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Abstract

The intention of this thesis is to explore non-compact objects evolving under geometric flows
without any prescribed boundary control. In particular, we focus on Ricci flow and curve

shortening flow defined on open manifolds.

We consider the uniqueness of the Cauchy problem for smooth properly embedded curves
evolving under curve shortening flow. We construct an example to show that the class of
smooth properly embedded solutions is too large to expect uniqueness, and in turn introduce
a new suitable subclass for which we conjecture uniqueness when our ambient space is flat.
We then show that even within this subclass of solutions, we can have non-uniqueness of the
Cauchy problem in general ambient surfaces. Finally, we give a partial characterisation of those

ambient surfaces which exhibit this non-uniqueness.

To complement these results, we also consider low dimensional Ricci flow spacetimes. We prove
that, for a complete (2 + 1)-dimensional Ricci flow spacetime, the spatial-slice at any later
time must contain (under the flow of the time vector field) the spatial-slice at any earlier time.
We then prove, after imposing a necessary regularity condition on such a complete Ricci flow
spacetime, that all of its spatial-slices must agree with one another, and our Ricci flow spacetime

is isomorphic to a classical Ricci flow on a fixed ambient surface.



Chapter 1
Introduction

As the title of the thesis suggests, we will be investigating properties of geometric flows. As far
as the author is aware, there is currently no formal definition of a geometric flow; we instead
motivate geometric flows via the following example, which can be considered as the first formally

defined geometric flow, and which commenced this field of research.

In their groundbreaking work [ES64], JAMES EELS and JOSEPH SAMPSON introduced the har-
monic map heat flow. Given a continuously differentiable map between smooth Riemannian

manifolds (M, g) EN (X,9), we can define its Dirichlet energy

B(f) = / df dug,

M

where dug denotes the volume form of the metric g, and df € I'(T*M ® f*(TX)), so that in
local coordinates 5
;Of0f°
ij a0
At i (ga,b’ © f)

Critical points of this functional are known as harmonic maps, which solve the Euler-Lagrange

dfI* =g

equation

7(f) == Te(Vdf) = 0 e T(fY(T X)),

where 7(f) is known as the tension field, which can be represented in local coordinates by

[ D2 f ofY  —o OfF0F\ 0
= g¥ Tkl N
)= (c%;iaxj i 90k T LA ot D ) y°

In order to construct solutions to such an elliptic problem, Eels and Sampson studied the
corresponding parabolic problem, whereby they searched instead for a family of maps evolving

in time under the gradient flow of this functional.

Given a smooth map f : M x (0,00) — X, we say it is a solution to the harmonic map heat



flow if
of
ot

The work of Eels and Sampson, in combination with a later refinement of PHILIP HARTMAN!,

(x,t) =7(f)(x,t), V(x,t) € M x (0,00). (1.0.1)

shows that, under reasonable hypotheses on these manifolds, there exists a solution to harmonic

map heat flow starting from any continuously differentiable initial data.

Theorem 1.0.1 (Eels-Sampson-Hartman, [ES64], [Har67]). Suppose (M, g) is a closed Rieman-
nian manifold and (X, q) is a closed Riemannian manifold with non-positive sectional curvature.
Then for any continuously differentiable map (M, g) EN (X,9), there exists a solution f :
M x (0,00) — X to (1.0.1) such that f(-,t) converges in Cl-norm to f ast 0. Furthermore,
f(-,t) converges smoothly on M to a harmonic function (M, g) ELN (X,9) ast S oo.

With this example in mind, one may describe a geometric flow as the gradient flow associated
to a functional whose critical points have some geometric interpretation. The primary focus of
this thesis will be two different geometric flows, namely mean curvature flow and Ricci flow.

We begin with an overview of mean curvature flow.

1.0.1 Mean curvature flow

Given a smooth embedding of a topological manifold within a Riemannian manifold M* i)

(X% g), consider the k-dimensional volume of M under this embedding
AE(f) = / diise(q)-
M

Critical points of this functional are known as minimal surfaces, and solve the Euler-Lagrange
equation
H=Tr(I) =0 e D(vM),

where H denotes the mean curvature vector, and I € T'(Sym?(T*M) ® vM) is the second

fundamental form, given by

I(v,w) = (Vow), Yo,weD(T*M).

In his doctoral thesis [Bra78], KENNETH BRAKKE introduced the geometric flow corresponding
to the gradient flow of this functional, now known as mean curvature flow?. Given a smooth

map f: M x (0,T) — X, for some T > 0, we say that f is a solution to mean curvature flow if

!The original work of Eels and Sampson showed that along a divergent sequence of times you could extract a
harmonic limit. As well showing uniform convergence in time, Hartman also removed the need for an embedding
assumption on the target manifold.

2Due to finite time singularities forming, Brakke wanted to allow the topology of the underlying space M to
change under the flow. Instead, he considered a weak formulation of this flow where now our objects are given
by Radon measures on the corresponding Grassmanian bundle of the ambient space, now known as Brakke flow
(see §2).



f satisfies

%(m,t) = H(z,t), Y(z,t)eM x (0,T), (1.0.2)

where H (z,t) denotes the mean curvature vector of the image of f(-,¢) : M — X at the point
flz,t) € X.

Much like harmonic map heat flow, this equation depends on an embedding of M within an

ambient space X. Such a flow is referred to as an extrinsic geometric flow.

Although one can consider mean curvature flow for manifolds of any dimension and co-
dimension, we restrict our attention in this thesis to the case M is one dimensional, with
co-dimension 1. In this setting, our mean curvature vector can be written as kv, where v is a
choice of unit normal, and x is the geodesic curvature of the curve with respect to this choice

of unit normal.

In the case M is closed (M =2 S'), we have the following long-time existence and uniqueness
result of MATTHEW GRAYSON, which extends the work of MICHAEL GAGE and RICHARD

HAMILTON on convex curves in the plane.

Theorem 1.0.2 (Gage-Hamilton-Grayson, [GHS86], [Gra89]). Let (X?2,3g) be a smooth Rieman-
nian surface which is convex at infinity®. Given a smooth curve ng : S' — X, there ewists
T >0, and a unique continuous function n: S* x [0,T) — X with initial data n(-,0) = ny such
that

(i) m is a solution to (1.0.2) on St x (0,T);
(ii) If T < oo, n(-,t) converges uniformly to a point in X ast /T,

(i1i) If T = oo, then the curvature of n(-,t) converges smoothly to zero ast / co.

1.0.2 Ricci flow

Ricci flow was first introduced by RICHARD HAMILTON in his influential paper [Ham82] as a

way of deforming positively curved metrics on 3-manifolds to ones of constant curvature.

Given a smooth manifold M™ equipped with a smooth family of Riemannian metrics g(t) for
t € (0,T), we say that g(¢) is a Ricci flow on M x (0,7, if the metrics solve the equation

99

5 (1) = —2Ricg(t), (1.0.3)

at every point in M x (0,7).

Unlike for the case of harmonic map heat flow or mean curvature flow, Ricci flow depends only
on intrinsic geometric properties of the metric without reference to an ambient space X. We

refer to such a flow as an intrinsic geometric flow.

3X is convex at infinity if the convex hull of any compact set is compact



Although Hamilton’s original inspiration for Ricci flow was from the gradient flow of the total

scalar curvature functional®

Y(g) = / Rydpg,
M

Ricci flow was not initially known upon its conception to be a gradient flow. It was only much
later in the seminal paper [Per02] of GRISHA PERELMAN that Ricci flow was shown to be (in
the case M is closed) the gradient flow of the F-functional

Flg.f) = /M (R + [VF) e dug, Vg € D(Sym?(T*M)), Vf € C=(M),

when f evolves via the conjugate heat equation on M with weighted volume form e~/ dg(r)

0
o = —AFHIVIP - Ry,

Critical points of this functional are gradient Ricci solitons (g, f,\) satisfying
Ric(g) + V2f = X-g, (1.0.4)

for some A\ € R. Setting f = 0 in the above equation (1.0.4), we see that these are a generalisa-

tion of the concept of an Einstein manifold.

For the case of a closed manifold, we have the following existence and uniqueness result from

Hamilton’s original paper, the proof of which was later simplified by DENNIS DETURCK.

Theorem 1.0.3 (Hamilton-DeTurck, [Ham82, Theorem 14], [DeT83]). Suppose (M",g) is a
closed Riemannian manifold. Then there exists T € (0,00] and a unique Ricci flow g(t) on
M x (0,T), such that g(t) converges smoothly to g ast 0. Moreover, if T < oo, then

}i/(H%Hng(t) | oo (ar) = o0

1.1 Motivation

For the flows mentioned so far, as they are given by weakly-parabolic equations, we have suit-
able existence & uniqueness theory under the assumption our domain is closed. If we drop
this assumption on our domain, existence and uniqueness questions now become much more
subtle. For example, consider the prototypical parabolic equation: given a Riemannian manifold

(M™, g), a smooth function w: M x (0,7) — R solves the heat equation if

fg; =Au, VY(z,t)e M x(0,T),

4The flow of this functional is a different geometric flow known as the Yamabe flow.




where A is the Laplace-Beltrami operator of (M, g). Even for such a simple parabolic equation,
we no longer have uniqueness of the Cauchy problem when M is open. The following result is
due to ANDREY TYCHONOFF.

Theorem 1.1.1 (Tychonoff, [Tyc35]). There exists a continuous non-zero function u : R x

[0,00) = R, which is smooth on R x (0,00), and solves the heat equation

ou 0%u
E(%w—@(%t% V(.’Ij,t) €Rx (0700)7

with zero initial data u(-,0) = 0.
This begs the following question which lies at the heart of this thesis:

What can be said about existence and uniqueness of our geometric flows if our domain M 1is

an open manifold?

Let (M™, g) be a Riemannian manifold with M open. Under certain restrictions on our initial

data g, we have the following existence result for Ricci flow due to WAN-XIONG SHI.

Theorem 1.1.2 (Shi, [Shi89b, Theorem 1.1]). If (M™,g) is a complete Riemannian manifold
with bounded curvature tensor

|Rmyg || poo(ary < C < 00,

there exists T'(n,C) > 0 and a solution to Ricci flow g(t) on M x (0,T) such that g(t) converges
locally smoothly to g as t 0.

Moreover, due to the work of BING-LONG CHEN and XI1-PING ZHU, such a Ricci flow is unique

within the class of solutions with bounded curvature.

Theorem 1.1.3 (Chen-Zhu, [CZ06, Theorem 1.1]). Let (M™,g) be a complete Riemannian

manifold with bounded curvature tensor
[Rmyg||Loo(ary < C < 00,
Suppose g1(t), g2(t) are two solutions to Ricci flow on M x (0,T') with bounded curvature
| Rmg, )| Loo(ary < C <00, Vte (0,7T),

and such that g;(t) converges locally smoothly to g as t \, 0. Then g1(t) = ga2(t), for all
te(0,7).

If we drop the bounded curvature restrictions, do we still expect an existence and uniqueness
result for Ricci flow? In the 2-dimensional case, this question has been fully resolved by the
work of GREGOR GIESEN and PETER TOPPING.

Theorem 1.1.4 (Giesen-Topping, [GT11], [Top15]). Let (M?,g) be a smooth Riemannian sur-



face, not necessarily complete. Then there exists T € (0,00 depending on the volume and
conformal type of the initial data, and a unique instantaneously complete Ricci flow g(t) on
M x (0,T) such that g(0) converges locally smoothly to g as t 0.

Since the Ricci flow equation (1.0.3) is local, we could instead ask for a family of metrics defined

only on an open subset of M x (0,7), and which solve equation (1.0.3) on this open subset.

Definition 1.1.5. Given a smooth manifold M", we say that M is a spacetime in the ambient
space M x (0,7T) if

e M is an open subset of M x (0,T") equipped with the product topology.

e The spatial slice of M at time ¢ € (0,7,
My :={z e M: (z,t) e M},

is non-empty, for all t € (0, 7).

Definition 1.1.6. Let M be a spacetime in M x (0,7). A Ricci flow on M is a smooth family
of Riemannian metrics g(t) on My, for each t € (0,T), satisfying equation (1.0.3) at every point
in M. We call such a Ricci flow complete if g(¢) is a complete metric on the spatial slice My,
for all t € (0, 7).

The following should be considered a simple motivating question:
Which spacetimes M in a given ambient space M x (0,T) admit complete Ricci flows?

Example 1.1.7. Suppose that M? is a surface. Let N C M be a fixed subsurface. If M
is chosen so that My = N for every t € (0,7), then M does admit a complete Ricci flow.
One way to see this would be to fix a metric g on N (with large enough volume depending on
the conformal type of N) and use the existence result of Giesen & Topping [GT11] to find an
instantaneously complete Ricci flow on N x (0,T') starting from this initial data. Topologically,

these spacetimes looks like a cylinder.

A priori, we may guess that any spacetime that admits a complete Ricci flow should look like
a cylinder. Unlike for closed manifolds however, the topology of open manifolds can change

within a complete Ricci flow without encountering a singularity.

Example 1.1.8. Fix tg > 0 and a point p € T? := S' x S! in the torus. We choose our ambient
space to be T2 x (0, 00), and our spacetime to be the open subset M := T2 x (0, 00)\ {p} x (0, to].

Our spatial slices are

T2 :Vt e (0,t
o TV e )
T2 Vit >ty
If we take g(t) to be a homothetically expanding complete hyperbolic metric on M, for ¢ € (0, ¢o],

we can then cap off the hyperbolic cusp at p after time %, to give the complete contracting cusp



TN
~

My = Do My = Doy M = Doy

Figure 1.1: An illustration of spacetimes within C x (0, 1).

Ricci flow g(t) on My, for t € (tg, 00), first constructed in [Top12, Theorem 1.2].

Example 1.1.9. Consider M C Cx (0,1) to be some subset of the ambient space whose spatial
slice varies in time. For example, we could choose My = Doy, the disk centred at the origin of
radius 2 + ¢ (with respect to the Euclidean metric), for all t € (0,1). Can we find a complete
Ricci flow on this spacetime M? What about the case that M; = Dy, for all t € (0,1)7

We shall show that the conical spacetimes mentioned in Example 1.1.9 do not admit complete

Ricci flows. See Corollary 1.3.7.

Remark 1.1.10. Unlike what we have considered so far, there are multiple ways in the literature
to formulate a Ricci flow on a changing underlying manifold without reference to an ambient
space. In this thesis, we will use the language of a Ricci flow spacetime. By using this formu-
lation, it provides immediate context for our results. However, when working with this more
general definition, one should always keep in mind the easy to visualise examples discussed
above, where our spacetime is an open subset of a larger ambient space. Nothing is lost by
doing so, as we will ultimately reduce our more general Ricci flow spacetime to one within an

ambient space by virtue of an embedding lemma (see §5.2).

Results in Ricci flow usually have analogues in mean curvature flow and visa versa. Let us

analyse the results of Giesen & Topping in Ricci flow mentioned in Theorem 1.1.4 more closely.

Given any smooth connected Riemannian surface, we can always find a Ricci flow starting from
this initial data [GT11]. If the surface is open, there can be multiple Ricci flows starting from
the same initial data. In order for the problem to be well-posed, Topping imposes a geometric
hypothesis (completeness) on the solutions at each time. That is, if we restrict ourselves to the
class of instantaneously complete Ricci flows, there now exists a unique Ricci flow starting from

any initial data [Topl5].

Due to this result in low dimensional Ricci Flow, we may search for the corresponding result in



low dimensional mean curvature flow, prompting the following question:

What are the correct geometric hypotheses to impose on open solutions to curve shortening

flow so that the initial-value problem is well-posed?

1.2 Set-up

In contrast to the 2-dimensional case (Theorem 1.1.4), in higher dimensions there are smooth
manifolds equipped with smooth metrics from which we do not expect to be able to start the

5

Ricci flow.” However, imposing curvature bounds on our initial metric leads to the following

well-known short-time existence conjecture in 3-dimensions.

Remark 1.2.1. Tt is unclear who the conjecture is originally attributed to, although the conjec-

ture arises naturally from the work of Shi in [Shi89a].

Conjecture 1.2.2. Let (M3, go) be a 3-dimensional complete Riemannian manifold with non-
negative Ricci curvature Ric(gg) > 0. Then there exists T > 0 and a smooth family of complete
metrics g(t) on M x (0,T) such that g(t) converges to go locally smoothly as t 0 and g(t) is
a solution to the Ricci flow equation (1.0.3) on M x (0,T).

A partial resolution to this conjecture was given by YT LAI in [Lai20] using the language of
Ricci flow spacetimes. The following definition was first introduced by BRUCE KLEINER &
Joun Lotrt in [KL17].

Definition 1.2.3 (Kleiner-Lott, [KL17, Definition 1.2]). A Ricci flow spacetime is a tuple
(ML ¢, 0;, g) where

e M is a smooth and connected (n + 1)-manifold (without boundary).
e The time function t is a smooth submersion t: M — I, for some open interval I C R.
e 0, is a smooth vector field on M satisfying 0,(t) = 1.

e g is a smooth inner product on the bundle TM?P% := ker(dt), such that its restriction

g(t) to the time slice M; = t~1(¢) is a Riemannian metric, for all t € I.
e g and 0, satisfy the Ricci flow spacetime equation Ly,g = —2 Ric(g).

A Ricci flow spacetime is said to be complete if g(t) is a complete Riemannian metric on My,

for every t € I.

Example 1.2.4. Suppose M" is a connected smooth manifold. An important class of easy to
visualise examples of Ricci flow spacetimes are ones lying inside the cylinder M™ x R, mentioned
above in §1.1. More precisely, suppose M™ 1 is an open subset of M™ x I (equipped with the
product topology), t is the restriction of the standard projection t : M™ x I — I, and 9 is

SFor example, consider S? x R equipped with a metric so that it looks geometrically like a countable collection
of 3-spheres connected by thinner and thinner necks of increasing length [Top20].



the restriction of %. Since we specify that the time function is a submersion, each spatial slice
M; C M is a non-empty open subset of M, for t € I. The Ricci flow spacetime equation then
corresponds to the metrics g(t) locally satisfy the usual Ricci flow equation (1.0.3). We say that
we have a Ricci flow spacetime (M"1, g) in the ambient space M™ x I. If M"*! is equal to

the entire ambient space, then we say it is a cylindrical spacetime and denote it by (M™ x I, g).

Definition 1.2.5. A pair of Ricci flow spacetimes (M"*1 t 8;,9), (N""! 5, 05, G) are iso-
morphic if t(M) = I = s(N), and there exists a smooth diffeomorphism ® : M — N, such
that

(i) For each t € I, the restriction ® : My — N; is a diffeomorphism;
(i) t=s0
(i) @.(0;) = Os;
(iv) g(t) = ®*(G(t)).
In this case, we write (M"*1 ¢ 0;,9) = (N 5,0,, Q).

Returning to the conjecture, in [Lai20], Lai constructed a Ricci flow spacetime (M3*1 ¢ 9y, g)
containing within it a Ricci flow on M x (0,7). That is, after restricting to a suitable subset
of M, the corresponding Ricci flow spacetime is isomorphic to a cylindrical spacetime (M3 x

(0,7, g). Moreover, g(t) converges locally smoothly to go as t \, 0.

Although this Ricci flow g(t) on M x (0,7) may not necessarily be complete, it lies within the
larger Ricci flow spacetime (M3T1 ¢ 0y, g) which does satisfy a completeness like property.® We
are therefore motivated to ask what the structure of such a Ricci flow spacetime can be. For
example, if one could show that the Ricci flow spacetime (M3*1, t, 9;, g) constructed by Lai was
in fact a complete and cylindrical spacetime itself, this would lead to a full resolution of the

short-time existence conjecture stated above, motivating the question:
When is a complete Ricci flow spacetime necessarily cylindrical?

In order to say something about the structure of M, we need to look at how points inside
different time-slices are associated to one another under the flow of the vector field 9;. Recall
the following definition also taken from [KL17].

Definition 1.2.6 (Kleiner-Lott, [KL17, Definition 1.11]). Let (M, t, 9;, g) be a Ricci flow space-
time. The worldline of a point x € M is the maximal integral curve I, — M, ¢t — x(t) of 0,
that passes through z at time t(x) € I,.

More generally, for a subset U C M of some time-slice (s € I), for each ¢t € I we set

Ut):={z(t) e My :xz € U,t e I,},

5More precisely, the spacetime is forward O-complete and weakly backward 0-complete. See [Lai20] for the
precise definitions.



MnJrl

Figure 1.2: An illustration of Definition 1.2.6

and denote those times where the flow lines exist for all points in U by Iy := (|, ¢y Lo

Example 1.2.7. Suppose (M"*1 g) is a Ricci flow spacetime in the ambient space M™ x I.
Then, for any point (zo,t9) € M C M x I, the interval I
M N ({zo} x I) containing tg, and z(t) = (wo,t) for each t € I, 4. Similarly, given a subset
U C M, we have that U(t) = M N (U x {t}), for any ¢t € I. In the special case (M™ x I, g) is
cylindrical, I(y,1,) = I for every (zq,t0) € M x I, and U(t) = U x {t} for every U C M.

o,to) 18 the connected component of

Given a complete Riemannian surface (X?2,g) and a smooth map 7 : R x (0,7) — X such that
v(+,t) is a smoothly embedded curve at each time t € (0,7T), we say that the family of curves

v(+,t) evolves under curve shortening flow (CSF) if
(Ory,v)g = K, (1.2.1)

at every point in Rx (0, 7T"), where v is a choice of unit normal vector to the curve, k := (V,, y>§
is the geodesic curvature of the curve with respect to v, and 7 is the unit tangent vector to the

curve.

If there exists a continuous extension v : R x [0,7) — X of our map, we say that v(-,%) is a
solution to CSF with initial data ~(-,0).

Remark 1.2.8. Instead of defining CSF via equation (1.2.1), we could instead require -y to move

only in the normal direction, and solve the equation
Oy = KV, (1.2.2)

at each point of R x (0,7). Note that every solution to (1.2.2) is a solution to (1.2.1). However,
unlike equation (1.2.1), equation (1.2.2) does not allow any tangential component of the vector
0yy. In many applications, such as when discussing graphical solutions, it is useful to allow our
solution to have tangential motion. As such, we make the choice of using equation (1.2.1). In
the case of closed curves 7 : S' x (0,T) — X, if  solves (1.2.1) at every point in S x (0, T), then
we can always find a suitable time-dependent family of diffeomorphisms {¢; : S* — S l}te(O,T)v
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such that the new map 7 : S' x (0,T) — X, defined by
Az, t) == n(oe(x),t), V(z,t) € S x (0,T),

is a solution to (1.2.2). To see this, consider the unique time-dependent vector field Y; on S,
so that (n(-,1))«(Y;) = —(0m) ", the negative of the tangential projection of 9. Let ¢; be the
flow of Y; with ¢y, = idg1, for some arbitrarily chosen to € (0,7"). Then

Oeij(x,t) = On(de(2),t) + V1 (de(w), £) © du ()
= wv + (On(ee(x),0) " + [(0( 1))« (V)] ($e(2), 1) = kv

Since each ¢; : S* — S is a diffeomorphism, Im (1(-,t)) = Im (7(-, t)) for every t € (0,T), and it
is therefore unnecessary to distinguish between these two equations in the closed case. However,
returning to the case of proper curves v : R x [0,7] — X, it is no longer true that solutions
to (1.2.1) can be re-parameterised to solutions of (1.2.2) without changing their image. It is

therefore important to distinguish these two equations from one another.

We have already seen existence and uniqueness in the case our curve is closed (Theorem 1.0.2).
In fact, in the plane, the following existence and uniqueness result was shown by JOSEPH LAUER

after dropping the regularity of the initial data to a finite length Jordan curve.

Theorem 1.2.9 (Lauer, [Laul3, Theorem 11.1]). Let J C R? be a finite length Jordan curve.
Then there exists a continuous parameterisation ny : ST — R? of J so that the following is true:
there exists T > 0, and a unique continuous function n : S x [0,T) — R? with initial data
n(-,0) = no such that

(i) m is a solution to CSF on S' x (0,T);
(ii) the length of Im (n(-,t)) converges to the length of J ast 0.

Despite these results in the closed case, similar fundamental questions regarding existence and

uniqueness in the non-closed case remain open.

Given any properly embedded Lipschitz curve in the plane, a result due to KAI-SENG CHOU &
X1-PING ZHU shows that there always exists a properly embedded solution to curve shortening

flow starting from this initial data.

Theorem 1.2.10 (Chou-Zhu, [CZ98]). Let vy : R — R? be a properly embedded, locally Lipschitz
curve. Then there exists T € (0,00] and a continuous map v : R x [0,T) — R? such that

(i) v is smooth and solves (1.2.1) on R x (0,T);

(ii) (-, t) is a smooth properly embedded curve at each time t € (0,T);

(1) (-, 0) = 0.
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Suppose the initial data vy : R — R? is a properly embedded, locally Lipschitz curve with a
graphical representation. That is, there exists ug : R — R such that, in Cartesian coordinates
on R?,

Yo(z) = (@, uo(z)), VzeR.

Due to earlier work of KLAUS ECKER & GERHARD HUISKEN, we know the existence of a

solution which is also an entire graph at every time.

Theorem 1.2.11 (Ecker-Huisken, [EH89], [EH91]). Given any locally Lipschitz entire graph
ug : R — R, there exists a continuous function u : R x [0,00) — R with initial data u(-,0) = ug
such that

(i) The graph of u(-,t) is an entire locally Lipschitz graph;
(i) The map R x (0,00) > (x,t) — (x,u(z,t)) is smooth and solves equation (1.2.1).

Moreover, within the class of entire graphical solutions, PANAGIOTA DASKALOPOULOS and
MARIEL SAEZ proved uniqueness.

Theorem 1.2.12 (Daskalopoulos-Saez, [DS21, Theorem 1.1]). Fiz T > 0 and let u; : R X

[0,T) — R be two continuous functions such that

(i) uy(-,0) = uz(-,0), with image a locally Lipschitz graph.

(ii) The maps R x (0,T) > (x,t) — (x,u;(x,t)) are smooth and solve equation (1.2.1).
Then uy = ugy on R x [0,T).

Given some smooth, properly embedded curve (-, 0) in X, it is natural to ask whether solutions

to (1.2.1) starting from this initial data exist and if they are unique within a particular class.

1.3 Main results

Although we were motivated by (34 1)-dimensional Ricci flow spacetimes, we shall consider the
(2 + 1)-dimensional case as a concrete starting point. The following theorem shows that, for a

complete (24 1)-dimensional Ricci flow spacetime, worldlines always persist until the final time.

Theorem 1.3.1. Let (M?*1,t,0;,g) be a complete Ricci flow spacetime with I = (0,T). Then

M is expanding. That is, the vanishing times

T, :=supl, =T, Vre M.

As seen in Example 1.1.8, we cannot expect a general complete Ricci flow spacetime to be
cylindrical. This leads us to formulate the following regularity hypotheses that we shall impose

on our spacetimes.
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Definition 1.3.2. Let (M"! t 8;,9) be a Ricci flow spacetime. For any s,t € I, define the

temporal closure of the time slice M at time ¢ to be
M(t) i={x € My:s€ L.} D Mt).

We say that the Ricci flow spacetime is continuous if

(Ms(t)° = Ms(t), Vs,tel.

This condition prevents cusps from being capped off as in Example 1.1.8 (see Lemma 5.2.5).

For the next condition, we need the definition of a time-preserving path from [KL17].

Definition 1.3.3 (Kleiner-Lott, [KL17, Definition 1.11]). Let (M, t, 9, g) be a Ricci flow space-
time. Suppose J C [ is an interval and let n : J — M be a smooth path. We say that 7 is
time-preserving if

ton(t)=t, Vtel

Given a point in spacetime, we may ask how far backwards in time we can see from that point.
More precisely, consider every time-preserving path ending at this point, and then take the

infimum of their starting times.
Definition 1.3.4. Let (M,t,0;,g) be a Ricci flow spacetime. Define the hindsight function
h: M —1Thby

h(z) :=inf{s € I : there exists a time-preserving path 7 : [s, t(z)] — M with no t(x) = z}.

The following condition, in conjunction with continuity, rules out any auxiliary data from being

added at positive time.

Definition 1.3.5. Let (M, t, 0, ¢g) be a Ricci flow spacetime with inf I = 0. M is said to be
initially determined if h = 0, where h denotes the hindsight function (see Definition 1.3.4).

With these extra hypotheses, complete (2 4+ 1)-dimensional spacetimes are in fact cylindrical.

Theorem 1.3.6. Let (M2t t,0;,9) be a complete, continuous and initially determined Ricci
flow spacetime with I = (0,T). Then I, = (0,T), for every x € M.

Corollary 1.3.7. Let (M?*1 t,0;,9) be a complete, continuous and initially determined Ricci
flow spacetime with I = (0,T). Then there exists a connected smooth surface M? such that
(M2FL 4.0, g) is isomorphic to a complete Ricci flow on M x (0,T). That is, there exists a
smooth diffeomorphism ® : M — M x (0,T) such that

(i) For each t € (0,T), the restriction ® : My — M x {t} is a diffeomorphism;

(ii)) t=1to®, wheret: M x (0,T) — (0,T) denotes the standard projection map;

13



(i) Bo(0)) = 2
(iv) ®.(g(t)) is a complete Ricci flow on M x (0,T).

Although we have an existence theorem for solutions to curve shortening flow within the class
of properly embedded solutions, it turns out that this class is too large to expect a uniqueness
theorem to hold.

Example 1.3.8. There exists a continuous map 7 : R x [0, 00) — R? such that
e v is smooth and solves (1.2.1) on R x (0, c0).
e (-, t) : R — R? is a proper embedding, for every ¢ > 0.

e Im (v(-,0)) is an entire locally Lipschitz graph over the z-axis, but Im (y(-,t)) is not a

graph over the z-axis, for any ¢ > 0.

In conjunction with the existence result of Ecker-Huisken (Theorem 1.2.11), this example shows
that the Cauchy problem for properly embedded curves is ill-posed. In light of this, we introduce

the following sub-class of solutions.

Definition 1.3.9. Let (X,g) be a complete Riemannian surface and T € (0,00). We say that
v:R x [0,T] — X is a uniformly proper solution to CSF (in X) if

i) v: R x [0,7] — X is a continuous proper map.
ii) v(-,t) : R — X is a smooth proper embedding V¢ € (0,T].
iii) ~y is smooth and solves (1.2.1) on R x (0, 7).

