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Abstract

Combining several (sample approximations of) distributions, which we term sub-posteriors, into a
single distribution proportional to their product, is a common challenge in statistics and data sci-
ence. For instance, this can occur in distributed ‘big data’ problems, tempering problems, or when
working under multi-party privacy constraints. Many existing approaches resort to approximating
the individual sub-posteriors for practical necessity, then finding either an analytical approximation
or sample approximation of the resulting (product-pooled) posterior. The quality of the posterior
approximation for these approaches is poor when the sub-posteriors fall out-with a narrow range of
distributional form, such as being approximately Gaussian. Recently, a Fusion approach has been
proposed which finds a direct and exact Monte Carlo approximation of the posterior (as opposed
to the sub-posteriors), circumventing the drawbacks of approximate approaches. Unfortunately,
existing Fusion approaches have a number of computational limitations, particularly when unify-
ing a large number of sub-posteriors or when the sub-posteriors exhibit large correlation. In this
thesis, we generalise the theory underpinning existing Fusion approaches, and embed the resulting
methodology within a recursive divide-and-conquer sequential Monte Carlo paradigm. This ulti-
mately leads to a competitive Fusion approach, which is appreciably more robust and scalable in a

variety of practical settings.
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Chapter 1

Introduction
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Figure 1.1: The Fusion Dance from Dragon Ball Z (1989).

1.1 The Fusion problem

Combining several (sample approximations of) distributions, which we term sub-posteriors, into
a single distribution proportional to their product, is a common challenge which arises in various
settings within statistics. Consider the following d-dimensional (product-pooled) target density

(which we term the fusion density),

C
f(@) o fila)--- folz) = ] fo(@). (1.1)
c=1
where € R?, f.(z) for ¢ = 1,...,C, represent the individual densities which we wish to unify,

and C' represents the total number of distributions to be unified. Typically, there is no closed

form analytical approach to unifying the sub-posterior densities, and so a Monte Carlo approach



is proposed. For convenience, and common to many existing approaches, we typically assume that
we have access to independent samples from each sub-posterior. However, in practice, this is often
an unrealistic scenario and more commonly we will have access to samples from a Markov chain
Monte Carlo (MCMC) algorithm, which will only have a distribution approximately from each sub-
posterior. However, we will see that this assumption is not a limiting factor of the methodology

developed in this thesis.

The need to unify several (sample approximations of) distributions, over a common parameter
space into a single sample approximation of the distribution in the manner of is surprisingly
common. For instance, it is a problem which classically arises in expert elicitation [Albert et al.
2012; Berger}, |1980; |Genest and Zidek, |1986], where the distributional views of multiple experts
on a topic are pooled into a single view and in meta-analysis , where the goal is to

systematically merge the findings of several independent studies.

The majority of the recent methodological developments for representing or sampling from ({1.1])

have been focused on tackling distributed ‘big data’ problems (see for instance, [Scott et al.| [2016];
Neiswanger et al.| [2014]; Wang and Dunson| [2013]; Minsker et al.| [2014]; Srivastava et al. [2015];
Entezari et al[[2018]; Rabinovich et al.| [2015]; Nemeth and Sherlock|[2018]; Rendell et al. [2020]). As

the amount of data stored by individuals and organisations grow, statistical models have advanced

in complexity and size. This is a particular problem in statistical inference since the computational
cost of typical MCMC algorithms for parametric inference, such as Metropolis-Hastings (Metropolis

et al.|[1953], Hastings|[1970]), scale poorly with increasing amounts of data since they usually require

access to the full dataset at each iteration Bardenet et al.|[2017]. One possible solution to this

problem is to use a fork-and-join approach, in which the data is split across a number of cores (say
C cores) and inference is separately conducted on each core (often using MCMC). The respective
methodologies then attempt to unify the sample approximations from each sub-posterior as per
. An advantage of this approach is that inference on each subset of the data can be conducted
independently and in parallel. In practice, if one had access to a large cluster of computing cores,
then the computational cost of sampling from our target density could be significantly reduced. The
main difficulty of these methods is in recombining the individual analyses into a single inference on

the full dataset that is both accurate and computationally efficient.

We note here that there are alternative approaches proposed in the literature around improving the
scalability of MCMC algorithms for Bayesian inference. For instance there are several sub-sampling
approaches (e.g. Welling and Teh|[2011]; Maclaurin and Adams| [2014]; Ma et al.|[2015]; Quiroz et al.|
[2018]; Bouchard-Coté et al.| [2018]; Bierkens et al.| [2019, 2020]; Pollock et al.| [2020]) which aim to
reduce the number of data point likelihood evaluations necessary at each iteration of the algorithm.
Alternatively, variational inference (VI) [Jordan et al., [1999; Wainwright and Jordan, [2008] is a
widely used method from the machine learning literature for approximating Bayesian posterior
densities which tends to be faster than MCMC and easier to scale to large datasets




2017]. Rather than approximating the target posterior distribution with samples from a Markov
chain (whose stationary distribution coincides with the target distribution), VI approximates the
posterior with the result of an optimisation algorithm (e.g. stochastic optimisation; see for instance
Robbins and Monro| [1951]; [Hoffman et al.|[2013]). As Blei et al.| [2017] notes, MCMC methods tend
to be more computationally intensive but provides guarantees of producing (asymptotically) exact
samples from the target posterior, whereas VI does not enjoy such guarantees. Moreover, Monte
Carlo approaches are typically preferable in applications where precise uncertainty quantification
is required. Consequently, we focus on developing a Monte Carlo approach in this thesis rather
than looking at developing VI methods. Furthermore, in this thesis, we are not solely focused
on improving the scalability of methods for Bayesian inference and hence will not be focusing on
the sub-sampling MCMC methodologies mentioned above either. We are instead mainly focused
on developing robust methodology to tackle the general fusion problem outlined by which

subsequently can be used as an approach for performing Bayesian inference with large datasets.

The fusion problem can also arise in settings where the target distribution exhibits multi-modality.
In particular, MCMC algorithms typically use localised proposal mechanisms which can exacerbate
the difficulties of moving between modes. This localisation can result in the Markov chain becoming
trapped in a subset of the state space, despite the Markov chain satisfying all ergodicity properties.
With finite computation, the Markov chain can fail to explore all regions of significant probability
mass which can lead to biased samples (e.g. see|Geyer|[1991]; Geyer and Thompson|[1995]; Tawn and
Roberts| [2019]). In such settings, we consider the power-tempered target distribution which is the
target distribution, 7, at some inverse temperature level 3, for 3 € (0, 1], denoted 7s(x) o< [r(x)]”.
Tempering the target distribution effectively flattens the distribution so that MCMC sampling for
mg is simpler. Forming a fusion problem for this problem consists of choosing 3 such that % € NT

and Markov chain sampling from 73 can mix well across the entire sample space, and by noting

=1

|

m(x) = m(x)

%
ﬂg(zc). (1.2)

The fusion problem has also proven to be challenging methodologically in a number of modern set-
tings due to problem specific constraints. These include when dealing with the privacy constraints
of the individual sources [Yildirnm and Ermigl [2019], in cases where the sheer number of sources
is overwhelming, or if the networking constraints of the sources are truly distributed [Scott et al.,
2016|. In particular, fork-and-join methodologies will typically have additional hardware constraints
such as minimising or removing communications between computation cores to reduce the effect of
latency [Scott et al., 2016} Dai et al., 2019]. This in turn has motivated a range of problem specific
and pragmatic approximations. These approximations are invariably distributional, and typically
imposed on each of the sub-posterior distributions (for instance, the sub-posteriors being approxi-

mately Gaussian). Such approximations limit the applicability of these methodological approaches



to particular settings, and the unified results can be poorly understood, and even misleading. Al-
ternatively, the Fusion approach |Dai et al., 2019, |2021] constructs a direct sample approximation
of , rather than seeking to obtain an ad hoc approximation of f by combining approximations
of the sub-posteriors. In this thesis, we focus on developing methodology for an exact Monte Carlo
approximation of —one which provides robust inference in a wide range of practical problems,

and yet is amenable to use alongside any problem specific constraints.

The remainder of this introductory chapter is organised as follows: In [Section [1.2] we review the
existing approaches for the fusion problem of (1.1)) and discuss their advantages and disadvantages.
In we provide a summary of the key contributions of this thesis. Lastly,

provides a summary of the structure of this thesis.

1.2 Existing approaches to the fusion problem

As noted above, the majority of methodological developments for tacking the fusion problem has
been motivated by performing Bayesian inference with big data. In particular, suppose that we
wish to perform inference on a set of parameters x given some conditionally independent data
y. The fork-and-join approach to performing inference for x begins by splitting the data into C

disjoint subsets, y1,...,yc, and noting that the Bayesian posterior density can be written as

p(mly) [Hp yc!w] -p(x), (1.3)

where p(y.|x) denotes the likelihood function of y. given @ and the prior distribution is given by
p(x). In this thesis, we typically have p(x) = Hle p(m)é to ensure the amount of total amount
prior information in the posterior is preserved [Scott et al., 2016]. This formulation is therefore
linked to the general fusion problem given in by setting the target density f(x) o« p(x|y) and
setting the sub-posteriors as f.(x) x p(y.|x) p(a:)% Wang and Dunson, [2013] Section 2] provides

intuition for splitting the prior distribution in this way by noting:
p(mly) [Hp Ye|T) ] -p()
T
[Hp (@lye) ] - [”] , (1.4)
I1¢

=1 pe()

where p(x) represents the prior distribution for the full dataset and p.(x) represents the prior

distribution for subset ¢ = 1,...,C. This formulation gives flexibility in the choice of p.(x), but if
we require that p(x) = HCC:1 pe(x), then (1.4)) can be written as

C
p(aly) o< [ [ p(xlye)- (1.5)
c=1



Wang and Dunson| [2013] refers to as the independent product equation (also termed product
density equation (PDE) in Wang et al. [2015]), which indicates under the independence assumption
of the data, the posterior density of the full dataset can be represented by the product of sub-
posterior densities if the subsets of the data together form the original dataset. In this section, we
will review a number of existing approaches to combining samples from sub-posterior distributions.
In particular, we focus on three approximate methodologies for the fusion problem in this thesis:
Consensus Monte Carlo [Scott et al., |2016}; |Scott) [2017], a method based on using combining
kernel density estimates of the sub-posteriors (which we term Kernel Density Estimate Monte
Carlo) [Neiswanger et al., 2014] and the Weierstrass sampler [Wang and Dunson) 2013|. These
methodologies were the earliest methods for tacking the fusion problem and often the most widely
used in this literature. We will detail these in [Section [1.2.1L. 'We will discuss other approximate
approaches in this literature and the weakness of these methods in [Section [1.2.2

1.2.1 Main approximate approaches to the fusion problem

One avenue to recombine sub-posterior samples is to use these samples to first impose an approxima-
tion to the sub-posterior distributions, and then combine those approximations. Perhaps the sim-
plest method to combine the sub-posterior draws is to use a Gaussian approximation. In particular,
the samples can be used to estimate the mean and variance of each sub-posterior. Since the product
of Gaussian distributions is well known, then we can analytically calculate a Gaussian approxima-
tion to the fusion target posterior . This idea was first proposed by Neiswanger et al.| [2014,
Section 3.1] and the motivation is that as the number of data points grows larger, then Bernstein-
von Mises theorem states that the Bayesian posterior will be approximately Gaussian [Le Cam)
1986]. |Scott et al. [2016] develops this intuition further with the Consensus Monte Carlo (CMC)
approach which represents by means of a weighted average of sub-posterior samples. In partic-
ular, suppose we have N draws from each sub-posterior, {:cgc) N | where mgc) ~ fe X p(yYc|x) 'p(:li)%,
and each sub-posterior is assigned a weight represented by the matrix W, then the ith Consensus

Monte Carlo posterior draw is obtained by computing

c -1 ¢
@ = (Z WC> S wezl?, (1.6)
c=1 c=1

fori = 1,...,N. CMC is ezact when each sub-posterior is Gaussian (by setting the weights as
W. = X! where X, is the covariance matrix for sub-posterior ¢ = 1,...,C). In practice, |Scott
et al.| [2016] suggests to use the sample covariance matrix 3. of each sub-posterior ¢. The central
idea of CMC is that even when the sub-posteriors are non-Gaussian, the draw &; will still be a close
approximation to the posterior if the sub-posteriors are approximately Gaussian, which is often the
case in big data settings [Le Cam) |1986]. Although this approach is simple and computationally
efficient, the CMC method has been shown to exhibit large bias in other settings [Wang and Dunson,

2013|, (e.g. if skewness or multi-modality are present in the sub-posterior distributions).



Neiswanger et al.|[2014] suggests a strategy (which we term the Kernel Density Estimate Monte
Carlo (KDEMC) approach) based on using kernel density estimates (KDE) (see for instance |Silver-
man [1986]; Scott [1992]) to approximate the sub-posterior densities. Given N samples from each
sub-posterior ac ~ fefor i =1,..., N, then kernel density estimation is a method for providing

an estimate fc of f., defined as

N
1
= <> Ku (z—2l), (1.7)
i=1
where Kg(x) = |H|_%K(H_%m), H is a d x d symmetric positive-define matrix known as the

bandwidth and K is the kernel function which is a symmetric d-dimensional multivariate density.
While there are several choices for the kernel K, [Neiswanger et al.| [2014] suggest to use a Gaussian
kernel with diagonal bandwidth matrix h2?I;, where I; is the d-dimensional identity matrix. The

approximation fc of f. is then given by

o SN

h2ﬂd> (1.8)

where Ny(-|p, 2) denotes a d-dimensional Gaussian density with mean p and variance 3. While
Neiswanger et al.| [2014] uses a common variance h2I; for each kernel, there may some performance
benefits to consider a diagonal matrix A. for each sub-posterior since different parameters may
differ considerably in variance for each sub-posterior. Nevertheless, the KDEMC method then

approximates the fusion posterior by the product of the KDEs for each sub-posterior,

f@) =11 fe(=) NC H [ZNd( ‘ hZHd)] , (1.9)

which is a product of Gaussian mixtures. KDEMC effectively approximates by implicitly
sampling from the product of non-parametric density estimates. The methodology outlined by
Neiswanger et al. [2014, Section 3.2] samples from by means of a Metropolis-within-Gibbs
approach (see Neiswanger et al.| [2014, Algorithm 1]) which we do not detail here. While this
approach may improve upon CMC when models move away from the Gaussian setting, kernel
density estimation is known to perform poorly in high dimensions, meaning that the performance
of KDEMC will degrade as the dimensionality of x increases. [Nemeth and Sherlock [2018] further
notes that the upper bounds on the mean squared error given in Neiswanger et al.| [2014] grows
exponentially with the number of sub-posteriors, C, which is a limiting factor in the big data settings

where the computational benefit of parallelisation is proportional to the number of available cores.

Wang and Dunson| [2013] and Bardenet et al. [2017] notes that the KDEMC method provides a poor
approximation to the fusion target density if the supports of the sub-posteriors are almost disjoint.

To improve the amount of overlap between the approximations, Wang and Dunson| [2013] considers



the product of Weierstrass transforms for each sub-posterior, which are simply convolutions of
the density with a kernel. While the original Weierstrass transform first introduced in [Weierstrass
[1885] was stated with the Gaussian kernel,[Wang and Dunson| [2013] provide a generalisation and

approximate each sub-posterior density with

Y (@) = W fu(w) = / Ku(z — t)- f.(t) dt, (1.10)

for c = 1,...,C. However, the authors do subsequently focus on the Gaussian kernel for conve-
nience. This method approximates by the product of Weierstrass transforms, which is sampled
by means of a rejection sampler (see [Wang and Dunson, 2013, Algorithm 1]. Wang and
Dunson| [2013] call this approach the Weierstrass Rejection Sampler (WRS) and claim that using
a Weierstrass transform approximation rather than a KDE has a number of better properties such
as improvement in performance when the sub-posteriors have little overlapping support, and better
scaling with dimensionality. However, these kernel-based approaches can be incredibly sensitive to

bandwidth choice as one bandwidth is applied to the whole space [Wang et al., [2015].

In this thesis, we will compare the Fusion methodologies with the three approximate methodologies
discussed in this section (CMC [Scott et al., 2016], KDEMC [Neiswanger et al., |2014] and WRS
[Wang and Dunson, 2013]). We focus on these three methodologies since these are currently the
most well known methods for this problem and we can utilise existing code to implement these
methods (see for full implementational details of these approaches). We note however
that there exists several other approximate methods for the fusion problem outlined in which

we briefly discuss in the following section.

1.2.2 Alternative approximate approaches to the fusion problem

Whilst the methods discussed in [Section [1.2.1] are the most popular and widely used methods
for the combination of sub-posterior samples to approximate the full-data posterior density given
in , there has been significant interest in developing alternative approximate approaches for
scaling up Monte Carlo sampling for Bayesian inference using a distributed approach. One avenue
of research are methods that have been inspired by recent developments in optimal transport
theory (see for instance Villani [2009]; Peyré and Cuturi [2019] and references therein). These
methods introduce a suitable metric on the space of probability measures (such as the Wasserstein
metric) and then replace the full posterior density by a geometric combination of the sub-posteriors.
Minsker et al.| [2014, [2017] focused on creating a method to provide an approach for Bayesian
inference which is robust to outliers or corruption in the data. The method targets a ‘robust’
version of the Bayesian posterior which they define in their paper. In this approach, the authors
propose a method based on computing the geometric median of a collection of sub-posteriors (which
they term the M -posterior). However as Bardenet et al. [2017] and |[Li et al. [2017] note, the

robustness of the median posterior estimate advocated here may also be a drawback, as in some



circumstances, valuable information contained in each subset of data may be lost. [Srivastava et al.
[2015]; |Li et al. [2017]; |Srivastava et al| [2018] proposed an alternative approach which looked
to compute the Wasserstein barycenter of sub-posterior distributions (termed the Wasserstein
Posterior (WASP) by the authors) which can be computed efficiently in practice using techniques
developed by |Cuturi and Doucet| [2014]. A key difference in these approaches is that whereas [Scott
et al. [2016]; Neiswanger et al. [2014]; [Wang and Dunson| [2013] proposed to run MCMC over

Q=

fe(®) < p(yc|) - p(z)°, (1.11)

for ¢ = 1,...,C, Minsker et al|[2014} [2017]; Srivastava et al.| [2015]; [Li et al.| [2017]; [Srivastava,

et al.| [2018] proposed to combine samples from sub-posteriors of the form,

fe(@) o p(yel®)® - p(=). (1.12)

We term these boosted sub-posteriors since this corresponds to replicating (or boosting) the data in
the cth dataset C' times to produce pseudo datasets which have the same size as the full dataset and
should have the same scale in variance as the full posterior. Indeed, the main difference here is that
the likelihood contribution is boosted or inflated by a power C, so that they can be seen as ‘noisy’
versions of the target full-data posterior, and thus can be treated as a group of estimators of the
true posterior. The M-posterior and WASP approaches then consequently attempt to find either
the geometric median or the barycenter of these boosted sub-posteriors as an approximation to the
target posterior. Whilst these methods can be computationally scalable, the statistical meaning of
these median and mean measures is unclear [Bardenet et al., 2017]. Furthermore, these approaches
are still fundamentally approximating the target posterior with an alternative measure and thus

are not directly sampling from the target posterior.

The Likelihood Inflating Sampling Algorithm (LISA) proposed by Entezari et al.| [2018] also consider
the boosted (or likelihood inflated) sub-posterior densities in by similarly arguing that these
sub-posteriors would be a closer representation of the full-data posterior. Like the Consensus Monte
Carlo approach of [Scott et al., 2016], the LISA approach takes a weighted average of sub-posterior
samples, and showed that for certain models, it is possible to derive weights that would make
their approach lead to a good approximation to the target posterior. For example, it is possible
to construct an exact algorithm for Beta-Bernouill models, and to have good approximations for
Bayesian linear regression and Bayesian Additive Regression Tree (BART) models. A key drawback
of this method is that there currently is no general procedure for combining the sub-posterior
samples that will make LISA easy to adapt to a wide variety of models. Indeed, each of these
weights for the Beta-Bernoulli, Bayesian linear regression and BART models considered by the
authors were derived from the specific model and modified accordingly to give accurate results.
Furthermore, as with the CMC approach, taking a simple weighted average of sub-posterior samples

will often be too crude of an approximation in many cases.



The Variational CMC (V-CMC) approach was introduced by Rabinovich et al.| [2015] which views
the aggregation of the sub-posterior samples as a variational inference (VI) problem (see for in-
stance Blei et al.| [2017] for a review of VI). In contrast, CMC aggregates the sub-posterior samples
via weighted averaging. In particular, given N draws from each sub-posterior {wgc) ~ fc}f\il for c =

,C, the ith CMC sample is given by &; = F(x; (1) . :IZEC)) = (Zg’;l WC> o chzl chcgc).
Rablnovmh et al.| [2015] notes that the fundamental goal of approximate methods is to choose an
aggregation function F' such that the induced distribution on « is as close as possible to the target
posterior. To this end, V-CMC considers a wider range of aggregation functions and constructs
a variational inference problem (i.e. optimisation problem) in order to choose the function with
which to aggregate the sub-posterior samples. As with all variational inference methods, the per-
formance of this approach critically depends on choosing a family of distributions which adequately
describes the target posterior well but at the same time being simple enough for optimisation to be
computationally efficient [Blei et al., 2017; Rabinovich et al., [2015]. In practice, it can be difficult

to know how complex your family of distributions needs to be for a given problem.

The Global CMC (G-CMC) approach of Rendell et al. [2020] introduces a hierarchical framework
to associate an auxiliary parameter with each likelihood contribution for the full-data Bayesian

posterior. Given the variable of interest @ and C disjoint subsets of data yi,...,yc, the G-CMC

approach introduces C' auxiliary variables, Z1, ..., Z¢ and defines the probability density function
C

P21, z0) o [T KO (@, 20) - plzelye)] - pla), (1.13)
c=1

where {Ké/\) : A € Ry} is a family of Markov transition densities for each ¢ =1,...,C. Defining

N (zlye) = / KN (@, 2) - plzelye) dze, (1.14)

then the density of the z-marginal of py(x, 21, ..., 2¢) is given by

paa) = /17,\(:1:,21,... dzlcocl_[[ (@ly.)| - p(@). (1.15)

Rendell et al|[2020] note that if for each ¢ = 1,...,C, we have that p™)(z|y.) is bounded for all
A > 0 and pWM (x|y.) — p(x|y.) pointwise as A — 0, then py — p, where p is the full-data posterior
given by -, in total variation. [Rendell et al. [2020, Section 4] considers a sequential Monte
Carlo (see to approximate a sequence of distributions with densities py,,py,,. .., where
Ao, - -, An s a decreasing sequence since the methodology requires for A to be sufficiently small

such that py is a good approximation of the target posterior p (|1.3)).

Nemeth and Sherlock [2018] proposed a method which created a Gaussian-process (GP) (see for

instance Rasmussen| [2003]; [Rasmussen and Williams| [2006]) approximation for each of the log-sub-



posterior densities and approximating the full log-posterior as a sum of Gaussian processes. In this
approach, the authors noted that previous approaches for combining sub-posterior samples have
solely relied on the sub-posterior samples outputted from each MCMC algorithm, but have ignored
the values of the sub-posterior densities at the samples which are calculated when evaluating the
Metropolis-Hastings ratio. The proposed approach places GP priors on the evaluated log-density
values of each sub-posterior. The idea here is that the GP on the log-sub-posterior densities provides
an estimate of uncertainty in the log-sub-posterior at points where it has not been evaluated at.
The resulting approximation (constructed by comining the individual GPs) to the log-posterior
density is a sum of GPs which itself is a GP. The success of this method relied on the individual
GPs providing a good approximation to the individual log-sub-posterior densities. The method by
Nemeth and Sherlock [2018] is therefore an approximate method which avoids directly targeting

the target density and combines approximations to the sub-posterior densities.

The Double Parallel Monte Carlo (DP-MC) approach of Xue and Liang| [2019] first obtains impor-
tance weighted samples (see [Section [2.3) from the inflated /boosted sub-posteriors given in ((1.12]).

Let p®, ..., u(©) denote the (estimated) mean vectors of the respective sub-posterior distributions,
and let g = % Zle ,u(c) be the simple average, then the method proposes to re-centre the sub-

posteriors to i and considers the following mixture to approximate the full-data posterior p(x|y):

C
_ 1 . ¢
Blaly) o 5Zp(w—u+u()
c=1

ve) . (1.16)

A drawback with this method is noted by Dai et al. [2021] who states that this methodology relies
on the convergence of the posterior to a Gaussian and so performs poorly in scenarios where this
is not the case. Further, Dai et al. [2021} Section 5] highlight several example cases (with a logistic

regression example) where this method fails to approximate the full-data posterior appropriately.

Other approaches to sampling from by combining sub-posterior draws include Wang et al.
[2015], which estimates the target posterior by partitioning the space of sub-posterior samples using
step functions, and Changye and Robert [2021], which uses random forests to learn approximations
to the sub-posteriors and combines them to approximate the full posterior. In the random forests

approach of (Changye and Robert| [2021], they consider combining sub-posteriors of the form:

fol@) o [plyele) - p(x)/]" (1.17)

where A is not necessarily restricted to 1 (as done in |Scott et al. [2016]; Neiswanger et al| [2014];
Wang and Dunson! [2013]; Rabinovich et al.| [2015]; Nemeth and Sherlock [2018]), or C' (as done in
Minsker et al.| [2014]; Srivastava et al| [2015]; Entezari et al| [2018]). However this method suffers
from a curse of dimensionality in the random forest training and consequently needs more sample
points to train each random forest learner. Further, Changye and Robert|[2021] also note that there

currently does not exist any generic method to tune the scale factor A in the scaled sub-posteriors.
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A common theme amongst all these methods discussed so far is that they have been proposed
in particular to improve the scalability of Monte Carlo approaches for Bayesian inference and
take an approximation approach to combine the sub-posterior samples. Consequently, the theory
of these methods are typically asymptotic in the number of data points and usually appeal to
the Bernstein-von Mesis theorem. In particular, for these asymptotic regimes, the posterior will
tend to a Gaussian distribution (see for instance [Johnson, [1970; Le Cam), 1986]), and therefore is
questionable whether many of these approaches offer a significant advantage over simple approaches
such as a Laplace approximation to the posterior (as argued by [Pollock et al.|[2020] and |Bardenet
et al.| [2017]). This therefore motivates a more general approach to the fusion problem as in
(rather than focusing on the Bayesian inference problem in ) which avoids any approximation to
the sub-posteriors and returns a direct sample approximation to the target fusion density. Indeed,
the primary weakness of all these methods discussed thus far is that the recombination of the

separately conducted inferences is inexact and involves some approximation of the sub-posteriors.

We end this section by acknowledging that there has been considerable interest in combining ma-
chine learning and deep learning models (often referred to as model fusion |Claici et al.l 2020} |Singh
and Jaggi, |2020]), whereby the task is to learn from a global machine learning model from a col-
lection of pre-trained local models. This provides an approach to federated learning (FL) problems
[McMahan et all [2017}; |[Kairouz et al.l 2021} |Li et al., [2020] which is a machine learning setting
where many clients (e.g. mobile devices or organisations/institutes) collaboratively train a model
using a coordinated central server whilst keeping the training data distributed and decentralised.
Whilst these methods share the similarity of combining models, we note that these algorithms are
tackling a significantly different problem than the one stated here. The fundamental difference
being that we are focusing develop Monte Carlo methodology for combining probability distribu-
tions (which can represent Bayesian posterior distributions for instance) as per using Monte
Carlo samples from the sub-posterior distributions. In contrast, these methods look to combine
machine learning/deep learning models which are typically trained using stochastic optimisation
approaches. For example, McMahan et al. [2017] presented the first of these methods to learn deep
neural networks based on model averaging and combining local (stochastic) gradient information
to update model parameters. As such, we will not be discussing such methods from the machine

learning literature in this thesis.

1.2.3 The Fusion approach

In contrast to these approaches above, the Fusion approach [Dai et al., [2019, 2021] constructs a
sample approximation of f itself, rather than seeking to obtain an ad hoc approximation to f by
combining approximations of the sub-posteriors, fi,..., fc. Underpinning the Fusion approach
is the simple observation that if we sampled (independently) z(©) ~ fe for ¢ = 1,...,C, then
conditional on the event that () = ... = 2(©), we have that (! has density f given in .

Clearly the difficulty with exploiting this observation is that we are conditioning on an event of

11



probability 0. The Monte Carlo Fusion (MCF) approach of Dai et al.| [2019] provides a framework
for practically enforcing this conditioning. This is achieved by initialising C' stochastic processes
(independently from one another) using a single realisation from each sub-posterior (i.e. X(()C) ~ fe
for c =1,...,C, where the subscript is a temporal index, noting that Xél) * ... F Xéc)), evolving
the processes in such a manner that (i) these processes coalesce at some fixed future time (i.e.
X;l) = ... = X:(FC)); and (ii), the common marginal distribution at the coalescence time, T, is
f. In particular, MCF is a rejection sampling approach to sample f by means of sampling from
the individual sub-posteriors and a density on an extended space, and so returns independent,
identically distributed (i.i.d.) draws from f.

The Bayesian Fusion (BF') approach of |Dai et al. [2021] re-examined the theoretical underpinnings
of MCF by introducing a stochastic differential equation (SDE) describing the coalescence of the
C stochastic processes, and exploited this theory together with methodology for sequential Monte
Carlo (SMC) to gradually coalesce the stochastic processes. The resulting output of the BF ap-
proach is a number of correlated and weighted draws from f. BF is a far more practical and robust
algorithm than MCF. A key advantage of BF over MCF is that it is possible to give considerable

user guidance in its implementation.

Since the Fusion approaches consider the wider fusion problem set out by , we will see that
the theory for these approaches do not rely on asymptotic arguments with respect to the number
of data points available. We will cover these Fusion methodologies in more detail in
Clearly, the Fusion methods fill a gap in this literature by being the first approach which attempts
to provide sample approximations which can directly approximate f (as opposed to sampling from
an approximation f of f). However, both existing Fusion approaches are computationally expensive
to carry out and have key limitations in practice. For instance, the complexity of the methodology
is still limited by factors including: (i) the numbers of sub-posteriors being combined; (ii) the
level of sub-posterior correlation; (iii) the dimensionality of the sub-posteriors; and (iv) the degree
to which the sub-posteriors conflict. In this thesis, our main goal will be to develop the Fusion

methodology further which consequently is more practical and scalable in practice.

In this thesis, we make two key contributions to address the limitations of MCF and BF: (i) we
significantly improve upon the computational efficiency of MCF and BF by allowing the user to
incorporate global information about each sub-posterior within the approach, and unify sub-sets of
the sub-posteriors at any one time; (ii) using the flexibility given by (i) in which sub-posteriors can
be partially unified, we embed our improved methodologies within the divide-and-conquer paradigm

of Lindsten et al.| [2017], allowing the user to combine sub-posteriors in stages to recover the fusion

density f given in ((1.1)).
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1.3 Novel contributions

This thesis will further develop the existing Fusion approaches, so the methodology can be applied
to a wider range of applications and problems. We will see that the new Fusion methodologies
introduced in this thesis provide greater robustness and scalability in many settings; namely a
greater robustness with regards to increasing sub-posterior correlation, increasing number of sub-
posteriors, increasing dimensionality, or when combining sub-posteriors which conflict with each

other (i.e. sub-posteriors with little overlapping support).
In summary, the main contributions of this thesis are as follows:

e Reformulate the theory underpinning existing Fusion approaches of Dai et al.|[2019] and Dai
et al. [2021], introducing Generalised Monte Carlo Fusion (GMCF) and Generalised Bayesian
Fusion (GBF) approaches in [Chapter [6| and [Chapter [7] respectively.

e We embed the resulting GMCF and GBF methodologies within a divide-and-conquer paradigm
[Lindsten et al., 2017] (leading to the Divide-and-Conquer Generalised Monte Carlo Fu-
sion (DEC-GMCF) and Divide-and-Conquer Generalised Bayesian Fusion (D&C-GBF) ap-

proaches) by combining the sub-posteriors in stages to recover the fusion density f in (|1.1)).

e Practical implementational guidance is supplied for our GBF and D&C-GBF approaches to

aid practitioners in implementing the methodology.

e We provide extensive simulation studies to illustrate the improvement in the Fusion method-

ologies in several practical settings.

e Real-data applications are supplied to contrast our methodologies with other competing ap-

proaches for combining sub-posterior samples.

1.4 Thesis structure

This thesis in broken into two key parts: is a review of relevant existing literature which
is required for the understanding of the methodology developed in this thesis and in [Part [[I} we

present our novel contributions to the Fusion methodologies (as previously discussed above).

We begin by reviewing a number of elementary Monte Carlo methods in which are
of particular relevance to the methodology developed in this thesis. reviews sequential
Monte Carlo (SMC) methods and in particular we present the divide-and-conquer SMC approach
of Lindsten et al.[[2017] in We provide an introductory level overview of methods and
theory relating to the path-space simulation of Brownian motion, diffusions and related processes in
as required for Fusion. Lastly, we introduce the existing Fusion methodologies (namely
Monte Carlo Fusion [Dai et al., [2019] and Bayesian Fusion [Dai et al) [2021]) in [Chapter [f]

13



[Part[IT) consists of two chapters which comprises the main contributions of this thesis. In[Chapter[6
we reformulate the theory underpinning the Monte Carlo Fusion approach of |Dai et al.|[2019] and
introduce the Generalised Monte Carlo Fusion (GMCF) algorithm. In this chapter, we also embed
our GMCF methodology within a divide-and-conquer paradigm by combining the sub-posteriors in
stages to recover the correct fusion density f, in an approach we term Divide-and-Conquer Gener-
alised Monte Carlo Fusion (D&C-GMCF). In we present the Generalised Bayesian Fu-
sion (GBF') and Divide-and-Conguer Generalised Bayesian Fusion (D& C-GBF) approaches which
builds upon these existing Fusion methodologies. In each of these sections, we demonstrate that
our newly developed Fusion methodologies offers significant improvements on existing approaches

and can be applied in a number of practical settings.

Finally in we conclude this thesis and provide a summary along with several possible

future directions for this work.
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Part 1

Preliminaries
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Chapter 2

Monte Carlo Methods

Monte Carlo methods are a class of statistical algorithms which use the simulation of random
processes to draw inference on quantities of interest. We note that many practical problems can
be reduced to the computation of an integral. While direct approaches to evaluating integrals
analytically can be cumbersome and tedious, Monte Carlo methods are able to utilise advances
in modern computing power by constructing a stochastic algorithm in order to provide consistent

estimates of integrals. For instance, consider expectations of the following form

E;[h(X)] := /Rh(x) -7(x) dz, (2.1)

where h is some test function, 7 is some probability density and X denotes a random variable
with law 7. By applying the Strong Law of Large Numbers (SLLN), if we were able to draw N
independent, identically distributed (i.i.d.) samples X7, ..., Xy from 7, we can unbiasedly estimate

the expectation E.[h(X)] using the sample average

ER(X)] = 1 DAY, (2:2)
i=1
since we have
ol
Jim ; h(Xi) = Ex[h(X)]. (2.3)

While this is provides an elegant algorithm to estimate integrals with respect to 7, it is not entirely
clear how to simulate i.i.d. random samples from the density w. This is the key complication
in Monte Carlo methods and in this chapter, we review a number of fundamental Monte Carlo
methods which are instrumental in the development of the Fusion methodology presented in this

thesis. In particular, we discuss some sampling techniques such as rejection sampling, importance
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sampling, series sampling, retrospective Bernoulli sampling and methods to simulate from Poisson
processes. A detailed account of these methods can be found in a number of texts (see for instance
Robert and Casellal [2013]; [Devroye| [1986]; Kingman| [1992]).

2.1 Inversion Sampling

One of the simplest methods for generating random samples from a distribution X with density
m and cumulative distribution function (CDF), Fr(z) := P(X < z), is based on the inverse of
the CDF. Inversion sampling [Devroye, 1986, Part III, Chapter 2] is a method of sampling from a

density of m by inverting a random sample from a standard uniform random variable, u ~ U[0, 1].

While the CDF is an increasing function, it is not necessarily continuous and hence we define the
generalised inverse CDF':
FY(u) := inf{Fy(z) > u}. (2.4)
xr
Since Fyr(x) € [0,1] for all x € R, it is possible to draw random samples from 7 by generating and
transforming a uniform random variable u € U[0,1]. The key idea behind inversion sampling is
given by the following identity:
P (F_l(u) < ac) =P(u < Fr(z)) = Fr(x), (2.5)

™

and so Fy is the CDF of X = F!(u). This argument is summarised in [Algorithm [2.1.1}

Algorithm 2.1.1 Inversion sampling to generate N random samples from 7(z) [Devroye, 1986,
Part III, Chapter 3].
1. Foriin 1 to N,
(a) Simulate u; ~ U]0, 1].
2. Return samples {X;}¥,.

A key drawback of inversion sampling is that few distributions have a CDF whose (generalised) in-
verse can be evaluated efficiently. However, the generalised inverse of the CDF is just one possible
transformation and there exist other transformation methods that yield samples from distribu-
tions. For instance, the Box-Muller method [Box and Muller, [1958] is a transformation method for

sampling from the standard Normal distribution.

2.2 Rejection Sampling

Rejection sampling [Von Neumann| (1951} |[Robert and Casella, 2013] is a general Monte Carlo
sampling technique for sampling from some target density m by means of an accessible dominating
density ¢. The main idea is to sample from a proposal distribution, g, which is easy to sample from

and to reject samples that are “unlikely” to have occurred under the target distribution in some
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principled way. The choice of ¢ is made such that 7 is absolutely continuous with respect to ¢ with

bounded Radon-Nikodym derivative. More formally, if we can find a bound M such that

d
supl(m) <M < oo, (2.6)
zeR 4q

then if we sample X ~ ¢ and accept the sample (I = 1) with probability P,(X) := ﬁi—g()() € [0,1],
then (X|I = 1) ~ 7. This argument is summarised in [Algorithm [2.2.1{

Algorithm 2.2.1 Rejection sampling to generate N random samples from m(z) [Von Neumann,
1951].
1. For7in 1 to N,
(a) Simulate X; ~ ¢ and u € U0, 1].

(b) If u < M( (X)) then accept X;, else reject and return to [Step |1a

2. Return samples {X;}¥,.

Rejection sampling is a powerful technique as it allows us to sample from some inaccessible target
density 7 by sampling from an appropriate proposal density ¢ and applying a correction in the
form of only accepting a sample X with probability given by P,(X). This underlying idea given by
the following identity:
m(z) 00
m(x) = / 1du= / Locucn(z) du. (2.7)
0 0 =

=m(z,u)

Therefore, w(x) can be interpreted as the marginal density of a uniform distribution on the area
under the density 7, {(xz,u) : 0 < u < 7(x)}. Hence we can generate samples from 7 by sampling
the area under the curve. The difficulty is that it is not always clear how to sample uniformly from
this area due to the inaccessibility of 7. An intuitive way to understand rejection sampling is to
consider the univariate setting. From , the simulation of N random points {z;} ; from 7 can
be thought as the simulation of N bivariate points {(x;,v;)}), under the graph 7, where we retain
only {a:z}fil Since 7 is inaccessible, the idea is to choose another density ¢ to simulate the locations
on the z-axis, Xi,...,Xn ~ ¢, and then the location on the y-axis, ui,...,uny ~ U[0, M - ¢(X;)].
A point X; for can be retained if u; lies under 7. An example of this is illustrated in

Consider the conditional distribution of {X < z} given {U < ( ETe ) )} where U ~ U[0, 1], we have

w(z)

w<X>> S T g(z) du d

m(z)

= M9 0(2) du dz

ST 2 () de

S sy =) da
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Figure 2.1: An illustration of the simulation of X ~ Beta(4,2) (solid line) via rejection sampling
using a uniform distribution as the proposal (dotted line) with M = 2.5. Empty circles denote
rejected samples and filled circles denote accepted proposals.

1
+ - Pr(X < x)
- M2 R, (2.8)
M
where F} is the cumulative distribution of w. Furthermore, the probability of acceptance of a
m(X) 1
— | = —. 2.9
5] = 3 29

This means that the number of draws from ¢ required to obtain a draw from 7 is Geometrically

proposed sample X is given by

distributed with mean M. Consequently, rejection sampling can be made computationally more

efficient by making M as small as possible by choosing ¢ to be well matched to 7.

A key benefit of rejection sampling is that it can still be carried out if we only know 7 up to a
multiplicative constant, i.e. we only know f(z) where 7(z) = C- f(x), provided that f(z) < M-q(z)
for all z, and by accepting a proposal X ~ ¢ with probability

f(X)
P(X)=——F=.
Again considering the conditional distribution of {X < x} given {U < f (X ) } we have
Tt o
7 du d
P(X<alu< f(X) f fo (2) du dz
M - q(X) FG

T2 o g(z) du dz

i a(z) dz

25 37 q(z) de
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_C = Fy(x). (2.10)

2.3 Importance Sampling

In the previous section, we described the rejection sampling approach to sampling from a distri-
bution with density w. However, a rejection sampling algorithm can be wasteful and inefficient in
settings where a large number of proposed samples are rejected, which typically occurs when the
probability of acceptance is too low. In addition, some useful information about the density is lost
upon evaluation whether to accept or reject a particular sample. In rejection sampling, we com-
pensate for the fact that we sampled from a proposal distribution ¢(x) instead of our target 7 (x)
by rejecting some of the proposed values. With importance sampling [Kahnl [1949; |Goertzel, 1949],
we use weights to correct for the fact that we sample from the proposal distribution ¢(z) instead of
the target distribution m(x). In particular, let w(X) = 288 denote the importance sample weight,

then considering the expectation E;[h(X)] for some function h, we have

—00
o0
= [ T ) da
_oo q(z)
~——
=w(X)
=E, [h(X) - w(X)]. (2.11)
This suggests that if we can sample X1, ..., Xy ~ ¢ independently, we can construct a Monte Carlo

estimate of E.[h(X)] by applying the strong law of large numbers using
1
lim + 7 R(X) - w(X) = B [A(X)], (2.12)

where X; ~qfori=1,..., N.

Similarly to the rejection sampling method discussed in [Section [2.2] we can construct an asymp-
totically unbiased estimator of E;[h(X)] even if we only know 7 up to a multiplicative constant,
i.e. if we only know 7(z) = C - f(x). In particular, let w'(X) := f(X)/q(X), then we have

By[h(X) - w (X)) _ JEh(@) - I - ale) do

Eq[w'(X)] Iz o) g(z) dw

—oo q(z

N N

20



5[ h(z) w(z) do
[ w(z) do

= E.[h(X)). (2.13)

If we can sample X1,..., Xy ~ ¢ independently, let w(X;) := w’(Xi)/Zj»V:l w'(X;) denote the

normalised importance weights, then consider the following asymptotically unbiased estimator:

L X)X L
m = > —§—— = lm h(X;) - w(X;) = Ex[h(X)]. 2.14
N DS iy A 0 w0 = Eefh(X)] (214)

This version of importance sampling is called the self-normalised importance sampling and the

algorithm for this approach is presented in [Algorithm [2.3.1]

Algorithm 2.3.1 Importance sampling to generate N random samples to approximate 7(z) [Kahn),
1949; |Goertzel, [1949].

1. For i in 1 to N, simulate X; ~ ¢ and set w'(X;) = 58((’))

i)
2. Foriin 1 to N, set w(X;) = w’(Xi)/Zj»V:l w'(X;)
3. Return weighted samples {X;, w;}Y ;.

Unlike rejection sampling, importance sampling does not obtain independent samples from the
target m. Instead, we obtain a weighted sample approrimation to approximate the target and
integrals with respect to it. An illustration of this technique is shown in In this figure,
we can see that the proposals that are in regions of low probability density of the target are given

very low weight in comparison to the proposals that fall near the mode of the distribution.

o - X KOXXX XX WOBK X XK MK MK XX MXX X
T T T T T T T T T T

0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 2.2: An illustration of the simulation of X ~ Beta(4,2) (solid line) via importance sampling
using a uniform distribution as the proposal (dotted line). Crosses denote the proposed samples
and the associated weights are plotted with filled dots with their size proportional to their weights.

21



2.4 Series Sampling
With rejection sampling (see |[Section [2.2]) and importance sampling (see [Section [2.3)), it is assumed

that pointwise evaluations of the target density 7 are available. However, there are many cases
where we are interested in sampling from a density m which cannot be evaluated exactly at any
point. Series sampling ([Devroyel |1986|, Part IV, Chapter 5], [Devroye, 1980]) is a method to draw
random samples from a target density m without the need to exactly evaluate w. As with rejection
sampling, we assume that there exists an accessible dominating density q. However, we now assume

that 7 can be approximated from above and below by sequences of functions mh and 7 respectively:

1. m(x) < M - q(x), where M is a constant, for all z,

2. lim,,—voo 7T7T1 =7 and lim,,_so 777% = 7 such that mTL <7< 77% for all n.

Under these conditions, a series sampler can be implemented. The series sampler is similar to
rejection sampling in that we first draw a proposal sample from the dominating density, X ~ gq.

However, in this setting, since we cannot evaluate 7w(X) to determine directly whether or not to
accept the sample (with probability Py(X) := 17 E;(())()
sampling (see [Section [2.1)) to simulate unbiasedly an event of probability P,(X). In particular, for

any X ~ ¢, we have upper (mTZ(X )) and lower (W%(X )) convergent bounding series that we can

1
iteratively evaluate until a uniform random variable u ~ U[0, 1] lies below AZ?(]((XX)) (hence lies under
T (X)
M-q(X)
We can use this to unbiasedly estimate an event of probability P,(X) in order to determine whether

), we employ a similar approach as in inversion

P,(X) and we accept the sample) or above (hence lies above Py(X) so we reject the sample).

to accept or reject a proposal sample X ~ ¢ as per [Algorithm [2.4.1}]

Algorithm 2.4.1 Series sampling to generate N random samples from 7(z) [Devroye, 1986, Part
IV, Chapter 5], [Devroyel |1980].
1. For7in 1 to N,
(a) Simulate X; ~ ¢ and u € U[0, 1].

LX) at (X
(b) While u € (1\7}711(&3)7 MT}q(();i)))’ set n =mn+ 1.

Lox
(c) fu< J\?q(()%)’ accept else return to [Step |1al
2. Return samples {X;}¥,.

2.5 Retrospective Bernoulli Sampling

Retrospective Bernoulli Sampling [Beskos et al., 2008] is a method to simulate unbiasedly an event
of some unknown probability p, where p can be expressed as the limit of an alternating Cauchy
sequence (S : k € Z>o). In particular, we assume that p can be expressed as the limit of the

following series of over and under-estimations:

0< S <8 <S<--<p<---<S5< 5 <S5 <1 (2.15)
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Without loss of generality, throughout this thesis (unless otherwise stated), we assume that the
alternating Cauchy sequence have even terms of the sequence, (Sa; : k € Z > 0), converging from
below and the odd terms of the sequence, (Sory1 : K € Z > 0), converging from above. Since
the upper (odd) sub-sequence will be monotonically decreasing and the lower (even) sub-sequence
will be monotonically increasing, we can utilise the series sampling (see and inversion
sampling (see approaches to simulate an event of probability p. In particular, we can
draw from a uniform random variable u ~ [0, 1] and evaluate the upper and lower sub-sequences

until u ¢ (Sak, Sor+1) and subsequently determine whether u lies above or below p. This argument

is summarised in [Algorithm [2.5.1]

Algorithm 2.5.1 Retrospective Bernoulli sampling to simulate unbiasedly an event of probability
p |Beskos et al., |2008].

1. Simulate u ~ U][0,1] and set k = 1.

2. While u € (S, Sok+1), set k =k + 1.

3. If u < Sy, then return 1, else return 0.

This approach can be extended to cases where p can be represented as the limit of some more general
sequences as long as it is possible to find an alternating Cauchy sequence with which to extract
upper and lower sub-sequences which monotonically converge to p. In particular, there are instances
in this thesis where we require the unbiased simulation of an event of probability p, where p can be
represented as a linear transformation of a number of alternating Cauchy sequences. More formally,
let p:= f(p1,...,pm) for some linear function f and py,...,p, can be represented as the limit of
alternating Cauchy sequences (S,i, ..., 8], where k € Zxq respectively). Retrospective Bernoulli
sampling can also be employed in this setting since p can itself be represented as the limit of an
alternating Cauchy sequence by aligning the indices of the Cauchy sequences (S}g ci=1,...,m) to
ensure that the under and over estimations of p occur on alternating indices. This alignment might
require some of the alternating Cauchy sequences to increase their index by 1. Furthermore, it is
also possible to extend this approach if it is possible to find a sequence that eventually becomes an
alternating Cauchy sequence after the inclusion of the first k terms, say. In this setting,
can be directly applied by modifying such that k is initially set to be greater than k.

2.6 Simulating Poisson processes

This section outlines Monte Carlo methods for simulating Poisson processes which are key in the

construction of the methodology discussed in this thesis.

Definition 2.6.1. Poisson process. A continuous time stochastic process {N(t) : t > 0} is a

Poisson process parametrised with intensity (or rate function) A(t) if it satisfies the following:

Property 2.6.1. Initial value. N(0) = 0.
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Property 2.6.2. Poisson distributed number of events. The number of events in a time

interval follows a Poisson distribution:

N(t + s) — N(t) ~ Poi < /t e A(u) du> . (2.16)

Property 2.6.3. Independent increments. The number of events occuring in any two disjoint
time intervals are independent: If r < r+s <t < t+s, then [N(t+s)— N(t)] L [N(r+s)—N(s)].

In this section, we focus on how to simulate Poisson process sample paths. A detailed account
of Poisson processes can be found in a number of texts (see for instance [Cox and Isham)| 1980],
[Devroyel, 1986, Chapter VI|, [Kingman, 1992], [Daley and Vere-Jones, 2003}, 2008]).

