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Submitted to the Annals of Statistics

EFFICIENT FUNCTIONAL ESTIMATION AND THE SUPER-ORACLE
PHENOMENON

BY THOMAS B. BERRETT!* AND RICHARD J. SAMWORTH?®
1Department of Statistics, University of Warwick, *tom.berrett@warwick.ac.uk

2 Statistical Laboratory, University of Cambridge, by samworth@statslab.cam.ac.uk

We consider the estimation of two-sample integral functionals, of the
type that occur naturally, for example, when the object of interest is a diver-
gence between unknown probability densities. Our first main result is that,
in wide generality, a weighted nearest neighbour estimator is efficient, in the
sense of achieving the local asymptotic minimax lower bound. Moreover, we
also prove a corresponding central limit theorem, which facilitates the con-
struction of asymptotically valid confidence intervals for the functional, hav-
ing asymptotically minimal width. One interesting consequence of our results
is the discovery that, for certain functionals, the worst-case performance of
our estimator may improve on that of the natural ‘oracle’ estimator, which it-
self can be optimal in the related problem where the data consist of the values
of the unknown densities at the observations.

1. Introduction. This paper concerns the estimation of two-sample density functionals
of the form

(1) T=T(f.g) = /X F@)6( (), 9(x)) da,

where X := {z € R?: f(z) > 0,g(x) > 0}, based on independent d-dimensional random
vectors X1,...,Xm, Y1,...,Yy,, where X1,..., X, have density f and Y7,...,Y,, have den-
sity g. The interest in the estimation of such functionals arises from many applications:
for instance, many divergences such as the Kullback—Leibler divergence, total variation and
Hellinger distances (or more generally, all (-divergences) are of this form. The estimation
of such divergences is important for two-sample testing (Wornowizki and Fried, 2016), reg-
istration problems in image analysis (Hero et al., 2002) and generative adversarial networks
(Nowozin, Cseke and Tomioka, 2016), to name just a few examples. Of course, we can regard
the problem of estimation of one-sample density functionals

@ = [ sa(se) i

which include Shannon and Rényi entropies, as a special case.

Motivated by these applications, the estimation of the two-sample functional (1) (or closely
related quantities) has received considerable attention in the literature recently (e.g. Krishna-
murthy et al., 2014; Kandasamy et al., 2015; Singh and Péczos, 2016; Singh, Sriperumbudur
and Péczos, 2018; Moon et al., 2018). Naturally, the one-sample version of the problem, and
special cases of it, have been highly-studied subjects over several decades (e.g. Kozachenko
and Leonenko, 1987; Bickel and Ritov, 1988; Birgé and Massart, 1995; Laurent, 1996; Beir-
lant et al., 1997; Leonenko, Pronzato and Savani, 2008; Leonenko and Seleznjev, 2010; Biau
and Devroye, 2015; Han et al., 2020; Berrett, Samworth and Yuan, 2019). It turns out that
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many functionals of interest involve functions ¢ in (1) that are non-smooth as their argu-
ments approach zero, or functions 1 in (2) that are non-smooth as their argument vanishes.
For instance, for the Shannon entropy, ¥ (y) = — logy, while the Rényi entropy of order x
is essentially equivalent to v(y) = y*~!, which is non-smooth as y — 0 when x € (0,1).
To avoid problems caused by this lack of smoothness, many of the aforementioned authors
assume that the density f is bounded away from zero on its (compact) support. In that case,
efficient estimators can sometimes be obtained; to give just one example, when f is also s-
Hoélder smooth on {x : f(x) > 0} with s > d/4, Laurent (1996) obtained a Shannon entropy

estimator H,,, satisfying

3) mE[{Hn — H(f)}?] = flog® f — H(f)>.

{a:f(=)>0}
The limit in (3) is the asymptotic rescaled mean squared error of the oracle estimator H, :=
—m~! Yot log f(X;), and is optimal in a local asymptotic minimax sense (Ibragimov and
Khas’minskii, 1991; Laurent, 1996).

However, the assumption that the density f is bounded away from zero on its support is
made purely for mathematical convenience; it assumes away the essential difficulty of the
problem caused by the non-smoothness and rules out many standard densities of common
interest. In the related problem of density estimation, it is known that, depending on the loss
function and the smoothness of the densities considered, optimal rates of convergence can
be very different when densities with unbounded support are allowed (Donoho et al., 1996;
Juditsky and Lambert-Lacroix, 2004; Goldenshluger and Lepski, 2014).

It is therefore of great interest to understand the ways in which low density regions interact
with the potential non-smoothness of the functional to determine the behaviour of estimators.
Previous works in this direction have tended to focus on specific functionals and on rates of
convergence (e.g. Tsybakov and van der Meulen, 1996; Han et al., 2020). By contrast, in this
work our aim is to provide a class of estimators that are efficient for a wide spectrum of func-
tionals. Our estimators will be deterministically weighted versions of preliminary estimators
based on nearest neighbour distances. To set the scene, for integers kx € {1,...,m — 1} and
ky € {1,...,n}, write Plkx )i, X for the (Euclidean) distance between X; and its kxth near-
est neighbour in the sample X1,..., X;—1, Xj41,..., X;n, and write p(y,) ; y for the distance
between X; and its kyth nearest neighbour in the sample Y7,...,Y,,. The starting point for
the construction of our estimators is the approximation

f(Xi)VdP((ikX),ng ~kx/m,

where V; := %2 /T'(1 4 d/2) denotes the d-dimensional Lebesgue measure of the unit Eu-
clidean ball in R?; this arises by comparing the proportion of points in a ball of radius
Pkx).,x about X; with a local constant approximation to the probability content of the same
ball. This motivates the initial estimator

~ ~ 1 & kx ky
“4) Tm,n = dmnkx,ky ‘“— *Z¢ Vol Vool .
MAZ \NTWVabgyix WVdP iy iy
Restricting attention for simplicity of exposition to the one-sample analogue T = ~m7k

of (4) that simply replaces ¢(-,--) with ¥(-) and kx with k, it has long been known in the
special case of the Shannon entropy functional that one should debias fm by replacing k
with ¢¥(®), where W(-) denotes the digamma function (Kozachenko and Leonenko, 1987).
This amounts to adding log k — ¥ (k) to the original estimator. Ryu et al. (2018) argued that
for general two-sample functionals, the estimator (4) can be debiased to leading order via an
implicit inverse Laplace transform, and showed that this has an explicit expression in certain
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examples. It turns out, however, that even the remaining bias is large enough to preclude effi-
cient estimation when d > 4, and this motivates us to consider weighted linear combinations
of estimators of the form (4) over different choices of kx and ky, where the weights are
chosen to cancel sufficient terms in the bias expansion. A subtle question concerns the issue
of whether to apply our weights to the original estimators (4) or their debiased versions. We
address this by using fractional calculus techniques to provide an explicit expression for the
leading order remaining bias of the debiased estimators. We conclude that, in general, the
gain from the fact that fewer non-zero weights are required to obtain an efficient estimator
when applying these weights to the debiased estimator is outweighed by the added compli-
cation of the resulting estimator. However, in special cases such as the Kullback—Leibler and
Rényi divergences, where the correct explicit debiasing terms are available, the weighting
scheme simplifies and we advocate applying the weights to the debiased estimator.

Returning to the general case, our final estimators fmn are based on weighted averages
of estimators of the form fmm,kx,ky for different choices of kx and ky; such estimators are
attractive because they generalise easily to multivariate cases (unlike, for example, estima-
tors based on sample spacings), and because they are straightforward to compute. Our first
main result (Theorem 2 in Section 2), reveals that the dominant asymptotic contribution to
the squared error risk of fmm is of the form vy /m + vo/n as m,n — oo, uniformly over
appropriate classes of densities f, g, functions ¢ and choices of weights, for certain variance
functionals v1 = v1(f, g) and vy = va(f, g) given in (8) below. Theorem 14 in Section 6 com-
plements this by establishing that v; and v are optimal in a local asymptotic minimax sense.
We therefore conclude that, under the conditions of these results, the estimators fmn are
efficient. R

In addition to studying the efficiency of our estimators 75, 5, it is also highly desirable
to be able to derive their asymptotic distributions; such a result could be used, for instance,
to obtain an asymptotically valid confidence interval for 7T'. Despite the fact that the sum-
mands in our estimator are dependent, for the special case of the one-sample Shannon en-
tropy functional, it is straightforward to derive the asymptotic normality of the weighted
nearest neighbour estimator, as it is well approximated by the efficient, ‘oracle’ estimator
—m~! >t log f(X;). However, for general functionals, the natural oracle estimator may
not be efficient, as explained in the next paragraph; this means that deriving the asymptotic
distribution of fmn in such cases remains a significant challenge. In our second main result
(Theorem 3 in Section 2), we show how the problem can be reexpressed in a form where we
can apply the central limit theorem of Baldi and Rinott (1989) for dependent random vari-
ables for which the degrees of the nodes in the pairwise dependency graph are controlled.
Thus, the estimators fmn are indeed asymptotically normal under appropriate conditions.

