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Abstract

In this thesis we study orbit counting problems in different setups. We start by
considering hyperbolic rational maps on the Riemann sphere. For such a map we study its
periodic orbits and obtain an asymptotic counting result as the lengths of the orbits grow.
In particular, we associate to each periodic orbit a complex number called the multiplier
and we call the normalised complex number in the direction of the multiplier, the holonomy
of the periodic orbit. We place restrictions on the magnitudes of the multipliers and the
arguments of the holonomies of the orbits. We consider varying and potentially shrinking
intervals and arcs and obtain two results which resemble a local central limit theorem for
the logarithm of the absolute value of the multipliers and an equidistribution theorem
for the holonomies. Using traditional ideas from probability theory and thermodynamic
formalism we reduce our proofs to bounding the iterates of a certain family of transfer
operators. Then we obtain our results by adapting Dolgopyat—type arguments, obtained

by Oh and Winter in the situation we consider.

In the second half of this thesis we prove an analogous result to the one above in
the setting of convex-cocompact hyperbolic manifolds. We consider closed geodesics in
a hyperbolic manifold of arbitrary dimension and prove an asymptotic equidistribution
result. We fix a Markov section for the non-wandering set of the geodesic flow on our
manifold and order closed geodesics by their word length with respect to the Poincaré first
return map of this section. As before, we place restrictions on the geometric length of the
geodesics. Moreover, to each closed geodesic we associate a rotation element, called the
holonomy, obtained by parallel transporting a frame around the closed geodesic. Once again,
using symbolic dynamics and ideas from thermodynamic formalism we reduce our proofs
to obtaining bounds for the iterates of a certain family of transfer operators. Adapting
Dolgopyat-type estimates, established by Sarkar and Winter in a similar setup, we prove

an asymptotic equidistribution result.






Chapter 1

Introduction

1.1 History and motivation

A major theme in the theory of dynamical systems is the study of the distribution of
periodic orbits. This is particularly well-developed for hyperbolic systems, where one finds
precise asymptotic and equidistribution results. In this thesis we study equidistribution
problems in two setups. Firstly, we consider the periodic orbits of hyperbolic rational maps
and prove an equidistribution theorem as well as a local central limit theorem. Our second
setup involves the study of closed geodesics on hyperbolic manifolds of dimension at least

three where we prove an analogue equidistribution theorem for the holonomies.

1.1.1 How many geodesics are there up to a certain length?

Asymptotic counting problems for closed geodesics in the spirit of the Prime Number
Theorem have been studied for many years starting with Huber in [Hub59, Hub61]. He
showed that there exists an asymptotic formula, often called a Prime Geodesic Theorem,
for the number of closed geodesics in terms of a bound on their length while also providing
bounds on the error terms of his asymptotic formula. His results were proved in the setting
of a compact surface with constant negative curvature using harmonic analysis tools. See
also Hejhal’s book [Hej76] for a more detailed approach based on the Selberg trace formula
[Sel56]. In Hejhal’s second volume [Hej83] the result is extended to non-compact surfaces
of finite volume and constant negative curvature. This asymptotic result for the number of
closed geodesics on non-compact surfaces of finite volume appeared first in Sarnak’s thesis

[Sar80].
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Following Huber’s work, Margulis in his thesis extended the asymptotic counting results
of Huber to compact manifolds of arbitrary dimension with variable negative curvature
[Mar04, Mar69] but without the bounds on the error terms. Writing 7(7") for the number

of closed geodesics with length less than 7', Margulis obtained that

6hT

m(T) ~ T as T — oo,

where h > 0 is the topological entropy of the geodesic flow. In the special case, of a compact

N-dimensional manifold with constant negative curvature —K? Margulis obtained that

K(N-1)T

™0~ TN =T

as T' — oo,

thus recovering the main term in the asymptotic equivalence from the result of Huber
for compact surfaces. In the more general setting of variable negative curvature Margulis

resorted to an approach based on the dynamics of the geodesic flow.

Following the work of Margulis, Parry and Pollicott in [PP83] introduced a new method to
obtaining asymptotic counting results for 7(7"). Using the work of Bowen they realised
Axiom A flows as suspension flows over shifts of finite type. Then, using their understanding
of the spectrum of a family of Ruelle transfer operators they obtained information on the
the associated Ruelle zeta function and the poles of its logarithmic derivative. After using
a classical Tauberian argument they obtained a prime number theorem type of result for

the periodic orbits of a topologically weak mixing Axiom A flow restricted to a basic set.

The next advance in the study of the distribution of lengths of closed geodesics on hyperbolic
manifolds came from Guillopé. He proved in [Gui86] that there exists an asymptotic formula
for the number of closed geodesics up to a certain length for convex-cocompact surfaces
of constant negative curvature imposing a condition on the Poincaré exponent of the
fundamental group of the surface. Convex-cocompact here refers to the property that there
exists a closed subset C € HY invariant under the action of the fundamental group of the
surface such that this action is cocompact. Lalley recovered this result unconditionally in

[Lal89] using symbolic dynamics and renewal theory.

We call a discrete subgroup of orientation preserving isometries of HY geometrically finite
if it has a fundamental domain with finitely many faces. For geometrically finite groups it

was shown in [DP96] that a similar asymptotic holds. In this paper, Dal’bo and Peigné
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adapted Lalley’s methods to cover the case where parabolic elements are included in the

fundamental group, hence allowing the presence of cusps in the quotient manifold.

Writing & for the Poincaré exponent of the fundamental group the three results above can

be summarised as

T

w(T) ~ 3T

as T' — oo.

Perry in [Per01] recovered the asymptotic counting result for closed geodesics in hyperbolic
convex-cocompact manifolds. He used his joint work with Patterson [PP01] to study the
pole with greatest real part of the logarithmic derivative of a dynamical zeta function and
concluded his asymptotic result using a Tauberian argument similar to [PP83]. However,
his method to study the pole was different to [PP83] as he associated it to the pole of the
resolvent of the Laplacian on the quotient manifold, and found that it has residue equal to

one.

Following a major advance in the area of dynamics coming from the work of Dolgopyat
[Dol98] on the decay of correlations of Anosov flows, Pollicott and Sharp established an
improvement of Margulis’ result for surfaces of variable negative curvature. They used
similar methods to [PP83] involving the dynamics of the geodesic flow and transfer operators
together with the improved bounds on the transfer operators obtained by Dolgopyat. In
the case of a compact surface with variable negative curvature it is shown in [PS98b] that
the asymptotic equivalence enjoys an exponential error term, that is there exists h > ¢ > 0

such that

7(T) = Li(e") + O(eT) as T — oo.

Here, Li denotes the logarithmic integral Li(z) = [; (logu)™t du ~ z/logx, as & — oo and
we write f(z) = O(g(z)) as x — oo whenever there exists C' > 0 and zp € R such that for

all x > xo we have that |f(x)| < Cg(z). We also write f(x) ~ g(x) as x — oo whenever
lim, o0 f(2)/g(x) = 1.

Naud in [Nau05] strengthened the Prime Geodesic Theorem on convex-cocompact hyperbolic
surfaces. Adapting Dolgopyat’s analysis he managed to provide exponential bounds for

the error terms for the asymptotic number of closed geodesics up to a certain length on
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convex-cocompact surfaces of constant negative curvature. He also proved a prime number
theorem type of result involving exponential bounds for the error terms for the number of
periodic orbits of certain quadratic polynomials with respect to a bound on the magnitudes
of their multipliers. Here the magnitude of the multiplier of a periodic orbit gives a notion

of a geometric length to the periodic orbits of rational maps.

Subsequently, several generalisations of Naud’s results were obtained. Oh and Winter
generalised Naud’s prime number theorem type of result for quadratic polynomials in
[OW17] by proving a prime number theorem with exponential bounds for the error terms
for a large class of hyperbolic rational maps on the Riemann sphere. In particular, Naud’s
result concerned the family of quadratic polynomials f.(2) = 22 + ¢ for ¢ < —2 but he
had already noticed that his result does not hold for ¢ = 0 and conjectured that it should
hold for a much more ‘generic’ family of values of ¢ € C. Oh and Winter proved that the
prime number theorem type of result with exponential bounds for the error terms can
be generalised to all hyperbolic rational maps not conjugate to a monomial z — z*? by
a Mobius transformation. Note that in the case of a rational map that is conjugate to
a monomial z — 2™ for some integer d > 2 we already knew of a different asymptotic
counting result for periodic orbits with respect to a bound on their multiplier. This result
follows from the work of Parry in the more general setup of a weak-mixing suspension of a

subshift of finite type in [Par83].

Finally, Oh and Winter proved another asymptotic counting result for periodic orbits of
hyperbolic rational maps. This time instead of only counting periodic orbits they also
studied the distribution of the holonomies of periodic orbits. Holonomy in this setup refers
to the normalised complex number in the direction of the multiplier of the period orbit. If
the Julia set of a rational map is included in a circle in the Riemann sphere it is an easy
argument to show that all holonomies of periodic orbits are real numbers, that is, equal
to £1. Oh and Winter showed that this is the only obstruction to the equidistribution of
holonomies on the unit circle. Specifically they showed that for a hyperbolic rational map
of degree at least two whose Julia set is not included in a circle in the Riemann sphere,
the holonomies of periodic orbits equidistribute in the unit circle as the multipliers of the
periodic orbits considered tend to infinity while also obtaining exponential bounds for the
error terms. In the next subsection we discuss the analogue results for holonomies of closed

geodesics.
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1.1.2 Equidistribution of holonomies

Another interesting dynamical system generalising the notion of the geodesic flow is the
frame flow. A k-frame is an ordered set of k orthonormal tangent vectors of a Riemannian
manifold. The frame flow moves a k-frame along the geodesic defined from the first vector
and parallel transporting the rest. This system was studied in [BP74, BP73|, where Brin
and Pesin showed that the frame flow on a closed and connected manifold of constant
negative curvature is ergodic. For the ergodicity of the frame flow on closed, connected
manifolds of variable negative curvature see [BG80, CLMS21, BP03, BK84|. This more
general dynamical system allows us to refine our counting of closed geodesics on hyperbolic
manifolds. To every closed geodesic we can relate a conjugacy class of rotation elements
called the holonomy, obtained by parallel transporting a frame around the closed geodesic.
Parry and Pollicott in [PP86] viewed holonomies of closed geodesics, on oriented Riemannian
manifolds of variable negative curvature, as Frobenius classes of periodic orbits of the
geodesic flow and proved an equidistribution result. Specifically, they showed that if the
frame flow is topologically mixing (or, equivalently, topologically weak mixing) then the
holonomies uniformly distribute in conjugacy classes of the special orthonormal group of

appropriate dimension as the lengths of the closed geodesics considered tend to infinity.

Sarnak and Wakayama in [SW99] proved the equidistribution of holonomies for any rank-1
locally symmetric space of finite volume. Using harmonic analysis techniques (rather than
ergodic theoretic ones) they further managed to provide some bounds for the error terms.
Many papers improved on these results in various ways [MMO14, MO15, EO21, Shals,
DM21]. More recently, Sarkar and Winter in [SW21] proved an equidistribution result
for the holonomies of closed geodesics on quotients of HY by discrete, convex-cocompact,
torsion-free and Zariski-dense subgroups of Isom™ (HY) with exponential error bounds. We
call a subgroup I' < G Zariski-dense as a real Lie group if it is not contained in a proper
real algebraic subvariety V' C G. In three dimensions this is equivalent to requiring that
the limit set of I' < Isom™ (H?) is not inside a circle in S?. (Notice then, the similarity
with the assumption on Julia sets discussed above required to prove the equidistribution of

holonomies with exponential error terms for hyperbolic rational maps.)

In this thesis, we are studying asymptotic counting problems for periodic orbits of rational
maps and for closed geodesics on hyperbolic convex-cocompact manifolds. As a first step

we refine our counting to involve the holonomies of periodic orbits or closed geodesics.
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Further, following a long tradition of asymptotic counting results [CP20, PS06a, PS13,
PS06b, PS98a, PS01] we also refine our counting by associating a discrete length to each
periodic orbit or closed geodesic. We use this notion of discrete length to order our periodic
orbits and closed geodesics and obtain results that compare these two notions of lengths.

In the next section we present our results in more detail.

1.2 Main results

1.2.1 Periodic orbits of hyperbolic rational maps

Let us now be more precise about our setting. Let f : J — J be a rational map of degree
at least two restricted to its Julia set J and let 0 < § < 2 be the Hausdorff dimension of .J.
(See the next chapter for formal definitions.) A periodic orbit 7 = {z, f(2),..., " 1(2)}
(with f(z) = z) is called primitive if f(z) # z for all 1 < m < n. We denote the set
of primitive periodic orbits by P. For each 7 = {z, f(2),..., f* }(2)} in P, we define its
multiplier to be

A(r) = (f")'(2) € C,

and its holonomy
3 A(T) 1
T) = S,
SRG]

where S' denotes the unit circle in C. We call f a hyperbolic rational map if it is eventually

expanding on its Julia set, i.e. whenever there exist constants C' > 0 and v > 1 such that

[(f) (2)] = ¢y

for all z € J and n € N. A recent result of Oh and Winter [OW17, Theorem 1.1] states
that, for a hyperbolic rational map f of degree at least two which is not Mobius conjugate

to a monomial z — 2%, there exists ¢ > 0 such that
#{r e P I\N1)| <t} = Li(t°) + O(t°~%), (1.2.1)
and moreover if the Julia set of f is not inside a circle in @, then for any ¢ € C*(S)

S el = ([ ) do) L) + 0 (et <)

TEP:|A(T)|<t
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We take a slightly different viewpoint. For a periodic orbit 7 we think of the modulus of its
multiplier |\(7)| as a geometric notion of length for the orbit. Instead of counting periodic
orbits 7 = {2, f(2),..., f"1(2)} according to their geometric length, that is the modulus
of their multiplier, we count by their respective periods |7| = n. A rational map of degree
at least two has #{z € C : f"(z) = z} = d" (plus one in the case the highest order term
is at the denominator of the rational map f™) counted with multiplicity. Since as we will

see later in Proposition 3.3.1 ‘most periodic orbits are primitive’ it is not hard to show that

mn

d
#{T€P1|T|=n}wz as n — oo.

We strengthen the asymptotic result above by imposing certain constraints on the geometric
lengths |\(7)| and the holonomies A(7) of primitive periodic orbits of length n. For a
hyperbolic rational map f it follows that the geometric lengths of primitive periodic orbits
grow exponentially fast with respect to their periods. In particular, this motivates us to
consider the deviations of the logarithm of the geometric lengths of periodic orbits against
their period. More precisely, for « € R and an interval I C R we study the distribution
of the differences log|A(7)| — na in the interval I for primitive periodic orbits of period
n. Simultaneously we also study the distribution of holonomies A(7) in an arc S C S'.

Writing P, = {7 € P : |7| = n}, we aim to study the behaviour of
m(n,a,1,8) :=#{r € P, : log|A\(7)] —na € I and A(r) € S}, as n — 0o.

We need to impose a restriction on « and, to do this, define the closed interval

Iy = {/log\f’!du:uer},

where M is the set of f-invariant probability measures on J. We also assume that the
Julia set of f is not contained in a circle in C since otherwise all holonomies are real. We

write ¢ for the Lebesgue measure on R and v for the normalised Haar measure on S!.

Theorem 1.2.1 ([SS22]). Let f : J — J be a hyperbolic rational map of degree d > 2

restricted to its Julia set such that J is not contained in a circle in C. Then, for a € int(Zy),
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there exists oo > 0 and &, € R such that

V(S) e eH(a)n
w(n,a,1,8) ~ Ua\/%/le a® 37 as n — 0o,

where

H(a) —sup{hf(u) S € My oand /log]f'\du—a},

and hy(p) denotes the entropy of f with respect to p. In particular, if o = [log | f'| dptmax,

where tmax 95 the measure of maximal entropy then

v(S)0(I) d

oo/ 21 n3/2

m(n,a,1,S) ~ as n — oo.
We can also allow I and S to shrink at suitably slow rates. This generalisation will appear

in Chapter 3.

1.2.2 Distribution of ergodic sums for hyperbolic rational maps

We now present a result that involves the statistical properties of the distribution of all
orbits of the dynamical system discussed above rather than just the periodic ones. As
before let f : J — J be a hyperbolic rational map restricted to its Julia set. We define the

distortion function r : J — R by

r(z) =logl|f'(2)],

and the rotation function 0 : J — R /277 by

0(z) = arg(f'(2)).

For z € J let () = r(2) + r(f(2)) + - - + 7(f""1(2)) denote the sum of the distortions
along the first n points in the orbit of z € J. Similarly, 0" (z) = 0(z) +---+0(f""1(2)). Let
m be an f-invariant and ergodic probability measure on J. Birkhoft’s Ergodic Theorem
implies that the sequences r"(z)/n converge to [rdm for m almost every point z € J.
More sophisticated results study the deviations of this sequence from its average. As in

the previous subsection consider the closed interval

If::{/rdu:ue./\/lf},
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where M is the set of f-invariant probability measures on J. We show that for each
a € int(Zy) we can find a unique measure ji, such that [7du, = @ and a unique &, € R
such that p,, is the equilibrium state of ,r. Further, we define the variance of the distortion

function with respect to this unique measure u, by

1 2
2 . : - n __
o, = nh_)lgon/(r n/rdua> dlig.-

Assuming that f : J — J is not cohomologous to a monomial z — 2 for any d € N we
show that the limit above exists and o, > 0. In the current situation it can be shown using
arguments from [Lal86, CP90, Rat73a] that the ergodic sums satisfy the stronger property

of a central limit theorem. In particular, for a real interval I we have that

) r™(z) —n [rdua } 1 / ey
lim pg<z¢eJ : cl} = e T/% dg.
nivoo 1 { Jn oav2r )i

We say a function g : J — R satisfies the lattice property whenever there exist constants

a,b € R, a function v : J — Z and a continuous function v : J — R such that
g=a+bp+uof—u.

Oh and Winter proved in [OW17] that if we assume that the Julia set of f is not contained
in a circle in the Riemann sphere it follows that the distortion function r does not satisfy
the lattice property. This assumption implies through work of Lalley [Lal86] that we can
obtain a stronger asymptotic result. We get a local central limit theorem for the distortion

function, that is for a real interval I we have that

(I
ua{zEJ:r"(z)—n/rd,uaEI}N() as n — oo.

TV 2Tn

Finally, we present our result that strengthens the one above by allowing us to place a

further restriction on the ergodic sums of the rotation function 6. Recall that [rdu, = «.

Theorem 1.2.2. Let f: C—Cblea hyperbolic rational map of degree at least two such

that its Julia set is not contained in a circle in C. Let I be an interval in R and let S be
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an arc in S*. Then, for each a € int(Zy) there exists oo > 0 such that

pa{z€J : r"(z) —nael and 6"(z) €S}~ E(I)VQ(S) asn — oo, (1.2.2)
gaV2mn

where for a unique &, € R, gy is the equilibrium state of &,r.

Again we can also allow I and S to shrink at suitably slow rates. This generalisation will

appear in Chapter 3.

1.2.3 Closed geodesics and holonomies on convex-cocompact hyperbolic

manifolds

Let HY denote the N-dimensional hyperbolic space and write Isom™ (H"Y) for the group
of orientation preserving isometries of HY. Let I'" be a Kleinian group, that is a discrete
subgroup of Isom™ (H!). Assuming that I' is torsion-free we have that the quotient manifold
X =T\H" is a hyperbolic manifold of dimension N. It is a classical problem to study
asymptotic counting problems for the closed geodesics on hyperbolic manifolds. Denote by
G the set of primitive closed geodesics in X and for v € G write () for its geometric length.
For each closed geodesic v we have an associated holonomy element h. which corresponds
to a conjugacy class in SO(N — 1). This can be obtained by parallel transporting an
N-dimensional oriented frame around v where we move the first vector by the geodesic

flow.

We call a function ¢ : SO(N — 1) — R a class function if it remains constant in conjugacy
classes of SO(N — 1). Recently, Sarkar and Winter obtained the following result in [SW21,
Theorem 1.3].

Theorem 1.2.3. Assume I' is a torsion-free, convex-cocompact and Zariski-dense Kleinian
subgroup of Isom™(HY). Then, there exists ¢ > 0 such that for all class functions ¢ €
C*®(SO(N —1),R) we have that

> olhg) = Lie™T) [

¢ dp+ O(er=aT) as T — oo,
Uy)<T 1)

where p is the probability Haar measure of SO(N — 1) and dp denotes the critical exponent
of T.
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Here we take a different approach and order closed geodesics with respect to a discrete

length. We restrict to the three dimensional case for the moment to ease notation.

Recall that G denotes the set of primitive closed geodesics which are in one-to-one
correspondence with the primitive periodic orbits of the geodesic flow on the tangent
space of the quotient manifold I'\H?. Considering the geodesic flow on the tangent space of
our manifold X = I'\H? let Q C T (X) be the non-wandering set. It follows from work of
Ratner [Rat73b] that there exist Markov sections of arbitrarily small size for 2. For each
Markov section R of 2 there exists an associated first return time map 7 :  — R™. Since
the first return time map is constant along stable leaves, by abusing notation we can think of
the first return time map as a function on the union of unstable leaves U := | i, U; — R
after collapsing the stable leaves. Further, let P : U — U be the projection of the Poincaré
first return map on the union of unstable leaves of the Markov section. (The precise

definitions appear in Chapter 4.)

Every primitive periodic orbit v € G for the geodesic flow corresponds to a periodic orbit
{u, P(u),...,P" }(u)} with P"(u) = u for the Poincaré first return map P: U — U. In
fact, this correspondence is possibly non-unique when the periodic orbit v is passing through
the boundaries of the rectangles of our Markov section R. If {u, P(u),..., P" }(u)} is

unique then we define

h/"R =n,

that is the period of u. Otherwise, we choose ||z to be equal to the smallest period of all

the P-orbits corresponding to . Crucially, we have the identity
n—1 )
() =7"(u) ==Y 7(P'(u)),
i=0

where {u, P(u),..., P" !(u)} is any P-orbit corresponding to v with period equal to |y|r

and observe that we have the inequality

l
minTﬁﬂgmaXT.

v Ivl= v

Letting T" be the transition matrix for the Markov section R we have that T is topologically
mixing. By the Perron-Frobenius Theorem, the matrix 7" has a positive eigenvalue A > 1,

with all the other eigenvalues having strictly smaller modulus. Furthermore, A is related
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to the topological entropy h(c) of o : ¥ — 7 since h(o) = log A where (X, 0) is the
one-sided subshift of finite type related to T'. The number of periodic points of period n of

o is given by
#Fix,(0) :={z € 2T : o"(z) = 2} = trace(T™) = A" + O((6p\)"),

where 0 < 0y < 1. Given any o-invariant probability measure v on X1, we may define
its entropy h,(v). This always satisfies h,(v) < h(o) and there is a unique o-invariant

probability measure pyg, called the measure of maximal entropy, for which h(uy) = h(o).

In particular, the topological entropy of P : U — U satisfies h(P) = h(c) = log A\. The
topological entropy gives the exponential growth rate of periodic points for P. More
precisely, if we write Fix,(P) = {u € U : P"(u) = u} then there exists 0 < ¢; < 1 such
that

£ Fix, (P) = A" + O((0,0)"). (1.2.3)

This next result is due to Bowen [Bow73].

Lemma 1.2.4. There exists 0 < 05 < 1 such that

#Fixn(P) +
n

#{vegG : |yr=n}= O((62M)™). (1.2.4)
The difference between counting closed geodesics of word length n and the number of
periodic orbits of length n described above does not cause a problem for our analysis. This

follows from [Bow73, Theorem 6.1]. In particular, using (1.2.3) and (1.2.4) we obtain that

n

A
#{7€gih|72:n}~; as n — oo.

We strengthen this asymptotic result by placing restrictions on the geometric lengths
and the holonomies of the closed geodesics. To this end, fix an interval I C R, an arc
A C S! and a real number a. (Note that in three dimensions we can think of the holonomy
element of a closed geodesic as an element of S! through the isomorphism SO(2) = S!.)
Considering closed geodesics of word length n with respect to |.|g we count those whose

deviations of their geometric length I(7) from na lie in I. Further, we place a restriction



1.2 Main results 13

on the associated holonomy by requiring that h. lies in A. We therefore wish to study the

asymptotic growth of the following quantity

mr(a,n, I, A) := #{|7|R:n :l(y)—nael and hyeA}.

To do that, we need to impose some restrictions on . We define the interval

I::{/Td,u:ue/\/l},

where M is the set of P-invariant probability measures on U, that is the union of unstable
leaves of our Markov section. Let v be the normalised Haar measure on S! and ¢ be the

one dimensional Lebesgue measure. We then get the analogous equidistribution result.

Theorem 1.2.5. Let I' be a torsion-free, convex-cocompact discrete subgroup of Isom™ (H?)
and assume that the limit set of T is not included inside a circle in S®. Let |.|r denote the
word length with respect a fixed Markov section R for the non-wandering set 2. For any

real value o € int L there exist oo > 0 and a € R such that

Jredzv(A) g
a,n, I, A) ~ el (e)n
TR ) ooV 2mn3

as n — oo,

where H(a) = sup {hy(P) : p€ M and [7dp=a} and h,(P) demotes the entropy of
P with respect to p.

In this setting Pollicott and Sharp obtained an asymptotic result that did not involve the
holonomies in [PS13]. Our result can be stated more generally in any dimension N > 3
where the condition on the limit set of I is placed by the Zariski-density of I" in Isom™ (H™).
Moreover, we can also allow I and A to shrink at suitably slow rates. These generalisations

will appear in Chapter 5.






Chapter 2

Preliminaries on hyperbolic

rational maps

2.1 Introduction and definitions

In this chapter we present all the main definitions and background knowledge which we will

need in order to present our results on hyperbolic rational maps in the following chapter.

2.1.1 Rational maps and periodic orbits

In the study of dynamical systems it is always more convenient to consider orbits of points
with respect to a map on a compact space. Hence, we start by considering the space of
extended complex numbers C U {co}. Throughout this thesis we denote the extended
complex numbers by C and refer to them as the Riemann sphere. Topologically, the
resulting space is the one-point compactification of a plane into the sphere. However, the
Riemann sphere is not merely a topological sphere. It is a sphere with a well-defined
complex structure, so that around every point on the sphere there is a neighbourhood
that can be biholomorphically identified with a region in C through the holomorphic maps

C—>(C:z—>zor@\{0}—>(€:z—>é.

We call a function f : C — C a rational mayp if it is given as a quotient of two polynomials

with complex coefficients and no common factors, that is

f(z) = p(z) where p, ¢ € C[z] and gcf(p, q) = 1,
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where we set f(00) = lim|,|_, % and f(z) = oo for each z € C with ¢(z) = 0. We call

the number

d = max{deg(p), deg(q)},
the degree of f.

The main object of study in our asymptotic counting problem will be the periodic orbits of
rational maps. We call a set 7 = {z, f(2),..., f"1(2)} € C a periodic orbit of f whenever
f™(2) = z and call n its period. If moreover, f*(z) # z foreach k =1,...,n —1 we call 7
a primitive periodic orbit. For each natural number n set P,, to be the set of all primitive
periodic orbits of f of period n. Observe that points in a primitive periodic orbit of period
n are roots of the equation f"(z) —z = 0. However, roots of this equation might also

include points in non-primitive periodic orbits. We note that for d > 2
#{zeC: ["(z) =2} =d",

where these points are counted with multiplicity and that the topological entropy of f,

denoted by h(f), is in fact equal to logd [Lyu81].

It is a standard result that not only a rational map is holomorphic but in fact the only
holomorphic functions from the Riemann sphere to itself are rational maps. Considering

the derivative of f, we call a point z € C critical whenever f'(z) = 0.

Multipliers and holonomies Returning our focus on the periodic orbits of f, in addition
to their period we define a different notion of length for each periodic orbit. Considering
a periodic orbit 7 = {z,..., f""}(2)} in P, we define its multiplier to be the complex

number
A7) = (f")(2) e C.

Note that using the chain rule it is easy to see that the multiplier of a periodic orbit is
well defined since (f")'(2) = [125 #'(f(z)). For each periodic orbit 7 we will call the

magnitude of its multiplier |A(7)| the geometric length of the periodic orbit.
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Additionally if 7 does not include a critical point (equivalently if A(7) # 0) we define its

holonomy to be the normalised complex number

Mr) = est,

where S! is the unit circle centred at the origin in C.

We use the multipliers to divide periodic orbits in three classes. We call a primitive periodic

orbit 7

Attracting if |\(7)| <1,
Repelling if |\(T)| > 1,

Indifferent if |\(T)| = 1.

Conjugate rational maps We call two rational maps f,g conjugate whenever there
exists a bijective conformal map from C to itself, that is a fractional linear transformation

h:@%@givenby

az+b
h(z) = ——
&) ="1
with ad — be # 0, such that
foh=hog.

Conjugate rational maps enjoy many similarities in the study of their dynamics. Indeed
assuming two rational maps f, g are conjugate we can easily show that the periodic orbits
of these two maps are in one-to-one correspondence. Further, using the conjugacy relation
and the chain rule we can show that not only corresponding periodic orbits have the same
periods but also have equal multipliers (and holonomies when these are defined). This fact
will allow us to study our asymptotic counting problem for a conjugacy class of rational

maps f hence providing us with some flexibility.