2.6.1 Time-Homogeneous Poisson process

To simulate sample paths of Poisson processes, it is sufficient to simulate the sample path event

times. A Poisson process is time-homogeneous Poisson process if it also has the following property:

Property 2.6.4. Independent and identically distributed increments. If s <r <r+4+s <
t <t+sthen [N(t+s)— N(t)] LL [N(r+s) — N(r)] 1L N(s) ~ Poi(As).

In this section, we outline a method for simulating paths of time-homogeneous Poisson processes
with constant intensity A (i.e. A(¢) = A for all t). Using for any given sample path,
we can directly simulate the number of events that occur in the interval [0, ¢] since N (t) ~ Poi(At).
Further, it can be shown that conditional on the number events that occur in [0, t], the event times
are uniformly distributed on the interval |[Kingman| 1992, Chapter 2.4]: Suppose n is the total
number of events that occur in [0,¢] (N(¢) = n), and we are interested in how many of those n

events occur in the sub-interval [0, ] C [0,¢]. Since at most k& < n events could occur in [0, ] and

using we have

P(N(r) = KIN(t) = n) = BN =F) PN = N(r) =n — k)

P(N(t) =n)
_onl fexp(=An)(An)*] - [exp(=A(t — 7)) (A(t — 7))" ]
(n — k)E! exp(—At)(At)"
B n! . rk(t - T)”*k
(n—k)k! tn

- <Z>pk(1 —p)k, (2.17)

where p = 7. Therefore, P(N(r) = k|N(t) = n) is the probability that & out of n independent

U[0,t] random variables fall in the interval [0,7]. This gives a possible algorithm to simulate a

time-homogeneous Poisson process which is presented in [Algorithm [2.6.1]
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Algorithm 2.6.1 Time-homogeneous Poisson process simulation [Kingman, 1992].
1. Simulate n ~ Poi(At).
2. If n#0,
(a) Simulate uq,...,up Y Ulo, t.
(b) Set g1, ..., qn to be the order statistics of the set {u1,...,u,}.
3. Return event times {g;}" ;.

2.6.2 Time-Inhomogeneous Poisson process

If the intensity of the Poisson process A(t) does depend on time ¢, then the Poisson process is
said to be time-inhomogeneous. We can simulate from a time-inhomogeneous Poisson processes
with intensity A(¢) by simulating a dominating time-homogeneous Poisson process with constant
intensity A (such that for all ¢, A(t) < A) and conduct Poisson Thinning (or colouring [Kingman),
1992, Chapter 5.1]).

Consider a time-homogeneous Poisson process {N(¢) : ¢ > 0} with intensity A where each event
is classified either as a ‘Type 1’ event (with probability p) or a ‘Type 2’ event (with probability
(1 —p)). Note that the number of ‘Type 1’ events, Ni(t), given the total number of events, N(t),
follows a binomial distribution. Let Nj(¢) and Na(t) denote the number of events classified as ‘Type
1" and ‘Type 2’ respectively and noting N(t) = Ny(t) + Na(t), we have

B(Ny(t) = n, Na(t) = m) = S P(N1(t) = n, Na(t) = m|N(t) = k) - B(N(¢) = k)
k=0

=P(Ny(t) =n,Nao(t) =m|N(t) =n+m) -P(N(t) =n+m)
n+m)! . ) exp(—At)(At)"t™

(o)

_ (AP (Apt)" exp(ZA(L = p))(AQ —p)t)™ (2.18)

n! m!

and hence {N;(t) : t > 0} and {Na(¢) : t > 0} are two independent Poisson processes. We can view
the time-homogeneous Poisson process with intensity A as arising from the superposition of a target
time-inhomogeneous Poisson process with intensity A(¢) and another with intensity (A — A(t)). Any
event arising at time ¢ can be assigned to the target Poisson process (with intensity A(t)) with

probability %. This argument is summarised in |Algorithm |2.6.2I

Algorithm 2.6.2 Time-inhomogeneous Poisson process simulation [Kingman) 1992].

1. Simulate proposal event times (p1,...,pn) of a time-homogeneous Poisson process with in-
tensity A as per [Algorithm [2.6.1}
2. If n #0, set 7 =0 and for ¢ in 1 to n,
(a) With probability w, set j =7+ 1 and g; = p;.

3. Return event times {g;}" ;.
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Chapter 3

Sequential Monte Carlo Methods

Sequential Monte Carlo (SMC) methods are a class of Monte Carlo methods that sample sequentially

from a sequence of target probability densities {m,(xo.,)} of increasing dimension, where x., =

(xo,...,x,) and each density is defined on a product space X" with
Zo:
Ton(Toen) = 'Y”(Z”) (3.1)
n
where 7, : X" — R* is known pointwise and the normalising constant,
Ly = /'}/n(m(]:n) dxo.n, (32)

might be unknown. SMC methodology provides an approximation of m,(x¢.,) and an estimate
of Z, sequentially for each n, whereby the approach first approximates my(x¢) and estimates Zj
at time 0, and then an approximation of 7(xp.1) and an estimate of Z; in obtained at time
1, and so on. Naturally, this methodology is often used for estimating unknown quantities where
observations arrive sequentially in time where it is possible to perform on-line inference by updating
the posterior distribution based on incoming data. As such, SMC has a wide variety of applications
including signal processing and target tracking [Gordon et all 1993; |Arulampalam et al., 2002],
audio enhancement [Godsill et al.| 2002; [Vermaak et al., 2002], financial modelling [Lopes and Tsay,
2011; Creal, 2012], genetics [Bouchard-Coté et al. 2012] among many others.

In of this thesis, we develop a Fusion methodology for combining sample approximations of
distributions that is subsequently embedded within a SMC algorithm. In this chapter, we provide
a brief overview of this background material. A number of detailed tutorials and texts of SMC
can be found, such as Doucet et al.| [2001]; [Liu [2001]; Maskell and Gordon| [2002]; |Chopin| [2002];
Doucet and Johansen| [2011]; |Chopin and Papaspiliopoulos [2020]. In this chapter, we follow the
standard SMC notation as used in Doucet and Johansen| [2011].
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Consider approximating the probability density 7, (xo.,) for some fixed n. Suppose we have N
samples from independent random variables, Xé:n ~ Tn(xo.y) for i = 1,..., N, then the Monte
Carlo method (see [Chapter [2)) approximates the target distribution (with density m,(xo.,)) by the

empirical measure,

N
. 1
Wn(mozn) = N Z 5Xé;n (mo;n), (33)
i=1
where 0y(x) denotes the Dirac delta mass located at y. Furthermore, we can approximate any
marginal distribution, x; for k =0,...,n, using
| N
Fuln) = - D b () (3.4
i=1

As discussed in |[Chapter given N independent samples, X}, ~ m,(%o.s) for i = 1,...,N,
expectations of any test function h,, : X"*!' — R, given by

In(hn) = Eﬂ'n [hn(Xon)]

= /hn(wom) T (T0m) dToum, (3.5)

can be unbiasedly estimated using the Monte Carlo estimate,
féwc(hn) = /hn(mOn) : 7?"n(mo:n) dmO:n
1 & .
= > (XG0, (3.6)
i=1

The variance of this estimator is given by

\Y {IA?]I\JC} = % (/ hz(xO:n) T (To:n) dTom — Ig(hn)> ) (3.7)

and hence the variance of the Monte Carlo estimator decreases at a rate of O(1/N) regardless of
the dimension of the space X"*!. However, the method can be difficult to implement if 7, (xo.,) is
high dimensional. Further, the cost of sampling exactly from 7, (xo.,) sequentially for each value of

n is typically at least linear. We can address these problems with importance sampling (see

2.3)) and sequential importance sampling which we discuss in [Section [3.1. In [Section [3.2] we look

at the problem of importance weight degeneracy which sequential importance sampling approaches
will suffer from, and standard resampling techniques that can be employed to remedy this problem.
Having introduced the main ideas within SMC, we present a generic SMC algorithm in
Finally, we briefly overview the Divide-and-Conquer Sequential Monte Carlo (D&C-SMC)

framework of [Lindsten et al.| [2017] which generalises the classical SMC framework from sequences

to trees (like the ones illustrated in Figures and in
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3.1 Sequential importance sampling

3.1.1 Importance sampling

We first start this section by discussing how importance sampling (see [Section [2.3)) can be applied
in this setting to approximate m,(xo.,) in (3.1). To implement an importance sampler, we first
introduce a joint proposal density, ¢,(xo.n), such that m,(xo.n) >0 = gn(®o.n) > 0, so we can

write the target as

xn.
7"'n(z'g():n) = ’yn(Z:n)
. Z:é:g:g 'Qn(wO:n)
= 7
/
wn(a:O:n) ’ Qn(xO:n)
= ) 3.8
o (38)
where
Ly = /w%(wﬂn) : Qn(xO:n) de:na (39)
and w], (xg.,) denotes the un-normalised importance weight function,
W, (o) = L2LZOR). (3.10)
Qn(wO:n)

ORI

O:no ) “*0mn

normalised importance weights, w® = w;(XéZL)/Zévzl w;(Xé])L) for = 1,..., N, then we can

This suggests that if we can sample X ~ qn(xo.n) independently and assign the samples

construct the following empirical Monte Carlo measure,
N
fn(@om) = Y w8, ) (@on), (3.11)

" 0:n
i=1

and approximate the normalising constant using

N

A 1 i

Zn =~ D wh(XE). (3.12)
=1

Further, if we are interested in estimating I, (hy) in (3.5)) for some test function h, then by applying

the same argument as in (2.13)), we can use the importance sampling estimate,
rIS - ~
In (hn) = /hn(xo:n) : Wn(wO:n) dwO:n

=3 w - ha(X50). (3.13)

1=

—_
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Doucet and Johansen| [2011, Section 3.2] notes that unlike IMC in (3.6), 1.5 is biased for finite
sample size N. However, it is consistent and is asymptotically unbiased. Further, if the normalising
constant is known analytically, then it is possible to obtain an unbiased importance sampling

estimate of I, (h,) but this estimator will generally have higher variance.

3.1.2 Sequential importance sampling

For sequential importance sampling, we select a proposal distribution which is chosen such that it

allows for recursive updates and has the following structure:

Qn(mO:n) = Qn—l(xO:n—l) . Qn(xn‘xO:n—l)

= qo(xo) H Qr (k| T180—1). (3.14)
k=1

In practice, we draw a sample particle Xg., ~ ¢n(®o.n) at time n by first sampling X ~ go(xo)
at time 0, and then Xy ~ qx (k| X1.4—1) at time k for k = 1,...,n. The associated un-normalised
importance weights also have a recursive form given by the following decomposition
/ Yn(Zo:n)
wy, (To:n) = 0 (@0m)

_ Yn—1(Zon—1) Y (To:n)

" Gn1(Zon-1)  Yn-1(Zon-1) - @n(®n|T0:0-1)

n—1(Ton—1) - a(xo:n)

= wy(@o) [ an(@or), (3.15)
k=1

= w

where we denote o, (xo.,) as the incremental importance weight function given by

’Vn(mO:n)
’771—1("170:71—1) : Qn(mn|$0:n—l) ’

an (o) = (3.16)

Applying a similar argument to [Section [2.3] we present a general sequential importance sampling

algorithm to approximate from 7, (xo.,) in|Algorithm|3.1.1l At any time, n, we can obtain estimates

Fn(om) (using (3.11) and Z, (using (B3.12)) for mp(2o.n) and Z,, respectively.

3.2 Sequential importance resampling

A key drawback of the sequential importance sampling approach detailed in [Section [3.1] and [Algo-]

is that is suffers from weight degeneracy, which is the phenomenon whereby the particle
set on average becomes increasingly dominated by heavily weighted particles. The variance of
resulting estimates increase exponentially with n [Kong et al., 1994]. To combat this, resampling

techniques are commonly employed.
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Algorithm 3.1.1 Sequential importance sampling to generate N random samples to approximate
Tn(20:n) |Gordon et al., [1993].
1. Initialisation Step (k = 0):
(a) Fori=1,...,N,
i. Simulate X(()Z) ~ qo(xo).
i, Set wh (X)) = mo(X")/qo(X{).
(b) Fori=1,...,N,
. . . N :
i Set wl) == wh(XS)/ TN wh(XF).
2. Iterative Update Steps (For k=1,...,n):
(a) Fori=1,...,N,
i. Simulate Xl(;) ~ qk(xk|Xﬁl)€71).
i Set X{1) = (X541, X)),
iii. Set w}c(Xéle) = w,(:zl . ak(Xéf,)C) as per (3.16)).
(b) Fori=1,...,N,
i Set wl) = wj (X)) SN wi(XF)).

: @ , N
3. Return weighted samples {X Wy, } .

0:n> i=1

Recall from Sections and the importance sampling approximation, 7,(xo.,), of the tar-
get distribution, my,(€0.,) in (3.11)), is constructed by proposing samples from a density g, (o)
and weighting those samples appropriately. Consequently, importance sampling (and sequential
importance sampling) approaches do not provide samples approximately distributed according to
Tn(To.n). To obtain approximate samples from 7, (xg.,), we can sample from the importance
sampling approximation 7, (xo.,). This is called resampling, where we sample from the empirical
distribution 7, (x.,), which itself was obtained by sampling. As a result of resampling, we obtain
equally weighted samples, {Xélzl, %}fy:l, which can be used to approximate the target distribution

using the resampled empirical measure, denoted

N NG 1 &
#(@om) = ]:, Oy (Tom) = > Ox: (Tom), (3.17)
i=1 " i=1

where {)v(ézq)l}f\il denote the resampled particles, and NT(Li) denotes the number of offspring of each

particle X((]lzl (i.e. the number of times each particle is resampled) for i = 1,..., N.

The simplest resampling method is multinomial resampling (first introduced by Gordon et al.
[1993]), where we select the ith particle, X{ ., , with probability wg ) (the normalised weight for par-
ticle 7). The importance weights are then reset after to have equal weighting. If we wanted to obtain
N samples, we would simply resample N times from 7, (x.,) according to the normalised weights

{w,(j)};;l. Consider the number of offspring, N,(LZ)7 of each particle X(gi)], then with multinomial

resampling, (Nfll), ey NT(LN)) follows a multinomial distribution parameterised with N trials with
probabilities given by the weights, (w,(f ), .. .,w,(LN)). Other popular resampling methods include
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systematic resampling |Carpenter et al., [1999; [Fearnhead, 1998|, stratified resampling [Kitagawal,
1996] and residual resampling [Higuchi, (1997; Liu and Chen, 1998; Whitley, 1994]. More details
on resampling methods, and comparisons between them, can be found in a number of texts, such
as [Doucet et al. [2001]; Douc et al.| [2005]; (Gerber et al|[2019]. With any resampling method, we
wish to ensure that it is unbiased (i.e. E[N,Si) \wg)] = N-w forall i = 1,...,N) while minimising

the additional variance, V[Nr(f) \wq(f )], which is consequently introduced as a result of resampling.

By resampling, we are able to obtain samples distributed approximately according to 7, (xo.p)-
However, if we are interested in estimating integrals with respect to my, (0., ), for instance I, (h,) in
, we obtain an estimate with lower variance using 7, (2o.,) than that which we would obtain
by using the resampled empirical measure, 7, (o, ), since resampling introduces additional variance
[Chopin|, 2004]. The key advantage of resampling is that we are able to remove particles with low
weights with a high probability. In a sequential framework, this can be have computational benefits
since we do not carry forward particles with low weights and instead focus our computational efforts
on regions of high probability mass. Intuitively, resampling can be seen to be a tool which provides

stability of the algorithm in the future at the cost of increase in immediate Monte Carlo variance.

Incorporating resampling methodologies within [Algorithm [3.1.1] leads to the sequential importance

resampling (SIR) (sometimes referred to as sequential importance sampling / resampling (SISR))

algorithm which is presented in |Algorithm [3.2.1}

3.3 A generic sequential Monte Carlo algorithm

Resampling has the effect of removing particles with low weights and multiplying particles with
higher weights. However, as noted in the previous section, this comes with the cost of immediately
adding variance. In practice, it is more sensible to only resample when we observe weight degeneracy
as resampling may be unnecessary otherwise. As proposed by Kong et al.| [1994], we can monitor
weight degeneracy by computing the effective sample size (ESS). The ESS of a particle set is defined
as the equivalent number of independent samples generated directly form the target distribution,
which yields the same efficiency in the estimation obtained by importance sampling. Kong| [1992]
provides a possible mathematical definition which considers the ESS as a function proportional to
the ratio between the variance of the Monte Carlo estimator in (obtained by drawing samples
directly from the target) over the variance of the importance sampling estimate in (obtained
using any importance sampling approach including sequential algorithms). This heuristic cannot

be readily evaluated, however, Kong et al. [1994] proposed an approximation given by

N S\ !
ESS := (Z <w,(f)> ) e [1,N]. (3.18)

The interpretation is that inference based on the N weighted samples is approximately equivalent (in

terms of estimator variance) to inference based on ESS direct samples from the target distribution.

31



Algorithm 3.2.1 Sequential importance resampling to generate IV random samples to approximate
Tn(x0:n) |Gordon et al., [1993].
1. Initialisation Step:
(a) Fori=1,...,N,
i. Simulate X(()i) ~ qo(xo).
it Set wh(X3N) = mo(X{7) /g0 (X{).
(b) Fori=1,...,N,
i Set wl = wh(x5")/ S, wh(X).
(¢c) Fori=1,..., N,
i. Resample Xéi) ~ To(xp) and set w

: : () 1\
weighted particles, {XO ,N}' E
1=

(()i) = % to obtain weights to obtain N equally

2. Iterative Update Steps (For k =1,...,n):
(a) Fori=1,...,N,
i. Simulate X,gz) ~ qk(mk|f(£li_1)
it. Set X{) = (X x7).
i, Set wj (X)) = w!, - ar(X{)) as per (3.16).
(b) Fori=1,...,N,
i Set wi = wj (X)) SN wi (X))
(c) Fori=1,...,N,

i. Resample Xézll ~ 7to(xo.k) and set w(()i) = % to obtain weights to obtain N equally
(s N
weighted particles, {Xéfll, %} v
1=

- ONNONG : e 1N
3. Return weighted samples { X, wn” ¢ o resampled particles ¢ Xg.., % ¢ .
1= 1=

In practice, we use (3.18)) to determine if resampling is necessary and resample only when ESS
falls below some user-specified threshold, Ny,; typically Ny, = % This leads to the extension

of the SIR algorithm (Algorithm [3.2.1]) and gives us a generic SMC algorithm which incorporates

adaptive resampling. We summarise these arguments in |Algorithm [3.3.1}

Although resampling mitigates some of the effects of weight degeneracy, it can cause sample degen-
eracy which is the phenomenon whereby after sufficiently many time steps, every resampling step
reduces the number of unique values representing the variables at the start of the sequence, i.e.
xg, x1, etc. For this reason, any SMC algorithm that relies on the distribution of full paths, xg.,,
will fail for large enough n for any finite sample size. However, as noted by [Doucet and Johansen
[2011], this problem is a manifestation of a deeper problem which resampling actually mitigates. It
is inherently impossible to accurately represent a distribution on a space of arbitrarily high dimen-
sion with a sample of fixed, finite sample size. Sample impoverishment is a term which is used to
describe the situation in which very few different particles have significant weight. This problem
can occur if resampling is not utilised since taking the product of many incremental importance

weights over many time steps will ultimately lead to high variance in the importance weights.
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Algorithm 3.3.1 Sequential Monte Carlo (with adaptive resampling) to generate N random sam-
ples to approximate 7, (2o.,) [Gordon et al., [1993; Kong, [1992; Kong et al., [1994].
1. Initialisation Step:
(a) Fori=1,...,N,
i. Simulate X(()Z) ~ qo(xo).
i, Set wh(X$) = mo(X{7) /g0 (X,
(b) Fori=1,...,N,
. . . N .
i Set wl) = wh(XS)/ TN wh(XF)).
(c) Compute effective sample size ESS as per
i. If ESS < Ny, for i =1,..., N, resample Xéz) ~ 7to(xg) and set w((f) = %
i, If BSS > Nep, for i =1,..., N, let X = X{" and @) = w?.
2. Iterative Update Steps (For k =1,...,n):
(a) Fori=1,...,N,
i. Simulate X,gl) ~ qk(ar:k|X'$l)€71).
i Set X = (X x\7).
iii. Set w;C(XOf,)C) = w,(:zl . ak(XOf,)c) as per (3.16)).
(b) Fori=1,...,N,
. . . N .
i. Set w,(;) = w;C(X(()Z,)C)/ dim1 w;C(Xé?)).
(c) Compute effective sample size ESS as per
i. If ESS < Ny, for i =1,..., N, resample X(()?I)c ~ To.(xo.) and set w& =
i, Tf BSS > Ny, for i =1,..., N, let X\ = x{) and @l = w{).
, YN (i
3. Return weighted samples {X(()?,)z, wq(f) } or resampled particles {X(gfgl, %}

=1

N

i=1

It is not possible to circumvent these problems by increasing the number of samples at every
iteration to maintain a constant effective sample size, as this would lead to an exponential growth
in the number of samples required. Doucet and Johansen| [2011] views resampling as ‘resetting the
system’, as its representation of final time marginals remain well behaved at the expense of further
diminishing the quality of the path samples. By focusing on fixed-dimensional time marginals, we

can circumvent the problem of increasing dimensionality.

3.4 Divide-and-Conquer Sequential Monte Carlo

The SMC algorithms discussed so far approximate some sequence of probability distributions of
interest, {mi(xy) : k = 0,...,n}. This is achieved by simulating a collection of N normalised
weighted particles {X ,Ef), w,(;)}fil such that the kth marginal distribution can be approximated by

the weighted empirical distribution

N
frk(wk) = ng)dXé”(mk) (3.19)
i=1
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For SMC methods, the weighted particles are generated sequentially whereby the particles simulated
at iteration k depends on the particles generated up to iteration (k—1). [Lindsten et al. [2017] notes
that for many statistical models, a sequential decomposition (illustrated in might not be
the most natural, nor computationally efficient, way of approaching a particular inference problem.
Instead, Lindsten et al.| [2017] introduced a recursive divide-and-conquer approach based upon an
auxiliary tree-structured decomposition of the inference problem, in which multiple independent

populations of weighted particles are resampled, merged and propagated as the method progresses.

In the Divide-and-Conquer Sequential Monte Carlo (D&C-SMC) approach |[Lindsten et al.l 2017],
inference on a multivariate distribution is performed by first splitting the collection of variables
into disjoint sets and defining suitable auxiliary target distributions for each of these sets. This
can have computational benefits since sampling from these distributions is typically easier than
sampling from the original distribution and can be done in parallel. The resulting samples are
then merged to provide an approximation to the original multivariate distribution of interest. For
example, one model class which Lindsten et al.| [2017] suggest D&C-SMC can potentially be useful
are Bayesian hierarchical models. Essentially, D&C-SMC splits the overall inferential task into a
collection of simpler distributions to sample from. At any intermediate iteration of the D&C-SMC
algorithm, multiple independent sets of weighted particles are obtained to approximate the inter-
mediate auxiliary target distributions. These are then subsequently merged and propagated as the
algorithm progresses towards obtaining a weighted particle set to approximate the original distri-
bution of interest. Standard SMC methodology is employed to propagate the weighted particles
at each step of the algorithm. In this section, we describe the D&C-SMC approach outlined in
Lindsten et al.| [2017].

The D&C-SMC methodology generalises the classical SMC framework from sequences/chains to
trees. To illustrate this difference, graph notation is used to describe the execution flow of the al-
gorithm. In a sequence of distributions are organised along a chain, where subsequent
distribution are associated with neighbouring nodes on a chain. Each node corresponds to a sequen-
tial importance sampling step (which can include resampling steps if necessary), which are labelled
by the corresponding target distribution at that step. Arrows illustrate the recursive dependencies
of the SMC algorithm. In contrast, a general divide-and-conquer approach, the distributions are
organised by a tree denoted T = (V, £) with vertices V and (directed) edge set £. We assume that
we have a collection of auxiliary distributions {m; : £ € V}. Whilst a classical SMC algorithm
would have a chain of distributions and V = {0, 1,...,n}, we now generalise V = {vp,v1, ...} to be
nodes in a tree. Let vg = Root(T) denote the root of the tree (which represents the distribution or
density of interest, i.e. m,, corresponds to the target density), Leaf(T) denote the leaves of the tree
and Ch(v) denote the children of vertex v € V where Ch(t) = 0 if ¢ is a leaf. The directed edges in
the tree are used to illustrate the computational flow of D&C-SMC and an example is provided in
[Figure |3.1b, Here, each node corresponds to a target distribution {m, : v € V}, which are sampled

by merging and propagating samples from the children of each vertex, Ch(v) = (cy,...,co).
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7"'61 e 7TCC ... ..
(a) Classical SMC sampler. (b) D&C-SMC [Lindsten et al. [2017].

Figure 3.1: Illustrative comparison of classical SMC sampler and a D&C-SMC sampler.

In D&C-SMC, weighted sample approximations of auxiliary densities obtained at a particular vertex
of a tree are constructed by merging and propagating sample approximations from the children of

the vertex. The spaces on which the vertex distributions are defined are constructed recursively,

X’U = (®u€Ch(’U)Xc) X X'U) (320)

where the incremental set XU can be chosen arbitrarily. In the case where Xv =0, X, is simply
the joint distribution of the variables defined by the children of vertex v. SMC methodology is
iteratively applied to work through the vertices of the tree from the leaves of the tree to the root,
using at each stage the output of one step as the input for the subsequent steps in the algorithm. The
D&C-SMC approach takes a “bottom-up” approach where auxiliary target distributions defined
by the vertices of the tree are approximated by weighted samples by repeated application of SMC
methodology. The algorithm is described by [Lindsten et al. [2017] by specifying the operations

that are carried out at each vertex of the tree which leads to a recursive definition of the method.

For each vertex v € V, a procedure dc_smc(v) (as given in [Algorithm [3.4.1)) which returns a

weighted particle population {qui), wq(,i)}fil to approximate m,, the normalising constant Z, (such

that m,(xy) = 1 (xy)/Z,) and any expectations with respect to .

D&C-SMC begins by obtaining a particle approximation of 7. for each child note v € Ch(v) by a

recursive call. Jointly these particle populations provide an approximation of the product measure

Buech(v)Te(dTe) & ®yecn() e (dz.). (3.22)

This point-mass approximation has support on NICh®)| points, although these points are implic-
itly given by the N - |Ch(v)| unique particles (assuming no duplicates among the particles in the
individual child populations). Composing all possible permutations of the samples of the children
distributions can be performed at the expense of a computational cost of O(N |Ch(”)‘). Lindsten
et al. [2017] termed this approach mizture resampling but noted that in order to obtain a more
computationally manageable approximation of the product measure, we can alternatively generate

N samples from the approximation in (3.22)). This is equivalent to resampling each child particle
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Algorithm 3.4.1 Divide-and-Conquer SMC |Lindsten et al., 2017, Algorithm 2]: dc_smc(v).
1. For u € Ch(v),

. . N
(a) {Xz(f)jwz(f)} <+ dc_smc(c).
=l N NN
(b) Resample {quz) , wq(f) } . to obtain an equally weighted particle population {X}SZ), 1}‘ .
2. Fori=1,...,N, . =

(a‘) If XU # @, Simulate Xq(jl) ~ (Qy <

Xc(f), . ,Xé?) where Ch(v) := (¢1,c¢2,...,¢cc). Other-

wise, set Xéi) 0.

(c) Set
()
(X4 . 1 . (3.21)

T e M

3. Fori=1,...,N,set wi = wl(x{")/ S, wf(X1)).
N

w, (X(i)

v v

4. Return weighted samples {Xz(,i), wq(f')};l

population and creating N equally weighted tuples {(X FR , X? o) 1}Y,. We would expect this
basic merging strategy to perform worse than mixture resampling but this approach can be done
in O(N) cost. Alternatively, Lindsten et al. [2017, Section 4.1] also detailed a lightweight mizture
resampling strategy in which more than one permutation, but not all possible permutations, are
used and found it to work well; as noted by Kuntz et al. [2021a] such a strategy can be connected
directly with the theory of incomplete U-statistics and consequently one might hope to realise much

of the benefit of mixture resampling at a much reduced cost (see e.g. Kong and Zheng| [2021]).

The proposal sampling in is based on user-provided proposal densities qv(-\Xg), e ,Xézc))
and has access to the state of all the children Ch(v) := (c1,c,...,cc) of vertex v. For each

i=1,...,N, the particle tuple (X!

gy X! o) is generated in the resampling stage, and we then

sample a incremental variables for vertex v successor state )2'; ~ qv(-\Xc(f), N X'C(ZC)) In some cases,
parts of the tree structured decomposition do not require this proposal sampling step namely when
X, = 0. The ith sample at node v of the tree is then constructed in by concatenating

the tuple of the resampled child particles (X?

AP ,Xﬁc) and the proposed incremental state X7

(if it is non-empty). These samples are then importance weighted according to (3.21]), where
the weights are given by the ratio of the un-normalised target densities divided by the proposal
density to account for the discrepancy between the target and the proposal with the convention

that [[.c4(-) = 1 to allow for the importance sampling steps at the leaves of the tree.

Lindsten et al.| [2017, Section 3.3] and Kuntz et al|[2021b] provide theoretical results on D&C-
SMC which include the unbiasedness of normalising constants estimates (which are inherited from
standard SMC algorithms [Moral, |2004, Proposition 7.4.1]), strong law of large numbers, finite

sample L, errors bounds as well as a v/ N-central limit theorem under mild conditions.

36



Chapter 4

Path-space simulation of Brownian

motion and diffusions

This chapter reviews several Monte Carlo methods for simulating sample path trajectories of dif-
fusion processes which are relevant to the methodology developed in this thesis. In particular, the
Fusion methodologies discussed in this thesis rely on the computation of unbiased estimators which
arise in the simulation of finite dimensional subsets of diffusion sample paths. We begin the chap-
ter with a brief introduction to Brownian motion and related processes, along with algorithms to
simulate sample path trajectories of those processes in [Section and [Section In [Section

we provide a discussion of diffusions and elements of stochastic calculus which are useful for this

thesis. This is followed by an introduction to algorithms for simulating sample path trajectories of
a class of diffusions in [Section 4.4

4.1 Simulating Brownian Motion and related processes

Brownian Motion (or a Wiener Process) is a continuous time stochastic process which forms the
key building block for simulating sample path trajectories for diffusion processes. The study of
Brownian motion dates back to 1827 when Scottish botanist Robert Brown used a microscope
to observe grains of pollen in water and found that the floating particles were behaving in an
erratic fashion. Although Brown did not provide theory for this phenomenon, it became known
as “Brownian motion”. In 1905, Einstein provided physical theory of Brownian Motion [Einstein),
1905]. A detailed mathematical account of Brownian motion can be found in a number of texts
(see for instance Kloeden and Platen [1992, Section 1.8], |Oksendal [2007, Section 2.2], [Karatzas
and Shreve| [1991], Chapter 2], Revuz and Yor [1991, Chapter 1]).

Definition 4.1.1. Brownian motion. A stochastic process W := {W; : t > 0} is called

(standard) Brownian Motion (or a Wiener Process) if it satisfies the following properties:
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Property 4.1.1. Initial Value. Wy = 0.

Property 4.1.2. Independent increments. W, — W, and W,, — W,, are independent for ¢ > s >

u > .
Property 4.1.3. Normally distributed increments. W; — Wy ~ N1 (0, |t — s|) for s < ¢.
Property 4.1.4. Continuous paths. W is a continuous function of t (with probability 1).

In addition, Brownian motion satisfies several self-similarity properties which mean some transfor-

mations of the process leaves its properties invariant:

Property 4.1.5. Self-similarity Properties. Let W; be Brownian motion, then the following

processes are also Brownian motion processes:
1. Scaling. B; = %Wczt where ¢ > 0 is a constant.
2. Symmetry. B; = —W;.
3. Increments. B, = W1, — W, where s is a fixed constant.
4. Time Inversion. B; =tW;,, where By = 0.

4.1.1 Simulating Brownian motion paths

Brownian motion sample paths are continuous and are infinite-dimensional random variables, and
hence it is not possible to simulate and store entire sample path trajectories. However, we can

simulate Brownian motion at any finite number of time points exactly by direct application of

[Definition 4.1.1} In particular, it is not possible to simulate W ~ W, where W¢, denotes the law

of Brownian motion over time [s,t] with Wy = x (sometimes referred to as the Wiener measure).
Instead, we can attempt to simulate a finite dimensional subset of the sample path (i.e. a skeleton)
which we can use to characterise a Brownian motion sample path. In particular, since W has
independent and normally distributed increments (due to Properties and , the transition
density of a Brownian motion process is known over any finite interval. We can use these properties
to simulate a sample path of this process over any finite collection of time points, 7 := {q1,...,qn},
via [Algorithm .11} In we present an illustration of Brownian motion sample paths

which are simulated on a fine time mesh given by a collection of time points.

Algorithm 4.1.1 Brownian motion simulation at times 7 := {q1,...,qn}

1. For 7 in 1 to n,
(a) Simulate Wy, ~ N1(Wy, |, ¢ — ¢i—1).
2. Return {W,,}7 ;.
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Figure 4.1: Brownian motion sample path trajectories, W ~ ngl, simulated as per [Algorithm
on a fine time mesh 7 = {0,0.01,...,0.98,0.99, 1}.

4.1.2 Simulating Brownian bridges paths

Whilst [Algorithm |4.1.1] allows us to simulate a Brownian motion sample path at a finite collection

of points, it does not tell us how to further simulate the path between any two consecutive points.
However, as a consequence of Properties and the Markov property, the law of the process

between any two consecutive points are conditionally independent of the other simulated points.

Definition 4.1.2. Brownian Bridge. A Brownian Bridge is a Brownian motion conditioned to

have a start point (s, Wy = x) and end point (¢, W; = y), and its law is denoted by Wif

Suppose we are interested in simulating the position of Brownian motion at an intermediate point

q € (s,t) given the positions Wy and W; at times s and ¢ respectively. By the Markov property,

P(Wy=wWs =2, W, =y) x B((W; = y|Wy =w, Wy =2x) - P(W, = w|Ws = z)
=P(Wy =y|Wy =w) - P(W, = w|W, =x)

x eXp{_;M} 'eXp{_;(EUq_—xS;z}

v (t=dr+(a—5)y (t—q)(g—>5)
w () )

As mentioned in [Section [4.1.1] whilst it is not possible to simulate and store entire Brownian
motion sample path trajectories, we can form skeletons of a Brownian motion sample path and can
characterise the sample path using a only finite dimensional subset of the sample path. By using

(4.1)), we can now simulate Brownian motion at any desired time point even if the sample path has

already been partially simulated via |Algorithm [4.1.2]
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Algorithm 4.1.2 Brownian bridge simulation at times {qi,...,¢,} given the process at times
{s,q1,---,qn,t}.
1. Set & :={(s, Xs), (qi, X¢,)1=1, (t, X4) }.
2. For 7 in 1 to n,
(a) Set l:=sup{S:S < ¢} and r :=inf{S : S > ¢;}.
(b) Simulate W, ~ N} (T/Vl + (qz'_l)g/_V[_Wl), (r_q;)_(;”_l)).
(c) Set S := S U{(qg;, Wg,)}
3. Return {W,,}7 ;.

By using just the values of sample path at a finite collection of time points, we are able to bypass the
computational and mathematical restrictions that come with the task of simulating entire Brownian
motion sample path trajectories (i.e. required computation is finite and skeleton simulation at any
required time point is exact). This idea of being able to characterise a sample path through a

finite dimensional subset of the path is fundamental to simulating diffusion sample paths later in

[Section [4.3] and [Section [4.4. We will provide a formal definition of a skeleton of a diffusion sample

path later in [Section |4.3| (see [Definition |4.3.2)), but for now this means being able to characterise a

sample path by only using a finite dimensional subset of the path which can be simulated without

€rTor. illustrates several Brownian bridge sample path trajectories.

-1

-2

Time

Figure 4.2: Brownian bridge sample path trajectories, W ~ Wg:?, simulated as per |Algorithm |4.1.2|
on a fine time mesh 7 = {0,0.01,...,0.98,0.99, 1}.

4.1.3 Simulating minimum and maximum points of a Brownian bridge

The joint distribution of the minimum value of a Brownian bridge, m := inf{W, : ¢ € [s,t]}, and

the time at which is attained, 7 := sup{q € [s,t] : W, =/} is given in [Karatzas and Shreve, 1991]:

P(rin € dw, T € dq|Ws =z, W, = y)
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(w—2)(w—y) mp{jw—w? (w =)

B V(t—q)3(qg—s)? 2g—s)  20t—q) } dw dg. (4.2)

Beskos et al.| [2006a, Section 3.1] showed that it is possible to simulate (7, /i) from (4.2) by first

simulating w1, ug ~ U[0,1] and setting

. 1
i =a— 5 [Vly =2 =20t —5)log(ur) — (y— ), (4.3
and
&1, where & ~ 1G %,% if ug < 570
v={" 116 a 2) 2 < ay (4.4)
,Where & ~ 1G (%,%) ifu2_$+y,2m>

where IG(u, \) denotes the inverse Gaussian distribution with density

A Mu — p)?
IG(u; p, A) = 4/ 53 CXP {—M} , u>0. (4.5)

Furthermore, it is also possible to simulate the Brownian bridge sample path minimum conditional

on it occuring within a particular interval 7 € [a1, as] where a; < a2 < (z Ay). For instance, we
can simply achieve this via rejection sampling (see by simulating sample path minima
until one falls within the interval [a1, ag] |Beskos et al., 2006a]. However, as noted in [Pollock et al.|
2016|, it is more computationally efficient to simulate the minimum by inversion sampling (see
. In this setting, we modify how the uniform random variable u; is simulated:

up ~U[M(a1), M (az2)], where M(a) := exp {_Z(a _(tx_)(:)_ y) } . (4.6)

[Algorithm [4.1.3] provides a summary of the above arguments.

Algorithm 4.1.3 Brownian bridge simulation at its minimum point (constrained to the interval
[a1,a2], where a1 < aa < (x Ay) and conditional on Wy = z and W; = y) [Pollock et al., 2016,
Algorithm 12].

1. Simulate uy ~ U[M (ay), M(a2)], where M (a) := exp {—%} and uy ~ U[0, 1].
2. Set =z — 1 [\/(y—x) 20— s) log(w1) — (y — )}

x
—m m2
5 Set V — &1, where & ~ IG (g—m’ L ) ) if up < 755,
%, Where§2~IG<y 7;17 > if ug > 25 2m

4. Set 1 := VL
5. Return (T, m).

We can similarly simulate the maximum of a Brownian bridge sample path, (7,7m) where m :=

sup{W, : ¢ € [s,t]}, by a reflection argument. In particular, by the self-similarity properties of
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Brownian motion (Property [4.1.5)), we know that if W is Brownian motion then so is B; = —W;. As
a consequence, if we were to reflect the Brownian bridge, W’ ~ W;f ¥ and simulate the minimum

point of this reflected Brownian bridge using [Algorithm [4.1.3] then the reflection of the minimum

point is required simulated maximum of W ~ W{7. An algorithm to simulate the maximum point

of a Brownian bridge sample path trajectory is given in [Algorithm [4.1.4] [Figure provides an

illustration of simulated minima and maxima of a Brownian bridge sample path.

Algorithm 4.1.4 Brownian bridge simulation at its maximum point (constrained to the interval
[a1, az], where (x Ay) < a1 < az and conditional on Wy =z and W; = y).

1. Simulate a minimum point (m,7) in the interval [—as, —a;] conditional on Wy = —z and
Wy = —y, as per [Algorithm [4.1.3]

2. Set mh = —m.
3. Return (7,7m).

-1

-2
|

T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Time Time

a inimum and maximum point simulation o inimum point simulation o ~ 1m e

Mini d i int simulation of  (b) Mini int simulation of W ~ Wg{|»

W ~ Wg:é without restriction. [-1.5,—0.5] and maximum point simulation of W ~
Wl € [1.0,1.5].

Figure 4.3: An illustration of 10000 minimum and maximum points of Brownian bridge sample
path trajectories simulated as per |Algorithm |4.1.3l and [Algorithm [4.1.4

4.1.4 Simulating Bessel bridges

It transpires later in this thesis that it is necessary to simulate a value of a Brownian bridge path
at some time ¢ conditional on a minimum, (7,7), or maximum, (7, 71), point of the path. The law
of the remainder of the trajectory of a Brownian bridge path given its minimum or maximum point
is called a Bessel Bridge. /Asmussen et al.| [1995, Proposition 2] proved that a Bessel bridge can be
constructed using a three-dimensional Brownian bridge of unit length conditioned to start and end

at zero.
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First consider the case that we are interested in simulating the Bessel bridge sample path at some
intermediate time ¢ € (7,t). We are effectively simulating the value of a Brownian bridge path at
time ¢, conditioned to some start point (7,71), end point (¢,y) and for the path to remain above

m (since it is the minimum of the sample path). By re—scaling location and time and using the

self-similarity properties of Brownian motion (Property [4.1.5)), this is equivalent to simulating the
value of the unit length Brownian bridge sample path at time ¢’ := = with start point (0,0) and

end point (1,3 = y —m) conditioned to remain above 0. The 81mulated value must then also be
appropriately re-scaled again, so w = Wy + m. Beskos et al|[2006a, Theorem 2] used this as a
means of simulating intermediate points of a Bessel bridge by first simulating three independent
realisations of a Brownian bridge of unit length conditioned on the start and end points of zero at

time ¢/, denoted {b1, b2, bs}. We then re-scale the simulated point to obtain

2
+ (t —7)b3 + (t — 7)b3. (4.7)

If we are interested in simulating the sample path at time ¢ € (s,7), then we can simply reverse
time and apply similar arguments: consider a Brownian bridge path at a time ¢ with start point

(s,z) and end at (7,7m) conditioned to remain above m. This is equivalent to simulating at time

¢’ = 2= with start point at (0,0) and to end at (1,72 — z) and conditioned to remain above 0.

Similarly, we must re-scale the simulated value, w = Wy + .

+ (1 —s)b3 + (1 — 5)b3 (4.8)

To summarise, the algorithm to simulate a Bessel Bridge at some time g € (s,t) given the minimum

point is given in |Algorithm [4.1.5] We can use this algorithm repeatedly to obtain a skeleton to

characterise the sample path.

Algorithm 4.1.5 (Minimum) Bessel bridge simulation at time ¢ € (s,t) conditioned on Wy =
x, Wy = y, W, = m |Asmussen et al. 1995 [Beskos et al., |2006a], [Pollock et al., 2016, Algorithm
13).

1. If g < 7, then r = s, else r =t.

2. Simulate by, by, b ~ A (0, TplEr]).

2
3. Return W, =m+/|T—r|- \/ ‘T T|3|/7; 4\4_51) —i—b%—i—b%.

In order to simulate a Bessel bridge given a maximum point 17, by the [Property |4.1.5] we can note

that the maximum of W ~ WV is simply minus the minimum of —W ~ W_{""%, and hence we

can just apply a reflection argument. In particular, we can apply [Algorithm [4.1.5] to simulate an

intermediate point of a reflected Bessel bridge conditional on W) = —z, W/ = —y with minimum
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m' = —h at time 7 and then reflect the resulting simulated point along the z-axis. An algorithm

to simulate a Bessel bridge at an intermediate time ¢ € (s,t) given a sample path maximum (i, 7)

is given in [Algorithm [4.1.6] [Figure illustrates several Bessel bridge sample path trajectories.

Algorithm 4.1.6 (Maximum) Bessel bridge simulation at time ¢ € (s,t) conditioned on Wy =
z, Wy =y, W, = .
1. Simulate intermediate point, Wy, of a Bessel bridge at time ¢ given W{ = —x, W/ = —y and
minimum point W/ = —rm.
2. Set W, := —W,.
3. Return Wj,.

T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Time Time

(a) W ~ Wo'l|(T = 05,1 = —2). (b) W ~ Wgt| (7 = 0.75,1m = 2.5).

Figure 4.4: Bessel bridge sample path trajectories simulated as per [Algorithm [4.1.5{ and [Algorithm|
on a fine time mesh 7 = {0,0.01,...,0.98,0.99, 1}.

4.2 Brownian bridge path-space constructions

In the subsequent methodology discussed in this thesis, we require the ability to simulate layered
Brownian bridge sample path skeletons, which are Brownian bridge sample paths with the restric-
tion that they are constrained within a particular interval. In this section, we review methodology
for simulating quantities relating to various Brownian bridge path-space constructions. In
we discuss methods for simulating the probability that Brownian and Bessel bridge sample
paths are constrained within particular intervals. Next, in [Section [4.2.2] we introduce algorithms
for simulating layered Brownian bridge sample path (in particular, simulating finite dimensional
sample paths, or skeletons, of layered Brownian bridges). These algorithms are detailed in a num-
ber of texts including (but not limited to) Beskos et al.| [2008], Beskos et al.| [2012], |Wang and
Potzelberger| [1997], Potzelberger and Wang [2001], |Chen and Huang| [2013], Giesecke and Smelov
[2013], Pollock [2013, Chapter 6] and Pollock et al.| [2016, Section 6 and 7]. Here, we follow the
notation of Pollock et al.| [2016, Section 6 and 7] to introduce this methodology.
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4.2.1 Simulating Brownian bridge path-space probabilties

The task of simulating events with the probability that a Brownian or Bessel bridge sample path
is constrained within a particular interval is difficult since these probabilities typically can only be
represented as the limit of alternating Cauchy sequences (see [Wang and Potzelberger,
1997; Pollock et al., 2016]. We cannot naively approximate these probabilities by truncating the
alternating Cauchy sequences since this ultimately results in bias. However, Beskos et al.| [2008]
noted that we can use the Cauchy sequence representations and employ a retrospective Bernoulli
sampling approach (see to simulate unbiasedly events of these unknown probabilities.
In this section, we outline some results from Potzelberger and Wang) [2001]; |[Beskos et al.| [2008];
Pollock| [2013]; [Pollock et al.| [2016] and methods to (unbiasedly) simulate events with probabilities
that a Brownian or Bessel bridge sample path is contained within a particular interval. Proofs are

not reproduced here but can be found in [Pollock| [2013, Chapter 6] and references therein.

We begin by considering the probability that {W, : s < u < t} € [l,v] for some sample path
W ~ W/, Following the notation of Pollock et al. [2016], we slightly abuse notation and write
{W € [l,v]} to mean {W,, : s <u <t} C [l,v]. We denote the probability that a Brownian bridge
sample path W ~ W/ remains in the interval [I,v] as 'yiqt’ (z,y).

Theorem 4.2.1. (|[Potzelberger and Wang, 2001, Theorem 3], [Pollock et all 2016, Theorem 3]).
The probability that a Brownian bridge sample path W ~ Wif remains in the interval [l,v], i.e.
Wy € [l,v] for all u € [s,t], can be represented by the following infinite series

Wi(a,y) =P (W € [l,v])

= Z{ St (75 2,) wi’,?(j;w,y)}, (4.9)

J=1
where
Lo, . R —l,—vy -
St (Ui, y) =S (s, y) + S0y (05—, —y), (4.10)
P y) = G y) + Gar (i, —y), (4.11)
and
2 _ 4
st(732,y) = expy ———(jv = llj+ ((Av) —2) - (o= L7+ EAV) =) (4.12)
2j 2.
Papiwy) =expy——— (o=l +|v—ll(z—y)) . (4.13)

Corollary 4.2.1. (|Beskos et al 2008, Proposition 2], [Pollock et al., [2016 Corollary 3]) Events
of probability 'yé”g(q:, y) can be simulated by retrospective Bernoulli sampling with the following al-

45



ternating Cauchy sequence,

k
Lo, . Lo, .
Sp=1-Y {%,@’(ﬁ ,y) — sosfé(J;a?,y)} , (4.14)
j=1
SJsr = Sok — sgiy (k + L52,y). (4.15)

As a consequence, events of probability 'yég(x,y) can be simulated unbiasedly by retrospective

Bernoulli sampling as per [Algorithm |4.2.1]

Algorithm 4.2.1 Simulating an event of probability Vi’;(x, y) |Beskos et al., |2008], [Pollock et al.,
2016].

1. Simulate u ~ U[0,1] and set k = 1.
' Lo, . ,
2. While u € (831,53, where 53 = 1 - 30 {¢}(i2,9) — ¢330 2,9)} and S5, =
Sor — <§"Z(k‘ +1;2,y), then k = k + 1.

3. Ifu< S;k-',-l? then u < p so return to 1, or return 0.

We can consider simulating events of probability that a Bessel bridge sample path with known
minimum (or maximum) stays within a particular interval. We begin by focusing on Bessel bridges
with known sample path minimum m and note that we can consider the probability that a Bessel
bridge sample path given the sample path mazimum m can be computed by a reflection argument.
Let (5@’”(3:,y) to denote the probability that a Bessel bridge sample path W ~ Wif | with
minimum 7 remains in the interval [, v]. We consider the two possible cases: (i) neither of the
end points are equal to the minimum; and (ii) either one of the end points of the sample path is

equal to the sample path minimum,

37 (L, y) =P (W € [, o]|W > 1, (x Ay) > 1), (4.16)
5$%z%yy=PaVepmﬂuvzﬁ%@Ayy:m% (4.17)

and note that 5?7t’v(x,y) = L{(ery)>m} - (5?}’”(1;3:,3/) + 1 n—(any)} - (5?}’”(2;x,y). Firstly, consider

case (i) where neither end points of the sample path attains the Bessel bridge minimum.