As a byproduct of our efficiency analysis, we uncover a curious phenomenon that can oc-
cur for certain functionals; for ease of exposition here, we focus on the Rényi-type functional

H.,:= [ f(z)"dx,
Rd

with k € (1/2,1). Given access to f(X1),..., f(X;), the natural oracle estimator in this
setting is

Indeed, Proposition 12 reveals that this oracle estimator can be optimal in a local asymptotic
minimax sense for the oracle problem where the practitioner seeks to estimate a one-sample
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functional such as H,; based on f(X1),..., f(X,,). Nevertheless, surprisingly, we find that
there exists an estimator H,,, and general classes F of densities for which

E {(H,, — H,)?
f{( o )}:/@2<1.

lim

® e 15 By (Hyy — Hy)P)

We refer to this as the super-oracle phenomenon. It is important to note that this is very dif-
ferent from the phenomenon of superefficiency, as occurs with, e.g., the Hodges estimator
(Lehmann and Casella, 1998, Example 6.2.5). There, in the case of scalar parameter estima-
tion, asymptotic improvement in mean squared error risk is possible at a set of fixed parameter
values, which form a Lebesgue null set (Le Cam, 1953; van der Vaart, 1997). Moreover, and
more importantly from our perspective, the superefficient asymptotic behaviour is necessarily
accompanied by worse finite-sample performance in a neighbourhood of points of superef-
ficiency, so that any apparent improvement is really an artefact of the pointwise asymptotic
regime considered. By contrast, in (5), the supremum is taken inside the limit, so that the
super-oracle improvement for large m can be considered as genuine.

The remainder of the paper is organised as follows: in Section 2, we present our main
results on the asymptotic squared error risk and asymptotic normality of our general two-
sample functional estimators. Section 3 is devoted to understanding the bias of these esti-
mators and a discussion of the potential benefits of debiasing them before computing our
weighted averages, while Section 4 considers their variance properties. In Section 5, we de-
scribe the super-oracle phenomenon in greater detail, and in Section 6 we present a local
asymptotic minimax lower bound that illustrates the asymptotic optimality of our estima-
tors and justifies referring to them as efficient. Our main theoretical arguments are given in
the online supplement Berrett and Samworth (2023), as well as various auxiliary results and
bounds on remainder terms.

We end this section by introducing some notation used throughout the paper. For m € Ny,
we write [m] := {0, 1,...,m}.If Ais a vector, matrix or array, we write || A|| for its Euclidean
vectorised norm. For 2 € R% and r > 0, let B,(r) := {y € R?: ||y — x| < r} denote the
closed Euclidean ball or radius r about z. For vectors a and b of the same dimension, we
write a o b for their Hadamard product. If Z is a random variable, we write £(Z) for its

law. We write Z := (0, 00)?2. For a smooth function ¢ : Z - R, z = (u,v) € Z and j,l € N,
81+l

we write ¢;;(z) := ggr (w We also use multi-index notation for derivatives, so that, for a

sufficiently smooth density f* on R%, 2 = (21,...,24)" € R%, t € N and a multi-index o =
d o . \d _ ; . _ 0

(o1,...,aq) € Nj with |af := Y0 aj = ¢, we write 9% f* := W. For ae > 0 and

a density f* on R%, we write yio(f*) == [pa H:c|| f* (x)dz and Hf’"HOO = supyepe [¥(2).
For 7 € [0,00) and = € RY, we also define h, - ( fB y)dy and, for s € [0,1), let

h;f*( s) :=inf{r >0: hy s-(r) > s}. Recall that, for a,b> 0, the beta function is defined by

Bop = fol t271(1 — ¢)>=1 dt and define also the corresponding density B, (s) := s~ (1 —
5)P=1/B, for s € (0,1).

2. Mainresults. Let Xq,...,X,,,and Y7,...,Y,, beindependent d-dimensional random
vectors, with X7, ..., X, having density f and with Y7,...,Y,, having density g, both with
respect to Lebesgue measure on RY. We consider the estimation of the functional T'(f, g)
in (1).

Before we can state our main theorems on the asymptotic risk and normality of our func-
tional estimators, we need some preparatory work. This will consist of definitions of the
classes of functionals and densities over which our results will hold, the definitions of our
weighted nearest neighbour estimators and the corresponding classes of allowable weights,
as well as various parameters that will play a role in the statements of our results.
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Starting with our classes of functionals, we impose a condition on the function ¢ in (1).
It will be convenient to introduce the shorthand xp :=x A1 and zy :=x V 1 for x > 0. Let
Z:=R2 x (N\ {1}) x (1,00), and for & = (K1, k2, 8%, L) € Z, let ® = ®(&) denote the class
of functions ¢ : Z — R for which the partial derivatives ¢y, ¢, exist for all {1, /5 € Ny with
01 + €5 < B* and satisfy

‘uelvg2 Ge,e,(u,v)| < Lufulyfzol,

for all (u,v) € Z. This is a growth condition on ¢ and its partial derivatives of order up
to 5*. The pre-multiplier u‘*v*> allows us to control discrepancies of ¢ under relative, as
opposed to absolute, changes in its arguments. Moreover, the right-hand side of the bound
affords additional flexibility regarding the level of regularity required for both small and large
values of these first and second arguments, controlled by the parameters x1, k2 and L. This
latter aspect will allow us to include functionals such as the Kullback-Leibler and Rényi
divergences, for which the corresponding ¢ is non-smooth as the densities approach zero;
see Examples 1 and 2 below. More generally, for the ¢-divergence functional with ¢ (u,v) =
o(v/u), it is straightforward to express this condition in terms of a condition on ¢.

For our classes of densities, fix 5 > 0, a density f on R?, and = € R? with f(z) > 0 such
that f is 3 := [S] — 1-times differentiable at . Write f(*)(z) € (R?)®* for the ¢ derivative
array of f at x for ¢ € [$3], so that f](f.)._jt (x) = ﬁ(l‘) for (j1,...,7¢) € {1,...,d}".
Now define ' '

1/t
Mfﬁ(x) = mf{M >1 :max<||f(t)(x)”>

g\ f(@)
1/8
sup <1f<ﬂ><z>—f<ﬁ><y>|> ~ul,
yeem./m\ f@)]z—y[7E

y#z

otherwise, we set M g(x) := oco. The quantity My g(x) measures the smoothness of deriva-
tives of f in neighbourhoods of z, relative to f(z) itself, but does not require f to be
smooth everywhere. For instance, if f is the uniform density on the unit ball By(1), then
My g(x) =1/(1 — ||z||) for |lz|| < 1. Now, for 6 = («, 3,A,C) € (0,00)*, and writing Fy
for the class of densities on R, let

T d
Gui={ 1< Fas mal D) < C.lf I < C. M e <o,

Thus, in addition to requiring a moment assumption and a bounded density, the classes Gg ¢
also impose an integrability condition on our local measure of smoothness; to understand
this condition, we note that in constructing a nearest-neighbour based estimate of f(z), the
crucial quantity that controls the bias is the function

i >0: > = h 1
sHmf{r_O./Bm(T)f(y)dy_s} hy ¢ (s)

on (0,1). If f is constant in a neighbourhood of = with f(x) > 0, then h;;(s)d = ﬁ(x)

for small s > 0. More generally, the error of the approximation of h;}(s)d by this linear

function of s (together with higher-order Taylor expansion terms) is controlled by Mf%())d,

see Lemma S4 in the supplementary material (Berrett and Samworth, 2023) for a formal

\d
statement. This explains why we ask for a condition on an appropriate norm of Mfff())

in our classes. It is an attractive feature that the assumption comes in an integral form, as
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opposed to requiring a boundedness condition on My g(x), for instance. This integrability
condition is our primary tool for avoiding the assumption that the density is bounded away
from zero on its support (see the discussion in the Introduction). While Tsybakov and van
der Meulen (1996) and Berrett, Samworth and Yuan (2019) made first steps in this direction
in the context of Shannon entropy estimation, the former of these works, which focused on
the case d = 1, required a strictly positive density on the whole real line; the latter relaxed
this condition a little, but made extremely stringent requirements on the behaviour of the
density f in neighbourhoods of points 2o € R? with f(xg) = 0. In particular, no Beta(a, a)
density was allowed, for any a > 0, and the only densities having points z¢ with f(zp) =0
that were shown to belong to their classes involved all derivatives also vanishing at zg. By
contrast, Proposition 1 below shows that a multivariate spherically symmetric generalisation
of a Beta(a,b) density belongs to Gy ¢ for suitable 6 € (0,00)%, provided only that a,b > 1
(though in fact the requirements of our Theorem 2 on efficiency would actually also need
b > d — 1 for this family).

