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Abstract—Integrating reconfigurable intelligent surface (RIS)
into cell-free massive multiple-input multiple-output (MIMO) is
a promising approach to enhance the coverage quality, spectral
efficiency (SE), and energy efficiency. In this paper, an RIS-
assisted cell-free massive MIMO downlink system suffering from
the transceiver hardware impairments (T-HWIs) is investigated.
To improve the accuracy of the direct estimation (DE) scheme,
a modified ON/OFF estimation (MOE) with moderate pilot
overhead is proposed. Relying on the knowledge of imperfect
channel state information, we derive closed-form expressions of
the lower-bound achievable SE with T-HWIs under both DE and
MOE schemes. The closed-form results facilitate the investigation
of how RIS improves the downlink SE under various system
settings and allow us to explore the trade-off strategies between
using more hardware-impaired APs and low-cost RISs in terms
of the downlink SE and power consumption. Numerical results
validate the theoretical analysis and show that the proposed MOE
scheme outperforms the DE scheme in terms of the downlink
SE. Moreover, the benefits of introducing RIS into hardware-
impaired cell-free massive MIMO systems are also illustrated.

Index Terms—Cell-free massive multiple-input multiple-output
(MIMO), reconfigurable intelligent surface (RIS), transceiver
hardware impairments (T-HWIs), channel estimation, perfor-
mance analysis.

I. INTRODUCTION

As a potential candidate technology for future sixth-
generation (6G) communications, cell-free massive multiple-
input multiple-output (MIMO) is attracting growing interest
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for its ability to tackle the inter-cell interference and poor
quality-of-service (QoS) of cell-edge user equipments (UEs)
issues in cellular massive MIMO systems [1]–[5]. However,
the performance of cell-free massive MIMO systems is still
highly prone to deteriorate in unfavorable propagation en-
vironments, such as sparse scattering scenarios and long-
distance/obstructive propagation losses.

A disruptive technology, breaking through the limitation,
has emerged under the label of reconfigurable intelligent
surface (RIS) or intelligent reflecting surface (IRS) [6]–[8].
An RIS typically consists of a large number of hardware-
efficient passive scattering elements, which can individually
manipulate the phase shifts of incident signals without re-
quiring a dedicated power amplifier as needed in amplify-
and-forward relaying systems, thus facilitating low-power,
massive-connectivity, energy-efficient, high-spectral efficiency
(SE), and low-latency communications [9]–[11]. It has been
proved that configuring RIS in cellular massive MIMO sys-
tems under the imperfect channel state information (CSI)
can ameliorate the poor channel propagation and significantly
improve the QoS of all UEs [12]–[14]. As a consequence, the
integration of the RIS and the state-of-the-art cell-free massive
MIMO system has attracted much interest in recent years.

A. Related Works

Relying on the knowledge of imperfect CSI, recent studies
have explored the RIS-assisted cell-free massive MIMO sys-
tem under different scenarios and demonstrated its advantages
over the conventional cell-free massive MIMO system without
RIS in terms of the SE and EE performance. For instance, in
[15], Nahhas et al. estimated the aggregated channel using the
direct estimation (DE) scheme and analyzed the achievable
SE of an RIS-assisted cell-free massive MIMO system with
single-antenna access points (APs) and sufficient orthogonal
pilots. Simulation results demonstrated that using RIS is
energy-efficient and improves the SE of the UE with poor
direct channel propagation. Considering the impact of the pilot
contamination, Chien et al. [16] analyzed both uplink and
downlink SE performance under spatially correlated RIS chan-
nels, suggesting that the correlation between RIS elements may
not affect the SE unless the RIS phase shifts are optimized.
Nadeem et al. [17] studied the UE fairness in an RIS-assisted
cell-free massive MIMO uplink system and proposed a joint
max-min SE optimization algorithm that takes into account
the receiver combining weights, power control coefficients,
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and RIS phase shifts. Simulations revealed that the proposed
algorithm outperforms the benchmark algorithms that optimize
one or two types of these parameters. In [18], Nguyen et al.
designed a hybrid Relay-RIS architecture in which a small
number of passive elements are substituted with active process-
ing units and pointed out that the proposed hybrid Relay-RIS
architecture achieves a significant improvement in the SE per-
formance over the pure passive RIS architecture at the cost of
increased power consumption. Note that [15]–[18] all used the
DE scheme, which minimizes the pilot overhead but degrades
the accuracy of the channel estimation. Bashar et al. [19]
designed an ON/OFF estimation (OE) scheme that estimated
the indirect RIS-assisted channel sequentially and proposed an
efficient max-min SE optimization algorithm with respect to
the RIS phase shifts under zero-forcing receivers. Compared
with the DE scheme, the OE scheme achieves a higher
estimation accuracy but requires more coherent samples for
uplink training, thus leading to a lower transmission efficiency.
Unlike [15]–[19], the authors in [20]–[23] paid attention to the
EE optimization under perfect CSI scenarios. In [20], Zhang et
al. proposed a hybrid beamforming strategy to maximize the
downlink EE by decomposing the beamforming into the AP-
based digital beamforming and the RIS-based analog beam-
forming. Taking into account the backhaul limitations, Le et al.
[21] presented an efficient alternating algorithm to maximize
the downlink EE. Lyu [22] et al. considered the hybrid Relay-
RIS architecture and proposed a EE maximization algorithm
in terms of the transmit beamforming coefficients and RIS
phase shifts. Moreover, focused on the uplink, Liu et al.
[23] formulated a EE fairness problem and determined its
solution by virtue of the Lagrangian transform and fractional
programming. To summarize, all results showed that the RIS
can substantially improve the SE and EE performance of cell-
free massive MIMO systems.

In aforementioned RIS-aided cell-free massive MIMO sys-
tems, the APs and UEs with ideal/high-quality hardware are
unrealistic and may incur in high implementation cost and
energy consumption. An RIS-assisted cell-free massive MIMO
architecture is attractive when the APs and UEs are con-
figured with non-ideal/low-quality hardware [24]–[26]. Non-
ideal transceivers are energy-efficient but introduce hardware
impairments (such as the amplifier nonlinearities, phase noise,
in-phase/quadrature-phase imbalance, quantization noise, etc.)
that degrade the benefits accrued from cell-free massive
MIMO systems. The error vector magnitude (EVM) model can
well capture the impact of transceiver hardware impairments
(T-HWIs), which suggests that the transmitted or received
signal is distorted by an additive Gaussian noise that is
uncorrelated with the data signal [26]. The impact of T-HWIs
on the SE and EE performance of cell-free massive MIMO
systems without RIS has been extensively investigated in [27]–
[31]. As expected, the results showed that the T-HWIs are
determinant factors that decrease the SE in the high signal-to-
noise ratio (SNR) regime. Although increasing the AP density
or the number of antennas per AP can counterbalance the
SE degradation that arises from T-HWIs, this method induces
additional implementation cost and power consumption, and
is in general, not a desirable approach. A more efficient

performance compensation technique is imperatively needed.
We note that since the RIS can provide substantial SE gain at a
relatively low cost, it is appealing to use the RIS to alleviate the
impact of T-HWIs and enhance the SE performance of all UEs.
The existing related works that studied the SE performance
of RIS-aided wireless communication systems with T-HWIs,
to the best of our knowledge, all focused on the perfect CSI
assumption or small-scale communication scenarios [32]–[35].
There is no work in technical literature that explores the
feasibility and effectiveness of using RIS in hardware-impaired
cell-free massive MIMO systems under the imperfect CSI
and quantitatively investigates its impact. Such observation
motivates this work.