Theorem 4.2.2. [Beskos et all [2008, Proposition 3|, [Pollock et al. [2016, Theorem 4|. The
probability that a Bessel bridge sample path W ~ W77 i with minimum m < (z Ay) remains in
the interval [m,v], i.e. Wy, € [, v], for all u € [s,t], can be represented as the following infinite

series

ST (15, y) = P(W € [, o]|W > 1, ( A y) > 1)

vay(,y)
_ 7 , 4.18
1= exp { —2le=mu=m | (19

t—s

46



Corollary 4.2.2. [Beskos et al., 2008, Proposition 3|, [Pollock et al., 2016, Corollary 4]|. Ewvents
of probability (5??{”(1;;1@,3/) can be represented as the limit as k — oo of the following alternating

Cauchy sequence,
S
k

1 —exp{—2w}7

SOt = (4.19)

t—s

i.e. limy_y o Sg’l = 5?;;1’(1;32, Y).

Since S} is an alternating Cauchy sequence and (1 — exp {—2@_@# }) is just a constant, then
Si’l is a linear transformation of an alternating Cauchy sequence and therefore Sz’l is an alternating
Cauchy sequence itself. This can be used to unbiasedly simulate events of probability 53’”(1; x,y).

Now consider case (ii) where either one of the end points attains the Bessel bridge minimum.

Theorem 4.2.3. |Beskos et al., 2008, Proposition 3], [Pollock et al., 2016, Theorem 5]. The
probability that a Bessel bridge sample path W ~ Wi’ﬂm with minimum m = x < y remains in the

interval [m,v], i.e. Wy, € [1h,v], for all u € [s,t], can be represented as the following infinite series

0050 (2w, y) = P(W € [, o]|W > 1, (z Ay) = 1)
1

= u-m

i {@Z’f{”(j 1Y) — Xay' (s y)} , (4.20)

Jj=1

where we denote

VI G = 2o =l = (= iexp {2 o - -} a2
i) = @l =i+ = m)eo { 2= ol -
(t—s)+|v—mn|?

Corollary 4.2.3. [Pollock et al., 2016, Corollary 5]. After inclusion of the first k=
terms, 5zl,§y(2;x,y) can be represented as the limit as k — oo of the following alternating Cauchy
sequence (where k € N such that k > /%),

2lv—1h|

k
]‘ fnv . 'rﬁq) .
Sai =1 =y 2oV U V) - X G v (4.23)
Jj=1
1 m,v
Syiss = Sop — == Vi (k+1;(z Vy)). (4.24)

Since we can unbiasedly simulate events of probability (5?}’”(1; x,y) and 6??5”(2; x,y), then events

of probability 5?}’”(% y) can be simulated as per |Algorithm |4.2.2I Further, events of probability

5iT(x, y) can be simulated unbiasedly by applying a reflection argument as per |Algorithm |4.2.Sl
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Algorithm 4.2.2 Simulating an event of probability 5?7{“(30, y) [Pollock et al., 2016].
1. Simulate u ~ [0, 1].
2. If (x Ay) >
(a) Set k= 1.
(b) While u € (SS}CIH, Sg}j), where Sg’l is defined in (4.19), then k = k + 1.
(c) fu< Sg}jﬂ, then u < p so return to 1, else u > p so return 0.
3. If (x Ny) =i
(a) Set k = Vi) oo
(

2|v—mn| )
b) While u € (Sg;fﬂ,sg}f), where Sg}f and Sg;irl are defined in (4.23) and (4.24) respec-
tively, then k =k + 1.
(c) Ifu < Sg}irl, then u < p so return 1, else u > p so return 0.

Algorithm 4.2.3 Simulating an event of probability 5iT(x, Y).

1. Set 2/ = —x, 9y = —y, M = —rm and V' = —L.

2. Simulate event probability 5?7;’1/(»%’, y') as per |Alg0rithm |4.2.2l

4.2.2 Layered Brownian bridge constructions

We now focus on how to construct and simulate finite dimensional skeletons of layered Brownian
bridges which will be instrumental in the development of the methodology in the later sections.
Although there are several different ways to construct layer information of a Brownian bridge sam-
ple path, we focus on the Bessel layer approach [Beskos et al., 2008], [Pollock, 2013, Section 6.2.1],
[Pollock et al.l 2016, Section 7.1] in this thesis. Alternative approaches such as the localised ap-
proach [Chen and Huang, [2013; Giesecke and Smelov}, [2013; Pollock et al., [2016] or the intermediate
layer approach [Pollock et al., 2016| Section 8] are not discussed here.

The key idea of the Bessel approach to construct layer information for Brownian bridge sample
paths is that finite dimensional subsets of Brownian bridge sample paths can be simulated jointly
with information regarding the interval in which its constrained by partitioning the path-space
with an arbitrary increasing sequence {a;};>0,a0 = 0 which radiates outwards from the interval
[(x Ay), (zVy)]. Specifically, the ith Bessel layer is defined as

i =[(z ANy) —ai,(xVy) +a. (4.25)

Let Sz(s, t,x,y,l,v) denote the alternating Cauchy sequence whose limit as k — oo is vé’f;(x, y), then

the smallest Bessel layer, Z = [, in which a particular Brownian bridge sample path is constrained

can be simulated unbiasedly by retrospective Bernoulli sampling as per|Algorithm [4.2.41 Intuitively,

in [Algorithm [4.2.4] we keep extending the Bessel layer and pushing it outwards until an event of
probability Viﬁ)(% y) occurs (which we simulate through retrospective Bernoulli sampling). In

[B] we are essentially checking if this event occurs and return the current layer if it does, or extend

the Bessel layer if it does not. An example simulation of a Bessel layer is provided in
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Algorithm 4.2.4 Brownian bridge Bessel layer simulation [Pollock et al., [2016, Algorithm 14].
1. Simulate u ~ U[0,1] and set | = 1,k = 0.
2. While u € (S;k+1(s, toy, (@ Ay) —a, (zVy) +a), S (s, 6,3,y (T Ay) —ar, (2 Vy) +a)),
then k =k + 1.
3. If u> Sgk, set [ = [+ 1 and return to Step 2, else set Z = and end.

w
1] 0.5
L1

-0.5
1

-1

Time

Figure 4.5: An illustration of a simulated Bessel layer for a path W ~ Wg’é. 1,0.2> Where {a;}i>0 =
{0,0.2,0.4,...}. The solid lines denotes the interval which constrains the path entirely. The dashed
lines indicate the interval which does not constrain the path, as the path at some point will fall
outside these dotted lines.

After simulating the Bessel layer, we require a method of simulating intermediate points from the
Brownian bridge sample path that is restricted to remain within the Bessel layer simulated. Let

D; be the set of sample paths which are contained in the [th Bessel layer, we have
D, =L;uU, (4.26)
where

Ly={W:msrel(xNy) —a,(xANy) —ai—1)} ﬂ {Wimgre[(zVy),(zVy) +al}, (4.27)
Uy={W:ms €(xNy) —a;,(xAy)]} ﬂ {W:mg e ((xVy)+a-1,(xVy) +a]}. (4.28)
The derivation of this result can be found in [Pollock [2013] Section 6.2.1]. Intuitively, L; is the set
of sample paths where the minimum is on the ‘edge’ of the Bessel layer, and U; is the set of sample

paths where the maximum is on the ‘edge’ of the Bessel layer. Directly simulating intermediate

points from a sample path with law D;, denoted ID;, is not possible. However, if we denote

M, = {W g € [(xANy) —a, (x ANy) —ai—1]},
M, = {W: st € [(zVYy) + a1, (zVy) +al},
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we can propose sample paths from the mixture measure B; := Ml + M’ , Where Ml and M are the
law induced by the restricting W to Ml and M, respectively, and accept them with probability
given by the Radon-Nikodym derlvatlve of D; with respect to B; given by [Beskos et al.| [2008]:

le( ) o L(W e Dy)
dB, 1+ 1(W e (M; N M)

(4.29)

Therefore, sample paths can be drawn from ID; by proposing from B; := Ml + 2l and then accepting
the path with probability (4.29). In particular, with probability 1/2, we sample from M (or Mj)
and accept with probability 1 if the sample path is contained within the (I —1)th Bessel layer since,

@(x) ~ ]l(W S Dl) . 1
dB; 1+1(W e (M;nM)) 1+0

=1, (4.30)

or we accept the sample path with probability 1/2 if the maximum is contained between the (I—1)th
and [th Bessel layer since
1(W € Dy) I |

dDy,
—(x) = = = = -, 4.31
dBl() 1+1(We(MnhM)) 1+1 2 ( )

and 0 otherwise and reject the sample path.

As noted by Beskos et al. [2008] and [Pollock et al. [2016], we are not able to directly evaluate
(4.29). However, we are able to obtain an unbiased estimate using results stated in [Section [4.2.1

In particular, with probability 1/2, we simulate the sample path minimum W, := 7, as per

[Algorithm |4.1.3] We can then simulate any required intermediate points &1, ..., &, from the Bessel

bridge conditional on the minimum as per [Algorithm |4.1.5| Let x1,..., Xx+3 be the order statistics
of {&1,...,&k, s, 7,1}, then

Py, (X € D)) =P (X € [(x Ay) —a, (zVy) +a)|[ Xy, Xypis)

Kk+2
- 5X“g?l:/_31/)+al (XXN XXi+1) > (4.32)
=1
and
K+2
Y Y v
Py, (X e (M N Ml)) =Py (X € D)) — H gnimte (x X ) (4.33)

Since these probabilities in (4.32)) and (4.33)) can be represented as a linear function of § probabilities
(recalling from 5?:2”(:6, y) denotes the probability that a Bessel bridge with minimum
m < (z A y) remains in the interval [rh,v]), then events of this probability can be simulated
unbiasedly by retrospective Bernoulli sampling (see . In the case that we sample M;,

we can simply amend the arguments above. The algorithm for simulating a layered Brownian

bridge conditional on a Bessel layer is given in [Algorithm [4.2.5]
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Algorithm 4.2.5 Layered Brownian bridge simulation (Bessel approach): Sampling X at times
&1,...,& [Pollock et al., 2016, Algorithm 15].
1. Simulate uy, ug ~ UJ0, 1] and set j = k = 0.
2. Simulate auxiliary information, conditional on Bessel bridge, I =,
(a) Ifu; < 1/2, simulate minimum point (7, 7,¢) and set: {1 = lp = Mmgy; v1 = (2VY)+ai_1;
ve = (zVy)+aq.
(b) If uy > 1/2, simulate maximum point (7, 7s¢) and set l; = (xAy) —a;_1; lo = (zAy) —ay;
V1 =V = ms,t.
3. Simulate intermediate times X¢,,..., X¢, from a Bessel bridge conditional on X.
4. While up € ([T S8, 1 (I, v1), 17 S3,(1h,v1)), set j = j + 1.
(a) If up < [[1H7 ng+1(l1, v1), then accept sample path.
(b) If ug > H?if ngala 7)1), while uy € (Hfif Sgk+1<lg, 1)2), H?If Sgk(lg, 1)2)), k=k+1.
L Ifuy < Hfif Sgk 41(l2,v2), then with probability 1/2, accept sample path, else
return to Step 1.
i If ug > Hfif Sngrl(lQ, v2), then reject sample path and return to Step 1.

After accepting a proposed sample path skeleton, simulating the process at further intermediate
times conditional on the sample path skeleton is difficult since the information regarding the sample
path minimum and maximum induces a dependency between the sub-intervals in which we want to
simulate an intermediate point and all other sub-intervals. Further, we know precisely the minimum
(or maximum) of the sample path, so the law we need to simulate further points from is a Bessel
bridge, contained in some interval. In other words, if we wanted to simulate the process at further
times conditional on the accepted sample path, there is a dependency on whether or not the other
points in other sub-intervals have achieved this minimum or maximum yet. To remove the induced
dependency between the sub-intervals of time, an interval of path-space in which the sample path
minimum and maximum is constrained is constructed by dissecting an intersection layer. Further
points can be simulated later by layered Brownian bridge simulated via intersection layer approach
(see [Pollock! [2013] Section 6.3] and [Pollock et al. [2016] Section 8]). As the methodology that we
develop in this thesis does not require us to simulate the layered Brownian bridge path at further

intermediate points, we will not discuss intersection layer constructions here.

4.3 Diffusion Processes

Diffusion processes are widely used across a number of application areas across the natural and
social sciences. In finance, they are employed to model stock prices, options, exchange rates, interest
rates and many other financial instruments |Black and Scholes, 1973; |Merton, (1973, 1976 Chan
et al.,[1992; Karatzas and Shreve, |1998|. Other applications can be found within biology [McAdams
and Arkin| 1997; |Golightly and Wilkinson, |2006|, genetics [Kimura and Ohta, [1971] and chemistry

[Gillespie, 1976, [1977], to name a few. We define a (one-dimensional) diffusion process as:
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Definition 4.3.1. Diffusion process. A diffusion process X : R — R is a Markov process which
satisfies the stochastic differential equation (SDE) of the form:

AV, = B(V;) dt + o(V;) AW,  with Vo =v € R, ¢ € [0, T], (4.34)

where §: R — R and o : R — R denote the drift and diffusion coefficients respectively, and W,

is a standard Brownian motion (see [Definition [4.1.1).

Regularity conditions are assumed to ensure the existence of the solution of the SDE in
(see for instance |Yamada and Watanabe [1971]; [Kloeden and Platen [1992] 1995], Oksendal [2007,
Chapter 5] |[Rogers and Williams| [2000, Chapter V, Section 6]). Several works such as Beskos and
Roberts| [2005]; Beskos et al.| [2006bla, 2008]| have proposed novel methods for the exact simulation
of diffusion bridges driven by a class of SDEs with the following conditions:

Condition 4.3.1. Solutions. The coefficients 5(x) and o(x) of (4.34)) are sufficiently regular to

ensure the existence of a unique, non-explosive, weak solution.

Condition 4.3.2. Continuity. The drift coefficient 3 € C' and the volatility coefficient o € C?

and is strictly positive.

Condition 4.3.3. Growth Bound. There ezists K > 0 such that |3(z)|* +|o(2)]* < K(1+|z[?)
for all x € R.

We are interested in the measure ']TK o of V' on the sample path induced by . The problem
here is that ’]I'[‘{T is typically unknown and hence a Monte Carlo estimator can be used to estimate
expected values Eqy [h(V)] for test functions h : R — R. Following the Monte Carlo method
discussed in if N independent draws VW ... VIV ~ ’]I‘KT could be obtained, then by

the strong law of large numbers, we can construct an estimator for the expectation,
1 & A
lim —>"h (V(’)> = Eqgy [h(V)]. (4.35)
i=1

As with Brownian motion (see [Section |4.1)) and layered Brownian bridges (see [Section [4.2.2)),

diffusion sample paths are infinite dimensional random variables and hence it is not possible to draw
entire sample paths from ’]I‘K p- Alternatively, we can simulate a finite dimensional subset of the
sample path (a skeleton). Given these constraints, we must consider the form of A so that it may be
evaluated given a finite dimensional subset of a sample path and that any numerical approximation

will impact the unbiasedness and convergence of the resulting Monte Carlo estimator.

Diffusion sample paths can be approximately simulated at a finite collection of time points by

noting that Brownian motion has a Gaussian transition density (by [Property |4.1.3)) and thus the
transition density of (4.34) can be approximated by that of an SDE with fixed coefficients over
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short intervals. This approximation approach is known as discretisation [Jacod and Protter, [2012;
Kloeden and Platen, |1992]. The most common discretisation scheme for simulating diffusions is the
Euler-Maruyama scheme |[Maruyamay, [1955], where a sample path is approximated at each point

in time on a fine mesh (of size At) by means of the following recursion,
Viear = Vi + BV)AE + o (V)E,  where € ~ Ni(0, At). (4.36)

Discretisation methods have the property that the approximation error can be minimised by de-
creasing the size of the fine mesh (i.e. as At — 0) but this comes at the expense of increased
computational cost. Although useful in visualising diffusion sample paths, discretisation techniques
are fundamentally approximations and hence result in a loss of unbiasedness of the Monte Carlo
estimator in . Furthermore, for some test functions i, mesh based discretisation schemes
do not sufficiently characterise simulated sample paths for the evaluation of h. An example of
such case noted in Pollock et al| [2016, Section 1] by considering the case where we are inter-
ested whether a simulate sample path V' ~ ']TE{ o crosses some barrier (i.e. for some set A, we have
h(V):=1(V € A)). We will also see later in this thesis that we require methods to simulation dif-
fusion bridge paths (i.e. simulating diffusions conditional on an end point Vp = y), which numerical

methods, such as the Euler-Maruyama scheme, are not suitable for.

To circumvent these drawbacks, there has been significant development of methodologies, referred
to as path-space rejection sampling or Exact Algorithms, which do not introduce approximation
error when simulating sample paths at a finite collection of time points [Beskos and Roberts|, [2005}
Beskos et al., 2006bljal 2008]. These are rejection sampling (see based methods on a
diffusion path-space, where sample paths are drawn from a proposal measure IP’X o+ which are then
accepted (or rejected) with a probability proportional to the Radon-Nikodym derivative of ’]IX T

with respect to IPE)/’ p- Central to this approach is the notion of simulating skeletons.

Definition 4.3.2. Skeleton (of a diffusion sample path). [Pollock et all 2016, Defintion 1].

A skeleton, S, is a finite dimensional representation of a diffusion sample path, V' ~ 'JI‘(‘{ 7, that can
be simulated without any approximation error by means of a proposal sample path drawn from an
equivalent proposal measure, IF’K 7, and accepted with probability proportional to %(V), which
is sufficient to restore the sample path at any finite collection of time points exactly with finite
computation where V|S ~ IP’K 7|S. A skeleton typically comprises information regarding the sample
path at a finite collection of time points and path-space information which ensures the sample path

is almost surely constrained to some compact interval.

To introduce the methodology to simulate sample paths from , we first review some elements of
stochastic calculus and state some key results which are of particular relevance to this methodology.
A deeper investigation of stochastic calculus theory can be found in a number of texts: [Karatzas
and Shreve| [1991]; Revuz and Yor| [1991]; [Kloeden and Platen| [1992]; Rogers and Williams [2000];
Oksendal [2007]; |Cohen and Elliott| [2015]. The remainder of this section is organised as follows:
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in we introduce It6’s calculus and Itd’s integral before introducing the Lamperti
Transformation and Cameron-Martin-Girsanov’s Theorem in Sections and respectively.
Lastly, we look at a representation of the transition density for a class of diffusions in [Section |4.3.4

4.3.1 It0 calculus

The SDE in (4.34) can be interpreted in integrated form,

T T
VT=V0+/O (V) dt+/0 (V) dW,. (4.37)

where W; is standard Brownian motion (see [Definition |4.1.1)). In this section, we look to provide a

definition for integrals of the following form,

T
Zlf] ::/0 f(t) dWy, (4.38)

for some suitable function f (which may be parameterised by some other stochastic process). First,
we provide an informal proof of the existence of such integrals in the style of |[@ksendal [2007,
Chapter 3.1]: In general, to evaluate an integral of a function f : R — R with respect to another
function g : R — R over an interval [0,7], we can partition the interval [0,7] into a fine mesh
T :={t;:=¢'/N:i=1,...,N}, provided that g has bounded variation on compact time intervals

(which is a necessary condition [Banach and Steinhaus, [1927]),

Vior)(9) = A}gnooz lg(ti) — g(ti—1)| < oo, (4.39)

then we can define the integral in the Riemann—Stieltjes sense [Stieltjes, 1894],

T N
/0 f(t) dg(t) = J\}gnooz f(SZ) . [g(ti) — g(tifl)] s where S; € [tiflvti]- (440)
=1

However, as (Oksendal [2007, Chapter 3.1] notes, the variations of the paths of Brownian motion are
too large for us to define the integral in the Riemann-Stieltjes sense. In particular, the total
variation of Brownian motion is infinite (i.e. V(o 71(W) = o). Further, unlike the Riemann-Stieltjes
integral, evaluating the function f in the integral at different points will produce different
answers. For example, consider the expectation of with respect to the measure W&T in the
case where f(t) := W, and s; := t;—1 (evaluating at the left end point),

N N
E Z Wi—1 - Wy =Wy ]| = ZE [Wtifl W — Wtifl]]
=1 i=1

N
=> E[Wi,_1]-E[W;, — We,_,] = 0. (4.41)
i=1
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Consider now we choose a different evaluation point, s; = ¢; (evaluating at the right end point),

=z

N
E ZWti Wi, = WL ]| = E [
1

=

2 - [Wti 'Wti—l]]

1
=1 i

(ti —ti1) =T. (4.42)

Il
.M2

S
I
—

The choice of evaluating at the left end points (i.e. the approximation in (4.41)) to (4.40))) leads to
the Ité integral which we consider in the remainder of this thesis, as this preserves the martingale
property |@Oksendal, 2007, Section 3.1]. By using the approximation in (4.41)), we can make use of

the property of Brownian motion that it has independent increments (Property |4.1.2). Evaluating
at the mid points, s; := (t;—1 + t;)/2, and approximating (4.40]) as above leads to the Stratonovich
integral |Oksendal [2007, Example 3.1.1] which we do not cover in this thesis (see (Oksendall [2007,

Section 3.3] for a comparison of It6 and Stratonovich integrals).

Continuing to follow the approach outlined in @ksendal [2007, Chapter 3.1], we can construct the
1t6 integral by considering the integration of elementary functions of the following form,
N
On(t) =) e L[t € [tis1 — 1)) (4.43)

=1

where 1[-] denotes the indicator function, N € N and e; are F;, ,-measurable random variables

where F; is the o-algebra generated by the random variables {Ws}e(o,4-

Lemma 4.3.1. [Oksendal, 2007, Lemma 3.1.5]. Let ¢n(t) be bounded and given by (4.43), then

( /0 ) ¢n (1) th>2] =E [ /0 ' on (1) dt] : (4.44)

Proof. Recalling that Brownian motion has independent increments (see [Property |4.1.2) which are
normally distributed (see [Property , then we have

</0T on(t) th) 2] —E (i e; - [Wy, — Wti_l])z

E

E
L i=1
N
=E > el Wy, = Wi P+ D e Wy, = Wi, )€ - Wy, — Wiy,
i=1 i,j=1

i

= B[] E[Wi, ~ Wi ]’
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I
Mz

E [6’12] . (t' - ti 1)
1

E[/ o3 (t dt} u

To construct It6’s integral, after defining the integral Z(¢y) for a simple class of functions ¢y for

-
Il

a simple class of functions ¢y, |Oksendal [2007, Chapter 3.1] showed that any continuous process
f(t) with E UOT f? (t)] < oo can be approximated by a sequence of elementary processes, i.e. there
exists a sequence of processes {¢n : N € N} each defined as in (4.43) such that

T
Jim & [ [ 15— ovto) o] <o

Together with (4.44)), we conclude there exists a limit I(7T) := limy_,o0 Z[dn], such that

T 2
lim E[/ on(t) AW, — I(T)| | =0.
N—o0 0
Consequently, we define It6’s integral to be this limit,
T
/ f(t) dW, .= I(T) = lim / on(t) AWy (4.45)
0 N—oo

Further, we note that (4.44)) also holds for this limit which is a property known as [té’s isometry
[@ksendal, 2007, Corollary 3.1.7],

E [(/OT f(t) th>2] =E [/OTf(t)2 dt} . (4.46)

The basic definition of It6’s integral is often impractical when tasked with evaluating a given
integral. However, it is possible to establish an It6 integral version of the chain rule. Let F € C?
(i.e. F is twice continuously differentiable on R) be the anti-derivative of f, then by considering a

Taylor series expansion of F', we have

F(T) = F(0) + lim_ 'Zf W, = W)+ ‘Zf W =W P

0 +/O f(t) th+2/0 f'(t) dt + 0. (4.47)

This result is known as Ité’s formula [Oksendal, 2007, Definition 4.1.1], which can also be given in

differential form,

dF(t) = f(t) dW; + % f'(¢) dt. (4.48)

The key to arriving at this result lies in noting that by considering the variation of Brownian motion
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over the time interval [0, 7], we have

oo ifp=1,
1\}i—r>nooz}wt Wtzl =47 ifp=2
0 if p> 3.

We can generalise this for diffusions given by (4.34] - where E [ fo 2(Vy) dt} < oo. Consider a
Taylor series expansion of X; := g(t,V;) where g € C?([0,00) x R) (i.e. g is twice continuously
differentiable on [0,00) x R) and the derivatives of g are evaluated at (t;,V;,) fori=1,..., N,

N

dg dg
XT:X0+ Z [ tz_l]“rzi[‘/tl_‘/ﬂ 1 Z 2 tz 1
i=1 ot =1 v ot
N N
0%g &g
+; St = i )[Vi, = Vi, + 2 o Vi = Vi P+ (4.49)

For small time intervals of size h > 0, Vi p — Vi = B(V)[(t + h) — t] + o (V}) [Wisn — Wi, so we have,

. Y. dg Y ag Y. dg
Am Ll %(V — Vi) | = Jim Lz; e = B(Ve)lti — tica] + ZZ; %O—(‘/ti)[wti - th]]
_ /OT Wﬁ(m di + /0 ' Wa(%) dw;, (4.50)
and
N [~ 2%
A}E)noo Lz; %(Vti—vti,l) ZA}E)DOO Lz; Wﬁ (Ve)lti — ti1] +Z - Wi,

+2Z o 2/8 Vi )o(Ve)lti — tia][We, — Wti—l]]

_ 829(1‘;5%) 2

By substituting (4.50) and (4.51)) into (4.49)), we have

XT—X0+/0 ( 5% T a0 5(Vt)+§TU (Vt)> de
T
+/ %V vy aws, (4.52)
0 81}

This is Ité’s formula for diffusions |[Pksendal, 2007, Theorem 4.1.2], and its differential form is

10%g9(t, Vi) o

ag(t, V;
3 o) s 20T

“Lo(Vi) dWr (4.53)

P A A PO

ot ov
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4.3.2 Lamperti transformation

The methodology discussed in the subsequent sections for the simulation of sample paths of dif-
fusions are for those which have unit volatility (i.e. o(V;) = 1 in (4.34])). However, this is not
restrictive, since we can also apply this methodology to a broader class of diffusions with non-unit
volatility (as in (4.34])) by means of first transforming the target diffusion in into one with
unit volatility. The simulated sample paths are then transformed back using the inverse transfor-
mation. This transformation is obtained by using Itd’s formula (see and by defining

a process Y; := g(t, V;) such that 99 g;}‘/z) = U(%/t), then the differential form of Y; has unit volatility

[Beskos and Roberts, 2005, Section 1]. This is known as the Lamperti transform (see for instance
Kloeden and Platen [1992]; |Ait-Sahalia [2008]; |Casella and Roberts| [2011]),

Vil
Yt:/ —— du (4.54)
vo

o(u)

where v is an arbitrary element of the state space of V. By applying It6’s formula (4.53) to find
dY;, first note that,

dg 1

v (V)

dg 0 Viiq B
ot &f/vo a(u)du =0
0%y _ =o'(Vy)

o2 o2(Vy)

where o'(V;) = %. By substitution into (4.53]), we can obtain,

1 L (—d' (Vi)
dy; = = (B(Vy) dt + o (Vi) dWy) + 3 ( 22(V7) ) o?(V;) dt

= a(Y;) dt + dW, (4.55)

where a(Y;) = (f/(é_,ll((}%)))) — G(g_;(yt))) and let V; = g~1(¢,Y;) to be the inverse of the Lamperti

transformation. [Condition [4.3.2] and [Condition [4.3.3| are sufficient to allow us to transform any

non-unit volatility SDE into one with unit volatility as per the Lamperti transformation.

4.3.3 Cameron-Martin-Girsanov’s theorem

The Lamperti transformation discussed in allows us to transform our SDE into one

with unit volatility. In this section, we restrict our attention to diffusions with the following SDE:

dX; = a(X;) dt +dW,  with Xo =z € R, t € [0,7]. (4.56)
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As discussed earlier in the section, the methodology for simulating skeletons of (4.56)) (see|Definition|
is based on a rejection sampling idea (see . Consequently, we must find an
expression for the Radon-Nikodym derivative of our target measure with respect to a proposal
measure. Let QaT denote the target measure induced by and let WfiT be the proposal
measure induced by the driftless version of (i.e. WE p is the Wiener measure):

dX; =dW, with Xo=z€R, t € [0,7]. (4.57)

Since both (4.56) and (4.57) have unit volatility, Qf  is absolutely continuous with respect to W ;.

Theorem 4.3.2. The Cameron-Martin-Girsanov theorem. (see for instance Cameron and
Martin| [1944], |Girsanov]| [1960], Rogers and Williams| 2000, Chapter VI, Section 6.38], Beskos and
Roberts| [2005, Proposition 2], Oksendal [2007, Chapter 8]). Assume that the drift coefficient «

satisfies Novikov’s condition,

Ewy [exp{;/oT (W) dt}] < 0. (4.58)

Then the Radon-Nikodym derivative of Qf - with respect to Wi 1 exists and is given by the Cameron-

Martin-Girsanov’s formula as follows

ng’T(X) {/T (X,) AW, 1/T 2(X,) d } (4.59)
= = exp a(Xg s — = (e s) ds ¢ . :
dW§ 0 2 Jo

Proof. See for instance, (Oksendal| [2007, Chapter 8]. |

The difficulty in using this result directly in a rejection sampling scheme is that the direct and
exact evaluation of (4.59) is not possible. Here, we first simplify (4.59) by using It6’s formula to

remove the It0 integral term. Let

Au) = /0 " als) ds, (4.60)

then, under Conditions we can apply It6’s formula,
1
dA(X;) = A(X,) dWs + §A”(XS) ds,

and so integrating between 0 and T,

T T
A(XT)—A(XO):/O a(X,) dWs+;/0 o (X,) ds.

By rearrangement, we obtain

T 1 T
/ a(X,) dIW, = A(Xr) - A(Xo) - / o (X,) ds.
0 0
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If we substitute this into (4.59)), and define

H(X,) := % (?(Xs) + o/ (Xy)) (4.61)
then
ng’T = ex — —1 To/ s—1 Ta2 S
w0 = e {A(XT) AXo) 5 /O (X.) ds — 5 /0 (X, d }
T
= exp {A(XT) — A(Xy) — d(Xs) ds} . (4.62)
0

In [Section [4.4] we will see that we can use this result to carry out a rejection scheme for simulating
sample paths from our target diffusion (4.57)) indirectly using this result.

4.3.4 Transition density of a diffusion

The transition density of the target diffusion given by (4.56|) can be denoted as
p—s(z,y) = P(X; € dy|Xs =x)/dy, where 0 <s <t. (4.63)

We can obtain expressions for the transition density in the style of [Dacunha-Castelle and Florens-

Zmirou| [1986, Lemma 1] by considering its expectation with respect to a Wiener measure. Let Qf 7

and W{ 1 be the measures induced by (4.56) and (4.57), respectively, with the additional constraint

that X; = y. If wy_s is the transition density of Brownian motion from x to y over [s, t], then

dQ?,t (X) _ Ptfs(l",y) ) d@?’iy( )
dwit wtfs(-Tvy) dwiﬁ .

By taking expectations with respect to W/, we have

dQs, posl,y) Q7
Ewe. (X = Ewe, ’ ) (X
Wy dWif,t( )] = [wt‘s(m’y) dwgf( |
_ Pes(my)
wt—s(x7y) 7

and by rearrangement,

Proa() = W (@) - Evge |t ()
’ ) ot dw.fjt

_ \/27r(12€7—s) exp {_H} B [exp {A(y) A — /: $(X.) duH
_ m exp {A(y) ~Az) - M} Ewe [exp {— /: $(X.) duH . (4.64)
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The difficulty with using this expression is that the expectation with respect to Brownian bridge
measure cannot be evaluated directly. However, the methodology discussed in [Section [4.4] en-
ables us to simulate from the transition density exactly. This is particularly useful for the Fusion
methodology developed in this thesis since the mathematics underpinning the methodology includes
transition densities of a Langevin diffusion process (which we detail later in .

4.4 Simulating diffusion processes

The Fusion methodologies developed in this thesis rely on the computation of unbiased estimators
which arise in the simulation of finite dimensional subsets of diffusion sample paths. In
we provided an overview of diffusions and introduced some elements of stochastic calculus which

underpin the methodology to simulate sample paths of diffusions. In this section, we introduce

the mathematical framework for simulating diffusion sample path skeletons (see [Definition [4.3.2])

without approximation error. This methodology is referred to as path-space rejection sampling or
Ezact Algorithms and can be found in a number of texts: Beskos and Roberts| [2005]; Beskos et al.
[2006blay, 2008, 2012]; (Chen and Huang) [2013]; Dai [2014]; Pollock| [2013]; Pollock et al.| [2016].

As a result of the Lamperti transformation (see , we will focus on diffusions with unit
volatility (whilst noting the simulation of diffusions with non-unit volatility can be
achieved via (4.54)). The underpinning aim of path-space rejection sampling is that to simulate
sample paths from the target measure Q&T induced by means of rejection sampling (see
. In this setting, sample paths from an accessible proposal measure can be accepted
as being paths from the target measure so long as we are able to find a bound, M, on the Radon-
Nikodym derivative of our target measure with respect to our proposal measure. Naturally, since
we are able to simulate Brownian motion exactly, we choose the Wiener measure Wg . (induced
by the driftless SDE (4.57))) as the proposal measure. As noted previously, since and
both have unit volatility, then Qf ;- is absolutely continuous with respect to o~ [Algorithm [4.4.1|

provides an outline of a path-space rejection sampling approach.

Algorithm 4.4.1 Outline of path-space rejection sampling to simulate sample paths X ~ Qf
[Beskos and Roberts,, 2005]. ’
1. Draw X ~ W 1.
2. Return X with probability

else reject and return to

Unfortunately, [Algorithm [4.4.1 cannot be directly implemented for two reasons. Firstly, recall from

by using the Cameron-Martin-Girsanov theorem (see Theorem [4.3.2)), we obtained an

expression for the Radon-Nikodym derivative in (4.62)). In a rejection sampling algorithm, we must
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be able to find an appropriate upper bound M of the Radon-Nikodym derivative such that the
acceptance probability in is bounded in [0, 1]. However, A(u) (4.60) in (4.62) is not bounded

since it only has a quadratic growth bound (as a result of |Condition [4.3.3), and so typically no
appropriate bound M < oo exists. In [Section [4.4.1, we show that this can be circumvented by

considering an alternative probability measure to propose sample paths from. Secondly, diffusion
sample paths are infinite dimensional random variables and so it is not possible to draw entire
proposal sample paths in As such, it is not possible to evaluate the Radon-Nikodym
derivative in directly. In particular, we are not able to evaluate expressions of the form,

exp {— / t¢(Xu) du}. (4.65)

We will see in that it is possible to construct an unbiased estimator (which is bounded
above) for (4.65)) only using a finite dimensional subset of the proposal sample path.

The methodology that we develop in embeds the Fusion methodology within a Divide-
and-Conquer Sequential Monte Carlo (see [Section [3.4) approach Lindsten et al.| [2017]. In this

setting, since we move away from a rejection based scheme, we no longer require that the unbiased

estimator for (4.65) to be bounded above by a constant. In [Section |4.4.3] we explore alternative
unbiased estimators for expressions of the form (4.65) which have better asymptotic properties.

4.4.1 Path-space rejection sampling

In order to implement |[Algorithm |4.4.1} we must be able to find an appropriate upper bound on the
Radon-Nikodym derivative in (4.62)). As noted previously, the function A(u) (4.60]) is not bounded
as it only has a quadratic growth bound (see|Condition4.3.3)). To deal with this unbounded function

in the Radon-Nikodym derivative, an end point, ¥, must be specified which subsequently modifies

the acceptance probability. In this setting, the proposal measure becomes a Brownian bridge (see

[Definition [4.1.2). To remove the unbounded function, we can use biased Brownian motion (as

introduced in Beskos and Roberts| [2005]) to propose an end point y of the bridge.

Definition 4.4.1. Biased Brownian Motion (BBM). [Beskos and Roberts, 2005} Pollock et al.,
2016] Biased Brownian motion is the process Zy ~ (Wi|Wy = x, Wr :=y ~ h) with measure Zg r,
where z,y € R, t € [0, 7] and h is defined as

—x)?
h(y;z,T) := exp {A(y) - (y)} . (4.66)

Note that by [Condition [4.3.3] A has quadratic growth bound, and so

2

o(z,T) = /Rexp{A(u) - ;‘T} du < co.
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Theorem 4.4.1. [Beskos and Roberts|, 2005, Proposition 3]. Let Qg denote the measure induced
by (4.56) and Zg 1 denote the Biased Brownian bridge measure defined in |Deﬁm'tz'0n |4.4.1|, then

dQ5.r T
3zt 1 (X) ocexp {—/0 ¢(Xs) dS}- (4.67)

Proof. Denote Zg%. be the measure induced by Z and W% be the Wiener measure on [0, T]
conditioned on Xy =z € R and X7 = y € R. Then noting that Z; % = W%, then

dzE hu:z. T Az
dW(l,T _ (y; , )_ — dWO”‘:Z’ (X) o exp{A(X7)},
0,7 \/217? exp {,M} 0T

Now note that

dQ3, _ A, AW,
ng’T deT dZﬁT

T
x exp {A(XT> - a0 -3 [ o) ds} exp{—A(Xr)}

ocexp{—/OTMXs) ds},

which gives the result as required. |

Sample paths can be drawn from Zg 1 in two steps: (i) simulate the end point X7 :=y ~ h (which
can be simulated via a rejection sampler with Gaussian proposal), and (ii) simulate the remainder

of the sample path in (0,7) from the law of a Brownian bridge, (X|Xo = =, X7 = y) ~ W7

(which can be simulated as per [Algorithm [4.1.2)). Before discussing how to proceed in constructing

a rejection sampler to draw sample paths from Q&T, we first introduce the following condition:
Condition 4.4.1. There exists a constant ® > —oo such that ® < ¢(x) for all x € R,

With this condition, we can bound the Radon-Nikodym derivative in (4.67) with M := exp{—®T'},

and so we now construct an (idealised) rejection sampler (as outlined in [Algorithm 4.4.2)) to draw

sample paths from QS,T by drawing proposal paths from Z%”’T and accepting such paths with

probability Pz (X) = ﬁj%g: = exp{®T} - exp {— fOT d(Xs) ds}.

However, implementing a rejection sampler is still not yet possible since, as previously noted, diffu-
sion sample paths (and Brownian bridge sample paths) are infinite dimensional random variables.

As a result, it is not possible to draw entire paths or evaluate the acceptance probability in

in [Algorithm [4.4.2, To circumvent this problem, we can construct unbiased estimators for the

acceptance probability which can be evaluated using only a finite dimensional subset of the proposal

path [Pollock et al., [2016], the details of which are covered in the subsequent section.
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Algorithm 4.4.2 Idealised path-space rejection sampler to simulate sample paths X ~ Qg’T
[Beskos and Roberts,, 2005].
1. Draw X ~ Z&T,
(a) Simulate X7 =:y ~ h (4.66].
(b) Simulate X o) ~ W7
2. Return X with probability

Pog, () = epf@r} e { - [ 600 as} < 0.1

else reject and return to [Step [1]

4.4.2 Unbiased estimator construction for path-space rejection sampling

In this section, we focus on constructing an implementable rejection sampler to simulate sample

paths X ~ QaT which only require finite computation. As discussed in [>ection (4.4.1} |Algorithm|

cannot be implemented since Brownian bridge sample paths are infinite dimensional random

variables. Consequently, we are unable to compute the acceptance probability,

Py (X) = exp{®T} - exp {— /0 ' B(X,) ds} . (4.68)

We can overcome this issue by noting that an auxiliary finite dimensional random variable F' ~ F
can be simulated in order to construct an unbiased estimator for the acceptance probability using
only a finite dimensional subset of the proposal path [Beskos and Roberts, 2005; Beskos et al.,
2008; Pollock et al.l 2016]. We can use the simulation of F' to provide the information about what
finite subset of Wg% to simulate, X ~ Wg:iyplF, in order to evaluate the acceptance probability in
. The rest of the sample path can be simulated after the acceptance of the sample path from
the proposal measure conditioned on the simulations already performed, X™™ ~ Wg%\(X fin P,
where X = Xfiny XT®™  The key insight is that although we are not able to simulate entire sample
paths from the proposal, we are able to simulate ezactly a finite dimensional subset of the sample
path, characterised by its skeleton, S(X) := {Xo, X, X7, F} (see [Definition [4.3.2).

Beskos et al.| [2006b] first noted that it is possible to construct an unbiased estimator for the
acceptance probability in (4.68) provided that ¢(X [O,T]) can be bounded above. However, [Beskos
et al, [2008] removed this condition by noting that local bounds for ¢(Xjyr)) were sufficient in
obtaining an unbiased estimator. In particular, Beskos et al. [2008] noted that if the proposal
Brownian bridge sample path was constrained to an interval, then conditional on this interval,
¢(Xjo,r)) was bounded above and below and hence the random variable I’ can be simulated, as
required. This methodology is based on the notion that the path-space of the proposal measure
PG (in the case of Biased Brownian motion, Por = ZaT) can be partitioned into a set of layers,

and that they layer to which any sample path belongs to can be simulated.
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Definition 4.4.2. Layer. [Pollock et al., 2016]. A layer R(V) is a function of a diffusion sample

path V ~ P&T which determines the compact interval to which the sample path is constrained.

The construction of path-space layers of Brownian bridge was discussed in allow us to

partition the space of Zg’T into disjoint layers and simulate the layer, R ~ R, to which our sample

path belongs (as per [Algorithm [4.2.4). Conditional on this layer information, upper and lower

bounds for ¢(X (0,7]) can always be found, denoted Ux € R and Lx € R, respectively. Further, as
noted in we are able to simulate any finite collection of intermediate points of the

trajectory of the proposal layered Brownian bridge exactly (as per [Algorithm [4.2.5)).

Following in the style of Beskos et al.| [2006b} 2008], we can construct construct a finite dimensional

unbiased estimator for (4.68]) by considering a Taylor series expansion as follows,

T
PZ(H)?T(X) = e_(Lx—<I>)T . e_(Ux—LX)T - exp {/ Ux — ¢(XS) ds}
’ 0

0 o~ (Ux—Lx)T[([]y — i (T Uy — i
= 7! o (Ux—Lx)T
and letting K denote the law of x ~ Poi((Ux — Lx)T) and U be the distribution of (&1, ..., &) "
U[0,T] we have,
T K
— — Ux — ¢(Xs)
Py (X)=e Wx—®T.E|E |E /Xd X,R}||R
ZO,T( ) e 0 (UX _ LX)T S { ’ }
(L T (Ux — ¢(Xe,)
= ¢ Ix-®T g |E |E |E (Xf> X,R}||{X,R}||R
e Ry A, )
[T, ) x| e

— o~ (Lx—®)T EREZ&T RExEy

=] o

i=1

where for readability, the subscripts for each expectation denotes the law with which we are taking
the expectation. From , we can evaluate the acceptance probability of a sample path X ~
Ly using just a finite dimensional realisation of the entire sample path. Simulating a finite
dimensional proposal and evaluating the acceptance probability as suggested in results in an

implementable path-space rejection sampler for simulating sample paths X ~ Qf ;- and is presented

in [Algorithm [4.4.3] Further, note that since we know that for a given simulated layer information,
#(Xjo,r)) is bounded in [Ux, Lx], it follows that the unbiased estimator in (4.70)) lies in [0,1].

[Algorithm [4.4.3] summarises this argument and can be viewed as a two-step rejection sampler

whereby the acceptance probability is broken into a computationally inexpensive step (Step|3) and
a computationally expensive step (Step[5)) which first requires the partial simulation of the proposed

path in
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Algorithm 4.4.3 Path-space rejection sampling to simulate paths X ~ Qf , [Beskos et al., |2008;
Pollock et al., 2016]. ’
1. Simulate X7 =:y ~ h.
2. Simulate layer information R ~ R as per [Algorithm [4.2.4]
3. With probability (1 — exp{—(Lx — ®)T'}) reject path and return to
4. Simulate skeleton points (X¢,,..., X¢,)|R :
(a) Simulate x ~ Poi((Ux — Lx)T) and skeleton times &1, ..., 2 S ujo, 1.
(b) Simulate sample path at skeleton times X¢ ,..., X¢, ~ Wg%\R as per |A1g0rithm |4.2.5l
5. Return entire skeleton S(X) := {Xo, {X¢, }/-y, X7, R} with probability

else reject and return to [Step [1l

The skeleton that is (potentially) returned in includes the layer information which is neces-
sary in any subsequent simulation. If we wish to simulate the sample path at further intermediate
points, then we require additional computation by augmenting the skeleton with sub-interval layer

information,

§'(X) = { (& Xe )i & (R ) ]

i=1
= {(&xe)m (R} (4.71)
where R[;’b} denotes the layer information for the sub-interval [a, b] C [0, T]. This resulting skeleton
is thus decomposed into conditionally independent paths between each of the skeletal points. We

can then simulate the sample path at further times after the acceptance of the path directly,

rem ) Xe;j_1Ke;
XTI ~ Wa% S'(X) = ®iz1 (Wﬁiflvéi

RE%*W]) . (4.72)

In the case that ¢(X[g 7)) is almost surely bounded, then it is not necessary to simulate layer

information in [Algorithm|4.4.3|and hence the skeleton can be simulated from the law of a Brownian

bridge and any subsequent simulation can be done by sampling from the law of a Brownian bridge.

The construction of the unbiased estimators in this section are crucial in the development of the
Fusion methodology discussed in this thesis. However, there are some settings where we do not
necessarily require our unbiased estimators to be bounded in [0,1], for instance, in the case of
implementing an importance sampler (see or a sequential Monte Carlo algorithm (see
[Chapter[3). In those settings, it is more desirable to have estimators which have lower variance. In
Section 4.4.3, we look at a class of unbiased estimators for exp {f; o(Xu) du}.
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4.4.3 Poisson Estimators

We now restrict our attention to simulating positive unbiased estimators for functions of the form

(X)) :=exp {— /t o (Xy) du} , where X ~ W7, (4.73)

which only require a finite dimensional subset of the proposal path. Since we will use these esti-
mators within a rejection sampling or an importance sampling context, then we require that the
estimators we construct to be positive (and bounded in the case of rejection sampling). If used
within an importance sampling setting, it is natural to favour estimators with lower variance. In
this section, we review a class of unbiased estimators for proposed by [Beskos et al. [2006a],
Fearnhead et al.| [2008] and [Fearnhead et al. |[2010] named Poisson Estimators. The (Vanilla)
Poisson Estimator [Beskos et al. 2006a] provided an unbiased estimator for , however, it is
not necessarily positive and does not necessarily have finite variance, so we focus on reviewing the
positive and finite variance Generalised Poisson FEstimators first introduced by [Fearnhead et al.
[2008]. Details of such estimators have also been summarised in a number of texts, for instance |Dai
et al.| [2021, Appendix B] and |[Pollock| [2013, Chapter 7].

As noted in [Section [4.4.2] conditional on some layer information of a Brownian bridge path, upper
and lower bounds on ¢(X) can be found, denoted Ux and Lx, respectively. In particular, we can
partition the path-space of Wff into disjoint layers and simulate the layer to which a proposal
sample path belongs (see . Denoting R := R(X) ~ R as the simulated layer, we can

focus on finding unbiased estimators for functions of the form

P(X|R) := exp {— /tqﬁ(Xu) du} : where X ~ W{/|R. (4.74)

Following a similar approach to Fearnhead et al. [2008, Section 4] considers a Taylor
series expansion of the exponential function in (4.74)),

s0x1) = exp { - [ 90x,) au}
= Ux(t=9) Lexp {/t Ux — ¢(Xy) du}

oo j t J
e (¢ ;!S)J { / U~ o) du} , (4.75)
p=

then by denoting K to be the law of the discrete random variable k = 0,1,..., with probability
mass function p(k|R), and U to be the distribution of (&1, ...,&,) ~ U]s, t], then

B(X|R) = Ux(9 3 [(t SR [ e o) du}j]

= 4! t—s
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— Ex [eUx@—s) G { FUx = 9K du}n
K!- s

d

L p(k[R) t—s
t—s t—s)" .
=Bk, |ox ey 1T — o0k X] (4.76)

By uniformly scattering x ~ p(k|R) points in [s, ], we can simulate a sample path X ~ Wff |R at
these points and define the Generalised Poisson Estimator (GPE) [Fearnhead et al., 2008|:

(X|R) = Ux(t=s). (t_:R H Ux — ¢(Xe,)] (4.77)
=1

The algorithm for simulating unbiased estimators for (4.74]) is summarised in [Algorithm [4.4.4{

Algorithm 4.4.4 Generalised Poisson Estimator (GPE) for unbiasedly estimating (X)) in
[Fearnhead et al., |2008].

1. Simulate R ~ R as per [Algorithm |4.2.4]
Simulate k ~ p(k|R).
Simulate skeleton times &1, ..., & ~ U|s, t].
Simulate sample path at skeleton times X, ..., X¢, ~ We/|R as per [Algorithm [4.2.5]
Evaluate and return (4.77).

Guk

show that the variance of the unbiased estimator a;p; is minimised when p(x|R.) ~ Poi(A.), where

Fearnhead et al.| [2008] notes that we can derive various estimators for (4.73|) by specifying different
discrete probability mass functions for &, p(k|R). The family of these estimators are referred to
as Generalised Poisson Estimators (GPEs). |Fearnhead et al. [2008, Theorem 1] showed that the

optimal proposal (in the sense of lowest variance) is obtained by selecting p(k¢|R.) ~ Poi()\.), where

Aopt = ((t — ) / U — (P du)% : (4.78)

Whilst this cannot be evaluated analytically, Fearnhead et al.| [2008] uses this to obtain two esti-

mators. A natural choice is to choose a Poisson distribution with intensity A which bounds Ay,

<<t—s> / U — 6P du>é < <(t_ 9 /: Us — Ly du);

= (UX — Lx) . (t — 8). (4.79)

By choosing p(k|R) to be the Poisson with mean A = (Ux — Lx)-(t—s), then we obtain the GPE-1

unbiased estimator which is positive and defined as,

(t—s

n — Ux(t—s).
Yape1(X) =e o)

H [Ux — ¢(X,)]
=1
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K

_ _ Ux — o(Xe,) _ -~
. Lx(t—s) | X &i Lx(t—s)
— e i||1 e [o,e } , (4.80)

with second moment bounded above by E [e~2/x (t_s)] < oo |Fearnhead et al., |2008|. This is the
estimator that was constructed in [Section [4.4.2| which has the benefit of being bounded so can be

used in a rejection sampling setting.

