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Abstract

We construct a rational T?-equivariant elliptic cohomology theory for the 2-torus T?,
starting from an elliptic curve C over C and a coordinate data around the identity.
The theory is defined by constructing an object ECp2 in the algebraic model category
dA(T?), which by Greenlees and Shipley [GS18] is Quillen-equivalent to rational
T2-spectra. This result is a generalisation to the 2-torus of the construction [Gre05]
for the circle T. The object ECy2 is directly built using geometric inputs coming from
the Cousin complex of the structure sheaf of the complex abelian surface X = C x C.

We use this construction to compute rational T-equivariant elliptic cohomology
of CP(V): the complex projective space of a finite dimensional complex representation
V of T. More precisely we prove that ECt built in [Gre05] and ECpe satisfy a split
condition implying ECT(CP(V)y) = ECp2(S(V ® w)y) where S(_) is the sphere
of vectors with unit norm and w is the natural representation of T. The rational
T2-elliptic cohomology of this space can be deduced from the one on spheres of

complex representations SV of T? that we compute in the construction of ECre.
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Chapter 1

Introduction

1.1 Motivation

1.1.1 Elliptic cohomology

Cohomology theories are among the best tools to study topological spaces up
to homotopy equivalence. In the most classical sense a cohomology theory is a
contravariant functor from topological spaces to graded abelian groups satisfying some
axioms (Eilenberg-Steenrod axioms), that encode the invariance under homotopy
equivalence and makes the theory more computable. Via stabilization, cohomology
theories are represented by certain objects called spectra. Indeed given a cohomology
theory E*(_) we have an associated spectrum FE, such that the cohomology of the
space X is
E*(X) =[X*X, El.

where [, ], denotes the graded set of homotopy classes of maps, and ¥*°X is the
suspension spectrum of X (the corresponding stabilized object). Conversely every
spectrum E defines a cohomology theory in the same way.

Ordinary cohomology and complex K-theory are the most prominent examples
of cohomology theories, but since their definition mathematicians have asked how
to build more of them and how can they be classified. For sufficiently nice theories
(namely complex orientable) one can associate a power series in two variables called
formal group law [Qui69]. Let us specify that the formal group law is not canonically
associated to the cohomology theory, but it depends on the choice of a power
series generator for the cohomology ring of CP*°. Under this association ordinary
cohomology is associated with the additive formal group law and complex K-theory

is associated with the multiplicative formal group law. A great source of formal



group laws is the formal completion of a one dimensional algebraic group at the
identity. If we are working over an algebraically closed field for example, we are
soon in short supply of one dimensional algebraic groups, except for the additive
and multiplicative ones all the others are elliptic curves. These more exotic theories
whose associated formal group law arises as the formal completion of an elliptic curve
are called elliptic cohomology theories. In contrast with ordinary cohomology and
complex K-theory that enjoyed wide geometric applications, for long time the known
constructions of elliptic cohomology [Lan88] [LRS95], and more recently [AHSO01],
have been purely algebraic, lacking geometric interpretation.

In many concrete cases we have a group G (compact Lie group) acting on the
space X, and it would be desirable to have cohomology theories that take this group
action into account, namely we would like to have a G-equivariant cohomology theory.
Often given a (non-equivariant) cohomology theory we can readapt the definition
to obtain an equivariant theory with similar properties but that takes the group
action into consideration: for example Borel cohomology, equivariant K-theory and
equivariant cobordism, are equivariant counterparts of the respective non-equivariant
theories. Exactly as in the non-equivariant world for G a compact Lie group, via
stabilization one can construct a category of G-spectra where every such cohomology
theory Ef () is represented by a G-spectrum E, in the sense that for any based
G-space X we have

EL(X) = [2%X, E]9. (1.1.1)

The gain with the category of G-spectra is in the structure, in particular one can do
homotopy theory in it.

For many years elliptic cohomology has begged for an equivariant counterpart,
but in contrast with ordinary cohomology and complex K-theory where a geometric
definition could be readapted, it wasn’t even clear what a “good theory” of equivariant
elliptic cohomology should satisfy. If one takes complex K-theory as a model, than
we can expect a good theory of equivariant elliptic cohomology to encode the full
algebraic group C, in contrast with the non-equivariant theory simply encoding the
formal completion of C around the identity. This is in analogy to how equivariant
K-theory works. By the Atiyah-Segal completion theorem [AS69] if we complete the
equivariant K-theory of the point at its augmentation ideal, we obtain the K-theory

of BG, the classifying space of G:
KUg(*)} & KU(BG).

In 1994 Growjnowski [Gro07] proposed the first definition of equivariant elliptic



cohomology ECf(_) for any compact lie group G with complex coefficients. He
defined ECf () as a coherent holomorphic sheaf over a certain variety X constructed
from the given elliptic curve C. Growjnowski was interested in implications for the
representation theory of certain elliptic algebras where a sheaf valued theory defined
for finite complexes was enough. Around the same years Ginzburg-Kapranov-Vasserot
[GKV95] gave an axiomatic description of equivariant elliptic cohomology. The theory
they had in mind was a collection of functors going from pairs of GG-complexes to
the abelian category Coh(Xg) of coherent sheaves over the same variety X built
from the elliptic curve C. When G is a compact abelian lie group [GKV95, example
1.4.4] then Xg is the variety:

Xe = Hompy,(G*,C) (1.1.2)

where G* is the character group of G: the continuous group homomorphisms from
G to the circle group T. To use the full apparatus of stable equivariant homotopy
theory it is essential to have a conventional group valued G-equivariant cohomology
theory defined on G-spaces, and represented by a G-spectrum ECq. This is precisely
the point of view taken by Greenlees in [Gre05], starting from an elliptic curve C over
a (Q-algebra and a coordinate around the identity, he builds a rational T-equivariant
elliptic cohomology theory ECt using algebraic models [Gre99]. The connection with
the elliptic curve C resides in the cohomology of the one point compactification SV

for a complex representation V' of T:

BCgen(sV) = H (X, O(~D))

(1.1.3)
ECRY (V) = g (xp, O(-Dy))

where O(—Dy) is a coherent sheaf over X, associated to the representation V.
This PhD thesis is a contribution to this last approach. We will build a rational
T2-equivariant elliptic cohomology theory ECr2 using algebraic models [GS18], and
we forge the connection with the elliptic curve C we started with, computing the
values on spheres of complex representations S". Exactly as in the circle-equivariant
theory (1.1.3) we obtain the cohomology of certain coherent sheaves O(—Dy ) over
the prescribed variety Xt2. Moreover we will prove that the circle-equivariant theory
ECrt of Greenlees and our T?-equivariant construction ECr satisfy the useful split
condition (Theorem 1.2.5), allowing us to compute EC;:(CP(V')) for the T-space
of complex lines of a T-representation V. We believe that this is the first time
where T-equivariant elliptic cohomology of the complex projective spaces CP(V) is

computed (rationally).



We only discussed the starting point of the influential field of equivariant
elliptic cohomology. Right from the start a different school emerged with the work
of Devoto [Dev96], focusing on the case of G finite, particularly for organizing
moonshine phenomena. The equivariant theory shares also an interesting connection
with physics (see for example the Stolz-Teichner program [ST11], or work of Berwick-
Evans [Ber21]). Moreover it contributed to give a more comprehensible picture
towards a geometric interpretation of elliptic cohomology [BT18]. It was only
recently with a big program started by Lurie [Lurl8al, [Lurl8b], [Lurl9], [GM20]
that they were able to define an integral theory of equivariant elliptic cohomology for
any compact lie group. Lurie moved the construction entirely in the land of derived

algebraic geometry, which seems necessary to enjoy an integral theory [Lur(09].

1.1.2 Algebraic models

Studying the full collection of G-equivariant cohomology theories and their invariants
has always been a major driving force in Algebraic Topology. Being able to package
this information in the more structured category of G-spectra was a big achievement
in the field, and allowed to define a closed symmetric monoidal structure under
the smash product, as well as allowing to do homotopy theory in it. Still the
category of G-spectra is a difficult category to work with. Even when G is the
trivial group, the endomorphism ring of the unit object (the sphere spectrum) is the
ring of stable homotopy groups of spheres, which is a notoriously complicated ring.
Therefore trying to find an algebraic model for the full category of G-spectra seems
an impossible task, and we can try to reassess the problem discarding the torsion
part in the category. More precisely we can consider only G-equivariant cohomology
theories that take values in graded rational vector spaces, and that are classified
by rational G-spectra, and we can try to model them with a nicer abelian category
where we gain understanding in the structure and computational power.

To make the problem more precise we need to introduce the framework of
model categories. A model category C is a category with a distinguished class
of morphisms called weak equivalences, and additional structure and axioms that
consent the construction of another category Ho(C) called the homotopy category
of €. A map in the homotopy category Ho(€) is an isomorphism if and only if can
be represented in the model category C by a weak equivalence. This structure tries
to mimic what happens for the classical homotopy theory of topological spaces or
chain complexes of R-modules for a commutative ring R. For example the category
of chain complexes of R-modules with the weak equivalences being the homology-

isomorphisms can carry the structure of a model category, and the homotopy category



turns out to be the derived category of R exactly as we can expect. A Quillen-
equivalence between two model categories C and D is a pair of adjoint functors
between the two categories such that the model structure is copied from one category
to the other, and it is the right notion to express when € and D have the same
homotopy theory. In particular a Quillen equivalence € ~¢g D implies an equivalence
of the respective homotopy categories. We will present an introduction to Model
categories in 2.1.

A great way to condense scope and power of algebraic models for rational

G-spectra is the following conjecture of Greenlees [Gre99]:

Conjecture 1.1.4 (Greenlees). For every compact Lie group G there is a graded
abelian category A(G) whose injective dimension equals the rank of G, and an
homology functor

AR G -Spectrag — A(G) (1.1.5)

from rational G-spectra, equipped with an Adams spectral sequence converging for

every pair of rational G-spectra X and Y :
Ext{* (m4(X), 7 (Y)) = [X,Y]C. (1.1.6)

Furthermore there is a Quillen-equivalence
G -Spectrag ~q dA(G) (1.1.7)

between rational G-spectra and the category dA(G) of differential graded objects in
A(G).

For example when G is the trivial group, Serre’s computations of the stable
homotopy groups of spheres [Ser51] combined with Morita theory [SS03] imply that
the algebraic model A(G) may be taken to be the category of graded Q-vector spaces,
and the functor 77! the homotopy groups functor. Furthermore rational spectra are
Quillen-equivalent to differential graded Q-vector spaces.

Conjecture 1.1.4 has been proved for various groups: G finite [GM95b], the
circle group T [Gre99] [Shi02], SO(3) [Ked16], O(2) [Barl7], tori of any rank T"
[GS18], and various classes of G-spectra. The main computational gain in A(G) is
the Adams spectral sequence (1.1.6) that can be used to compute the values of a
theory since it converges to (1.1.1). The Quillen equivalence (1.1.7) can be used to
build entirely new G-equivariant cohomology theories simply constructing objects
in the category dA(G). This is precisely the method used in [Gre05]: building an
object ECt in dA(T) and using the Quillen-equivalence (1.1.7) for the circle G = T



to define a T-equivariant elliptic cohomology theory. Moreover once the object ECy
is built, Greenlees uses the Adams spectral sequence for the circle group, to compute
(1.1.3).

1.2 Statement of results

1.2.1 Building T?-equivariant elliptic cohomology

In 2018 Greenlees and Shipley proved the Quillen-equivalence (1.1.7) for G = T" a
torus of any rank [GS18, Theorem 1.1]. It is therefore natural to try to generalize
the construction of [Gre05] to higher dimensional tori. The first step of this project
is to build an object ECy2 € d.A(T?) representing T?-equivariant elliptic cohomology,
which is precisely the main goal of this PhD thesis.

To be more precise exactly as in [Gre05] we start from the data of an elliptic
curve C over the complex numbers and a coordinate t. € O¢ . in the local ring at
the identity of C, vanishing to first order at e. From this we build our object ECy2:
this is the main theorem of this thesis. The construction of the object can be found

in Section 4.4 while the computation on spheres is Theorem 4.5.1.

Theorem 1.2.1. For every elliptic curve C over C and coordinate t. € O¢ ., there
exists an object ECp2 € A(T?) whose associated rational T?-equivariant cohomology
theory EC}o(_) is 2-periodic. The value on the one point compactification SV for
a complex T?-representation V with no fized points is given in terms of the sheaf
cohomology of a line bundle O(—Dy ) over X = X2 =C x C:

ECn(SV) = HO(X,0(-Dy))® H*(X,0(-Dy)) n even 122)
P o-py)) 1 odd 2

This theorem suggests the following conjecture.

Conjecture 1.2.3. There exists an exact functor of triangulated categories Spg2 —
D(QCoh(X)) that sends SV to O(—Dy/). From this one could recover Theorem 1.2.1
by applying the cohomology functor D(QCoh(X)) — QCoh(X)..

For every complex T?-representation V the associated divisor Dy is defined
as follows. The definition (1.1.2) for the associated variety defines for us a functor X

from closed subgroups of T? to subvarieties of X

X(H) := Homuy,(H*,C)



where as before H* := Hom(H, T) is the character group of H. Note this is an exact
functor inducing an embedding X(K) < X(H) for every containment K < H, and
that X(H) has the same dimension as H. Denote 2™ the one dimensional complex
representation of T? with weight vector n = (ny,n9) € Hom(T?, T). If V = D, anz™,

then the associated divisor of V is defined as:

Dy := ZQQ%(Ker(zﬁ)).

The T?-case is somehow separated from the general T" case. Namely the
Adams spectral sequence (1.1.6) collapses at the second page for T? resulting in
a neat and explicit description of the values of the theory on spheres of complex
representations (1.2.2). Even if a similar description is expected to be true for higher
dimensional tori, the Adams spectral sequence is not expected to collapse at the second
page, and a substantial study of it may be necessary. Moreover the construction for
T? is complicated enough to shed some light over compatibility constraints among
connected subgroups of the same codimension, not visible in the circle case (like for
example the use of completed coordinates needed for Lemma 4.4.36). At the same
time the situation is still simple enough to allow explicit visualization of the objects
and to avoid use of combinatorics and inductive arguments necessary for higher tori,
that would complicate the comprehension of the main ideas of the construction.

The point of this method is that the construction of an object in d.A(T?) so
closely corresponds to the algebra of functions over the algebraic variety X = X2 =
C x C. The contact point is the Cousin complex (as introduced by Grothendieck
[Har66, Proposition 2.3]) of the structure sheaf Oy. From the algebraic geometry
side this Cousin complex computes the cohomology of coherent sheaves over X', since
it is a flabby resolution of Oy. While in A(T?) this Cousin complex clearly matches
the terms of an injective resolution of our object ECy2, and therefore computes the
values of the cohomology theory ECf.(_) via the Adams spectral sequence. As a
consequence calculations of the cohomology theory ECr2 are directly reduced to the
cohomology of sheaves of the algebraic variety X.

Two main subjects can benefit from our construction of ECr2. From the
algebraic models perspective, this is the first non-trivial explicit construction of an
object in dA(G) for higher dimensional tori, that is directly built in the algebraic
model and does not come from a spectrum through the homology functor mA. This
is interesting since it is a first example of use of these algebraic models for higher tori
as a building tool for new theories. Many steps of the construction can be replicated

with different geometric inputs to potentially define new and interesting rational



equivariant cohomology theories. From the elliptic cohomology perspective, our
construction of ECt2 is a conventional group valued theory represented by a rational
T2-spectrum which maintains a really close connection to the actual geometry of the
curve C. Moreover this construction can be used to enhance computations in the

T-equivariant case as we present in the final part.

1.2.2 Computing elliptic cohomology of complex projective spaces

Our construction of ECt2 opens the door to new computations also in the T-
equivariant case, since ECy built in [Gre05] and ECt2 satisfy a useful “split condition”
(Theorem 1.2.5). The following is an example of a new computation that we can
achieve in T-equivariant elliptic cohomology, it is the main computational result of
this thesis and to the author’s knowledge the first time it appears in literature. It

can be found in the Thesis as Theorem 5.0.1.

Theorem 1.2.4. For every elliptic curve C over C, if ECt is the rational T-
equivariant elliptic cohomology theory built in [Gre05], and V' is a finite dimensional

complex representation of T, then:

1. If V' has one isotypic component, V = az"™ with o > 0:
Eck(cpv))=co?

for every k € 7.

2. If V' has more than one isotypic component, V = @, anz":

0 k even

ECE(CP(V)) =
! C? & odd.

where d = 3, i aioy(i — 7).

We denote 2™ the one dimensional complex representation of T of weight
n € Hom(T, T), while CP(V) is the T-space of complex lines in V.

To achieve this new computation, we will reduce it to the cohomology of
spheres of complex representations in the T?-case. More precisely let G = T2,
Hy = {1} x T and Hy = T x {1} the two privileged subgroups, and denote the
quotient G := G/H; = Hy = T. The cohomology theories ECs and ECg are
Hi-split:



Theorem 1.2.5. For every elliptic curve C over C and coordinate t. € Oc., there

s a natural transformation of G-cohomology theories
e : Inf¢ EC;. — ECq
which induces an isomorphism
(G/H + Infg ECr) =[G/ 4, BCGIY

for every subgroup H of G such that HNHy = {1}. The functor Infg : G -Spectra —
G -Spectra is the inflation functor on spectra (2.4.10).

This is the majority of the work needed to prove Theorem 1.2.4 and we
will prove it in Sections 5.3 and 5.4. As an immediate consequence we obtain the

following useful Corollary:

Corollary 1.2.6. For any Hi-free G-space X :
ECH(X) = ECS(X/Hy) (1.2.7)

We can apply this corollary to the G-space CP(V), noticing the isomorphism
of G-spaces:

CP(V) = S5(V ®c w)/H1

where w is the natural one dimensional complex representation of H; and S(V ®c w)
is the G-space of vectors of unit norm in the complex vector space V ®c w. Notice
that V ®c w is now a complex representation of G of the same dimension of V', and
that H; acts freely on it. Therefore we only need to compute ECE(S(V ® w)4). The
computation of this last cohomology is direct consequence of the one on spheres of

complex representations (1.2.2) since we have the cofibre sequence of G-spaces:
S(Veow), — 8% — sVew, (1.2.8)

inducing a long exact sequence in elliptic cohomology.

1.3 Structure of the Thesis

We start in Chapter 2 with a solid background in equivariant stable homotopy theory.
We introduce the framework of model categories that will be our context when doing

homotopy theory. We then move in defining G-equivariant orthogonal spectra that



represent G-equivariant cohomology theories, and discuss change of group functors
and localization. We conclude the chapter with a self-contained account of algebraic
models.

Chapter 3 contains prerequisites from the algebraic geometry side. We start
with the theory of sheaf Cousin complexes as introduced by Grothendieck that will
be our main algebraic geometry tool in the construction of ECp2. We then define
algebraic groups, abelian varieties and formal group laws. Using formal group laws
we can define non-equivariant elliptic cohomology. We conclude the chapter with
some facts on complex algebraic surfaces that will come at handy when computing
ECyp(CP(V)).

Chapter 4 is the first chapter of original work and where we construct ECp2
starting from an elliptic curve C over C and a coordinate around the identity. After
changing the topology on the abelian surface X = C x C we consider the sheaf Cousin
complex of its structure sheaf. The local cohomology modules appearing in this
complex will constitute all the geometric inputs needed to build ECr2. We conclude
the chapter computing the values of ECp2 on spheres of complex representations
using the Adams spectral sequence of the algebraic model A(T?).

In Chapter 5 we present an application of our theory ECp2 by computing
rational T-equivariant elliptic cohomology of the complex projective space CP (V)
for a finite dimensional complex representation of T. More precisely we prove that
ECr built in [Gre05] and ECr2 satisfy a split condition allowing us to perform the
computation with the T?-equivariant theory. To achieve this result we define a
natural transformation of cohomology theories and prove the transformation to be
an H-equivalence for certain subgroups H of T2.

We conclude the Thesis presenting in Chapter 6 three possible future directions.
In particular we discuss some ideas on how to generalize the construction to higher
dimensional tori, by building ECyx € A(T*). We discuss the possibility to generalize
the construction to more general complex abelian surfaces and not only X2 = C x C.
We also hint how to extend the computation of circle-equivariant elliptic cohomology
of CP(V) to Grassmanians Gr, (V).

1.4 Notation and Conventions

In general G denotes the group of equivariance that we are working on, that will
always be a compact Lie group. Depending on the section we will sometimes restrict
our attention to G = T" a torus of rank r: compact connected Lie group of rank r.

In chapters 4 and 5 we fix G = T? the 2-torus. By T we denote the circle group:

10



the torus of rank 1. By subgroup of a compact Lie group we always mean closed
subgroup, and we generically denote them with H and K, while I’ denotes a finite
subgroup.

The collection of connected closed codimension 1 subgroups of the 2-torus T2
is {H;}i>1 indexed with ¢ > 1, and with H; =1 x T and Hy = T X 1 being the two
privileged subgroups. We denote HZ the subgroup with j connected components
and identity component H;: we will refer to the subgroups with identity component
H; as being along the i-th direction. In general z; : T? — T is a character of T2 with
kernel H;.

By representation of a compact Lie group G we always mean a finite dimen-
sional real orthogonal representation of GG, and sometimes we will restrict attention
to complex representations. We denote S" the one point compactification of a
G-representation V with the added point being the basepoint, these are called repre-
sentation spheres and when V' = R" with fixed G-action we obtain the n-th sphere
S™. We denote X, the G-space X with a fixed basepoint added and BG denotes
the classifying space of G. For a G-space X we implement the convention to denote
X also the associated suspension spectrum.

Given a module M we will denote M the 2-periodic version of M: it is a
graded module with M in each even degree and zero in odd degrees. We denote
elements in direct sums and products in the following way: = = {x;}; € @;>; M;:
this identifies the element x in the direct sum that has i-th component x; € M;.

We will freely use the standard notation of schemes as well as the notation
for sheaves from [Har66] that we recall in Section 3.1. We denote IC(X) the ring
of meromorphic function for the algebraic variety X', and 7(C) the generic point
of a closed set C'. We denote C our fixed elliptic curve over C, e is the identity of
the elliptic curve and for a positive integer n: C[n| is the subgroup of elements of
n-torsion, while C(n) is the subset of elements of exact order n. We will use P to
denote a point of C of finite order.

Whenever algebraic models are involved (chapters 4 and 5 and section 2.5),
everything is rationalized without comment (Example 2.4.30): this means that all
spectra are meant localized at the rational sphere spectrum and all the homology
and cohomology is meant with Q coefficients. Tensor products ® are meant over Q,
or over the graded ring with only Q in degree zero and zero elsewhere. We will freely
use the standard notation for algebraic models , and we recall it in Section 2.5. In
particular A(G) is an abelian category with graded objects and no differentials, while
dA(G) is the category of objects of A(G) with differentials. Cohomology is unreduced
unless indicated to the contrary with a tilde, so that H*(BG/H) = H*(BG/H,) is
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the unreduced cohomology ring. To ease the notation sometimes we will omit the
base ring we are taking the tensor product over and denote it with an index: ®;.
This in turn means that we are considering the tensor product over the ring O]-‘/Hi
or its F-th component H*(BG/H;"). We will make extensive use of the coordinates
H*(BG/H]) = Q[eij] (2.5.17) and H*(BG/F) = Q[za,zp] (2.5.21).
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Chapter 2

Prerequisites: Equivariant

stable homotopy theory

2.1 Model categories

We provide a brief introduction about model categories following the appendix of
[BR20).

2.1.1 The homotopy category

Definition 2.1.1. A model category C is a category with 3 distinguished classes of
morphisms, closed under composition and all contain the identity: weak equivalences,
fibrations and cofibrations. These data should satisfy 5 axioms (MC(1) - MC(5)
[BR20, pag. 372]).

A model category has all small products and coproducts as well as an initial
object () and a final object %, when they are isomorphic the category is pointed. A
morphism that is both a weak equivalence and a cofibration is called an acyclic
cofibration, a morphism that is both a weak equivalence and a fibration is called

acyclic fibration.

Definition 2.1.2. An object X in a model category is cofibrant if the only morphism
() — X is a cofibration. An object X in a model category is fibrant if the only

morphism X — * is a fibration.

Definition 2.1.3. For every object X in a model category there is an object C'X
called cofibrant replacement of X, such that CX is cofibrant and there is a weak

equivalence C'X — X. symmetrically there is an object RX called fibrant replacement
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of X such that RX is fibrant and there is a weak equivalence X — RX. In all our

cases fibrant and cofibrant replacements are functorial.

In a model category we can formulate the notion of homotopy without using
a unit interval. Namely we can define when two morphisms f,g : X — Y are
homotopic [BR20, definition A.2.5], and we denote it f ~ g. If X is cofibrant and YV’
is fibrant than being homotopic is an equivalence relation ~ in C(X,Y’). Moreover
when the objects are both fibrant and cofibrant being homotopic is compatible with

the composition of morphisms.

Definition 2.1.4. Let C be a model category, the homotopy category of € denoted

Ho(C) is defined as follows. It has for objects the same objects as €, and as morphisms:
Ho(C)(X,Y) := C(RCX,RCY)/ ~ .

Namely the homotopy classes between the respective fibrant-cofibrant replacements.

We denote Ho(C)(X,Y) by [X,Y].

The most important feature of the homotopy category (and what characterize

it) is the following:

Lemma 2.1.5. A morphism [f] € Ho(C) is an isomorphism if and only if f is a

weak equivalence.
In conclusion the homotopy category is the localization C[W~1] at the class
of weak equivalences 'W.
2.1.2 Quillen equivalences
Definition 2.1.6. A functor between model categories is said to be:
e A left Quillen functor if it preserves cofibrations and acyclic cofibrations.
e A right Quillen functor if it preserves fibrations and acyclic fibrations.

Moreover a pair of functors
F:¢2D:G

between model categories is a Quillen adjunction if F' is a left Quillen functor and G

is a right Quillen functor.
A Quillen adjunction is the right notion of morphism between model categories:

Lemma 2.1.7. Let F: 62 D : G be an adjunction, TFAE:
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o F preserves cofibrations and G preserves fibrations.

F is left Quillen.

G is right Quillen.

e (F,G) is a Quillen adjunction.

o I preserves acyclic cofibrations and cofibrations between cofibrant objects.
o G preserves acyclic fibrations and fibrations between fibrant objects.

A left Quillen functor takes weak equivalences between cofibrant objects to
weak equivalences. A right Quillen functor takes weak equivalences between fibrant

objects to weak equivalences.

Definition 2.1.8. If F': ¢ — D is a left Quillen functor, define the total left derived
functor

LF : Ho(€) — Ho(D)

to be LF(X) := F(CX). Dually if G: D — C is a right Quillen functor, define the
total right derived functor
RG : Ho(D) — Ho(C)

to be RG(X) := G(RX).

