto a reference space X and apply standard theory on fixed spaces
once the relevant assumptions have been verified. However, our approach — which enables the
problem to be treated directly in its natural formulation — offers a certain elegance and simplicity
and is also of use in numerical and finite element analysis [27] on moving domains/surfaces (in
addition to being an interesting mathematical problem in its own right). Furthermore, pulling
back onto a reference domain nonetheless requires the checking of regularity of the resulting
coefficients in order to apply standard theory and the analogue of this is performed for some
rather general cases in §6, which we believe has a wide appeal for a variety of problems on
moving domains and surfaces.

270



A. Alphonse, D. Caetano, A. Djurdjevac et al. Journal of Differential Equations 353 (2023) 268—338

Organisation of the paper The paper is split into two parts. Part 1 focuses on the abstract theory
and Part 2 contains applications of the theory. Beginning in §2, we define and study properties
of the evolving Bochner spaces Ll;{ and their dual spaces. We move onto defining a weak time
derivative in §3, as well as defining spaces of functions with weak time derivatives and their
relation to the standard Sobolev—Bochner spaces. We study the conditions under which the two
spaces are isomorphic. Proceeding in §4, we specialise the above theory to the setting where we
have a Gelfand triple, which leads to a simplification in the statement of the assumptions that are
required. We generalise the Aubin—Lions result to our setting in §5, concluding Part 1. Part 2 is
devoted to examples and applications. In §6, we study several concrete examples of the abstract
theory. Finally, in §7, we provide an application to a nonlinear parabolic equation.

Notation and conventions

o We will always work with real Banach spaces.
e The action of the linear map x* € X* on x € X is denoted by

(xX*, x)x+ x = (x, x%) x x*.

d
e Continuous, dense and compact embeddings of spaces will be denoted by <, — and <
respectively.
e We will usually leave out the differential in integrals, i.e., we write fOT f () rather than

J f@dr.

e For a function f: [0, T] — X onto a Banach space, we denote the difference quotient

h _
ahf(l)::f(wlz f(t).

e Givena,b eR,a Ab:=min(a,b).

e The letters p and g will typically be used for (not necessarily conjugate) integrability expo-
nents in LP-type spaces; the conjugate of p will always be denoted by p’ := p/(p — 1).

o We write D(Q2) = C2°(R2) to refer to the set of infinitely differentiable functions with com-
pact support in the open set 2 C R”. Likewise, for a Banach space X, D((0,7T); X) =
C2°((0, T); X) denotes the space of smooth, compactly supported functions on (0, 7') with
values in X. The dual space of D(2) will be denoted D*(£2), which is the space of continu-
ous linear functionals on D(2) (i.e., the space of distributions) endowed with the strong dual
topology. The space D*((0, T); X) will stand for the space of continuous linear mappings
from D(0, T) into X, i.e.,

D*((0,T); X) = L(D(0, T), X),

see [8] for further details.

Part 1. Theory

This part is devoted to establishing the abstract theory necessary for the analysis of function
spaces and the treatment of partial differential equations on evolving surfaces or bulk domains.
We will assume familiarity with the classical theory of standard Bochner spaces L?(0, T; X);
useful texts on this topic are [8,10,19,46,55].
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2. Time-evolving Bochner spaces LI;(

The aim in this section is to define a generalisation of the Bochner spaces L? (0, T'; X) to de-
scribe integrable (in time) functions with values in a Banach space that itself depends on time. In
[1,3], two of the present authors defined and studied properties of spaces LI;( given a sufficiently
smooth parametrised family of Banach spaces {X (¢)};<[0,7]. These spaces were generalisations
to the abstract Banach space setting of spaces introduced by Vierling in [53] in the context of
Sobolev spaces on evolving surfaces. We now recall (and in some places, refine) the theory in [1]

so that the presentation is essentially self-contained.
For each 1 € [0, T'], let X (¢) be a real Banach space with X := X (0) and let

¢ Xo— X(1)
be a bounded, linear, invertible map with inverse
o2 X(t) = Xo.
It follows that the inverse is also bounded. These maps ‘link’ the time-dependent spaces and we
call ¢, the pushforward map and ¢_; the pullback map. We assume these satisfy the following
properties.

Assumption 2.1 (Compatibility). Suppose that

(1) ¢ is the identity,
(2) there exists a constant Cy independent of ¢ € [0, T'] such that

lprullx ) <Cx llullx, Vu e Xo,
lp—tullx, < Cx lullxq VueX@),
(3) forall u € Xo, the map ¢ > |[|¢rul x () is measurable.

We say that the pair (X (¢), ¢;); is compatible.

In what follows, we always assume that (X (¢), ¢;); satisfies Assumption 2.1 and we (for-
mally) identify the family {X (¢)};¢[0,7 with the symbol X.

Remark 2.2. Under this compatibility assumption, note that for s, ¢ € [0, T'], the map U (¢, 5) :=
¢sd—;: X (t) = X (s) defines a 2-parameter semigroup in the sense of [45, Definition 1.1.1].

Let us define the disjoint union

Xr = U X(t) x {t}.

te(0,T]
Definition 2.3 (The space L%). For p € [1, 0o, define the space

LY :={u:[0,T]— X7, t> (@@0),1) | ¢—i(-) € LP(0,T; Xo)}.
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Identifying u(r) = (u(t), t) with it(¢), endow the space with the norm

1
- 1
”“”Lf( — (f() ”u(t)”[;((t)>p for p €[1, 00),

€SS Sup; 0,77 ||u(t)||X(t) for p = o0.

Theorem 2.4. Under Assumption 2.1, Lf( is a Banach space. If X is a family of Hilbert spaces,
then Lg( is a Hilbert space with the canonical inner product

T
w,v)2 2=/(M(t),v(t))xm-
0

Furthermore, L? (0, T; Xo) and L[; are isomorphic via ¢(.) with an equivalence of norms:

1

p
o lullg =< l6-uO o070y < Cx Il forallue LY. @2.1)

Proof. For the first two claims, see [3, Theorem 2.8] for the Hilbertian case and the paragraph
after Definition 2.1 in [1] for the general Banach setting. The equivalence of norms is proved in
[1, Lemma 2.3]. O

Spaces of smooth functions The following C¥-type spaces will also be of use later. We start by

defining, for k € N U {0}, the spaces C 1)‘( of k-times continuously differentiable functions (on the
closed interval [0, T'])

Ck={n:10.71= X7, 1> 0.0 | () € CH10.TL: X0 |

We will also need the space Dy of smooth, compactly supported functions (but now on the open
interval (0, T))

Dy ={n:10,T1— Xr, 1+ (@0),1) | ¢_yn() € D0, T); Xo)}.
2.1. Dual spaces
In this section, we study the dual space of L f( for appropriate p. First, we shall see that given
a compatible pair (X (), ¢;):c[0,77, We can also define the space Lf(* associated to the family
{X* ()} by using dual maps. Indeed, denote by
¢, X5 — X (1)

the dual operator of ¢_;: X (¢) — Xo. Under the condition

te> |9, /|

X*(0) is measurable for all f € X, (2.2)

it is not difficult to verify that the pair (X*(¢), ¢*,);e[0,77 is also compatible in the sense of the
definition above (see [1, Remark 2.4]). This justifies the next definition.
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Definition 2.5 (The space L‘;* ). Given a compatible pair (X (¢), ¢):<[0,7], under (2.2), we define
the space Lf(* using the dual spaces {X*(¢)};e[0,77 and the dual maps {¢i(_) C X5 — XF())

Remark 2.6. Note that if X is separable, then so is X (¢) for every ¢ € [0, T] and the condition
(2.2) follows from Assumption 2.1.

Regarding the relationship between the dual of a Bochner space and the Bochner space of
the dual, recall that if Z is a reflexive Banach space, then Z* is also reflexive and hence it
possesses the Radon—-Nikodym property, which is key to identifying the dual of L7 (0, T; Z) as
L?(0,T; Z*) whenever p # co.

Theorem 2.7 (Identification of the dual of L§ with Lg* ). Suppose that the family of reflexive
Banach spaces {X (t)}:c[0,1] satisfies Assumption 2.1, (2.2) holds and let p € [1, 00). The dual

space (Lff)* is isometrically isomorphic to Lff* (taken as in Definition 2.5) with duality pairing

T
(fsu) L” N A / S@,u@®)x+1),x0)-
0

Furthermore, if p € (1, 00), then Lf( is reflexive.

Proof. The proof follows the classical proof for the corresponding result for Bochner spaces [20,
§1V] with modifications, see Theorem 2.5in [1]. O

We now establish a version of the fundamental theorem of calculus of variations for the evolv-
ing space setting. The proof is simple but we provide it to illustrate the kind of argument required

when working with these kinds of spaces.

Lemma 2.8. I[fueL ; is such that

T
/u(t) N xw.x+@) =0 VneDx,
0

then u = 0.

Proof. Given n € Dy, by writing (u(?), n(t)>X(t) X = = (p_ru(r), o n(0))y 0. X3 and setting
Q= q%n(-) € D((0, T); Xg) it follows by the arbitrariness of n € Dx~ that

T
[ {6-u0. 001500520 ¥ € D(O.T: X5,
0

from where ¢_(yu(-) =0,henceu =0. O
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Remark 2.9 (Relation between the Riesz maps in the Hilbert space case). Suppose that
{H (t)}:e[0,7] 1s a family of Hilbert spaces compatible with a family of maps {¢:}:c[0,7] as above.
Let us discuss the relationship between the various Riesz isomorphisms that are present in this
situation.

Let R: L%, — Lz* and S;: H(t) — H*(t) be the associated Riesz maps. If u,v € L%i, by
definition # > (S;u(t), v(t)) g=@), H(r) = (U(t), v(¢)) H(r) is measurable and we have

T

T
(u,v)2 =/(u(t),v(t))H(z) =/(3tu(t),v(t)>H*(z),H(z)
0

0

but on the other hand, by Theorem 2.7,

T
,v)2 = (Ruv) 2 2 = / (RO, 0O =0, 10
0

This implies that
Ru=Su(-) in L%_I*

and thus (Ru)(t) = S;u(t) € H*(t) for almost all ¢. This suggests that identifying H (¢) with
H(1)* forces L%{ to be identified with L%{* and vice versa.

3. Time derivatives in evolving spaces

Having defined Bochner-type spaces to deal with evolving families of Banach spaces, we
focus in this section on defining a notion of a weak time derivative for functions in such spaces.
We recall the definition of a weak time derivative on a fixed setting: given X < Y, a function
v e L1(0, T; Y) is the weak time derivative of v € L'(0, T; X) if

T T
/v’go:—/vgo/ Vo € Dyx. 3.1
0 0

Firstly, since the pullbacks of functions in C )1( (recall the definition in §2) are differentiable, we
are able to define a time derivative for such functions with a simple and natural formula.

Definition 3.1. A function u € C ;( has a strong time derivative u € C 9( defined by

i(0) =97 (@Xu)), (3:2)
where (¢X,u)’ denotes the classical weak derivative of ¢X,u as in (3.1).
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Evidently, this time derivative depends on the maps {¢IX}. We will sometimes also use the
notation 0°u in place of #. A similar definition could be stated for higher order derivatives but
we will not need it in this text.

Remark 3.2. This definition implies the following simple transport property: if u € C )1( is of the
form u = q‘)txr} for some 1 € Xo, then it = 0.

The aim now is to look for a weaker notion of time derivative than the strong time derivative.
Motivated by the integration by parts formula (3.1), we expect the definition of the weak time
derivative to be similar to the non-moving setting but in view of the fact that the spaces here are
evolving, we expect an additional term in its definition. Such a weak time derivative was defined
in the setting of Hilbert triples X () C H(t) C X*(¢) (with each space a Hilbert space) in [3].
Here, we aim to drop the assumption of an existing pivot Hilbert space and define the weak time
derivative in the full generality of the classical Banach space setting.

For the rest of this section, we work under the following assumptions:

Assumption 3.3. We fix families

(X0, 87 Xo=> XO),e0ry  and (YD), 0 : Yo=Y (D), 07p

where X := X (0) and Yy := Y (0), satisfying Assumption 2.1 and such that the Banach spaces
X (¢) < Y (¢) continuously for all t € [0, T'].

Remark 3.4. We do not assume that ¢ = ¢! | x,! Doing so would lead to a simplified setting in
what follows, see Remark 3.7 (ii) for more details.

3.1. Definition and properties of the weak time derivative
For a function u € Lf(, we wish to define an appropriate concept of a weak time derivative

ue L()], motivated by the usual so-called transport formula in the non-moving setting. Taking a
test function 1 € Dy=, we expect

d . .
a7 (@), ) x@y, x+r) = @@, )y ey, y*ry T @@ 1) x4y, x+(r) + extra term, (3.3)

where the extra term accounts for the time-dependence of the duality pairing. Integrating over
[0, T'], and using the fact that 5 is compactly supported, this would lead to a weak derivative
formula of the integration by parts type, with an extra term which we now must identify. To
isolate the effect of time-dependency that the evolution of the spaces induces in the associated
duality product, we make the following assumption.
Assumption 3.5. We assume that
(1) the map
X Y
t = <¢t MO’ (¢7¢)*UO>X(,))X*O)

is continuously differentiable for each fixed ug € Xo, vg € Y3
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(i1) for all r € [0, T'], the map

a
Xo X Y53 (o, v0) > =-{¢ w0, (9X) Vo] ) o)

is continuous;
(iii) there exists C > 0 such that, for almost all ¢ € [0, T'] and all ug € Xg, vg € Y,

0
(0" 10, 6L vo)y ) x| = € lollxo Ivolly;-

Here, we have used the fact that Y*(¢) < X*(¢) continuously. It is convenient to define the
bilinear form A(z; -,-): X (¢) x Y*(t) = R by

34

9
At u,v) = —(¢ w0, (@7,)*vo) R :
! e P

This leads us to the following generalization of the weak time derivative for functions that take
values in evolving Banach spaces.

Definition 3.6 (Weak time derivative). We say u € L}( is weakly differentiable with weak time
derivative v € L} if

T

T T
/ w(®), 7O) x 0. x0 = — / ). 1Oy — f AMeu(@).n(@) Yy € Dys. (3.5)
0 0

0

In §6.1.1, we will see that this definition recovers the well-established definition of the weak
material derivative in the Gelfand triple setting where the pivot space is an L>-type space on an
evolving domain or surface.

We note that this generalises to the fully Banach space case the definition in the work [3]
co-authored by the first and final authors where all spaces were assumed to be Hilbert spaces in
a Gelfand triple setting.

Remark 3.7.

(1) The first two parts of Assumption 3.5 imply that X is a Carathéodory function, thus for
ue L§( and v € L},*, the superposition map ¢ — A(¢; u(¢), v(t)) is measurable.

(i) The expression for A suggests that our definition could lead to problems in the case Y (¢) :=
X (t) with the same maps ¢ = ¢;¥, in which case A = 0 and the extra term in the definition
of a weak time derivative would vanish. But this is indeed the case for smooth functions
uecC )1( To wit, omitting the exponent in ¢; = ¢>,X , we have, for any n € Dx«(0, T),

T T T
/u(t) N x @), x*@) =/ G (p—u (@), n(O) x (1), x*1) = — f u(®), () x @), x*@1)-
0 0 0
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Hence, our setting includes the case Y (f) = X (¢) and the calculation above shows that
u € L% is weakly differentiable (in the sense of (3.5)) if and only if ¢, u is weakly differ-
entiable in the classical sense, and it holds that &1 = ¢, (¢*,u)’.

(iii) Note that the above is different to the case where there is a Hilbert triple framework in place
and the derivative has sufficient smoothness to lie in L?(: in such a case, we would still get
a non-zero A term! That is,

{uell:uell}
and
(X(t), H(t), X*(1)) is a Gelfand triple; {u € LY i e L%. NL%)

are fundamentally different since the derivative () in each set is a different operator; in par-
ticular, the second is defined through the pivot space. One should take care to not confuse
the two.

By a simple application of Lemma 2.8, we can prove the next result.