An alternative choice proposed by Fearnhead et al. [2008] was to choose a heavier tailed negative
binomial distribution parameterised with mean ~, set to be equal to an approximation of the

optimal intensity Aopt,

t —Uu u—3S
= UX(t—s)—/ qﬁ(az ! +y ) du, (4.81)

.t—s .t—s

and dispersion parameter S. This results in the GPFE-2 unbiased estimator, given by

dappa(X) = eUxt=9). /f;(;j;) . }—[1 Ux — 6(Xe,)
o Ues) (=9 TB) - (B L
o L(B+ k) -y~ - po E [Ux —o(Xe)]- (4.82)

Fearnhead et al. [2008] noted that the GPE-2 estimator has finite variance and showed empirically
with simulations that GPE-2 typically outperforms GPE-1, and in some simulations had up to
several orders of magnitude smaller variance than GPE-1. Further, they showed that GPE-2 is
quite robust to the choice of the dispersion parameter 3. However, since is unbounded,
it cannot be used for a rejection sampling scheme directly, but is the favourable choice in any

importance sampling or sequential Monte Carlo scheme.
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Chapter 5
Fusion methodologies

In this thesis, we focus on developing methodology for an exact Monte Carlo approximation of the
fusion density, f(x) HCC:1 fo(x), where x € R? and f. denote the sub-posterior densities that
we wish to unify. As discussed in the majority of existing approaches have relied upon
approximations of the sub-posterior densities. Whilst these methodologies are typically computa-
tionally efficient, the quality of the posterior approximation for these approaches is poor when the
sub-posteriors fall out-with a narrow range of distributional form. In contrast, the Fusion approach
to dealing with this problem is to construct an exact sample approximation of f, as opposed to

approximating f by combining approximations of the sub-posteriors.

In this chapter, we review the two existing Fusion methodologies. We start this chapter by intro-
ducing the Monte Carlo Fusion (MCF) approach of Dai et al.|[2019] in which was the
first general approach to the fusion problem that avoided any approximation error in sampling from
the fusion density . MCEF provides a theoretical framework to sample independent draws from
exactly, and achieves this by constructing a two-step rejection sampler (see on an
extended state space. Within |Dai et al.| [2019], the authors introduce two Monte Carlo Fusion ap-
proaches, one based on Brownian bridges (BB) and one based on Ornstein-Uhlenbeck (OU) bridges.
We begin this section by describing the BB approach in[Section[5.1.1] In[Part[ll] we do not develop
the OU approach further and hence we only provide a short discussion of the OU approach and
its differences to the BB approach in and refer the reader to Dai et al.| [2019] Section
4] for further details. Bayesian Fusion (BF) [Dai et al., 2021] is an alternative sequential Monte
Carlo approach (see developed to help mitigate some of the computational challenges
faced with the MCF approach. We provide an overview of BF in [Section [5.2

In this chapter, several results from Dai et al.| [2019] and |Dai et al.| [2021] are stated without proof

since in [Chapter [6] and [Chapter [7], we will generalise both of these approaches and provide results

and algorithms which will admit these two methods as special cases.
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5.1 Monte Carlo Fusion

The Fusion methodologies are based on the simple intuition that if we have independent random
variables (¢ ~ f., for ¢ =1,...,C, with joint density HCC:1 fe (az(c)), then if we condition on the
event (:B =M =... = :E(C)), then we have & ~ f, where f is the fusion density defined in (|1.1)).

This argument is summarised in [Algorithm [5.1.1] to obtain N random samples from f.

Algorithm 5.1.1 Perfect Fusion algorithm for generating N random samples from (|1.1]).
1. For7in 1 to N,
(a) For c=1,...,C, simulate M) ~ f1,2® ~ fo, ... 2 ~ f, .

b) Ifx® = 2@ =... =209 set x; = 2V, else return to

2. Return samples {x;}Y ;.

However, the conditioning event of the sub-posterior samples (© ~ f. being equal for all ¢ =
1,...,C, has probability zero if any of the sub-posteriors are continuous densities, so
is not practical for simulating from . However, we could consider simulating C' independent
stochastic processes with respective invariant densities f. for c = 1,...,C. The time point for which
the stochastic processes coincide would give us a sample from (illustrated in for
C = 2). However, for C' > 2, these events would be too rare and again have probability zero. To
circumvent this, we can construct a setting whereby we can force the C stochastic processes to
coalesce at a certain time (illustrated in . With this approach, however, it is unclear
how we propose the end point of these stochastic processes. Monte Carlo Fusion (MCF) [Dai
et al., [2019] is an implementable algorithm which provides a coalescence of C' stochastic processes
at a fixed time T' > 0, and consequently the distribution of this common value at the time T is

distributed according to f in (|1.1)). The key idea of MCF is given by the following proposition.

Proposition 5.1.1. [Da: et all, 2021, Proposition 1] Suppose that p. is the transition density of
a Markov chain on R with a stationary probability density proportional to f2. Then the (C 4 1)d-

dimensional probability density proportional to the integrable function

(202 @) = IT |2 (29) e (u]29) - ] (5.1)

c=1

admits marginal density f for y.

Proof. By integrating out ™), ..., 2(©), we have

/ / g(mu)w,a,(m’y) dz® ... da©)
Ry Ry

_ /Rd 12 (mu)) . <y‘w<1>) - ty) daD . ../Rd 12 (w(c)> e (ij@) . fcl(y) 4a©)

. fily)  fély)
fily)  fely)
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(a) Hlustration of C' = 2 independent stochastic pro- (b) Hlustration of C' = 5 independent stochastic pro-
cesses with invariant density proportional to f. and  cesses with invariant distribution proportional to f,

initialised at (¢) ~ f, for ¢ = 1,2. The value where and initialised at (9 ~ f, for ¢ = 1,...,5, which
these processes coincide (cross-over) is distributed coalesce at y at time 7. The common value at time
according to H§:1 fe- T is distributed according to HCC:1 fe-

Figure 5.1: Illustrative plots for intuition for Fusion methodology.

= fiy)-- fe(y) = f(y). (5.2)

Hence, y has marginal density f. |

The key takeaway from [Proposition |5.1.1| is that if it were possible to sample from the (C + 1)d-

dimensional extended target density ¢ in (5.1]), then we could obtain a draw from the fusion target
density f by simply taking the marginal samples y.

In the subsequent sections (and in [Proposition |5.1.2) we will a consider Langevin diffusion with
invariant measure f2 which we can sample from exactly using methodology from [Chapter |4l The
transition density for such diffusion can be expressed using the Dacunha-Castelle representation

[Dacunha-Castelle and Florens-Zmiroul [1986] discussed in [Section [4.3.4] which would include a

fe(y)
fe (m(c>)
is easy to construct a proposal distribution, i, which is easy to sample from that results in a bounded

term and subsequently result in a cancelling of terms (see [Proposition |6.1.2)). From there, it

ratio of g/h to form a valid rejection sampler. However, although we do not explore it here in this
thesis, note that there may be variations of ¢ which could lead to other valid Fusion methodologies

such as letting p(y|z(?)) be a f. invariant Markov process and letting ¢**(z™),..., 2(©) y) =
alt

Hle fe(x)pe(y|z'®)). Following a similar approach to |Pr0position |5.1.1L we see that g®' also

admits marginal density f for y.

5.1.1 Brownian bridge approach

Let p. (y|x) = pi}lc (y|x), the transition density of a double Langevin diffusion for f. (i.e. a Langevin

diffusion with invariant distribution f2) from x to y over a pre-determined, user-specified, time
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T > 0. In particular, pdT{C (y|z) is the transition density of the d-dimensional (double) Langevin

(¢)

(DL) diffusion processes X, for c=1,...,C, from « to y for time 7" > 0 given by

dXt(C) = VIOg fC (Xt(C)> dt + th(C)v X(()C) = CC(C), te [O7T]’ (53)

where Wt(c) is the d-dimensional Brownian motion and V is the gradient operator over x. In this

case, the (C + 1)d-dimensional fusion density is given by

c

g (0,2 y) = I [fg (29) 5. (4]a®) - - ty)} . (5.4)

c=1

To sample from g%, Dai et al. [2019, Section 3] construct a rejection sampler for the extended target

density, and consider the following proposal density which is proportional to the function,

b (1 (1) © .\ T O] .o ] _Clly =2l
h (a: e, T ,y). H[fc<a: )} exp T , (5.5)

e=1
where & = % Zle () and T > 0. Simulation from the proposal h?” can be achieved directly:
1. simulate (9 ~ f. independently for ¢ =1, ..., C,
2. simulate y ~ Ny (:17:, %Hd), where [ is the identity matrix of dimension d.

Before obtaining an expression for g% /h?™ which gives us the acceptance probability of a rejection

sampling scheme, Dai et al.|[2019] imposes the following standard regularity conditions.
Condition 5.1.1. Vlog f.(x) is at least once continuously differentiable.
Condition 5.1.2. Define

() = ¢ IV log fel@) P + Alog f(x) ) (5.

where V is the gradient operator over x and A is the Laplacian operator, then there exists a constant
&Y > oo such that for all x and each c=1,...,C, ¢&(x) > I,

Then we have the following proposition that gives the acceptance probability for a rejection sampling
algorithm for g% (5.4) with a proposal given by k™ in (5.5).

Proposition 5.1.2. [Dai et al., |2019, Proposition 2] Under|Condition|5.1.1| and|Condition|5.1.2,

we can write

dl :13(1) . :IZ(C) \/5 ¢ ¢

g ) ) Y m m — m

bm( 1 c ) QM | | e T ) (5.7)
h (a:( ), ...l ),y) V2rT w1
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where

2
, (5.8)

C
o2 1
oo (m(l), e ,m(c)) = 6_627, with o = ol cz:; Ha‘: — 2
and

C T
o (m(l),...,m(c),y> = [T Ew. [exp {—/O (¢gl (Xt(c)) - @ﬁm) dtH : (5.9)
c=1

where W, denotes the law of a Brownian bridge {Xt(c),t € [0,T]} with Xéc) =z and X:(Fc) =y

in the time interval [0,T].

Proof. See Dai et al.|[2019, Proposition 2]. This also follows directly from [Proposition [6.1.2] by
setting A, =1z for all c€ C:={1,...,C}. |

Both p" and Q"™ are bounded by 1, and correspond to separate acceptance steps within a rejection
sampling framework. An event of probability p” can be simulated by directly computing
using the sub-posterior samples. Although Q" in cannot be evaluated directly, we can
construct bounded unbiased estimators for Q", denoted Q™. an event of probability Q™ can be
simulated using an auxiliary diffusion bridge path-space rejection sampler since Q"™ is the product
of C' path-space rejection sampling acceptance probabilities when simulating sample path skeletons
from via Brownian bridge proposals (see for instance the similarity to (4.68))). Recall in
m we constructed an unbiased estimator for the acceptance probability in , but the key

difference is that we do not need to use Biased Brownian Motion, Zf 1 (see Definition [4.4.1)), since

the common end point of the C' paths, vy, is fixed here and is proposed from Ny (53, %]Id).

Recall from [Section 4.4} in order to find an unbiased estimator for Q¥™ which is positive and bounded

(which is necessary for a rejection sampler), we require for a given sample path X [(OC )T] ~ W,, that
(c)

upper and lower bounds for ¢.(X [(Oc )T]), denoted U )((C) and L/, are available. Typically, we cannot
find global bounds for ¢., and so following the approach outlined in [Section |4.4.2] we can use
layered Brownian bridge constructions (see [Section |4.2.2)) to partition the space of W, into disjoint

layers. Let R, := R.(X [(OC )T]) define the compact subset of R? for which Xt(c) is constrained in time

t € [0,T7], then we simulate a layer R. ~ R, (as per|Algorithm [4.2.4)) which constrains a given path.

This allows us to find local bounds for ¢%(X [(OC)T]

step is that we are driving the sub-posterior samples {w(c)}czly,_qc to the proposed point y using

. 1 1mterpretation o (] accept/rejec
An int tation of the Q™ t /reject

auxiliary Brownian bridge proposals, and if all of these bridges are accepted as a sample path from
the target diffusion in ([5.3) for each ¢ =1,...,C, then we accept this step. To summarise, let

Ke

c
obm <w(1)7._'7w(0)7y) _ H e—(ng)_ng)T. H
c=1

ke=1

(5.10)

Uy - ¢2[<ch,kc>]
vy~ L
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then we have
Q"™ = EgEwrExEy Q] |

where for readability, the expectation subscripts denotes the law with which we are taking. R
denotes the law of {R. ~ R, : ¢ = 1,...,C}, W denotes the law of {W, : ¢ = 1,...,C}, K

denotes the law of {k. : ¢ = 1,...,C} with k. ~ Poi((U)((c) - ng))T) and U denotes the law of

{eay-bepeic=1,...,C} ~ by U[0,T). We can simulate QU™ as per |Algorithm [5.1.2

Algorithm 5.1.2 Simulating the unbiased estimator for Q" (5.9).
1. Forc=1,...,C,
(a) R Simulate R. ~ R as per [Algorithm [4.2.4}
(b) L ( ).
(c c
(¢) pe: Choose p(-|R.) to be Poisson distributed with mean A\, = (UX) — ng) T
(d) Ke,&: Simulate k. ~ p(:|R.), and simulate &1, ..., & .. ~ U0, T].
(e) X(©): Simulate x s X9 o W,|R. as per|Algorithm |4.2.5
§c,1 gc,nc

2. Output Q' (5.10).

Compute lower and upper bounds, Lg? and U , of ¢d(x) for x € R,.

The fundamental idea behind MCF is that we can sample from f (1.1)) by means of constructing a
rejection sampling for an extended target density g which admits f as a marginal. To summarise,
we can propose samples from h®™, where the proposed value y is generated from a Gaussian

distribution with mean & and covariance matrix %]Id Using a rejection sampling approach, we
dl(m(l) Lz2(©) )

W (@D, 20 gy X P

Viewing this approach as a two-step rejection sampler is advantageous since the computational

then accept the value of y as a sample from f with probability 2 bm . bm,
cost of simulating the diffusion bridge rejection sampling in Q™ is comparatively more expensive
than computing p”. Hence if a sample is rejected after an accept/reject step with p”, we can
avoid unnecessary computation of the unbiased estimator for Q. Dai et al.| [2019] points out that
the algorithm indicates exactly how the simple average of these independent sub-posterior samples,
x, can be corrected to obtain a draw from f . This adjustment comes in the form of the

accept /reject step with acceptance probability p” - Q™. The Monte Carlo Fusion approach (with

Brownian bridge proposals) for sampling from f is presented in [Algorithm [5.1.3]

Algorithm 5.1.3 Monte Carlo Fusion (Brownian bridge approach) [Dai et al., 2019, Algorithm 1].
1. For7in 1 to N,
(a) Fore=1,...,C, snnulate zl) ~ fo(x).
(b) Compute p™ as per (5.8).
(¢) Generate standard uniform random variable Uj.
(d) If Uy < pbm,
i. Simulate from y ~ Ny (:E, %Hd).
ii. Compute Q"™ as per [Algorithm [5.1.2|
iii. Generate standard uniform random variable Us.

iv. If Us < Qbm, set Y; = vy, else return to

2. Return samples {Y;}V,.

75



Dai et al.| [2019] remarks that for small T, p™ will likely be small, while Q"™ is large, and for
larger T', the opposite will be true. In practice, a small value of T" is generally preferred since the
computational cost for simulating unbiased estimators for Q"™ is comparatively more expensive.
Further, note that o2 = % Zle ”:B(C) — :EH2 is the sample variance of the simulated starting points
2(9). This implies that y has a reasonable probability of acceptance as a sample of f only when

the variance of the simulated sub-posterior realisations, (¢ for ¢ =1,..., C, is small enough.

Recalling the intuition of the Fusion approaches at the start of this section, consider the case where
T = 0, then the event U < Q"™ will definitely occur, but the event U; < pbm only occurs if

x() = ... = 2(9 = y. Further, the proposal in this setting is
C
R (2D, 2O y) = ch z) .
( )~ {5 ()

MCF with T = 0 is therefore equivalent to the idealised Fusion algorithm in [Algorithm [5.1.1] As

noted at the start of this section, in practice, we have to choose T' > 0, since the independent

sub-posterior samples (¢} have zero probability of coinciding with each other if any of them are

continuous, and generally have low probability if they are all discrete probability mass functions.

5.1.2 Ornstein-Uhlenbeck bridges approach

The proposal density A*™ in uses a simple average of the sub-posterior samples as the mean of
the proposal of y. To obtain a more tailored proposal for g% , we could alternatively consider
a weighted average of the sub-posterior samples which incorporates global information for each
sub-posterior, which can often be obtained through sub-posterior mean and covariance estimates.
The methodology that we later develop in does this by having the flexibility to weight
the contribution from each sub-posterior through a user-specified matrix A, for ¢ = 1,...,C.
Alternatively, |Dai et al.| [2019} Section 4] considers an underlying Ornstein-Uhlenbeck (OU) proposal
measure, which is approximately parameterised by obtaining estimates of the mean and covariance
of the sub-posteriors. The motivation is that if the sub-posterior densities were approximately
Gaussian, which is often a reasonable assumption in large data settings |[Le Cam, [1986; |Scott et al.,
2016; Dai et all) 2019], the proposal measure will be more closely matched to the target which
would lead to a more efficient algorithm. The approximations to parameterise the OU process does

not introduce any bias to the samples obtained for f.

As with the Brownian bridge approach described in the OU approach is a rejection
sampling scheme for g%. Since we will not develop this particular approach further, we will not
provide more details on the OU approach as this would require details on constructing an unbiased
estimator for an intractable acceptance probability, denoted Q°* (in a similar fashion to unbiasedly

estimating Q"™) that involves simulating OU bridges which are not covered in this thesis.
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5.1.3 Illustrative toy examples

In this section, we implement the MCF methodology of Dai et al.|[2019] and apply it to simple
toy examples for illustrative purposes. With each example, we contrast our implementation of
MCEF against the Consensus Monte Carlo (CMC) [Scott et all [2016], the kernel density averaging
approach of Neiswanger et al.| [2014] (which we term KDEMC' in this thesis), and the Weierstrass
Sampler (WRS) method [Wang and Dunson) [2013]. These approximate approaches were discussed
in Details of the implementation of these examples (and details explaining where to

find the code for these examples) can be found in

5.1.3.1 Univariate distribution with light tails

We consider the univariate distribution with light tails example set out in Dai et al. [2019} Section

w4
5.1], and consider the target density f(x) o< e~ 2. The sub-posterior densities are given by f.(z) =

4

e~2¢ for c=1,...,C, with C = 5. In this setting, Conditions [5.1.145.1.2| are satisfied and

_ 26 322

¢ (z)

and ®. =0 foreach c=1,...,C. See for the derivation of ¢@ for this example.

As noted previously, the value T used in [Algorithm [5.1.3] has a large effect on the efficiency of
the algorithm, which we show in by considering the computational cost of the MCF
algorithm for simulating N = 10000 draws from f using a range of different values for T'. In
we plot the acceptance rates for the two accept/reject steps in MCF. We can observe the
trade-off between wanting to choose a small T' to make p®™ in larger, but this results in Q™
in (which we unbiasedly estimate as per [Algorithm |5.1.2)) to be smaller. The opposite is true

when T is chosen to be larger. We will see later that for more difficult problems (e.g. in higher

dimensions or when the sub-posteriors are more different), finding an optimal value for 7" which

results in sufficiently large acceptance probabilities can be incredibly difficult.

The density curve estimation results are provided in We can see here that the CMC and
KDEMC methods have very large biases whereas the WRS and MCF approaches are performing
well and provide samples very close to the target density. Of course, with the MCF approach (here

we have T' = 1), we are providing direct i.i.d. samples from f.

Lastly, we consider a range of values for C to study how [Algorithm [5.1.3 scales with the number

of sub-posteriors to combine. Here, we fix T'= 1 and plot the acceptance rates and computational
run-times of [Algorithm [5.1.3] in Figures and [5.4D], respectively. Given the computational run-
times are plotted in log-scale, we can observe that there seems to be an exponential cost with C' for
the MCF algorithm. In we will develop the MCF approach further to be more scalable

with regards to combining more sub-posteriors.
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Figure 5.2: Computational cost of Monte Carlo Fusion using different values for T with fixed C = 5

in [Algorithm [5.1.3} as per the example in [Section 5.1.3.1
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Figure 5.3: Kernel density fitting with bandwidth 0.1 for density f(x) o« e” 2 based on different
Monte Carlo methods for unifying sub-posterior samples.
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Figure 5.4: Computational cost of Monte Carlo Fusion with 7' = 1 in|Algorithm [5.1.3| with varying

C, as per the example in [Section [5.1.3.1

5.1.3.2 Univariate mixture Gaussian

We consider a univariate mixture Gaussian distribution with 3 components with density

f(z) =0.35- N (z]-3,1) + 0.2 N (z[2,1.5%) +0.45 - N (2

5,0.57), (5.12)

where N7 (x|, 0?) denotes the density of a univariate Normal distribution with mean u and variance
o2, 1In this example, our target density exhibits multi-modality and has 3 modes. Although
the separation between the modes is not too extreme here, Markov chain Monte Carlo (MCMC)
methods which use localised proposal mechanisms can still struggle to sample from f effectively
and can face the difficulty of moving between modes as there is little probability mass (or bridging
mass) between the modes. Popular approaches to overcome this issue are simulated tempering
[Marinari and Parisi, [1992] and parallel tempering [Geyer, 1991; Geyer and Thompson), (1995} [Tawn
and Roberts, 2019] approaches which consider a power-tempered target distribution, f5(z) o< [f(x)]?,
for some inverse temperature level 3 € (0,1]. As 8 — 0, fz approaches a uniform distribution over
the support of the target distribution. This essentially has the effect of flattening out the target
distribution by spreading out mass into the tails of the distribution and forming bridging mass
between modes [Tawn and Roberts| 2019], which means MCMC sampling is made much easier. In
such approaches, a wide range of inverse temperature levels are considered and MCMC is run on
an augmented space. As noted in we can take an alternative approach by constructing
a fusion problem by choosing a single inverse temperature 5 such that % € N* and Markov chain

sampling from fg(x) can mix well across the entire sample space and by noting
1
s
f@) o [ f5(). (5.13)
i=1
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In this setting, we simply sample from each of the power-tempered target distributions (which can
be done in parallel) and combine those samples to recover the target f. Here, we let C' = 4, and
sample from f.(z) = f %(x) for c=1,...,C (so B = %). Derivations of ¢Z and implementational

details for this example can be found in

We consider the computational cost of running [Algorithm [5.1.3] for simulating N = 10000 draws
from f using a range of different values of T in As with the previous example, we
observe the effect of choosing 7" on each of the acceptance probabilities in namely p"
increases as T increases while Q" gets smaller. Comparing the computational run-times in
to the run-times for the previous example in [Figure [5.2b] we can see that this example was

much more expensive. One reason is that we struggled to find a value for T" which resulted in good

acceptance rates for both steps in [Algorithm [5.1.3] As we have noted above, this is a common

issue for [Algorithm [5.1.3| and in the subsequent sections, we will see a number of alternative Fusion

methods which attempt to alleviate many of the computational problems that MCF faces while

still avoiding any approximations to the target f or the sub-posteriors f..
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(a) Acceptance probabilities. (b) Computational run-times.

Figure 5.5: Computational cost of Monte Carlo Fusion using different values for T with fixed C' = 4

in [Algorithm [5.1.3| as per the example in [Section [5.1.3.2

Kernel density curve estimation results for this example are given in We noted in
that CMC is exact if the sub-posteriors are Gaussian, but clearly in this case where
the sub-posteriors exhibit multi-modality, the method does not capture this structure well. The
KDEMC and WRS methods are performing better with the latter starting to capture the multi-
modality well but still exhibits bias in the samples. Since the MCF approach returns i.i.d. samples

from f, we can see that we are able to effectively recover the target distribution in this example.
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5.2 Bayesian Fusion

The Monte Carlo Fusion (MCF') approach of Dai et al. [2019] was the first general method in tack-
ling the fusion problem that avoided any approximation error in sampling from . However, as
we have seen and also pointed out in Dai et al.| [2021], the MCF approach faces a variety of com-
putational difficulties, such as scalability with respect to number of sub-posteriors to combine and
robustness to conflicting (or heterogeneous) sub-posteriors. The Bayesian Fusion (BF) approach
was developed by Dai et al. [2021] to alleviate some of these problems. In this section, we will

provide an overview of this approach from Dai et al. [2021].

5.2.1 Theory

One of the central ideas from the MCF approach |Dai et al., 2019] was that sampling from f in
(by means of sampling and evaluating functionals from sub-posterior densities f. for ¢ =1,...,C),
was possible by sampling from an extended target fusion measure on an extended state space, which
admitted f as a marginal. In particular, the MCF approach considered simulating C' stochastic
processes in such a way that they coalesce at a fixed time 7', and the marginal distribution at
the coalescence time T has the fusion density of . Sampling from this was achieved through
a rejection sampling algorithm. In the BF approach of Dai et al.|[2021], this is replaced with a
sequential Monte Carlo (SMC) scheme which steps through a sequence of distributions between the
initial proposal distribution to the target fusion density. The sequence of distributions is the joint
distribution of our C dependent stochastic processes at times between 0 and the coalescence time
T. The key contribution in Dai et al.|[2021] is the development of tractable dynamics for these C
stochastic processes which they term the proposal measure, denoted by P, which is then suitably
importance weighted to find the fusion measure F. We first define some notation and terminology

to define the Fusion measure.
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Let P denote the proposal measure given by the probability law induced by C' interacting d-
dimensional parallel continuous-time Markov processes in [0,7] where each process is given by
the stochastic differential equation (SDE),

X, — x
ax? = S di aw, x\9 =2~ f, teloT), (5.14)
where Wt(c) for ¢ = 1,...,C, are independent Brownian motions and X; = %20021 Xt(c). To
denote realisations from P, we use the notation X := {&,,t € [0,7T]}, where &, := :I:ELC) is the

Cd-dimensional vector of all processes at time t. The C processes interact through their average,
1 _ .

X; for t € [0,7] and most importantly, we have coalescence at time T, so Ty ce= ac(TC) = y.
The proof to show that the law of C independent Brownian motions initialised at the respective
sub-posteriors, a:(()c) ~ fefor c=1,...,C, and conditioned to coalesce at time T satisfies is
given in [Dai et al.| [2021, Appendix A] which uses Doob h-transforms |[Rogers and Williams, |2000),

Chapter IV, Section 6.39]. We will defer this proof for [Chapter [7|in [Part I} when we generalise and
develop the Bayesian Fusion methodology further (see [Theorem [7.1.1)).

Given the proposal measure P, Dai et al. [2021] define the Fusion measure, denoted F, as the

probability measure induced by the following Radon-Nikodym derivative,

C

dF b (= T (x©
TE ) o< b (@) - T [exp - ot (Xt ) atb |, (5.15)
c=1
where {Xt(c),t € [0,7T]} is a Brownian bridge from X(()c) = w(()c) ~ fe to X;C) = m(TC), o3 (x) is
defined in (5.6), and p§™(Z,) := pbm(azél), . ,a:éc)) from (5.8)). Dai et al.|]|2021] establish (through
the following theorem) that its possible sample from f by means of the T temporal marginal of F.

As with MCF (detailed in [Section [5.1)), the regularity conditions are imposed.

Theorem 5.2.1. [Dai et al.,|2021, Theorem 1]. Under|Condition|5.1.1 and|Condition|5.1.2, with

probability 1, we have that under the Fusion measure, F, the end points of the C' parallel processes

have a common value y := m(Tl) == a:g?) andy ~ f.

Proof. See Dai et al.|[2021, Appendix A]. This also follows directly from by setting
Ac=1;forceC:={1,...,C}. [ |

5.2.2 Methodology

Theorem [5.2.1] suggests that we can simulate from the fusion target density f in (1.1) by simu-
lating X ~ [F and retaining the 7' time marginal, y. Dai et al.| [2019] notes that although direct
simulation from F is not generally available, we could construct a rejection sampler for F' by means

of simulating proposals X ~ P and accepting them with probability proportional to the Radon-
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Nikodym derivative in . Since paths X ~ P are infinite dimensional random variables, we
cannot draw entire sample paths from P. However, we can simulate a finite dimensional subset
of the process at discrete time points without error. Consider the auxiliary temporal partition,
P ={to,t1,...,tn : 0 =1tg <t; <--- <tp:=T} and let Aj :=t; —t;_1. For notational simplicity,
we suppress subscripts when considering the processes at times given in the temporal partition (i.e.

(© (©

let ;" denote x, *, and let ; denote @, ). The following theorem tells us how to simulate from P

without discretisation error.

Theorem 5.2.2. [Dai et all (2021, Theorem 2] If X satisfies (5.14), then under the proposal

measure, P, we have

(a) For s <t,

—

()28 - :E) ~ New (Msvt, V&t) : (5.16)

T—1t t—s
S’Ct):T—smgC)JrT—s

a_:Sv (517)

and Vi = X ® Iy, where ® denotes the Kronecker product, and 3 € REXC given by

Ct=s)(T -t (t—s)? B
S A 0T L A

(t—s)?
C(T —s)

(5.18)

or each c =1,...,C, the distribution o ,8 < q <t} given endpoints Xs~' = xs’ an
b) For each c=1,...,C, the distrib F{x d x\9 =2\ and

Xt(c) = mgc) s a Brownian bridge, so

(c)

x(©) (wgc)’ mga) N, ((t —q)zs” + (g — 8)w§0)7 (t—q)(q— 3>]Id> ‘ (5.19)

u

t—s t—s

Proof. See Dai et al.|[2021, Appendix B]. This also follows directly from by setting
Ac=1I;forceC :={1,...,C}. [

Using and simplifying notation again by suppressing subscripts to set M = Mtj_l,tj

and V; := V;._, 4., the (nC + 1)d-dimensional density of the Markov processes at the (n + 1) time
marginals given by the temporal partition, P, under the proposal measure P (illustrated in

given by .
WS (g, @yy) x [] [fc (w[g))} I Vea (@’Mj,v;), (5.20)
c=1 j=1

where Ny(z|p, X) denotes the density of a d-dimensional Normal distribution (evaluated at ) with

mean p and covariance 3.
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Figure 5.7: Illustration of the (nC + 1)d-dimensional density (for d = 1) corresponding to a typical
realisation of X at the time marginals in P.

Simulating from h%/ can be achieved by first simulating w[()c) ~ f. independently for ¢ = 1,...,C,
and directly applying [[heorem [5.2.2] iteratively for each time point in P. For simplicity, we typ-
ically that we have access to independent realisations from each sub-posterior, but as [Dai et al.
[2021}, Section 3.6] notes, we may naturally only have sample approximations of each sub-posterior
obtained by another Monte Carlo scheme (for instance Markov chain Monte Carlo). We discuss

the impact of using approximate samples of each sub-posterior in [Section [5.2.3.1

By factorising the Fusion measure in ([5.15)) according to the time marginals given by the temporal
partition P, the (nC + 1)d-dimensional target density is given by

n
g (&, ... &, 1 y) < B (.. &, . y) - [] 05 (5.21)
j=0

where p™ := pbm(Z,) = pbm(mél), e ,méc)) from (5.8]), and for j =1,...,n,

exp{—/%j (¢g” (X}C)) —@’;m) dt}] € (0,1,  (5.22)

C

bm . bm (= = _

P = o (1, @) = [ [ Ew,.,
c=1 j—1

where for ¢ = 1,...,C, W;. is the law of a Brownian bridge {Xt(c),t € (tj—1,t;)} from Xy, | =
scgc_)l to Xy, = :cgc), #2 is defined in (5.6) and ®2™ > —oc is the constant such that for all x,
% () > ®Y" imposed by [Condition [5.1.2|

Following a similar approach to the MCF method in [Section [5.1] rather than simulating X ~ [,
we can simulate from the extended target density ¢®/ and consider the T time marginal to obtain
samples from the fusion density f. From , we can simulate from ¢®/ by means of rejection
sampling by proposing from the density h%/ and accepting the proposal with probability H?:o p?m.
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However, Dai et al. [2021] notes that a rejection sampler can be inefficient in this setting since
the acceptance probability in typically decays geometrically with increasing number of sub-
posteriors C', since each of the terms in the product is bounded by 1. An alternative approach
would be to construct an importance sampler (see whereby importance weights given
by H;L:o pé’-m are assigned to each proposal from h%/. However, this scheme would suffer from
similar inefficiencies as the rejection sampler but through the variance of the importance weights
instead. The main insight from the BF approach of Dai et al.| [2021] is that we can utilise
m to construct a SMC approach. A complication here is that whilst pgm is readily computable,
direct computation of pll’m, een pflm is not possible since this requires evaluation of path integrals
of functionals of Brownian motion. However, we can construct unbiased estimators for p?-m for
j=1,...,n, in a similar fashion as we did for Q"™ (5.9) with |[Algorithm [5.1.2|

Recall from |Section |4.2| and |Section |5.1|7 to find an unbiased estimator for p?m, we need to find upper

and lower bounds for ¢§l(X}C) ) for t € [tj_1,t;]. To achieve this in general, we can bound a sample

path X [(tc) ] W; ., and conditional on these layers/bounds of the sample path, we can find upper
J—12%7

and lower bounds of ¢% denoted U j(c) and Lg-c), respectively, such that ¢§l(Xt(C)) € [L§C), U ](C)] for

t € [tj—1,t;]. Here, let R.:= Rc(X},_, ¢,1) denote the compact region in which Xt(c) is constrained

in time [tj_1,t;]. We can use Bessel layers (4.25)), for instance, to construct partitions of the space

of W;. into disjoint layers and simulate a layer R. ~ R, using [Algorithm {.2.4] As discussed
in [Section |4.2.2] it is then possible to further simulate the path at any required time marginals
conditional on the simulated layer, Xt(c) ~ W, .|R. as per |A1gorithm |4.2.5l Let

C A";c . e—U)((C>A] Ke

=11 ol R 11 (U;((c) — ¢ (Xé)k)) : (5.23)

c=1 ke=1

for j = 1,...,n, where k. in (5.23) denotes a non-negative, integer-valued, random variable with
probabilities conditional on R., denoted by p(:|R.) and {&c1,...,&ck.} ~ U[tj—1,t;]. To find an

unbiased estimator of p?m for j =1,...,n, we establish the following theorem.

Theorem 5.2.3. [Dai et al, |2021, Theorem 3]. Let aj = exp{ZCC:1 BUMA;Y, then for every

7=1,...,n, aj[)?m is an unbiased estimator of p?m. In particular, we have

i = ExEgrExEg [%’ﬁ?m] : (5.24)

where expectation subscripts denote the law with which they are taking; R denotes the law of { R, ~
Reic=1,...,C}, W denotes the law of the C Brownian bridges {W;.:c=1,...,C}, K denotes

the law of {k.:c=1,...,C} and U denotes the law of {c1,.. ., cn. :c=1,...,C} %ll/{[tj,l,tj].

Proof. See Dai et al.|[2021, Appendix B]. This also follows directly from by setting
Ac=1IzforceC:={1,...,C}. |
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The problem of choosing an appropriate p(k.|R.) is discussed in and the two choices
we consider throughout this thesis are the GPE-1 and GPE-2 estimators:

Definition 5.2.1. (GPE-1 for p?m (5.22])): Choosing the law of k. ~ Poi((U;C) - Lg-c))Aj) for

c=1,...,C, leads to the following estimator:

~bm,(a) (&_1,&;) = |CI LA ﬁ o ( e kc) (5.25)
Pj J=15) L ’ .
j

c=1 k=1 U](-C) -

where exp{zgzl DUmA Y- ﬁ?m’(a) is an unbiased estimator for pg’-m

Definition 5.2.2. (GPE-2 for p?m (5.22)): Choosing the law of k. ~ NB(y,, ;) for ¢ =1,...,C,

with
c t- — S ) S—ti1
= A / <m J + zl . ]> ds, (5.26)
) A ! A

J

leads to the following estimator:

C Ke 5c+'€c Ke
_bm,(b) [ = . _ A A% F(/Bc) : (Bc + '70) c c
Pj ()(wj—l"’") = H et Be e ' H [U]( ) — o (Xf()k)] '
c=1 F(Bc + Hc) c Ve ko—=1
(5.27)
where exp{3¢ o PImAGY - me( ) is an unbiased estimator for p;’-m

In MCF [Dai et al| [2019] (see [Section [5.1)), a Poisson distribution (GPE-1) was used for the
distribution of k. for ¢ =1, ..., C, since this lead to a positive, bounded unbiased estimator, which
is required for a rejection sampler. However, as we noted above, a key development in BF was to
replace the rejection sampler with a SMC scheme. This motivates the use of GPE-2 since it has
been shown empirically to outperform GPE-1 in terms of having a lower variance [Fearnhead et al.,
2010, Section 5|. Dai et al|[2021], Section 3.5] also showed empirically that GPE-2 outperforms
GPE-1 with a number of simulation studies. A summary of the full construction of can

be found in Dai et al. [2021, Appendix B], but it is essentially a combination of arguments and
algorithms that are presented in |Chapter E We can simulate ﬁ;’-m as per |A1gorithm |5.2.1l

Algorithm 5.2.1 Simulating p; p'm (5.23) [Dai et al., 2021, Algorithm 4].
1. Fore=1,...,C,
(a) R Simulate R. ~ R as per [Algorithm [4.2.4}
(b) L U, Compute lower and upper bounds, LS- ) and U , of ¢d(x) for x € R,.
(¢) pe: Choose p(-|R.) using either GPE-1 (Condition [5.2. 1[) or GPE—2 (Condition [5.2.2)).
(d) ke, &: Simulate k. ~ p(-|R.), and simulate &c1, ..., &, ~ Ut;—1,15].

(e) X(©: Simulate Xg(c) .
c,1

2. Output ﬁbm ) (5.23)).

. Xéf)m ~ W.|R. as per [Algorithm 4.2.5
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Given unbiased estimators for pg’-m for each j = 1,...,n, then it is possible to implement a SMC
algorithm for sampling from from the extended target ¢®/ in (5.21]) with proposal h%/ in (5.20)).

This algorithm is termed Bayesian Fusion and is presented in [Algorithm [5.2.2]

The algorithm is initialised by simulating N particles from the time 0 marginal of h%/ (5.20)),

denoted {"Eo,i}i]il (recalling that Z,; = a:&lfc), where m(()cl) ~ fo for ¢ = 1,...,C). Each particle
is then assigned an un-normalised importance weight w{)’i = pgm(:i:’()’i) for i = 1,...,N and this

initial particle set can be used to approximate the time 0 marginal of ¢g®/. The particles are then
iteratively propagated n times using and the weights are updated by a factor of
ajﬁgm(a_c’jfu, ﬁj’i) fori=1,..., N at each iteration j = 1,...,n. The weighted particle set obtained
at the final nth iteration of the algorithm gives an approximation of the time 7' marginal of g/,
which as noted above can be used as an approximation to the target fusion density f (established in
. At the end of each iteration, the importance weights are normalised. As such, we
can adopt the common approach for monitoring and combating weight degeneracy (see [Section [3.2
and by computing an estimate of the effective sample size (ESS) (given in ) and
introduce resampling steps if the estimated ESS falls below a user-specified threshold. Also note
that the normalisation of the importance weights removes the contributions from <I>ll’m, ey @%m
from ajﬁg?m(:&’j_17,,a§'j7,), since a; is a common constant which is cancelled out in normalisation.

As such, it is possible to avoid the computation of ®%" for all ¢ = 1,...,C, and we only need to

evaluate ﬁ?m as per |A1gorithm |5.2.1l

Algorithm 5.2.2 Bayesian Fusion [Dai et al. 2021, Algorithm 1].
1. Initialisation (j = 0):
(a) Input: Sub-posteriors fi, ..., fc, number of particles N, time horizon T', and temporal
partition P := {to,t1,...,tn: 0:=1tg <t; < - <t,:=T}.
(b) Foriin 1 to N,
i. &,.: Forc=1 C, simulate 29 ~ fe- Set &, . := 2 HE)
- Lo =Lt 0,i c: 0= Loi -
ii. Compute un-normalised weight wy, ; := pom (%) as per (5.8).
(¢) wo,: For i in 1 to N, compute normalised weight wo; = wy ;/ SN W -
(d) gbY: Set g/ (d®) :== S°N | wo,; - 0, ,(d).
2. Iterative updates. For j =1,... n:

-1
(a) Resample: If the ESS := (Zf\il w?_u) breaches the lower user-specified threshold,

1
N

then for i =1,..., N, resample fj—u ~ gjv_l and set wj_1,; =
(b) Foriin 1 to N,
1. &;,;: Simulate &, ; ~ Ny (Mj,i’ V}) as per [Theorem [5.2.2

.o Vi . . . / . i . ~bm — — .
i wy Compute un-normalised weight Wi, = Wj—1,ip; (:I:jflyi, x“) as per|Algorithm|

(c) wj;: For i in 1 to N, compute normalised weight w;; = w(’)ﬂ-/ Z]k,\[:l w;k
- N -
(d) ng: Set gjv(dzz:j) = il Wy 5:Ejyi(d$j)-

.+ Where Fdy) == 3N wni - 6y, (dy) ~ f(dy).

N
3. Output: {:I:OJ,...,asn_u,yi,wn,i}
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5.2.3 Implementational guidance for Bayesian Fusion

One of the key reasons why BF can be applied to a wider range of applications (when compared to
MCF) is that there is more flexibility in the hyperparameters. As noted in with MCF
(Algorithm [5.1.3)), if 7" is chosen to be small, then the first accept/reject acceptance probability,

PP, is smaller, while the second acceptance probability Q"™ is larger. For larger values of T, the

opposite is true. A key drawback with the MCF approach is that in many practical settings, it is
difficult to choose a value of T" which leads to sufficiently large acceptance probabilities. For many
practical problems, it is unrealistic to be able to find the optimal tuning parameter easily and even
if the optimal T is found, it is likely that the acceptance probabilities p™ and Q"™ are very small.
In contrast, BF introduces a temporal partition of time 7', denoted P. This means that to achieve
a good initialisation of the algorithm, we have the flexibility to make 7" sufficiently large such that
the initial importance weights {pgf?}i]\il have low variance. Further, to ensure that the subsequent
iterative steps of the algorithm are stable and the incremental importance weights {ﬁ?’f}f\il have
low variance, we can simply impose a finer temporal mesh in P. Of course, this comes at the cost
of increasing the number of iterations in the algorithm, n, but this ultimately results in a more

scalable and robust approach over the MCF approach of |Dai et al.| [2019].

It is clear to see that the efficiency of [Algorithm [5.2.2| depends on the user-specified time T > 0 and

the temporal partition P. |Dai et al.| [2021, Section 3.1-3.2] provides guidance on selecting these
hyperparameters along with additional practical guidance on implementation. However, we will not
discuss the guidance for selecting 7" and P for the BF approach provided in|Dai et al.| [2021} Section
3.1-3.2] since in we will develop a Generalised Bayesian Fusion (GBF) approach which
admits the BF as a special case. We subsequently further develop the implementational guidance
for the GBF approach (see which can be applied to the BF setting too.

The main motivation in the development of the BF approach was to develop a practical SMC
approach for inference in the fusion problem (i.e. providing a sample approximation for (1.1))).
The methodology discussed in [Section [5.2] attempts to improve on the scalability of the MCF
approach (see by helping to alleviate the problems of robustness with regards to
number of sub-posteriors and sub-posterior heterogeneity. However, as Dai et al. [2021, Section

3.6-3.7] notes, there could be applications of Fusion which come with several additional problem-

specific constraints that require some modification of [Algorithm [5.2.2] For example, as noted in
the development of approximate methods for the fusion problem have typically been

motivated by developing methodology for performing Bayesian inference with large datasets. In this

setting, latency in communication between cores may be of particular concern [Scott et al., [2016}
Dai et al., 2021]. Furthermore, we may also have the problem where there is a large amount of data
associated to each of the individual sub-posteriors, so it may not be computationally efficient to
evaluate certain quantities in|[Algorithm [5.2.2| (such as computing the weights in which
would need to be modified appropriately. In this section, we will summarise several modifications
of the BF methodology proposed by [Dai et al.|[2021, Section 3.6-3.7].
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5.2.3.1 Using approximate samples from the sub-posteriors

The Fusion methodologies typically assume that we have access to independent realisations from
each sub-posterior, however in many cases we will not be able to simulate i.i.d. draws from each
sub-posterior. More realistically, we may only have sample approximations of each sub-posterior
obtained by another Monte Carlo scheme (for instance Markov chain Monte Carlo). Dai et al.
[2021, Section 3.6] analyses the impact of using approximate sub-posteriors by denoting 1. the cth
normalised sub-posterior density and ng) denote the approximation of 1. using a Monte Carlo
— 0as N — oo and

sample of size N. Here, we naturally assume that Hz/zc(zc(c)) - w,EN) (w(c))’

Dai et al.|[2021, Theorem 6] show that by substituting 1/1((;N) for . in |Alg0rithm |5.2.2| for large
enough N, this would still output y arbitrarily close to the target fusion density f. For notational

simplicity, [Dai et al.| [2021] take n = 1 and notes that in this setting, we simulate &, and y from

C
g (&, y) < ] [w@ (-’Eéc))} Ny (Mla Vl) g™ - o (5.28)
c=1
whilst noting that for general values of n, the proof is similar.

Theorem 5.2.4. [Dai et al., 2021, Theorem 6]. Suppose for e > 0, there exists a Ny such that for

N > Ny,
() - 580 e <

forallc=1,...,C. Then for any *, we can find a N' such that when N > N’, we have

1] (#Gow - @0 w) ay

d&; <e*.

Proof. See |Dai et al.|[2021, Appendix F]. |

If w((;N) forc=1,...,C, are obtained by some Monte Carlo approach (e.g. MCMC), then some care
must be taken if the approximate sub-posterior samples are serially correlated. Dai et al. [2021],
Section 3.6] notes that analysing theoretically the impact of such approximations is challenging,
but in practice, one could thin the MCMC output for each sub-posterior, or randomly sample from
the MCMC trajectories when initialising the particle set in |[Algorithm [5.2.2[ Step [1(b)il

5.2.3.2 Reducing communication between the cores

Dai et al.| [2021} Section 3.7.1-3.7.2] identified two steps in |[Algorithm [5.2.2)in which communication
between cores could be reduced; during initialisation of the particle set (in [Step [1b)) and when

propagating the particle set in the iterative steps of the algorithm (in [Step [2(b)1).

In the initialisation of the particle set, we first compose particles {&; := :c((fi:c) N | in|Step [1(b)i

(c)

where x;; ~ f. for ¢ = 1,...,C. Composing {fo,i}ﬁ\; requires communications between the
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cores, and there is a further communication back to the cores for the computation of the proposal
importance weight pf™ (&, ) in (since the mean &p; must be sent back to the individual
machines). Lastly, there is a third communication between the cores to compute pgm(a_:’o’_) since
it can be trivially decomposed into a product of C' terms corresponding to the contribution from
each core separately. To reduce the amount of communication between the cores, Dai et al.| [2021,
Section 3.7.1] suggest to choose 0 € R? to be a weighted average of approximate modes of each sub-
posterior (which can be preformed in a single pre-processing step) and then modify the proposal

distribution for the initial draw to be from
7 (. B H B . (c)
fe <a:0 ) X exp 5T fe (wo ) . (5.29)

We must compensate for this modification by replacing the importance weight pgm(-) with

~112
CHCE()—H

2T ’

~bm

00" = exp (5.30)

where &g = & Zle a:éc). We can see that

C C
@) TL () o @) T (o).

c=1 c=1
and since we re-normalise the weights, this removes the need to compute the constant of pro-
portionality for [)gm. This modification by Dai et al.| [2021] results in an approach whereby we
can sample from fc on each core in isolation (using a rejection sampler with f. as the proposal
density). More critically, the evaluation of the modified importance weights @8’” does not require
any further communication between the cores (since the computation can be done at the central
server). This means that we have removed two of the three communications required in the original

formulation of the initialisation of the Bayesian Fusion algorithm. However, this approach does re-

quire a communication to compute 6. This modified initialisation is summarised in |Algorithm[5.2.3]

Algorithm 5.2.3 Particle set initialisation modification (to replace [Algorithm|5.2.2]Step|1b)). [Dai
et al., 2021, Algorithm 2].

1(b) For i in 1 to N,
(i) &y, Fore=1,...,C, simulate a:écz ~ f. (5.29). Set Ty, = :1:8150).
(ii) Compute un-normalised weight wy ; 1= aom (%, ;) as per (5.30).

We now focus our attention on the iterative propagation of the particle set in [Algorithm [5.2.2] Step]|
2(b)il For this step, we must compute M ;= Mtj_ .t; as per (5.17), which requires a communication
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between the cores since it requires the position of every trajectory over all cores. Furthermore, after
propagating the particle set, there is a second communication to compute the updated importance
weights of the particle set. Instead, Dai et al.|[2021, Section 3.7.2] suggest an alternative approach

—

where each of the C' parallel processes propagate their own individual particles to compose x;,

which can be achieved by exploiting [Corollary |[5.2.1}

Corollary 5.2.1. [Dai et al., 2021, Corollary 2]. Simulating Z; ~ Ny (]\%,V}), the required
transition from &;_y to &; in|Algorithm|[5.2.2 Step|2(b)4, can be expressed as

1
A2 2 Tt \2
(e) _ J , J (c) (c)
z _<C(th1)> §]+<th1> '+ M, (5.31)

where §;, m; are standard Gaussian vectors and MJ(C) is the cth sub-vector of Mj = Mt Lt (15.17).