A Quillen adjunction induces an adjunction on the respective model categories
[BR20, Theorem A.4.6]:

Theorem 2.1.9. If (F,G) is a Quillen adjunction, then the derived functors

(LF, RG) form an adjunction for the respective homotopy categories.

Definition 2.1.10. A Quillen adjunction is called a Quillen equivelence if the derived

adjunction is an adjoint equivalence of the respective homotopy categories.

2.2 Closed symmetric monoidal categories

We briefly fix the notation for closed symmetric monoidal categories that will provide
the natural setting for duality statements. We follow [Blul7, pag. 30].
Let (€, A, S%) be a symmetric monoidal category (the flip map 7: X A Y =

Y A X is an isomorphism).

Definition 2.2.1. A symmetric monoidal category is closed if for every X € C the
functor A X has a right adjoint F'(X, ).
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When this happens there is a unique functor (called internal Hom functor)

on the product category
F(, ):CPxC—¢C

such that there is a natural isomorphism in all three variables:
C(XANY,Z)=ZCX,F(Y,Z)).

Lemma 2.2.2. The internal Hom functor preserves limits in the second variable

and sends colimits in the first variable to limits.

F(X,limYj) = lim F(X,Y})

J J
F(colim X;,Y) = lim F(X;,Y)
J J

Definition 2.2.3. The evaluation map is the unit ¢ : F(X,Y) A X — Y, and
the coevaluation map is the counit n : X — F(Y,X AY). The dual of X is
DX = F(X, SY).

Remark 2.2.4. The map n: X — F(S% X A S%) = F(S°, X) is always an isomor-

phism, with inverse €.

There are various natural transformations implicit in the structure of a closed

symmetric monoidal category:

1. The natural map A : F(X,Y)ANF(X")Y') - F(X AX", Y AY’), whose adjoint

is the composite:
FX,Y)AFX',Y)AXAX = F(X,Y)AXAF(X,Y)AX - Y AY'
9. The natural map v : F(X,Y) A Z 2% F(X,Y) A F(S°,Z) — F(X,Y A Z).
Adjoint of the evaluation map F(X,Y)ANXAZ Y AN Z.

3. The natural map p: X — DDX. Obtained taking the adjoint of the composi-
tion X ADX 5 DX A X 5 SO

4. The natural isomorphism p : F(XAY,Z) = F(X, F(Y, Z)) obtained applying
adjunction twice to the evaluation map F(X AY,Z)ANX ANY — Z.

Definition 2.2.5. An object X is said to be finite or strongly dualizable if there
exists a “coevaluation map” 1’ : S = X A DX such that the following diagram
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commutes
SO ", XADX

| I

F(X,X) «—— DX AX.

This implies that the map v is an isomorphism so that we have an explicit description

of fy =7ovlon.

Remark 2.2.6. For a finite object X the functor _ A DX is right adjoint to _ A X,

so by uniqueness of adjoints there is a natural isomorphism _ A DX = F(X,_).
Proposition 2.2.7. The following are true:

1. If X and X' are both finite or if X is finite and Y = SO or if X' is finite and
Y’ = 89 then

A F(X,Y)ANF(XLY) > F(XAX,Y AY)

is a natural isomorphism.

2. If either X or Z is finite then
v:F(X,2Y)\NZ - F(X,Y\Z)

is a natural isomorphism.

3. If X is finite then p: X — DDX is a natural isomorphism.

2.3 Equivariant orthogonal spectra

In this section G is a compact Lie group. We want to give an introduction to orthog-
onal G-spectra. There are various sources for the topic, with different definitions,
different notation and different model structures. Since we will need different bits
from different sources we will point out the differences in definitions and notations for
our sources. For this first part we will mainly follow [HHR16] Section 2 and Appendix
A. We will point out the differences in definition and notation with [MMO02].

2.3.1 G-spaces

Definition 2.3.1. Let (7, A, S°) be the symmetric monoidal category of pointed,

compactly generated weak hausdorff spaces, with the smash product of pointed

17



spaces and unit the O-sphere S°. A topological category is a category enriched over

(T, A, S9).

Definition 2.3.2. Let (7%, A, S°) be the topological symmetric monoidal category
of pointed spaces with a left G-action (the action should fix the basepoint) and spaces
of equivariant maps as morphisms. We have an internal mapping space 7g(X,Y)
which is simply the space of continuous maps from X to Y which is a G-space with
the conjugation action (In [HHR16] is denoted 7). The internal mapping space
makes 7¢ into a closed symmetric monoidal category. A topological G-category,
is a category enriched over (7%, A, S%). We use T¢ to denote the G-category with
G-spaces of nonequivariant maps and 7 the topological category with equivariant
maps, so that:
TO(X,Y) = (To(X,Y))°.

Definition 2.3.3. The homotopy set (group for n > 0) 72 (X) of a pointed G-
space X is defined to be the set of H-equivariant homotopy classes of pointed maps
ST — X.

This is the same as the ordinary homotopy groups for the topological space
7, (X)) of H-fixed points.

Definition 2.3.4. A map X — Y in 7 is a weak equivalence if for all subgroups
H C @G the induced map on the H-fixed points X? — YH is an ordinary weak

equivalence of topological spaces.

With this class of weak equivalences T¢ carries the structure of a topological
model category where a fibration is a map X — Y which is a Serre fibration on fixed
points X — YH for every subgroup H. We denote Ho(7)(X,Y) by [X,Y]€.

We will make extensive use of representation spheres SV, which are the
one-point compactification of a representation V of G. When V = R"™ with the
trivial action we have the n-sphere S™. Associated to SV we have the equivariant

homotopy set:
i (X) =[SV, X]¢

which is a group if dim(V') > 0 and an abelian group if dim(V¢) > 1. We have also

the equivariant suspension and the equivariant loop space:

WX :=SYAX
QY X = Tq(S8V, X).
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Definition 2.3.5. A continuous G-functor X : € — D between topological G-

categories is a functor X sucht that
X :C(A,B) — D(X(A),X(B))

is a G-map of G-spaces for all pairs of objects A, B (maps in 7).

Definition 2.3.6. A G-natural transformation a : X — Y between topological

G-functors is a natural transformation of functors which consists of G-maps « :
X(A) = Y(A).

Let €atg be the collection of topological G-categories (G-categories for short),
which are categories enriched over 7¢, that is to say that Catg(C,D) is the G-
category of G-functors € — D and left G-spaces of G-natural transformations.
Denote Catg(C, D) the topological category of functors and spaces of equivariant

natural transformations.

2.3.2 Equivariant orthogonal spectra

By representation of G we mean a real orthogonal representation V' of G. Let O(V)
be the orthogonal group of non-equivariant linear isometric maps of V' into itself.
Given representations V and W, O(V, W) is the Stiefel manifold of linear isometric

embeddings of V into W with conjugation action.

Definition 2.3.7. The basic indexing category Jg is the topological G-category
whose objects are finite dimensional real orthogonal representations of G and with

G-space of morphisms the Thom complex:
Ja(V,W) := Thom(O(V,W); W — V).

Where W — V is the orthogonal complement of V in W

As usual denote the underlying topological category with the symbol J¢.
When G is the trivial group the topological category and the G-category are the

same, denote them with 7.

Remark 2.3.8. In [HHR16] and [MMO02] a more calligraphic and fancy g is used
instead of J. It is possible to decorate this category specifying the G-universe U
you are taking the representations from: jg . A G-universe is a real G-inner product
space which contains the trivial representation (R with the trivial action), and such

that if it contains a finite dimensional representation, than it contains an infinite
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sum of copies of that representation. It is complete when it contains all irreducible
representations, it is trivial if it contains only trivial representations. In Definition
2.3.7 we are implicitly using a complete G-universe U where all the finite dimensional

representation embeds.

Definition 2.3.9. An orthogonal G-spectrum is a functor of topological G-categories:
X:Ja—Ta-

The topological G-category of orthogonal G-spectra is

Spq = Cate(JTe, Ta)-
The underlying topological category of Orthogonal G-spectra is:

Sp“ := Cata(Ja, Ta)”
When G is the trivial group the category of Orthogonal spectra is:

Sp := Catg(J, T).

In [HHR16] the letter 8 is used instead of Sp.

Notation 2.3.10. We will sometimes use Xy for the value X (V') of an orthogonal

G-spectrum at a representation V.

There is a lot of freedom in deciding which G-universe consider for the
indexing category, and we can use Spg to specify jg as indexing category. We
will always assume a complete G-universe without indication for most of this thesis,
but to define certain functors (for example inflation) changing universe is essential.
Luckily for us our objects are determined at the level of trivial representations, more

precisely.

Remark 2.3.11. If V and W are two representations of the same dimension, then
O(V,W)4 how) Xv — Xw

is a G-equivariant homeomorphism. In particular this gives a way to extend the

values of a G-spectrum indexed on the trivial G-universe J to all G-representations.

Definition 2.3.12. Let U and U’ be 2 G-universes, define the change of universe
functor
I{' Spt — Spé
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extending the values for every representation V' C U’ of dimension n:
XV = O(RTL, V)+ /\O(Rn) XRn

The following Lemma is due to Mandell-May [MM02, Lemma V.1.5]:
Lemma 2.3.13. The functors Iﬁ/ and Iz%t{’ are inverse equivalences of categories.

Definition 2.3.14. Given a G-spectrum X and a G-space K the suspension spec-

trum and the 0-space functors are defined by:

(E°K)y =SV AK
QOOX = X{O}

Where {0} is the zero vector space.

The suspension spectrum functor is left adjoint to the O-space functor. The
functors £°° and Q°° are topological functors between 7¢ and Sp“ or 7C-enriched

functors between 7o and Spg.
Notation 2.3.15. We will denote >*° K simply with K.

Definition 2.3.16. For every G-representation V there is an orthogonal G-spectrum

S~V characterized by the functorial isomorphism of G-spaces:
Spa(S7V,X) = Xy

We now compare the different approaches to the definition of orthogonal

G-spectra from the various sources we are going to use.

Remark 2.3.17 (Comparison with Zg-spaces). In [MMO02] a slightly different ap-
proach is taken in the definition of orthogonal spectra. They define the topological
G-category Zg on the same objects of Jg: finite dimensional real orthogonal repre-
sentations of G, but with morphisms simply the G-space O(V,W). They then define

an Zg-space to be a continuous G-functor
X IG — ’TG
and an orthogonal G-spectrum to be an Zg-space with additional structure maps

SYAX(W) = X(VaeWw).
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The category Jg encodes already the data of the structure maps. They call these
Za-spectra. The Topological category of Zg-spectra and non-equivariant natural
transformations is denoted in [MMO02] with J58. The topological category of Zg-

spectra and equivariant natural transformations is denoted GJS.

Remark 2.3.18 (Comparison with G-prespectra). A G-prespectrum X as defined
in [MMO02] and [Blul7] is simply the data of a G-space X (V) for every V in our

universe, and associative structure G-maps:
o SVAX(W) = X(VaeWw)

i.e. you don’t require functoriality in V. Arrows of G-prespectra are simply based
maps f(V): X(V) — Y (V) that commute with the structure maps, this gives us
the G-category of G-prespectra, and the topological category of G-prespectra if we

consider equivariant maps. When the adjoints of the structure maps
F:X(V) = VXV W)

are homeomoprphisms of G-spaces those are called Q-prespectra in [Blul7] and
G-spectra in [MMO02] (as opposite to othogonal). All our orthogonal G-spectra
are G-prespectra by forgetting the functoriality, so we have a forgetful functor.
The definition of homotopy groups for G-prespectra is straightforward [Blul7, pag.
42]. Moreover G-prespectra admits a model structure with weak equivalences the

T4-isomorphisms, its homotopy category is the Equivariant stable homotopy category.

2.3.3 The smash product

In this subsection we mainly follow [MMO02, Chapter II].
The symmetric monoidal structures of J; and 7¢ combine to give Sp® a
symmetric monoidal structure (the day convolution) denoted A, with unit the sphere

spectrum S°. This construction works in general for diagram spaces [Man+01].

Definition 2.3.19. The smash product of two orthogonal G-spectra X and Y is

defined to be the left Kan extension of the external smash product

AN:JaxJa—Ta
(VW) = Xy A Y

Along the direct sum map & : Jo X Jg — Jg-
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Remark 2.3.20. It is characterized (universal property) by the isomorphism of
G-spaces
Spa(X ANY,Z) =2 (XAY,Zo®)

where on the right we have the G-space of natural transformations of functors

Ja x Ja — Ta.

We can explicitly describe the smash product on a G-representation V' by

(XAY)y = colim Xy A Yy
WeW'—Vv

where the colimit is indexed over the over-category whose objects are maps Wa W' —

V' and whose morphisms are pairs of maps making the appropriate diagram commutes.

Definition 2.3.21. The internal function spectrum of two orthogonal G-spectra X

and Y is defined on a G-representation V' to be

F(X,Y):Jg — Ta
V= Spa(X,Y(Vae ).

Namely the G-space of continous natural transformations between X and Y(V & ).

Remark 2.3.22. If 7 is a functor Jg X Jg — Tg, while X and Y are functors

Jc — T¢ then we have an isomorphism of G-spaces
(XAY,Z) = (X, F(Y, 2))

where on the left we are considering the G-space of natural transformations of functors
from the product Jo X Jg, and on the right from 5. This gives immediately the
desired adjunction with the internal smash and internal function spectra. The

external function spectrum is defined

FY,Z): Jg — Ta
Vi Spa(Y,Z(V, ).

These 2 definitions endow the category of orthogonal G-spectra with the

structure of a closed symmetric monoidal category [MMO02, Theroem 3.1]:

Lemma 2.3.23. The categories Sp® and Spg are both closed symmetric monoidal
categories under the smash product A of orthogonal G-spectra and unit object the

sphere spectrum S°. The internal Hom functor is the internal function spectrum F.
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Remark 2.3.24. Both Sp; and SpY are tensored and cotensored over G-spaces.

For a G-space K and a G-spectrum X we have

@X/\Kﬁv':<XV/\f(
F(K,X)y = F(K, Xv).

So that smash product and function spectrum with suspension spectra can be
computed level-wise with smash and function space of G-spaces. The suspension

spectrum > is symmetric monoidal.

2.3.4 Model Structures

We can put a model structure on the category of G-spectra For a representation
V and k € Z we write V > k when dim(V%) > k + 1. The following is [HHR16,
Definition 2.14]:

Definition 2.3.25. For a G-spectrum X and k € Z, define for every subgroup
H C G the H-equivariant k-th stable homotopy group of X as:

mH(X) = colim m{f, . (Xv)

V>—k
where the colimit is taken over the partially ordered set of orthogonal G-representations
V satisfying V > —k.

Remark 2.3.26. An increasing sequence - -- C V;, C Vj,41 C ... of finite dimensional
representations of GG is exhausting if any finite dimensional representation V of G
admits an equivariant embedding in some V,;. We can use any exhausting sequence

to compute the stable homotopy groups:
T (X) = colim 7{} | (Xv,)
n

Definition 2.3.27. A stable weak equivalence is a map X — Y in Sp® inducing
an isomorphism of stable homotopy groups ﬂ,f for all k € Z and subgroups H C G
(they are called m,-isomorphisms in [MMO02]).

We can define a model structure on Sp® where the weak equivalences are

precisely the stable weak equivalences [HHR16, Proposition B.63]:

Proposition 2.3.28. The category Sp® equipped with the stable weak equivalences,
the positive complete cofibrations and positive complete fibrations forms a cofibrantly

generated model category.
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We call this the positive complete model structure on orthogonal G-spectra.
This defines for us (Definition 2.1.4) the homotopy category of G-spectra, invert-
ing precisely the stable weak equivalences. As for G-spaces we use [X, Y]G for
Ho(Sp“)(X,Y).

There are various model structures on G-spectra depending on someone’s
scope and objectives. We point out other 2 model structures in [MMO02]. Recall that
in [MMO02] the category Sp“ is denoted GJ8 and indexed on a complete G-universe
U. We have the Level model structure [MMO02, Theorem 2.4] with class of weak
equivalences the level equivalences of G-spectra. There is also the stable model
structure [MMO02, Theorem 4.2 and 7.5] with weak equivalences the stable weak
equivalences.

2.3.5 Homology and Cohomology

A G-spectrum E € Sp® defines a Z-graded G-equivariant cohomology theory:
EE(X):=[ST*"AX,EY=[X,Elf =[S F(X,E)|Y =x%.(F(X,E)).
As well as a Z-graded homology theory:
ES(X):=[S*, X AE]® =70 (X NE).
The RO(G)-graded versions are defined by:

EL(X) =[SV AX,EY =[SV, F(X,E)% =% (F(X,E)),
ES(X) =[SV, X NE)Y =x{{(E A X),

for V.=V — Vi € RO(G) a virtual representation of G, that is a formal difference

of isomorphism classes of representations.

2.4 Change of group functors

For this section we follow [MMO02, Chapter V].

2.4.1 Restriction, induction, coinduction

Let iy : H — G be a subgroup of G, the restriction functor ij; : T¢ — TH has

1. A continuous left adjoint called induction. Sending an H-space Y:
Y — G+ AgY
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where in the wedge we quotient the H-action to obtain an induced G-action.

2. A continuous right adjoint called coinduction. Sending an H-space Y:
Y TH(GL,Y)

where the H-equivariant maps have the coinduced G-action.

We can extend these functors to orthogonal G and H spectra, maintaining the

adjunctions.

Definition 2.4.1. For X a G-spectrum, Y an H-spectrum, V a G-representation

define respectively restriction, induction and coinduction as:

(i X)(igV) = ixg(Xv)
(G4 Am Y)V =G4+ Ny (Yv) (2.4.2)
Fu(G4,Y)v = TG4, Yv)

Remark 2.4.3. They all preserve stable weak equivalences so they all induce functors

between the respective homotopy categories. They all commute with suspension

spectra. Restriction is strong symmetric monoidal.

Lemma 2.4.4. There are Quillen-adjunctions:

Sp“ (G4 A Y, X) = Sp™ (Vi X)

(2.4.5)
Sp“(X, Fu(Gy,Y)) = Sp” (i X, Y)
relating level model structures and stable model structures.
We have two important natural isomorphisms:
G ANX 2G4y NigX
/H+ + N (2.4.6)

F(G/H-HX) gFH(G-i-?i;IX)‘

2.4.2 Inflation, Categorical fixed points, orbits

Let iy : N < G be a normal subgroup of G with quotient ¢ : G - G/N = Q.
The inflation functor on spaces Infg =¢*: T9 = TC has the N-fixed points as
right adjoint and the N-orbits as a left adjoint. Let us extend these definitions and
adjunctions to spectra.

Let U be our complete G-universe and U the N-fixed sub-universe that is

also called the G-universe of N-trivial G-representations. Notice that we change the
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universe to UV to allow the use of different model structures, and that " is also a
complete @Q-universe. The following results [MMO02, pp. V.1.7, V.1.8] are fundamental
at this point.

Lemma 2.4.7. For G-universes U C U' there is a U-stable model structure on Spg,
in which the functor creates the U-stable weak equivalences and the U-fibrations.
Moreover the pair (Ig/,fu/) 18 a Quillen equivalence between Spg with the stable
model structure and Spyy with the U-stable model structure. The U-stable weak
equivalences are those maps that induces isomorphisms on the stable homotopy groups

defined using only representations V . C U.

Corollary 2.4.8. For U C U’ the identity functor of Spg, is the right Quillen
functor of a Quillen adjunction relating the stable model structure and the U-stable

model structure.

We can apply these results to Y C U. For a Q-representation V let ¢*V be

V regarded as an N-trivial G-representation.

Definition 2.4.9. For a (J-spectrum Y, define ¢*Y € SpgN to be the G-spectrum
indexed on V. c UN:
YY)y ="(Yy).

Define the inflation functor Infg : Spg N — Spg simply post-composing with the

change of universe functor:
Inf§(Y) := Ifn 0 c*(Y) (2.4.10)

Remark 2.4.11. Inflation is strong symmetric monoidal and commutes with sus-

pension spectra.

Definition 2.4.12. For a G-spectrum X € SpSN indexed on N-trivial representa-
tions, define the Q-spectrum X% by passage to N-fixed points level-wise:

(XM = (Xv)".

Define the categorical fixed point functor U¥ : Spg — szf{2 ~ simply pre-composing
with the change of universe functor. For a a generic G-spectrum X indexed on all
G-representations:

oV (X) = (14 X)N.

We denote UV (X) by XV also for a generic spectrum X.
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Remark 2.4.13. The categorical fixed points functor is a right Quillen functor but
does not preserve stable weak equivalences in general, and therefore needs to be right
derived in the homotopy category. The reason for this is that it does not commute

with fibrant replacement.

Remark 2.4.14. Some sources define categorical fixed points also when N is not
normal in G as X¥ := (i%X)" which is the underlying non-equivariant spectrum of

our definition of a Q-spectrum.

Remark 2.4.15. Categorical fixed points are not strong symmetric monoidal, for

example:

(SO)G A (SO)G ¢ (SO A SO)G
but they are lax symmetric monoidal: there is a natural map:
XNAYYN 5 (X AY)Y

Inflation and categorical fixed points are still adjoint [MMO02, Proposition
3.10]:

Proposition 2.4.16. There is a Quillen adjunction
Sp“(Infg Y, X) = Sp®(Y, X ™)

relating the respective level and stable model structures. The spectrum X is indexed

on a complete G-universe.
Corollary 2.4.17. For any orthogonal G-spectrum X :
ml (X) =[Gy A S0 X9 =[S0, i3 X]7 =[50, XT] = m (XT)

Definition 2.4.18. For a G-spectrum X € SpgN indexed on N-trivial representa-
tions V, define the orbit Q-spectrum X/N quotienting by N level-wise:

(X/N)v =Xv/N

The inflation-orbit adjunction is maintained only for N-trivial G-representations
[MMO02, Proposition 3.12]

Proposition 2.4.19. There is a Quillen adjunction
Spy;v (X,*Y) = Sp?(X/N,Y) (2.4.20)
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relating the respective level and stable model structures.

Remark 2.4.21. The orbit functor is a left adjoint while change of universe to V-
trivial representations is a right adjoint, so the composition is of no practical use and

the adjunction is relevant only on G-spectra indexed on N-trivial G-representations.

2.4.3 Localization of spectra
We follow [MMO02, p. IV.6]

Definition 2.4.22. A map f : X — Y of orthogonal G-spectra is called an H-

equivalence if the induced map on the restricted spectra
r(f) g X = gy

is a stable weak equivalence of orthogonal H-spectra.

Notation 2.4.23. When H is the trivial subgroup we use the terms l-equivalence

or non-equivariant equivalence, and denote it X ~; Y.

Let F be a family of subgroups of GG, and EF be the universal F-space. It
is a G-CW complex characterized up to weak equivalence of G-spaces by the weak

equivalences of topological spaces:

i SO ifHeF
(EF)" ~

« ifH¢F

such a pointed G-CW complex can be build using cells of the form G/, A Dr.
Let EF be the mapping cone of the map EF, — S° quotienting EF to a
point. The pointed G-CW complex EF is characterized up to weak equivalence of

G-spaces by the weak equivalences of topological spaces:
S x ifHeF
(EF)" ~
SO ifH¢F

Definition 2.4.24. The isotropy separation cofibre sequence for F is the cofiber

sequence of G-spaces:
EF, - S" - EF

that induces an isotropy separation cofibre sequence for any orthogonal G-spectrum
X:
XANEF. —-X - XNANEF. (2.4.25)
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Definition 2.4.26. A map f: X — Y is an F-equivalence if it is an H-equivalence
for every H € F. An orthogonal G-spectrum X is said to be an F-object if the first

map of its isotropy separation cofibre sequence X A EF; — X is a stable equivalence.
Definition 2.4.27. Let E be a cofibrant spectrum or a cofibrant based G-space.
e A map X — Y is an F-equivalence if E A X — EAY is a weak equivalence.

e An object Z is E-local if for all E-equivalences f : X — Y the map f* :
[Y, Z]¢ — [X, Z] is an isomorphism.

e An FE-localisation of X is an F-equivalence to an E-local object.

e An object X is F-acyclic if the map from the zero object * — X is an E-

equivalence.

Remark 2.4.28. An F-equivalence between E-local objects is a stable weak equiv-

alence.
The following is [MMO02, Theorem 6.3]:

Theorem 2.4.29. Let E be a cofibrant spectrum or a cofibrant based G-space. The

category of orthogonal G-spectra Sp© admits an E-model structure with:
o weak equivalences the E-equivalences,
e Same cofibrations,
o E-fibrant objects the fibrant objects of Sp® that are E-local.

Moreover the E-fibrant approzimation X — LgpX constructs a Bousfield localization
of X at E. The notation for this E-model structure is LySpC.

The map X — F(EF., X) induced by EF, — S° is an EF,-localization of
X.

Example 2.4.30. The most important example to us, is when E = S°Q is the
rational sphere spectrum [Bar08, p. 1.5.2]. We call the E-model structure rational

G-spectra and denote it by Spg, we call the E-equivalences rational equivalences.

Notation 2.4.31. In chapters 4 and 5 and section 2.5 we will always assume that
everything is rationalized without comment. This means that all spectra are meant

localized at S°Q, the weak equivalences are the rational equivalences, and so on.
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2.4.4 Geometric fixed points

Let N be a normal subgroup of G with quotient @, and let F = [N ¢] be the
family of subgroups that do not contain N (For N = G this is the family of proper
subgroups).

Definition 2.4.32. Define the geometric fixed point functor ®V : SpG — SpQ on

an orthogonal G-spectrum X:
VX = (R(EF A X))V

where R is the functorial fibrant replacement.

In [MMO2, Definition V.4.3] a more intuitive definition in terms of N-fixed
points spaces for certain extended category of Jg is used. The definition we just

gave is equivalent to that one [MMO02, Proposition V.4.17].

Proposition 2.4.33. The functor ®V sends stable weak equivalences to stable weak
equivalences and commutes with filtered homotopy colimits. Moreover for a based
G-space K and G-spectra X and Y :

o« OV(XXK) = ¥ne(KN),

e PN(XANY)~ VX APVY.

2.5 Algebraic models

In this section we present a self-contained account of algebraic models for tori of
any rank, therefore in all this section G = T" is an r-dimensional torus, with » > 0.
We also specify that all the modules over graded rings are graded and all the maps
between graded modules are graded maps. Here as in Chapters 4 and 5, everything
is rationalized without comment.