B. Contributions
In this work, our aim is to reveal the impact of RIS

on a hardware-impaired cell-free massive MIMO downlink
system. A modified OE (MOE) scheme is proposed to bal-
ance the channel estimation accuracy and the pilot overhead.
Relying on the knowledge of imperfect CSI, closed-form
expressions of the lower-bound achievable SE under DE
and MOE schemes in the presence of T-HWIs are derived,
which enable us to quantitatively analyze the impact of key
parameters and draw some system-design guidelines. The
technical derivation under the non-Gaussian aggregated chan-
nel, imperfect CSI, different estimation schemes, any finite
numbers of APs/UEs/RISs/elements per RIS, and T-HWIs
requires considerable mathematical analyses and makes this
work non-trivial and novel. In summary, the main contributions
of this paper are outlined as follows.

1) We investigate the impact of RIS on a hardware-
impaired cell-free massive MIMO downlink system and
establish a framework to quantify the channel estimation
and SE performance under imperfect CSI and T-HWIs
using the EVM model. This is the first work to conduct
such an investigation.

2) A MOE scheme is proposed to balance the channel
estimation accuracy and the pilot overhead. We derive
closed-form expressions of the lower-bound achievable
SE for arbitrary numbers of APs/UEs/RISs/elements per
RIS. The closed-form expressions are proven to be tight
and facilitate the analysis of the impact of key parame-
ters on both downlink SE and power consumption.

3) We demonstrate by simulations that the MOE scheme
reaps a lower normalized mean square error of the
channel estimation (NMSE-CE) and a higher achievable
SE than the DE scheme. Besides, the UE HWIs degrade
the downlink SE significantly but can be mitigated by
deploying a few RISs. Regardless of the degree of T-
HWIs, the RIS-assisted cell-free massive MIMO system
has much higher SE than the system without RIS,
especially when the RISs are located near the UEs.
Moreover, the APs can reduce their transmit power to
the milliwatt level with negligible SE loss when using
RIS.

4) The trade-off strategies between using more hardware-
impaired APs and low-cost RISs in terms of the down-
link SE and power consumption are explored. We find
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TABLE I
MAJOR NOTATIONS

Notation Description

M Number of APs
K Number of UEs
J Number of RISs
N Number of antennas of each AP
L Number of elements of each RIS
gmk Aggregated channel from APm to UEk

gc
mkjl Cascaded channel between APm and UEk via RISjl

gd
mk Direct channel from APm to UEk

gd
mjl Direct channel from RISjl to APm

gdkjl Direct channel from RISjl to UEk

βmk Large-scale fading coefficient of gmk

βc
mkj Large-scale fading coefficient of gc

mkjl

βd
mk Large-scale fading coefficient of gd

mk

βd
mj Large-scale fading coefficient of gd

mjl

βd
kj Large-scale fading coefficient of gkjl

fjl Frequency response of RISjl
αjl Amplitude reflection coefficient RISjl
θjl phase shift of RISjl
τp Length of pilot
τd Length of downlink transmission
τc Length of coherence interval
ρp Normalized SNR related to pilot
ρd Normalized SNR related to data signal
Pp UE transmit power
Pd transmit power of AP
σ2 Noise variance
φk Pilot belonging to UEk

κm,t, κm,r Hardware quality with respect to APm

κk,t, κk,r Hardware quality with respect to UEk

that for a given power budget, the system with more
RISs and fewer APs achieves a higher SE than the
system with more APs and fewer RISs, resulting in a
higher EE for the former. Therefore, it is preferred to
deploy more RISs rather than APs to design a more
cost-effective cell-free massive MIMO system.

C. Outline

The remaining of this paper is organized as follows. Section
II introduces the cell-free massive MIMO system with RIS and
describes the aggregated channel model. Section III gives the
uplink training model with two channel estimation schemes
in the presence of T-HWIs. Section IV derives closed-form
SE expressions using the generic bounding technique and
discusses several important observations. Section V validates
the analytical results by simulations and Section VI concludes
this paper.

D. Notations

We use lowercase and upper-case boldface letters to denote
matrices and vectors. AH ,AT , and A∗ represent the conjugate
transpose, the transpose, and the conjugate of matrix A.
Besides, E {a}, diag (a) , ∥a∥, and |a| are the expectation of

CPU

Fig. 1. An RIS-assisted cell-free massive MIMO system, where the aggregated
channel between the AP and UE is the superposition of the direct and RIS-
assisted indirect channels.

vector a, the diagonal matrix consisting of the diagonal entries
of vector a, the Euclid-norm of vector a, and the modulus of
scalar a, respectively. We have A⊗B to denote the Hadamard
product of matrices A and B. In addition, CN×1, IN , and
0N are the N × 1 complex domain, the N × N identity
matrix, and the N × 1 zero vector. n ∼ NC (0N , IN ) refers
to a circularly symmetric complex Gaussian (CSCG) random
vector with zero mean 0N and covariance matrix IN . Finally,
we summarize the main notations in Sections II, III, and IV
in TABLE I, shown at the top of this page.

II. RIS-ASSISTED CELL-FREE MASSIVE MIMO MODEL

A downlink cell-free massive MIMO system with M N -
antenna APs and K single-antenna UEs is considered, where
all APs and UEs are equipped with low-quality hardware to
alleviate the implementation cost and energy consumption.
Besides, our system includes J RISs that are distributed ac-
cording to a certain layout and each RIS possesses L scattering
elements with individual control over the phase shifts of the
incident signals, see Fig. 1. For the sake of brevity, we use
APm,m ∈ {1, 2, ...,M}, UEk, k ∈ {1, 2, ...,K}, and RISjl,
j ∈ {1, 2, ..., J} , l ∈ {1, 2, ..., L} to denote the m-th AP, the
k-th UE, and the l-th element of the j-th RIS, respectively.
For analytical tractability, we consider an isotropic scattering
environment and adopt the Rayleigh fading model [15] to
characterize the channel responses among APs, UEs, and RISs.
Then, the aggregate channel from APm to UEk is given as

gmk = gd
mk +

J∑
j=1

L∑
l=1

gc
mkjl, (1)

where gd
mk ∼ NC

(
0N , β

d
mkIN

)
is the direct channel from

APm to UEk with βd
mk being the large-scale fading coeffi-

cient. Besides, gc
mkjl refers to the cascaded channel between

APm and UEk via RISjl, which can be written as1

gc
mkjl = gd

mjlg
d
kjlfjl, (2)

where gd
mjl ∼ NC

(
0N , β

d
mjIN

)
and gdkjl ∼ NC

(
0, βd

kj

)
are the channel responses from RISjl to APm and UEk,

1We note that gc
mkjl is the product of independent CSCG variables,

implying that gc
mkjl is generally not Gaussian distributed. Consequently, gmk

is also not Gaussian distributed.
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respectively. Here, βd
mj and βd

kj correspond to the relevant
large-scale fading coefficients. In addition, fjl = αjle

iθjl

characterizes the frequency response of RISjl, where i is the
imaginary unit, αjl ∈ [0, 1] means the amplitude reflection
coefficient, and θjl ∈ [0, 2π] represents the induced phase
shift. Akin to [15]–[19], we let αjl = 1,∀l to achieve the
largest array gain and maximize the reflected signal when
RISj is turned ON to reflect the pilot and payload data
signals. In accordance with most works on RIS-assisted cell-
free massive MIMO systems, our system is operated in time-
division-duplex mode and each coherence interval is divided
into two sub-intervals, i.e., one for uplink channel estimation
and the other for downlink data transmission. In the following,
the uplink training is detailed first.

III. UPLINK CHANNEL ESTIMATION

Since the RIS lacks the active radio frequency chains and
power amplifiers, the channel via RIS needs to be estimated
through uplink training. To this end, we require the UEs to
send the preassigned pilots to APs and then the APs use
the linear minimum mean square error (LMMSE) estimate
technique to estimate uplink CSI, which will be used to design
the precoding matrices based on the channel reciprocity2. In
the following, two LMMSE channel estimation schemes in the
presence of T-HWIs are detailed.