PROPOSITION 1.  Fix a,b € [1,00), and let f denote the density on R? given by
F(@) = Caapllzl|* (1 = l2])* Lgpay<ay

where Cy 4 p := %. Then for any o, 3> 0 and any A € (0,b/(b+d — 1)), there
exists Co > 0, depending only on a, 8 and A, such that f € Gy (o g xc) for any C > Cy.

From Proposition 1 we also see that discontinuous densities may also belong to G, ¢ for
suitable 6 € (0, 00)*; in particular, the U[—1, 1] density belongs to G (a,8,2,0) forany a, 8 >
0, A€ (0,1)and C > 1/(1 — X). We also remark that, similar to Berrett, Samworth and Yuan
(2019), all Gaussian densities belong to Gy for any «, 3 > 0,A € (0,1) and sufficiently
large C' > 0, and multivariate-¢ densities with v degrees of freedom belong to G, ¢ for any
o€ (0,v),any >0, A€ (0,v/(v+d)) and C > 0 sufficiently large.

To define our main class of densities, then, for © = (0,00)° and ¥ = («, 8, A1, X2, C) € O,
let Mg(x) = My g 5(x) := My g(x)V My g(x) and set

Fag = {(f,g) € Gd,(a,8,0,0) X Fa: /X f(z) [{ ]\/-;3((5))‘1 }Al N {]\/-;ﬁ((xfﬁ))d }/\2] dx < C,

110(9) < C,llgllos < C,/ f(a) 2= C g () 2em171/C gy < C}-
X

Note that F; » also depends on § through x1 and k2, i.e. on the functional we wish to estimate,
though we suppress this in our notation. To understand the final integrability condition in
Fa.9, we first note that the efficient variance v, defined in (8) below, can be bounded above
as follows:

V9 :Var(f(Y1)¢01(f(Y1),g(Yl))) < LQC4L+2("€1|+|52‘) /Xf(x)Q—i-ng(x)QnQ—l dm,

for C' > 1. Thus, for large values of C, our condition is only slightly stronger than assuming
that vy is bounded. This slight strengthening of that assumption is made so that the integral
over X in vy can be approximated by integrals over large subsets of X', uniformly over

(f,9) € Fap-
We now introduce the class of weights that we consider for our estimators. To this end, for

k,I € Nandce (0,1), define

k
Wl(kc) = {w:(wl,...,wk) eRF: ij =1and w; =0 for j < ck,||w|: <1/c,
j=1
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k
(6) S 5wy =0 for (£,1) € ([[d/2] — 1] x [1]) \{(0,0)}}.
j=1

Fixing ¢ = (k1,K2,6%,L) € Z and ¢ € (0,1), and for wx € WF?E*)—l)/ﬂ . and wy €

WF&Y*)_I) /2], W€ can now define our weighted functional estimators as

kx  ky
(7) Tm,n = Tr%,);iwy = Z Z WX,jx ijYTm7n7jX7jY‘
Jx=1jy=1

Note that the constraint on the support of wx ensures that all component indices with non-
zero weight are of the same order as kx, with the corresponding property also holding for
wy . Once this is satisfied, and given appropriate choices of kx, ky, the remaining constraints
in (6) will ensure that the bias of T\mn is asymptotically negligible.

It is convenient to use the shorthand ¢, := ¢(f(z),g(z)), as well as (f¢10)s =

f(@)p10 (f(x),g(m)A) and (fo1)z = f(x)do1 (f(x),g(m)) for € R%. Our result on the
asymptotic risk of 77, , will be expressed in terms of

®) vi=wvi(f,9) = Var(¢x, + (fo10)x,) and v =wva(f,g):= Var((féo1)y,)-
Fixing d € N, ¥ = (o, 8, A1, A2, C) € © and £ = (K1, k2, B, L) € E, we will moreover im-

pose requirements on various derived parameters. In particular, writing x; := max(—+;,0)
for i = 1, 2, it will also be convenient to define

K{ Ky d(k] +Ky)
9 =1 42 4 M " 72/
® ¢ N + hp + o

1 N d d d 1 1.9

7 =1 —max| — =12
' 28" 202N B)+d 22AB)B* 2N A1)(1 =) )’ ’

Finally, then, we are in a position to state our first main result, on the asymptotic squared
error risk of Tj,

THEOREM 2. Fixd €N, fix 9 = (o, 5,A\1,A2,C) € O and fix £ = (K1, k2, 5%, L) € E.
Assume that ( < 1/2 and that min(r1,m2) > 1/6%. Let (k%), (k¥), (kY) and (k) be de-
terministic sequences of positive integers that satisfying min(k:%(m_l/ e k:{;n_l/ B 1) = 00
and max(kYm=("=9) kUn=(==9)) 0 for some e > 0. Then for each c € (0,1), each

wx = wglgx) € WF?BX"—D/QLC and each wy = wgw) € WF?g*)—l)/z],c’ we have

= 1 1
sup  sup max Efg{(Tomm — T)Q} _u vay o< + )
Pe®(&) (f,9)EFa 2’(6?“])?7---:]6%]}} m n m n
v e{kY ... kY

as m,n — oo.

In Proposition 8 in Section 3.2, we will improve Theorem 2 by showing that when (5 €
(0, 1], the same conclusion holds when we replace the term d/(2/3) in the definitions of 71, 72
in (9) with d/(43). This allows us to weaken the smoothness requirement on our densities for
the estimators T\mn to be efficient. In particular, we only need 5 > d/4 instead of 5 > d/2,
when d € {1,2,3} and when * may be taken to be arbitrarily large, which is the case in
several examples of interest, as illustrated below.

Theorem 2 follows immediately from combining Proposition 6 in Section 3 with Proposi-
tion 11 in Section 4, which elucidate the asymptotic bias and variance of fmn respectively.
We therefore defer a description of the main ideas of our proofs until after the statements of
these results, and first illustrate Theorem 2 via several examples.



EXAMPLE 1. Consider the Kullback—Leibler divergence, for which we may take
d(u,v) = log(u/v). For any € € (0,1/2), any p* > 2, and any L > (B* — 1)!, we
have that ¢ € ®(—e,—e,*,L). Thus, for any d € N and 9 = («, 3, 1, A2, C) € O such
that > d/2 and min(\1,A2) > 1/2, Theorem 2 tells us that we can find sequences
(kx), (ky), (wx), (wy) such that

~ 1 X 1 Y; 1 1
sup Eﬁg{(Tm,n — T)Q} _ Evarf 10g(£EX3> — Varg<f( 1)) ' = 0( + )

(f,.9)EFa» n g(Yl) m n

If f and g are spherically symmetric beta densities as in Proposition 1 with parameters
(ar,by) and (ag,by) respectively, then we see from the proof of Proposition I that we have
Mpg(z) < A/{||=||(1 — ||z|))}, where A > 0 depends only on d,as,bs,ay and by. Thus
(f,9) € Fa for sufficiently large C' > 0 whenever

bf . af+d—1 bf
A )
1€<O’bf+d—1>’ 26<O’mm{ag+d—1’bg+d—1}>’

2af —ag+d—1>0 and 2by—by>0.

It follows from simplifying the condition min(\1, A2) > 1/2 that we have efficiency whenever

B >d/2 and
b _
min I ’af—i-d 17 by >1'
bf+d—1"ag+d—1"by+d—1 2
As mentioned above, in Section 3.2 we will see that here, as in Examples 2 and 3 below, we
can weaken the first of these conditions to 3 > d /4 whenever d € {1,2,3}.

EXAMPLE 2. For k € (1/2,3/2), consider the k-Rényi divergence, for which we may
take ¢(u,v) = (u/v)"~ L. For any 8* > 2 and L > (8*)! we have ¢ € ®(k — 1,1 — K, B*, L).
Letd € Nand ¥ = (o, 5, A1, A2, C) € © be such that > d /2, such that

C:(/<;—1)_+(1—/£)_+cl]1—/<g 1

A A2 a 2’
and such that min(\,A2) > 1/{2(1 — ()}. Then, by Theorem 2, we can find sequences
(kx), (ky), (wx), (wy) such that

~ K2
sup [y (T = T} =y
(fvg)e‘rd,ﬂ m

o)~ (i)

()
=o|l —+—]).
m o n

As in Example 1, we simplify these conditions for spherically symmetric beta distributions,
but here we restrict attention to d = 1 and 8 > 1/4 for simplicity. When k € (1,3/2) we have
efficiency when min(ays/ag,by/by) > k — 1/2, and when k € (1/2,1) we have efficiency
when min(ays/ag,bs/bg) >1/(2k).