Remark 1.3.10. We restrict ourselves to solutions that are proper as a map on space-time to
avoid tangential re-parameterisations which get arbitrarily bad as ¢ goes to zero. We shall see
that Example 1.3.8 is not a uniformly proper solution, which shows that the family of curves
being uniformly proper (in time) is a necessary condition to impose on a class of solutions in
which you expect uniqueness. Moreover, requiring our solution to be uniformly proper is also

sufficient for the usual avoidance principle with closed curves to hold (see Theorem 4.2.4).

Within the class of uniformly proper solutions to CSF, the only solution starting from a properly

embedded geodesic in the plane is the static solution.

Example 1.3.11. Consider any uniformly proper solution v : R x [0,7] — R? to CSF, with
initial data (-,0) a parameterisation of the z-axis. Closed circles evolve homothetically under
CSF, with radius at time ¢ given by the equation R(t) = \/R(0)2 — 2t. Fix ¢ > 0 and choose
R(0) sufficiently large so that
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Consider the family of circles, all of radius R(0), centred at each point along the lines
{y = £(R(0) + ¢)}. For any one of these circles, it is initially disjoint from the z-axis, and
by Theorem 4.2.4, our uniformly proper solution v must avoid these shrinking circle as they
simultaneously evolve under CSF. In particular, for any ¢ € [0, 7], we have trapped the image
of our solution (-, ¢) within the 2e-tubular neighbourhood of the z-axis. Thus, our solution

must coincide with the static solution.

Definition 1.3.12. Let (X2, ) be a complete Riemannian surface. We say that CSF is unique
on (X,g) if, for any pair of uniformly proper solutions +; : R x [0,7;] — X to CSF (see
Definition 1.3.9) with the same initial data

v1(x,0) = y2(x,0), VzreR,
then their images agree wherever they are both defined
Im(71(-,t)) = Im(y2(+ 1)), Vte€ (0,77,

with T := min{Tl, T2}

ToMm ILMANEN remarks that for surfaces with no lower curvature bound, it is possible for curves
to bloom at infinity and rush inwards under CSF [[lm94, Remark 3.6]. Drawing parallels with
the heat equation, this property is analogous to stochastic incompleteness, whereby heat is
allowed to instantly escape at infinity. Returning our attention to Example 1.3.11, we see that

for surfaces that allow curves to bloom at infinity, our geometric proof of uniqueness now fails.

Example 1.3.13. Let § = dz? + e2¢’(“’)dy2 be a complete metric on the plane R%. Consider
any uniformly proper solution starting from the x-axis. Since the z-axis is still a geodesic
with respect to this metric, we would like to show our solution is the static solution by the
same reasoning as in Example 1.3.11. However, we suppose that g is chosen in such a way
that vertical lines bloom at infinity. That is, there exists a smooth function z : (0,00) — R
such that limy\ o x(t) = oo, with the property that the vertical lines {x = z(t)} are evolving
under CSF in (R?,g). Since these vertical lines define a uniformly proper solution (see §4.2), by
Theorem 4.2.4, every closed curve moving under CSF is instantly pulled in from infinity, and

we no longer have control of the non-closed solution at infinity. See §4.3 for more details.

We demonstrate non-uniqueness by constructing a geodesic line within such a surface that can

start moving (without any forcing term) under curve shortening flow.

Theorem 1.3.14. There exists a smooth, complete metric g = dm2+62¢(m)dy2 on the plane and
a uniformly proper solution y : R x [0,1] — R? of CSF in (R2,g) with initial condition ¥(-,0) a

parameterisation of the x-azis, such that for all t > 0, the curve Im(~y(-,t)) is not the x-axis.

Corollary 1.3.15. There exists a Riemannian surface (X2,G) on which CSF is not unique (see
Definition 1.3.12).
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Within the class of rotationally symmetric metrics on the plane, we are able to formulate a more
precise notion of what it means for a metric to allow curves to bloom at infinity. Given the
usual action of the orthogonal group O(2) on R?, consider a complete smooth O(2)-invariant

metric g on the plane. In polar coordinates (r, ), the metric has the form
g = dr? + 29 4p? (1.3.1)

for some smooth warping function ¢ : (0,00) — R. Under equation (1.2.1), the radii of the
circles OBg := {(R,0) : 6 € S} solve the ODE

OR 0¢
St =~ 2 (R(). (1:3.2)

We characterise such a metric to allow blooming at infinity if solutions to this ODE can come

in from infinity in finite time:

Definition 1.3.16. Consider the plane (R?, g) equipped with a complete smooth O(2)-invariant
metric, so that in polar coordinates it has the form g = dr? + 2>?(")d#? as in (1.3.1). We say
that g allows blooming at infinity if there exists T' € (0, 00) and a solution R : (0,7") — (0, 00)
to the ODE (1.3.2) such that R(t) — oo as t N\ 0. If no such solution exists, we say that g does

not allow blooming at infinity.

Within the class of smooth complete O(2)-invariant metrics which have non-positive curvature,
we prove that if a metric does not allow blooming at infinity, then with respect to this metric

we have uniqueness for uniformly proper solutions to CSF which start from a radial geodesic.

Theorem 1.3.17. Consider a complete smooth O(2)-invariant metric g with non-positive
curvature on the plane. Let v : R x [0,T] — R? be a uniformly proper solution to CSF starting
from the x-azis. If g does not allow blooming at infinity then ~ s the static solution to CSF.
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Chapter 2
Background

In this chapter, we introduce relevant notation, as well as give a brief overview of many of the

results from the literature we utilise in this thesis.
Notation:

We write a < b if there exists a constant C' > 0 such that a < C - b. If the constant C' depends
explicity on certain values ai,...,a;, we write this as a Say,..a, 0. We also establish the
following conventions for function spaces. Given a space F'(X) of functions u : X — R on some
topological space X, we define the space Fj,.(X) to be those functions v : X — R satisfying
the following: for every x € X, there is a neighbourhood x € U C X such that v restricted to
U is in F(U). Moreover, we define the space

F.(X):={ue F(X) :supp(u) € X}.

2.1 Parabolic Holder spaces

Given a subset Q C R™, let C°(£2) denote the Banach space of bounded real-valued continuous

functions on Q. For a € (0, 1], define the a-Holder semi-norm to be

[u] O sup |’LL(£C) — u(y)|
a,) =
rF#Yye) |$ - y|a

)

and hence the space of a-Hé6lder continuous functions by
c%(Q) ;== {ue %) : 1wl co.e(qy < oo},

where

[ullcooq) = llull e (@) + [ula.g-
Remark 2.1.1. In the case 2 € R is an open interval say, then any a-Holder continuous function
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has a unique extension to a a-Holder continuous function on the closure Q. As such, the space
we call C%%(Q) is often denoted by C%*(Q) in the literature, and what we call C{L?(Q) is often
denoted by C%*(Q).

Given any multi-index a := (a1, ...,ay) € (Ng)", we denote the partial derivative of index a by
o™ Q%
D%u(z) := — o0+ 0 ——u(x).
(x) e D (2)

We call |a| = a; + - - - + ay, the order of the partial derivative. Given k € N, define the space of
continuously differentiable functions of order k, denoted by C*¥(f2), to be

CHQ) = {u: Q= R: D e C*Q), Va € (Np)" with |a| < k}.
This is a Banach space with respect to the norm

[uller ) = Z [ D" ul| oo (-

la|<k

Define the Holder space
Ch(Q) = fu € CH(Q) : ullgraq) < o},
where

[ullcray =D 1D ullcoaqy-
la| <k

Consider now Q7 :=Q x (0,7) C R"™ x R. Define the parabolic distance on Q7 to be
1
dp((z,t), (y,s)) == max{|x —y|,|t — s|2}, V(z,t),(y,s) € Qx(0,T),

and the parabolic a-Hélder semi-norm to be

[ulper == sup Jul(z, 1)) — u((y, 5))|
Qr ¢ (2,)#(y,8)€Qr dp((z,1), (y,$))*

Using this semi-norm instead, we can define the space of parabolic a-Hélder continuous functions
PY(Qr) == {u e C'Qr) : 1wl po.e (o) < o0},

where

||u||P0»a(QT) = ||U||Lo<>(QT) + [u] pe o

Given a multi-index a = (ag, a1, .. ., a,) € (Ng)"*!, we define the parabolic partial derivative of
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index a by

ao a1 An
D%u(x,t) := 0 0 0

= 97 © 5 © O )

We call |a|p = 2ag+aj + - - - + a,, the parabolic order of the partial derivative. Define the space
P*(Qp) :={u: Qr — R: D% e C°(Qr), Va € (No)"*! with |a|p < k}.
This is a Banach space with respect to the norm

[ull pr(ap) = Z [ D*ul| Lo ()

lalp<k

Define the parabolic Holder space
PR Q) := {u € PHQ1) ¢ fullpro(ag) < oo,
where

HuHkao‘(QT) = Z ||Dau||P0,a(Q).

lalp<k

For any X C R", let C*°(X) := (), C*(X) denote the space of smooth functions. Note that, in
the case our domain X = Q admits a parabolic distance, then C*(Qr) = (0, P*(Qr) also.

2.2 Monotonicity of zeroes and the intersection principle

Let Q := (a1,a2) € R, Qp := Q2 x (0,T), and I'r := (2 x {0}) U (922 x [0,T)). Consider the
linear operator
L(u) = up — Az, t)uze + B(z, t)uy + C(x, t)u, (2.2.1)

with A € P?(Qr), B € CY(Qr) C € C°(Qr), where A(z,t) > X > 0, for some A > 0.

In his 1988 paper [Ang88], SIGURD ANGENENT describes the zero set of a solution to such a
linear parabolic equation at positive times. In particular, for non-zero solutions on a compact
parabolic rectangle with conducive auxiliary data (see Definition 2.2.1 below), the number of

zeros is finite and decreasing at positive times:

Given « € (0,1] and a function u € P?*(Q27), we define its zero set
Z = {(z,t) € QA x [0,T) : u(z,t) = 0},
and the zero set at time t € [0,7) to be

Zy={xeQ: (x,t) € Z}.
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For any zero (z,t) € Z, we say it is a simple zero if uy(z,t) # 0, and a multiple zero if

ug(x,t) = 0. We also define a function which counts the number of zeros at each time
z2:[0,T) = NoU{oo}, =z(t):=|Z.

The following definition specifies suitable behaviour for solutions on the parabolic walls of our
domain for which the following monotonicity theorem will hold. We thus refer to such behaviour

as being conducive.

Definition 2.2.1 (Conducive auxiliary behaviour, [Ang88]). We say that a function u €
P2%(Qr) is conducive if, for each i € {1,2}, either:

(i) u(a;,t) #0 Vte[0,T).
(i) u(a;t)=0 Vte|0,T).
The following theorem is taken directly from Angenent’s paper.

Theorem 2.2.2 ([Ang88, Theorems C & D]). Fiz a € (0,1] and let u € P>*(Qr) be a non-zero
conducive solution to L(u) =0 on Qp. Then fort € (0,T), z(t) is finite. Moreover, if x € Z;

1s a multiple zero of u, then

z(t2) < z(t1), foreach ¢ <t <to.

Although Angenent’s original result works for positive times, if all of the initial zeros are simple,

we may extend the monotonicity all the way up to the initial time:

Lemma 2.2.3. Fiza € (0,1] and let u € P>*(Qr) be a non-zero conducive solution to L£(u) = 0

on Qp. Suppose that 0 is a reqular value of u(-,0) : @ — R. Then [0,T) > t — 2(t) is decreasing.

Remark 2.2.4. Tt is actually possible to drop the assumption that 0 is a regular value of u(-,0)
in this lemma by modifying Angenent’s original argument. However, it will not be necessary to

do so for our purposes, and so we omit this added complication.

Proof. We first use the Whitney extension theorem (Theorem B.0.4), to extend u € C'(R?). By
our assumptions, we can apply the implicit function theorem at all zeros x € Zj to deduce that,
for some sufficiently small open neighbourhood U 3> Zj, and some sufficiently small time ¢y > 0,
the number of zeros of u(-,t) : U — R for t € (—tp,tp) is constant. Moreover, on the compact
complement 2\ U, we have that ug is non-zero. Therefore, after shrinking ¢y possibly, we can
conclude that every zero of u(-,t) is contained in U for t € (—to,%p), and hence z(t) is constant

for t € [0,9). This result now follows from Angenent’s original result, Theorem 2.2.2. O

This theorem is extremely useful for comparing how many times two solutions intersect one
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another. Consider the quasi-linear parabolic operator
Qu) = uy — Az, u, ug ) Uy + Bz, u,uy), (2.2.2)

with A(z, z,p), B(x,z,p) € C®(Q x R xR) and A(z,z,p) >0on Q xR x R.

Given two solutions ui,us € C°(Q x [0,7)) N C*®(Qr) of Q = 0, we define their intersection

number at time ¢ to be
I(t) := {z € Q:uy(x,t) = ug(x,t)}|, Vt>0.

We now apply Theorem 2.2.2 and Lemma 2.2.3 to the difference u; — us.

Theorem 2.2.5 (Graphical intersection principle). Let ui,us € C®(Q x [0,T)) be two distinct
solutions to Q@ =0 on Qp, where their difference u; — ug is conducive. Then I(t) is decreasing
and finite, for allt € (0,T). Moreover, if ui(x,t) = us(z,t) and %1;1 (z,t) = 292 (z,t), then

L
I(ts) < I(t)), foreach # <t < t.
Finally, if 0 is a regular value of u1(-,0) —ua(+,0) : @ — R, then [0,T) >t~ I(t) is decreasing.
Proof. Setting v := uy — ug and u(s) := suy + (1 — s)ug, we have the differential equation
Az, ur, (u1)z)(U1)ze — Bz, ut, (u1)z) — Az, wo, (u0)z)(Uo)ze + B(x, ug, (uo)z)
/85 (. u(s). (u(5))) (u(5) ) — Bl us), ()] ds
- / Ale,ul(s), (u()2)ds] 0
[ (B smme@M—ﬁmwmwmﬂﬂ%
|

(B ). ()0l — St o)) ) ] o

= A2, t)vze — B2, t)vy — C(x, t)v
In particular, define the linear parabolic operator
L(u) = uy — A2, ) ugs + Bz, )ug + C(z, t)u.

Note that A, B,C € C>(Qr) and so there exists some lower bound C > —Cj on Qp. Moreover,
since our original solutions u1,us € C®(Qr), the C'-norms of u(s) are uniformly bounded for

€ [0,1]. By compactness, A(z,u(s), (u(s));) is bounded below by a fixed positive constant
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A > 0, and hence
3 1 1
A1) :/ Az, u(s), u(s),)ds >/ Nds =), ¥(xt) € O
0 0

This means £ is strictly parabolic on Q7. We can then apply Theorem 2.2.2 and Lemma 2.2.3
to v, which yields the result. O

By considering two solutions to CSF, around any intersection point, we can write them locally
as graphs which solve a suitable quasi-linear parabolic equation. Applying the previous theorem

gives the following intersection principle, also originally due to Angenent.

Theorem 2.2.6 (Intersection principle, [Ang91, Theorem 1.3]). Let My, My be a pair of com-
pact (possibly with boundary) 1-dimensional manifolds. Let n; : M; x [0,T] — X be two continu-
ous maps which solve CSF (1.2.1) on M;° x (0,T). Suppose we have the boundary conditions

O(Im (1 (-,t))) NIm (n2(+, 1)) = Im (n1(+,£)) N O(Im (ma2(-, 1)) = 0, ¥t €[0,T].
Then the intersection number between the solutions
L(t) = \{(xl,xg) c M1 X MQ : 771(.%1,15) = T]Q(xg,t)}‘,

is finite and decreasing for t € (0,T).
As a corollary to this, we can quickly deduce the following version of the avoidance principle.

Corollary 2.2.7. [Avoidance principle] Let My, My be a pair of compact (possibly with bound-
ary) 1-dimensional manifolds. Let n; : M; x [0,T] — X be two continuous maps which solve
CSF (1.2.1) on M;° x (0,T). Suppose we have the boundary conditions

O(Im (m(+,£))) N Im (2(+, 1)) = Im (m1(, 1)) N O(Im (ma(:,£))) = 0, Vi € [0,T].
Moreover, suppose that the solutions are initially disjoint
Im(n1 (-, 0)) N Im(ra (-, 0)) = 0.
Then the solutions remain disjoint at all later times
Im(nm1 (-, 1)) N Im(na(-,8)) =0, vt € [0,T].

Proof. If d denotes the distance function on (X,g), then the function d : My x My x [0,T] —
[0, 00),
d(Il, X2, t) = E(nl (1131, t)v 772(:627 t))v
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is continuous. Since M; x Ms is compact, the function D : [0,7] — [0, c0),

D(t) := inf D(xy1,x9,t), ¥Vte[0,T],
({El,{EQ)EMl X Mo
is also continuous. D(0) > 0 since our solutions are initially disjoint. By continuity, D remains
positive for a small time. In particular, ¢(t) = 0 for some arbitrarily small positive times, which

by the intersection principle (Theorem 2.2.6), implies ¢ = 0. O

Sometimes, we may want to apply the avoidance principle with one of the solutions replaced
with a subsolution or a supersolution to the equation. In order to do this, we need some ordering
of the solutions that respects this distinction. As such, we state a suitable avoidance principle
for graphical solutions, where this ordering can be stated easily, and then apply this theorem

locally on a case by case basis depending on the geometry of the situation.

Theorem 2.2.8 (Graphical avoidance principle). Let Q be a quasi-linear operator as in (2.2.2),
and fix ug,uy € P>*(Q7) for some o € (0,1]. Suppose Quy < 0 and Quq > 0 on Qp. Ifug < uy
on I'r, then ug < up on Q.

Proof. Setting v := u; — up and u(s) := suj; + (1 — s)ug, we repeat the construction of the
strictly linear operator L from the proof of Theorem 2.2.5, and deduce that E(v) > 0 on Qrp.

Therefore, by the maximum principle (Theorem A.0.1), we have

v(x,t) > min{O,ilpf (veCO(T_t))} >0, VY(z,t)€Qr. O
T

2.3 Ricci flow spacetimes

Let (M"+1 t,0;,g) be a Ricci flow spacetime. Since d; is a smooth vector field on M, we can
consider its maximal flow {(z,t) e M x I :t € I,} — M, mapping (z,t) — x(t). The following
are standard properties of the flow (e.g see [Leel3])

(a) The set of points we can flow for time t, M® := {z € M : t(z) +t € I}, is an open
subset of M, for every t € R.

(b) The map M® — MY sending z — z(t(x) + t), is a smooth diffeomorphism.

For any s,t € I, consider flowing all of the points in the spatial slice at time s into the spatial
slice at time ¢. This is M,(¢) in the notation from Definition 1.2.6. Similarly, consider M,(s),
which we get from flowing all of the points in the spatial slice at time ¢ into the spatial slice at
time s. Since M,(t) = M; N MG (a) tells us that M,(t) is open in M;. Similarly M;(s)
is open in M. Then by (b), we have the smooth diffeomorphism M;(s) — M,(t), mapping
x +— x(t). In particular, can conclude that the flow of 0; preserves open subsets within our

spatial slices:
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Lemma 2.3.1. If U C M is open for some s € I, then U(t) C M is open, Vt € I.

Proof. U N M,(s) is open in M, whose image under the diffeomorphism M;(s) — M,(t),
x+— x(t), is U(t). Since M,(t) is open in My, the result follows. O

Fix an open subset of a time slice, U C M, for some s € I. Given an interval J C I, we define
the parabolic cylinder
U(J) = JUt) c M. (2.3.1)

teJ

For x € M and r > 0, consider the special case where U is the ball centred at x of radius r
B(z,r) := By (z,7) € M)
In the language of equation (2.3.1), we set
Cla,r) = [B(z,r)](t(x) = r? t(z) +r?),

to be the parabolic cylinder centred at x of radius r.

Given a general parabolic cylinder U(J), we say that it is unscathed if J C Iy (see Defini-
tion 1.2.6). Since t is a smooth submersion, for any € M, there exists smooth coordinates
(z1,- -+, xpn,t) locally around z, so that 0, - z; = 0 for i € {1,...,n}. In particular, we can

choose r > 0 sufficiently small so that the parabolic cylinder C'(z,r) is unscathed.

Lemma 2.3.2. Fix s € I. For any open subset U C My, and any open sub-interval J C I, the
parabolic cylinder U(J) is open in M.

Proof. Fix x € U(J). For r sufficiently small, the parabolic cylinder C(x,r) is unscathed
and open in M. Since U(t(x)) is open in My, and J is open in I, shrinking r if necessary,

C(x,r) CU(J). O

Lemma 2.3.3. Fiz s € I. Suppose K € My. Then there exists an open sub-interval J C I

containing s, such that K(J) is unscathed.

Proof. Cover K by sufficiently small, unscathed parabolic cylinders centred at points in K, and

use the compactness of K. O
Consider now the map ¥ : U(J) C M — U x J, given by the inverse of the flow lines of J;

U(z) = (x(s),t(z)), VxeU(J).
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This is a diffeomorphism onto it’s image V(U(J)) = {(z,t) € U x J : t € I;}. Note that

(0)(0) = %, and the push forward of the metric satisfies the usual Ricci flow equation

0

570+(9) = Va(La,9) = Wu(~2Ricg) = ~2Ric T.(g), on W(U(J)).

We call such a map, U : U(J) C M — U x J, cylindrical coordinates on U(J).

2.4 Brakke flows

The following is a collection of results regarding Brakke flows from the literature that we will

use later. We begin with some standard definitions (e.g see [Ilm94]).

Definition 2.4.1. Given a manifold X", let G(k, X) = X denote the Grassmanian k-plane
bundle over X. A k-dimensional varifold V in X is a Radon measure on G(k, X).

Note that, for a k-dimensional varifold V in X, the push-forward measure p := m (V) is a
Radon measure on X. Since we want to consider Brakke flows in X, we need to equip it with
a smooth metric (X, ). By Nash’s embedding theorem, we can find an embedding X™ «— RY.

Therefore, for x € X and A > 0, we can consider the re-scaled Radon measure on X

pzx(B) == A" u(\-B+1z), VBB

Given P € m~!(z) and m € N, we say that P is the tangent plane of x at = with multiplicity m
if
N k
/‘I/:L‘,)\ m:- 7_[ |P,

as A\, 0, where H* denotes the k-dimensional Hausdorff measure.

Definition 2.4.2. A Radon measure p on X is said to be integer k-rectifiable if, for p almost
every point x € X, there exists a tangent plane P of u at x, with some multiplicity m € N.
Given a varifold V| if its push-forward 7.(V') is an integer k-rectifiable Radon measure on X,

then we say that V is a k-dimensional integral varifold.

Definition 2.4.3 (Brakke, [Bra78]). A k-dimensional integral Brakke flow in (X™,3) is a 1-
parameter family of Radon measures on X, [0,7] 3 t +— p, so that

1. For almost every ¢ € [0,T7], there exists a k-dimensional integral varifold V' (¢) in X, such
that p(t) = m«(V(t)). Moreover, the first variation of V(¢) satisfies

SVi(Y) = —/ (Hy,Y)du, VY €To(TX),
X

for some Hy € L2 .(TX, ).
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2. If f € CH(X™ x [0,T]) with f > 0, then

T
/f(‘aT)dMT_/ f(-,O)duog/ /(—|Ht\2f+Ht~Vf+8tf)dutdt. (2.4.1)
X X 0 X

One major benefit of working with this weaker notion of solution is that they enjoy the following

compactness theorem.

Theorem 2.4.4 (Ilmanen, [Ilm94]). Suppose that [0,T] > t — puy is a sequence of integral

Brakke flows in (X™,q). Assume that we have locally uniform volume bounds:

sup sup py(K) <Cg <oo, VK € X.
neNt€[0,T]

Then, after passing to a subsequence, we have
1. pp — p, for every t € [0,T);
2. 10,T] > t — uy is an integral Brakke flow;

3. For almost every t € [0,T], after possibly passing to a further subsequence which depends
on t, the associated varifolds converge weakly V"(t) — V().

The following theorem gives a local area bound for Brakke flows in general ambient spaces.
Although the statement and proof of this theorem presented here are original, I believe similar

results are likely to exist in the literature.

Lemma 2.4.5 (Local area bound). Let [0,7] > t — ¢ be an k-dimensional Brakke flow in
(X", 9). Given xg € X and p > 2, choose 0 > 0 such that secg > —o, in Bg(xo,2p). Then, for

2

any t € [to,to + m] C [0,T] we have
t
e (B(xo, p)) + / / |H, |*dprdr < 8py, (B(xo,2p)). (2.4.2)
to J B(zo,p)
Proof. Consider the metric g, := dr? 4+ o~ 1sinh(y/o7)ggn-1 on [0,00) x S"~1 of constant

sectional curvature —o. If d, denotes the distance function from {r = 0}, then by a direct

calculation (e.g see [Pet06, Section 2.3]) we have

V2dy(r) = /o coth(v/or)(ge — dr?).

In particular
V2de(r)(X,X) < Vo, Vr>1,

where X is any unit tangent vector (with respect to g,). Let d denote the distance function in

(X,9) from x9. Working within Bg(xo,2p) \ Bg(xo, 1), we can apply the Hessian comparison
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theorem to get a lower bound

k k
Od=-> Vid(ei,e;)) > — > V?ds(6i,6) > ko,

i=1 i=1

and hence
Od? = 2d - Od — 2k > —(2k + 4kp\/o).

We now smooth out the distance function on B(xg,1) to get a lower bound within the entire
ball B(zg,2p). Define x : R — R by

with x” € [0,1] and x” € [0,2]. Choosing C := 2(k + 1) + 4kp\/o, we then have
O (x(d*) = x'(d*) - Od* = X"(d*) - [Vd|* = ~C,
inside the entire ball B(xg,2p), and hence
O (x(d®) +C - (t —t9)) > 0.

Therefore, the cut-off function

2 C( 3
flat) = <1—X(d)+46;2 ( t°)>+,

satisfies Jf < 0 in the region B(xg,2p) X (to,to + p*/C). By the defining property of a Brakke

flow, we have

/f('vt)dﬂt—/f(-,to)d/ito S//(—ﬂHTIQ T,Vf)+af) dpindr
//( P+ ) dr
- / [ 111 P

For any point (z,t) with x(d?) < p and t € [tg,to + p?/C], we have

1/8:(1”4:2") < fla,b),
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and hence

t
t
pe B+ [ [ Pdgedr <5 | [ 560du [ [ 51 Pdur
to J B(zo,p) i

<8 [ 1 to)di,
< 8ty (B(xo,2p)) . O

Remark 2.4.6. Note that in the special case that (X, g) is Euclidean space, then we can choose
f to be a simpler cut-off function (see equation (2.4.4)) and C' = 2k. We then recover the local

area bound in Euclidean space due to Ecker.

Lemma 2.4.7 (Ecker, [Eck12, Proposition 4.9]). Let [0,T] > t — u; be an k-dimensional
Brakke flow in RN . Given any p > 0, for zo € RY and t € [to, to + %] C [0,T], we have

t
mwmwm+//“ (H, [Py dr < Sugy (Blxo,2p)) (2.4.3)
to B(Z‘O 7p)

For the remainder of this section we restrict ourselves to the case of a Brakke flow in Euclidean
space. Given any point in space-time Xg := (z0,%9) € RY x (0,00), let ®x, : RY x (—oc0,tg) —
(0,00) be a re-scaled (depending on k) solution to the conjugate heat equation on R¥ starting
from the Dirac measure centred at the point Xj:

|z —xq|2

Dy, (2,t) := (A7 (to — £)) 2 e 10| V(x,t) € RN x (—o0, o).

The following definition was introduced by T0OBIAs COLDING and WILLIAM MINICOZZI.
Definition 2.4.8 (Colding-Minicozzi, [CM12]). Given a Radon measure x4 on RY, and a point

in space-time Xo = (w9, t0) € R x (0, 00), let

Mt Xo) = / D, (2,0) du(x).
Define the k-entropy of u to be

A(p) == sup  Ag(p, Xo).
Xo€eRN x(0,00)

A related concept to the entropy of a measure is the area ratio of a measure, which will be used
later in the statement of a pseudolocality result.

Definition 2.4.9. Given a Radon measure p on RV, a point € RY and r > 0, let

p(B(z, 7))

Al ) 1= 20
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where wy, denotes the measure of the unit ball in R*. Define the k-area ratio of u to be

Ap(p) == sup  Ag(p,z,7).
z€RN >0

Using integration by parts, one can show that the k-entropy and the k-area ratio of a Radon

measure are comparable. A reference for this can be found in recent work of BRIAN WHITE.

Theorem 2.4.10 (White, [Whil9, Theorem 9.1]). There exists c;, > 0 such that, for any Radon

measure 1 on RY,
ck - Ae(p) < Ap(p) < Aw(p).

Remark 2.4.11. Of course, these two values could be infinite for a given Radon measure, but the
proof given by White shows that if either one is infinite, then the other must also be infinite,

and the inequality still holds.

For any R > 0, define the cut-off function

22kt °
W) , V(z,t) € RY x (—00, 00), (2.4.4)

fr(@,t) = (1 - e

_l’_

and for any point Xy := (70,%9) € RY x (0,00), the re-centred function fr x,(z,t) = fr(z —
xo,t — t())

Definition 2.4.12. Let [0,T] 3 t + p; be a k-dimensional Brakke flow in RY. For any point
X0 := (x0,t0) € RN x (0,T] and R > 0, define the R-local Gaussian density ratios at the point
Xp to be

GR(MMXOvT) = /N (I)Xo ($,t0 - TQ) ) fR,Xo(:CatO - TQ)thQ—T2 ('T)a Vr e (07 \/% ] (2'4'5)
R

Remark 2.4.13. If we knew that u; has finite entropy, we could remove the cut-off function in

equation (2.4.5), and instead define the Gaussian density ratios at the point Xy by

O (s, Xo, ) = / By, (2, to — r)dpugy 2(x), V€ 0,V |.
X

However, for a general Brakke flow, we cannot be sure that this integral is well-defined, and so

we consider the local version instead.

The following monotonicity formula was originally discovered by GERHARD HUISKEN in the
setting of mean curvature flows, before being extended to weak flows by ToM ILMANEN and
localised by KLAUS ECKER.