J

Proof. See Dai et al.|[2021, Appendix D]. This also follows directly from |[Corollary [7.3.2 by setting
Ac=1I forceC:={1,...,C}. |

Dai et al|[2021] notes that the interaction between the trajectories only occurs through the mean
of the trajectories at the previous iteration. Computation of &;_1 can be computed at the previous
iteration at the same time the trajectory positions are communicated to compute the updated
importance weight. Furthermore, the common Gaussian vector §; can also be simulated at the
previous iteration and communicated at the same time. This results in an approach where each
of the C' parallel cores can update the individual components of ;i:’j and consequently removes
an unnecessary additional communication between the cores. In particular, the trajectories can
be propagated separately using the mean of the trajectories which is computed at the previous
iteration. To summarise, we can modify by substituting in [Algorithm |5.2.4]

Algorithm 5.2.4 Particle set propagation modification (to replace [Algorithm |5.2.2 Step [2(b)1).
[Dai et al., 2021}, Algorithm 3].
2(b)i.

(A) For ¢ =1,...,C, simulate x§?i)](céj_17i, a:;c_)l’l-) in (5.31).

©
Ji-

(B) Set &, := wg-’li:c), compute &;; == & Y@

5.2.3.3 Alternative methods for updating the particle set weights

So far, we have assumed that we have been able to compute functionals of each sub-posterior f. for
c=1,...,C, but in many settings it may be impractical or infeasible to do so. This may be due to
some form of intractability of the sub-posteriors (e.g. settings considered in |Andrieu and Roberts
[2009]), or its evaluation may be simply too computationally expensive which could be the case in
large data settings [Pollock et al., [2020; |Bouchard-Coté et al., 2018} [Bierkens et al., |2019; Dai et al.)
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2021). In such scenarios, we no longer are able to evaluate ¢ which is necessary to update the
particle weights in the iterative steps of the BF algorithm. However, |Dai et al. [2021, Section 3.7.3]

note that it is possible to consider a suitable unbiased estimator for ¢ and subsequently replacing
the unbiased estimator ﬁ;’-m in 2(b)ii This idea is summarised in the following corollary:

Corollary 5.2.2. [Dai et all, |2021, Corollary 3] The estimator
C A;c . e*U)((C)A] KRe

@) =N Sy (V- (x)) ) e

where (;;f:” is an unbiased estimator of ¥ and U]@ is a constant such that g?)fl(m) < U](C) forx € R..

Proof. This follows directly from [Theorem [5.2.3 |

The estimator @?m in|Corollary can therefore be used as a direct substitute for ﬁ?m in|Algorithm

|5.2.2| Step |2(b)iil Dai et al.| [2021] highlight that there is a penalty for introducing @?m as it typically

increases the variance of the estimator, which will result in higher variance in the particle set weights

in the BF algorithm. However, as noted, introducing an alternative unbiased estimator may be

necessary to apply the BF approach to some settings.

As an example (following the example provided in |Dai et al. [2021, Appendix E]), an important
application of the Fusion methodology is to perform Bayesian inference with large datasets (see
for example [Section [1.2]). In such scenarios, we will have a large number of data points associated

to each sub-posterior. For instance, suppose we have m. > 1 data points for core ¢ = 1,...,C,

then computing ¢ in (5.6) is an expensive O(m,.) operation. To utilise Corollary [5.2.2) we simply

need to find a suitable unbiased estimator for d)gl, which in many settings, will be simple since qbg”
is linear in terms terms of Vlog f.(x) and Alog f.(x). In particular, consider the case where the

sub-posteriors admit a structure with conditional independence and can be factorised as follows:
me
fe(@) o [ [ lie(). (5.33)
i=1

This assumption of this factorisation is fairly weak and many classes of models exhibits such a
conditional independence structure [Pollock et al., 2020]. Since ¢& is linear in terms of V logl; ()
and Alogl; .(x), then we can use the following naive unbiased estimator for ¢& [Dai et al., 2021}
Appendix EJ:

¢ (z) = % [(Vioglre(z))T(Vioglye(z)) + Aloglr ()], (5.34)
where I, J i U{1,...,m.}. The advantage of using such an estimator is that evaluating this
estimator has O(1) cost. However, a caveat is that when applying we must consider

the expected number of functional evaluations in computing the unbiased estimator. In particular,
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by using [Corollary [5.2.2) the number of expected functional evaluations will change from K to K’

and so we must consider the growth in the ratio K'/K as m. — oo. [Dai et al. [2019] notes that
whilst ([5.34) has O(1) cost to evaluate, this comes at the cost of an O(m.) inflation in the expected
number of function evaluations, effectively cancelling any benefit of using ([5.34)).

However, it is possible to apply the approach of [Pollock et al.| [2020] to develop an O(1) unbiased
estimator ¢ which also has a O(1) scaling of the ratio K’/K. In particular, Pollock et al.| [2020,
Section 4] propose using control variates for each sub-posterior and compute V log f. and Alog f.
at points close to the mode of the sub—posterilor, Z., or a point close to the mode of the target
posterior & (where ‘close’ means within O(m, ?) of the true respective modes). Note that the use
of such control variates within subsampling schemes have also been proposed with great success
in a number of other works, for instance |Bouchard-Coté et al.|[2018]; Bierkens et al.| [2019]; Baker
et al|[2019]. Computing these control variates will typically be one-time O(m.) computations.
Now let

arc(x) :==n- [Vleglc(x) — Vioglr(x*)], (5.35)

then since log fe(x) = > " logl; .(x) in this setting, we have
Ealarc(x)] = ac(x), Eqldiv arc(z)] = div ac(x), (5.36)

where a.(x) := Vlog f.(x) — Vlog f.(x*) and A is the law of I ~ U{1,...,n}. By noting that
% (x) in (5.6) can be re-expressed as

o%(x) = % [ae(2)T(2V log fo(x*) + ac(z)) + div ac(z)] + C*, (5.37)

where C* := 1 <||V log fo(x*)||> + Alog fc(ac*)), then this leads to the following unbiased estimator
for ¢

F (@) 1= g lor @) 2V 108 ful®) + ase(@) + div ar(@)] +C, (5.35)

where I,J Py Uu{l,...,me}, ie. if now we let A be the law of I,J Py Uu{l1,...,me}, we have

Eq|[6(@)| = ¢(a).

The evaluations of the constants ||V log f.(z*)||?, Alog f.(x*) are of O(m,) cost, but they only
need to be computed once and performed in parallel. [Pollock et al. [2020, Theorem 3] showed
that under mild assumptions, and in the setting where sub-posteriors contract at the rate m. %,
then K’/K grows with data size like O(1). The unbiased estimator ¢.(z) uses only double draws
from {1,...,m.}, although |Pollock et al.| [2020] notes that it would be possible to replace this
by averaging over multiple draws (sampling from {1,...,m.} with replacement) which could have
advantages of reducing the variance of the estimator at the cost of increasing the number of data

points to evaluate at.
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Part 11

Methodology
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Chapter 6

Divide-and-Conquer (eneralised
Monte Carlo Fusion

We have seen in [Section [1.2] and [Chapter [5| that the Fusion approach to combine (sample approx-

imations of) probability distributions via is to construct a direct sample approximation of
f itself, rather than seeking to obtain an ad hoc approximation to f. The Monte Carlo Fusion
(MCF) approach of Dai et al.| [2019] (outlined in is a rejection sampling (see
approach to sample f, and so returns i.i.d. draws from f. The benefit of such approach is that
it is readily parallelisable and is exact (in the sense that it avoids any form of approximation error
besides Monte Carlo error). However, there are significant limitations with MCF; namely it strug-
gles in certain scenarios such as unifying sub-posteriors which exhibit strong correlation structure,
or sub-posteriors which conflict with one another (i.e. sub-posteriors which have little common
support), and the approach suffers from a lack of robustness with unifying increasing numbers of
sub-posteriors. These limitations are discussed more fully in

In this chapter, we aim to alleviate some of these issues and begin by reformulating the the-
ory underpinning the MCF approach, and introduce a Generalised Monte Carlo Fusion (GMCF)
algorithm which is based upon importance sampling (see (as opposed to rejection
sampling) and exploits readily available global information about each sub-posterior. The result-
ing GMCF methodology has far greater robustness to increasing sub-posterior correlation. We
next embed our GMCF methodology within a divide-and-conquer paradigm by combining the
sub-posteriors in stages to recover the correct fusion density f , in an approach we term
Divide-and-Conguer Generalised Monte Carlo Fusion (D&C-GMCF). We do this by appealing to
the Divide-and-Conquer Sequential Monte Carlo (D&C-SMC) approach of Lindsten et al.| [2017]
(which we described in , and so as a consequence we are able to take advantage of
much of what is known about SMC and this particular variant thereof. The D&C-GMCF approach

addresses both the robustness of Fusion approaches with respect to increasing numbers of sub-
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posteriors and by means of tempering methodology, provides a possible resolution to conflicting

sub-posteriors. This is shown empirically by means of both illustrative and realistic benchmarks.

The remainder of this chapter is organised as follows: in [Section [6.1] and [Algorithm [6.1.2] we

present our GMCF approach. In [Section[6.2] we embed our Fusion approach within a divide-and-
conquer paradigm, and by introducing a D&C-SMC algorithm, address the robustness of Fusion
with increasing numbers of sub-posteriors; the use of tree diagrams/graphs (see for instance Figures
6.2)) illustrate how the sub-posteriors can be combined in stages in a flexible problem-specific

manner. We present illustrative examples to study the robustness of our methodology applied to

various scenarios in [Section [6.3] In [Section [6.4] we present some applications of our methodology

and study the performance of our approach in comparison to competing approximate methodologies
for combining sub-posterior samples which were outlined We note that the content
of this chapter appears in (Chan et al. [2021].

6.1 A generalisation of Monte Carlo Fusion

As noted in the introduction of this chapter, we will subsequently embed our Fusion approach
within a divide-and-conquer framework whereby sub-posteriors are combined in stages to recover
our target fusion density f . As such, we introduce an index set, denoted by C, representing
the sub-posteriors we want to unify. The key observation in the Fusion approach (first proposed in
Dai et al.| [2019]) is that if we wish to sample from the density f(©)(z) o [T.cc fo(x), where € R?

and f.(x) for ¢ € C, then this is simply a marginal of a density on an extended state space (gc

given in [Proposition |6.1.1]). For the purposes of simplifying the notation in [Proposition [6.1.1} we
denote by #© e RI€Ixd 3 vector composed of {x(c)}cec e R? (so £©) = (xl) ... ,a:(clc\)), with

¢; denoting the ith element of the index set C). Although not required for [Proposition [6.1.1{ in

the subsequent methodology we develop (in common with Dai et al| [2019]), we assume that for
each c=1,...,C, we can evaluate f, pointwise (up to its normalising constant), f. is nowhere zero
and everywhere differentiable, and that we can compute A.(z) := log f.(z), VA.(x), and V?A.(x)

pointwise (where V is the gradient operator and V? is the Hessian). However, we note that this is

not a limiting factor of the Fusion methodology (as we have seen in [Section [5.2.3.3]).

Proposition 6.1.1. Let C := (cl,...,c|c|) denote the index set representing the sub-posteriors
we wish to unify and suppose that p. is the transition density of a Markov chain on R® with
a stationary probability density proportional to f2. Then the (|C| + 1)d-dimensional probability

density proportional to the integrable function

e (29,4 = ] [fg (29) - pe (9 ]2©) - f(yl(c))} , 6.1)

ceC

admits marginal density f(c) X [Ieee fe for y(c) € R%.
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Proof. Following the same approach as in [Proposition |5.1.1, by integrating out € we have

/Rd.../Rd . (£<c>’y<c>) da(@) .. dzlee) = | [/}Rd /2 (mu)) P (y«:)’m(c)) f(;@) dm(c)]

ceC

ceC fc (y(C))
- H f ©)) = f(C) y(C) (6.2)
15 (5) = 1 (5°)
Hence, y(©) has marginal density f©). |

Dai et al.| [2019 Proposition 2] (see [Proposition [5.1.1)) exploited [Proposition [6.1.1| by noting that if
C :={1,...,C}, then we recover the target fusion density f . In the theory we develop in this
section, we consider the abstraction to more general index sets, as this facilitates the divide-and-
conquer approach we introduce in Since ge¢ will not typically be accessible directly,
Dai et al.| [2019] proposed sampling from g¢ (with C := {1,...,C}) by constructing a suitable

(|C|+1)d-dimensional proposal density, he, for use within a rejection sampling algorithm (outlined in

|Algorithm [5.1.3), and then simply retaining the y© marginal of any accepted draw as a realisation

of f(©). Dai et al.|[2019] showed that if p, in[Proposition|6.1.1|was chosen to be the transition density

of a constant volatility Langevin diffusion for time T > 0 with invariant measure f2 for each
¢ € C respectively, then for a (easily accessible) proposal h¢ constructed by sampling a single draw
from each sub-posterior (m(c) ~ fe for ¢ € C), and a single Gaussian random variable parameterised
by the sub-posterior realisations (corresponding to the y(c)—marginal), the acceptance probability
was readily computable. The full details of the MCF approach are provided in [Section [5.1.1

As noted earlier, one of the principle shortcomings of the rejection sampling MCF approach of [Dai
et al. [2019] is its lack of robustness with increasing sub-posterior correlation. In this section, we
develop theory and methodology to improve upon MCF (even in the setting where C := {1,...,C}),
by providing a principled way to weight the contribution from each sub-posterior in the construction
of the proposal h¢, and then embed the approach in more robust Monte Carlo methodologies (such
as importance sampling (see and sequential Monte Carlo (see ) Having the
flexibility to weight the contribution from each sub-posterior allows us to incorporate within the
algorithm global information for each sub-posterior which will often be readily obtainable, such as

information about sub-posterior means or covariance structures (&, and 3. for ¢ € C respectively).

6.1.1 Theory

Although MCEF is a rejection sampler and outputs independent realisations from ({1.1]), the compu-
tational efficiency of the approach is limited by the quality of the proposal used. The construction
of the proposal suggested by |Dai et al. [2019] (which is given in (5.5))) closely matches the extended

target when each sub-posterior has a covariance structure which is approximately a scaled iden-
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tity (i.e. . ~ (1/T)Iy for ¢ € C and user chosen constant T > 0). However, there is a lack of
robustness in the approach (in the sense that the acceptance probabilities rapidly degrade) when
the sub-posteriors have non-identity covariance structure. In this section, our aim is to improve

the quality of the proposal to address this lack of robustness.

As we assume we are able to simulate directly from each sub-posterior (¢ ~ f, for ¢ € C, it is possi-
ble to alter the proposal of|Dai et al. [2019] via the manner in which the |C| sub-posterior realisations
paramaterise the Gaussian random variable corresponding to the proposed y(€)-marginal. Recall
from the proposal for the y(©)-marginal in the MCF was simulated from Na(, %]Id)
where & denotes the simple average of sub-posterior average. A natural choice for the proposal
parameterisation would be one which incorporated global information for each sub-posterior, e.g.
using estimated sub-posterior covariance matrices. In particular, we propose the proposal density
for g¢ to be proportional to the following function (where we let A. be the user-specified

matrices associated with sub-posterior f. for ¢ € C):

he (£(C),y(0)> — H [fc <x(c)>} . exp {_ (y©) — @(C))T_,;;—l(y(c) — z(9)) } , (6.3)
ceC

where

-1
&) = <ZAC_1> (ZAglx@) ;A=) A (6.4)

ceC ceC ceC
Simulating from the proposal h¢ in is possible by first simulating a single draw from each
sub-posterior (which are assumed to be accessible) to obtain {#(®}.cc. These draws are then
used to compute the weighted average (©), and then simulate y(©) ~ N} (:fc(c), TAC) as per .
This proposal for y(c) is a Gaussian perturbation of the approach suggested in Consensus Monte
Carlo (CMC) method [Scott et al., 2016] (see for combining sub-posterior draws
(namely £(©)), on a scale commensurate with that of the posterior (modulated by a user-specified

parameter T). Now considering the choice of the |C| stochastic processes on R? with stationary

densities proportional to f2 for ¢ € C (as required in|[Proposition|6.1.1]), we similarly want to exploit

the availability of global sub-posterior information. As such, we choose p. in [Proposition [6.1.1] to

be the transition density over [0,7] of the following stochastic differential equation:

1
dx9 = A Vlog f. (Xt(C)) dt+ A2 dW, X9 = 2@ teo,1, (6.5)

1

where in this case A, can be interpreted as a preconditioning matrix with AZ being the (positive
11

semi-definite) square root of A, where A2 AZ = A, and Wt(c) is a d-dimensional Brownian motion.

Note that for the purposes of our numerical simulations we used the Schur decomposition.

Having constructed a more informative proposal h¢, we now require an expression for the ratio of

the target to proposal densities.
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Proposition 6.1.2. Letting p. (y(c)]a:(c)) be the transition density of the diffusion given in (6.5)

we have © ()
9c(, y') 0\ ., (20 ,©
hc(@(C),y(a)o"’O(“’ )pl (“" Y )
where
2(0) _ 5OV TA=1(5©) _ 2
) ._ (@ z')TA; (T z'\“)
po("’ ) eXp{ > 2T :
ceC
T
o1 (9,4 ) =[] Bw,, [exp {— /0 o (X17) dt}] :
ceC
and .
Pe(T) = 3 (Vlog fe(z)TAV 1og fo(x) + Tr(AcV log fo(x)))

where Tr(-) denotes the trace of a matriz, and Wp, denotes the law of a Brownian bridge {Xt(c

[0,T7} with X(gc) = (9, erpc) = y© and covariance matriz A..

(6.9)

) te

Proof. Let p. (y(c) |m(0)) be the transition density of a Langevin diffusion with covariance matrix
A, and invariant measure f2 in the interval [0, 7] (as given in (6.5))). From the Dacunha-Castelle
representation [Dacunha-Castelle and Florens-Zmirou, 1986, Lemma 1] (see [Section [4.3.4)), we have

© ©) _ (@)A1 (y(©) _ 2(©
@] fey'"™) (v z'9)TA (y z'\“)
pe (v )“fc(w@) eXp{ 2T

< Ew,. [exp {_ / " e (x19) dtH .

The extended fusion target density of (6.1)) is proportional to the integrable function

©€) _ —1(4)(€) _ £(9)
s = T [1 (5] s { - 30 @m0 e

2T
ceC ceC

Tl e {~ [ 0. (xi)ar}].

ceC

We have

> (y(© — 2@ TA= (y© _ 5(0) > (y(© — ZO)TA=L(y© — FO)

2T 2T
ceC ceC

N Z (y(C) — j(c))TAc—l(j(C) — m(c)) N Z (53(0) — m(C))TA—l(j(C) — m(c))‘
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We can simplify this further considering the middle term and by noting

> (y© — O)TAL(FO) _ 2(0)

T
ceC

> YO (AZ1EO) — A=1(0) — 2OT(A=150) _ A=15(0)

- (6.10)

ceC

Recalling £(©) = (X eee Ac_l)_1 (X eee Ac_lm(c)) and noting that (3
we can see that (6.10]) cancels to 0.

ccc M) €)= D cec At

Now, considering the proposal density he given by (6.3)), the ratio of gc and h¢ is given by,

(€) 4©) 7(C) _ p(NTA—L(5(C) _ 5(0)
@y ) |~ @O AL al)
he (aj(c) , y(c)) g 2T

1 Ewa, [exp {— /0 Coo(x09) dt}] ,

ceC

8

and so defining pp and p; as in the statement of [Proposition [6.1.2] we arrive at the result. [

6.1.2 Methodology

It would be possible to develop Monte Carlo methodology based directly upon Propositions [6.1.1

6.1.2| provided we could simulate from h¢ and compute the quantities pg and p;. Viewed from an

importance sampling perspective (see [Section [2.3)), [Proposition [6.1.2] allows us to use py and p; as

importance weights. The quantity pg in in essence penalises proposals based on the distance
the weighted average of the sub-posterior draws are from one another, whereas p; penalises how far
the proposal y(©) is from each sub-posterior draw under the corresponding sub-posterior. Consider-
ing the un-normalised importance weight, the computation of pg is direct, whereas computing p; in
(6.8) is not direct as it involves the evaluation of path integrals of functionals of Brownian bridges.
As we have seen in this is the key complication in implementing Fusion methodologies.

We have seen that it is possible to unbiasedly estimate quantities similar to p; by application of the
path-space rejection sampling methodology introduced in [Section [4.4} in particular, we utilise the
Poisson estimators discussed in to simulate positive unbiased estimators for functions
of the form exp{— fOT (;Sc(Xt(C)) dt} where Xt(c) ~ Wy, for ¢ € C. However, note that unlike the
unbiased estimators constructed in (recall we constructed unbiased estimators for Q"™
in |A1gorithm |5.1.2|, and pg’»m in |Algorithm |5.2.1D, p1 in involves evaluation of path
integrals of functionals of Brownian bridges with covariance matrices A. for ¢ € C. In contrast, in
the unbiased estimators introduced in we had A, = I;. The benefit of having A, # Iy
is that when applying the methodology from the proposal paths from Wy, have a

covariance structure which is more closely matched to that of f2,

the invariant distribution of the
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target diffusion measure given by . This means that we have far more efficient simulation of
p1, especially in cases when the sub-posteriors exhibit high correlation, since our proposal paths
will more likely move in directions of high probability density. This approach of using Brownian
bridges with covariance A, for ¢ € C is equivalent to employing a preconditioning transformation

to roughly equate the scales for different components (see e.g. Pollock et al.|[2016, Section 4.3]).

For the purposes of the methodology we will subsequently develop, it is sufficient to find a non-

negative unbiased estimator of p; with finite variance which can be obtained with finite cost. To

do so, we can apply the methodology outlined in [Section |4.4.1| and [Section [4.4.3] To utilise this
(c)

[0,7]
¢ € C. In general, it is not possible to find global bounds for ¢., and so following the approach of

methodology, we require for a given sample path X ~ Wy, that we have bounds on ¢, for each
Beskos et al.| [2006a] and Pollock et al.| [2016], we simulate Brownian bridges in such a way that we
can determine a compact region which almost surely constrains a given path (the details of which
appear in Pollock et al. [2016} Sections 8.1 and 8.5] and are discussed in, which enables
us to instead find local bounds on ¢.. In particular, we let R, := R, (X [(OC)T}) denote a compact subset
of R¢ for which Xt(c) is constrained in time [0, 7']. We note that it is possible to partition the sample
space into disjoint sets and simulate from an associated distribution function (without having to
sample the underlying path), R, ~ R, conditional on the user specified partitioning of the space.
Although it is possible to find tight local bounds for ¢. in a problem specific manner, it is helpful
for practitioners to note that it is possible to find generic (less tight) bounds (which we denote by

Lg?) and U )((C) respectively):

Proposition 6.1.3. For all c € C and « € R, we have ¢.(x) € [ng), U)((c)} , where

c 1
LY == (d-P*), (6.11)
@ ._ L[| a3 -3 ’
UXC = = (HA@Vlog fe (j(d) H + max ||A, 2 (:B _ i(C))H -PA°> +d-PAe (6.12)
2 TER,
where d denotes the dimension of ©, ||-|| is the Euclidean norm, &) is a user-specified point central
to R., and where PAe is a quantity such that
phe > max 1y (A:V?log fe () , (6.13)
TENc
where vy denotes the matrix norm, defined as
| Az]|
v(A) := max . 6.14
( lzl#0 ||| (G149
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Proof. First note that we can rewrite as follows,

¢c<w>=;(

Let R; := R.(X [(O)T]) denote a compact subset of R? for which X, () is constrained in time [0,T]

for ¢ € C, then to bound the first term in , we first use the triangle inequality by noting

2
1
AZVlog fe. (x)

+ Tr(A V2 log fo (m))) . (6.15)

max
xTER c

A2 Vlog fe(x)

= max
TCER

S ‘

where (9 is a user-specified point in R Focusing now on bounding the second term of (6.16)),

AZVlog £.(5) + AZ (Vlogfc(w)—Vlogfc(ff:(c)))H

Ac% (V log fe(x) — Vlog fc(i‘(c)))

-'I:ERC

Angog fc(zf:(c))H + max

', (6.16)

then we express this as a line integral between  and (¢ so

_1 flle=a|
max 2 / A V?log f(x + un)n dull,
rER. 0

1
A2 (v log f.(z) — V log fc(af:(c)))H = max ||Ac
rER,

where u = & + un, where n is a unit-vector with ||n| = 1. We have

1

_1 (llz=2@]]
A2 / A Viog f(x +un)n du
0

max
:BERC

< max
wERc

A (a _.f;,-<c>)H

sup |[|AcV?log f(x + un)n||
n;r€R.
1

A? (:c - ﬁ;<c>) H . A<, (6.17)

< max
wERc

where PA¢ is defined in (6.13). Putting together (6.16) and (6.17), we have

max
rER,

AV log fe()

1
< HAngogfc (ﬁ:@) H + max
xrER,

1
A (a: — gl ))H PAe,
Since for a matrix A € R?, Tr(A) < d-~(A), we can bound the second term in (6.15) as follows:
max !Tr(ACV2 log fe(x))| < d- PAe,
rER,

and hence we can bound ¢, as follows:

2
_1
A, Q(m—af:(c H-PAc> 1+d.pAe

reR, rER,

max |de ()| < [(HA?Vlogf ( )H+max

Noting that in (6.15]) that the first term is squared, then the lower and upper bounds of ¢. (x) for
x € R, are given by (6.11) and (6.12) respectively. [
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Once local bounds for ¢. are obtained, it is possible to unbiasedly estimate p; using auxiliary
diffusion bridge path-space samplers developed in (for instance) Beskos et al. [2006b,a]; |Fearnhead
et al. [2008]; Pollock et al. [2016]. In particular,

p1=E [E[E[E |51 | {Re: X Ty hcbeee| | {Re: X[y beees | | {ReYeec]
= ErEvwrExEg 1], (6.18)

where the subscript for each expectation denotes the law with which we are taking the expectation,
R denotes the law of {R. ~ R. : ¢ € C}, W denotes the law of the ]C | Brownian bridges (conditional
0,7] NWAC :CEC}, K
denotes the law of {k. : ¢ € C} where k. is a discrete random variable with conditional probabilities

Plke = ke|Re) := p(kie|Re), U denotes the law of {&.1,...,&p, 1 c €C} ~ Y U[0,T], and with

on the |C| distinct starting points, but with common endpoint y(©)) of {X

Ko . _y9r Ke
p @9,y ) =] M- IT (v e (x.)) ). (6.19)

ceC ke=1

Corollary 6.1.1. p; is a positive unbiased estimator of p1.

Proof. Follows directly from by setting j =1 and A; =T |

Given Lg?) and U)((C ) which bound ¢ as per |Pr0position |6.1.3|7 as discussed in there are

two natural choices of unbiased estimator for p; which we denote ﬁga) and ﬁgb) (based, respectively,

upon the GPE-1 and GPE-2 estimators of Fearnhead et al.| [2008] (see [Section [4.4.3])):

Definition 6.1.1. (GPE-1 for p; (6.8)): Choosing the law of x. ~ Poi((U)((c) - Lg?))T) forceC

leads to the following unbiased estimator of p;:

~(a — _ (c) e qbc &c c
P (O ) =[] e 5T H G ( (C)*’> . (6.20)
ceC ke=1 UX - LX

Definition 6.1.2. (GPE-2 for p; (6.8))): Choosing the law of r. ~ NB(~., ;) for ¢ € C with

T T —
Vo= UPT - / b <m<C>TS + y“’) ds, (6.21)
0

leads to the following unbiased estimator of py:

° Fe ﬁc‘i’ﬁc Ke
50 (5©) y©)) = @7 T - T(Be) - (Be+e) (©) (©)
A @Dy =T (e T 2 T |UX - e (X . (6.22)
ceC D(Be + fe) B“AEe kczl[ . ( fk)}
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and ﬁgb) in the case where A, = I; is detailed explicitly in Dai et al.[[2021, Appendix

Computing ,0( @)
B] and in [Chapter 4l In the case where A. # I;, we simulate layers by appealing to a suitable
transformation. In partlcular we transform the start and end pomts of the Brownian bridge with

transformation matrix A, : , letting z( )= = A : z(©) and z( ) = =A. : y©). The resulting Brownian

_1
bridge sample path, ch) = A2 Xt(c), has identity covariance structure and thus we can use existing
methods for simulating layered Brownian bridge sample paths zﬁc) with law Wy, from zéc) to z(c)
(see for instance [Section [4.2.2]). We are then able with minimal modification to apply the approach

of Dai et al. [2021] to simulate an unbiased estimator for p;, as given in [Algorithm [6.1.1]

Algorithm 6.1.1 Simulating p; |Chan et al., 2021, Algorithm 3].
1. ForceC ) 1
(a) z(()c), zé ). Transform the path, setting z(()c) = A 229, and zéf) = A 2y©),
(b) Rc: Set R, := AéRgz), where Rgz) ~ REZ) as per [Algorithm [4.2.4
(c) Lg?, U)(f): Compute lower and upper bounds, Lg? and U)((C), of ¢.(x) for x € R, (as per

(6.11)) and (6.12)), or otherwise).

) pe: Choose p(:|R;) using either GPE-1 (Condition [6.1.1)) or GPE-2 (Condition [6.1.2)).
e) Kc,&: Simulate k. ~ p(-|R.), and simulate &.1,...,&. ., ~ U[0,T].
)

2(9): Simulate zéf)l, e g:)ﬁ ~ W]Id|R£Z) as per |Algorithm [4.2.5

1
(g) X(: Reverse transform the path, setting X é:)k = A¢ zg)k for ke =1,..., ke
2. Output 3\’ (6.19).

In[Algorithm [6.1.1] Step [Ld, we compute the lower and upper bounds on ¢.(x) for € R, which can

be computed as per [Proposition[6.1.3] To use these general bounds, we must find a upper bound on
the matrix norm of A.V?log f.(x) for © € R. (i.e. find PA< given in (6.13)), which can be done by

computing the matrix norm of the matrix which bounds the matrix A.V?log f.(z) element-wise.

We note that in some cases, it may be easier to upper bound the matrix norm of the Hessian of

the transformed sub-posterior, fC ( ) where z := A. >x. In particular, we can focus on

PAe > max v <V2 log fc(z)(z)> , (6.23)
zEREz>

which is equivalent to finding the bound in (6.13). In{Algorithm|6.1.1|Step|1bl we compute the layer
(2)

information R.

and so we can directly use this to find local element-wise bounds V? log fc(z)(z)
for z € R&"). Therefore, to find PA¢, we just need to find ll)ounds on the second order derivatives
of the log-sub-posterior in the transformed space z := A, 2« so that we can compute the matrix

norm of the matrix which bounds V?log fc(z)(z) element-wise. Some example calculations of using

the general bounds found in [Proposition [6.1.3] can be found in Appendices [B.5HB.7]

In developing a rejection sampling approach to sampling from f(©) by means of the extended density

ge with our proposal he (as suggested by |Proposition |6.1.1I), it is natural to select the estimator ﬁga)

as it is bounded. Indeed, the theory developed in admits the earlier work of [Dai et al.
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[2019] as a special case, as established in the following corollary. Although there is an advantage in

using the broader theory of (with A, # Iz for ¢ =1,...,C) to support an improved
rejection sampling approach. We omit details of this as it is a minor modification of MCF.

Corollary 6.1.2. Setting A, =1, forc € C :={1,...,C}, wherely is the identity matriz of dimen-
sion d and accepting a proposal y'©) as a sample from (L.1)) with probability (p - ﬁga))(a_c'(c),y(c)) .

exp{d_.cc R}, we recover the Monte Carlo Fusion approach of Dai et al.| [2019].

In the subsequent section, we embed our approach within the Divide-and-Conquer Sequential Monte
Carlo (D&C-SMC) framework of Lindsten et al.| [2017] to address the robustness of Fusion with
increasing numbers of sub-posteriors. In this setting, we are not restricted to obtaining independent
realisations of f(©) in (1.1)), and so we can instead employ the estimator ﬁgb) (as we no longer require
our estimator to be bounded above by a constant), which has better asymptotic properties and

still has finite variance [Fearnhead et al.,|2008]. A (self-normalised) importance sampling approach

would proceed as follows: approximate ge in [Proposition [6.1.1] by sampling from the proposal
density he (i.e. (£©),y©)) ~ he) as given in (6-3). Thus far, we have assumed we have access to
i.i.d. draws from each sub-posterior, but this is not necessary for our methodology. In particular,
in many settings (including that in we will instead have access to importance weighted

draws from each sub-posterior (with weights w(® for ¢ € C for instance, although in the simplest

setting w® 1 force C). As such, the proposals are then assigned an un-normalised importance
weight w'(2©),y(©) := ([Toec w') - (po - p1)(&), y©)).

In practice, and to better relate to our methodology developed later in [Section [6.2] we adopt a
variant of the importance sampling approach described above. We term the following approach
Generalised Monte Carlo Fusion (GMCF'), and summarise it in [Algorithm [6.1.2l We assume for

simplicity in presenting our algorithm that we have access to M importance weighted samples

from each sub-posterior (each of which form a Monte Carlo representation for their respective
sub-posterior). In addition, we note that the marginal importance sampling weight po in (6.7))

only depends upon the sub-posterior realisations (and not y(c)). To exploit this fact, we compose

M partial proposals by pairing the draws from each sub-posterior {:i(()cj) j]\/il,

associated partial weights {wj(.c)}jf‘il where @D’](.C) = ([Teec wj(.c)) . pg(a‘:’((fj?) for j =1,...,M. We
then sample with replacement N times from this collection of M draws with associated partial

weights wf). For each of the N partial proposals, we then complete the proposal by simulating

©

)

and compute the

a corresponding endpoint y Taking account of our earlier sampling, each of the N particles

will be given (an appropriately normalised) weight proportional to p; (a_:’(()ci), yi(c)). By retaining for
each of the N weighted particles the marginal for y© (i.e. {yl-(c),wgc)}f-il), we simply have an

approximation to the desired distribution,

C
FOW)dy ~ 3w -6 (dy). (6.24)



Algorithm 6.1.2 [gmcf(C, {{:1:01, z) 21, Ackece, N,T)p  Generalised Monte Carlo Fusion
(GMCF) |Chan et al., 2021, Algorithm 1J.

1. Input: Importance weighted realisations {w(()cl) , wgc)}i]‘i 1 for ¢ € C, the user-specified matrices,

{A. : c € C}, the number of particles required, NV, and time horizon T' > 0.
Oy m

2. Partial proposal: Compose the importance Weighted realisations {:co W j 1 where
U7J(-c) = ([Teec w(c)) po(wéj)) for j=1,..., M, as per .
3. Foriin 1 to N,
(a) :c(() Z) Sample I ~ categorical(wy, . . u_)'M) and set :D(C) = ZE((]CI)
(b) Complete proposal: Simulate y ~ Ny (:c TAC) as per (6.4]).
(c) pgcl) Compute importance weight p(c) = ﬁgb) (féc;), yfc)) as per Deﬁnition 6.1.2

4. l(c) For i in 1 to N compute normalised weight w = pl g / PO 1 k

N
5. Output: {3, 0@} where fO(dy) = Y, w50 (dy) = O (y)dy.

7

Of course, in general in the Input step of [Algorithm [6.1.2] we may have access to different numbers

of samples from each sub-posterior: say M, importance weighted samples for sub-posterior f. (for
¢ € C). In order to compose our M partial proposals in there are a number of approaches we
could take. As presented above, if M. = M for ¢ € C, we simply pair the sub-posterior draws index-
wise. This is a basic merging strategy of the sub-posterior realisations and has the advantage that
it can be implemented in O(M) cost (and if M, # M for every ¢ € C one could simply sub-sample
to obtain a common number of samples from each sub-posterior). However, as noted in Lindsten
et al. [2017], while this approach has a low computational cost, it can lead to high Variance when
the product [] ¢ fc( ) differs substantially from the corresponding marginal of f(€) — which

one might expect to be the case if the sub-posteriors disagree.

We found this simple approach more than adequate in our simulations, but there are more sophis-
ticated options available should they be required in still more challenging settings. In particular, as
described in |[Lindsten et al.| [2017, Section 4.1], at the expense of a computational cost O(][.cc M),

one could instead compose all possible permutations of the samples from each sub-posterior before
weighting and then resampling to reduce the number of points in the approximation back to a pre-
specified number, arriving at a better approximation at a greater cost. They termed this approach
mizture resampling and also detailed a lightweight mizture resampling approach in which more than
one permutation, but not all possible permutations, are used and found it to work well; as noted
by Kuntz et al|[2021a] such a strategy can be connected directly with the theory of incomplete
U-statistics and consequently one might hope to realise much of the benefit of mixture resampling
at a much reduced cost (see e.g.|Kong and Zheng [2021]). Although corresponds to a multi-
nomial resampling of the partially composed proposals, an approach we followed in the interest of
simplicity, we can of course use other resampling methods and might expect better performance by
choosing a lower-variance approach (see for instance Doucet et al. [2001]; Douc et al. [2005]; |Gerber

et al. [2019] for an investigation of the properties of many such resampling schemes).
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6.2 A divide-and-conquer approach to Fusion

A key drawback of the Monte Carlo Fusion approach of Dai et al.| [2019] is that it lacks robustness

with increasing number of sub-posteriors, |C|. This is unsurprising as the extended target and

proposal densities (g¢ and h¢) of [Proposition |6.1.1 are (|C| + 1)d-dimensional, and these become

increasingly mismatched with increasing dimension. In particular, as a consequence of the definition

of p1 in of [Proposition |6.1.2) the acceptance probability of any rejection-based scheme will

decrease geometrically with increasing |C|.

As presented both in [Chapter [5] and [Section [6.1] the Fusion methodologies discussed so far are ex-

amples of a fork-and-join approach which unifies all of the sub-posteriors in a single step (similarly,
the approximate methods discussed in Sections m—m are also fork-and-join approaches). In
particular, within the GMCF framework we set C :={1,...,C}. This is illustrated in
the tree diagram of where the leaves of the tree represent the available sub-posterior
densities, the directed edges are used to illustrate the computational flow of Monte Carlo Fusion,

and the root vertex of the tree is the desired fusion density, f (as given in (L.I])).

Figure 6.1: A tree representation of the fork-and-join approach for the fusion problem of (1.1]).

As the goal of the methodology is to obtain a Monte Carlo approximation of f in , one
could envision a recursive divide-and-conquer approach in which the sub-posteriors are combined
in stages to recover f. There are a number of possible orderings in which we could combine sub-
posteriors, and so we represent these orderings in tree diagrams, and term these hierarchies (see
e.g. |[Figure [6.2)). For instance as illustrated in one approach would be to combine
two sub-posteriors at a time (we term this a balanced-binary tree approach). In
the intermediate vertices represent intermediate (auziliary) densities up to proportionality. The
approximation of the distribution associated with any non-leaf vertex is obtained by an application
of Fusion methodology to the densities of the children of that vertex. A balanced-binary tree
approach is perhaps the most natural way to combine sub-posteriors in a truly distributed setting
(where the simulation of each sub-posterior has been conducted separately, and so the inferences
we wish to combine are distributed). Another approach one might employ is given in
whereby sub-posteriors are fused one at a time (and so we term this the progressive tree approach).
This is perhaps the most natural approach for an online setting. We focus on these two natural
hierarchies for the remainder of this chapter, although other hierarchies are certainly possible within
our framework, and there is no limitation in unifying more than two vertices at any level of a tree
(as suggested by both [Section [6.1] and [Figure [6.1)).
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Figure 6.2: Illustrative hierarchies for the fusion problem of (|L.1).

From this recursive perspective, sample approximations of auxiliary densities obtained at one level
of any tree are themselves treated as sub-posteriors at the next level up. As such, one can iteratively
apply the Fusion methodology of working through the levels of the tree from the leaves
to the root, using at each stage the output of one step as the input for the subsequent step. An
advantage of our divide-and-conquer approach is that as fewer sub-posteriors are combined at
each stage, we avoid (at each stage) the rapidly diminishing and variable importance weights. By
utilising the importance sampling approach to Fusion we developed in we can embed
Fusion within sequential Monte Carlo to address the robustness of Fusion with increasing |C|, albeit

this being a trade-off with the cost of the repeated application of the methodology.

A divide-and-conquer variant of sequential Monte Carlo (D&C-SMC) was recently introduced in
Lindsten et al. [2017] and is discussed in D&C-SMC generalises the classical SMC
framework from sequences (or chains) to trees, such as those in Figures and In our recursive
setting, we unify distributed sample approximations by operating on a tree of auziliary Fusion
densities. Let T = (V,€) denote a tree with vertices V and (directed) edge set £. Let Leaf(T)
denote the leaves of the tree (which represent the sub-posteriors fi,..., f.), Root(T) denote the
root of the tree (which represents f in ([1.1))) and Ch(v) denote the children of vertex v € V where
Ch(t) = 0 if t is a leaf. Let ¥V = {wp,v1,...,v0,...} be the set of vertices, with vg = Root(T),

{v1,...,vc} = Leaf(T) and as many intermediate vertices as are required to specify the tree.

For the purposes of utilising the methodology developed in [Section [6.1.2] we define the following
notation for non-leaf vertices v ¢ Leaf(T): let Cy := Uyecn(v)Cu denote the index set representing
the sub-posteriors that we want to unify for vertex v ¢ Leaf(T). To simplify the notation and avoid
an unnecessary level of subscripts, we index densities and other quantities by v rather than C, when
it is clear what is intended. In particular, let A, := A¢,, 2 .= () a5 per , W) = g
y©) .= y(©) where y ~ f, := f() for v ¢ Leaf(T). Let W4, denote the law of a Brownian bridge
{Xt(v),t € [0, 7]} with X(()U) = x() and Xq(f}) := y(*) with covariance A,. The extended target and
proposal densities for vertex v ¢ Leaf(T) are denoted g, := g¢, and h, := h¢,, respectively. Lastly,
the importance sampling weights for v ¢ Leaf(T) are given by p(()v)(:i:’(”),y(”)) = po(£C), y(C))
and ") (@), y) 1= py (FC), y(@)),
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To describe our Divide-and-Conquer Generalised Monte Carlo Fusion (Dé&C-GMCF) approach, we

specify an algorithm that is carried out at each vertex v € V which leads to a recursive procedure;

an initial call to |d&c.gmcf(Root(V), ...)| carries out the overall approach. For v € V, we define a

procedure (as given in |Algorithm |6.2.1f), which returns a weighted particle set {.’ﬁg‘}l) , ygv), wgv)}i]il
(v)
i

particle set, we can take the marginal weighted samples for y(”) to approximate the fusion density

where w; ' denotes the normalised importance weight of particle ¢ at vertex v € V. From this
fo x HueCh(v) fu for vertex v € V. Recall that the leaf vertices, v. for ¢ = 1,...,C, represent
each of the sub-posteriors. It is straightforwardly possible to additionally incorporate importance
sampling for the leaf vertices but for simplicity we assume that we have access to unweighted
samples for the sub-posteriors. Therefore, at these leaf vertices, we simply sample from the sub-
posteriors. If independent sampling is not feasible, one could use MCMC to obtain unweighted
sample approximations at the leaves. Formal arguments (under appropriate regularity conditions)

could in principle follow an approach analogous to that in [Finke et al.|[2020]. If v is a non-leaf

vertex, we simply call |Alg0rithm |6.1.2| by inputting the importance weighted samples {yi(u), wgu) }Z]\; 1

for v € Ch(v). As in standard SMC, although the auxiliary distributions are defined on larger
spaces we do not need to retain sampled values which are not subsequently used; to obtain a

more computationally manageable algorithm, we can choose to retain only the final parameter

(VAN

space marginal at each vertex (i.e. only returning {yiv),wi ;L) since the computation of the

importance weights p(()v) and ﬁgv) at each vertex v ¢ Leaf(T) only requires {y(“)}UGCh(U).

Algorithm 6.2.1[d&c.gmcf (v, N, T)} Divide-and-Conquer Generalised Monte Carlo Fusion (D&C-
GMCF) [Chan et al., [2021}, Algorithm 2].

Given: Sub-posteriors, { fu}uereat(r), and preconditioning matrices {Ay }uer-
Input: Node in tree, v, the number of particles IV, and time horizon T" > 0.
1. For u € Ch(v),
(a) {acl(-u), ygu), wgu)}].v <« d&c.gmcf(u,N,T)
2. If v € Leaf(T), =
(a) Fori=1,..., N, sample ygv) ~ fu(y).
(b) Output: {0,y”, 4},
3. If v ¢ Leaf(T),
(a) Output: Call gnct(Ch(v), {{y", wl I |, Aubuconw, N, D}

Note when calling [Algorithm [6.1.2] (in [Algorithm [6.2.1] Step [3), we input N importance samples

from each sub-posterior (i.e. M, = M for u € Ch(v)). As noted in for simplicity,
we use these to obtain partial proposals by pairing the sub-posterior realisations index-wise. If

we use this simple merging scheme then M = N, and so resampling in |Algorithm [6.1.2][Step [3al

might not be necessary. As standard within the SMC literature, in practice we choose to re-sample
only when we observe weight degeneracy [Kong et all |1994]. We monitor weight degeneracy by
computing the effective sample size (ESS) of the particle set, and if it falls below some
user-specified threshold then resampling is performed (see Sections for a short introduction
on resampling). There are two steps where we can compute the ESS (and if necessary
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resample) |Algor1thm [6.1.2¢ (i) after computing the weights for the partially composed proposals,

1n
= ([Meecw
§><é>yf>>< Step [3¢).

) o(wé])) for j = 1,..., M (in [Step |2); and (ii) after computing the weights

pgz) :

6.3 Illustrative comparisons with Monte Carlo Fusion

As discussed in the introduction of this chapter, although Monte Carlo Fusion (MCF) of Dai
et al.|[2019] (see offers some compelling advantages (such as providing a direct Monte
Carlo approximation to (|1.1)) without approximating the individual sub-posteriors), the existing
methodology lack robustness in various key practical settings. In this section, we revisit these
settings, and with the aid of illustrative examples, show that the Generalised Monte Carlo Fusion
(GMCF) and Divide-and-Conguer Generalised Monte Carlo Fusion (D&C-GMCF') approaches we
introduced in Sections and [6.2] respectively, address these key bottlenecks when contrasted with
MCF. In particular, in [Section[6.3.1] we consider the effect of increasing sub-posterior correlation, in
Section [6.3.2] we consider the robustness with increasing numbers of sub-posteriors, and in
we consider how to address conflicting sub-posteriors. When applying GMCF (or calling it as
an embedded algorithm in D&C-GMCF), in all cases we use the GPE-2 variant of [Algorithm |6.1.2|
discussed in [Definition [6.1.2] of [Section [6.1} and follow the direction of |[Fearnhead et al.| [2008] by
estimating the mean of the Negative Binomial distribution in by using the Trapezoidal rule

and setting 6. = 10. We note that different choices for the parameters of the Negative Binomial

distribution in [Definition [6.1.2] may affect the efficiency and variance of our algorithm, but does

not introduce any bias to the estimator. Details on how to find the corresponding code is given in

Appendix [A] and necessary calculations to implement these examples are given in [Appendix [B] (in
particular |[Appendix |B.3| and |[Appendix [B.4)).

In order to compare the MCF, GMCF and D&C-GMCEF approaches, we compute both the com-
putational run-times of each methodology and a metric which we term the Integrated Absolute
Distance (IAD). To compute the IAD we average across each dimension the difference between the
true target (fusion) density (f), and a kernel density estimate of the draws realised using a given

methodology ( f) In particular,

IAD = dZ/(f )|de; € [0,1]. (6.25)

In the case where the true marginal density is not available analytically, we take as a proxy for the
target f a kernel density estimate of f (for instance, obtained using realisations from an MCMC

run).
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6.3.1 Effect of correlation

In this example, we consider the illustrative case in which we wish to recover a bivariate Gaussian

p

target distribution, f o f1f2, where f. ~ N2(0,X) with 3 = . As we are only considering

P
combining two sub-posteriors in this section, we in effect consider only the GMCF approach of

Section 6.1} To study the impact of sub-posterior correlation on the robustness of MCF and GMCF
we can simply consider varying the single parameter p, and (in this case) compute the effective
sample size (ESS) per second averaged across 50 runs in order to compare the efficiency of each
methodology. For simplicity, we assume we are able to sample directly from each sub-posterior,
and for both methodologies we set T' = 1. For the purposes of the GMCF approach of
we simply set A, = ﬁ)c, where ﬁ]c is the estimated covariance matrix from the sub-posterior
samples for ¢ = 1,2 (and so in effect we have incorporated global information into our proposals),
and use a particle set size of N = 10000. The results are presented in [Figure[6.3 which clearly show
that GMCEF is robust to increasing sub-posterior correlation, and offers a significant computational
advantage over MCF (which in this case exhibits a strong degradation in efficiency and performance

as we increase the correlation between the two components in this two-dimensional example).
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Figure 6.3: ESS per second (averaged over 50 runs) when contrasting Monte Carlo Fusion and
Generalised Monte Carlo Fusion, along with increasing sub-posterior correlation, as per the example

in Section f-1

6.3.2 Effect of hierarchy

We consider the illustrative case of attempting to recover a univariate standard Gaussian target
distribution. In particular, we have f oc HCC:1 fe, where f. ~ N71(0,C) for ¢ = 1,...,C. By
simply varying C, we can study the robustness with increasing numbers of sub-posteriors of MCF
(in effect the fork-and-join approach illustrated in , and both our suggested versions
of D&C-GMCF (the balanced-binary tree approach illustrated in and the progressive
tree approach illustrated in . Note that in our chosen idealised setting, there is no
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advantage conferred with our embedded GMCF methodology of and so we are simply
contrasting hierarchies. In all cases we use a particle set of size N = 10000 with resampling if
ESS < N/2, set T'= 1, use an appropriately scaled identity as the preconditioning (scalar) matrix,
and average across 50 runs. The results are presented in [Figure [6.4] which clearly show that, in
contrast to the fork-and-join tree approach, both the balanced-binary tree and progressive tree
approaches are robust in recovering the correct posterior distribution in the case of increasing C' at

the cost of modestly increased computational cost.
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Figure 6.4: Tllustrative comparison of the effect of using different hierarchies in [Section [6.3.2| (av-
eraged over 50 runs).