A. Direct Estimation Scheme

We first focus on the DE scheme, a common approach
for acquiring the uplink CSI in RIS-assisted cell-free mas-
sive MIMO systems [15]–[18]. This scheme enables a rough
estimation of the aggregate channel gmk with minimal pilot
overhead. Let √τpφk ∈ Cτp×1 be the pilot belonging to UEk

with φH
k φk = 1,∀k, where τp denotes the length of the pilot

signal. To achieve a higher transmission efficiency, we assume
that τp is much smaller than the length of the coherence
interval τc, implying that K is usually larger than τp. In this
case, different UEs inevitably share the same pilot, which gives
rise to the pilot contamination [36]. We let Pk denote the set
of UEs that reuse the same pilot as UEk, including k itself.
It is easy to obtain φH

k φk′ = 1, ∀k′ ∈ Pk. Assuming all
UEs transmit pilots with full power and modeling the T-HWIs
according to the EVM [27]–[31], the received pilot signal at
APm can be expressed as

Y m,p =
√
κm,r

(
K∑

k=1

gmk

(√
τpρpκk,tφ

H
k + ωH

k,t

))
+Wm,r +Nm,p, (3)

where ρp =
Pp

σ2 is the normalized SNR of the pilot signal with
Pp and σ2 being the pilot transmit power and noise variance.

2We use the LMMSE technique to estimate the aggregated channels by
assuming the RIS phase shifts are constant within the training phase [16]–
[18]. Although this technique may have a lower estimation accuracy than that
of other known techniques [9] and [10], whereby the direct channels of the
AP-RIS and RIS-UE links at specific time slots are separately estimated, the
LMMSE technique facilitates the derivation of the closed-form expression
of the SE performance metric. Moreover, the derived closed-form expression
depends only on the large-scale fading coefficients rather than the small-scale
fading coefficients, thus allowing for long-term optimization.

Nm,p is the additive CSCG noise with the v-th column satisfy-
ing

[
Nm,p

]
v
∼ NC (0N , IN ), κm,r ∈ [0, 1] and κk,t ∈ [0, 1]

refer to the linear hardware qualities related to APm and UEk,
respectively. ωk,t ∈ Cτp×1 and Wm,r ∈ CN×τp characterize
the additive HWIs of UEk and APm, which can be modeled
as

ωk,t ∼ NC
(
0τp , ρp (1− κk,t) Iτp

)
, (4)[

Wm,r

]
v

∣∣∣ {gmk} ∼ NC

(
0N , ρp (1− κm,r)×

K∑
k=1

diag
(
|[gmk]1|

2
, ..., |[gmk]N |2

))
, (5)

where
[
Wm,r

]
v

means the v-th column of Wm,r and Eq.
(5) is the conditional distribution given the set of {gmk} in a
coherence interval. Specifically, we can rewrite

[
Wm,r

]
v

as

[
Wm,r

]
v
=
√
ρp (1− κm,r)

K∑
k=1

gmk⊗wmk,rv, (6)

where wmk,rv ∼ NC (0N , IN ) is the CSCG variable. The
above analysis shows that the impact of T-HWIs dimin-
ishes as the transceiver quality factor increases. In particular,
κm,r = κk,t = 1 corresponds to the ideal hardware case while
κm,r = κk,t = 0 implies the useless hardware case. Without
loss of generality, we focus on estimating gmk, which requires
projecting Y m,p on φk and results in

ymk,p =
√
τpρpκm,r

K∑
k′=1

√
κk′,tgmk′φH

k′φk +Nm,pφk

+
√
κm,r

K∑
k′=1

gmk′ωH
k′,tφk +Wm,rφk. (7)

Given Eq. (7), the LMMSE estimate of gmk is presented in
the following Lemma 1.

Lemma 1: Assuming that both APs and UEs are equipped
with low-quality transceivers, the DE-based LMMSE estimate
of the aggregated channel gmk,∀l,∀k by resorting to the EVM
model is formulated as

ĝDE
mk =

E{gH
mkymk,p}

E
{
∥ymk,p∥2

}ymk,p = cDE
mkymk,p, (8)

where

cDE
mk =

√
τpρpκm,rκk,tβmk

τpρpκm,r
∑

k′∈Pk

κk′,tβmk′+ρp

K∑
k′=1

(1−κm,rκk′,t)βmk′+1

,

(9)

and where βmk = βd
mk +L

∑J
j=1 β

c
mkj = βd

mk +L
∑J

j=1 β
d
mjβ

d
kj

is the sum of the large-scale fading coefficients of direct and
indirect channels. Define εDE

mk = gmk − ĝDE
mk as the channel

estimation error under the DE scheme, the expectations of the
norm squares of ĝDE

mk and εDE
mk are respectively expressed as

E
{∥∥ĝDE

mk

∥∥2}=NγDE
mk,E

{∥∥εDE
mk

∥∥2}=N (βmk−γDE
mk

)
,(10)

where γDE
mk =

√
τpρpκm,rκk,tβmkc

DE
mk.

Proof 1: See Appendix A.
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Remark 1: By comparing with [15, Eq. (4)] and [16, Eq.
(15)], we notice that using low-quality hardware not only
makes the numerator of γDE

mk correlate with κm,rκk,t, but also
introduces a new inter-UE interference to the denominator
of γDE

mk, which implies that the use of low-quality hardware
directly degrades γDE

mk. Obviously, the lower the hardware
quality, the worse the channel estimation. Furthermore, we can
infer that the magnitude of the first term in the denominator
of γDE

mk is strongly affected by the degree of the pilot contam-
ination. Since the DE scheme cannot separate the direct and
RIS-assisted indirect channels, it may result in poor channel
estimation due to low estimation accuracy.

B. Modified ON/OFF Scheme

To improve the accuracy of the channel estimation, Bashar
et al. [19] proposed an OE scheme, which divides the whole
channel estimation phase into 1+JL sub-phases and estimates
all direct and RIS-assisted indirect channels sequentially. How-
ever, it requires (1 + JL) τp samples for channel estimation
in each coherence interval, which incurs a high pilot overhead
and reduces the transmission efficiency. In the following, our
aim is to design a channel estimation scheme that balances the
estimation accuracy and the pilot overhead. Specifically, our
estimation scheme splits the whole channel estimation time
into 1 + J sub-phases.

1) 1st sub-phase: In this sub-phase, all scattering elements
are OFF3 and the UEs transmit pilots to the APs to estimate
the direct channels from APs to UEs. Using the same es-
timate technique in Section III-A, the LMMSE estimate of
gd
mk,∀m,∀k is formulated as ĝd

mk = cdmkY
d
m,pφk, where

cdmk =
√
τpρpκm,rκk,tβ

d
mk

τpρpκm,r
∑

k′∈Pk

κk′,tβ
d
mk′+ρp

K∑
k′=1

(1−κm,rκk′,t)βd
mk′+1

,

(11)

and

Y d
m,p =

√
κm,r

(∑K

k=1
gd
mk

(√
τpρpκk,tφ

H
k + ωd

k,t

))
+W d

m,r +Nd
m,p. (12)

Note that in Eq. (12), Nd
m,p, ωd

k,t, and W d
m,r are the CSCG

noise, transmitter HWI, and receiver HWI within the 1st
estimation sub-phase, which satisfy

[
Nd

m,p

]
v
∼ NC (0N , IN ),

ωd
k,t ∼ NC

(
0τp , ρp (1− κk,t) Iτp

)
, and

[
W d

m,r

]
τ

∣∣ {gmk} ∼
NC

(
0N , ρp (1− κm,r)

∑K
k=1 diag

(∣∣[gd
mk

]
1

∣∣2, ..., ∣∣[gd
mk

]
N

∣∣2)).

Based on the above, we obtain E
{∥∥ĝd

mk

∥∥2
}

= Nγd
mk, where

γdmk =
√
τpρpκm,rκk,tβ

d
mkc

d
mk.