Theorem 2.4.14 (Huisken-Ilmanen-Ecker, [Hui90], [Ilm95], [Eck12]). Let [0,T] >t — put be a
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k-dimensional Brakke flow in RN . Fiz Xo := (z9,t0) € RN x (0,T] and R > 0. Then the map

(0,vto | 2 7= O (s, Xo,7),

1s increasing in r. Moreover, the limiting value
@(Ma X) = lim @R(Mb Xo, 7’),
r\0

1s independent of R, known as the Gaussian density of the Brakke flow at Xj.

Corollary 2.4.15. Let [0,T] > t — u; be a k-dimensional Brakke flow in RN. Then the
k-entropy [0,T] 2 t — Ai(ue) is a decreasing function. Thus

sup Ag(pe) Sk Ae(po)-
te[0,T)

Given a Brakke flow (0,7) >t — p; in RV, and a point in spacetime X € R? x (0,7, we say
that X is a regular point if for some small space-time neighbourhood U > X, the Brakke flow
corresponds to a smooth mean curvature flow inside of U. For the following class of Brakke

flows, we can use the Gaussian density to infer regularity of the flow about a point.

Definition 2.4.16. A k-dimensional Brakke flow [0,T) > t — p; in RY is unit-reqular if, for
every space-time point X € R¥ x (0,7') with unit Gaussian density ©(u¢, X) = 1, X is a regular

point.
This class of Brakke flows is useful due to the following result.

Theorem 2.4.17 (Schulze-White, [SW16]). The class of unit-reqular Brakke flows is closed
under weak convergence of Brakke flows. Moreover, there exists €gqp(k, N) > 0 such that, if
[0,T) >t p is a unit-reqular k-dimensional Brakke flow in RY, and (1, X) < 1+ €4ap for
some space-time point X € RY x (0, T), then X is a regular point.

Given a point (zg,10) € RF x RV =% and r > 0, define the box
I(zo,y0) == {(z,y) e RN : |z — xo| <, |y — yo| <7} = B¥(x0) x BN *(yo).

The following pseudolocality result is due to ToM ILMANEN, ANDRE NEVES & FELIX SCHULZE.

Theorem 2.4.18 (Ilmanen-Neves-Schulze, [INS19, Theorem 1.5, Remarks 1.6]). Let [0,T) >
t — py be a unit reqular k-dimensional Brakke flow in RY, with k-area ratios bounded by D.
Let My := supp(pt). Then for any n > 0, there exists €,6 > 0 depending on n,k,n and D such
that, if (z0,y0) € Mo and Mo I1((z0,v0)) can be written as a graph over B¥(xq) with Lipschitz
constant less than e, then for each t € (0,6%), MyNIs(xo,v0) can be written as a Lipschitz graph
over Bg“(xo), with Lipschitz constant less than n, and height bounded by nd.
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Chapter 3

Graphical curve shortening flow

with respect to warped metrics

Here we introduce some results about the long-time existence and regularity of graphical solu-
tions to curve shortening flow with respect to different metrics on the plane. Later, we shall
use these solutions as approximations to proper solutions, as well as solutions to foliate regions

of our space-time with.

3.1 Graphical formulas

We begin by fixing a metric § := da? + ¢2*(®)dy? on the plane for some smooth ¢ : R — R,
where (z,y) are the standard cartesian coordinates. We will consider graphical solutions to
CSF with respect to this metric. That is, we suppose we have a curve satisfying CSF such
that you can either write z(y,t) as a function of y and ¢, or y(z,t) as a function of = and ¢.
Since ¢ is independent of ¥, a solution to CSF remains a solution after a translation along the
y-axis. In the case x(y,t), translating along the y-axis corresponds to a horizontal translations
of the graph, and in the case y(z,t), a vertical translation. As such, we refer to these cases as
horizontal or vertical graphs respectively. It is a routine calculation to show that the geodesic

curvature & of our curve is given by

B ¢'e?(e* + 222) — ey,

For a horizontal graph z(y,t): & z (3.1.1)
(e2? 4 22)2
LB (1202 19 ¢
For a vertical graph y(z,t) : k= Oetyu(yze™ +2) ;I—e Yoz (3.1.2)
(1+ey3)2

Substituting into (1.2.1) gives the graphical formulations for CSF on (R?,g)

O 1 R— (1 + xi) : (3.1.3)

) 2 2 2
e¢+xy e¢+:1:y
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which in divergence form is

Ty = 883; (e“b tan_l(xye_¢)) + ¢/ () <a:ye_¢ tan"! (z,e”?) — 1) .

yiECB / 1
= 14+ ———— 3.1.4
0= s e @) (14 s ). (314

which in divergence form is

yp = (%: (e_¢ tan_l(yxe‘b)) + ¢/ () (yz +e? tan_l(ywe¢)) )

Since we refer to these PDEs frequently throughout the rest of the thesis, we introduce the

notation
1 1

w(z,p) = T 2200 © 0,1}, v(z,p):= 22000 4 2

= c O7 —2¢(x) .
1+ p2e?? + p? (B |

With this notation, we have the quasi-linear operators

H(z) ==z — v(z, 2y)Tyy + ¢ (2)(1 + v(, xy):cz),
V(y) =Y — ,u(wvy:v)ymm - d)l(w)(l + u(:v,ym))yx,

so that equations (3.1.3) and (3.1.4) become H = 0 and V = 0 respectively.

We can consider what the geodesics in our space now look like. Since geodesics are invariant
under the flow, they are useful barriers. Setting x = 0 in equation (3.1.2) yields the first order
ODE

(y2e®)e + ¢/ () - (y2€?) - (1 + y3e*?) = 0.

Given an interval 2 5 0, we can solve this equation over € to give solutions

m

Z/a::e¢ /7€2¢—m2,

for each constant m with |m| < infg e?. Thus, we can parameterise the geodesics with a vertical

graphical representation over €0, by
{omp  R—=>R | |m| < igfed’,h € R},

where
m

m = h+/
om (%) 0 o) 02005 — 2

We note that oq ), parameterises the horizontal line {y = h}. For m # 0 however, o/ , #

ds, Vx €.

0 everywhere and the corresponding geodesic also has a horizontal graphical representation

Tim,h = (Um,h)_1~
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3.2 Existence and uniqueness for non-strictly parabolic equa-

tions

Recall the quasi-linear parabolic operator we considered in §2, equation (2.2.2)
Qu) :=u — Az, u, Uy ) Uy + Bz, u, uy),

with A(x,z,p), B(z,z,p) € C°(Q x R x R) and A(z,z,p) > 0 on Q x R x R. In one spatial

dimension, we can always write our operator Q in divergence form

Qu) :=uy — 8833 (a(z, u,uy)) + bz, u, uy), (3.2.1)

with A(z, z,p) = §&(z, 2,p) and b(x, z,p) = B(x, 2,p) + §2(x, 2,p) + $(x,2,p) - p.
Fix T < oo. Given ug € C%%(Q), and ¢ € P>%(Qr) satisfying the compatibility conditions of
order 0 (¢ = up on 02 x {0}), we consider the Dirichlet problem

Q(’LL) =0 in QT
u = 1up on O x {0} (3.2.2)
u=1 on {a,b} x [0,7T)

For each s € (0,T], we can restrict to the shorter time Dirichlet problem

Q(u) =0 in Q4
(Ds) == S u=uy on 2 x {0}
u=1 on {a,b} x [0,s)

The following theorem can be found in [LSU88]. The proof uses the existence theory for linear
operators and the Leray-Schauder principle to interpolate between the quasi-linear operator and

the standard linear heat equation.

Theorem 3.2.1 (Existence and uniqueness for strictly parabolic operators, [LSU88, Chapter
V, Theorem 6.1]). Suppose that for each M > 0 the coefficients of Q from (2.2.2) and (3.2.1)
satisfy

(i) B(x,2,0) >0, V(x,2)€QxR.

(i) AS L, lal, |21 S L+ pD), 1521 01 S L+ Ipl)?, V(z,2,p) € @ x [-M, M] x R.
(iii) 1 < A(z, z,p), V(x,2,p) € QA x [-M,M] x R.
Then there exists a unique solution u € P>*(Q2) to the Dirichlet problem (D).

Unfortunately, our operators H and V are not strictly parabolic (they fail to satisfy (iii)), since

both v(-,p) and u(-,p) tend to zero as p gets large. So, suppose now that our operator Q only
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satisifies criteria () and (i¢). We instead have the following short-time existence and uniqueness

theorem.

Theorem 3.2.2. Suppose that for each M > 0 the coefficients of Q from (2.2.2) and (3.2.1)
satisfy

(i) B(x,2,0) >0, V(x,2)€QxR.
(ii) AS L, lal, |52 S (L+ [pD), G2l 10l S (L+[p)?, V(z,2,p) € Q@ x [-M, M] x R.

Then, there exists s € (0,T] and a unique u € P>*(§s) such that u solves the Dirichlet problem
(Ds)-

Proof. We employ a standard trick of modifying the coefficients of the operator for sufficiently

large values of z and p.

Choose C' 1= 2 - [ug|c1(g) < oo and let x be any smooth bump function supported on [-2, 2]

and equal to 1 on [—1,1]. We define a new coefficient

- p s\ Oa S
CL(.’,E,Z,p) T CL(.’,E,Z,O) +/O' X (6) 87]9('%.’ Z, S) + (1 — X (6)) dS,
a new quasi-linear operator
Qu) = uy — — (a(z,u,uy)) + bz, u, uy),

and a class of new Dirichlet problems

(Ds) = € u =g on Q x {0}
u =1 on {a, b} x [0, s]
Observe the following:

e For any p < C, a(z, z,p) = a(zx, z,p), which means B(a;z,()) = B(z,2,0) and @ satisfies
(4)-

e We have that

and so 5%
~ a
Al <|—=|+1Z5 1L
Al <ig+1s
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e Using that a is smooth, we have that

2C

s Oa

la(z, z,p)| < sup |a(m,z,-)\+/ (‘8 !(%va)) ds + |p|
pe[-C,C| —2C P

da
= llall oo @x (= a1, 011 x [—20,2¢7) F HFp||L1(§><[—M,M]><[—2C,2(J]) +lpl < (1 +[pl)

e Similarly, from the equations

oa da p s\ 0%a
&(.I,Z,p) - &('ZE’Z,O) +/0 X (6) m(xa'z?‘s)ds’
oa Oa p s\ 0%
(rTx(:U’zvp) = 87;(5”7270) +/0 X <5> 8?@])('7;72:73)(157

we can use a being smooth to deduce that é satisfies (7).

Finally, since A = 1 outside of a compact set, Q satisfies (7i7). By Theorem 3.2.1, there exists
@ € P2%(Q7) solving (ET) Moreover, by the continuity of @ and 4,, there exists s € (0,7
such that

a(-t)|cr) < O, Vtelo,s].

In particular, since @ = Q on Q x R x [-C,C], we have that @ € P>*(£2,) solves (D).
Finally, if ui,us € P?(£)) are solutions to (D;), then by applying the avoidance principle

(Theorem 2.2.8) to their difference, we have u; = ug on . O

Corollary 3.2.3. Suppose that for each M > 0 the coefficients of Q from (2.2.2) and (3.2.1)
satisfy

(i) B(z,2,0) >0, V(z,2)€QxR.

(ii) A S al, 1321 S L+ [pl) | G2l 01 S (L+[p])?, V(z,2,p) € 2 x [-M, M] x R.
Then there exists a unique pair 7 € (0,T] and u : Q x [0,7) — R such that

(A) u solves (D).

(B) u € P>*(Qy), Vs € (0,7).

(C) If T < T, then u ¢ P>*(Q;) and limsup,_,,|u(-, s)|c1(q) = oo.
Proof. By the previous theorem
7 :=sup{s € (0,T] : Ju € P>%(Q;) such that u solves (D;)},

is well defined. By uniqueness the solutions agree on overlaps, and give a well defined, unique
function v : Q x [0,7) — R satisfying properties (A) and (B). For 7 < T, assume that
u € P2%(Q;). Then u(-,7) € C?*%(Q) and we can reapply Theorem 3.2.2 to get a solution
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i € P*%(Qyr4c) for some € > 0. By virtue of the PDE that they solve, u and @ piece together
to give u € P»%(Q,4.) solving (D,4.), contradicting the definition of 7. So u ¢ P%%(Q,).

Finally, assume that limsupg_, |u(:, s)|c1) = % < oo for some positive constant C' > 0.
Consider the Dirichlet problem (D) defined in the proof of Thoerem 3.2.2. By Theorem 3.2.1
there exists a unique @ € P%®(€),) solving (13;) Since @ = Q on Q x R x [~C,C], u also
solves (173) for s € (0,7). Therefore, by the uniqueness of solutions, @ is an extension of u in

P29(Q,), contradicting what we have just previously shown. O

3.3 Curve shortening flow as a Dirichlet problem

We consider the following Dirichlet problems, the first of which is for vertical graphs.

Vertical graphs

Let © € R and choose some initial data Y : Q@ — R. We trivially extend Y to a function on
Q x [0,00) by making it constant in time, so that using it for auxillary data will correspond to
fixing the endpoints of the arc. For each s € (0, 00), consider the Dirichlet problem for vertical
graphs

V(y)=0 in

Vi(s):= ) ’ (3.3.1)

y=Y on I'y

In order to apply our existence and uniqueness theorem, we must check the following bounds

on the coefficients of the operator V:

e When p =0, —¢/(x)(1+ u(z,p)) -p =0, for all (z,y) € 2 x R.

e Given a fixed positive constant M > 0, for any (x,y,p) € Q x [-M, M] x R, we have the

inequalities
p(z,p) <1,
le=*(®) arctan(pe?@)| < g Je¢@)| <1,

0

Z (=) (@) —

" (e arctan(pe )) 0,
0 (o) ON PP ~o(2) / <
o= (9@ arctan(pe?™) )| < T+ [¢/(2)] - [0 + [pl - 16/ (@) - () < (1+ Ip),

—o(z x —p(x T

|—¢' (@) <P+ e~ %) arctan (pe?! ))>\ <|¢'(@)] - p| + |¢' ()] - |e=*)] - 5 S0+ [p])-

Therefore, under the assumption that our initial data Y € P%%(Q) for some a € (0, 1], we can
apply Corollary 3.2.3 to our Dirichlet problem, to deduce that there exists 7" € (0,00] and a
unique maximal solution y : Q x [0,T) — R satisfying

(A) y € P>*(Qy), Vs € (0,T).
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(B) y solves V (s), Vs € (0,T).
(C) If T < oo, then limsup, ,7|y(:, s)|c1 () = oo

After applying interior Schuader estimates (Theorem A.0.4), we also have that y € Cp2(2 x
(0,7)).

Horizontal graphs

Given ¢ € R, consider the unique maximal solution to equation (3.1.3) starting with constant
initial condition x = c¢. We note that this solution remains constant in y at all later times, and
so the corresponding curves will always be straight lines parallel to the y-axis. We denote this
solution by ¢(t). From the equation H = 0, we see that ¢ : [0,7”) — R is the maximal solution

to the ODE 5
C=d(c(t), c0)=ceR

ot
Given some initial data ¢ € R, we say that c(t) is immortal if our solution exists for all positive
times ¢ : [0,00) — R.

Unlike for vertical graphs where we keep the endpoints fixed, we will instead use these solutions
c(t) for the auxiliary data. For each ¢ € R with ¢(¢) immortal, and s € (0,00), consider the

Dirichlet problem for horizontal graphs

H(z) =0 in (0,1) x (0,s)
He(s) = qux=c on [0,1] x {0} (3.3.2)
x(0,t) = c(t), =(1,t) =c Vte (0,s).

so that on the parabolic wall {y = 1} the endpoint of the curve is fixed, but on the parabolic

wall {y = 0} the endpoint is moving at the same rate as the constant solution with this value.
Again, we must check the following bounds on the coefficients of the operator H:
e When p =0, ¢'(z)(1 + v(z,p)p?) = ¢'(z), for all (y,z) € [0,1] x R.

e Given a fixed positive constant M > 0, for any (y,z,p) € [0,1] x [-M, M] x R, we have
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the inequalities

v(z,p) <e P <1,

le=®@) arctan(pe @) < = - [e79@)| < 1,

T
2

]% (e_¢(x) arctan(pe_¢(x))>| = |—e?@ ¢ () arctan(pe @) + v(z, p)¢' (2)p|

—¢(x m —2¢(x
<1 (@)] - [ -+ 17O ¢/ @) - Ipl S (1 +Ip),
9
Ay
(= (2) (pe™? arctan(pe==)) — 1) | < |6/ ()| (ol || - T +1) S (1+ [pl),

<e_¢(x) arctan(pe_¢(x))> =0,

Therefore, under the assumption that ¢’ > 0, we can apply Corollary 3.2.3 to our Dirichlet
problem, for any ¢ € R with ¢(¢) immortal, to deduce that there exists T, € (0, 00| and a unique

maximal solution g, : [0,1] x [0,T,) — [0, c0) satisfying,
(A) ge € P%((0,1) x (0,5)), Vs € (0,T.).
(B) ge solves H.(s), Vs € (0,T).
(C) If Tc < oo then limsup, 7 |gc(, s)]c1([071]) = 00.

Again, using interior Schuader estimates (Theorem A.0.4), we also have that g. € C7%.((0,1) x
(0,T7)).

We shall now show that, under reasonable assumptions, each of the maximal solutions we
mentioned above is immortal. This is not obvious a priori; intuitively, solutions to the Dirichlet
problem converge towards a geodesic between the endpoints, which need not be graphical. In
order to show that the solutions are immortal, it suffices to show that the solutions and their
gradients cannot blow up in finite time, as otherwise this would contradict conclusion (C) from
Corollary 3.2.3

3.3.1 Preservation of monotonicity and long-time existence

The following subsection shows that, if our initial data is monotonic, then a solution to the
Dirichlet problems must remain monotonic. Moreover, under additional assumptions on the

parabolic boundary, we can show that our maximal solutions are immortal.

Vertical graphs

Theorem 3.3.1. Let y : Q x [0,T) — R be the mazimal solution to the Dirichlet problems V ()
constructed in §3.3. Suppose that we chose increasing initial data Y € C*°(Q). Then y(-,t) is
increasing for allt € [0,T). Moreover, if y has bounded gradient on the parabolic boundary I'r,

then T = oo and y is immortal.
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Proof. Since our solution is smooth on the interior of our domain, we can differentiate (3.1.4)

to get the evolution equation for the gradient v := g—g on Q x (0,T)

vt = (@, 0)vgs +¢' () (L p(e, 0)ve+ 6" () (14 p(e, 0))o =242, 0) %> (v +¢' (2)v) 0. (3.3.3)

By the maximum principle, v > 0 on I'r. To show that v is non-negative everywhere, we use
the following standard argument. We first note that we can bound the coefficient ¢”(z)(1 +
p(z,v)) < M, for some constant M > 0. Fix € > 0 and consider the function

ft):=—e-eMt vtel0,T).

Choose ty > 0 maximal such that v(-,t) > f(t), for every t € [0,tp). If ty < T, then there exists
xo € Q such that v(zg,t9) = f(t9), and at this point

’Ut(fL'O, tO) S f/(tO)a UI(IEO, tO) = O) ’Uz:t(x07t0) Z 0.

In particular, at this point we deduce the contradiction

M f(to) = f'(to) > vi(o,to) > ¢" (x)(1 + p(z,v)) f(to) > M f(to).

Therefore, taking € to zero, we have that v > 0 on all of Q x (0,7), and y(-,t) is increasing for
each t € [0,T). Suppose now that T' < oo. Using v > 0 in equation (3.3.3), we now that have v

satisfies the differential inequality

v — (2, V)V — @' () (1 + p(x,v))ve — ¢ () (1 + px,v))v < 0. (3.3.4)
By the maximum principle (Lemma A.0.1), we deduce that

0<v<Ssupv < oo (3.3.5)
I'r

Since

ly| <supy =supY < oo,
T'r Q

we therefore deduce the following contradiction to Corollary 3.2.3

limsup [y(-, s)[c1(q) SsupY +supv < oo. O
s—T Q FT

Horizontal graphs

Recall that, in order to apply Theorem 3.2.2 to our Dirichlet problem, we had to assume that
¢’ > 0. Under this assumption, the solutions c(t) are always decreasing in t. We therefore

expect our solution to be increasing at each time.

Theorem 3.3.2. Fiz ¢ € R, with the mazimal solution c(t) from §3.3 immortal and bounded
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below. Assume that both ¢' and ¢" are non-negative, and let g. : [0,1] x [0,Tz) — [0,00) be the
mazximal solution to the Dirichlet problems H.(-) constructed in §3.3. Then g.(-,t) is increasing
for all t € [0,T.). Moreover, if g. has bounded gradient on the parabolic boundary T'r,, then

T, = o0 and g. is immortal.

Proof. Since our solution is smooth on the interior of our domain, we can differentiate (3.1.3)

to get the evolution equation for the gradient w := %‘;C on (0,1) x (0,T)

wy = v(T, w)wyy + (2¢'(x)262¢u(x, w) — ¢’ (x)(1 + v(z, w)w2)) w—2v(x, w)Z(wy + ¢/ (x)e??)w.

(3.3.6)
By the maximum principle, w > 0 on I't,. To show that w is non-negative everywhere, we
repeat the argument from the proof of Theorem 3.3.1. We first note that we can bound the
coefficient 2¢/(x)?e2?v(x,w) < M, for some constant M > 0. Fix ¢ > 0 and consider the

function
f(t):=—e-eM vtelo,T).

Choose tg > 0 maximal such that w(-,t) > f(t), for every t € [0,%y). If to < T, then there
exists yp € (0,1) such that w(yo,to) = f(to), and at this point

wi(xo,to) < f'(to), wa(wo,to) =0, was(zo,t0) > 0.

In particular, at this point we deduce the contradiction

M f(to) = f'(to) > wi(wo, to) > 2¢/(2)?e*Pv(z,w) f(to) > M f(to).

Therefore, taking e to zero, we have that w > 0 on all of (0,1) x (0,7.). Suppose now that
T. < oco. Substituting this back into equation (3.3.6), we now have that w satisfies the differential
inequality

wy — v(2, w)wy, — 26 (2)2*?v(z, w)w < 0. (3.3.7)

We again apply the maximum principle (Lemma A.0.1), to deduce that

w S sup w, (3.3.8)

'z,

and hence arrive at the following contradiction

limsup [ge(+, 8)[c1(joa) S sup |e(t)] +supw < oo. O
s—Te tE[O,TC) FTC

3.3.2 Strict monotonicity at positive times

By using the intersection principle of Angenent (Theorem 2.2.5), we can show that our immortal

solutions are strictly increasing at any positive time.
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Vertical graphs

Proposition 3.3.3. Let y : Q x [0,T) — R be the mazximal solution to the Dirichlet problems
V(-) constructed in §3.3, with initial data Y € C®(Q) increasing and non-constant. Suppose
y € C®(Qy) for all s € (0,T). Then y(-,t) is strictly increasing for each t € (0,T). Moreover,

the gradient is strictly positive away from the initial time

g:yc(a:,t) >0, VY(z,t)eQx(0,T).

Proof. For any h € Im(Y'), we can apply the the intersection principle (Theorem 2.2.5) to
the function y and the constant solution h, to get that the intersection number between them
is decreasing and finite for positive time. By the intermediate value theorem, there is al-
ways at least one intersection point. Fix ¢ € (0,7"). By Theorem 3.3.1, y(-,t) is increasing.
So, if |y(-,t)~Y(h)] > 1, y(-,t)"!(h) has positive measure, contradicting the fact that there
are only finitely many intersections between h and y(-,t) (Theorem 2.2.5). We conclude that
ly(-,t)~(h)| = 1, and hence this single intersection point between y(-,¢) and h is transverse. A

transverse intersection point implies % is positive at this point. ]

Horizontal graphs

If we assume that c(t) is in fact strictly decreasing, the following proposition tells us that each
of the maximal solutions g.(-,t) are strictly increasing at positive times. This will be crucial

later when using these solutions are leaves in a foliation.

Proposition 3.3.4. Fix ¢ € R, with the maximal solution c¢(t) from §3.3 immortal and bounded
below. Assume that ¢" is non-negative and ¢ is strictly positive. Let g. : [0,1] x [0,T.) — [0, 00)
be the mazimal solution to the Dirichlet problems H.(-) constructed in §3.3. Then g.(-,t) is
strictly increasing for each t € (0,T.). Moreover, the gradient is strictly positive away from the
initial time

9.

ay (y,t) >0, V(y,t)€0,1)x(0,T).

Proof. We repeat the proof of Proposition 3.3.3, but use solutions ¢(t) in the place of constant
solutions. Fix ¢y € (0,7.). By Theorem 3.3.2, g.(-, to) is increasing, and so its image is [c(to), c].
By the strong maximum principle, g.(y,to) must lie in the region [¢(g), ¢) for y € [0,1). Note
that this region [c(tp),c) can be described as {c(s) : s € (0,%0]}. Fix s € (0,tp], and choose
yo € (0,1) sufficiently large such that g.(yo,t) > ¢(5) for all ¢ € [0, s]. Note that compatibility
conditions of all orders are satisfied at the point {0} x {0}. Therefore, by the global Schauder
estimates (Theorem A.0.3), we have that g. € C°°([0,yo] x [0,¢]), for any ¢’ < T.. We can
therefore apply the intersection principle (Theorem 2.2.5) to the solutions c(§ +t) and g.(y,t +
to — 5) defined for (y,t) € [0,y0] x [0,T¢ — (to — §)), to deduce that the line c(s) and gc(-,to)

intersect at a single transverse point, and so %‘;j (-, to) is positive over [0,1). O
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Chapter 4

The evolution of proper curves

under curve shortening flow

In this next chapter, we utilise the results of the previous chapter to discuss proper solutions

to our flow. The following is a brief outline.

e §4.1 gives a detailed construction of Example 1.3.8. To do so, we utilise ideas originally due
to ToMm ILMANEN in [IIm92], and find a properly embedded solution to CSF converging
backwards in time to a cusp in the plane. We then choose a suitable parameterisation of
this solution so that it remains properly embedded, but ‘loses’ some of its initial data as
in Remark 1.2.8.

e In §4.2 we prove that uniformly proper solutions are Brakke flows all the way up to the

initial time, and hence satisfy the avoidance principle with closed curves.

e In §4.3, we prove Theorem 1.3.14. To do this we use a sequence of solutions to the
Dirichlet problems from §3 defined over an exhaustion of the real line. We then employ a
foliation argument to prove local uniform gradient bounds on this sequence and extract a
smooth proper limit which starts from the z-axis. Finally, we construct a barrier which
moves in from infinity in finite time, and which pushes our solution away from the z-axis

instantaneously.

e In §4.4 we give a proof of Theorem 1.3.17. The idea of the proof is a modified version
of the barrier argument seen in Example 1.3.11. We show that at an arbitrarily large
time and for arbitrarily thin convex neighbourhoods of our geodesic, we can find closed
solutions to CSF which not only exist until this time, but also lies arbitrarily far out. The

result then follows from the avoidance principle proven in §4.2.
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4.1 Non-uniqueness of properly embedded solutions

The aim of this subsection is to construct the following example.

Example 4.1.1. There exists a continuous map 7 : R x [0, 00) — R? such that
e 7 is smooth and solves (1.2.1) on R x (0, c0).
e y(-,t) : R — R? is a proper embedding, for every ¢ > 0.

e Im (y(+,0)) is an entire locally Lipschitz graph over the x-axis, but Im (y(-,¢)) is not a

graph over the z-axis, for any ¢ > 0.

Many of the ideas used in this construction originate from the work of Ilmanen. The following
contains within it a careful exposition of some of the details from the sketch proof in [1lm92,
Example 7.3].

4.1.1 Constructing compact approximations

Let us define u : R — (0, 00) to be the function
u(z) :=min{l, (1 +cz)"2}, VzeR,

where ¢ > 0 is some small positive constant to be determined later.

Since the area enclosed within the cusp that forms between the graphs of +w is finite in a
neighbourhood of spatial infinity, we expect there to be a smooth solution starting from the
graphs of +u, but which rushes inwards instantaneously from spatial infinity, and hence at each

positive time will be connected.

To construct this solution, we approximate our initial data from the inside by compact curves.

That is, for each n € N, consider the Jordan curve given by the union of the curves:
e {(z,u(x)) € R?: |z| < n}, the graph of u over [—n,n];
o {(x,—u(z)) € R?: |z| < n}, the graph of —u over [—n,n];
e {(n,y) € R?: —u(n) <y < u(n)}, the vertical line joining (n,u(n)) and (n,u(—n));
e {(—n,y) € R?: —1 < y < 1}, the vertical line joining (—n, 1) and (—n, —1).

Since these are finite length Jordan curves, we can flow them under CSF using the existence
result of Lauer (Theorem 1.2.9). That is, for each n € N, there exists T,, > 0 and a continuous
function v, : S x [0,T,,) — R? such that

(i) the image of the curve at time zero, Im (,(-,0)), is the Jordan curve given above;

(ii) 7x is a smooth solution to CSF (1.2.2) on St x (0,T3,);
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Im\"

Figure 4.1: Initial data for our approximations

(iii) if L, (t) denotes the length of Im (v,,(-,t)) for each t € [0,T},), then %{1[1) L,(t) = L,(0) > n.

Moreover, T, > 2 by Gauss-Bonnet [Cha06, Theorem V.2.7]. To begin, we construct suitable
barriers to our approximations as in [[lm92, Example 7.3].