Proposition 3.8 (Uniqueness of weak derivatives). Suppose u € L;( has weak time derivatives
v, V) € L;. Then v = vy.

Proposition 3.9 (Strong derivatives are also weak derivatives). Let u € C )1( and u € Cg be its
strong time derivative. Then u is also weakly differentiable with weak time derivative u.

We provide the proof later on page 282 since we will need an additional result to prove it.

Remark 3.10. Proposition 3.9 shows that our notion of a weak derivative is indeed a general-
isation of the strong derivative (3.2). It would perhaps seem more natural to define the weak
derivative by pulling back to the reference domain with the maps ¢, differentiating in the usual
(weak) sense, and pushing forward with q),Y . Even though this is the case when Y (f) = X (¢) (as
per Remark 3.7), this approach does not lead to the same definition as above when the spaces do
not coincide. On this topic, note further that:

(1) Ifue L[;( is weakly differentiable in the sense we defined above, it is not necessarily the
case that d)ftu has a weak time derivative (in the usual sense). Conditions under which this
is true will be explored in §3.6.

(i1) Evenifu € Lf( is such that ¢§,u is weakly differentiable, then a simple calculation shows
that the function ¢ (¢*,u)’ does not satisfy an expression of the form (3.5) unless Y (t) =
X (1). Indeed, it is easy to check that

T T
Y X N\
’ Xu, Vn € Dy=.
f<¢t (¢Z,u) 7’ Y (). Y*(t) / ¢t ¢ i 77 Y (), Y*(@) 7 !
0 0
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3.2. Transport formula for smooth functions and further remarks

Having defined a notion of weak time derivative, we now demonstrate that a transport formula
of the form (3.3) holds for sufficiently smooth functions.

Lemma 3.11. Let Assumption 3.5 hold. Given o1 € C}l(, oy € Cll,*, the map t +—
(01(1), 02()) x (1), x*(1) IS absolutely continuous and for almost all t € [0, T'],

%(01 (1), 02(0)) x (1), x* (1) = (01(2), 02(D)) x (1), x*(1) + (01(2), 02(0)) X (1), x* (1) + A (t; 01(1), 02(2)).
For the proof, it becomes convenient to introduce the following notation and definitions.
Definition 3.12. For ¢ € [0, T'], we define the following objects:
(i) the evolution of the duality pairing,
m(t;, ) Xox Y5 —> R, wtiu,v):=(¢u, (qﬁL)*v)Y(t)’Y*(l):(qﬁtxu, (¢ZZ)*U>X(1),X*(t);
At Xo x Yy — R, At u,v) = %n(t; u,v).
(i1) the map I1;: Xo — Yy defined by
Mou:= ¢, pxu,
which satisfies
(M, U>YO,Y6‘ =7(t;u,v).
(iii) the map A(t): Xo — Y* defined by
(A (uo, vo)yg* vy = At uo, vo).
The fact that 7 (¢; -, -) is defined over X( x Yj is motivated by the discussion preceding the

definition of the weak time derivative above, allowing for the formulation in (3.5) witp test func-
tions in Dy=«. We see that X, defined in (3.4), is the pushforward of the bilinear form A:

At u,v) = A X, (9)) ).
For convenience, let us write Assumption 3.5 in terms of the notation of = and A
Remark 3.13. Assumption 3.5 is equivalent to the following:

(1) the map t + m(; u, v) is continuously differentiable for each fixed u € Xo, v € Yg with
derivative

o A 0
Ats ) Xox Yy — R, A(tsu,v):= En(t; u,v);
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(i1) forall r € [0, T'], the map (u, v) — i(t; u, v) is continuous;
(>iii) there exists C > 0 such that, for almost all € [0, T] and all u € X¢, v € YS‘ s

At u, v)[ < Cllulixg lvllyg-

With this, we obtain that A has a dual operator

A@)*: Y5 — X3

It is worthwhile noting that for u € L?(0, T; Xy), the map ¢ — IT,u(¢) is measurable from
0, T) — Yy since ¢(’f)u(~) € L% c LY and by definition of compatibility and (2.1), qbf() (LY —
L?(0, T;Yy), ensuring measurability of the composition map.

Remark 3.14 (The Gelfand triple case). Some observations regarding the definition above are
timely.

(i) Consider Y (¢) := X*(¢) with maps ¢IY = (¢)_{,)*, and suppose that there exists a family

(ii)

d
of Hilbert spaces H(t) such that X (t) — H(t). We suppose H (t) evolves with maps qth
satisfying q)tH Ix, = qth and that we have a Gelfand triple structure X (t) < H(t) — X*(¢).
In this case, the definition of the operator 7 above becomes, for u € Xo, v € Xy,

7t u, v) = (9 u, 6 V) x (1), xr(0) = (@ u, 97 V) x 0y, x7(0) = (@, 9P V) o),

and this definition can be uniquely extended to Hy x Hy by density of X in Hy. This also
shows that the map I1; satisfies

I,: Xo— HoC X§,  Tu= () ¢xu,

where (-)4 stands for the Hilbert adjoint. We can extend the latter map to Hy as the operator
(still labelled IT;)

M,: Hy— Ho C X5, TLu= (") ¢! u.

In particular, when X (¢) is also a Hilbert space, we recover! the definitions in [3].

In the setting above, observe that the definition of the operator 7, and consequently of IT,
and A, can be expressed involving the flows and inner product solely of the intermediate
Hilbert space H(t), and as such all of these are independent of the base space X (¢) that is
chosen.

Proof of Lemma 3.11. Let us first show that given 61 € C'([0, T']; Xo) and &> € C' ([0, T']; Yy,
the map ¢ — 7(t; 61(t), 62()) is in C'([0, T']) and that for all # € [0, T,

! In [3], the notations T; and b were used in place of T1; and 7 respectively.
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d A A Iy A A Iy > A A
En(t; 01(1),62(1)) =7 (t; 6,(1), 62(1)) + 7 (1; 61(1), 65(1)) + A(1; 61(1), 62(1)).  (3.6)
To see this, start by considering for # > 0 the difference quotient

w(t+h; 61(t +h), 62(t + h)) —m(t; 61(t + h), 62(t + h))
h

+ 7 (t; 8161 (1), 62(t + h)) + 7 (t; 01(2), 8,62(1)) -

Spm(t; 61(1), 62(1)) =

The continuity of 7 with respect to the second and third variables and the regularity of &1, 67
imply that, for all # € [0, T'], the sum of the last two terms on the right-hand side above converges,
ash — 0, to

w(t; 6{(1),62(1)) + 7w (t; 61(t), 65(2)).

We now use Assumption 3.5 (or equivalently, the conditions in Remark 3.13) to establish that for
almost all t € [0, T],

a(t+h;61¢+h),60+h)—m(t;61(t+h),600 +h))
h

0 R
- a—fa; 51(1). 62(6)) = A(t: 01 (1), 02 (1)).

Indeed, let us fix r € [0, T) and & > O sufficiently small so that t + & < T. We have, using the
absolute continuity of s — 7 (s; u, v) for fixed u# and v,

m(t+h; 610 +h), 620 +h) —nw(t;61(+h), 6020 +h) At 01(0). 02(1)) =

h
t+h
=%/X(s;61(t+h),6z(t+h))ds—i(t;c?l(t),&z(t))
t
=1+11+ 111,

where we have set

t+h
1 ISR . AA N
I:= - [ A(s;01(t+h),02(t +h)) — A(s;01(t), 02(t + h)) ds

t

T
=f5»(5;3h&1(t),52(t+h)) Xie.t+h1(s) ds,
0

t+h T
M= f M(s361(1), 62(t + ) — A(s3 61(1), 62(1)) ds = f A (538100, 8462(D)) X141 (5) ds,
t 0
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and

t+h

Il := % / A(s: 61(2), 62(2)) ds — A(t; 61(2), 62(2)).

t

Now observe that, for sufficiently small #, the integrands in I and II are uniformly bounded and
converge pointwise to 0, and so the Dominated Convergence Theorem implies that I, Il — 0 as
h — 0. Since for fixed u, v the map s A(s;u,v) is integrable, it follows from Lebesgue’s
Differentiation Theorem that also IIl — 0 as & — 0 for all ¢t € [0, T] proving that ¢
7(t; o1(t), 02(t)) has a continuous derivative and is thus C!([0, T']). We can reason similarly
fort € (0, T] and h > 0 with t — h > 0, and this will show (3.6). From here, the claimed state-
ment can be obtained directly by taking &1 (¢) := ¢X,01(¢) and 6>(1) := (¢} ) "02(t). O

With this transport formula at hand, we can prove our earlier claim that strong derivatives are
also weak derivatives.

Proof of Proposition 3.9. We start by observing that i € C?( ccC ?, CcL } Given 1 € Dyx, we
have

/(ﬂ([)sﬂ(t))Y(t),Y*(t)
0

T T
=~ [ 2w ¥u). (@7 n0)) - [ Aa6¥u0. @1 n) oy Lemmasin
0 0
T T
—— [0 - [ 2000,
0 0

which proves the claim. O
3.3. A characterisation of the weak time derivative

We come now to an alternative characterisation of the weak time derivative related to the
derivative of a duality product, which turns out to be useful in various situations (e.g. in the
mechanics of applying the Galerkin method for existence of solutions to nonlinear PDEs, see
§7), cf. [50, Lemma 1.1, §III] for the non-moving case. First, let us introduce some notation. For
a Banach space Z, we denote by Jz: Z — Z** the (linear and bounded) canonical injection into
the double dual:

<jZM,f)Z**,Z* = (f,bl)z*yz, VfEZ*,MEZ

In part to avoid working with double and triple duals, it sometimes becomes useful to assume
that
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A e Range(Jy,), Vtel0,T], ue Xo. 3.7
Remark 3.15. Regarding the assumption (3.7), note that

e it is automatically satisfied if Yy is reflexive;
o the meaning of the assumption is that

Vu € Xo, Iy € Yo : (Tvoy Plyzye = (F Vv = (AOu, fyey: VeV (38)

e denoting the map u — y in (3.8) by y = Lu, we can write

(fs Luyy vy = (A@u, [y ys,

which suggests that f\(t) can be identified as a map ]\(t): Xo — Yo and this is indeed what
we shall do below whenever the assumption is in force.

Proposition 3.16 (Characterisation of the weak time derivative). Assume (3.7). Let u € Lf( and
g€ L?,. Then u = g if and only if

d
S @, @YD) V) x ). x0) = (8(1), @Y ) V) v (o), y+(r) HADuU @), (9X ) *V)y ). v+ry Yve Y.
3.9)

Proof. Making the substitution 7 = (¢ (_))*v for arbitrary v € Y in (3.9), we find by definition
of the weak time derivative,

T
/I/f/(l)(u(l‘),n(l))X(z),x*(t)
0

T
:_/W(f)((g(t)an(f))Y(t),Y*(t)+(A(f)”(t)an(f))Y(t),Y*(t)) Yy €D, T).
0

Collecting terms, we may write this as

T
0= f (W' 0Pl u() + v (L, (g(1) + A1), v)yy,v;-
0
Bringing the integral inside the first part of the duality pairing above, we get

d
Efﬁftu(t) = oY, (g(t) + ADu()).

Now, as qb{(')(g + Au) € LY, T; Yo), this is equivalent to
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T T
/ (@ u(0). £ O)ypps = - / (@Y, () + AU E@)y,y;  VE €D, T): Y.
0 0

Setting ¢ := (qﬁz(‘))*f € Dy+ so that ¢ = (¢>f(.))*$/ , we can pushforward the duality products
above to obtain

T

T T
/ W), 6Oy = — / (8 (1) 9O v .7+ — / At u(0), 9 ().
0 0

0

This being valid for every ¢ € Dy+ shows that iz = g by definition. The reverse implication
follows since every step in the above proof is an equivalence. 0O

3.4. Evolving Sobolev—Bochner spaces

Having defined an appropriate notion of weak time derivative, we consider in this section the
definition and properties of evolving Sobolev—Bochner spaces, which are the spaces in which
solutions to parabolic PDEs (on evolving spaces) typically lie in. These can be considered to be
the time-evolving versions of W?-9(X, Y) defined as

WP4(Xg, Yo) ={u e LP(0,T; Xo): u' € LY(0, T; Yp)}. (3.10)
To reiterate, we again are enforcing Assumption 3.3.

Definition 3.17 (The space WP-4(X,Y)). For p, q € [1, o], define the space
WPa(X,Y):={uelf|ieL}} withnorm |ulwrax,y) = leell L+ Nl -
Proposition 3.18. The space WP4(X, Y) is a Banach space.

Proof. Let {u,} be a Cauchy sequence in W?-9(X, Y). It follows that u, — u in L; to some u
and 11, —> w in L?, to some w. We have for all € Dy,

T

T T
/(un(t)an(t))Y(t),Y*(t) =—/(un(l),ﬁ(l)b((z),x*(t) —/K(Z:un(f),ﬁ(t))-
0 0

0

It is immediate to pass to the limit in the first two terms, and for the last one we observe that,
since A is bilinear,

T T

/A(r; (1), (1)) /m; u(®), nO)| = ' Inlls lun =l 1, =0,
0 0

We then have
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T

T T
/ W) 1O v = — / w (), 70 X0, x 1) — / At u(®), (D)),
0 0

0

which shows, by uniqueness of weak derivatives (Proposition 3.8), that w =u. O

In Theorem 2.4, we saw that ¢.) acts as an isomorphism between the spaces L? (0, T'; X¢) and
L% with an equivalence of norms. A natural question to ask is: under which conditions does ¢.)
act as an isomorphism between W(Xo, Yp) and W (X, Y) with an equivalence of norms? This
question will be addressed in a later section. First, let us formalise this idea and give a simple
density result under such an equivalence.

Definition 3.19. We say there is an evolving space equivalence between W79(X,Y) and
WP4(Xo, Yo) if

ve WP(X,Y) ifandonlyif ¢X v()eWP4(Xy, o).

and the following equivalence of norms holds:

Cr[¢ 00| < vl wracxn = C2 95,00

WP (Xo,Yo) WP (Xo,Yo)

We may also say that WP9(X,Y) has the evolving space equivalence property or that
WPr4(X,Y) and WP-9(Xy, Yp) are equivalent instead of ‘evolving space equivalence’.

This notion of an evolving space equivalence is important as it ensures that properties of the
classical spaces W?1(X, Yp) carry over to the time-dependent W77 (X, Y). As mentioned, we
investigate when such an equivalence exists in §3.6. For now, we prove the following useful
lemma, which contains direct generalisations of classical embedding results.

Lemma 3.20. Suppose that there exists an evolving space equivalence between WP1(Xy, Yp)
and WP4(X,Y).

(i) The embedding WP 4(X,Y) — CY is continuous.
(ii) The space CX is dense in WP 9(X,Y).

Proof. The statement (i) is a consequence of the following series of implications:
e WPri(X,Y) &= ¢ u() e WP (Xo, Yo) = ¢* ,u() € C°(10, T1; Yo) <= u € Cy.
To prove (ii), let u € WP 9(X,Y), so that v(-) := qb)_((_)u(-) e WP4(Xy, Yo). Take a sequence

(vp)n C Cl([O, T1; Xo) such that v, — v in WP 9(Xo, Yy) as n — oo. Defining u,(-) :=
qb()_() v, () eC )1(, we have, due to the evolving space equivalence,

lun = ullwracx,yy < CloX un — X Julwracx.yy = C llvn — vilwracx,y) = 0

asn—o0o0. O
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3.5. Differentiating the duality product: transport theorem

In this section we state and prove a transport theorem for general functions in the abstract
spaces defined above.