2.1.2 Julia sets and hyperbolicity

Julia set Let f: C — C be a rational map. We call a point zg € C normal with respect
to f if there exists an open neighbourhood U of zy such that the family of iterated maps

{f"}nen restricted to U forms a normal family. The Fatou set of f is the set of normal
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points of f denoted by F = F(f). We call the complement of F' in C the Julia set of f
and denote it by J = J(f).

Intuitively, the dynamics of f should be thought of as being tame on the Fatou set and
more wild on the Julia set. Indeed later on we will restrict our focus to the study of the
dynamics of f on its Julia set. It follows by the definition of these sets that the Fatou
set is an open set whereas the Julia set is a closed set and hence in particular a compact
subset of C. Indeed the Julia set enjoys many important properties of which some will be
useful for our analysis later on. Restricting our attention to a rational map f of degree at

least two we have the following

J is a non-empty, compact subset of @,

o f(J)=J=f"1J)and J(f) = J(f") for n € Z\ {0},

J is a perfect set,

for any open set U with U N J # & there exists n € N so that J C f*(U),

the periodic orbits of f are dense in J.

Further, whenever the Julia set of a rational map f is not the whole of C we can, up to
considering a conjugate rational map, assume that oo ¢ J and so in particular for simplicity,

we can view the Julia set J as a compact subset of C.

Moreover, we have the dichotomy that attracting periodic orbits belong to the Fatou set
whereas repelling periodic orbits lie in the Julia set. In fact Fatou showed that only a
finite number of periodic orbits are not repelling (Shishikura obtained the best bound for
the number of non-repelling periodic orbits given by 2d — 2, where d is the degree of the
rational map). Using this, Fatou also showed that the Julia set of f can be equivalently
characterised as the closure of the union of repelling periodic orbits. Proofs and a systematic

discussion on all the results mentioned above can be found in [Mil06, Ste93, Bea91, CG93].

Eremenko and van Strien proved in [EvS11] that if the Julia set of a rational map lies
inside a smooth curve then in fact it must be included in a circle in C. Up to considering
a conjugate map we can assume that this circle is the real line. Assume that we have a
map with Julia set included in the real line. This forces all the repelling periodic orbits to

have real multipliers. Indeed assuming the Julia set of f is in the real line we can use the
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basic properties of a Julia set, the fact that it is perfect and f-invariant, to deduce that

the derivative of an iterate of f evaluated at a point in the Julia set is real.

Hyperbolicity We call a rational map f : C—C hyperbolic if f is eventually expanding

on its Julia set, that is there exist constants C' > 0 and v > 1 such that

[(f") (=) = Cy", (2.1.1)

for all z € J and all n > 1.

Observe that a hyperbolic rational map cannot have critical points in its Julia set. In
fact, a rational map is hyperbolic whenever the orbit of each critical point converges to an

attracting periodic orbit in the Fatou set.

The shape and size of Julia sets is a complex problem on its own right. A useful invariant
of Julia sets of conjugate rational maps is their Hausdorff dimension. In particular, we
know that the Hausdorff dimension of the Julia set of a hyperbolic rational map f lies in

(0,2) [Suls3).

2.2 Thermodynamic formalism for hyperbolic rational maps

The main purpose of this section is to describe how one can study the dynamics of a
hyperbolic rational map using symbolic dynamics and ideas from thermodynamic formalism.
We begin by recalling the essential features of this approach but for more details the reader
is referred to [Rue89]. We then proceed to define the Ruelle transfer operators for which we
obtain some decay estimates for their spectral radii in the next chapter. Fix a hyperbolic
rational map f of degree d > 2. Further, assume that the Julia set of f is not contained

inside a circle in C.

2.2.1 Markov Partitions

For any small € > 0, we can find a Markov partition for J: compact subsets Pi,..., Py of

J each of diameter at most ¢, such that
1. J=UY, P,

2. int(P) =P, fori=1,...,N,
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3. int(P;) Nint(P;) = @  whenever i # j,

4. foreachi=1,..., N

fPy=U P
JEN;

where N; = {j € {1,...,N} : f(P)Nint(P;) # o},
(where closure and interior is taken relative to J).

Given a Markov partition Pi,..., Py, we can find open neighbourhoods Uy,...,Uy in C

such that
1. fisinjective on the closure of each U; and on the union U; UU;, whenever U; NU; # O,
2. each P; C U; is not contained in U, Uj,
3. for each pair ¢, j with P; C f(P;) there is a local inverse g;; : U; — U; for f.

We write

for the disjoint union of the neighbourhoods Uj;.

The structure of the partition allows us to define an NV x N matrix M with zero-one entries,
where

Lif f(F) D P,

ij =
0 otherwise.

2.2.2 Ruelle Transfer Operators and the Pressure Function

By the hyperbolicity assumption the Julia set of f, and hence U (assuming each U; is
sufficiently small), does not contain any critical points. We can therefore define the following
real analytic functions related to f, which will help us in the study of multipliers and

holonomies of periodic orbits.

Definition 2.2.1. We define the distortion function

r(z) =log|f'()],

and the rotation function

0(z) = arg(f'()) € R/2Z,
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which are both defined on U.

For a function w: U — R (or C) and n > 1, we denote the n-th Birkhoff sum by

i
L

w'(2) = Y w(f(2)).

=0

<
Il

(The context should make clear that this is not an iterate.) Hence, for a periodic orbit

=1z, f(2),..., f"(2)} in P,, we have that

/\(7_) — (fn)/(z) _ er"(z)+i€"(z)‘

Ruelle transfer operators We proceed to define the Ruelle transfer operators as well
as recalling some concepts from thermodynamic formalism. Write C1(U) for functions in
C1(U, C) with bounded derivatives. Then, for ' € C1(U), we define the transfer operator
Lr:CYU) — CY(U) by

(Lrw)(z) = eF9i®y(gg5x) when z € Uj.
1: M;j=1

Let s be a complex parameter and k be an integer. Consider the C1(U) function given
by s(r — a) +ikf : U — C, where « € R will be specified later. We will be interested in
the spectral properties of a special family of transfer operators parametrised by s € C and

k € Z given below

['(s,k) = Es(r—a)—‘rike .

We will show how to obtain some bounds on the norms and spectral radii of the transfer
operators in this family in order to prove our results. In fact this family of transfer operators
is not uniformly bounded using the usual C' norm. We thus define a family of modified

C! norms on C1(U) by

fw], + e g > 1,
lwlly =
ol + 0l $0< <1,

These modified norms ||-[|(,) will help us find sufficiently good bounds at least for large

values of ¢.
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Pressure function Given a continuous function g : J — R we define the topological

pressure of g by
Pr(g) := sup {hf(ﬂ) +/gdu P pE Mf},

where hy(y) is the measure theoretic entropy of f with respect to p and My is the set of

f-invariant probability measures on J. We call u an equilibrium state of g if

Pr(g) = hy(p) + /gdu-

If g is a Holder continuous function then it has a unique equilibrium state, which is fully
supported and ergodic; we denote this by m,. Given two functions g,h we have the

inequality
[Pr(g) — Pr(h)| < [lg — hlco- (2.2.1)

Two continuous functions g and h are called cohomologous if there exists a continuous
function v : J — R such that g — h =wuo f —u. If g and h are Holder continuous then

mg = my, if and only if g — h is cohomologous to a constant.

If g and h are Holder continuous then the function R — R : ¢ — Pr(tg + h) is real analytic

and
v, o
dt -0 ho 2.
d* Pr(tg + h) 1 . 2
— » — n]grolog/ (g (x) —n/gdmh> dmy, (2.2.3)

see [PP90, Propositions 4.10 and 4.11] and [Rue04]. Furthermore, as in [PP90, Proposition

4.12], if g is not cohomologous to a constant then ¢ — Pr(tg + h) is strictly convex and

d?Pr(tg + h)
dt?

> 0. (2.2.4)
t=0

(The references provided are for the symbolic case but all proofs follow from the spectral

gap property which will appear in the following chapter.)

We will now give a more precise version of our results. Recall that M/ is the set of

f-invariant probability measures on J, which is convex and compact with respect to the
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weak™ topology. Hence, the image of M onto the reals under the continuous projection

[ /Jlog || dps,

is an interval, which we denote by Zy. Since we are assuming that f is not Mobius conjugate
to a monomial, Z has non-empty interior. As we will see later in Lemma 2.2.2 this follows

from Zdunik’s work [Zdu90].

We define
H(a) := sup {hf(u) D pu € My with /log\f’|du = a} ,

where hy(p) denotes the measure-theoretic entropy. For o € intZy there is a unique

Ha € M that realises this supremum above and a unique &, € R such that
hy(pa) + &a /log | f' dpie = sup {hf(ﬂ) + §a/10g |f'ldp = e Mf} : (2.2.5)

We also define the variance of log |f/| — « by

1
02 := lim —/(log|(f")'\ —na)Qdua.

n—o0o0 N,

Our hypothesis on f implies that the limit exists and 02 > 0. These statements will
be proved in the next lemma and will allow us to present our results in full detail and
generality. Recall that for a Holder continuous function g : J — R we denote by m, the

unique equilibrium state of g. We have the following result.

Lemma 2.2.2. The interval Zy is not a singleton. Furthermore, for each o € int(Zy),

there is a unique £, € R such that H(a) = hy(me,,) and

/rdmfar = .

Before proving this lemma we first recall Livsic’s (Livshits) Theorem [Liv71] adjusted in

our situation.
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Theorem 2.2.3. Let g,h: J — R be n-Hélder functions. Then, g and h are cohomologous

if and only if their Birkhoff sums agree on each periodic orbit, that is if
9"(z) = h"(2),
whenever f™(z) = z.

Proof of Lemma 2.2.2. We claim that if Z; consists of a single point ¢ € R, then the
distortion function r is cohomologous to this constant. Indeed, assume that Z; = {c} and
let 7 = {z,..., " 1(2)} € P, be an arbitrary periodic orbit of length n. Consider the

f-invariant probability measure supported on this orbit given by

1 n—1
pr = ; Ofi(z)-

Since pir € My we have that [;log|f’| du, = c that is

n—1

> _log|f'(f'(2))] = ne.
=0

Since the choice of 7 was arbitrary, we have that the Birkhoff sums of the constant function
¢ and the distortion function r = log | f/| agree for each periodic orbit 7 of length n. Livsic’s
theorem then implies that the distortion function is cohomologous to the constant c. In

particular, the function
logd

[ 7 dpimax
is cohomologous to logd where pmax is the measure of maximal entropy for f. Zdunik
showed in [Zdu90, Corollary in section 7 and Proposition 8] that the only hyperbolic
rational maps satisfying this property are monomials and their conjugates. Since we are
assuming that the Julia set of f is not contained in a circle in @, f is not conjugate to a

monomial and hence Zy is not a singleton.

Furthermore, we see that r is not cohomologous to any constant since this would imply

that Zy is a singleton. In turn, this implies that the function

p:R—-R defined by p(t) = Pr(tr),
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is strictly convex. Now consider the set

D:—{p'(§):§€R}—{/rdm§T:feIR{}CIf.

Since p is strictly convex, D is an open interval. By the definition of pressure, for all
M Mf7
(1) = hy(p) + [ rdp.

In particular, the graph of the convex function p lies above a line with slope [ r du (possibly
touching it tangentially) and so [ rdu € D. Thus, since p is arbitrary, int(Zf) C D, and so
we have D = int(Zy). Thus, for o € int(Zy), since p is strictly convex, there is a unique

& =&, € R with
a=yp'() = /rdmgr.

Since the map g — hy(p) is upper semi-continuous [Lyu81], the supremum in

H(a) :sup{hf(u) : /rd,u:a},

is attained. Since myg, is the equilibrium state for {r, we have, for any u € M; with
w 7é Mer,
h¢(mey) +§/rdm§r > hy(p) +£/rd,u.

In particular, if [ rdu = « then hy(mg,) > hy(pn). Therefore, mg, is the unique measure

with the desired properties. O

Setting jto = me,r, we have the measure whose existence is claimed in (2.2.5). Furthermore,
2 : 1 n 2 "
oz = lim — [ (" — na)*du, =p"(§) > 0,

where we have used that mg, = me_q).-

For the rest of the paper, we will fix o € int(Z¢) and set £ = &, as in Lemma 2.2.2. We
will also write R :=r — a and R"(x) := r"(x) — na and note that, by Lemma 2.2.2, we
have that

H(a) =Pr(éR).






Chapter 3

Statistics for periodic orbits and
holonomies of hyperbolic rational

maps

3.1 Statement of results

Let f: C — C be a rational map of degree d at least two. Recalling the definitions in
the preliminaries, a periodic orbit can be classified as repelling, attracting or indifferent
depending on whether its multiplier has modulus greater than, less than, or equal to one,
respectively. Then, the Julia set of f is given by the closure of the union of repelling
periodic orbits and denoted by J = J(f). Recall that it is a compact f*!-invariant subset
of C. Moreover, we recall that such a map has topological entropy h(f) = logd and
#{ze€C: f(z) =z} =d".

Further we recall that we say that a rational map f : C—Cis hyperbolic if f is eventually

expanding on J, that is there exist constants C' > 0 and v > 1 such that

(f")'(2)] = €™,

for all z € J and all n > 1.

For such a map, it is known that at most 2d — 2 primitive periodic orbits are not repelling.

Therefore, to study asymptotic counting problems for periodic orbits of f we can focus,
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without any loss of generality, to the study of the repelling periodic orbits. We write ¢ for
the Hausdorff dimension of .J; this satisfies 0 < § < 2 [Sul83]. We will impose an additional
hypothesis on f: we suppose that J is not contained in any circle in C. In particular, this
implies that f is not conjugate by a Mobius transformation to a monomial z — z*¢ for
any d € N. In fact, Eremenko and van Strien in [EvS11] showed that if the Julia set of a

hyperbolic rational map is contained in a smooth curve then it is contained in a circle in C.

We want to study the asymptotic behaviour of the quantity 7(n,«,I,S) defined in the
introduction. However, we also wish to consider a situation where I and S shrink as n — oo.
To do this, let K C R be a compact set, let (I,,)72; be a sequence of intervals contained in
K and let (S,)%; be a sequence of arcs in S'. We are mainly interested in the two special
cases where the sequences ([,,)5 ; and (S,,)22; are constant, corresponding to the case of a
fixed interval and a fixed arc as in the introduction, and where the sequences (¢(1,,))>2; and
(v(Sn))pe, tend to zero, hence realising shrinking intervals. Similar asymptotic counting

problems were considered in [PS06a], [PS06b] and [PS13].

We say that a sequence (s,,)22; has sub-exponential growth if lim sup,,_, |log s,|/n = 0.
Writing
m(n,a, I, Sy) = # {T €Pn: A7) —nael, and A(7) € Sn},

we have the following theorem.

Theorem 3.1.1. [S522] Let f : C—Cohea hyperbolic rational map of degree at least
two such that its Julia set is not contained in a circle in C. Let K C R be a compact
set, let (I,)02, be a sequence of intervals in K and let (S,)22, be a sequence of arcs in
St. Purthermore, suppose that (£(1,)1)%; and (v(S,)~1)22, have sub-exponential growth.

Then, for each o € int(Zy), there exist 0o > 0 and & € R so that

V(Sn) Y eH(a)n
w(n,a, I, Sy) ~ oovam ) e~ g e smy oo (3.1.1)

In particular, if in addition we have that limy,_,o ¢(I,) = 0 and p, € I, is arbitrary then

v(Sp)l(I,)e Sarn H(o)n
OoV 2m n3/2 "’

w(n,a, I, Sy) ~ as n — oo. (3.1.2)



3.2 Dolgopyat-type estimates 29

Corollary 3.1.2. If a = [log|f'| dptmax, where pmax s the measure of maximal entropy

then

v(Sp)l(I,) d"
ooV2m 3/

m(n, o, Iy, Sp) ~ as n — oo. (3.1.3)

Finally, we present our generalisation of Theorem 1.2.2.

Theorem 3.1.3. Let f : C—>Cbea hyperbolic rational map of degree at least two such
that its Julia set is not contained in a circle in C. Let K C R be a compact set, let (In)22
be a sequence of intervals in K and let (S,)%, be a sequence of arcs in S*. Furthermore,

suppose that (£(1,)~1)%, and (v(S,) 1), have sub-exponential growth. Then, for each

a € int(Zy) there exists oo > 0 so that

(Sn) (1)

poa{red : m(z) —nael, and 0"(x)€ S}~ ? , asn — oco. (3.1.4)

TV 2Tn

3.2 Dolgopyat-type estimates

The approach in this section is motivated by Dolgopyat’s work on exponential mixing
of Anosov flows in [Dol98]. This work was later used by Pollicott and Sharp to obtain
exponential bounds for the error terms on the Prime Geodesic Theorem on compact
negatively curved surfaces [PS98b]. Naud adapted Dolgopyat’s analysis to prove a similar
result for closed geodesics on convex-cocompact hyperbolic surfaces [Nau05] as well as Oh
and Winter whose work was in the current setting of hyperbolic rational maps [OW17].
We use a similar approach to obtain bounds on the spectral radii of a family of transfer

operators in order to extract our asymptotic result in the final section.

3.2.1 Ruelle-Perron—Frobenius Theorem and Pressure

Recall f : C—Cisa hyperbolic rational map of degree at least two and a € int(Zy),
¢ = £(a) are fixed constants as in Lemma 2.2.2. We now consider the family of Ruelle

transfer operators L 1), for b € R and k € Z, where
Lierivk) = L(etiv)Rriko-

We recall Theorem 3.6 and Corollary 5.2 from [Rue89].
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Theorem 3.2.1 (Ruelle-Perron-Frobenius Theorem). Let u € C1(U) be real valued. Then

Pr(w) with an associated

e the operator L, has a simple maximal positive eigenvalue A = e
strictly positive eigenfunction 1 € CY(U),

o the rest of the spectrum is contained in a disk of radius strictly smaller than e?*®)

and

o there is a unique probability measure 1 on J such that L, *p = e¥*®y and [du=1.

If v € CY(U) is real valued then the spectral radius of Lyt is bounded above by ePru),

Analytic extension of the pressure function We will need to consider the function

Pr(sR) s ¢ R. In the previous chapter we defined the pressure of a real valued function

se
using a variational principle. Here, we use the Ruelle-Perron—Frobenius Theorem to extend
this definition. We view eP*%) ag the simple maximal positive eigenvalue of the operator
Lz and show that eP"%) can be analytically extended to a neighbourhood of the real line

using the Perturbation Theorem below.

Proposition 3.2.2 ([Kat95]). Let B(V) denote the Banach algebra of bounded linear
operators on a Banach space V.. If Lo € B(V) has a simple isolated eigenvalue Ao with
corresponding eigenvector vy then for any e > 0 we can find § > 0 such that if L € B(V)

with ||Lo—L|| < § then L has simple mazimal eigenvalue A(L) and corresponding eigenvector

v(L) with A\(Lo) = Ao, v(Lo) = vo and
o The functions L — N(L) and L — v(L) are analytic for ||Lo — L] < 0,

o for ||Lo— L] <6 we have |N(L) — Xo| < € and the rest of the spectrum satisfies:

spec(L)\{NML)} C{z€C : |z— Xo| > €}.

Using the theorem above and the spectral gap property for the transfer operator L¢p :
CYU) — CH(U) guaranteed from the Ruelle-Perron—Frobenius together with (2.2.2) and

(2.2.3) from Chapter 2 we obtain the following result.
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Corollary 3.2.3. [PP90, Proposition 4.7] The function t — "™ (EHDR) s analytic and

for some € > 0 we can write for each t € [—¢, €]
Pr((¢+it)R) _ Pr(éR oat?
ePr(E+it)R) _ JPr€R) (1 _ a? +0(tP) |,
where the implied constant is uniform on [—¢,¢].

3.2.2 Decay estimates

By Theorem 3.2.1, the spectral radius of L£(¢ ) is bounded above by ePr€R)  The aim of
this subsection is to show that in fact, when the Julia set of f is not contained in a circle in C
we can bound the spectral radii of £ 1) uniformly away from ePr€R) when (b, k) # (0,0).
To achieve this we fix arbitrary b € R and k € Z with (b, k) # (0,0) and consider the
transfer operator L 1) As a first step we want to consider a normalised transfer
Pr(¢R)

operator. Let ¢ be the positive eigenfunction of L o) with corresponding eigenvalue e

guaranteed by Theorem 3.2.1. We define EA(M) . CH(U) = CYU) by

L E(Eﬂ'b,k) (g-)(x)

This is well defined since 1 is strictly positive and in particular it implies that
Logl=1. (3.2.2)
It then follows that to show that the spectral radius of L1 4) is less than ePrER) for

(b, k) # (0,0) it suffices to show that the spectral radius of EA(M) is less than 1. Below we

~

show that the spectral radii spr(L ), is strictly less than 1 uniformly for all (b, k) # (0,0).

Let pu be the unique probability measure on J satisfying 2(070) *u = u. Its existence and
uniqueness is guaranteed by Theorem 3.2.1 since 5(070) is the transfer operator corresponding

to the real valued function

g=E&R +log(y) —log(¢ o f) — Pr({R).

It follows from the variational principle that p is the equilibrium state of the real potential

g. Clearly, g is cohomologous to the real potential (R — Pr({R) and hence the measure p
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is in fact the equilibrium state of £R (potentials that differ only by a constant have the

same equilibrium state), that is p is the measure pq,.

We regard j as a measure on U by taking p1 = > p; where p; is the restriction of ;1 to the
copy of P; sitting inside Uj;. Since the boundary points of p;, that is points in U; \ P},

have zero mass, p is a probability measure on U.

Definition 3.2.4. We say that a probability measure m on J has the doubling property

if there exists a positive constant C' such that for all x € J and all € > 0 we have that

m(B(z,2¢)) < C-m(B(z,¢)).

We know that in fact p is a doubling measure [PW97, Theorem A2]. Moreover, as in
[OW17, Proposition 4.5], it follows that the restrictions p; satisfy the doubling property
as probability measures on P;. We therefore have all the properties required to get the

following theorem. We discuss the proof of this theorem in the next section.

Theorem 3.2.5 (Theorem 2.7, [OW17]). Suppose that the Julia set of f is not contained
in a circle in C. Then there exist C > 0 and p € (0,1) such that for any g € CY(U) with

190l oz ey < 1 and any n € N

<o,
12y =

Y

whenever |b| + |k| > 1.

Using a standard argument [Dol98, Nau05] we can convert the bounds on the ||-||2(,) norm
to bounds for the modified [|-[|;) norm. Then noting that [|-[|c1 < (|b] + [K]) [|[/(jp|4x|) for

|b| + |k| > 1 we can get the following corollary.

Corollary 3.2.6. Suppose that the Julia set of f is not contained in a circle in C. Then,
for any € > 0, there exist C- > 0 and p: € (0,1) such that for allb € R and all k € 7 with
b + |k| > 1 we have that

LG ler < C=(1bl + k],

for alln € N. In particular, spr(z(bvk)) < pe <1
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Now that we have stated the required bounds on the C! norm of our transfer operators we

proceed to bound the sums

Tals, k)= Y SR @HM"E)
()=

I

for s = £ +ib and k € Z. This next result follows essentially from Ruelle’s work in [Rue90],
except that we require explicit dependence on b and k. A proof can be found in the
appendix of [Nau05] and a more rigorous approach in [Wril2] without the dependence on

k € Z, which appeared as Proposition 6.1 in [OW17].

In the statement below, x; is the characteristic function of U; for each 1 < j < N and
recall that v is the expansion rate given in (2.1.1). (Note that, since U is the disjoint union

of the sets Uj, for each such j we have that x; € C*(U).)

Proposition 3.2.7. Fiz an arbitrary by > 0. There exists v; € P;, for 1 < j < N, such

that for any n > 0, there exists Cy > 0 such that for alln > 2 and any k € Z

N
_ . P
Zn (& +1ib, k) z Eib k) X] (z;)| < Cy(Ib] + |K]) Z ||‘C(£+zbk e (,y 1 n+P (fR))

for all |b] + |k| > bo.

We are now ready to prove the decay estimates that will enable us to prove Theorem 3.1.1
in the next section. Fixing € > 0 then by Corollary 3.2.6 and Proposition 3.2.7, we get
that for all |b] + |k| > 1,

N
| Zn (€ +ib, k)| < |Zp(€ +ib, k) — Z ering () ()

+NC]M+Wﬂﬂ@e(wU

n e’
SQQMHWW%MMW)Z(W

p n
)+N@@HWW%@JW%
p=2 ©

We note that it is possible to choose 1 > p. > 1/7. Provided 7 is small enough such that

e /ype < 1 we get that for some C' >0

|Zu(€ + b, k)| < C (] + [R)*F (pee™ )" (3.2:3)
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Finally, we will also need a more elementary result to bound the sums Z,, (£ + ib,0) for

small b € R. These estimates can be derived as in the symbolic case in [PP90].

Lemma 3.2.8. Let K C R be a compact set. There exists € > 0 such that for each n € N
and some 3 € (0,1) we have that

1. forbe K\ (—¢,¢) we can bound Z,(& + ib,0) = O(B"eH (™) and

2. for b e (—¢,e) we have
Zn(& +ib,0) = e"PEHDR) 4 O(greteln),

Proof. For part (1), we use the fact that, Oh and Winter proved that if .J is not contained
in a circle then R satisfies the non-lattice property [OW17, Corollary 6.2], i.e. that it is
not cohomologous to any function of the form a + bu, with a,b € R and u : J — Z. Since
R is non-lattice we have that spr(L ¢ .0)) < ePrE€R) for b #£ 0, with a uniform bound on
K\ (—¢,¢), and Proposition 3.2.7. Recall that Pr((R) = H(«). Then part (2) follows from
the spectral gap in the Ruelle-Perron—Frobenius theorem, which is uniform over an interval

(—e,e). O

In the rest of this section we adapt Oh and Winter’s arguments to prove our decay estimates

stated in Theorem 3.2.5.

3.2.3 The Non-Local Integrability Condition

This technical property, whose precise definition is given below, is essential to apply a
Dolgopyat-type argument. It was shown to hold true in [OW17, Theorem 3.4] for the
distortion function of f, when f is not conjugate to z*¢ for any d € N. In particular, it is

satisfied when the Julia set of f is not inside a circle in C.

Consider a multi-index of length n, I = (ip,...41) € {1,..., N}". We call I admissible if
M; :"':Miz,ilzlv

nyinfl

and for such an I we write

gI = ginﬂ;n—l ©...0 giZ,il : U’L — U

In*



3.2 Dolgopyat-type estimates 35

Furthermore, for n € N and an admissible sequence ¢ = (..., {-2,(-1,(p) with local inverses

9E il erny Ue ), — UC7<1C+1> for each k > 0, we denote by

9 = 9 ntor o) P Uo = Ucns

the local inverse of f™ defined on Uy, corresponding to ¢. For any x € U, consider the

sum »_pt 7" (g7 (z)). This sum always diverges as m — oo since f is hyperbolic and hence

> r(gl(@) = Z Z log | £(f*(9¢(x)))] = Y _ log|(f") (9¢ (x))]
n=1 n=1 =0 n=1
g logC 4+ nlog~ = m(m;_l)longrmlogC — 00.

Again since f is hyperbolic the local inverses g’g are contracting. Using also the fact that r is
Lipschitz we get that the series 3272, r(g¢ () — r(gf (y)) converges for any pair z,y € Ug,.
We set

o

reo(C, 2, Y) Z r(9¢ (1))-

Definition 3.2.9. [Non-Local-Integrability] We say that the distortion function r satisfies
the non-local integrability property (NLI) if there exists j € {1,..., N}, points zg, x1 € P},
and admissible sequences ¢ = (...,(-2,(-1,J), é = (...,(_9,(_1,7) with the property that
the gradient of

7(x) = roo(g, x,Tp) — roo@,m,a:o)
is non-zero at x.

Note that the existence of a single choice of ¢ € P;, implies that it must hold for all
choices of xg € P;. In fact it will be more convenient to use the following reformulation of

the (NLI) property [OW17, Lemma 3.2].

Lemma 3.2.10 (Non-Local-Integrability II). Suppose that r satisfies the (NLI) property
with respect to the sequences g,é and the points xg, 1 € P;. Then, there exists an open
neighbourhood Uy of x1 and constants d3 € (0,1) and m € N such that the following hold:

for any n > m, the map

(r,0) := (r”ogg—r"ogg, Gnogg—ﬁnog?):UO%RxR/QwZ
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is a local diffeomorphism satisfying ||(7, )| o2 < ﬁ and infyucy, |V(7,0)(uw) - v| > 6a|v| for
all v € R2,

Remark 3.2.11. In the lemma above, z1 can be chosen to be any point of P; with at most
finitely many exceptions. This is because of the fact that the collection of critical points
for 7 is either discrete or everything, since 7 is the real part of a holomorphic function.

Thus, if the (NLI) property holds for some z; in P; it holds for almost every z1 in P;.

Theorem 3.2.12. For a hyperbolic rational function f : C—C of degree at least two, the
distortion function r = log|f’| on J satisfies the (NLI) property if and only if f is not
conjugate to f(z) = 2= for all d € N.

3.2.4 The Non-Concentration Principle

The non-concentration principle is a property of the Julia set that arises from the complexity
of its geometry and it will be an important ingredient in our approach. Recall that we

assumed that the Julia set of f is not contained in a circle in C.