2) (j+1)-th sub-phase: In this sub-phase, only the elements
of RISj are ON and all other RIS elements are OFF. Define

3We note that it is difficult to turn off an RIS and thereby remove it from
the propagation model since the surface will still be there and influence the
propagation environment. To implement the MOE scheme, we assume that
the RIS elements that are not involved in a considered training sub-phase,
i.e., RISj′ ,∀j′ ̸= j, are set to appropriate magnitude values such that their
combined channel effect is negligible [37], [38]. It is out of the scope of this
work to investigate how to choose these values and we assume that they are
known in advance.

ḡc
mkj =

∑L
l=1 g

c
mkjl as the sum of the cascaded channels from

APm to UEk via RISj , the received pilot signal at APm when
all UEs simultaneously send pilots to the APs can be given as

Y mj,p =
√
κm,r

(∑K

k=1

(
gd
mk + ḡc

mkj

) (√
τpρpκk,tφ

H
k

+
(
ωc

kj,t

)H))
+W c

mj,r +N c
mj,p, (13)

where Wmj,r and Nmj,p are the receiver HWI and CSCG
white noise within the (j+1)-th channel estimation sub-phase.
Since Y d

m,p is known at APm and Y mj,p actually contains
Y d

m,p, we can subtract it from Y mj,p, which leads to

Y c
mj,p =

√
κm,r

(
K∑

k=1

ḡc
mkj

(√
τpρpκk,tφ

H
k +

(
ωc

kj,t

)H))
+W c

mj,r +N c
mj,p, (14)

where
[
N c

mj,p

]
v
∼ NC (0N , IN ) and

[
W c

mj,r

]
v

∣∣ {ḡc
mkj

}
∼ NC(

0N , ρp (1− κm,r)
∑K

k=1 diag
(∣∣∣[ḡc

mkj

]
1

∣∣∣2, ..., ∣∣∣[ḡc
mkj

]
N

∣∣∣2))
.

The projection of Y c
mj,p on φk is equal to

yc
mkj,p=

√
τpρpκm,r

∑K

k′=1

√
κk′,tḡ

c
mk′jφ

H
k′φk+N c

mj,pφk

+
√
κm,r

K∑
k′=1

ḡc
mk′j

(
ωc

k′j,t

)H
φk +W c

mj,rφk. (15)

Given yc
mkj,p, the LMMSE of gc

mkj is expressed as ĝc
mkj =

ccmkjy
c
mkj,p, where

ccmkj=
L
√
τpρpκm,rκk,tβ

c
mkj

Lτpρpκm,r
∑

k′∈Pk

κk′,tβ
c
mk′j+Lρp

K∑
k′=1

(1−κm,rκk′,t)βc
mk′j+1

.

(16)

Besides, the expectation of the norm square of ĝc
mkj is

E
{∥∥ĝc

mkj

∥∥2
}

= Nγc
mkj , where γcmkj = L

√
τpρpκm,rκk,t×

βc
mkjc

c
mkj .

Based on the above, the LMMSE estimate of gmk,∀l,∀k
under the MOE scheme is established in the following Lemma.

Lemma 2: Assuming the APs and UEs are equipped with
low-quality transceivers, the MOE-based LMMSE estimate of
the aggregated channel gmk,∀l,∀k by resorting to the EVM
model is formulated as

ĝMOE
mk = ĝd

mk +

J∑
j=1

ĝc
mkj = cdmky

d
mk,p +

J∑
j=1

ccmkjy
c
mkj,p.

(17)

Define εMOE
mk = gmk − ĝMOE

mk as the channel estimation error
associated with the MOE scheme, the expectations of the norm
squares of ĝMOE

mk and εMOE
mk are respectively expressed as

E
{∥∥∥ĝMOE

mk

∥∥∥2}=NγMOE
mk , E

{∥∥εMOE
mk

∥∥2}=N (βmk − γMOE
mk

)
,

(18)

where γMOE
mk = γdmk +

∑J
j=1 γ

c
mkj .

Proof 2: The estimation of the aggregated channel can be
regarded as the sum of the estimations of the direct channel
and indirect RIS-assisted channels. Therefore, Lemma 2 can
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be proved by combining the results in Eqs. (11), (12), (15),
and (16).

Remark 2: Lemma 2 shows that the MOE-based channel es-
timation has common and distinct features with the DE-based
channel estimation in Lemma 1. It is evident that the MOE
scheme is sensitive to the hardware quality because γMOE

mk acts
as a decreasing function with respect to the hardware quality.
Moreover, ĝMOE

mk does not follow a Gaussian distribution in
general, because it depends on yd

mk,p and yc
mkj,p, which are

products of independent CSCG variables. The advantage of
the MOE scheme over the DE scheme is its higher channel
estimation accuracy, which can be quantified by the NMSE-CE
metrics presented below.

According to [39] and [40], the NMSEs-CE for both DE
and MOE schemes can be respectively defined as

EDE
N =

∑
m,k

E
{
∥εDE

mk∥2
}

∑
m,k

E
{
∥gmk∥2

} =

∑
m,k

(βmk−γDE
mk)∑

m,k

βmk
, (19)

and

EMOE
N =

∑
m,k

E
{
∥εMOE

mk ∥2
}

∑
m,k

E
{
∥gmk∥2

} =

∑
m,k

(βmk−γMOE
mk )∑

m,k

βmk
. (20)

Recalling that γDE
mk and γMOE

mk are linear-fractional functions
with respect to ρp, if we let ρp → ∞, i.e., a high SNR regime
is considered, EDE

N and EMOE
N approach to

lim
ρp→∞

EDE
N =

∑
m,k

βmk−
(βmk)

2∑
k′∈Pk

κ
k′,t

κk,t
β
mk′+

K∑
k′=1

1−κm,rκk′,t
τpκm,rκk,t

β
mk′


∑
m,k

βmk
,

(21)

and

lim
ρp→∞

EMOE
N =

∑
m,k

βmk−
∑
m,k

(βd
mk)

2

∑
k′∈Pk

κk′,t
κk,t

βd
mk′+

K∑
k′=1

1−κm,rκk′,t
τpκm,rκk,t

βd
mk′∑

m,k

βmk

−

∑
m,k,j

L(βc
mkj)

2

∑
k′∈Pk

κk′,t
κk,t

βc
mk′j+

K∑
k′=1

1−κm,rκk′,t
τpκm,rκk,t

βc
mk′j∑

m,k

βmk
. (22)

Remark 3: The numerators in Eqs. (21) and (22) determine
the channel estimation error-floors, which are functions of
the hardware quality, length of the pilot signal, number of
RISs, and number of elements per RIS. It is clear that we
can reduce EDE

N and EMOE
N by using more orthogonal pilots

and increasing the hardware quality. However, as long as the
pilot contamination or T-HWI exists, both EDE

N and EMOE
N

cannot approach 0 even ρp grows to infinity and there will
always be non-zero lower bounds. In general, EMOE

N is lower
than EDE

N because it estimates the direct and indirect RIS-
assisted channels separately. However, in the ideal hardware
case without pilot contamination, EMOE

N may be higher than
EDE
N due to the small path gain of gc

mkjl compared to gd
mk.

This will be further discussed in Section V.