Theorem 3.21 (Transport theorem). Let either

(i) pel2,00l, uec WPP'(X,Y)and v e WPP (Y* X*)
or
(i’) pell,ocol, ue WPP(X,Y)andve WP P (Y* X*),

and suppose that in either case the spaces involved have the evolving space equivalence property.
Then the map

£ (@, vO) ) x0) (3.11)

is absolutely continuous and we have, for almost all t € [0, T,

d
E(u(t)f U(t)>X(l),X*(l) = <M([), U(t)>Y(I),Y*(t) + (M(t), v(t)>X(t),X*(t) +)V(tv M(t)s U(t))
(3.12)

Proof. Under either of the assumptions it follows that both (3.11) and the right-hand side of
(3.12) define functions in L' (0, T'). This is clear for case (i), and in case (i) simply observe that
p'<2<p,andthus u € L; cL?,so (3.11) and the last term in (3.12) are also integrable.

It therefore remains to prove that the right hand side of (3.12) is the weak derivative of (3.11).
But this follows by density. Indeed, take sequences {u,}, C C }1(, {fulnCC 11,* such that

Up — u in WPP(X,Y) and v, — v in WPP (Y*, X*).

We then have, using Lemma 3.11,

d . .

E(Mn(f), V() x ), x*(t) = (Un (@), va )y (1), v+ () + {Un (@), Vn (D)) x 1), x* (1) + A5 up (1), v, (1)).
Writing this in terms of the definition of the weak derivative and then passing to the limit, we
find that (3.12) holds in the weak sense, giving the conclusion. O

Remark 3.22. Let us motivate the conditions on the exponents in the statement above. Assume
that y € WPL41(X | Y) and v € WP292(Y*, X*) and suppose that these spaces have the evolving
space equivalence property. The displayed equations in Theorem 3.21 above reveal that condi-
tions on the exponents are necessary:

e (3.11) must define an integrable function, but this is the case for any exponents p1, g1, p2, g2,
due to the extra regularity v € C 9(*;

o the right-hand side of (3.12) must also be integrable:

286



A. Alphonse, D. Caetano, A. Djurdjevac et al. Journal of Differential Equations 353 (2023) 268—338

— the first and second terms show that we must have L”2 C L% and LP! - Lqﬁ;
— the last term requires L”! C L?2.

This shows that the extra term A(#; u(¢), v(t)) — which is not present in the classical setting —
holds us back from stating a general result for u, v € W?-? | though in some applications we can
find a way around this obstacle (as we will see in Sections 4 and 6).

3.6. Criteria for evolving space equivalence

Here, we focus on obtaining conditions that can be checked ensuring an evolving space equiv-
alence (see Definition 3.19) between W9 (X, Yo) and W?9(X, Y). The main result is the next
theorem which states the precise conditions required; the reader is also referred to Theorem 4.6
for the statement (and proof) of this theorem applied to the particular case of a Gelfand triple
(the setting of which results in some simplifications in the conditions that are needed). We recall
the operators and bilinear forms in Definition 3.12 and we write M (0, T'; Z) to stand for the set
of Bochner measurable maps f: (0, 7) — Z into a Banach space Z.

Theorem 3.23 (Criteria for evolving space equivalence). Let Assumption 3.5 hold, let p,q €
[1, oo] and suppose that for all t € [0, T'], the range condition (3.7) and the following hold:

I1,: Xo — Yo has a linear extension T1; : Yo — Yo which is bounded uniformly in t,

(3.13)
ﬁ(.)u e M(0,T; Yy) forall u € Xy, (3.14)
ﬁ:l 1 Yo — Yo exists and is uniformly bounded in t, (3.15)
T ve MO, T; Yo) forall v € Yo, (3.16)

@1 WPV, YE) — WP PM(YE Y where (TTD ™) £)(0) := (TTH ™ £ (1). (3.17)

Then there is an evolving space equivalence between WP 1 (X, Yo) and WP 9(X,Y).

More precisely,
(i) under (3.13) and (3.14), if u € WP4(Xy, Yo), then ¢(X_)u e WP49(X,Y) and
3 pXu@t) = ¢! u'(t).
(ii) under (3.7) and (3.13)—(3.17), ifu € WP4(X,Y), then ¢i((.)u e WP1(Xy, Yo) and
——1 .
(pXu®) =TI, ¢r,u().

Remark 3.24. Regarding these assumptions, let us make the following observations.

d
(1) If Xo < Yy, then (3.14) follows immediately from _(3 13). In_deed, for any y € Yy, take a
sequence x, € Xo with x, — y in Yy. As I1;x, = I1,x, — II;y in Yy and the pointwise
limit of measurable functions is measurable, the claim holds.
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(i) Assumptions (3.15) and (3.16) imply that (ﬁk)_l: LP0,T, Y(’)") — LP(0,T; Y(;") is a
bounded linear operator for any p.

(iii) Assumption (3.17) is analogous to the assumption on the differentiability of I, (or 7;).

(iv) One should bear in mind that I, has an inverse only on the set I1,(X¢) (i.e. its range):

X Y
Xo RN X (1) 9ilxo oY, (X (1) C Y.

It is not clear that IT,(Xg) is closed (and hence not necessarily a Hilbert space in its own
right) so the dual of 1'[,_l is not well defined in general. This is why we only talk about the

inverses of IT and its dual operator.

The rest of this section is dedicated to proving this result, which will be done in a number of
steps. We begin with some preliminaries: we have the pointwise dual maps

M Y;— X5 and TI,: Y§— Y
and it is not difficult to see that for every f € Y,
(ﬁj‘f,mg,yo = (I} f,x)xsx, Whenever x € Xj. (3.18)

Let us construct the Nemytskii operators

(M) () :=Mu(),  Tu)@) =Tu), T F@) =TI} (1), @M )@ =TI, f ().
We have that
I: LP(0,T; Xo) - LP(0,T; Yp), TI: LP(0,T;Yy) — LP(0, T; Yo),
M': LPO, T: Y0 — LP(0,T; X3, T : LP(O,T: ¥} — LP(0,T; Y3),
are all bounded and linear for any p: for the first two maps this follows respectively by definition
(see §3) and by (3.13) and (3.14),% and the latter two because the dual of a bounded linear

operator is also bounded and linear with the same operator norm. Note carefully that 17 is in
general not the same as IT* (which is defined as the dual of IT) since we are not necessarily in

the reflexive setting (and likewise for ﬁT)! See the next remark for more on this.
Remark 3.25.

(i) Regarding IT and TI, we know that their dual operators satisfy by definition, for any p €
[1, o0],

IT*: LP(0, T; Yo)* — LP(0, T; Xo)* and TI': LP(0,T; Yo)* — LP(0, T; Yo)*.

2 The measurability of the image of the latter operator follows because ﬁ() (+) is by assumption a Carathéodory func-
tion.
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If it were the case that we could identify the duals of the above Bochner spaces with the
expected spaces (which we can do for example in the reflexive setting for appropriate expo-
nents p), then the above can be written as

M*: LP (0, T;Y§) — LY (0,T: X{) and TI': LP(0,T:Y§) — LP (0, T; Y7,

and it is easy to see in this case that

Nf=m* and T =T
(i) Assumptions (3.15) and (3.16) imply that ﬁT has an inverse given by
—t —1 —— 1. ——1 —
M= T where (T HTH@) =T, D f0) =TT~ £ o),
and furthermore, both maps

T LP(0,T: o) — LPO,T: Yy)  and
@MH =@ LPO. T: ¥ — LPO, T; Y)

are bounded linear operators.

The next proposition shows that IT and T’ take differentiable functions into differentiable
functions thanks to the assumptions on the differentiability of 7 that were made earlier. Even
though one does not usually distinguish between an element of a Banach space and its action
as an element of the corresponding double dual space, in the proofs below, to emphasise that
we do not assume reflexivity of neither X¢ nor Yy, we will always write explicitly the canonical
injections Jx,, Jy,, jyo*.

Proposition 3.26 (Differentiability of Tlu). Let p, q € [1, o] and suppose that (3.13) and (3.14)
hold. If u € WP-1(Xy, Yy), then Tu satisfies

T
/ Mute), @' (), s
0

T
/ T (1), 90}y, e + AOUD, 9Oy v Vo € DUO.T); ¥,
0

In particular, iflA\(t)u(t) € Range(Jy,), then Tlu € WP P4 (Yy, Yo) with
(M) (t) = Tu' (1) + J,%I[\(t)u(t). (3.19)

Proof. Let us take ¢ € D((0,T); Y) and u € ([0, T1; Xo) to obtain, by (3.6) in the proof of
Lemma 3.11,
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sk yk
Yoy,

T T
/ (/). M)y 5 == / ([t 0, 9Oy, e + (A, 00)
0 0

If Au is in the range of Jy,, then we can write the last term above as

0. Y5

T
[ {7 hawor.v),
0

proving (3.19) (with the right-hand side belonging to L?"4(0, T; Yy)) for u € C'([0, T1; Xo).
The conclusion now follows from the density of CL([0, T1; Xo) in WH1(Xy, Yp) and the conti-
nuity of [T, [Tand A. O

Note that the assumption that was needed for (3.19) above is exactly (3.7). Now we look for
a converse of Proposition 3.26. In order to do so, we need a preparatory result in the form of the

next lemma.

Lemma 3.27 (Differentiability of ﬁTv). Let p,q € [1, oo] and suppose that (3.13) and (3.14)
hold. If v e WP (Y[, Yy), then Mve WP PNU(YE, X (§) with

(M o) (6) = T V' () + AG)* Fygv (o).
Proof. We will first prove the intermediary result that [TTv € WP- P (X X o) with
(M) (1) = (MFv() =T, (1) + A0 * Tyzv(1) in X (3.20)
for v taken as stated in the lemma. Indeed, approximating with v € C'([0, T]; Y) and denoting

a test function by ¢ € D((0, T); Xo), we have

P .
0

T T
f (Myv@), ¢'®) X3 X / o). TI7V (1) + A@)* Jy*v(t)>
0 0

Take ¢(t) = ¥ (¢t)x where ¥ € D(0, T) and x € X¢; this becomes

/w ) (v (), X)X* /wm x ;' (1) + A)* Jy*v(t)> oo G2D

040
Manipulating and pulling the integrals inside the duality pairing, we get
T
</ ¥ (OTTFo(0) + Y ()T () + A Trg v (@), x> =0.
0 X5, Xo
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Since this is true for every x € Xy, this gives, by definition of the weak time derivative,
(MFv(0) = ;' (1) + A)* Tyzv(@)

and here, using the identity (3.18) relating ﬁf and IT¥ as well as a density argument for v, we

deduce that (3.20) is satisfied for each v € WP 4 (Y], Y).

Now, let us conclude. Again with v € Cl([O, TI; Yé") and a test function ¢ € D((0, T); Xo),
we calculate

T T
/ (Tvov o), == f (o). TV () + Aw)* Fyo(0))
01
0 0

Xo, X3

and from here we follow the same argument elucidated above (beginning with the derivation

of (3.21)) and this will show that Toe WP (XE, X§). Since we already know that Toe
LP(0,T; Yy), the claim follows. O

We are now ready to provide a converse to Proposition 3.26.

Proposition 3.28 ( “Differentiability of TI"'v”). Let p,q € [1, 00]. Suppose (3.7) and (3.13)-
(3.17) hold. If u € L?(0, T; Xg) is such that Tlu € WP- P (Yy, Yy), then u € WP4(X, Yo) with

W =T (M) =TT 75" Au.

Proof. Let ¢ € D((0, T); Y) and define v := (MMH~1e. By (3.17), v € WP-PN(YE YE) and we
can apply Lemma 3.27 to get (noting that p A (p Ag) = p A q)

¢ =T v +A"Fyzv in LX),
Taking u as stated, noting that

(), A* (1) Ty v(0)) xo. x5 = (AOu), (1)) y, vz

(with the final equality as explained in Remark 3.15), we find
T T
—1 —_1 A
/(u(t), ¢ () xo.x3 =~ /(H, (Iu®), o))y, vy — (T, A@Ou®), 1))y, vz
0 0

Assumptions (3.15), (3.16) and the assumptions on A imply that
T ((Mw)) € 190, T; ¥o) and T 'Au e LP(0, T; Yo)
and thus u € WP PN (X, Yy) as desired. O
Finally, we are able to prove the main result.
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Proof of Theorem 3.23. Suppose u € WP9(X, Yy), then immediately ¢()_‘)u(~) e L%, so it re-
mains to prove that this function has a weak time derivative in L;],. Let n € Dyx, then

T

T T
/ ¢[ M(t) Tl(f) X (@), X*(t) / ¢t Hl‘u (t) U(f)>Y(t) Y1) _fk(t’ ¢[Xu(t)a 77(1‘)),
0 0 0

from where we conclude that 7 ¢,X u(t) has a weak time derivative as desired.
For the converse direction, we begin by fixing u € W?9(X, Y). By definition, for any n €
Dy,

T

((0), 1O o) — / At u(0), (1)),

0

O\ﬂ

T
/ M([) 77(t) Y (), Y*(t)
0

which we can pull back, arguing as in the previous paragraph and rearrange to obtain

Kk K
0,1 YO vYO

T
_ / <Ht (qb}_(tu(t)) ’ (<¢ty>* "(t))/>yo,yg .
0

k
Letting ¢ := (qb(y )> n e D0, T); Ya‘ ) and using assumption (3.7), this is equivalent to

T
[{eria. (o) nw), |+ {AoeXuo. (o) no)
0

0,Y)

T T
[loriors giriomsamn o, = (. (@2am) ),
0 0

from where we conclude that

(MepX,u(0)) =Y i) + Ty, A u(t)

with l'[(]b)_((v)u € WPPM (X, Yo). By Proposition 3.28 it now follows that (pi‘(,)u e WP4(Xo, Yo).
The equivalence of norms is a result of the uniform boundedness of the flow maps and their
inverses, and from the assumptions on A and I1. O

4. The Gelfand triple X (¢) C H(t) C X*(t) setting
We now specialise the theory and results of §3 to the important case of a Gelfand triple
d
X@)—> H(@)— X*(1)
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for all ¢ € [0, T], that is, X (¢) is a reflexive Banach space continuously and densely embedded
into a Hilbert space H (¢) which has been identified with its dual via the Riesz map. This setup
arises frequently in the study of evolutionary variational problems and several concrete examples
will be given in §6 and §7.

In the context of §3, we are taking Y (¢) := X™*(¢) with the inclusion of X (¢) into Y () given
through compositions of the maps involved in the Gelfand triple. Naturally, we wish to make
use of the theory developed in the previous sections and the basic assumptions that one needs
(namely, Assumption 3.5) translated into this Gelfand triple framework are as follows.
Assumption 4.1. For all 7 € [0, T'], assume the existence of maps

¢l Ho— H@®), ¢ =9/ 1x,: Xo— X(©)
such that
(H(), ¢;H)te[0,T] and (X (1), ¢>IX),E[0,T] are compatible pairs.

We assume the measurability condition (2.2), i.e.,

t— ||¢:f||x*([) is measurable for all f € X.
Furthermore, suppose that

(i) for fixed u € Hy,
te g u ||%{(t) is continuously differentiable;

(i1) for fixedt € [0, T],

d H, .H : :
(u, v) — 5((])’ u,$," v) g 1s continuous,

and there exists C > 0 such that, for almost all ¢ € [0, T'] and for any u, v € Hy,

0
5 @6V rw| = Cllullag 0] - (4.1)
It follows that
(X*(), (9% )")1ef0.7] is a compatible pair.

Under the final assumption above, the map A(t) : Xo — X7, defined in Definition 3.12, is in fact
such that [\(t): Hy — H{ is bounded and linear with

(A(t)u, V) He Hy = A(t:u,v) Vu,ve H.
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Remark 4.2. Parts (i) and (ii) of Assumption 4.1 say that, with’

M, = @H2H,  7(t;u,v) =@ u, pFv)H(), 4.2)

the map (u, v) — ):(t; u,v) = dm(t; u,v)/dt is continuous and there exists C > 0 such that, for
almost all # € [0, T'] and for any u, v € Hp,

IA(z3 u, V)| < Cllull Hollv || Ho-

Taking into view the Hilbert structure, the definition of the weak time derivative in (3.5)
becomes the following.

Definition 4.3 (Weak time derivative). We say u € L}( has a weak time derivative v € L}(* if

T

T
/ W), 5O = — / ). 1O x 0y x(0) — / At u().n(t)) Yo e Dy.
0

0

It is convenient to state Proposition 3.16 applied to this setting.