Notation 3.2.13. We denote cylinders of length n € N by

C([ig, ... in1]) :={z € J: fi(z) € P, for 0 < j <n—1}.

Note that we can regard cylinders either as subsets of J or as subsets of P,y C U;, C U.

Definition 3.2.14 (The Non-Concentration Property). The Julia set J has the non-
concentration property (NCP) if, for each cylinder C of J, there exists 0 < d; < 1 such
that for all z € C, all w € S! and all ¢ € (0,1)

B.(z)N{y e C: |(y —z,w)| > de} # 2,

where (a + bi,c + di) = ac + bd for a,b,c,d € R.

Oh and Winter showed [OW17, Theorem 4.3] that the non-concentration principle holds

for Julia sets which are not contained in a circle in C .
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3.2.5 Construction of Dolgopyat operators

The rest of this section is devoted to the proof of Theorem 3.2.5. We start by fixing some
constants all of which are positive real numbers. Recalling that f is hyperbolic and the

Julia set of f is a compact set we fix constants
0<Co<1<l§1<2</€2,
so that for each z € J and n € N we have

cort < |(f")(2)] < K3

By the (NLI) property of  (Theorem 3.2.12) and Remark 3.2.11, we may choose constants
as in Lemma 3.2.10. Namely, we fix a partition element P;, points xg,x1 € Pj, admissible
sequences (, § , a neighbourhood Uy of x1 and d9 > 0 satisfying the conditions of Lemma
3.2.10. For simplicity we can assume that the z; and Uy described above satisfy that Uy is

an open disc and
xr1 € Ppand Uy C U withﬁoﬂﬁj: @ for all j # 1.

Using the topological mixing properties of f on its Julia set we can find m* € N large
enough such that for each 1 < i < N, there exists a length m* 4+ 1 cylinder X; contained in
Uy such that

™ X, =P,.

Fix such cylinders Xi,..., Xy and let ; € (0,1) be a constant with respect to which they
all satisfy the (NCP) as in Definition 3.2.14. Denote the minimal doubling constant from
definition 3.2.4 for any v; by C3 > 1. Let

32 1 2
Ag> —22 0 ~ 42
o> s ma el len [0ler} + & + 2
E>240+1,
and
0102

by < 192
5= UFE
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Choose mg € N large enough such that the (NLI) condition from Lemma 3.2.10 holds and

also
4(E + 1) < Rgﬂo and 160F < CQ5152/€71n0.
We write
vr == g7 and vy 1= géno,

and note that they satisfy the conclusion of Lemma 3.2.10. We write

M = mg+m*.

Choose

log2 1 log2 61602
algmin{Og €0 08 12}.

20E° 160E’ 2005 E’ 100
Additionally, we assume that e; is less than one tenth the distance from U to the

complement of Uy, that amgf is less than the minimum distance from any P; to the

complement Uf and that 2¢; is less than the distance from Up to any U; with 2 < j < N.

n < 1]0[111(1{608163 6%538%, 1} .

Then choose

AN KJO 7512

*
200K5"

2 m*
cg03K]

Finally, let C] := exp (log Cslogy ) and choose

nefMAo
0 < e satisfying that 1 — T——— | < (1 —e2)2
8C

Consider

(7, 8) 1= (7 0 "0 — 1™ o g0, g™ 0 T — g™ o )

as in Lemma 3.2.10. Recalling the choice of Ay, we have that

A A
[Fller < g and Bl <
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Indeed we can bound the supremum norm of 7 as follows

mo—1
N A Z roglt Tt —rogT
- [%S)
mo—l . mo— 1 ’U0|
<llrller D flog™ ’—ggnw < Il Z )
i=0 =
Il o~ 17 7]l e
< — < ——— < Ap/16
o ;/{ co(k1 — 1) /
We can also bound the derivative by:
7). = e 0 g0 =500 g " (ot - ro gy
< - —~ ¢ N
mo—1 mo—1
<lrller D || (g8 — g™ z)’ < l7llen Z ‘fmo )
i=0 =
2|rll
< < Ap/16.
Co(lil — 1) /

The bounds for Héucl follow in a similar manner.

Recall the length m* 4+ 1 sub-cylinders X1, ..., X,, of P; and write € = e1/(|b] + |k|). For
each 1 <i < N, consider a cover of UyN X; by finitely many balls Bsoz(2%), r =1,...,79 =
r0(7) with 22 € Uy N X; and Bigz(z!) pairwise disjoint; this is provided by a Vitali covering

argument. For each z’, we consider the gradient vector at x% given by
w = bVi(zl) + kVO(zl),

and its normalisation

Note that the (NLI) condition implies that

r 92 .

Using the non-concentration property we choose, for each x%, a partner point y. € Bsz(x%)N
Xi with

[y — 2, 7)| > Bo1€.
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For each point z € C and each ¢ > 0, we choose a smooth cut-off function v, . taking the

value zero on the exterior of the B.(z) and the value one on B, 5(z). We may assume that

||¢z,€||Cl <

o |~

For each j = 1,2, we will associate v;(x%) with (j,1,7,4) and v;(y%) with (4,2, r,1), so that

T

we parametrise the set
{vj(@p),0j(y) 1< <2,1<r <y, 1 < < N,

by {1,2} x {1,2} x {1,...,70} x {1,...,N}.

Note that by [OW17, Lemma 2.2] we have that v1(U1) Nwva(U1) = @. Then, for a subset
AcC{1,2} x{1,2} x{1,...,r0} x {1,..., N}, we define the function Sy on U as

1—n (Zvl(x;)eA Vai 2652 © S0+ 20 (yi)en Vyi 2852 © fmo) on vy (U1),
1—n (Zw(zg;)eA Vi 2652 © I+ Dy (yi)en Yyi 255e © fmo) on va(Uy),

1 elsewhere.

Definition 3.2.15. We will say that A C {1,2} x {1,2} x{1,...,r0} x {1,..., N} is full
if for every 1 <i < N and 1 < r < g, there is j € {1,2} such that v;(z%) or v;(y’) belongs
to A or equivalently if there exist 1 < j, k < 2 such that (j,k,7,i) € A. We write F for the

collection of all full subsets.

Fullness implies that for each i € {1,..., N} the set of points z¢, 3’ indicated by A forms
a 100¢€ net for Xj;.

Definition 3.2.16. Recall M := mg + m*. For each A € F, we define the Dolgopyat
operator M, on CY(U) by
Myh = Ly g (1 Bp).-

Definition 3.2.17. For a positive real B, we write Kp(U) for the cone set of all positive

functions h € C1(U) satisfying

|W (u)| < Bh(u) forallu € U,
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that is the functions with logarithmic derivative bounded by B.

The following lemma is a traditional Lasota-Yorke type inequality [LY73] that appeared in
[OW17, Lemma 5.1].

Lemma 3.2.18. Fizing B > 0,
o if He Kg(U), then

B rm
<o (14 27 ) 1EG o H )

(Lot (@)

for all x € U and any m > 0,

e ifhe CYU) and H € CY(U,R) satisfy
|h(x)| < H(x) and |W ()] < BH(z) forallz €U,
then

(Eah) @

B ~m ~m
< 0 (e By H) @) + (] + 1]+ D o)) )
for all x € U and any m > 0.

3.2.6 Proof of Theorem 3.2.5

We are now ready to state two main technical theorems. The first one provides us with
some important properties of the Dolgopyat operators whereas the second one will allow
us to bound iterates of the Ruelle transfer operators with the use of Dolgopyat operators.

With these tools in hand, we will prove Theorem 3.2.5 using an iterative argument.
Theorem 3.2.19. Fizx A e F. IfH € KE(\bH\k\)(U)’ then
1. Mp\H € KE(|b|+|k:|)(U) and

2. [IMaAH|[r2y < (1 = e2)[|HI|p2(p)-

Theorem 3.2.20. For every h € CY(U) and H € Kgpj+k)(U) satisfying

\h| < H and |M'| < E(|b| + |k|)H  pointwise on U,
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there is a choice of A € F such that
and
M /
(Ll wh) | < B(b| + [E)MAH,

both hold pointwise on U.

The proofs of Theorems 3.2.19 and 3.2.20 follow in the same way as the proofs of Theorems
5.6 and 5.7 in [OW17]. The deduction of Theorem 3.2.5 from Theorems 3.2.19 and 3.2.20
is now standard as in [Nau05, Section 5]. Let h € C*(U). Combining Theorems 3.2.19 and

3.2.20 we inductively choose functions
H, € KE(|b|+|k|)(U) - Cl(U, R),

with the following properties
1. Hy is the constant function ||A||(p1 k),
2. Hip1 = My, H; for some A; € F,

3.

Eé%c)h‘ < H; pointwise, and
4. ‘(2%%)10,‘ < E(|b] + |k|)H; pointwise.

From these we get using Theorem 3.2.19 that

for any h € C*(U) and any i > 0. For general n = dM + r with 0 <r < M — 1, we then

E%)’l‘

g S (=€) lIBllgorsim):

have

oy

=285 Lt

<1y

L2(u L2 ()

=R M
i +1)
<o (H ) o
< (B (1l-+[K1)

(1bl+1%[)
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where we have chosen € > 0 such that (1 — &)™ > (1 — &3). The Lasota-Yorke type
inequalities from Lemma 3.2.18 imply that there is a uniform bound on HE(b’k)H(|b|+|k|)
independent of b € R and k € Z and so we are done.

3.3 Proof of Theorem 3.1.1

Throughout this section we fix a hyperbolic rational map f : C— Cof degree at least two.

We suppose that its Julia set is not contained inside a circle in C and we fix a a constant

in the interior of Zy. We set £ = £(«) to be the unique real number given by Lemma 2.2.2.

Let K C R be a compact set, let (1,,)52; be a sequence of intervals in K and let (S,)52; be
11

a sequence of arcs in S'. For convenience we parametrise S! = R/Z as [—5, 5] and assume

that the sequence of arcs (S,)22

0 is contained inside a fixed reference arc S = [—%, 5] of

length x < 1.

For each n € N we denote by p,, the midpoint of the interval I,, and by ¥,, the midpoint of
the arc S,. Denote also their lengths by ¢,, = ¢(1,,) and k,, = v(S,,). Furthermore, suppose

that (£,;1)%2; and (k)22 have sub-exponential growth. Then we can write

m(n,a, I, Sy) = Z 11, (log |\(7)| — na) 1g, (5\(7))
TEPn

= > 11y (G (og AT = na = pn)) 1

Tepn

3.3.1 Some auxiliary estimates

We fix ¢ € C*(R,R>() compactly supported and 1 € C*(S*, R>() and consider the following

auxiliary counting number

mouln) = 3 6 (6 Qog )|~ na = pa)) v (2 (Ar) - 0,) ).

Telpn n

We study the asymptotic behaviour of 7y 4 (n) to deduce our result using an approximation

argument in the next subsection.

We begin by changing the summation over P,, that is primitive periodic orbits of length n,
to a sum over the set of fixed points of the iterated map f™. Clearly, a primitive periodic

orbit corresponds to n distinct points in this set. However this set also contains points
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belonging in primitive periodic orbits of shorter lengths. In the following lemma we bound
the error from these shorter primitive orbits. Recall the distortion function r and the
rotation function € from Definition (2.2.1) and that R(z) = r(z) — « for z € J. We define

Fg.p(n Z () - pu)) ¥ (-

n

(0" (z) — 19”)> . 330

Lemma 3.3.1. For all n > 0 we have that

Tpp(n) = Tpp(n) + O (e(H(a)+n)n/2) '

Proof. Call a fixed point z of the iterated map f™ non-primitive when there exists ¢, a

proper divisor of n, such that f9(z) = z. We can then get the following bound

(1) = T (n) :% > o (6 RYE) —pa)) v (:
M (z)== n

non-primitive

_O<||w||oo D> ¢( )pn))>

(6"(:) ~ 0n) )

aln fi1(z)=2
q<n/2
( Z Z ¢’ R"(2) — pn )egRq(z)>
£Rq (2) '
aln fi(2)==2
q<n/2

We are only interested in periodic points which satisfy ;! (R"(z) — p,) € supp ¢ that
is R"(z) € pp + £, supp ¢. Recalling that the intervals I,, were chosen inside a compact
set K we conclude that for such a periodic point the absolute value of R™(z) is bounded.
Therefore for a non-primitive periodic point x, satisfying f?(z) = z for ¢ as above, we get
that RI(z) = £R™(z) and thus e$1(2) is bounded from below. From this we conclude using

Lemma 3.2.8 that for any n > 0,

1 Z 5 o (¢ 5Rq(z)) )5Rq() <||¢||oo DS 5RQ(Z>

aln fa(z)==2 aln fi(z)=2
q<n/2 q<n/2
O<H¢Hoo Z Zq(§,0)> _ O<1 Z e(Pr(ﬁR)+n)Q> -0 (e(H(a)Jrn)n/?) _
n n
q<n/2 q<n/2
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Setting
b (2) = (6, (x — pa) e

we note that ¢, € C’4(R,RZO) and ¢, is compactly supported. Similarly, set

K
ine)i= v (o = 0a)).
Using the above notation we have that
o (n Z bn (R"(2)) ¥n (0™(2)) et (B (2)=pn)

" @)=z

Proposition 3.3.2.

~ nf (bn flwn
Tgp(n) ~ e=5Pn =K \/% n3/2,

as n — o0.

To prove this proposition we consider

efpna V2rn3
eHTW‘M’ /(bn/ Un

and show that A(n) — 0 as n — oo. The following proposition provides us with an initial

A(n) =

9

bound. Using Fourier inversion and Fourier expansion we get

G ()£ FPR) — g=Epn / Bn()eEF2TT gt and (3.3.2)
= Z C?’l,k 6271’7;}6(2' (333)
kEZ

Proposition 3.3.3.

>, an) P (27T0a\f> (£+J/ﬁ’k>_6_f/ﬂ§¢n/§¢n

dt.

gET N
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Proof. Using (3.3.2) and (3.3.3) we can get

& n 3
%ﬁ¢’¢(n) — H 27T7’L Z / £+27F2t)Rn(z dt Z Cok 627mkgn( 2)
€ e
keZ

Cnk - t (£+ \F>R"( V42mikd™ (2)
- n 7o dt
\/27T/ook ZeH(a)"¢ (27T0m/ﬁ> fnzz €
Cnk 7

\/ﬂ/mkzeff(a)n‘z’"(mim) (e o Ta/1 v) dt

In addition, recalling that [ e /12 dt = /21 we get,

‘/Ook Z an ) (QWUi\/ﬁ> Zn <£+%Zf/ﬁ,k:)—e—t22/R¢n/Slwndt

Cnk t it _2 / /
< ’ Zn k) — " Wl dt.
_[w %(BH(O‘)”Q& (27’(’0’0{\/’5) <£+0'a\/ﬁ > €’ R¢ Slw
O

Consider now the following three quantities

50'01\/H Cn Lk A~ t Zt t2
A = ’ n Zn, —= k| —e 2 n n| dt,

1(n) /—wax/ﬁ Igema)nqﬁ <2W0a\/ﬁ> <§+ — ) e 2 /R¢ /slw

Cnk 7 it
A ::/ ( >Zn( +,k> dt,
2(”) (| >e00/ ]2 H(o)n ¢ 2770'a\f f Ua\/ﬁ

As(n) = /ﬂzwaﬁ e*%/R%/Sl Ul dt

with € > 0 small enough as in Lemmas 3.2.3 and 3.2.8. It then follows from Proposition

3.3.3 that

)

A(n) < \/12? [Al(n) + As(n) + As(n)].

We hence bound these three quantities separately to show that lim, ., A(n) = 0. To

obtain these bounds we first recall a standard result from Fourier Analysis.

Lemma 3.3.4. If » € C4SY,R) has Fourier coefficients (c)rez then co = Jg ¢ and
uniformly for ¢ € C*(SY,R) and k # 0

cr = O([[Ylloal kI 4).
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If $ € CHR,R) is compactly supported and ¢ is its Fourier transform then ¢(0) = Jr @
and uniformly for ¢ € C*(R,R) we have that for u € R\ {0}

$(u) = O(|[gllcalul ).

These bounds follow by repeated applications of integration by parts. Now since

@z = (£ <q>(’”v 9 )
w0 = (2) v (Z - 0a)
there exists a constant C' > 0 such that for all n, |k| > 1
el < Cry 1|l (3.3.4)

Similarly, there exists C' > 0 such that for n € N and v € R\{0}

[fn(w)] < CEHul =gl (3.3.5)

Proposition 3.3.5. lim,_,, 41(n) = 0.

Proof. We can use inequality (3.2.3) to bound Z, (5 + - if/ﬁ, k) for k # 0. Therefore fixing

n € (0,1) and recalling the bounds for the Fourier coefficients from (3.3.4) we get

50’(1\/ﬁ Cn.k ~ t Zt
y n Zn 77k
/_gga\/ﬁ ];) eH(a)n ¢ <27raa\/ﬁ> (€ + Ta/n )

EO’O‘\/E _ _ n t 2+”7 n — n 7
=0 (/ S 1l (1 + 4] pndt) =0 (m Idullo )

ecar/n k0

dt

for some p, € (0,1). Since ¢ is compactly supported and p,, € K we can uniformly bound

-1
n

¢n for all n € N. Further, recalling that the sequence (K, )92 is of sub-exponential growth

we get that this error tends to zero as n — oo. Therefore, we are now left to bound

/soa\/ﬁ Cno A
—E0 \/ﬁ

oHlen ¥ (27mi\/ﬁ> Zn <5+ U:f/ﬁo) e s /Rsbn /S U dt.




48 Statistics for periodic orbits and holonomies of hyperbolic rational maps

Using part (2) from Lemma 3.2.8 we get that for some € (0,1)
n r it - (0%
/ %/ ( t )e (rr((e+ 5 ) 1) 1) 76—§/¢n
R

200N/
On the domain of integration, we see that as n — oo

en(Pr((H#)R) 7H(a)) — e~t*/2 by Lemma 3.2.3,

dt+0 ("),

eoa\/n

2. ¢ (m) — ¢n = [g ¢n by continuity.

Furthermore, for large n we have the bound e ( ((£+” I)R) H(a)) < e /4 and so

o (r((erm) 7)) _ o] g

Finally, since qgn is uniformly bounded, we can apply the Dominated Convergence Theorem

to get that lim,_,. Ai(n) = 0.
O

Proposition 3.3.6. lim, - A2(n) = 0.

Proof.

n (W) Zn <£+ %Zf/ﬁkﬂ dt.

eH a)n [t|>eoavn

Firstly, we use the bounds from (3.3.4) and (3.3.5). In addition, for k£ # 0 we use inequality

(3.2.3) to get that a fixed n € (0,1) there exists p, € (0,1) such that

t it
<2ma\/ﬁ> n <§ N Oay/n’ k)‘ at
t —4 t 2+n
o) (el
n 2o a/1 Ta/n K

2
(t/oav/ml + KD N _ o 2 .
= ApiPn )

2. n
n*p
o2 ¥ /

(ﬁ%£4 k0 [t >e0a/n thkt n*n

Z |Cn k:|
|>50af

—0 (Z k| /

k0

;




3.3 Proof of Theorem 3.1.1 49

On the other hand, for £ = 0 we get using part (2) of Lemma 3.2.8 that for some 5 € (0,1)

|cn’0‘ MSUOA/E
eH(a)n

) )
8",

[t|>eoavn

=0 (lenolldnllsoB") = Olleno

since d;n is uniformly bounded across all n € N. We can also uniformly bound |c, | since
no = [ Y0 < [l
Sl

Finally, as above we can use inequality (3.2.3) to bound the remaining

’ o (— )z, (e+ -2 0)| at
eH@n Jiyso /m ¢ 20 a\/1 S+ Tavn
t 2+n
py dt

([ o (o)
t>oavm - \2T0ay/n)  |oay/n

n2pn n2
= 1 t12dt | =0 ol |.
O( o /|t|>aaﬁ|| © gz

Combining the three bounds obtained above and recalling that the sequences (¢;,1)%° ; and

(k,;1)22; are of sub-exponential growth we obtain that lim,, . Aa(n) = 0.

O]

Finally, it is clear that lim,_, As(n) = 0. This completes the proof of Proposition 3.3.2.

3.3.2 Approximation argument

Here we show how the previous auxiliary estimates provide us with the proof of Theorem
3.1.1 through an approximation argument. By Proposition 3.3.2 and Lemma 3.3.1 we have

that for all compactly supported ¢ € C*(R,R) and all ¢y € C*(S!,R)

~ e—&pnf(z)n fwn eH(cx)n

T (1) o as n — oo. (3.3.6)
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Fixing n > 0 we wish to construct compactly supported ¢ € C4(R,R) and ¢ € C*(S',R)

satisfying the following:

14+7n 147

jSo<1+m, Supp(qb)C[—,} and /R¢§1+n,

1
[ 2 2

[N

)

N

+n K+
I ssysv=1l+n, Supp(w)C[—'i i3 n} and /¢§H+77-
272 2 2 st

A smooth function ® : R — R>¢ is called a positive mollifier, if it satisfies the following
properties:

1. it is compactly supported,

2. [ ®=1,

3. lime_0 ®-(z) = lim._0 e~ '®(x/e) = §(x) where §(z) is the Dirac delta function.
Let 71, ...,74 > 0 and set G = (1 +71)]1[

] and H = (1+’}/3)]l[ ] Then

—1 ity —5 =74, 5+

for sufficiently small €, 71, ...,v4 > 0 the functions
o=Gx+xd. and ¢ =H *x P,

satisfy all the required properties. Note that since x < 1 and the constants ¢, 74 were
chosen sufficiently small it is harmless to assume that 1 is defined on R rather than S'.

Using (3.3.6) and the properties above we can deduce that

ooV 2mn3

li I,, S,

im sup =5 m(n,q, )
) ooV 2mn3 - K«

= limsup =70 %; L 1] (&1 (og [A(7)| = na = py)) L[ s o] <Hm(x(7) —19”))
. ooV 2mn3 _ Koo«

<limsup=2p=s— 3" ¢ (£ (tog A(r)| = na = pn) ) ((A(T) - 19n)>
n—oo e rEP, Rn

= lim sup e~ ¢P» / On | Un.
R St

n—oo

We have

Yn= [0y —dn)) dy= [ ¢ y) dy="" | ¥ < rpt L =v(S)+O0().
fon= [ (o =om) av= [ v (i) :
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Similarly,

/R‘% - /RWE Ha = pn))e P da = £, /R B(u)e € dy

B En/[ Lin Lin (b(u)e_gﬁnu du < En/[ L1 ¢(“)€_££"u du+n(1l+ 77)62(1+|£|)‘K| K.
R —232

n

En/ - gb(u)e—ffnu du < fn/ . (1+n)e—£€nu du < e&pn/ e—ﬁudu+ne(1+|£\)|K||K|'
(=33 (=33

Therefore,

e&pn /qun /Sl U < v(Sh) /In e~ du + O(n).

Similarly, one can show that

ooV 2mn3
.. o .. —¢x
I%g.}fiema)n w(n,a, Iy, Sy) > hnrggf (I/(Sn) /I'n e dx) + O(n).

Since the choice of n > 0 was arbitrary we get the result.

Assuming lim,,_,o ¢, = 0 the derivation of the asymptotic formula (3.1.2) from (3.1.1)
is immediate. In particular, assuming that the sequence (p,)>2; are the midpoints of
our target intervals is harmless as the limit is the same. The asymptotic formula (3.1.3)
corresponding to choosing the measure of maximal entropy follows in a similar manner. By
the definition of the pressure function pmax is the equilibrium state of £R for & = 0. Then,

the proof follows in the same way as above.

3.4 Proof of Theorem 3.1.3

We follow a similar approach to the previous section. We start by fixing a hyperbolic
rational map f : C— Cof degree at least two and suppose that its Julia set is not contained
inside a circle in C. We fix o in the interior of Ty and set £ = £(«) to be the unique real
number and j, = pg, the probability measure given by Lemma 2.2.2. Let K C R be a
compact set, let (1,)52; be a sequence of intervals in K and let (S,)52; be a sequence
of arcs in S!. For convenience we parametrise S' &~ R/Z as [—%, %] and assume that the
sequence of arcs (Sy,)52; is contained inside a fixed reference arc S = [—%, 5] of length

Kk <1.



52 Statistics for periodic orbits and holonomies of hyperbolic rational maps

For each n € N we denote by p,, the midpoint of the interval I, and by ¥,, the midpoint
of the arc S,. Denote also their lengths by ¢, = ¢(I,,) and K, = v(S,). Furthermore,

suppose that (£,1)%2, and (x,!)%°; have sub-exponential growth. Recalling that we

defined R = r — o we can write

pa{z€J : r(z) —nae€l, and 6"(z)€ S,}= /J 17, (R"(2))1g, (0"(2)) dpa(z)

- HRME) o) 1) (o (0M(2) = ) ) diaa(2).
AS 53]

Rn
3.4.1 Some auxiliary estimates

m\»—A
m\»—A

We fix ¢ € C3(R,R>q) compactly supported and 1) € C3(S!, R>¢) and consider the auxiliary

counting number

K

o) = [ 6(6: () =) ¥ (2 0"(2) = 0)) dia(2)

Rn

For convenience we use similar notation as before and write

oula) =Sz =) bale) =0 (S (a - 00)

so that
o) = | 60 (R ()0 07(2)) da(2).

We rewrite the counting number Il (n) using the Fourier inverse of ¢, and the Fourier

expansion of ¥, and use Fubini’s theorem to obtain that

Hd)’t/] / / (b 27ritR"(z) dt Z Cok e?ﬂik’@”(z) d/Jaa(Z)

keZ

= s / Sl / 20BN ()K" () gy, () dt.

kEZ

As we have seen in Lemma 2.2.2 there exists a unique real number £ = £, such that the
measure [, is the unique equilibrium measure of £r, and hence also the unique equilibrium
state of £R since they differ only by a constant. Using the Ruelle-Perron—Frobenius
Theorem we get that in fact p, is the unique probability measure on J such that

Pr(¢R)

‘CER “po =€ K-
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Therefore we get that

/627ri(tR”(z)+k9"(z)) djtg(2) = e~ PHER) /ﬁn (2THER IR () g1 ()
J

IR [ Lo mianiso (D) dpa2).

For k # 0 we use Corollary 3.2.6. We have that for a fixed € € (0,1)
1Ll romitmyllor < Ce(2m[t] + k)1 (peePrERN

for some p; € (0,1). This bound combined with the bounds for the Fourier transform and

the Fourier coefficients from Lemma 3.3.4 give that

Z Cn,k epr §R /‘C(§+2mtk )(2) dpia(2) dt
|k|>1

o (Z il [ Wl 1 e dt)

E|>1

B t+ k 1+e
-0 (kucmnswucge oy [ dt)

|k|>1

=0(r,,,°pl).

Given that we assumed that (£,1)%°, and (k,;!)%°, are of sub-exponential growth this

bound goes to zero exponentially fast as n — oo. We now proceed to treat the case of
k = 0. For t > 1 we use the same bounds as above and get another bound that tends to

zero exponentially with n in the following way

[@nllcs
él /|>1 ePr(gR /[f§+2mt0 )(2) dpia(2) dt <||¢n||oo Pe L|>l |t|3*€ dt).

Finally we are left to study the quantity

/Sl /t|<1 ePr( fR / 'Cn E42mit, O)( ) dpe dt.

As mentioned in the proof of Lemma 3.2.8 for t # 0 we can use the fact that, Oh and
Winter proved that if J is not contained in a circle then R satisfies the non-lattice property

[OW17, Corollary 6.2], i.e. that it is not cohomologous to any function of the form a + bu,
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with a,b € R and u : J — Z. Since R is non-lattice we have that spr(L orit0)) < ePr(ER)
for ¢ # 0, with a uniform bound for ¢ € [-1,1]\ (—¢’,¢’) for any &’ € (0,1). This gives the

following bound

/S1 ¥ /5/<|t<1 ePT(ﬁR)n / Elgramino) (1) dta dt = (H¢”H°°H¢”H°°B ) ’

for some g € (0,1).

We want to choose ¢/ > 0 small enough so that we can use a standard perturbation theory
result that guarantees that for ¢t € (—¢’,¢’) the transfer operator L(¢4+2mit,0) has the unique
maximal eigenvalue given by e’*(€+271)E) Noreover, we wish that &’ is small enough so

that we can apply Lemma 3.2.3 to get that for t € (—¢’,&’) we have that for some C.r > 0

| Pr((&€ + 2mit)R)/ Pr(€R) — 1 + 220 2t?| < Cu|t].

For technical reasons that appear in the proof of Proposition 3.4.3 we may need to further
adjust our choice of &’ € (0,1). We choose 0 < € < £’ to make sure that two extra conditions

hold. We need to assume that

1 1
< mi , .
£ = { 2100(g, +1)107 100, 051/0 }

As above we use the Ruelle-Perron—Frobenius Theorem to get the following bound

/Sl ¥n /a<|t|<g/ ePr( §R / Li §+27rzt0 1) dpq dt = <‘|¢n||00||¢n"0051) )

for some 1 € (0,1).