IV. DOWNLINK DATA TRANSMISSION

After estimating the uplink CSI, the APs start to transmit
data signal to the UEs within the remaining τd samples of each
coherence interval. Thanks to the channel reciprocity, the APs
can use the estimated uplink CSI as the downlink counterpart
and precode the signal intended for the UEs. Let sk denote
the data signal for UEk, where E {sks∗k′} = 1, if k = k′ and
0 otherwise, then the data signal transmitted from APm with
HWIs can be expressed as

tm =
√
ρdκm,t

K∑
k′=1

√
ηXmk′

(
ĝX
mk′

)∗
sk′ + ω∗

m,t, (23)

where ρd = Pd

σ2 denotes the normalized SNR related to the
data signal with Pd being the data transmit power, κm,t ∈
[0, 1] is the hardware quality of APm, ηXmk ⩾ 0 indicates the

power control coefficient of APm for serving UEk,
(
ĝX
mk

)∗
is

the conjugate beamforming matrix depending on the estimated
uplink CSI with X ∈ {DE, MOE}, and ω∗

m,t represents the
HWI of APm, which is expressed as

ω∗
m,t ∼ NC

(
0N , ρd (1− κm,t)

K∑
k′=1

ηXmk′γXmk′IN

)
. (24)

Note that in Eq. (24), γXmk′ is the channel estimation quality
with X ∈ {DE, MOE}. Based on Eq. (23), the data signal
received at UEk resulting from the joint coherent transmission
by all APs can be written as

ŝk =
√
κk,r

M∑
m=1

gT
mktm + wk,r + nk

=
√
ρdκk,r

K∑
k′=1

M∑
m=1

√
ηXmk′κm,tg

T
mk

(
ĝX
mk′

)∗
sk′

+
√
κk,r

M∑
m=1

gT
mkω

∗
m,t + wk,r + nk, (25)

where κk,r is the hardware quality of UEk, nk ∼ NC (0, 1) is
the CSCG white noise, and wk,r refers to the HWI of UEk.
According to [29], wk,r satisfies

wk,r∼NC

0, ρd (1−κk,r)
∑
m,k′

ηXmk′

∣∣∣gT
mk

(
ĝX
mk′

)∗∣∣∣2
 . (26)

Then, sk can be detected from ŝk. To this end, we first rewrite
Eq. (25) by virtue of the use-and-then-forget technique [1], as

ŝk = DSk · sk + BUk · sk + IUIk′k · sk′ + THIk + wk,r + nk,

(27)

where

DSk =
√
ρdκk,r

M∑
m=1

√
ηXmkκm,tE

{
gT
mk

(
ĝX
mk

)∗}
, (28)

BUk=
√
ρdκk,r

M∑
m=1

√
ηXmkκm,t

(
gT
mk

(
ĝX
mk

)∗
−E

{
gT
mk

(
ĝX
mk

)∗})
,

(29)
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IUIk′k =
√
ρdκk,r

M∑
m=1

√
ηXmk′κm,tg

T
mk

(
ĝX
mk′

)∗
, (30)

and
THIk =

√
κk,r

M∑
m=1

gT
mkω

∗
m,t. (31)

Note that the terms on the right-hand side of Eq. (27) are
the desired signal, beamforming gain uncertainty, inter-UE
interference, transmitter HWI, receiver HWI, and CSCG white
noise, respectively. We can directly prove that these terms
are pair-wisely uncorrelated with each other. Next, due to
the uncorrelated Gaussian noise leads to the worst SE [41],
a lower-bound for the downlink SE of RIS-assisted cell-free
massive MIMO system with T-HWIs is given as

Sk = B τd
τc
log21 +

E{|DSk|2}
E{|BUk|2}+

K∑
k′ ̸=k

E{|IUIk′k|2}+E{|THIk|2}+E{|wk,r|2}+1

 ,

(32)

where B is the bandwidth and τd
τc

denotes the transmission
efficiency. By calculating all expectations in Eq. (32), we
obtain the following Theorem 1.

Theorem 1: Assuming the APs and UEs are equipped with
low-quality transceivers, a downlink achievable SE of UEk

for the RIS-assisted cell-free massive MIMO system with
the conjugate beamforming technique depending on specific
channel estimation strategies is formulated as

SX
k =B

τX
d

τc
log2

1 +

N2ρdκk,r

(
M∑

m=1

√
ηXmkκm,tµ̄

X
mkk

)2

D1k+D2k+D3k+D4k+D5k+1

 ,

(33)

where

D1k = Nρd

K∑
k′=1

M∑
m=1

ηXmk′βmkµ̄
X
mk′k′ , (34)

D2k = N2ρdκk,r
1−κk,t

τpκk,t

M∑
m=1

M∑
m′=1

√
ηXmkη

X
m′kκm,tκm′,tγ̄

X
mm′k

+N2ρd (1− κk,r)
K∑

k′=1

(∣∣φH
k′φk

∣∣2 + 1−κk,t

τpκk,t

) M∑
m=1

ηXmk′

(
µ̄X
mkk′

)2
+N2ρdκk,r

K∑
k′ ̸=k

(∣∣φH
k′φk

∣∣2 + 1−κk,t

τpκk,t

)( M∑
m=1

√
ηXmk′κm,tµ̄

X
mk′k′

)2

+Nρdρp
K∑

k′=1

M∑
m=1

ηXmk′ (1− κm,r) (κk,rκm,t + 1− κk,r) ψ̄
X
mkk′ ,

(35)

D3k = NLρdρp

K∑
k′=1

M∑
m=1

ηXmk′ (κk,rκm,t + 1− κk,r)

×
(
τpκk,tκm,r

∣∣φH
k′φk

∣∣2 + 1− κk,tκm,r

) J∑
j=1

(
c̄Xmk′j

)2
β2
mkj ,

(36)

D4k=NLρdρp
K∑

k′=1

K∑
k′′=1

M∑
m=1

ηXmk′

(
(κk,rκm,t+1−κk,r) (1−κm,r)

+Nκm,r (1−κk,r)
(
τpκk′′,t

∣∣φH
k′φk

∣∣2+1−κk′′,t

)) J∑
j=1

(
c̄Xmk′j

)2
βmkjβmk′′j ,

(37)

D5k = N2Lρdρpκk,r
K∑

k′=1

K∑
k′′=1

(
τpκk′′,t

∣∣φH
k′′φk′

∣∣2 + 1− κk′′,t

)
×

M∑
m=1

M∑
m′=1

√
κm,rκm′,rκm,tκm′,tηXmk′ηXm′k′

J∑
j=1

c̄Xmk′j c̄
X
m′k′jβmkjβm′k′′j ,

(38)

where X ∈ {DE, MOE}, τDE
d = τc − τp, µ̄DE

mkk′ = γDE
mk′

βmk
β
mk′

,

γ̄DE
mm′k = γDE

mkγ
DE
m′k, c̄DE

mkj = cDE
mk, ψ̄DE

mkk′ =
(
cDE
mk′βmk

)2,

τMOE
d = τc − (J + 1) τp, µ̄MOE

mkk′ = γd
mk′

βd
mk

βd
mk′

+
∑J

j=1 γ
c
mjk′

βc
mkj

βc
mk′j

,

γ̄MOE
mm′k = γd

mkγ
d
m′k +

∑J
j=1 γ

c
mjkγ

c
m′jk, c̄MOE

mkj = ccmkj , ψ̄MOE
mkk′ =(

cdmk′βd
mk

)2
+ L2 ∑J

j=1

(
ccmk′jβ

c
mkj

)2.
Proof 3: Please see Appendix B.
Based on Eq. (33), the sum-SE of the RIS-assisted cell-free

massive MIMO downlink system with T-HWIs is SX
sum =∑K

k=1 SX
k .

Remark 4: Theorem 1 leads to the following observations
on the RIS-assisted downlink SE.

1) The RIS-assisted downlink SE has some common and
distinct features with the downlink SE without RIS [27]. As
in [27, Eq. (21)], the desired signal power is proportional to
M2N2 or κk,rκm,t. However, there are also several interfer-
ence terms that are either proportional to MN or independent
of κk,rκm,t, implying that SX

sum increases monotonically with
respect to M , N , κk,r, and κm,t. Furthermore, a larger κm,r or
κk,t results in a larger γXmk, which improves SX

sum. Moreover,
SX
sum is more complex than [27, Eq. (21)] and it contains some

new interference terms that arise from the correlation between
the direct and indirect channels. Nevertheless, this does not
mean that the use of RIS degrades the SE performance.