Proposition 4.4 (Characterisation of the weak time derivative). Assume 3.7. Let u € Lf( and
g€ L%,. Then it = g if and only if

i H - X . H v
o (@), ¢ VIre) =(8W), ¢; V)x*@),x @) + AT ut), ¢, v) Vv e Xo.
4.1. Differentiating the inner product: transport theorem
We now specialise Theorem 3.21 to this setting. We first obtain the extra regularity
WX, X*)— C (1)1 as a consequence of the evolving space equivalence property, and then use it

to obtain a general statement.

Theorem 4.5 (Transport theorem in the Gelfand triple setting). Let p € [1, oo] and suppose that
there exists an evolving space equivalence between WP P (Xo, Xi5) and WP-P (X, X*). Then

(i) the embedding WP- v (X, X*) — CH is continuous;
(ii) givenu,ve W» N4 (X, X*), the map

1= (u(t), v() H@) 4.3)
is absolutely continuous and we have, for almost all t € [0, T],
d . .
() D)) = [0, VO) e ) + 10 DO)x,x00) + M 1), 0(0). (@)

3 See Remark 3.14 (i).
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Proof. The proof of (i) follows from

ue WPP (X, X*) <= ¢* ju e WP (Xo, X3) = ¢*u € C (10, T]; Ho) <> u € Cy,
where we have used the assumption and the fact that ¢/7|x, = ¢;X. We now turn to the proof of
(ii). The fact that (4.3) is an element of L'(0, T) and that (4.4) is the weak time derivative of

(4.3) follows as in the proof of Theorem 3.21, so it suffices now to check that the right-hand side
of (4.4) is also in L'(0, T'). Due to (i) and the stronger assumption (4.1) we may conclude with

T T
[ s vorar <€ [ ool a =Tl Il o
0 0
Let us now study criteria for the spaces W (X, X*) and W(Xj, Yy) to be equivalent like in
§3.6.
4.2. Criteria for evolving space equivalence
The evolving space equivalence criteria of Theorem 3.23 tailored to the situation under con-
sideration are as follows. It is worth pointing out that these conditions are considerably easier to

check in practice than the ones given in [3, Theorem 2.33].

Theorem 4.6 (Criteria for evolving space equivalence in the Gelfand triple setting). Let Assump-
tion 4.1 hold. If for all t € [0, T],

I1;: Xo — Xo is bounded uniformly in t, 4.5)
Ht_l : Xo = Xo exists and is bounded uniformly in t, 4.6)
M u € M, T; Xo) for all u € Xo, 4.7)
=1 wra(Xg, Xo) — WPPM (X, Xo), (4.8)

then WP-4(X, X*) and WP (X, X{}) are equivalent.

More precisely, with TI; as in (4.11),
(i) under (4.5), if u € WP4(Xo, X§), then ¢\ u € WP4(X, X*) and
3°p X u(t) = (¢* )T (1). (4.9)

(ii) under (4.5)—(4.8), ifu € WP9(X, X*), then ¢)_((.)u e WP4(Xo, X)) and

(X um) =TI, @i (4.10)

Proof. The idea is to verify the assumptions of Theorem 3.23. Since we are in the reflexive
setting, assumption (3.7) is automatic and Remark 3.25 applies and we do not need to distinguish
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between I1" and IT*. Assumption (4.5) implies that the existence of the dual I"If’: X5 — X§ to
IT; considered as an operator I1;: Xy — X which is defined (as usual) by

<H e x)X* Xo =/, HNC)X* Xo VfEXS, x € Xp.

Now, if f € Xy, the right-hand side equals (f, IT;x) g,. On the other hand, because (4.5) is in
force, by the self-adjoint property of I1;: Xo — X,

(Htf,x>x;;,xo=(f, :x) 1, Vf, x € Xp.
This shows that 1'[’,*| x, = I1; and hence we may take as an extension (of IT;)
m, =1, 4.11)

Observe that I, : X4 — X§ is bounded uniformly in 7 because I1;: Xo — X/ is bounded uni-
formly by assumption and taking the dual preserves norms. This gives (3.13). The measurability
assumption (3.14) follows by Remark 3.24.

Let us now see that the inverse of TI; exists and that (3.15) is verified. Thanks to (4.6), we may
define (H;l)#: X5 — X{ as the dual of Hfl : Xo — Xo. We also see that, arguing as above,

(MY x, = @7 =11,

ie., (H;l)# extends Hf]. We claim that (H;l)# is indeed the inverse of TI;. To see this, take
y € X; and a sequence x, € X with x, — y in X{j. It follows that

(I, Y T, x, = T Txy = x, — y

but by continuity, the left-hand side converges to (I1,” Dt v, and hence we have shown that
(1 )# (TI;)~! (in the sense of the left inverse; the right inverse follows by the same ar-
gument). The remaining claims in assumption (3.15) follow by the same reasoning as above.
Assumption (3.16) on the measurability is implied by (4.7) and (again) a density argument just
as in Remark 3.24.

By reflexivity, it follows that ﬁf = I1; and hence (ﬁf)_l = Ht_l, so that (4.8) directly gives
(3.17). The conclusion now follows from Theorem 3.23. O

Remark 4.7. It is important to emphasise that TT; := Hf defined in the proof above is, in general,
different to IT}, the dual of IT;: Xo — X{.

Remark 4.8. The result above, and the more general Theorem 3.23, are a generalisation of the
results previously obtained by the first and last authors in [3, Theorem 2.33]. Indeed, the as-
sumptions in Theorems 3.23 and 4.6 imply the assumption in [3, Theorem 2.33] that IT; maps
functions in W(Xo, X;) to the same space, and are more detailed than those in [3, Theorem

2.33] making them easier to verify. With regards to the operators S(t), D) appearing in [3], an
analysis of our proof shows that we have S(t) =TI, and D(t) = 0, and thus the assumptions in
[3, Theorem 2.33] on those operators are in fact guaranteed by those on I1; in our result.

296



A. Alphonse, D. Caetano, A. Djurdjevac et al. Journal of Differential Equations 353 (2023) 268—338

4.3. Alternative criteria for the assumption (4.8)
For some applications, it may turn out that (4.8) (or (3.17)) is too cumbersome or inconvenient
to verify in practice (as will be the case in one of the examples we consider below), so we would

like to have alternative criteria to replace it. This is what we focus on now. Defining the Hilbert
adjoint &, := (¢ft)A, it follows that the pair (H (), & ):c[0,7] is compatible if

Hj is separable or f — H (qbf’t)Au HH( ) is measurable for u € Hy. 4.12)
t

Lemma 4.9. Under (4.5), (4.6), (4.7), (4.12) and if for all t € [0, T],

Assumption 3.5 holds for the maps &, (4.13)
AS(1): Xo — X satisfies A% (t)(Xo) C Xo, (4.14)
(1'[,_1)* : Xo — Xo exists and is bounded uniformly in t, 4.15)

then assumption (4.8) holds.

Proof. These assumptions allow us to apply the theory developed in this section now with the
maps &. The proof of Theorem 4.6 above shows that TI, := I17: X§ — X{ is an extension of

I, to X;j. Likewise, the map ¢ = é[‘é, = H;I: Xo — Xo has an extension ﬁf = (Hfl)* to
X(*)‘, which by (4.15) satisfies (3.13), (3.14). We can, using (4.14), thus apply Proposition 3.26
to 1§ =11 (with the X and Y in the statement of the proposition chosen to be X), which
implies (4.8) with

(T u() = (07 (0) + A5 (Du(t)  Yu e WP4(Xo, Xo). O

Remark 4.10. Note that the map (IT; 1)*: X3 — X relates to IT¥ via (IT; 1)* = (ITH) .
4.4. Evolving space equivalence for the space W (X, H)

It can sometimes be the case that solutions to PDEs have the time derivative belonging not just
to L()](* but the more regular space L’L. In this case, we say that solutions belong to W (X, H)
and it can be useful to know under which circumstances this space is equivalent to W (X, Hp).
Theorem 4.11 (Criteria for regularity of evolving space equivalence in the Gelfand triple set-
ting). Let the assumptions of Theorem 4.6 hold. Then WP9(X, H) and WP9(Xo, Hy) are

equivalent.

Proof. We first need some basic properties of the various adjoint and dual maps. An easy calcu-
lation shows that (gbtx)*|x(,) = (¢>IH)A 1 X(t) = Hp and hence, by density of X (¢) C H(?),

@) | = @™ (4.16)
By the same reasoning,

297



A. Alphonse, D. Caetano, A. Djurdjevac et al. Journal of Differential Equations 353 (2023) 268—338

@) ¥, = @A (4.17)

Now, from the formula (4.9), for u € WP-4(Xo, Hp) C WP 4(Xo, X{;), we have 8'¢txu(t) =
(¢§,)*ﬁ,1/ (#). Since TI; = I1; on Xg and the right-hand side is well defined and bounded from
Hp into Hy (see (4.2)), we have ﬁt|H0 = I1; too. Thanks to this and utilising the additional
regularity that u’ € L9(0, T; Hp), we get

30} ut) = (X)) ' (1) = (X)) * (@A u (1) = ¢ u/ (1)

where for the last equality we used (4.17).
In the other direction, taking u € W?4(X, H), now the formula (4.10) gives”

@%u®) =T, (@) =T0, (@) u) = ;7 ) i) = (@) o) (0 ) ir)
=/ u()

where we made use of (4.16) and the fact that ﬁt_l can be defined on Hy (just as we argued
above). O

The proof reveals that a function u € W (X, H) has a weak time derivative given by

i(t) = 9L, (X u()
which is a natural generalisation of the formula for the strong time derivative.
5. The Aubin-Lions lemma in evolving spaces

Our aim is to generalise the following result (see e.g. [46, Lemma 7.7]).

Aubin-Lions lemma. Let X, Y and Z be Banach spaces such that X is separable and reflexive.

Suppose X S Zis compact and Z < Y is injective. Then WP 4(X,Y) < LP(0,T; Z) is also
compact forany | < p<ocand 1 <g <o

The Aubin-Lions lemma provides a compactness result which is often used in the study of
nonlinear evolutionary equations. The first result on the compact embedding of spaces of Banach-
valued functions was shown by Aubin [6], then it was extended by Dubinskii [7,22] and improved
by Simon in [48]. For more details, see [15].

In recent years, motivated by applications in biology [28] and fluid dynamics [14], the topic of
extending the previous results to the case when the target set is a family of time-evolving spaces
has become very popular. We refer the interested reader to [34] for the discussion about the origin
of time-varying problems and its applications. Among first tasks in this direction is to define a
weak time derivative in the moving setting and to consider the corresponding Sobolev—Bochner
spaces. This has been done for example in [29] where the authors construct a generalisation of
an L? direct integral. One of the first proofs of a compactness lemma in the case of a moving

4 Letus note that ¢ > (¢IH)Aw(t) is measurable for every w € L];I from (0, T') to Hy since (d)tH)Aw(t) = H;¢§[w(t)
is measurable as remarked in §3.
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domain is considered for the treatment of incompressible Navier—Stokes equations in moving
domains and is presented in [31]. For similar results, see [9,35,41]. We now state and prove our
Aubin-Lions-type compactness based on the spaces that we have introduced. We work under the
following assumption:

Assumption 5.1. In addition to the compatible pairs

(X0, 8% Xo=> XO),e0ry  and (YD), 0, : Yo=Y (D), 077

with X () C Y(¢) (just as in §2), we assume the existence of an additional family of Banach
spaces

((ZOYeo.11, (87 Zo = Z®)),e10.79)
such that (Z(t), ¢,Z),e[oyr] is compatible and X < Zoy — Yy. We also assume
¢ 1xy = ;"

Theorem 5.2 (Aubin—Lions lemma). Under Assumption 5.1, suppose that WP (Xg, Yy) and
WP4(X,Y) are equivalent in the sense of Definition 3.19. For any p € (1,00) and q € [1, o0],
the embedding

, 4
WP4(X,Y)— L,
is compact.

Proof. Suppose (u,), is a bounded sequence in W#-9(X, Y), then by the equivalence of spaces
(X ()Un (-))n is bounded in W?-9 (X, Yp). By the classical Aubin—Lions lemma, it has a conver-

gent subsequence in L?(0, T'; Zy), say (¢—(yun, (-))k. Using the uniform boundedness of ¢>(Z_),
(d)(z.)qb)_((.)unk)k = (un, )k also converges in LY, proving the result. O

Remark 5.3. As shown above, assuming the evolving space equivalence property makes the
proof of the Aubin—Lions lemma straightforward. It is not the aim of this section to obtain the
most general statement but rather to prove that, within the setting of an evolving space equiva-
lence, the classical results on fixed domains carry over to the time-dependent framework. It is
worthwhile mentioning that compactness results in the spirit of the Aubin-Lions lemma have
been obtained in certain evolving space applications, with assumptions weaker than the ones we
present above. See for instance [42, Theorem 3.1].

Part 2. Applications
6. Examples of function spaces on evolving domains and surfaces

In the following examples we consider spaces of Lebesgue integrable or Sobolev functions
over evolving domains and surfaces. We will prove that the theory of this paper can be applied to

these cases, which should be useful when studying a wide variety of evolutionary problems on
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moving domains and surfaces. In particular, we will show that evolving space equivalences hold,
which can be rather non-trivial.

Evolving domains and surfaces Let us begin with the basic assumptions and notations that we
need in order to describe evolving domains and surfaces. In what follows, T € (0, 0co) is a fixed
positive real number.

Assumption 6.1. We assume the following.
(i) Let
M be a bounded C? domain €29 C R” or a C? n-dimensional hypersurface 'y ¢ R" !,
with Qg connected and I'g closed (i.e., compact and without boundary) and connected.

(i) Define

6.1)

de n if Mo=Qo
T ln4+1 ifMy=Ty

Let
w: [0, 7] x R? - R? € ([0, T1, C* (R4, R?))
be a given vector field that we interpret to be a velocity field. We define a flow map
@) : [0, T] x R - R?

via the ODE

d _
Ecb?(p) =w(t, ®)(p))., peMy,
<D8 =Id on Wo.
(iii) Denoting M(z) := ®%(My),
(iii.a) ®: Moy — M(t) is a C2-diffeomorphism satisfying ®%(Mg) = M(t) and
D (0 Mo) = dIM(1);
(iii.b) d>?|M0: Mo — M(t) and <I>9|3M0: dMoy — dM(1) are also C2-diffeomorphisms.

We refer to the family {M(#)};c[0.7] as an evolving domain/surface. It follows from the as-
sumption above that CID(()_) e CL([0, T1, C2(R4, R?)). Furthermore we denote

@f = (o)1
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Remark 6.2. The regularity required in the assumption above is sufficient for the applications
we have in mind, including cell biology or biomembranes, see e.g. [5,52], where one is led to
consider PDEs on smooth surfaces. It would be natural to contemplate a more general framework
in which the underlying domain is less regular or in which the transformations between the
domains do not preserve the initial smoothness. This would be interesting from the point of view
of applications, allowing for a treatment of more complex structures, as well as from the analysis
side by including more ambitious systems arising from free boundary problems. We leave these
considerations for future work.

In the next sections, we study the following cases involving Gelfand triples:

(i) H(@t)=L*(M()) with X (1) = WL (M (1)),
(i) H@) = HY(M@)) with X (t) = W (M (1)),
(i) H() = H-YQ@)) with X () = LP(Q@)) N HL(Q®)),

and the non-Gelfand triple examples

(iv) X(t)= Wk"(D(t)) with Y () = L1(T'(1)) (for k =0, 1),
v) X(1) = W3 (Q()) with Y (1) = Wy (Q(0)).

We stress that these spaces are independent of the flow map <I>6. Before we proceed, we need to
introduce some more concepts and properties.

Pushforward and pullback maps For functions u: My — R, we define the pushforward map
¢ by

Giu:=uo d>6. (6.2)
Its inverse ¢_,v =vo CD? acting on functions v: M(t) — R is called the pullback map.