Finally using the uniform spectral gap for t € [—¢,¢&] provided by the Ruelle-Perron—

Frobenius Theorem we get

/S1 /t| . €Pr §R / Lietormit0)(1) dpta

:/S1 ¢n /t|< ¢n(t) e(Pr((£+27rit)R)—Pr(§R))n) PI‘OJt(]l)-l-O(ﬁn)) dt

for some § € (0,1) where Proj, : C1(U,R) — C'(U,R) is the projection corresponding to

Pr(¢é+2mit)R

the maximal eigenvalue e guaranteed from Theorem 3.2.1. Perturbation theory
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shows that the projection depends analytically on the parameters and in fact
Proj, (1) = 1 4+ O(J¢]).

At this point notice that the following relationship holds between the sequence of Fourier

transforms

(1) :/Rczﬁn(—ac)ezmm dx = /R(ﬁ(ggl(_x_pn))e%itx da

:gn/ ¢(_x)62wit(xén—pn) dr = e—27ritpn gn gg(tﬂn)
R

Recalling that the sequence of intervals (I,,)22; was chosen inside a compact set we get
that (¢,,)72 is bounded from above and (p,)52; lies in a compact set. Thus using the

Mean Value Theorem we get that

n(t) = dn(0) + O(Itllldn]lc) = (1 + O(It]) /Rcén,

where the implied constant is uniform for all n € N. Together with Lemma 3.2.3 we get

that

L [ oue) (PRI PRI 11 01 a
St t|<e

:/Sl w"/RQZ’”/We (1= 2(roat)? + O(t*)" (1 + O(|t])) dt.

We now consider the following proposition. This was proved in [PS94] but a minor error

appeared in their calculation. We fix this error with Proposition 3.4.3.

Proposition 3.4.1. As n — oo we have that

/t|<€ (1~ 2(m0at)? + O(t)" (L + O(Jt])) di ~

ooV 2T
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Firstly note that we can do the following simplifications using symmetry and a change of

variables

/lm (1 2(moat)? + O(t%)" (L + O(Jt])) di

o[ (1~ 2(w0at)? + O(t))" (L + O(Jt])) ds

t=0
_\/i ToaeV2 ) s\ 7
~roa )—o (1—7" +O(|r| )) (14 O(|r])) dr.

Recall that C.s > 0 is the implied constant in the big-O notation O(|r|?) above and for

simplicity write a = mo,ev/2. Then we have that

a

/Ta (1= +00%)" (1 +0(r]) dr _/ 1= )rar

=0 r=0
=0 < / (L=r*)rdr+> (”) / (1 —r*)" " Clr® dr> : (3.4.1)
r=0 i—1 \? r=0

In the following two propositions we show that this difference above decays asymptotically

like n~! whereas the principal term

/T:as\/i (1 — 7'2)” dr,

decays asymptotically like n=1/2.

Proposition 3.4.2. As n — oo we have

VT

/Oa(l —rHdr ~ N

Proof. We begin by comparing our integral to the one integrating over the full unit interval

and observe that although a < 1 this difference decays exponentially fast with n since

/rao (1 a T2>n dr = /rlo (1 N TZ)H dr| = /rla (1 - 7’2)n dr < (1—a*)"

Since the difference above decays exponentially fast we study instead the integral over the

whole unit interval. We do a final change of variables and get that

1 1 1
/ (1—rH"dr = = (1 —w)"u" "2 du.
r=0 2 u=0
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We use the standard result [Ste73, p.236] that for n, m € N we have that

"yt g - Lt DT(m/2)
/o(1 ) 21d71“(n+1+m/2)’

where I' denotes the gamma function. This implies in particular that

as n — oo,

/1(1_T2)ndT:F(n+1)F(1/2) _VF T+l R
0 2T(n+1+1/2) 2 T(n+1+1/2) 2yn

using the well-known result that lim,, oo g((nf:) =1 for all real numbers k. This completes

the proof of this proposition.

Finally, we bound the difference in (3.4.1) in a different way to [PS94].

Proposition 3.4.3.

a n n a o . C/+3
1— 2nd / 1— 2\n—1 i 3zd < €
/7”:0( ) r+iz:1<i> T:O( rE) T CLT dr < -

Proof. We start with an easy observation. We can bound the first term by the following

[0 eirs [ ) rar = [ [ o< |

We now proceed to bound the remaining sum above. For simplicity we write C' = C. and

we begin by making a change of variables. We get
=~ (n ¢ Mn—ii 3i . L =~ (n “ n—ivi, (3i—1)/2
Z<i>/r:0(1—7‘) C'r dT_22<i>/u (1 — )" Cu3 D12 gy,

i=1 =1

We use an easy calculation on the first summand before we bound the rest. Observe that

% ua:o(l_“) - udu—g/a —wd((1—w)")
(1 2/ (1 —u)"du
C(l )n+1 C
SO 2(n+1) =
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We then proceed by bounding the remaining sum in the following way

a2 . . .
1 Z <n> / (1 _ u)nfzclu(?ﬂ*l)/Q du
: 1 u=0
2

2
<— — -
<3 E ; /uzo(l u) <1 —u> u du

7!

(nC’ull/lO/(l - u)) J

<;/a (1_“)nzn: il u

1 00 (nCun/lO/(l - u))z
<= 1—u)"” d
-2 /u:o( u) ; 7! Y

1 [ 11/10
S*/ (1 _ u)nenCu /10 /(1—u) du

2 u=0

1 [a
<z efnuenCuH/lo/(lfu) du.

2 u=0

At this point we recall our choice of € > 0 was small enough so that two things happen.
Firstly we have that

Cul/? < Cal/10 < 1,
and secondly that

u1/20 q1/10
<

l—u ~ 1—a2 —

We can thus complete the proof by using the bounds above to obtain that

2 2

1 e—nuenC’un/lo/(l—u) du < /a e—nuenu/Z du
2 Ju=0 u=0
2
:/a e_m‘/Qdu:—g (e_"“2/2—1) < g
u=0 n n

Finally, combining the three obtained bounds we get that

a n ToaEV2 .
/ (1 —rH)rdr + Z <:L> / (1—rHr=iCi3idr < ha
T i=1 T

=0 =0 n

which completes the proof of this proposition. O

Proof of Proposition 3.4.1. Using equation (3.4.1) and the bounds from Propositions 3.4.2

and Proposition 3.4.3 we get the result. O
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3.4.2 Approximation argument

Here we show how the previous auxiliary estimates provide us with the proof of Theorem
3.1.3 through a similar approximation argument as before. In the last section we have

shown that for all compactly supported ¢ € C3(R,R) and all ¥ € C3(S', R) we have that

Taslr)~ B2

as m — 00. (3.4.2)

Fixing 1 > 0 we wish to construct compactly supported ¢ € C3(R,R) and @ € C3(S!,R)

satisfying the following:

1 1
]l_ll §¢§1+na Supp(¢)c - +777 +7] and /¢§1+777
[~3:3] 2 2 R
ﬂ,ﬁﬁ §¢§1+777 SUPP(TMC _H+U7H+n and /wéﬁ—i_n
[-5.5] 2 2 st

A smooth function ® : R — R is called a positive mollifier, if it satisfies the following
properties:

1. it is compactly supported,

2. [ ®=1,

3. lime_0 ®c(z) := lim. o '®(z/¢) = 6(z) where J(z) is the Dirac delta function.
Let 41, ...,74 > 0 and set G = (1 +v1)]1[

] and H = (1-}-’}/3)]1[ ] Then

—3—72,5+72 —5—V4,5+74

for sufficiently small &, 71, ...,7v4 > 0 the functions
o=G+xd. and ¢ = H *x P,

satisfy all the required properties. Note that since x < 1 and the constants ¢, v4 were

chosen sufficiently small it is harmless to assume that ¢ is defined on R rather than S'.
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Using (3.4.2) and the properties above we can deduce that

limsup o,V2mn I(n,a, I, Sy)

n—oo

=limsup o,V2 /

n—o0

<tmsw oovZin [ o (6 >—pn>)w(:<en<z>—ﬁn>) o)

n—oo
= lim sup /gf)n/ (.
n—00 R St

We have

L= [0 (Ew-0) dy=[v(Z) dy="" [ 0 <t () +00m).

Similarly,
/qﬁn /¢ — pa)) dz = £, /¢ Y < by + 1= (L) + 1.

Thus we obtain that

limsup o,V2mnIl(n,a,I,,S,) <limsup (v(Sp)l(1,)) + O(n).

n—oo n—oo

Similarly, one can show that

liminf o,V2rnIl(n, o, ,,S,) > liminf (v(S,)l(I1,)) + O(n).

n—oo n—00

Since the choice of n > 0 was arbitrary we get the result.



Chapter 4

The geodesic and frame flow on
convex-cocompact hyperbolic

manifolds

4.1 Introduction and definitions

Hyperbolic Geometry Let HY be the N-dimensional hyperbolic space for N > 3, i.e.
the unique complete simply connected IN-dimensional Riemannian manifold with constant
negative sectional curvature. We will denote by (.,.) and ||.|| the inner product and norm
respectively on any tangent space of HYY induced by the hyperbolic metric. We will use
the Poincaré ball model for the N-dimensional hyperbolic space. Let DY denote the unit

ball in RY; equipped with the Poincaré metric denoted by d where

this gives us a model for the N-dimensional hyperbolic space. Let S¥~! be the unit sphere
in RY and hence the boundary of (DV,d). Let G = Isom™(H") denote the group of
orientation preserving isometries of (DN ,d). It then follows that G is isomorphic to the

identity component of SO(1, N) which we denote by SO(N,1)° and is the set

SO(N,1)°:={A € GL(N,R) : A >0, ATJ; yA = Jin},
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where J; y = diag(—1,1,...,1). An introduction and a systematic discussion of hyperbolic

geometry can be found in the following classical textbooks [And99, Bea83, BH99].

Kleinian groups We call a discrete subgroup of the group of orientation preserving
isometries of HY a Kleinian group. When a Kleinian group I' < G is torsion-free the
quotient X = I'\HY is a hyperbolic manifold of dimension N. Further, we call a Kleinian
group I' convea-cocompact if there exists a closed, convex invariant set C C HY such that
the action of I' on C is cocompact. Viewing G as a real algebraic group we call a subset
S C G Zariski-dense if S is not contained in any proper real algebraic subgroup of G. For
the rest of this chapter we fix I' to be a torsion-free, convex-cocompact and Zariski-dense
Kleinian subgroup of G and consider the quotient hyperbolic manifold X = I'\H". Note
that since we assume that I is a torsion-free and Zariski-dense Kleinian group, I' is not an

elementary group, i.e. it is not virtually cyclic.

Fix an arbitrary point o € HY.

Limit set The limit set of I, denoted by Ar, is the set of accumulation points of I' orbits

of zg, i.e. x € Ap C SV if there exists a sequence (7, )nen in I' such that lim, o n 2o = .

Critical exponent Consider the Poincaré series of I'

Pr(s) = 3 e deoao),
yel’
We call the abscissa of convergence of this series the critical exponent of I" and denote it
by ér. In our case, or € (0, N — 1] and it coincides with the Hausdorff dimension of Ar.
Moreover, the limit set and the critical exponent are in fact independent of the choice of

xo € HN.

It was proved recently in [Hou21] that all convex-cocompact groups I' < Isom™ (H?) whose
limit sets in S? have Hausdorff dimension strictly less than one are in fact Schottky groups,

as defined below.

Classical Schottky groups Let Si,...,S2, be 2p non-intersecting N — 1 dimensional
Euclidean spheres in HY that meet the boundary S¥—! at right angles. Further, assume
that the spheres are pairwise exterior, that is the centre of each sphere is not included in

the interior of any other sphere. For each pair of spheres {S;, Sopy1—i} where i =1,...,p
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there exist isometries ggﬂ € G that map one sphere onto the other and reversely. Note that
since each isometry g; is orientation preserving it maps the exterior of 5; to the interior of
Sop+1—; and vice-versa. A group generated from a symmetric set of isometries obtained
as above is called a classical Schottky group of rank p. Further, we call the region in HY
exterior to all spheres Si,...,S2, a fundamental domain and denote it by F. The limit set
of a classical Schottky group has a particularly nice structure as it is a Cantor set in the
boundary of HV. In three dimensions if we choose a Schottky group of rank at least two
with centres for the spheres not lying in a unique plane we obtain a prototypical example

of a torsion-free, convex-cocompact and Zariski-dense Kleinian subgroup of Isom™ (H?).

We now recall the definition of the geodesic flow.

The geodesic flow and the non-wandering set Let X be a smooth Riemannian
manifold of dimension N with negative sectional curvatures. Let T'(X) denote the unit-
tangent bundle, that is T*(X) = {(z,v) € TX : |||z = 1}, where ||.||; is the norm induced
by the Riemannian structure on 7, X. The geodesic flow ¢, : T*(X) — T*(X) is defined
as follows. Given (z,v) € T1(X), there is a unique unit-speed geodesic v : R — X with

7(0) = z and 7/(0) = v. We then define ¢(z,v) = (y(t),7'(t)).

The non-wandering set ) of the geodesic flow, also known as the convex core of X = I'\HY
is the smallest convex subset of T!(X) containing all closed geodesics. Since I' < G was

chosen to be convex-cocompact the convex core of F\]H[N is compact.

A generalised Poincaré series For a Holder function F : T'(X) — R we can define

the generalised Poincaré series Pr p. Fix two distinct points xg,yo € HY. We write

[T [ R

where v € T (X) such that @g(z, ) (v) € Tz}o (X). This vector is unique when zo # yo.

The Poincaré series for (I', F') is the map Pr p = Pr rag,y, : R = [0,00] defined by

O (g
Pr p(s) := Z efxo (F=e)

~yel
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Then the critical exponent of (I', F') denoted by ér z € R [PPS15, Propositions 3.9,3.11
and 5.11] is defined by

. . 1 f’Yi’/O F
orFp = hnrggéf 5log Z e’ro |
el

n—1<d(zo,yyo)<n

In fact or r is independent of the points g, yo € HY. Also, observe that for F' = 0 we

recover the standard Poincaré series of I' and the critical exponent of T'.

Closed geodesics in hyperbolic manifolds Let ¢; be a C' flow on a smooth connected
Riemann manifold M and 2 C M be an ¢-invariant compact set. We say ¢; : 2 — Q is

hyperbolic if

1. there exists a D¢-invariant continuous splitting of the tangent bundle
ToM = E°® E* & EY,

where E° is the line bundle tangent to the non-singular flow and where there exist

constants C, ¢ > 0 such that

D] < Ce ||| forall ve ESandt>0 and

|Dp_sv|| < Ce||v|| forall ve& E"andt>0,

2. the periodic orbits of {2 are dense and {2 is not a single point,
3. Q contains a dense orbit and
4. there exists an open set U D Q such that Q = ;2 __ ¢:(U).

We say that ¢ is mixing if for all non-empty open sets U, V' C M we have that UNgy (V') # @,
for all sufficiently large ¢. The geodesic flow on T*(X) is a topologically mixing hyperbolic
flow [Dal99]. The mixing of the geodesic flow is equivalent to the fact that the set of lengths

{l(y) : v € P} is not contained in a discrete subgroup of R [Bab02].

There is a natural one-to-one correspondence between periodic orbits for ¢; and closed
geodesics in T1(X), with the least period being equal to the length of the closed geodesic.

Our notation will not distinguish between the two sets of objects.
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Another object of interest in the study of differentiable manifolds equipped with a metric
are the orthonormal frames. An oriented orthonormal N-frame at a point x € X is an

ordered, orthonormal basis for the N-dimensional space T,.X.

The frame flow Consider now the bundle of oriented orthonormal N-frames on X and
denote it by F(X). This produces a fiber bundle 7 : F(X) — T'(X) where the natural
projection m; sends a frame onto its first vector. Over the N-dimensional manifold T (X)
we get a fiber bundle where the associated structure group SO(N — 1) acts on fibers by
rotating the frames, keeping the first vector fixed. Therefore, we can identify the fibers with
SO(N —1). The frame flow ®; acts on frames by moving their first vectors by the geodesic
flow and moving the other vectors by parallel translation along the geodesic defined by the

first vector. Thus, m; o0 ®; = ¢4 o m; for each t € R.

A reparametrisation for the geodesic and the frame flows We fix an arbitrary
point xp € HY and an arbitrary frame Fy € F(HY) based at xq with first coordinate
vp € T (HY). The group G acts freely and transitively on F(H”") hence we can identify
F(HY) with G. Consider the stabiliser subgroups

K = Stabg(zg) and M = Stabg(vg) < K.

Note that K = SO(N) and it is a maximal compact subgroup of G and M = SO(N — 1).

Our base hyperbolic manifold is
X =T\H" 2T\G/K,

its unit tangent bundle is

T'(X) = T\G/M,

and its frame bundle is

F(X)~T\G,

which is a principal SO(N)-bundle over X and a principal SO(N — 1)-bundle over T*(X).

It is convenient to parametrise the geodesic and the frame flow, so let us introduce the
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following notation. There is a one parameter subgroup of semi-simple elements
A={a:teR} <G,

whose centraliser is given by

Cq(A) = AM,

and its elements are parametrised such that their canonical right action on I'\G/M and

I'\G corresponds to the geodesic flow and the frame flow respectively.

We choose a left G-invariant and right K-invariant Riemannian metric on G [Sas58, Mok78§]
which descends down to the previous hyperbolic metric on HY = G/K, and again use
the notations (.,.), ||.|| and d on G and any of its quotient spaces. As before, let
be the non-wandering set which is a compact A-invariant subset of I'\G/M since T is
convex-cocompact. Further, set H™ < G and H~ < G to be the expanding and contracting

horospherical subgroups of G, that is

H* = {hi €G: lim d(e,a;h*a_;) = 0} ~ RN (4.1.1)
t—+oo

Patterson densities Before presenting the family of Patterson densities for a pair (', F')

we define the Gibbs cocycle of (I', F'). There exists a well-defined map
Cp: SV xHY x HY - R,
for the potential F' given by

(1) &(t)
(€ o.9) = Crelay) = Jm [P [TF,
t—o00 Jy T

where £ : R — HY is any geodesic such that lim; o, £(t) = €. Note that when F' = —1 the

Gibbs cocycle equals the more well-known Busemann cocycle B¢(x,y) defined by

Pe(,y) = lim (d(£(1),y) — d(£(E), ),

t—o00

where again ¢ : R — HY is any geodesic such that lim; . £(t) = €. Hence for every s € R

we have that

CF—S,E(x)y) = CF7§($7y) - 555(%9)
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We allow tangent vector arguments for the Gibbs cocycles as well in which case we will use
their basepoints in the definition. The Gibbs cocycle satisfies the following three useful

properties: for all ¢ € SN~1 v €T and z,y,z € HY

° CF@('CQ Z) = CF((JZ‘, y) + CF,&(?J? Z)7

o Cpe(r,2) = —Cpe(z, ) and

© Crye(ye,72) = Cre(z, 2).

Now let {j, : € HV} denote the Patterson densities of (I', F) [Pat76, Sul79, PPS15],

that is the set of finite Borel measures on S™~! supported on Ar such that
1. Yapty = piyg for all y €' and x € HY and

2. fﬁ“ﬁ(f) — o COr—tppe@y) g e SNland z,y € HV.

Bowen—Margulis—Sullivan measure For all u € T'(H"Y), let u* and u~ denote its

forward and backward limit points. Using the Hopf parametrisation via the homeomorphism
G/M 2T HY) = {(uT,u™) e SV xSVt uF #£u"} xR

given by

urs (ut,u”,t = By, (w0, u)),

we define the Bowen-Margulis—Sullivan (BMS) measure m on G/M [Mar04, Bow71, Kai90,
PPS15] by

dm(u) — echép’F,qu(m07u)+cF75[‘,F,u_(m()yu) dﬂxo(u+) d,uxo(u_)dt

Note that this definition only depends on I' and not on the choice of reference point
xo € H™. Moreover, m is left [-invariant. We now define induced measures on other
spaces, all of which we call the BMS measures and denote by m by abuse of notation. By
left I'-invariance, m descends to a measure on I'\G/M. We normalise it to a probability
measure so that m(I'\G/M) = 1. Since M is compact, we can then use the probability
Haar measure on M to lift m to a right M-invariant measure on I'\G. It can be checked

that the BMS measures are invariant with respect to the geodesic flow or the frame flow
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as appropriate, that is they are right A-invariant. We denote the right A-invariant subset
) = supp(m) C I'\G/M which is compact since I' is convex-cocompact.

4.2 Markov sections and symbolic dynamics

4.2.1 Markov sections

In this subsection we recall how we can use a Markov section on the non-wandering set

QcTHX)=T\G/M,

to obtain a symbolic coding for the geodesic flow on ). The existence of such a Markov
section was shown by Bowen and Ratner in [Bow70, Rat73b].
We denote the leaves of the strong unstable and strong stable foliations though a point
r € TYHX) by
W (z) == {y cTY(X) : hm d(zas, ya) = 0} and
t——

W™(z) == {y ceT (X) : hm d(xzay, yay) }
respectively. Further, we denote by

Wi (z) :={y e W*(z) : forall t <0, d(za;,ya;) <e} and

W(x) :={y € W*(x) : forallt >0, d(zas,yar) <e '},

the open balls in W5 (z), W (x) respectively, centred at x and of radius € > 0. Recall

that the weak unstable and stable foliations are given by

W (x) = U W (z)a; and WY(z) := U W™ (x)ay
teR teR

The hyperbolicity of the geodesic flow restricted on its non-wandering set €2 provides a

constant Chy, > 0 such that for all x € TH(X) and all ¢t > 0

dsu(ua—_g,va_y) < Chype_tdsu(u,v) if u,v € W (z) and

dss(uag, vay) < Chype_tdss(u, v) if u,v € W(x).
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Here dg,, dss denote the induced Riemannian metrics on W% (x), W*(z) respectively. We
now recall the Bowen bracket notation. There exist ¢, ¢ > 0 such that for all z € T*(X),

u € W% (z) and s € W:3(x), there exists a unique intersection denoted by
[u, s] = ngq‘(u) N We‘gu(s), (4.2.1)

and moreover, [-, -] defines a homeomorphism from W"(x) x W (x) onto its image [Rat73b].
We call a subset U C W' (z) N Q and a subset S C Wgi(x) N for some x € 2 proper
it U = Wgu and S = WS, where the interiors and closures are taken in the
topology of W*5%(z) and W9 (x) respectively. We will often drop the superscripts henceforth
and include them whenever further clarity in notation is required. For any J > 0 and

proper sets U C W' (x) N Q and S C W (x) N Q containing some x € €, we call
R=1[U,S]={[u,s] € Q:uecUseS}C,

a rectangle of size ¢ if diamg_ (U), diamg (S) < d, and we call = the centre of R. For
any rectangle R = [U, S], we generalise the notation and define [vy,vs] = [ug, s2] for all

v1 = [u1, 1] € R and vy = [ug, s2] € R.

Complete set of rectangles Let 6 >0 and m € N. A set

R = {Ri,Ra,..., Rm} = {[U1,51]7 Vs, Sol,.... [Um,Sm]},

consisting of rectangles in 2 is called a complete set of rectangles of size ¢ if
1. RyNRy =92 foralll <jk<m with j #k,
2. diamg,, (U;),diamg (S;) < forall 1 <j<m,
3. Q@ =UjLi Uepo,o) Bj ar-

Henceforth, we fix
0 < 0 < min{1, ey, ), inj(T* (X))}, (4.2.2)

where inj(7! (X)) denotes the injectivity radius of 7" (X) and where € and €|, are from

(4.2.1). We also fix R = {Rl,RQ,...,Rm} = {[Ul,Sl], [UQ,SQ],...,[Um,Sm]} to be a
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complete set of rectangles of size § in ). We set

R=||R; and U=|]Uj.
j=1 i=1

We introduce the distance function d on U defined by

dsy(u,v) ifu,v € Uj for some 1 < j <m,
d(u,v) =

1 otherwise.

We will use ds, whenever further clarity is required. Denote by 7 : R — R™ the Poincaré

first return time map defined by
7(z) = inf{t > 0: za; € R} for all z € R.

Note that 7 is constant on [u,S;] for all u € U; and 1 < j < m (see Lemma 4.3.1). So
abusing notation we can by collapsing the stable leaves assume that the Poincaré first

return time map is defined on U and consider it as the map 7: U — R™T.

Let P: R — R be the Poincaré first return map defined by

P(z) = wa () for all z € R.

Again by abusing notation we will also write P : U — U for the projection of the Poincaré

first return map on the unstable leaves so that
P(u) = war, forallu e U.
Define the cores

A

R={xeR:PFx)ecint(R) for all k € Z} and

U={ueU:PFu) cint(U) for all k € Z>¢},

which are residual subsets of R and U respectively.
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Markov section We call a complete set of rectangles R = {Ry,..., Ry} of size § >0 a

Markov section if they satisfy the Markov property, that is for all 1 < j, k < m such that
int(R;) N P~ (int(Ry)) # 2,
and all z in this intersection we have that

[int(Uy), P(x)] C P([int(U;), x]) and P([z,int(S;)]) C [P(z),int(Sk)].

The existence of Markov sections of arbitrarily small size for hyperbolic flows was proved
by Bowen and Ratner [Bow70, Rat73b]. Thus, for the rest of this section we fix a Markov

section R = {Ry,..., Ry} of size 6 > 0 for the non-wandering set ).

4.2.2 Symbolic dynamics

Let A={1,2,...,m} be the alphabet for the coding corresponding to the Markov section

considered above. Define the m x m transition matriz T by

1 if int(R;) N P~ L(int(Ry)) # 9,
Tk = ’ forall 1 <j, k< m.

0 otherwise.

The transition matrix 7" is topologically mizing [Rat73b, Theorem 4.3], that is there exists
n € N such that all the entries of 7" are positive. This definition is equivalent to the one
in [Rat73b] in the setting of Markov sections. Define the spaces of bi-infinite and infinite

admissible sequences by

Y={(...,z_1,%0,21,...) EAZ:T( =1forall j € Z} and

T5,%541)

2+:{(a;0,a:1,...) E.AZZO ZT( =1 for all j GZZ()},

T5,T541)

respectively and let o denote the shift map on ¥ or ¥. We will use the term admissible
words for finite sequences whenever all transitions are allowed from 7. For any 6 € (0, 1),
we can endow ¥ with the distance function dy defined by dg(z,y) = gint{li|€Z20 : 2 7ui} for
all z,y € ¥. We can similarly endow X7 with a distance function which we also denote by

dp.
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For all k € Z>o and for all admissible words w = (wp, w1, ...,wk_1), we define the

corresponding cylinder to be
Clw]={uecU: Pl(u)c int(Uy,) forall 0 < j <k —1}

with length len(Clw]) = k.

Although P : U — U and 7 : U — R" are not even continuous, we note that for
all admissible pairs (j, k), the restricted maps P|cpjx : Clj, k] — int(Uy), (Plegia)
int(Uy) — Clj, k], and 7|cjx : Clj, k] — R are Lipschitz in our setting.

There exist natural continuous surjections ¢ : ¥ — R and ¢ : ¥7 — U defined by

((x) € ﬁ P~i(int(R,;)) forallz € ¥ and

j=—o00

(t(z) € ﬂ P=i(int(U,,)) forallze Xt
=0

Set 3 = C_l(f%) and 3t = (C+)_1(U) Then restricting our projection maps to (| : S >R

and ¢ +]2+ : 3+ — U we obtain continuous projections that are bijective and satisfy

¢

so0lg="Plpolly and  (Flgio0lg =Ply o,

For 6 € (0,1) sufficiently close to 1, the maps ¢ and ¢ are Lipschitz [Bow73, Lemma
2.2] with some Lipschitz constant Cyp > 0. We now fix 6 to be any such constant. Let
C’Lip(d“))(E, R) denote the space of Lipschitz functions f : ¥ — R. We use similar notations

for domain space X1 or target space C.

Since (7 o0 ()

¢ and (70 (")

s+ are Lipschitz, there exist unique Lipschitz extensions
75 : ¥ — RT and 751+ : ¥ — RT respectively. Note that the resulting maps are distinct
from 70 ¢ and 7 o (T because they may differ precisely on x € 3 for which ((z) € 9(C)
and z € ¥ for which (T (z) € 9(C) respectively, for some cylinder C C U with len(C) = 1.

Then the previous properties extend to

C(o(7)) = ((T)ary(y) forallz € ¥ and

C+(U($)) = (C+($)a72+($)) forallz € =T,
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Word length for closed geodesics Recall that G denotes the set of primitive closed
geodesics which are in one-to-one correspondence with the primitive periodic orbits of the
geodesic flow. Every periodic orbit v € G for the geodesic flow a; corresponds to a periodic
orbit {u, P(u), ..., P" }(u)} with P"(u) = u for the Poincaré first return map P : U — U.
In fact, this correspondence is possibly non-unique when the periodic orbit v is passing
through the boundaries of the rectangles of our Markov section R. If {u, P(u), ..., P" *(u)}

is unique then we define

h”’R =n,

that is the period of u. Otherwise, we choose ||z to be equal to the smallest period of all

the P-orbits corresponding to . Crucially, we have the identity
n—1 ]
() = "(u) := Y 7(P'(u)),
i=0
where {u, P(u),..., P" !(u)} is any P-orbit corresponding to v with period equal to |y|r.

Asymptotic counting By the Perron-Frobenius Theorem, the transition matrix 7" has
a positive eigenvalue A > 1, with all the other eigenvalues having strictly smaller modulus.
Furthermore, \ is related to the topological entropy h(c) of o : ¥+ — X7 since h(o) = log \.