Algebraic models are a useful tool to study rational equivariant cohomology
theories. The main idea is to define an abelian category A(G) and homology functor

from the category of rational G-equivariant orthogonal spectra (Example 2.4.30):
m: Sp§ — A(G) (2.5.1)

equipped with an Adams spectral sequence to compute maps in the homotopy

category of rational G-spectra. More precisely the values of the theory may be
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calculated by a spectral sequence:
Ext{* (m4(X), m(Y)) = [X,Y]C. (2.5.2)
In the case of tori we have a zig-zag of Quillen-equivalences [GS18, Theorem 1.1]):
Spg ~q dA(G), (2.5.3)

where dA(G) is the model category of differential graded objects in A(G). Therefore
we can build rational G-equivariant cohomology theories simply constructing objects

in dA(G).

2.5.1 Definition of the rings

We start by defining the rings needed for the construction of A(G) [Gre08, Section
3.A.]. We write F for the family of finite subgroups of G.

Definition 2.5.4. For every connected subgroup H of GG define the collection:
F/ir = {H < G | H finite index in H}

and the ring:

Orp= [ H*(B(G/@)) (2.5.5)
HeF/H

Remark 2.5.6. Note O/, = Q and Of/ = OrF.

Any containment of connected subgroups K C H induces an inflation map

Or/g — OFjg, defined in the following way.

Definition 2.5.7. The inclusion K C H of connected subgroups defines a quotient
map ¢ : G/ — G/, and hence

qx ‘F/K%‘F/H

~ i (2.5.8)
K — (H, K)

For any K € F /K define the K-th component of the inflation map Or/g — OF/

to be the composition:

Orp= |l H*(BG/H)— H*(BG/q.K) - H*(BG/K) (2.5.9)
HeF/H
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given by projection onto the term H*(BG /¢, K) followed by the inflation map induced
by the quotient G/ — G/, K.

Remark 2.5.10. In particular for any connected subgroup H we have an inflation

map induced by the inclusion of the trivial subgroup:
1 O]:/H — OF (2.5.11)

which is a split monomorphism of Oz, -modules [Grel2, Proposition 3.1]. As a

consequence O is an O, y-module for every connected subgroup H.

2.5.2 Euler classes

Fundamental elements of these rings are Euler classes of representations of G, used
in the localization process. For any complex representation V of G we want to
define its Euler class e(V) € Of [Gre08, Section 3.B.]. We require them to be
multiplicative: e(V & W) = e(V)e(W), therefore it’s enough to define Euler classes

for one dimensional complex representations V.

Definition 2.5.12. For a one dimensional complex representation V' of GG, define its
Euler class e(V) € OF as follows. For every finite subgroup F' the F-th component
e(V)r € H*(BG/F) is:

1 if VE =0
(2.5.13)
eVt if vE £o,
where e(VF) € H%(BG/F) is the classical equivariant Euler class for the
G/ F representation VI

Definition 2.5.14. For any connected subgroup H of GG define the multiplicatively
closed subset of Ox:
Eg ={e(V)| VT =0} (2.5.15)

We would like now to localize O at the multiplicatively closed subset &,
but the problem is that we would invert also non-homogeneous elements. To sanitize
this let g p be the ring obtained from H*(BG/F) by inverting all nonzero elements

in degree 2.

Definition 2.5.16. Define 5;110]-‘ to be the following subring of homogeneous
elements of [[p Kq/p:

'O ={ue][Kgr|3IV,V" =0and e(V)up € H*(BG/F)VF finite }
F
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2.5.3 The 2-torus

We are mainly interested in the case of the 2-torus, therefore let us compute explicitly
rings and Euler classes in this case. Recall that {H;};>1 is the collection of connected
closed codimension 1 subgroups of T? and H ZJ is the subgroup with j-components and
identity component H;. Exactly as in Definition 4.1.9 and (4.1.7) z; is a character of

T? with kernel H; and zf is a character of T? with kernel sz . In this case:
* Orp2 =Q
o Oppy, =151 H*(BT?/H)
e Of =[[r H*(BT?/F) , where F runs through all the finite subgroups of T2.

For every 4,7 > 1:

I

H*(BT?/H;) = Qlc;]

. (2.5.17)
H*(BT?/H]) = Qlcy]

where ¢; = e(z;) and ¢;; = e(zzj ) both of degree —2 are the Euler classes of the
characters z; and zg (more precisely of the one dimensional complex representations

defined by those characters).

Definition 2.5.18. For every finite subgroup F of T? and every index i > 1 define
n; = n;(F) to be the only positive integer such that H;" is generated by H; and F:

Every finite subgroup F' can be written as the intersection of two codimension
one subgroups of T2. Therefore for every F there exists two different integers
A= A(F) >1and B = B(F) > 1 such that

F=HANHLE. (2.5.19)

Choice 2.5.20. For any finite subgroup F' we choose a pair of positive integers
(A, B) that give the decomposition (2.5.19).

By (2.5.19) we obtain the decomposition:
H*(BT?/F) =~ H*(BT?/H}*) ® H*(BT?/HR?) = Q[z 4, z5]. (2.5.21)

Where x4 := e(24*), zp := e(z5") have both degree —2 are the Euler classes

respectively of z4* and zj".
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Definition 2.5.22. For every ¢ > 1 define
z; = e(2]") € H*(BT?*/F). (2.5.23)

Notice it is an integral linear combination of x4 and xp.

Remark 2.5.24. With these choices of coordinates (2.5.17) and (2.5.21) the inflation
map (2.5.11) on the F-th component of the target Ox can be easily described:

Oz = [ H*(BT?/H]) — H*(BT?/H[") — H*(BT?/F). (2.5.25)
j>1

The first map of (2.5.25) is the projection onto the n;-th component since g.(F) =
(H;, F) = H;" by definition of the index n;. The second map of (2.5.25) is the
natural inclusion of Q-algebras sending the generator ¢;,, to z;, since by (2.5.23)
they are the same Euler class e(z;") for the two different rings.

2.5.4 Description of A(G)

We briefly recap the description of A(G) [Gre08, Definition 3.9]. The objects of A(G)

are sheaves of modules over the poset of connected subgroups of G with inclusions.
Definition 2.5.26. An object X € A(G) is specified by the following pieces of data:
1. For every connected subgroup H an O, y-module X,

2. For every containment of connected subgroups K C H an O ,-modules map:

K -1 H
X =€ O & X. 2.5.27
v H/KOTIK o2 ¥ ( )

Then X is a sheaf over the space of connected subgroups of G. This specifically

means that for every connected subgroup H, the sheaf X has value the Oz-module:

X(H):=&5'0Fr © X, (2.5.28)

F/H

and that for every containment K C H of connected subgroups, X has a structure

map of Or-modules:
B X(K) — X (H). (2.5.29)

The map (2.5.29) is obtained tensoring the Oz -modules map (2.5.27) with the
OF/-module 51}1(9]:. Moreover X satisfies the condition that for every connected
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subgroup H the Oz-modules structure map 3 : X (1) — X (H) is the map inverting
the multiplicatively closed subset of Euler classes £ (2.5.15).

Remark 2.5.30. Notice that by Remark 2.5.10 the inflation map ix makes O an
OF/x-module. Moreover the structure map (2.5.27) is well defined from (2.5.27),

since:

Ex'0F ® Ep OFx = E4' OF. (2.5.31)
O]:/K

Example 2.5.32. For the 2-torus an object X € A(T?) has the shape:

LX) [ x() |
2] |
X(H)) X(H2)\.. = | x(m)
I [
X(1) | xX()

with infinitely many values X (H;) in the middle row, one vertex X (T?) and one
value X (1) at the bottom level. By (2.5.28):

X(T2) — 8’521 % SOTQX

X(Hy) = €y OF (@ @MX (2.5.33)

F/H;

X(1)=0Fr 2 Ol X = p'X
].'

Notation 2.5.34. a tensor product with no ring specified will always mean over Q.
For any ¢ > 1 we denote ®; = QO the tensor product over the ring O]:/Hi or

when we are considering the F-th component: ®; = ® H*(BT2/H™)"

Example 2.5.35. For the 2-torus using the coordinates we have defined ((2.5.17),
(2.5.21), and (2.5.23)), we can easily describe the localizations at the Euler classes:

e In Eé}HiH*(B']I‘Q/Hf) we are inverting the Euler class ¢;;.

e In E;IilH *(BT?/F) we are inverting all the Euler classes x; with j > 1 and
J# i
e In E,ﬂTQIH *(BT?/F) we are inverting all the Euler classes z; with j > 1.
Example 2.5.36. There is a structure sheaf O € A(G) [Gre08, Definition 3.3]

obtained using as modules the base rings: O = O /i and as structure maps the
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natural inclusions:

OJ:/K — EI;}KO}—/K OSH O]:/H

Definition 2.5.37. A morphism f: X — Y in the category A(G) is the data of a
(graded) OF/y-module map o f: o X — 7Y for every connected subgroup H,
compatible with the structure maps of X and Y (it makes the evident commutative

diagrams between different levels commute [Gre08, Definition 3.6]).

Remark 2.5.38. A morphism f: X — Y in A(G) is almost determined by what
it does at the trivial subgroup level f(1): X(1) — Y (1) (that we will call bottom
level). This is because for any connected subgroup H the map f at the H-th
level f(H) : X(H) — Y (H) is then ;' f(1). Therefore properties like injectivity,
surjectivity or exactness for a sequence of morphisms can be checked at the bottom

level.

2.5.5 Injectives in A(G)

The injective objects in A(G) that we will use are constant below a certain connected

subgroup H, and zero elsewhere [Gre08, Section 4.A.].

Definition 2.5.39. Anobject X € A(G) is concentrated below a connected subgroup
H if X(K) = 0 for every connected subgroup K ¢ H. We denote A(G)y the full
subcategory of A(G) of objects concentrated below H.

Definition 2.5.40. If H is a connected subgroup of G, and T is a graded torsion
O y-module, define fy(T) € A(G) to be the constant sheaf below H with the

following values:

Eq'OF ®0y, T i K CH

(2.5.41)
0 if K¢ H

fu(T)(K) = {

and structure maps either identities or zero.

Remark 2.5.42. We require T to be torsion so that when we invert 5[_(1 for K ¢ H

we obtain zero. Therefore this requirement can be dropped when H = G.

Lemma 2.5.43 (Lemma 4.1 of [Gre08]). For any connected subgroup H of G there

s an adjunction:

oH

/_\

AG) g € Tors-Ory-Mod

~_

fu
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where the left adjoint is the evaluation ™. For any torsion Or/y-module T', and
object X € A(G) we have:

Homo, ,, (¢ X, T) = Hom 4 (X, fu(T)). (2.5.44)

This in order allows us to transfer torsion injectives Oz y-modules into
injective objects in A(G). First notice that if we are given for every H € F/fy an
H*(BG/H)-torsion module T(H), then Dr/y T(H) is naturally a torsion Or/u-

module, with the action given component by component.

Corollary 2.5.45 (Lemma 5.1 of [Gre08]). Suppose {H;}i>1 is the collection of all
connected subgroups of G of a fized dimension. If fu,(1;) is injective for every i,
then so is @1 fu,(T;)-

Corollary 2.5.46 (Corollary 5.2 of [Gre08]). If for every H € F/f, T(H) is a
graded torsion injective H*(BG /H)-module. Then fa(@rF/y T(H)) is injective in
A(G).

2.5.6 Spheres of complex representations

We can now define the fundamental homology functor 71 [Gre08, Definition 1.4].
Given a rational G-spectrum X we can define the sheaf 7A(X) € A(G) that on a

connected subgroup H takes the value

T MX)(H) := 7¢(DEF, A SV H) A X)
~el0r © M (DEF/H, A OTX).

F/H

(2.5.47)

We denote ® the geometric fixed point functor, EF, is the universal space for
the family F of finite subgroups with a disjoint basepoint added, and DEF, =
F(EF,,S% is its functional dual (The function spectrum of maps from EF, to S°).
The space S*°V) is a convenient construction for E[ H] [Gre08, Section 1.C]:

§VH) = lim SV
viEZg

when K C H there is a map S®°V) — §°oV(H) inducing the structure map
M X)(K) — 7/ X)(H). The isomorphism (2.5.47) is proven in [Gre08, Lemma
9.2], and it is one of the steps in the proof that the functor 7! takes value in the

abelian category A(G). Another key ingredient is to understand 71(S°):
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Lemma 2.5.48 (Theorem 1.5 of [Gre08]). The image of S° in A(G) is the structure
sheaf O:
(SO (H) = £5'OF o8 Oz

F/H

Corollary 2.5.49 (Corollary 1.6 of [Gre08]). The functor w1 takes values in the
abelian category A(G).

Given a complex representation V of G we want to make explicit the object

7SV [Grel2, Section 2.B.]. To do so we need first to introduce suspensions:

Definition 2.5.50. If V is an n-dimensional complex representation of G, divide

the family F of finite subgroups of G into n + 1 disjoint sets F;, where
F; = {F € F|dime(VF) =1}.
If M is an Or-module, define the V-th suspension of M to be the Oz-module:
VM = é ey M,
i=0

where er, € Of is the idempotent associated to F; (it has a one in the F-th

component if F' € F; and zero everywhere else).

The value of the sheaf 7(SY) at a connected subgroup H is:

TSV H) = £0F @ V" 0z, (2.5.51)

OF/g
To describe the structure maps it is convenient to use the suspension of the units:
wr =5V (1) € 2V 05y

so that for every inclusion of connected subgroups K C H the structure map 5% is

determined by the suspended unit:
B (yx) =e(VE — V)L @ 1y (2.5.52)

where the difference of the two representations simply means the orthogonal comple-
ment:

vE=vig Wk v

Remark 2.5.53. The content of this section applies also in the case of a virtual

complex representation V = Vjj — V1. The only thing to specify is the Euler class
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e(V) =e(V)/e(V1). As a result (2.5.51) becomes:

TAMSVVH) = €50 © W0z,
OF/n
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Chapter 3

Prerequisites: Algebraic

Geometry

3.1 Cousin Complex

We give an introduction to the Cousin complex following [Har66, Chapter IV]. Let
X be a topological space and Z a generic subset. We need to work with the notion
of support in Z in a more general context than when Z is a closed subset. Therefore

let us revise the definitions in this more general setting.

Definition 3.1.1. The codimension of a point x € X is the largest integer n such
that there exists a sequence of points xg, x1,x2,...,2y, = z of X where each x;4; is

a proper specialization of x;, i.e. x;11 € {x;} and x; 11 # ;.

Definition 3.1.2. The support of a sheaf of abelian groups F on X is defined to
be the subset:
supp(F) :={x € X | F, #0}.

Notice it is not necessarily closed. Given a section s € I'(X, F) the support of s is:
supp(s) :={z € X | s, # 0 € F, }.
Definition 3.1.3. Define the global sections with support in Z C X to be
I'z(X,F):={s e F(X)|supp(s) C Z}. (3.1.4)

And the corresponding sheaf I ;(F) to be the sheaf with value on each open subset
U of X:
U= Tzev (U, Flu).

41



More explicitly I';(F)(U) is the set of sections s € F(U) such that s|y, = 0 for some
open V with U\ Z CV C U. Denote H}(F) and H'(F) the respective n-th right

derived functors.

Definition 3.1.5. For every subset Z' C Z define the sheaf

Lz/z/(F) = EZ(]:)/EZ,(]-')
and denote H7,, (F) its n-th right derived functor.

Definition 3.1.6. For every point z € X, with closure Z = {z}, define the functor
F — I'y(F), that associates to a sheaf F the subgroup of F:

I'y(F) :={«a € F, | ahas a representative (s,U), with supp(s) C ZNU}. (3.1.7)

Denote H(F) its n-th right derived functor.

Remark 3.1.8. If Z = {x} then by [Har66, Variation 8]:
Hy (F) = (H(F))a- (3.1.9)

Notation 3.1.10. Denote H7(F) := H} ;) (F).

To apply in full the machinery of Cousin complexes we need a topological

space X and a filtration satisfying the following hypothesis.

Hypothesis 3.1.11. Let X be a sober (i.e. every closed irreducible subset has a
unique generic point), locally Noetherian topological space, endowed with a filtration
by subsets X = Z% D Z! D ... which is separated (N,>0Z" = () and strictly
exhausting (Z° = X). Moreover suppose the filtration is stable under specialization
(if z € Z™ then all its specializations are in Z"), and that for every n > 0 every
element in Z™\ Z"*! is maximal in Z" under specialization (i.e. if z € Z™\ Z"*!

and y is a nontrivial specialization of z, then y € Z"*1).

Example 3.1.12. The prototypical example we have in mind is the codimension

filtration of a topological space
Z" :={x € X | codim(x) > n}. (3.1.13)
Proposition 3.1.14 (Proposition 2.3 and 2.5 of [Har66]). Let X be a topological

space with a filtration by subsets satisfying Hypothesis 3.1.11. Then for every sheaf
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of abelian groups F there is a unique augmented complex of sheaves:

F s Hyoypn (F) = HYy o (F) =" B pa(F) —— ... (3.115)

called the Cousin Complex of F. Moreover by [Har66, Variation 8 Motif F pg. 225]

there is a canonical functorial isomorphism

Hywypnn(F) = ] w(HE(F)). (3.1.16)
xeZn\Zn+1

where for a group M, the sheaf 1,(M) denotes the constant sheaf with value M on

the closure of the point x (or the constant sheaf on the closed subset D in case of
tp(M)).
We now ask when the Cousin complex is a resolution of F.

Proposition 3.1.17 (Proposition 2.6 of [Har66]). Under the Hypothesis 3.1.11 for

a sheaf of abelian groups F the following are equivalent:
1. HY(F) =0 for all i # n.
2. ﬂizn/znﬂ(}') =0 for all i # n.
3. The Cousin complex of F is a flabby resolution of F.

The sheaf F is said to be Cohen-Macaulay when it satisfies any of these equivalent

conditions.

Definition 3.1.18. Given an ideal I of a commutative ring R, define for any
R-module M:
I'/(M):={seM|3In>0I"s=0}. (3.1.19)

Denote H}' (M) its n-th right derived functors.

This definition is analogous to the sheaf version of cohomology with support
since these two cohomologies coincide on affine schemes. More precisely [Har67,
Theorem 2.3]:

Theorem 3.1.20. Let R be a Noetherian ring, U = Spec(R), I a finitely generated
ideal of R with corresponding closed subset V(I), and M an R-module. Then

Hy (U, M) = Hf (M).

This is because the two support functors identify the same submodule of M:

s € I'(Spec(R), M) is a section with support in V(I) if and only if In > 0 such that
I"s = 0.
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3.2 Algebraic groups and Abelian varieties

We give an introduction to algebraic groups and Abelian varieties following [Lom18]
and [Mil0g].
A variety over a field is a geometrically integral (i.e. reduced and irreducible),

separated scheme of finite type over that field.

Definition 3.2.1. Let S be a scheme. A group scheme over S is an S-scheme X

together with three morphisms:

m:X xg X —X (multiplication)
i: X —X (inverse) (3.2.2)
e: S —X (unit)

such that they induce a group structure on the set of Y-valued points X (Y), for any
S-scheme Y.

Notice that when Y is an S-scheme, Y-valued points X (Y) are defined to be
maps Y — X over S. If Y is a ring then we mean Spec Y -valued points.

Example 3.2.3. The following affine group schemes are the main examples.

e The multiplicative group G,,. Consider as a base scheme the integers S =
SpecZ. The underlying scheme is G,, = Spec Z[t,t~1]. The identity section e

is the map of affine schemes induced by the map of rings

Zlt,t7 =7

t—1
the inverse ¢ is induced by the map of rings

Zt, t7 Y —Z[t,t 71

tst!
and multiplication m is induced by
Zit, t 7Y =Zt1, 171 @ Zlta, t5 ]
t —t1to.

One can check that with these morphisms for any scheme Y we obtain G,,(Y) =

H(Y, Oy)*, justifying the name multiplicative group. Indeed if R is a ring we

44



obtain the multiplicative group of the ring: G,,(Spec R) = R*. For a general

base scheme S the multiplicative group over S is simply G,, 5 = Gy, Xspecz S-

e The additive group G,. As before it is enough to define it over the integers
SpecZ. The underlying scheme is G, = SpecZ][t], and the morphisms are the

ones induce by the ring maps:

e:Zt] »Z
t—0
i:Z[t] =7t
t— —t
m : Z[t] —=Z[t1, ta]
t—t1 + 1o

One can check that with these morphisms for any scheme Y we obtain G,(Y) =

H(Y, Oy) with its additive structure, justifying the name additive group.

Remark 3.2.4. Over the complex numbers S = SpecC, a group scheme over C is

a complex variety X together with morphisms

m:X xe X =X

(3.2.5)
it X 5X

and a C-valued point e € X (C) such that the structure induced on X (C) by m and ¢
is a group with identity e. Group schemes over C are often called complex algebraic

groups.

Definition 3.2.6. A complex abelian variety is a connected proper group scheme A

over C.

Remark 3.2.7. A complex abelian variety is automatically reduced, projective,
nonsingular, irreducible and commutative. The set of C-valued points A(C) inherits
a complex structure as a submanifold of P*(C). It is a compact connected complex
manifold with a commutative group structure. If A has dimension d then A(C) is a

complex torus C?/L for some full lattice L of CY.

A morphism of abelian varieties is a morphism of the underlying algebraic
varieties that preserves the identity element for the group structure. A morphism of

abelian varieties is called an isogeny if it is surjective, and has finite kernel.
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Example 3.2.8. ¢ An elliptic curve over C is a smooth projective variety of
dimension 1 and genus 1 over the complex numbers, with a marked C-valued
point e. They are abelian varieties: the point e uniquely determines the group

law, and serves as a neutral element for it.

o If Fy,..., E, are elliptic curves, then Ey x --- x Ej is a group scheme which is

connected, smooth and projective, hence an abelian variety of dimension g.

3.3 Formal Group Laws and Elliptic cohomology

3.3.1 Formal group laws

We introduce Formal group laws following [Str19].

Definition 3.3.1. A (one dimensional, commutative) formal group law (FGL) over

a commutative ring with unit R is a formal power series F'(z,y) € R[[z,y]] such that:
1. F(z,0) =z € R[[z]]
2. F(z,y) = F(y,z) € R[[z,y]]
3. F(z, Fly,2)) = F(F(x,),2) € Rllz,9, 2]
4. There is a power series i(z) € R[[z]] such that i(0) = 0 and F(x,i(z)) = 0.

Remark 3.3.2. Condition (4) can be deduced from the other properties. Notice as
well that F(z,y) = 2 +y mod (z,y).

Example 3.3.3. o The additive FGL is defined to be F,(z,y) =  + y and can
be defined over any ring R. It can be obtained from the additive group G,
that we have previously defined as follows. Pick a coordinate at the identity
element 0 € G,(R) = R, and write down the formal power series expansion of

the product map:

Ga(R) x Ga(R) *Ga(R)

3.3.4
(z,y) =z +y. .

o The multiplicative FGL is defined to be F,,,(z,y) =  + y + xy and can be
defined over any ring R. It can be obtained from the multiplicative group G,,

picking as coordinate 1+ x for G,,(R) so that for x = 0 we obtain the identity
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element 1 for the multiplicative group of R. Under this coordinate choice:

Gm(R) X Gp(R) =G (R)

(3.3.5)
1+z,14y) —»1+z)(1+y) =1+ Fy(z,y).

e More generally we can construct a one dimensional commutative FGL from
any one dimensional algebraic group, again simply picking coordinates at the
identity element and considering the power series expansion of the product

map. In this way we obtain a formal group law associated to any elliptic curve.

Definition 3.3.6. A morphism f : I — G between two formal group laws is
f(z) € R[[z]] with no constant term, such that

f(F(z,y)) = G(f(x), f(y))-

It’s an isomorphism if the coefficient of degree 1 is invertible in R, and a strict

isomorphism if it’s precisely the unit 1.

In characteristic zero we can completely classify isomorphism classes of formal

group laws (see for example [Str19, Proposition 3.1}).

Proposition 3.3.7. Let R be a Q-algebra, then for every formal group law F(x,y) €
R[[z,y]], there exists a unique f(x) = x+O(x?) € R[[x]], giving a strict isomorphism
with the additive formal group law. That is such that

f(F(z,y) = f(2) + f(y).
The series f(x) is called a logarithm for F.

Example 3.3.8. Let F(z,y) = = + y + xy be the multiplicative formal group law.
If R is a Q-algebra, then F is isomorphic to the additive formal group law via the
isomorphism

g i) =€ —1=t+t/24+t/6+...

3.3.2 Non-equivariant elliptic cohomology

We give a brief introduction to non-equivariant elliptic cohomology following [Lur09],
and we explain the connection with formal group laws.

Let A be a “nice” (non-equivariant) cohomology theory. More precisely
we want A to be multiplicative: A*(X) is a graded commutative ring for every

topological space X, even: A*(x) is concentrated in even degrees, and periodic:
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there exists an invertible element in A=2(%). Under these assumptions the Atiyah-
Hirzebruch spectral sequence for the space CP* degenerates at the second page and

its cohomology is (noncanonically) isomorphic to a formal power series ring
A*(CP*®) = R][t]]

over the commutative ring R := A°(x). The parameter ¢ is a complex orientation for
A, and can be seen as the first Chern class of the universal line bundle O(1) over CP*.
Moreover once we make a choice for ¢ we can define first Chern classes for any complex
line bundle over any space X. The space CP* then is of fundamental importance
since it classifies complex line bundles. In particular we have an associative and

commutative multiplication
m : CP* x CP* — CP* (3.3.9)

which classifies the operation of forming tensor product of two line bundles. The
space CP* x CP° is the classifying space for pairs of complex line bundles, and

again by the Atiyah-Hirzebruch spectral sequence:
A*(CPOO X (CPOO) = R[[tl,tg]]

where t1 and to are the pullbacks of ¢ along the projections CP>* x CP*® — CP* into

the first and second factor. Under this last isomorphism the map (3.3.9) induces:

R[] & A*(CP®) ™5 A*(CP™ x CP™) 2 RJ[[t,, 5]

t S Pty 1)

sending the parameter t to a certain power series F'(t1,t2). Commutativity and
associativity of (3.3.9) imply that F'(t1,%2) is a one dimensional commutative formal

group law over R.

Example 3.3.10. e When A is periodic ordinary cohomology, the associated

formal group law is the additive formal group law F, (1, t2).

e When A is complex K-theory, the associated formal group law is the multi-

plicative formal group law F,(t1,t2).

Definition 3.3.11. An elliptic cohomology theory is an even periodic multiplicative
cohomology theory together with a choice of elliptic curve and a choice of isomorphism
between the formal group associated to the cohomology theory and the formal group

associated to the elliptic curve.
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3.4 Complex abelian surfaces

In this section we want to recollect some results from [Bea96] about complex abelian
surfaces. Therefore in all this section S = F X Es is the product of two elliptic curves,
namely a complex abelian variety of dimension 2. By “sheaf” we mean coherent
algebraic sheaf, and by Serre’s “GAGA theorem” [Ser56] there is a bijection between
algebraic and analytic coherent sheaves which preserves exactness and cohomology.
We denote Og the structure sheaf of S, and K(S) the function field of S: the stalk
of the structure sheaf Og at the generic point of S.