Differential operators and integration by parts The notation g(¢) will be used to refer to the
Riemannian metric tensor associated to M(#) and V() will stand for the usual gradient when
M(t) = Q(t) and the surface gradient (or tangential gradient) when M(¢) = I'(¢); the latter
can be seen as the projection of the gradient (of a suitable extension) of the function onto the
tangent space. We write D® for the Jacobian matrix of partial derivatives of @9 (which, in case
M(t) =T'(z2), refers to the tangential partial derivatives with respect to the ambient space). Note
that, in either case, this denotes an (n + 1) x (n + 1) matrix.

The integration by parts formula on surfaces [24, Theorem 2.10] for sufficiently smooth func-

tions is
/uaivz—/vaiu—i—/uvhr(t)vl-(t),

I'(r) L'(r) L)

where 0; refers to the ith component of V), v(¢) is the unit normal vector on I'(¢), and Ar(t)
is the mean curvature of I'(¢) defined as the sum of the principal curvatures.
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Defining the determinant of the Jacobian matrix
J0 :=|detD®’|,

from continuity and JO = 1 we have its uniform boundedness: there exists a constant C; > 0
such that

0<C;'<i’<cy Vvielo, Tl

Moreover, from the regularity assumptions on the velocity field, it follows J((_)) e C([0,T] x
M) and

i]oz

TN =01 Ve - w(t))JL. (6.3)

We also sometimes use the following transport formula (see [24, Equation (5.8)] in the case of
an evolving surface):

d

o Ve - Vv = / Vet - Veryv + Vet - V(b + Veoyu H(E) Vv,

M) M)
(6.4)

where the notation ()T means the transpose of the matrix and we defined the deformation tensor
H:= (Vy-w)ld — (Dgw + (Dew)").

We refer the reader to [4,23,24] and citations therein for full details on (evolving) hypersurfaces

and their definitions in this context.

For later use it is convenient to introduce the following positive-definite (with a constant that
is uniform in time) matrix and its determinant

0. | DPHTDP? if M(1) = Q(1),

t = ONT 0 . Cl? = detA?.
(D, ®) ™Dy @ +vo®@ vy if M(t) =T(0),

When M(¢) =T'(¢), we have that (see Proposition 4.1 of [16])

(AD ™" =61 ((Dyg( @) Dy D)) + v © vo.
Transformation of differential operators We record the following expressions (see [49, Propo-

sition 2.29, Lemma 2.30, Lemma 2.62, Equation (2.91), p. 64] for the flat case, and [16, Section
3] for surfaces):

Iy =IO,
and, given sufficiently smooth functions u: M(t) — R and v: My — R, we have:
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(i) for the gradient operator, via the chain rule for tangential gradients,

Voo (p—s1t) = Dgy @) T, (Vo)

and to invert the formula in the case of a surface we need again to add the term corresponding
to the normal component, yielding

b1 (Voyut) =Dy @Y (A Vgy (p_u0) . (6.5)

(ii) for the Laplace—Beltrami operator,

1
¢ (Agyut) = —— (\/;?m?)lvgoas_,u) : (6.6)

Vgo ’
Ja?
1
G1(Agyv) = Tvg@ - (/%(Aa)—lvg<,)¢zv> . 6.7)
o

In the next two sections we explore some particular examples.
6.1. Gelfand triple examples

In the following, we omit the calculations and proofs of the evolving space equivalence prop-
erty and refer to §6.3 for these details.

6.1.1. L*(M(1)) pivot space
In this subsection we present the most commonly occurring case where the pivot space is an
L? space, namely

H(t) := L2 (M(1)).

This example was already analysed (for M (#) = I'(#) and various X (¢)) in [4] but due to its im-
portance and universal role in many applications, we will treat it afresh here for the convenience
of the reader and for completeness.

Let 7 > 2 and define X () := W' (M(t)) and Y (t) := X*(t) = WL (M(1))*; for X (1), we
take the usual norm

1/r

||u||W1-r(M(z)) = / |ul” + |Vg(t)u|r
0]

Hence, we have the Gelfand triple structure
W (M) C LAM@) € W (M@0)*.
We denote by ¢, the pushforward map defined above in (6.2). It is an easy calculation to verify

that, under Assumption 6.1, the pairs (L2, @1)iefo, 7] and (Wl", @1)ief0,7] are compatible. By
using the transport formula, we can establish:
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Lemma 6.3. Under Assumption 6.1, we have

AMt;u,v)= / uvVg(r - W(t).
M)

This leads to the definition:

Definition 6.4 (L2(M) weak time derivative). A function u € Lg( has a weak time derivative
it € L%, if and only if

T
/ (G n(O) X0 x00) = — f / u (i) — f / WO Vg - W) ¥ € Dy.
0 0 M) 0 M)

We can then prove:

Proposition 6.5. Under Assumption 6.1, given r > 2 and for any p,q € [1,00], there ex-
ists an evolving space equivalence between the spaces WP4(W'"(Mg), W (Mg)*) and
va,q(w/'l,r7 (Wl,r)*).

Applications There are numerous examples of PDEs on evolving domains or surfaces with L?
as the pivot space. Some equations are analysed in [1,4,5], and here we mention a few of them.

(1) The archetypal equation (on a surface) is the surface advection-diffusion equation

u—Agu+uVg-w=0 onI(),
u(0)=ug only,
where ug € L2(Tg). In this case, X (t) = H (I'(¢)) and the evolving space equivalence and well
posedness are proved in [4].
(2) Similar results can be derived for systems of equations with bulk-surface interactions.
Here we mention the coupled bulk-surface system that was studied in [4], in which case both
Q(@1), T (t) c R**! and we have ['(r) = Q(¢):
iw—Aqu+uVg-w=f on (1),
u—Arv+vVr-w+Vou-v=g on I'(7),
Vou-v=pv—au onl(t),
u(0) =ugp on o,
v(0) =vg on Iy,
where ug € Hl(Qo), vo € HY(T), a, B > 0 are given constants. Setting X () = Hl(Q(t)) X
HY(T'(1)) and H(t) = L*(Q(t)) x L*>(I'(t)), one can show existence for the system (see [4,

§5.3]). The analysis and properties of a more complicated and nonlinear coupled bulk-surface
system can be found in [5].
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(3) Moreover in [4, §5.4.1] the authors considered the fractional Sobolev space X(¢) =
H'/2(T(t)) and proved that W (X, X*) and W(Xo, X)) are equivalent — a fact which was used
to aid with the study of the fractional porous medium equation

i+ (—AD2U™) +uVy-w=0 onTI(r),
u(0)=ug only,
in [2]. Here, m > 1, ug € L°°(Tp), u™ := |u|”"1u and (—Ag(t))‘/z is a square root of the
Laplace—Beltrami operator on I"(¢).

(4) Another example is the Cahn—Hilliard system on an evolving surface {I"(¢)};¢[0,7]

u+uvVr-w=~A,u inT(),
—Agu+ W) =pn in (1),
u(0) = uo,

where W is a given potential. This is analysed in [26] with W (r) = (r2 — 1) /4, where the authors
obtain, for ug € H*(I'g), u € W*2(H!, L?). This has been generalised in [13] by the second
and last authors for a wider class of potentials and ug € H 1(I"y), where conditions are obtained
so that the solution u € Wo2(H! H~!) and u € L%_Il.

6.1.2. H'(M(1)) pivot space

Beside the standard choice of L? as pivot space, another possibility for a pivot space is H'. A
typical example is the bi-Laplace (also called biharmonic) equation which involves a fourth order
elliptic operator and is important in applied mechanics, in particular in the theory of elasticity.
The equation is analysed for example in [37, §3, 4.7.5, Example 5].

Let H(t) = H' (M(1)) with ¢:: Ho — H(t) as in (6.2). In this example we work with

X(t)=W>" (M) forr>2.
We start by verifying that ¢, takes Xg into X (¢). We require more regularity for w and @, namely
weC (0.7 CC®RLRY) and o e (10.TECARERD),  (68)

where d is as in (6.1). As before, under Assumption 6.1 and the extra regularity (6.8), it is easy
to show that the pairs (H 1 @1)iefo,7] and (W2”, @1)ie[0,7] are compatible. Again by using the
differentiation formulas we can prove:

Lemma 6.6. For u,v e H(t),

Mty u,v) = / uvVy - w(t) + Veu  H(t) V.
M(t)
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Definition 6.7 (H'(M) weak time derivative). A function u € Lé’( has a weak time derivative
ue Lﬂ(* if and only if

T T T
/ (G 1) X0 x 0 = — / / u(O)n(e) — / / WO Vg - WD) + Veu(®) THE Ven(0)
0 0 M) 0 M)

for all n € Dy.
Also in this case we establish the evolving space equivalence property:

Proposition 6.8. Under Assumption 6.1 and (6.8), for any p, q € [1, 0], there exists an evolving
space equivalence between the spaces WP4(W>" (M), W>" (Mo)*) and W P-4 (W>" (W")*).

Application We explore an example which motivates the choice of H(} as a pivot space. We
present it in the fixed domain setting for simplicity, but it can be easily generalised to an evolving
domain or hypersurface. Let 2 C R” be a sufficiently regular bounded domain. We consider the
bi-Laplace equation

)

a_b; F A= finQx(0,T), (6.9)
J0Au

u=——=00ndQ x (0, 7),
av

u(x,0) =ugin Q.

Let H := HO1 (€2) with the standard scalar product (u, v)y := fQ Vu - Vv and define the subspace

d n ) 2
V= {v €eH: —Avel*Q), i= ln} lolly = oliF + > | =—Av
a i izl Bx,- LZ(Q)
The duality pairing between V* and V is defined by
(g vIve, v i= (8, —AV) 1) Bl (@) (6.10)

We selectug € H and f € L2(0, T; V*). Taking v € V, we can formally multiply (6.9) by —Aw,
integrate by parts and use (6.10) to obtain

W' (1), v)y=. v +/V(Au(z‘)) SV(AV) = (f(1),v)y-y YveV. 6.11)
Q

By [37, §, Prop. 4.5], there exists u € L>(0, T; V) with u’ € L>(0, T; V*) such that (6.11) holds,
i.e.,

W' )+ A%u@t)= f(t) inV*
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If we assume more regularity on the forcing term, namely f € L*(0, T HO1 (€2)), and then set
v:=—Ag, (6.11)reads as

W' (1), v) 20 + (=V(Au), V) 12(q) = (f (). V) 12(q)- (6.12)

So the equation holds weakly for every v in the set W := {v : v = —Ag for some g € V}, which
contains H' (), hence (6.12) holds for all v € H'(2). By [37, §2, Sect. 9.9], u satisfies (6.9).

6.1.3. H~Y(Q(t)) pivot space

The choice of H~! as a pivot space appears in the study of very weak solutions of certain
evolutionary problems following an idea of Brezis [11], see for example [36, §2.3], [47, $III,
Example 6.C] and [38]; once we have introduced some notation, we will motivate the study

through the porous medium equation. Inspired by this as well as the aforementioned literature,
we consider the case of

X =LPQu)NH Y Q) and H@E)=H ' Q0), with p € (1, +00)

on a bounded evolving domain {Q(#)};c[0,7] in R”, where H ~1(Q(1)) is the dual space of
Hé (2(¢)) which we endow with the inner product

(u, U)H()I(Q(t)) = / Vu-Vou.
Q1)

With —A,: Hj (Q(t)) - H~'(Q()) denoting the Dirichlet Laplacian on Q(r), we endow the
pivot space H (1) with the inner product defined by’

. —1
(, V)@ = (u, (—A) U>H—1(Q(;)),H01(Q(;))~

We then identify H (1) = H(¢)* via the Riesz map (with respect to this inner product). The norm
of f € X(¢) is defined as

I fllx @y = 1f ey + 1 T a-1@a)

d
and with this, X (#) is a separable and reflexive Banach space. Observe that X (1) < H(¢t) as
X (t) contains D(L2(¢)). For simplicity of notation, we will denote the Laplacian by

Ll‘ = _At .
5 Givenue H™! (2()), the function (—A,)_1 ue H& (£2(2)) is the unique weak solution w of the elliptic problem

—Asw=u on (),

w=0 ondQ({).
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Remark 6.9. Some important observations are timely:

(i) In contrast to the previous section, we do not identify HO1 (Q2(r)) with H~1(Q(r)) via the
Riesz map, but rather H~!(Q(r)) with its dual.
(i1) The inner product above indeed defines a norm on H ~1(Q(r)) which is equivalent to the
usual dual norm.
(iii) Since p € (1, 00) and L; is uniformly elliptic we have the regularity

ueLP(Q@) = L;'ueW>P(Q(1) with L ullw2rqay < Cllullir@a)
(6.13)

by Calder6n—Zygmund theory for elliptic equations (see for instance [32, §9.2]). The con-

stant C > 0 above can be taken to be independent of 7.
(iv) We identify LP(2(r)) with L? (2(¢))* so that, in rigour,

X)) =LP(Q@)NH Q@) = (LP/(Q(I))* NH'(Q()) and

X*(t) = LP (1) + H~ (Q()).
Given f € X(¢) and g = g1 + g2 € X*(¢), the duality pairing is given by

(g, f)X*(z),X(z) = (g1, f>Ln’(Q(;)),Lp(Q(t)) + (82, Nun = / sif + (g Huw-
Q(t)

This identification of L?(2(¢)) with Lp/(Q(t))* (giving rise to a second identification!)
does not lead to any contradictions as we do not identify X (¢) with X*(¢). In fact, X*(¢) is
strictly larger than X (z).

(v) If n =1,2 we have X (¢) = LP(K2(¢)), but in higher dimensions this space is generally
strictly smaller than L?(€2(z)). Observe however that we have

X@)=LP(Q@) ifp>=2n/(n+2),
as in this case the well-known Sobolev embedding HO1 (2(1)) — Lp/(SZ(t)) holds.
As a change of notation, let v : H(} (R0) — HO1 (£2(7)) be the map that we called ¢, (defined
in (6.2)) in the previous examples. Note that since we are working over flat domains 2(¢), we

have A? = (D®)TD®Y, which simplifies the formulae (6.5), (6.6), (6.7). In particular, we note
that D®Y is invertible and

¥ (DDY) = (D))~

We again assume the extra regularity in (6.8) in order to use the results of the previous section.
We now define

¢ Ho— H(t) by ¢ :=W_p)".
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The action of this map is as follows: given f € Hy, u € HOl (2(1)), we have

(@ f, “>H(t),H01(Q(t)) ={(f wftu>[-]0’]-]01(§zo) = / VLalf -VY_u

2
= / ¥ (UDT'DOVLG ! f) - Va, (6.14)
0
allowing us to identify
G f ==Vt ((JP)*ID@?ngglf) . (6.15)

Analogously, for g € H ~1(Q(1)), we have
918 ==V (J'DOVY_ (VL7 'g).

We can perform similar calculations to compute the adjoint maps ¢! and ¢4, : given u € H(t)
and v € Hy,

(s ) b1y = f (1) DOV (9L v) - VL u = / VA0 - VL )

Q1) Qo
—1
=, ¥l ) g9y, 1) @)
= (v, Loy—L; 'u) ny.
from where we obtain that ¢,A : H(t) — Hp and d)ft : Hyo — H (t) satisfy
¢tu=Loy_L;'u and ¢ u=LyL; u. (6.16)
Due to (6.13) these also satisfy
oM xw: X(1) = Xo  and ¢ |x,: Xo— X ().

It is important to note that since we identify H ~1(Q(t)) with its dual, the maps ¢ are also
defined with ¢;: H —1(Q(t)) - H™'(Q0), and up to composition with the Riesz map and its
inverse they coincide with qb,A calculated above. In particular, the map ¢; = (*,)* is not the
same as {_;. This is another manifestation of the fact that we are not identifying HO1 with its
dual.