The number of periodic points of period n of ¢ is given by
#Fix, (o) ={r € X : 0" (x) =2} = trace(T") = X" + O((6o\)"),

where 0 < 0y < 1. Given any o-invariant probability measure v on ¥, we may define
its entropy h,(v). This always satisfies h,(v) < h(o) and there is a unique o-invariant

probability measure pg, called the measure of maximal entropy, for which h(pg) = h(o).

In particular, the topological entropy of P : U — U satisfies h(P) = h(o) = logA. The
topological entropy gives the exponential growth rate of periodic points for P. More
precisely, if we write Fix,,(P) = {u € U : P"(u) = u} then there exists 0 < ¢; < 1 such
that

# Fix, (P) = A" + O((61\)"). (4.2.3)

This next result is due to Bowen [Bow73].
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Lemma 4.2.1. There exists 0 < 05 < 1 such that

# Fix,,(P) N
n

#Hyeg : hir=n}= O((622)")- (4.24)
The difference between counting closed geodesics of word length n and the number of
periodic orbits of length n described above does not cause a problem for our analysis. This
follows from [Bow73, Theorem 6.1]. In particular, using (4.2.3) and (4.2.4) we obtain that

ATL
#{’Yegi\’ﬂnzn}wg, as n — 0o.

4.3 Holonomy and representation theory

In this section, we define the holonomy map which is required in addition to the Markov
section to proceed with our proof. Since the holonomy map will be defined below as an
M-valued function, we will naturally for our purposes need to also consider L?(M, C) and

so in addition we introduce the required representation theory.

4.3.1 Definition of the Holonomy

Unlike the case of the geodesic flow, we do not have a Markov section available for the frame
flow. Instead, we consider the Markov section R chosen for Q C T!(X) the non-wandering
set of the geodesic flow and then choose a smooth section F' on R for the frame bundle
F(X) over T'(X). Let w; be the centre of R; for all j € A. Below we define a smooth
section

F: |_| [W;(}l(w])vwes(f(wj)] — F(X),
j=1

where without loss of generality we assume &g is sufficiently small so that the union is

indeed a disjoint union.

To construct a smooth section we start by choosing arbitrary frames
F(w]) € F(X)a

based at the tangent vectors w; € T(X) for all j € A. (Recall that for each j € A we

fixed w; to be the centre of the rectangle R; of our fixed Markov section for ©.) Then
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we extend the section F' by requiring that for all j € A and u1,us € W' (w;), the frames

F(u1) and F'(ug) are backwards asymptotic, that is

lim d(F(ul) ag , F(UQ) at) =0.

t——o0

Recalling the definitions of the expanding and contacting horospherical subgroups from
(4.1.1) we must have

F(uy) = F(u2)h™,

for some unique h™ € HT. We complete the construction by further requiring that for
all j € A, u € W2 (wj), and 51,52 € WS (w;), we have that the frames F'([u,s1]) and

F([u, s2]) are forwards asymptotic. In particular, this implies that since

lim d(F([u,s1]))as, F([u,s2])ar) =0,

t—+o00

we must have

F([u, 52]) = F([u, s:1])h

for some unique h~ € H™.

Holonomy The holonomy is a map 6 : R — M such that for all z € R, we have

Just as 7 is constant on the strong stable leaves of the rectangles, we show below that the

same is true for #. This allows us to work solely on the union of unstable leaves U.

Lemma 4.3.1. For allj € A and allu € Uj the Poincaré first return time map 7 : R — RT

and the holonomy map 6 : R — M are constant on [u, Sj].

Proof. Let j € Aand u € Uj;. Let s1,s2 € Sj and set u; = [u, s;] for i = 1,2. We have that

d(P(u1) at, P(UQ) at) = d(u1 A7 (uy)> U2 at-‘r‘l‘(uz))

> d(U1 Qg pr(uy)s U1 Qpr(ug)) — QUL Qpprun)s U2 Qpgr(ug))s
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for all t € R. Now since uy,up € W5°(u) are in the same strong stable leaf we get that
0

Jim d(ur apyr(uy)s U2 Gepr(ug)) = 0-

The structure of the Markov partition gives that P(u;) € W;§ (P(u)) for ¢ = 1,2 and so we
also obtain that
tliglo d(P(uy) at, P(ug) a;) = 0.
It then follows from the inequality above that 7(u1) = 7(u2).
For the holonomy 6, recall that by construction of the smooth section we have that

F(ug2) = F(ui)h™ for some h~ € H~. From the definition of the holonomy map, we have
F(P(u1)) = F(u1) ar@uy)0(u1) and F(P(uz)) = F(u2) ar(u,)0(uz) = F(u1)h™ aru,)0(uz),
since 7(u1) = 7(u2). We then have that

d (F(P(w)) ar, F(P(u2)) ar) = d (F(u1) @y, 10(m), F(un)h™ aruy)40(uz) )
> d (F(u1)ar(uy)40(w), F(ur) sy 40(u2))

= d (F(w1)ar () 40(u2), Fu1)h~ar () 140(u) )

for all ¢ > 0. Now since h™ € H~ is an element of the contracting horospherical group we
have that
lim d(F(u1) aT(u1)+t0(u2)7 Fui)h™ aT(U1)+t6(u2)) =0.

t—o00

Moreover, the structure of the Markov partition implies that P(uy), P(ug) € W;Ef(P(u))
Our choice of the smooth section then gives that the frames F(P(u1)) and F'(P(ug)) are

forwards asymptotic, that is

lim d(F(P(u1)) at, F(P(uz2))a) = 0.

t—r00
It thus follows from the inequality above that 0(u;) = 6(ug).

O]

Let R* C F(X) be the subset of frames over the set R = | [j”; R; and similarly define U*.

Via the section F': | [JL; [W2*(w;), WS (w;)] — F(X), we have the natural identifications
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R*= R x M and U* = U x M. Specifically, given (z,m) € R x M we associate it to the

frame based at z € R in the following way
F(z)gmg ™' e R,

where g is the unique element in G that sends the frame F'(x) to the fixed reference frame
Fy. In the following chapter we will need to deal with the function space C(U*,C). It is
convenient to consider this function space as a subspace of C(U, L?(M,C)) in the following
way

C(U*,C) = C(U x M,C) = C(U,C(M,C)) c C(U,L*(M,C)).

4.3.2 Representation Theory

In this subsection we recall some standard results and definitions on the representation
theory of compact Lie groups that we will use in our analysis. The aim is to present how we
can obtain a Fourier decomposition of square integrable functions on compact Lie groups

using the Peter-Weyl Theorem.

Unitary representations of compact Lie groups

Let G be a compact Lie group and let L?(G) = L?(G,C) denote the space of (equivalences
classes of) square integrable functions from G to C, where integration is with respect to the
Haar measure. Recall that L?(G) is universal is the sense that, up to isometric isomorphism,
there is a unique (separable) complex Hilbert space of each dimension d € NU {co}. For
a complex Hilbert space H, U(H) will denote the space of unitary operators on H. If
H = C? (d finite) then we write U(C?) = U(d) (i.e. d x d unitary matrices once we fix a
basis). A unitary representation of G is a continuous homomorphism from G to U(G) for

some Hilbert space H.

The left regular representation of G is
A:G — U(L*(M,C)),

defined by
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for all g € G, ¢ € L?>(G,C) and = € G. As we shall describe, the left regular representation

A may be decomposed into a sum of irreducible finite dimensional unitary representations.

We call a unitary representation 7 : G — U(H) irreducible if H has no closed subspace
invariant under 7(G). Further, we call two unitary representations m; : G — U(H;) and
7o : G — U(Hz2) unitarily equivalent if there exists a unitary operator W : H; — Hs such
that for all g € G

m(g) = ¥ma(g) ¥,

where U* is the adjoint operator of ¥. We define the unitary dual of G, denoted by G to
be the set of equivalence classes of irreducible unitary representations and by a slight abuse

of notation denote the equivalence classes again by .

For a finite dimensional irreducible representation 7 : G — U(H) we write dim() for the
dimension of H;. Denote the trivial irreducible representation by 1 € G and observe that

it is one-dimensional.

In fact, the Peter—Weyl Theorem [PW27] guarantees that every irreducible representation
of GG is finite dimensional. Moreover, we obtain an orthogonal Hilbert space decomposition

of the set of square integrable functions given by

—

L*(G,C) = 697@ HE , (4.3.1)

where H®Am(™) — [ ... ¢ H, and @ denotes the closure of the infinite direct sum. This
—_—

dim(7) times
decomposition corresponds to the decomposition of the left regular unitary representation

given by
_ M - @dim(r)
A= 6971'€G g !

where 79 — 7 @ ... @ 7 maps G onto U(Hy dim(ﬁ)).
—_——

dim(7) times
Matrix coefficients and class functions

As above let 7 : G — U(Hj) be an irreducible unitary representation for G. Denote the

inner product of H; by (.,.)r and its dimension by dim(w). (Recall that dim(7) € N.)

We fix an orthonormal basis {e, ..., egim(w)} for H, and we write, for each group element

g € G, m(g9) € U(Hr) as a unitary matrix of dimension dim(w). The (i, j)-coordinate
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gbgr) (g) of this matrix with respect to the basis is given by

017 (9) = (w(9)ef . ).
We call these functions ¢7; : G — C matriz coefficients. They are continuous functions and
hence in L?(G, C).
For each equivalence class m, we think of
span{¢;; : 1 <4,j < dim(m)},
as the finite dimensional subspace of L?(G,C) corresponding to HY dim(r) through the
isomorphism in (4.3.1).
In particular, the Peter—Weyl Theorem [PW27] gives that the set
LJ{me;ylgmgﬁmm}
WE/G\
is an orthonormal basis for L?(G, C).

Further the function y, : G — C given by

xr(9) = tr(m(g)),

is called the character of w. It is well defined as, it only depends on the equivalence class
of m and crucially it does not depend on the choice of basis for H;. In terms of matrix
coeflicients fixing any basis for H,; we have that

dim(7

)
Xx(9) =tr(w(g9)) = > ¢5(9)
=1

A function f: G — C is called a class function if it is constant on conjugacy classes of G,
that is
flgzg™') = f(z) forallz,geG.

Since conjugate matrices have the same trace it is clear that characters are class functions.

Denote the closed subspace of L?(G) consisting of class functions by LZ,(G). Specifically,
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the Peter-Weyl Theorem [PW27] gives that the set

{Xﬂ' : 71'6@},

is an orthonormal basis for LZ(G). Thus we can expand a class function f € L%(G,C) in

the form

f: Z<faX7r>L2 Xy

rel@

where (f,xx)r2 = [o f(9) Xx(g) dg and dg is the Haar probability measure of G and the

convergence is in the L?-norm.

Finally, let C(G) C L?(G) denote the space of continuous functions from G to C equipped
with the uniform norm. As before, let C>(G) denote the closed subspace of C(G) consisting

of continuous class functions. We have the following result [PW27].

Theorem 4.3.2. The set

is uniformly dense in Cc(G).

The result above will be particularly helpful in the final chapter where we will use the
characters of unitary irreducible representations of M to approximate the indicator functions
of the target sets for the holonomies which are class functions but not continuous. These

target sets for the holonomies will be introduced in the following subsection.

Tensored unitary representation

To prove our results in the following chapter we will consider a family of transfer operators
depending on a complex parameter s € C and on irreducible unitary representations A € M.
It turns out that the spectral radii of transfer operators in this family corresponding to
complex parameters s € C with large imaginary values or non-trivial irreducible unitary
representations \ € M will enjoy some nice decay bounds which we discuss in the next
chapter. For this reason it will be convenient to combine these two parameters of this

family of transfer operators into a single parameter.

We thus consider for all b € R and A € M the tensored unitary representation

)\b cAM — U(H)\),
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by
Mp(arm)(z) = e M \(m)(z) for all z € Hy, t € R, and m € M.

We introduce some notations related to Lie algebras. We denote Lie algebras corresponding

to Lie groups by the corresponding Fraktur letters, e.g.,
a= Te(A)a m= Te(M)v b+ = Te(H+) and b~ = Te(H_)'

For any left regular unitary representation A : M — U(H) for some Hilbert space H , we

denote the differential at e € M by d\ = (d\). : m — u(H), and define the norm

IAl=" sup [[dA(2)]op,

z€m
such that ||z]|=1
and similarly for any tensored unitary representation A : AM — U(H).

Hf\adim(/\) since the

Remark 4.3.3. The norms remain the same if we replace Hy with

M-action is identical across all components.

The following lemma appeared in [SW21, Lemma 4.3] and records some useful properties

of the norms defned above.

Lemma 4.3.4. For allb e R and X € M\, we have that

sup sup — [[(dAp)am(2)llop = 1Mol
a€A,meM  z€Tym(AM)
such that ||z||=1

and

max([b], [[A) < [[Aoll < [b] + [IA]l-

We complete this subsection by fixing some constants and with the following definition.
For 8 > 0 set
Mg ={(b,\) € R x M : |b > for A+#1}.

This set contains pairs of real numbers b, for our complex parameter s = a + b € C, and
irreducible unitary representations A € M. The pairs contained in a set M\g for large

enough 8 > 0 will be exactly the pairs for which we will use Dolgopyat’s method, as
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adapted by Sarkar and Winter in [SW21], to obtain some decay estimates for the spectral

radii of transfer operators corresponding to these pairs of parameters.

Finally, we fix some related constants. Observe that since M is constant

§oi= inf Ml = inf [A] > 0.
beR, \e M reM

Furthermore, we can deduce that from Lemma 4.3.4 that

inf || Ap|| > min (1,05 ).
(bN\)EN, < M)

Hence we fix 0, ;7 = min (1, 6]\7[) > (0. We complete this subsection with the following
lemma which will only be used in the Appendix.

Lemma 4.3.5. There exists § > 0 such that for allb e R, X € M and w € H;'\adim()‘) with

lwll2 = 1, there exists z € a @ m with ||z|| = 1 such that ||[d\p(z)(w)|l2 > ]| Xs]|-

Fix €1 > 0 to be the § provided by Lemma 4.3.5.

4.3.3 Target sets for the holonomies

To each closed geodesic we can associate a holonomy element h, by parallel transport
which corresponds to a conjugacy class in M = SO(N — 1). More precisely, let v € G be
a periodic orbit of the geodesic flow. Given our Markov section R we can associate to y
a periodic orbit of the Poincaré first return map P : U — U, say p = {u, ..., P" (u)}.
Fixing a point v € p in this periodic orbit we have from the definition of the holonomy
map that

F(4) 0" () = F(P" () = F(u).

If we choose a different point in u’ € p then the corresponding group element in M given by
the Birkhoff product of the holonomy map 6™ (u') is conjugate to 8" (u). We thus define the
holonomy of 7 € G to be the conjugacy class [#"(u)] consisting of elements in M. We now

proceed to define the target arcs for these holonomies. To do that we use the isomorphism

L: M — SO(N —1).
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Since ¢ is an isomorphism between Lie groups it is real analytic. Moreover, consider the
map

E:SO(N —1) — CN71/Sym(N — 1),

that sends an orthogonal matrix in SO(N — 1) to the set of its eigenvalues. For each
matrix in SO(NN — 1) the set of its eigenvalues consists of conjugate pairs in S plus the
eigenvalue 1 when N is even (and so N — 1 is odd). To ease notation we parametrise S
by [—%, %] and set r = L%J to be the rank of SO(N — 1). Without loss of generality
for each A € SO(N — 1), we parametrise the set E(A) by the vector (ei,...,e,) where
—% <e <. <e < % and {eﬂmei : 1 <j <r} is the set of eigenvalues of A (excluding

the eigenvalue 1 possibly, which is guaranteed when N is even).

The isomorphism ¢ sends conjugate elements in M to similar matrices in SO(N —1). Given

that similar matrices have the same eigenvalues it follows that the composition of functions
T

E=Foit: M — [—%, %} is constant on each conjugacy class of M. However, this map is

not even continuous at points that map close to {j:%} To avoid this technicality we fix an

arbitrary constant x € (0,1) and consider the map E := E‘E—l(—n/2 /2" restricted to the
pre-image of the hypercube (—k/2,k/2)".
We consider a target vector ¥ = (¢4, ...,7,) of rotation angles satisfying

K K
— 79 19 —-.
2< 1< < T<2

Let (k)22 be a sequence of real numbers in (0,1) such that for all n € N we have that

K ]Cn k/'n kn kn K
—§<191—7<191+?<-~<19r—?<19r+7<§.

We use these sequences to parametrise the sequence of sets

k k k k Kk K\
- _n on _n Mmyc (=22 .
An <191 23191+ 2> X X (191" 2a7~97'+ 2) _( 2a2)

We can parametrise a sequence of sets (Ay,)2; containing full conjugacy classes of M in

the following way. For each n € N we set

Ay ={meM : E(m)e A}, (4.3.2)
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and we consider this sequence of sets as our possibly shrinking targets for the holonomies.

Observe that the target sets (791' - %’”‘, ¥ + %") for 1 < i < r were chosen to be pairwise
disjoint. This implies that if a matrix A € SO(N — 1) has one eigenvalue in each of these
sets then all its eigenvalues are simple. The Perturbation Theorem 3.2.2 then implies that
our map F is analytic around A. In particular, it is smooth which is sufficient for our

purposes.

4.4 Pressure function and equilibrium states

Before introducing the pressure function we discuss some quantities that appeared in

Theorem 1.2.5. We begin by imposing a restriction on oo € R and, to do this, define the set

7:= {/Td,u: ,uE/\/l(U)}, (4.4.1)

where M(U) is the set of P-invariant Borel probability measures on U. This set of measures
is convex and compact with respect to the weak* topology. Hence, the image of M(U)

onto the reals under the continuous projection

M—>/Tdu7

is a closed interval, which we denote by Z. Since the geodesic flow is mixing, we show in

Lemma 4.4.1 that Z has non-empty interior.

For o € intZ we define

H(a):= sup{hu(P) : € M(U) with /Tdu = oz},

where h,,(P) denotes the measure-theoretic entropy of P : U — U with respect to p. There
is a unique p, € M(U) that realises this supremum above and a unique real number

a = a(a) such that

hua(P)—i-a/Td,ua :sup{hM(P)—i-a/Td,u : ,ue./\/l(U)}.
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We also define the variance of 7 — a by

o2 = lim —/(T"—na)Qd,ua,

where 7 (u) denotes the n-th Birkhoff sum or 7 at u € U. We show in the next subsection

that the limit exists and o2 > 0 along with proving some of the statements made above.

4.4.1 Pressure

For f € C(U,R), called the potential, the pressure is defined by

Pr(f)—sup{/fd,u—l—hu(P) : MGM(U)},

where again M(U) is the set of P-invariant Borel probability measures on U and h,(P) is

the measure theoretic entropy of P : U — U with respect to pu.

For all Holder functions f on U, there is in fact a unique P-invariant Borel probability
measure gy on U which attains the supremum above called the equilibrium state of f

A

[Bow08, Theorems 2.17 and 2.20] and it satisfies pf(U) = 1 [Che02, Corollary 3.2].

Given two functions f,g € C(U,R) we have the inequality

[Pr(f) = Pr(g)l < [If — gllco- (4.4.2)

Two functions f and g in C(U,R) are called cohomologous if there exists a continuous
function h : U — R such that f —g = ho P — h. For Holder functions f,g on U, s = pg
if and only if f — g is cohomologous to a constant. If f and g are Hélder continuous then

the function ¢t — Pr(tf + g) is real analytic and

dPr(tf +g) _

A / f dug, (4.4.3)
d>Pr(tf + g) o1 n 2
- gglgog/ (f (z) —n/fdug) dpg, (4.4.4)

see [PP90, Propositions 4.10 and 4.11] and [Rue04]. Furthermore, as in [PP90, Proposition

4.12], if g is not cohomologous to a constant then ¢t — Pr(tf + g) is strictly convex and

d?>Pr(tf + g)

12 > 0. (4.4.5)

t=0
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(The references provided are for the symbolic case but all proofs follow from the spectral

gap property which will appear in the following chapter.) We have the following result.

Lemma 4.4.1. 7 is not a singleton. Further, for each o € int(Z), there is a unique

a = a(a) € R such that
H(a) = hy,, (P) and /Tdua.r = a.

Proof. Similarly to the proof of Lemma 2.2.2 we can use Theorem 2.2.3 (Livsic’s Theorem)
to show that if Z consists of a single point ¢ € R then the Poincaré first return time
map 7 : U — R is cohomologous to c¢. The contradiction in this case follows from the
topological mixing of the geodesic flow. By a result of Babillot in [Bab02] the topological
mixing of the geodesic flow is equivalent to the fact that the length spectrum of the geodesic
flow, and so in particular the Birkhoff’s sums of 7 : U — R™, are not contained in a
discrete subset of R. So 7 cannot be cohomologous to a constant. This shows that Z has a
non-empty interior. Moreover, since the geodesic flow is mixing and as we discussed above

7 is not cohomologous to any constant we get that the function
p:R—R defined by p(t) = Pr(tr),

is strictly convex. Now consider the set

D::{p’(a):aER}:{/Tduar:aER}CI.

Since p is strictly convex, D is an open interval. By the definition of pressure, for all
p € M(U),
(1) = 1y (P)+ t [ rdn.

In particular, the graph of the convex function p lies above a line with slope [ 7du (possibly
touching it tangentially) and so [ 7du € D. Thus, since yu is arbitrary, int(Z) C D, and so

we have D = int(Z). Thus, for a € int(Z), there is a unique a = a(a) € R with

a=yp'(a)= /Tdum.
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Since the map p — h,(P) is upper semi-continuous [New89], the supremum in
H(a) = sup {hu(P) : € M(U) with /Td/,c — @} ’

is attained. Since pg, is the equilibrium state for ar, we have, for any p € M(U) with

W # Hars
hy,, (P) —I—a/Td,uar > h,(P) —|—a/7'd,u.

In particular, if [ 7dp = o then hy, (P) > h,(P). Therefore, 4, is the unique measure

with the desired properties. O

For the rest of this paper we fix a real number a € intZ and set a = a(a) to be the unique
real number given from Lemma 4.4.1. Setting o = par, we have the measure whose

existence is claimed in the beginning of this section. Furthermore,

1
02 = lim — /(T” —na)?dp, = p"(a) > 0,

n—o00 N,

where we have used that par = tg(r—q)-






Chapter 5

Statistics for closed geodesics on
convex-cocompact hyperbolic

manifolds

5.1 Statement of results

We begin this chapter by presenting our results in full generality. In the following sections
we proceed by providing the proofs of our theorems. Let I' be a convex-cocompact, Zariski-
dense and torsion-free discrete subgroup of G' = Isom™ (HY) and consider the quotient
hyperbolic manifold X = I'\H". Fix a Markov partition R for the non-wondering subset
Q C TH(X) and denote by P : U — U the Poincaré first return map defined on the union
of unstable leaves. To each closed geodesic v in 2 we assigned a word length with respect
to |.|r that was given as the least period of a P-orbit included in ~y. Further, recall that we
fixed a unique real number « € int Z. Using Lemma 4.4.1 we have unique corresponding
real numbers H(«) > 0 and a = a(«) together with a corresponding probability measure

for U denoted by p, which in fact is the ar-equilibrium state.

We fix an arbitrary constant x € (0,1). We also fix (k)22 a sequence of real numbers in
(0,1) and a target vector ¥ = (¥1,...,0%) with —§ <91 <--- <9, < § where r = L%J
is the rank of M. We use these fixed constants to parametrise a sequence of target sets

A, C M for the holonomies as described in Section 4.3.3.
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We also fix a sequence of intervals (I,,)°; inside a compact subset K of R. Recall that we

call a sequence (s,,)22; of sub-exponential growth if lim sup,,_,, |log s,|/n = 0. Writing
mr(n, o, In, An) = #{|ylr =n : I(y) —na € I, and h, € A,},

we have the following theorem.

Theorem 5.1.1. Let I' be a convex-cocompact, Zariski-dense, torsion-free discrete subgroup
of orientation preserving isometries of HY. Let K C R be a compact set and let (I,)3%, be a
sequence of intervals in K. Let (A,)S2 be a sequence of sets consisting of conjugacy classes
in M as above. Furthermore, suppose that (((I,)~1)%, and (k,;1)%, have sub-exponential

growth. Then, for each o € int(Z) there exists a € R, 0, > 0 and H(«) > 0 such that

k’,"
o e “dr ——=—, asn— 0. (5.1.1)

OV 2T JI, n3/2 7

71'73(71, a, I, An) ~

In particular, if in addition we have that limy,_,o ¢(I,) = 0 and p, € I, is arbitrary then

K U(L)e—aPn @

OV 2m n3/2 "’

mr(n, o, I, Ay) ~ asn — oo. (5.1.2)
Corollary 5.1.2. If « = [ 7 dpimax, where pimax is the measure of mazimal entropy for the

Poincaré first return map P on the union of unstable leaves U then

k' 0(I,) e
TFR(TZ,Oé,In,An) ~ OTL(;ﬂ_) 713/27
«

as n — oo. (5.1.3)

where h is the topological entropy of P : U — U.

We proceed to prove our results in the following sections.

5.2 Transfer operators with holonomy

In this section, we define the transfer operators with holonomy and then present the main
technical theorems regarding their spectral bounds. We start with some preparation.
5.2.1 Modified constructions using the smooth structure on GG

In order to deduce our technical results later on we will need the smooth properties of the

Lie group G. Unfortunately, these properties are not available on the union of unstable
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leaves U which is usually a fractal set. To overcome this technicality, we will choose an
appropriately enlarged open set U of the strong unstable foliation containing U. Since the
strong unstable foliation is smooth, U € T'(X) would then be a smooth submanifold and
provide a smooth structure at our disposal. Now that we are considering the enlarged open
set U we will need to extend P to a map on U. To achieve this, we first extend the local

inverses of P in the following sense.

For all j € A denote by w; the centre of the rectangle R;. Using arguments from [Rue89,
Lemma 1.2] for sufficiently small neighbourhoods, and increasing ¢ if necessary while

ensuring that equation (4.2.2) still holds, there exist open sets

U; D U; such that @ C Wi (wy),

with diamds,(U;) < 6 for all j € A such that for all admissible pairs (j,k), we can
naturally extend the inverse (P|C[j,k])_1 :int(Ux) — C[j, k], to a smooth injective map
p-Gh) . T — ﬁj. More specifically, assuming that £y and § are sufficiently small, without
loss of generality, taking any ug € U; such that P(ug) € Uy, we can define P=Uk)(4) to be

the unique intersection

PUR) () = ( U W22 (u) (lt) N W2 (w;) for all u € Uy,
te(—7(uo)—inf(7), —7(uo)+inf (7))

We define
~ m ~
U=1]0;,
j=1
and note that we can extend any probability measure v on U to a probability measure on

U by setting
v(B) =v(BNU),

for all Borel sets B c U.

Let j € Z>p and w = (wp, w1, . ..,wj) be an admissible word. Define P~% = IdUwO if j =0

whereas if j > 0 set

P~ = p~wown) o pwiws) .. o plwj-1)) . ij — Uy
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Define the cylinder Cw] = P*”(Uw].) D C[w]. Define the smooth maps

PY = (P ) Clw] — U,

J

These maps are sufficient for our purposes in defining transfer operators. For convenience
we define

Rj = [Uj,Sj] for all j € A.

We define more extended maps. Let (j,k) be an admissible pair with respect to the
transition matrix 7. The maps 7|c[;x and 0|c(;x naturally extend to smooth maps
7@k Cj, k] — RT and 8U*) : C[j,k] — M as follows. In light of the above definition of

P~UH) using the same notation and writing v = PU*) (1), we define
7R () € ((uo) — inf(7), 7(uo) + inf(7)),
uniquely such that
W22 (0) a_ Gy VW (wy) £ 2 for all u € C[j, k).
Similar to before #U-¥) (v) is such that
F(u) a,ir ) = F(0)00R) (4)~1 for all u € C[j, k].

Now for all k € N and admissible words w = (wg,w1, . ..,w), we define the smooth maps

7 Clw] — R, 0¥ : Clw] — M and & : C|w] — AM by

k—1
™ (u) = ZT(wjij+1)(P(wmwlv---v‘”j)(u))’
j=0

k—1
90.1(“) _ H Q(ijWjJrl)(P(Wvalw-w"Jj)(u)) and
7=0
k—1
O (u) = ar, o (u) = J] @Cr ) (Plver—e (u)),
7=0

for all u € C[w], where the terms of the products are to be in ascending order from left to
right. For all admissible words w = (wp), we define 7% (u) = 0 and 0¥ (u) = ®“(u) = e € AM
for all u € C[w)].
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Remark 5.2.1. Note that for all u € U, there is a corresponding unique admissible sequence

in ¥* and hence we can instead use the notations 7%(u), 6*(u) and ®*(u) for all k € Z>o.
The following lemma is derived from the hyperbolicity of the geodesic flow.

Lemma 5.2.2. There exist constants 0 < cg < 1 < k1 < 2 < Ko such that for all j € N

and admissible words w = (wop, w1, . ..,w;), we have

co K] < sup [|[(dP")ulop < K2.
uelU

We fix constants ¢p € (0,1) and k2 > 2 > k1 > 1 as above for the rest of this chapter and

use these inequalities without further comments.