Since we are working on a smooth variety Cartier and Weil divisors are the
same and we can use the generic term divisor D on S, i.e. D is a finite sum with
integer coefficients of irreducible closed subvarieties of S of codimension 1 (curves).
The divisor D is said to be effective when all the coefficients are > 0 and D > D’ if
D — D' is effective. The divisor D is said to be principal if there is a rational function
f € K(S) such that Div(f) = D. Two divisors are said to be linearly equivalent
when they differ by a principal one.

The Picard group of S, Pic(S), is the group of isomorphism classes of invertible
sheaves (or of line bundles) on S. To every divisor D on S there corresponds an

invertible sheaf Og(D) that associates to any open U of S:
IU,0s(D)) ={f € K(S) | Div(f)+ D >00on U} U{0}

The map D — Og(D) identifies Pic(.S) with the group of linear equivalence classes
of divisors on S.

The Picard group of a surface carries a symmetric bilinear form.

Definition 3.4.1. Let C and C’ be two distinct irreducible curves on a surface S,
and x € CNC'. If f and g are respectively an equation for C' and C’ in Og, then
the intersection multiplicity of C' and C’ at z is defined to be:

m,(C'NC") = dime Osz/(f, g)-

Remark 3.4.2. We notice immediately that m,(C N C’) =1 if and only if f and
g generate the maximal ideal, i.e. they form a system of local coordinates in a

neighbourhood of z. In this case C' and C’ are said to be transverse in x.

Definition 3.4.3. If C' and C’ are two distinct irreducible curves on S, the inter-
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section number (C.C") is defined by:

cch= > m(CNnC). (3.4.4)
zeCnc’

For any sheaf L on S let x(L) = Y ;(=1)'h(S,L) be the Euler-Poincaré
characteristic of L, where h'(L) = dim¢c H'(S, L).

Definition 3.4.5. For L and L’ in Pic(S), define:
(L.L') = x(Os) = x(L7") = x(L' ) + x(LT' @ L'71). (3.4.6)

Theorem 3.4.7 (Theorem 1.4 of [Bea96]). The equation (3.4.6) defines a symmetric
bilinear form on Pic(S) such that if C and C' are two distinct irreducible curves on
S with associated line bundles Og(C) and Og(C’), then:

(0s(C).05(C") = (C.C").
With the right hand side defined by (3.4.4).
Definition 3.4.8. If D and D’ are two divisors on S, define:
(D.D") := (0O5(D).0Og(D")) (3.4.9)

Remark 3.4.10. By Theorem 3.4.7 to compute (3.4.9) we can replace any of the

divisors with a linearly equivalent one.

Let wg be the line bundle of differential 2-forms on S. It is common to denote
Kg any divisor such that Og(Kg) = wg, and call Kg a canonical divisor. Serre
duality is one of the most used tools in cohomology [Bea96, Theorem I.1]. For any

line bundle L on S, the cup-product pairing defines a duality
HY(S,L)® H*(S,ws ® L") — H?(S,ws) = C. (3.4.11)
In terms of divisors we have for 0 <7 < 2:
hY(D) = h*"*(—D) (3.4.12)

where h'(D) = h*(Os(D)). This is because since S is an abelian surface By [Bea96,

Corollary VIIL.7] the canonical divisor Ky is linearly equivalent to zero and wg = Og.
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By [Bea96, Theorem VIII.2] we have the cohomology groups for the structure sheaf:
RP(0g) =1  h'(Os)=2  h*0s) =1 (3.4.13)

implying x(Og) = 0. Since both the canonical divisor and the Euler-Poincaré
characteristic of the structure sheaf are zero, Riemann-Roch for surfaces [Bea96,

Theorem 1.12] simplifies in:
1
x(0Os(D)) = §(D.D). (3.4.14)

The genus formula [Bea96, p. 1.15] provides us with another tool. If C' is an irreducible
curve on the surface S, then the genus of the curve, defined as g(C) = h'(C, O¢), is
given by:

9(C) =1+ 5(C.0). (3.4.15)
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Chapter 4

Building T?-equivariant elliptic

cohomology

Let G = T? be our fixed group of equivariance. This chapter is devoted in building
our theory for rational G-equivariant elliptic cohomology ECq € A(G), and it consists
of the entirety of [Bar22a]. More precisely we want to prove the following, which is

the main Theorem of the chapter.

Theorem 4.0.1. For every elliptic curve C over C and coordinate t. € Oc.c, there
exists an object ECo € A(G) whose associated rational G-equivariant cohomology
theory ECE () is 2-periodic. The value on the one point compactification SV for a
complex G-representation V with V& = 0 is given in terms of the sheaf cohomology

of a line bundle O(—Dy) over the complex abelian surface X = Xg =C x C:

HY(X,0(-Dy)) ® H*(X,0(-D n even

pen(sv) = [HFOCDV) @ (X, 0-Dy) o2
HY(X,0(-Dy)) n odd.

The construction of the object can be found in Section 4.4 while the compu-

tation on spheres is Theorem 4.5.1. This theorem suggests the following conjecture.

Conjecture 4.0.3. There exists an exact functor of triangulated categories Spg —
D(QCoh(X)) that sends SV to O(—Dy). From this one could recover Theorem 4.0.1
by applying the cohomology functor D(QCoh(X)) — QCoh(X)..

To construct ECq we proceed as follows. We build an exact sequence of three
injective objects in A(G):
Ip 2% 1, 25 1, — 0. (4.0.4)

and we define ECq as the kernel of (g, so that this sequence is an injective resolution
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of our theory in A(G). In this way in computing ECg(S") via the Adams Spectral
sequence we use (4.0.4), so we only need to build it with the right geometric inputs.

The main input is the Cousin complex of the structure sheaf of the variety
X. To every subgroup H of G we associate a subvariety X(H) of X of the same
dimension. We need to change the topology on X from the Zarisky one to a new one
we call TP-topology (torsion point topology) that focuses only on the subvarieties
.’%(H ). The TP-topology XTF basically copies the poset structure of the subgroups
of G with a poset of irreducible closed subsets. An essential aspect is that Zarisky
coherent sheaves have the same cohomology in the TP-topology.

Consider the sheaf Cousin complex of the pushforward of the Zariski structure
sheaf of X that we denote OLF. We show this is a flabby resolution of OXF whose
n-th term decomposes as a direct sum over the irreducible closed subsets of XTF
of codimension n. In complete analogy the n-th term of the sequence (4.0.4) we
want to build will encode information of the cohomology theory at the subgroups of
codimension n. Therefore for every subgroup H we can use the term in the Cousin
complex over X(H) to build (4.0.4).

To compute the value of the theory on a sphere of complex representation
SV, with V& = 0 we use the Adams Spectral sequence, and the injective resolution
(4.0.4). Computations are directly reduced to the Cousin complex of OLF twisted
by the coherent sheaf O(—Dy ), giving its cohomology as a result.

4.0.1 Structure of the chapter

For all the chapter G = T? is our fixed group of equivariance, and we have also fixed
an elliptic curve C over C. In Section 4.1 we associate to every subgroup H of G
a subvariety X(H) of X (Definition 4.1.3) and we prove its properties: the most
important property is Lemma 4.1.17. In Section 4.2 we define the TP-topology on X
(Definition 4.2.1), and the main result of the section is Corollary 4.2.8. In Section 4.3
we introduce the sheaf Cousin complex (4.3.2), and we prove it is a flabby resolution
(Corollary 4.3.7). Section 4.4 is the core of the construction. We start by defining
EC¢ (Definition 4.4.2) and discussing its formality, while the rest of the section deals
with the hard work of building (4.0.4). We conclude by proving exactness of the
injective resolution: Lemma 4.4.48. In the final section we compute ECs(SY): in
Theorem 4.5.11 we have that the second page of the Adams spectral sequence is the
cohomology of the sheaf O(—Dy ), forging the direct link with the geometry of C.
We conclude the section extending the computations for virtual negative complex

representations (4.5.34).
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4.1 The correspondence subgroups-subvarieties

The goal of this section is to specify a correspondence between subgroups H of G and
certain subvarieties X(H) of X. We have fixed an elliptic curve C over the complex
numbers which defines a functor X from compact abelian Lie groups to complex

manifolds.

Definition 4.1.1. If H is a compact abelian Lie group and C our fixed elliptic curve,
define
X(H) := Homap(H™,C). (4.1.2)

Where we are considering group homomorphisms, and H* := Hom(H,T) is the

character group of H: continuous group homomorphisms into the circle group T.

Let X := X(G) be the complex abelian surface defined by the 2-torus. The
functor X is exact and induces an embedding X(H) < X for every subgroup H of G.
Moreover X(H) has the same dimension as H and is a subgroup of X. We will only
be interested in the functor (4.1.2) on subgroups of G, and therefore all the varieties
X(H) will be subvarieties of X'.

Definition 4.1.3. For every subgroup H of G define

X(H) = %(H)\ |Jx(K) (4.1.4)
K

where the union is over all the proper subgroups K of H of finite index in H.

Since the union in (4.1.4) is finite, X(H) is a subvariety of X, that for G itself

coincide with the all surface X

Lemma 4.1.5. For H and K subgroups of G the following properties are satisfied:
e X(HxK)=X(H) x X(K).
e« X(HNK)=X(H)NX(K)

Proof. The first property follows immediately applying the functor X to the exact
sequence
H—— Hx K — K.

For the second one we only need to prove the containment X(H) N X(K) C
X(H N K), since the other containment is immediate from X being a functor. Apply
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the exact functor X to the commutative diagram:

HNK G G/HNK
pm I
Glg xG/K.

In doing so the right vertical maps remains injective, and therefore the kernel of
X(poxp1)is X(HNK). Now it is enough to notice that every element in X(H)NX(K)
is sent to zero by X(pg X p1). O

Remark 4.1.6. Applying this Lemma to H = 1 x T and K = T x 1, we obtain
X=X(G)=X(H)x X(K)=CxC

4.1.1 The codimension 1 case

Let {H;}i>1 be the collection of connected codimension 1 subgroups of G, with
Hi=1xTand Hy =T x 1. Each one of the H; can be written as the kernel of a

nonzero character z; : G — T of G:
H; —— G —25 T. (4.1.7)

Moreover we may choose z; = zfi 24" for a pair of coprime integers (\;, 11;)
not both zero and with p; > 0. Applying the functor X to (4.1.7), the subvariety

X(H;) can be described in the same way as the kernel of the projection m; := X(%;):
X(H;) —— X "5 C. (4.1.8)

Where the relation m; = A;m1 + p;m2 holds now by the group law of the elliptic curve.

Definition 4.1.9. For every ¢ > 1 and j € Z \ {0} we define the character zf of G
post-composing z; with the j-th power map of T. We also define 7rf = .'{(zf ), note

that this map is obtained post-composing m; with the j-th power map in C.

Definition 4.1.10. For every direction 7 > 1 and every j > 1 define the (i, j)-divisor:
D;j = X(H)). (4.1.11)

Where H; f is the subgroup of G with j connected components and identity component
H;.
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Definition 4.1.12. For P € C a point of finite order define:
D;p:= Fi_l(P)

Remark 4.1.13. Notice that X(H}) = 7, 1(C[j]), while D;; = 7, 1(C(j)). Therefore

(2

we have the decompositions:
X)) =Dy= [] Dir
PeC(j)
x(y) =] Dy

jln

(4.1.14)

Remark 4.1.15. From now on we will always refer to m; as the projection along
the i-direction. All the varieties Z{(Hf ), Dij and D; p will all be referred as “along
the i-direction”. We denote D; = D; 1 = D; . = X(H;). Note from (4.1.14) that the
subvarieties along the i-direction D;; are all parallel, disjoint and made up of disjoint
pieces D; p isomorphic to a single copy of C.

4.1.2 The codimension 2 case

If F is a finite subgroup of G, then X(F)) is a finite collection of closed points of X.
The subset X(F) C X(F) satisfies some desirable properties.

Lemma 4.1.16. If F # F' are finite subgroups of G, then X(F) N X(F') = ()

Proof. Suppose Q € X(F) N X(F'), then Q € X(F) N X(F') = X(F N F’"). Without
loss of generality F' N F’ is a proper subgroup of F, and therefore Q ¢ X(F). O

Lemma 4.1.17. Given F' < G finite, then for every direction ¢ > 1 there exists one

and only one index n; = n;(F) > 1 such that
Din, NX(F) # 0,

precisely the only index n; such that H]" is the subgroup generated by H; and F
(Definition 2.5.18). Moreover

X(F) = () Din, (4.1.18)
i>1

Proof. Given a finite subgroup F, for every direction ¢ > 1 let n; be the integer
such that H;" = (H;, F). Since F C H." then X(F') C X(H,"). Recall from (4.1.14)
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the decomposition:
X(H) =[] Dy (4.1.19)

Jlni

We start by proving D;,, N X(F) = () for n # n;:

o If n{n; then D;,, is disjoint from X(F) since from (4.1.19) it is disjoint from

o If n | n; but n # n; then H® C H" and F' ¢ H since n; is the minimum
integer for which the containment is true. Therefore F’ := H]' N F is a proper

subgroup of F', and as such:
D;, NX(F) C X(F')

which implies D; , N X(F) = (.

To prove D;,,, N X(F) # 0 and the second part of the statement we use again
the decomposition (4.1.19). Since X(F) can intersect only D;,, and it is contained
in X(H["), it must be contained in D;,,. It also follows X(F) is contained in the
intersection (4.1.18).

We are left to prove that if Q € ;51 Din,, then Q € X(F). First, for every
direction ¢ > 1, Q € X(H,"), therefore

Q€ [ X(H") = X([| H") = X(F).

i>1 i>1

Now suppose Q € X(F") for a proper subgroup F’ of F. For every ¢ > 1 define n
such that H,* = (H;, F'). Then

NHY=F+F = H".

i>1 i>1

Therefore it exists an index s for which n), # ns, but then Q € D, and Q € Dy

which is absurd since they are disjoint. In conclusion Q € X(F). O
Lemma 4.1.20. For every finite subgroup F < G, the subset X(F) is non empty.

Proof. If F = {1} x {1} is the trivial subgroup we have X({1} x {1}) = X({1} x
{1}) = {e} x{e} #0.
If FF'= Zy X Zyn is a p-group, with p prime and n < m, then applying
Lemma 4.1.5:
X(F) =2 X(Zpn) x X(Zpm) = Clp"] x C[p"].
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Every proper finite subgroup of F' is contained in a maximal one (i.e. proper subgroup
not contained into any other proper subgroup), therefore we can simply consider
the maximal subgroups of F. If F'is cyclic (n = 0 and m > 0) the only maximal

~Y

subgroup of Zym is Zyn-1 and since X(Zym) = C[p™] has p*™ points while X(Z,m-1)

2m—2

has only p we have

If F'is not cyclic, we need to use the following computations and facts. Every maximal

subgroup I’ of F has index p, therefore X(F’) has p?"+2m—2

points. There are exactly
p + 1 maximal subgroups in F. Therefore there are at most (p 4 1)p?™+2"~2 points
contained in g X(F') where F’ ranges on all maximal subgroups of F. Since X(F)
has p?™*2" points and p 4 1 < p? it follows X(F) # 0.
For the general case of a finite subgroup F', decompose it into a product of
P-groups:
F=F, x-xF,.

Applying the previous case we can pick for each prime p; a point Q; € Z%(Fpi). The

point
(Q1,...,Qr) € X(F) 2 X(F),) x - x X(Fp,)

is a point in X(F). Indeed any maximal subgroup F’ of F is of the following form:
pick one of the factors 1 < i < k, and a maximal subgroup Fz/n < F,,, replace I,
with Fj. in the product

/ /
F =Fp X - XF, X XFp.

i

The point (Q1, ..., Q) cannot be in any of these X(F") since Q; ¢ X(F},) for each
i. O

The bottom line is that we have associated to subgroups of G, certain

subvarieties of X of the same dimension:

Codimension Subgroups of G subvarieties of X

0 G X
1 H! D
2 F X(F)
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4.2 Change of topology

In this section we change the topology on the algebraic variety X% = C x C. We

use X% to denote the algebraic variety with the usual Zariski topology.

Definition 4.2.1. Over the set X% define the torsion point topology XTF with
generating closed subsets {D;;};j, where ¢ > 1 and j > 1 (recall the definition of D;;
in (4.1.11)).

Remark 4.2.2. The irreducible closed subsets of X™F are precisely the sets X(H) for
every subgroup H of G. In codimension zero we have only X(G) = X. In codimension
one this is due to the fact that the generating closed sets D;; are disjoint when they
have the same index ¢ and transverse for different values of ¢. In codimension two it
is precisely the content of Lemma 4.1.17: the various X(F) are disjoint, and they

represent all the possible intersections of the codimension one closed subsets.

Remark 4.2.3. A delicate remark is imperative here. The topological space X
is not sober: for example every point in X(F) is a generic point for X(F). To
apply in full the theory of Cousin complexes we will need a sober topological space:
i.e. every closed irreducible subset has a unique generic point. This can be fixed
considering the Kolmogorov quotient of XTF: KQ(&XTT), the space obtained from
XTP by quotienting together the points that belong to exactly the same open subsets.
In this way we obtain a sober topological space: the closed irreducible subsets of
KQ(X™P) are still the sets X(H) and each of these has exactly one generic point.
For the sake of clarity we will work on X" in this section, since it has the same
underlying set as X%, We ask the reader to keep in mind that all the results
we prove for XTP in this section apply word by word to its Kolmogorov quotient
KQ(X™). This is because topologically undistinguishable points have exactly the
same stalks and nothing changes from the point of view of sheaves. In conclusion we
prove all the sheaves result using XY, they apply as well to KQ(XTF), and we use

KQ(X™) when we need a sober topological space for the Cousin complex.

Notice that every subset in the generating collection {D;;};; is a closed subset
also in the Zariski topology. Therefore every TP-open is also a Zariski-open, and we
have a well defined continuous map ¢ : X% — XTP,

4.2.1 The pushforward is exact on quasi-coherent sheaves

Since ¢ is continuous it induces a pair of adjoint functors between the respective

categories of abelian sheaves called pushforward and pullback (or direct and inverse
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image) of sheaves:

o1

7
Ab(XTP) 1 Ab(x%er)
r\_/

O

For F € Ab(X%¥) its pushforward sheaf is defined on a TP-open U by:
(@ F)U) = Fle~'(V))
This defines indeed an abelian sheaf on XTF. Denote by
OF = ¢.(0%"

the pushforward of the Zariski structure sheaf. The space (X1F, O}P) is a ringed
topological space, but not a locally ringed space in contrast with the usual expectation
from algebraic geometry. The map ¢ is also a morphism of ringed spaces, and
therefore the functor ¢, takes O4**-modules to OLF-modules. This gives us another

pair of adjoint functors between the respective categories of modules:

*

©

/\
Mod(XTF) 1 Mod(x?%ar)
f\_/

Px

Remark 4.2.4. The map ¢ : X% — X is a flat map of ringed spaces: i.e. for
every € X% the map of rings (’)}i — Ogj‘; is flat. This is because by Remark
4.2.16 to obtain the Zarisky-stalk we simply need to invert more elements in the

TP-stalk, and localizations are flat maps.

Corollary 4.2.5. The pushforward map @, sends injective objects in Mod(O)Z(aT) to
injectives objects in Mod(OLF)

Proof. By [Stacks, Tag 02N4] the pullback map ¢* : Mod(OXF) — Mod(0%*) is
exact since ¢ is a flat morphism of ringed spaces. Therefore p, preserves injectives

since its left adjoint ¢* is exact. O

The functor ¢, is exact if restricted to the subcategory QCoh(0O%) of quasi-
coherent O?Yar-modules since in the TP-topology we still have an open cover of Zariski

affines:

Lemma 4.2.6. Every point in XTF is contained in a TP-open which is an open

affine in the Zariski topology.
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Proof. In X%%" the complement of the union of two TP-closed subsets D;; and
D, along different directions (i # r) is a TP-open which is affine in the Zariski
topology. O

Corollary 4.2.7. The functor ¢, restricted to QCoh(O%%") is exact.

Proof. Consider a point € XTP, applying Lemma 4.2.6 we can compute the TP-
stalk at x as a colimit over TP-opens that are open affines in the Zariski topology. By
[Har77, Theorem 3.5] taking sections over an open affine I'(Spec(R), F) for a quasi-
coherent Zariski sheaf F is an exact functor. Therefore the functor F — (@ (F)), is

exact since it is a colimit of exact functors. O

Corollary 4.2.8. If F € QCoh(0O%") then:
H* (X7, F) = H (X, p.(F)) (4.2.9)

Proof. By Gabber’s result [Stacks, Tag 077K] the category QCoh(X%*) has
enough injectives. Therefore consider an injective resolution of F in the category
QCoh(XxZar):;

O—-F—=Iy—->1H—...

Applying the functor ¢, we obtain an injective resolution of ¢,F in Mod(O%F):

This is because X% is a noetherian scheme, and therefore the injective objects in
QCoh(XZar) are precisely the injective objects in Mod (%) that are quasi-coherent.
By Corollary 4.2.5 ¢, preserves injectives in Mod(O%*) and by Corollary 4.2.7 is

exact on QCoh(O%). It is enough now to notice that
D(X% 1) = T(XT . 1,).

O]

Notation 4.2.11. We will denote by H*(X,F) the common value of these two

cohomologies.

We are interested in explicitly computing the TP-topology stalks of the
pushforward of a Zariski-sheaf F.
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o If z = n(X™) is a generic point of the whole space, we can take a colimit of

complements of increasingly bigger unions of the D;;:

(puF)e = lim F(X\ | Dy). (4.2.12)
n—00 ij<n

For F = (’)gj‘r the colimit above picks the regular functions on the complement of
increasingly bigger unions of the D;;. This yields those meromorphic functions

on X% that are allowed poles only in the collection {D;;}.

K= (’))T(i = {f € K(X%T) | fis allowed poles only at {D;;}}.  (4.2.13)

o If x =n(D;j;) is a generic point of a generating closed subset, simply skip D;;
itself in (4.2.12). For F = O%" this yields:

Op,; = O)T(i = {f € K| fis regular at D;;}. (4.2.14)

We also denote m;; < O p;; the ideal of those functions vanishing at D;;.

o If x € X(F) (which automatically makes it also a generic point for X(F)), then
in (4.2.12) simply skip all the D;; containing X(F). By Lemma 4.1.17 for every
direction i > 1, only D;,, contains X(F). Therefore:

Op = O};l’)m ={fekK|Vi>1, fis regular at D; p, }. (4.2.15)

We also denote mp < O the ideal of those functions vanishing at X(F).

Remark 4.2.16. When F is a quasi-coherent O4*"-module we can use commutative
algebra to compute the stalk at a point € XTP. Pick a TP-open containing the
point which is an open affine in the Zariski topology (Lemma 4.2.6): U = Spec(R).
Then F restricted to that open is isomorphic to the sheaf M for an R-module
M. Modulo restricting the affine open U, deleting the closed subset D;; from U
corresponds to inverting those elements in R that vanish at D;;. Therefore the stalk
at x in the TP-topology is S~'M for the multiplicatively closed subset S generated
by those elements vanishing at TP-closed subsets. Notice that it is exactly as in
the Zariski topology, with the only difference that instead of inverting everything
outside that prime, we invert just those elements outside that prime corresponding

to the generating closed subsets for the TP-topology.
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4.2.2 Choice of coordinates

The aim of this subsection is to build a set of uniformizers for the subvarieties D;;
with respect to the TP-topology. We construct them over the algebraic variety X
with its normal Zariski topology, but notice that they are defined for the TP-topology
as well (they belong in K). All the uniformizers we build here only depend upon a
choice of a coordinate t. € O¢ . vanishing to the first order at e, and with poles only
at points of finite order of C.

We begin by recalling the definition of the TP-topology for the single elliptic
curve [Gre05, Definition 7.1]:

Definition 4.2.17. Over the set C define the torsion point topology CT¥ with
generating closed subsets {C(n)},>1, where C(n) are the elements of exact order n
in C.

This is a ringed topological space with the pushforward of the structure sheaf:
oz,

Definition 4.2.18. The fundamental ring is the stalk at the generic point:

Kt = OEE(C) ={fe /C(Czar) | f has poles only at points of finite order of C}.
(4.2.19)

Likewise [Gre05, Definition 8.2] choose a coordinate for C at e:

Definition 4.2.20. Define the function ¢, € (’)g};’ C Oc¢ . with divisor e—3C(2)+C(3).
The existence is guaranteed by Abel-Jacobi (Lemma 4.4.51), and moreover it is

unique up to scalar multiple. Notice it vanishes to the first order at e.

Remark 4.2.21. We denote m, < O¢,. the maximal ideal of those functions
vanishing at e. Then m, is principal with generator t., and the same is true if we
restrict m, to OE P Note that by [Hocll, Proposition 8.1] we obtain the same result
if we complete those two rings with respect to those two maximal ideals:

(OFE)m. 2 (Oc.e)m. = Cl[te]]. (4.2.22)

Me

Elements in (4.2.22) are functions defined in a formal neighbourhood of the identity
of C, and can be written as formal power series with complex coefficients in the

variable t..

The isomorphism X = C x C is given through the two projections 7 : X — C
and w2 : X — C. The pullbacks of the coordinate: t; := 7j(t.) and t2 = w5 (t.)
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respectively define uniformizers for D; = {e} x C and Dy = C x {e} and together
they generate the maximal ideal m in the stalk Ox o of those functions that vanishes

at O = (e,e). Exactly as before when we complete with respect to m we get
(Ox,0)m = Cllt1, ta]].

This is a way to manifest the formal group law of the elliptic curve C. If
g: X =C xC — C is the group law of the elliptic curve, we have an induced map on

the completed rings

9" : Cllte]] = (Oc.e)m, = (Ox,0)m = Cl[t1, t2]]
te > F(t1,t2)

The element F'(t1,t2) is the formal group law of the elliptic curve C with respect to
the uniformizer t.. Since we are over a field of characteristic zero by Proposition
3.3.7 there exists a unique logarithm for F', namely a strict isomorphism with the

additive formal group law:

Lemma 4.2.23. There ezists a unique element t. € ((’)076)%6 that can be written as

a formal power series with complex coefficients:

te = f(te) = > agtt € C[[t]] (4.2.24)
k=1
with oy = 1 and such that

f(F(t1,t2)) = f(t1) + [(t2).