We observe also that, if f € X, then f € LP(R29) and due to (6.13) we have L(;lf €
W2P (). In particular, we can integrate by parts in (6.14) to obtain, for u € H(}(Q(t)) N

LY (£2(2)), the simpler formula

(& f, u>H(;)’H01(Q(t)) = / fYu= / J(S’a”lfu' (6.17)

Q0 Q(t)

309



A. Alphonse, D. Caetano, A. Djurdjevac et al. Journal of Differential Equations 353 (2023) 268—338

Under Assumption 6.1 and (6.8), it follows that the pairs (H™Y, @1)iefo,7) and (LP N H™L,
®1)ref0,7] are compatible. The proof of the next lemma is complicated and is given in §6.3.
In this example we need to assume the additional regularity

) e C?([0.7): CARY, R,
Lemma 6.10. Under Assumption 6.1 and (6.8), we have
At u,v) = / H(OVL, w) - V(L ).
Q)
Thus the definition of a weak time derivative is the following.

Definition 6.11 (H ' (Q2) weak time derivative). A function u € Lf( has a weak time derivative
ue Lﬂ(* if and only if

T

T
/ (), 1(0) X0 x 1) = — f W), 70O ey — / / H(OV(L 'u)- V(L ') VyeDy.
0

0 Q)
We can finally conclude.

Proposition 6.12. Under Assumption 6.1 and (6.8), for any p, q € [1, 00], there exists an evolv-
ing space equivalence between WP-4(Xo, X5) and WP-9(X, X*).

Applications Let us motivate, again in the simpler case of a fixed domain, this choice of pivot
space by giving more details for the porous medium equation (PME) as considered in [47, §III,
Example 6.C]:

W —AVu)=f on(0,7T)xQ,
Ywu)=0 on(0,T)x 0L, (6.18)
u(0)=ug ong,
where W(u) := |u|™'u (or an appropriate generalisation) withm := p—1 and f € LP'(0,T; X*)

for X = H~1() N LP(Q). If we take the inner product of the equation in H~1(Q) with an ele-
ment g € LP(Q) N H1(Q), we get

(M’(t),g)H+/‘P(u(t))g=/(—A)_1f(t)g VgeX.

Q

Suppose that p > 2n/(n +2) so that X = L?(2). Define f € LP(0,T; X*) by

(f(),v) :=/f(t)v forve X
Q
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and A: X > X*and B: X — X* by

(A(u), v) ::/‘lf(u)v and foru,ve H, (Bu,v) := (u,v)y,
Q

it follows by [47, Proposition 6.2, §II1.6] that there is a unique u € L?(0, T; X) with (Bu)' €
LP'(0, T; X*) such that

(But)) + Aw()) = f(t) in X*.

Since ((Bu(t))’, v) = (u'(r), v) g, this implies that

W' @), (=N gy + (W), g) = (f(t),g)  VgeX.

Setting v := (—A)~ g, we get existence of solutions for the very weak formulation of (6.18):

fu’(t)v + W) (—A) = / FO(=Av  VYve H}(Q): Ave LP(Q).
Q

Q

Under the additional regularity f € LP(0,T; H), replacing the definition of f above by

Fo).v) :=/v(—A)*1f(t) for v € X,

Q

so that f el O, T; HOl (£2)), then by [47, Corollary 6.2 and Proposition 6.3, §III.6] we have
existence of the equation in LY (0,T; H) and ¥(u) € LY O, T; HOl (£2)) (so the boundary con-
dition is satisfied). The equation in (6.18) holds pointwise a.e. in time in H ~1(Q) and the initial
condition is satisfied in the sense that u(f) — ug as t — 0 in H~'(€2). This concept of solution
is called the H!-solution of the PME. See [51, §6.7] in this context.

Of a similar form to this problem is the Stefan problem on a moving domain {€2(¢)};¢[0,7]:

é—Agu+eVy-w=f inQ(1),

e(0) = ey,
ecé(u),

where the maximal monotone graph & is defined via

r forr <0
E(r)=141[0,11 forr=0,
r+1 forr>0

which was considered by the first and final authors in [1]. For f € LIL , and e € L'(), the

', and for f € L% and eg € L*°(p) one looks for u € L%—II and

authors look for u, e € LLI,

ee L%,
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6.2. Non-Gelfand triple examples

In the previous examples we obtained the definition of the weak derivative for three different
cases in which there is a pivot Hilbert space, whose inner product structure we could exploit
to establish the evolving space equivalence property of the evolving Sobolev—Bochner spaces.
To conclude this section, we now consider several examples in which we do not assume the
existence of a pivot space. We fix, for all the examples below,

re(l,?2).
Again, all proofs are relegated to §6.3.
6.2.1. L"(T'(t)) — LY(T"(r))

The simplest example one can consider is obtained by taking X () = L"(I'(¢)) and Y (r) =
L'(I'(t)), where the evolution of {I'(¢)} is determined by the flow map (6.2). As in Remark 3.7,
we have I1; = Idy, for all #, and it is immediate to see:

Lemma 6.13. Under Assumption 6.1, we have
At u,v)=0.

We then have the usual integration by parts formula:

Definition 6.14. A function u € L}, has a weak time derivative & € LY if and only if

T T
//ﬁ(f)ﬁ(f)=—//u(f)f7(t) Vn € Dx.

0 T'(r) 0 Ir®e
It follows immediately that:

Proposition 6.15. Under Assumption 6.1, for any p, q € [1, 00], there exists an evolving space
equivalence between WP 4 (L™ (Tg), L' (To)) and WP4(L", L").

6.2.2. W (T'(1)) — LY (1))
Consider X (1) = W (I'(r)) and Y (r) = L' (I'(r)) where the flow maps of each are defined
as in (6.2) but are different to each other, say

¢txu=uoCI>6 and d)}/:uoast,

where <1>9 and 5? are flows determined by given velocity fields w and W, respectively. We assume
that these have the same normal component (indeed they must otherwise the surfaces will be
different) but with potentially different tangential parts, say w, and W. In general, we denote
quantities of interest (such as the determinant of the Jacobian) using the notation (-) for the
corresponding quantity derived from 56. We have the following expression for the extra term in
the definition of the weak derivative.
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Lemma 6.16. Under Assumption 6.1, we have
At u, v) = / (¢tx (D@?)Tvgu) (DD (W (1) — we (1)) v.
ING)
Therefore in this case:

Definition 6.17. A function u € L[;V“ has a weak time derivative i € L;{l if and only if

T T
//ﬂ(z)n(t):—//u(t)ﬁ(t)

0 I'®) 0 T'()
T
+/ / (¢,X(Dd>?)TVgu) . (D<I>6 (W () —w,(t)))n(t) Vn € Dy.
0 I'@t)

Remark 6.18. Observe that in the case where w and W have the same tangential component, we
do indeed recover the situation of the previous example.

It is useful to note here that
M,: Wi (To) — L'(Tp), Tlu=uod)od’.

Proposition 6.19. Under Assumption 6.1, for any p, q € [1, 0], there exists an evolving space
equivalence between WP 4 (W' (o), L' (To)) and WP-4(W- LY.

6.2.3. W3 (Q(1) = W, (1))

As a final example we take X (t) = Woz’r(Q(t)) and Y(t) = Wol’l(Q(t)) under the same as-
sumptions as the previous case. In this case, Il; has the same formula as above, but we note
that

7T(f, u, U) = (Htuy v)wolvl(QO)’ W—I,OO(QO)

and so we need a representation for elements of W—1-°(Qg). By [12, Proposition 9.20], given
f e W=12(Qy), there exist fi, ..., f, € L() such that

n
<f’u)W*1-°°(£20),W01’1(520) Z_Z/ﬁDlu (619)
i=1%,
In other words, writing f= (f1, ..., f), the functional f acts on w1l as the operator V - f; in

what follows we always identify f = f and define its action on WOI’I(QO) by (6.19).

313



A. Alphonse, D. Caetano, A. Djurdjevac et al. Journal of Differential Equations 353 (2023) 268—338
Lemma 6.20. Under Assumption 6.1, we have
MEiu,y) = / V-V (DY) TVu - DPY (Fe (1) — We (1))
Q)
This leads to the definition:

Definition 6.21. A function u € L; »» has a weak time derivative i € L(;V]" if and only if
0 0

T T T
//agz—/ / ug—/ f V ((D®))~TVu - DY (W(1) — w(t))-n V€ Dy 1.

0 Q@) 0 Q@) 0 Q)
Similar calculations as before lead to the main result:

Proposition 6.22. Under Assumption 6.1, for any p, q € [1, 00], there exists an evolving space
equivalence between W”'q(Wg’r(Qo), Wé’l(Qo)) and Wp’q(Wg’r, whly.

Remark 6.23. The techniques of the previous examples can be extended to deal with the case of
Wra(wkr wh=lh & >2,

6.3. Proofs of evolving space equivalence

We now provide the proofs of the results stated in §6.1 and §6.2. For readability we restate all
the results.

6.3.1. L? pivot space
Lemma 6.3. Under Assumption 6.1, we have
AMt;u,v) = / uvVg(ry - W(t).
M)

Proof. Since we have a Gelfand triple structure, by Remark 3.14, the evolution of the duality
pairing has the form

w(t,u,v)= f uovoJ,O.
Mo

By simply differentiating and using the formula (6.3) for differentiating the determinant of the
Jacobian and then pushing forward, we obtain the desired expression. O

Proposition 6.5. Under Assumption 6.1, given r > 2 and for any p,q € [1,00], there ex-
ists an evolving space equivalence between the spaces WP4(WV"(My), W (Mo)*) and
Wp,q<wl,r, (Wl’r)*).
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Proof. From §6.1.1, we see that I1,: Hy — Hy is defined by IT,u := tho with inverse
IT, Y= u/ Jto. The regularity assumptions on the velocity field imply that J(Q), (J((_)))_1 €
C'([0, T1, C'(R?, R?)) and hence

ITLullyir Ay < Cllullwir g

where C depends on the L*°(0, T; W1°(Mjp)) norm of J,O. We can prove in the same way
that the inverse I, !'is bounded as well. It is not difficult to check that 1! : WP (Xo, Xo) —>
WP4(Xg, Xo) due to the smoothness assumptions on CD? and hence the evolving space equiva-
lence holds by Theorem 4.6. O

6.3.2. H' pivot space
Lemma 6.6. For u,v € H(t),
At u,v) = / uvVy - w(t) + Veu H(t)Vyu.
M)

Proof. We see that for u, v € Hy, by using the formula (6.4) for differentiating the Dirichlet
energy,

N d
M) = — / Grugyv + Vepou' Vedpv | = / GrugvVg - W(t) + Ve "H(t)Vyprv.
(1) M(t)

This then immediately implies the result. O

The proof of Proposition 6.8 (evolving space equivalence between the spaces
WP (W2 (M), W2 (Mg)*) and WP-4(W>" (W2")*)) requires us to check the conditions
of Theorem 4.6, which we will do now in a series of lemmas.

Firstly, writing (IT;u, v) g, = (¢:u, $:v) H(;) and at the same time expanding the inner product
on the left-hand side,

(Tu, V) gy = / H,uv—i—Vgl—Itu.ng:/qu,O—l—(D@?(A?)_lVgu)TDQD?(A?)_lvngto
My My

= / uvJ? + VguTB?ng,
Mo

where we denoted
0. 0\—T ONTY R0 A0Y—1 70
B, :=(A;))” (DP,) DO/(A)) " J, . (6.20)
By comparing these two expressions, we are able to obtain relevant properties of IT;.
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Lemma 6.24. Under Assumption 6.1 and (6.8), we have I1,: Xo — Xq is a bounded linear map.

Proof. Given u € X, setting w = I'l,u, we have by the above displayed equation

/wv+vngvgu= f uvJ? + Vou"BYVeu Vv e Hy. 6.21)
Mo Mo
As a function of v, the right-hand side is clearly an element of H'(Mg)*, so by the Lax-Milgram

lemma, there exists a unique w € H ! (M) satisfying the above equation. By smoothness, we can
rewrite this as

/ wv + ngTng = / (uJ,0 - Vg (B?Vgu))v Yv € Hy,

Mo Mo
i.e., w is a weak solution w — Arw = (uJ,O -V, (B?Vgu)) € L"(I'g). We may apply elliptic
regularity theory (by making use of the usual estimates, e.g. [32, §9.2] on Euclidean balls and

using a patching argument to extend to the manifold case if M(#) =T'(¢), as is standard) to this
variational formulation to deduce that w € W2 (M) as well as

w2 g = C |10 =V - BV

L' (Mo)

Lemma 6.25. Under Assumption 6.1 and (6.8), the map Tl;: Xo — Xq is invertible with uni-
formly bounded inverse with t — H:lw measurable. Hence TI™': L"(0, T; Xo)— L™ (0, T; Xo).

Proof. In this case, one needs to show that given w € X, there exists u € X such that (6.21)
holds and the proof is almost identical to the previous lemma after realising that the right-hand
side of (6.21) is an equivalent inner product on Hy. The measurability follows because Jt0 and
B? are continuous. O

Lemma 6.26. Under Assumption 6.1 and (6.8), we have TT™': WP (X, Xo)— WP P (X, X¢)
forany p,q €1, oo].

Proof. We shall first show that TI~!: C1([0, T']; Xo) — WP>P"4 (X, Xo) and then extend by
density. Take w € C([0, T1; Xo) and set u = [T~ "w. We have that u(¢) satisfies

/ u(t)vJ? + Veu(t)"BOV,0 = / w(t)v+ Vow(t)"Veu VYo € Hy.
Mo MO
Taking the difference at times ¢ + % and ¢, this becomes, for all v € Hy,
/ Suu(t)v Iy +u)8y I + Veyu () TBY, Vv + Vou(t)"8,BYV,v
Mo

:/Shw(t)v—i—VgShw(t)Tng.
Mo
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Now, adding and subtracting y(#) where y(¢) is defined as the solution of
/ YOI+ Vey(t)BOVev = / W' (1)v + Vow' (1) Vv — u(t)v(JL)
Mo MO

- / Vou(t)(BY) Vou Vv € Hy, (6.22)
Mo

we obtain
/ Gnu(t) — y(0)) vy + u®)8h I + Vg (Sau(®)T — y(1)) BY,, Vv + Vou(t)T8,B0V,v
Mo

+fy(z)ngthvgy(z)B?Mvgu:/shw(z)ervgshw(t)Tvgv.
My Moy

Observe that, using the definition of y(¢), the final term on the left-hand side is
/ YOI, + Vey(t)BY, Veu
Mo

= / YOV, = I + Vey () (BY,, —B))V,u
Mo

+ / w' ()0 + Vew' (1) Vv — u(t) (J2) v — Veu(t)(BY) Vv,
Mo

so the above becomes

/ Gnue(t) — y() v, +ult) <5h 70 — (J,O)/> v+ Ve (8pu®)T — y(1)) BY, , Vv
Mo

+ / V()" (81B) — B))) Vv + / YOV, = IO + Vo) B, — B) Vv
Mo My

= / (8w (t) — w' () v+ Vg (Spw(t)T — Vow' (1)) Vyu.
My

Taking v = §,u(¢) — g and using Young’s inequality with € multiple times, we find
Cl8nu) =y,

< [sww) = w' O[3, + |39 = 0

u(t
L>® (M)
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+h t

+ ”8;,B0

[Vt @ 32001, iy PO,

L(/\/l)

+ HB’+h BO

2
Lo (Mo) [ Vey @ ||L2(Q)’
which shows that u is strongly differentiable; more precisely, u = M'wec! ([0, T1; Hp) with
u=g.
By the same reasoning as the previous lemma applied to the weak formulation for y(z) (see
(6.22)), we obtain in fact that

Hence I~ ': C!([0,T]; Xg) — WP PN (X, Xo) is such that IT~!1: WP49(Xq, Xo) —
WP PN(X ), Xo) is bounded. By density, we obtain the result. O

< C(|w' O yarpgy + H m w( H War Moy

W2 (Mo)

Proposition 6.8. Under Assumption 6.1 and (6.8), for any p, q € [1, 00], there exists an evolving
space equivalence between the spaces WP 41 (W27 (Mg), W27 (Mo)*) and WP9(W2" (W27)*).