EXAMPLE 3. Suppose we would like to estimate [o.{f(z)—g(x)}* dx = [p. f(x)? do+
Jga g(z)?dw —2 Jga f(2)g(x) dx. We may estimate each of these terms separately using one-
or two-sample estimators as appropriate. Then, by Theorem 2 and a corresponding one-
sample version, we can achieve a mean squared error of O(1/m + 1/n) uniformly over
classes of densities (f, g) such that || f||oc; ||g|loc < C, such that py o (f), p1/c(g) < C, such
that

f(x)l_)‘lM/j(x)d)‘l dz < C, / g(x)l_)‘zMg(x)d)‘z dx < C,
R4 Rd
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and such that

Mﬂ(w)d}&” de < C
(10) /{x:g(:p)>0} f(x>{ g(l‘) r=G

for any C >0, for any 8 > d/2 and for any A1, A2, A3 > 1/2. It may be the case that f has
heavier tails than g, so that (10) holds with the roles of f and g reversed. In that case, we
can obtain the same order of mean squared error by reversing the roles of the two samples in
our estimator.

To study the asymptotic normality of fmn we impose a stronger condition on the pair
(fvg): for ¥ = (Oé,ﬁ,)\l,)\g,C) € e, let

Fan = {(f,g) € Fa9 :min(vi,v2) > 1/C,

)

(1 maxmax< / F(@) 7% g ()" da, / g(y) Pl f(y e dy> gc}.
p=34 X X

To explain the lower bounds on v; and vy in (11), consider the setting in which ¢(u,v) =
o(v/u), as is the case with p-divergences. Then, writing W := ¢(X1)/f(X1) and Z :=
g9(Y1)/f(Y1), we have that

vy = Var(p(W) —=W¢'(W)) and vy =Var(¢'(Z2)).

Now, if f = g then we have v; = vy = 0, and it is possible that estimators will converge to T’
at a faster rate than m~'/2 + n~1/2 (with a potentially non-normal limiting distribution).
Thus, in order to state uniform results on the asymptotic normality of fm,n, we work over a
class of densities for which v and v are bounded below.

The bounds on the integrals in (11) arise from considering the influence functions given by
IF (x) := ¢z + (fd10)2 and IF2(y) := (fo1)y. Our conditions on ¢ imply that [IF;(z)| <
2L C2LHIRR: £ ()81 g ()52 and |TFo(y)| < LO?EHImilHRel £ (4)m1+1 g (y)52=1 Under our
assumptions we can therefore obtain bounds on E{|IF(X;)|P} and E{|IF2(Y7)|P} for p =
3,4. This is helpful for the application of the central limit theorem of Baldi and Rinott (1989).

For two random variables X and Y with distribution functions F' and G (where for later
convenience we allow X and Y to take values in the extended real line), let

dic (LX), L(Y)) :=sup | F () - G(1)]
teR
denote the Kolmogorov distance between the distributions of X and Y.

THEOREM 3. Suppose that the conditions of Theorem 2 hold. If (l{:y{)‘lloggm = o(m)
and (k{})*log®n = o(n), then

fmn =T
sup - sup max - dg <£< : ),N(0,1)> —0
PED(E) (f,9)€F a0 ';Cxeiikl]z% ]% {v1/m +vo/n}1/2
Y Y€ Iffv"'v 5

as m,n — oQ.

The proof of Theorem 3 relies on a Poissonisation argument. By this, we mean that we

initially consider the related problem where instead of observing samples X1, ..., X,, and
Y1,...,Y, of fixed size, we first sample M ~ Poi(m) and N ~ Poi(n), and, conditional
iid iid

on M and N, observe two independent samples X1,..., X3 ~ fand Y7,..., Yy ~ g. The
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main reason for doing this is because in this model, appropriately truncated nearest neighbour
distances of X; and X are independent provided that X; and X are sufficiently far apart.
One of the key ideas of the proof is the observation that, after Poissonisation and nearest
neighbour distance truncation, we can construct a careful partition of R? into Voronoi cells,
such that the probability content of each cell is roughly the same and decays with the sample
size, and yet each cell has only a small number of other cells that are close to it (Proposi-
tion S2, Berrett and Samworth, 2023). By decomposing our estimator into contributions from
each cell of the partition, we therefore obtain a sum of terms with a sparse dependency graph,
which enables us to apply the central limit theorem of Baldi and Rinott (1989).

Another key aspect of the proof of Theorem 3 is an approximation of our unweighted
nearest neighbour functional estimators by a sum of two terms, each of which only depends
on one of the samples. To describe this decomposition, we write p(y) ; ¢ for the kth nearest
neighbour distance of X; among the sample X7, ..., X, whenever ¢ > max(k +1,4). We will
also write p(k)yg(x) for the kth nearest neighbour distance of x among the sample Y7,...,Y,
whenever ¢ > k. Now define the random variables

71 ::i - (kX’ Xi)

i m;¢ S 9(X;)
12 T ::/ ( kY)d
(12) @im [ I@0(fle) B ) do

We can think of T,SLI ) and TV(L2) as semi-oracle estimators, where in the first case the sample
size n from density ¢ is infinite, and in the second case, the sample size m from density f
is infinite. In particular, the crucial point is that Ty(n1 ) depends only on X1, ..., X,, and Tﬁf)
depends only on Y7,...,Y,. In fact, our proof reveals the interesting observation that under

our conditions,
T — B(Trn) = T — (T + T2 — B(T?) + 0, (m™ /2 4 n~1/?2),

The main advantage of this decomposition is that it allows us to establish the asymptotic nor-
mality of Tmm by considering T&l ) and T,SQ) separately. A further benefit is that it facilitates
control of the Poissonisation error more easily than would otherwise be the case, as we now
explain. Let M ~ Poi(m) and N ~ Poi(n) be independent (and independent of the data),

and, when M > (kx + 1)log(em) and N > ky log(en), define

T = 1§¢<’?,g<xi>) - (5 =1) [ @+ o)y da
=1

dep(kX ) 7i:M

ky N
TT(LQ)P::/f:Cqﬁ(f:U,)dlU_ ——1 /fﬂﬁ gdo1)z dz.

| J@o{ @) g Yo = (5 =1) [ S@)oon)

If M < (kx + 1) log(em), say TP := 0, and similarly if N' < ky log(en), say T2 := 0.

The following result bounds the mean squared difference of these approximations.

PROPOSITION 4. Assume that the conditions of Theorem 2 hold and additionally assume
that kY. = o(m*/*) and kY = o(n'/%). Then

sup sup  max  E{(T5) —T0)%} =o(1/m)
SED(&) (f.9)€F a0 x €Lk Rk { )

and

sup sup max E (TTEQ) _ Tr(L2)7p)2 =o(1/n).
d€®(8) (f.9)EFa,» ky €{k¥,...kV} { }
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Theorem 3 also facilitates the construction of asymptotically valid confidence intervals of
asymptotically minimal width, provided we can find consistent estimators of v; and vo. To
describe our methodology here, it is convenient to introduce the shorthand

n kx ~ ky
(13) fikx),i = mviod and (g, =
m dp(kx)vlvx

forie{l,...,m},kx €{1,...,m — 1} and ky € {1,...,n}. Further, define

TASIEEES me[@b f(kx s J(ky), )+f(kx @¢1o(f(kx s J(ky), )} ,logm,logn

~ 1 &
D2 = *Z (kx),i®10 f(kx )
m :
~ 1 &
@)1 :*Zm {f(kx 49 ky)z¢01(ka)za I(ky), )2,10gm710gn}
M
~ 1 &
Ay ':EZ ky)z¢01(ka)zag(ky) i)
=1
as well as ‘717(1121 = max{f/n(&) —( Tﬁm )2,0} and VrSLZL = max{V — (Vim (2 )2,0}. It

turns out that 177,(11% and 17,%2,)1 satisfy the consistency property that we seek, so, wr1t1ng 24 for
the (1 — ¢)th quantile of the standard normal distribution, vy, ,, := ‘7,,(1121 /m+ ‘7,7(1221 /n and

Im,n,q = [Tmm — Zq/2671n/3l y Tm n + Zq/Q’Ul/ ]

we have the following result.

THEOREM 5. Suppose that the conditions of Theorem 3 hold. Then

T —T
sup  sup max  dg (C(%),N(O,l)) —0
$ED(E) (f.9)F 0 ’“Xegzx’ ’kx]}: U,

as m,n — oo. In particular,

sup sup  sup max P(Imng2T(f,9)) — (1 - Q>' —0
q€(0,1) p€R(E) (f,g)EF .o Fx EEZX %%’

as m,mn — oo.
3. Bias.

3.1. Bias of the naive estimator. Here we state a result on the bias of the estimator (4).
It is in fact an immediate consequence of a more general statement, given as Proposition S1
in the online supplement (Berrett and Samworth, 2023), which considers a wider range of
choices of kx and ky.