As an immediate corollary:

Corollary 4.2.25. Given two integers r,s € Z the linear map

xecxe ™
(4.2.26)

(x,y) — rx + sy

induces on the completed local rings a map:
(r,5)" + (Oc.e)m, = (Ox,0)m

such that
(r,8)"(f(te)) = rf(t1) + sf(t2).
We can now simply pullback ¢, and £, along the various projections 77{ X = C
(Definition 4.1.9). Note that 7rzj = (jAi,jpi) is a linear map of the kind of (4.2.26),
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and therefore it induces maps on the completed and uncompleted local rings at the

identities.

Definition 4.2.27. For every ¢ > 1 and j > 1 define the coordinate

tij = (11)*(te) € Ox 0 (4.2.28)

7

Remark 4.2.29. Since ¢, € OE E we have that ¢;; € K, namely it has poles only in
the collection of generating closed for the TP-topology. Moreover t;; vanishes at first
order at Z{(Hl]) and therefore at D;;. This yields t;; € Op,; (defined in (4.2.14)),

and that it generates the principal ideal m;; of those functions vanishing at D;;.

Definition 4.2.30. For every ¢ > 1 and j > 1 define the completed coordinate
tij o= (n])*(te) € (Ox.0)m = (OF0)n, (4.2.31)

Remark 4.2.32. Note that (773)* : (Oce)m. = (Ox,0)p, is a continuous map of
completed rings over C, therefore fij can be expressed using the power series (4.2.24)

in the variable t;;:
[o.¢] (o)
fij = (m)) (O auth) = ot (4.2.33)
k=1 k=1

A

From this expansion it is transparent that ;; € (O Dys )i

4.3 Cousin complex

The aim of this section is to prove that the Cousin complex of the structure sheaf
0= O}P for the TP-topology is a flabby resolution of @. We conveniently already
introduced all the results we need from [Har66, Chapter 4] in Section 3.1. To apply
in full that section we need a sober topological space, and XTF is not sober as
discussed in Remark 4.2.3. To fix this issue we substitute X with its Kolmogorov
quotient to obtain a sober space. We note as explained in Remark 4.2.3 that all the
other results including the ones in the previous section apply indifferently to XTP
and its Kolmogorov quotient. We do not change notation for it, and we highlight
that being sober is necessary in particular for the filtration (3.1.13), and for the
splitting (3.1.16), where we need to index on the generic points of the irreducible
closed subsets. Everything we say about stalks, sheaves, sections and supports apply
unchanged to XTF and its Kolmogorov quotient.

On the Kolmogorov quotient X" we consider the codimension filtration
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XTP = 70 5 7V 5 72 5 73 = () where

7" .= {z € X | codim(z) > n}.
they satisfy Hypothesis 3.1.11, so we obtain the following Corollary to Proposition
3.1.14:

Corollary 4.3.1. Since the Kolmogorov quotient X 77 with the codimension filtration
satisfy Hypothesis 3.1.11, by Proposition 3.1.14 we can consider the Cousin complex
of O = O};p:

O — tx(H%(0) © @ wp,,(Hb, (0)) ™ D r(H3(0)) — 0. (4.32)
F

i,5>1

where the sheaf 17(M) denotes the constant sheaf with value M on the closed subset
Z, and H}(F) is defined in 3.1.6.

Notation 4.3.3. When the point z is the generic point of a closed subset Z we will
abbreviate Hy , (F) with 7 (F). Moreover we use Lp(H%(0O)) for L¥(F) (H%(F)(O)).

Proof. The Kolmogorov quotient X™" is sober and locally Noetherian (we have
explicitly forced the first condition), and the remaining conditions are satisfied by

the codimension filtration. Moreover notice that Z3 = () and
o 20\ Z = {n(X™P)}.
« Z'\ Z* = {n(Dij)}ij>1-
o 72\ 73 = {n(X(F))}r, where F ranges over all finite subgroups of G.

so that the decomposition (3.1.16) gives us the terms of (4.3.2). O

4.3.1 The Cousin complex is a flabby resolution

We want to show that the Cousin complex (4.3.2) of O is a flabby resolution of
O, namely that O is Cohen-Macaulay. We use Proposition 3.1.17 proving that O

satisfies the second condition. First we need the following Lemma.

Lemma 4.3.4. Let Z be an irreducible TP-closed subset. Then in a TP-open subset
U = Spec(R) which is affine in the Zariski topology, for any quasi-coherent (’)/{‘”—

module F the sections in F(U) with support in Z are the same in both topologies:

F%@T(U, F) = ng(Ua QO*.F)
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Moreover their right derived functors are isomorphic:

Proof. First let us prove the containment I'LF (U, o, F) C T4 (U, F). If s € F(U)
is a section whose TP-support is contained in Z then its Zariski-support is also
contained in Z. If z € U \ Z, by Remark 4.2.16, modulo restricting U, the section s
is zero in the Zariski-stalk at x since it is already zero in the TP-stalk at x where
less elements are inverted.

Let us prove the other containment I'4* (U, F) C I'LF (U, o F). If s € F(U)
is a section whose Zariski-support is contained in Z, then by Lemma 4.2.6 there
exists n > 0 such that Z(U)"s = 0, where Z is the ideal sheaf of Z. If x € U \ Z, by
Remark 4.2.16, modulo restricting U, to obtain the TP-stalk at = from F(U) we
are inverting at least one element in Z(U). If none of the elements in Z(U) were
inverted, then every D;; containing Z will also contain x, implying x € Z since Z is
irreducible in the TP-topology, giving us a contradiction. In conclusion the section s
is zero in the TP-stalk at x since Z(U)"s = 0 and at least one element of Z(U) is
inverted in the TP-stalk.

To show that their right derived functors are isomorphic use the same argument
of Corollary 4.2.8. Pick an injective resolution of F in quasi-coherent (’)?j“—modules.
Applying the pushforward ¢, to this injective resolution we obtain an injective
resolution of ¢, F in OTF-modules. By [Har66, IV, theme motif C] flabby sheaves
are acyclic with respect to the functor I'z(U, ) and therefore we can use these two

resolutions to compute local cohomology. O

Corollary 4.3.5. If F is a quasi-coherent (’))Z(‘””

-module Cohen-Macaulay with respect
to the codimension filtration in X297, then @, F is Cohen-Macaulay with respect to

the codimension filtration in XTF.

Proof. We prove that for the sheaf p,(F) condition (2) of Proposition 3.1.17 is
satisfied. Since the Hypothesis 3.1.11 are satisfied then by [Har66, Lemma 2.4] we
only need to prove condition (2) when i < n since for ¢ > n is automatically satisfied.
Therefore we need to show that for every € XTF with closure Z and i < codim(z)

we have:
Ho(0uF) = (Hy (9o F))e =0 (4.3.6)

where the first isomorphism is (3.1.9). By Lemma 4.2.6 the TP-stalk (4.3.6) can be

computed using TP-open subsets which are open affines in the Zariski topology, and
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given such an open U, using Lemma 4.3.4:
Hy (¢ F)(U) = Hy (U, p.(F)) = Hy(U,F) = 0.

This equals zero since F is Cohen-Macaulay with respect to the codimension filtration
in the scheme O, therefore condition (1) of Proposition 3.1.17 is satisfied and
i < codim(Z2). O

Corollary 4.3.7. The Cousin complex (4.3.2) of O is a Flabby resolution of O.

Proof. The structure sheaf O/ZYar is Cohen-Macaulay with respect to the codimen-
sion filtration in X% [Har66, Example pg. 239], therefore by Corollary 4.3.5 its
pushforward gp*(O/ZYar) = O is Cohen-Macaulay with respect to the codimension
filtration in XTP. This means that O satisfies condition (3) of Proposition 3.1.17

and its Cousin complex is a Flabby resolution of O. O

4.3.2 Explicit description of the Cousin complex

We want to give an explicit description of the local cohomology terms appearing
in the Cousin complex of O. For this task let us extend Theorem 3.1.20 to the
TP-topology.

Lemma 4.3.8. Let x be a point in X TF with TP-closure Z, and T be the O)Z("“T—ideal
sheaf associated to Z. The ideal m := (psI)y is a well defined ideal of the ring (’);{;.

Then the two local cohomology functors

Lo(@uF) = Tin (9 F)z) (4.3.9)

agree on pushforward of quasi-coherent O4%-modules F. As a consequence also their

right derived functors agree on the same class:
Ho (o F) = Hpy ((05F) ) (4.3.10)

Proof. Let us first prove the containment I'; (¢« F) C I, ((9sF)z). If o € T'p(puF),
then by definition of ', (3.1.7) there exists a TP-open U (that by Lemma 4.2.6 we
can take to be affine for the Zariski-topology) and a section s € F(U) representing
the germ « such that supp'F(s) C Z. Therefore

s € IV (U, 0. F) =T5(U, F) = Ty (F(U)) (4.3.11)
where the first equality is Lemma 4.3.4 and the second one is Theorem 3.1.20. By
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definition of I'z(ryy (3.1.19) there is n > 0 such that Z(U)"s = 0. By Remark
4.2.16 simply invert the appropriate elements to obtain the equality m"”« = 0 in the
TP-stalk at «.

Let us prove the other containment I'y,((¢sF)z) € Tz(peF). If a €
L ((@«F)z), there exists n > 0 such that m™a = 0. The ideal m is finitely generated,
therefore also m™ is finitely generated as well. This implies that we can find a
TP-open U affine for the Zariski topology containing x and a section s representing
the germ « such that Z(U)"s = 0. Using again the chain of equalities (4.3.11) the
TP-support of s is contained in Z and since (s, U) represents the germ « we obtain
a € Iy(piF).

To prove (4.3.10) use the same argument of Corollary 4.2.8. Pick an injective
resolution of F in quasi-coherent O?Yar—modules. Applying the pushforward ¢, to
this injective resolution we obtain an injective resolution of w,F in (’)};P—modules.
The TP-stalk at = of this last resolution is an injective resolution of (p.F)y in
(’)};i—modules, since taking the stalk preserves injectives. By the equality (4.3.9)
just proven we obtain the isomorphism between the respective right-derived functors
(4.3.10). O

Corollary 4.3.12. For every ij > 1 we have the isomorphism
Hp,, (0) =Ko, . (4.3.13)

With K and Op,, defined in (4.2.13), and (4.1.11).
Proof. Notice the chain of isomorphisms:

Opylti™'] K

ij

ij

where the first isomorphism is Lemma 4.3.8, and the second one is the computation
of local cohomology by means of the stable Koszul complex (see for example [Hun07,
pag. T7]), since t;; defined in (4.2.28) generates the principal ideal m;; of those
vanishing at D;;. O

Proposition 4.3.14. Let F' be a finite subgroup of G and x = n(X(F')) be the generic
(and only) point of X(F) in the Kolmogorov quotient X T°. Then the TP-stalk at x
of the Cousin complex (4.3.2) is

Or — K2 PK/lo, D HEO) 0. (4.3.15)

1,
i>1 ¢
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Moreover the sequence (4.3.15) is an exact sequence of Op = Oy-modules.

Proof. First of all (CC°(0)), = K simply computing
H%(0) = O, xrry = K. (4.3.16)

The next term is (CC1(O))s = B> /C/(')Di _, since by Lemma 4.1.17 for
every i > 1 the only D;; containing X(F) is Dml, Zand the local cohomology is
described in (4.3.13).

The last term is (CC?(0)), = HZ%(O) since by Lemma 4.1.16 if F' # F is
another finite subgroup of G, then X(F’) and X(F) are disjoint.

The sequence of O modules (4.3.15) is exact since by Corollary 4.3.7 the

Cousin complex of O is a flabby resolution of O. O

We can use exactness of (4.3.15) to explicitly describe also the last local

cohomology term:

HE(0) = (D K/op,, /K. (4.3.17)

i>1
We conclude the section considering the global sections of the Cousin complex
(4.3.2), which will provide all the geometric inputs needed later in the construction
of ECq:
ro) — K% @@ K/0b,) & BHEO) =0 (4.3.18)
F

i>1 j>1
4.4 The main construction

We are now ready to construct ECq. Recall that G = T? is the 2-torus, and that
we have fixed an elliptic curve C over C together with a coordinate ¢, € OE P COce
(Definition 4.2.20). We define EC; € A(G) from an exact sequence of injective
objects in A(G):

Ih 221, 251, —%50. (4.4.1)

Definition 4.4.2. Define ECq := Ker(po) € A(G).

Remark 4.4.3. The sequence

0 —— ECq Tp 251 251, —25 0 (4.4.4)

is exact and it is an injective resolution of ECq in A(G).

Remark 4.4.5. A priori since ECg needs to be defined in the model category dA(G)

if we define it as the kernel of ¢y and we see it as an object in dA(G) without
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differential, still our construction will depend upon choices of lifts of pg and ¢ to
the model category dA(G) since they are maps in the homotopy category A(G). A
more generally applicable method is to define our theory as the following object EC,
which is equivalent to ECq. It is a special feature of the object ECq € A(G) that it

is intrinsically formal, so that we are able to give the simpler definition 4.4.2.

Definition 4.4.6. Consider (4.4.1) as a sequence in dA(G). The map ¢( factors
through a map @ : Iy — Fib(¢1) (where Fib(g1) is the fibre of ¢ in dA(G)). Define
EC{, := Fib(gp). Moreover by Lemma 4.4.15 ECy, ~ ECg, so they represent the

same cohomology theory.

In turn the injectives are constructed by 2.5.41:

Io = fe(V(G) Th=@fm@VEH) L:=AHEVEF) (4.4.7)

i>1 >1 F

for a graded injective H*(BG/G)-module V(G), a graded torsion injective H*(BG/HZJ)—
module V(H,f) for every ij > 1 and a graded torsion injective H*(BG/F')-module
V(F) for every finite subgroup F' of G.

Remark 4.4.8. Notice that the objects are indeed injective by 2.5.45 and 2.5.46.

We start in 4.4.1 by proving formality of ECf. The bulk of the section is the
explicit construction of (4.4.1): the objects are built in 4.4.2, 4.4.3 and 4.4.4, while
the maps are built in 4.4.5 and 4.4.6. We conclude proving exactness of (4.4.1) in
4.4.7. All the inputs needed to build (4.4.1) come from the global sections of the
Cousin complex (4.3.18).

Notation 4.4.9. In all this section the local cohomology modules are the ones in
the Cousin complex (4.3.2), therefore we will omit the sheaf O from the notation
and denote H%(0) by H%.

4.4.1 Formality

Starting from the exact sequence of injectives (4.4.1) we detail the construction of
EC{, and prove it is formal, so that ECy ~ ECg.

Note there is a natural inclusion ¢ : A(G) — d.A(G) obtained simply regarding
an object of A(G) as an object of dA(G) with zero differential. There is also another
functor H, : dA(G) — A(G) obtained taking the homology of the object with

differential.

Definition 4.4.10. An object X € dA(G) is said to be formal when it is quasi-
isomorphic to its homology H.(X).
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Definition 4.4.11. For a map ¢ : X — Y in dA(G) the fibre Fib(p) € dA(G) is
defined at the level n by: Fib(¢), = X;, @ Y41, with differential dpy, () that on the
Y component is simply the differential of Y, and on the X component is the direct

sum of the differential of X with the map ¢ itself:

Xn ¥ Yn+1
e o e
Xn—l & Yn

Remark 4.4.13. For a map ¢ : X — Y between objects in A(G) we have two
ways to consider the kernel. We have a well defined kernel Ker(y) € A(G) with no
differential in the abelian category A(G), or we can consider ¢ as a map in dA(G)
through the inclusion ¢ and consider the fibre of that map Fib(y) € dA(G) which is

an object with differential.
When the map is surjective these two objects are equivalent:

Lemma 4.4.14. If ¢ : X — Y is a surjective map in A(G), then there is an
homology isomorphism 1(Ker(¢)) = Fib(p).

Proof. Since X and Y have no differential, in (4.4.12) we only have the map ¢
as differential. There is an obvious inclusion map i : Ker(¢) — Fib(y) that on
each level includes the kernel in the X-component of the fibre. It is easy to check
it commutes with the differentials since the kernel has zero differential and the
composition dpj,(,) © @ is zero as well. Since ¢ is surjective, the image of dpj ()
is the full Y,, component at each level, while the kernel is Ker(p),, C X,, at each
level. Therefore when we take the homology of dpyy(,), the inclusion i induces an

isomorphism. O

Consider the following diagram:

Fib(¢o)

Ker (o) Io

Ker(p1) —— Fib(p1)

the map g factors trough a map @y := i o pg where g is the map that g induces
to the kernel. Recall EC/, = Fib(gy) and ECq = Ker(po)
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Lemma 4.4.15. The object EC(; is formal, therefore EC;, ~ H*(EC,) = ECg.
Proof. Consider the fibre of ¢y, which fits in a commutative diagram in dA(G):

Fib(gy) —— Iy —2 Fib(p1)

T, T

Fib(gy) —— In —2% Ker(ip1)
Both rows induce a long exact sequence in homology, and applying Lemma 4.4.14
the right vertical inclusion is an homology isomorphism, since ¢ is surjective. As
a consequence also the left vertical map is an homology isomorphism. Now it is
enough to notice that also ¢g is a surjective map in A(G) because the sequence is
exact at I;, therefore applying again the lemma we have an homology isomorphism

Ker (o) — Fib(gp). Summing up we have a chain of homology isomorphisms:

~

ECq = Ker(pg) = Ker(gpg) = Fib(¢o) = Fib(y) = ECy.
Since EC¢ is without differential we obtain H,(EC}) = ECq, and EC(, is formal. [

4.4.2 Building I,.

Associated to the whole group G in the Cousin complex we have the codimension
0 piece HY = K (defined in (4.2.13)). This is a Q-vector space, that we can make
graded 2-periodic. Simply consider the 2-periodic version K that has a copy of K in
each even dimension and zero in odd dimensions (in general we will always use this
notation for this 2-periodic operation). This is our graded injective H*(BG/G) = Q-
module V(G) := K:

Ip := fa(K) (4.4.16)

4.4.3 Building I;.

Associated to every codimension one subgroup sz we have the codimension one
subvariety D;;, and the associated codimension one piece in the Cousin complex
’H})Z_J_. Recall from (2.5.17) the isomorphism H*(BG/ HZ] ) = QJc;;] and the definition
of the ring Op,; and ideal m;; in (4.2.14).

Lemma 4.4.17. The module ’Hbij is a torsion injective H*(BG/H]) = Q[c;]-

module, where the action is defined by restriction along the ring map
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that sends c;j = e(zg) to t;; (defined in (4.2.31)).

To define this action we will need to switch to the completed rings. For the

task we will use the following well-known fact:
Lemma 4.4.18. If I is a finitely generated ideal of the Noetherian ring R, then for
every finitely generated R-module M :

Hj(M) = H{(M}).

The second local cohomology is computed with respect to the completed ring R}.

Proof. By [Gre07, Lemma 2.4] since I and M are finitely generated Hi(M) =
HY(M}). Now simply change the base ring along the map R — R/ which preserves
local cohomology [Hun07, Proposition 2.14]: Hi(M}') = H}(MI/\) O

Proof of Lemma 4.4.17. Note the chain of isomorphisms:

—1
(ODz'j )QL”

I

M, = H, (Op,) = HL (On,)h.) (4.4.19)
The first isomorphism is Lemma 4.3.8. The second one is Lemma 4.4.18. The third
isomorphism is simply the computation of local cohomology by means of the stable
Koszul complex ([Hun07]), since #;; generates 7i2;;. From this chain of isomorphisms
it is clear the module H}jij admits an action of fij, and also that is fij—divisible.
Since Qlc;;] is a PID, divisible implies injective and H})Zj is injective.

The more transparent form of the module (4.4.19) and the one we will use
is (4.3.13). From (4.3.13) it is immediate to see that the module is torsion, since
fij adds a zero at D;; to every class, making it regular after a finite number of

iterations. O

By the previous lemma the module H}Dij is torsion injective. Consider the 2-

periodic version Hbij as before, where ¢;; acts as an element of degree —2. This is the
graded torsion injective H* (BG/Hij)—module that we use: V(Hf) = H})ij =K/Op,;-
To build Iy, define the direct sum

T, :=EPK/Op,. (4.4.20)

j>1

by Corollary 2.5.45 and Corollary 2.5.46 the object

L =P fu,(Ty) (4.4.21)

i>1
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is injective and well defined in A(G).

4.4.4 Building I,

Associated to every finite subgroup F' of G we have the codimension two subvariety
X(F), and the codimension two piece in the Cousin complex H2. Recall from (2.5.21)
the isomorphism H*(BG/F) = Q[za,xp], and the definition of the ring Op and
ideal mp in (4.2.15).

Lemma 4.4.22. The module H% is a torsion injective H*(BG/F) = Q[za,zp]-

module, where the action is defined by restriction along the ring map

Qlza, 8] = (OF)n,

that sends x4 = e(2\*) to tan,, and xp = e(23P) to tpny (defined in (4.2.31)).

Proof. We have the chain of isomorphisms:
Hyp = HY (OF) = Hy  ((Op)),,.)- (4.4.23)

The first isomorphism is Lemma 4.3.8, while the second one is Lemma 4.4.18. From
this chain of isomorphisms it is immediate that #% is an (Op);, -module, and
therefore we can define the action of x4 and x g as the action of £ An, and t B,ny Since
mp = (tAn,stBng). Moreover the module is torsion because mp = (tAA,nA,fB,nB)

To prove that ’H% is an injective module we will split it as a direct sum of
local cohomology modules for the Zariski topology and then use regularity. Consider
a TP-open Spec(R) (that we can take to be affine in the Zariski topology) containing
X(F) ={Q1,...Q} (which is a finite collection of closed points in X%*r). Modulo
restricting the open we can consider m; to be the maximal ideal in R associated
to the closed point @;. By Remark 4.2.16: Op = S™!'R for a multiplicatively
closed subset S, therefore in Op the ideal S~'m,; remains maximal, and we can
write mp = S~'my - ST my ... S my. We can now apply Mayer-Vietoris for local
cohomology [Hun07, Theorem 2.3] since {Q1,...Qx} are disjoints, obtaining the
desired splitting;:

We prove now that each factor H2_, (Op) is injective, so that the direct

i

sum is injective as well. First of all notice that by Remark 4.2.16 if we localize at
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S~1m; we obtain the local ring for the Zariski structure sheaf at the point @;:
Y Z
Since the ideal S~'m; is maximal we obtain:

mg m;

H2 1, (Op) = H2 (R)) = HY, (Ru)),) (4.4.24)

where first we localize at S~'m; obtaining local cohomology of a local ring with
respect to its maximal ideal [Hocll, Proposition 8.1], and then we complete with

respect to that maximal ideal. The final module of (4.4.24) is injective since X% is

A

regular. To prove this notice that (R, );,, is a completed Noetherian local ring whose

residue field is C, that is therefore isomorphic to a ring of power series C[[x 4,z p]]
(here we can use x4 and zp since through the action just defined they are sent to
two generators of 7;). The module 4.4.24 is injective over C[[z 4,z p]]: the base ring

being regular local of dimension 2 is in particular Gorenstein local of dimension 2

2
("EAva)

its residue field [Hocl1, Proposition 11.8]. The module (4.4.24) remains injective

and therefore its top local cohomology H (C[[za,xp]]) is an injective hull of

over Q[z 4, xp] since the scalar extension to C[[z 4,z p]] is faithfully flat. O

By the previous lemma the module ’H% is torsion injective. Consider the
2-periodic version ’Hi% as before, where z4 and xp act as elements of degree —2.
This is the graded torsion injective H*(BG/F)-module that we use: V(F) := 7-[72F

To build Iy, simply define the direct sum over all the finite subgroups

N :=@PH: (4.4.25)
F

by Corollary 2.5.46 the object

is injective and well defined in A(G).

4.4.5 Building ¢y.

Now we have constructed the relevant injective objects, we turn to constructing maps

fa(K) 25 @B fu,(Ti) = f1(N) =0 (4.4.27)
i>1

between them. Recall the definition of K (4.2.13), T; (4.4.20), and N (4.4.25).

76



Each component ¢} is determined by an O F/g,-map
0o - €, OF /i, ®K = T (4.4.28)

tensored with 81}307 (Where the rings are defined in (2.5.5)). Moreover we want

this map to extend the one in the Cousin complex (4.3.18):

Lemma 4.4.29. For every i > 1 there exists an Of/Hi—map ©b, making the following

diagram commute:
di

K —0; T;
l1®, T (4.4.30)

-1 -
€1, OF /n, @ K
where dé is the i-th component of the map in the Cousin complex (4.3.18).

Proof. The first step is to extend dj) to an (’)f/Hi—map: O}—/Hi ® K — T;. This is
completely determined by the action of O, [, on the target and the fact that dj is

a Q-map.

We need to extend it further Ato the localization ‘C“E/lHi’ and we can define it
for every j-th component H*(BG/H]) = Q[cy;] (2.5.17). Notice that inverting £ g,
in Q[c;;] means inverting the Euler class ¢;; = e(zf ) (Example 2.5.35). Therefore

extend the map for negative powers of ¢;; in the following way:

(‘Pé)j : Q[Cijil] ?K — IC/ODU

- (4.4.31)
i Fefe [t;k - f]

where f;jl is the power series inverse of ;; (see (4.2.33), (4.2.31), and (4.2.28)) with

complex coefficients:
b =t + a0+ arti + agtd; + ... (4.4.32)

and the ring Op,; and ideal m;; are defined in (4.2.14). The map in (4.4.31) is well
defined since for every element in the target there is a power of the ideal m;; that

annihilates that element and m;; = (t;;). Moreover the map in the Cousin complex
dy: K —=K/o Dy,

is an Op,;-module map, so that after a certain power of ¢;; the terms in (4.4.32) do

not contribute and the sum is finite. O
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4.4.6 Building ¢;.

The map ¢; is also determined by its components

o E'OF ® T, — N.
i O]:/Hl
Recall the definition of T; (4.4.20), N (4.4.25), and the notation 2.5.34 ®; = @0y, -

As before we want this map to extend the one in the Cousin complex (4.3.18):

Lemma 4.4.33. For every i > 1 there exists an Oz-map ¢}, making the following
diagram commute:
di
T; —1; N

J{l@_ ey (4.4.34)
s ®1
51;10]: ®; T;

where di is the i-th component of the map in the Cousin complex (4.3.18).

Remark 4.4.35. First of all d% should be an O F/p,-map. This is more delicate than
it looks, we have defined an O F/p,-action on T; in Lemma 4.4.17 and an O r-action
on N in Lemma 4.4.22 using specific coordinates for every subgroup F'. A priori it is
not guaranteed that dj coming from the Cousin complex commutes with the action
of O]-‘/Hi on the source and on the target. Here we are considering O F/p, acting on
N by restriction along the ring map Or; — Or of Remark 2.5.10. Nonetheless
with our choice of coordinates this is indeed the case. In the argument it is crucial
that f. is an isomorphism of the formal group law of C with the additive formal

group law.