5.2.2 Transfer operators with holonomy

Recall the definition of the closed interval Z from (4.4.1). For the rest of this chapter we fix
a real number a € intZ and set a = a(a) to be the unique real number given by Lemma
4.4.1. For the purposes of this chapter it will suffice to study a family of transfer operators
with complex parameters s = a + ib, twisted by irreducible unitary representations \ € M.
We use the convention that sums over words are actually sums over admissible words,

throughout the rest of this chapter.

Transfer operator with holonomy For alls=a+ib € C and A € ]\7, the transfer
operator with holonomy £~37,\ . (U, H? dim(’\)) — C(U, Hia dim(’\)) is defined by

£~S7A(H)(u) _ Z o57UR (v) )\(G(j’k)(v)*l)[{(y),

(4,k)
v=P~F) (y)

for all w € U and H € C (U, HY dim“)).

When A € M is trivial we simply write £, = 5571 and call it the transfer operator. For any
A € M, denote by |y : C(U, H?dimm) — C(U, Hj?dimm) the restriction map. Then for

all A € M , we also define the transfer operator with holonomy

ﬁs,)\ = |U o [,NS,/\ o (|U>—1 . C(U, H;!\Bdim(k)) N C(U, Hsl\adim()\))’
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where (|7) ™! denotes taking any continuous pre-image using the Tietze Extension Theorem

and denote the transfer operator by £y = L 1.

Remark 5.2.3. Let s € C and A € M. Then L, 5 preserves C*(U, H;‘?dim(’\)) for all k € Z>g
and L ) preserves ctrd) (U, Hf\a dim()‘)). Here we regard the target space as a real vector

space.

We recall the Ruelle-Perron—Frobenius Theorem along with the theory of Gibbs measures

in this setting [Bow08, PP90].

Theorem 5.2.4. For all a € R, the transfer operator L, : C(U,C) — C(U,C) and its dual
L::CUC)* — C(U,C)* have eigenvectors with the following properties. There exist a
unique strictly positive function ¥, € CLip(d)(U, R) and a unique Borel probability measure

v, on U such that

1. La(wa) = 6Pr(a7)¢a;
2. Li(vg) = Py,

Pr(at)

3. the eigenvalue e is mazximal and simple while the rest of the spectrum of

Pr(at)

£“|CLiP(d)(U,(C) is contained in a disk of radius strictly less than e and

4. va(1g) = 1 and the Borel probability measure g defined by dj, = qdv, is P-invariant

and is the the at-equilibrium state on U.

Analytic extension of the pressure In the previous chapter we defined the pressure
of a real valued function using a variational principle. Here, we use the Ruelle-Perron—
Frobenius Theorem to extend this definition. Consider the function a — €*(@7) ¢ € R.

Pr(at) 45 the simple maximal positive eigenvalue of the operator L., and show

We view e
that e’*(@7) can be analytically extended to a neighbourhood of the real line using the
Perturbation Theorem (Theorem 3.2.2). The Perturbation Theorem and the spectral
gap property for the transfer operator Lo, : C'(U,R) — C*(U,R) guaranteed from the
Ruelle-Perron-Frobenius together with (4.4.3) and (4.4.4) from Chapter 4 give the following
result [PP90, Proposition 4.7]. Recall that using Lemma 4.4.1 we fixed real values a = a(«)

and o, > 0 where a € int(Z).
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Corollary 5.2.5. The function t — eP™((@HDT) s analytic and for some € > 0 we can

write for each t € [—¢, €]

Pr((a+it)T) Pr(at) . ng t° 3
e =e 1+iat— 5 +O(|t]°) |,

where the implied constant is uniform on [—¢,¢].

5.3 Decay estimates

In light of Theorem 5.2.4, it is convenient to normalise the transfer operators defined
above. Set A\, = e'"(%") which is the maximal simple eigenvalue of £,. Consider the
corresponding eigenvector, that is the unique positive function 1, € C¥P(A (U, C) and the

unique probability measure v, on U with v4(1,) = 1 such that
Lo(Va) = Aathe and L (ve) = AaVa,

provided by Theorem 5.2.4. Note that du.r = ¥,dv,. We can extend the eigenvector
Vg € C’Lip(d)(U, R) to an eigenvector ¢, € C’OO((?,]R) with bounded derivatives for £,
using [SW21, Theorem A.2]. For all admissible pairs (j, k), we define the smooth map
fUR) Uj — R by

FOR) = arlk) 4 log (1) — log(tha © PUM) —log(Aa).

For all k¥ € N and admissible words w = (wp,w1,...,wk), we define the smooth map

f: Clw] — R by

0 k=0, -
feu) = for all u € Clw].

Z?;(% fiwie)(Powiwi) () otherwise,

As before, for all u € U, we can also use the notation f*(u) for any k € N.

We now define the normalised transfer operator with holonomy. Let s = a + ib € C and

A€ M. We define N,  : C(T, HY ™y o o0, HY ™) by

Noa(H)(u) = Z e(f<j,k)+¢br<j,k))(v)/\(e(m) (0)" Y H (v),

(4,k)
v=P~ k) (y)
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for all u € U and H € C(U, Hf\) dim(’\)). Using the tensored unitary representation notation

we write

Ny H)w)= Y "ON@0P ()" H(v),

(30)
v=P~ k) (y)

for all w € U and H € C’(U, H;'? dim(A)). Further, for all £ € N, its k-th iteration is

NESHE) @) = Y el "IN (@%(0) ) H(v),
w:(w07“"wk)
v=7"%(u)
for all w € U and H € C(U, H;'? dim(A)). Again, we denote the normalised transfer operator
by Ny = ]\75,1. Again, using the restriction map |y , we get corresponding normalised
operators with holonomy N  : C(U, H/e\adim(A)) — C(U, H?dim()‘)) and the normalised
transfer operator Ny : C(U,C) — C(U,C). Observe that with this normalisation, we have
that

Ny (Har) = flar-

We fix some related constants. Fix

7=max sup 7V (u), r=min inf 70 () and
‘ (4:k) ueClj,k]

o> o sl 9, 0 sl 9% ).

) ) )

which is possible by [PS16, Lemma 4.1].

5.3.1 Spectral bounds with holonomy

The goal of this subsection is to present all the decay estimates necessary for our proofs.
We first introduce some norms and semi-norms. Let A € M be a unitary irreducible
representation of M and let H € C(U, HS\B dim(A)). We will denote by ||H|| € C(U,R) the
function defined by

[H||(u) = |[H(u)llz  for all u € U,

and if A =1, we will denote by |H| € C(U,R) the function defined by

|H|(u) = |H(u)| e R forallueU.
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We define
| H||oo = supl|H]|.

We use similar notations if the domain is U. We define the Lipschitz semi-norm and the

Lipschitz norm by

H - H
Lipd(H) = sup H (ul) (UQ)HQ
w1 Zugs €U d(uh U'Q)

and 1H |[Lipa) = 1 H [l + Lipg(H),

respectively. Since we will mostly use the C' norm, we avoid defining the C* norm for a
general k € N. Let Y be a Riemannian manifold and H € C'(U,Y). We define the C"

semi-norm and the C! norm by

[H|cr = sup|[(dH )ullop and  [[Hl[c1 = [|H|loo + [H]|cn
uelU

respectively. In fact, as we will see later our transfer operators with holonomy are not
uniformly bounded in the C! norm. Therefore, we also define a family of useful norms by

[H e

— fort >0
max(1,?) =5

[H[1e = [[Hlloo +

which we will use to bound the iterates of the transfer operators with holonomy for
certain parameters. Henceforth, by differentiable function spaces on U or its derived
suspension spaces, such as Cl(U ,Y), we will always mean the space of C! functions

whose C! norm is bounded. For all A € M , we will work with the Banach spaces

cLied) (g, 1y ™™ and ¢t (0, Hy V)

Now we can state the main technical theorem [SW21, Theorem 5.3] regarding the spectral

bounds of transfer operators with holonomy. Recall the set

My={(b,A) €Rx M : b >1or A#1}.

Theorem 5.3.1. There exists n > 0 and C' > 0 such that for all s = a +ib € C if
(b,\) € My, then for alln € N and H € C* (U,Hﬁadimo‘)) we have

JIRZAEDI? dpar < € H 10
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We note that [|-|c1 < (1 + [[As]])][[l1,»,)- The following corollary is an estimate that

appeared first in [Dol98] and was later used in many other papers [Nau05, OW17, SS22,

PS98b]. We provide a proof in our situation in the following section.

Corollary 5.3.2. For any & > 0, there exist C. > 0 and ¢’ € (0,1) such that for all
s=a+ib € C and all unitary irreducible representations \ € M with (b, ) € ]\/4\1 we have
that

INTAllor < Ce (1 + Al e e,

for all n € N. Particularly,

1€ Aller < Ce (14 [Apfl) 2 elPrien ==,

5.3.2 Reduction to technical theorem about Dolgopyat operators

We reduce the proof of Theorem 5.3.1 to proving Theorem 5.3.4 [SW21, Theorem 5.4]
which captures the mechanism of Dolgopyat’s method in our setting. Similar theorems
have appeared in [Dol98, Stoll, OW16, SW21, OW17, Gou09]. The main difference with

previous works is that here we need to deal with the holonomies.

For B > 0 we define the cone set of functions

Kp(U) = {h e C{U,R) : h>0and |[(dh)/lop < Bh(u) for all u € U} .

Remark 5.3.3. It is useful to note that we can easily derive the equivalent log-Lipschitz

characterisation given by Kp(U) = {h e CY(U,R) : h>0 and |logh|cm < B}.

Theorem 5.3.4. For 8 > 0 there exist p € N, n € (0,1), E > max (1, %, 51A> and a set

of operators
{DI: YO, R) - CYO,R) : H e C(T, HY™N),.J € J(b, ), for some (b,\) € Mg},

where J (b, \) is some finite set for all (b,\) € ]\75, such that

1. for all H € C(U, HY ™M), J € 7(b,)), and (b, \) € Mg we have

DY (K gy, (0)) € Ky, (0), (5.3.1)
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2. for all h € Ky, (0), H € C(U,HY ™M), J € F(b,)), and (b,\) € My we have

|5 )], < nllnls (5.3.2)

3. setting s = a+ib e C if (b,\) € M\g, H e C(U, H;‘?dimm) and h € KE||>\b||((~]) satisfy
|H (w2 < h(u) and ||(dH)yllop < E||Ns||h(u) for allu € U, (5.3.3)
then there exists J € J (b, \) such that for all u € U we have that

INEA(H) (W), < DY (R)(u)  and (5.3.4)

Iy <
(@57, ) || < B0 (). (5.3.5)

op

u

A sketch of the proof for the theorem above appears in the appendix.

Proof that Theorem 5.3.4 implies Theorem 5.5.1. Fix p € N, 8 > 0,E > 0 to be the

constants from Theorem 5.3.4 and 7 € (0,1) to be the n from Theorem 5.3.4. Fix

B = SuI/)\ ||'/(/:97)‘||op S ||'/(/:9||0p S meTO’
AeM
.. 2 (17 - @ dim(\)
viewing the transfer operators as operators on the spaces L (U ,C(WU,H, )) and
L? (U ,R), respectively. Fix also

n= o log(7) and C = Bpﬁ_l.

p

Let s = a4+ ib € C and suppose that (b,\) € M\@. Let k € Nand H € C(ﬁ,HﬁBdim(}‘)).

The theorem is trivial if H = 0, so suppose that H # 0. First set hg € Kgy5,|(U) to be

the positive constant function defined by

ho(u) = HHHlvH/\bH for all u € U.
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Then H and hq satisfy property (5.3.3) from Theorem 5.3.4. Thus, given h; € KE||>\,,||([7)

for any j > 0, Theorem 5.3.4 provides a J; € J(b) and we inductively obtain
hjt1 = DI (hy) € Kgya,(0).
Then H,/\N/;“f\(H)(u)H2 < h;(u) for all u € U and hence
INTE(H)|y < Nhjll2 < 7 holla = P | H |1, for all j € Zso.
Then writing & = jp + [ for some j € Z>p and 0 < [ < p, we have

INEL(H)||, < B |NZR(H)|, < B || H

—nk
Lixl < Cem I H 1)

O

Now that the required bounds on the C'' norm of our transfer operators with holonomy

have been presented (Corollary 5.3.2) we proceed to bound the sums

Zn(s,0) = Y e W (@M (u) ),
Pr(u)=u
for s=a+ib € Cand A € M. We divide our weighted sums by eF™(@™)" to obtain the
normalised sums
5 Z’n ) )‘
Zn(8,A) = <S ) )

ePr(at)n

observing that

Zn(87 )\) _ Z eaq-n(u)+(10gwaflogwaoP)n(u)*Pr(a‘r)n)\b(q)n(u)fl)
Pr(u)=u

= Y W@ (w)).

Pr(u)=u

This next result follows essentially from Ruelle’s work in [Rue90], except that we require
explicit dependence on ||\y||. We provide a proof in the next section following the rigorous
approach of [Wril2]. In the statement below, x; is the characteristic function of U; and &
is the contraction rate given in (5.2.2). (Note that, since U is the disjoint union of the sets

Uj, for each such j we have that x; € C*(U,R).)
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Proposition 5.3.5. Fiz 3 > 0. For 1 < j < m there ewists u; € U; such that for any
n > 0, there exists Cp, W > 0 such that for any X € M and s = a+ib € C with (b,\) € ]\75

we have

~ n n\ !
Zu(s,2) = SN0 < Col + DY S I lor ()
=2

K1

for alln € N,

We are now ready to prove the decay estimates that will give us the proof of Theorem 5.1.1
in the next section. Fixing ¢ > 0 then by Corollary 5.3.2 and Proposition 5.3.5, we get

that for all s = a + ib € C and A € M with (b, ) € M,

HZn(S, >\)H < Zn(a + b, )\) — Z,/\/Zf/\(xj)(uj) + mCE(l + H)\bH)l—i-ee—g/n
7j=1
P e77+€, p ,
< CpO(1 4 [NV H e S +mC(1 + || a) e,
p=2 \ M

We note that it is possible to choose 1 < €€ < k1. Provided 7 is small enough such that

e /k1 < 1 we get that for some C' > 0

1Z0 (5, )| < O+ [ Apl)FHFeelPrlem)=<hm, (5.3.6)

Finally, we will also need a more elementary result to bound the sums Z,(s,1) for small

Im(s) € R. These estimates can be derived as in the symbolic case in [PP90].
Lemma 5.3.6. There exists € > 0 such that for each n € N and some €” > 0 we have that
1. for Im(s) € [-1,1] \ (—e,¢) we can bound Zy(s,1) = O(ePr(Re(s)T)=e")n) 4p g

2. for Im(s) € (—e,¢e) we have
Zn(87 1) = ePI‘(ST)n + O(C(Pr(Re(S)T)_EH)n).

Proof. For part 1., we use the fact that since the geodesic flow is mixing the length spectrum
of the geodesic flow on X is not contained in discrete subgroup of R [Bab02]. In particular,
this implies that the Poincaré first return time map 7 : U — R™ is non-lattice and so we

have that the spectral radius of our operator satisfies spr(Ls1) < e’ (Re()7) for Tm(s) # 0,



102 Statistics for closed geodesics on convex-cocompact hyperbolic manifolds

with a uniform bound on [—1,1] \ (—¢,¢), and Proposition 5.3.5. Part 2. follows from the
spectral gap in the Ruelle-Perron—Frobenius Theorem, which is uniform over an interval

(—¢,¢) and Proposition 5.3.5. O

5.4 Two useful Lemmas

5.4.1 Proof of Dolgopyat’s L?-argument

In this subsection we prove Corollary 5.3.2. We recall a standard argument, see [Dol98,
Corollary 2] and [Nau05, Section 5.1], which is used to convert the decay estimates on the
L? norm (with respect to pio = jtqr) of our normalised transfer operators with holonomy
Ni.a to decay estimates for the modified [|-[|1 x, norm. Consider the complex parameter
s = a + ib and an irreducible unitary representation A € M such that (by\) € M;; recall

that at the end of section 4.3 we fixed constants 61@, 51 >0 such that

Aol > min{|b|,51\7[} > min{l,éﬁ} = 51’]\7[ > 0.

Let Cy, n > 0 be the constants from Theorem 5.3.1 so that for all n € N and H €
Ct (U, Hil\adim()\)) with ||HH17||)\b|| < 1 we have

/U H/\/'OZTA(H)(U)H2 dpie < Cpe™™.

Let C1 > 1 to be chosen later and set n = [C}log(1 + || Ap||)]. Fix an arbitrary function
H e ¢Lir(d) <U7 H;‘?dim(k)) with [[H||1 |, < 1. Since A is unitary we have

Az )| = [ay (Vi) (U)HIH ST el W0\ (g7 (0) 1) AT (H) (0)
(v)=u
< Y SO )| () = A ([Vea)]) ).
P (v)=u

Now since N, is normalised we get by convexity that

2
Wz (Vo) ) = ( S SO N <v>)

P (v)=u
< 3 0] o = v (a]) o
P (v)=u
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Our aim is to bound the C' norm of the normalised transfer operator with holonomy N S
We start by bounding the supremum norm using the Ruelle-Perron—Frobenius Theorem

pesanf’ < vz (s

HOO

< [ v dua+ o

Nia(H)

Lip(d)

We can bound the first summand using Theorem 5.3.1 whereas for the second observe that

NACED)| < sup (N2 H)ullop < 240(1+ o],
Lip(d) well

where the last inequality is proved in the next page. Therefore
2
vz | < coem™ + Cyemem @+ )

o (H)\bH + 1)01\103,“77\ (H)‘b” + 1)C1|10gs\—1'

We finally choose C; > 1 to be large enough so that C;|loge| > 2. Then since ||Ap]| >
51 17 > 0 and perhaps assuming (1 is chosen large enough there exists § > 0 small enough

so that
1

W] <

N2 H .
We now wish to bound the quantity #ﬂlﬁl} To do that we will use a Lasota—Yorke

type inequality [LY73]. Recall the definition of the cone set
Kp(U) = {heC'(U,C) : h>0, |loghler < B},

and fix

4T, 2T, 1
Ay > max< 10, , y T (s
Co(/ﬁg — 1) 517]@00(%2 — 1) Co

where ¢g, ko come from Lemma 5.2.2. We will use Lemma A.2.3 twice.



104 Statistics for closed geodesics on convex-cocompact hyperbolic manifolds

Firstly note that the fact that || H||; |, < 1 implies that [|(dH )ullop < max{1, ||As[|} and
so using (A.2.3) we get that
1
|(anin) [ < Agmax{L, 2]} (nw(n)(u) +N$||H||<u>)

< Agmax{1, H)\bH}( ) < 240 max{l, | Ap[[}-

—t
kg
Therefore we can use (A.2.3) again together with Cauchy—Schwarz to obtain

[(anzaem) ||

< 242 max{1, W;}? (

Ko™

= |[(avgavza) | [(anzac))

+N§\\A@5<H>\|<u>)

ullop

1
< 24 max(1, ol (= + NN P )

an(H)

1 2
< 243 max{1, ||} (w [ W@ dpa + Cyere

Lip(d)> ’

for all u € U. Then similarly to before, perhaps after increasing the constant C7, we can

find 8’ > 0 such that

b = pa] s P
AT A oo T max {1, [All} T (Al + 1)7

To finish the proof for any k > 1 write k = 2nd + r with d,r € N such that 0 <r < 2n —1.
Using the Lasota—Yorke type inequality (A.2.3) and since N, is normalised we can bound

T
vz

by M > 0 which is uniform in 0 < r < 2n — 1 for any (b,\) € M\l. Then

’Lll)‘b”

v Mol + 1) eh,

N H

1 d
<M|(—F——
Ll = <(\|Ab! +1)8 >

where 0 < eg < 1. Since the previous estimates are valid for all 3’ > 0 small enough, by

using the fact that ||.||-1 < (1 4+ [|A . we get the result.
g C b ik g

5.4.2 Proof of Ruelle’s Lemma

In this subsection we prove Proposition 5.3.5 known as Ruelle Lemma which essentially first
appeared in [Rue90] and was later used in [PS98b, Nau05, OW17, SS22]. We follow the
rigorous approach of [Wril2]. Let £ > 0. We start by fixing a complex number s = a + bi

and an irreducible representation A € M such that (b,\) € M\E‘
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For all admissible words a = (a, . .., a,_1) of length n > 2, we denote by x, the C1(U,R)
cut-off function such that x, = 1 on the cylinder set C[a] and x, = 0 on the other cylinders

of length n. Such a cut-off function clearly exists by Urysohn’s Lemma since |o| = || and

a # [ implies that dist(C[«], C[5]) > 0.

Given two admissible words a@ = (ap,...,ap) and B = (fo,...,[04), we denote the
concatenation of these words by oV = (a, ... ap, bo, . . ., Bq), whenever it makes sense,

that is when T(,, g,) =1

For 1 < j < m fix arbitrary points u; € U;. For all n > 2 and all admissible words
a = (ag,...,a,—1) of length n, we denote by u, the unique fixed point of P" in C[q]
if it exists, otherwise we choose u, € Cla] NU such that u, ¢ P(U,,_,). Indeed, if
Cla]NU C P(Uy,_, ), then by the Markov property we have T{,,, _, 4o) = 1 and C[a] would
contain a periodic point of period n. Notice that for words of length one we already fixed
points u; € Uj for each 1 < j < m. For n > 2 and a word « of length n our choice of u,

implies that

el (W) \y (D™ (uq) 1)  if ug is periodic,

Nia(Xa) (ua) =
0 otherwise.
Observe that
Zn(s,A) = TN @MW) = Y M) () = Y N (Xa) (1a);
Pr(u)=u @ a(|irr|1i_ssible |a|=n
(5.4.1)

where & = aV a V - --. Therefore noting that

ZNS/\(XJ Z Ns)\ XB (UB)

j=1 I81=1

we get

ZA”(‘??)‘) - ZNS)\ X]

J=1

Z./\/’S)\ Xﬁ uﬁ Z Jv;,l/\(Xa)(ua) .

18I=l laj=l-1

<Z
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Note that for v € U and and admissible word a = («, ..., ;1) we have
Xa(W) = D> Xavi(u),

and hence

Z Ns)\ on uOé - Z Z Ns/\(XaVz uoe ZMA Xﬁ(ﬁ)

laf=l-1 la|=1=1T(a;_4,n=1 18I1=l

where /3 is the word 3 with its last symbol removed. Therefore,

ZAn(Sv)‘)_iNs)\ (xi)( <Z > NMi(xp)(up —up)
=1 181=1
<ZZR:HNS’?; ’01 Z H sa(xs H )d(umu/;), (5.4.2)
=2

since /\/;% 1(x) is Lipschitz. We now proceed to bound the three terms on the right hand

side separately.

Claim 5.4.1. For some constant C' > 0 we have d(ug, uz) < C/rK}.

Proof. Since ug, ug € C[BA} C P_(Z_Z)U/gl_2 we get from Lemma 5.2.2 that
d(ug,up) < C/rj.

O]

For fixed [ > 2 and an admissible word 3 = (fo, ..., [i—1) we fix yg € UN P(Ug,_,). We

will see later how to choose these points. Set 23 = P~9(yz).

Lemma 5.4.2. For 2 <[ <n and a word B of length | there exist constants C, W > 0 so
that

l z
IV A (8 ILip(ay < C(IAw] + 1) el ),

Proof. For w € U we have that

Nty = )TN E ) e PO
5, 2\\X3 =

0 otherwise.
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Recall that
IVEAG) i@y = IVEA o) lloo + Lipg (VA (xs)) -

Firstly, we produce a bound for || ,\(Xﬁ)”oo in terms of e/'(%6). Let x € P(Ugs,_,). Since
P=P(x), 25 € C[B] we have that

VLA @z = [l C 7 r (@ (P8 ()Y = ')
< PP @)=F(zp)l o' (28) < Cefl(zﬁ)’

where the last inequality follows from the Lipschitz properties of 7 and ¢, and the fact

that the diameter of each U; is bounded.

Next we produce a bound for Lip, (Nl)\(x/g)). Given that /\/;)\(Xﬁ)(x) takes non-zero

S

values only for z € P(Ug,_,) we fix u,v € P(Ug,_,) and bound the following difference

VA () (@)~ Ny ()0
= [P = P @ (P8 ) T) — Ay H

< (dim(x) [ef PTIO=AET g 4 HAb(cbﬂ(P— w) 1) — M (DF(P H ) el
Recall that the Weyl’s dimension formula guarantees the existence of constants C, W >
0 such that dim(\) < C|A|" [Sug7l, (1.17)]. Further since f! is Lipschitz it is a
straightforward calculation that

‘ FHP=P )= (PP (v 1’ ‘f )_fl(pfﬁ(v))‘efl(P‘B(U))*fl(P‘B(v))

< Apd(u, v)eA°|U‘.

Recall further that A\y(a;m)(2) = e~ ®*\(m)(z) for z € HEB dmd) and ol (u) = aTZ(u)Hl(u).

Using the Lipschitz properties of 7 and 6 and recalling the choice of Ay we have
[A(@ (P=2u)™1) = (@ (PP0) ), < Aol ld(w v).

Therefore we get H )\ XB)H - < C(||M] + 1)Wefl(zﬁ)_ ]

Recall that we can choose y3 € U N P(Ug,_,), and hence z3 = P~%(yz) however we

like. Since C[f] may not have an [-periodic point, we cannot simply choose P’B(Zg) = 23.
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However, C[f] must have a periodic point of some higher order, because the periodic points

of P are dense in U.

We let p(f) be the smallest integer such that C[5] has a p(8) periodic point zg i.e.
PPB)(25) = 2. Define p(1) for any I > 2 to be the smallest integer such that for all words
3 of length [, there exists z5 € C[3] with PP!)(z3) = z5. Equivalently, we define

p(l) = lem{p(B) : |B] = 1},

where lcm is the lowest common multiple of the set. Now if for any admissible word [ of

length [ we choose z3 € C[8] so that PP)(z5) = 23, then we have

T M) < Y ),

‘B|:l PP(Z)(z):z

Finally we bound ef'(38) in terms of e/ (s to get the estimate we need. For any [ > 2,

we have
p(l) <1+, (5.4.3)

for some integer constant r that depends only on the matrix T'. This clearly follows from

the irreducibility of T'. For each admissible word  of length [ we have

p(l)—1

PO (z5) = fl(z8)| < D F(P(28)) < 7l flloo-
=l

So in fact we get the following bound

>y ef'@) < 3 o7V (25) ’efl(zﬁ)*fp(l)(zﬁ)) (5.4.4)
18|=l |B|=l
< Z o7 (z8) ol flloo
1Bl=l

<ol 3 00
Pr)(2)=z
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Claim 5.4.3. For each € > 0 we can find Cz > 0 such that
3l < e (5.4.5)
18]=t

Proof. Using Bowen’s result mentioned in (4.2.3) together with the fact that the transfer

operator N, 1 is normalised we obtain that

. 1 p(1)
lim — log Z e =1,
A—00 p(l) Pri) ()=

Thus for any € > 0 we have that for large enough [ we get that 3= ppa)(,)—, eI"V () < eep()

Therefore there exists a constant C. > 0 such that for any [ > 2 we get

Z ") < o s ),
PP(Z>(Z):Z
This bound in combination with the two bounds obtained in (5.4.3) and (5.4.4) completes

the proof of this claim. O

Combining the bounds obtained in Lemma 5.4.2 and Claim 5.4.3 we obtain that for each

€ > 0 there exists a constant C. > 0 such that for all [ > 2 we have

> VAt < Cllldall + 1) (5.4.6)
|Bl=t

In particular, it follows from (5.4.2) and Claim 5.4.1 that for any € > 0 there exists C; > 0
such that
66

n l
< G+ )™ NI e (£

=2

Zn(s,2) = DN (G) ()

5.5 Proof of Theorem 5.1.1

Recall we fixed a constant « in the interior of Z and set a = a(«) to be the unique real
number provided by Lemma 4.4.1. Let K C R be a compact set and let (I,,)72; be a
sequence of intervals in K. For each n € N we denote by p,, the midpoint of the interval

I,, and by ¢, = £(I,,) its length. In addition, let ¥ = (¢4, ...,9,) be a vector of rotation
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angles with —% < ¥y < -+- <9, < & where r = [ | and x € (0,1) is arbitrary. Then let
A, be a sequence of target sets for the holonomies as defined in (4.3.2) with corresponding

centres given by ¥ and corresponding lengths given by the sequence (k)5 ;.

Furthermore, suppose that (£,1)%; and (k,, )% ; have sub-exponential growth. Then we

write

mR(n,a,In, Ag) = D 1, (I(y) = na) La, (E(hy))

[vlr=n
= > EENY (551 (I(y) = na Pn)) L s s (:(E(hv) - 79))
[vlr=n "

5.5.1 Some auxiliary estimates

We fix a compactly supported function ¢ € C*(R,R>g) and a compactly supported
function ¢ € C*°(R", R>¢) with supp(¢) C (—%, %)T and set

M) i= 30 06 (1) — na— ) (2 (E(l) - 9)).