2) Focusing on SX
sum, it shows that the MOE scheme has

a lower transmission efficiency than the DE scheme by a
factor of τMOE

d

τDE
d

=
τc−(J+1)τp

τc−τp
, which means that the MOE

scheme sacrifices some transmission efficiency that increases
with the number of RISs. However, the additional estimation
accuracy gain offered by the MOE scheme can compensate
this performance loss, especially in scenarios with non-ideal
hardware and severe pilot contamination.

3) Theorem 1 indicates that under Rayleigh fading channels,
the RIS phase shifts do not affect SX

sum. It is consistent
with Lemmas 1 and 2, where the LMMSE-based channel
estimations are also independent of the RIS phase shifts.
Consequently, this work does not consider the phase optimiza-
tion strategy. The derived SE expression makes a preliminary
contribution to analyze the downlink performance of an RIS-
assisted cell-free massive MIMO system with T-HWIs under
both DE and MOE schemes, and can be reasonably regarded
as a lower bound to the RIS-assisted cell-free performance
metric.
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Fig. 2. NMSE-CEs of DE and MOE schemes versus the transmit power of
pilot under different degrees of T-HWIs and numbers of RISs. Here, M = 50,
K = 10, N = 2, L = 500, and τp = 2.

V. SIMULATION RESULTS AND PERFORMANCE ANALYSIS

This section presents experimental simulations to validate
the theoretical analysis in Sections III and IV and com-
pare the performance of hardware-impaired cell-free massive
MIMO systems with and without RIS under various sys-
tem settings (such as different hardware quality, numbers of
APs/UEs/RISs/elements per RIS, transmit power of AP/UE,
RIS layout, etc.).

The considered system consists of M APs, K UEs, J
RISs, and one CPU. The communication region is a square
of size D ×D with D = 1.5 km and the four vertices of the
considered region are

(−D
2 , D2

)
km,

(−D
2 , −D

2

)
km,

(
D
2 ,

−D
2

)
km, and

(
D
2 ,

D
2

)
km, respectively, where the coordinate (x, y)

denotes the two-dimensional location. Similar to [16] and
[18], all APs are randomly distributed in the sub-region of
xAP, yAP ∈

[−D
2 , −D

3

]
km and all UEs are randomly scattered

in the sub-region of xUE, yUE ∈
[
D
4 ,

D
3

]
km. Besides, we

start by assuming that all RISs are randomly placed near
the UEs with coordinates

(
xUE ± D

150 , y
UE ± D

150

)
. The large-

scale fading coefficients of the direct channels from APm

to UEk, APm to RISj , and UEk to RISj are modeled by
βd
mk = PLmkzmk, βd

mj = PLmjzmj , and βd
kj = PLkjzkj ,

where PLmk, PLmj , and PLkj represent the path-loss coef-
ficients according to the three-slope path-loss model [1, Eq.
(52)] and zmk, zmj , zjk ∼ NC (0, σsh) capture the shadow
fading with σsh = 8 dB being the standard deviation. The
heights of the AP, UE, and RIS are set as 15 m, 1.65 m, and 30
m. Each coherence interval consists of τc = 200 samples and
the bandwidth B is equal to 20 MHz. We assume that each AP
or UE has the same transceiver quality during the training and
data transmission phases and let κm,AP and κk,UE denote the
quality factors of APm and UEk. Moreover, we set Pp = 100
mW, Pd = 200 mW, σ2 = −126 dBm, and advocate the
full power control strategy for simulation. Specifically, all APs
transmit at their maximum power and the power coefficients of
each AP for serving various UEs are the same, which leads to
ηDE
mk = 1

Nκm,t
∑K

k′=1
γDE
mk

, ηMOE
mk = 1

Nκm,t
∑K

k′=1
γMOE
mk

,∀m,∀k.
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Fig. 3. NMSE-CEs of DE and MOE schemes versus the transmit power of
pilot under different degrees of T-HWIs and numbers of RISs. Here, M = 50,
K = 10, N = 2, L = 500, and τp = 10.

A. NMSE-CE Comparison Between DE and MOE Schemes

First of all, Fig. 2 illustrates the NMSE-CEs of the DE
and MOE schemes EDE

N and EMOE
N versus the training power

Pp under different degrees of T-HWIs and numbers of RISs,
assuming κm,AP = κk,UE = κ, ∀m, ∀k. In Fig. 2, we set
τp = 2 and K = 10 to simulate a scenario with severe pilot
contamination. It can be seen that the NMSE-CEs decrease
with κ and have non-zero error-floors in the high Pp regime,
regardless of the channel estimation scheme. This indicates
that indefinitely increasing Pp cannot eliminate the channel
estimation error-floors in the presence of pilot contamination.
Furthermore, the MOE scheme has a lower NMSE-CE than the
DE scheme, but its performance deteriorates with the number
of RISs. This is because the MOE scheme requires J + 1
rounds of channel estimation and the errors in each round are
consistently accumulated.

Fig. 3 shows EDE
N and EMOE

N versus Pp under different
degrees of T-HWIs and numbers of RISs without pilot contam-
ination, using the same settings as in Fig. 2 except τp = 10.
The error-floors are still present and EDE

N is higher than EMOE
N

when non-ideal hardware is used. Only when sufficient pilots
and ideal hardware are available, both EDE

N and EMOE
N reduce

to 0 as Pp increases and the channel estimation becomes error-
free. In this case, EDE

N is lower than EMOE
N and the DE scheme

is preferred. Furthermore, the system with more RISs has a
lower NMSE-CE than the system with fewer RISs, regardless
of the channel estimation scheme. Combining the insights
drawn from Fig. 2, we conclude that in the presence of pilot
contamination or T-HWIs, the error-free channel estimation
cannot be achieved and the MOE scheme outperforms the DE
scheme in terms of the NMSE-CE.

B. Performance Enhancement Enabled by RIS

Since the derived SE lower-bounds are the basis and essen-
tial tools for acquiring system-design insights, we first evaluate
the tightness of the analytical SE lower-bounds for both DE
and MOE schemes. Assuming κm,AP = κk,UE = κ,∀m,∀k,
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Fig. 4. Downlink sum-SE versus the length of the pilot under different training
schemes and degrees of T-HWIs. Here, M = 50, K = 10, N = 2, L = 500,
and κm,AP = κk,UE = κ.
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Fig. 5. Downlink sum-SE versus the number of APs under different training
schemes and degrees of T-HWIs. Here, K = 10, N = 2, L = 500, τp = 2,
and κm,AP = κk,UE = κ.

Fig. 4 shows the closed-form sum-SE [i.e., the analytical
SE based on Eq. (33)] and the simulated sum-SE [i.e., the
ergodic SE according to Eq. (32)] as functions of the length
of the pilot τp with different degrees of T-HWIs. Note that
the simulated sum-SE is generated by averaging over 103

independent channel realizations and the sum-SE without RIS
(denoted as S̄sum) is obtained by simply letting J = 0 and
L = 0. The first observation from Fig. 4 is that the analytical
SE is in excellent agreement with the simulated SE, which
confirms the correctness of the closed-form expressions. In
addition, since increasing τp reduces the pilot contamination
and use of RIS improves the channel propagation, both SDE

sum

and S̄sum grow as τp increases and SDE
sum is significantly

better than S̄sum. Interestingly, SMOE
sum starts to decrease when

τp exceeds a threshold. This is because the MOE scheme
has a high pilot overhead that grows with τp and eventually
dominates the SE performance. Despite of having a J-fold
increase in pilot overhead compared to the DE scheme, the

100 200 300 400 500 600 700 800
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250

300

350

Fig. 6. Downlink sum-SE versus the number of elements per RIS under
different training schemes and degrees of T-HWIs. Here, M = 50, K = 10,
N = 2, J = 5, τp = 2, and κm,AP = κk,UE = κ.