Lemma 4.4.36. The i-th component of dy in (4.3.18):
di T, -+ N (4.4.37)
is an (9;/Hi-map with respect to the actions defined in Lemma 4.4.17 and Lemma

4.4.22.

Proof. To simplify the notation in this proof we omit the bar to indicate the 2-
periodic version of the various modules. First, the j-th component in the source is
’H}lj and it is sent into the j-th component in the target: the direct sum on all F'
finite such that F and H; generate H;:

Hp, » D HE.
(F,H;)=H]
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This is because the induced map (4.4.37) ’H}jij — H% is non zero if and only
if X(F) C Dy; if and only if (F, H;) = H} by Lemma 4.1.17. Fixed F, by the same
lemma the map is non-zero only at the index j = n;.

Therefore it is enough to show that for any finite subgroup F' the induced
map (4.4.37)

dy:Mp,,, — Hi (4.4.38)

is an H*(BG/H") = Q|¢;n,]-map, namely it commutes with the action of
the Euler class ¢; ,, = e(2]") on the source and on the target.

By Lemma 4.4.17: ¢; ,, acts as t;,, on Hp, - On HE the action is defined
in Lemma 4.4.22: H2 is an H*(BG/F) 2 Qlz4, v 5)-module, and H*(BG/H™) acts
by restriction along the F-th component of the inflation map (2.5.25). Therefore
Cin,; acts as

T;=T-TA+5 TR (4.4.39)

defined in (2.5.23), where r and s are the two integers such that

= () (P)” (4.4.40)
in the character group of G/F. The equality (4.4.39) can be obtained by taking
Euler classes on both members of (4.4.40) and noticing that the group operation in
the character group translates into sum in Q[z 4, zg]. Therefore by Lemma 4.4.22
the Euler class ¢; ,, acts on HQF asr- tAAﬂA +s- tAB,nB.

We are only left to show that these two actions commute with (4.4.38). This

translates in proving that the equality

~

fin =7 Tany + 5 IBng (4.4.41)

holds in (Op)j, ., since t; ,, commutes with the Op-module map (4.4.38) (recall the
definition of the ring Op and the ideal mp in (4.2.15)).

To prove (4.4.41) apply the functor X to the characters equality (4.4.40), to
obtain the same linear relation with the projections (Definition 4.1.9):

ng __ ... - MA . "B
=TTyt ST,

Note that in this last equality the group operation is the one of C. Recalling the

definition of the completed coordinates (4.2.31), combined with Lemma 4.2.25 we
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obtain precisely:

~

tin = (m")"(

A A

e) = (TrZAﬂT%B)* © (7”, 3)*( e) =T fA,nA +s- tAB,nB
]

Remark 4.4.42. This proof clarifies the need of using completed coordinates L?i,ni
instead of the uncompleted ones t; ,,,. For the uncompleted functions the relation
(4.4.41) is not true (compute zeroes and poles on both sides). As a consequence the
algebra of the Euler classes simply does not match the algebra of the uncompleted

functions.

Proof of Lemma 4.4.33. Proceed as we did in Lemma 4.4.29 and first extend d¢
to an Or-map

O]:/Hi
This is completely determined by the action of Or on N and Lemma 4.4.36.
We need to extend it further to the localization 5;13, and we can define it for
every F-th component of Or: H*(BG/F) = Q[zxa,xg]. Recall from Example 2.5.35
that inverting SI}il in Q[z 4, zp] means inverting all the Euler classes x; with j > 1
and j # i. Therefore define the map for negative powers of the Euler classes in the

following way:

()P : € Qlza, z5] Q?] /Op,.,, — M}
L o . (4.4.43)
g [fle AR R
JI]flLUgQ - .xlﬁT Qfzs] [f] 1([ 1,n1 2,n2 sy f])

and extend it to be a Q[za,xp]-module map (see (4.4.32) for the power series

inverses).

Remark 4.4.44. The main issue with this definition is that the element

ik gk ke (4.4.45)

1,n1 " 29 brng

Ji . t.72

is a priori an infinite sum of monomials ¢y, -5,

...tJn, and not a well defined
element in JC. To address this issue note that every element in ”H% is annihilated
by a power of the ideal mp, that every coordinate ¢;,,; is in mp, and that dj is an
Op-module map. Therefore there exists a positive integer d such that in the infinite
sum (4.4.45), elements of total degree higher than d do not contribute in any way

in (4.4.43). In this way we can cap the infinite sum (4.4.45) accordingly so that the
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sum is finite and therefore is a well defined element of IC.

It is immediate now to check (4.4.43) is compatible with the already defined
action of the positive powers of z; for j # i. Namely ¢;,; commutes with di, and
they simplify with the capped f;rllj anyway since we are left with terms of higher
enough degree to not contribute to the result.

It is immediate also to check that the definition (4.4.43) does not depend on
the representative f picked for the class, since if [f + g] is another representative
with g regular on D, ,,,, then g - f;;b] is regular on D; ,,, for any j # ¢ and does not

contribute in any way. d

4.4.7 Exactness

We turn now to prove that the sequence (4.4.1) is exact. From Remark 2.5.38 we
only need to check exactness at the bottom level (the level at the trivial subgroup).

Therefore it is enough to prove that the bottom level of (4.4.1):

EG'0F @K B PEGOra@ T 5 N =0 (4.4.46)
i>1 !
is an exact sequence of Or-modules. We can do it for each F-th component of Or

at a time. Namely prove that for every finite subgroup F' of GG, the F-th component
of (4.4.46):

£ Qlra, 25] K 5 P €' Qlaa, x5 ® Ko,

i>1

L HE 0. (4.4.47)

i,n;

is an exact sequence of H*(BG/F) = Q[x 4, zp]-modules.
The strategy is to use exactness of (4.3.15). For this task we will need
the “Moving” Lemma 4.4.50. In the interest of the exposition we start in proving

exactness of (4.4.47) and will devote the rest of the section in proving Lemma 4.4.50.
Lemma 4.4.48. The sequence (4.4.47) is an exact sequence of Q[x 4, xp|-modules.

Proof. We use exactness of the sequence (4.3.15) which is the first row of the

following commutative diagram:

K : @1 K/op,, : Hi 0
Jl@ JL Jld
561(@[1‘,4,1'3] QK & @izl 5&3@[1‘,4,%’3] X IC/ODi,n- L 7‘[7% 0
(4.4.49)
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The vertical map ¢ is the natural inclusion o« — 1 ®; o on every ¢-th component.
Note that the commutativity of (4.4.49) is due to the commutativity of (4.4.30) and
(4.4.34).

First of all the composition ¢ o (g is zero. This is because on pure tensor
elements in the source:

©1 O¢o(ﬁ®f) = diodo(fry. -ty Epr - f) =0,
A T
The first equality comes from the two definitions (4.4.31), and (4.4.43). This all
equals zero since the composition dj o dy is zero in the first row.

The map 1 is surjective being an extension of dy, which is surjective.

We are left to prove that Ker(p;) C Im(¢p). Pick X € Ker(¢1). By Lemma
4.4.50, modulo Im(ypy) we can suppose X € Im(t). We can now conclude with
diagram chasing: it exists Y such that «(Y) = X, d1(Y) = 0 and since the first
row of (4.4.49) is exact it also exists F' € K such that do(F) = Y. Therefore
vo(l® F)=X. O

We devote the rest of this section in proving the “Moving” lemma:

Lemma 4.4.50. In the diagram (4.4.49), every element

X € @SQSQ[JCAJB] ®W
i>1 ' -

is equivalent, modulo the image of wg to an element in the image of ¢.

To prove this technical lemma we will need to work with the irreducible
components D; p of the D;; in the Zariski topology, and build different uniformizers
for them. We will also require somme lemmas about the specific geometry of X.

We start recalling Abel’s Theorem [Sil09, Corollary 3.5]:

Lemma 4.4.51 (Abel’s Theorem for elliptic curves). Let C be an elliptic curve with
identity element e, and let D = > np(P) be a divisor of C. Then there exists a
meromorphic function f such that Div(f) = D if and only if

an:() and anP:e.

Where the first sum is in Z and the second one is addition in C.

Lemma 4.4.52. Given P € C(n) and a direction i > 1 there exists h; p € K such
that:
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1. for n # 1 the function h; p has zeroes only at D; p and D; both at first order.

2. for n =1 the function h;. has zeroes only at D; and D; g for @ a point of

exact order 2, both at first order.

Proof. If P = e and {P1, P», P3} are the three points of C(2) then the divisor
De = (e) + (P1) — (2) — (P3)

satisfies Lemma 4.4.51 so there is a meromorphic function h, with divisor D,. If we
now pullback h. along the projection m; the function

hie:=m;(he) €K

)

satisfies (2).
In the same way if P # e pick a point P’ such that 2P’ = P, then the divisor

Dp i= (¢) + (P) — 2(P')

satisfies Lemma 4.4.51 so there’s a meromorphic function hAp with divisor Dp. As

before the pullback along the projection 7; the function
h@p = W;((hp) e

satisfies (1). N

Lemma 4.4.53. Consider two different arbitrary directions a,b > 1 such that D,
and Dy intersect only in the origin O = {e} x {e} of X. Given a class [f] € K/Op,_,
form > 1, there exists a representative f € K of that class such that f has poles only

along the a and b directions (i.e. it’s reqular on all D;j such that i # a,b).

Proof. Since D, and Dy, intersect only in O, we can change coordinates (autoisogeny)
on X in such a way that D, = D1 = {e} x C and D, = Dy =C x {e}.

For any point P of finite order of C and direction 7 > 1, denote Op, ,, the
subring of K of those functions that are regular at D; p, and m; p the ideal of those
functions that vanishes at D; p. The pullback along the projection m : X — C
induces an isomorphism

73 : K1 = Oy p/m, p (4.4.54)

where Kr is defined in (4.2.19): the ring of those meromorphic functions on C that
have poles only at points of finite order of C. First notice that with the TP-topology
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on C we pullback functions in K that are regular on D; p. To prove injectivity of
(4.4.54) consider the inclusion ¢1 p : D1 p = C — X and the pullback

*

L,p
ODl’P/ml,P — ]C’]I‘.

Composing the two maps ¢ p o 75 = (m2 0 11,p)* = Idg, so 73 is injective. To prove
surjectivity of (4.4.54) pick f € Op, ., then

f=myou p(f) €mrp

because ¢f p(f — 75 0] p(f)) = ¢] p(f) =1 p(f) =0.

Consider now a class [f] € K/Op, , and an arbitrary representative f € IC of
that class. If the class is the trivial one, pick any pullback 75 (g) as representative.
Otherwise f is not regular on Dy ,, which means it has a pole on some of its compo-
nents Dy p with P € C(n). Enumerate those components {D1 p,, D1,p,,...,D1.p.},
and suppose f has a pole of order k; > 1 on D; p,. Expand f into its principal parts
at every pole Dy, p; using coefficients in ODL P; /ml, P, = Kr and the uniformizer Ay, P;

of D1 p; (By Lemma 4.4.52: my p, = (h1,p,)). Recursively:
f h]f,lPl € Opy p, \ M,y (4.4.55)

therefore using the isomorphism (4.4.54) there exists g € Kt whose pullback repre-

sents the same class modulo the ideal m; p;:

k %
fenhilp =mg (map)

so that dividing by hi p;:

*

f' ki—1 o 7729
1,P;

T hp

)

€ ODI,PI \ml,Pl

we can reapply (4.4.55) until we obtain an expansion at the pole D; p, with coefficients

that are pullbacks of functions g; 1 € Kr:
— m5(gi1)
= € O, p, (4.4.56)
’L'ka'l 17P1

Now move on to the next pole D; p, and do the same using (4.4.56) instead of f.
Notice that by Lemma 4.4.52 hy p; does not vanish at Dy p, for P; # P; both in C(n),

in this way we can deal with the pole at each Dy p, separately without changing the
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order of pole on the other components.
Continue in this way expanding all the poles {D1 p,, D2 p,, ..., Dy p,} until

we have something that is regular on the whole D1 ,:

5 (9i,1) 5 (9ir)
i=—k1 1L,P i=—k, 1,Pr
This gives us an explicit function in the same class of f modulo Op, ,, but with

poles only along the directions 1 and 2. O

Proof of Lemma 4.4.50. Doing it for one i-component at a time we can suppose
X has only one component different from zero. Therefore X has all components

equal to zero except the s-th component:
Xo= % 9 lfl € &g, Qea,zsl© Ko, - (4.4.58)

where at the denominator we have inverted » > 0 Euler classes z,,...z.. € &q,
(Example 2.5.35) with ¢; > 1 for 1 < j < r. Let us prove the lemma by induction on
r. If there are no variables at the denominator (r = 0), then X is in the image of ¢.
Therefore we only need to prove we can reduce r by one.

Let us first do the case when one of the directions {D,,, ..., D.,} intersects
Dy only in the origin O = {e} x {e}, and without lost of generality suppose it is
the direction D.,. Applying Lemma 4.4.53 we can find a representative f € K of
the class [f] € ]C/ODS,nS such that f has poles only along the directions s and ¢;.

Consider the element

1 _ —_
X' = T T ® VS 5G1Q[xA,a:B] ® K.

Zei Tea - - e
Then the element X — @o(X’):
e It has a zero in the component s.

e In the component ¢;, with 1 < j < r it has less than r Euler classes inverted

at the denominator, since x.; itself is not inverted any more.

e In all the other components it has a zero, since f has poles only along the

directions s and c;.

In case none of the directions {D.,,..., D, } intersects D; trivially, simply
pick an extra direction D, that intersects Dy and D., only in O. Now apply the

same argument twice. The first time use Dy instead of D., and notice that we have
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decreased the Euler classes inverted in all components except in the component d.
Then apply the same argument with the component d instead of s, noticing that
now Dy and D, intersect in only one point.

We can apply the same argument in case of a numerator in the component s
of X (4.4.58) different from 1. Note that Q[za,zp] = Q[zs, z¢, ], and distributing

sums and products we are left with the case
_ Lk
XS - ':I"Cl ? [f]

with D, intersecting D only in O. Apply again Lemma 4.4.53 with the directions

s and ¢; and proceed exactly as before. O

4.5 Values on spheres of complex representations

The goal of this section is to determine the values of ECq (constructed in Section
4.4 for the 2-torus G’ = T?) on spheres of complex representations. Here resides the

connection with the geometry of the curve:

Theorem 4.5.1. If V is a finite dimensional complex representation of G with
V& =0, then:

Ben(sY) = HO(X,0(-=Dy)) ® H*(X,0(-=Dy)) n even (45.2)
“7 T o-py)) n odd. o

Where X = C x C, C is our fixed elliptic curve, and Dy is a divisor of X

defined as follows:

Definition 4.5.3. If V is a finite dimensional complex representation of G with

VG = 0 and dimension function:
v = dime(VA)  ij>1 (4.5.4)

where H ZJ is the subgroup of G with j connected components and identity component
HZ', then

DV = Z UijDij (455)
3,71

Remark 4.5.6. Notice that if we write V' using characters z]* (see Definition 4.1.9):

V= Z Z AinZ;

i>1 nt0
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then the associated divisor is obtained simply applying the functor X (see (4.1.7)
and (4.1.8)):
Dy = Z Z amf{(H!n‘).
i>1 n#0

Definition 4.5.7. Given a divisor Dy of the kind (4.5.5), define the sheaf O(—Dy)
on XTP twisted by the line bundle Dy to be the subsheaf of the structure sheaf
0= O}gp with values on TP-opens U:

O(—Dv)(U) = {f ek ’ Div(f) — Dy > 0on U}

(Recall the definition of £ (4.2.13)).

The strategy to prove (4.5.2) is to use the Adams spectral sequence (2.5.2)
for the homology functor 7 [Gre08, Theorem 1.1]. In our case we obtain a strongly

convergent Adams spectral sequence:

Ext’(SY, ECq) =[SV, ECc|S , = EC5*(SY). (4.5.8)
Notation 4.5.9. In (4.5.8) and for the rest of the section we denote SV both the
spectrum and the corresponding object 7A(SY) in A(G).

Remark 4.5.10. Recall that the index s refers to the s-th Ext-group in the graded
abelian category A(G) while ¢ index the grading of these groups, that are graded

since the objects w(_) are.
The bulk of the section will be the computation of the Ext groups of (4.5.8):

Theorem 4.5.11. For V as in Theorem 4.5.1 we have the isomorphism of graded

groups:

Ext%(SY, ECq) = H*(X,0(—Dy)). (4.5.12)

Where on the right in (4.5.12) we have the 2-periodic version of those cohomology

groups.
As an immediate consequence we obtain (4.5.2):

proof of Theorem 4.5.1. The isomorphism (4.5.12) computes the second page of
the Adams Spectral sequence (4.5.8). This second page has only the first three rows
different from zero (namely for s = 0,1,2 in (4.5.12)), because the algebraic surface
X has dimension 2 and therefore its cohomology groups vanishes in higher degrees.
Moreover in these three rows we have a chess pattern of zeroes and cohomology

groups since the groups (4.5.12) are 2-periodic. This yields the Adams spectral
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sequence (4.5.8) to collapse at the second page, since all the differentials in this page

are trivial. In conclusion in this second page we find in the even columns:
H(X,0(=Dy)) & H*(X,0(~Dy))
while in the odd ones:
HY(X,0(-Dy)).
O

We devote the rest of this section in proving Theorem 4.5.11. For this task
in 4.5.1 we discuss the Cousin complex of the sheaf O(—Dy) needed in 4.5.2 to
compute the second page of the Adams spectral sequence. We conclude in 4.5.3 briefly

extending the computation on virtual negative complex representations (4.5.34).

4.5.1 Cousin complex of O(—Dy)

Here we briefly construct the Cousin complex for O(—Dy ) exactly as in Sections 4.2
and 4.3 for the structure sheaf . Therefore we recall from those sections how the
results change for the sheaf twisted by the line bundle O(—Dy/).

Let us start in computing the stalks at the various points x € XTF:

o If z = n(X™) is a generic point of the whole space, in (4.2.12) nothing changes
and we still obtain (4.2.13):

O(=Dy), =K (4.5.13)

o If 2 =n(D;j;) is a generic point of a generating closed subset, by (4.5.5) D;;

appears with coefficient v;; in Dy, so (4.2.14) becomes:
O(—Dv)m = {DlV(f) 2 'Uij on ng} = t;);jODij (4514)

since t;; defined in (4.2.28) generates m;;.

o If z € X(F) (which automatically makes it also a generic point for X(F)), by
Lemma 4.1.17 for every direction i > 1, only D;,, contains X(F) which by
(4.5.5) appears with coefficient v; ,,, in Dy . Therefore (4.2.15) becomes:

O(=Dv)e = {f € K| Div(f) = Vi, on Dip, for alli > 1} = ([] ;) Or

M4
i>1

(4.5.15)
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Proposition 4.3.1 apply as well to the sheaf O(—Dy ) and therefore we can

consider its Cousin complex, that can be written as the one for O (4.3.2):

dV dV
O(=Dy) = tx(Hx(O(=Dv))) == @ tp,;(Mp,,(O(=Dv))) = @ tr (HE(O(=Dv)))
ij>1 F
(4.5.16)
For each local cohomology term appearing in (4.5.16) we explicit an isomor-

phism with the corresponding term in (4.3.2):

o In codimension 0 by (4.5.13):

H%(O(=Dy)) = O(=Dy ), xrry = K (4.5.17)

e In codimension 1 we have the chain of isomorphisms:

9 Op, [t K K
HY (O(=Dy)) 2 H: (O(-D Y [ et R L = .
Dz]( ( V)) m”(( ( V))W(Dz])) ti}’oDw ti}]ODm ODU
(4.5.18)

The first isomorphism is due by (4.3.10) since O(—Dy) is the pushforward
along ¢ of the Zariski twisted sheaf O4*(—Dy). Te second is the computation
of local cohomology by means of the stable Koszul complex ([Hun07, pag. 7)),
since t;; generates m;;, and we have computed the stalk in (4.5.14). The final
isomorphism we define it in the following way using the completed coordinates

(4.2.31):
/C/tf;j ODZ,], =N ’C/ODM (4.5.19)
[f] = [6;™ - £

Notice it is well defined exactly as in (4.4.31).

¢ In codimension 2 in the same way we have the chain of isomorphisms:

H:(O(=Dv)) = Hy, ((O(=Dv)),x(ry) = Hup (1] t;)Op) & Hy, (OF).
i>1

(4.5.20)

Like (4.5.18) the first isomorphism is due by (4.3.10) and the second one is the

computation of the stalk (4.5.15). We can define the final isomorphism in the
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following way:
~(OF)

H2

2V n,L
H tz 3T
i>1

(T tem0r) =

= (4.5.21)

Notice it is well defined as in Remark 4.4.44.

Now Corollary 4.3.7 holds as well for O(—Dy) since O%*(—Dy) is Cohen-

Macaulay with respect to the codimension filtration:

Corollary 4.5.22. The Cousin complex (4.5.16) of O(—Dy) is a flabby resolution
of O(—Dy).
As a consequence we have also Proposition 4.3.14 for O(—Dy ) where we use

the isomorphisms (4.5.17), (4.5.18) and (4.5.20) to describe the local cohomology

terms:

Proposition 4.5.23. Let F be a finite subgroup of G and x = n(X(F)) be the generic
(and only) point of X(F) in the Kolmogorov quotient X T°. Then the TP-stalk at x
of the Cousin complex (4.5.16) is the exact sequence:

O(-Dy)s = K% DKJo, 5 H3(©0) 0. (4.5.24)

i>1

Remark 4.5.25. Notice (4.5.24) has the same terms as (4.3.15) but different maps:

dy (f) =i - f1 € K/Op,;. (4.5.26)
dY ({[fil}y) = {Lfi - TT Eaname1bi] € HE(O). (4.5.27)
SF1

Where we have used (4.3.17) to describe H%(O).

We conclude with the global sections of the Cousin complex (4.5.16):

I'(O(-Dy)) — K %, PBEpK/op,) 4, EBHF —0 (4.5.28)

i>1 j>1

Notice that the terms are the same as the global sections (4.3.18) for O but with

different maps.
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4.5.2 Computing the Adams spectral sequence

We turn now in computing the second page of the Adams spectral sequence (4.5.8),

namely proving Theorem 4.5.11.

Proof of Theorem 4.5.11. The aim is to explicitly compute the following se-

quence:
Hom4(SY,To) 2% Hom4(SY,1;) 2% Homy(SY,I5) — 0 (4.5.29)

obtained applying the functor Hom4(SY, ) to the injective resolution (4.4.4) of
ECq (the maps ¢f, and ¢} are the ones induced by ¢y and ;). For this task it is
essential the algebraic model SV = 7,(SY) € A(G) that we discussed in detail in
2.5.6.

By using the adjunction (2.5.44) and the explicit form (4.4.27) of the injective

resolution of ECg we can compute each term of (4.5.29):

HomA(SV, fG(K)) = HomQ(@,K) ~KC
H; ~ _vH;
HomA<sV,e>alin<Ti>> ~ _eplﬂomof/,,i(zv O/, Ti) = 692 YT (4.5.30)

Hom4(SY, f1(N)) = Home, (XY OF, N) =2V N

where for the second equation we obtain the direct sum for ¢ > 1 instead of the
product since SV is a small object.
The sequence (4.5.29) than takes the form

K2 @V s VN =0 (4.5.31)
i>1

with maps:

0o(f) = {eb(e(VT) @ )iz

P1({aitiz1) = e1({e(V — VHi)—1 ? a;}i) (4.5.32)

where g and ¢; satisfy the commutative diagrams (4.4.30) and (4.4.34) and the
Euler classes e(Vi)~! ¢ 55/1Hi0f/Hi and e(V — VH)~1L ¢ 5;11_1(9}- pop out from the
structure maps of the object S" (2.5.52).

The sequence (4.5.31) is 2-periodic, therefore we can work at the 0-th level.
Note as well that the desuspensions in the second and third term shift 2-periodic

objects by an even degree, therefore the term at each level does not change. The
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0-th level of (4.5.31) is:

K2 DEDK/Ob,) 2 B HZ(O) - 0. (4.5.33)
i>1 j>1 F

To conclude, we only need to prove that (4.5.33) is the sequence of global
sections (4.5.28) of the Cousin complex of O(—Dy ), since by Corollary (4.5.22)
the Cousin complex is a flabby resolution and therefore the homology of its global
sections (4.5.33) gives us the desired cohomology groups H*(X,O(—Dy)) (Recall
from Corollary 4.2.8 that the cohomology of O(—Dy) is the same for both topologies).

We only need to check that the maps in (4.5.33) and (4.5.28) are the same.
By (4.5.32) the map ¢, on every component (7, j) is the map:

eo(f) = polc;; & ) =[i;" - £l =di (f),

where the second equality follows by definition of ¢y (4.4.31), and the last one is
(4.5.26).
By (4.5.32) the F-th component of ¢} for every finite subgroup F' of G is the

map:
A {Lfil}) = e ({] w5 v @ [fil}a) =[S [T Espems1yad = i ({1fil}a),
s#1 541

where the second equality follows by definition of ¢ (4.4.43), the last one is (4.5.27),
and we have used (4.3.17) to describe elements in H%.(O). O

4.5.3 Virtual negative complex representations

All the computations presented in this section work exactly in the same way for
virtual negative complex representations. If V' is a genuine complex representation

with V¢ = 0, Theorem 4.5.1 changes sign:

ECH(S™V) =

{HO(X,O(DV))@HQ(X7O(DV)) neven (4.5.34)

H'(Xx,O(Dy)) n odd.

Everything starts with the changes in the object S~V € A(G) explained in
Remark 2.5.53 where the desuspensions change sign into suspensions, and therefore
(4.5.31) changes into:

K2 @ 2 2VN -0
i>1

92



where in the maps (4.5.32) positive powers of the Euler classes appear instead of the

negative ones. As a consequence Theorem 4.5.11 changes sign:
Ext%(S™Y, ECq) = H5(X,0(Dy)).

and we conclude exactly as before.
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Chapter 5

Circle-equivariant elliptic
cohomology of CP(V)

The aim of this chapter is to compute rational T-equivariant elliptic cohomology of
CP(V): the T-space of complex lines in V', and it consists of the entirety of [Bar22b].
More precisely we want to prove the following which is the main theorem of the

chapter.
Theorem 5.0.1. For every elliptic curve C over C, if ECy (5.2.12) is the rational T-

equivariant elliptic cohomology theory built in [Gre05], and V is a finite dimensional

complex representation of T, then:

1. If V' has one isotypic component, V = az™ with a > 1,
ECH(CP(V))=C*!

for every k € Z.

2. If V' has more than one isotypic component, V = @, anz",

0 k even

ECE(CP(V)) = {(Cd o

where d =37, ; ;i (i —7)?, and z is the natural representation of T.