PROPOSITION 6. Fix d € N, ¥ = (o, 5,A1,\2,C) € O and & = (k1,k2,5%,L) €
E. Assume that ( < 1/2 and that min(r,72) > 1/8*.  Suppose further
that  min(kym=V8 khn=l/8") — oo and that there exists € > 0 with
max(kYm ™" kyn""%¢) — 0. Then for each iy,iz € [[d/2] — 1] and j1,j2 € No
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such that ji + jo < [(B8* — 1)/2], we can find coefficients \; iy i = Nivinjijn(d, [, 9, 0),
with the properties that Moo 00 =T(f,g), that

sup sup |>‘i1i2j1j2’ < 09,

¢€¢‘(£) (f»g)e}—d,ﬁ
and that
[d/2]— 2i 2i
)\1112]1]2 kx\ ¢ rky\ &
Eyg(Tmn) = Z Z R vy () G
’L1 i2=0 J1,J2

_ O(m—1/2 _|_n—1/2)

as m,n — oo, uniformly for ¢ € ®(&),(f,g) € Fav,kx € {k%,...,kV} and ky €
(kL. KU},

Proposition 6 provides conditions on the classes of densities and functionals under which
we can give a uniform asymptotic expansion of the bias of Tmm, up to terms of negligible
order. This expansion also holds uniformly over a range of values of kx and ky, which can
be chosen adaptively (i.e. without knowledge of the parameters of the underlying densities) to
satisfy the conditions of the theorem, e.g. by setting kx = m'/#” logm and ky = n'/#" logn.

As revealed by Corollary 7 below, Proposition 6 allows us to form weighted versions of the
estimators Tvm% kx ,ky » TOr different choices of kx and £y, so as to cancel the dominant terms
in the expression for the bias of the naive estimator. Indeed, it was this result that motivated
our choice of the class of weights that we consider in Theorem 2.

COROLLARY 7. Suppose that the conditions of Proposition 6 hold. Then for each c €

(0,1), each wx = wgﬁx) € WF&X*)A)/%C and each wy = w(kY) € WF?g) 1)/2].0 e have
sup  sup sup Ef g(T“’X’“’Y) —T(f, )| = o(m™Y2 4 n=1/2)

¢€(I)(§) (fvg)e-rd,ﬂ kXe{kivvkg}
kye{kb,. . KU}

as m,n — oQ.

In order to gain intuition about the level of smoothness of the functional required in
Corollary 7, it is helpful to consider the following (favourable) case: if our assumptions
hold for all a, 8, A2 > 0 and all A; < 1, then it suffices that k1 > —1/2 and that 8* >

2(1—ry
max{2,1+ d/4, 1(T:;)}
The key idea of our bias proofs is a truncation argument that partitions X" as X, ,, U (X

Xm.n), Where

Xm,n::{l‘e.)(t f(z) >kxlogm g(z) >kyl0gn}'

Mp(@)@ = m M@

Further, by Lemma S5 of the online supplement (Berrett and Samworth, 2023), we have that

f and g are uniformly well-approximated in a relative sense, over balls of an appropriate

radius, by their values at the centres of these balls; more precisely, for every 9 € ©, and
writing A := (16d)"/#~8) and ry(z) := 1/{AM5 z)},

sup sup _— - ‘\/’y— ‘Sl

(f,9)€F 4,0 yEBx (o .73 2
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In particular, this means that

Vaikx logm Vaiky logn
1t ) 2 SR e ) 2 P
whenever (f,g) € Fqp. Thus for each = € X, ,, it is the case that with high proba-
bility, the kx nearest neighbours of x among Xi,...,X,,, as well as the ky nearest
neighbours of & among Y1,...,Yy, lie in B, (ro(z)). Moreover, the functions hy f(-) and
ha.g(-) can be approximated by Taylor expansions on [0,7g(x)], which yield correspond-
ing expansions for their respective inverses. Since hx, f(p),i,x )| Xi ~ Beta(k,m — k) and
hx, g(P@k),i,y )| Xi ~ Beta(k,n + 1 — k), these facts, in combination with (14), allow us to
deduce a stochastic expansion for p(y) ; x and p(x) ; y in terms of powers of the relevant beta
random variables. The contribution to the bias from the region &, ,, can then be computed
by a Taylor expansion of ¢ and using exact formulae for moments of beta random variables.
For z € X'\ X}, ,, we have no guarantees about the proximity of the kx nearest neighbours
of x among X1, ..., X,,, nor the ky nearest neighbours of z among Y7, ...,Y,; however,

P(X1 € X\ Xpp) < C{ (kxlﬂyl \/(WY}

m n

so the integrability conditions in our classes F4 » allow us to control the contribution to the
bias from this region.

3.2. Tighter control of the bias when 5 < 1. Our general bias result in Proposition S1
of the online supplement (Berrett and Samworth, 2023) has remainder terms of the order
(kx /m)P/% and (ky /n)P/¢ in the expansion, and leads naturally to the condition 8 > d/2
for efficiency. A requirement of this level of smoothness for a parametric rate of convergence
(albeit with smoothness measured in different ways) also appears in several other related
works on functional estimation, including Leonenko and Seleznjev (2010), Kandasamy et
al. (2015) and Singh and Péczos (2016). However, other results show that d/4 smoothness
(often in the case d = 1 or while also requiring this smoothness to be at most 1) may suf-
fice for certain functionals without singularities (Bickel and Ritov, 1988; Birgé and Massart,
1995; Laurent, 1996; Giné and Nickl, 2008; Leonenko and Seleznjev, 2010). The purpose of
Proposition 8 below, then, is to demonstrate that when 3 € (0, 1], it is possible to tighten our
bias bounds to have terms of the order (kx /m)??/® and (ky /n)??/?, so that we only require
B > d/4 for efficiency.

PROPOSITION 8. Fix d € N, ¥ = (a,5,A1,\2,C) € © with € (0,1] and £ =
(K1,k2,07,05,L) € 2. Let kI;( < k%,k{; < k:g be deterministic sequences of positive in-
tegers such that k% /logm — oo, ky/logn — oo, kY = O(m!'=¢) and k) = O(n'~¢) for
some € > 0. Suppose that ¢ < 1. Then for each j, € [[(B* —1)/2]] and j» € [[(B* —1)/2]].
we can find \j, j, = \j,;,(d, f, g, ), with the properties that \oo =T(f, g),

sup  sup  |Aj, 4| < oo,
d€@(§) (f.9)€Fa,v

and that, for every ¢ > 0,

swp sup \Epg(Ton) = 30 Lgusgasio-/2) o
oe®(§) (f,9)€Fa,0 7 j1;2=0 {nts }k.g(k,{/
-8 26/d A(1=¢)—e 5.
=O<max{kX6 /27(@() ’<k7X) ,k‘Yﬁ /2’
m m

n n

(15) (kl)%/d, (@)AZ(I_O_E, 1/m, 1/n}>,
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as m,n — oo, uniformly for kx € {k%,... k{} and ky € {k¥,... k{}.

The proof of Proposition 8 is given in Section S1.3 of the online supplement (Berrett
and Samworth, 2023). The interest in the result arises because it reveals that the bias of
nearest-neighbour functional estimators is of smaller order than that of the corresponding
density estimators, at least when 5 < 1 and when the function ¢ is smooth away from its
singularities. This reduced bias is due to the fact that the nearest-neighbour density estimate
biases at different values of « € X cancel to leading order when we integrate over X'. While
similar phenomena have been observed for kernel-based density estimates in the context
of the estimation of quadratic functionals (Giné and Nickl, 2008; Leonenko and Seleznjev,
2010), we are not aware of corresponding results for nearest-neighbour methods or non-
smooth functionals.

An immediate corollary of Proposition 8 is that the conclusions of Theorems 2 and 3 hold
with the d/(23) term in the definitions of 71 and 72 in (9) replaced with d/(4/3), provided
B < 1. In particular, in this case it suffices to have 8 > d/4 in Examples 1, 2 and 3.

3.3. Bias of an alternative debiased estimator. ~As mentioned in the introduction, build-
ing on the original debiasing idea of Kozachenko and Leonenko (1987), Ryu et al. (2018)
proposed a debiasing technique for the naive estimator fm,n of a general two-sample func-
tional. The initial goal of this subsection is to use fractional calculus techniques to give an
informal study of the remaining bias of these resulting estimators, with a view to addressing
the question of whether to apply our weighting scheme to the naive estimator (4) or that of
Ryu et al. (2018).

For simplicity we will focus on the one-sample setting in (2), though all of the calculations
have analogues in the two-sample setting. Suppose that there exists a sequence of differen-
tiable functions (¢%,) for which

(16) Y(u) = /0 N e‘ﬁik;wk(’f)ds

for all u € (0, c0); examples in the cases of Shannon and Rényi entropies will be given below.
We will consider the debiased estimator of H(f) given by

- 1 & —~
H,, = - ;lbk(f(k),i)-

Write Xy := {z : f(x) > 0}. Then, under regularity conditions on f and 1y, since
mBeta(k,m — k) can be approximated by a I'(k, 1) random variable, we have that

Eﬁm:/xf f(fg)/;%(W)Bk’m_k(s)dsdaz

! T Vf(;v)h;l(s)d—s / T
~ Xff(m)/o {wk<k£1(s))_ deQ/{lgf(x)} wk(kfn(s))}Bk’m_k(s)dex

~ ~ kf(x) kti 'Af(x) L rkf(z)\ ) etth!
NXff(@/O {Ibk( t >+2(d+2){Vdnf(x)}§wk< n )} (k) dtdx

B 1 Af(x) [ e thr2/d=2  kf(x)
(17) —H(f)+2(d+2)(vdn)3 /Xf f(x)31/0 T(k—1) %( ¢ )dtdgg'
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In order to understand the behaviour of the dominant bias term on the right-hand side of (17),
for a € [0,1) define the operator D® by

(D%g)(u) = _r(11_ S /:O (89’_(2))& ds.