6.3.3 Dealing with conflicting sub-posteriors

Directly unifying C' conflicting sub-posteriors (sub-posteriors which have little common support
and have high total-variation distance) using a fork-and-join approach as in Monte Carlo Fusion
[Dai et al., 2019] and is impractical. This can be understood with reference to and
, which indicates that importance weights will degrade rapidly in this setting.

An approach to deal with conflicting sub-posteriors is to temper the sub-posteriors (to an inverse
temperature 8 € (0, 1] such that there is sufficient sub-posterior overlap), and then propose a

suitable tree for which the recursive Divide-and-Conquer Generalised Monte Carlo Fusion approach
we introduced in [Section [6.2| could then be applied to recover ([1.1)). In particular,

grc 1
f(x) H [H fcﬁ(w)] , for 5 eN. (6.26)
i=1

c=1

One such generic tree is provided in [Figure [6.5] in which the tempered sub-posteriors are first

unified into 1/8 € N tempered posteriors, which are then again unified into f.
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Figure 6.5: Illustrative tree approach for the fusion problem in the case of conflicting sub-posteriors
as in 1/ copies of the C' tempered (and over-lapping) sub-posteriors represent the
leaves of the tree, which are unified into 1/8 tempered versions of f (using a suitable tree and
D&C-GMCEF as in , and then unified again (using another tree, and D&C-GMCF) to

recover f.

To illustrate the advantage of our D&C-GMCF and tempering approach in the case of conflicting
sub-posteriors, we consider the scenario of unifying two Gaussian sub-posteriors with the same
variance (1), but with different mean (+u). In particular, we have f o fifo where fi ~ Nj(—p, 1)
and fo ~ Ni(u,1). By simply increasing p we can emulate increasingly conflicting sub-posteriors
and study how MCF (which is equivalent to the fork-and-join approach of , behaves in
terms of the TAD metric and computational time. We contrast this with our tempering approach,
considering a range of temperatures 1/8 € {2,4,8,16}, and then following the guidance of
In particular, we use our D&C-GMCF approach to unify the tempered sub-posteriors with the
balanced-binary approach of for both the first and second stage in In all
cases, we use a particle set size of N = 10000 with resampling if ESS < N/2, set T' = 1, and average
across 50 runs. The results are presented in [Figure [6.6] and show clearly that our D&C-GMCF
approach is significantly more robust to conflicting sub-posteriors than the MCF approach where no
tempering is applied. A natural trade-off arises when applying the tempering approach suggested,
in that decreasing (8 results in tempered sub-posteriors which are less conflicting and are easier to
combine, but there is an increased computational cost in recovering f as an increased number of

levels are added to the resulting tree.

6.4 Examples

In this section, we consider a logistic regression model applied to a simulated dataset ,
and a real credit card dataset . For each dataset, we compare the performance (in
terms of computational run-time and the Integrated Absolute Distance (IAD) as defined in (6.25)))
of the Divide-and-Conquer Generalised Monte Carlo Fusion (D&C-GMCF) method introduced
in [Section [6.2, against the other established approximate methodologies we discussed in
1.2 Asin we use the GPE-2 variant of [Algorithm [6.1.2] discussed in [Definition [6.1.2]

with the same guidance on parameterisation. We consider the setting where the data is first split

into C' disjoint subsets and the simulation of each sub-posterior is conducted separately. For this
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Figure 6.6: Illustrative comparison of using no tempering (solid line), and tempering at 4 differ-
ent levels together with D&C-GMCF, to combat conflicting sub-posteriors as per [Section [6.3.3
(averaged over 50 rumns).

reason, we focus on the balanced-binary tree approach , as for a fixed dataset this is
the most natural hierarchy (whereas the progressive tree approach in is more naturally
suited to an online setting). The established methodologies we contrast our implementation against
are Consensus Monte Carlo (CMC) [Scott et al., 2016|, the kernel density averaging approach of
Neiswanger et al.| [2014] (which we term KDEMC'), and the Weierstrass Sampler (WRS) [Wang
and Dunson, 2013] (see for details of where to find the corresponding code). For
each example, as a benchmark for f (in terms of a reference in computing IAD), we use Stan
[Carpenter et al., 2017] on the entire dataset, together with an appropriate choice of prior, to find a
reference sample approximation of the desired f. For full details on where to find the corresponding

code/scripts to implement these examples, see[Appendix|A}l Furthermore, in|Appendix|B| we supply

details of calculations required to implement these examples.

6.4.1 Simulated data example

In this section, we consider an idealised small data size scenario (m = 1000) to which we applied

a logistic regression model:

. . xp{x] B}
1 with probability L,
i = I+exp{x;B} (6.27)

0 otherwise.

This is a variant of [Scott et al.| [2016, Section 4.3], and is of specific interest because when such
a dataset is split among a large number of cores, C, both exact and approximate methodologies
for unifying sub-posterior samples are challenged. In particular, the resulting sub-posteriors will

typically conflict with one another and have little overlapping support.
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Each record of the simulated design matrix contained four covariates in addition to an intercept.
The ith entry of the design matrix is given by x; = [1, (i1, (i 2, (i3, Gia]T, where (1, Ci2,Ci 3, Gia are
random variables generated from a mixture density with a point-mass at zero (and so are either
activated or not). In particular, we have for j =1,...,4, that {;; ~ pjN1(1,1)+(1—p;)do. For this
example we chose p; = 0.2, po = 0.3, p3 = 0.5 and py = 0.01 (corresponding to a rarely activated
covariate). Upon simulating the design matrix, binary observations were obtained by simulation
using the parameters § = [—3,1.2,—0.5,0.8,3]T. In total there were a relatively small number of

positive responses (D, y; = 129).

To study our methodology, we begin by splitting the dataset of size m = 1000 equally between
C € {4,8,16,32} cores. On each dataset on each core, we fit the logistic regression model using
MCMC with Stan using a Gaussian prior distribution with mean 0 and variance C on each of the
parameters, resulting in the required C' sub-posteriors. The resulting sub-posteriors in the case of
C = 32 naturally resulted in conflicting sub-posteriors (see due to the small amount
of data on each core. We then applied our D&C-GMCEF approach using a balanced-binary tree with
N = 10000 and T = 0.5, and compared our approach to CMC, KDEMC and WRS. The results are
shown in [Figure [6.7], with reference to the Stan benchmark.

It is clear from that D&C-GMCF achieves the best sample approximation in terms of
IAD of any of the approaches considered. Furthermore, the quality of the sample approximation
is robust to the increasing sub-posteriors that we consider. In terms of computational cost, CMC
outperforms all other methodologies, but has poor performance in terms of IAD. WRS offers a
similar performance to CMC in this example but at a slightly higher computational cost whereas

KDEMC has by far the poorest performance.
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Figure 6.7: Comparison of competing methodologies to Divide-and-Conquer Generalised Monte
Carlo Fusion (D&C-GMCF) applied to a logistic regression problem with simulated data (in the

setting of [Section |6.4.1]).
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6.4.2 Credit-card data example

In this example, we consider the ‘Default of credit card clients’ dataset available from the UCT
Machine Learning Repository [Yeh and Lien, 2009] and again fit the logistic regression model of
. The dataset comprised m = 30000 records, each of which contained response variable of
whether a default had occurred (which we treated as y; = 1), or not (in which case y; = 0). From
the dataset we used the X2: Gender attribute, treating it as a binary covariate with 1 being male
and 0 female. In addition we used the X3: Education attribute to create three further binary
covariates: a binary corresponding to whether the individual had completed high school; a binary
corresponding to completion of university; and a further binary corresponding to completion of
graduate school. These three education covariates were chosen to induce strong correlation in the

resulting inference.

We again split the dataset of size m = 30000 equally between C' cores, and again used Stan together
with a Gaussian prior distributions with mean 0 and variance C' on each of the parameters, to arrive
at our C sub-posteriors. In this example, we consider C' € {32,64, 128} subsets, which we then
attempt to unify. This example is particularly challenging as the data and sub-posteriors exhibit
large correlation (due to the covariates related to X3: Education), especially for large C. D&C-
GMCEF using a balanced-binary tree with N = 30000 and T = 0.5, together with CMC, KDEMC
and WRS were then used to unify the C sub-posteriors. The results are shown in [Figure [6.8) with
reference to the Stan benchmark. The results in [Figure [6.8] are comparable to those of
D&C-GMCEF achieves the best IAD of all methodologies, and is robust to increasing C'. This
comes at a moderate fixed computational cost, which scales no worse than any other methodology

(including CMC), and indeed in this example has a computational cost which is lower than KDEMC.
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Figure 6.8: Comparison of competing methodologies to Divide-and-Conquer Generalised Monte
Carlo Fusion (D&C-GMCF) applied to a logistic regression problem with real data (in the setting

of [Section [6.4.2).
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Chapter 7

Divide-and-Conquer (eneralised

Bayesian Fusion

We have seen that although the Monte Carlo Fusion (MCF) approach [Dai et al., [2019] (see
tion [5.1)) provides a theoretical framework for sampling independent draws from the fusion target
density f in , it has several computational drawbacks (which we discussed in detail in
tion [6.3). To alleviate some of these problems, we introduced the Generalised Monte Carlo Fusion
(GMCF) approach in which reformulates the theory underpinning the MCF approach.
In [Section [6.2] we embedded the GMCF approach within a Divide-and-Conquer Sequential Monte
Carlo (D&C-SMC) [Lindsten et al., [2017] (see to arrive at the Divide-and-Conquer
Generalised Monte Carlo Fusion (D&C-GMCF) approach, whereby sub-posterior sample approxi-
mations were combined in stages to recover the target fusion density f in . We saw through
various simulation studies and examples that D&C-GMCF offered a much greater robustness to
a number of practical scenarios. However, as discussed in the Bayesian Fusion (BF)
approach of |Dai et al.| [2021] is an alternative sequential Monte Carlo (SMC) (see ap-
proach which also aimed to develop a methodology which shares the consistency properties of MCF
while addressing some of the scalability issues of MCF. While the BF and D&C-GMCF approaches
allow Fusion to be applied to more practical settings, both approaches still lack the scalability with
regards to dimensionality of the underlying fusion target density. In this chapter, we will generalise
the theory and methodology of BF by applying many of the ideas outlined in namely
adjusting the proposal distribution of the extended target density to incorporate global information
of the sub-posteriors. We subsequently embed this Generalised Bayesian Fusion (GBF') approach
within a D&C-SMC paradigm. We will see that the resulting Divide-and-Conquer Generalised
Bayesian Fusion (D&C-GBF) approach is the most scalable Fusion methodology developed so far

and is applicable to much higher dimensional problems.
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In the next section and with [Algorithm [7.1.2] we present the theory and methodology of our GBF

approach. In [Section [7.2] we follow the same approach as in to embed the algorithm
with a divide-and-conquer approach to combine the sub-posterior is stages and present our D&C-

GBF approach in [Algorithm [7.2.1] This is accompanied with practical guidance for implementing

GBF which includes full details for selecting the user-specified parameters in the algorithm and is

provided in [Section [7.3] In[Section[7.4] we present illustrative simulation studies to investigate the

robustness of our approach when applied to various scenarios; we investigate the applicability of the
implementational guidance developed in Sections and study the impact of dimension on

the robustness of the Fusion approaches in [Section[7.4.3] In[Section][7.5] we study the performance

of our D&C-GBF approach in a number of real data applications. The content of this chapter is

joint work with my supervisors, Dr. Murray Pollock and Professor Gareth Roberts.

7.1 A generalisation of Bayesian Fusion

In this section, we develop theory and methodology to generalise and improve upon Bayesian Fusion
(BF) Dai et al,| [2021], by incorporating information about the covariance of the sub-posteriors
within the SDE formulation of the algorithm. As in [Section [6.1, we consider the more general

fusion density f(©) [I.cc fe, where C is an index set representing the sub-posteriors to unify.

7.1.1 Theory

To begin generalising the BF approach, we first need to derive tractable dynamics of our proposal
measure, denoted P, of |C| scaled Brownian motion processes which are conditioned to coalesce at
some time T" > 0. We correct this to find the target fusion measure, denoted F, by finding appro-
priate importance weights. In particular, let IP be the proposal measure given by the probability
law induced by |C| interacting d-dimensional parallel continuous-time Markov processes in [0, 7]

where each process is given by the stochastic differential equation,

X, - x°

1
— dt+ A2awW?, X =2l ~ f., te(0,T), (7.1)

dx( =

where A, are (positive semi-definite) user-specified matrices associated to sub-posterior f. for ¢ € C
with Ai/2 being the (positive semi-definite) square root of A. where Aé/QAi/Q = A.. Note that
for the purposes of our numerical simulations later we use the Schur decomposition. Furthermore,

{VVt(c)}cEc denotes independent Brownian motions, and Xt(c) denoting the weighted average of

the processes at time t with weights {A.}.cc. We denote by :ﬁgc) € RICIxd

{mgc)}cgc € R? (in particular, we have CEEC) = (mi"’l’, e :L'EC'C‘)), with ¢; denoting the ith element

a vector composed of

of the index set C). Realisations of the proposal measure are denoted as X := {a_fgc),t € [0,T]}.
We note that the initialisation of the proposal measure given by at time ¢ = 0 only requires
independent draws from the |C| sub-posteriors that we wish to unify. For the purposes of exposition,
we defer discussion on the practical simulation of P (without discretisation error) to
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The Fusion measure F is the measure induced by the Radon-Nikodym derivative,

22 o a87) T o {- [ o ()], )

where {Xt(c),t € [0,T1} is a Brownian bridge from X(()C) = :B[()C) ~ fcto Xéc) = az(TC) with covariance
matrix A., po is given in and ¢, is given in . Recall with the Fusion methodologies,
we typically we assume that we can evaluate each sub-posterior pointwise (up to its normalising
constant) and for ¢ = 1,...,C, f. is nowhere zero and everywhere differentiable, and that we can
compute A.(x) := log f.(x), VA.(z), and V2A.(x) pointwise (where V is the gradient operator
and V? is the Hessian), since we will need to be able to evaluate ¢.(x) defined in . However,

we will see later (in [Section [7.3.3.2]) that this is not a limiting factor of the methodology.

Having defined the proposal measure P and the Fusion measure F, we can now establish how we
can access the target fusion density f(©) by means of the temporal marginal of F corresponding to

value of the |C| trajectories at the time of coalescence T'.

Theorem 7.1.1. Under the fusion measure F, the ending points of the |C| interacting, parallel
(1) _ .. =

processes have a common value at time T, y'©) which has density f© and y© = T

a:g,?‘cl) almost surely.

Proof. Following the approach of Dai et al.|[2019, Appendix A}, we begin by proving that the law
of |C| independent Brownian motions initialised at méc) ~ fc for ¢ € C and conditioned to coalesce
at time 7" satisfies ((7.1]). Here, we use Doob h-transforms [Rogers and Williams, 2000, Chapter IV,

Section 6.39] and define the following space-time harmonic function

D (N N B ()

() :/H: mexp{‘ 2T 1)

which represents the integrated density of coalescence at time T' given the current state :ﬁgc). Then

the |C| conditioned processes satisfy a SDE of the form,

dX© = K2 aW© + AV log (h(t, X’fc))) dt, (7.4)

where V log (h(t, QE'EC))) =: (vgcl), e ’,vt(f»’w\)) is a collection of |C|d-dimensional vectors and

1

Ac§1 Odxd -+ Odxd Ac1 Ogxd --- Ogxd
1
_K% _ OdXd AC22 e OdXd 7 -K _ ded A‘CQ e ded 7
1
Odaxd Odxa - A Oaxa Odxd -+ Acpg
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1 11
where AZ is the (positive semi-definite) square root of A, where A2AZ = A, for ¢ € C, and 04xq

denotes the d x d matrix with all elements equal to 0.

Considering the cth term and letting A;' =" - AJ!, then

A;l( _ ()) yfa:(@ TAgl yfw(C)
" J <7§/_t$t [eee mexp s )2(T—t)< 2) dy
v, =
(\TA—1 (c)
y—x Ao (y—=
f HCEC m exp {_ ( t )Q(Tt)< t ) } dy
A" (y—@)TAZ (y—&:)
J ( T—ty> exp{— : 2(Tit)y : }dy ATlzl
- —&)TAS  (y—a T =
feXp{—(y t)ZT(TC—t)(y t)}dy T—-1
Ac_l (if)t — SBIEC)>
- T—t

Consequently, we have

C1 Clc‘

T—-1 Y T—-1 ’

Al (gzt — w§01)> AL (@t - mflc\)> .

V log (h(t, 55,5‘3))) -

and (7.1]) holds.

Next, we show that under F this common value has density f. Since P is the measure for |C|

coalesced Brownian motions (shown above), from (7.2]), we can write F as

dF(X) o dP(X) - po (5,-50)) 11 [exp {— /0 ! be <Xt(c)) dt}]

ceC
. ©) — zONTA=ZL(4©) — 5©) ~
o [gfc (:c(())>] ~exp{—(y %) 27{ (y %o )} -dWy (X)
-(C) () —1/4(©) (e)
- exp {_Z (T — = )Tg%l(mo — Ty )} . H [exp {—/T¢c <Xt(c)) dt}]
ceC ceC 0
©) _ 2ONVTA=1(4©) _ 2
— [H fe (w(()c))] - exp {—Z e 0 )T;xfl(y o )} - AWA(X)
ceC ceC
T
: H [exp {—/0 be (Xt(c)> dt}] , (7.6)
ceC

where W denotes the law of |C| independent Brownian bridges {Xt(c),t € [0,T)}cec starting at
X((]c) = :Béc) and ending at X%C) .= y(©) (with covariance A.). Let gc(a_z’éc),y(c)) denote the
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(©)

marginal distribution of F at &, and &,

gc a:o ,y H{ < (() )} .exp{_z(y(c)—azé))Tg\T (y © _ 33[()0))}

2©) _. y(©), then we have

ceC ceC
T
L [o{- [ () o]
) g [fg CORAVRIEY f(;@)] : (7.7)

where

el fo (W) {_(y(c) —2)TA () - fvff))}
fc (w[()c)> 2T

Ew,, [exp {— /0 ' e (Xt(c)> dtH . (7.8)

Recall from [Proposition [6.1.1] using the Dacunha-Castelle representation |[Dacunha-Castelle and
Florens-Zmirou, 1986, Lemma 1] (see , this is the transition density density of a
Langevin diffusion with covariance matrix A. over time ¢ € [0,7] (as given in (6.5))). Critically,

this diffusion process has invariant density proportional to f2, so

[p (k) 2 (o) 0ol = 12 (u).

By integrating out ;" in (7.7, we can see that gc(% 7€ ) y©) admits f© as a marginal. |

7.1.2 Methodology

suggests that we can simulate from the fusion target density f ©) by simulating

€). As suggested by the theory, we do so by means

X ~ F and retaining the 7' time marginal, y(
of simulating a number of proposals X ~ P and accepting (or importance weighting) the terminal
time marginal y(©) with probability (or weight) proportional to the Radon-Nikodym derivative in
(7-2). As such, we need to consider: (i) how to simulate proposals from X ~ P (outlined in
[7.1.2.1); and (ii) how to compute the Radon-Nikodym correction (outlined in [Section[7.1.2.2)).

We then present our proposed complete methodology in [Section [7.1.2.3

7.1.2.1 Simulating from the proposal measure

First, we consider how to simulate proposals from X ~ IP. We begin by noting that the initialisation
of the proposal measure given by (7.1) at time ¢t = 0 only requires independent draws from the
|C| sub-posteriors that we wish to unify, which in this thesis, we assume we have access to. If

independent sampling is not feasible, it is possible to obtain approximate sub-posterior samples
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using MCMC (see|Section[5.2.3.1|for a discussion on the impacts of using approximate sub-posterior
samples for Fusion). Further, although paths X ~ IP are infinite dimensional random variables (and

so we cannot draw entire sample paths from P), it is sufficient for our needs to simulate (exactly)
the paths at a finite collection of times provided we can ensure that we are able to simulate the
path (ezactly) at time T. For clarity, we only consider simulating X at times given by the following

auxiliary temporal partition,
PZ{to,tl,...,tn:0:2t0<t1<"-<tn::T}. (79)

We let A; :=t; —t;_1 and for notational simplicity, subscripts are suppressed when considering the
processes at times given in the temporal partition. In particular, let acgc) denote acg_:), and let :Eg-c)
(

denote :ﬁtf). The following theorem tells us how to simulate from [P without discretisation error.

Theorem 7.1.2. LetC := (eq, ... ,qc‘) denote the index set representing the sub-posteriors we wish
to unify, then if X satisfies (7.1)), then under the proposal measure, P, we have

(a) For s <t,
Xt(c)‘(fs(c) = £§C)) ~ Nicja (Ms(,ct)v Vs,t> ; (7.10)

where J\_J)S(Ct) € RICIxd .— (M(cl) ...,Ms(i‘cl)> with

s,t

T—t t—s
M) = o (7.11)
and
I'i T Ly
V.= F?l F?Q o F?‘C' e RIClaxicld (7.12)
Liep Tiep -+ Tieyey
where fori,5 =1,...,|C|,
(t—s)(T —1) (t—s)? dxd
rn—=—-—— ‘A +—2A R 1
[ T_s cz+ T_s c € 5 (7 3)
(t —s)? dxd
Fij: T AcéRX . (714)

(b) For each ¢ € C, the distribution of {Xéc),s < q < t} given endpoints ch) = :I:gc) and

C C . . . . . .
Xt( ) = xg ) is a Brownian bridge with covariance matrix A., so

x(©)

u

_ () . (c) _ _
(wg@,w?))wvd((t etz (al S)Ac>. (7.15)
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Proof. We begin by deriving the joint density of X:t(c) conditional on the state at

time s, #). Firstly, consider the d(|C| 4+ 1) dimensional joint density of )Zt(c) and end-point y©)
©)

conditional on ®s "/, which we denote as pi, then

—2logp1 = D1 + Do,

©)

where D is the log-density of y(©) conditional on &5 and given by

©) _ mgc) TA—1(4©) _ mgc)
D1:§:@ )Tj;y )k
ceC

v (€)

where k; is a constant; Dy is the log-density of X, ©

conditional on @y’ and y(©) (which is simply

the log-density of |C| Brownian bridges with respective covariance matrices A, for ¢ € C), given by

T-—s @ t—s ¢ —t _ (¢ t—s
Dy = S — — ©_7T (c) A 1 _ (C)_ (©)
PR {xt 7Y | A e v e ke
where ko is a constant. We therefore have
_ =O\ra-17(C) _ 50
(y© —2)TA (y© — &)
—21 =
0gP1 T s
t—s 2 2
E T2 g ©OTA1,©0) ©)T A1) ©@©TA-14()
’ J(T—t)(T—s)y YT Ty e BTV A s

_T=s o _T=t o] 1] 0 _T=t @
+;(t—s)(T—t)[mt Tos% | Ao B T T

t—s o)T 2 0 O)T A —14(C
A - A + O A

T—s @ T—=t ol " c1l© T—t
+; (= )T = )[azt x| Al |z T T + ky

1 t—s 2
= OTA-L,,(C) _ (C)T A -1~(C)
[T_SHT_@(T_S)]@/ Ay m gy A

T—s (c)_T—t (c) T 1 (C)_T—t (c)
+;(t—s)(T—t)[mt T8 | Ao [T T | TR

T—s (c) T—t ()T 1 (c) T—t ()
- o Cc A - Cc
+Cezc(t—s)(T—t) [”t T8 | AT T TE | TR

1 . _ - 1 1~
= W9 =& A WO - 2| - & A a
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-1

where k3 and k4 are constants, and A¢ := (ZCEC Agl)

Next, we integrate out y(©) to obtain the d|C|-dimensional density of )Zt(c) conditional on :f:gc),

which we denote ps:

—2logpz = —

(0T A~12(C) T-s @ _T=t o] a-1] @ _T=t (
z; c Xy +;(t—s)(T—t) {mt T % A |z T % + ks

IR S (<) L (o) T—s 2OTA- 15 T—t\ (@©Tr-1..()
= ACmt'+Z;@5th) At — 2 & AT |+ ke,

where k5 and kg are constants. Noting that

-1 T -1
jgc)TAgleC) _ <Z Acl> (Z Aclx§c)> (Z Acl> (Z Acl> (Z Aclccgc)>
ceC ceC ceC ceC ceC
T
::<§:A_1<C> Ac<§:Ag%é”>

ceC ceC

_ Z mgm <A;1AcA;1) mﬁj).

ijec

So we have,

_ _ 1 0T (A -1 “1\ ..G) T—s (c)
2logpe = T—tza:t (Ai AcA; )wt +mz$t Az,

i’jec CEC
2
- 2l A 2O+ kg
- ceC
T —s _
T -8 (T -1 Z mtc Ac wt Z Q31‘/6 AT AcACY) Ccng)
ceC cGC
1 : 9
- > 2T (A7 AcATY) wi” S s DL P PG
ZJ;éEC CEC
1#]
2
Ty 15! )_t— TLEO) 1 kg
where
—1 —1 —1
IS S
DI Snt SR Yhw:
Vol - 21 222 2.|C\ € RICldx[cld (7.16)
1 1 1
%m %m - Yy
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with

T—s 1
»1 L AZ'ACAY) € R
(X2 (t—S)(T—t) Ci T — ( C Ci )
1
-1 _ 1 dxd
e (A AcA ) eR
fori,j=1,...,|C|, and
A;ll Odxa --- Ogxq
~1
1 Oaxda A; - Odxd ¢ RICIxICId
Odxd Odaxa --- AZ!

‘el

where 0g4yq is the d x d with all elements zero. We finally complete the square to get
~(C -(C —1a4(C
—2logps = xg )Vst O - g )‘/s,ths(,t) + ke,

where

#O)
- (C \ 7 1
Ms(’t) —ﬁ.

Inverting Vsjl in , we obtain and subsequently we can get the expression for (t) in

(7.11]) to prove the statement in part @ of |Theorem | m

For part for ¢ € C, the law of {Xt(c),t € (0,7)} conditional on endpoints :c(()c) and y(©) is
that of a Brownian bridge (see [Section 4.1.2). This statement in the theorem holds from the

standard properties of Brownian bridges (with covariance matrix A.). In particular, considering

the distribution of Xéc) at an intermediate point ¢ € (s,t) given the positions X s@ = :cgc) and

Xt( ) — acgc) at times s and ¢ respectively, then we have
P (K, = ol =9, =)
xP (X = 27| X[) =2, X, =w) - P (X, = w‘XS(C) — ()

ocIF’( x9 = ( ( q—w‘Xs(C):mgc))

z, —w)T 1:13 —w w—a:gC)T _1'w—a:gc)
mp<_< >tAc< >>‘exp<_< JTA >>7

2(t - q) 2(q —s)
and hence we arrive at the result in the statement. [ |

As we can initialise a draw from P, and from we can simulate from its transition
density, we can now explicitly express the d(n|C| 4+ 1)-dimensional density of the |C|d-dimensional

Markov process at the (n + 1) time marginals given by the temporal partition under P by iterative
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simulation from the transition density:

e (20, 89,9) o« [T [1: ()] [ Wew @O 2O v7) . ()

ceC j=1

where Ny(z|p, X) denotes the density of a d-dimensional Normal distribution (evaluated at ) with
mean p and covariance ¥ and for notational convenience we let M © = M (C)l g, and Vi =V,

Recall that a:(() )= (:13[()01), cee :13(() 'C‘)) where C := {c1,...,¢|c|} and y© = 2 for each ¢ € C.

7.1.2.2 Radon-Nikodym correction of the proposal

Now, we draw our consideration to the second step of how to compute the Radon-Nikodym correc-
tion of , given we have drawn our proposal from PP restricted to the times given by the partition
P. Factorising the Radon-Nikodym derivative in according to the temporal partition P, the
d(n|C| + 1)-dimensional density under F is

n

C -(C ~(C ~(C
gc< 7! ) il)l,y( )> x he (a:(() ),...,wn_l,y(c)) -Hpj, (7.18)
j=0
where pg is given in (6.7) and for j =1,...,n

o (20080) = e o {- [ 0. (x07) -0

ceC g1

e (0, 1], (7.19)

where Wa_ ; is the law of a Brownian bridge {Xt(c),t € (tj_1,t;)} from Xy, | 1= wgi)l to Xy, := :1:5-0)
with covariance A., and ®. < oo is a constant such that ¢.(x) > ®. for all  and each ¢ € C. As
with [Dai et al.| [2021], we note that we can avoid computation of the global lower bounds ®. of
¢c, by considering a sequential Monte Carlo approach, since these are simply constants that will

be cancelled during normalisation of the importance weights.

Although we cannot directly compute p; for j = 1,...,n, we have seen several times in this thesis
that we can construct unbiased estimators in a similar fashion to |Beskos et al.| [2008]; Fearnhead
et al. [2008] To recap, to find an unbiased estimator, we need to find upper and lower bounds
for ¢ (X ) for ¢t € [tj—1,t;]. Beskos et al.| [2008] noted that if we can bound a sample path
X [(tcj),l,tj] ~ Wa, ;, then conditional on these layers (or bounds) of the sample path, we can find
upper and lower bounds of ¢. denoted U }C) and L§.C), respectively, such that gﬁc(Xt(C)) € [Lg-c), UJ(C)]
for t € [tj—1,tj]. To achieve this, let R. := Rc(X},_, ) denote the compact region (or layer)
in which Xt(c) is constrained in time [t;_1,t;]. If A, = I, then we can simulate a layer to which
Xt(c) € R, for t € [tj 1,1t ] by using algorithms outlined in [Pollock et al.| [2016, Section 7] and
summarised in 2| (for instance [Algorithm |4.2.4)). In the case where A. # I, we can still

simulate R. by appeahng to a suitable transformation as we did in [Section[6.1.2} Once we have
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simulated layer information for Xt(c) for t € [tj_1,t;], we can simulate the path at any required

time marginals conditional on the simulated layer, Xt(c) ~ Wa, j|Re (via a transformation and

applying |Algorithm [4.2.5)). Although it is possible to find bounds for ¢, given the compact set R,

in a problem specific manner, we can also find general (less tight) bounds which are provided in
[Section [6.1.2] in [Proposition [6.1.3}

Once local bounds for ¢, are obtained, we can unbiasedly estimate p; in (7.19)) for j =1,...,n by
letting Aj :=t; —t;_1 and computing a;p;, where a; := exp{>_ .. ®.A;} and

Affe . €_U;C)Aj Ke
J

pj (dz’g@l,:ﬁgc)) =11 TR I1 [UJ(C) — b (Xéf’)h)] : (7.20)

ceC ke=1

where L;c) and U](c) are constants such that L§-C) < ¢ (Xt(c)> < U;C) for all Xt(c) ~ Wa, j|Re,
ke is a discrete random variable with conditional probabilities Pk, = k.|R.] := p(k.|R.) and
EetrororEone U1, 15] for all ¢ € C.

Theorem 7.1.3. Let aj = eXp{Egzl ® A}, then for every j = 1,...,n, a;p; is an unbiased

estimator of pj. In particular, we have

pi =E[E[E [E[ap | {Re, X\, hcbeee] [{Re, X, Yeees | | {Rebecc]
= EgEvwzExEg [a;55] (7.21)

where expectation subscripts denote the law with which they are taking; R denotes the law of {R. ~
Re:c=1,...,C}, W denotes the law of the C Brownian bridges {Wx,j:c=1,...,C}, K denotes

the law of {k.:c=1,...,C} and U denotes the law of {c1,...,&cn. 1 c=1,...,C} Zrlzgllx{[tj_l,tj].

Proof. Following in the style of Beskos et al.|[2006a} [2008]; Fearnhead et al.| [2008] (see [Section [4.4))
and Dai et al. 2021, Appendix B], for j =1,...,n, we have

ErEwrExEg [a;0;]
Afe . o~ (U7 2D ke
J

kel - p (Ke|Re) ;1_[1 (UJ(C) — % (Xﬁ(f)kc»

Afe . o~ (U7 =@0)A, ) _ 6, (Xt(C)) Ke

t; U(c
— ExEwmrEr |[] | = S at
REWIRTK kel - p (Ke|Re) ] A

=ErEmrEzEr |[]

i—1

o Ake . =07 =®A, /ta‘ U e (th(C))

= EQEWWQ H Z ]k‘c! - p (ke| Re)

ceC \ k=0 tj-1
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ke
o) ke . U(C é
U9 -®A, Aj t c
= ExEw iz He Wy Zkl k:|R) / A’( )dt
ceC tj—1 J
[ ©) t
= BBy [[[ e 7% exp {/ ] (Ua(c) — e (Xt(c))) dt}
LeeC tj—1
tj
Mo o {- [ (o (7) -0 arl]
ceC tj—1
and hence a;p; is an unbiased estimator for p;. |

This unbiased estimator for p; allows for significant flexibility in choosing the law K. Throughout

this thesis, the main two choices that we consider in are the GPE-1 and GPE-2 estimators of
Fearnhead et al. [2008] (see [Section 4.4.3) which lead to the following two estimators for p;:

Definition 7.1.1. (GPE-1 for p; (7.19)): Choosing the law of k. ~ Poi((U;C) - Lg-c))Aj) forceC

leads to the following estimator:

e ()
~(a) (2(C)  =(C) Ll Seke
A () -1 -1 UF’—Lf)k | .

where exp{ZCC:1 DA} - ﬁga) is an unbiased estimator for p;.

Definition 7.1.2. (GPE-2 for p; (7.19)): Choosing the law of k. ~ NB(~, ;) for ¢ € C with

_ L0 tiTS (o STl
_pa, /1¢C< @ Aj ) T >ds, (7.23)

]

leads to the following estimator:

~(0) (=€) =) ._ @ ATT(Be) - (Be +qe)etre e © .
p; ( 0) g )_1; V9D, B Ry v -kgl [U — ¢e (chkcﬂ ,
(7.24)

where exp{zccz1 ®.A;}- ﬁgb) is an unbiased estimator for p;.

As we discuss in [Section [7.1.2.3] we will be embedding this estimator within a SMC framework,

and thus the critical consideration when choosing the law K is to minimise the variance estimator.

In our subsequent simulations, we typically choose the GPE-2 estimator in |Condition [7.1.2] since it

has been empirically shown to have superior performance in [Fearnhead et al. [2008, Section 5] and

Dai et al.[2021, Section 3.5]. We summarise the approach to simulating p; in [Algorithm [7.1.1]
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Algorithm 7.1.1 Simulating p;.

1. ForceC ) )
(a) z](.c_)l, zj(-c): Trans{orm the path, setting z](.c_)l = A;%:g?b and z](-c) = A;5$§-C).
(b) R¢: Set R, := A2 Rgz), where Réz) ~ REZ) as per [Algorithm |4.2.4
(c) L(.C), U](C): Compute lower and upper bounds, Lg? and U)(f), of ¢c(x) for x € R, (as per

(6.11]) and (6.12)), or otherwise).
(d) pc: Choose p(:|R;) using either GPE-1 (Condition [7.1.1)) or GPE-2 (Condition [7.1.2)).
(€) ke, &: Simulate k. ~ p(-|R.), and simulate &1, ..., &, ~ Ut;—1,15].
(f)

2(9): Simulate zé:)l, e ,zg)n‘ ~ Wﬂd|R((;z) as per [Algorithm 4.2.5

-

1
(g) X(©: Reverse transform the path, setting X @ — A2 zg)k for ke =1,..., Ke.

£c,kc
2. Output 5\ (7-20).

7.1.2.3 Generalised Bayesian Fusion algorithm

As noted earlier, suggests that we can simulate from the fusion target density f©)
by simulating X ~ F and retaining the T time marginal, y(©). As suggested by the theory, we do

so by means of simulating a number of proposals X ~ P and accepting (or importance weighting)
the terminal time marginal y(©) with probability proportional to the Radon-Nikodym derivative in
. We are now able to practically do each of these steps (as discussed in Sections and
respectively), but the methodological approach requires careful consideration.

The simplest methodological approach here is a rejection sampler (see . To do so, we
can simply simulate a proposal from h¢ (by utilising [Theorem [7.1.2)) and accept this proposal
(and returning the value for y(©) as a sample from f (C)) with probability equal to H?:o pj. Whilst
a rejection sampling approach to sample from g¢ in this fashion is valid and would ultimately
return ii.d. draws from our fusion target f(©), this approach would unfortunately suffer from
several inefficiencies. In fact, Monte Carlo Fusion |Dai et al. [2019] (discussed in

follows a similar approach (although based upon a different formulation of the problem which

does not utilise [Theorem [7.1.2)) and suffers from these computational drawbacks. Note a full

discussion of the connections between the methodology outlined in this chapter and the earlier
Fusion algorithms are discussed at the end of this section. In particular, we would expect the
acceptance probabilities p; to decay geometrically with increasing number of sub-posteriors,
|C|, as each term in this product is bounded by 1. Furthermore, we expect the acceptance probability
H?:o p; to decay exponentially with increasing T'. Consequently, a rejection sampling approach will
ultimately be impractical and typically would lead to very small acceptance probabilities. Similarly,
an importance sampling approach (in which the proposals are all retained with an importance weight

of H?:o p;) will ultimately suffer from the same issues of robustness in practice.

The BF approach of Dai et al. [2021] introduced the auxiliary temporal partition P in order to

simulate from g¢ using SMC, allowing for the gradual coalescence of the C' stochastic processes. In
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particular, we can initialise an SMC algorithm by simulating N particles from the time 0 marginal

in he (which consists of composing |C| samples from each of the sub-posterior densities to obtain

:Egc)), and assigning them an initial un-normalised importance weight given by w’oﬂ- = po(i(()ci))
for ¢ = 1,...,n. This initial particle set constitutes an approximation to the time 0 marginal of

gc, and can be sequentially propagated n times through the temporal time mesh P by simulating

chl) Z;” 1 i~ Ma(M N ,V]) as per (7.11)) and (7.12)). In our SMC formulation, at each iteration
(j = 1,...,n) the un-normalised importance weight of every particle is updated by a factor of
pj(& g )1 Z,if(cz)). The weighted particle set obtained after the final nth iteration of the algorithm

corresponds to the coalesce time 7', meaning that y( ). w(cl) =...= :c( ‘C') fori=1,...,N. By

(2
retaining the final time marginal y(© for each of the N weighted particles (1.e. {ylgc),w?(fi) N ), we

have an approximation to the desired distribution,

N
FO )y ~ > w6 e (dy). (7.25)

i=1

As is common in SMC, to avoid weight degeneracy in which the variance of the importance weights
degrades rapidly in n, we employ a resampling strategy. As such, at the end of each iteration, the
weights are re-normalised and we follow the conventional approach of Kong et al.|[1994] to monitor
weight degeneracy by estimating effective sample size (ESS) of the particle set. If the ESS
falls below some user-specified threshold then at the beginning of the next iteration we resample
the particle set to get N equally weighted particles. In all of our simulations in the subsequent
sections, we used residual resampling [Higuchi, 1997; Liu and Chen, 1998; Whitleyl, [1994], but note
there are a wide variety of resampling methodologies within the SMC literature (see e.g. |Gerber
et al. [2019] for a recent investigation of the properties of many resampling schemes). As remarked
upon in due to this normalisation of the particle set weights we can avoid the need
to explicitly compute the constants ®. in , as they are simply constants which cancel.

We term our Fusion approach Generalised Bayesian Fusion (GBF) and summarise it in
To generalise the algorithm further (and make it amenable to a recursive divide-and-conquer
approach), we assume we have access to M importance weighted realisations of each sub-posterior,
{w((f,)g,w,(:)},i\i , for ¢ € C. To initialise the algorithm, we start by composing M initial weighted
particles by pairing the draws from each sub-posterior {a_z'[()clg}]k\/[ 1» and compute the associated (un-
normalised) partial weights {w }k | Where w(()ck) = ([Lec w,gc)) po(m((),z) for k =1,...,M. If
we have M # N, we resample to obtain NN samples from each sub-posterior, otherwise, we choose
to only resample if the ESS is below some user-specified threshold. In general, for the Input step of
Algorithm [7. we may have access to different numbers of samples from each sub-posterior: say
M, importance Welghted samples for sub-posterior f. (for ¢ € C). For our simulations, if M, = M
for ¢ € C, we simply pair the sub-posterior draws index-wise. This is a basic merging strategy of
the sub-posterior realisations and has the advantage that it can be implemented in O(M) cost (and

if M, # M for every ¢ € C one simply sub-sample to obtain a common number of samples from
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each sub-posterior). We found this simple approach to be adequate in our simulations, but note
there are more sophisticated options available described in |[Lindsten et al. [2017, Section 4.1] (and

see for a more detailed discussion).

Algorithm 7.1.2 |gbf(C, {{wOZ, Z(C)}f\il,Ac}cec,N,P) Generalised Bayesian Fusion (GBF).
1. Initialisation (j = 0):

(a) Input: Importance weighted realisations {:L'OZ, Z(C)}i]\il for c € C := (c1,...,¢)), the
user-specified matrices, {A : ¢ € C}, the number of particles required, IV, and temporal
partition P := {tg,t1,...,tn: 0 =1tg <t1 <--- <t,:=T}.

(b) Compose the 1mp0rtance weighted realisations {ka,w((]clzl M where w((]clgl =

(HCGC w,(C )) po(a:(()clz) for k=1,..., M as per
(c) w0 k For k in 1 to M, compute normalised Welght wo = wO it / s M o1 (()Clz,/
C C
(d) g: Set gM(dz{) =M wg,,g 50 (az().

(e) @ /+ If M # N, fori=1,...,N, resample ‘5(()?1) ~ g and reset w(()(’:i) %
2. Iteratlve updates For j=1,...,n:
(a

2
) Resample: If the ESS := <sz\i 1 wj((i)17i ) breaches the lower user-specified threshold,

then for ¢ = 1,..., N, resample :E’ﬁ)“ ~ gj\il and reset wﬁ%}i = %
(b) Foriin 1 to N,

i. #9; Simulate :B N./\fd< y ,V,) as per [Theorem [7.1.2

j'L

(C)

ii. w;;": Compute un—normahsed weight w(c) wj(c)l i [)~(£§C_)l7i, :E'gcl)) as per ([7.20))
(usmg [Algorithm [7.1.1)).
(c) w](?) For i in 1 to N, compute normalised weight w( = ] ; /Zk/ 1 J k/
C -
(d) gl: Set g] (dw( )) = vale( l) %ﬁ) (d:v§ ).
(C o e ;
3. Output: {af),.... 2" .y wl)} | where fO(dy) := g (dy) ~ 1) (y)dy.

The theory and methodology developed in this section admits the Bayesian Fusion |[Dai et al., 2021]

and Generalised Monte Carlo Fusion (GMCF) (see [Chapter [6) approaches as a special case and is
established in the following corollaries:

Corollary 7.1.1. Setting A, = Iy for ¢ € C := {1,...,C}, where 1y is the identity matriz of
dimension d, and applying the approach outlined in|[Algorithm|7.1.2 recovers the Bayesian Fusion
approach of |Dai et al| (2021, Algorithm 1] (also given in|Algorithm5.2.4).

Corollary 7.1.2. Setting P := {0,T} and applying the approach outlined in [Algorithm |7.1.2
recovers the Generalised Monte Carlo Fusion approach of|Algorithm6.1.4

As alluded to in [Section [5.2] one of the main reasons why GBF is typically more robust than the
GMCEF is that there is more flexibility in the algorithm. We have seen that in the GMCF (and
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MCEF (see ) approaches, there is a trade-off when choosing 7. In particular, recall with
the MCF, if T is chosen to be small, then the first acceptance probability p”™ (5.8)) is smaller,
while the second acceptance probability Q"™ is going to be larger. In the GMCF approach
where an importance sampling approach is used, this corresponds to having a larger variance in the
normalised importance weights from the initialisation of the algorithm (meaning a low ESS after
the first step of the algorithm), but having smaller variance in the normalised weights in the second

step of the algorithm (hence larger ESS). For larger values of T', then the opposite is true.

A key drawback with MCF and GMCF is that in many practical settings, it is unrealistic to be
able to find the optimal tuning parameter T' easily, and even if the optimal T is found, it is not
likely that you will have good performance across the two steps of the algorithms. A particular
case where this is a problem is when combining conflicting (heterogeneous) sub-posteriors. In such

settings, it will be incredibly difficult to find a 7" which leads to good effective sample size at the

end of the two importance sampling steps in [Algorithm [6.1.2f (in a rejection sampling paradigm, we

will have poor acceptance rates at the two accept/reject steps in [Algorithm [5.1.3)). In contrast, the

BF and GBF approaches introduce a temporal partition of time 7', denoted P. This provides the
methods with enough flexibility to ensure there is a good initialisation of the algorithm whilst still
having stable performance during the iterative steps in the algorithm. In particular, it is possible
to make T sufficiently large such that the initial importance weights {po;}., (see [Step |Lb) have
low variance. Furthermore, we can ensure we have stable importance weights during the iterative
steps of the algorithm by imposing a finer temporal mesh for . Unfortunately, this comes at the
cost of increasing the number of iterations in the algorithm, n, but the advantage is that we are

able to obtain a more robust algorithm for the fusion problem.

7.2 Divide-and-Conquer Generalised Bayesian Fusion

In [Section [6.2) we embedded the Generalised Monte Carlo Fusion (GMCF) approach within a
Divide-and-Conquer Sequential Monte Carlo (D&C-SMC) framework [Lindsten et al., 2017] (see
Section [3.4)) and we found this to vastly improve the scalability of the GMCF approach with regards
to increasing number of sub-posteriors to combine (see for instance . The key idea
was that since the fundamental goal of the methodology is to approximate f in , it is possible
to construct a recursive divide-and-conquer approach in which the sub-posteriors are combined
in stages to recover f (as opposed to combining the sub-posterior samples in a single step, i.e.
C :={1,...,C}). The notable advantage of appealing to the D&C-SMC framework is that we can
consequently take advantage of the theory and methodologies which have been developed for this
framework. As we noted in the theoretical properties of D&C-SMC are increasingly-
well characterised (see e.g. Kuntz et al. [2021Db]). In this section, we follow the same approach as in
Section [6.2] to incorporate the Generalised Bayesian Fusion (GBF) approach of within
a D&C-SMC algorithm. Since we have seen how we can do this with GMCF in in this

section, we will mostly re-define notation which is required to do this for GBF.
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As noted in [Section [6.2] we can represent the order by which sub-posteriors are combined by us-
ing tree diagrams, which are termed hierarchies (see e.g. [Figure [6.2)). In these hierarchies, the
intermediate vertices represent intermediate (auziliary) densities up to proportionality. The ap-
proximation of the distribution associated with any non-leaf vertex is obtained by an application
of Fusion methodology to the densities of the children of that vertex. In we focused on
two alternative approaches to the fork-and-join method; namely the balanced-binary tree approach
where we combine two sub-posteriors at a time (illustrated in, and the progressive tree
approach whereby sub-posteriors are fused one at a time (illustrated in . While these
are two simple tree hierarchies that can be applied, the methodology that we develop in this section

is a general framework which can be used with any such tree.

We again adopt the notation from to introduce our divide-and-conquer approach. Let
T = (V, &) denote a tree with vertices V and (directed) edge set £. Let Leaf(T) denote the leaves of
the tree (which represent the sub-posteriors that we wish to ultimately unify: fi,..., f.), Root(T)
denote the root of the tree (which represents the fusion target density f (L.1)) and Ch(v) denote
the children of vertex v € V where Ch(t) = () if ¢ is a leaf. Let V = {wp,v1,...,v¢,...} be the set
of vertices, with vg = Root(T), {v1,...,vc} = Leaf(T) and as many intermediate vertices as are
required to specify the tree. Furthermore, to directly apply the methodology developed in
we define the following notation for non-leaf vertices v ¢ Leaf(T): let C, := Uy, ecn(y)Cu denote
the index set representing the sub-posteriors that we want to unify for vertex v ¢ Leaf(T). In
addition, to simplify the notation and avoid an unnecessary level of subscripts, we index densities
and other quantities by v rather than C, when it is clear what is intended. In particular, let A, :=
Ac,, a_c'gv) = aﬁ’ﬁcv), a?gv) = :igc”), y® = y() where y) ~ f, := f) for v ¢ Leaf(T). Let Wy, ;
denote the law of a Brownian bridge {Xt(v),t € [tj—1,t;]} with ng,)l = iL'gv_)l and Xt(;)) = mg-v) with
covariance A, for j =1,...,n. The extended target and proposal densities for vertex v ¢ Leaf(T)
are denoted g, := g¢, and h, := h¢,, respectively. Lastly, the importance sampling weights for
v ¢ Leaf(T) are given by p(()v)(dc'(”)) := po(£©)) and pg.v) (&), y™) := p; (&) y(€)) for all j.

From this recursive perspective, sample approximations of auxiliary densities obtained at one level
of any tree are themselves treated as sub-posteriors at the next level up. As such, one can iteratively
apply GBF and work through the levels of the tree from the leaves to the root, using at each stage
the output of one step as the input for the subsequent step. An advantage of our divide-and-
conquer approach is that as fewer sub-posteriors are combined at each stage, we avoid the rapidly

diminishing and variable importance weights as noted in [Section [6.2

As in [Section [6.2) we describe the Divide-and-Conquer Generalised Bayesian Fusion (D&C-GBF)

approach by specify an algorithm that is carried out at each vertex v € V which leads to a re-

cursive procedure; an initial call to |d&c.gbf(Root(V),...)| carries out the overall approach. For

v € V, we define a procedure (as given in [Algorithm [7.2.1)), which returns a weighted particle set
(v) () (N (v)

{:E’(U) z w,, ; }ivq where w
042 Ln_1p Y HWhiri=1 nyi

denotes the normalised importance weight of particle i
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for vertex v € V. From this particle set, we can take the marginal weighted samples for ¥ to
approximate the fusion density f, o HuECh(v) fu for vertex v € V. Recall that the leaf vertices,
ve for ¢ = 1,...,C, represent each of the sub-posteriors. It is straightforwardly possible to addi-
tionally incorporate importance sampling for the leaf vertices but for simplicity we assume that

we have access to unweighted samples for the sub-posteriors. Therefore, at these leaf vertices, we

simply sample from the sub-posteriors. If v is a non-leaf vertex, we simply call [Algorithm [7.1.2] by

inputting the importance weighted samples {yi(u), w,gu)}fil for u € Ch(v). As we did in |[Section 6.2|,

although the auxiliary distributions are defined on larger spaces, we do not need to retain sampled
values which are not subsequently used; to better manage the memory required to implement our

method, we can choose to retain only returning the weighted particle set {yi(v), wl@)}i:1 since we

only require this to compute the importance weights in [Algorithm [7.1.2{at each vertex v ¢ Leaf(T).