624ct

Define the function ¢ : [—1/(2¢),00) x [0,00) — (0,00) by g(z,t) = EETEE

calculation, we have that

. 6¢c(1 + cx)*
_ — o [24c -
at q2 9 ( ¢ (14 cx)b + 4c2et8et

6¢
>qg-|24c— — | >
=4 < ‘ (1+cw)2>—0’

and ¢(z,t) is a super solution to the graphical CSF equation within the half-plane {(x,y) € R? :

By a direct

x > —1/(2¢)}. Since the horizontal lines {y = yp} can be parameterised as static uniformly
proper solutions to CSF (see §4.2 for a full justification of this step), we can apply the avoidance
principle with closed curves to deduce that any approximation -, remains disjoint from any
horizontal line with |yg| > 1. We conclude that each of the curves 7,(-,t) remains bounded
between the lines {y = £1}, for all ¢ > 0. Fix n € N. Repeating the same argument but with
horizontal lines, we conclude that v,(-,t) remains bounded between the lines {x = +n}. For
€ > 0, consider now the graph of the function ¢+ € for (x,t) € [-1/(2¢),n+1/2] x [0, 00). Since
Im (v, (+,0)) is initially disjoint from the graph of ¢(-,0) + ¢, Im (7, (-, t)) can only intersect the
graph at times t > 0. Suppose they do intersect and let ¢y be the infimum of those times. By the
continuity of the solutions, we deduce that ¢ty > 0, and that at ¢y, the graph and Im (v,(-,to))
must intersect tangentially. Let zo € (—1/(2¢),n] be a point where q(zg,to) + € intersects
Im (v, (-, t0)). Note that xy cannot be equal to —1/(2¢), as q(—1/(2¢),tg) > 1. By viewing
Yn(+, to) locally as a graph over the x-axis near this intersection point, we get a contradiction to
the avoidance principle (Theorem 2.2.8). Therefore, taking € to zero, we can deduce that our

approximations are contained within the following cusp:
Im (7 (- 1)) € C(t) = {(2,y) € B : |y| < min{1,q(x,)}}, ¥n e N,

We now use a different barrier to show that at any positive time, all of the approximations have
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Figure 4.2: The intersection angle 6,

been pulled in a uniform amount from the tip of the cusp. For ¢ > 0, consider the balls B(t)

centred at (¢72,0) of radius %. We see that for 7. > 0 sufficiently small, we have

026724Ct

4t

t3/4 6724015 3 1\ 2
= . <t2 +ct2 ) >

> V2, Vte (0,7
q(t=%,1) 4 > V2 Ve (0

In particular, we see that C(t) \ B(t) is disconnected, for every t € (0,7.]. As such, define
0: € (0, %) to be the unique value such that

t3 t3
1 -sinfy = ¢q <t2 + 1 COSGt,t> , VYt e (0,7

Geometrically, 0; is half of the angle of the cap C(t) \ B(t), measured from the center of B(t).

As q(-,t) is decreasing, we have

q (t‘2 +t3/4 - cos Qt,t) q (t_2,t) 1
t3/4 STEa Sy

sin Qt =

which implies that 6; < 7%, or cos; > % for all t € (0, 7.]. Consider the moving arc

{(t72 +t3/4cos(0),sin(0)) : t > 0,0 € [—n/4,7/4]}.

Since

|0y -t72| = t% < C;S/SZ), vVt € (0,7), VO € [—n/4,7/4],
we see that, if we consider the moving arc as a graph over the y-axis, it would be a supersolution
to graphical CSF. Since the region of the moving arc that lies within the cusp C(t) is paramet-
erised by 0 € [—60,,0;] C (—m/4,7/4), we can apply the avoidance principle (Theorem 2.2.8) as
we did above for the graph of ¢, to deduce that our approximations 7, (-, t) remain disjoint with
this moving arc, at all positive times. Choosing o, := 7.2 + 75/4, we see that our solutions

now pull in from infinity instantly. That is

Im (75, (-, 1)) € Q(t) := {(z,y) € C(t) : v < max{a, (1 + t_Q)}}, Vn € N.
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Finally, we must find a region laying within (¢) that the approximations avoid. For each
n € N, let A,, be the rectangle [—n, 0] x [—1, 1]. Note that the area enclosed inside of A4,, is 2n.
Therefore, using Lauer’s Theorem 1.2.9 and Hamilton-Gage-Grayson Theorem 1.0.2, we can
flow the boundary of A, under CSF, which gives us a continuous function 7, : S* x [0, ) — R?
such that

e 7,(+,0) is a parameterisation of 0A,,

e 7, is a smooth solution to CSF (1.2.2) on St x (0, 2),

™

® 7,(-,t) is a convex curve, for all t € (0, 2).

Given any to > 0, choose n sufficiently large such that - >> ;. Consider the two points
laying in the intersection {z = —n/2} NIm (7,(-,to)). If one of these point is (—n/2,y) for some

€ (0,1), by symmetry, the other must be (—n/2, —y). Using convexity of our solution, the
region ([—n, 0] x [y, 1])U([-n,0] x [—1, —y]) must be disjoint from the region inside of the curve
Im (9, (+,t0)). By Gauss-Bonnet Theroem C.0.1, the area lost under the flow is 27tg. Therefore,
y > 1— =0 Similarly, consider the two points laying in the intersection {y = 0} NIm (1, (-, %))
If one of these points is (—z,0) for some x € (0,n/2), then the other must be (x — n,0). By

7t

convexity and Gauss-Bonnet, z < 552.

For each t > 0 and n € N, we choose the four points

e q1(n,t):=(—n/2,1— %t),

e ¢2(n,t):=(—n/2, %t - 1),
i q3(n7t) = (_%t’o)v
e qi(n,t) = (% —n,0).

It follows from the convexity of n,(+,t) that the convex hull of the four points

{gi(n,t) :i=1,...,4},

is contained within the region bounded by the curve n,(-,t), for every sufficiently large n € N
(n depending on t).
4.1.2 Extracting a limiting Brakke flow

For each of the smooth approximations +,, consider the associated Brakke flow [0,T},) > t — py'.
Let My be the union of the Jordan curves Im (v,(-,0)) for n € N, and consider fig the 1-
dimensional Hausdorff measure restricted to M. Note that pg < fio, for all n € N,

Fix m € N and choose n sufficiently large so that 7;, > m, and hence pj' is defined on the time
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Figure 4.3: The convex hull of the points q1,...,q

interval [0, m]. For such an n, applying the local area bounds from Lemma 2.4.7 we have

W2 (B0, p)) < 8 - i (B(o,20)) < 8 fio( B0, 29)),
for all t € [0,m] and x¢ € R2. In particular, we have that

sup sup up(K) < oo, VK € R%
te[0,m] neN
By the compactness theorem for Brakke flows (Theorem 2.4.4), we can extract a Brakke flow
limit over [0,m]. Repeating for all m € N and using a diagonal argument, we have a eternal
limiting Brakke flow [0,00) > ¢ +~ p, with My = supp(u¢). This Brakke flow has the following

properties:

e By the weak convergence of the measures pj — po, we have that My is the union of the

graphs of +u.
e Since the approximations are smooth, p; is a unit-regular Brakke flow by Theorem 2.4.17.
e 1 has finite 1-entropy, and hence bounded 1-area ratios by Corollary 2.4.15.

To see why pu; has finite 1-entropy, we only need to check that My has finite entropy (Corol-
lary 2.4.15). Recall that the 1-entropy of My is

lz—z2g|?
A (My) :==  sup ot dH'(2)

1
e e
r>0,20€R2 VA2 J M,

1 / ( ,\(z,uu)%fzm? N I(I»u(1)2)20|2> T w@)? d
= sup e 4r e 4r \/ u\xr xr
r>0,20cR2 Varr? Jr

Choosing zo = (70, %0) € R?, we have the primitive upper bound

2 (z—wq)*
M (My) < sup /e w2 /1 +u/(x)? du.
(Mo) r>0,20€R VATr2 Jr (=)
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Since |u/| < 2¢, we deduce that

)\1(M0) <2v1 + 4c? < o0.

4.1.3 Local uniform gradient bounds

We now want to show regularity of this limit. Much like in [[lm94, Example 7.3], we want
to show uniform gradient bounds on our sequence of approximations via a foliation argument.
Unlike in the case Ilmanen considers however, our approximations are not contained uniformly

within a compact region. We modify his argument to work here as follows:

Fix K x [r,T] € R x (0,00). We shall show local C*-bounds for our approximations within this
compact region of space-time. To do this, we first choose N € N sufficiently large to ensure
that, for any n > N:

(i) T, > 2T.

(ii) If p, := (—n/2,0) € R2, then

Im (yn(:,t)) € C(¢) \ B (pn,1/2), V€ [0,2T].

(iii) K is contained within the horizontal wedge of size 7/4 about the point py:

K C{pn+ (rcosf,rsinf):r >0, 0 € (—w/8,7/8)}.

Note that (i) follows from the fact 7, > 2. To see (ii), we note that for sufficiently large n,
B(pn,1/2) is contained within the convex hull of the points {¢;(n,t) : i = 1,...,4} for every
t < 2T. Finally, (iii) is a consequence of the fact that the collection ({py, + (rcosf,rsinf) : r >
0, 0 € (—7/8,7/8)})nen, form an open cover of the plane.

If we now restrict our attention to the half space Hy := {(z,y) € R" : x > —%}, the distance
between the point py and any point in Hy N C(t) is bounded above for all ¢t € [7/3,2T].
Therefore, there exists R > 0 such that, for any ¢ € [7/3,27]

Im (v, (-,t)) N Hy € B(pn,R)\ B(pn,1/2), Vn > N.

It suffices to show uniform C'-bounds for the approximations with n > N. So, without loss
of generality, lets fix n > N. We first show that the region enclosed by v,(-,t) is star-shaped
about py for ¢t € [0,2T]. To see this, consider all of the half-lines eminating from the point py.
Since the image of the approximation -, is bounded and avoids the ball of radius 1/2 about
this point, we can apply the intersection principle (Theorem 2.2.6) to deduce that each of these
half-lines intersects Im (v, (-,t)) exactly once, for all ¢ € [0,27], and hence 7,(-,t) bounds a

star-shaped region centred at py.
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Figure 4.4: Star-shaped approximation in Hy

Since our approximation is star-shaped about py, we may parameterise its image within the
half-space Hy as a graph in polar coordinates about the point py. That is, there exists a
smooth function ry, : [-7/2,7/2] x [1/3,2T] — [3, R] such that

Im (v, (-, t)) N Hy = {pn + (rn(0,t) cos 0,7, (0,t)sinb) : 0 € [—7w/2,7/2]}, Vt e [r/3,2T).

Since our approximation solves CSF, we know that r, is a solution to the equation

2
ry ’“991<1+T"). (4.1.1)

_7“2—}—7“3 r 7“2—}—7“3

(For a derivation of this equation, substitute ¢(z) = log(x) into equation (3.1.3)). We now use
the same foliation as Ilmanen in [1lm94, Example 7.3], but centred about the point py instead

of the origin.
Given our choice of R above, define a function fy : [1/4,2R] — R so that
e f{,fo<0on[1/4,1/2);
o fll,fo>0on (R,2R];
e fo=0on[1/2, R
e fo(1/4) =—1/4 and fyo(2R) = 2R.

Solving the Dirichlet problems V(-) from §3 with the flat metric, we can flow the graph of f
under CSF with fixed endpoints to give an eternal solution f : [1/4,2R] x [0,00) — R, with
f(-,0) = fo. Consider also the linear graphs = — maz, for m € [—1,1]. These are static
solutions to graphical CSF. Note that for m non-zero, the intersection number between the
graphs of u,, and fy is one, and hence by the intersection principle Theorem 2.2.6, there is

always exactly one intersection point at any positive time. For the case m = 0, we see that
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Figure 4.5: The graph of our leaf f(,t)

there is a single intersection point by the fact that f becomes strictly monotone at positive
times (Proposition 3.3.3). So, for each m € (—1,1), let x,,(t) € (1/4,2R) denote the unique
input such that m - x,,(t) = f(zm,(t),t). Since the intersection is transverse, we conclude that
I (xm(t),t) > m, for any m € (—=1,1) and ¢ € (0, 7).

Note that, for any time ¢, the intersection point z,,(t) — 2R as m — 1, and x,,(t) — 1/4 as
m — —1. This means we can find mg € (0,1) such that, for any ¢ € [0,27], zn(t) € [1/2, R]
only if m € [—=mg, mp]. Since the angle between the tangent to the graph of f,, and the line

T — max is given by

v(m, ) := arctan < fn(@m (1), 1) = m ) >0,

1+ mf! (xm(t),t)
by compactness, there exists vg > 0 such that v(m,t) > vg for any (m,t) € [—mq, mo| x[7/3,2T].

Consider the arc in the plane moving under CSF given by the graph of this function f. That
is, let
F(t) == {pn + (z, f(x,t)) e R : z € [1/2,R]}, Vt>0.

Away from time zero, we can switch gauge and view this arc as a graphical solution in polar

coordinates about py. That is, there exists a function
p:[=m/4,m/4] x (0, 00] = (0,00),
such that
F(t) = {pn + (p(0,t)sin 0, p(0,t) cos ) : 0 € [—m/4,7/4]}, Vt> 0.

We can reflect this arc in the z-axis, and then rotate these arcs about the point py, to give the

family of arcs
FE(t) = {pn+ (pla®0,t)sin b, p(a£0,t)cosh) : 6 € [-w/4,7/4]}, Va € [-n/4,7/4], Vt > 0.
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In particular, the two subfamilies of arcs

FE@) = {FEt): ac[-n/4,7/4]},

«

each foliate the region {px + (rcos@,rsinf) :1/2 <r < R, |0 < 7/4}, at every time ¢t > 0.

Returning to our approximation, for each 6 € [—m/2,7/2], we know that r,(0,7/3) € (1/2, R).
Therefore, its image intersects exactly once with each of the arcs F¥(0). Applying the intersec-
tion principle (Theorem 2.2.6), the functions 7,(-,¢) and p(a =+ -, — 7/3) intersect at a single
transverse point for all ¢ € [27/3,2T].

Recall, we showed that at every point in the region
{pn + (rcosf,rsinf) :1/2 <r < R,|0| < w/4},

each of the arcs in the foliations F*(¢) has its tangent vector form an angle of magnitude at
least vy with the radial vector 0, = cos€ - 0, +sin@ - 0, for every t € [27/3,2T]. Therefore,
using that r, is bounded above, we can deduce a uniform gradient bound for the function r,
restricted to [—m/4,7/4] x [27/3,2T]. To see why, the unit tangent vector of our curve at a

given time is

(Tn)gar + Oy

1/(7’71)3 +1r2

where 0y = —sinf - 9, + cos @ - 9. So, if the angle between this and the vectors £0, is at least
vg > 0, we deduce that

|(Tn)0‘
(rn)g + (rn)?

< cos(vg), or |(rp)el < R-cot(vy).

Instead of using the functions r,, consider w,, := 1/r,, which take values in [1/R,2]. Since

|(Tn)9’

|(un)ol = =5 < R*-|(rn)s,

r

we also have uniform gradient bounds on the sequence of functions u, for n > NN, over the
same space-time region. Substituting into equation (4.1.1), we see that each of the wu,, solve the

equation

’LL4
=7 . 4.1.2
uy (u2 n u§> (ugo + u) (4.1.2)

Using the uniform gradient bounds in equation (4.1.2), we can apply De Giorgi-Nash-Moser
(Theorem A.0.2) to this equation to deduce uniform parabolic Hélder bounds on the space-
time domain [—m/4,7/4] x [27/3,2T]. Combining this with interior Schauder estimates (The-
orem A.0.4), we have uniform P¥“-bounds on the space-time domain [—7/8,7/8] x [r,T], for
every k € N. In particular, by Arzela-Ascoli, we can extract a subsequence which converges

smoothly over this region.
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Returning to our geometric picture, after passing to a subsequence, we have smooth conver-
gence of the approximations 7, within the space-time region K x [r,7] C R? x (0,00), to a
family of smooth connected embedded arcs. Covering our entire space-time R? x (0,00) by a
countable exhaustion of compact regions and applying a diagonal argument, we can deduce that
a subsequence of the approximations converge locally smoothly on all of R? x (0, 00) to a family
of smooth connected and embedded curves. That is, M; is a smooth embedded copy of R, for
all ¢ > 0.

4.1.4 Parameterising our solution

We now attempt to find a parameterisation of our smooth solution with the desired properties.
To do this, we will show that for arbitrarily small times, our solution can be seen as a Lipschitz

graph over an arbitrarily large region of the z-axis.

Set n = 1 and choose the constant ¢ > 0 used in the definition of u to be sufficiently small such
that v has Lipschitz constant less than the e from the pseudolocality result of Ilmanen-Neves-
Schulze (Theorem 2.4.18). In particular, for every n € N, there exists a,, > 0 sufficiently small
such that, for every x € [—n,n], MoN I, ((x, —u(z)) is a Lipschitz graph over (z — oy, x + ay),
with Lipschitz constant bounded by e.

Parabolically rescaling our flow, applying the pseudolocality result of Ilmanen-Neves-Schulze
(Theorem 2.4.18), and parabolically rescaling our flow back down, we deduce that, for every
x € [-n,n] and every t € (0,a2 - §2), My N 1,,s(z, —u(x)) can be written as a Lipschitz graph
over (zg — 0o, xo + day, ), with Lipschitz constant less than 1, and height bounded by ;6. In
particular, we have a Lipschitz (in space) function v, : (—n — ay,n + o) x (0, a,6%) — R such
that M; N (Uge—nn)lans (2, —u(z))) is given by the graph of v,(-,t), for all ¢ € (0, a762).

Repeating for all n € N, we can glue all of the functions v, together to give a well-defined

Lipschitz (in space) function v : U — R, where

U= U ((—n — Qp XN+ ay) X (0,an52)) C R x (0,00).
neN

Then, for any ¢ > 0,
mn U U Tansl@—u(@) |,
nit<a2dé? z€[—n,n]

is given by the graph of v(zx,t), for all (z,t) € U.

For each ¢t > 0, we choose a parameterisation y(-, ) : R — R? of M, such that, for each (z,t) € U,
v(z,t) = (x,v(x,t)). Since our solution is smooth, we can do this in a smooth consistent way as
t varies, giving a smooth map 7 : R x (0, 00) — R? such that Im (vy(-,t)) = My, for all t > 0, and
v(z,t) = (x,v(z,t)), for all (z,t) € U. Moreover, by modifying the parameterisation outside of

a compact region for each ¢, we can ensure that each (-,¢) : R — R? is a proper map.
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Finally, for any zy € R, we can choose n sufficiently large such that (z,t) € U for all z € (z¢ —
Qn, T + o) and t € (0,a252). In particular, for any such (z,t), we have that |v(z,t) +u(x)| <
and. Taking n — oo, we deduce that + can be extended continuously up to time zero by setting
v(x,0) := (x, —u(z)), for all z € R.

4.1.5 A variation of the previous construction

One could modify the previous construction to get something even more striking. That is, a

continuous map v : R x [0,00) — R? such that
e y(-,t) : R — R? is a smooth proper embedding, for every ¢t > 0.
e 7 is smooth and solves (1.2.1) on R x (0, 00).
e Im (v(-,0)) is the z-axis, but Im (y(-,¢)) isn’t the z-axis, for any ¢ > 0.

Unfortunately, to do this is a substantially more difficult than the previous case. This is because
our approximations are no longer star-shaped, rendering the foliation trick of Angenent to
deduce gradient bounds obsolete. We instead sketch the outline of how one would go about

such a construction.

Define u as before, but now, take our approximations 7, to be the closed solutions to CSF,

starting from the Jordan curves given by the union of the arcs
o {(z,0) € R?: |2 < n} = [-n,n] x {0},
e {(z,u(x)) € R?: |z| < n} = graph(u) over [—n,n],

o {(ny) €R2:0<y <uln)} = {n) % 0, ],

e {(-n,y) €R?:0<y <u(-n)}={-n}x[0,1].

Extracting a limit of these closed flows, we have a Brakke flow [0,00) 2 t — p, with pg
corresponding to the varifold given by the union of the graph of u and the x-axis. Using the

exact same barriers, we have that the approximations are contained in the region

Im (v, (,t)) C {(z,y) € R? : 2 <max{ac, (1 +t %)}, 0 <y <min{l,q(z,t)}}, YneN

As mentioned above, our approximations are not star-shaped. In order to deduce regularity,
we instead use the pseudolocality result of Ilmanen-Neves-Schulze (Theorem 2.4.18) from §2 to
deduce regularity on most of space-time. Applying this result around all points on the z-axis
and graph of u, we have that M; is smooth in a region of space-time which gets thinner and
thinner in time around ¢ = 0 as the z-coordinate gets larger and larger. To show that the

solution is smooth for uniform time, we use a blow-up argument.

Suppose that, for any ¢y > 0, our solution is not a smooth solution in R? x (0,%y). Then there

exists a sequence (z,, t,) in the support of our Brakke flow with ¢,, N\, 0, such that our flow is not
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regular at (zy,t,). Let 2, = (Zn,yn). Due to Theorem 2.4.18, we know that (1 + cz,) ™% < t,,
and thus =, — oo as n — oco. We perform a blow-up along this sequence of points at scales

An > 0, which we will later choose depending on the of values of y,,.

Consider the Brakke flow [—~A2t,,00) 3 t — u? defined by
pi(B) == An -y, y=2,(xn + A, - B), VBEB.

At time —\2t,,, the Brakke flow is given by the varifold
{y = —Anyn} Ugraph(An - (w(zn + ) = yn))-
By our barrier ¢, we see that
0<yn(l+ cxn)2 < e¥eln  p e N,
Since the right hand side converges to 1 as n — oo, we extract a convergent subsequence
a:= lim y,(1+ cxn)? € [0,1].

We split our analysis into three cases:

1. If & = 0, perform our blow-up at scales A, := Hﬁ > 0. Note that
. tn(1 4 cxp)? S 1
" (T4 exp)? T 100(yn (1 + cxpn)?)

An - Yn = yn(l + Cmn)Z — 0,
1
n - u(Tn) o)

— 00,

Extracting a limit, we show have the eternal unit-regular Brakke flow which is just the

static z-axis, and hence smooth.

2. If a =1, perform a blow-up at scales A\, := (H%’S > (0. We see that
q(Tn,ln)—Yn

lim sup(q(zn, tn) — yn) (14 cx,)? = limsup ¢(zp, tn) (1 + cz,)* — 1 = limsup 24 — 1 =0,

n—oo n—o0 n—00

and thus
lim (q(2n, tn) — yn) (1 + czp)* = 0.

n—oo
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Using this we have that

tn(1 n)A 1

Ao, = (1 + czn) 5 > 57— 09,
(Q(‘Tna tn) - yn)(l + C:En) 100((‘](1'717 tn) - yn)(l + an) )

Nyt = yn(1+c:cn)2

\/(q($n7 tn) - yn)(l + an)2
)\n ' (u(a:n) - yn) < )\n : (Q(xmtn) - yn) = \/<Q(xnvtn) - yn)(l + C-Tn)2 — 0.

Extracting a limit, we should again obtain a Brakke flow which is the static line and so

smooth.

3. If a € (0,1), we perform a blow-up at scales A, = (1+ cx,)? > 0. Note that
A Un =y A (u(zg) —yn) = 1 —a.

If A2¢,, doesn’t diverge, after passing to a subsequence, it converges to some positive value
To > 0. Extracting a limit would give a unit-regular Brakke flow starting from the parallel
lines {y = —a}, {y = 1 —a} at time —Tj. Hence the Brakke flow has to be two static lines.
But then there is not a point of non-zero density at the origin, which gives a contradiction.
Thus A\2t,, — oo and instead we extract a limit which looks, intuitively, like it is coming
from the parallel lines {y = —a,1 — a} at time —oco. If one could show that this Brakke

flow is the smooth Grim Reaper soliton, this would conclude the argument.

4.2 Uniformly proper solutions

Recall the following subclass of solutions to CSF within the class of properly embedded smooth

solutions.

Definition 4.2.1. Let (X,g) be a complete Riemannian surface and T € (0,00). We say that
v: R x[0,T] — X is a uniformly proper solution to CSF (in X) if

i) v:R x[0,T] — X is a continuous proper map.
ii) v(-,t) : R — X is a smooth proper embedding V¢ € (0,T].
iii) v is smooth and solves (1.2.1) on R x (0,7)).

By working within a class of solutions that are proper as maps on space-time, we avoid tangential
re-parameterisations which get arbitrarily bad as t goes to zero. In particular, Example 1.3.8
from the previous subsection is not a uniformly proper solution. To begin, we show that working
within this class of solutions is sufficient to deduce many of the usual properties that closed
solutions to mean curvature flow exhibit, such as the avoidance principle with closed solutions,

as well as the local monotonicity formula (Theorem 2.4.14) when the ambient space is Euclidean.
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4.2.1 Properties of uniformly proper solutions

Given any smooth properly embedded solution v : R x (0,7)) — X to CSF, we can consider
the associated Brakke flow (0,7") > t +— uy, where the measures p; correspond to the varifolds
Im (v(-,t)) for each t € (0,7). Using the local area bounds for Brakke flows (Lemma 2.4.5),

there is a well-defined Radon measure p~ := limg\ gyt on X.

Recall the smooth properly embedded solution to CSF we constructed in Example 1.3.8. Even
though the convergence backwards in time to the initial data is locally smooth, looking at this
solution as a Brakke flow, the limiting measure p~ at time zero would be given by the Hausdorff
measure restricted to the the graphs of +u. This means that the Radon measure given by the
initial data ug does not agree with the limiting measure u~. The following lemma shows that
for a uniformly proper solution, if the solution converges to the initial data in a locally smooth
way, then this limiting measure p~ does in fact agree with the measure pg given by the initial
data Im ((+,0)), and hence our solution gives a well-defined Brakke flow all the way up to time

Zero.

Lemma 4.2.2. Suppose v : Rx[0,T] — X2 is a uniformly proper solution to CSF with (-, t) —
(-, 0) in Cpo(R,X) as t (0. For each t € [0,T], let 1y denote the measure corresponding to
~v(-,t). That is

pe(B) = H'(Im (y(-,t)) N B), VB € B, vt € 0,T],

where B denotes the Borel sets in X. Then [0,T] > t — p; is a well-defined Brakke flow in
X2 % [0,7).

Proof. Tt is clear that for each ¢t € (0,77, supp(p¢) is smooth, and hence an integral 1-dimensional
varifold in X. Fix f € C%(X). As v is uniformly proper, there exists L > 0 such that
v~ Y(supp (f)) € [-L,L] x [0,T]. Since v(-,t) — ~(-,0) in C®°([~L, L], X) as t \, 0, we can

conclude that
[ tan= | i [ i = [ o
'7([_L7L]1t) 7([_LaL]70)

We have shown that p; — pp as t (0. In particular, pg is a well-defined radon measure on X.
Fixing f € C}(X x [0,T]) with f > 0, we now need to show that

T
/f('yT)dHT_/ f(-,O)duos/ /(—k2f+k:v-Vf+8tf) dpdt. (4.2.1)
X X 0 X

To this end, choose zp € X and p > 0 such that supp(f) C B(zo,p) x [0,T]. Choosing Ty
sufficiently small, we can apply the local area bounds (2.4.2) on By, x (0,7p) to give

t
Mt(Bp) —|—/ / k:2d,utdt < 8/10(B2P) < 00, Vit € [O,T()]
0 JB,
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Therefore, we have that

To TO
/ / K2 fdpudt < ( / / k%dt) 1 £l < 8p0(Bay)l| fllz= < ox,
0 o JB,

To To % Ty %
/ /|l~w -V fldpdt < / k2 dpdt (/ /|Vf|2dmdt> < o0,
0 0 B, 0

To To
/ / 00 f|dpuedt < ( / / dutdt> 10uf |z < 8Topo(Bap)|0uf |l < oo,
0 o JB,

which implies that the function —k%f + kv - Vf + 9, f is integrable on X x [0,T]. By the fact

that the flow is smooth away from time zero, we have that

[ 6Dy = [ s, anc = / ' [ 25+ b V5 o) dy,

for any e > 0. Taking € \, 0, equation (4.2.1) follows from the dominated convergence theorem.
O

As a corollary to the previous lemma, we see that in Euclidean space, uniformly proper solutions

satisfy the local monotonicity formula (Theorem 2.4.14) all the way up to the initial time.

Corollary 4.2.3. Suppose v : R x [0,T] — R? is a uniformly proper solution to CSF with
(-, t) = (-, 0) in C2°(R,R?) ast \, 0. Then for any point Xo = (xo,t0) € R? x (0,T] and any

loc

R > 0, the R-local Gausstan density ratio

(0, Vo] > 7 = ©%(y, Xo, ),

as defined in (2.4.5) is increasing, and therefore we have the upper bound on the Gaussian

density
O(v, Xo) < 0" (y, X0, Vo),

where the right-hand side depends only on the initial data.

Given any smooth properly embedded solution to CSF ~ : R x (0,7) — X, we can ask if
our solution satisfies the avoidance principle with any closed solution to CSF. That is, if n :
S1x[0,T] — X is any closed solution to CSF, whose image is initially disjoint from Im (y(-,0)),
then the image of 17 at any later time ¢ must remain disjoint from the image of v at that same
time t. Without the uniformly proper hypothesis on ~, the avoidance principle with closed
curves will not hold in general (consider the curve constructed in Example 1.3.8 and any closed
solution 7 that is initially disjoint from the graph of —u, but intersects the graph of u at
every time ¢ € [0,1]). The following lemma shows that for a uniformly proper solution, we can

conclude the avoidance principle with closed curves.

Theorem 4.2.4. Let v : R x [0,T] — X be a uniformly proper solution to CSF and n :
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St % [0,T] = X a closed solution to CSF. If the curves are initially disjoint, then they remain

disjoint.
Im(n(-,0)) NIm(y(-,0)) =0 = Im(n(-,t)) NIm(y(-,¢)) =0, Vtel0,T].

Proof. Since 7 is continuous, Im () € X. Since ~ is uniformly proper, there exists K € R such
that v~1(Im (n)) € K x [0,T]. Choose n € N such that K € [-n,n]. We only need to check
that the restriction of our uniformly proper solution 7 : [-n,n] x [0,7] — X remains disjoint

from the solution 1. By our choice of n, we have that
A(dn,t) NIm(n) =0, Vit € [0,T].
Therefore, the result follows from the usual avoidance principle, Corollary 2.2.7. 0

We may ask if there are any conditions under which a properly embedded solution can be seen
to be uniformly proper. One possible answer to this question is if our solution can be expressed

with respect to some time-independent gauge:

Suppose we have a smooth proper map F : R? — X from the plane to our surface. Let
v : R x[0,7] = X be a smooth properly embedded solution to CSF. We say that v has

time-independent gauge F if these exists a continuous function u : R x [0,7] — R such that

v(z,t) = F(z,u(z,t)), ¥Y(z,t) € Rx[0,T].