This is closely related to the Caputo fractional derivative (Kilbas et al., 2006, Section 2.4).
Then, with g(s) = e~** for some \ € (0, 00), we have that

o0 efAs
(D%g)(u) = F(ll— ) / (s)\— e ds = X% M = \(u).

From (16) we can see that
Dk=1) ;0 (k-1 o tyh—2 * k-2, (k

When d > 3, we can apply the operator D?/? to both sides of (18) to simplify the inner
integral in our expression for the dominant bias term in (17) as follows:

uk+2/d1) /oo di( ( )/Sk 1) e

T(1—2/d (s — u)2/d
B ukt2/d=1 9] (k‘— 1)5_kw/( ) si— kw//( )
I'(1—2/d) / (s —u)2/d ds

(19)
_ 1 u U n(_ v
:W/O B1*2/d,k+2/d71(5){1/’/<1—s> NCENEDM (1*5)}&8'

For Shannon and Rényi entropies, both v’ and 1" are constant multiples of functions g
with the property that g(xy) = g(x)g(y) for any x,y € (0,00). In these cases, the leading
order bias separates into a coefficient depending only on d, n and f and a factor that is a
function of k. Using weights, this leading order bias may be cancelled out, and it can be seen
that, when f is sufficiently regular, the next term is of order k*/¢ / n*/4. However, the only
continuous functions g with this property are g(z) = z* for some a € R (e.g. Dieudonné,
1969, (4.3.7), p. 86). If the term in braces in (19) is separable for all values of £ then both
u > ' (u) and u — ut)”(u) must be separable individually, and so ¥’(u) o< u® for some
a € R. Thus the Shannon and Rényi entropies are the only functionals with this property. In
general, all that can be said is that this term in the bias can be expanded as a series of the form
fﬂﬁd (co+ c1/k + ca/k? + ...). For larger values of d, to cancel out sufficient bias that the
resulting estimator is efﬁ01ent the weighting scheme is then only marginally simpler than the
weighting scheme for the naive estimator, and the analysis is significantly more complicated.

Despite the general conclusion of our discussion in the previous paragraph, returning to
the two-sample functional setting, we now show that in the special case of the Kullback—
Leibler and Rényi divergence functionals, the debiasing scheme described above significantly
simplifies the weighting scheme, while facilitating the same conclusions regarding efficiency.
To this end, for the Kullback—Leibler divergence, we define the following class of weight
vectors:

k
WKL . {w: (wy,...,w;) €RF: Zw]- =1and w; =0 for j < ck,||w|i <1/c,
j=1



16

k

I'(j+2¢/d
ZL./)wjzoforfe [[d/2] —1] \{0}}.
—  T'(j)
The analogue of the Kozachenko-Leonenko debiased estimator is
e¥(kx) npdky iy ~
Zlog( | Ell(k)}i), ) =Tmn+Y(kx)—logkx — V(ky)+logky
MP(yix €

(Ryu et al., 2018). If the weighted estimator ﬁ%’fn’wy is then formed as in (7) then the fol-
lowing theorem elucidates its asymptotic bias. Since this result uses very similar (in fact,
somewhat simpler) arguments to those in Proposition S1 in the online supplement (Berrett
and Samworth, 2023), its proof, together with that of Proposition 10 below, is omitted for
brevity.

PROPOSITION 9. Fix d € N, let 9 = («, 8, A1, M2, C) € O and let ¢(u,v) = log(u/v).
Assume that

1 — ma d 1 >0 d 1 — ma d 1 >0
T = max an To = max
1 28720, 2 28’ 29 ’

and that there exists € > 0 such that max(kYm =Tt kUn ") — O Then for each c €

(0,1), each wx = w( x) W(kx) and each wy = (ky) € W( v)K , we have

sup sup ‘Efg D“’X’wy) —T(f,g)‘ = o(m™ Y2 4 01/
(f:g)efdﬂ9 kxe{l, X}
ky€{1,....kY}

as m,n — oQ.

Since Dy, ,, is simply a deterministic translation of 75, ,,, our variance results in Section 4

continue to hold, so the corresponding efficiency result for ﬁ%’ﬁw" 1s immediate.
When estimating the Rényi integral | v/ #g=(v=1) for b € R and ¢ > 0, we define

k
Wé,kc)’R = {w: (w1, ..., wy) € RF: ij =1and w; =0 for j < ck,||w|:1 <1/c,
j=1
k

I'(j—0)

w; =0 for (€ [[d/2] —1] \{0}}.

j=1
The corresponding debiased estimator is

d K—
*Z kx )T (ky) <np(ky),i,y > !
[(kx —fi+1)F(ky+fi— 1) mp‘(ikxmx

k};“F(kX)k;—lr(ky) 7
D(kx —x+ )D(ky +k—1)" """

(Ryu et al., 2018). If the weighted estimator Dwx Y is again formed as in (7) then the
following result provides the corresponding bias guarantee.

PROPOSITION 10. Fix d €N, let ¥ = (a, 8,1, M2, C) € © and let ¢p(u,v) = (u/v)r~1
for some k € (1/2,00). With ( as defined as in (9), k1 = —ka =Kk — 1,

1 d 1 J 1 d 1
ne _ma"<26 2A1<1—<>) we me _max<2ﬁ 2&(1—0)
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assume that ¢ < 1/2 and min(11,12) > 0. Suppose further that there exists € > 0 such that
max(kYm =+ kIn="2%¢) — 0. Then for each c € (0,1), each wx = wg( ) ¢ W( )

and each wy = (ky) € Wl( H)C , we have
sup sup  [Epg(DEx™) = T(f.9)| =o(m™ /2 +n~1/2)
(f,g)e]'—d,ﬁ kxe{177kg(}
kyE{l,...,k‘y}

as m,n — Q.

In this case, with k:%( and k:{; defined as in Theorem 2, we have

. 1— —1

Dipn _y_ kx"Tlkx)ky” Tlhy) o

Trnn Mkx —k+1)I(ky +x—1)
uniformly for kx > k:%( and ky > k{;, so we can again deduce an efficiency result for
Dyt

4. Variance. The following result provides the main asymptotic variance expansion for
our weighted estimators. Write 7/ = 1 — max{ d+2(d2/\,6’)’ 2()\‘/\11)(170} fori=1,2.

PROPOSITION 11. Fix d € N, 9 = («,8,\1,X2,C) € O and § = (k1,k2,0% L) €
= such that ( < 1/2,7] > 0,75 > 0. Let (k%), (k%) (k:%) and (kY) be determin-
istic sequences of positive integers satisfying min(k% /log®m, k% /log’n) — oo and
max(kYm == kUn=(2=9)) = 0 for some ¢ > 0. Then for each c € (0,1), each wx =

(kx) c W) and each wy = w(ky) c W) , we have

[(B*=1)/2],c [(B*=1)/2],¢
(+3)
= 0| — —|— —_
m n

v v
sup  sup max Vary, g(T“’X Yy — 2=
d€®(8) (f,9)€Fa.0 kXe{ka ke m.n
kye Y: 7kg}

The proof of Proposition 11 is significantly more complicated that those of the bias proofs
in Section 3, primarily owing to the need to consider the joint distribution of nearest neigh-
bour distances around two different points, X; and X, say. These have an intricate depen-
dence structure because, for instance, X; may be one of the five nearest neighbours of X5,

but not vice-versa. To describe our main strategy for approximating Var fyg(fﬁf;’wy), we

write 75" =:m =1 2™ T\, as shorthand, so that

wa

as m,mn — oo.

1 ~ 1y
(20) Var g o (T2 ) = EVarf,g(T,gl}L) +— Covfg( M TP).
Using similar techniques to those employed in Section 3, it can be shown that
Vary,4(T, 1$L)n) — Vary ¢x, .