MOE scheme achieves a remarkable SE gain over the DE
scheme in the small-τp regime (e.g., τp ⩽ 6 for J = 5
and τp ⩽ 5 for J = 3), as shown in Fig. 4. Moreover, the
SE gap widens as τp decreases. This result indicates that the
proposed MOE scheme is preferred when the pilot resources
are scarce. Last but not least, SDE

sum is more sensitive to T-
HWIs than SMOE

sum and S̄sum. Quantitatively speaking, in the
case of τp = 4, decreasing κ from 1 to 0.97 leads to a 9.86%
decrease in SDE

sum, while for SMOE
sum with J = 5 and S̄sum, the

decreases are only 6.67% and 6.91%, respectively. In what
follows, due to the close agreements between the analytical
and simulated SEs, we will use the former to conduct the
remaining investigation.

Fig. 5 illustrates the impact of increasing the number of APs
M on SDE

sum, SMOE
sum , and S̄sum under different training schemes

and degrees of T-HWIs. We observe an apparent gap between
SMOE
sum and SDE

sum, which confirms the advantages of the MOE
scheme. Besides, since increasing M provides more multiplex-
ing and array gains, all sum-SEs grow with the increase of M
and the largest increase belongs to SMOE

sum . However, using non-
ideal hardware leads to the worst SE degradation for SMOE

sum .
Even with T-HWIs, SMOE

sum is still significantly superior to SDE
sum

and S̄sum with ideal hardware. Interestingly, the RIS-assisted
cell-free massive MIMO system with a small number of non-
ideal APs outperforms the RIS-free cell-free massive MIMO
system with a large number of ideal APs. For instance, in the
case of 5 RISs, SMOE

sum with M = 10 and κ = 0.97 is 15.37%
higher than S̄sum with M = 100 and κ = 1, implying that
using a few RISs can achieve substantial SE gain and mitigate
the impact of T-HWIs.

The behaviors of SDE
sum, SMOE

sum , and S̄sum varying with
different number of elements per RIS L for different degrees
of T-HWIs are illustrated in Fig. 6. Once again, SMOE

sum is much
higher than both SDE

sum and S̄sum. Moreover, given the number
of RISs, the SE gain from using more RIS elements (i.e.,
increasing L) saturates when L reaches a certain threshold,
irrespective of the value of κ. This is because in the small L-
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Fig. 7. Downlink sum-SE versus the degree of T-HWIs under different
training schemes and numbers of RISs. Here, M = 50, K = 10, N = 2,
and τp = 2.
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Fig. 8. Downlink sum-SE versus the number of RISs under different training
schemes and RIS layouts. Here, M = 50, K = 10, N = 2, L = 500,
τp = 2, κm,AP = 0.97, and κk,UE = 1.

regime, increasing L provides more RIS paths and naturally
enhances the strength of the received signal at the UEs.
Nevertheless, since the RIS phase shifts do not affect the SE
and the RIS actually acts as a passive relay, using a large
number of elements at RIS does not help to refine appropriate
beamforming. Therefore, both SDE

sum and SMOE
sum converge to

specific performance bounds when L is very large. Under such
circumstances, the number and the layout of RISs may play
important roles in influencing the downlink SE performance.

A common assumption in Figs. 2–6 is κm,AP = κk,UE =
κ,∀m,∀k. It is important to investigate whether the non-
ideal AP or the non-ideal UE would have a greater impact
on the downlink SE performance. To this end, assuming
κm,AP = κAP ,∀m and κk,UE = κUE ,∀k, Fig. 7 depicts the
impact of different κAP and κUE on the downlink sum-SE by
changing one of the parameters from 0.9 to 1 in steps of 0.01
while keeping the other parameter fixed. Fig. 7 confirms that
a higher hardware quality yields a higher sum-SE with and
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Fig. 9. Downlink sum-SE versus the number of UEs under different training
schemes and degrees of T-HWIs. Here, M = 50, N = 2, J = 5, L = 500,
τp = 2, κm,AP = 0.97, and κk,UE = 1.

without RIS. Besides, for a given product κAPκUE , the UE
HWIs cause a more severe sum-SE degradation than the AP
HWIs regardless of the presence of the RIS, which implies
that the downlink SE is mainly limited by κUE . Therefore,
from the perspective of obtaining a better SE, it is preferred to
use non-ideal transceivers at the APs rather than at the UEs.
Interestingly, we can mitigate the SE degradation by using
a few RISs in hardware-impaired cell-free massive MIMO
systems. Fig. 7 shows that under scenarios with severe HWIs,
using 2 RISs with only 20 elements per RIS is beneficial from
the point of view of the SE, making the SE much higher than
that of an RIS-free cell-free massive MIMO system with ideal
hardware.

We next shed light on the impact of different RIS layouts
on the downlink sum-SE under different training schemes and
system settings. Figs. 8-10 show the sum-SEs as functions of
the number of RISs J , the number of UEs K, and the transmit
power of APs Pd, respectively. Note that in addition to the
“RIS near the UE” layout used in Figs. 2-7, we also consider
two new RIS layouts in Figs. 8-10, i.e., the “RIS near the
AP”, where the RISs are randomly distributed in the vicinity
of the APs with coordinates

(
xAP ± D

150 , y
AP ± D

150

)
and the

“RIS near the origin” layout, where the RISs are randomly
distributed in the vicinity of the origin with coordinates(
± D

150 ,±
D
150

)
. Simulation results indicate that the “RIS near

the UE” layout reaps the best SE performance, followed by the
“RIS near the AP” and “RIS near the origin” layouts. Aside
from this, there are several interesting findings from Figs. 8-
10. Fig. 8 shows that using more RISs help to improve the
downlink sum-SE, but the SE gain is of particular significance
for MOE-based systems. Besides, SMOE

sum exhibits a unimodal
behavior with respect to J and decreases with increasing J
when the pilot overhead is high. Nevertheless, for J < 46,
SMOE
sum with the “RIS near the UE” layout surpasses SDE

sum for all
RIS layouts and S̄sum. For J > 46, however, the MOE scheme
loses its superiority and SMOE

sum falls below SDE
sum irrespective of

the RIS layout. These results imply that the MOE scheme is
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Fig. 10. Downlink sum-SE versus the transmit power of AP under different
training schemes and RIS layouts. Here, M = 50, K = 10, N = 2, J = 5,
L = 500, τp = 2, κm,AP = 0.97, and κk,UE = 1.

not suitable for systems with a large number of RISs. However,
it can achieve a significant SE gain only in cell-free massive
MIMO systems with a small number of RISs and limited pilot
resources. In addition, Fig. 9 demonstrates that increasing K
makes a slight contribution to the sum-SE when K ⩾ τp.
This is because the increased pilot contamination limits the SE
enhancement. However, both SDE

sum and SMOE
sum still significantly

outperform S̄sum in the high-K regime. Moreover, Fig. 10
indicates that for scenarios with Pd ranging from 0 to 60
dBm, the sum-SEs with “RIS near the AP” and “RIS near
the UE” layouts are barely affected by Pd, which reveals that
with proper RIS layouts, we can decrease Pd to the milliwatt
level with minimal impact on the sum-SE. Whereas for the
RIS-free system and the RIS-assisted system with “RIS near
the origin” layout, their sum-SEs grow with the increase of
Pd and saturate to fixed capacity bounds when Pd exceeds 40
dBm and 25 dBm, respectively, implying that these systems
are interference-limited in the high power regime.

C. Trade-off Analysis Between Using More Hardware-
impaired APs and Low-cost RISs

As mentioned earlier, two possible ways to enhance the
downlink SE performance of cell-free massive MIMO systems
are deploying more hardware-impaired APs or low-cost RISs.
Hence, a natural question is which option is more cost-
effective. In what follows, we only consider the RIS-assisted
cell-free massive MIMO system with the MOE scheme, since
it reaps a better SE in most cases. Assuming a small degree of
AP HWIs, we depict in Figs. 11 and 12 the three-dimensional
surfaces of SMOE

sum and the total power consumption versus
different numbers of APs M and RISs J , respectively. Note
that Fig. 12 is obtained by using the aggregated transmit power
consumption model P = M

(
1
αPd +NPtc

)
+ JLPRIS

4.