Lemma 4.2.5. Let F : R2 — X be a smooth proper map and v : R x [0,T] — X a prop-
erly embedded solution to CSF with time-independent gauge F. Then v is a uniformly proper

solution.

Proof. For any K € X, there exists I € R such that
FYK)CIxR.

It is then easy to see that

v HUEK) = {(2,t) e Rx [0,T] : F(z,u(z,t) € K}
C{zreR:3JyeR, with F(z,y) € K} x[0,T)
CIx][0,T7. O

Example 4.2.6. In the case that X = R? and F : R? — R? is just the identity function,

solutions with time-independent gauge JF are just graphical solutions over the z-axis.
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4.2.2 A uniqueness conjecture

We discussed the result of Daskalopoulos & Saez in §1 that showed uniqueness within the class
of entire graphical solutions in the plane (Theorem 1.2.12). Due to Lemma 4.2.5, we could view

the following conjecture as one way to extend their uniqueness result.
Conjecture 4.2.7. CSF is unique on the flat plane (see Definition 1.3.12).

Despite this conjecture potentially ruling out non-uniqueness in the flat plane, we show that for

other ambient surfaces, CSF can be non-unique.

4.3 Non-uniqueness of curve shortening flow

The aim of this subsection is to construct a uniformly proper solution to CSF (with respect
to a suitably metric on the plane) starting from the z-axis, which moves away from the z-axis
instantaneously under CSF. If we choose our metric to be of the form ¢ := dz? 4 e2?@dy? as
in §3, then the z-axis is a geodesic, and so there is also the uniformly proper solution starting
from the z-axis which remains static.
4.3.1 Choosing our ambient metric
Lemma 4.3.1. There exists a smooth function ¢ : R — R such that

1. ¢ is an even function, which is increasing on (0,00).

2. ¢(x) =0 for all x € [0,1].

3. ¢'(x) >0 and ¢ is strictly increasing on (1,00).

4. ¢'(z) < % forallz € (1,3).

5. ¢'(x) =22 for all x > 2.
The construction of ¢, and hence our metric, is just an exercise in choosing suitable bump
functions.

Proof. For x € R, define the following smooth bump functions

_ 0:2<0 o G
h@=0 oo 0 PO Ay

fo(z = 1) +8f2 (x — %)

f3(x) = 9

For all x > 0, we then define

o(x) = /Ox y? - f3(y) dy.

Since f3(y) = 0 for any y < 1, ¢(x) = 0 for any = € (0,1], and hence we can extend ¢ to a

smooth even function on all of R. For any = > 0, ¢/(x) = 22 - f3(x). Therefore
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e As f3(x) >0 for x > 1, ¢/(x) > 0 for any = > 1.
o As f3(z) =1for x > 2, ¢/(x) = 22 for any x > 2.

o As fa(z) < §forw < §, ¢/(x) <% < § forany @ € (L,5). 0

Other than the growth rate at infinity, our choices for ¢ are not crucial, but instead help reduce
the technicality of our arguments. The last condition however is essential. The rapid growth of
¢ for large z is what allows curves to bloom at infinity as discussed in Example 1.3.13. Given
¢ € R, consider the unique maximal solution to H = 0 with initial condition ¢, denoted ¢(t),
that we defined in §3. Recall, ¢(t) solves the ODE

0
5 = —dt), c0=ceRr.
Suppose our initial condition ¢ > 0. By our choice of ¢, ¢(t) is decreasing and immortal.

Moreover, for large ¢ and small ¢, the ODE that c(t) solves is

% — e

with explicit solution ¢(t) = (¢! +¢)~!. Taking ¢ — oo, for small positive times ¢t € (0, €],
we have the solution ((t) = t~! to the equation H(¢) = 0. Geometrically, this means that
lines parallel to the y-axis fly in from infinity in finite time under CSF. In particular, consider
any closed solution 7 : St x [0,7] — R? to CSF with respect to this ambient metric. Since
Im (n(-,0)) € R?, we can find to € (0, ] sufficiently small, such that the line {y = ((to)} lies
to the right of Im (1(-,0)). Note that, the solution x : R x [tg,¢] — R?, with z(y,t) = ((t) is a
graphical solution to CSF with respect to the metric g, and hence a uniformly proper solution.
Therefore, by Theorem 4.2.4, we deduce that Im (n(-,€)) lies to the left of the vertical line
{y = ((e —to)}, and hence to the left of the vertical line {y = ((€)}. Consider the level set flow
starting from the z-axis: the maximal region in plane that avoids all closed solutions which are
initially disjoint from the z-axis. Repeating the above argument for all 1, we have that, for
all € > 0 arbitrarily small, the region {x > ((€)} is contained within this level set flow at time
€, and the level set flow starting from the z-axis instantly fattens. We now show that within
this fattening, there does exist a smooth non-zero graphical solution to CSF with the z-axis as

initial data.

Theorem 4.3.2. With respect to this choice of ¢ : R — R, there exists a continuous function
y: R x[0,00) — [—1,1] such that

(i) y(-,0) =0 on R.
(i1) y(-,t) is an increasing odd function, Vt € (0,00).

(i1i) y is smooth and satisfies V(y) =0 on R x (0, 00).
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(i) y(-,t) instantly peels away at infinity:

Ve, t >0, Jzp >0 such that y(z,t) >1—¢, Vz > zo.

4.3.2 Constructing compact graphical approximations

Lets find a sequence of solutions to the Dirichlet problems V'(-) from §3 on larger and larger

compact subsets of the real line. We start by defining our initial data.

Fix x : [0,1] — [0,1] a smooth, decreasing cut off function such that y =1 on [0, 1), x =0 on
(3,1] and X’ > —4 on [0, 1]. For each n € N, define the function Y, : [-n,n] — [~1,1] to be the

unique odd function such that

0 cx €[0,n —1]
Yo (z) =
xX(x+1-n)) :x€n-—1,n).

For each n € N and s € (0,00), use Y, as the auxiliary data in the Dirichlet problem V'(s) from
§3. Then there exists T;, € (0, 00| and a continuous function yy,, : [-n,n| x [0,T},) — R with the

following properties:
(i) yn solves the Dirichlet problem V' (s), with auxiliary data Y, Vs € (0,T,);
(ii) yn € P*1([—n,n] x [0,5]), Vs € (0,T3,);
(ili) yn € Ci2((—n,n) x (0,T5)).

Note that Y;, vanishes identically in a neighbourhood of the parabolic walls, and so the com-
patibility conditions of all orders are satisfied. Therefore, using the global Schauder estimates

(Theorem A.0.3) and bootstrapping, we can improve (ii) to
(i") yn € C®([—n,n] x [0,s]), Vs € (0,T,).

Moreover, Proposition 3.3.3 then also applies, and for every ¢ > 0, y,, (-, ) is strictly increasing.
Finally, by the symmetries of Y;,, ¢ and V, y,(+,t) is an odd function for all ¢ € (0,T5,).

Lemma 4.3.3. For each n € N, let y, : [-n,n] x [0,T},) — R be the solution to the Dirichlet
problem mentioned above. Then for each t € [0,T,), the graph of x — y,(x,t) is contained in

the parallelogram
{(z,y) € [-n,n] x [-1,1]: 1+ 4(x—n) <y < —1+4(x+n)}}. (4.3.1)

Proof. By the maximum principle, we have the upper and lower barriers +1. Using that ¢'(z) >
0 for x > 0 and p(z,p) > 0 for any p € R, we have that

V(dx) = —4¢'(z)(1 + p(4)) < 0.
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Since 0 < %i;(~,()) < 4, we have that
1+4(x —n) < yp(x,0), Vzel0,n].
As yn(+,t) is an odd function for each ¢ > 0, we have that

1+4(00—n)<0=
=1

(07 )
1+4(n—n) .

Yn
Yn(n, ).

Hence 1+ 4(x —n) is a lower barrier to y, over [0,n]. By symmetry, —1 4+ 4(x + n) is an upper

barrier over [—n, 0]. O

Note that, Lemma 4.3.3 implies y,, has gradient bounded by 4 on the parabolic boundary I'y, .
Therefore, the 2nd part of Theorem 3.3.1 applies and each y,, is immortal.

Recall from the discussion in §4.3.1, that for any ¢ > 1, we have the immortal, strictly decreasing
solution ¢(t) to H = 0 starting from the constant initial condition ¢. Note that ¢(t) is bounded
below by 1. Since ¢'(x) > 0 whenever z > 0, for any ¢ > 1 and s € (0,00), we can solve the
Dirichlet problem H.(s) from §3, and hence there exists a T, € (0, co] and a continuous function

ge : [0,1] x [0, T¢) — [0, 00) satisfying,
(i) g solves H.(s), Vs € (0,T.);
(i) g. € P%1((0,1) x (0,s)), Vs € (0,T¢);
(iii) g € Cl%%((o, 1) x (0,T¢).

Lemma 4.3.4. For each ¢ > 1, let g, : [0,1] x [0,T,) — [0,00) be the solution to the Dirichlet
problem mentioned above. Then there exists a constant m € (0,1) depending on ¢ such that, for

each t € [0,T,), the graph of y — gc(y,t) is contained in the region

{(z,y) € [e(t), ] x [0,1] : p0(y) < 2 < e(t)(1 —y) + ey}, (4.3.2)
where N0 refers to the horizontal geodesic constructed in §3.

Proof. Using that ¢/(x) > 0 is increasing for x > 0, ¢(t) > 0 is decreasing, and v(x,p) > 0 for
any p € R, we have that

H(ct) (L —y)+ey) 2 ()1 —y) + ¢ (c(t)(1 —y) + cy)
¢'(c(t))(y — 1) + ¢'(c(t) > 0.

Y

So ¢(t)(1 — y) + cy is a supersolution. Moreover

c0)(1—y)+ey=c, ct)1—-0)+c-0=c(t), ct)(1—-1)+c-1=c.
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Hence c(t)(1 — y) + cy is an upper barrier to g.. For a lower barrier to g., choose m € (0,1)
such that oy, 0(c) = 1. Since m # 0, oy, 0 is invertible, and we have the horizontal graph 7, o

which is an increasing geodesic with 7,,0(0) = 0 and 7, 0(1) = c. O

Note that, Lemma 4.3.4 implies g, has gradient bounded by the maximum of ¢—1 and 7}, 4(1) on

the parabolic boundary I'z,. Therefore, Theorem 3.3.2 applies and each g, is immortal. Further-

more, Lemma 4.3.4 implies %gyc (1,t) > 0 for every t > 0. In combination with Proposition 3.3.4,

ge(+,t) is has strictly positive gradient for every ¢ > 0.

4.3.3 Extracting an entire solution

We currently have a sequence of continuous functions
Yn i [-n,n] X [0,00) = [-1,1], Vn €N,
such that
(i) yp is smooth on (—n,n) x (0,00), with V(y,) = 0 over this region.
(ii) yn(-,t) is a strictly increasing odd function with positive gradient for any ¢ > 0.
(iii) yn(x,0) =0 for z € [1 —n,n — 1], and y,(£n,t) = £n for t > 0.
(iv) yn(z,t) is a decreasing sequence in n for any (z,t) € [0,n] x [0, c0).

To see (iv) we note that, for m <n

yn(x,O) < ym($,0), Vr € [O,m],
yn(O,t) =0= ym(o,t), Vit > 0,
yn(m,t) <1l= ym(m,t), Vvt > 0.

Monotonicity then follows from the avoidance principle (Theorem 2.2.8).
These properties allow us to do several things:

e By (ii), yn(-,t) is invertible for each n € N and ¢ > 0. Thus, we can change gauge and

consider the curves as horizontal graphs
Tn: [-1,1] x (0,00) = [0,n], Zn(-t) == yu(-, 1)L, Vn e N.

Moreover, by (i), the horizontal graphs z,, are smooth and satisfy H(z,) =0 on (—1,1) x
(0, 00).

e (iv) allows us to take a limit of this sequence to get a function y : R x [0,00) — [—1,1],

y(x,t) = li_>m yn(z,t), V(z,t) € R x[0,00).
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Moreover, by (iii), y(-,0) = 0 on R, and by (ii), y(-,t) is an increasing odd function for
any t > 0.

We want to show that y is smooth and solves V(y) = 0 on R x (0,00). This will follow if we
can show that the convergence of the sequence y,, to y is locally smooth on R x (0, 00). We also
want to show that y is continuous on R X [0,00). However, once we have shown local smooth
convergence on R x (0, 00), continuity on R X [0, 00) follows from the monotonicity of each term

in the sequence and the monotonicity of the limit.

Lemma 4.3.5. If y,, converges to y locally smoothly on R x (0,00), then y € C(R x [0, 00)).

Proof. Since y(-,0) is an odd function, it suffices to show that y is continuous at any point
(z9,0) with zp > 0. Fix € > 0 and choose n large enough so that y,(z¢,0) = 0. Since y,, is

continuous at (xg,0), there exists some § € (0, xg) such that
lyn(z,t)|< €, V(x,t) € (xg —d,zo+ J) x [0,9).
As yp(z,t) is an increasing function in x for any fixed ¢
0=1yn(0,t) <yp(z,t) <e V(x,t) € (xg—,x0+0) x[0,0).
Finally, as y,(x,t) is a decreasing sequence in n

0<y(x,t)<e VY(z,t) € (xg— 9,20+ 3) x[0,9). O

4.3.4 Local regularity

The goal of this next section is to show the following theorem.

Theorem 4.3.6 (Local gradient bounds). Fiz k,T > 0. Then there exists My(k,T) > 0 such
that
[Yn (5 )l ((—kp) < M1, VEE[0,T], Vn>k+1.

That is, on any compact region of space time, our sequence has a uniform spatial C*-bound.

The strategy we employ to achieve this is to foliate our region of space-time with curves of
controlled gradient, and then show that at any time, each solution y,, intersects each foliating
curve only once. To begin, we shall show a uniform gradient bound at all times for our solutions

over some compact subset of space strictly containing [—1,1].

Lemma 4.3.7 (Local gradient bounds on a small spatial neighbourhood). There exists a > 1
and My > 0 such that

0< aayxn(x,t) <M; Vze€l0,a], Vt€[0,T], Vn> 2.
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In particular
ln (D)o ((ca) < M1, VEE[0,T], Vn>2.

The last line of this lemma rephrases it as the special case of Theorem 4.3.6 for k£ < a. To prove
Lemma 4.3.7, we shall foliate [—2,2] x R with the geodesics mentioned in §3.1. As such, the

proof will require the following property of the geodesics.

Claim. For each m € (0,1), let o, denote the graphical geodesic constructed in §3.1. For m
sufficiently close to 1
Jm’o(Q) > Um,o(l) +1>2.

Proof of claim. Since ¢'(x) <
each m € (0,1)

for z € (1,3), we note that ¢(1 +s) < 5 for s € (0,3). For

N[

2

2) = ds > 1
Jm’O( ) UmO +1/6¢(s 62¢(s m2 5 Um,O( )+

SO —_ .
aQ
[ SIS
S| s
|
3
D)
QL
V)

1
Since [? 3 16571 ds > 1, for m sufficiently close to 1, 0,,0(2) > 0m0(1) + 1. We get the last

inequality for free as the gradient of gy, o is decreasing. O

Proof of Lemma 4.3.7. By the previous claim there exists m € (0,1) and € > 0 such that
omo0(2) = omo(l) + 1+ 2e. Fix a > 1 such that o,,0(a) = 0m0(1) + €. We consider the
geodesics o, : R = R for |h| < 0y, 0(1) + €. Note that, for any such h, it is a regular value of
(Yn(-,0) — o n(-)) over [—2,2]. In particular, since

Jm,h(Q) > IT+e>1 > yn(27t)a
omn(=2) < —1—€< =1 <yn(-2,1),

by intersection principle (Lemma 2.2.5), at each time ¢ € [0, T, the curves o, p(-) and yy (-, 1)

intersect at a single point over [—2, 2].

Finally, as the region [0,a] x [0,1] is entirely foliated by the curves oy, for |h] < oy, (1) + €,
we have

3?uw<a,x)<$%%m Y(z,t) € [0,a] x [0,T]. O

Next we shall show a uniform gradient bound over [—k, k| for a short amount of time.

Lemma 4.3.8 (Local gradient bounds for a short time). Fiz k > 0. Then there exists T > 0
and My (k) > 0 such that

OYn
0< 6?2( x,t) < My, Vxel0,k], Vtel0,7], Vn>k+ 1.
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In particular
[Yn (5 )l (kg < M1, VEe[0,7], Yn>k+1

The last line of this lemma again rephrases it as the special case of Theorem 4.3.6 for for T" < 7.
To prove Lemma 4.3.8 we foliate [—k, k] x R for a short amount of time. We will not use
geodesics to foliate, as their gradient becomes too shallow far out. Instead, we use the Dirichlet
problems V(-) from §3.1 to construct an immortal, smooth solution to ¥V = 0 from a suitable
initial condition, and use vertical translations of this solution as a foliation. To be more precise,
lets solve the Dirichlet problems V' (-) with initial data given by the map = +— 4z on the slightly
larger domain [—(k+1), k+ 1]. By the same reasoning as in §3.1, we have a continuous function
F :[0,k+ 1] x [0,00) — R such that

e F'is smooth and solves V(F) =0 on (0,k+ 1) x (0, 00);
o F(2,0) =da, F(k+1,¢) = 4(k + 1), F(0,¢) = 0;
e F(-,t) is increasing for each ¢ > 0.

By the vertical translation invariance of (3.1.4), for each time ¢t > 0, we can foliate with the

solutions
F(t) :={F(-,t) —h:heR}

We are concerned with which curves in our foliation F(¢) intersect with our solution y,(-,t).
Define
H(m7t) :=Im (F(7t) - yn('vt)|[0,33]) , V€ [07 k+ 1])

so that a curve F(-,t) — h € F(t) intersects yn(-,t) over [0,z] if and only if h € H(x,t). The

following proposition bounds the size of H(z,t).

Proposition 4.3.9. For each k > 0, there exists a constant Ay > 0 such that
H(x,t) C [0,4xeAkt] , VY(z,t) €10,k + 1] x (0,00). (4.3.3)

Proof. Fix A > 0 to be determined later. We showed in §3.1 that V(4x) < 0. By a similar

calculation
V(dzert) = gert (Apz — ¢'(2)(1 + p(, 4eA’“t))) > 4ert (Agz — 2¢'(2)) .

Note, for x € [0,1], ¢'(z) = 0 so Axx — 2¢'(x) 0, and for x € [1,k + 1], if we choose
Ay = 2(k 4+ 1)2 = 2¢/(k + 1), then Apx — 2¢/(x) > Ap — 2¢/(x) > 0. So V(dxeds?) > 0 over
[0,k + 1] and by the avoidance principle (Lemma 2.2.8)

>
>

Az < F(z,t) < dze™, Y(x,t) € [0,k +1] x (0,00).
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So for any t € [0,77], over [0, x] we have
~1 < F(,t) = yn(- 1) < dae!
To finish the lemma, we note that for h < 0
F(z,0) — h >4z > y,(2,0), F(0,t) —h >0=1y,(0,t), Fk+1,t)—h>1=uyy(k+1,t).

So by the avoidance principle (Lemma 2.2.8), h ¢ H(x,t). O
Proof of Lemma 4.3.8. Choose T := A%c log(1 + ﬁ) > 0 so that equation (4.3.3) becomes

H(k,t) C[0,4k +1], Vte[0,7]. (4.3.4)
Fix (zo,t0) € [0, k] x [0, 7]. Since F(to) is a foliation, 3 hg € H(k,to) such that

F(xo,t0) — ho = yn(wo, to)-

Since %—5(:1:, 0)=4> %%(x, 0), There is a single zero of F' — hg — y,, at time ¢t = 0. By equation

(4.3.3), for any t € [0, 7]

F(Oat) _hO = _hO <0= yn(oat)a
Fk+1,8) —ho=4(k+ 1) —ho > 3 > ya(k + 1,1).

Therefore, at time tg the curves intersect transversely at xg by the intersection principle

(Lemma 2.2.5), giving

OYn OF oF
< == to) < — to) < — ]
0= g (Forto) < (w0 to) < 001 <5$>

We are now ready to prove Theorem 4.3.6. Here we shall use the family of curves g. that we
constructed in § 3.1 to foliate our space. Although this foliation doesn’t cover all of space-time,

the regions it misses are covered by Lemma 4.3.7 and Lemma 4.3.8.

Proof of Theorem 4.3.6. Take a > 1 and 7 > 0 as in Lemma 4.3.8 and Lemma 4.3.7. To prove
the theorem, it suffices to show that for any (z*,t*) € [a,k] x [7,T], we can find a gradient
bound for y, at (z*,t*).

We begin by switching gauge for our solutions. View the vertical graphs y, as the horizontal
graphs x, : [0,1] x (0,00) — [0,n]. By the intermediate value theorem and the monotonicity
of x,(-,t*), 3 y* € (0,1) such that x,(y*,t*) = 2*. Choose 7 > 0 sufficiently small so that it
is both less than 7 and so that gx11(7) > cx+1(7) > k. This implies that the region {(z,y) €
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[a, k] x [0,1]} is folliated by the curves
G:={(9c(y,7),9) :y € [0,1], ¢ € [a, k + 1]}
In particular, there exists ¢* € [a, k + 1] such that
ger (Y, T) = " = wn(y", 7).

Consider the intersection number of the curves gg-(-,t) and z,(-,t + (t* — 7)). As y,(0,-) =0

and y,(n,-) = 1, we have
zn(0,t) =0, z,(1,t) =n, Vt>D0.

In particular, as ge«(+,0) = ¢* € (0,n) and z, (-, t* — 7) is strictly increasing, the curves initially

intersect only once at a transverse point. Moreover, for any ¢t > 0

g (0,8) = c*(t) > 0 = 2, (0, ¢t + (t* — 7)),
gr(L,t) =c* <n=ax,(1,t+ (t* — 7)),

and by the intersection principle (Lemma 2.2.5), the curves always intersect exactly once. There-

fore 0 0

Tn , oy % Gc* *  ~
—_— > .
3y (y*,t") > a9y (y*,7)

By the smooth dependence on auxiliary conditions for solutions to the Dirichlet problems H.(-),

the map

0
G £ 10,1] x (1,00) x (0,00) = (0,00),  Gly,,) = FE(y.),
Y
is continuous. Hence for any X € (1,00) x (0, 00), there exists €(X) > 0 such that

G([0,1] x X) > e > 0. (4.3.5)

In particular, choosing X := [a,k + 1] x [, T] in equation (4.3.5), there exists ¢ > 0 such that

8” c * ~ * Kk~
Do) 2 W) = Gl ) 2 e
That is 5 .
yn ERES
< == ) < —. ]
0 ax(x’ )_e

We can now bootstrap to get uniform higher order bounds locally on our sequence.

Theorem 4.3.10 (Local bounds). Fiz j € N and K € R x (0,00). Then there exists M; > 0
such that
[Ynlpi(xy < Mj, VneN.

68



Proof. There exists some € > 0 such that K9 C R x (0,00), where Ky, denotes the 2e-fattening
of K. We begin by substituting y,, into the coefficients of V. By Theorem 4.3.6, our operator L,
is then a strictly parabolic linear operator. Moreover, on Ko, these coefficients are uniformly
bounded in L*(Ky). Thus, we can apply De Giorgi-Nash-Moser (Theorem A.0.2) to conclude
that our sequence of solutions ¥, are uniformly bounded in P%(K,) for some « € (0,1). Using

interior Schauder estimates (Theorem A.0.4) the result follows. O

As a consequence of Theorem 4.3.10, we now have local uniform P’-bounds for our sequence

Yn. Using Arzela-Ascoli and monotonicity, the sequence y, converges to y in C2 (R x (0, 00)).

Hence y is smooth with V(y) = limp, 00 V(yn) = 0 on R x (0, 00).
4.3.5 Long term behaviour
We currently have a continuous function y : R x [0, 00) — [—1, 1] such that
(i) y(-,0)=0on R.
(ii) y(-,t) is an increasing odd function V¢ € (0, c0).
(iii) y is smooth and satisfies V(y) = 0 on R x (0, c0).

The final step in the proof of Theorem 4.3.2 is to show that our solution does not remain equal
to zero as we flow forwards in time. To do this we construct a suitable barrier. In particular,

we find a graphical solution that acts as a barrier to our sequence of solutions .
Let ¢ : (0,00) — (1,00) be the solution to the ODE

0 :
50 = =61, (43.6)

such that ((t) — oo ast \, 0. As discussed earlier in §4.3.1, ((t) = t~! for small t > 0. Consider
the barrier function b : (0,00) x (0,00) — (0, 00) given by b(y,t) :=t+ ((¢) + m. We shall
show that as a horizontal graph, this is a supersolution to equation (3.1.3). Since ¢(b(y,t)) > 0,
we have the upperbound

byy  2log(1+y)+log(l+y)?

- <1.
b2 + €2¢() 1+ e200) (1 4 )2

Moreover, since ¢/ () is increasing, we have that ¢/ (b(y,t)) + C(t) = ¢/ (b(y,t)) — ¢/ ((t)) > 0.
Using the above inequalities and substituting b into H gives
H(b) =1+ (¢ buy '(b(y,t)) | 1 by >0
(b) = +C()—W+¢((y,)) +W = 0.

r—

to (3.1.4) in the region U := {(x,t) € (t + ((t),00) x (0,00)}. In particular, using V(—y) =

So b is a supersolution to (3.1.3). Switching gauge, (x,t) — exp (W) —1 is a supersolution
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—V(y) and the vertical translation invariance of 1V, we have that the graph of the function
u(x,t) := 2 —exp (#ﬂ(ﬂ)) is a subsolution to (3.1.4) in the region U. We can then modify

u to get a subsolution @ in the barrier sense, defined on all of (0,00) X (0,00), by setting

-1 c(x,t) ¢ U
max{—1,u(z,t)} :(z,t) €U

u(z,t) =

This @ is our barrier. The following lemma shows that this barrier does indeed push our solution

y away from zero.
Lemma 4.3.11.
u(x,t) < y(z,t), V(z,t)€R x]0,00).
Proof. Fix n € N. On the parabolic boundary of the region where y,, is defined
E(WO) =-1< yn('70)7 ﬂ(_nv ) =-1= yn(ov ')7 ﬂ(nv ) <l= yn(na )
By the avoidance principle (Lemma 2.2.8)
u(x,t) < yp(z,t), VY(z,t) €[—n,n] x[0,00), VneN.

The result follows from the convergence of ¥, to y. O

For any t > 0 and € € (0,1), setting z¢ :=t + ((t) + m, we have

1—e<u(z,t) <y(z,t), Vr>x.

This concludes the proof of Theorem 4.3.2.

4.4 Rotationally symmetric Hadamard surfaces

For the final section, we consider metrics of the form g = dr? + 2?()d@? as in (1.3.1) which
are complete smooth O(2)-invariant metrics on the plane with non-positive curvature. As any
such ¢ is complete, smooth and O(2)-invariant, we have the previous analytic definition of g
blooming at infinity (see Definition 1.3.16). Moreover, under the additional assumption that the
curvature is non-positive, we can show that an equivalent geometric formulation for g blooming
at infinity is that all closed solutions to CSF become extinct within a finite uniform time. We

shall first make this statement precise, before using it to prove Theorem 1.3.17.

Given a region U C M within our surface, we want to quantify the maximal existence time for

closed solutions to CSF which initially lie within U.

Definition 4.4.1. For any subset U C M, let C(U) denote the class of smooth closed solutions
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to equation (1.2.1)
n:S*x[0,T) = M,

such that n(-,0) C U. For such a solution n, we say that its existence time is 7". Define the

existence time of the subset U to be the supremum of all such existence times

T7(U) = sup{T € (0,00) : T is the existence time for some n € C(U)}.

The following lemma provides an upperbound for the existence time of a closed solution to CSF
inside a simply connected negatively curved space. It is a simple application of Gauss-Bonnet,
Theorem C.0.1.

Lemma 4.4.2. Let (R?,g) be a Hadamard surface (non-positive curvature) and m; : S' x
[0,T;) — R? be a family of closed disjoint solutions to CSF for i € {1,...,k}. Suppose n :
S1x[0,T) — R? is a mazimal closed solution to CSF such that the region enclosed by Im (n(-,0))
contains all of the other curves Ule Im (n;(-,0)). Then

where a > 0 s the initial area discrepancy.

Proof. Let T'(t), T';(t) denote the regions enclosed by the curves Im (n(-,¢)) and Im (n;(-,t))
respectively. Without loss of generality 0 =: Tyy1 < T} < --- < T7. Then by the avoidance

principle for closed curves, for each m € {1,...,k} we have
m
UTit) ST@), Yt € (Tnsr, Tm).
i=1

Let A(t), A;(t) denote the areas of I'(t), I';(t) respectively, so that the initial area discrepancy
k
a:=A(0) — > A;(0). For t € (Try41, 1) we apply Gauss-Bonnet to give
i=1

0A m " 9A.
:—27r+/ KdA§—27r+§ / KdA:E 42 (m—1).
ot r(t) = Jrw = ot ( )

Integrating, we have for each m € {1,...,k}

A(Tr) — A(Tn41) < Z (Ai{(Ty) — Ai(Tyns1)) + 2m(m — 1) (T, — Ting1)- (4.4.1)

=1
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Summing (4.4.1) over m € {1,...,k}

k k k
AT) < A(0) =D Ai(0)+2n> Ti=a+2ry T
i=1 i=2 i=2
Applying Gauss-Bonnet once more
T<T1+A(T1>:O‘+zk:n. 0
- 27 27 P

The following lemma shows equivalent formulations for such a metric to allow blooming at

infinity.

Lemma 4.4.3. Let g = dr? + 2*(d#? as in (1.3.1) be a complete smooth O(2)-invariant
metric on the plane with non-positive curvature. For each m € N, let S, :== {(r,0) : >0, 0 €

[0, 221} € R%. The following conditions are equivalent.

1. g allows blooming at infinity. That is, there exists T € (0,00) and a solution R : (0,T) —
(0,00) to the ODE (1.3.2) such that R(t) — 0o as t 0.

2. For any t > 0, there exists R(t) € (0,00) such that, for any m € N and n € C(Sp,), we
have that n(-,t) C Br)-

3. For any m € N, the ezistence time 7(Sp,) < 0o (see Definition 4.4.1).

Proof. We shall show 1 =— 2 — 3 = 1.