For the covariance term in (20), we first condition on X7 and X5. It turns out that this term
can be further decomposed into a sum of two terms, representing the contributions from the
events on which X7 and X either share or do not share nearest neighbours. Observe that if

kx log"/?m\ |/ ~1/d ~1/d
X1 — Xaf > v 1+ 172 {f(X)7H9+ f(X2)7H9} = R(X1, Xa),
X
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say, then, with high probability, X; and X2 do not share any of their kx nearest neighbours
among X3, ..., X,,. This means that the random vector (th (Px)1,x)s Do (Phg) 2, )5 1 —
hx, (P(kx)1,x) — hx, (p(k;x)ygvX)) has approximately the same distribution as (Z1, Z2, Z3),
say, where (71, Z5,7Z3) ~ Dirichlet(kx, kx,m — 2kx — 1). Writing || - ||pv for the total
variation norm on signed measures, we can then exploit the facts that

Hﬁ(Zl,ZQ) — Beta(kX,m — k_)() & Beta(k:x,m - kX)HTV = O(kx/m)

and

~

(B!
f(X1)

to show that the contribution to the covariance from this region is O(1/m) (where in fact we
also determine the leading constant). On the other hand,

P[{[| X1 — Xa|| < R(X1,X2)} N {X1 € X} = O(kx/m),

and this, together with (21) again, allows us to demonstrate that the contribution to the co-
variance from this region due to the nearest neighbour distances among X3, ..., X,, is also
O(1/m) (with a different leading constant). The terms arising from the nearest neighbour
distances of Y7, ...,Y, from X; and X5 can be handled similarly, and their contributions can
be shown to be O(1/n). Combining these dominant terms results in the expansion

1) =1+ 0,(ky"%)

1 v 1 1
A1) PRy 2 1 v (1.1
COVf’ (Tm n’Tm n) COVf(nglv (fd)l())Xl) + mvarf((f¢10)xl) —+ " —|—0<m+n>’

and the conclusion follows.

S. The super-oracle phenomenon. In this section, we consider an alternative es-
timation problem, where we are still interested in the functional T'(f,g) in (1), but
where instead of observing data Xi,...,X,,,Y1,...,Y, as before, we instead observe
f(X1), .., f(Xm),9(X1),...,9(X,). Although this latter framework should be consid-
ered as an ‘oracle’ version of the problem, because typically f(Xi),...,f(X,,) and
9(X1),...,9(X,,) are unknown, it is nevertheless instructive to compare the performance
of our efficient estimator fmn with that of the estimator

= 3 o(f(X0).9(X))
i=1
d

in the new problem. The estimator 77 is unbiased, and moreover, m'/2(T* — T) 5
N(0,0?), where 0 = o%(f, g) := Vary ¢(f(X1),9(X1)). In fact, as we now show, T, can
be the optimal estimator, in a local asymptotic minimax sense, of 1" in our oracle problem.
Our aim here is not to seek maximal generality, but instead to give a simple class of examples
for which 7}}, has this optimality property.

For simplicity of exposition, we will focus on the one-sample functional (2) with ¥ (u) =
u~(1=%) for some x € (1/2,1). Thus, we consider estimation of the Rényi functional

_ /OOO F@)b(f () de = /OOO f(2)" da

based on the observations f(X71),..., f(X,,). Moreover, we take X = [0, 00), and assume
that f(z) = e~ "(®) for some convex, strictly increasing polynomial P : [0, 00) — R. Define
the function A : [0,00) — R by

(22) h(z): f/ /{w (f)}dy=—P'(x /{f ~=%) — H(f)} dy.
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Now, for ¢ € [0,00), define f; : [0,00) — R by
fie(@) = {1 —th(x)} f(x);

in the proof of Proposition 12 below, we will see that f; is a bounded probability density for
sufficiently small ¢ > 0. Moreover fy = f, and we will see that { f; : t € [0,00)} constitutes a
least favourable sub-model in this problem.

Recall that (H,,) is called an estimator sequence if H,, : R™*% — R is a measurable
function for each m € N. We are now in a position to state a local asymptotic minimax lower
bound that reveals the optimality of the one-sample version of 77, in this context.

PROPOSITION 12.  Writing T for the set of all finite subsets of [0,00), for any estimator

sequence (H,,) we have that

o 2
ilégl%&f%lglxmﬂif”ml/z [{Hm — H(ft/m1/2)} ] > Varfi/)(f(Xl)).
Moreover, fixing o, 3 >0 and X € (0,1), there exist ty > 0, depending only on k € (1/2,1)
and f as defined above, and C' = C(a, B, \, k, ) > 0 such that f; € G g fort € [0,t], where
9: (a757)\70)'

Specialising the estimator 7}, to this one-sample problem, we see that 7)) is efficient in
the sense of van der Vaart (1997, Chapter 25), and hence optimal in this local asymptotic
minimax sense.

The following result, which is an immediate consequence of Theorem 2, compares

the asymptotic worst-case squared error risks of fmn (in the original problem with data
X1,y Xm, Y1,...,Y,) and T}, (in the oracle problem with data f(X),..., f(X,,) and
9(X1),...,9(Xm)). We first define a slight modification of the class Fy y, by setting

(23) Fao= {(f,9) € Fa:min(vy,v0) >1/C}.
THEOREM 13. Assume the conditions of Theorem 2. Then
Ejo{ (T —T)? 2
sup sup max f’g{( o ) } o”/m

PER(E) (£9)<F 5o Px E(kY kL) E {(Tr —T)2} vi/m+uva/n

e{kt kY )

—1

as m,n — oo.

To understand the implications of this theorem, consider the case where n is at least of the
same order as m, so that A := limsup,,_,.,m/n € [0,00). If 62/(vy + Avs) > 1, then the
worst-case risk of fm,n is asymptotically better than that of 777, and we have an illustration
of the super-oracle phenomenon. The one-sample functional (2) corresponds to A = 0, and
the arguments above reveal that for the Rényi-type functional [, f(z)" dz with x € (1/2,1),
the efficient variance in the original problem is strictly smaller than that in the oracle prob-
lem since 0% = o?(f) = Vary (f(X1)""') and vy = k*0” (note that supjcz;  o*(f) < 00
whenever A\; > 2 — 2k). In general, the phenomenon occurs if and only if

2Cov;(¢x,, (fo10)x,) < —Vary(féio)x, — Avs.

One of the surprising aspects of the super-oracle phenomenon is the fact that the es-
timator 7}, , is constructed so as to mimic 7}, by estimating f(X1),..., f(X,,) and
9(X1),...,9(Xm), but can in some cases outperform 7, itself.
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6. A local asymptotic minimax lower bound. Before we can state our local asymp-
totic minimax result we require some further assumptions on the function ¢. For § =
(K1, k2,0, L) € Elet &(&) denote the subset of ®(&) consisting of those ¢ for which

(i) forall z= (u,v) € Z and ¢; € [5*] we have

u10"| gy, (2)] \ w2 gy g, (2)] _
max max — )
e[~ |4(2) +ugro(z)| V1 V wep—anor  (uldo(z)]) V1

(ii) for all € = (e1,€2) € (—1/L,1/L)?, z = (u,v) € Z, and f1,0s € Ny with £1 + {5 <
B* — 1, we have

uflvfz’ngz(ere)—gbglgz(z)’ <L< € (B*—£:)A1 € (6*_&)/\1).
|9(z) + ugio(z)| V1 U U ’
€1+1 Z —1 * __ *__
2 de)— (B*—£1)A1 (B*—L2)A1
w0 oy, (24 €) — i, (2)] SL< € Lle > when £ > 1.
(u\gbm(z)]) V1 Ul U9

To understand these conditions it is instructive to consider the case of p—divergences, for
which ¢(u,v) = p(v/u) for some function ¢. Here, (i) reduces to requiring that

ap w!lp (w) WO (w)| |
pq max S , Imax ; < 00,
w>0 LLe[3] [p(w) —we'(w)[ V1 eep\o} o' (w) V1
and a similar reduction holds for (ii). This is satisfied for the Kullback-Leibler divergence
and all Rényi divergences. Moreover, when ¢(u,v) = v, we have ¢ € ®(0,0,5*,1+ 1/5*)
for every 5* > 0.

Now fix (f,g) € F, 3 and ¢ : Z — R and define the functions

hi(z) == ¢z + (fo10)e — E{dx, + (fo10)x,}
ha(z) := (foo1)z — E{(fdo1)v; }-

This enables us to define, for each t = (1,12) € R?, the densities

fi,(x) =1 (tl)K(tlhl (x))f(x) and gy, (x):= CQ(tg)K(tzhg(x))g(:c),

where K () :=1/2+1/(1+e *) and ¢ (+), c2(-) are normalising constants. Our choice of K
is made so that K (0) = K'(0) = 1, that K is smooth, and that K is bounded above and below
by positive constants. Now, for each ¢ = (t1,t2) € R? we define the sequence of probability
measures (P, ;) on R(m+n)xd ¢q that P, + has density fg’ﬁ r2g, ® gf?ﬁ /24, (here we think of
m as a function of n). It turns out that the family { P, ; : t € R?} constitutes a least favourable
parametric sub-model for this estimation problem. For an arbitrary probability measure P on
R(m+n)xd we write Ep to denote expectation over (X1, s X, Y1,...,Y) T ~ P

We can now state our local asymptotic minimax lower bound, and the consequent opti-
mality property of our estimators T, mn.