Proof. Having checked all conditions of Theorem 4.6 above, the result follows. O

6.3.3. H~! pivot space
To provide the expression for A in Lemma 6.10, we now verify that Assumption 3.5 is satisfied.
Given u € Hp, we must check that ||¢,u II%{(,) is differentiable. Define w(t) € H(} (R2(¢)) by

Liw(?) = ¢ru, (6.23)
so that, as we argued above,
pruell 7y = / IVew(0)]. (6.24)
Q)

Observe that the right-hand side of (6.23) is clearly in C?{o with zero time derivative, and hence
as is the left-hand side, i.e., Lw € Cjy with

3°(Lw) =

To prove that (6.24) is differentiable, we need w itself to belong to C! HY which the next lemma

shows is the case. In the proof below we make use of the notation J, agaln to denote the difference
quotient.

Lemma 6.27. Under Assumption 6.1 and (6.8), for u € Hy, we have w = L(_,)l¢(.)u € C}LIOI and w
satisfies, for all t € [0, T,

/vwm-w:- / Vw@®)TH) Ve Vg € H) (Q)).
Q(1) Q(1)
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Proof. Let us show that w € C}LIO‘ by proving that w := ¥ _yw € clo, T); HOI(SZO)). Due to

(6.5) and reusing the notation B? from (6.20), we see from (6.23) that w satisfies
f Vi) B)VY_ 0= (Y u,0) = (u.y_9) Vo e Hj(Q).
Q0
Hence
/vwmﬁs?vn =(u,n)  VneH (o). (6.25)
Q0
Take two times ¢, s > 0 and consider the difference of the above equality at those times:
f V()T —w(s)HBVH 4 w(s)TB? — BY)Vy =0.
Qo

Taking n = w(t) — w(s), this implies the bound

BY — AY

N

CIVH@) — Vi)l 20y < 1520 e’
0

and the right-hand side clearly tends to zero as t — s, proving that w € C°([0, T']; HOl (R0)).
Regarding the derivative, let # > 0 and take the difference in (6.25) between times ¢ + /& and
t and divide by h:

fvahw(;)s9+hvn + f Vi (r)T8,BVy =0. (6.26)
Qo Q0

We now show that the difference quotient for w(z) converges to the (unique) solution v(t) €
Hy (1)) of

/W(;)TB?vn = —/vw(z)T(B9)/vn Vi € Hy (Q0).
Qo Q

In (6.26), if we add and subtract the same term, we see

/ V(@ () — v() "B, Vi + Vo) TBY,, Vi + Vib (1) T8,B Vi = 0,
Q0

and here adding and subtracting fQo Vv(t)TB?Vn and using the equation defining v(¢), we end
up with

f (Vo (r) — Voe) T B, , Vi + Vo))" <B9+h —B)) Vi + V()T (B! - (B?)’) Vi =0.
Qo
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Taking n appropriately, using positive-definiteness and smoothness of A, we get

C I8 VB () — Vo)l 200 < VOO 20y) [BYss — BY

L5 (L0)

+IVD )l 20y [[64B7 — B

L®(Q0)

and in the limit 2 — 0, the right-hand side tends to zero and hence
Spi(r) — v(t) in H (Q0)

but then we must have that @’ exists and W’ = v. By considering the equation defining v = W’
and making a similar argument to how we showed that @ is continuous, we can show that @’ €
C([0, T1; Hy (Q)). Pushing forward the integrals defining @’ (7), we see that

/ V()T (BY) Vi = / JVw(@®) Ty DY)y, (B9 (DDY) TV
Qo Q(1)
= / JVw®)T DLy (BY) ) (DD V.
Q1)

The identity in Lemma A.2 gives a simplification of the right-hand side above and provides the
desired result. O

Lemma 6.10. Under Assumption 6.1 and (6.8), we have

Atiu,v) = / H(t)V(L;lM) . V(L;lv).
Q)

Proof. Using the transport formula (6.4) on (6.24) and plugging the result of the previous lemma
in, we derive

% ||¢,u||12q(t) = / 2Vw(t) - Vw(t) —HE)Vw(t) - Vw(t) = / H@®)Vw(t) - Vw(t).
Q) Q1)

‘We have then that

d

~ 1 d
At 0, v0) = (E e a0 + v0) 7y = - a0 = vo)ll%,(t)>

([ vz - Va0 - [ BOVI©-930),

Q) Q)

1
4

where z(t) and y(t) are defined via L;z(t) = ¥*, (1o 4+ vo) and L, y(t) = ¥ *,(uo — vo). Defining
also
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Low(t) = ¥*,ug and Liv(t) =y, v,
and using linearity, the above simplifies to
o) = [ BOVWO Y00 = [ HOVL W 0 90707 w0)
Q@) Q(1)

and a simple calculation shows that Assumptions 3.5 (ii), (iii) (see Remark 3.13) are also satis-
fied. Pushing forward to €2(¢) now yields the desired expression. 0O

We now check the evolving space equivalence result for this example again by verifying the
assumptions of Theorem 4.6.

Lemma 6.28. Under Assumption 6.1 and (6.8), for u € Hy, we have
Mu =Loy—L; ' gru

and T, : Xo — Xo is uniformly bounded and invertible with uniformly bounded and measurable
(in time) inverse.

Proof. The formula follows directly from (6.16). Recalling that ¢, (resp. ¢—;) maps Xo to X (¢)
(resp. X () to X¢) and is bounded, we can easily see that I1;: Xg — X( is bounded due to the
elliptic regularity of (6.13). It also has an inverse defined by Hf] =¢_ Ly ! with the same

properties. Measurability of IT,u, I, Yu, for u € Hy, follows from the fact that the composition
of measurable maps is measurable. 0O

Thus, we have the fulfilment of (4.5), (4.6) and (4.7).
Lemma 6.29. Under Assumption 6.1 and (6.8), the conditions of Theorem 4.6 are fulfilled.

Proof. We shall make use of the alternative criteria provided in Lemma 4.9 here to verify (4.8).
First, as we already stated, note that (Hé (22(1)), 1//;) ; is a compatible pair and furthermore, As-

sumption 3.5 is satisfied (the associated operators 7V, v satisfy the conditions in Remark 3.13).
In this setting, we have® (see Definition 6.7)

A (tu,v) = / H()V(Yu) - V(). (6.27)
Q(t)

(4.13): Defining

& = (¢4,

6 The inner product we use on H(} (£2(#)) has no lower order term and thus no term involving the divergence of the
velocity appears in the expression defining v
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it follows from separability of Hy that (H(¢), &;); is a compatible pair. We now observe that, for
fixed u € Hy,

2 -1 —1. 2
el = ¥y "l = 1eLg el o

and this is continuously differentiable since (HO1 (@), wt) 1€[0.7] satisfies Assumption 3.5. The
remaining points follow immediately; simply note that from the calculation above we obtain

78 (13, v) = (WiLg ', YnLg ') 1 iy = 77 (6 LG ', Lg o)

- ):s(t; u,v) =5L‘/’(t; Lalu,Lo_lv).

(4.14): If u € X and v € Hy, then we have from using the relation between 25 and AV and the
formula for the latter in (6.27) that

At u, =—<v- HOV (L)), L_1>
(t;u,v) H@OV WLy u), YLy v H @, @)

- <L‘;11‘W_’V (HOV(YiLg w), U)H*I(QO) H{ (Q0)
20

where we used (6.17) (or rather the inverse of the expression given by that formula) since u € X
and the fact that L, lis self-adjoint in the above manipulation. With this, we can identify

Aty =—Lg Iy V - (H@)V (YL )

and as u € LP(2p) then (6.13) implies that also f\s(t)u € LP(L2), proving the claim.
(4.15): We have already shown that IT;: Xy — Xy is a bijection with inverse given by I1,” by =

d—tLer Ly 'y, and from this formula we can immediately identify
(I;H*: X5 — X5, (7H f=Lg'¢_ L™, f.
In particular, if f € X, we have
(MY f =Ly Lig* f =Ly ¢ L™, £,
which is bounded due to (6.13) and the formula in (6.16). O

Now an application of Theorem 4.6 yields the following.

Proposition 6.12. Under Assumption 6.1 and (6.8), for any p, q € [1, 00], there exists an evolv-
ing space equivalence between WP-4(Xo, X5) and WP4 (X, X*).

322



A. Alphonse, D. Caetano, A. Djurdjevac et al. Journal of Differential Equations 353 (2023) 268—338

6.3.4. L"(T'(t)) = LY(T"())
As in Remark 3.7, we have I1, = Idy, for all ¢, and, given p, g € [1, 4+-oc], a function u € LY,
has weak time derivative u € Lil if

T

T
//L'n]:—/[ui], Vn € Dpos.

0 I'(t) 0 I'(t)

The evolving space equivalence property for W7+ (L", L') follows immediately. The same
is true if we take X (1) = W5 ((1)), Y (t) = WA 1(I(1)), for general k € N.

6.3.5. Wh(I'(t)) = LY (T'(1))

It is clear that both pairs (X (¢), qth ) and (Y (1), ¢,Y ); are compatible and it is easy to check
that the dual map of ¢! and its inverse are given by

@Y ) L®(To) — LX), (¢¥ ) v=Jl¢ v="Jlvodh,
@) L®°(T(1) — L®(To), (o) v=T¢"v=T"vod.

Recall that

T[(t;u,v)z(HIM,U>LI(FO)’LOC(FO)antuv,
Lo

and since T, = ¢¥,¢X, we have by the chain rule

d d ~
T (M) = = (97,87 ) = 7,9 Vo - [97,0,0)) + 67, DD (1)

=¢Y ¢} Vou - ¢¥, [0} + DOLW ()]

(6.28)

from where we identify

o d ~

At u,v) = En(r; u,v) = / oY, $XVou - ¢¥, [3, D) + D) W(H)] v.

Iy
Pushing forward then yields, for u € X (t) and v € Y*(¢),
M u,v) = / DO Vu - (3, D)+ DDLW, (1)) v.
(1)
Let us assume that CD(()') e C1([0, T1; L3(R?; RY)). Differentiating with respect to ¢ the identity
dhod(p)=p, peTly,

we obtain, for all p € 'y,
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= (8, DL (DY (p)) + DDL(DY(p))d, @ (p) = (3 DL (D0 (p)) + DD (D2 (p))w(t, D2 (p)).

Pushing forward to I'(¢) the above is equivalent to

3l + DO w =0,

which we plug into the expression above to find

A1, v) = / (qsf‘(ch?)Tvgu) (DL, (1) — DLW (1)) v

)

- / (¢}‘(D©9)Tvgu) - (DD (W (1) — w2 (1)) v.

r@)

We then conclude that, given p, g € [1, +0o0], a function u € L":V” has weak time derivative
ue L'zl if

un _f (¢3‘(D¢9)Tvgu) - (DO, (W (1) — we (1)) Y € Dpoe.
0

We now aim to explore the conditions of Theorem 3.23. Assumption 3.5 on the regularity of A is
easily seen to be true from the expression of A above. The condition (3.7) is also satisfied; in fact,
it follows from the formula for A that, given u € W (I'p), f\(t)u e L'(I'y) C I (LY(To)).
So we are left to verify the remaining conditions stated in Theorem 3.23. We note that all the
operators involved can be calculated explicitly. Indeed, we have

,: Wh(To) — LY(Tg), Tu=uod)od?,
T,: L'(To) = L'(T), Tu=uodod’,

o L'(To) > L'(Ty), T 'u=uod)od?,

which can easily be seen to satisfy (3.13), (3.14), (3.15), (3.16), as well as the adjoints
T, : L®(Tg) — L®(Ty), Mv=J"T 0@ vod)od
(T)~': L®Ty) —» L®([Ty), (M) lv=J,0d? T'vo @) od?,

which satisfy (3.17). It is important to observe that the adjoint operator above is calculated as the
L'-L* adjoint, which simplifies its explicit expression (see example below for a more involved
case). It then follows that the space W4 (W 1", L) enjoys the evolving space equivalence prop-

erty.
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6.3.6. Wy (Q(1)) = W, (1))
We need to find the adjoint of ¢tY: given u € WOI’1 (€20) and v € W~ 1°(Q), we have

=— / V-V ) =—ffl°(D<T>?>*‘¢Z,z-w

Q) Qo

Y
v, 0 u
(— Z )W*I’W(Q(t)),WOl’I(Q(f))

from where we conclude

@hH*: W) — Wb (), (@) 'v= TP D) 1eY, .

‘We then have

w(t;u,v)= /g~ VI;u,

Q0

and, recalling the formula in (6.28), this leads to

. d d
At u,v) = En(t; u,v) =/2-V <5qu)

Qo

:/g-v(q)f, KV - @Y, [8,9) + DOyT0)])

Qo
We finally push forward to time ¢: given u € Wé’r(Q(Z)), ve W h(Q(r),
Atu,v) = / V (DY)~ "Vu - [3, ) + D) (1)]).
Q1)

Again assuming that <I> e CL([0, T1; L*(R?; R?)), we can reason as in the previous example
to obtain

or <1>6 + D<I>6w =0,
so that

At u, V) = / V-V (DD TVu - DO (W (1) — W (1)) (6.29)
Q(t)

Hence in this case, given p, g € [1, 4-00], a function u € Lfvz_, has weak time derivative 1 €
q .
Ly if

T T

- //v (DY) TV -DP) (W (1) —w(1) -1, VneDy 1.
0 Q)

<

S

|I
0\

:
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We now analyse the conditions for the evolving space equivalence. From (6.29) it follows that
A@u(t) = (DDY) ™ Vi - DY (W (1) — W (1)),

and thus Assumption 3.5 is satisfied. Equation (3.7) also holds since, for any u € Wg (o), we
have [\(t)u € W(}’l(Qo) C le,l (WS’I(QO)). Now, as in the previous case, the extension of I1,
0

to the larger space is trivial:

M, Wy (Q0) — Wy (), Tu=uodlod?,
I, : Wy (Q0) — Wy (R0), Thu=uod)od?,

o whl@o) - wilQo), T, 'u=uod}od?,

which can easily be seen to satisfy (3.13), (3.14), (3.15), (3.16). We now work to identify the
adjoint

o W Qo) — W 1%(Q).

Letve W™1(Q) and u € WOl ’I(Qo). A careful application of the formulas at the beginning
of this chapter shows that

(V. Tt} = —/ ((75 o @?) 7O [(Ag))—T D30 & o cI>?D<1>?] vodlo @?) Vu
Qo
from where we identify
I, Wi (Qo) » W (Q),
v = (T30 0?) I [ADTDF 0 &) 0 0! D! | vo )0 o,
which is invertible with

MH™: Wh (o) > W (Qo),
— - ~ ~ —1 ~
(M)l =J° Ji o &0 [D@?ocbgoq)?D@?] vo ®fod.

Under our setting, because the coefficient is uniformly bounded in ¢ again it is easily checked
that (3.17) is also satisfied. This implies that Wt”*q(W(}’r(Qo), Wb1(Q0)) enjoys the evolving
space equivalence property.
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7. Well-posedness for a nonlinear monotone equation

In this final section, we establish some results regarding existence and uniqueness of weak
solutions for a class of nonlinear equations in order to illustrate the applicability of the functional
framework developed in the text and how it can be used to formulate general problems in a
Banach space setting.

Let p € (1, 00). For generality, we consider a family of (not necessarily linear) operators
A(t): X (t) > X*(t) defined on a separable, reflexive Banach space X (¢) satisfying the follow-
ing properties: for all u, v € X (¢),

(i) (Measurability) the map ¢ — (A(f)u, v) x*(1), x (1) i measurable
(i) (Monotonicity) (A(t)u — A(H)v, u — V) xx(y, x (1) = 0
(iii) (Hemicontinuity) the map s > (A(f)(u 4 sv), v) x*(1), x (1) 1S continuous (from R to R)

(iv) (Boundedness) there exists a constant Cp > 0 independent of ¢ and ¢ € LY (0, T) such
that

-1
|(A(f)’4, U)x*([),x(;)| = Cb||”||§(,) lvllx @ +co®llvlix e

(v) (Coercivity) there exist C. > 0 and ¢, > 0 independent of ¢ such that

(AU, ) x-y, x(ty = Cellully ) — ce.