4This model does not involve the power consumed on the backhaul links
and the parameters α, Ptc, and PRIS denote the power amplifier efficiency,
the internal power required to run the circuit components of each AP, and
the power of each RIS element, respectively. Following [42] and [43], we set
α=0.4, Ptc = 0.2 W, and PRIS = 3.16 mW with 1-bit RIS phase shifts.

Fig. 11. Downlink sum-SE versus the number of APs and the number of RISs
under the MOE scheme. Here, N = 2, L = 500, τp = 2, κm,AP = 0.97,
and κk,UE = 1.

Fig. 12. Power consumption versus the number of APs and the number of
RISs under the MOE scheme. Here, N = 2, L = 500, τp = 2, κm,AP =
0.97, and κk,UE = 1.

Fig. 11 shows that increasing M harvests a more noticeable
SE gain than increasing J . Moreover, it is clear that for a
given power budget, the RIS-assisted cell-free massive MIMO
system with more APs has a lower EE because its SE is
much lower than that of the system with more RISs. For
instance, the power consumptions of RIS-assisted systems with
“M = 80, J = 1”, “M = 70, J = 4”, and “M = 50, J = 10”
are all around 74 Watt, but the sum-SEs of these systems are
132.6, 337.1, and 492.9 Mbits/s, respectively. Undoubtedly,
the last system has the best EE. Therefore, it is preferred to
deploy more RISs rather than APs to design a cost-effective
cell-free massive MIMO system.

VI. CONCLUSIONS

We have investigated the downlink SE performance of an
RIS-assisted cell-free massive MIMO system with T-HWIs.
Based on the LMMSE estimation technique, a novel MOE
scheme with moderate pilot overhead is proposed to enhance
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the estimation accuracy and SE performance. Taking into ac-
count the imperfect CSI and T-HWIs, closed-form expressions
of the lower-bound achievable SE with distributed conjugate
beamforming are derived. Simulation results demonstrate that
the downlink SE of the MOE-based RIS-assisted system sig-
nificantly surpasses the DE-based RIS-assisted system and the
RIS-free system, especially when the RISs are located near the
UEs. Moreover, regardless of whether the availability of the
RIS, the UE HWIs dominate the downlink SE but their impact
can be effectively alleviated by deploying a few RISs. With
the help of RIS, the APs can decrease their transmit power
to the milliwatt level with negligible SE loss. Furthermore, it
is advisable to replace a large number of APs with several
RISs to design a more cost-effective cell-free massive MIMO
system.

It is worth noting that the channel model considered in
this work can be extended to investigate a more practical
scenario. For instance, the line-of-sight (LoS) path and RIS
spatial correlation may be involved since the RIS is typically
mounted on a high building and there is a higher possibility
of correlation between its scattering elements. In this case,
the RIS phase shifts have an impact on the SE performance
and it is worthwhile to design an RIS phase shift optimization
scheme. Therefore, future work would incorporate the LoS
path, spatial correlation, and phase shift optimization to pro-
vide more insights for RIS-assisted cell-free massive MIMO
systems.

APPENDIX A
PROOF OF LEMMA 1

According to [16], the LMMSE channel estimation of ĝmk

using the DE scheme is written as

ĝDE
mk =

E{gH
mkymk,p}

E
{
∥ymk,p∥2

}ymk,p. (39)

We start with E
{
∥gmk∥

2
}

. Since the direct channels and
indirect RIS-assisted channels are uncorrelated with each
other, it is easy to find

E
{
∥gmk∥

2
}
=N

βd
mk+

J∑
j=1

L∑
l=1

βd
mjβ

d
kj

=Nβmk. (40)

Then, based on Eq. (7) and using the facts that the aggregated
channels are uncorrelated with the T-HWIs and CSCG noise
and they all have zero mean, we obtain

E
{
gH
mkymk,p

}
=

√
τpρpκm,r

K∑
k′=1

√
κk′,tφ

H
k′φkE

{
gH
mkgmk′

}
(a)
=

√
τpρpκm,rκk,tE

{
∥gmk∥

2
}

= N
√
τpρpκm,rκk,tβmk, (41)

where (a) follows the aggregated channels belonging to dif-
ferent UEs are uncorrelated with each other. Similarly, the
denominator of Eq. (39) is calculated as

E
{∥∥ymk,p

∥∥2} = τpρpκm,r

K∑
k′=1

κk′,t

∣∣φH
k′φk

∣∣2E{∥gmk′∥2
}

+ κm,r

K∑
k′=1

κk′,tE
{
gH
mk′gmk′

}
E
{
φH

k ωk′,tω
H
k′,tφk

}
+E

{
φH

k WH
m,rWm,rφk

}
+E

{
φH

k NH
m,pNm,pφk

}
.(42)

With the help of Eqs. (4) and (5), we have

E
{
φH

k ωk′,tωk′,tφk

}
= ρp (1− κk′,t) , (43)

E
{
φH

k WH
m,rWm,rφk

}
=N (1− κm,r) ρp

K∑
k′=1

βmk′ , (44)

E
{
φH

k NH
m,pNm,pφk

}
= N. (45)

Substituting Eqs. (43)–(45) into Eq. (42) and performing some

linear operations, E
{∥∥∥ymk,p

∥∥∥2} is simplified to

E
{∥∥ymk,p

∥∥2} = Nτpρpκm,r

∑
k′∈Pk

κk′,tβmk′

+Nρp (1− κm,rκk′,t)βmk′ +N. (46)

Therefore,

ĝDE
mk =

√
τpρpκm,rκk,tβmk

τpρpκm,r
∑

k′∈Pk

κk′,tβmk′+ρp(1−κm,rκk′,t)βmk′+1
ymk,p

= cDE
mkymk,p. (47)

By virtue of Eqs. (46) and (47), and using the fact that the
channel estimation and estimation error are uncorrelated under
the LMMSE principle, the norm squares of ĝDE

mk and εDE
mk are

respectively given as

E
{∥∥ĝDE

mk

∥∥2} = N
√
τpρpκm,rκk,tc

DE
mkβmk = NγDE

mk,(48)

and

E
{∥∥εDE

mk

∥∥2} = N
(
βmk − γDE

mk

)
. (49)

Thus, the proof for Lemma 1 is finished.

APPENDIX B
PROOF OF THEOREM 1

Since the derivation of the MOE-based closed-form expres-
sion is more complicated than that of the DE-based expression,
we only give the derivation steps for SMOE

k . For notation
conciseness, we first rewrite ĝMOE

mk as

ĝMOE
mk =

√
τpρpκm,r

∑
k′∈Pk

c̄mkk′ +
√
κm,r

K∑
k′=1

ω̄mkk′

+ w̄mk + n̄mk, (50)

where

c̄mkk′ =
√
κk′,t

cdmkg
d
mk′ +

J∑
j=1

ccmkj ḡ
c
mk′j

 , (51)

ω̄mkk′ =cdmkg
d
mk′

(
ωd

k′,t

)H
φk+

J∑
j=1

ccmkj ḡ
c
mk′j

(
ωc

k′j,t

)H
φk,

(52)
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w̄mk = cdmkW
d
m,rφk +

J∑
j=1

ccmkjW
c
mj,rφk, (53)

and

n̄mk = cdmkN
d
m,rφk +

J∑
j=1

ccmkjN
c
mj,pφk. (54)

Besides, the subscript “MOE” is omitted in the following for
ease of exposition. Using the above definitions and by virtue
of some linear operations, we can calculate all expectations in
Eq. (32) as follows5.

E
{
|DSk|2

}
= N2ρdκk,r
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M∑
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√
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. (55)
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5Due to page limitation, only the final results are presented.
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 . (59)

Plugging Eqs. (55)–(59) into Eq. (32) and performing some
algebraic manipulations, Theorem 1 is proved.
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