Algorithm 7.2.1 [d&c.gbf(v, N,P)t Divide-and-Conquer Generalised Bayesian Fusion (D&C-
GBF).
Given: Sub-posteriors, { fu}uerecat(r), and preconditioning matrices {Ay }uer-

Input: Node in tree, v, the number of particles N, and (optionally) the temporal mesh partitions

{Putuecn()s Po-
1. For u € Ch(v),
N
(a) {aﬁ'gfi), . 752@1,1"%@7“)5:2}._1 < d&c.gbf (u, N, P,)|
2. If v € Leaf(T), -
(a) Fori=1,..., N, sample ylgv) ~ fo(y).
(b) Output: {B,4", L}V,.
3. If v ¢ Leaf(T),
(a) If P, is not inputted, apply guidance from [Section [7.3.1) and [Section [7.3.2]
(b) Output: Call gbf(Ch(U),{{yiu),wgu)}f\il,Au}ueCh(U),N, Py)

Note that in [Algorithm [7.2.1] we allow the user to specify different temporal partitions at each

node and level (i.e. {Pu}yecn(w)s Pv)- As we explore fully in [Section [7.3, when we develop guidance
for user chosen tuning parameters, having this flexibility on the temporal partition can lead to a

far more robust and efficient implementation of [Algorithm [7.2.1]

7.3 Implementational guidance for Generalised Bayesian Fusion

In this section, we develop guidance for choosing the parameter T' and the temporal partition P

(and so n implicitly) for our Generalised Bayesian Fusion (GBF) approach (Algorithm[7.1.2]). Note

that this guidance can be used directly at each node within our Divide-and-Conquer Generalised
Bayesian Fusion (D&C-GBF) approach (Algorithm [7.2.1). Since GBF is fundamentally a sequen-
tial Monte Carlo (SMC) algorithm, we want to choose these hyperparameters to ensure that the

discrepancy between subsequent proposals and targets are not degenerate. For this reason, and in

common with Dai et al.| [2021], Section 3], we look at the incremental weight changes and study the
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conditional effective sample size (CESS) |Zhou et al 2016|:

2 2
N 5 N
(Zi:l Pm’) . (Ez’:l Po,z‘)
Niﬂforjzl,...,n; CESSO:ZNi27
i=1Pji i=1P0,i

where po; and p;; are given in (6.7 and (7.20]) respectively.

CESS; := (7.26)

In order to develop heuristics to choose hyperparameters, we consider the idealised setting of
combining multivariate Gaussian sub-posteriors with mean vector a. and covariance matrix %Ac,
for some b > 0, for ¢ € C. The target is f ~ Ny(a, %Ac), where @ := (3¢ Ac_l)_l (Y ecc Al tar)
and Ac = (X .cc Ac_l)_l. For BF, [Dai et al. [2021] considered this setting along with A, = I
for all ¢ € C. By imposing an additional assumption that the partition was a regular mesh, we
obtain a temporal mesh P. In this section, we instead develop guidance for T' (see
in the more sophisticated GBF setting, and then in [Section [7.3.2] investigate the more challenging
selection of P without assumption on its regularity (i.e. permitting an irregular, or adaptive, choice
of mesh). As a consequence we instead implicitly find n. It should be noted that the findings in

our work can be directly applied in the BF setting to improve upon that methodology.

In our idealised setting the key consideration is the degree to which the sub-posteriors disagree

with one another. To measure how significantly the sub-posterior conflict, we define

o2 = |cly S (a— a)TA; (ae — @). (7.27)

We further consider the two following conditions in order to explore how the algorithm hyperpa-

rameters should change according to sub-posterior heterogeneity:

Condition 7.3.1. SH(\). The sub-posteriors obey the SH(\) condition (for some A > 0) if

ol = b(|C|m_1)A (7.28)

This represents a natural condition which arises in many settings, for instance if % of the data is
randomly allocated to each sub-posteriors then o2 ~ %X\qul and have mean W. For I%I large,
then we expect for A > 1, the sub-posteriors would obey the SH(\) condition with high probability.
Condition 7.3.2. SSH(~v). The sub-posteriors obey the SSH(vy) condition (for some v > 0) if

o2 = by. (7.29)

This represents a setting where the sub-posterior heterogeneity does not decay with data size m.
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Remark 7.3.1. Choice of (b): In the case that {Ac}cec are chosen to be the estimated covariance

matrices for each sub-posterior, then we set b = %‘, since the sub-posteriors in our idealised setting,

fe ~ Ny(ae, %Ac), will have variance which closely matches the sub-posterior variance. In general,

we want to choose b such that %AC is close to the variance of sub-posterior f. for ¢ € C.

We study empirically our choices of tuning parameter in the idealised settings described by the
SH()) condition and SSH(+y) condition in Sections [7.4.1H7.4.2| respectively.

7.3.1 Guidance for choosing T’

The time horizon T only directly affects the initial weighting given to each of the N particles
through pg in (6.7). Thus, to develop guidance for selecting T', we study CESSy in ([7.26)).

Theorem 7.3.1. Let f. ~ Ny(a., %AC) for c € C, then considering the initial conditional effective
sample size CESSy we have that as N — oo, the following convergence in probability holds

a () (|C|b>2
N-1CESS, B exp { — %alm g A
b\ (L 4 2 14 2Ck

o T m) et T om

Proof. Considering the initial conditional effective sample size, CESSy, we have

2
(ZlNzl po,z') N (E[po,i])?
Zij\il P(Z),i E[Pg,i]

@) (© (©)_g(© 2
SRS

- (c c) ©€)_,.(c)
& oo {1 o S |

_ E[e_(ﬂ (7.31)

dcj=1)d

(7.30)

N~ICESS; := N !

where 02 := ﬁ Zcec(:fzéc)—wéc))TAc_l(:igc)—azé )) where :13 ~ Na(ac, 3+ bCl A ¢). To get an expression

for N~'CESSy, we begin by obtaining the moment generating function (mgf) for o2. First note

ICIZ ) _a)TA (2l — a a+’C—|Z A (@) - a). (7.32)

ceC ceC

Considering the term ﬁ Y cee(®y " d)TAC_I(m( e _ a) and letting Y, := A, ( () —a), then Y, has
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_1
mean A, ?(a. — a) and variance %Hd. Hence /5 Y. has mean , /7 c‘A 2( — a) and variance
Iz, and so let
m -1 m
A= —A: % (a. — c—a)A Y a.—a) = —0o2,
Z b|C| ¢ (ac Z ) p @
ceC CEC

then 2 3o Vel ~ x2(Cld, \) distribution (i.e. # ¥ cc(@f” — a)TAZ (&) — @) has a non-
central x2(|C|d, \) distribution) with mgf

A
exXp { 17‘35

(1—25)%'

U N——

M(s) = (7.33)

Secondly, consider |C‘ ZCGC( &) — d)TA_l(ﬁz(c) —a)= i ( —a)TA; (& ©_ a), where A_1 =
> ece At Then since wo ~ Ny(a, blc'Ac) then Z := /7o A” l( (C) —a) ~ Ny(0,I;) and so

1ZI* ~ 3 (e o Yeee(@) — @)TAZ (@ — a) has x3 distribution) with mef

IS

Ma(s) := (1 — 25)"%. (7.34)

From ([7.32)), we have
2 : ~15© _ g § : 2O _a)TA @ —a
b’C| (xO ] [b’C| ( Ty CI,) ’

~x*(ICld,N) ~X3

where A = mg“

(7.33) and (7.34)), the mgf for o2 is given by

(el-1d
M, (%) mo2s sb\ 2 sb 1
Moo(s) = —m/) _ a¥ | (1 _9% here 22 < =, .
72(5) Mo(£b) exp{m_ 28b} < m) » where <3 (7.35)

Given the mgf of o2, then

137



o 9 _(\C\gl)d
(4 (£)
TP T ) (1, 2 L+ 2[CJb ’
(f+ %) (& +2) HE T
and so [Theorem [7.3.1] immediately follows. |

The following corollary considers the effect of 7' on CESSy in the SH(A) and SSH(7) settings:

Corollary 7.3.1. If for some constant k1 > 0, T is chosen such that T > %, then the
following lower bounds on CESSy hold:
(a) If SH(N) holds for some XA > 0, then
lim N-1CESSy > expd — = — - (7.36)
Noeo =PV T a2 '
(b) If SSH(7y) holds for some v >0, and T > k‘2|C|% for some constant kg > 0, then
_ by d
i 1 > - :
1\}1an N™CESSy > exp{ ks 2]{:%} (7.37)
" 2 _ (Cl=D)x _ [c|]x :
Proof. Under |Cond1t10n |7.3.1L Oq = == < =7, so for the first term in (7.30)),
2 (b 221012
9a (E { Uab|c| }
exp{ — > expy —
T 4 b\ (T 4 2 T2m
(fr+ %) (F+ %)
b2CIPA
2 expq— T2m2
A
> exp {_1432} , (7.38)
1
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OICI* "k |

where T > il for some constant k; > 0, and for the second term in - then
_(cl=nd _dcl=1d
e 2 2 lcp\ 2 2
14 Tm S Tm
AT > lexp{ ~——2
2|C|b 2/Clb
1+ T+ 7
2
C|b
($2) (e - 1)d
=expy —
2(1+ 29)
C|3v?
() ¢
> N 7
> exp 5
> e d (7.39)
XP ——5 ¢, .
= eXP{ g5
3/ 3/
with T' > M Hence, under |Condition |7.3.1 and choosing T > w, combining the bounds

. . blc3/%k
from and gives . Under |Condition [7.3.2, 02 = by, if we assume T > % for

some constant k1 > 0, and T > |C | 2ks for some constant ko > 0, then

<T+ b)(T +2b)>T2>bk1k2
IC| C| e om

and so we have

2 (b b2»y
a (i) { m by
exp{ — > exp\ — } = exp {—} . (7.40)
T b T | 2 Ok1kz kik
(&+%) (E+2) m o

Hence, under |Condition |7.3.2| and choosing 7" such that T" > % and T > |C|%k2, we can

combine the bounds from ([7.40) and ([7.39) to obtain the bound in ((7.37]). [

To provide a systematic way to choose k1 and ks (and so determine T'), we must estimate several
quantities: b, a positive constant which ensures %Ac closely matches the variance of the sub-
posterior; ), related to the variance of the sub-posterior means; and o2, which is defined in
and is the variance of the sub-posterior means. After obtaining these quantities, we can use [Remark]
in order to choose k1 and ks.

Remark 7.3.2. Choice of (ki,k2): To choose k1 and ks, we first specify ¢ € (0,1) to be a lower
bound on the initial effective sample size that we would desire. We then can consider which situation

that we are likely to be in, and then:

1. Under SH()\), suppose we want to ensure N~*CESSy is above ¢ € (0,1), from (7.36)), we have

9
log(C)

exp {—% — ﬁ} = (, which implies we choose k1 =
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2. Under SSH(v), suppose we want to ensure N~ CESSy is above ¢ € (0,1), then from (7.37),

we have ) J
Y
_ = L 41
exp{ Tiks 2]4:%} ¢ (7.41)

Recall that for SSH(vy), we must have T > max{%, ’C‘%kg} Since we wish T to be

small, we would like k1 and ko to be small, and thus we set these two terms equal to each

am 4 d
other and find ke = % Substituting into (7.41), we then choose k1 = {/ — ( 1§g(+<;)2)-

Given kj and ko, T' can be chosen such that 7' > % if SH(A) holds, and T > max {%, |C|%k‘2}
if SSH(7y) holds. Typically we want to minimise the number of iterations in |[Algorithm [7.1.2 so we
choose the smallest 7" which satisfies the user-specified ¢ € (0,1).

7.3.2 Guidance for choosing P

In this section, we develop guidance for choosing the temporal mesh P by considering the CESS for

the jth iteration of the algorithm (i.e. in the time interval (¢;_1,%;]), then iterating for j =1,...,n.

To simplify the analysis of [Algorithm [7.1.2] for which there is considerable flexibility in the choice
of proposal distribution for our unbiased estimator of the importance weights (see
of , we assume that we have access to the optimal unbiased estimator. Recall from
that Fearnhead et al.| [2008, Theorem 1] (and Dai et al.| [2021, Appendix B]) showed

that the variance of the unbiased estimator a;p; is minimised when p(k.|R.) ~ Poi(\.), where

A / v (U](c>_¢c (Xt(c)))zdtr, (7.42)
t

j—1

Ae 1=

for ¢ € C. Under the optimal choice, the second moment is finite and E [(ajﬁj)z} <1< oo In
practice choosing this optimal distribution for K is not possible since the integral in cannot
be evaluated directly. This is why in we choose alternative simulatable distributions
(as described in Conditions 7.1.2)), which try to match this optimal distribution closely. With

this optimal choice, we establish the following theorem:

Theorem 7.3.2. Let p(k¢|R.) in (7.20) be a Poisson distribution with intensity given in (7.42)), for
c € C, and ks, k4 be positive constants. If limAj_m is taken over sequences of Aj :=t; —tj_1 — 0

with )
B 2 2 2
ti —tj—1 < Aj = min{ bIC ks (b |C|k4> } , (7.43)

E[v;)m2?’” \ 2m2d

where

vj = |Cl| Z (:Izgc_l — ac>T A <w§c_)1 - ac> , (7.44)
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=(C)

and the expectation E[v;] is taken over Z;”y, we have

lim lim N~'CESS; > e mH, (7.45)

A;j—0 N—oo

where limAjHO lmpy_yoo N1 CESS; means convergence in probability.

Proof. As N — oo, we have

2 2
500 ] [0 shen)] s
NICESS; = Nt (AR SR Blepl
> im1 05, N-1Y75 0 (a5pj) E [(ajﬁj)2]

where a; := exp{>_ o ®cA;}. Since a;p; is an unbiased estimate of p; (see|[Theorem [7.1.3)), then

Ela;55] = [[Ewa., <exp{ / (60 <X§c>)_¢,c)}>

ceC

= Ey, (exp{ Z/ ¢c C) }) a;

ceC

where W4 denotes the law of the collection of Brownian bridges {Wy, ; : ¢ € C} for each j. Note
that under the optimal distribution for p(k.|R.) (a Poisson distribution with intensity given in
(7.42))), then E [(ajﬁj)ﬂ < 1 [Fearnhead et al., 2008; Dai et al., 2021, so

ol L)

ceC

lim N~!'CESS; > E[a;p;]* =

N—oo

2
If f. ~ Nay(ae, %AC), then ¢.(x) = 1 ((b??’) (x —a.)TA Y (z —a.) — ’T‘C) which has global

lower bound ®. = —% (%) (since the minimum of ¢, occurs at the mean, a.). Then by considering

small intervals (t;_1,t;) and taking the limit of A; :=t; —t;_1 — 0, then

lim lim N'CESS;

A;—0 N—oo

2
(mgc) — ac)TAgl(xgc) — ac)} 5]7 —»(C ) _“(76)1}
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(by using a trapezoidal rule approximation of the integral and exploiting the use of small intervals)
where lima; 0 and expectations are exchanged using the dominated convergence theorem (as the

exponential term is bounded above by 1 and its expectation exists |[Dai et al., [2021, Appendix C]).

From ([7.58)) in |Corollary [7.3.2] we note that :1:§ ) only depends x (c )1 through &; and C( for all

c € C, and we have

L(C ~(C Tt
40, (5o 2] 2o a0,

and consequently,

T ! ¢ 1 (e
(JA ) S @ — an) AT @ — ag) ~ (I, X)),

T_tj 1 ceC

! ICld

N,
with moment generating function M;(s) := exp { 1j§3} (1 —=2s)” 2, where

6= (7o) ReRledn]-o)'s @l

ceC
1
:(TT_JJIA> cloZ,
= g 2 (B o6 - ac) 4 (B [«

Letti — (VT A2
etting s = —5 { gy = 5, then

4] -e)

with

]~ a.).

_ »
lim lim N“'CESS; > |E(E{ I i) 1 Cld
Jim, Jim N-'cESs, > (5 (2] im e { T a0 )| -2
r 1 <m2) 2 A 2
—9\p2c ) Ot; 29
> |E|{EJ{ lim exp 2Ae) b f(c_)l (1 ) (¢l
]'—)0 1—2s J
From ([7.58]), we have
) 1
- 2 T — ¢ ti—tiq
E[(C) ,a(C)}: J , i () i helg
$] m]—l T—tj,1 5J + _tjfl ]—1+ T—tj,1 Lj-1

and so we have lima; o afj =: vj where v; is given in (7.44). Using Jensen’s inequality, we can get

2

(1 —2s)7ICH

2
o | —3E ] (#r) A
lim lim N7 CESS; > lim [exp
Aj—0 N—oco A;j—0 1—-2s
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2
. ~El;] (%) A
= ASe P 1—2s

(1 —2s)71Cl4, (7.46)

Consider the first term in (7.46)), then taking the limit A; — 0 implies that s — 0, and if A; <
b2|C|ks3
E[v;]m?

for some k3 > 0, then

—E 1] (%) A
1—2s

exp > exp{—ks}. (7.47)

N

Similarly for the second term in (7.46), if A; < (b;f‘z%) , we have

(1 —25)7I° > exp {4s|C|d}

= exp {4|C\d (—; (;’"C')Q (TT—_t]ti) A§> }
= exp {—2 <b;’|‘2|> dA?} > exp {—k4}. (7.48)

Combining the bounds in (7.47) and (7.48), and taking the limit A; — 0 over sequences of ¢; —
tj—1 — 0, with (7.43), we arrive at the result given in the theorem. |

Remark 7.3.3. In vj (as defined in (7.44) ) describes the scaled/weighted average

variation of the |C| trajectories of the distribution of their proposed update locations with respect
to their individual sub-posterior means (i.e. describing how far wgc_)l is from a.). Since the GBF
approach has |C| trajectories which are initialised from their respective sub-posterior distributions
and coalesce to a common end point, this variation is mainly determined by a combination of:
(i) how large the time horizon T is; (ii) how large the interval we are simulating over for this
iteration (tj—1,t;]; and (iii) how much the sub-posteriors conflict which we determine by looking at
the variation in their means as per . Given a weighted particle set from the (j — 1)th iteration

of the algorithm, {53'5-0_)1,2-,11)](-0_)171- N |, a natural estimator for E [v;] is

N
E[y;] = Zw](-(i)lyi <]C1] Z (acgi)“ - ac>T A? (xg’i)“ — ac>> . (7.49)

Following [Theorem [7.3.2] and [Remark [7.3.3] we now have the additional problem of specifying ks

and k4, and using the result to develop practical guidance. We do so by first choosing a lower
bound on the conditional effective sample size that we would tolerate, ¢’ € (0, 1), and select k3 and
ky such that e %%+ = ¢’ and compute t; = min {T, tj—1+ Aj} recursively at each iteration until
7 =n such that t, = T.
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Note that we expect to have very different performance with different choices of k3 and k4. For
instance, we can obtain a very high CESS; by simply choosing k3 very small and setting ky =
—log(¢’") — k3, which ultimately leads to having very small intervals sizes Aj. Choosing small
interval sizes may help computationally simulating p;, but this comes at the cost of having more
iterations of the algorithm, leading to an increased communication between the cores. Natural
choices for jointly specifying k3 and k4 are ones which lead to the largest interval size which still
satisfies N"1CESS; > ¢’ € (0,1), as this minimises the number of iterations in [Algorithm [7.1.2]

We now consider the previously introduced regular and irreqular (adaptive) mesh selection of
P in [Section [7.3.2.1] and [Section [7.3.2.2] respectively. As noted in although the

implementational guidance for the (standard) BF approach can be found in Dai et al. [2021], Section

3.2], the guidance developed in this section for choosing 7" and P also applies to the BF algorithm
(Algorithm [5.2.2)) by setting A, =1; for all ce C ={1,...,C}.

7.3.2.1 A regular mesh construction

For algorithmic simplicity and to avoid computing ([7.43)) at each iteration of |Algorithm [7.1.2] to

determine the interval size for iteration j of the algorithm, it is possible to construct a regular

mesh P whereby each interval size is the same for each iteration, i.e. Aj =Aforeachj=1,...,n
where n = [T/A] (where [x]| denotes the smallest integer greater than or equal to x). This
simplification of regularity was suggested in Dai et al. [2021, Remark 6]. They noted that for
large datasets in which observations were randomly allocated to sub-posteriors, that one would
expect sub-posterior heterogeneity to be small. Hence one would expect E[v;] to be small (of
O(m™1)). In their simulations in Dai et al.| [2021, Section 3 and 4], they set k3 = k4 = 1 and
let A = tj_y —t; = /(b2|C|ks4)/(2m2d) for all j. The rationale presented in [Dai et al.| [2021,

Remark 6] does not hold in generality so in this section, we instead develop a more systematic way

to construct a regular mesh. In particular, setting ks = k4 as they suggest is sub-optimal.

Given a user specified lower bound on CESS;, ¢’ € (0,1), we want to minimise the number of
iterations of [Algorithm [7.1.2] Step [2l This is achieved with reference to and by

choosing a combination of k3 and k4 such that: (i) exp{—ks — k4} > (' (i.e. CESS; for any j does

2
Ig[y‘f]lfi > b;lﬂ’ff for each j. The difficulty here is that at each

iteration, we must compute the average variation of the trajectories, E[v;]. Of course, this is not

possible directly and so an estimate E[v;] is computed as per (7.49)). To ensure the chosen ¢’ is not
violated at any iteration we follow the guidance of ((7.43) by taking a supremum over all intervals

not violate the chosen ¢’); and (ii),

of this estimator (i.e. sup; E[r;]). This choice allows us to specify k3 and k4 to obtain n and P.

For ease of practical implementation of [Algorithm [7.1.2] it is desirable to avoid any recursive

definitions of n and P (i.e. they are specified prior to calling [Algorithm [7.1.2| Step [2[ where they

are required). In this setting we would need to estimate sup; E[v;] based upon only the initial

(C.)}i]\i 1 obtained in [Algorithm [7.1.2| Step |Lb

N2

(weighted) sub-posterior realisations {:i"éi), wy
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Following we would expect E[v;] to be maximised at ¢t = T (corresponding to

(7.51))), but in some instance may also occur at ¢ = 0 (corresponding to ([7.52])). In most practical
applications of GBF it will be at ¢ = T as the proposal for the coalescence of the |C| stochastic
processes has a Gaussian distribution with mean i(()c) with variance TA¢ (as a consequence of
and considering s = 0 and ¢ = 7). On the other hand, if the sub-posterior means
are very close together, the largest variation in the trajectories from their respective means could
occur at the start of the bridge. As such, we propose taking the larger of these two scenarios to

arrive at the following approximation:

—

sup E [v;] ~ max{W¥;, ¥s}, (7.50)
j

where

M
1 - 1 (=~
U, = ;wé?m CGZC (méi) - ac)T A (a:éi-) - ac) , (7.51)
M
T RS R )
1= ce

and where w(()ci) are the initial particle weights given in [Algorithm |7.1.2| Step |1b

Our approximation of sup; E [v;] has obvious limitations: it may not be conservative enough to
ensure the user chosen ¢’ is not breached; and it may be too conservative and lead to choosing n

too high. In practice we have found it to be a robust approximation.

Once we have a suitable estimate of sup; m, we need to find a suitable choice for k3 and k4 to
ensure that we always choose the RHS side of (as that leads to a regular mesh) and satisfies
¢’. As there are many combinations of k3 and k4 which can return a regular mesh, we aim to find
the combination which returns the largest interval size. We can do this by means of the following

proposition which considers the jth interval of the partition:

Proposition 7.3.3. Considering the jth interval of P (i.e. [tj—1,t;]), given a user-specified thresh-

—

old ¢’ € (0,1) and estimate E[v;] of E[v;], then the largest interval size which satisfies N~'CESS; >

¢" is given by
~ [b2|C|ky,
A — »J
I 2m2d '

/1/\-2m2 /1/\'2m2 2
<E£b;}|6d - 2log<<’>) - \/ (2 log(¢') — %) — 4log(¢")?
2

where,

kyj = (7.53)

Proof. Using then for iteration j, we want to choose exp{—ks;j —ka ;} = ¢’ € (0,1),
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and so k3 j = —log(¢") — k4 ;. By substituting this into (7.43]), we can choose the mesh size as

1
A _JPICl[=log(¢) — kay] (VPIClRay 2
Aj = mln{ Ef,|m? , < 5m2d > , (7.54)

where ky j < —log(¢’) (in order to ensure that k3 ; > 0). Here, we want the largest interval which
satisfies N‘lCESSj > ¢’. This corresponds to choosing k4 ; with

1
b%|Cl[—log(¢) — kagl _ <52!C|k4,j>2

Elv;Jm? 2m2d
bYCP°[—log(¢') — kay)® _ b%|Clkay
Ely;]Pm? 2m2d
E[v;]?m?
= [~ log(() — kay]® = WKM
2 2 E[V']2m2
— log(¢')” + 2kajlog(¢') + ki, = W 4
E[v;]2m?
=k + (2108(¢) ~ g ) b +hon(€)” = (7.55)

Applying the quadratic formula to solve (7.55) gives

vi]2m? vi12m2 \ 2
(S~ 2108(C) +  (2108(¢) ~ Bim) — a10m(?

4’j - 2
Note that we have the constraints that 0 < k4 ; < —log(¢’), and since from ([7.55)), we have

E[v;]*m

2
kij + <2 log(C/) - 2()2]C|d) kyj = —log(C/)Q7

then we will always choose the smaller root and arrive at the statement of the theorem. |

Using |Proposition 7.3.3, we can substitute our estimate of sup; E[v;] into (7.53)), and compute the

b;LfL’ff and n = [T/A]. In effect, we are setting ky = sup; ky ;. Whilst

choosing k4 < sup; k4 j would lead to another regular mesh, we are attempting to find the choice of

regular interval size A := \/

k3 and k4 which leads to the largest interval size. This process is summarised in [Algorithm [7.3.1}

Algorithm 7.3.1 Computing regular mesh P.

1. Input: Time T > 0 and importance weighted particles {a:(()cz), wp! )}

For j=1,...,n,let t; = min{T,t;_1 + A}.
Output: P := {tg,...,tn}.

2. Compute estimate of sup; IE%[V\]] as per (7.50)).

3. Compute k4 using the estimate from [Step [2| as per ((7.53)).
4. Compute A := b;f!:; and let n = [T/A].

D.

6.
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7.3.2.2 An adaptive mesh construction

While the regular mesh introduced in [Section [7.3.2.1] offers the simplicity of choosing the temporal

partition prior to the iterative steps in[Algorithm [7.1.2[Step 2] the construction of the regular mesh

essentially computes the worst case scenario of the trajectory variation, and consequently this can
lead to an excessive number of points in P. Specifically, it can be an overly conservative approach
to constructing P. An alternative mesh construction is to have an irreqular (or adaptive) mesh

which we outline in this section.

Suppose we are at the beginning of the jth iteration of [Algorithm [7.1.2] Step [2| we have in effect

simulated our |C| stochastic processes up to time t;_; < T. We can now consider the placement of
the next point in the partition, ¢;, with reference to the user chosen ¢’ € (0,1). In particular, we
want the interval to be as large as possible while ensuring that the CESS; does not degrade by more
than ¢’. To do this we can compute an estimate of E[v;] as per and appeal to
in order to choose k4 j, and consequently the interval size A; for that particular iteration j to
set t; = min{t;_; + A, T}. Once we reach T' we simply halt iterating |[Algorithm [7.1.2] Step [2]

In contrast to the regular mesh construction in [Section [7.3.2.1] we cannot compute the temporal

mesh prior to [Algorithm [7.1.2] Step [2| Therefore, the computation of the interval size for iteration
j must be done immediately after and prior to [Step 2b] of [Algorithm [7.1.2] In this setting,

the number of steps in [Algorithm [7.1.2] (i.e. n) is not known in advance. Given the construction of

the regular mesh assumes the worst case interval in selecting the mesh size, we would expect that
the overall n would be lower in our adaptive approach. Indeed, we show this empirically in our
simulation studies in We summarise this approach in [Algorithm [7.3.2]

Algorithm 7.3.2 Computing adaptive mesh P (computing A; at iteration j immediately after
[Algorithm [7.1.2] Step [2a)).

© . © I~

1. Input: Time T > 0 and importance weighted particles {& w7 ity

=1
. Compute E[v;] as per (7.49).

2

3. Compute k4 with the estimate from as per ((7.53).
. 2
4. Compute t; = min {T, ti—1+1/ bzig'fd‘* }
5)

. Output: Aj = tj - tjfl.

7.3.3 Practical implementational considerations

One of the main aims of this thesis is to further develop the Fusion methodology so that it can
be applied to a wider range of practical settings. In this chapter, we have outlined theory and
methodology to tackle the general fusion problem of sampling from f(© by combining samples
from the sub-posteriors f. for ¢ € C, and the implementational guidance provided thus far is for

the general application of GBF methodology. However, in many practical settings there will be

additional constraints which require us to modify [Algorithm [7.1.2] appropriately. Examples include
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settings where latency between cores is problematic, or in scenarios where functional evaluations of
the sub-posterior densities f. are not available. In this section, we revisit the practical implemen-
tational considerations outlined by Dai et al. [2021, Section 3.7] for the (standard) BF approach
(also discussed in and generalise them to our setting. To clarify, the implementation
of our methodology in examples presented in Sections do not exploit these modifications.

7.3.3.1 Reducing communication between the cores

For BF, Dai et al.| [2021} Section 3.7.1-3.7.2] identified two steps where communication between
cores could be reduced (see . In particular, it is possible to limit the amount of
communication between cores when initialising the particle set, and also when propagating the
particles in the iterative steps of the algorithm. In a distributed/parallel setting, it is desirable
to reduce the number of communication between cores since there is a latency penalty for each
communication leading to a more computationally expensive algorithm. In this section, we outline

how we can take these ideas from Dai et al. [2021, Section 3.7.1-3.7.2] and apply it in our setting.

In [Algorithm [7.1.2] Step |1b] the particles are composed by pairing the sub-posterior draws index-

wise to obtain {:i’((fi) i=; which requires a communication between the cores. To fully initialise
the algorithm, we must assign importance weights to the particles which requires an additional
two communications between the cores; namely a communication back to the individual cores to
provide the weighted mean of the particles @ ;, and a communication between the cores to compute
poj(:i:’gf,)) (since can be decomposed into a product of |C| terms corresponding to the individual
contributions from each sub-posterior). Following the approach of Dai et al.| [2021, Section 3.7.1],
let 6 € R% be a weighted average of approximate modes (or means) of each sub-posterior. Noting
that this can be computed in a single pre-processing step prior to initialisation, then we can modify

the proposal mechanism for the initial draw to be from the density

© _ g\TA-1(© _ g
r (c) N (330 - G)TAC (mO - 0) . (c)
fe (a:o ) X exp { 5T fe (wo ) , (7.56)
then by modifying the algorithm by replacing py with
~(C) o é TAfl ~(C) _ é
0o 1= exp { (@ ) 21(1 (@ ) } , (7.57)

where A;' := (3o A1), we can see that
o () L () o (5°)-TL ()
ceC ceC

Since we subsequently re-normalise the importance weights, we do not need to compute any constant

of proportionality for gy. Adopting this approach means that we can sample from f. on each core

148



independently and evaluate the modified importance weight without any further communication
between the cores. This therefore reduces the number of communications required to initialise the

particle set from three (in the original formulation) to two (since this approach does require one

communication to compute #). The modified initialisation is summarised in [Algorithm [7.3.3]

Algorithm 7.3.3 Particle set initialisation modification (to replace [Algorithm [7.1.2] Step [1b]).
1(b) For k in 1 to M,

(l) Qﬁélz For c € C simulate ka ~ fc - Set ka — (m CllC - Q?écl‘fl))-

)

(ii) Compute un-normalised weight wéck)/ = (TTeec wk ) @0(“ ) as per ([7.57)).

7

There is also scope to reduce the number of communications required to propagate the particle

set in |[Algorithm [7.1.2[ Step [2(b)il To propagate the particles, there is a communication between
the cores in order to compute M ](C) = Mt(f,)l,tj as per (7.11)) since this requires the current

position of each of the |C| trajectories. Once we have computed this and propagated the samples,

a further communication back to the cores would be necessary so that each core can compute their

contribution to the p; importance weight. Alternatively, we can utilise [Corollary[7.3.2] so that each

70

of the |C| processes can propagate their own individual particles to compose &

Corollary 7.3.2. Simulating :B ~ Ny ( ,V) the required transition from m( ) to _.gc) mn
[Algorithm |7.1.2 Step |2(b)4, can be expressed as
A2 2 T — ¢ 3
(C) — J X J A (C) M(C)
x; T—tj—1] &+ [T—tj_l j] n; +M;", (7.58)

where & ~ Ny(0,Ac), n;7 ~ Ny(0,A.) and MJ(C) is the cth sub-vector of M](C) given by (7.11)).

Proof. From part of [Theorem [7.1.2} we have a: ~ Ny (M](c V) where M( ) ]\;I)t(]¢}17tj is
given by (7.11)) and V; :=V,,_, ;. is given by (7.12] . From ((7.58 , the mean and covariance matrix
of £§C) given £§C) are also given by M ;C) and VJ as required. |

Notice that the interaction between the |C| trajectories only occurs through @;_; which can be
computed at the previous iteration, and we can communicate this along with &; at the same time.

This removes an unnecessary communication between the cores at every iteration, resulting in a

more efficient algorithm if latency is a concern. This approach is presented in [Algorithm [7.3.4]

Algorithm 7.3.4 Particle set propagation modification (to replace |Algorithm [7.1.2| Step [2(b)i)).
2(b)i.
(A) For c € C, simulate x; )](acj_l i acg(?l ;) in (7.53).

(B) Set a:(c) = (zcgi»l), . ,w;i‘cl)) and compute a:( )= = (Ceec AT M e Aglxﬁ)).
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7.3.3.2 Alternative methods for updating the particle set weights

In this chapter (and in|Chapter [6]), we have assumed that we have been able to compute functionals
of each sub-posterior f. for ¢ € C, but as we have noted in [Section [5.2.3.3] there are many settings

where it may be impractical or infeasible to do so. This may be case if there is some form of in-

tractability of the sub-posteriors [Andrieu and Roberts, [2009], or if the evaluation of such quantities

is simply too computationally expensive (for instance in large data settings [Pollock et al.| 2020}
Bouchard-Coté et al., 2018; Bierkens et al., 2019; Baker et al) 2019; Dai et al. 2021]). In these
settings, we no longer are able to evaluate ¢. in which is necessary to update the particle
weights in the iterative steps of [Algorithm [7.1.2l However, we have seen in [Section [5.2.3.9} it is
possible to consider alternative unbiased estimators for p; in

Corollary 7.3.3. [Dai et al., 2021, Corollary 3] The estimator

A'?c . e—U)({C)AJ Ke
J

g (#9,.80) = [ 20 =
Q5 (x_]*l’:c] > cell Ke! ~p(:‘€c|Rc> kgl

(U§§> ~ & (Xé)k)) : (7.59)

where QEC 18 an unbiased estimator of ¢. and 7](0) s a constant such that gEc(w) < UJ(C) for x € R,.

Proof. This follows directly from |

The estimator g; in [Corollary [7.3.3| can therefore be used as a substitute for p; in [Algorithm [7.1.2]

However, we must be careful in constructing g; since its introduction typically increases

the variance of the estimator which increases the variance in the weights. In particular, by using

[Corollary [7.3.3] the number of expected functional evaluations will change from K to K’ and so we
must consider the growth in the ratio K’'/K as m. — oo [Pollock et al.l |2020; Dai et al., [2021].

Consider the example setting provided in Dai et al. [2021, Appendix E| and [Section [5.2.3.3)), where
we have a large number of data points associated to each sub-posterior (i.e we have m, > 1 data

points for core ¢ € C) then computing ¢, in is an expensive O(m,) operation. Assuming that

the sub-posteriors admit a structure with conditional independence and can be factorised as
me
fe(@) o [ [ lie(), (7.60)
i=1

then we could use the following naive unbiased estimator for ¢&:

Mc

5 (Vioglre(z*)TA NV loglyc(z*) + Tr(AV? logly o(x*))) (7.61)

<£C(‘B)
where I,J % U {1,...,mc}. Although using such an estimator has the advantage of having O(1)

cost when evaluating, this comes at the cost of an O(m,) inflation in the expected number of
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evaluations when evaluating ¢; over p;. However, following the approach of |Pollock et al.| [2020),
Section 4] and Dai et al. [2021, Appendix E], we can choose some suitable control variates and
compute Vlog f. and V?log f. at points close to either the mod? of the sub-posterior, &., or the
mode of the target posterior & (where close means within O(m. ?) of the true respective modes).

Computing these control variates will typically be one-time O(m.) computations. Now let

are(x) :=n-[Vilogl(x) — Viogls(x*)], (7.62)
Hro(x) :=n-[V:iogls () — Vgl (z*)], (7.63)

then since log fe(x) = > logl; .(x), we have
E4laro(x)] = ac(z), Ex [ﬁf,c(m)} — Ho(x). (7.64)

where a.(x) := Vlog f.(x) — Vlog fe(x*) and H.(x) := V?1og f.(x) — V%log f.(x*) and A is the
law of I ~U{1,...,n}. Noting that ¢.(x) in can be re-expressed as

1
de(x) = 3 [ae(x)TAL(2V log fo(x®) + ac(x)) + Tr(AHe(x))] + CF, (7.65)
where C* := 1 (Vlog fo(z*)TAV log fe(z*) + Tr(Ac.V?1og fo(x*))), then this leads to the following

unbiased estimator for ¢.:

() = % [aLc(a:)T(QV log fo(a*) + ase()) + Tr(ACI:ILC(w)ﬂ + o (7.66)

where I,J i Uu{l,...,me}, ie. if now we let A be the law of I,J i Uu{l1,...,me}, we have

E4 [d;c(m)] = ¢c(m)

The constants ||V log fo(z*)||?, Tr(V?2log fe(z*)) can be evaluated at O(m.) cost, but they only
need to be computed once prior to calling |Algorithm |7.1.2l The unbiased estimator gzgc(m) uses only
double draws from {1,...,m.}, although [Pollock et al. [2020] notes that it would be possible to

average over multiple draws (sampling from {1,..., m.} with replacement) which could reduce the

variance of the estimator at the cost of increasing the number of data points to evaluate at.

7.4 Simulation studies

In this section, we study empirically the performance of our Fusion algorithms (Sections and
, and selection of tuning parameters (7', n and P as discussed in in our two idealised
key settings—the SH(A) setting (Condition [7.3.1) and SSH() setting (Condition [7.3.2]) described
in We do this in Sections [7.4.1] and [7.4.2] respectively. For simplicity, here we focus
on BF and GBF, noting that GBF is simply D&C-GBF with a fork-and-join tree hierarchy (as
in . Note that the earlier BF approach is simply a special case of GBF with A, = I

151



for ¢ € C, and so comparison with this work is straight-forward. Finally, in [Section [7.4.3] we
compare the performance of Fusion methodologies (including D&C-GMCF (of and
D&C-GBF) with increasing dimensionality. We return in to consider more substantive
examples using real data. To compare the performance of different approaches we consider their

computational cost (by computing both the computational run-times and the number of iterations

in [Algorithm [7.1.2) n, as a proxy for amount of communication between the cores) and Integrated
Absolute Distance (IAD) defined in (6.25)).

Throughout this section we use the GPE-2 estimator of p; as given in [Definition [7.1.2] and use the
Trapezoidal rule to estimate the mean . in ([7.23]) and set 8. = 10 for ¢ € C. Details on how
to find the corresponding scripts to run these experiments is given in and necessary
calculations to implement these examples are given in

7.4.1 Sub-posterior Homogeneity

We first study the guidance developed for T" and P in for GBF (Algorithm|[7.1.2)) in the
SH(A) setting of |Condition [7.3.1] Recall, this is the setting in which we are combining homogeneous

sub-posteriors, and would naturally arise if a dataset was split randomly across several cores. To

study this setting, we consider the idealised scenario of combining C' = 10 bivariate Gaussian sub-

posteriors, with a range of data sizes from m = 1000 to m = 40000, which have been randomly

split across the C' = 10 cores. In particular, each sub-posterior has mean 0 = (0,0) and variance
1

%E, where ¥ = f with p = 0.9. For this example, we apply both BF and GBF with a fixed

p
particle set size of N = 10000.

To examine the guidance for T' and P, we consider the effect of different choices for T" and P to
CESSy and CESS; for j = 1,...,n with increasing data size. We consider the four following choices
of T and P:

1. a fixed choice of T' and n to obtain P (for GBF, T' = 1 and n = 5, and for BF, T' = 0.005
and n = 5),

2. using the recommended T from the guidance in [Section [7.3.1| and fixed n = 5 to obtain P,

3. using the recommended 7" and P using a regular mesh (as outlined in [Algorithm [7.3.1)),

4. using the recommended 7" and P using a adaptive mesh (as outlined in [Algorithm [7.3.2)).

In implementing the BF and GBF, we set our lower tolerable bounds for the initial (CESS)) and
the iterative (CESS;) conditional effective sample sizes to be 0.5N (i.e. we set ( = ¢’ = 0.5) and
resample if ESS falls below 0.5N. The procedure for obtaining the recommended 7" and P for each

approach is outlined in
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Remark 7.4.1. We set the tuning parameters for BF and GBF' (for the SH(\) setting of

m) as follows:

1. Following the guidance outlined in and with ( = 0.5, =1 and d = 2, we have

d
k1 = —(12;(2)) ~ 1.7. For GBF, A, is the estimated covariance matrices for sub-posterior
c=1,...,C, s0b=F (see Remark , and we choose T = C%kzl. For BF, A, =14 for
c=1,...,C, so we have b =1 and so we choose T = 03/2k1/m.

2. When using the reqular mesh, we use [Algorithm |7.5.1] to obtain P. First let (' = 0.5 then
for GBF we have b = %, and so Aj = A = \/2%1 for each j, where ky is computed as per

—

(7.53) and computing an estimate of the supremum of E[v;] as per (7.50). For BF, b=1, so

Aj=A=,/ 2%“2411 for each j.

3. When using the adaptive mesh, we use [Algorithm [7.3.9 to obtain A; recursively at each
iteration to construct P. We let ¢’ = 0.5 and for GBF (where b = %) we compute t; =

min{T,t;_1 + A;} where A; = \/% at each iteration of |Algorithm |7.1.4, until we have
tj = T. For the standard BF approach, note that b = 1 so we must compute A; = \/%

instead at each iteration.

The conditional effective sample size of the GBF and (standard) BF approaches with increasing
data size in this SH()\) setting are shown in First considering the results from fixing 7'
and n in we can see that BF lacks robustness with increasing data size. Here CESSq
improves with increasing data size (m), which is due to the sub-posteriors becoming increasingly
similar with m in this idealised scenario. However, as we increase m the fixed choice for T (and
hence the size of the intervals) becomes increasingly inappropriate for the sub-posteriors, which
leads to a degradation in average CESS;. In contrast, GBF incorporates global information about
the sub-posteriors (i.e. the variance of the sub-posteriors), so there is no change in performance
with m. Note there is a trade-off with the choice of T": a small T leads to poor behaviour on

initialisation (i.e. low CESSy), but good behaviour at each iteration (i.e. high average CESS;).

Considering [Figure[7.1b] we see that scaling T" following the guidance in immediately
stabilises CESSp, although CESS; performance is still poor (n is too small). In and
[Figure[7.1d] we see that utilising both the guidance for T" and the mesh P drastically improves the
performance of both BF and GBF. In both cases GBF outperforms BF': it achieves higher average
CESS;, and the variance of CESS; is lower. Given BF is a special case of GBF, this improvement

can be ascribed to the use of estimated covariance matrices for A.. In particular, this choice leads
to a lower variance unbiased estimator for p;, and an improved proposal rb! ([717) for g*f (7.18).

From we see that with BF that without our guidance on T and P, average IAD is

poor, and the variance of the TAD is very large. In contrast, GBF with our guidance is robust
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across the different scenarios. Comparing the regular and adaptive meshes simply using CESSy
and CESS; would imply that the regular mesh is performing better (since it has slightly better
CESS;), however the adaptive mesh is slightly more computationally efficient as shown by having a
smaller mesh size, n, (illustrated in and having a faster algorithm run-time (illustrated
in . By looking at the IAD obtained for these approaches, we can see that we are able

to obtain similar performance at a lower cost with the adaptive mesh construction.
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7.4.2 Sub-posterior Heterogeneity

Now we study the guidance for 7" and P for GBF (Algorithm [7.1.2)) developed in in the
SSH(7y) setting of [Condition [7.3.2} This represents the setting where sub-posterior heterogeneity

does not decay with data size. Here, we consider the scenario of combining C' = 2 bivariate Gaussian
L p

p 1)
with p = 0.9. We again consider a range of data sizes, which ranges from m = 250 to m = 2500 and

sub-posteriors, f. ~ N (uc, %Z), where p1 = —(0.25,0.25) and poy = (0.25,0.25) and ¥ =

are randomly split between C' = 2 cores. We apply BF and GBF with a fixed particle set size of
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(averaged over ten runs) while the points
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Figure 7.1: Bivariate Gaussian example in SH(A) setting with increasing data size. In Figures
[7.1b} [7.1¢} [7.1d] solid lines denote initial CESS (CESSy), and dotted lines denote averaged CESS in
subsequent iterations ( >_j—1 CESS;), and crosses denote CESS; for each j =1,....,n.
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N = 10000. In this setting as m increases the sub-posterior heterogeneity increases since the sub-
posteriors have diminishing overlapping support. In BF (where A; = Ay = I;) this heterogeneity
is not captured, and o2 = 0.125 irrespective of m. By contrast, our generalised approach is able to

capture the heterogeneity with m with the inclusion of the estimated covariance matrices {A;}c=1 2.

As with the previous example in we will investigate the effect of varying 1" and P
with m, and its impact upon CESSy and CESS;. We consider the following choices for T and P:

1. a fixed choice of T" and n to obtain P (for GBF, T'= 2 and n = 5, and for BF, T' = 0.01 and
n=>5),

2. using the recommended 7" from the guidance in and fixed n = 5 to obtain P,

3. using the recommended 7" and P using a regular mesh (as outlined in [Algorithm [7.3.1)),

4. using the recommended 7" and P using a adaptive mesh (as outlined in [Algorithm [7.3.2)).

When applying the guidance, we set the lower tolerable bounds on the initial (CESSy) and iterative
(CESS;) conditional effective sample sizes to be 0.5N (i.e. we set ¢ = ¢’ = 0.5) and resample if the
ESS drops below 0.5N. The procedure for obtaining the recommended T and P in each approach
is outlined in [RemarkI7.4.21

Remark 7.4.2. We set the tuning parameters for BF and GBF (for the SSH(~y) setting of
as follows:

1. We follow the guidance outlined in noting that { = 0.5 and d = 2. For GBF,

A.—12 are the estimated covariance matrices for each of the sub-posteriors, so b = % (see
, and v = mo2/C (where o2 is estimated from the sub-posterior samples).
Consequently, we can compute k1 = kg = \/— (% + %) /1og(¢), and choose T = C%kl. For

BF, Ap—15 =14, sob=1 and v = 02, and so we can compute k1 = \/— (% + %l) /1og(¢)

3/2 1
and kg = %, and choose T = % =(C2ky.

2. When using the reqular mesh, we use|Algorithm|7.5.1| to obtain P. As (' = 0.5, we have for
GBF b= 7%, and so Aj = A = \/% for each j where ky is computed as per (7.53|) (with

sup; IE/[m computed as per (7.50) ). For BF we haveb=1, so Aj = A = 2%23 for each 7.

3. When using the adaptive mesh, we use [Algorithm [7.3.9 to obtain A; recursively at each

iteration to construct P. With (' = 0.5 for the GBF (where b = %) we compute t; =

min{7T,t;_1 + A;} where A; = Qk—c‘fd at each iteration of |Algorithm |7.1.4 until we have

tj =T. For BF with b =1 we have instead A; = \/2%]“24(1 at each iteration.
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CESS for BF and GBF with increasing m in this SSH(7y) setting are shown in We can
immediately see that the SSH(7) setting is much more challenging than the idealised SH(\) setting
of which is unsurprising as in this case the sub-posteriors are becoming increasingly
mismatched as m increases. In we see that fixing 7" and n is not ideal for either method.
As shown in there is a positive effect for both BF and GBF in using our recommended
scaling of T' in the quality of the initialisation. In [Figure [7.2c| and [Figure [7.2dl where both the

guidance for T and P are implemented, we see a substantial improvement in the performance of

both approaches with respect to CESS, with our new GBF approach outperforming BF.