(1= 2) Let n € C(S;,). By compactness, for any e > 0, there exists some § € (0,¢) such that
n(-,€) € Br(s)- By the avoidance principle for closed curves, 1(-,t) € Br(—ets). Letting
€ \ 0 yields the result.

(2= 3) Fix n € C(Sp). Either the existence time of 7 is less than 1, or by our assumption, there
exists some R > 0 independent of i such that 7(-,1) € Bg. Using that the curvature is
non-positive and Gauss-Bonnet, we have that T < 1+ % and hence 7(S5,,) <1+ % <
00.

(3= 1) Fix r > 0 and consider the region B, N S,,. We can flow the boundary of this region
under CSF to get a solution 1 : St x [0,T) — S, with existence time T < 7(S,,). Also
consider the maximal solution r(t) : (0,7p) — (0,00) to the ODE (1.3.2), starting from
r(0) = r. We note that under the usual O(2)-action on the plane, the rotated curves
(2mﬂ -m) for j € {0,1,...,m— 1} are disjoint, and completely fill the region B,. Therefore,
by Lemma 4.4.2

To<m-T <m-7(Sm).

In particular, taking r * oo gives 7(R?) < m - 7(S,,) < oo. Now consider the sequence
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of maximal solutions R, : [-75,,0) — (0,00) to the ODE (1.3.2) with R,(-T,) = n,
for all n € N. Note that the T}, are strictly increasing and bounded above by 7(R?),
so they converge to some finite limit 7. Taking the limit of the sequence R, in n and
reparametrising gives a solution R : (0,7) — (0,00) to the ODE (1.3.2), with R(t) — oo
as t N\ 0. O

Proof of Theorem 1.3.17

Theorem 1.3.17. Consider a complete smooth O(2)-invariant metric § with non-positive
curvature on the plane. Let v : R x [0,T] — R? be a uniformly proper solution to CSF starting
from the x-azis. If G does not allow blooming at infinity then -y is the static solution to CSF.

Proof of Theorem 1.3.17. Let v : R x [0,7] — R? be any uniformly proper solution to CSF
starting from the z-axis. Fix m € N and r > 0. Using Lemma 4.4.3 there exists 7, € C(Sy,)
with existence time greater than 7' and a point 2 € S! such that n,(x,T) lies outside the ball
B, centred at the origin radius r. Consider now the rotated slice (7 — 2%) - S,,, = {(r,0) : 7 >
0, 6 € [x — 2, 7]}, and the convex region Qy, := S, U (7 — 22) - S, UB1. We currently have a

smooth closed curve 7,(-,0) C S,,. We choose 7, € C(€2,) such that ﬁT(W-l, 0) is a smooth closed

curve in Q, enclosing both 7,(-,0) and its rotated image (7 — 2Z) - n,(-,0) C (7 — 2Z) - Sp,.
By the avoidance principle for closed curves, the existence time T of 7, is greater than T and
there exists points z,y € S! such that both #,.(z,T) and 7,.(y,T) lie outside of B,., but with

0(z,T) € Sy, and 7, (y, T) € (1 — 2Z) - Sy,

For each r > 0, we now apply the avoidance principle (Theorem 4.2.4) to the closed curve 7,
and the uniformly proper solution ~, as well as to the rotated closed curve 7 -7, € C(m - Q)
and v to deduce that

Im~y(-,t) CQuUT-Qp, VYmeEN, Vte[0,T].
Taking m — oo gives

() € (| (QmUT- Q) ={(r,0):7>0,0 € {0,7}}, Vtel[0,T].
meN

We have shown that Im~(-,¢) is the z-axis for each ¢ € [0, T]. O
In light of the previous theorems, we tentatively make the following uniqueness conjecture,

claiming that within our special class of metrics, the only obstruction to uniqueness under

curve shortening flow starting from any initial data is precisely blooming at infinity.

Conjecture 4.4.4. Let (R?,g) be the plane equipped with a complete smooth O(2)-invariant
metric with non-positive curvature. Then CSF is unique on (R2,g) (see Definition 1.8.12) iff g
does not allow blooming at infinity (see Definition 1.3.16).
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Chapter 5

Complete (2+1)-dimensional Ricci

flow spacetimes

For the final chapter of this thesis, we return our attention to Ricci flow. The following is a

brief outline of its content.

In §5.1, we extend a lower scalar curvature bound originally due to BING-LONG CHEN in
[Che09] to Ricci flow spacetimes, which allows us, via a Harnack estimate, to show that
Ricci flow spacetimes with connected spatial slices are expanding. We then decompose

any Ricci flow spacetime into the union of such spacetimes to show Theorem 1.3.1.

In §5.2, we show that expanding Ricci flow spacetimes can be embedded within a larger
ambient space. With the use of the ambient space, we can now define a global conformal

structure on our spacetime, allowing us to significantly simplify Theorem 1.3.6.

In §5.3, we further reduce Theorem 1.3.6 to complete and conformal Ricci flows on space-
times within the unit disk. We then formulate a geometric condition equivalent to con-
tinuity, which we use to then prove a comparison principle for Ricci flows on such a

spacetime.

Taking any non-atomic Radon measure on a Riemann surface, a recent result of PETER
TopPPING & HAO YIN [TY21] allows us to start the Ricci flow from this measure. In §5.4,
we show that the converse is true, and that any complete conformal Ricci flow on a surface

must start weakly from such a measure.

In §5.5, we introduce the idea of an initial time blow-up. Taking any Ricci flow starting
from a Radon measure, by looking at larger and larger parabolic rescalings of such a
flow away from the support of the initial measure, in the limit at time zero, we have a
hyperbolic metric. Finally, we combine this with the comparison principle from §5.3 to
show Theorem 1.3.6.
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5.1 Complete Ricci flow spacetimes are expanding

The aim of this section is to prove Theorem 1.3.1. The key idea in the proof is Lemma 5.1.7,
which states that the vanishing times of points is locally constant within each spatial slice of
our spacetime. To show Lemma 5.1.7 we require bounds on our metric along the worldlines.

This takes the form of a Harnack estimate.

5.1.1 A simple Harnack estimate for spacetimes

This short subsection introduces a simple Harnack estimate for complete Ricci flow spacetimes.
Recall that if inf I = 0 and the hindsight function h = 0, then we say that the spacetime M is

initially determined.

The following is Chen’s lower scalar curvature bound adapted to Ricci flow spacetimes. The
proof of Lemma 5.1.1 presented here is a modification of the original proof given by Chen, where

now the basepoint of the balls is allowed to vary smoothly in time.

Lemma 5.1.1 (Variation of Chen, [Che09, Proposition 2.1]). ¥§ € (0,2), 3 C(8) > 0 with
the following property. Let (M™1 ¢ 0y, 9) be a Ricci flow spacetime. Fiz [t1,t2] € I and
n: [t1,te] — M a time-preserving path. Let m: TM — TM®P% denote the spatial projection,
and suppose there are constants ro, K >0 and A > 2+ 24(n — 1)7’0_2152 such that

e Byu(n(t), Arg) € My, for every t € [t1,t2];
e Ric(g(t)) < (n— 1)7‘62 on By (n(t),r0), for every t € [t1,ta];
® Ry = —K on Bg(tl)(n(tl),Aro);
o [mon(t)gm< rot, for every t € [t o).
Then for each t € [t1,t2] and x € By (n(t), 3/}%), we have

1 e \
(Z-8)(t—t)++ Ax§"

n

Ry (z) > min{—

Proof. Fix a smooth decreasing function ¢ : R — R with ¢ =1 on (—o0, %] and ¢ =0 on [1,00).
For points x,y € M in the same time slice s = t(z) = t(y), let dy(x,y) := dy(s) (7, y) denote the
distance between x and y in (Ms, g(s)). Define u : M(i, 1) = R by

x,not(x n—1)r; 'z
u(z) 1=¢<dg( et ))Z:;( — )> Ry (@)

In the region where d; is smooth, a direct calculation yields

_ R¢" .
(Odg+mon - Vdg+3(n—1)ry') —2Ve- VR — pEm + 26[Ric|?,  (5.1.1)

_ Ry

(u =
b ATO
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where [ := 0; — A, denotes the heat operator on M, and Vd, denotes the gradient of the
function My, — R, y — dy(x,y), evaluated at the point y = no t(x).

o (z,mot())+3(n—1)rg ()

Fix x € M, 1,). If the distance dy(x,n o t(z)) < ro, then d e < 2, and
-1
hence ¢’ (dg(x’mt(m)):i(()n_l)ro t(m)) * Ry(y(z))(z) = 0. Otherwise, the distance dy(x,not(z)) > ro,
and we have the lower bound (in the barrier sense) from [Per02, Lemma 8.3]
/ 8(” — 1)
Ody(x,mot(z)) +mon'(t(x)) - Vdg(z,not(x)) > =
0
In particular, on all of M, 4,y we have the lower bound (in the barrier sense)
Ody, +mon' -Vd, +3(n—1)ryt >0. (5.1.2)

For each s € [t1,t2] define

up(s) 1= mg}& u(x).

Assume for some fixed tg € (t1,t2) that ug(t9) < 0. Then, since u is continuous on the compact

set By(y)(n(to), Aro) and vanishes outside of it, the minimum is attained at some point zq €

My,. By continuity, for any point y in a sufficiently small neighbourhood of zq, Rg(y))(y) < 0,
-1
and so ¢’ (dg(y’mt(y))f’(n_l)ro t(y)) - Ry(4(y))(y) > 0. Combining this with (5.1.2), we have

T0

R¢' - (Odg+mon -Vdg+3(n—1)rg') >0,

in a neighbourhood zy. Therefore, in a spacetime neighbourhood of zp, equation (5.1.1) implies

R¢" 2

Ou> —2Vé- VR — e +

OR?, (5.1.3)

n
in the barrier sense. Moreover, using that ¢ > 0 near xg, within a possibly smaller neighbour-

hood of g, at smooth points of d,, we have

Vu R (¢')°
VR=-——=V¢, |V¢|*=
- Ive, 1vel= ok
Therefore, on this small neighbourhood of zg, the differential inequality
2 1 2(¢/)2 //) 2 2
Uu>——Vo¢-Vu+ ( - R+ —9¢R", 5.14
" ) G\ o ¢ ~® (5.1.4)

holds in the barrier sense. With our choice of ¢, we can ensure that we have the bound
\% -9 < qb%, for some C’ > 0 depending only on ¢. Using Peter-Paul, we also have the

C'Rpz _2( C' \* 6, ., 6 c \? )
g <5 () 297 =3 <<<Aro>2> ot ) |

where C' now depends on 0. Therefore, we can simplify equation (5.1.4) to the differential

inequality
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inequality

2 2 8\ ,., 0( C \°
Lu > —Equ-Vqu (n - 2> ¢R - 5 <(A’l°o)2> . (5'1'5)

Applying the maximum principle, we conclude that

.. up(s+h) —up(s) 2 9 9 0 C \?
1 f > (= —= - =
0 h “\n 2 ¢R 2 \ (Arp)?
5 c O\’
> (2 _ 2 9 2
> ( 5) up(s) + 3 <uo(8) ((Ar0)2> )
Integrating this up, we have the desired inequality. O

As a corollary to Lemma 5.1.1, we also have a lower scalar curvature bound for complete Ricci

flow spacetimes (see [Che09, Corollary 2.3] for the comparable result on cylindrical spacetimes).

Corollary 5.1.2. Let (M"1 t,0;,9) be a complete Ricci flow spacetime. Then for any x € M

we have

Ry(i(a))(2) 2 2(t(z) — b(x))’

If M is initially determined, this simplifies to

2t_(:r)

Ry(i(ay) () =

Proof. Fix © € M and choose s € (h(z),t(x)). Then by the definition of h we can find a
time-preserving path n : [s,t(x)] — M such that n o t(z) = z. For ry sufficiently small,
Ric(g(t)) < (n—1)ry? on By (n(t),ro) for every t € [s, t(x)], and |7 o /()[4 < ro* for every
t € [s,t(x)]. For any A > 0, and any t € [s,t(x)], Byq)(n(t), Aro) € M, follows from the
completeness of the metric g(t). By compactness, there exists some lower bound Ry > —K
on By (n(s), Arg). So, for each § € (0, %), choosing A sufficiently large, Lemma 5.1.1 implies
the existence of C' > 0 such that
1 C 1

. ] C
Rytan (@) = mint = = T T T A T M T T ) e A
(5.1.6)

The corollary is

Taking A sufficiently large, we conclude that Ry (z) > —m.
finished by taking d N\, 0 and s \, b(z). ! O

Recall that in dimension n = 2, Ricci flow preserves the conformal class of the metric. Within
a Ricci flow spacetime (M?*1 t,0;, g), consider cylindrical coordinates ¥ : U(I) C M — U x I,
for some open set U C My, s € I.

Shrinking U if necessary, we can assume that U, equipped with the metric W,(g(s)), admits

isothermal coordinates (z,y), so that W.(g(s)) is conformally equivalent to (dx? + dy?) on
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U x {s}. Since U,(g) solves the usual Ricci flow equation on W(U(I)) C U x I, we see that
U.(g) = u(da? +dy*) on W(U(I)), (5.1.7)

where u : W(U(I)) — (0,00) is a smooth function satisfying the logarithmic fast diffusion

equation (LFDE)

ou
Tl Alogu. (5.1.8)

Working locally, we can combine the lower scalar curvature bound with the LFDE to give the

following simple Harnack estimate.

Definition 5.1.3. Given a smooth manifold M, a subset I' C M is a smooth arc in M if it has

a smooth and regular parameterisation v : J — M, for some interval J C R.

I'={y(s):s e J}.
If we can take J = [0, 1], we say that I is a compact smooth arc.

Lemma 5.1.4. Let (M?*1,t,0;,9) be a complete Ricci flow spacetime with I = (0,T). For
any xg € My,, choose r > 0 sufficiently small such that the ball B := B(zo,r) € My, admits

isothermal coordinates. Let I be a smooth arc in B. Then

t —b(zo)

Le(I'(1)) < to — b(xo)

4y, VEefto, T),

where Ly(I'(t)) denotes the length of I'(t) C My with respect to the metric g(t). If M is initially

determined, this simplifies to

ly(T(1)) < \/t?-ég(f‘), vt € [to, T).

Proof. As we did above, there exist cylindrical coordinates ¥ : B(I) C M — B x I, so that
U, (g) satisfies (5.1.7) for some u : W(B(I)) — (0,00) solving the LFDE (5.1.8). Since

Alogu = —u- Ry,g = —u- V. (Ry),

we can use Corollary 5.1.2 to bound the time derivative of our conformal factor

) = (1) - Ry (U (2,1)) <

u(z,t) _ u(z,t)
t—hoWwl(zt) t—bh(zxo)’

V(2 t) € W(B(I)).

Note that (z,t) € W(B(I)) iff [to,t] C I.. So we can integrate the above to get

t —b(wo)

0= (55

) u(z,to), V(z,t) € ¥(B()).

Let ' be the image of the smooth map ~ : J — B. Recall, the set I'(t) denotes the collection
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of points {z(t) € M; : x € I',t € I} (see Definition 1.2.6). We shall consider those points in I'
which persist until time ¢,
L#))(s) ={zel:tel,}CT,

and let

As [I'(t)](s) is open in I', .J; is open in J. Since ¥(T'(t)) = [['(¢)](s) x {t}, we have

00 = o (PN % (1) = [ a0/ ()] s,

Ji

where || is the size of a vector with respect to our local isothermal coordinates. In particular

£, (T (1)) = /J u(y(s), )3 17 (s)] ds

t_h(xﬂ) % /(s s
s [ w0k )] d

o), MOk ) ds

< u(y(
J
| t—b(xo)
=/ ————= - 4y(T). O
to — b(zo) o(1)
Remark 5.1.5. In higher dimensions, the same reasoning applied to the evolution equation for

the volume form
Ly, dVy = —RydVy,

gives an analogous inequality, and hence a local upper bound on volume growth.

By piecing together the above lemma locally, we have the same result for any smooth arc within

a spatial slice.

Lemma 5.1.6. Let (M?T1 t,0;,9) be a complete Ricci flow spacetime with I = (0,T). Suppose

I' is a smooth arc in My,. Then

t —b(zo)

(T <\ 0 z0) b (o)

'EQ(F), Vit € [to,T).

where £y(T'(t)) denotes the length of T'(t) with respect to the metric g(t). If M is initially

determined, this simplifies to

GIE0) <\ 1 4(D), Ve to,T).

Proof. We aim to apply the Harnack estimate to small balls covering I'. Let I' be the image of
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the smooth map v : J — B. For each s € J, choose r; > 0 sufficiently small such that the ball
B := B(v(s),rs) satisfies the hypothesis of Lemma 5.1.4. Consider the open cover v~ !(Bjy) of
J. As R is locally compact, write J as a union of compact intervals K; for ¢ € N, overlapping
only at their endpoints. Applying the Lebesgue number lemma to each K;, we can find a finite
number of compact intervals J;; such that K; = U;J;;, with the collection J;; overlapping only
at their endpoints, and with the additional property that J;; C 7_1(B8¢,z)v for some s;; € J.
Then, applying Lemma 5.1.4 to each of the balls By, ,, we conclude that

t1) =Y Lo(T(t1) N [y(Jip)](tr))
il

tl_b Z( (T'Nny(Jiy )

to —
t1 — b(wo)
to — b(zo) Lol .

5.1.2 Vanishing times are locally constant

Let I' € M; be a compact smooth arc within the spatial slice at time s € I. Recall, in
Definition 1.2.6, we defined the interval It = Nyerl,. Since I' is compactly contained in My, s
is in the interior of It by Lemma 2.3.2. Let It = sup It > s, be the vanishing time of the arc.
The following lemma shows that along a compact smooth arc I'; the vanishing times of all of

the points within the arc are the same.

Lemma 5.1.7. Let (M?*1 ¢ 0;,9) be a complete Ricci flow spacetime with I = (0,T). Fix
se€l and let ' € Mg be a compact smooth arc. Then

T, =Ty, Vrel.

Proof. We can assume that Tt < T, otherwise we would have T,, =T =T, for any x € I". Let
I" be the image of the smooth map ~y : [0,1] — M. Consider those points in I' which persist
past the vanishing time of I', [I'(7T1)](s) C I. As in Lemma 5.1.4, we look at the preimage of

this subset under our parameterisation
J' =~ H([T(Tr)](s)) € [0,1].

We note that J’ is open in [0, 1]. If J’ is non-empty, choose J” C J’ to be a non-empty connected

component. We use Lemma 5.1.4 to show that J” contains its infimum and supremum.
Claim. inf J”,supJ"” € J".

Proof of claim. Let s := sup J”. Choose an increasing sequence s; € J” such that s; /s, and
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hence v(s;) = 7v(s) in My, as j — oo. Since the metric is smooth,
Lg(v([s5,8])) = 0, asj— oo (5.1.9)

In particular, by the Harnack estimate from Lemma 5.1.4, the sequence [y(s;)](1t) is Cauchy in
M. As g(1t) is complete, there exists a limit z € M7,.. Choose r > 0 such that the parabolic
cylinder C(z, ) is unscathed. In particular, since g is smooth, for some 7 € (Tr—72,Tr)N (s, Tt),
we deduce that [y(s;)](7) — 2(7) as j — oo. Finally, applying the Harnack estimate (5.1.4)
again to equation (5.1.9), we see that [y(s;)](7) — [v(s)](7) as j — co. So [y(s)](T) = z(7), or
z = [y(8)](Tr), which implies s € J”. The argument for inf J” is the same. O

By the above claim, J” must be the entire interval [0,1], and [['(T1)](s) = I'. This gives a
contradiction to the value of Tt as I'(Tt) € Myy.. Therefore J' is empty, and all points in T

vanish at time Tr. O

Corollary 5.1.8. Let (M?T1 ¢ 0;,9) be a complete Ricci flow spacetime with I = (0,T). Sup-
pose U C My is connected. Then T, =T, for all z,y € U.
5.1.3 Spatially-connected spacetimes are expanding

Definition 5.1.9. Let (M, t,0;,g) be a connected Ricci flow spacetime. We say that M is

spatially-connected if the time slices My are connected, for all ¢ € I.

Under the additional assumption that M is spatially-connected, we have a well-defined vanishing
time for each spatial slice. If our spacetime was not expanding, then M,(t) = ) for some

s <t € I. We can now use this to contradict our assumption that our spacetime is connected.

Theorem 5.1.10. Let (M?*1,t,0;,9) be a complete, spatially-connected Ricci flow spacetime
with I = (0,T). Then it is expanding. That is, the vanishing times

T,=T, VxeM.

Proof. By Corollary 5.1.8, each spatial slice M, has extinction time Ty € (s,T] for each s €
(0,7). That is, T, = Ts for all x € Mg. If T, < T for some s € (0,7), then T} = Ty for all
€ (s,Ts). Choosing any point © € Mr,, we can pick § > 0 sufficiently small so that Ts+6 € I,.

This leads to the obvious contradiction
Ts+6<T, = Tx(TsfzS) =Ts. O
5.1.4 Decomposing a spacetime

For the final part of this section, we show that any complete Ricci flow spacetime can be

decomposed into a collection of complete and spatially-connected Ricci flow spacetimes.
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Definition 5.1.11. Let (M"*! ¢ 0;,g) be a Ricci flow spacetime and let n : J — M be a
time-preserving path. Define M" C M by setting M to be the connected component of M;
containing 7(t), for each t € J.

Lemma 5.1.12. Let (M"! t,0,,9) be a complete Ricci flow spacetime with I = (0,T). Fix
(to,t1) € (0,T). If n : (to,t1) — M a time-preserving path, then the restriction of t, 9y and g

to M" is a complete and spatially-connected Ricci flow spacetime.

Proof. In order to show that (M" t, 0, g) is a Ricci flow spacetime, it suffices to prove that M" is
an open subset of M. Fix s € (to,t1) and x € M. Since g(s) is complete, B := B(z,1) € M.
Since MY is path-connected, there exists a continuous path p : [0,1] — M? from = = p(0) to
n(s) = p(1). Using the continuity of 7, there exists § > 0 such that (s —d,s+ ) C (to,t1), with
to € Iy for any t € (s —d,5+6). As such, let

K :=[n((s—49,s+9))(s)UuBUDp(0,1]) € M.

By compactness, after possibly shrinking §, we can assume that the parabolic cylinder K ((s —
d,s + ¢)) is unscathed. In particular, the unscathed parabolic cylinder B((s — d,s + §)) lies
within M". This shows that M" is open in M. Finally, we note that M} is a closed subset of
the complete space (My, g(t)) for each t € (tg,t1), so the Ricci flow spacetime (M",t, 0, g) is

also complete. ]

The following lemma shows that, if we have two time-preserving paths starting from the same

point, then the corresponding spacetimes we construct from them agree.

Lemma 5.1.13. Let (M?**1 t,0;,9) be a complete Ricci flow spacetime with I = (0,T). Let
n. : [to,t1) = M, i = 1,2, be two time-preserving paths such that 1} (to) = n5(to). Consider the

restrictions on the interior 1; := ng’(tmh)‘ Then MM = M2,

Proof. Let zp := nj(to) = nh(to), and denote the domain of the worldline of 2y within the
spacetime M by I} C (tg,t;), for i = 1,2.

Choose r > 0 sufficiently small such that the parabolic cylinder C(zg,r) is unscathed. From
this, we can conclude that 71 (s) is path-connected to xo(s) in My, for any s € (to,to +r2). In
particular, zo(s) € M for any s € (tg,to + r%). As M™ is complete and spatially-connected,
by Theorem 5.1.10, it is expanding. Thus, I11} = (to,t1).

Repeating the same argument with i = 2, we have I{%} = (to, 1) also. So, for any t € (to,t1),
M and M}? are connected components of M, both containing x((t). Hence they agree. [

Although our spacetime M is path-connected, it is not necessarily path-connected with time-
preserving paths. The following argument shows that any two points in M can be connected

by a finite number of concatenated time-preserving paths with alternating orientations.
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5.1.5 Topology of spacetimes

Let (M, t, 0, g) be a Ricci flow spacetime. Given any point = € M, we define the set U, to be
the collection of all points at earlier times which can be connected to x by a time-preserving

path:

Uy ={ye M :t(y) < t(z),In: [t(y),t(x)] > M, not(y) =y,not(xr) = x,time-preserving}.
Similarily, we define U, to be the points at later times connected to z by time preserving paths:
U :={yeM:t(z) <t(y),3n: [tz)t(y)] = M,not(x) =z,m0t(y) =y, time-preserving}.

Since every point in our spacetime admits a small unscathed parabolic cylinder around it, we

deduce that the sets UZF are both non-empty and open in M.

Fixing x € M, we can now union open sets of the form defined above in an iterative way to see

which points in M can be joined to x by a string of time-preserving paths. Define UlJr = U}t

and U] = UyeUfr U, . For each m € N, we recursively set
vh= U U, .= 7.
yeu,. | yeUst,
Finally, let U™ := UpenU,, € M. The following lemma shows that spacetimes are path-

connected by strings of time-preserving paths.

Lemma 5.1.14. Let (M,t,0;,g) be a Ricci flow spacetime. Fix x € M and let U~ be the open
subset of M defined above. Then M =U~.

Proof. Since U™ is open and non-empty, it suffices to show that U~ is closed in M. As such,
consider a sequence x, € U~ such that z, — zo € M. For r > 0 sufficiently small, the
parabolic cylinder C(xo,r) is unscathed in M. For n sufficiently large, x, lies inside this
parabolic ball. Then, for this large value of n we have that either

t(zn) > H(reo) = oo €U, ,

t(z,) < tH(roo) => Jy €U, with 2 € U, .

So, as z, € U™, there is some m € N such that z,, € Uy, and hence by the above, 2o € U, | C
U~ as required. O

Corollary 5.1.15. Let (M"! t,0;,9) be a Ricci flow spacetime. Suppose x,x’' € M. Then
there exists m € N, a collection of points xg,...,Tm,Y1,---,Ym € M, and a collection of time-
dependent paths n; : [t(xi—1),t(y;)] = M, v : [t(x;), t(y;)] = M fori=1,...,m, such that

o o=, and T, = .
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o n;ot(zi—1) =xi—1 and n; o t(y;) = y;, for each i € {1,...,m}.
o v, ot(x;) =x; and v; o t(y;) = yi, for each i € {1,...,m}.

In light of Lemma 5.1.13 and Theorem 5.1.10, we can immediately improve this corollary for

complete spacetimes.

Lemma 5.1.16. Let (M1 t,0;,g) be a complete Ricci flow spacetime with I = (0,T). Suppose
x,x’ € M. Then there exists y € M and time-dependent paths n : [t(x),t(y)] — M, v :
[62"), (y)] > M such that 7((z)) = o, 1) = o', and n(t(y)) = 1)) = y. That is, in

the language of Corollary 5.1.15, we can always choose m = 1.

Proof. Suppose m € N is chosen to be the smallest possible value so that the paths from
Corollary 5.1.15 exist, and assume m > 1. Without loss of generality, we can assume t(y;) <
t(y2). Choose r > 0 sufficiently small so that the parabolic cylinders C(y1,r) and C(n o
t(y1),r) are unscathed. Since v; : [t(z1),t(y1)] — M and 12 : [t(x1),t(y2)] = M are such that
v 0 t(z1) = n2 o t(z1) = z1, by Lemma 5.1.13, after restricting these paths to (t(x1),t(y1)), we
have M = M"™. In particular, we can find a time-preserving path from a point in C(y1,7) to
a point in C(n2 o t(y1),r). We then modify the end of the path n; : [t(zo), t(y1)] — M and the
start of the path 7 : [t(y1), t(y2)] — M to connect up with our time-preserving path between
the parabolic cylinders, to give a new time-preserving path n : [t(xo), t(y2)] = M such that
n(t(zo)) = xo and n(t(y2) = y2. This shows that we can reduce the value of m by at least one,

which is a contradiction. Therefore m = 1. O

Equipped with the above lemma, we can complete the proof that connected spacetimes are

expanding.

Theorem 1.3.1. Let (M?*1,t,0;,g) be a complete Ricci flow spacetime with I = (0,T). Then

M is expanding. That is, the vanishing times
T,:=supl, =T, Vre M.

Proof of Theorem 1.3.1. Suppose there exists x € M such that its extinction time T, < T.
Choose any z' € M such that t(2') > T,. Applying Lemma 5.1.16 to the pair of points
x,2’ € M, there exists T” € [t(z'),T) and a time-preserving path 7 : [t(z),T'] — M such that
n(t(z)) = x. Restricting n to the interior (t(x),7”) and applying Lemma 5.1.12, we have that
M is a complete and spatially-connected Ricci flow spacetime. Note that for small r > 0, the
parabolic cylinder C(x,r) is unscathed, and hence z(s) € M" for s € (t(z), t(z) +r?). Applying
Theorem 5.1.10, M" is expanding. Therefore, inside of M", the extinction time of the point
x is T', from which we can deduce that inside of the spacetime M, the point x has extinction
time Ty > T" > T,,. This is a contradiction. O
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5.2 Embedding spacetimes within an ambient space

As we shall see later, an ambient space for a Ricci flow spacetime can be a useful tool. In the
case that our Ricci flow spacetime is expanding, we can define a map which looks like a global
cylindrical coordinate chart. This will give an embedding (up to some non-final time) of our

spacetime into an ambient space.

Lemma 5.2.1. Let (M"*1 t 8;,g) be an expanding Ricci flow spacetime with I = (0,T). For

each T € (0,T), there exists a smooth map
P M(O,T) — M; X (0,7’),

such that
(i) ® is a diffeomorphism onto its image.

(ii) For eacht € (0,7), restricting to the spatial slice ® : My — M, x{t} is a diffeomorphism

onto its image.
(i1i) If t : M x (0,7) — (0,7) denotes the standard projection, then t =t o ® and ®.(0;) = %.

(iv) ®.(g) is a solution to the usual Ricci flow equation (1.0.3) on (Mg ).

Proof. Since M is expanding, for any s € (0,7), we have the smooth embedding
Mg = M,z x(r).