Part (1) of this Theorem simply checks our methods on previously done
computations since CP(az") 2 CP*~! with the trivial T-action. In contrast part (2)
is the main computational result, and to the knowledge of the author it is the first
time it appears in the literature. We refer to Remark 5.4.36 for a discussion of the

geometry of this Theorem. We revise the construction of ECt in Section 5.2.
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In all this chapter G = T?, and H; = 1 x T and Hy = T x 1 are the two
privileged subgroups. We have also the quotient G := G/H; = Hy = T as group of
equivariance. We have fixed an elliptic curve C over C together with a coordinate
te € OE P C Oc. (Definition 4.2.20). This gives us a rational G-equivariant elliptic
cohomology theory ECgs € A(G) (5.2.12), as well as a rational G-equivariant elliptic
cohomology theory ECqs € A(G) (Theorem 4.0.1). We have also the complex abelian

surface X = Xg = C x C associated to G and C.

5.1 Elliptic cohomology of CP(V)

Given a G complex representation V' we want to compute the reduced cohomology
of the pointed space:
ECA(CP(V))

where CP(V) is the G-space of complex lines in V. We start pointing out the

isomorphism of G-spaces:
CP(V) = S(V ®cw)/H; (5.1.1)

where w is the natural complex representation of H; and S(V ®c w) is the G-space
of vectors of unit norm in the complex vector space V ®c w. Notice that V ®c w is
a complex representation of G of the same dimension of V', where H; acts on the
second factor of the tensor product, while G acts on the first one. The computation

is made possible since ECs and ECq are Hi-split:

Theorem 5.1.2. Let ECg be G-elliptic cohomology (Theorem 4.0.1), and ECg be G-
elliptic cohomology (5.2.12). Then there is a natural transformation of G-cohomology

theories
e : Inf¢ EC, — ECq

which induces an isomorphism
G/, InfG BCRT =[G/ v, BCAY (5.1.3)

for every subgroup H of G such that H N Hy = {1}.

We prove this Theorem in Sections 5.3 and 5.4. More precisely in Section
5.3 we build the map e while in Section 5.4 we prove the H-equivalence (5.1.3). We

have an immediate Corollary:
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Corollary 5.1.4. For any Hi-free G-space X :
EC;(X) = EC5(X/Hy) (5.1.5)

Proof. Since X is Hi-free, it is built using cells G/H; with H N H; = {1}, for

which we have the equivalence (5.1.3). Therefore:
ECH(X) = [X, ECG) 2 [X,InfG ECGS = [X/H, ECG)S = EC5(X/H))

where the second isomorphism is the orbits-inflation adjunction (2.4.20). O

Applying this corollary to (5.1.1) allows us to reduce the computation of
G-equivariant elliptic cohomology to a computation of G-equivariant elliptic coho-

mology:
EC5(CP(V)4) =2 EC5(S(V @w)y /) = ECH(S(V @ w)4). (5.1.6)

Remark 5.1.7. Notice we have to add a disjoint basepoint to S(V ® w), leading us
to compute ECZ(CP(V)4). To obtain CP(V) without the added basepoint notice
that stably:

CP(V)y = CP(V)V S°

and therefore
ECL(CP(V)4) = ECL(CP(V)) @ EC(SY) =2 EC5(CP(V)) @ C, (5.1.8)
since by [Gre05, Theorem 1.1] we have

H°(C,0c) = C keven

ECE (5% ~
(%) {H1(6,00)2(C k odd.

G-equivariant elliptic cohomology of S(V ® w)y is easier to compute in view

of the cofibre sequence of G-spaces:
S(Vew), — 80 — gVew (5.1.9)
inducing a long exact sequence:
ECL(SV®Y) — ECL(S%) — ECL(S(V @ w)y). (5.1.10)

The first two terms of (5.1.10) are computed in Theorem 4.5.1 from the previous
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chapter, therefore we can deduce the third term from kernel and cokernel of the first

map.

Remark 5.1.11. One might argue that to compute rational T-equivariant elliptic
cohomology of CP(V') a more straightforward approach can be taken. Namely we
have ECt € A(T) and if we explicitly compute the algebraic model A (CP(V)4),
then we can use the Adams spectral sequence for the circle to compute directly
ECH(CP(V)4). Originally this was the method tried on this project, with a double
motivation: first as a warm-up in the circle case before generalizing to higher tori,
and second, once ECp2 has been constructed, compute EC7,(S(V ® w)y), and see if
the two values match. If indeed EC3(CP(V)4) = EC;.(S(V ® w)4 ), then one might
expect that ECr and ECy2 are Hi-split (Theorem 5.1.2). The problem encountered
with this method is that after computing the algebraic model a0 (CP(V)4) then
computing maps in A(T?) from this object into an injective resolution of ECr still
retains a lot of complexity. More precisely it is still difficult to compute Or-module
maps between arbitrary Or-module when none of them is a suspension of the base
ring Or. Therefore this more conceptual approach of proving Hi-splitness and
computing EC},(S(V ® w)) has been taken. Moreover we hope to replicate and
generalise this to other spaces such as Grassmannians of n-planes Gr, (V) of a

complex T-representation.

To find the associated divisor Dy g, decompose V as a sum of one dimensional
complex representations V = @,, a,2" where z is the natural representation of G
and o, > 0. Notice 2" ® w is a one dimensional representation of G with kernel the

connected codimension 1 subgroup:
Hy, =Ker(z"®@w) ={(z,y) e G=TxT| 2"y =1}
and corresponding divisor:
Dy, =X(Hg,) ={(P,Q) e X =CxC|nP+Q=e}. (5.1.12)

Therefore V @ w = @,, a (2" ® w) is a complex representation of G of the same

dimension as V', whose associated divisor is:
Dygw =Y _anDy,. (5.1.13)
n

We have two distinct proves depending if the divisor (5.1.13) has only one coefficient

different from zero, or more than one coefficient different from zero.
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When V has only one isotypic component, then CP(V) 2 CP*~! with trivial
T-action. We can prove part (1) of Theorem 5.0.1:

Lemma 5.1.14. If V has only one isotypic component: V = az™ with o > 1 then
ECL(CP(V)) = C*! (5.1.15)

for every k € Z.

Proof. Combining (5.1.6) and (5.1.10) we only need to understand kernel and
cokernel of the map
ECL(SV®Y) — ECE(SY). (5.1.16)

By (5.1.13) the divisor associated to V ® w is Dy gy = oDy, , denote D := Dy, the
smooth irreducible curve. By Theorem 4.5.1 it is enough to understand kernel and

cokernel for the map
H*(X,0(—aD)) — H*(X,0x) (5.1.17)

induced by the inclusion of sheaves O(—aD) — Ox. We compute this map for the
various degrees.

In degree zero H°(X,O(—aD)) = 0, since X is a compact complex abelian
surface, therefore a function regular on all the surface is constant and since it has a
zero at D it is the constant zero. Therefore (5.1.17) in degree zero has zero kernel
and cokernel C.

In degree 2 by Serre duality
H*(X,0(-aD)) = H(X,0(aD))Y = C* (5.1.18)

where the second isomorphism is obtained as follows. Consider the divisor D’ = «/(e)
on the single elliptic curve C, defining the line bundle £ := O¢(a(e)). The projective
morphism f :=m, : X — C is such that f*£ = O(aD), and f.Ox = O¢ by [Liu02,

Exercise 3.12 Chapter 5]. As a consequence
[+ 'L = fi(Ox ®0, L) = f:(Ox) ®0, L= Oc @0, L= L (5.1.19)
by the projection formula [Har77, exercise 5.1]. Therefore
H(X,0(aD)) = HO(X, f*L) = HO(C, f.f*L) = H°(C, L) = C%, (5.1.20)
where the second isomorphism is due to the equality of functors I'(X, ) =
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I'(C, f«(_)), while the last one is Riemann-Roch for the elliptic curve C. Moreover
the map
C= HY(X,0x) — H°(X,0(aD)) = C*

is injective being the inclusion of the constant functions. By Serre duality the dual
map, (5.1.17) in degree 2, is surjective with kernel C*~1.

In degree 1 by Serre duality
HY(X,0(—aD)) = HY(X,0(aD))" = C*
since by Riemann-Roch (3.4.14)
h(X,aD) — h'(X,aD) = %&(D.D) =0. (5.1.21)

We can see (D.D) = 0 since D is linearly equivalent to the translated D + A, which
is an irreducible curve disjoint from D, or alternatively simply using the genus
formula (3.4.15) since D is irreducible of genus 1 being isomorphic to the elliptic
curve C. By Lemma 5.1.22 the image of the map (5.1.17) in degree 1 is precisely
HY(X,0(-D)) = C, combining this with the computations (5.1.17) we obtain that
the kernel in degree 1 of (5.1.17) is C*~! while the cokernel is C.

In conclusion we obtain that EC%((CP(V)JF) has in even degrees the degree
zero cokernel and the degree one kernel of (5.1.17), therefore is isomorphic to C?.
In odd degrees we have the degree 1 cokernel and the degree 2 kernel of (5.1.17), so
C* as well. By (5.1.8) ECE,((CP(V)) =~ Co! for every k € Z. O

Lemma 5.1.22. Let D = Dy, be any of the smooth divisors (5.1.12). For every
integer a > 1 the image of the map

HY(X,0(-aD)) — H'(X,0y) (5.1.23)

is precisely H'(X,0(-D)) Cc H'(X,Ox).

Proof. When a = 1 we have that D is a subvariety of X whose ideal sheaf is
precisely Ox(—D), and structure sheaf Op that we can see as a sheaf on X via
the inclusion map ¢ : D — X. We have the closed subscheme short exact sequence
[Vak17, 14.3.BJ:

0—O(-D) = Ox — 1t.0p =0 (5.1.24)

inducing a long exact sequence in cohomology. Since H°(X, Oy) =" (X, 1,0p) =
C then HY(X,0(-D)) — HY(X,Oy) is injective.
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When o > 2 we can tensor the exact sequence (5.1.24) with the invertible

sheaf O(—(«a — 1)D) obtaining the exact sequence of sheaves:
0— O(—aD) = O(—(a—1)D) = t.0p(—(a—1)D) = 0 (5.1.25)

inducing a long exact sequence in cohomology. By the adjunction formula [Liu02,
Theorem 1.37]:
(wx ® O(D)) Ip=wp

where in our case wy = Oy and wp = Op, resulting in 1,.Op(D) = 1,Op and by
induction t,Op(BD) = 1,Op for every integer 3.
Therefore we have that the last term of (5.1.25) is ¢t,Op, and we can analyse

the degree 2 piece of the long exact sequence induced:
HY(1,0p) = H*(O(—aD)) = H*(O(—(a — 1)D)) — H*(1.0p) = 0.  (5.1.26)

The first map in (5.1.26) is injective simply by dimension computation: H'(1,Op) =
C, and the other two terms are computed in (5.1.18). Consequently the map
HY(O(—aD)) - HY(O(—(a — 1)D)) is surjective. In conclusion we have the chain

of maps:
HY(O(-aD)) - H'(O(~(a = 1)D)) = -+ - H'(O(=D)) — H'(Ox)

where all the maps are surjective except the last one that is injective, giving us the

desired result. O

When V' has more than one isotypic component, then the proof of part (2) of
Theorem 5.0.1 has a different approach:

Theorem 5.1.27. If V has more than one isotypic component: V = @,, anz"™ with

ay > 0 then
0 k even
(5.1.28)

12

ECk(cpv
o(CAV)) Ccd k odd.

where d = 37, ; cjo (i — 7)2.

Remark 5.1.29. Notice that there are different representations, with different
complex projective spaces that nonetheless have the same value for d and therefore
rational T-equivariant elliptic cohomology does not distinguish them. For example if
¢ is C with the trivial action, V = e @4z and V' = @22 have d =4, or W = ¢ ® 162,
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W' =ec@2* and W = e ® 2 ® 322 have d = 16. Therefore they have the same

elliptic cohomology even if their complex projective spaces are quite different.

Proof. Exactly as in the proof of Theorem 5.1.14 we only need to understand kernel

and cokernel of the map
H*(X,0(-D)) — H*(X,0x) (5.1.30)

where D := Dygy = Y., anDy, is the divisor associated to V @ w (5.1.13).

When V' has more than one isotypic components, the associated divisor D is
an ample divisor. To show this we can use the Nakai-Moishezon criterion [Har77,
Theorem V.1.10]. This criterion states that D is an ample divisor on X if and only
if D.D > 0 and D.C' > 0 for every irreducible curve C’ on X. First let us prove that
Dy, .Dy, = (r — s)? for any two integers r and s. If r = s then D, .D4, = 0 since
D,, is linearly equivalent to the translated Dy, + A, which is an irreducible curve
disjoint from Dy, , or alternatively simply using the genus formula (3.4.15) since Dy,
is irreducible of genus 1 being isomorphic to the elliptic curve C. If r # s than the two
curves Dy, and Dy, are transverse in each point of intersection therefore we simply
need to count the intersection points [Bea96, Definition 1.3]. There is an autoisogeny
of X bringing Dy, to Dg, = D2 = {(P,Q) € X | Q@ = e}. Under this isogeny Dy, is
brought to Dy, . = {(P,Q) € X | (s —r)P + Q = e}. The intersection of these last

two curves is easily computed to be C[s — 7] which has cardinality (s —r)2. Therefore:

D.D =Y oj(Dg,.Dg,) =2 cioj(i— j)* >0 (5.1.31)
1,JEZL 1<j
since there are at least two different integers r # s such that a,., as > 0 (V' has more
than one isotypic component). It remains to show that for every irreducible curve C’
in X, the curve C’ intersects either Dy or Dy, so that D.C' > 0. If (' N Dy, =
than C’ is necessarily parallel to Dy , meaning C' = Dy + A is a translated of Dy,
but all these curves intersect Dy, since s # r.

The sheaf O(D) is invertible and ample, so we can use Kodaira vanishing
theorem [Har77, Remark II1.7.15] obtaining H*(X,O(D)) = 0 for i > 1. Therefore
only the zeroth cohomology is nonzero and we can compute it with Riemann-Roch
(3.4.14):

WX, D) = L(D.D) =Y asay(i — ) = d

i<j
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where (D.D) is computed in (5.1.31). Moreover the map
C= HX,0x) — H°(X,0(D)) = C?

is injective being the inclusion of the constant functions. By Serre duality the dual
map, (5.1.30) in degree 2, is surjective with kernel C4~1,

In conclusion we obtain that ECE(CP(V)J,_) has in even degrees the degree
zero cokernel of (5.1.30): H(X,0x) = C. In odd degrees we have the degree 1
cokernel and the degree 2 kernel of (5.1.30), so C?*. By (5.1.8) EC%(CP(V)) has

zero in even degrees and C¢ in odd degrees. 0

5.2 The circle case revisited

We revise the construction of circle equivariant elliptic cohomology from [Gre05].
Recall from Definition 4.2.17 the torsion point topology C'F on the elliptic curve C
and the choice of a coordinate function ¢, € (’)E P (Definition 4.2.20). By Theorem
4.2.23 we have a unique logarithm for the formal group law of C: f. = f(t.) €
(O )m, = Cl[te]].

Denoting [n] : C — C the multiplication by n map in the elliptic curve, we

can pullback coordinate for the various C(n):
Definition 5.2.1. For every integer n > 1 define the coordinate and completed

coordinate:

(5.2.2)

Remark 5.2.3. Notice ¢, € O¢(yy since it has a zero of degree one on all points of
C[n], so we can use it as a coordinate for the irreducible closed subset C(n). In the

same way t,, is an element in the completed ring (Ocm))/\-

Definition 5.2.4. The fundamental rings are the stalks in the TP-topology:

Kt := OEI;(C) = {f € K(C%") | f has poles only at points of finite order of C}

Ocny = (’)EI;(am) ={f € Ky | fis regular at C(n)}
(5.2.5)

Denote F the family of finite subgroups of G: for every n > 1 we have the
cyclic subgroup C,, of order n. The fundamental ring for the algebraic models A(G)
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Oz = [[ H(BG/Cy) = [] Qlen]
n>1

n>1

where ¢, € H*(BG/C,,) of degree —2 is the Euler class (2.5.13) of a character having
kernel C,,.

Definition 5.2.6. Define the torsion injective O z-module

Tr := P Kr/Oc(ny (5.2.7)

n>1

where the action is defined on the n-th component as follows. The Euler class ¢,
acts as fn:

cn - [f] = lbn - f1 € Kr/Ocny-

Notice the action is well defined since ¢, vanishes at first order at C(n), so that

powers of £, do not contribute after a certain integer and the sum is finite.

Definition 5.2.8. Define the graded surjective O z-module map
q:E;'0z @ Kp — Tr (5.2.9)

as follows. On the n-th component on pure tensor elements:

A

cn ® f 5 [ f).
Notice this is well defined also for negative powers of the euler class simply considering
the inverse power series 1.
Definition 5.2.10. Let Nt := Ker(q) be the kernel of the map ¢ (5.2.9). We have
the exact sequence of O z-module:

Ny —— €;'0z @ Kx —— Tr. (5.2.11)

Define the algebraic model for circle-equivariant elliptic cohomology ECs € A(G) to
be the object:

£.'0z @Ky
ECq = I € A(G) (5.2.12)

Nt

with structure map the natural inclusion of (5.2.11).

103



Remark 5.2.13. Since 17 is torsion injective we have immediately the injective
resolution of ECg in A(G):

€107 9 Kx £;'0r ® Kr 0
N £'0z @ Kr Tr

In this way the object (5.2.12) we have defined here has the same values on
spheres of complex representations as the object constructed in [Gre05]. The analogy
with our construction of T?-equivariant presented in the previous chapter goes further.
Namely the Cousin complex for Og P is the following short exact sequence of sheaves
that we can find in [Gre05, Corollary 9.3]:

0" we(Kr) = D tem (K/0g ) (5.2.14)

n>1
where we denote ¢tz (M) the sheaf of constant value M on the closed subset Z. Exactly
as in the previous chapter, (5.2.14) is a flabby resolution of the structure sheaf that
we can use to link the values of (5.2.12) on spheres of complex representations with

the appropriate cohomology of the associated line bundle on C [Gre05, Theorem 1.1].

5.3 Building the map

The aim of this section is to build the map ¢ : Infg ECs — ECqg of Theorem 5.1.2.
The first step is to identify the functor Infg : A(G) — A(G) and we do this in

general for tori of any rank.

5.3.1 The inflation functor

Only for this subsection G = T" is a generic torus of some rank r, we fix a connected
subgroup K and we define the quotient group G := G/K, with quotient map
q : G — G. For a generic connected subgroup H of G denote L := (H, K) the
subgroup generated by H and K, and H := ¢(L) the image subgroup of H in G.

Proposition 5.3.1. For a G-spectrum X, the value of A (Infg X) (2.5.47) at a

connected subgroup H is given by:

e (Inf€ X) = 05, & oH(X), (5.3.2)

F/L
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with structure maps induced by the structure maps of Wf(G) (X).

To prove this result we will need some lemmas about GG-spectra that holds more
generally for compact Lie groups (with the appropriate assumptions of subgroups
being normal). Moreover these results do not rely on the fact that we have rationalized
everything and therefore holds also if we do not localize at S°Q.

Given a G-spectrum X we can pick a strictly increasing indexing sequence
Vi € Vo € --- C U for the complete G-universe U, and use the canonical presentation

of X [HHR16, pg. 12], namely there is a weak equivalence of G-spectra

X ~ hocolim X~V X®° X (V;,) (5.3.3)
Vi

where the homotopy colimit is taken over the indexing sequence {V,,} and ¥*°X(V,,)
is the suspension spectrum of the G-space X (V). In general we will prove that two
spectra X and Y are weakly equivalent proving that for every V,, in an indexing

sequence the two G-spaces X (V,,) and Y (V},) are isomorphic.

Definition 5.3.4. If H C G is a subgroup of G, we say that the indexing sequence
{V,,} is an H-separated indexing sequence, if the sequence of H-fixed points V;{f C

VT C - CUM is a strictly increasing indexing sequence for the G /H-universe U

When this happens we have a nice description for the geometric fixed point:

X ~ hocolim X~V (X (V,,))H). (5.3.5)
V,H

In this sense (&7 X) (V1) = (X(V;,))! as G/H-spaces.

Lemma 5.3.6. Given a G-spectrum X and a K -separated indexing sequence {V;,}
the values of (5.3.3) for the inflated spectrum are:

(Inf& X)(V,,) = =V~ i (X (V) (5.3.7)

where V,, — VX is the orthogonal complement of VK.

Proof. We prove the statement for suspension spectra, and using (5.3.3) it holds in

general for all spectra. If S is a G-space:

(2% It §)(V,,) = BV Inf€ § = £V Va sV (Inf& §) = £V~ fG(2"" S) =
_VK 00 &
= 2V Inf&((2°9)(V;F)).
(5.3.8)
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The first equality is the definition of suspension spectrum 2.3.14, the third equality
is because VnK is a G/K-representation and commutes with inflation, while the last

one is again the definition of suspension spectrum. ]

Lemma 5.3.9. for every G-spectrum X we have a weak equivalence of G/ H -spectra:

H(Infé X) ~ Infgjg(ch X) (5.3.10)

Proof. Denote L := (H, K) the subgroup generated by H and K in G, and no-
tice that the inflation on the left hand side of (5.3.10) makes sense since G /H =
(G/K)/(L/K)= G/L=(G/H)/(L/H). Choose an indexing sequence {V,,} for the
complete G-universe U that is H-separated and K-separated, and such that the
indexing sequence {V,?} is L/H-separated (It is an indexing sequence for the group
G/H). We will show that the two spectra (5.3.10) have isomorphic values on the
indexing sequence {V,7}.

) = (B G (V)T =

(@7 (Infg X)) (V) = ((Infg X)(Va) (5.3.11)
S (X(VX))H. -

—EV n(

The first isomorphism is (5.3.5), while the second one is (5.3.10). For the right hand

side:

(It (@7 X)) (V) = SV It g (@7 X)(V)) = =V g g (X (VI)™).
(5.3.12)

The G/ H-spaces (5.3.11) and (5.3.12) are isomorphic since (5.3.10) is an isomorphism
for the G-space X (V,5):

(IfG(X (VO = It 7 (X (V,)H)

O]

Proof of Proposition 5.3.1. Let us first prove the case when H = {1} is the
trivial subgroup, by (2.5.47) we need to prove the isomorphism:

7C(Inf¢(X) A DEF,) = 0r © =%(X ADEF/Ky). (5.3.13)

O]:/K

The proof works exactly as the proof of [Gre08, Lemma 9.2]. Both sides of (5.3.13)
are homology theories of X (for the right hand side of (5.3.13): by [Gre08, Corollary
5.7] the ring O is flat over Oz so that tensoring with it is an exact functor) and
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we have a natural transformation of homology theories induced by:
[S°, X ADEF/K )¢ — [InfS 5%, mf%(X ADEF/K )% = [S°, (Inf& X)ADEF,|¢

The first map is induced by the inflation map, and the second one is induced by
a map of G-spectra Infg DEF/K; — DEF, described in [Gre08, pag.22]. We
only need to prove that this natural transformation of homology theories is an
isomorphism for the various cells of G. When X = S9 is the sphere spectrum (5.3.13)
holds since by [Gre08, Theorem 7.4]: #&(DEF,) = Ox. For more general cells of
G the isomorphism (5.3.13) follows from the case of the sphere spectrum by the
“Rep(G)-iso argument” [Gre08, Theorem 11.2] since both homology theories satisfy
Thom isomorphism (smashing with DEF,; gives Thom isomorphism by [Gre08,
Corollary 8.5]).
For the case when H is an arbitrary connected subgroup of G we need to
prove the more general isomorphism:
7 (@M (InfS X) A DEF/Hy) = OF )y & xH

F/L

(@7 X ADEF/H,). (5.3.14)

We can reduce it to the case of the trivial subgroup since by (5.3.10) the left hand
side of (5.3.14) becomes

M (@1 (InfG X) A DEF/Hy) = w7 (InfG) 2 (97 X) A DEF/Hy).

With this substitution (5.3.14) is precisely (5.3.13) for the new ambient group G/H,
with inflation along the quotient map G/H — G/L and the G/ L-spectrum ®¥ X. [
5.3.2 Building the map

We can now return to our case G = T2 and G = G /H1, and apply proposition 5.3.1
to ECs € A(G) (5.2.12) to explicitly obtain

;' 0F ® Ky

[

G Y —

[

Or @1 Nt
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where in codimension 1 (middle row) the value at H; (middle row left) is the only
one different from the values at all the other connected codimension one subgroups
H; with i # 1 (middle row right).

We can also explicitly compute ECq € A(G) (Definition 4.4.2) as the kernel
of the map ¢ (4.4.4).

Definition 5.3.16. For every connected codimension 1 subgroup H; of G define N;
to be the kernel of the surjective O/ -map ©h (4.4.28):

Ny —— €}y Oy, @K —5 T, (5.3.17)

Then we can explicitly compute ECgq:

E'0Fr®K

I

I

Ker(o(1))

Definition 5.3.19. Define the map ¢ : Infg ECs — ECg in A(G) to be the map
that at the vertex:
oY) =7t :Kr—= K (5.3.20)

is the graded map that has the pullback 7] in each even degree, where 7 : X — C is
the projection (4.1.8) defining H.

Lemma 5.3.21. The map (5.3.20) extends to a well defined map ¢ : Infg ECqr —
ECq in A(G).

Proof. Notice that the structure maps of ECq (5.3.18) are all injective, therefore
(5.3.20) determines the map ¢ at each level. We only need to verify that for each
connected subgroup the target is the correct one.

For the subgroup Hj, the induced map 1 (¢) : Ny — Ny is the only map

that completes the diagram:

o1 (c) lld @t Jﬁ (5.3.22)
1



where the top row is the exact sequence (5.2.11) whose pullback 7} gives the bottom
row which is the exact sequence (5.3.17) for the subgroup H;. The right vertical
map is induced by 7% since for every integer j > 1 we have 7, *(C(j)) = D1 so
that in the j-th component we have an induced map 77 : Kr/ Ocijy = K /Op, ;. The
right square of (5.3.22) commutes due to our particular choice of coordinates #; for
C{(j) and #; ; for Dy (4.2.28) (4.2.31)

= % %

o[jI*(te) =7
o [ (L

(t)

(5.3.23)
()

— % — %

t; = (m])*(te) =7
j
1

by = () (fe) =m

~—
I

s

For all the other connected codimension one subgroups H; with ¢ # 1 to show

the existence of the induced dotted arrow (!i(g):
% oHi(e) J{Id on; (5.3.24)

we only need to verify that the zig-zag from the top left to the bottom right is the
zero map, since the bottom row is exact. The map ¢} (4.4.28) is zero on every
element in Or/y @ Im(77) since in the image of 7] there are only meromorphic
functions with poles at Dy;, so they are regular on all D;; with ¢ # 1.