[vlr=n

We study the asymptotic behaviour of w4 4, = (1) to deduce our result using an approximation

argument in the next subsection. We define

bn(@) = G631 (2 — pa))e @) and  pn(hy) :=¢("‘<E<hv>—ﬁ>)7

so that

MR n
Note that for all n € N, ¢, € C*°(R,R) is compactly supported and v¢,, € C*°(M,R) is
a smooth class function. We start by changing the summation over |y|g = n, that is
primitive closed geodesics of word length n, to a sum over periodic points of P : U — U
of period length n. This set also contains words corresponding to non-primitive closed
geodesics. In the following lemma we bound the error from these non-primitive closed

geodesics. Setting

To.R — Y (T (w) = na) iy, (67 (u)) €T TP (5.5.1)

P" (u)=u
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we get the following relationship between the two counting numbers.

Lemma 5.5.1. For all n > 0 we have that

Tou,R(N) = Tgpr(N) + O (@(H (a)+n)n/2> .

Proof. For a closed geodesic v € G of word length n and a corresponding P-orbit
{u, P(u), ..., P" 1 (u)} we have the identities

I(y)=1"Mw)=71(u)+---+ T(P”_l(u)) and

hy 30" (u Hapl

where the product is in ascending order from left to right. It suffices to bound the
summands corresponding to non-primitive 7-orbits. Call a fixed point u of the iterated
map P" non-primitive when there exists ¢, a proper divisor of n such that P4(u) = u. We

thus have

(1) = T (n) :% > (" (u) — na — o)) (0" (u)
P™(u)=u

non-primitive

_O<Hw"HO° Z Z d(07 (7 (u) — na — py))

gln  Pi(u)=u
q<n/2

H¢Hoo ¢ ( ( )—noz—pn)) a(t9(u)—qo
( Z Z ea(T9(u)—qa) € (et )>

gln Pi(u)=u
g<n/2

We are only interested in periodic points which satisfy £, (7" (u) — na — p,,) € supp ¢ that
is when 7"(u) — na € py, + ¢, supp ¢. Recalling that the intervals I,, were chosen inside
a compact subset of R we conclude that for such a periodic point the absolute value of
7"(u) — na is bounded independently of n and u. Therefore for a non-primitive periodic
point u, satisfying P9(u) = u for ¢ as above, we get that 79(u) — ga = (7" (u) — na) and

thus e2(7'(¥)=9%) is hounded from below. From this we conclude using Lemma 5.3.6 that
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for any n > 0,
- Z Z ¢ ( ( )_na_pn))ea(fq(u)fqa)
ea(T4(u)—qa)
gln Pi(u)=u
q<n/2
_O<|¢HOO Z Z a(t(u)— )
gln  P(u)=u
q<n/2
HQSHOO —aqo H¢||OO Pr(at)—aa

o<n > e za 1)) = of 12 5o clpsreenoo)s

q<n/2 q<n/2

0 (ol el )12)

The proof of our theorem will follow from the next proposition.

Proposition 5.5.2.

- — fR (bn fM wn GH(a)n
~ o~ Pn
TopR(N) ~ € P, TR

as n — o0.

To prove this proposition we consider

ooV 2mnd _
cH(a)n—apn T, R /¢n/ (%

and show that II(n) — 0 as n — oo. The following proposition provides us with an initial

II(n) :=

9

bound. We use Fourier inversion for the sequence of functions ¢,, € C*°(R,R) and write

Pn(z) = / b On(t) €270 dt. (5.5.2)

—0o0

Recall that the functions v, : M — R are smooth class functions. We therefore consider

the character of each unitary irreducible representation A\ € M and denote it by

xa(m) = tr(A(m)).
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Using the Peter—Weyl Theorem we can express the sequence of functions ¢, as follows

wn(m> = Z <¢naX)\>L2 X)\(m)a (5‘5'3)
reM
where (¢¥n, XA)r2 = [y Yn(m)xa(m™!) dm and dm is the Haar probability measure on M.

Proposition 5.5.3. We can bound I1(n) above by the following expression

[o|s o (e o )55 o

Proof. Using (5.5.2) and (5.5.3) we get

2mn3
cH@n—ap, TovR (1)

0'0“,271'71 . a+27it) (7™ (u) —na n
=T S [ balpe O G 5 (a6 ()
Pr(u o

reM

. M Z /oo e%\éﬁaqzn (t) e(a+g;t n) n(u)d

V2m —o0 2o o/

P (u)=u
> (%nxa) 2 (A0 (2))).
AeM

The smoothness of the functions ¢,, and ,, allows us to change the order of summation

using Fubini’s theorem. A more precise statement will appear later with the decay estimates

for the Fourier coefficients of these functions. We have

2mn3
m%,w,n(n)

7Pr (am)n it
Z (0} 2 () Y (4727 )@ oy g
/ b eitoc\f/ffa 27T0'a\/ﬁ Pn(u):ue tr()\(e (:E))) o

—itayn

(s x2)p2€ 70— o ( t ) ( it )
- ., tr Zn (a+ —2— X) dt
/ Z ePr(ar)n, /9 ¢ 2moa/1 ' ot Tav/n

Additionally, recalling that [0 e 12dt = 21 we get that /27 I1(n) is equal to

> (PnsXA)L2 4 ( 3 ) < it > _2
25 tr Zo (a+ —— ) - // i
‘/oo )\%,j ePr(aT)n—&—% ¢ 27T0'a\/ﬁ ' @ O'Ol\/’ﬁ © R ¢ M 1/}

Finally an application of the triangle inequality proves the result. ]
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Consider now the following three quantities.
covn (Vns X212 2 t it
I1 = AR AL — | tr Z — A
1(77') / . rd ePr(ar)n n (27T0'a\/ﬁ> tan <a+ Ua\/ﬁ’ )
ztozf
[ én [ | d

— (Vn, Xa)12 » < 3 > ( L >
H2(n) = \/|;5|>Eo.\/ﬁ Z\ ePr(aT)n ¢n 27T0'a\/ﬁ tr Zn a+ O_a\/,Eu)\

My (n) := /t " / bn / | d

with € > 0 small enough as in Lemmas 5.2.5 and 5.3.6. It then follows from Proposition

dt,

7

5.5.3 that
II(n) <IIy(n) 4+ Ha(n) 4+ 3(n).

We hence bound these three quantities separately to show that lim, . II(n) = 0. To

obtain these bounds we first recall a standard result from Fourier Analysis.

Lemma 5.5.4. For a compactly supported function ¢ € C*°(R,R) with Fourier transform
& we have that ¢(0) = Jg @ and uniformly for ¢ € C*°(R,R) we have that for each h € N

¢(u) = O(| ¢ o lul ™).

This bound follows by repeated applications of integration by parts. In particular, note

that there exists C' > 0 such that for n, h € Nand v € R\ {0}
[Ga(w)] < C & ul ™ |g]lcn- (5.5.4)
Similarly, we can obtain bounds for the Fourier coefficients (1, x») 2. We have that

(Vs xa)p2 = tr{tn, A) 12

and so setting

]:7/1()‘) = (@ZJ, )‘>L2
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we observe that the Cauchy—Schwarz inequality gives the following

(thn, xa) 2 < \/dim(A) | Fy, (N)]I. (5.5.5)

The following two results will be useful in our analysis.

Proposition 5.5.5 ([Sug71], Theorem 3). A function ¢ : M — C is smooth if and only if

its Fourier coefficients Fy(\) decay rapidly, i.e. for every h € N we have

lim ||\l F, (V)] = 0. (5.5.6)

[[ Al =00

In particular, using equation (1.18) in [Sug71] and the two bounds above we get that for
every h € N

(W, xa) 2 = O([W ]| gny/dim(N) A 7"), (5:5.7)

where the implied constant is uniform for ¢» € C*°(M, R).

Lemma 5.5.6 ([Sug7l], Lemma 1.3). The series > 51 IN|~" converges for h strictly
larger than the rank of M.

We are now ready to prove the following proposition.

Proposition 5.5.7. lim, _,, [I3(n) = 0.

Proof. Let X € M be non-trivial. Using the Cauchy—Schwarz inequality we get that
tr Zn(s,\) < /dim(A) || Z,(s,\)||. Together with the bounds from (5.3.6) given a fixed
n € (0,1) we get that

i

tr Z, <a+ aaif/ﬁ’)\) =0 ( dim(\) <0\/ﬁ + || Al

W+14n ,
> e(Pr(aT)—e )n) )
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Therefore combining the above bound with the bounds for the Fourier coefficients from

(5.5.4) and (5.5.7) we get

cov/n <¢n X/\>L2 2 t it
’ - tr Z,, — A
/z—:a\/ﬁ )%é:l ePr(ar)n ¢ <27TJ\/E) g (CL + O'\/ﬁ >

eo\/n dlm() ’t’ W+1+n
=0 [ Idalle Inllon e [ ( yp ||) at) |
( ¢ ,Wm MF \ova

dt

for some &’ € (0,1). Weyl’s dimension formula ensures that there exist uniform constants
C, W > 0 such that for any non-trivial A € M we have that dim()\) < C||A||" [Sug71,
(2.9)]. Combining this with Lemma 5.5.6 we get that provided h is large enough the error
above is equal to O (||1j)n|\ch HqgnHOO e_fln). Since ¢ is compactly supported and p, € K we
can uniformly bound ¢, for all n € N. Further, the sequence || cn is of sub-exponential
is. We therefore get that this error tends to zero as n — oo. We are

growth since (k1)

now left to bound
S ¥n 5

EO\/H ¢ Z Zt 1 _7+zta\/7
/—sa'\/ﬁ 6Pr(aTn¢ (27T0'f) r n(a‘i‘o_a\/ﬁ, ) /¢n/ 1/)77,

Using part (2) from Lemma 5.3.6 we get that for some ¢” € (0,1), up to an error bounded

by O (6*5"") we are left to bound

cov/m
/ %/ coay/

On the domain of integration, we see that as n — oo

A (W) 6<Pr((a+ Uojt\/g)r) —Pr(ar))n B e‘é-ﬁ-“if R N

1. e(“((‘”acf%)T) ~Pr(en) 5 ) — et*/2 by Lemma 5.2.5,

2. b (%;ﬁ) — dn(0) = Jg ¢ by continuity.

+ —Pr
Furthermore, for large n we have the bound e( <(a ”‘lﬁ) ) (aT))n < e~t*/4 and so

en< ((a+" f) ) Pr(aTH"mf) 42/2 §267t2/4.

Finally, since qgn is uniformly bounded, we can apply the Dominated Convergence Theorem

to get that lim, o II1(n) = 0. O
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Proposition 5.5.8. lim,_, [I2(n) = 0.

Proof.

A

<¢n7 X>\>L2
HQ(”) < Z\ W /|t|250\/ﬁ ¢"

reM

t it
" Nz, (a+ 20| at,
<27r0'a\/ﬁ) ' (a * Ua\/ﬁ )’

For non-trivial A € M and a fixed n € (0,1) we use inequality (5.3.6) along with Cauchy—

Schwarz to bound ‘tr Iy (a + )‘ In addition using the bounds from (5.5.4) and

it
oay/n’
(5.5.7) we get

N

ePr(ar)n |t|>eo/n n

t it
(3o \/ﬁ) tr 2, (a+ \/ﬁ,)\>‘dt

A£1
H@Z}nHC’l/ < tly, >_(W+3) . <‘ t ’ >W+1+77 L
0 dim(A) ( |—=]| + [|A o'l gt
(}%}1 A" g 2o/n (A on [l
W1+
—o (" lnllon > | dim(A)(ft/o/al + A"
£W+3 es''n [t|>eo/n tW+3H)\”h
n RZ

for some ¢’ > 0, provided h € N is large enough as in Proposition 5.5.7. On the other
hand, for A = 1 we use two separate bounds. Firstly we use part (2) of Lemma 5.3.6 to get

that for some ¢’ > 0

Jag /|t|s%\/ﬁ
It

ePr(at)n >eoa/n

R t it N
n(w) tr Znp, (a+%/ﬁ’1>’ dt:O<H¢nHooe /M¢n>

Finally, as above we can use inequality (5.3.6) to bound the remaining by,

N

T () 2 (4 2 1)
ePI‘((ZT)TL |t|20—a\/ﬁ d)TL 27_‘_0_&\/5 tI‘ Zn a + Ja\/ﬁ,l dt

0 —(W+3) W1+
o at) "
t|>0avn \2T0\/1 o\/n

W43 —¢e''n W43
n e n "
=0 7/ t2dt]| =0 ——=e"].
( & Jsevm i s

Combining the three bounds obtained above and recalling that the sequences (£,1)%; and

(k;1)22, are of sub-exponential growth we obtain that lim,, ., IIa(n) = 0.
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Finally, since as we discussed above [p ¢, and [,, ¢, are uniformly bounded it is clear that

lim,,_,o II3(n) = 0. This completes the proof of Proposition 5.5.2.

5.5.2 Approximation argument

Here we show how the previous auxiliary estimates provide us with the proof of Theorem
5.1.1 through an approximation argument. By Proposition 5.5.2 and Lemma 5.5.1 we have
that for all compactly supported ¢ € C*°(R,R) and all ¢ € C*°(R",R) with supp(y)) C

,
(—%, %) we have

—apn f]R @Z)n fM ¢n eH(oe)n

o2 n3/2 "’

TgpR(N) ~ e as n — 00. (5.5.8)

Fixing n € (0, 15—”) we wish to construct compactly supported ¢ € C*°(R,R) and ¢ €

C*°(R",R) satisfying the following:

1 1
L1 <¢<1+n, supp(¢) C ST and /¢§1+777
272 2 2 R
'
L s s <y <l supp(w)C[—HJrn,HJrn} and / Y <K+
272 2 2 R”

A smooth function ®,, : R” — R>¢ is called a positive mollifier, if it satisfies the following

properties:
1. it is compactly supported,
2. fon @y =1,
3. lime—y0 ®pc(z) := lim.0 e 1@, (x/e) = §(z) where §(z) is the Dirac delta function.

Let vi,...,74 > 0 and set G = (1 +’yl)]l[ ] and H = (1+73)]l[

.
—5-72,5+72 — 574, 5+]

Then for sufficiently small €,v4,...,74 > 0 the functions
p=Gx*Py. and Y=Hx®,.,

satisfy all the required properties. Note that since k < 1 and provided that the constants

,
g, 74 were chosen sufficiently small it is harmless to assume that supp(y) C (—%, %) .



5.5 Proof of Theorem 5.1.1 119

Using (5.5.8) and the properties above we can deduce that

im s P o, )
ooV 2mn3 . K
P e 2 4] (1060 = na =) 1 g (2 B0m) ~ )
vlr=n
) oV 2mn3 _ K
<timsup T ST 6 (6100) — na = pa)) o (2 (B () )
n—oo € Rn
[vlr=n
= limsup e—apn / Cbn/ sz)n
n—00 R M
We have
/ v :/ ¥ (R(E(m) —19)) dm:/ ¥ (”E(m)) dm
M M Kn M Rn
Ky, K r N
= [ By am="2 [ v <4 = u(4,) + O).
K M K R" K
Similarly,

[ n= [ 661w~ e do = by [ e o du

0, Gy du < by [ o(u)e dut (14 e )
[-3,3]

[,HJH-J]
2 2

of

| P(u)e ¥t du, < fn/ . (1 +n)e” %" dy
[-2:3]

N[

)

N

< e“p”/ e~ du 4 ne M FIADIK K|,

n

Therefore,

e P /Rqﬁn /M U < v(Sy) /In e ™du+ O(n).

Similarly, one can show that

.. .0aV2mn3 o .
hnnigfwﬂ(n, a, In, Ap) > hnrr_1>£f (I/(An) /n e dx) + O(n).

Since the choice of 7 > 0 was arbitrary we get the result.






Dolgopyat-type estimates

In this appendix we present the ideas required from sections 6 — 9 of [SW21] to provide a
sketch proof for Theorem 5.3.4. This theorem is motivated by Dolgopyat’s ideas presented
in his thesis, and later in [Dol98], where combining geometric considerations with ideas
from thermodynamic formalism, he introduced a strategy to obtaining sufficiently good
bounds on the iterates of transfer operators depending on parameters in a non-compact
region. Particularly, in [Dol98] using these methods he proved the exponential decay
of correlations of the geodesic flow on the unit tangent bundle of negatively curved
compact surfaces. His extended methods assert the exponential mixing of Anosov flows on
negatively curved compact manifolds. Following Dolgopyat’s work many others attempted
to extend his results by adapting his arguments. Notably, as mentioned previously in the
introduction, Naud adapted Dolgopyat’s ideas in [Nau05] for the setup of the geodesic
flow in a negatively curved convex-cocompact surface. Stoyanov in [Stoll] proved the
exponential mixing of contact Anosov flows on higher dimensional compact manifolds of
variable negative curvature using a symbolic method, under some geometric and regularity
conditions. Moreover, in [AGY06] the authors used Dolgopyat—type arguments to obtain
the exponential mixing of the Teichmiiller flow in the moduli space of Abelian differentials
but crucially they only obtained their results by working with John domains, perhaps
suggesting the need for extra structure in the Markov partition for the Dolgopyat approach
to be extended in higher dimensions. More recently, in [BW20] there was an attempt to
prove the exponential mixing of Anosov flows while reducing the required C' regularity of
both the stable and unstable leaves, as it appeared in Dolgopyat’s work in [Dol98], to that

of only the stable leaves.

Our approach will closely follow that of [SW21] which is essentially following a Dolgopyat—

type approach. This approach avoids dealing with some issues arising from the possibly
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complicated structure of the rectangles in the Markov section, for example the assumption
of connectivity of the open neighbourhoods U ;7 which in lower dimensional cases are just
open intervals (see the proof of Lemma A.4.6 for more details). The only real difference in
our approach is that we need to consider other equilibrium states to the one they considered
in [SW21]. However each equilibrium state we use is still doubling and satisfies all the
required properties needed in order to proceed with our proof in the same way as in [SW21].
We start by presenting the two main technical ideas that allow us to use the Dolgopyat

arguments.

A.1 Local non-integrability condition and non-concentration
property

We will need a non-integrability type condition (LNIC) to run the Dolgopyat argument. The
appropriate formulation in our setting is presented in the following subsection and proved
in Proposition A.1.6. In addition the presence of holonomies also requires Proposition

A.1.7 which we call the non-concentration property (NCP).

A.1.1 Local non-integrability condition

First, we will define a function related to Brin—Pesin [Bri82] moves which will be needed

for the LNIC in our setting. We fix unique isometric lifts

R; = [U;,5;] c T'(HN) of B; for all j € A.

Define
§:|_|§j amd ﬁ:Uﬁj.
jeEA jeEA

For all u € R, let T € R denote the unique lift in R. We then lift the section F to
F:ler vﬁ — F(H") in the natural way.

Definition A.1.1 (Associated sequence of frames). Let z; € Ry be the centre. Consider
some sequence of tangent vectors (21, 2o, 23, 24, 25) € (R1)® such that zy € Sy, z4 € Uy
and z3 = [24, 20]. Its lift to the universal cover is (z1, %2, Z3,%4,25) € (§1)5 C THH")® =~
(G/M)5. We define an associated sequence of frames to be the sequence (g1, g, ..., g5) €

F(H")® = G° by “moving the frame F(Z;) only along the strong unstable and strong
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stable directions” corresponding to the path represented by the sequence (z1,%2,%3,%4,%5).

Recalling the definition of 7 from Chapter 4 we have

g = F(z1),

g2 = F(%3) € g1H™ such that oM = 7, € TY{(H") = G/M,

g3 € goH™" such that gsa;M = z3 € T'(H") = G/M for some t € (—1,71),
g4 € g3H ™ such that gia:M = Z4 € Tl(H") = G/M for some t € (—1,71),

g5 € g4 H ™' such that gsa;M =Z5 =%, € TI(H”) = G/M for some t € (—1,T).

Remark A.1.2. Using properties of the strong unstable and strong stable leaves, we see

that ¢ € (—7,7) must be the same throughout the sequence in the definition above.

We continue using the notation in the above definition. Define the open set
Hf ={ht ¢ H" : F(x))ht e F(U))} Cc HT,

and the compact set
H ={h~ € H :F(z1))h € F(S1)} C H".

Now, if the above sequence (21, 22, 23, 24, 25) is corresponding to some h* € H 1+ and some
h~ € Hy such that F(z4) = F(z1)h" and F(23) = F(21)h™~ respectively, then we can

define the map
E:H xH —AM by E(Mht,h7)=gstg1 € AM.

To view it as a function of only the first coordinate for a fixed h™ € H;, we write

Ep- : Hf — AM.

Let z; € Ry be the centre of the rectangle. Let j € N and w = (wo, w, . . . ,wj—1,1) be an
admissible word. By following the definitions, there exists an element which we denote by

h, € H{ such that

F(PI(P™%(21))) = F(21)he.
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This is well-defined since P™%(z1) € Clw] C U.

In order to derive the LNIC in Proposition A.1.6, we first start with a few useful lemmas

regarding = : H;” x H; — AM [SW21, Lemmas 6.2-6.4].

Lemma A.1.3. Let j € N, w = (wo,w1,...,wj—1,1) be an admissible sequence and
h™ =h, € H{ . Letuw € Uy and ht € H{" such that F(u) = F(z1)ht where 21 € Ry is the

centre of the rectangle. Then, we have

E(hT,hT) = Y (P %(21)) 1Y (P (u)).

Recall from definitions that e € H; where H;” C H7' is an open subset and hence
Te(H;) = To(H") = h*. Note that AMH™H~ C G is an open dense subset and hence
we have the vector space decomposition g = a®m ® h™ @ h~. Denote the projection onto
a @ m with respect to this decomposition by 7 : g — a ® m. We then have Lemma A.1.4

where €q is as in section 4.2.1 and set
Hi., = {h~€eH™ :F(z1)h~ € F (Wesos(zl))} ,

where z; € Ry is the centre of the rectangle.

Lemma A.1.4. For all h~ € H{ , we have

(dZp-)e(w) = m(Adp- ((dfn-)e(w)));

for all w € b+ where f,— : Hf — H* is a diffeomorphism onto its image which is also

smooth in h~ € Hy  and satisfies fo = 1d+. Moreover, the image (dZ,-)c(h") C a®m
) 1

is the projection (d=p,-)c(h1) = m(Ad,-(hT)).

Throughout this appendix it is often convenient to use the upper half space model
HY ~ {(xl,a:g,.. . ,J}N) S RV : TN > 0},
with boundary at infinity

Doo(HN) 2 {(21,22,...,2n5) € RN s 2y = 0} U {oo} = RV 1 U {o0}.
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We also use the isometry

THY) =z HY x RY.

Let (e, ea,...,en) be the standard basis on RV, We assume without loss of generality that
the identifications are made such that the reference vector is vg = (en, en) and the reference
frame is Fy = ((en, €1), (en,€2),. .., (en,en)) where the first entries of the tangent vectors
are their basepoints. Let dg denote the Euclidean distance. Let BF(x) C RV~! denote the

open Euclidean ball of radius € > 0 centred at z € RV,

Lemma A.1.5. There exist hy ,hy,...,h; € Hy for some jm € N and 6 > 0 such that
i sng s eeumy,, € H withdg-(n; ,hy) <6 for all 1 < j < jm, then

ji::lw (Adnj(fﬁ)) —aom.

We now fix j,, € N as in Lemma A.1.5 for the rest of the appendix. The following

proposition is the required LNIC in our setting [SW21, Proposition 6.5].

Proposition A.1.6 (LNIC). There exist € € (0,1), mg € N, j € N, and an open subset
Uy C U, containing the centre z1 € Ry such that for all m > myg, there exist sections
v; = P7% U, — ij,o for some admissible sequences wj = (wj0,wWj1,...,Wjm—1,1) for all
0 < j < jm such that for allu € Uy and w € a @ m with |w|| = 1, there exists a 1 < j < jp
and Z € T, (Uy) with ||Z|| = 1 such that

‘<(dBPj,u)u(Z)aw>| > €,
where we define BP; : Ui x Uy, — AM by
BP;(u',u) = @0 (vg(u)) ™ @< (vo () 87 (v (u')) T @ (v (w)),

and we write BP;,, : Ui — AM when we view it as a function of only the first coordinate,
for all w',u € Uy and 1 < j < jm. Moreover, vo(Up),v1(Up), - . ., vj. (Uo) are mutually
disjoint.

For the rest of this appendix fix g5 € (0,1), mg € N, j,,, € N, and the open subset Uy C U,

containing the centre z; € Ry to be the €, mg, jm, and Uy provided by Proposition A.1.6.
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A.1.2 Non-concentration property

In the upper half space model, applying an appropriate isometry, we can assume that the
vectors in ﬁl have direction WQ(ﬁl) = —ey and their basepoints lie on the hyperplane
(m1 (ﬁl), en) = 1. In the rest of this appendix we will often view the limit set as Ap C

RN=1U {oc} . The following proposition is the required NCP [SW21, Proposition 6.6].

Proposition A.1.7 (NCP). There exists § € (0,1] such that for all e € (0,1), w € RV -1

with ||w|| = 1, and x € Ar NRN~1 there exists y € Ar N BE(x) such that |(y — z,w)| > €.

Fix €3 > 0 to be the ¢ provided by Proposition A.1.7 henceforth.

A.2 Preliminary lemmas and constants

In this section, we cover some more lemmas and then fix many constants which are needed

to construct the Dolgopyat operators requiered in Theorem 5.3.4.

Let ¥, : ﬁl — RN=1 be the diffeomorphism defined by W1 (u) = ut for all u € ﬁl. Let

U, - ﬁl — U, be the isometry obtained from the covering map. Define the diffeomorphism

W (U) =0, by U(z)=Uy(¥; (z)) forall z € Uy (Ty).

Then (d¥),* is invertible for all z € \Ifl(ﬁl) and hence by continuity, we can fix dy > 0
such that

inf  inf |[(d¥),"(w)| > dg.
cely (U,) IwlI=1

We also fix Cy > 1 such that

1 =~
o de(z,y) < d(¥(2), ¥(y)) < Cydp(z,y),  forallw,y € Ui(Uy).
v

We now introduce a technical lemma [SW21, Lemma 7.1]. For all z € U, set
& =U"1(2).
Let 1 <j < jm, x,y € Ul and

2= (&9 — %) € To(RY™Y) such that {&+tzeRY"1:te0,1]} c O HTY).
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Define the curve

or 1 [0,1] = AM by P (t) = BP;,(¥(% + tz)) for all t € [0,1].

j,CC,Z
Note that the curve has endpoints @EE}Z(O) = e and QOE?Z(I) = BP;.(y) = BP;(y,x).
There exists §p > 0 such that any pair of points in Bé‘(‘)M (e) C AM has a unique geodesic
through them. Fix

Cppw = sup [|d(BP;zo¥)gop.
z,y €Uy,
1<j<jm

Lemma A.2.1. There exists C > 0 such that for all 1 < j < jm and z,y € Uy with

d(z,y) < C\pg‘%p,q, such that {& +tz ¢ RN=1 .t € [0,1]} € U~Y(Uy), we have

danr (exp(2), oP.(1)) < Cd(w,y)?,

where z = (2,9 — ) € Te(RN™1), and Z = d(BP;, o)z (2).
Fix Cexp P > 0 to be the C provided by Lemma A.2.1.
Remark A.2.2. Choosing a smaller open set if necessary, we can assume without loss of

generality that Uy C U; was chosen such that U—1(Uy) € RV~ is a convex open subset so

that Lemma A.2.1 applies for our purposes.

Recall that Dolgopyat’s method can be successfully carried out when the derivative of A
is large, which motivated the definition of M, g for all § > 0. This criterion is ultimately
manifested in Lemma A.2.3 [SW21, Lemma 7.3] which is a Lasota—Yorke type inequality
[LY73].

Lemma A.2.3. There exists Ag > 0 such that for all s = a+ib € C with (b,\) € M, and

all k € N, we have

1. if h € Kg(U) for some B > 0, then we have LF(h) € Kp/(U) where

B’_A0<3k+1>,
K2
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2. if H € C (U, Hy® ™M) and h € CY(U,R) satisfy |(dH)ullop < Bh(u) for all

uwe U, for some B > 0, then we have

|(anE (i)

B ~ -
< Ao (g ZE) @) + I3l E5 W) for all u e 0.
P 2

ullo
Fix Ag > 0 provided by Lemma A.2.3. Fix a sufficiently large m; € N and cylinders
C1,Co,...,Cp, C Uy N Uy,
with len(Cg) = m; such that
Cr, CU and P™(Ck) = int(Uy) for all k € A.
Let the corresponding sections be
vi: Uy = U4 for all k € A.

Fix Cyy = minge 4 d(Ci, 0(U)). We defer the definition of Cy > 0, which only depends

on the Markov section R, until subsection A.4.2 where it is needed. Now, fix positive

constants
B=1, (A.2.1)
24
E> 22 (A.2.2)
51,1\71
8162835\11
) _ A2
1 < 140\1} ) ( 3)
25051 M 461 46161 w1 coChynC se’
1 < min | Cya, M , M i : A.2.4
! ( Vit CyCrpyw’ (CuCip,w)? Cexppp 01 5/{1’”10@251 i ( )
. £3€1 5161
: A.2.5
62<mln<4mc\p274m(140+51))7 ( )
mi
€3 = M; (A.2.6)
2
€4 = 10co k1™ Cy e (A.2.7)
4F 2F 4F
mo > myg such that xo™? > max <8A0, ez , 5 mEQ, ) ; (A.2.8)
Co 10g(2) Co 60(51

om’ 4m’ 16 - 16e2m2To .