THEOREM 14. Fix d €N, ¥ = (o, 8,\1,A2,C) € © and § = (k1,k2,0%,L) € E. Let
m = my, be any sequence of positive integers such that m — oo and m/n — A for some
A€[0,00], let (f,g) € Fay, let g € D(€) and let T denote the set of finite subsets of R?.

(i) For any estimator sequence (T, ), we have that
1

o 2
- —1/2 —-1/2 > - .
i‘gglﬂgft:é?iﬁgmg% [{Tm,n T(fm-1/24159n-121,) } } 2 uilf,9) +v2(f,9)



EFFICIENT FUNCTIONAL ESTIMATION 21

(ii) There exists tg = to(d,0,§) € (0,1] such that, for any ti,ts € (—to,to), we have
(ftugtz) € J:dﬁ’ where ) = (aalga)\laA%C/tO) and /8 = min{ﬁ, (1 A 6)(/8* - 1)} In
particular, when the conditions of Theorem 2 hold and B = f3, the estimators fm,n in (7)

satisfy

. ~ 2 1
suplimsup max nEp,, [{Tm,n — T(fm—1/2t1,gn—1/2t2)} ] =—u1(f,9) +va(f,9).
JeT n—oo t=(ti,t2)€l A

Recall, for example, that for both the Kullback-Leibler divergence and all Rényi-type
divergences, we can take 5* large enough that 5 = 3. In these and other cases for which the
conditions hold, then, the local asymptotic minimax bounds in Theorem 14 justify the claim
that suitably chosen versions of our weighted nearest neighbour estimator (7) are efficient
over these classes of densities and functionals. 3

We conclude with a few extensions of Theorem 14. The condition 3 = 3 can be weakened
to 5> d/2 (or in fact 5 > d/4 when d € {1,2,3}), at the expense of slightly stronger condi-
tions on the tuning parameters in the definition of fmn Theorem 14(i) implies a (non-local)
minimax lower bound over the classes F &k,ﬂ C Fq from (23), and this matches the upper
bound in Theorem 2 over F, . Theorem 14(i) may also be extended to broader classes of
loss functions, namely those that have closed, convex, symmetric sub-level sets; see van der
Vaart and Wellner (1996, Theorem 3.11.5) for details. Finally, Theorem 3 allows us to extend
Theorem 2, and consequently Theorem 14(ii), to L,-losses with ¢ € (0,2). The combination
of these results implies that our estimators are asymptotically optimal in a local asymptotic
minimax sense for these L, losses too; we omit formal statements for brevity.

Acknowledgements: The authors are very grateful to the anonymous reviewers for their
constructive comments, which helped to improve the paper.

Funding. The first author was supported by Engineering and Physical Sciences Reseach
Council (EPSRC) New Investigator Award EP/W016117/1.

The second author was supported in part by EPSRC Programme grant EP/N031938/1, EP-
SRC Fellowship EP/P031447/1 and European Research Council Advanced grant 101019498.

SUPPLEMENTARY MATERIAL

Supplementary material to ‘Efficient functional estimation and the super-oracle phe-
nomenon’
Proofs of results from the main text and auxiliary results.

REFERENCES

Baldi, P. and Rinott, Y. (1989) On normal approximations of distributions in terms of dependency graphs. Ann.
Prob., 17, 1646-1650.

Berrett, T. B. and Samworth, R. J. (2023) Supplementary material to ‘Efficient functional estimation and the
super-oracle phenomenon’. Submitted.

Berrett, T. B., Samworth, R. J. and Yuan, M. (2019) Efficient multivariate entropy estimation via k-nearest neigh-
bour distances. Ann. Statist., 47, 288-318.

Beirlant, J., Dudewicz, E. J., Gyorfi, L., and Van der Meulen, E. C. (1997) Nonparametric entropy estimation: an
overview. Int. J. Math. Stat. Sci., 6, 17-39.

Biau, G. and Devroye, L. (2015) Lectures on the Nearest Neighbor Method. Springer, New York.

Bickel, P. J. and Ritov, Y. (1988) Estimating integrated squared density derivatives: sharp best order of conver-
gence estimates. Sankhya Ser. A, 50, 381-393.

Birgé, L. and Massart, P. (1995) Estimation of integral functionals of a density. Ann. Statist., 23, 11-29.

Dieudonné, J. (1969) Foundations of Modern Analysis. Academic Press, New York and London.



22

Donoho, D. L., Johnstone, I. M., Kerkyacharian, G. and Picard, D. (1996) Density estimation by wavelet thresh-
olding. Ann. Statist., 24, 508-539.

Folland, G. B. (1999) Real Analysis: Modern Techniques and their Applications. Wiley, New York.

Giné, E. and Nickl, R. (2008) A simple adaptive estimator of the integrated square of a density. Bernoulli, 14,
47-61.

Goldenshluger, A. and Lepski, O. (2014) On adaptive minimax density estimation on R®. Probab. Th. Rel. Fi ields,
159, 479-543.

Gotze, F. (1991) On the rate of convergence in the multivariate CLT. Ann. Prob., 19, 724-739.

Han, Y., Jiao, J., Weissman, T. and Wu, Y. (2020) Optimal rates of entropy estimation over Lipschitz balls. Ann.
Statist., 48, 3228-3250.

Hero, A. O., Ma, B., Michel, O. and Gorman, J. (2002) Applications of entropic spanning graphs. IEEE Signal
Processing Magazine, 19, 85-95.

Ibragimov, I. A. and Khas’minskii (1991) Asymptotically normal families of distributions and efficient estimation.
Ann. Statist., 19, 1681-1724.

Juditsky, A. and Lambert-Lacroix, S. (2004) On minimax density estimation on R. Bernoulli, 10, 187-220.

Kandasamy, K., Krishnamurthy, A., Péczos, B., Wasserman, L. and Robins, J. M. (2015) Nonparametric von
Mises estimators for entropies, divergences and mutual informations. NeurIPS 28.

Kilbas, A. A., Srivastava, H. M. and Trujillo, J. J. (2006). Theory and Applications of Fractional Differential
Equations. Elsevier Science.

Kozachenko, L. F. and Leonenko, N. N. (1987) Sample estimate of the entropy of a random vector. Probl. Inform.
Transm., 23, 95-101.

Krishnamurthy, A., Kandasamy, K., Po¢zos, B. and Wasserman, L. (2014) Nonparametric estimation of Rényi
divergence and friends. Proc. 31st Int. Conf. on Mach. Learn. (ICML), 32, 919-927.

Laurent, B. (1996) Efficient estimation of integral functionals of a density. Ann. Statist., 24, 659-681.

Le Cam, L. (1953) On some asymptotic properties of maximum likelihood estimates and related Bayes estimates.
University of California Publications in Statistics, 1, 277-330.

Lehmann, E. L. and Casella, G. (1998) Theory of Point Estimation. Springer-Verlag, New York.

Leonenko, N. and Seleznjev, O. (2010) Statistical inference for the e-entropy and the quadratic Rényi entropy.
Journal of Multivariate Analysis, 101, 1981-1994.

Leonenko, N., Pronzato, L. and Savani, V. (2008) A class of Rényi information estimators for multidimensional
densities. Ann. Statist., 36, 2153-2182.

Moon, K. R., Sricharan, K., Greenewald, K. and Hero, A. O. (2018) Ensemble estimation of information diver-
gence. Entropy, 20, 560.

Nowozin, S., Cseke, B. and Tomioka, R. (2016) f-GAN: Training Generative Neural Samplers using Variational
Divergence Minimization. Advances in Neural Information Processing Systems.

Ryu, J., Ganguly, S., Kim, Y., Noh, Y. and Lee, D. D. (2018) Nearest neighbor density functional estimation based
on inverse Laplace transform. IEEE Trans. Inf. Th., 68, 3511-3551.

Singh, S. and Péczos, B. (2016) Finite-sample analysis of fixed-k nearest neighbor density functional estimators.
Annual Conference on Neural Information Processing Systems (NIPS), 1217-1225.

Singh, S., Sriperumbudur, B. K. and Péczos, B. (2018) Minimax estimation of quadratic Fourier functionals.
https://arxiv.org/abs/1803.11451.

Tsybakov, A. B. and van der Meulen, E. C. (1996) Root-n consistent estimators of entropy for densities with
unbounded support. Scand. J. Stat., 23, 75-83.

van der Vaart, A. W. (1997) Superefficiency. In Festscrift for Lucien Le Cam (eds. David Pollard, Eric Torgersen
and Grace Yang). Springer.

van der Vaart, A. W. and Wellner, J. A. (1996) Weak Convergence and Empirical Processes. Springer-Verlag,
New York.

Wornowizki, M. and Fried, R. (2016) Two-sample homogeneity tests based on divergence measures. Comp.
Statist., 31,291-313.



	Introduction
	Main results
	Bias
	Bias of the naive estimator
	Tighter control of the bias when beta <= 1
	Bias of an alternative debiased estimator

	Variance
	The super-oracle phenomenon
	A local asymptotic minimax lower bound
	Funding
	Supplementary Material
	References