For the trivial subgroup to show the existence of the induced dotted arrow
1
v (e):

Or ® Ny — 5{;10]:@)@

o) lm@ﬁ; (5.3.25)

Ker(pp(1)) —— E5'0r oK 2 @ €51 0F &0 T,

we need to verify that the zig-zag from the top left corner to the bottom right corner
is zero. The bottom row of (5.3.25) is the beginning of the trivial subgroup level
of the injective resolution (4.4.4) of ECq. This zig-zag is indeed zero because of
the previous diagrams. For the component ¢ = 1 the map is zero because the same
zig-zag in (5.3.22) is zero. In the same way for all the other components 7 # 1 the

map is zero because the same zig-zag in (5.3.24) is zero. O
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5.4 Proving the H-equivalence

To finish the proof of Theorem 5.1.2 we are left to show that for every subgroup H
of G such that H N Hy = 1 the map ¢ (Definition 5.3.19) induces an isomorphism

(G/H 4, Infg ECGIS = [G/p 4, ECaS. (5.4.1)

To do so we will use the Adams spectral sequence (2.5.2) for the homology functor
72 (2.5.1), and show that e induces an isomorphism of the second page of the two

Adams spectral sequences:
Ext’{ (n{(G/H+), Inf8 ECg) = Ext'{ (v G/ +), ECq). (5.4.2)

The first step is to identify the algebraic model for the natural cells G/H
which is done in 5.4.1. We turn then in building an injective resolution for Infg ECg
in 5.4.2 to compute the Ext groups in Theorem 5.4.26. Recall that we already have
an injective resolution of ECq (4.4.4) that we recall in 5.4.3.

5.4.1 Algebraic model for natural cells

We explicitly compute the algebraic model for the natural cells: 7(G/H; ) for
the connected codimension one subgroups H; of G, and 7A(G/F ) for the finite
subgroups F'.

Lemma 5.4.3. For every i > 1 the algebraic model wf(G/HZ-Jr) has values:

T (rMG/H;,)) = SH*(BG/H;)/e(%) = 2Q (5.4.4)
o' (n(G/Hiy)) = €D SH*(BG/F)/e(2) (5.4.5)
FCH;

while o%(mMG/H; ) = oM (mMG/H;,)) =0 for j #i. The structure maps are
the ones induced by the suspended sphere TA(S%) (2.5.52). Here e(z;) is the Euler
class (2.5.13) of the character z; (4.1.7) having H; as kernel.

Proof. We start from the cofibre sequence of G-spaces:
o ezi)  qz
G/H; — S° —> S*. (5.4.6)

Applying the suspension functor we obtain a cofibre sequence in G-spectra, which
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induces a long exact sequence for the homology functor m:

TG/ H;, ) — 72(80) L2 7 A, (5.4.7)

By (2.5.51) the induced map e(z;) in (5.4.7) at the levels of the subgroups G
and H; with j # i is the identity since 28 = le 9 = 0, therefore we obtain zero as
kernel and cokernel at those levels. At the level of the subgroup H; since zzH t=z

the map e(z;) is induced by the map

LpHZ(e(zz)) : O]'—/Hl — ZziO]:/Hl_ (5.4.8)

that sends the unit ¢+ € O]-'/H to precisely the Euler class e( e ]:/ 1, a8 defined

n (2.5.13). Using the coordinate ¢; (2.5.17), the Euler class e(z z;'") has ¢; in the
Hi-th component and 1 in all the other components. Therefore the map (5.4.8) is
injective so it has no kernel, while the cokernel is ¥2Q[c;]/(c;), which is the only
contribution to (5.4.4).

At the bottom level we can apply the same argument, the map:
(pl(e(zi)) :O0F — EZiO]: (5.4.9)

sends the unit ¢« € OF to precisely the Euler class e(z;) € Ox, which by (2.5.13) and
(2.5.23) has components:

[ WF¢H
e(zi)r = (5.4.10)

Therefore the map (5.4.9) is injective and the cokernel is precisely the suspension of
(5.4.5). O

Lemma 5.4.11. For every finite subgroup F of G the algebraic model 7 (G/F )
has a zero at each subgroup level except at the bottom level (2.5.33) where it has the

value:
TMG/F,)(1) = @ SPH*(BG/F')/(za,28) = P =°Q (5.4.12)
F'CF F'CF
the suspended rationalized Burnside ring of F. We are using the coordinates
H*(BG/F') 2 Q[za,xzp] (2.5.21).

Proof. In this case we use directly the definition of the homology functor w2

(2.5.47). If H is a connected subgroup of G different from the trivial one, then
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goH(Tr*A(G/F+)) = 0, since ®¥(G/F_) = 0 because the H-fixed points of the G-
space G/F . is only the basepoint.

At the bottom level we have the rationalized Burnside ring of F' [Bar08,
Definition 1.3.5]:

T(DEF, ANG/F,) 2 a8 (G/F) 2 S2A(F) = P Z*Q. (5.4.13)
FICF

For the first isomorphism of (5.4.13) we use that natural cells are strongly dualizable
2.2.5, more precisely by [GM95a, (4.16)]:

D(G/F,)=F(G/F 8% ~ STt nG/F (5.4.14)
where L(F) is the tangent F-representation at the identity coset G/F. Therefore:

7Y (DEF,y ANG/F,) 279 (DEF, A S") AD(G/F))
T(SHE) AND(EFL ANG/F)) (5.4.15)
(S AD(G/F ) = Al (G/F ).

I

I

The weak equivalence EF; A G/F,_ ~ G/F_ can be obtained from the isotropy
separation cofibre sequence of G/F (2.4.25):

EF . NG/F, — G/F_—EFANG/F, (5.4.16)

noticing the last term is nullhomotopic since G//F' | has stable isotropy in F. The
second isomorphism of (5.4.13) can be obtained with (2.4.6) and the restriction-

coinduction adjunction (2.4.5):
1$°,G/F )¢ = (8%, ") AF(G/F,, SO

[SiL(F)7 FF(G+7 SO)]G
> (i S SO = 3120 §O)F = 2 A(F)

12

5.4.2 Injective resolution of Infg ECs

We build an injective resolution of Infg ECg (5.3.15) in the abelian category A(G):

0 —— Inf¢ ECq I I, 0. (5.4.17)
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We first rewrite Infg ECg in a more convenient form:

5510f ®1 Nt

I

G _

I

Or ®1 Nt

where at each level we are tensoring the Oz-module of 7(SY) (Lemma 2.5.48) with
the nub Nt (5.2.12) of ECgx:

Remark 5.4.19. To obtain (5.4.18) from (5.3.15) simply notice that when ¢ # 1 we
have Eg /1 © €, C &g and therefore:

5,;}(?;@% = 5;,}0;@1955}1,1% o 51;}0;@19 (EGju, OF/m, ®Kr) = Ef OF @ K.

The same is true for 551(9; ®1 Np = 5510]-‘ ® Kr.

Notice that for the family of all subgroups of G the universal space is precisely
E[All]+ ~ S°. Therefore combining [Gre08, p. 12.3] and [Gre08, p. 10.2] we obtain

the injective resolution of SY in A(G):

S — fa(Q) — P fu, (P S*H.(BG/H])) — fi( P L' H.(BG/F)) — 0.

i>1 j>1 FeF
We can rewrite this last sequence in a more convenient form for us:
0 G/H O F/H;
SO — fa(Q) — @ fu, (ALY fi(M) — 0, (5.4.20)
i>1 /Hi

where M is the Or-module:

Elo
M= (P ;,1(9?“ (5.4.21)

i>1

and A is the diagonal submodule: the image of the map

ESLOF
EG'0Fr — P E—=.
i>1 5Hilof

Since Nt is flat over Oy, [Gre05, Lemma 5.3], we can simply tensor over this ring
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every Or-module of (5.4.20) to obtain an injective resolution of Infg ECs in A(G).

More precisely the terms of the injective resolution (5.4.17) are:
0 = fa(Kr)
® Kr) (5.4.22)

i>1 O}—/Hi

I = f1(M§> Nr),

where M is defined in (5.4.21), Nt in (5.2.11), and we have used Remark 5.4.19.
Notice we obtain fgz, (Tr) in I} since by [Grel2, Proposition 3.1] the module 51?1110]-‘
is flat over Or/p, . Moreover I} is indeed injective by 2.5.45 and 2.5.46 since Tt is a

torsion injective O]:/Hl—module and
»?H.(BG/H!) ® Kt
is a torsion injective H*(BG/Hg)—module.

5.4.3 Injective resolution of ECg

For convenience we recall the injective resolution built in 4.4 of ECq. By (4.4.4) we

have an injective resolution of ECq in A(G):

0 —— ECq Iy —225 1 251, —25 0 (5.4.23)

where the terms are:

Iy := fa(K)
L == fu,(Th) (5.4.24)
i>1
I := fl( )7
with
N = 7—[7%

(5.4.25)

T =

as defined in (4.4.25) and (4.4.20), with all local cohomology modules coming from
the Cousin complex of OLF (4.3.18).
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5.4.4 Computing the Ext groups

We are finally ready to finish the proof of Theorem 5.1.2, namely to show the
isomorphism of the Ext groups in the Adams spectral sequences (5.4.1). To do so
we will need some technical results that we prove after the main Theorem, and that

we use in the proof.

Theorem 5.4.26. For every subgroup H of G such that H N Hy = {1} the map ¢

(5.3.20) induces an isomorphism between the terms in the Adams spectral sequence:
Ext’;(G/H+, InfE(EC)) = Ext’{*(G/H+, ECG) (5.4.27)

Proof. First recall the injective resolutions of Infg ECg (5.4.17), and ECq (5.4.23),
as well as the algebraic model for the natural cells (Lemma 5.4.3, and Lemma 5.4.11).
It is enough to show that for every such H, in the following commutative

diagram (obtained taking morphisms into the injective resolutions):

6/
Hom4(G/H4, 1)) —— Homu(G/Hy, 1)) —— Homu(G/Hy, 1)) —— 0

J J{al J@
HomA(G/H,,To) —— Homa(G/H,T;) —2— Homu(G/H,,Is) — 0
(5.4.28)
the vertical maps (induced by ¢) are all isomorphisms. We will first show this when
H has codimension 1, and then when H is finite. Recall the definition of the injective
objects in the first row (5.4.22), and in the second one (5.4.24).
If H has codimension 1, then necessarily H is connected and without loss of
generality we can suppose H = Hs. The first column of (5.4.28) is zero since by the
adjunction (2.5.44):

Hom 4(G/Hz., , fo(Kr)) = Homg(0,Kr7) = 0

and with the same argument: Hom4(G/Hz ., fa(K)) = 0.

Moving to the second column, by Lemma 5.4.3 the object G//Ha, has a zero
at each subgroup Hg with s # 2. Therefore the only summands of I} and I; that do
contribute are the ones constant below Ha, using the coordinate H*(BG/H2) = Q[cz]
(2.5.17) by the adjunction (2.5.44) we obtain:

EL 0O L

RS T o %)
F/H,

= Homgy,) (5Q, Qe )/jc] ® Kr) = K.

HOHlA(G/H2+,H/1) = HOHIA(G/HQ_'_, fHQ(
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Explicitly the morphism f € Kt is the one that sends the unit to the element
[c;'] @ f. In the same way:
HomA(G/Hz,,11) = Homu(G/Hs, fu,(T2))
= HOHIQ[@](EQ, IC/ODQ) = 20D2/m2

where my is the ideal of Op, of those functions vanishing at Dy and explicitly the
morphism [f] € Op,/y, is the one that sends the unit to the element [, f] € /C/(')DQ.
By Lemma 5.4.38 the map £; (5.4.28) is an isomorphism, since in each even
degree it is the map:
75 Kr = Oy /iy,

Moving to the third column of (5.4.28), using the adjunction (2.5.44):

Hom 4(G/Hy ., I5) = Homa(G/Ha ., f1(M ® Nt))
=~ Homo, ( P ZHY(BG/F)/(x2), M ® Nr)
FCH>
~ P Homp-(pay/ry(EH™(BG/F)/(x2), (M & N1)F)

FCH,

=D 2KT/0 1,y

ni>1

(5.4.29)

where M is defined in (5.4.21), Nt in (5.2.11) and z2 in (2.5.23). The last iso-
morphism of (5.4.29) is obtained as follows. First for every n; > 1 we have the
finite cyclic subgroup F = C,,, = H{"' N Hy C Hy. By Lemma 5.4.41 an element
in the F-th component of the third row of (5.4.29) is a map sending the unit of
YH*(BG/F)/(x2) to a sum of elements of the form (5.4.42) with h = 1. Therefore
the F-th component of the map 7 (5.4.28):

(0)F : 2K — Homp«pg/r)(XH" (BG/F)/(x2), (M <§1§> Nt)r) (5.4.30)

is surjective with kernel ¥O¢, ), since (5.4.30) sends f to the map which sends the

unit to the element

[0, [z7%251],0,...)] Q@ (F @ f)e (M ® Nr)p

1

with ft% regular on C(nq). Therefore (07)F induces the last isomorphism of (5.4.29).

116



In the same way:

Homy(G/Hs 1) = @ Homp« (g r)(SH*(BG/F)/(x2), NF)
FCHy

(5.4.31)
=~ P E(ODg/mQ)/(OF/mZ).
FCH,
where by (4.3.17) the F-th component of N (5.4.25) can be described as:
Nr =1 =P K/op, /K, (5.4.32)

i>1

and Op is defined in (4.2.15). The last isomorphism of (5.4.31) is obtained as before.
The F-th component of the map d; (5.4.31):

(51)}7 : EODQ/m2 — HOHIH*(Bg/F)(EH*(BG/F)/(QJQ),NF) (5.4.33)

is surjective, with kernel ¥Or/my. This is because By Lemma 4.4.53 every element
in (5.4.32) admits a representative [(0, [g],0,...)] with only the second component
different from zero. Therefore an element in the F-th component of (5.4.31) is a map
sending the unit to an element of the form: [(0, [£;"f],0,...)] with [f] € Op,/p,,
which is precisely the F-th component of §;([f]). This shows that (4;)r induces the
last isomorphism of (5.4.31).

By Lemma 5.4.38 the map €2 (5.4.28) is an isomorphism, since in every F-th

component and in each even degree it is the map:

”T : KT/Oc<n1> i (ODQ/m2)/(OF/m2)

where F' = H{" N Hj.

Let us prove the case when H is a finite subgroup of G such that HNH; = {1}.
By Lemma 5.4.37 we have H = (), is cyclic and without loss of generality H C Ho.
Notice that H = H{ N Hs. Using the adjunction (2.5.44), the first two columns
of (5.4.28) are zero, since by Lemma 5.4.11 the algebraic model for G/H is zero
everywhere except at the trivial subgroup. Therefore we are only left to prove that

the map e9 (5.4.28) is an isomorphism. By the adjunction (2.5.44):

Hom4(G/Hy,15) = €D Hompy(payr) (S°Q, (M ® N1)r) = P Octni)/ms
FCH niln
(5.4.34)

where m < Og(,,) is the ideal of those functions vanishing at C(ni). The last

isomorphism of (5.4.34) can be proven similarly to (5.4.29) term by term for every
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F = H{"" N Hy. An element in the F-th component of (5.4.34) is an H*(BG/F) =
Q[z1, z2]-module map sending the unit of Q to an element of (M ®; Nt)r which is
zero if multiplied by x; or 2 (2.5.23). By Lemma 5.4.41 such an element is sum of

elements of the form:

Khi*wilLOaQ--J]Q%ﬂ(wlébfﬂnﬂ

with [f] € Oc(ny)/m, hence we obtain (5.4.34). Similarly:

Hom4(G/Hy,I2) = @ Hompepa/r)(X°Q, Nr) = €D OF/(my, my), (5:4.35)
FCH FCH

where m; < Op is the ideal of those functions vanishing at D;,,. The second
isomorphism of (5.4.35) is proven for every F' similarly to (5.4.31). The element
[f] € OF/(ml,m2> defines the H*(BG/F) = Q[z1, z2]-module map that sends the

unit of Q to the following element with only the first component different from zero:

f

#],0,0,)] € Np,
t1,m,t2,1

where we have used (5.4.32).
By Lemma 5.4.38 the map €5 (5.4.28) is an isomorphism, since in every F-th

component and in each even degree it is the map:

71 2 Octny) /m — OF/(ml,m2>
where 7,1 (C(n1)) = D1 p,, so that a function in m has pullback in m;. O

Remark 5.4.36. The form of this proof suggests a geometric counterpart of the
statement directly in Algebraic Geometry. The Lie group homomorphism 21 : G — G
induces the projection m = X(z1) : X — C, while for every subgroup H such
that H N Hy = 1 we have the inclusion ¢z : H < G inducing the immersion
v =X(ig) : X(H) — X. This induces the following dictionary between Topology
and Algebraic geometry:
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Topology Algebraic Geometry

ECq Ox
ECg Oc
Inf§ EC, ™ Oc
sW Ox(Dw)
SV @w)y S710x(Dvew)/0,
CP(V)+ (m1)+(Z'Ox(Dvew)/0,)
i Infg ECg ~ i3, ECq ri0c = 1*Ox

where V is a T-representation and W is a G-representation. Denoting F =
Eilo){(DV@w)/OX, we can also translate the statement of Corollary 5.1.4 (using

homology instead of cohomology):

78 (S(V @ w)y A ECq) = n(CP(V) 4 A ECg)
into its Algebraic Geometry counterpart:
H*(X, F ©Ox) = H*(C, (m)«(F @ Ox)) = H*(C, (m1)+F @ Oc),

that possibly can be proven directly using geometric arguments like (5.1.19), (5.1.20),

and working on the higher images functors.
We conclude with the results needed for the proof of Theorem 5.4.26.

Lemma 5.4.37. If F C G is a finite subgroup of G such that F N Hy = {1}, then
F is cyclic and there is a connected codimension 1 subgroup H; such that F C H;
and H; N Hy = {1}.

Proof. Suppose F' is not cyclic, then it contains at least a p-group of the form
F' =2 Z/pZ x Z/pZ for a prime p. But inside G there is only one copy of such a
p-group, namely the subgroup of elements of order p in G: G[p| = T[p] x T[p]. This
is immediate to see since every element in F’ has order p, therefore F' C G[p] and
they have the same cardinality. This gives us a contradiction since |F' N Hi| =p > 1.

To prove the existence of such an H; let us think about G as the quotient
G=TxT=(RxR)/(Z xZ). Every connected codimension 1 subgroup H; is
determined by a point P; = (\;, u;) € Z x Z for a pair of coprime integers \; and
Wi, namely H; is the image in the quotient (R x R)/(Z x Z) of the line in R x R
connecting the origin to the point F;. For example H; is determined by the point
P, = (0,1). By the first part of the Lemma F is cyclic and generated by a point
Q = [(a/n,b/n)] € (R x R)/(Z x Z) with a,b € Z and where n is the order of F.
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Since F'N Hy = {1} we have a # 0 and that a and n are coprimes, otherwise we can
find a non-trivial multiple of @) not in Z x Z but that lies in Hy. Therefore we can
find r, s € Z such that rn + sa = 1. For obvious reason s and n are coprimes, so the
s-th multiple of Q:

Q=@ = (2% Dy = 4 22 2y = 22y,

n’'n n’'n n’ n

is a generator for the subgroup F. The subgroup H; defined by the point P; = (1, sb)
satisfies all the requirements. We have H; N H; = {1} since the line connecting the
origin to P; does not intersect any integer vertical line. Moreover the line connecting

the origin to P; passes through @', therefore F' C H; since Q' generates F'. O

Lemma 5.4.38. The pullback along the projection m : X — C induces an isomor-
phism:
75 Kr = Oba/my, (5.4.39)

that restricted to O¢p,y for any integer ny > 1 gives an isomorphism:
T : Ocinyy = OF i, (5.4.40)

where F' = H{"" N Hy.
Proof. The isomorphism (5.4.39) is (4.4.54) for the point P = {e} and for the

projection 7 instead of 9. To prove (5.4.40) it is enough to notice that 7, *(C(ny)) =
D, and therefore (5.4.39) restricted to O¢(y,y gives functions that are regular also
at D1 p,, by Lemma 4.4.53 we obtain that the image is precisely Op (4.2.15). O

Lemma 5.4.41. For every finite subgroup F = H{"* N Hy C Hs, every element in
the F-th component (M ®1 Nt)r is sum of elements of the form

[([z7%25"],0,0,...)] @%l] (¥ @ f) e (M ® Nr)r (5.4.42)

such that h,k > 1 and fth € Oc,,y. Here M is defined in (5.4.21), Ny in (5.2.11),
and we have used the coordinates H*(BG/F) = Q[z1, z2] (2.5.23).

Proof. Every element in the F-th component of M (5.4.21) can be written as:

-1
(P2 00, ) e (@ P

- -1
wkah it &, Q[x1, x2]

with k,h > 1 and only the first component of the representative of the class different

from zero.
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Every element in (Nt),, can be written as iz} ® f for s > 0, with ¢ f
regular at C(n;) and that does not vanish on C(n;).

Therefore every element in (M ®; Nt)p is sum of elements of the form:

[([z1 "2, 0,0, 1@ @ef) = [([z1*257],0,0,... >]@§>ﬂ<w’f®<ft;:’“>>. (5.4.43)

The equality (5.4.43) is true since under the isomorphism:

EG'Qlz1, 72

Nr)py 2 E'Qar,20] ® K 5.4.44
51:111@[551,372] Q[rrl]( T H 21, 22] Q[z1] /Oc(nl) ( )

the two elements in the left hand side: [z7%z5"] ®Q[zy] (7] @ f) and el ®Q[z1]
(zf @ (ftr %)) are sent to the same element in the right hand side. O
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Chapter 6

Future directions

6.1 Higher Tori

In Chapter 4 we built rational T2-equivariant elliptic cohomology ECp2 € A(T?). A
really natural question is how to generalize this construction and the construction for
the circle ECt € A(T) to tori of any rank T*, namely building rational T*-equivariant
elliptic cohomology ECpr € A(TF) starting from an elliptic curve C over C and a
coordinate t, € O¢ .. First we need to ask which kind of properties we want ECrx
to satisfy. An obvious thing to ask is for ECpx to be 2-periodic, and the value on
spheres of complex representations SV with VT = 0 to be given in terms of the

sheaf cohomology of a line bundle O(—Dy) over X = C*:

EC%YCGH(SV) o~ Heven(XTk7 O(—DV))

dd oV dd (6.1.1)
ECSM(SY) = HOMY(Xpw, O(—Dy)).

The isomorphism in (6.1.1) might be too much to ask for our theory, namely in the
T?-case we obtained an isomorphism since by (4.5.12) the second page of the Adams

spectral sequence:

Ethﬁl(SV7ECT2) = HS(XT270(_DV))- (612)

has only three rows different from zero (namely for s = 0,1,2), since Xp2 has
dimension 2. As a consequence all the differentials in the second page are zero and
the Adams spectral sequence degenerates at the second page. For k > 3 the complex
abelian variety Xpr has dimension k, and therefore in the Adams spectral sequence
(6.1.2) we obtain more than 3 rows different from zero and the differential might be

non-trivial. Therefore we might get simply a convergent spectral sequence in (6.1.1)
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instead of an isomorphism. The associated divisor Dy might be defined in the same

way, for every subgroup H of T* we have the associated subvariety of Xp:
X(H) := Homap(H™,C).

where H* := Hom(H, T) is the character group of H. Therefore if V' = @,, a,2™,
where 2% is the one dimensional complex representation of T* with weight vector
n=(ni,...,n;) € Hom(T* T), the associated divisor of V can still be defined as:

Dy := Zaﬂf{(Ker(zﬂ)).

The main difficulty in building EC+ resides in the combinatorics of the intersections
of the subvarieties X(H). For ECp2 we started by defining the codimension 1
subvarieties D;; (4.1.11) associated to the codimension one subgroups HZJ of T2. In
codimension 2 the way the HZJ intersect in the finite subgroups F, is mirrored in
geometry in how the D;; intersect in the X(F) (Lemma 4.1.17). For T? we don’t
need to go further, but for T¥ we might need an inductive argument to replace
Lemma 4.1.17, and starting from the subvarieties in codimension 1, define the lower
dimensional subvarieties as the appropriate intersections of the one above so to mirror
the poset of subgroups in T*. Moreover all the Lemmas to fit the geometric inputs
from the Cousin complex as modules in the algebraic model (Lemmas 4.4.17, 4.4.22,
4.4.29, 4.4.33), are somehow a doc constructions for the T2-case. For general tori we
need a more rigorous framework to obtain those results at each dimension. This goal
can probably be achieved by a more generic use of Local cohomology modules and
their properties (for T? we have often used a specific form of those modules (4.3.17),
(4.3.13)).

6.2 General complex abelian surfaces

We can also consider a totally different direction, and try to generalize the construction
of ECp2 towards more general geometric inputs instead of generalizing the group of
equivariance. Namely one can consider a complex abelian surface S that might not
be X = C x C for a complex elliptic curve C, for example a good first generalization
could be a surface S which is isogeneous to the product of two elliptic curves. One
can then try to define a poset of subvarieties to mirror the intersection pattern of
subgroups of T? 4.1, consider the Cousin complex (which will still have the same
length) and try to define the action (Lemmas 4.4.17, 4.4.22) on the pieces of the

cousin complex to build an exact sequence of injective objects (4.4.1) in A(T?). From
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this exact sequence we can define a theory ESt2 € A(T?) whose values on spheres
of complex representations SV are given in terms of the sheaf cohomology of a line
bundle O(—Dy ) on the surface S. It would be really interesting to see if such theories
can be defined, which properties do they have and if they are bonded in some sense to
elliptic cohomology or they differ from it in a significant way. It seems unlikely that
every complex abelian surface S gives rise to a T?-equivariant cohomology theory,
probably it could be done for surfaces satisfying certain conditions. Investigating the
right hypothesis for a surface to generate a rational T?-equivariant elliptic cohomology

theory could lead to interesting results.

6.3 Grassmanians

In Chapter 5 we computed rational T-equivariant elliptic cohomology of the space of
complex lines CP(V') for a T-representation V. The next natural step would be to
compute elliptic cohomology of grassmanians of n-planes Gr, (V') for n > 1 (notice
Gr1(V) = CP(V)). To generalize the same method used in Chapter 5 notice that
Gr, (V) = Frn(V)/U(n) is the quotient of the space of n-frames of V' by the free U(n)-
action. Therefore we would need first to build unitary versions of rational equivariant
elliptic cohomology ECq for G =T x U(n), and then prove a U(n)-splitness result
like 5.1.2.
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