Define the map ® : M ;) < M, x (0,7) by

® is smooth, with smooth inverse (p, t) — p(t). In particular, conditions (i) and (ii) are satisfied.
Directly from the definition of ®, we see that t o & = t. Moreover, since worldlines are integral

curves of J;, the identity d; - t = 1 implies ®,0; = % Finally we have the equality

0 . .
ECI)*(Q) = Lo, 5,)P«(9) = D, (Ly,g9) = P.(—2Ric(g)) = —2Ric(P.(g)). O
5.2.1 Existence of an ambient space for expanding spacetimes

The previous lemma shows that for an expanding Ricci flow spacetime, we have an embedding

locally in time. The following theorem extends this to all times.

Theorem 5.2.2. Let (M" t,0;,9) be an expanding Ricci flow spacetime with I = (0,T).

Then there exists a smooth connected manifold M™ and a smooth map
o M— Mx(0,T),
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such that
(i) ® is a diffeomorphism onto its image;

(ii) For eacht € (0,T), restricting to the spatial slice ® : My — M x {t} is a diffeomorphism

onto its image;
(i1i) If t : M x (0,T) — (0, T) denotes the standard projection, then t =to® and ®.(0;) = %;
(iv) ®.(g) is a solution to the usual Ricci flow equation (1.0.3) on ®(M).

That is, (M™ 1 t,0;, g) is isomorphic to a spacetime inside the ambient space M x (0,T).

Proof. We first construct M. Choose any increasing sequence t; T in (0,7, and for i < j,
consider the embeddings My, < M, x — x(t;). Choose M to be the direct limit

M =lim My, = |_| MtVN , (5.2.1)
— €N

where & ~ y iff 2(t) = y for some ¢ € I, and with canonical maps f; : My, — M, x — [z]. Tt
is straight forward to show that M is connected, and can be equipped with a smooth atlas so
that the canonical maps f; : My, — M are smooth embeddings (see Lemma C.0.4 for details).
For each i € N, we combine the map we get by choosing ¢; € (0,7) in Lemma 5.2.1 and the
canonical map f; to get the well-defined map ®° : Moy — M x (0,;)

O (2) == (fi o x(ti), t(x)).
Suppose 7 < j and z € Mqy,y. Since z(t;) = (z(t:))(t;), we have that

fiox(ty) = fiox(t:),

and @ is an extension of the function ®’. Therefore, we can piece the functions {®’ : i € N}
together, giving the well-defined function ® : M — M x (0,T"). The properties of ® follow from
the properties of the embeddings in Lemma 5.2.1. O

Due to Theorem 1.3.1, we can apply Theorem 5.2.2 to any complete (2 + 1)-dimensional Ricci
flow spacetime. The following corollary shall be used implicitly from now on.

Corollary 5.2.3. Let (M2t t,0;,9) be a complete Ricci flow spacetime with I = (0,T). Then
there exists a connected smooth ambient surface M? such that our spacetime is isomorphic to
a complete Ricci flow spacetime (M?*1 g) in M? x (0,T). Moreover, M is chosen as small as

possible. That is, up to isomorphism, we can assume that
(i) M is an open subset of M x (0,T) equipped with the product topology;

(ii) t is the restriction of the standard projection map t : M x (0,T7) — (0,T) to M;
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(111) Oy is the restriction of the vector field % to M;
(iv) g solves the Ricci flow equation (1.0.3) on M;

(v) M = Ute(o,T) My and M is expanding: My, C My, for every 0 <ty <ty <T.

5.2.2 Continuity within an ambient space

Now that we have an ambient space, we have the following simplification for the definition of a

spacetime being continuous.

Lemma 5.2.4. Let (M1 g) be a complete Ricci flow spacetime in M x (0,T). Then the

spacetime is continuous (see Definition 1.3.2) iff
M, = (ﬂ Mt> C M, Vse(0,7). (5.2.2)
t>s

Proof. Since M is expanding, for ¢t < s, we have the continuity criteria for free:

o

Mi(t) = My = (Ms(®)) ",

and so we only need to consider the case s < t. Using again that M is expanding, as subsets of
M, we see that M(t) = Mg, and

M(t)={z € M: (s,t] C I} =Mk

t>s

Since each spatial slice is open in M, our original definition of continuity reduces to (5.2.2). [

The following lemma shows that for complete and continuous spacetimes, isolated punctures

cannot be added to the spatial slices (see Example 1.1.8).

Lemma 5.2.5. Suppose (M1, g) is a complete and continuous Ricci flow spacetime in M x
(0,T). Consider a point x € M \ My laying outside of the spatial slice of M at some time
s € (0,T). Suppose x is an isolated point of M \ Ms. Then x is never in M. That is,
(x,t) ¢ M, for allt € (0,T).

Proof. Since x is an isolated point of the complement, there exists an open neighbourhood
x € U C M such that the punctured neighbourhood U \ {z} is contained in My. As M is
expanding, U \ {z} C My, for all ¢ € [s,T). If the lemma is false, we have a well defined first

time ty that x enters our spacetime

to :=1inf{t € (s,T) : © € My} > s.
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Note that U C M, for every t € (tp,T'), which by continuity implies

UcC (ﬂ Mt)ontO.

t>to

In particular, p € My,. This contradicts the definition of ¢y as M is open in M x (0,T). O

Corollary 5.2.6. Suppose (M>*T1 g) is a complete and continuous spacetime in M x (0,T).
Then for any times 0 < t1 < to < T, My, \ My, contains no isolated points.

5.2.3 Lifting a spacetime

Let (M?*1, g) be a complete Ricci flow spacetime inside the ambient space M x (0,T). Suppose
p: X — M is a covering map from a connected surface X. We define the lifted spacetime
(M’ ¢") inside of X x (0,T) via:

Pi=p T My, ¢(t):=p"(g(t), Vte(0,T). (5.2.3)

In the following lemma, we first show that what we constructed above is in fact a well-defined
Ricci flow spacetime. Moreover, we show that the lifted spacetime inherits continuity and being

initially determined from the original spacetime.

Lemma 5.2.7. If (M1 g) is a complete Ricci flow spacetime inside the ambient space M x
(0,T7), and p: X — M is a covering map, with X a connected surface, then (M’,q") as defined
in equation (5.2.3) is a complete Ricci flow spacetime in X x (0,T). Furthermore, if (M, g) is

continuous (initially determined), then (M',g') is continuous (initially determined).

Proof. We must first show that (M’ ¢) is a spacetime in X x (0,7). For any (z,t) € M/,
since M is open inside M x (0,7"), there exists U C M open and § > 0 such that (p(z),t) €
Ux (t—06,t+6) C M, and hence (z,t) € p~H(U) x (t — §,t + ) € M'. Since p is continuous,
this neighbourhood is open in X x (0,7"), and so M’ C X x (0,T) is open. It is also clear that

X=p 1 (M)=p U M) = U (M) = U M,

te(0,T) te(0,T) te(0,T)
and M’ is expanding: M} =p 1 (My,) C p~H(My,) = M}, for every 0 < t1 <ty <T.

For any (zo, to), (x1,t1) € M’, there exists a continuous path v : [0,1] — X such that v(0) = xg
and (1) = x;. Since ¥([0,1]) € X is compact and the set {M; : t € (0,7)} form a nested
open cover of X, there exists some 7 € (0,7) such that ¢9,t; < 7, and v : [0,1] - M,. By
concatenating v with the worldlines of zg and z1, we see that M’ is also connected. Directly
from the definition of ¢’, we also see that (M’, ¢’) is complete. This finishes the first part of the

statement.
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If M is continuous, since p is a local homeomorphism, for any s € (0,7) we have

() = ()=o) ) oo

and M’ is also continuous. Similarly, suppose M is initially determined. For any z € M’ and
€ > 0, there exists a smooth time-preserving path 7 : [¢, t(x)] — M, such that n o t(x) = p(z).
As the restriction p : M’ — M is a covering map, there exists a unique lift of  to a smooth
time-preserving path 7' : [¢, t(x)] — M/, such that not(x) = z. Taking € \, 0, we conclude that
h(xz) =0 for any x € M’, and M’ is also initially determined. O

Recall that we are aiming to show Theorem 1.3.6. Suppose (M?2*1, g) is a complete, continuous
and initially determined spacetime inside M x (0,7'). Since M is connected, it has connected
universal cover X — M. Lemma 5.2.7 then tells us that the lifted spacetime is also complete,
continuous and initially determined. Moreover, if the lifted spacetime is cylindrical, M’ =
X x (0,7, then the original spacetime would also be cylindrical, M = M x (0,7, since the
covering map is surjective onto M. Therefore, to prove Theorem 1.3.6, it suffices to consider

the case when M is simply connected.

5.2.4 Conformal structures

Let (M?*1 g) be a complete Ricci flow spacetime inside the ambient space M x (0,7). From

the previous subsection, we may assume that M is simply connected.

Given a conformal structure on M, each spatial slice M; for ¢t € (0,7 inherits a conformal
structure as a subset of M. Our Ricci flow ¢g(t) on M is then said to be conformal if this
inherited conformal structure on M; agrees with g(¢) for all ¢t € (0,7). Fix 0 < t; <t < T and
consider the conformal structures on M, determined by the metrics g(t;), for i = 1,2. Recall
that on an orientable surface, a choice of metric and hence its corresponding conformal class
is equivalent to a choice of complex structure on the surface. Since our ambient surface M is
simply connected, it is orientable, and hence each spatial slice M; is orientable too. As such, the
conformal structure on M, defines a complex structure. Let U be a complex coordinate chart
on My, . Writing our Ricci flow locally as in (5.1.7), we see that U is also a complex chart on
My, , and therefore the complex structure on M;, agrees with the complex structure it inherits
when viewed as a subspace of M,. For each t € (0,7"), consider the complex coordinate charts
defined on M; by the metric g(t). We have shown that taking the union of all such charts
gives a well-defined complex atlas on M, and with respect to this conformal structure, g(t) is a

conformal Ricei flow.

Lemma 5.2.8. Let (M?*! g) be a complete Ricci flow spacetime in M? x (0,T), with M =
Ureo,m) Mt If M is orientable, then there exists a conformal structure on M such that g(t) is

a conformal Ricci flow.
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In light of this, we can assume that our ambient space is a Riemann surface whose conformal
structure is compatible with the Ricci flow ¢(t). Combined with the assumption that M is
simply connected and the uniformisation theorem, we have reduced Theorem 1.3.6 to proving

the following.

Theorem 5.2.9. Suppose (M?**1,g) is a complete, continuous and initially determined space-
time in M? x (0,T) with M = Ureo,1)Mt, and where M? is either the disk, plane or sphere
equipped with their standard conformal structures. Suppose further that g(t) is a conformal Ricci

flow on M. Then M = M x (0,T).

5.3 Spacetimes in the disk

In the previous section, we reduced our theorem to the special case that our Ricci flow is
conformal on a spacetime lying in either the disk, plane or sphere. We can simply this further

to the case that the spacetime lies in the disk.

5.3.1 Reduction to spacetimes in the disk

Definition 5.3.1 (Hyperbolic surface). Given any (possibly disconnected) Riemann surface NV,
we say that NV is hyperbolic if each of its connected components has universal cover the disk D,

or equivalently, if N admits a smooth conformal complete metric of constant curvature —1.
The following is a simple application of the uniformisation theorem.

Lemma 5.3.2. Let M be the sphere S or the complex plane C equipped with its standard
conformal structure. Consider a Riemann surface A C M given by some open subset. If the

(non-empty) complement of A in M contains no isolated points, then A is hyperbolic.

Proof. Since we can identify the once punctured sphere with the plane, it suffices to consider
the case M = C. Consider a connected component A of A. If the complement of A (and hence
fl) in C has no isolated points, then C\ A contains at least 2 points. As a consequence of
the Uniformisation Theorem C.0.2, A is covered by either the sphere, plane or disk. Since A
is not compact, it cannot be covered by the sphere. Lets suppose it was covered by the plane
for a contradiction. Note that the Deck group of this covering is discrete as a subspace of the
homeomorphism group of C, and acts properly discontinuously. By the Galois correspondence,
A is isomorphic to the plane quotiented by these deck transformations. However, the only said

quotients are the plane itself, the punctured plane, or a torus. This is a contradiction. ]

Theorem 5.3.3. Suppose (M?**1,g) is a complete, continuous and initially determined space-
time in D x (0,T) with D = Ute(o,r)yMt, and where D is the disk equipped with its hyperbolic con-
formal structure. Suppose further that g is a conformal Ricci flow on M. Then M = D x (0,T).
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Proof (Theorem 5.3.3 = Theorem 5.2.9).

Suppose that the theorem fails and there exists 0 < t; < to < T such that M;, C My,. By our
assumption, M is either the plane or the sphere. By Corollary 5.2.6, My, \ My, € M \ My,
contains no isolated points, and so My, must be hyperbolic by Lemma 5.3.2. My, cannot be
hyperbolic, as otherwise we could lift each connected component of the spacetime Mg ,) into
D x (0,t2) and apply Theorem 5.3.3 to conclude its lift is cylindrical, which would then imply
that Mg ,) is cylindrical, contradicting our assumption that Mg C My,. Since My, is a
non-hyperbolic subset of M, we can again apply Lemma 5.3.2 and Corollary 5.2.6 to deduce
that My, = M. Consider the first time at which the spatial slices are not hyperbolic:

to := inf{t € [t1,t2] : My is not hyperbolic}.

Using Corollary 5.2.6 yet again, we have that M; = M for all ¢t > t(, and hence by continuity,
My, = M. Finally, we note that each connected component of M) can be lifted into
D % (0,t). Applying the same reasoning as before, M q ;) must be cylindrical, and M; = My,
for all ¢ € (¢1,%p). From this we deduce the contradiction

My =M = My, = [ My =My, O

t<to

5.3.2 Comparison principle for spacetimes

From now on, we may assume that (M?*! g) is a complete, connected, continuous and initially
determined spacetime in D x (0,T) with D = Uy¢(o,7) My, and that the Ricci flow is conformal
with respect to the standard conformal structure on D. In particular, we can write our metrics
g(t) in the form

g(t) = vz, 0)ld= 7,

where |dz|? denotes the standard flat metric on the disk, and v : M — (0, 00) is some smooth
solution to the LFDE (5.1.8).

Using the conformal structure on each spatial slice, we see that each slice admits a unique
complete hyperbolic metric h(t) (by Lemma 5.3.2). Writing h(t) = H(z,t)|dz|?, since M is
expanding, the Schwarz lemma C.0.3 gives the inequality h(t) < h(s) for any 0 < s <t <T. In

particular, the conformal factors H(-,t) are decreasing in t.

Since the metrics ¢g(¢) are complete on M; and have the lower scalar curvature bound from

Corollary 5.1.2, we can use the Schwarz lemma C.0.3 again to get
v(z,t) > 2t- H(z,t), VY(z,t) € M, (5.3.1)

where H : M — (0,00) is the conformal factor of the complete hyperbolic metrics h(t) on M

defined above.
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We want a comparison principle between our solution v to the LFDE, and any other solution u
to the LFDE on M. In order to do so, we want a lower bound on v that behaves like a proper

function. We define the correct notion of proper in the parabolic setting below.

Definition 5.3.4. Let (M,t,0;,¢9) be a Ricci flow spacetime with I = (0,7). A function
f: M — R is parabolically proper if

Mer—ogNfHI)EM, VIER, Ve>0.

The following lemma shows that, for a complete spacetime in the disk, the conformal factors
H being a parabolically proper map is an equivalent way to characterise our spacetime being

continuous. In particular, due to equation (5.3.1), H is an appropriate lower bound to take.

Lemma 5.3.5. Let (M?T! g) be a complete Ricci flow spacetime in D x (0,T), and let H :
M — (0,00) be the conformal factors of the complete hyperbolic metrics h(t) on M. Then M
is continuous iff H : M — (0, 00) is parabolically proper (see Definition 5.3.4).

Proof. If M is not continuous, there exists s € (0,7) and a point p € (ﬂt>8 ./\/ls)O \ Mg. In
particular, with respect to the background metric |dz|?, there exists 7 > 0 such that the ball
B(p,r) C My, for every t > s. By the Schwarz lemma C.0.3, H(p,t) < %, for every t > s. That
is, for any sequence of times t, \, s, and for any € > 0 sufficiently small, we have the sequence
of points (p,t,) € M 1_¢) such that (p,t,) — (p,s) € OM, but H(p,t,) is uniformly bounded
for all n. That is, H isn’t parabolically proper.

Conversely, suppose M is continuous and fix € > 0. Let (zp,t,) € M 1—¢) be any sequence
such that (zp,t,) — (2,s) € OM. If we can show that the sequence H(zy,t,) diverges then we
are done. Passing to a subsequence, we may assume that the sequence of times t,, is monotone.
Suppose t,  s. As M is expanding, z, € My with H(z,,s) < H(z,,t,) for every n. In
particular, z, € Mg with z, — z € OM,. As H(-,s) : Ms — (0,00) is a proper map, H(z,, s)
is unbounded, and hence so is H(zp,t,). Instead we assume that t,, N\, s. For any fixed m € N,
using that M is expanding, we have that z, € M, with H(z,,t,) < H(z,t,) for any n > m.
So, for each m € N, we have a sequence z, € M;, with z, — 2. If 2 € 9M,,, then using again
that H(-,ty,) : My, — (0,00) is a proper map, we would deduce that H(z,,t,,) diverges, so
H(zp,ty,) diverges. This leads us to assume that z € M, for every m € N. By the continuity
of each H(-,tm,) : My, — (0,00), we have

H(z,ty,) = lim H(zp,ty) <limsup H(z,,ty),
n—00 n—00
and hence

limsup H(z,t,,) < limsup H(zy, tp)-

n— o0 n—oo
From the above equation, it suffices to show that H(z,t,) oo as n — oo. Since M is

continuous, z € (ﬂt>5 ./\/lt) \ Mg = (ﬂt>5 Mt) \ (ﬂt>s ./\/lt)o. So there exists €, \, 0 such that
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the ball of radius €, centred at z is contained in our spatial slice, B(z,¢€,) C My, , but some
point in the boundary of the ball b, € 0B(z,¢€,) isn’t in our spatial slice b, ¢ M; . Note that
all of the spatial slices are contained within the disk and hence at each time t,, each spatial

slice is contained within the punctured ball of radius 2 centred at b,
M, € B*(b,,2), VYneN.

Consider the complete hyperbolic metric on this punctured ball B* (b, 2)

B (2) !

= dz|?.
== o P (= log(@lz — b))

By the Schwarz lemma C.0.3, h(t,) > h) on My, . In particular, we have that

1
H(z,ty) > ; VnéeN,
() 2 Cogee "
and thus H(z,t,) /' o0 as n — 0o, concluding the proof. O

The follow is a standard comparison principle for solutions to LEDE with regularity up to the

boundary. Note that we must account for the fact our spacetime is not necessarily cylindrical.

Lemma 5.3.6 (Direct comparison principle). Let M be a compactly contained, open subset of
D x (0,T), and let u,v € C**(M) be solutions to the LFDE (5.1.8) with u,v > 0. If v > u on
the parabolic boundary OpM, then v > u on M.

Proof. We modify the argument used by Giesen in [Giel2, Theorem 2.3.1].

By compactness, we can choose d > 0 such that v > u 4§ on dp.M. For any € > 0, consider
M(e) :={(z,t) € D x (0,T) : (z,¢ log(1 + et)) € M},

and the modified function

ve(z,t) := (1 +et) - v(z,e tlog(1l+et)), V(z,t) € M(e).
This modification makes v, a strict supersolution to the LFDE on M(e):
(Owe — Alog(ve))(z,t) = €-v(z,e tlog(l + €t)) >0, V(z,t) € M(e).

Since u and v are continuous on M compact, they are uniformly continuous. In particular,

from the inequality
0<t—e tlog(l+et) <T —e tlog(l+el), Vte (0,7T),

we see that |t — e !log(1 + et)| converges to zero uniformly in ¢ € (0,7) as € \, 0. Thus, for €
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sufficiently small, |v(z,t) —v(z, e log(1+e€t))| < 6/2, and |u(z,t) —u(z, e Llog(1+et))| < 6/2,
whenever (z,t), (z,e 'log(1 + et)) € M.

We now consider those points lying in both M and the shifted spacetime M (e).
Claim. Define M(e) = M N M(e). For e > 0 sufficiently small, ve > u on Op (M(€)).
Proof of Claim. Fix (z,t) € dp (M(e)). Note that dp (M(e)) C (OpM) U (Op (M(€))). This
splits our analysis into two cases:
(I) (z,t) € OpM. In this case we have the inequality
UE(Z>t) > U(th) - |U€(Z>t) - U(th)’
> u(z,t) + 6 — |et| - [v(z, e L log(1 + et))| — [v(z, e log(1 + et)) — v(z,1)|

>u(z,t) +d—€-T- Hv||oo—gzu(z,t),

for any e sufficiently small.

(I1) (z,t) € Op (M(€)). Note that, this implies (z, ¢ !log(1 + €t)) € dp.M, and therefore we
have the inequality

ve(z,t) > v(z, e tlog(1 + et))
(z,e 1log(1 +et)) +6
u(z,t) + 0 — |u(z, e Mog(1 + et)) — u(z,t)|

v
£

v

)
> u(zt) +0 - 5 > (1),
for any e sufficiently small. O
Claim. v > u on M ().

Proof of claim. Let M; denote M (e) N (D x {t}) for each ¢ € (0,7T). If the claim doesn’t hold,
then for n € N sufficiently large, the times

ty :=inf{t € (0,T) : n]r\l%n(vE —u)(z,t) < —=1/n} € (0,T),

are well-defined. As M;, is compact, there exists z, € M, such that (ve — u)(zpn,t,) = —1/n.
By the previous claim, (v —u) > 0 on the parabolic boundary dp (M (¢)), and hence z, € My, .

Since the point (zy,t,) is in the interior, we have the inequalities

('Ue - u) = _1/na A(Ue - u) >0, 815(116 - u) <0,
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and therefore

0 < ev(zn, € tlog(1 + tpe))
< (Opwe — Alog(ve))(zn, tn) — (Opu — Alog(u))(zn, ty)
< Alog(u) — Alog(ve)
B <Au B \Vu|2> B (Ave 3 \Vv€\2>
u u? Ve v2
1 1 1 1 1
= U—A(u —ve) + (E - U—)Au + |Vuf? < 2)

) ) 2w
1 [(|Au] (u+ve)
(13 (1 500))

n \ uve u?v?

Since v and v are uniformly bounded away from zero, and u,v € C%1(M), there exists C' < oo,

IN

independent of n, such that

i LAl o (v
< (L (leu <
O<es v(2zp, €L log(1 + tpe€)) (n < UVe +1vul ( u?v? -

Taking n — oo, this is gives a contradiction. O

s1Q

Fix (z,t) € M. Recall that |t —e ! log(1+€t)| converges to zero uniformly in ¢ € (0,T) as € \, 0.
Therefore, as M is open, for any e sufficiently small, (z,¢) € M(e). Moreover, by continuity,

ve(z,t) converges to v(z,t) as € \, 0, and we can conclude that v > u on all of M. O

Using Lemma 5.3.5, we now have a comparison principle for solutions to the LEFDE correspond-

ing to complete Ricci flows on spacetimes in the disk.

Lemma 5.3.7 (Comparison principle). Let (M?*1, g) be a complete, continuous and initially
determined spacetime in D x (0,T). Let u € C**(M) be a bounded solution to the LFDE with
u >0, and v € C*Y(M) be the solution to the LFDE such that g(t) = v(z,t) - |dz|. If for some
5 € (0,T) we have v >u on M), then v > u on M.

Proof. Let C :=supyu < oo and € € (0,s). Consider the region

C+1
2¢

M i={(z,t)eM:te(e,T —¢),H(x,t) < .

Since M is continuous, by Lemma 5.3.5, H is parabolically proper, and hence M’ € M. We
note that u, v € C*'(M’). On the region Mer—e) \ M, by the Schwarz lemma C.0.3, we have

v(z,t) > 2t - H(z,t) > 2¢- H(z,t) > C + 1> u(z,1t).

Since € € (0, s), we conclude that v > u on the parabolic boundary dpM’. Applying the usual
comparison principle for the LFDE to u and v on the region M’ (Lemma 5.3.6), we deduce that
v > u on M(gr_c). To finish the proof take € 0. 0
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5.4 Complete conformal Ricci flows start weakly from a Radon
measure

We now aim to find suitable lower barriers for our Ricci flow. In order to do so, we must make

a small diversion into Ricci flows on Riemann surfaces starting from measures.

Given a connected Riemann surface M, denote the collection of all non-atomic, non-zero Radon
measures on M by R(M). Due to the work of Topping & Yin in [TY21], these are precisely

those measures which can be smoothed out using Ricci flow.

Theorem 5.4.1 (Topping-Yin, [TY21, Theorem 1.2]). Suppose M is a connected Riemann

surface and p € R(M) is any non-zero, non-atomic Radon measure on M. Define

W) it M =C
T:= ¢ M) = 62 (5.4.1)
00 : otherwise

Then there exists a smooth complete conformal Ricci flow g(t) on M x (0,T) starting weakly

from p. That is, the Riemannian volume measure g — pr as t 0.

We now present a converse to this theorem, which states that complete conformal Ricci flows

always have some weak limit backwards in time.

Theorem 5.4.2. Let (M?,g(t)ico1)) be a connected Riemann surface admitting a smooth
complete conformal Ricci flow. Then there exists a radon measure p on M such that g(t) starts

weakly from p. That is
dpgy = 1, ast 0.

Proof of Theorem 5.4.2

Given a Riemann surface M, we say that a compactly contained neighbourhood U € M is a
conformal ball in M if for some p € M and r > 0, there exists a local complex coordinate z
about p such that U = B(p,r), the ball centred at p of radius r with respect to the locally

defined metric |dz|?.

The following is a result of Topping and Yin [TY21, Lemma 3.1] which stops complete Ricci
flows in the plane from losing volume too quickly within a conformal ball. We make minor

adjustments to this argument so that it works in the sphere, and for weak initial data.

Theorem 5.4.3 (Variation of Topping-Yin, [TY21, Lemma 3.1]). Let g(t) be a smooth in-
stantaneously complete conformal Ricci flow on S? x (0,T) starting weakly from p € R(S?).
Fiz 0 <r < R < oo and suppose B, C Bgr are concentric conformal balls in the sphere. Then

1
ILL(BT) S VOlg(t) (BR) -+ Ct, Vit € 07 T A 8?V01g(0) (BT>> y
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where C' 1= 1_521)2 is the explicit constant depending only on the ratio r/R.
R

Proof. We first deal with the case g(t) is smooth up to time zero. For each n € N choose

rn € (r, R) such that r, \, 7 and define a new smooth metric g,, on S? such that
e g, =g(0) on B,.
e g, < g(0) on S2.
e g <1H, on S?\B,,.

where H, denotes the complete hyperbolic metric on S? \ B,. Let g,(t) be the instantaneously
complete Ricci flow on S? starting from g,. Since Volg, (52) > Voly)(B,) =: vg, by Gauss-
Bonnet, we have that each of the g, (t) exist for t € (0, g2). By the maximum principle, we have
that g, (t) < g(t) on 52 x (0,T A £2). In particular, we have that for each t € (0,7 A g2),

Vol (Br) > Vol,, 1y (Br) = Vol 1)(S*) — Vol,, 1)(S* \ Bg)

1
> vg — 8t — (ﬁ +2t)Voly,, (S*\ Bg).

By a direct calculation we have that

47r?

Volu, (S \ Br) = BRI

and so taking n — oo we have that, for each t € (0, g2 AT — to),
_ 87t
T (pF

This deals with the case g is initially smooth. For the general case of weak initial data, fix
e > 0. Since p is Radon, there exists K € B, such that u(K) > u(B,) —e. Choosing a test

function f with support in B, and equal to 1 on K, we have for § sufficiently small

VOlg(t) (BR) > Volg(o) (BT) — t(87T + 2V01HT (C \ BR) = VOlg(O) (Br) (5.4.2)

Volys)(Br) = /fd,ug(d) > /fdu —€e> u(K) —e>pu(Br) — 26 (5.4.3)

For any fixed t € (0,T A & (Ef:)), we can choose § € (0,7) sufficiently small such that equation

(5.4.3) holds as well as t € (6,7 A %). Applying (5.4.2) to g(t) on S? x [5,T) gives
,LL(BT) < Volg((;) (Br) + 2e < VOlg(t) (BR) + Ct + 2e.

Taking € \, 0 finishes the proof. O

Although this lemma only deals with Ricci flows on the sphere, it is actually strong enough to
show uniform volume bounds on conformal balls for any smooth complete conformal Ricci flow

on any Riemann surface.
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Lemma 5.4.4. Let (M?,g(t);e0,r)) be a connected Riemann surface admitting a smooth com-

plete conformal Ricci flow with T < oo. Then for any conformal ball B @ M, we have that

sup Voly4)(B) < oc.
te(0,T)
Proof. If the lemma is false then there exists a conformal ball B and a sequence t,, € (0,7) such

that Voly,)(B) — oo as n — co. Note that by the monotonicity of ¢ — u(-,?)/t we have that

t
Volg(t) (B) < <8> VOlg(S) (B),

for any 0 < s < t < T. So without loss of generality, after passing to a subsequence, we
may assume that ¢, is decreasing and null. Choose a slightly larger concentric conformal
ball B ¢ B’ € M. We first show the theorem in the case M is simply connected. By the
uniformisation theorem, M is either the disk, the plane or the sphere. In all of these cases,
we can find a biholomorphic embedding of M into the sphere S2. In particular, we can view
M C S?, and the conformal balls B and B’ in M remain conformal balls in S%. For each n € N
let G, be a smooth metric on S? such that G,, agrees with g(t,) on B and G,, < g(t,) on M.
Fix tp € (0,7T) such that Volg, (S?) > 8mtg. Let G, (t) be the complete conformal Ricci flow
on S? X [tn,tn + to] starting from G,, at time t,. By the maximum principle, we have that
Gn(t) < gn(t) on M X [ty t, +1o]. Since for sufficiently large n we have that 87ty < Voly,,)(B),

we can apply Lemma 5.4.3 to give
Volg, (B) < Volg, (10)(B') + C(to — tn),
for some fixed constant C' independent of n. In particular we have that
Voly(;,,)(B) = Volg, (B) < Volg, 1) (B’) + C(to — tn) < Volyy)(B') + Cto.