In we see that the use of a regular mesh in choosing P, following our guidance, provides
robust CESS; with low variance. Indeed, it appears to outperform the adaptive mesh approach for P
(see . However, as discussed in the regular mesh is overly conservative,
and when we factor in the reduced number of iterations required in the adaptive case ,

along with the overall reduction in computational cost (Figure [7.2g) for comparable IAD (Figure]
7.2¢]), we see that the use of an adaptive mesh is preferable.
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7.4.3 Dimension study

In this section, we empirically study the performance of Fusion approaches (BF, GBF, D&C-GMCF
and D&C-GBF) with increasing dimensionality. To do so we consider a d-dimensional multivariate
Gaussian f o HcC:1 fe, where we let C' =8 and f. ~ Ny(0,CX), and where

Yiu =1, foralli=1,...,d,
¥ =0.9, for all i # j, (4,75) € {1,...,d},

and simply vary d. For BF and GBF we use an adaptive mesh for P, and for D&C-GBF we consider
both a regular and adaptive mesh for P with a balanced-binary tree hierarchy. In all cases we use
the guidance developed in As we are in the SH()) setting (the true sub-posterior means
are the same), we set A = 1. The lower bounds of the tolerable initial and iterative CESS are set
to 0.05N (i.e. ¢ = ¢’ =0.05) and we resample if the ESS drops below 0.5N, where N = 10000.
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Figure 7.3: Comparison of Fusion methodologies with increasing dimensionality (in the setting of
[Section [7.4.3]). In [Figure [7.3al lines connect the mean TAD (averaged over ten runs) while the
points denote the individual IAD achieved on each run.

From the performance of all Fusion methods degrades as we increase the dimensionality
both in terms of the average IAD and also the variance. Since our target exhibits large correlation
between the components, BF (recall this is simply the GBF approach with A, = I for all ¢ =
1,...,C) struggles even in low dimensions for this particular problem, whereas our generalised
approaches which we have developed in this thesis offer a much better scaling with dimensionality.
D&C-GBF comfortably outperforms existing Fusion approaches for even moderate dimensionality

in terms of IAD and computational cost.
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7.5 Examples

In this section, we consider a number of models applied to a variety datasets, and suppose the
dataset is randomly split into C' (disjoint) subsets. We compare (in terms of computational run-
time and IAD) the performance of our Fusion methodologies (GBF, D&C-GMCF and D&C-GBF)
with other established (approximate) methodologies. As a benchmark for the target f we use Stan
[Carpenter et al., 2017] to implement an MCMC sampler for the target posterior distribution using
the full dataset. In implementing Fusion methodologies, we use the GPE-2 variants of
and [Algorithm [7.1.1] as before. Our implementations for GBF and D&C-GBF are as presented
in Sections and following the guidance presented in (but without the inclusion
of any adaptions such as those presented in . In implementing D& C-GBF we use the

balanced-binary tree hierarchy.

The approximate methodologies we contrast our implementation against are Consensus Monte
Carlo (CMC) |Scott et al, 2016], the kernel density averaging approach of Neiswanger et al. [2014]
(which we term KDEMC'), and the Weierstrass Sampler (WRS) [Wang and Dunson, 2013]. For
full details on where to find the corresponding code/scripts to implement these examples, see

Furthermore, in we supply details of calculations required to implement

all examples found in this section.

7.5.1 Robust regression

In this section, we consider the ‘Combined Cycle Power Plant’ dataset available from the UCI
Machine Learning Repository |[Kaya et al., [2012} Tufekci, 2014]. The dataset comprises m = 9568
records of the net hourly electrical output of a combined cycle power plant over 6 years between
2006 and 2011, together with four (hourly averaged) ambient variables: temperature; ambient-

pressure; relative-humidity; and, exhaust-vacuum.

To model electrical output using the ambient variables, we use a robust regression model:

Yi Nt(I/,Xi,@,O'), 1=1,...,n,

Bj/NNl (.uﬂj/vo-g’j,>v j/:Oa""pa

where y € R" is the dependent variable (electrical output), X € R™<(P+1) i the design matrix,
B € RPH! is the vector of predictor (ambient) variables which we want to perform inference on. For

simplicity, we assume that v, o, u; and U%j/ for 5/ =0,...,p are known.

For our dataset p = 4, and so d = 5. We consider C € {4, 8,16,32,64,128} cores, each of which is
assigned a random split of the data. We use Stan to sample the sub-posteriors (with p;; = 0 and
a%j, = 10C for j' =0,...,p), which we will attempt to unify as in . We use the approximate
CMC, KDEMC and WRS approaches to do this, together with our Fusion approaches. For D&C-
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GMCF, we set T'= 1 and N = 100000, whereas for D&C-GBF, we will set N = 10000. We have
a different number of particles N for these two approaches so that the computational cost of each
Fusion method is comparable. In implementing D&C-GBF we set ¢ = 0.5, ' = 0.05, and consider
both the regular and adaptive mesh variants of the temporal partition, P. For each Fusion method,
we resample if ESS falls below 0.5N. The results are presented in

clearly shows that of all the approaches considered, D&C-GBF provides the highest
quality and most reliable sample approximation for f, and is the most robust to increasing C.
For a comparable computational cost, D&C-GMCEF does not perform as well as D&C-GBF and
we can observe a drop in performance for larger C. However, D&C-GMCEF is still more scalable
with respect to C' over the approximate methods here. Although more computationally intensive,
D&C-GBF has a cost which grows at the same rate as the approximate methodologies considered.

Of the variants of D&C-GBF considered, the adaptive mesh outperforms the regular mesh.
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Figure 7.4: Comparison of competing methodologies to Divide-and-Conquer Generalised Bayesian
Fusion (D&C-GBF) applied to a robust regression problem with power plant dataset (in the setting

of Section [7.5.1).

7.5.2 Negative Binomial regression

Here we consider the ‘Bike Sharing’ dataset available on the UCI Machine Learning Repository
[Fanaee-T and Gama, 2014]. The dataset contains m = 17379 records of the total count of bikes
on rental each hour, together with seven variables: seasonality (a categorical variable with
four levels: spring, summer, autumn, winter); weekend (binary, taking value 1 if a weekend, and
0 if not); holiday; (binary, taking value 1 if a holiday, and 0 if not); rush-hour (binary, taking
value 1 if recorded on a weekday between TAM-9AM or 4PM-7PM, and 0 if not); weather (binary,
taking value 1 if ‘clear’, and 0 if not); temperature (continuous); and, wind-speed (continuous).
For the purposes of our work, we replaced the variable seasonality with three binary variables

codifying the four levels.
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To model the total count of bikes on rental, we use the following Negative binomial regression

model with Gaussian priors on the regression parameters:

Yi ~ NB(M% T)a where log(iu“l) = Xlﬂa i=1,... 1,

5j’NN1 (Mﬁjmag’j/)a j/:07"'7p7

where y € R" is our total count of bikes on rental, X € R™*(+1) js the design matrix, 8 € RP*! is

the vector of predictor variables. For simplicity, 7, 18,05 ag‘, for 5/ =0,...,p are assumed known.
J

For this dataset p = 9, and so d = 10. As in [Section [7.5.1] we split the dataset amongst C €
{4,8,16,32,64,128} cores, and use Stan with u; = 0 and O'%j/ = 10C for 7/ = 0,...,p, to recover
the respective sub-posteriors. To implement D&C-GBF we set N = 10000, ¢ = 0.2, ¢’ = 0.05, and
consider both regular and adaptive mesh variants of P, and resample if the ESS drops below 0.5N.

The results in again show that, when contrasted with existing (approximate) approaches,
D& C-GBF provides the most accurate sample approximation, and is robust and consistent with

increasing C.
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Figure 7.5: Comparison of competing methodologies to Divide-and-Conquer Generalised Bayesian
Fusion (D&C-GBF) applied to a Negative Binomial regression problem with bike sharing dataset

(in the setting of [Section [7.5.2)).

7.5.3 Logistic regression

In this section, we consider recovering posterior distribution of a logistic regression model
with standard Gaussian priors applied to a number of different datasets. In [Section [7.5.3.1], we
revisit the simulated dataset from and in Sections [7.5.3.2] and [7.5.3.3 we consider a
smart grid dataset and NYC airport flight dataset, respectively.
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7.5.3.1 Simulated data

In this example, we revisit the simulated dataset we introduced in Recall, we have a
dataset simulated from a logistic regression model with m = 1000 records and the dimensionality of
the problem is d = 5. To conduct Fusion we first equally split the data between C' € {4, 8,16, 32,64}
cores and use Stan to sample from the logistic regression model with Gaussian prior distributions
with mean 0 and variance C on each parameter to find a sample approximation of each sub-posterior.
Together with the approximate methodologies, we implemented our D&C-GBF approach with
N = 10000, ¢ = 0.2, ¢’ = 0.05, and both regular and adaptive temporal partition meshes. Here, we

also consider applying Generalised Bayesian Fusion (GBF) (i.e. directly applying [Algorithm [7.1.2|
with C := {1,...,C} which is equivalent to D&C-GBF within a fork-and-join tree hierarchy, as
per [Figure [6.1). We again plot the results from and further include the results from
applying our GBF and D&C-GBF methodologies in

Considering we see again that D&C-GBF achieves the best sample approximation, and
the quality of the sample approximation is robust to increasing C. Note that our divide-and-conquer
framework offers significant gains, with D&C-GBF outperforming GBF in terms of robustness with
C (even with the same tuning parameter guidance being followed). Compared with D&C-GMCF,
D&C-GBF offers a better IAD performance whilst having a computational cost which looks to
scale better (although it is slightly more expensive for lower number of sub-posteriors). Note that
CMC outperforms all other approximate methodologies, which leaves the practitioner with a clear
decision: if a cheap but approximate methodology is needed use CMC, but if accuracy is the goal
then D&C-GBF should be used.
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Figure 7.6: Comparison of competing methodologies to Divide-and-Conquer Generalised Bayesian
Fusion (D&C-GBF) applied to a logistic regression problem with simulated data (in the setting of

Section [75:3.).
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7.5.3.2 Smart grid stability data

We consider the ‘Smart Grid Stability’ dataset available on the Kaggle |[Schafer et al., 2016] which
is a simulated dataset consisting of m = 60000 records of smart grid stability (taking value 1 if
stable, and 0 otherwise). We model this binary outcome with p = 12 predictors (so d = 13). We
again split the dataset equally between C € {4, 8,16, 32, 64,128} cores, and use Stan together with
a Gaussian prior distributions with mean 0 and variance C' on each of the parameters, to arrive
at our C sub-posteriors. D&C-GBF is implemented using a balanced-binary tree with N = 10000,
¢ = 0.2 and ¢’ = 0.05. As with previous examples, we also implement CMC, KDEMC and WRS

and compare the performances of each approach. The results are shown in [Figure[7.7

We can see that D&C-GBF achieves the best TAD of all methodologies, and is robust to increasing
number of sub-posteriors C'. Comparing to the approximate methods, our Fusion approach comes at
a higher computational cost, but this seems to scale slightly better in this example when compared

to the other methodologies considered.
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Figure 7.7: Comparison of competing methodologies to Divide-and-Conquer Generalised Bayesian
Fusion (D&C-GBF) applied to a logistic regression problem with smart grid dataset (in the setting

of ection[7.5.3.3).

7.5.3.3 NYC flights data

Finally, we consider the nycflights13 dataset (available via the nycflights13 R package on
CRAN [Wickham) 2021]). In this study we predict on-time arrival of airplanes, by creating binary
observations for arrival-delay (taking the value 1 if the flight arrived 1 minute or more late, and
0 otherwise). We model this using p = 20 predictor variables (so d = 21). After removing any
entries with NA values, in total the dataset was of size m = 327346. This dataset was split randomly
across C € {4,8,16,32,64,128} cores, and we used Stan to find sample approximations of each
sub-posterior (using Gaussian priors with mean 0 and variance C' for each parameter). D&C-GBF
was implemented with N = 30000, ¢ = 0.2 and ¢’ = 0.05. The results are shown in
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Results for this example are in-line with those earlier: D&C-GBF provides the best sample approx-
imation, is robust to increasing C, but comes at the expense of increased computational cost. In
such large data settings, additional modifications (such as the ones explored in [Section [7.3.3]) could
be explored for greater scalability. Although approximate methodologies have been specifically
developed to tackle Bayesian big-data problems, here we see that they struggle to recover f even

in this idealised scenario. They additionally (and critically) lack robustness when scaled with C.

1

0.4

-¢- D&C-GBF (regular mesh)

-X- D&C-GBF (adaptive mesh)

-+ CMC

-A- KDEMC a
-e- WRS /

-©- D&C-GBF (regular mesh)

-X- D&C-GBF (adaptive mesh)

-+ CMC _e
-A- KDEMC Pk
-e- WRS T

0.3
1

0.1
1

\
>
|

|

|

|
N

Integrated Absolute Distance
0.2
1
N
. 7/
N
log(Time elapsed in seconds, 2)

-2 0 2 4 6 8 10 12 14 16 18 20 22

|

>
|
\

0.0
L

T T T T T T T T T T T T
2 3 4 5 6 7 2 3 4 5 6 7

log(C, 2) log(C, 2)
(a) Integrated Absolute Distance. (b) Computational cost.

Figure 7.8: Comparison of competing methodologies to Divide-and-Conquer Generalised Bayesian
Fusion (D&C-GBF) applied to a logistic regression problem with nycflights13 dataset (in the

setting of [Section [7.5.3.3)).

To further compare the methodologies, we consider fixing C' = 64 and varying the computational
budget for each method by varying the sample size N in order to study the effect of increased
computation on IAD performance. We observe the performance of each method by computing the
IAD against the same benchmark for the target f that was used above (based upon N = 30000
samples using Stan). Since the IAD of the approximate methodologies typically had large variance,
we run these methods 10 times and take an average as they are relatively inexpensive to run. We
additionally plot the minimum and maximum IAD achieved in the 10 runs as to show the variance
in performance at different sample sizes. To save on computation, we decide to stop performing
replicates of an algorithm approximately at the point when performing the method once would take
over an hour, or if it appears that the average IAD performance of the method is not changing much
with more computation. As such, for CMC and KDEMC, we considered a wide range of sample
sizes N = 500 to N = 200000 but for KDEMC, we only took a range from N = 500 to N = 50000.
For D&C-GBF, we considered N = 500 to N = 30000 which we did not do replicate runs of due
to the computational budget that such experiment would require. However, we expect the error to

decrease with computation as the Monte Carlo error of our methodology should decrease with V.

In [Figure [7.9] we plot the IAD performance of each method against the computational run-time
of the algorithms. For CMC and WRS, the average and variance of the TAD decreases with
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Figure 7.9: Integrated absolute distance against computational budget for competing methodologies
to Divide-and-Conquer Generalised Bayesian Fusion (D&C-GBF) applied to a logistic regression

problem with nycflight with fixing C' = 64 (in the setting of [Section [7.5.3.3)).

more computation, but both methods quickly reach a point where TAD no longer decreases. We
additionally plot a pink dashed line which is the minimum mean value IAD achieved for CMC, as
this seems to the point which the TAD of CMC converges to. Neither the average nor the variance
TIAD for KDEMC decrease here. Therefore, in this example, CMC offered the best performance

out of the approximate methods at a lower computational cost.

If accuracy is important, we can see that Fusion should be used as each approximate methodologies
reach a point where performance does not increase with greater computation. It is clear in this
instance that if a cheap methodology is needed (possibly due to a lack of computational budget or
lack of time), CMC performs the best, but if accuracy is important, then our D&C-GBF method-
ology should be employed. However, it is important to note that this is a setting which is relatively
favourable to CMC as the problem is not too far from Gaussian in part due to the reasonably large
number of data points on each core, m/64 ~ 5000, whereas we have seen several instances earlier in
this section where all approximate methodologies performed poorly (e.g. in the small data setting

of [Section [7.5.3.1]). The disadvantage of using approximate methodologies is needing to understand
the biases being imposed, which can be hard to do in practical settings.
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Chapter 8
Concluding Remarks

The Fusion approach to unifying sub-posteriors into a coherent sample approximation of the pos-
terior (as in ), offers fundamental advantages over approximation based approaches. In par-
ticular, Fusion avoids having to impose any distributional approximation on the sub-posteriors,
meaning it is more robust to a wider range of models, and circumvents needing to understand the
impact of imposed approximations on the unified posterior. To date, Fusion approaches (such as the
Monte Carlo Fusion (MCF) [Dai et al, [2019] and Bayesian Fusion (BF) [Dai et al., 2021]) have had
impractical computational cost in a number of realistic settings, lacking robustness when consid-
ering: the number of sub-posteriors being unified; when unifying highly correlated sub-posteriors;
the dimensionality of the sub-posteriors; and when considering conflicting sub-posteriors. In this
thesis, we have substantially addressed the practical issues of existing Fusion approaches by means

of a number of theoretical and methodological extensions of the original framework. In particular,

we generalised the MCF and BF approaches in [Section [6.1] and [Section [7.1| respectively which incor-

porates available global information for each sub-posterior in order to construct more informative
proposals, and through illustrative examples have shown the benefits of doing so (see for instance
Sections [6.3.1} [7.4.1] and [7.4.2]).

To address the problem of scalability with number of sub-posteriors, C';, we embedded our Fusion
approaches within a Divide-and-Conquer Sequential Monte Carlo (D&C-SMC) framework [Lindsten
et al., 2017; Kuntz et al., |2021b]. We first introduced the Divide-and-Conquer Generalised Monte
Carlo Fusion (D&C-GMCF') approach in together with a number of tree hierarchies,
which allow the sub-posteriors to be combined in stages to recover the fusion target density f.
As demonstrated in D&C-GMCF is a robust approach to unifying large numbers
of sub-posteriors. Furthermore, as shown in [Section [6.3.3] even in the setting of conflicting sub-
posteriors, D&C-GMCF together with tempering and an appropriate hierarchy can result in a
practical Fusion algorithm. In[Section]6.4]we applied our D&C-GMCF approach to realistic datasets

and compared its performance with competing approximate methodologies and in all of these
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settings, our implementation of D&C-GMCF offered the best performance in terms of Integrated

Absolute Distance (IAD) to an appropriate benchmark, at a modest computational cost.

Although our D&C-GMCF approach was able to build upon the existing MCF methodology and

can be applied to a wider range of settings, we noted that there are settings where it was difficult to

find an appropriate choice for T in [Algorithm [6.2.1] The problem here is when we recursively call
the Generalised Monte Carlo Fusion (GMCF) algorithm in [Algorithm [6.2.1] it can be difficult to

find a suitable time 71" which leads to a sufficiently large effective sample size after both importance

sampling steps. This often occurs when combining sub-posteriors which have little overlapping sup-
port. In [Section [6.3.3] we suggested a potential approach to combine conflicting sub-posteriors by
employing a tempering idea but it is not entirely clear how to use this in practice. We subsequently
considered embedding the more practical Generalised Bayesian Fusion (GBF) approach within a
D&C-SMC algorithm to obtain the Divide-and-Conquer Generalised Bayesian Fusion (D&C-GBF)
approach. By using the provided guidance for selecting the hyperparameters 7" and P required for
the GBF approach in we saw in that our D&C-GBF approach was the
most scalable Fusion approach to date with regards to dimension. Finally, in we com-
pared our D&C-GBF approach with a number of Fusion methodologies and found that it offered
best performance in terms of IAD even at a similar computational cost. However, when compared
to existing approximate methodologies, we still saw that our Fusion approaches typically came at

an increased computational cost.

There are a number of interesting avenues for extending the work of this thesis. An immediate
avenue of research is to pursue continued methodological advances of the Fusion methodology to
further reduce the computational cost of the algorithms in order to make it more competitive to
existing approximate approaches. Towards this goal, it would be interesting to adapt the Fu-
sion approach to constraints in practical settings. In particular, one application instance is when
considering a truly distributed ‘big data‘ setting where communication between different cores is
expensive [Scott et al.,2016]. We discussed several practical implementation considerations in
but proper implementation of these techniques in larger data settings have yet to be
explored. It would be particularly interesting to investigate embedding a sub-sampling approach
within the Fusion algorithms (akin to the approaches of [Pollock et al.| [2020]; Bouchard-Coté et al.
[2018]; Baker et al.|[2019]; Bierkens et al.| [2019]). We also note that there is a growing literature
on implementing SMC approaches in parallel and distributed settings (see for instance Doucet and
Lee| [2018], Section 7.5.3]; Bolic et al.| [2005]; |Lee et al.| [2010]; [Murray et al.| [2016]) which may also
be interesting to integrate with our Fusion approaches. Furthermore, as discussed in the introduc-
tion, another particularly promising direction is considering under privacy constraints of the
individual sources [Yildirim and Ermig, 2019]. In this setting, we may have a number of parties
that wish to combine their distributional analysis on a common parameter space and model but
cannot reveal their distribution or data due to confidentiality. This application could also motivate
variant tree hierarchies for D&C-GBF.
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From a theoretical perspective, current Fusion methodologies only consider sub-posteriors on a
common parameter space. One direction of interest is extending Fusion methodology to combine
sub-posteriors with varying dimension. The Markov Melding framework of (Goudie et al.| [2019];
Manderson and Goudie [2022] where separate sub-models (potentially of differing dimension) are
fitted to different data sources and then joined, is promising. In this setting, the tree hierarchies
could be defined by the model itself. To mitigate computational robustness of Fusion with increasing
dimension in this setting, it may be possible to further utilise the D&C-SMC methodology in
Lindsten et al.| [2017]. Furthermore, when considering the problem of performing Bayesian inference
for large datasets, we have only considered the case where we assume the data is i.i.d., however
there are many models where this is not the case (e.g. in hidden Markov models (HMMs) and with
time series data). Ou et al.|[2021] and [Wang and Srivastava| [2021] are two recent works which look
at divide-and-conquer methods for Bayesian inference with non i.i.d. data. It would be interesting

to explore an extension of the current Fusion methodology to non i.i.d. settings.

From a methodological perspective, it can be argued that the Fusion methodologies can difficult to
implement since it utilises the path-space rejection sampling methodology which we discussed in
There is much work to do in this area to make Fusion methodologies more accessible by
means of producing a software package which implements much of this machinery. Indeed, the avail-
ability of programs such as BUGS |Gilks et al., [1994], JAGS [Plummer et al., [2003], Stan [Carpenter
et al.,2017] (which we have used a number of times in this thesis) have made standard Markov chain
Monte Carlo samplers available to researchers and are used in many applications. There has also
been some recent work by |Corbella et al. [2022] which aims to make algorithms based on Piecewise
Deterministic Markov Processes (PDMPs) more accessible by providing software implementations
which only also only require the functional form of the target density of interest. The latter two
approaches have an embedded Automatic Differentiation (AD) tool (see Baydin et al. [2018] for a
review of such methods) which allows the user to only provide the functional form of the proba-
bility density function of interest. This is of particular importance to Fusion since the algorithms
require the computation of the first and second order derivatives of the log-sub-posteriors, so being
able to circumvent the need to analytically find the derivatives would be helpful for practitioners
who are looking to implement the Fusion algorithms discussed within this thesis. Ideally, to make
Fusion more easily accessible to a wider range of researchers or practitioners, one could envisage
an Automatic Fusion (inspired by the Automatic Zig-Zag algorithm of |Corbella et al. [2022]) ap-
proach whereby the user simply needs to provide the sub-posterior densities (potentially along with
sub-posteriors samples) to combine the sub-posterior samples. Note that numerical optimisation

methods to compute bounds of ¢. (6.9) may also be necessary for such an implementation too.
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Appendix A

Implementational details for examples

In this chapter, we provide details on where to find the code to implement the experiments in
this thesis. All statistical computations found in this thesis were written in R [R Core Team,
2022, C++ and Recpp |Eddelbuettel, 2013|. Code for the Fusion algorithms discussed in this thesis
(along with documentation) can be found on GitHub at https://github.com/rchan26/DCFusion.
In this package, we provide functions for the Fusion algorithms discussed in Chapters [5] [6] and
for the different examples we considered (see for the calculations required for these
examples). Furthermore, we have seen that the Fusion methodologies discussed in the thesis rely
on algorithms for simulating sample paths of Brownian bridges, layered Brownian bridges, dif-
fusions, and other related processes (i.e. methods discussed in . Code to implement
algorithms found in which are necessary for the implementation of Fusion can be found
at https://github.com/rchan26/layeredBB.

To implement the approximate methodologies considered in this thesis (i.e. the methods discussed
in , we used existing implementations for them. In particular, Consensus Monte
Carlo |Scott et al., 2016] and the approach of [Neiswanger et al.| [2014] (which we termed Kernel
Density Estimate Monte Carlo (KDEMC)) are implemented using implementations can be found
the parallelMCMCcombine package in R available from [Miroshnikov and Conlon) [2014]. The
Weierstrass Sampler (WRS) and is implemented using an existing R implementation (which can

be found on GitHub at https://github.com/wwrechard/weierstrass).

To perform posterior (and sub-posterior) sampling for the examples in Sections and we used
Stan |Carpenter et al., 2017]. Our Stan code for posterior sampling can be found at the following

R packages:
e For the logistic regression example: https://github.com/rchan26/HMCBLR.

e For the robust regression example: https://github.com/rchan26/HMCBRR.
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e For the negative binomial regression example: https://github.com/rchan26/HMCGLMR.

All experiments were ran on a 2021 MacBook Pro (M1 Pro, 14-inch, 16GB RAM) besides the

examples provided in Sections [7.5.3.2] and [7.5.3.3]| where these experiments were ran on Microsoft

Azure computing platform using a 64 core Data Science Virtual Machine with 128GB RAM in

order to deal with the larger datasets.

For the remainder of the chapter, we will provide details where the datasets that were used in this

thesis can be found.

A.1 Credit card data example

In we fitted a logistic regression model to the ‘Default of credit card clients’ dataset
available from the UCI Machine Learning Repository [Yeh and Lien| 2009]. This can be found at

https://archive.ics.uci.edu/ml/datasets/default+of+credit+card+clients.

A.2 Power plant data example

In we considered a robust regression example with the ‘Combined Cycle Power Plant’
dataset available from the UCI Machine Learning Repository |Kaya et al., [2012; Tufekci, 2014] at

https://archive.ics.uci.edu/ml/datasets/combined+cycle+power+plant!

A.3 Bike sharing data example

In we considered a negative binomial regression example with the ‘Bike Sharing’
dataset available from the UCI Machine Learning Repository |Fanaee-T and Gama, [2014]. This
dataset can be found at https://archive.ics.uci.edu/ml/datasets/bike+sharing+dataset

and in particular, we used the hourly (hour.csv) recorded dataset from this link.

A.4 Smart grid stability data example

In [Section [7.5.3.2] we looked the ‘Smart Grid Stability’ dataset available on the Kaggle [Schafer
et al., 2016 at https://www.kaggle.com/datasets/pcbreviglieri/smart-grid-stability, and

considered applying a logistic regression model to the data.

A.5 NYC flights data example

In we applied a logistic regression model to the nycflights13 dataset. This can be
accessed by installing the nycflights13 [Wickham| 2021] package in R. In this example, we used
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the dataset to create p = 20 predictors (for predicting the binary outcome of the flight arriving late

or not). In particular, we created the following variables:
e dep_delayed: binary variable with 1 if flight departed at least 1 minute late, or 0 if not,
e weekday: binary variable with 1 if flight was on a weekday (Monday-Friday), or 0 if not,
e night: binary variable with 1 if flight was at night (8PM-5AM), or 0 if not,

e carrier: categorical variable with 16 categories providing the carrier of the flight (resulting

in 15 binary variables),

e origin: categorical variable with 3 categories providing the origin airport of the flight (re-

sulting in 2 binary variables).
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Appendix B

Calculations for examples

In this chapter, we provide the calculations necessary to implement the Fusion algorithms discussed
in this thesis. In particular, to implement Monte Carlo Fusion [Dai et al., 2019] (see
or Bayesian Fusion [Dai et al., [2021] (see [Section [5.2) we must be able to compute the function
pd . This requires the computation of the first and second order derivatives of the log-sub-
posterior densities. Furthermore, we must be able to compute bounds of ¢%. Similarly, in order to

implement Generalised Monte Carlo Fusion (Section |6.1]), Divide-and-Conquer Generalised Monte

Carlo Fusion (Section [6.2]), Generalised Bayesian Fusion (Section [7.1) and Divide-and-Conquer
Generalised Bayesian Fusion (Section [7.2)), we must be able to compute ¢. given in (6.9) and

compute its bounds (as per [Proposition [6.1.3[ or otherwise). As such, we will provide the necessary

calculations to implement the methodology in the various examples throughout this thesis.

B.1 Univariate distribution with light tails

In [Section [5.1.3.1 we considered a univariate distribution where the sub-posterior densities were

given by f.(z) = e~ 2c. The first and second derivatives of log f. are given by

dlog fo(x) _ 20

dx c’
d?log f.(z) o _675‘32
da? O

respectively. We applied Monte Carlo Fusion [Dai et al., [2019] (see [Section [5.1)) for this example,
hence we must compute ¢@ given in (5.6). In one dimension, this is given by

s i L <<dlogfc(g;))2 L& logfc(ar)) | (B.1)

2 dx da?
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Substituting in the first and second derivatives for this example, we arrive at ([5.11]). To compute
lower and upper bounds, Lg?) and U )((C), of ¢&(z) for x € R.., first note that in one dimension, R, is
simply an interval [I,u]. We can compute the derivative of ¢%'(z) to find that

ded(z) 1225 6x

de 2 C’
. . . . dl C 1/4 C 1/4
Setting this to 0, the turning points of ¢¢" occur at x = 0, — (7) , (5) . To find focal bounds
of &, we must evaluate ¢& at 2 = [, x = u and any of these turning points if they occur in the

interval [[, u]. We obtain Lg?) and U)(f ) by taking the minimum and maximum value of these points.

B.2 Univariate mixture Gaussian

In [Section [5.1.3.2] we considered an example with tempered univariate mixture Gaussian sub-

posterior distributions. In particular, we consider f.(z) o< f(z)? := (ZkKZI wy, - Nq (x!uk,a£)>6
where 8 € (0,1), K denotes the number of components in the mixture, u; denotes the mean for
component k, wy denotes the weight for component &k and N7 (z|ug, a,%) denotes the density of a
univariate Normal distribution with mean p; and variance a,% for k=1,..., K. In our example in
we had K = 3, where the weights were (0.35,0.2,0.45) with means (—3,2,0.5) and
variances (1,1.5%,0.52).

We applied Monte Carlo Fusion [Dai et al., [2019] (see [Section [5.1)) for this example, hence we must
compute ¢§l given in (5.6). Here, since f.(z) o f (x)ﬁ, we have a one dimensional example with

sa) o L <<d10g fc(w))2 | dlog fc(:v)>

2 dx dx?
L F@)N | fel@) - fi(@) = filx)?
=3 ((fc(a:)> + e > : (B.2)

We note that the derivatives of f. = f(z)? where are given by

We have

K K T — )2
f(x) ::Zwk../\/'l (m},uk,cr,%) :Zwk ! exp <_<'“k>> ’
k=1

2
k=1 271'0']% 20},

so the derivatives of f(x) are simply the weighted sums of derivatives of Gaussian densities, in
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particular:

K
Py =S g (m;x) N (2] 02) |
k=1 k
K . 2 2
#(z) = Zwk. <W) M (x‘,uk,a']%) )
k=1

We can use these results together to compute ¢ in . To find upper and lower bounds of ¢,
conditional on some simulated hypercube R.(z) := [l,u], we simply employ a numerical optimiser.
In particular, we utilise the optimise function implemented in base in R (although note other
programming languages will have similar numerical optimisation libraries available). This function
searches the interval from [ to u (which we input) for a minimum or maximum of the function
and so returns ng) and U )(f) via Brent’s method [Brent) 1973|. Since we are only optimising a
function in one dimension, this is typically fast and accurate. We found this to be sufficient in our

simulations and provided tight bounds for ¢..

B.3 Univariate Gaussian

In Sections [6.3.2 and [6.3.3] we considered examples involving combining univariate Gaussian sub-

(z—pc)?
2Co?2

posteriors, i.e. f.(x) exp(— ) The first and second derivatives of log f. are given by

dlog fe(z) _  (z— pe)

dx Co2 7’
d?log fo(z) 1
daz? - Co?’

C

respectively. In these examples, we considered applying Generalised Monte Carlo Fusion (see
Section[6.1)) and hence we must compute ¢, given in (6.9). In one-dimension, this is simply given

by
A dlo 2)\?  d%lo T
be(T) 1= = (( log fe( )> log fe( )) ’ (B.3)

2 dx dz?

where A, is a scalar. Therefore, the ¢, function for univariate Gaussian sub-posteriors is given by

o) = e (ool L), (B.4)

2.4 2
C?o; Coz

Since ¢, (B.4) is simply a quadratic with global minimum occuring at = = ., then to find lower
and upper bounds, Lg? and U (C), of ¢ for z € R. := [l,u], then we can simply evaluate ¢. at the
corners of our hypercube R, (i.e. evaluate at = [ and = = u), and if the mean pu. € [I, u], then we

also must compute ¢, at the mean too (since we would simply take Lg? = L in this case, as this is
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where the global minimum occurs). By taking the minimum and maximum values of these points,

we can obtain Lg? and U )(f).

B.4 Multivariate Gaussian

In Sections [6.3.1] [7.4.1], [7.4.2] and [7.4.3] we considered examples involving combining multivariate
Gaussian sub-posteriors (noting that the first three of these examples, we considered bivariate
Gaussian (d = 2) sub-posteriors). If f. ~ Ny(pe, CE,), then

log fe(x) = —%(1‘ — 1) (@ — pe) + constant,
and
|
Viog fe(x) = —526 (r — pe),
1
21 c == _*2_1.
Vilog fo(@) = — 5%

Then we can use these directly to compute ¢. in . As with the univariate Gaussian example
in |Appendix |B.3| we can follow a similar approach since we have a quadratic in . In particular,
in each dimension k = 1,...,d, given the bounds in Z-space [ly,u;] say where z;j € [k, uy] for
t € [0,7] (or t € [tj_1,t;] more generally in the BF setting), then the minimum of ¢. occurs at
either Iy, uy or pey if pep € [Ig, up]. Therefore, in each dimension, we can simply check if the value
of the mean is included in the bound. We collect all permutations of the potential points where
the minimum or maximum can occur in each dimension, evaluate at these points and use these to

find L' and U,

B.5 Logistic Regression

In Sections [6.4.1], [6.4.2] and [7.5.3] we considered applying our Fusion methodologies to a logistic

regression example with Gaussian prior distributions for the parameters. In particular, our sub-

posterior densities were given by the posterior for Bayesian logistic regression with Ng(u;, Co%j)

prior for 3; for j =0,...,p is given by

" XiByi

H 1+ eXiB
=1

fe(B) ==m(Bly) =

(/Bj _/j’j)2> (B5)

|

. ————exp | — 5
=0 27['00'%]_ 200'53_
where X € R"*(#+1) ig the design matrix so X;8 = Bo + f1Xi1 + -+ - BpXip. The log-posterior is
given by

n p C )2
log fe(B) = ; [Xzﬂ “Yi — 10g<1 + eﬁXi)} _ jgo (%C’a%j) + constant. (B.6)
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The first derivative of the log-posterior with respect to Sy for k = 0,...,p, is given by

Olog fc(ﬂ) _ Zn: Xip - i — XikeXiB B (Bk — Mk)
B ; T 1 eXiB Co?
=1 Bk
- 1 (Br — )
= Z Xik - (?Jz - —X)] -~ 3 (B.7)
i=1 [ L e Caﬁk
and the second order derivatives of the log-posterior are given by
9*log f-(B) z": XpeMP 1 (B.38)
07 L+ eNBY ol '
21og f. " X X eXiB
9 log [o(B) _ _ S SRR o k£ 1, (B.9)

efertels — (1 +eXiP)?
for k,1 =0,...,p. We can use these directly to compute ¢. given in .

B.5.1 Computing the bounds of ¢,

To compute the bounds of ¢., we can utilise the bounds provided in [Proposition [6.1.3| (or in
and ) To do so, we must be able to compute an upper bound of the matrix norm
A.V?log fe(x) for & € R, where R, denotes the simulated layer information, i.e. to compute
which occurs in the bounds. While this can be done by computing the matrix norm of the matrix

which bounds the matrix A.V?log f.(z) element-wise, we noted in that it is typically

easier to find bounds on the matrix norm of V?log fc(z)(z) where z := A, ?3, and instead we can

focus on finding a bound in the transformed space, i.e. compute ((6.23).

1
In this logistic regression setting, let z = A. ?3 then the transformed posterior density is given by

fE(z) = m(BI1X,y)|J], (B.10)
_1
where J = A, ? is the Jacobian matrix with elements J;; = g% A, f] We have
log f{)(z) = log m(B| X, y) + log || (B.11)

1
Since 3 = A2z, we have

fO(z) = (61X, y) - AL |

Xﬂyz
1—|—€XB

p 1
1 exp (_(5]‘—%)2) A2

N == 5
j=0 27700'%]_ 2CUBj
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2
n eXi(Ac%z)'yi P 1 ((A Z) M]) 1
i By | y U N AL (B12)

SO

Om\»—A

2
log<1+e A2 >] Ep: <(A ) MJ) + constant. (B.13)

1
ng [ 200%,,
J

=1 7=0

1

1 1 1
We first note that since 3 = A2z, then ; = (Aéz); = >, Aj 2. So we have

1
8(X,~Ac§)z 0
- X;iB:
8zk 8zk Z JBJ
oS (ke )
= S XAk
J
1
= (XA2)ir (B.14)
and also we have
O(AZ2)
A2z 1
_— A = A2 B.1
Zk 8zk Z ik ( 5)

Using (B.14)) and (B.15)), then the first derivative of the log-transformed posterior with respect to

B for k=0,...,p, is given by

) P AJ% (Acéz)j—ﬂj
b (-2 g2,

1+ e_(XiA?)z

dlog [ (z) &
0z, a Z

=1

Then the second order derivatives are given by

n

P log (=) _ 3~ (XA
szazl -

1 1 1
)i (XA el XAz Z A
2 9y

B.17)
P (
1+6(XiA3)z) =0 Cog,

=1

| O

for k,1=0,...,p
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To find bounds for ¢., we must now try to find bounds on the second derivatives given above
and compute the matrix norm of the matrix made up of these bounds (which ultimately bounds
V2log fc(z)(z) element-wise). For this example, we can find global and lower bounds of the second
derivatives. Note however, we typically will expect better performance with the local bounds on
PAe (6.23) (as this will typically lead to the expected number of points we need to evaluate while
performing Poisson thinning, k., to be lower) despite these bounds being slightly more expensive

to compute in practice.

B.5.1.1 Global bounds of PA<

We first note that ﬁ < 1 for all z (and this maximum occurs at z = 0). We can utilise this

to obtain a global bound:

1 1 1 1
2log £ DOIXAZ | | XAZ |y G AR
sup 0% log fe™' (=) :Z| ik | |l+ szjl' (B.18)
02,07 . 4 ~ Co4.
i=1 7=0 Bj
B.5.1.2 Local bounds of PA«
Local bounds can be obtained if we can find local bounds for
1
e(XiAg)z
Gi(z) := L (B.19)
(1 + e(XiAZ )Z>
for i =1,...,n. In that case, we have
(2) PAZ AL
0?log f:7(2) " [ 1 1 } 2 A2
su = | = XAZlik - | XAZ2ly - max {Gi(2)}]| + Y 2L, B.20
zERI()z> [ 02,02 ; | it - | i zeR(Z){ 1(=)} ]Z; Cogj ( )

To compute max, -y {G1(2)}, see [Section [B.7.1.2] and |[Algorithm [B.7.1| and set r = 1.

B.6 Robust Regression

In [Section [7.5.1} we considered a robust regression example (using a student-¢ distribution) with
Gaussian prior distributions for the parameters. In particular, our sub-posterior densities were
given by the posterior for Bayesian robust regression with Ny(u;, C’U%j) prior for 3; for j =0,...,p

is given by

v+1

n v+1 R . 2 7(T)
=i [ FE (111 (2259Y)

s
Il
—_
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ﬁ 1 exp (—W) . (B.21)
320 4 /27TCU QCU%j

The log-posterior is given by

P
log fe(B) = (V as 1> Zl <1 +— (v — Xi5)2> -y W + constant.  (B.22)
J=0 J

The first derivative of the log-posterior with respect to Si for k = 0,...,p is given by

dlog w(B|X, y) =—(”“)an ~ 2y - XiB) (B — )

8,8k 2 —1 1+ TiQ(yZ — Xlﬁ)Z CO’%k
-~ ~ Xa(yi —XiB) (B — )
=(v+41) z; voT t (5= X5 o (B.23)

and the second order derivatives of the log-posterior are given by

02 log (8| X, y) . 1)§:ka (4 — XiB)* —vo?) 1 (B.24)

952 & (ot (yi - X027 O3

9?logm(B|X, y) w4 ) Zn: Xk Xt ((yz - XiB)? — vo?

)
aﬁkaﬁl = (1/0'2 + (yz _ X@,B)2)2 for k 7é l7 (B25)

for k,1 =0,...,p. We can use these derivatives directly to compute ¢. given in .

B.6.1 Computing the bounds of ¢,

Following in the same approach as [Section [B.5.1] we can compute the bounds of ¢. (in (6.9)) by
utilising the bounds provided in (6.11)) and (6.12). As noted in we must be able to

find an upper bound on the matrix norm of V?log ch (z) where z := A, 23, i. e compute (6.23)).

To do so, we can compute the matrix norm of the matrix which bounds V2log fC ( ) element-wise.

Now, let z = Zﬁ then fC ( ) = (8| X,y)|J|, where J = Ac_5 is the Jacobian matrix, so we

have

f9)(2) = n(B1X,y) - |AS |

n 1 2 _(V;I)
. L) [ 1 [y XuAdz)
N izlf(%)\/wya v o
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! <(A ) MJ)Q ASE) (B.26)

P
H ————exp 5
320 /ZWCJB 20‘7ﬁj

SO

n 1 2
log f{)(2) = — (”;1> > log (1 + % <y - Xi(ASz)> >

=1

1 2
i ((Ac2 z)j — MJ‘)
- ~+ constant.
2
= 2006-

(B.27)

Recall from (B.14) and (B.15)), then The first derivative of the log-transformed posterior with
respect to B for kK =0,...,p is given by

1
2(XA2) (yi . (Xﬂ&é)z)

Glogf(z)( ) (v+1 i vo® _i '
azk N 2 ‘ 1 2 - CO’%
=1 14+ -1 (yz (XZAE)z> §=0 ’
1 1 1 1
n Ag )zk: <yz - (XzAg)z) p A;k <(Ag ) Mj>
(v+1) Z — D o (B.28)
Then the second order derivatives are given by
(XAD)u(XAZ) (ab)z) - vo?
" XA (XAE)y <yz — (X;AZ z> —vo 11
Pl (13 Sy (Ba)
02,027 P 1 2 2 ! CU%
- <yz - (XiACQ)Z) + vo? = ’
for k,l =0,...,p
B.6.1.1 Global bounds of PAc
To compute PAe for this example, first note that we can write
9*log f7(z) (V+1)Zn:(XA%)< (XAZ), 1 i J% Jé (B.30)
= c )ik c )il Ez n b E n b — ) .

8zkazl izl
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2
1
for k,1 =0,...,p, where b = vo? and E; = (yZ — (XZ-Ag)z) . Now let

1 2b

K(E;) = — ,
( ) E;,+b (Ei+b)2

then the derivative is given by

1 N 4b
(E; +b)2  (E;+b)%

K'(E;) = —

Setting K'(E;) = 0 gives E; = 3b, and we have K (E; = 3b) = g-. So the supremum of the second

derivative is given by

sup [

We can therefore use this to compute P2< to compute bounds for ¢, as per and (| -

8%log f7)(2)
02,07

v+1) <& 1 1 P A2 A?
] _ | )ZIXAglik~|XA§\u _ZT{’;QJZ. (B.31)

Svo?
i=1 j=0 Bj

B.7 Negative Binomial Regression

In [Section [7.5.2] we considered a negative Binomial regression example with Gaussian prior distri-
butions for the parameters. In particular, our sub-posterior densities were given by the posterior

density with Ny(u;, CU%]_) priors for ; for j =0,...,p, is given by

fe(B) :==m(B]X,y)

[0 ) )

1

- T F(yi + T) exp(Xi,B . yi) - . : # ex _M
-1 yi'l'(r) (exp(XiB) + r)yi+7”] H p ( ) (B.32)

li=1 j=0 QWCU%J_ Bj
The log-posterior is given by
- (8 — 1y)?
log f.(B Z [(XiB - vyi — (y; + 1) log (exp(X;08) + 1) Z 07 + constant. (B.33)
— 98,
=1 Jj=

The first order derivative of the log-posterior with respect to 8 for k =0,...,p, is given by

9

dlog fe(B) _ i |:Xz'k - (yi + ) Xik eXp(Xzﬁ)] (B — )

oJer P exp(X;8) +r Coj,
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7

and the second order derivatives of the log-posterior are given by

9*log f.(B) _ z": (yi +r)rXjexp(XiB) 1 (B.35)

082 T & (ew(XB) +r)?  Col
9% log f.(B) _ zn: (yi + 7r)rXu X exp(X;0)
2P0, ~  (exp(Xif) +71)°

for k #£1, (B.36)

for k,l =0,...,p. We can use these directly to compute ¢, given in .

B.7.1 Computing the bounds of ¢,

Following in the same approach as [Section [B.5.1] we can compute the bounds of ¢, (in (6.9)) by
utilising the bounds provided in (6.11)) and (6.12). As noted in we must compute

(6.23). To do so, we can compute the matrix norm of the matrix which bounds V?log fc(z)(z)

element-wise. We have

f9)(2) = n(B1X,y) - |AS |

p
1 _1
——exp | — A 2, (B.37)
JI;IO QFCU%j QCU%j
and
n 1 )
log f{?)(z) = Z [(XzAg)Z i — (yi + ) log (eXp<(X'A3)Z> + 7“>]

+ constant. (B.38)

5 1 ; 1
Recall from (B.14) and (B.15) that we have % = (XA¢Z)ir and 8(%?:)1' = Aj. Then first
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derivative of the log-transformed posterior with respect to 5 is given by

) . 1 (i + 1) exp (X:A2)
M:Z (XA? < >

’L:1 eXp c

= (B.39)
j=0 Bj

To find bounds for r., we must now try to find bounds on the second derivatives given above
and compute the matrix norm of the matrix made up of these bounds (which ultimately bounds
V2log fc(z)(z) element-wise). For this example, we can find global and lower bounds of the second
derivatives. Note however, we typically will expect better performance with the local bounds on P2«
(as this will typically lead to the expected number of points we need to evaluate while performing
Poisson thinning, x., to be lower) despite these bounds being slightly more expensive to compute

in practice.

B.7.1.1 Global bounds of PA<

Note that m < ﬁ for all x (where a is some constant), so we can use this to obtain global

bounds on the matrix norm in the transformed space. Note that this maximum occurs at x =

1 ]og(r). To find global bounds, we can use

sup [

B.7.1.2 Local bounds of PAc

9*log £ (2)
8zkazl

1 1 1

B (i + )| XAZ i - | XAZ ] = A BAL

=2 . T2 G (B.41)
i=1 j=0 Bj

Local bounds can be obtained if we can find local bounds for

(B.42)
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for z€ R® and i =1,...,n. In that case, we have

1 1

9% log £ (z) n 1 1 P AZAZ

g 08 Je \Z)|) _ ; XAZ|j - | XAZ |y - G, Za I (B.43

s || EEE B S e Al XA - e (6020} + 30 Rt (B
=1 7=0 Bj

We can obtain bounds for G,(z) by noting that % < £ for all z and this maximum is

attained at x = log(r). Further note that eXp(m)))Q < 4 is a uni-modal function (with mode at

(r+exp(z
x = log(r) as noted). Now let

d 1
)z = Z(Xz‘Ag)ij, (B.44)

Jj=1

Qpol=

Fi(z) == (X;A

then let Fii = min,pe) Fi(2z) and FZT = Max,p(-) Fi(z) denote the minimum and maximum of
Fi(z) for z € R®® respectively. Then we note that this can simply be computed in with a linear
exp(z)

cost with d. Now, noting that Fj(z) is linear and (EETO) < 4—1T is uni-modal, after computing

Ff and FZ-T, there are two cases:

1. If we have log(r) € [Fl-i, FZT], then we know that for this hypercube R®), we will attain the

maximum 4i.
T

2. If log(r) ¢ [FZ¢ , FZ»T], then the maximum of G, (z) occurs at which ever point is the closest to
log(r).

Therefore local bounds can be obtained by minimising and maximising F;(z) for z € R®) . If this
interval includes log(r), then the local maximum attains the global maximum, otherwise, the local

maximum occurs at either of these intervals (which ever is closer to log(r)).

This method for finding local bounds requires two optimisations of F;(z), but we note that we can
actually obtain the bounds by only performing one optimisation. In particular, we can evaluate
Fi(z) at any arbitrary value 2 € R(®) (we can simply take this to be the centre of the hypercube).
If we have F;(2) > log(r), then we just need only need minimise the function F;(z), since if we
have Fii < log(r), then we know that log(r) € [Fii,FZT], so the global maximum is attained. If
Fj > log(r), then the maximum of G(z) just occurs at Ff and we can avoid the need to maximise
the function F;(z). However, if conversely, we evaluate F;(z) at z = 2 and we have F;(2) < log(r),

then we just need to maximise Fj(z) for z € R%® and apply the inverse of the same trick. To

summarise, in order to find max,_p.) {G;(2)}, we can apply [Algorithm [B.7.1}

188



Algorithm B.7.1 Computing the local bounds of G,.(z) given in (B.42) for z € R®.

1. Compute F(2) at some arbitrary value 2 € R*).
2. If F;(2) > log(r):
(a) Compute Fj = min,peo) F5(2).

exp((XiAC%)z) % if F;i < 10g(’l”),
b 2 = ex F%-L .
3. Else (if F;(2) < log(r)):
(a) Compute max, p-) Fi(2).
ii(lxméy) 417 if FZT > log(r),
b 2 = ex FZT .
(b) max, ¢ p) (exp((XiAc%)z) +T)2 G(FiT) = (exp{éf)zr)Q otherwise.
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