9\ 2
p < min (EQ ! ! arccos <1 - (6121) ) ) . (A.2.9)
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Set
M = mq + mo.

Fix admissible sequences
Wy = (w]"(), Wi ly-eyWimo—1, 1),

and corresponding sections

Vj = P7%i: U1 — Uw

3,07

provided by Proposition A.1.6 for all 0 < j < ji,. Fix corresponding maps BP; : [71 X Ul —
AM provided by Proposition A.1.6 for all 1 < j < ji,.

A.3 Construction of Dolgopyat operators

Now we have the tools to construct the Dolgopyat operators required to prove Theorem

5.3.4.

Let (b,\) € M 5 and k € A. We can use the map ¥ and the Vitali covering lemma on RV ~!
to choose a finite subset {xkrl) €C,:re{l,2 ,r( }} C C;, for some r( N e N and

corresponding open balls

(b,A) _ su (b,A) AN su (b,A)
Crn” =Wl (%n) and  Cp7 =Wsc,? 61/||,\,,||( km)
foralll <r< r(b A) such that
(&
C,gl?;/\) N C,gj;?\) =g forall<ryr < 7"( A) with 7 # 7’ and Cj, C U C’,(Cbr)‘).
r=1

Define

avc](;?;i‘l) =yl (x,(cl?;/?\l)) forall 1 <r< r,(gb’)‘).

We have the following lemma [SW21, Lemma 8.1].

Lemma A.3.1. For all (b,\) € Mg, w € H\®WN with ||wlly =1, k € A, and 1 <r <
(b,

T A) , there exists

1<j<jm and igGAFﬂ(Bs( )\B (l(c ))7
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such that

> 7€,
2

Hd/\b (d(B o oW) W(z)> (w)

J> krl

— €1 — £3€1 _ 2 (5,A) _ V(b A) N—-1
where s1 = 3TNl 52 = 200l and z = (wkm,lvw? ) ) € Tvu,:l) (RNV-1).

Let (b,\) € M\ﬁ, HecC! (U, HAeadim()‘)), keAand 1 <r < r,(gb’/\). Corresponding to

w b\ b\
_ (@ (o) VH @) o sy
HH(,UO(:C.IEZT‘I HQ

)

denote jklj;f\)’H and x,(chAQ)H to be the j and W (%) € WE! (xébr/\l)) \ Wsu( i )) provided by
Lemma A.3.1, where s; = 2”5);” and sy = mgffnl)\” Define

b A su b b bA),H su b A b

Dl(c,r,l) o/ el (a) - ) C( ok Dl(c,r,2) =We /il (ﬂﬂz(wz) ) C C( A,

(b,A) _ prrsu (b,A) (bA)., (bA)H _ yrrsu (b,A)H (bA).

ket =W (1) CCRs k2 = Wmffbu (Thro ) C ORI

b A b,\ su b\),H b,\

( ) = Wimes /I (af) - M) c C( ok 15; 2) = W2m52/||xb||(3?1(w2) ) C C( g

(b6,0),H

Denote wk iU € C*°(U,R) to be smooth cut-off functions with

supp (wiln)) = D N and supp (ui33") = DY N T,

such that they attain the maximum values

(b, (b,A\),H
wk; 17N % 2 |pGNHEA =1,
i B)k,’mmU i lpk 2
and the minimum values
(5,0

/\)H}

~ b,A 1/} bA)H 0,
brtlongy T P2 ooy

and we can further assume that

4l

),H
¢kr2 cr — €9

e

cr’
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It can be checked that

(b, (bA),H __
Dkﬂ’hm kyora,p2 T 9,

for all (r1,p1), (re, p2) € {1,2,... ,r,gb’)‘)} x {1,2} with (r1,p1) # (r2,p2) and k € A. Define
Ei(b,A) ={(k,r) €Z2 ke Are{1,2,...,rP and  E, = {1,2} x {1,2}.

Define Z(b,\) = Z1(b,\) x Zs. For all (k,r,p,1) € Z(b,\), denoting j°V'7 by j for

k,r
W o oo (T R) by

. . 7(b,A
convenience, we define the function ¢Ek )

SN _
w(k7r7p7l) o

where using P“° and P“i are indeed justified because of the indicator functions

]].é[wo} = ]lUO(UI) a.nd l].é[wj] = ]]-Uj(Ul)

For all subsets J C Z(b, A), we define

Bl =1g—n > G e c=(0,R).
(k,r,p,l)ed

Remark A.3.2. We will often include the superscript H even when there is no dependence

on it for a more uniform notation to simplify exposition.

The following lemma appeared in [SW21, Lemma 8.2]

Lemma A.3.3. Let (b,\) € M\B, HecC! (U, H,\@dim()‘)), and J C E(b,\). Then any
connected component of

U {D;E;bTA;H : (k,ryp,l) € J for somel € {1,2}}

(b,A),H

is a union of at most m terms and hence contained in Dy
10

for any (k,r,p,l) € J

corresponding to one of those terms.
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Using the lemma above and the (LNIC) we obtain the following corollary [SW21, corollary
8.3].

Corollary A.3.4. Let (b,\) € My, H € C* (U, Hy*%™™)and J C Z(b,)). Then we

have
< 4mNH)‘bH'

1—mp<py <1 and ‘55{01_ .

We are now ready to define the Dolgopyat operators. Recall the positive constant M =
m1 + mg. For all s = a +ib € C such that (b,\) € ]\/475, we define for all J C Z(b, \) and
HecC! (U, H,\®dim()‘)), the Dolgopyat operator

DI . CcYU,R) - CYU,R) by  D¥(h)=NMpBHn) forall he CHU,R).

Definition A.3.5 (Dense). For all (b,\) € ]\75, a subset J C Z(b, A) is said to be dense if
for all (k,r) € E1(b, \), there exists (p,l) € Eg such that (k,r,p,l) € J.

For all (b, \) € My, define

J(b,\) ={J C E(b,\) : J is dense}.

A.4 Proof of Theorem 5.3.4

We devote this section to the proof of Theorem 5.3.4. We do this by proving all the

properties in the theorem in the following subsections.

For this section recall that we already fixed § = 1.

A.4.1 Proof of properties (5.3.1) and (5.3.5) in Theorem 5.3.4
The following two lemmas appeared in [SW21, subsection 9.1].

Lemma A.4.1. For all s = a+ib € C such that (b, \) € ]T/I\g, then for all J € J (b, \) and
HecC! ((7, HAGBdim()‘)), we have

DY (Kpyn (U)) C Koy (U).
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Proof. Let s = a + ib € C and suppose (b,\) € ]\/Zﬁ. Let J € J(b,A\) and H €
Ct (U, HAEBdim(A)). Let h € KEH/\bH(U) and u € U. Corollary A.3.4 and the choice
of pin A.2.9 give

| (85'8),

e (C)
_ dmpl
< 2

L, R+ B (@) - 1[(dh)ullop
h(u) + E[ Ay h(u)

< 2E + E)||A[lR(u) - m

< 4B| Ml (B7 h) (u).

So ,Bffh € K4E||)\b||(ﬁ). Now applying Lemma A.2.3, we have

| (a0l )

= | (e s h>)uHop

i, P o
éAo( i o )N (8 1))

= E| | DY (h) (u).

uop

O]

Lemma A.4.2. For all s = a+ib € C such that (b,\) € ]\/Zﬁ7 if H e C! (fj’ H)\@dim()\))
and h € CY(U,R) satisfy property (5.3.3) in Theorem 5.3.4, then for all J € J(b,\) we

have
H (dﬁﬁ(ﬂw H < E| M| DY (h)(u)  for allu e U.
u op

Proof. Let s = a+ib € C and suppose (b, \) € M\ﬂ. Suppose H € C* (U H @dim()‘)) and
h € B(U,R) satisfy property 5.3.3 in Theorem 5.3.4. Let J € J(b,\) and u € U. Applying



134 Dolgopyat-type estimates

Lemma A.2.3, we have

El || - ~
< Ao (Ze ) )+ 1A 7))

<A (51 + 50 ) IR () w)

A
E E ~
< (8(1 Sl N ) NN (85 )

A.4.2 Proof of property (5.3.2) in Theorem 5.3.4

Recall the constants from (A.2.6) and (A.2.7) and note that ¢4 > 80es. Let (b, \) € M\g
and H € C! (U,Hx@dim(’\)). Forallke Aand 1 <r < r,(cb’A), define the open sets

bA N
Zlg,r,l) =W (2™ (xl(frl))) N Uy,

b ), H s bA), H -
ZIE,T,Q) =W (P (xng) )) N Uk,

which then satisfy vi(Z kbr/\l) ) C JD,(ffl and vi(Z ,ngAQ) H) C ,(ﬁbr/\%H We need to first prove

the crucial Corollary A.4.5.

We begin with definitions for this subsection. For all w € T!(X), the Patterson density

induces the measure fiyysu(y) on the leaf W*"(w) defined by

Carf 3 (x ,ﬂ) a7
dptyyos (1) = €7 an @D gy ()t

Let k € A and wy, € Ry, be the centres. Then, we have

Valp —_(z0,[u,3
(Uk)<u) — C eCaT—énaT,[u,s]*( 07[ ’ ]) dﬂ$0<[ﬂ, g]_)’
d<'U’WS“(wk)‘Uk> [u,Sk]
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for all u € Uy, for some C > 0. In particular, by positivity and continuity of the integrand,

there exists Cp > 0 such that

o) o

1
CP d(,U/Wsu(wk)|Uk)

Recall the trajectory isomorphism 1) from [Rat73b, Definition 1.1]. We define another map
for each w € [W2 (wy), W (wy)] by
bw : Uy = W (w) by  bu(u) =1y ([u,w]) for all u € Uy.

The maps ¢, are Lipschitz and smooth in w € [W(wg), WE5(wy)], and hence there exists

C, = max sup Li .
o e wel% pd(¢w>

The proofs of the following lemmas and corollaries is identical to [SW21, subsection 9.2].

Lemma A.4.3. For all j € A, let w; € R; be the centres. There exists C > 0 such that
forallj € A, ue Uj, and € € (0, 2C’hyp0¢5e‘s), we have

Va (W2 () N T;) = Cpgysa ) (W (1))

J

Proof. Let j € A, € € (0,2C,,Cyde’) and u € Uj. Set wp = j and w = (wp, . ..,w;) with

[ € N such that u € Clw] and
201,pCy0 < e'e < 201,,Cde’,
where ¢t = 7% (u). Write k = w; so that
v = ua; € Ry.

Also note that
Clw] = P~(Ug) = ¢u (Up)a—.

Since diamg,, (¢ (Ur)) < Cg 0 we have that

C[w] C Uj N Wg‘zype*ta;acs(u) C Uj N Wesu(u)
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Noting that W**(w;) = W*"(u) we obtain

va(W2(0) 1 U5) 2 CI) = o (O]

1 ¢ — 4+ (zo,u)—C —+ (zo,ua —
:Cipe aT—ér’aT,(u)'F( 0,%) aT—6F7GT7(u)+( 0 t)ﬂwsu(u/)(C[W]at)

1 ecmﬂsp wr @+ (@00 =Cyr 5+ (zo,uat)

PR su ’ U
Cr pysu(ury (Uk)

> 702 ecaf_él" a'r"(a)jL (x07ﬂ)_ca7_5F arv(ﬂ)+ (CCO’Hat)

- CP Y
where Cg = minkeA ,U,Wsu(u/)(Uk).

Finally,

Cor o+ (@o,u)—C, o+ (To,uat)
MWéu(u)(W;u(u)) —e O a7 (@) FAHO 81 g7 (W) HAOHAE ,U'WSU(u’)(Wgsu(u)at)

C _s —+ (zo,u)—C __ — + (zo,uat)
aTt ars (U aT—=0p 41, () su /
SB T, ) Tar( IU’WS“(U’)(LLQCQ C¢565 (U ))
hyp
SC3 ecaT_SF,a‘r (@)t (xmﬂ)_ca‘r_‘sl“,ar (@ (wo,tar)

)

where C3 = sup,c g pywsu(u) (Wogs

/ . _ (&)
ypCooed (u')). Setting C' = c,C; We are done.

O]

Corollary A.4.4. The measure v, satisfies the doubling/Federer property, i.e., there
exists C > 0 such that for all k € A, u € Uy, and € € (0, QChpr¢565), we have

Vo (W5 (u) N UL) < Crg(WS(u) N TY).

Proof. By [PPS15, Proposition 3.12], we know that piyysu(,,) satisfies the doubling property
for all k € A. Fix Cq > 0 to be an upper bound for the corresponding doubling constants
for all k € A. Fix Cy > 0 to be the constant from Lemma A.4.3. Fix C = Clc—f’”. Let
ke A, ue U, and € € (0, QChpr¢3e‘§). We have

Va(W3(w) N Uk) < Cp pwen () (Wae (1)) < C1 Cp piwsn(uy (W (w)

ChCp -

< c VoW (w) NUL) = Cvg (W (u) N Uy).
2
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Corollary A.4.5. There exists C > 1 such that for all (b,\) € M\ﬁ, ke A, and u € Uy,

we have

Vo (WE 2, () N Ok) < C v (Wi, () 1 T

€4 €3
For all (b, \) € Mg, H € C" (U, HA@dimW), and J € J(b, ), define the set

H _ (b,A),H
wil= Z

(k,rpl)ed

Lemma A.4.6. There exists n € (0,1) such that for all (b,\) € M\g, J e Jb,N),
Heo! (U, HA@dim()‘)>, and h € KQEH)\bH(U), we have

hdv, > n/ hdv,.
wH U
Proof. Fix C to be the one provided by Corollary A.4.5 and n = (Ce?P¢)~1 € (0,1). Let
(b)) € My, J € J(b,\), H € C* (U, B\ V) and h € Ky, (0). Denote ¢ = 1,
and Wjx(u) = WS (u) N Uy, for all u € Uy, k € A, and j € {3,4}. Define

J

P, ={P™ (x,ngA;H) eU: (k,rp,l) € J for some [ € {1,2}}.

,gb’A)}, where wy; € Ry is the centre, covers C for

Since {CA',ib;)‘) C W wy) :1<r<r
all k € A and J C Z(b,\) is dense, so {Wezu(a:) C Uy : © € B} covers int(Uy) for
all k € A. Let Iy = infycw,, ) h(u) and Ly = sup,ey, , () M(u) for all z € P, and
k € A. Using |logoh|c1 < 2E||Ay||, we can derive using the mean value theorem that
2E|| A || diamg (WS (2)) B .
L, <l.e 4 = [,e**“  In order to use the mean value theorem to obtain

this last bound we need to assert that the neighbourhoods Uj are connected. Assuming
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this and using Corollary A.4.5, we have

/U w) dve (u ZZ/ w) dve ()

keAzep, ’ W k(w

< Z Z L, 'Va(Wél,k(x))

k’eA Z‘ka

< Cetbea Z Z ly Va(WS,k’(x))

keA xePy

< Cetbe Z Z/ u) dvg (u)

k€A xEP; W (

1
< - h(u) dvg(u).
nJwi

O]

Lemma A.4.7. There exist n € (0,1) such that for all s = a +ib € C with (b, \) € M\ﬂ,
then for all J € J(b,\), H € C* (U, Hﬁdim(A)), and h € Kpy,(U), we have

[p5 ), < nllnla:
Proof. Fix € (0,1) to be the n provided by Lemma A.4.6 and set

n=1/1—n'pe~Ml € (0,1).

Let s = a+1ib € C and suppose (b, \) € ]\/Zg. Let J € J(b,\), H € C! (U,H,\@dim(’\)), and
h e KEH)\b”(U)' We have the estimate DX (h)? < N (h)? since by the Cauchy—Schwarz

inequality, we have
DY ()2 = NM (8 h)* < N ((85)7) M (n2),

since N, is normalised. Observe that h? € Koga|( U). Then Lemma A.2.3 gives NM (h?) €
K (0) where B' = Ao (2200 1 1) < Ao (31 + 1) < 2BJb|. So KM (h?) € Kapya, (D).
Now, Lemma A.4.6 gives ijI NM(B2)dve > 1 [ NM(h?) dv,. Note that

NH((B1)7) () < N (1 = pdgt)) (w) <1 = pe
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for all u € Wf by choosing any (k,r,p,l) € J. So putting everything together and using

N (Va) = Ve, We have

[ < ([ ()N 0 k[ A (7))

< ((1—,ueMT°)/ H./\N/'y(h2)dl/a+ ) H/V(f\/[(hZ)dua
WJ U\WJ

= (/ NM(h?) dyy — ue_MTO/ NM (p?) dya>
U wH

<(1 — o pe= M) /U NM (h?) du,

=n? / h? d,,.
U

A.4.3 Proof of property (5.3.4) in Theorem 5.3.4
Now, for all s = a +ib € C with (b,\) € ]\75, then for all H € C! (ﬁ,H)\@dim(A)),

h e KE”,\b”(U), and 1 < j < jn, we define the functions
X[s, A\, H,h], x3ls, A\, H,h] : Uy — C by
X[\, H, h)(u) =

Hefwo (vo(u)))\b(q)wo (vo (u))_l)H(vo(u)) + ef (v (U)))\b((I)Wj (vj (u))—l)H(vj (u)) H
(1 — mp)es 0wl h(vg(u)) + el Wi h(v;(u))

2

9

and

X%[S’)VH? hl(u) =
Hef“’O(vo(u)))\b((I)wO (vo(uw)) ™ ) H (vo(u)) + el (05 (1) Xy (D (vj(u))—l)H(vj(u))H
S0 o) (g (u)) + (1 — mp)el ™ @) (v;(u))

2

9

for all u € U;.

The next four lemmas complete the proof of Theorem 5.3.4 and their proofs can be found

in [SW21, subsection 9.3].
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Lemma A.4.8. Let (b,\) € ]\//Zg. Suppose that H € C* ([7, HA@dim()‘)) and h € KE”)\b”(U)
satisfy property (5.5.3) in Theorem 5.5.4. Then for all (k,r,p,l) € Z(b,\), denoting 0 by j

ifl=1 andjlgr)H by 7 if | = 2, we have

(v
< 7(2}] (w)) <2 for all u,u’ € D,(Cbr)z A
v

and also either of the alternatives

1 |H (vj(w) ]2 < 3h(v;(u) for allu e DU,

2. | H(vj(w))ll2 > Lh(vj(w)) for allu € DI

Proof. Let (b,\) € M\g. Suppose that H € C* (U, H,\Gadim()‘)) and h € KEII/\bH(U) satisfy
property 5.3.3 in Theorem 5.3.4. Let (k,r,p,1) € Z(b, A). We show the first inequality. Let

u, u GD( A)H

kop - Since [logoh|ct < E|Ay|, we have

[log(h(vj(w))) —log(h(v;(u')))| < llogohlm-lvgla- d(u, )

< BNl - - diam, (D’;

H) < 4EN€2
~ coko™2

< log(2).

Hence ‘log ( }?((5;((;)))))‘ < log(2) which implies the first inequality.

Now we show the alternatives. If |H(vj(u))|2 > $h(vj(u)) for all u € Dlg T; , then we

are done. Otherwise, there exists ug € D,gbrAgH such that ||H (vj(uo))|l2 < h(v;(uo)). Let

u € ﬁ,ﬁ’;’};ﬂ, D = d(up,u) < diamg (bl(cl?;?;ﬂ) = f» and 7 : [0, D] = Uy be a unit speed

geodesic from ug to u. Note that H(v;(u)) = H(vj(uo)) + fo (H owjo~y)'(t)dt. Then using

the first proven inequality, we have

D
1 (vj(w)ll2 < [[H (v (uo))|2 +/0 1(dH ), (4(t)) llop Vsl dt

1
Ccok"™?

dt

<t + [ ENIh@G0)

4

1 Elu
Zhlv;
shivs) + =50 |

(1 8EN62> h(vj(u)) < %h(’l)j(u))'

D
2h(v;(v(D))) dt

IN

IN

2 Ccok2™2




A .4 Proof of Theorem 5.3.4 141

For any k > 2, let © : (R¥\ {0}) x (R*\ {0}) — [0, 7] be the map which gives the angle
defined by ©(wi,w2) = arccos (m) for all wy,ws € R*\ {0}, where we use the

standard inner product and norm. The following lemma can be proven by elementary

trigonometry.

Lemma A.4.9. Let k > 2. If wy,wy € R¥\ {0} such that ©(w1,ws2) > w and HZ;H <L

for some w € [0, 7] and L > 1, then we have

2
Jwr +wal < [1— 6L w1 + [Jwal].

Lemma A.4.10. Let s = a +ib € C with (b, \) € M\ﬁ, Suppose H € C* (U7 H}\Gadim(k))
and h € KE||Ab||(U) satisfy property (5.3.3) in Theorem 5.3.4. For all (k,r) € Z1(b,\),

denoting j,(:j:\)’H by j, there exists (p,l) € Za such that X[S A Hh]( ) <1 forallue D,(M;

Proof. Let s = a + ib € C and suppose (b, \) € M\B- Suppose H € C! ([]‘7H)\@dim(>\)>

and h € Kg)», H(U) satisfy property 5.3.3 in Theorem 5.3.4. Let (k,r) € Z1(b,\). Denote

jZi\H by j, :c,(”) by x1 a:,(be)‘Q)H by x9, and DIET; by ﬁp. Now, suppose case 1 in

Lemma A.4.8 holds for (k,r,p,l) € Z(b,A) for some (p,l) € Z9. Then it is easy to check
that X{ [€, X\, H,h)(u) < 1 for all u € D,. Otherwise, case 2 in Lemma A.4.8 holds for
(k,r,1,1), (k,7,1,2), (k,7r,2,1), (k,r,2,2) € Z(b, A). We would like to use Lemma A.4.9 but
first we need to establish bounds on relative angle and relative size. We start with the
former. Define Hy(u) = % and ¢y(u) = & (vg(u)) for all u € U; and £ € {0, j}.
Let D = 2dim(A\)? and define the map ¢ : RP\ {0} — RP by ¢(w) = m for all

w € RP\ {0}, where we use the standard inner product and norm on R”. Then we note

that [|(de)wlop =
H;‘\B dim(\) ~ RD

”w” for all w € RP. We can write H, ¢ = o H ovy using the isomorphism

of real vector spaces. Then using Lemma 5.2.2; we calculate that

I eYullop < 1200 o I A )yl N o
1 1
= THGe ;) G

4EH/\bH

Ccoko™?

< 01|l
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for all u € Dp, ¢ €{0,5}, and p € {1,2}. In other words, Hy and ﬁj are Lipschitz on ﬁp
with Lipschitz constant d1]|Ap|| for all p € {1,2}. Define

Vi(u) = D N (G (w) ™) H (vg(w)); i
. u . for all uw € Uy and ¢ € {0, j}.
= Vi) _ Ao (pe(u) ™) Ho(w); 1

Since Hy and ﬁj are Lipschitz and d(z1,x2) < m, we have

[Vo(s) = Vi(a2)]],
= [|As(¢o(@2) ") Ho(2) — Mo(j(x2) 1) Hj(w2) |2
= || Ao(@(2)do(w2) ™) Ho (@) — Hj(ws)|2
> [|A(8)(w2)po(w2) ") Ho(z1) — Hj(1)|

Denote w = Ay(¢o(z) 1) Ho(z) and Z = d(BP;z, o¥)z, (2) where z = (&1,%2 — &1) €
Ti, (R*71). Recall the curve oY 1 [0,1] — AM defined by ¢PF _(t) = BP, ., (¥(z1 +12))

J5T1,% JyT1,2
for all ¢ € [0,1]. Recall that 4,0251’2/(0) = Z and cpEELZ(O) =BP; ., (z1) = e and @Eghz(l) =

BP; z, (2) = BPj(22,21). Continuing to bound the first term above, we apply Lemmas
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A.3.1 and A.2.1 to get

[w = Ap(BPj(22,21))(w)|l2
> [l = Ap(exp(2))(@)ll2 — | Aulexp(2) (@) = A (£3F, 2(1) @)
> || — exp(dXo(2)(@)ll2 = ]l - danr (exp(2), 957, (1))
> [[d(Z2)@)ll2 = [Nl Z]1% = 1Ml - dane (exp(2), o5, (1))

> [|dx(2)()ll2 = [ el*(Crp,wCu)?d(21, 22)? = Cexppp - [Nl - d(21, 22)°

2

> 701€1 — 01€1 — 01€1 > Hoi€q.
Hence, we have
[Vo(z1) = V(1) |y + [Vo(w2) — Vi(z2)]|, > 46161

Then H%(ajp) - Vj(:vp)HQ > 261€; for some p € {1,2}. Recalling estimates from A.2.3 and

that Hy is Lipschitz, we have

[Ve(zp) = Ve(u)],
= [|(Ao(de(p)™1) = Ao(e(w) ™) Helwp) + Mp(de(w) ™) (Helap) — He(uw))ll2
< | (elap) ™) = Mo(de(w) ™) Help) |2 + | He(zp) — Holu) |2

< Aol X lld(p, u) + 51| Ap|d(p, w)
2Neg

= 2Nes(Ag +6,) < %

for all u € D, and £ € {0, j}. Hence ||Vo(u) — Vj(u)H2 > 0161 € (0,1) for all u € D,. Then

using the cosine law, the required bound for relative angle is

)2
O (Vo(u), Vj(u)) = ©(Vo(u), Vj(u)) > arccos <1 - (5121) ) € (0,).

For the bound on relative size, let (¢,¢") € {(0,75), (4,0)} such that h(ve(ug)) < h(ve(uo))
for some ug € D,. Let I = 1if (£,4') = (0,5) and | = 2 if (¢,') = (0, 7). Recalling that X,
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is a unitary representation, by A.4.8, we have

[Ve()llz _ e/ D) H (uy(u)) o 4eS™ D= 00 0D p vy (u)
Ve(wllz — e o tD| H(ve (w)) 2~ h(ve (u))

_ 16220 h(vy(uo))

~ h(ve(uo))

< 16e*m270

for all u € ﬁp, which is the required bound on relative size. Now using A.4.9, A.2.9, and
IH| < hon ||[Vi(u) + Vie(u)l|a gives x7[€, A, H, h](u) < 1 for all u € D, O

Lemma A.4.11. For all s = a+ib € C with (b,\) € ]\//jﬁ: if HeC! (UjHAG}dim(A)) and

h € Kg,(U) satisfy property (5.3.3) in Theorem 5.5./, then there exists J € J (b, \)
such that

INMH) ()|, < DF(h)(u)  for allueU.

Proof. Let s = a+ib € C and suppose (b, \) € ]\/Zﬁ. Suppose H € C! (U, H,\egdim(’\)> and
h € KE||)\b||(U) satisfy property 5.3.3 in Theorem 5.3.4. We drop superscripts (b, A) and
H to simply notation. For all (k,r) € Z1(b, \), there exists (pir,lr,) € Z2 as guaranteed
by Lemma A.4.10. Let Jo = {(k,7,pkr.ler) € 2(b,A) : (k,r) € E1(b,\)} C E(b,\)
which is then dense by construction and so Jy € J(b,\). Now, we make necessary
modifications to Jy to define J € J (b, \). Recall the definitions from the proof of Lemma
A.3.3. For all equivalence classes [Dy,,] € D™, we do the following. Choose any
representative, say Dy, p € [Dyrp| and make the modification ji v = ji, and ly v = Iy,
for all (K',7") € Z1(b, \) with Dy v,y € [Dyrp] for some p’ € {1,2}. Define J € J(b,\)
by J = {(k,7,prr lkr) € 2(b,N) : (k,7) € Z1(0,N)} C E(b,\). Now let u € U. If
u & Dyp for all (k,r,p,1) € J, then B (v) =1 for all branches v = P7%(u) where w is
an admissible sequence with len(w) = mo. Hence || ~sm)\Q(lLI)(u)HQ < N2 (B R) (u) follows
trivially from definitions. Otherwise, by construction, there exist (k,r), (ko,70) € Z1(b, \)
such that u € Dy, p, | € [Dk07TO7pk0,r0] corresponding to (k,7, pkr,l,) € J, and such that

jk’,r’ = jkoﬂ“o and lkIJJ = lkoﬂ"o for all Dk@r!’pk,yr, € [Dko, . Denote jkoﬂ“o by j() and

TOquo,ro]

lko.ro DY lo. Let (£,£) = (0, 7o) if lp = 1 and (¢,¢") = (jo,0) if lp = 2. Then by construction
of J, we have X{g[&,)\,H, hl(u) < 1, B (ve(u)) > 1 — mu, and B (v;(u)) = 1 for all
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0 < j < jm with j # £. Hence, we compute that

[N (H) (u)]]
S N (@ (v) T H (v)

w:len(w)=ma
v=P~%(u)

2

> e (@ () ) H ()
w:len(w)=mg

v=P~%(u)¢{vo(u),vj, (u)}
+ Hef“f(w(u)))\b((pwe (ve(u)) ™M H (vy(u))

IN

2

+ el (UZ/(“)))\b(@wzl (W’(u))il)H(wl (u))HZ

IN

> (o) + (1= Npel™ D h(wy(w)
w:len(w)=mg

v=P~%(u)¢{vo(u),vj, (u)}
n efw,/ (vpr (u))h(vel (u)))

< NG (B3 h) (w).
Thus, we have

W E @, < [[(A73 0 A7) () ()|, < N IV () ()
< N (N2 (B ) ) (w) = N (B h) () = DY () (w)

for all u € U. O
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