These are the standard assumptions that are made for nonlinear monotone problems [56, §30.2].
We assume a Gelfand triple structure

Xt CH®@) CX* @)

and we suppose that X (¢) and H (¢) are evolving under a map ¢, and X*(¢) is evolving under the
dual map ¢*,, such that

(X(@), p)ieo,r1, (H@), d)iero,r1, (X (), d% Diefo,1]

are all compatible pairs. Furthermore, we assume the equivalence of W (X, X*) and W(Xo, X, (’j).
We refer to the previous section for examples of such spaces and proofs of the evolving space
equivalence.

Defining the superposition operator (Au)(¢) = A(t)u(t), we consider the equation

i+ Au+ Au = ian;,
f X (7.1)
u(0) =ug in Hy.

Definition 7.1. Given f € LI;(/* and ug € Hp, a weak solution of (7.1) is a function u €
WP-P' (X, X*) satisfying
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T
/u(t) V() x(0), x1) F (A@u®), v(®)) x+ ), xr) + At u?), v(t))
0

T
/ (f@),v(®O)x*r), x (1) Yve L,
0

u(0) =uyg.

Our aim in this section is to prove the next result.

Theorem 7.2. Under the above assumptions (i)-(v), given f € Li; and uy € Hy, there exists a
unique weak solution u € Wp’p,(X, X*) to (7.1).

A concrete example of (7.1) is the evolutionary p-Laplace equation as the next example
demonstrates. Aside from this, equations of the form (7.1) may arise as regularisations of PDEs
with a more complicated structure.

Example 7.3 (The p-Laplace equation on an evolving surface/domain). Let p € (1, 0c0) and take
M(t) to be an evolving surface I'(¢) C R3 or domain €(r) C R? under the same regularity
assumptions as in 6.1. Define

X — Wy P (M) - if M) = Q)
T lwle M) if M) =T@)

and the p-Laplace operator —A” : X () — X*(¢) which has the action

g(r) "

(— Ag(,) SUYX*(0),X (1) 1= / IVg(,)ulpfzvg(,)u-Vg(,)v.
M)

Take a constant « > 0.” We consider the equation®

un— Agu + aulu|P? +uVy-w=f,
u(0) = uo,
which, if M (z) = Q(t), we supplement with the boundary condition u = 0 on 9€2(¢). The oper-

ator A is defined by A(#) (u) := ovu|u|P~ 2 Ag(t)
We have the Gelfand triple structure

X (1) C L>(M(1)) C X*(1).

7 The choice of & = 0 is also possible if M (1) = Q(z).
8 Observe that selecting p =2 and « = 0 recovers the heat equation.
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This is obvious if p > 2, and in the case 1 < p < 2, recalling that the dimension of the manifold
is 2, it follows from the Sobolev embedding

WP (M(0) = LP/CP(M(1)) > LA (M(©)).
Evidently, the pivot space is H(t) = L*(M(t)) and we are in the setting of §6.1.1 from where
we identify the extra term in the definition of the time derivative to be A(#)u =uV, - w and we
also have the evolving space equivalence property.

7.1. Proof of well-posedness

We now proceed to establish existence, uniqueness and stability of weak solutions via the
Faedo—Galerkin method. We start by choosing an orthogonal basis {w?} jeN for X¢ and transport

it along the flow to {w; = ¢ w(;} jeN, which forms a basis for X (¢) satisfying the following
useful property

w; =0 VjeN.
Define the approximation spaces
V,(t) = span{w, ..., w} and L’;n ={nelLf:n@)eV,(), 1[0,T]}.

It follows that Uan;n is dense in L‘;. We also make use of the projection operator P! : H(t) —
V. (t) C X(¢) determined by the formula

(Plh—h,@)ney =0 forall g € V,(1).

Lemma 7.4. For each n € N, there exists a unique solution u, € L€n to the Galerkin approxi-
mation

(Ua (), V(1)) x*(1), x (1) + (A un (@), V() x*(1), x (1) + A5 un(t), v(2))
=(f®),v®)x 0, xe) Yve Lén, (7.2)
1n (0) = PYug,

of the form u, (t) = Z?:l u’}-(t)w;.
The proof of this lemma is standard and is relegated to the appendix.

A priori estimates  Test v = u, in (7.2) to obtain, using Young’s inequality with € and coercivity
of the operator A,

1d /
5 2ol Ol + Cellun @ ) < CULFO R ) + Ny + Callen® ) + e
Choosing € = C./2 we can manipulate the above and integrate it to get
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X*

t t
llin 131y + Ce / lunll ) < ol +2C1If17, +2Co / lnlls ) + 2T ce.
0 0

whence an application of Gronwall’s inequality implies that

(un)n is uniformly bounded in LGy N LY, (7.3)
(un(T)), is uniformly bounded in H(T).

Observe also that, due to Holder’s inequality, we have for all n € Lé’(

T

T
-1
/(Aummx*(z),x(t) S/Cbllunllx Inllx +co@lnllx
0 0

< Cpllun ”Lf( ||77||L§’( + lles ”Ll’,(O,T) ”77”[};( s
whence
(Auy), is uniformly bounded in LZ,. (7.4)

Remark 7.5. It is an open question whether P} : V, (t) — V, (¢) is bounded uniformly in n when
t > 0. Without an affirmative answer, it becomes more challenging to obtain a bound on i, in
the dual space Li* by the usual duality method but it is typically still possible by pulling back
the equation onto the reference space and using the boundedness of P,? .

Existence, uniqueness, and stability of weak solutions For clarity of the argument, we proceed
with several separate results. We start by identifying the limits of the approximating sequences.

The bounds in (7.3)~(7.4) give the existence u € L% N LS, z € H(T) and x € L%, such that, up
to a subsequence,

_*\ . 00 R 14 o R . p/
up —uin Ly, wuy,—uinly, uy(T)—zin H(T), and Au, — x in Ly..
We use these to pass to the limit in the approximating equations (7.2).

Proposition 7.6. The limit function u € Wrr (X, X*)NC OH satisfies

/

U+ x+Au=f ianf*,
u(0) = uo,
u(T)=z.

Proof. For any v € W?-P(V,,, V,)) we can integrate by parts in (7.2) and put the time derivative
onto the test function:

d
E(un(t), V(D) H) + (Aun (@), v(0)) x+ 0y, x (1) = (F @O, v(O) x50y, x (1) + W (), V) H (1)
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For j <n, take v(t) = w(t)w; with ¢ € C'([0, T]), which clearly satisfies v € WP-P(V,,, V,,).
Integrating over time and then passing to the limit n — oo, we obtain

T

@U@l = o, ¥ Ow))p, + f (xo.vow) -

0

(7.5)

T
=/(f(l‘),l//(l‘)w;->X*([)’X(1)
0

T
+ /(M(f)s W(l)w;)y(z)-
0

Since {wo} is a basis for Xy, given v € Xy, there exist coefficients a; € R and a sequence

v, = Z] 1 a]w such that v, — v in Xo. Hence ¢;v, = Z] 1 a]w converges to ¢,v in X (¢).
Multiplying the above displayed equality by a; and summing up j =1, ..., n gives

T

@ Y (T)prv) H(T) — (o, ¥ (0)vn) Hy +/<X(t), V(b1 vn) x(1), X (1)

0

T
:/(f(t),1/f(l)¢zvn>x*(t),x(t)
0

+/(u(t),1ﬂ/(l)¢zvn)ﬂ<z)-
0

Take furthermore ¢ € D(0, T). Passing to the limit » — oo by using the dominated convergence
theorem, we obtain

T T
/ (X (O, Y (OP0) x4y, x (1) = / (@O, Y (DPrv) xoy. x ) + / (D), ' (V) -
0 0 0

This is exactly the statement

d
E(u(t), GV = (f @) — X (©), D V) x*1), x (1) Vv € Xo.
Hence, by the characterisation offered in Proposition 4.4, it follows that u € W7 ’p/(X , X*) with
u+Au—x=f
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as desired. The fact that u € C ?1 follows from the continuous embedding W7 4 X, X" ~>C OH.

To check the initial condition, let v € W7 >P/(X , X™). Using the transport formula in Theo-
rem 3.21 and the equation for u, we have

T
@(T), v(T)) u(ry — (u(0), v(0)) g, =f (@) + A@ut), v(0)) x+ 1y, x (1) + 0@, u(®)) x+ 1y, x (1)

0
T

/ V@), u(®)) x+), x o) T (@) = x @), v x5y, x 1) -
0

Taking v(t) = 1//(t)w;. for arbitrary j € N and ¢ € C'([0, T']), this becomes

W(T), Y (TYw] ) u(r) — @), Y O)w;)

T

_ / t bt !
_/W (t)wj’“(t)>x»f<z>,x<z>+<f(t) X(t)’¢(t)wj>X*<t>,X<t>'

0
Comparing this with (7.5), we see that
W(T), v (Tw] ) aer) — @O), Y Ow;)my = @ Y (T)w] ) rery — (o, ¥ (O)w;) .

Picking i such that ¢ (T") = 0 removes the first term on both sides and then the density of {w?}
in Hy implies that #(0) = up. A similar argument gives the final condition. 0O

The final step for existence is now to identify the nonlinear term y in the equation. In the
classical setting, the proof of the statement relies on the monotonicity of the operator A, see for
example [56, Lemma 30.6]. In our case, the presence of A in the equation (and integration by

parts formulae) means that in general, the elliptic operator A + A is non-monotone. However, as
A is a lower order term, we are able to mitigate its effects by using an exponential scaling trick.

Proposition 7.7. We have x = Au in L";(;.
Proof. Let us define, for y > 0 to be chosen later, the functions
vi)=e u@) and v,(t) =e u, ().

Since e~ 7! belongs to L*(0, T), v, € Lﬁn and we have

* . .
v, —v inly and v, —v 1nL';(.

Define also x,, (1) = e "' x(¢t) and A, (1)§ = e~ V" A(r)e?'§, which is still a monotone operator.
Noting that
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Up (1) = —yvp () +e i, (1) and () = —yv(t) +e (),
it follows that the new approximations (v,), and the function v satisfy
(On + Ay va, M) x=), X0y + {7 + D)o M), x0) = (€ fvdxew. xa)  YneLy,

O+ Xy, Mx*), x() + (¥ + D)v, n)xx0), x0) = (€7 fLv)x+(0), x (1) VneLk.
(7.6)

Now define
1
ﬁy(t): X(t)—> X*(t) by <£}/(I)va U)X*(,)’X(t) = E((ZV‘FA)U, n)X*(l),X(t)-
We choose the constant y in such a way that £, is monotone (in the case of the p-Laplace
equation, any y satisfying 2y > ||V, - w||L e works, and in general such a choice is possible

due to Assumption 3.5 (iii), see also the third condition in Remark 3.13). Now, on the one hand,
testing (7.6) with n = v leads to

1 —yt
2 ||U||H(t)+<XV + Lyv, v)x*(z) X0 = =(e"'f. U)x*(r),xu)’

which we integrate over [0, T'] to obtain

T
luollZ, e”uu(T)nH(T)
")y, xo F ) B
0

T
/ Xy +Lyv,v) X)), X(1)
0

(7.7)

On the other hand, the same calculation for the approximation v, now gives

; ; 1Pauollz, ¢ T lun(D1
— [ (o o _

/((ﬁy +AV)U"’U")X*(1),X(t) —/(e i U”)X*(t),X(z)+ ) ) ’

0 0

whence taking the limit superior and using the weak lower-semicontinuity of norms, we obtain

T T
: luolyy, e ”nu(T)nH(T)
hmnsup <(A +L,))va), v,, X*(0). X (1) Yty v X*(0), X(t)+ > >
0 0
(7.8)
Combining (7.7) with (7.8) then gives
T T
/ Xy +Lyv, v X0 X () 2 hrnsup/ <(Ay + L))y, v,,)x*(t)’x(t). (7.9)
0 0
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Now take an arbitrary n € L‘;. Monotonicity of A, + £,, implies that ((Ay + L)) () — (A +
L)), vy — 17) > 0, which we can expand to obtain

T
/<(AV + Ly)n, U”)X*(t),X(t) > ((Ay + Ly)vn, n)X*(t),X(t) +{(Ay + Ly, vn — n)X*(z),X(t) :
0

Taking the limit superior and using (7.9) on the left-hand side and the convergence results on the
right-hand side, we get

T
/(XV + Ly, v)X*([),X(r) > (xy + Lyv, ”)X*(z),X(z) +{(Ay +Ly)n, v~ 77)x*(z),X(z) :
0

This reads

T

/(XV +Lyv—Ayn—Lyn,v— n)X(r),X*(r) > 0.

0
To conclude the proof we apply the well-known Minty’s monotonicity trick, which gives y, =
Ayvandhence x =Au. O

All in all, combining the previous results shows that the limit function u is indeed a weak

solution as per Definition 7.1. Finally, the result below establishes stability of solutions with
respect to initial conditions and uniqueness follows as a consequence, concluding the proof of

Theorem 7.2.

Proposition 7.8. If u; and uy are weak solutions of (7.1) corresponding to initial data uoy and
uy, then

Cwt/2
1) —uw2@®llHE = 10 — U201/ Hy -
i () = u2 ()| oy < e lurg — uoll
In particular, weak solutions are unique.

Proof. By testing the equation for both u| and u, with v = u| — u, and subtracting we obtain

|

C
2 w 2
ey — M2||1-1(;) + (Auy — Auo, uy — u2)X*(t),X(t) = 7”“1 - M2||H(t)-

N —
QU

t

Monotonicity of A implies that we can neglect the second term on the left-hand side and then
Gronwall’s inequality gives the result. O
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Appendix A. Technical results
Lemma A.1. The derivative of AY = JO(D®) (DD~ T satisfies

A7) = ¢-1(V - Wn)A] = JPDD)) ™ ($—s DW() + (9 DWD) ) (DP) T.

Proof. To ease presentation, we define D, = Dd>9. We begin with

WAV =720 (V- w)(D) D) + 729, ((D) D)),

To simplify the second term, using the formula (M ') = —M~'M’'M~" for differentiating the
inverse of a matrix M, and the identity

0D = ¢ (DW(#))Dy,
we get

H (D)D) = =)o DWED)YD) T — D) (P DWEH)T D).

Hence

HAY = J2_, (V- w)(D) ' D) — J2(D) o DW(E) (D) T
+ D) Hp— DW(D))TD)™T)
=¢_1(V-w()A? — 72D (¢ DW(1)) + (p— DWO)N D)™ T. O

Let us now give an expression 3;A? and see how it acts.
Lemma A.2. Forv € HO1 (2(1)), we have the identity
[ 5o ey g6 ah o) TYw
Q)

= / Vo)V V -w(t) — Vo) T (Dw() + Dw()HVy
Q1)

forall ¥ € H} (T(1)).
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Proof. The formula ¢;(Vp_;v) = ¢ (D@?)TVU and Lemma A.1 allows us to write

/Vf)(t)TB,A?Wp: / Vo@®)TVY V- w(t) — Vo) T DwE) + Dw))HVy. O
Q) Q(1)

Proof of Lemma 7.4. Denoting the solution vector U, (t) = (u’i‘(t), ..., un(t)), the linear terms

B = @fwhne. GOy =rcwlw). FO;=(fo.w)

and the nonlinear term

A@t; Un(1)j = <A(t)”"(t)’ w;)X*(t),X(t) ’

the problem (7.2) is equivalent to the system of ODEs

B(OU, (1) + A(t; Up(1)) + G (1) Uy (1) = F (1),
Un(0) = (a1, ..., &),

where {«} are the coefficients of P,ug = Z?:l o w?. Since B(t) is a Gram matrix (and hence
invertible) and the operators defining the lower-order terms are measurable in time and continu-
ous in ‘space’, the conclusion follows from the classical Carathéodory existence theory. O
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