However this yields a contradiction, as taking n — oo makes the left hand side diverge to infinity,
whereas the right hand side is a finite constant. This covers the case M is simply connected. For
the general case, pullback the Ricci flow to the universal cover. Since the covering map is a local
biholomorpism, the pullbacked Ricci flow is smooth, complete and conformal on the universal
cover, and sufficiently small conformal balls in M lift to conformal balls in the universal cover.
Therefore, using the simply connected case, we have the result for sufficiently small conformal
balls in a general surface. The full result follows by covering any conformal ball with sufficiently
small conformal balls and from the fact that conformal balls are compactly contained in the

original surface M. O

The local uniform bounds on volume in Lemma 5.4.4 allow the extraction of a convergent

subsequence of the volume forms as time goes to zero.

Lemma 5.4.5. Let (Mz,g(t)te(ojT)) be a connected Riemann surface admitting a smooth com-
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plete conformal Ricci flow. Then there exists a positive radon measure p on M and a null
sequence t, \, 0 such that
dprg(t,) =ty 88 N — 00

Proof. Let B be a conformal ball in M. Consider the family of radon measures pi; := dug)|B
on B. By Riesz-Markov-Kakutani (Theorem B.0.2), the measures j; can be viewed as elements
of CY(B)*, the dual space of the compactly contained continuous functions on B. Choosing any
null sequence t,,, Lemma 5.4.4 then implies that the family py, are bounded in C?(B)* and so
by Banach-Alaoglu (Theorem B.0.3) there exists a convergent subsequence p;, — p to some
positive Radon measure on B. Instead of doing this on a single conformal ball, choose instead
a locally finite cover (Bj);jen of M consisting of conformal balls. Combining the above with a
diagonal argument, we deduce that there exists a family of positive radon measures u; on each
of the conformal balls B; and a null sequence ¢, “\, 0 such that pg,)|B; — pj as n — oo, for
all j € N. Furthermore, since the cover was chosen to be locally finite, the Radon measures
pj piece together to give a well defined positive radon measure p on M, with g,y — p as
n — 0o. O

Now that we have constructed a candidate for our initial measure, we use another estimate of

Topping and Yin to give an upper bound on volume growth with respect to this measure.

Lemma 5.4.6 (Variation of Topping-Yin, [TY21, Lemma 3.2]). Let M be a Riemann surface
and let g(t) be a smooth complete conformal Ricci flow on M x (0,T). Fiz 0 <r < R < oo and
suppose B, C Bgr are concentric conformal balls in M. Suppose there exists a positive Radon

measure @ on M and a null sequence t, \, 0 such that
dprg(t,) =ty 88 N — 00
Then there exists a constant n < oo depending only on the ratio r/R such that
Voly(y(By) < w(Br) +nt, vt e (0,T).

Proof. Fix € > 0. Then since i is Radon, there exists some open subset U containing By such
that u(U) < u(Bgr) + €. Choosing a test function f with support in U and equal to 1 on Bp,

we have for n sufficiently large
Vol (Bi) < [ fdiyg,y < [ fdute < p(B) + e < u(B) + 2.
Applying [TY21, Lemma 3.2] to the Ricci flow on Bg x [t,,T), we have that
Voly)(Br) < Voly,y(Br) + n(t — tn) < n(Bgr) + nt + 2e. O

Proof of Theorem 5.4.2. Fix a conformal ball B in M and choose some f € C°(B). As in the
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proof of Lemma 5.4.4, choose a slightly larger conformal ball B ¢ B’ € M. Our Ricci flow

is given locally by g(t) = u(z,t)|dz|? on B’ x (0,T), with u solving the LFDE. Note that, by

the monotonicity of @, there exists some € > 0 such that u(-,t) > et on B x (0,¢;]. Using

Lemma 5.4.6 and the same argument as in [TY21, Lemma 4.5] we have that

9, / Fduge| = | / fAlog(u)dz| = | / Af log(u)dz|
Afllso 1 d
< |Af] /B\og<u>|z

< [|Afllse (Voly(r) (B) + [log(et)])
< [ Aflloc (1(B) + nt + [log(et)]) .

for some fixed constant 7 independent of ¢ € (0,¢1]. In particular we have

limsup|/fd,ug(t) —/fd,u| < limsupliminﬂ/fdug(t) _/fdﬂg(tn)
t—0 t—0 Moo

t
§limsupliminf/ |8s/fdug(s)|ds
tn

t—0 Moo
t
< limsup/ A flloo ((B') 4+ ns + |log(es)|) ds = 0.
t—0 0

We have shown that, for any conformal ball B in M,

tig [ fduyey = [ fdu, v € C(B). (5.4.4)

If we now take f € C%(B), choose B” a concentric conformal ball such that B ¢ B” C B’. Since
f is uniformly continuous, for € > 0 sufficiently small, we can mollify f to give f. € C°(B")

with || f — fe|lloo < €. Using Lemma 5.4.6 again gives

lim sup| / Fpige — / fdy| < limsup ( / 1 = Fldig + / = feldu>
t—0 t—0

< limsupe - (Voly)(B") + u(B")) < 2eu(B’).
t—0

Taking € N\, 0, we have improved (5.4.4) to

: _ 0
tig [ fduyey = [ fdu, 1 € COB),

Finally, using a locally finite cover of M by conformal balls and a partition of unity we deduce

tig [ fduyey = [ a7 € C0) =
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5.5 Initial time blow-ups

Let (M, g(t))ie(o,r) be a Riemann surface equipped with a complete and conformal Ricci flow.

_1
t?

t— @ is decreasing. It is then immediate that we have a well-defined (potentially infinite)

Since the flow is complete, we have the lower scalar curvature bound R,y > and hence

limiting metric as time approaches zero.

Definition 5.5.1. Let (M, g(t))co,r) be a Riemann surface equipped with a complete and
conformal Ricci flow. The initial time blow-up of g(t) is the (possibly infinite) conformal metric
g on M, defined by

Remark 5.5.2. Suppose ¢ : N — M is a local biholomorphism. Then if ¢(¢) is a complete and
conformal Ricci flow on M with initial time blow-up g, we }Ev\e that ¢*(g(t)) is a complete and

conformal Ricci flow on N, and its initial time blow-up is (¢*g) = ¢*(9).

Given a measure u € R(M), we now investigate what the initial time blow-up of a Ricci flow
starting from this measure looks like. The following theorem shows that, away from the support

of the initial measure, the initial time blow-up is a hyperbolic metric.

Theorem 5.5.3. Let g(t) be a complete and conformal Ricci flow on M x (0,T) starting weakly
from some p € R(M). Then the initial time blow-up g of g(t) is a well-defined smooth metric

on M \ supp(u) with constant Gaussian curvature K;=-1.

Proof of Theorem 5.5.3

One of the important steps to prove this theorem is to show that our initial time blow-up us
finite away from the support of the initial measure p. To do this, we need the following L' — L™
smoothing result for solutions to Ricci flow by Topping & Yin [TY21, Theorem 2.1] generalised
slightly for weak initial data.

Theorem 5.5.4 ( Variation of Topping-Yin, [TY21, Theorem 2.1]). Suppose g(t) = u(z,t)|dz|*
is a smooth conformal Ricci flow on the ball Bs, x (0,T), for some r > 0. Suppose there exists
a non-atomic, non-zero Radon measure p € R(Bsy,) such that g(t) starts weakly from p. If

t € (0,T) satisfies t > % then

supu(t) < Cor—>t,
B,

where Cy < oo 1s universal.

(B2T+5)

Proof. Since p is Radon, for some 6§ > 0, & 5= < t. Choose a cut off function f such that
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f =1 on By, and supp(f) C Ba,ys. For € > 0 sufficiently small

VOlg(E)(BQT) < ffd'ug(@ < féfd# + <t _ /1’('82"""5)> <t.
s

2T 2T T

Therefore applying the estimate in the smooth case [TY21, Theorem 2.1] to the Ricci flow on
Ba, x (¢,T) gives

supu(e +t) < Cor2t.
B,

Since w is smooth away from zero, taking € to zero gives the result. O

The following lemma is a direct consequence of the previous result.

Lemma 5.5.5. Let (M,g(t))ico,r) be a Riemann surface equipped with a smooth complete
conformal Ricci flow. Suppose there exists a non-atomic, non-zero Radon measure p € R(M)
such that g(t) starts weakly from p. Then the initial time blow-up g of g(t) is a well-defined
smooth metric on M \ supp(u).

Proof. For any point p € M \ supp(u), choose a complex coordinate z on a neighbourhood of
this point and choose r > 0 sufficiently small such that Bs, C M \ supp(u), where Bs, denotes
the ball centred at p radius 3r with respect to the metric |dz|?. Write g(t) = u(t)|dz|? on Bs,.
Since 1(Ba,) = 0, the conclusion of Theorem 5.5.4 will apply at all positive times

supu(t) < Cor~2t, Vte (0,T).
B,

Hence
< Cor~? < oo. O

- . ulp )
=1
u(p) := lim =
Proof of Theorem 5.5.3. Consider the parabolically rescaled Ricci flows (M, gin (t)1e(0,m1)) given
by
gm(t) == mg(tm™), Vm €N,

so that g1 (t) = g(t). We note that g,,(t) is a complete and conformal Ricci flow starting weakly
from the measure m - u € R(M). Given a local complex coordinate z on M, our metrics are

given locally by g, (t) = um(2,t)|dz|> with the conformal factors u,, satisfying the relation
U (2, 1) := muy (z,tm ™).

By the monotonicity of ¢ — ¢t~ 1uj(-, ), we have that w,,(z,t) is an increasing sequence in m,
for any fixed (z,t). In particular, we have the uniform lower bound u;(z,t) on our sequence
of conformal factors. Moreover, we have local uniform upper bounds on our sequence u,, in
M \ supp(p) by Lemma 5.5.5. Combining the lower and upper bounds with standard parabolic

theory, we deduce local C*-bounds on our sequence of conformal factors, for any k& € N. Finally,
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by Arzela-Ascoli, our sequence of Ricci flows g, (t) converges locally smoothly to some limiting

eternal Ricci flow (M \ supp i, goo(t)1e(0,00))- For any fixed ¢ > 0, we note that

—1
goo(t) := lim g, (t) = lim o 9UM")

m—00 m—00 2tm—1

=2t-g,
and so goo(t) = 2t - g. Substituting this into the Ricci flow equation

0Goo

2.5—
9= "ot

= —2Ric(geo) = —2K5 - 7,

and hence K =—1.

g

Example 5.5.6. In [TY21] the following expanding, non-gradient soliton (C, —2|dz|?, 20, +

I 1+3}2
y0y) was constructed. The complete conformal Ricci flow associated to this soliton is g(t)

2t

T |dz|%. As such, the initial time blow-up of this soliton is

G— x%|dz|2 cx#0
o'9) rx =0

We note that the soliton has weak initial data
Loy = p=2rH'{z =0}, ¢\,0.

In particular, g is the complete hyperbolic metric on the complement of the support of u.

Example 5.5.7. Consider the expanding soliton g(t) = u(z,t)|dz|? on C starting weakly from

the measure p given by the Lebesgue measure restricted to the half space {x = Re(z) > 0}. By

Lemma 5.5.3 we know that g is a hyperbolic metric on {z < 0}. By symmetry u depends only
on the z-coordinate. Let ¢) : C — C denote the dilation z — X - z, for any A > 0. Note that

both ¢3(g(t)) and A?g(5%) are complete conformal Ricci flows, starting weakly from - . As p

is given by Llloc—data, a result of Topping and Yin [TY21, Theorem 1.4] implies that these two

1/2

flows are the same. Setting A\ = t~/“ and rearranging, we deduce that

gt) = 6", g(1), Vit > 0.
NG

As such, we know that the conformal factor satisfies

w(z,t) =ulz-t2,1), Y(z,t) €R x (0,00).

In particular, we have the lower bound

u(e, 22) _ u(-1,1)
Qe 22

u(zx) > Vo <0,

and hence g is the complete hyperbolic metric on the complement of the supp(u).
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Proof of Theorem 5.3.3
We now have all of the necessary ingredients to prove Theorem 5.3.3, and hence Theorem 1.3.6.

Theorem 5.3.3. Suppose (M?T1 g) is a complete, continuous and initially determined space-
time in D x (0, T) with D = Ue(o,7)M¢, and where D is the disk equipped with its hyperbolic con-
formal structure. Suppose further that g is a conformal Ricci flow on M. Then M = D x (0,T).

Proof. Fix t; € (0,7). By the Cantor-Bendixson theorem [Kec95], we can partition the set
D\ My, = PUX into a perfect set P and a scattered set X. In particular we have the

inclusions:

Mtl - Mt2 - Mtl UPUX, Vitye (tl,T) (551)

Due to a result of Hebert & Lacey ([HL68], Lemma B.0.1), as P is a compact perfect subset
of the plane, there exists a Radon measure p € R(C) such that supp(u) = P. Let G(t) =
u(z,t) - |dz|? be a complete conformal Ricci flow on C x (0,T) starting weakly from p € R(C)
with initial time blow-up G. For any A > 0, we note that the parabolically rescaled Ricci flow
GA(t) == AG(%) = Au(z, §)|dz|? is a complete conformal Ricci flow on C x (0,AT) starting
weakly from Ay € R(C), with the same initial time blow-up G.

Fix t € (0,t;). By the monotonicity of t — G(t)/t, Ga(t) < 2t - G within C\ P. Since M is
expanding, M; C M;, CC\ P, and G is defined on all of M,. Applying Lemma 5.5.3 and the
Schwarz Lemma C.0.3, we deduce that G < h(t) on M;. Note that, if we had equality between
the metrics G and h(t) at any point inside of My, then this would imply that the subharmonic
function log(h(t)/G) has a minimum in its interior, and hence by the elliptic maximum principle,
G= h(t) in M;. This would contradict the fact that G is defined on a larger domain. Therefore,
we have the strict inequality G < h(t) on My. Finally, we can use equation (5.3.1) together

with the previous inequalities to deduce that

Ga(1)
2t

<G <ht)< 92(?, vt € (0,t1).

Therefore, g > G on Mg ;). As G is bounded on M, we can then apply Lemma 5.3.7 to
conclude that g > G) on all of M, for any A > 0. Suppose at some later time ty € (¢1,7)
we have that My, N P # (. That is, there exists some point p € P such that (p,t2) € M.
Since M is open, there exists some small r > 0 such that the conformal ball B(p,r) € Mj,.
By compactness, Voly,)(B(p,r)) < co. We now derive a contradiction by showing that the
volume of this ball with respect to the metric G (¢2) blows up to infinity as A — oo. Indeed,
w(B(p,r)) > 0 by the definition of p € P = supp(u). Using that the volume of a ball can’t

decrease too rapidly in a Ricci flow (see Lemma 5.4.3), we have that

Volg (B(p,)) > u(B(p,7)) = Ct, Vte (o, T A N(Bépv”)) 7

™
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which means for A sufficiently large

VOIGA(tQ)(B(p,T)) =\ VO]G(%)(B(p,T)) > - (M(B(p, ’I“)) _ %) >

Taking A oo, this contradicts the volume of the ball with respect to g(t2) being finite.
Therefore, we have shown that My, N P = (), which means that (5.5.1) reduces to

Mt1 - Mt2 C Mt1 UX, Vte (tl,T).

Since 9D C C is a perfect subset of the plane, we see that X C D. If X was non-empty,
then because it is a scattered set, it must contain an isolated point, which would contradict
Corollary 5.2.6. We can therefore conclude that X must be empty, and that M;, = M,;,. U
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Appendix A

Parabolic equations

Recall the notation Q := (a,b) € R, Qp := Q% (0,T), I'r := (2 x {0})U(02 x [0,T)). Consider
the linear operator
L(u) :=up — Az, t)uzy + Bz, t)uy + C(z, t)u, (A.0.1)

where A, B, C' are bounded functions on Qp, with A(z,t) > 0, and C(x,t) > —Cy.

Theorem A.0.1 (Maximum principle, [LSU88, Chaper II, Theorem 2.1]). Fiz (z*,t*) € Qr.
Ifue C'(Q x[0,T)) NP2 (Qr) satisfies L(u) <0 on Qp, then

loc

U(x*7 t*) < Inax{(), sup(ueco(t**t))},
Iy

Alternatively if L(u) > 0 on Qr, then
w(a*, %) > min{o, irnf(ueCo(t*_t))}
t*

Theorem A.0.2 (De Giorgi-Nash-Moser, [LSU88, Chapter III, Theorem 10.1]). Let u €
CO%Qr) N P2.(Qr) be a solution of Lu =0 on Qr such that the coefficients of L satisfy

Al oo (@) 1A £oe (20)s 1 Bll oo () IC 2o 0y S 1
Fix K € Qpr. Then there exists

(4]l = (@r); 147 |z () € (0,1),

and a constant

C(K, Qr, |[ul o ()5 | All oo ()5 1A Lo (g 1Bl 2o @) |Cl 2o 7)) > O,
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such that
[ull poary < C-

Given uy € C*%(Q), 1 € P>*(Qr) and f € P"¥(Qr), consider the Dirichlet problem

£(u) = f in QT
u = ug on Q x {0} (A.0.2)
u=1 on {a,b} x [0,T]

Theorem A.0.3 (Global Schauder estimate, [LSU88, Chapter IV, Theorem 5.2]). Fiz a € (0, 1]
and k € Ny. Suppose A,B,C,f € P5(Qr), v € P**(Qr), and uy € C?*TH(Q), with
auxiliary data satisfying the compatibility conditions of orders 0,...,k. Then there exists a
unique u € P>T(Qr) solving (A.0.2). Furthermore, there exists a constant C(Q, A\, k,a) > 0
such that

[ul 2oy < C (‘UO‘C“’“Q(Q) + Y] prt2.aay) + !f!Pha(Qﬂ) :

Without the regularity at the boundary, if our coefficients and forcing term are regular, we can

still deduce regularity of our solution on the interior

Theorem A.0.4 (Interior Schauder estimate, [LSU88, Chapter III, Theorem 12.1], [LSUSS,
Chapter IV, Theorem 10.1]). Fiz o € (0,1] and k € Ny. Suppose A, B,C, f € P5*(Qr) and
u € P>*(Q7) solving L(u) = f in Q. Then u € Pfojk’a(QT). Moreover, for any K € Qr,

there exists a constant C(Q, A\, k,a, K) > 0 such that

[ulpairagy < C <|u’P21a(QT) + ‘f|kaa(QT)) :
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Appendix B

Measure theory and analysis

Lemma B.0.1 (Hebert-Lacey, [HL68, Corollary 2.8]). If X is a perfect and compact subset

of a Riemann surface M, then there exists a non-atomic Radon measure p € R(M) with

supp(p) = X.

Theorem B.0.2 (Riesz-Markov-Kakutani, [Hall3, Section 56, Theorem D)). Let X be a locally
compact Hausdorff topological space. For every positive linear functional ¢p € CO(X)*, there

exists a unique Radon measure pn on X such that

b(f) = /X fdu, Vf € CYX).

Theorem B.0.3 (Banach-Alaoglu, [Kes09, Theorem 5.2.1)). Let X be a Banach space. Then

the closed unit ball in the dual space X* is weak*-compact.

Theorem B.0.4 (Whitney, [Ste70, Chapter VI, Theorem 4]). Let FF C R™ be a closed set and
u € CH(F), for some k € Ny and o € (0,1]. Then there exists an extension U € C**(R") so
that

u(z) =u(x), VeeF

HaHC’“va(R") Sk,a HUH(jk,a(F)-
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Appendix C

Geometry

Theorem C.0.1 (Gauss-Bonnet, [Cha06, Theorem V.2.7]). Let (M?,g) be a compact, orient-

able Riemannian surface with smooth boundary OM. Then

/ K,dpg +/ kds = 2mx (M),
M oM

where K, denotes the Gaussian curvature of M, k denotes the geodesic curvature of the boundary
of M, dpg is the volume form of g, ds = v,dpg is the arc-length form of the boundary, and x(M)

is the Fuler-characteristic of M .

Theorem C.0.2 (Uniformisation Theorem, [Koel0]). Every connected Riemann surface is con-

formally covered by either the sphere S2, the plane C or the unit disk D.

Lemma C.0.3 (Schwarz Lemma, [Yau73]). Let (M, g91), (M2, g2) be Riemannian surfaces. If
1. (M, g1) is complete,
2. the Gaussian curvature K(g1) > —ay, for some a3 > 0,
3. K(g2) < —ag, for some ag > 0,

then any conformal map f : M1 — My satisfies the inequality.

a
f(g2) < —aq1.
a2

The following lemma is used in Section 5.2 when constructing the ambient space for our space-

time. Although the proof of such an argument is standard, we include the details here.

Lemma C.0.4. Let {M;}ien be a smooth family of manifolds which embed smoothly into one
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another M; < M;, for i < j. Then the direct limit:

M = tim ;= LM (C.0.1)
— €N

where x ~ y iff x = y within an embedding, can be made into a smooth manifold. Moreover,

the canonical maps f; : M; — M, x +— [z] will be smooth embeddings.

Proof. Equip the set M with the final topology, so that U C M is open iff fz-_l(U ) is open, for
all 7 € N. In particular, each f; is now a continuous injection. Let 1;; denote the embedding
M; — M;. Note that

fi=fjotij, Vi<

In particular, for any open subset U C M;, we have
filto fiU) = vt o f7h o fi(U) =01 (U), if j <
fite fiU) = £ 1o fjo v (U) = iy (U), if j > .
That is, f;(U) is open in M and f; is an embedding.
Choosing a countable base {B;; : j € N} of M; for each ¢ € N, the collection
B:={fi(Bij) €M :i,j € N},

is then a countable base of M. M being Hausdorff follows from the embedded subspaces M;
being Hausdorff. Finally, for each j € N, consider the atlas {cq : Uy C Mj — R"}4e4, on Mj.
Define the new collection of charts {¢é, : U, C M — R"}aea; by

Ug = fj(Ua)a Co = Caofj_l-

The union over j € N of all such charts gives a well defined smooth atlas on M. With respect

to this smooth structure, the canonical maps are smooth. ]

110



Bibliography

[Ang88]
[Ang91]

[Bra78]

[Cha06]

[Che09]

[CM12]

[CZ06]

[CZ98]

[DeT83|

[DS21]

[Eck12]

[EHS9]

[EHO1]

[ES64]

Sigurd Angenent. ‘The zero set of a solution of a parabolic equation.’” In: (1988).

Sigurd Angenent. ‘Parabolic equations for curves on surfaces: Part II. Intersections,

blow-up and generalized solutions’. In: Annals of Mathematics (1991), pp. 171-215.

K Brakke. ‘The motion of a surface by its mean curvature, Princeton U’. In: NJ:
Princeton (1978).

Isaac Chavel. Riemannian geometry: a modern introduction. Vol. 98. Cambridge uni-

versity press, 2006.

Bing-Long Chen. ‘Strong uniqueness of the Ricci flow’. In: Journal of Differential
Geometry 82.2 (2009), pp. 363-382.

Tobias H Colding and William P Minicozzi. ‘Generic mean curvature flow I; generic

singularities’. In: Annals of mathematics (2012), pp. 755-833.

Bing-Long Chen and Xi-Ping Zhu. ‘Uniqueness of the Ricci flow on complete non-
compact manifolds’. In: Journal of Differential Geometry 74.1 (2006), pp. 119-154.

Kai-Seng Chou and Xi-Ping Zhu. ‘Shortening complete plane curves’. In: Journal of
Differential Geometry 50.3 (1998), pp. 471-504.

Dennis M DeTurck. ‘Deforming metrics in the direction of their Ricci tensors’. In:
Journal of Differential Geometry 18.1 (1983), pp. 157-162.

Panagiota Daskalopoulos and Mariel Saez. ‘Uniqueness of entire graphs evolving by
Mean Curvature flow’. In: arXiv preprint arXiv:2110.12026 (2021).

Klaus Ecker. Regularity theory for mean curvature flow. Vol. 57. Springer Science &
Business Media, 2012.

Klaus Ecker and Gerhard Huisken. ‘Mean curvature evolution of entire graphs’. In:
Annals of Mathematics 130.3 (1989), pp. 453-471.

Klaus Ecker and Gerhard Huisken. ‘Interior estimates for hypersurfaces moving by

mean-curvarture’. In: Inventiones mathematicae 105.1 (1991), pp. 547-569.

James Eells and Joseph H Sampson. ‘Harmonic mappings of Riemannian manifolds’.
In: American journal of mathematics 86.1 (1964), pp. 109-160.

111



[GHS6]

[Giel2]

[Grag9]

[GT11]

[Hall3]
[Ham82]

[Har67]

[HL68)

[Hui90]

[1Im92]

[Mm94]

[Im95]
[INS19]

[Kec95]

[Kes09]
[KL17]

[Koel0]

[Lai20]

[Laul3|

Michael Gage and Richard S Hamilton. ‘The heat equation shrinking convex plane
curves’. In: Journal of Differential Geometry 23.1 (1986), pp. 69-96.

Gregor Giesen. ‘Instantaneously complete Ricci flows on surfaces’. PhD thesis. Uni-
versity of Warwick, 2012.

Matthew A Grayson. ‘Shortening embedded curves’. In: Annals of Mathematics 129.1
(1989), pp. 71-111.

Gregor Giesen and Peter M Topping. ‘Existence of Ricci flows of incomplete surfaces’.
In: Communications in Partial Differential Equations 36.10 (2011), pp. 1860-1880.

Paul R Halmos. Measure theory. Vol. 18. Springer, 2013.

Richard S Hamilton. ‘Three-manifolds with positive Ricci curvature’. In: Journal of
Differential geometry 17.2 (1982), pp. 255-306.

Philip Hartman. ‘On homotopic harmonic maps’. In: Canadian journal of mathem-
atics 19 (1967), pp. 673—687.

Delma Hebert and Howard Lacey. ‘On supports of regular Borel measures’. In: Pacific
Journal of Mathematics 27.1 (1968), pp. 101-118.

Gerhard Huisken. ‘Asymptotic behavior for singularities of the mean curvature flow’.
In: Journal of Differential Geometry 31.1 (1990), pp. 285-299.

Tom Ilmanen. ‘Generalized flow of sets by mean curvature on a manifold’. In: Indiana

University mathematics journal (1992), pp. 671-705.

Tom Ilmanen. FElliptic regularization and partial regularity for motion by mean
curvature. Vol. 520. American Mathematical Soc., 1994.

Tom Ilmanen. ‘Singularities of mean curvature flow of surfaces’. In: preprint (1995).

Tom Ilmanen, André Neves and Felix Schulze. ‘On short time existence for the planar
network flow’. In: Journal of Differential Geometry 111.1 (2019), pp. 39-89.

Alexander S Kechris. ‘Perfect Polish Spaces’. In: Classical Descriptive Set Theory.
Springer, 1995, pp. 31-34.

Srinivasan Kesavan. Functional analysis. Vol. 52. Springer, 2009.

Bruce Kleiner and John Lott. ‘Singular Ricci flows I'. In: Acta Mathematica 219.1
(2017), pp. 65-134.

Paul Koebe. ‘Uber die Uniformisierung der algebraischen Kurven. II’. In: Mathem-
atische Annalen 69.1 (1910), pp. 1-81.

Yi Lai. ‘Producing 3d Ricci flows with non-negative Ricci curvature via singular Ricci
flows’. In: arXiv preprint arXiv:2004.05291 (2020).

Joseph Lauer. ‘A new length estimate for curve shortening flow and low regularity
initial data’. In: Geometric and Functional Analysis 23.6 (2013), pp. 1934-1961.

112



[Leel3]

[LSUSS]

[Pea22al

[Pea22b]

[Per02]

[Pet06]
[Shi89al

[Shi89b)]

[Ste70]

[SW16]

[Top12]

[Top15]

[Top20]

[TY?21]

[Tyc35]

[Whi19]

[Yau73]

John M Lee. ‘Smooth manifolds’. In: Introduction to smooth manifolds. Springer,
2013, pp. 1-31.

Olga Aleksandrovna Ladyzhenskaia, Vsevolod Alekseevich Solonnikov and Nina N
Ural’tseva. Linear and quasi-linear equations of parabolic type. Vol. 23. American
Mathematical Soc., 1988.

Luke Thomas Peachey. ‘Complete (2 + 1)-dimensional Ricci flow spacetimes’. In:
arXiv preprint arXiw:2211.11866 (2022).

Luke Thomas Peachey. ‘Non-uniqueness of curve shortening flow’. In: arXiv preprint
arXiv:2205.03442 (2022).

Grisha Perelman. ‘The entropy formula for the Ricci flow and its geometric applica-
tions’. In: arXiv preprint math/0211159 (2002).

Peter Petersen. Riemannian geometry. Vol. 171. Springer, 2006.

Wan-Xiong Shi. ‘Complete noncompact three-manifolds with nonnegative Ricci
curvature’. In: Journal of Differential Geometry 29.2 (1989), pp. 353-360.

Wan-Xiong Shi. ‘Deforming the metric on complete Riemannian manifolds’. In:
Journal of Differential Geometry 30.1 (1989), pp. 223-301.

Elias M Stein. Singular integrals and differentiability properties of functions. Vol. 2.

Princeton university press, 1970.

Felix Schulze and Brian White. ‘A local regularity theorem for mean curvature flow
with triple edges’. In: arXiv preprint arXiv:1605.06592 (2016).

Peter M Topping. ‘Uniqueness and nonuniqueness for Ricci flow on surfaces: Reverse
cusp singularities’. In: International Mathematics Research Notices 2012.10 (2012),
pp. 2356-2376.

Peter M Topping. ‘Uniqueness of instantaneously complete Ricci flows’. In: Geometry
€ Topology 19.3 (2015), pp. 1477-1492.

Peter M Topping. ‘Ricci Flow and Ricci Limit Spaces’. In: Geometric Analysis.
Springer, 2020, pp. 79-112.

Peter M Topping and Hao Yin. ‘Smoothing a measure on a Riemann surface using
Ricci flow’. In: arXiv preprint arXiv:2107.14686 (2021).

Andrei Tychonoff. ‘Ein fixpunktsatz’. In: Mathematische Annalen 111.1 (1935),
pp. 767-776.

Brian White. ‘Mean curvature flow with boundary’. In: arXiv preprint
arXiv:1901.03008 (2019).

Shing-Tung Yau. ‘Remarks on conformal transformations’. In: Journal of Differential
Geometry 8.3 (1973), pp. 369-381.

113



